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ABSTRACT 

The ammonium chloride-water system has been used extensively as a transparent 

metal analog to model solidification in binary metal alloys. In this work, the growth rate 

and morphology of NH4CI dendrites grown from aqueous solutions were studied. Since 

an accurate knowledge of the materials parameters is essential to predicting the growth 

behavior, the equilibrium segregation coefficient was measured and a detailed analysis of 

the other NH4CI-H2O materials properties cited in the literature was conducted. 

Isothermal experiments on bulk NH4CI-H2O samples confirmed thai the 

previously reported discontinuity in the growth rate as function of undercooling and 

associated transition from <100> oriented slowly growing dendrites to rapidly growing 

<111> dendrites are not artifacts of the sample geometry. Directional solidification 

experiments conducted to study the dendrite growth morphology revealed oscillations in 

both the growth rate and orientation. Results from these studies show that both the 

undercooling at which the <100> to <111> transition occurs and the peak velocity vary 

with composition. However, the observed shifts toward smaller apparent undercoolings 

and the narrowing of the oscillations at higher drive velocities result from changes in the 

local composition caused by the velocity and orientation dependencies of the partition 

coefficient. 

The oscillatory behavior of the <111> dendrites can be predicted using the 

residual <I00> compositional field and the applied temperature gradient. By using an 

anisotropic segregation coefficient, the slow and fast growth rates can be separately 
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modeled as a function of undercooling using the standard dendrite growth equations. 

While the transition to the <111> morphology can be attributed to the anisotropy in the 

k-value. several modifications need to be made to the existing dendritic growth models in 

order to describe the critical transition. Due to the complex relationships between the 

non-equilibrium segregation coefficient, composition, and growth rate, some of these 

modeling efforts have been left to future researchers. In addition to the inclusion of the 

overall anisotropy. our experiments indicate that the long-range compositional and 

thermal field effects must be incorporated into the dendrite growth models to explain the 

difference in growth rates of <111> primary branches when <111> or <1{X)> 

side-branches are present. 
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1. INTRODUCTION 

Researchers in the field of materials science and engineering study how 

processing can be used to modify materiaJs properties, which are affected by both 

structure and composition. Unique microstructures can be obtained by controlling the 

crystallization process in order to manipulate the distribution of phases, the distribution 

of components, and the grain size. Several methods for achieving high solidification 

rates include quenching, laser melting, and directional solidification. 

Rapid solidification of metal alloys can be used to alter both the morphology (e.g. 

dendrite tip radius and arm spacing) and composition distribution (e.g. segregation 

coefficient), therefore, it is sometimes necessary to closely monitor the processing 

conditions in order to produce samples with the desired properties. Since the dendrite tip 

growth rate generally increases with the square of the undercooling, changes in the 

processing temperature usually result in predictable variations in the properties. 

However, several alloys exhibit a discontinuity in the growth rate as a function of 

undercooling'"^ which makes it difficult to control the properties near the critical 

temperature. Therefore, it would be beneficial to have a model that will predict the 

dendritic growth behavior over an extensive range of processing conditions. Even though 

rapid solidification is currently used in many indusuial processes, the models that exist 

cannot be applied to all metal alloys. 

Researchers have attributed the discontinuity in the growth rate to a velocity 

dependent segregation coefficient.^" ̂  According to this theory the dendritic growth 
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velocities switch from being cotnpositionally limited at small undercoolings to thermally 

limited as the segregation coefficient approaches one. This appears to explain the 

observed growth rates of some metal alloys, but does not explain the behavior of others, 

for example doped titanium*^ or tin/ 

Plastic crystals, materials that behave like metals but can be studied using 

standard optical microscopes due to their optical properties and lower melting points, are 

o 
used to model the dendritic solidification of metal alloys. One such transparent metal 

analog, the ammonium chloride-water system, has a discontinuity in the growth rate that 

appears to be similar to the ones reported for nickel alloys.'"" However, the discontinuity 

in the NH4CI-H2O alloys cannot be explained solely by a velocity dependent segregation 

coefficient. 

Studies in the NH4CI-H2O system also indicate a change in the growth orientation 

of the dendrites at the discontinuity. Since crystal orientation has been shown to affect 

the segregation coefficient in other systems,*^'the orientation dependence of the 

segregation coefficient may also conUibute to the discontinuity in the growth behavior of 

dendrites in metal alloys. The current dendrite growth models do not include both the 

velocity and orientation dependencies of the segregation coefficient. 

The purpose of this work was to characterize the morphology of NH4CI dendrites 

and to develop a model to predict their growth behavior. A discussion of previous studies 

on NH4CI-H2O alloys and of existing growth models is presented in Chapter 2. Since the 

accuracy of the materials properties can significantly affect the behavior predicted by a 

model. Chapter 3 outlines the parameters and the values that were used in the models. 
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The procedures and equipment that were used to measure the dendrite growth rates and 

morphologies along with the equilibrium segregation coefficient are described in 

Chapter 4 and the results are presented in Chapter 5. In Chapter 6, the models used to 

predict the growth rate of isothermal dendrites will be presented, while in Chapter 7 these 

models will be compared with experimental data. In the latter chapter, a model for 

predicting the behavior of the directionally solidified dendrites will be presented along 

with limitations of the current models of dendritic growth. Finally, an analysis of what 

was learned and what still needs to be done are contained in Chapters 8 and 9. 
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2. BACKGROUND 

2.1 Reasons for Modeling SolidiHcation 

The manner in which a sample is processed can significantly alter the 

microstructure and properties. Some products require extreme processing measures to 

produce the desired product. Laser melting,'quenching, and containerless 

processing'"^ can be used to solidify samples very quickly. These rapid solidification 

techniques can be used to obtain unique microstructures by controlling the crystallization 

process in order to manipulate the distribution of phases, the distribution of components, 

and the grain size. Since this process limits the time at a panicular temperature, 

nucleation and diffusion are among the processes that are limited. 

Therefore, rapid solidification is often used to process metal alloys where uniform 

composition and small grain sizes are desired. Most metal alloys solidify with a dendritic 

microstructure whether they are cast or directionally solidified. Therefore, many 

microstructural properties such as the crystal orientation,primary'^ and secondary 

arm spacing,'^ and composition distribution'^ have been characterized and modeled as a 

function of the processing conditions such as the solidification rate. 

2.2 Modeling Rapid Solidiflcation of Dendritic Alloys 

Extensive work has been conducted to model the solidification rate or growth 

velocity of metal alloys in terms of experimental parameters such as the undercooling. 

The dendritic growth rate generally increases with undercooling. This relationship has 



been measured for a wide variety of systems, including: nickel doped with tin,'^ boron,' 

carbon."'^ zirconium,'' aluminum," and silicon;^ copper doped with silver""*' and 

nickel:"^' silver doped with copper,^ ""* iron doped with nickel,"^ phosphorous,"^" and 

boron;tin doped with bismuth,^ lead,' and antimony;' and titanium doped with nickel.^ 

Figure 2.1 shows examples of some metal alloys that exhibit a sudden change in the 

growth rate at a particular undercooling.®" This sudden change or discontinuity in the 

growth rate makes producing the desired microstructures and properties difficult near the 

transition. Therefore, models have been developed to predict the dendritic growth 

behavior over an extensive range of processing conditions. 
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Sn.^ and d) 1.3. and 5 wt% Pb in Sn.^ 



24 

2.2.1 Predicting the Growth Rate- BCT Model 

The generally accepted model for predicting the dendritic growth rate and tip 

radius as a function of undercooling is based on the approach of Boettinger, Coriell, and 

Trivedi, 3• 
5 referred to in this document as the BCT model. The difference between the 

liquidus temperature of the alloy and the bath temperature, or the total undercooling, is 

given by the sum of four components: thermal, radial, compositional, and kinetic. The 

thermal undercooling, 

!1~hermal = - lv -L (VRJ 
cp 2a 

(2.1) 

is the difference between the interface and bath temperatures and is limited by heat 

diffusing away from the interface (see Appendix A for the definitions of all variables). 

The curvature at the dendrite tip depresses the interface temperature by 

2r 
/1Tradial =-

R 
(2.2) 

In an alloy the impurity atoms must diffuse away from the dendrite during solidification; 

therefore, the interface temperature is further reduced by the effective slope of the 

liquidus line multiplied by the interface composition. This results in a compositional 

undercooling given by 

!1Tcompositional = mCo 
m% 

1- m 

1 - [1 - k (v) )lv( ~~ J 
(2.3) 
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where m* is the velocity dependent slope of the liquidus line, derived from a 

non-equilibrium distribution coefficient, k iV):  

k^ -k{V)  /-In 

(2.4) 
m l -k .  e 

If the kinetics at the interface are slow compared to the tip velocity of the dendrite, there 

is also a kinetic term given by 

Since the above set of equations does not predict a unique relationship between 

the velocity, tip radius, and undercooling another criterion is necessary. This selection 

criterion relates the destabilizing effects of the thermal and compositional diffusion fields 

to the stabilizing effect of the anisotropic surface energy. After including corrections for 

large Peclet numbers, this criterion results in a relationship between R and V given by 

(2.5) 

R = (2.6) 

L VR^ 

VR 
2mC„[l -k iV) \~  

/ 

K 
x'sc 

where 

1 
(2.7) 
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and 

2kiV)  
+ ^  ( 2 . 8 )  

l -2k iV)-
,  I  ( ^ D \  
1 + — — 

a* VR 

/: 

If the marginal stability criterion"'''^" is used, then the stability constant, a*, has a 

constant value of l/47r=0.025. However, if the surface energy of the crystal is very 

anisotropic, the solvability criterion should be used and the value of a* depends on the 

material.With either the marginal stability or solvability criterion, a unique dendrite 

tip radius can be calculated for a given velocity, both of which are then used to find the 

total undercooling. These two selection criterion are discussed in more detail in Section 

6.1.2.  

2.2.2 Discontinuity in the Growth Rate 

This approach has been used to fit the growth behavior of nickel doped with 

boron' and many other alloys.^' Figure 2.2 shows that this model describes the 

relationship between the velocity and undercooling, only if a velocity dependent 

segregation coefficient is used. For nickel with 1% boron, the discontinuity at 

approximately 275 degrees of undercooling occurs when the segregation coefficient 

increases dramatically. 

In general, a velocity dependent k-value must be used if the discontinuity in the 

growth rate as a function of undercooling is to be explained. Trivedi"^ shows that by 

incorporating a velocity dependent segregation coefficient, a discontinuity occurs in the 
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growth rate as a function of undercooling with no additional changes or assumptions in 

the model (see Figure 2.3). At or near this discontinuity the dendrites change from being 

compositionally limited at slow velocities, to thermally limited at the higher velocities. 

However, the reason this transition occurs is still not completely understood. The 

shape of the curve and the critical temperature at which the growth changes from being 

compositionally to thermally limited depends on the particular function of the segregation 

T O  
coefficient which is used. 
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Figure 2.2: The discontinuity in the growth rate as a function of undercooling in nickel 
samples doped with lat% boron can be explained using the BCT model with a velocity 
dependent segregation coefficient ( ) but not with a constant segregation coefficient 

• Iat% B in Ni 
k=k 

k=f(V) 



100 r----,------.,----·....-----

- k(V) 
10*2 --- k: k 0 

10•4 
I> 

10-6 

1Q•8 

10·l0 

10·3 1Q·2 ,o-1 
.6T 

Figure 2.3: Dimensionless plots of velocity versus undercooling demonstrate the 
importance of the velocity dependent segregation coefficient on the discontinuity?5 

2.2.3 Non-Equilibrium Segregation 

The segregation coefficient, k, is the ratio of the composition in the solid to the 

composition of the liquid at the growing interface of the crystal, 

28 

(2.9) 

For at least 50 years it has been known that this parameter varies with both velocity and 

crystal orientation in semiconducting materials.40
' 

41 Mullin described the effect of 

growth rate on the k-value, and how the amount of various dopants incorporated into 

InSb crystals differs on and off-facet.9 More recently, experimental studies on laser 

melted silicon with various dopants have been conducted to exam the relationship 

between the growth velocity and crystal orientation on the segregation coefficient (see 

Figure 2.4). 10
' 
42

' 
43 
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Being able to characterize or predict how much dopant or impurity is trapped in 

the crystal during solidification is important, because even small amounts can alter the 

sample properties. Therefore, several models have been presented to explain the 

relationship between the segregation coefficient and the growth velocity. The model that 

is used most often, 

(2.10) 

was proposed by Aziz,44 where ke is the equilibrium segregation coefficient, a0 is the 

solute jump distance, Vis the growth velocity, and D is the diffusion coefficient. 

Several modifications of this model have been published in order to better fit 

some of the experimental data. However, as will be discussed in Section 6.1.3, there are 

several problems with basic assumptions of this model and it does not fit all of the 

experimental data reported in the literature. Another model has been proposed by 

Jackson,42' 45 

1 

k =kf+A'V (2.11) 

where A' includes the interatomic spacing, diffusion coefficient, temperature, energy of 

crystallization and a proportionality constant. This model fits most of the experimental 

data for laser-melted silicon and aluminum alloys, electro-magnetically levitated nickel 

alloys, and Monte Carlo simulations of silicon alloys.42 

--------~~ ~-~~~~-



30 

0.6 

0.5 

0.4 
g 
g 
«l 

<3 o.:3 
c  
.2 

r a 
Q- 0.2 

0.1 

0.0 
_40 -30 -20 -10 0 10 20 30 40 50 60 

InclinoUon Angle from (ill) 

Figure 2.4: The segregation coefficient depends on the both the growth velocity and 
orientation, as shown here for bismuth in silicon."*^ 

2.3 Transparent Metal Analogs 

Models have been developed to predict the growth behavior of metal alloys. 

However, checking the validity of these models has been challenging because 

experiments which measure the growth rate, undercooling, radius of curvature and 

composition are difficult to conduct. Ideally, these measurements would also all be made 

in situ. Therefore, transparent metal analogs have been used extensively to study 

dendritic growth behaviors. 

Some ionic and organic compounds, known as plastic crystals, have relatively 

spherical molecules allowing them to crystallize into cubic structures similar to most 

40 -30 -20 -10 0 10 20 30 40 50 6i 

InclinoUon Angle from (ill) 
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metals. These metal analogs, first described by Jackson and Hunt,8 are unique because 

despite being transparent, their solidification morphology is similar to metals due to their 

low entropies of fusion (~S/k:b-1). In addition, the melting points of the analogs are 

lower than most metals and metal alloys, so in situ studies of the growth of dendrites, 

cellular structures and eutectics can be conducted near room temperature under a 

microscope. While carbon tetrabromide, carbon tetrachloride, and hexachloroethane are 

all transparent metal analogs and solidify dendritically, mixtures of these materials have 

been used primarily to model eutectic growth.46' 47 The most common transparent 

material used to study single phase dendritic growth has been succinonitrile in either its 

pure form48· 49 or doped with acetone, 5°' 51 although pivalic acid doped with ethanol has 

also been used. 52' 53 

2.3.1 Using Ammonium Chloride as a Metal Analog 

NH4Cl is also a transparent metal analog which has been used since 1966 to 

model metal alloy castings. 54 Copler5 showed that "castings" ofNH4Cl-H20 solutions 

exhibited some of the same defects that had been observed but not yet explained in 

stainless steel and nickel alloys. This analog system continues to be heavily used in 

studies of fluid flow both on the ground and in microgravity.56-60 The NH4Cl-H20 

system is particularly easy to work with compared to some of the other transparent 

analogs due to its wide range of temperatures and compositions that can be studied, ease 

ofundercooling, ideal temperature range (either above or below RT), linear relationship 
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between the liquidus temperature and composition, and its environmentally friendly 

nature. 

In addition, this system exhibits a discontinuity in the growth rate as a function of 

undercooling61 that appears to be similar to the sudden increase in velocity observed for 

many metal alloys.7• 22' 62 Kahlweit and his co-workers conducted extensive studies on 

the growth rate as a function of supersaturation in both the NH4Br-H20 and NH4Cl-H20 

metal analog systems.61 • 63-66 A definite change in the growth behavior from parabolic to 

linear was observed in the NH~r-H20 system.65 A change in the growth behavior was 

also observed for dendrites growing slowly from saturated NH4Cl-H20 solutions.61 • 63 At 

a critical concentration of NH4Cl the growth rate changes dramatically (see Figure 2.5). 

In the ammonium chloride-water system not only does the functionality of the growth 

behavior on supersaturation change, but there is also an apparent discontinuity in the 

growth rate. 36• 61 • 63 While the growth rate curves appear similar to several metal alloy 

systems with discontinuities, the velocities cannot be predicted using the standard models 

for dendritic growth. 36 

----·-~- ---
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Figure 2.5: A discontinuity in the growth rate as a function of supersaturation is present 
in NH4Cl-H20 alloys.63 

2.4 Change in Orientation 

Along with variations in the shape of the growth rate curves, changes in the 

33 

orientation of the growing dendrites were reported. 63 At extremely slow growth rates and 

low supersaturations, the dendrites grow in the <100> direction. As the concentration of 

ammonium chloride is increased, Chan, Reimer, and Kahlweit reported that the dendrites 

begin to grow predominantly in the <110> direction resulting also in a small change in 
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the growth rate behavior. However, at higher supersaturations the dendrites switch to the 

<111> orientation and grow significantly faster. Kahlweit's group^^ attributed the 

discontinuity in the growth behavior to the change in orientation, from the <110> to the 

<111> direction. While it is fairly clear from images by Chan, et al.^^ and others^' 

(see Figure 2.6) that the slow dendrites grow in the <100> orientation at small 

undercoolings; Raz et al.^^ confirmed through angle measurements that at larger 

undercoolings the NHjCl dendrites grow in the <l 11> orientation. Angle measurements 

described in Section 5.9 indicate that the mode described by Kahlweit's group as <110> 

main stems with <1(X)> side-branches should really be attributed to <111> primary 

dendrites with <100> side-branches. 

Ammonium chloride is not the only material reported to have a change in dendrite 

growth orientation as the undercooling is increased. It has been known for many years 

that aluminum alloys form "feather crystals",^which are fine-grained dendrites with a 

primary branch oriented in the <110> direction. Recent directional solidification 

experiments conducted by Henry et al. have shown that at slow growth rates, these alloys 

grow with typical columnar <100> oriented dendrites; but at faster growth rates the 

dendrite growth orientation changes to <110> with or in some cases without a twin along 

the <111>. "^'^'' There are even indications that succinonitrile will change growth 

directions when large amounts of dopant are used.^^' 
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Figure 2.6: Images of dendrites demonstrate that the growth direction at slow growth 
rates (a) is different from the orientation at high growth rates (b).63 

2.5 Modeling Morphological Changes 

Honjo and Ohta79 conducted extensive experiments on NH4Cl-H20 alloys and 

showed that the <100> to <110> transition reported by Kahlweit's group. 61
'

63 is really a 

transition to the "dense-branching morphology" also called the "compact seaweed" 

structure. Chan et al. 63
' 
64 used a combination of morphological stability and crystal 

anisotropies to explain the changes in orientation initially reported by Kahlweit. 

35 

Morphology diagrams like the one depicted in Figure 2. 7 are based on the stability of the 

various structures as a function of the amount of anisotropy and undercooling. 80
, 

81 

Materials with finite anisotropies will transition from a dendritic to a seaweed structure as 
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the undercooling is increased. As the microstructure changes, the relationship between 

the velocity and undercooling also changes. 

Another type of morphological change, which results in variations in the velocity, 

is called "banding". According to Kurz and Trivedi®" five different banding structures 

have been observed: variations in cell spacing, fluctuations in composition during planar 

growth, oscillations between two different microstructures (i.e. cellular and planar 

growth), two different phases which both grow in a planar structure, and two distinct 

phases with different microstructures. The basis of the models for predicting these 

different banding structures has been that non-equilibrium velocity-dependent 

segregation affects the local composition and therefore the local morphological and/or 

phase stability.'^"'*^'^ 

However, neither the model for predicting banding nor the one for the seaweed 

structure can be directly applied to predicting the location of the <l 11> transition in 

NH4CI growth. None of the e.xperimental work or models related to banding involves a 

change in orientation of the same microstructure. While the seaweed structure is similar 

in microstructure to the compact dendrites, the seaweed morphology is characterized by a 

lack of preferred orientation. Therefore, other models must be investigated to explain the 

fast <111> growth mode observed for NH4CI alloys. 
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Figure 2.7: Both the anisotropy and the growth conditions affect the solidification 
morphology. Depicted here is the morphology diagram showing compact seaweed vs. 
compact dendrite regions as a function of undercooling and surface tension anisotropy.^° 

2.6 Project Overview 

Being able to model the growth behavior of metal alloys is essential for 

controlling the morphology and properties. Experiments in many metal alloy systems 

have shown that the growth rate can increase dramatically over a very small range of 

processing temperatures or undercoolings. In order to accurately predict the relationship 

between the growth velocity and undercooling in many alloys, the use of a velocity 

dependent segregation coefficient is necessary. However, even with a non-equilibrium 

k-value. existing models do not predict the discontinuity in the growth rate or associated 

change in dendrite growth orientation in ammonium chloride-water alloys. 

The goal of this work was to explain the growth behavior of NH4CI-H2O alloys, 

so that a better understanding of metal alloy solidification could be developed. In order 

to predict the change in orientation observed in this system, anisotropic materials 

properties must be included. Even though the orientation dependence of the segregation 
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coefficient is known to be significant in semiconducting crystals, the BCT model 

includes only the anisotropy in the surface energy. Therefore, in addition to detailed 

experiments on the growth of NH4CI dendrites, a model based on the BCT model and 

orientation dependent segregation was developed and is presented in Chapter 6. Using 

this model, the growth behavior of isothermal and directionally solidified dendrites can 

be explained. 
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3. MATERIALS PROPERTIES OF AMMONIUM CHLORIDE. 

WATER MIXTURES 

In order to accurately model the growth of NH4CI-H2O dendrites, the materials 

properties must be well established. Since researchers have been investigating NH4CI 

alloys for many years, most of the properties were measured quite a few years ago. Many 

of the more recent papers do not reference the original work where measurements were 

made, but instead reference other publications with tabulated values of the properties. In 

this process, many of the values being reported have been misrepresented. For example, 

the solid-vapor surface energy has been used instead of the solid-liquid surface energy; 

the heat of fusion is being used instead of the heat of solution; and a computed effective 

value of the partition coefficient is reported as the equilibrium segregation coefficient. 

Since so many of the values have been misrepresented, an investigation has been 

conducted to evaluate the materials properties of NH4CI-H2O alloys cited in the literature. 

The purpose of this study is to find the appropriate parameters that should be used for the 

modeling of the solidification of ammonium chloride dendrites from water solutions. 

These values are listed in Table 3.1. Wherever possible, the original paper in which a 

property was measured was cited. However, on occasion we will rely on other papers 

that have conducted a critical evaluation of the literature on a particular propeny (i.e. 

Cohen's study of the NRtCl-HiO phase diagram^^) or on books with tabulated properties 

(i.e. CRC Handbook of Chemistry and Physics'^^). 
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In this chapter, each property used in modeling the dendritic growth will be 

analyzed separately. Discussions will include not only which of the literature values 

should be used, but also the source for various reported values, and why they may be 

wrong. Some sections may be significantly longer than others due to the importance of 

the parameter to modeling dendritic solidification or because of the wide discrepancies in 

the published values for NH4CI. The properties that are of general relevance will be 

presented in Section 3.1. The remaining properties are divided into sections based on the 

undercooling terms: Kinetic, Thermal. Compositional, and Radial. 
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Table 3.1: The materials properties used in this work are tabulated below. 

Materials Property Variable Value Reference 
Segregation 

Constant 
A' 2.79 s/m Calculated based on 

Jackson"*" 
Segregation 
Anisotropy 

f ^ in /k ioo  3.7 This work 

Heat Capacity Cp 3160 J/kg-K Extrapolated from 
Scheel'^' 

Diffusion 
Coefficient 

D 2*l0-^m'/s Hail''' 

Latent Heat of 
Solution 

L 15000 J/mol Mischenko^^ 

Vlolecular Weight 
ofNHjCl " 

M 53.49 g/mol Lide'" 

Melting 
Temperature of Pure 

NH4CI 

654 K Cohen-Adad'^^ 

Interfacial Kinetic 
Coefficient 

1.62 m/s This work 

Lattice Constant ao 3.88* 10"'" m Donnay'^" 
Equilibrium 
Segregation 
Coefficient 

k t  0.15 This work 

Liquidus Slope m -4.95 K/wt7o Cohen-Adad*^' 
Gibbs-Thomson 

Coefficient 
r (5.3*10"'K-m) 

2.0* 10"^ K-m 

(Calculated based 
on Tanaka,^' 

Mischenko/^ and 
Cohen-Adad"^^) 

This work 
Thermal Diffusivity a 1.46*10'" m'/s Calculated based on 

Scheel®^^ and 
Zaytsev^" 

Surface Energy 
Anisotropy 

e  (0.012) 
0.019 

(Liu"^) 
This Work 

Density P 1.08*10''g/m^ Extrapolated from 
Timmermans^" and 

Gillespie^"* 

Stability Constant a* (0.28) 

0.025 

Calculated from 
Tanaka^' and Hall''® 

This work 
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3.1 General Materials Properties 

3.1.1 Molecular Formula/Weight 

The molecular weight is otie of the most basic materials properties since it is 

required for most unit conversions of the other parameters. Some early studies used 

NiHsCl: as the molecular formula for ammonium chloride.'^^ Current conventions dictate 

that ammonium chloride is NH4CI with a molecular weight of 53.49 g/mol.'^^ 

3.1.2 Lattice Constant 

The ammonium chloride phase that is at equilibrium with water at room 

temperature has the cesium chloride structure (chlorine ions on the comers of the cube, 

and the ammonium ion in the body center). The lattice constant must be measured from 

the diffraction pattern. The value generally published in crystallography references is 

3.876A.'^-'^'^ 

3.1.3 Liqiiidiis Slope and Melting Temperature of Pure NH4CI 

Only the compositional undercooling term is affected directly by the liquidus 

slope. However, many properties are affected by the composition of the liquid. The 

liquidus slope and melting point of the pure material are necessary to convert the 

operating temperatures into liquid interface compositions. 

The best way to obtain an accurate value for the liquidus slope is to study the 

N H4CI-H2O pha.se diagram. .Vlany researchers reference the solubility data in the 
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International Critical Tables,^^ however a more complete data set was compiled by 

Cohen-Adad and Vallee.^^ Approximately 200 different measurements on the solubility 

of the solid NH4CI phase between -16 and ISS-SS^C are listed. 

While these authors fit the data to a quadratic, most of the modeling in this 

document assumes a linear liquidus slope. Regression analysis indicates that all the 

solubility measurements of the a-phase NH4CI can be fit to a linear equation with a 

correlation factor of 0.9997. Based on the resulting linear regression expression, 

T = -4.9475C + 654.08 (3.1) 

a value of —4.95 K/wt% H2O should be used for the liquidus slope, and 654 K for the 

melting temperature of the a-phase NH4CI. 

At equilibrium the liquid interface composition can be determined using the phase 

diagram and the temperature of the experiment. While the experimental temperatures are 

intentionally varied, most of the interesting behaviors were observed near room 

temperature. At 25°C. the equilibrium liquid composition is 72 wt% H:0 or 

28 wt% NHjCl. The rest of the liquid materials properties will be detemained at this 

temperature and composition. 

3.1.4 Density 

When determining the materials parameters for modeling solidification, one must 

consider whether the properties of the solid or liquid are more appropriate. A value close 

to 1.527 g/cm^ is generally cited for the density of solid NKiCl.^^ However, as will be 
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discussed in Sections 4.4 and 5.1, solid NH4CI is stable within a fairly wide composition 

region and the composition dependence of the density of the solid has not been studied. 

However, for most of the modeling in this document, the density of the liquid, not 

the solid, should be used. Measurements have been made on the density of the liquid as a 

function of both composition and temperature. Based on the data shown in Figure 3.1, 

the density of a 28 wt% NH4CI liquid sample near room temperature is approximately 

1.08 g/cm^. While this is very similar to the values used by other researchers, there is 

also a temperature dependence of the density. A sample with 20wt% NH4CI can vary 

from 1.06 g/cm^ at CC to 1.02 g/cm^ at 100°C (see Figure 3.2). However, both the 

composition and temperature dependencies are relatively small compared to the 

uncertainties in the other materials parameters, so the 1.08 g/cm^ value will be used for 

all calculations in this document involving the density of the liquid. 
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Figure 3.1: The liquid density varies as a function of composition for temperatures 
between 15 and 20''C. Data obtained from Timmermans^^ and Gillespie."^" 
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Figure 3.2: The liquid density varies as a function of temperature. Data obtained from 
Timmermans'^'^ and Gillespie.^"' 

3.1.5 iMtent Heat (of Solution) 

When a solid sample is melted or dissolved, heat is generated which must be 

conducted away from the interface. The amount of heat generated will be called the heat 

of solidification. The following section details what values researchers have used for the 

heat of solidification and why the heat of solution should be used for the modeling of the 

growth of NH4CI-H2O alloys. 

For the solidification of pure materials or samples with only a small quantity of a 

second component, the latent heat of fusion is often used for the heat of solidification. 

Although Witzke'^^ reports a value of 16,400 kJ/mol, most of the researchers^"who use 

the Latent Heat of Fusion to model the solidification of NH4CI-H2O alloys report a value 

of 313.8 kJ/kg or 16790 kJ/mol. One primary source for this value is the dissertation of 
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Jassal;"^' however, he does not provide a specific reference for the Latent Heat of Fusion 

in this document. Jassal indicated that all of his materials properties values came from 

the International Critical Tables. However, only values for the heat of formation of 

various crystalline phases of ammonium chloride and the heat of dilution were listed, not 

the Latent Heat of Fusion. 

When a large amount of second component is added to the mixture, the heat of 

solution should be used to represent the heat of solidification. Parker'"^ surveyed the 

experimental literature and concluded that the "Best Value" for the heat of solution at 

infinite dilution for the NH4CI-H2O system is 3,533 ± 15 cal/mol which converts to 

14.790 kJ/mol. This value has been cited in the CRC Handbook of Chemistry and 

Physics'"^ and in a few papers on the casting of NH4CI alloys.^' 

However, neither one of these values should really be used for the heat of 

solidification of these alloys. The latent heat of fusion is the energy required to change 

the phase of pure ammonium chloride from solid to liquid. However, it does not include 

the energy of interaction between the ionized species in solution or the energy to form 

hydrated species in solution. The heat of solution is the energy required to dissolve a 

small amount of ammonium chloride in a large quantity of water. While this value does 

include the interaction and formation energies, these two energies depend on the 

concentration of the ammonium chloride in solution. The value that should be used for 

the heat of solidification is the energy given off when a crystal of ammonium chloride is 

dissolved in the solution in front of the growing interface. 
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Several groups108
-
110 have measured the heat of solution as a function of 

composition and temperature. Figure 3.3 shows that the heat of solution at infinite 

dilution (0 wt% NH4Cl) varies significantly with temperature. However, all of the 

temperature plots seem to converge as the concentration of NH4Cl is increased. Most of 

the measurements described in the following chapters were taken near 25°C. Therefore, a 

value of 3600 cal/mol or 15000 J/mol will be used for the latent heat or heat of 

solidification in all of the modeling work in this document. 

2000 

4000 

8 

.m mo~ NH4C~ 
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10 

Figure 3.3: The Heat of Solution varies only slightly with composition but depends 
significantly on temperature. 89 Note: 28 wt% NH4Cl = 7.27 mol NH4Cl/1000 g H20. 
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3.2 Kinetic Properties 

The primary materials property that affects the kinetic undercooling is the 

interfacial kinetic coefficient. This parameter will also be used to calculate the 

Segregation Coefficient Constant as described in Section 3.4.3. 

3.2.1 Interfacial Kinetic Coefficient 

Generally, a linear relationship is assumed between the growth velocity and the 

energy of crystallization, which can be written as: 

kj 
(3.2) 

In most of the research involving modeling of dendrites, the Gibbs energy is 

approximated as LAT/Tn. Therefore, this expression can be rewritten as: 

V ^ =  A r  =  a A r  ( 3 . 3 )  
k T T  

where ^ is the interfacial kinetic coefficient and Vo is often assumed to be the sound 

velocity in the liquid. BuB measured the velocity of sound in liquids of the compositions 

listed in Table 3.2."' By linear extrapolation, the sound velocity was determined to be 

1700 m/s for a 28wt% NRjCl liquid sample. This results in a value for the interfacial 

kinetic coefficient of 15.6 m/s, which conventional practice suggests should be used for 

jj.. However, the sound velocity should not be used for Vq. 

Broughton. Gilmer, and Jackson"" developed the expression: 
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(3.4) 

based on molecular dynamic simulations of crystallization from a Lennard-Janes liquid 

(BGJ model). For small chemical potential differences, l1f.1, this can be rewritten as the 

linear relationship: 

(3.5) 

In this case the proportionality constant, V0, is related to the thermal velocity, (3k8 T!M) 112
, 

not the sound velocity. The ratio of the interatomic spacing, a, to the distance an atom 

travels from the liquid to the solid, A, is 110.4. The parameter fo represents the volume 

fraction of atoms at the interface that actually crystallize, which is about 0.27. Using 

these values, the proportionality constant, V0 , is 252 m/s. 

At small concentrations of the second component, the change in Gibbs energy is 

the same as the change in chemical potential of the primary component, resulting in an 

expression very similar to Equation 3.2. If the difference in chemical potentials/Gibbs 

energies is replaced by LfiT!Tm in Equation 3.5, the interfacial kinetic coefficient is 

2.25 m/s. This is a factor of 7 lower than the value calculated using the sound velocity. 

However, in the NH4Cl-H20 system, the amount of the second component is not 

small, so the BGJ model cannot be used. The expression developed by Jackson, Beatty, 

and Gudgel, 42 
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V = Ar (3.6) 
kJJ 

applies to alloys of any concentration. The variables and Vb" represent the arrival 

rate of each component at the growing interface. The values for NH4CI and H2O, 

computed using the BGJ expression involving the thermal velocities, are 245 and 423 m/s 

respectively. 

hi Equation 3.6, the variable Lb represents the energy for water to crystallize in 

the NH4CI structure. This parameter has not be measured or determined, but can be 

approximated. The values for LAgTm for 28wt% NH4CI solidifying into the NH4CI 

structure, and for pure water crystallizing as ice are 2.76 and 2.64. Therefore, the value 

for LAbT„, for water in the NH4CI structure should be somewhere in between. If a value 

of 2.70 is used, the melting point of water in that structure is about 87 K. 

Using these values the interfacial kinetic coefficient for an NH4CI-H2O alloy at 

room temperature is about 1.62 m/s. This is a factor of 1.4 less than the value calculated 

for pure NH4CI using the thermal velocity, and a factor of almost 10 less than the value 

using the sound velocity. Since the amount of water in the samples investigated in this 

work was definitely not small, the interfacial kinetic coefficient for the alloy (1.62 m/s) 

will be used for all further calculations. 
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Table 3.2: The sound velocity varies with composition.'" 

Composition, C 
(wt% NH4CI) 

Velocity of Sound, Vq 

(m/s) 
0 1480 

5.2 1520 
12 1570 
24 1660 

3.3 Thermal Properties 

The properties that are relevant to thermal flow are: latent heat (of solution), heat 

capacity, and thermal conductivity/diffusivity. The appropriate value for the latent heat 

was presented in Section 3.1.5. Since the heat flow is primarily through the liquid phase 

(see Section 7.2.1), the heat capacity and thermal diffusivity in the liquid are required. 

3.3.1 Heat Capacity 

The most commonly used values of the solid and liquid heat capacities are 1870 

and 3249 J/kg-K respectively.'"'"'®^ This work will use a value extrapolated from 

measurements in the literature, since the original sources for these numbers could not be 

traced. 

The results from several studies on the effect of temperature and composition on 

the heat capacity of NH4CI-H2O liquids are published in Landolt Bomstein Physikalisch-

Chemische Tabellen.^' The data shown in Figure 3.4 can be fit to the equation: 

(3.7) 
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Using this expression and a composition of 25 wt% NH4Cl, a value of 3242 J/kg-K is 

calculated. This number is very close to the 3249 J/kg-K which has been used often in 

the literature. However, for consistency, the value used in this document will be for a 

liquid composition of 28 wt% NH4Cl. The extrapolated heat capacity of the liquid is 

3160 J/kg-K. 
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Figure 3.4: The heat capacity depends on the composition but does not vary significantly 
with temperature between 15 and 85°C. The data was obtained from several sources: 
D' Ans and Tollert, 113 Drucker, 114 Faasch, 115 Marignag,95 Mischschenko, 108 Thomsen, 116

• 

It? Urban, 118 and Winkelmann, 109
• 

119 and was fit to the expression 
Cp=2469+ 1728*exp( -C/31.05). 

3.3.2 Thermal Conductivity 

Similar to the numbers for the heat capacity, the original measurement of the most 

commonly cited value for the thermal conductivity, 0.468 W/m-K, 101
-
103 could not be 

found. However, Rau 120 and Meyer121 measured this property for several different 
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temperatures and compositions (see Table 3.3). The magnitude of the shifts in the 

thermal conductivity due to temperature and composition appear to be similar. However, 

most of the measured values are within 10% of 1.2x10-3 cal/cm-s-K or 0.502 W/m-K. 

These measurements are inline with the more extensive tabulated values 

published by Zaytsev and Aseyev.92 The thermal conductivity decreases as the amount of 

NH4Cl increases or the temperature decreases. At 20wt% NH4Cl and 0°C, the thermal 

conductivity is 0.503 W/m-K, but at 20°C it is 0.594 W/m-K. The value that will be used 

for the thermal conductivity in this document is for 30wt% NH4Cl at 20°C, which is 

0.577 W/m-K, even though it is almost 20% higher than the most commonly used value 

of0.468 W/m-K. 

(Note: The value that should be used for the thermal conductivity of the solid at 

room temperature is 2.43 W/m-K,122-124 not the 0.393 W/m-K101 - 103 which is commonly 

cited.) 

3.3.3 Thermal Diffusivity 

For this work, the thermal diffusivity is needed in order to model the growth of 

NH4Cl dendrites. However, it is possible to calculate the thermal diffusivity in the liquid 

using the expression: 

(3.8) 
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Using values of 0.577 W/m-K and 3160 J/kg-K for the thermal conductivity and heat 

capacity at room temperature and 28 wt% NH4CI, the calculated thermal diffusivity is 

1.69xlO'^mVs. 

Table 3.3: The thermal conductivity has been measured at several different temperatures 
and compositions 

Density Comp. Temp, of Set Average Thermal Thermal 
(g/cm^) (wt% 

NRjCl) 
Solution 

rc) 
Temp. 
rc) 

Temp. 
rc) 

Conductivity 
(10-^ 

cai/cm-s-K) 

Conductivity 
(W/m-K) 

21.0 13.2 1.342 0.561 
1.020'-" 6.98 12.2 5.5 8.8 1.275 0.533 

0 2.7 1.244 0.520 
16.0 1.7 1.257 0.526 

1.046'-'' 16.22 3.7 -12.5 -4.4 1.172 0.490 
-7.6 -10.0 1.174 0.491 
9.5 2.1 1.208 0.505 

1.062'-" 21.23 2.7 -5.2 -1.2 1.184 0.495 
-4.3 -4.7 1.162 0.486 
19.3 10.1 1.270 0.531 

1.065'-° 22.95 9.5 0.8 5.1 1.189 0.497 
3.9 2.3 1.182 0.494 

1.032'-' - 1 1 .2 
-5.5 
-8.0 

-8.5 
-7.0 
-8.2 

1.24 
1.24 

0.519 
0.519 

-2.4 -6.4 1.25 0.523 
1.039'-' -13.7 -6.1 -10.4 -8.2 1.18 0.494 

-10.0 -10.2 1.17 0.489 
-3.3 -9.3 1.14 0.477 

1.053'-' -18.6 -9.3 -15.3 -12.3 1.12 0.468 
-14.3 -14.8 1.11 0.464 



3.4 Compositional Properties 

The composition profile and compositional undercooling are affected by: the 

liquidus slope, the bulk composition, the diffusion coefficient, and the non-equilibrium 

segregation coefficient. 

3.4.1 Diffusion Coefficient 
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Reported solute diffusion coefficient values vary from 5*10-6cm2/s69 to 

6.0*10-5cm2/s,99 with many researchers using a value near 2.3*10-5cm2/s. 125• 126 The 

source for most of these numbers can be traced to the measurements of the compositional 

dependence of the diffusion coefficient conducted by Hall, Wishaw, and Stokes in 

1953.88 The diffusion coefficient at 25°C varied from 1.84*10-5cm2/s at low 

concentrations to 2.26*10-5cm2/s at 26wt% NI4Cl as shown in Figure 3.5. 

A more limited study on the effect of temperature on the diffusion coefficient of 

4.95wt% NH4Cl-H20 solution with 0.5wt% Agar was conducted by Stiles. 127 As can be 

seen in Figure 3.6, the temperature dependence of the diffusion coefficient of NH4Cl in 

these gels is significantly larger than the composition dependence of the diffusion 

coefficient in pure water. Based on this data, it is likely that the diffusion coefficient of 

NH4Cl in water will also have a significant temperature dependence, but the relationship 

between the diffusion coefficient and temperature for NH4Cl in water has not been 

measured. 

The diffusion coefficient in the temperature gradient stage described in Section 

4.3.2 could easily be 2.5 times larger at one end compared to the other. However, since 
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the temperature dependence of the diffusion coefficient is not precisely known, a constant 

value will be used. Since the composition at the solid-liquid interface is 28 wt% NH4Cl, 

a value of 2 * 1 o-5 cm2 /s has been selected for this work. 
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Figure 3.5: The diffusion coefficient at 25°C varies with composition.88
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Figure 3.6: The diffusion coefficient of samples with 4.95wt% NH4Cl varies with 
temperature. 88

• 
127 
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3.4.2 Equilibrium Segregation Coefficient 

The values for the segregation coefficient, which are cited in the literature, vary 

quite a bit. Therefore, the equilibrium segregation coefficient was measured to determine 

an appropriate value (see Sections 4.4 and 5.1). However, it is still useful to provide an 

outline of the different values that have been published and used in the literature, as well 

as the original sources for the values when available. 

McCay and McCay report values between 3*10"^ and but don't cite 

where they found this information or if they measured it. 

The largest reported value for the segregation coefficient is 3.333 by Szekely."^' 

This value is probably greater than I because they report that the bulk composition is 

greater than the eutectic composition, so it is likely all their calculations are in terms of 

NH4CI instead of water. However, they also indicate that the "equilibrium distribution 

coefficient... varies with composition of liquid". Their source for the value of 3.333 is 

JassaFs thesis.but it is not obvious where in this document the value for the 

segregation coefficient is given. 

A value of 0.3 has also been reported for the segregation coefficient.^^" Naterer 

indicates that all of their NH4CI properties were obtained from The Physical Properties 

of Liquid Metals}^' CRC Handbook of Applied Engineering Science.or Fundamentals 

of Heat and Mass and Mass Transfer. The first reference contains quite a bit of 

information about liquid metals, but its section on metal analog materials is limited and it 

does not include NH4CI at all. The second reference contains some information about 

iN'RiCl. but not the segregation coefficient. It is possible that the third book. 
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Fiimlamentals of Heat and Mass and Mass Transfer by Incropera and Dewitt may 

contain properties for NH4CI, including a value for the segregation coefficient. 

Bennon, et al. provided a table containing many materials properties for NKiCl 

including a value of 0.3 for the segregation coefficient. These authors indicated that all 

of the values were obtained from W. D. Bennon and F. P. Incropera: Int. J. Heat Mass 

Transfer. 1987, in press. This is probably a reference to the paper titled "A continuum 

model for momentum, heat and species transport in binary solid-liquid phase change 

systems - II. Application to solidification in a rectangular cavity,"which has a similar 

table of materials properties. In this paper they report that the "thermophysical property 

data are relatively well established", and provide four references, one of which is a paper 

by Asai and Muchi.'^^ who also reported a k-value of 0.3. However, Asai and Muchi 

defined this value to be an "effective distribution coefficient" and do not list a reference. 

It is possible that the value of 0.3 has just been perpetuated without a definitive source. 

Another possibility is that researchers have simply inverted the value of 3.333 reported 

by Szekely.'"" 

As described in Section 4.4, the measured equilibrium segregation coefficient is 

around 0.15. and it is this value that will be used for all of the calculations in this 

document. A schematic of the equilibrium phase diagram is shown in Figure 3.7. 
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Figure 3.7: By using the measured equilibrium segregation coefficient a schematic of the 
modified NH4Cl-H20 phase diagram based on the work of Cohen-Adad and Vallee can 
be drawn.85 

3.4.3 Segregation Coefficient Constant 

According to Jackson, et a/.,42 the velocity dependence of the segregation 

coefficient for different alloys can be fit to the equation: 

1 

k = k l+Af3Yz 
e (3.9) 

using a value of 85 for the constant A. The variable f3 is related to the diffusion 

coefficient and lattice constant through the expression: 

(3.10) 
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The energy to crystallize, AG, is generally given by L^T/T„„ and the undercooling, AT is 

related to the velocity, V, and the interfacial kinetic coefficient, jU, as described in Section 

3.2.1. Therefore, pcan be rewritten as: 

L.V' (3.11) 

Since the quantity is equal to A'V, then the segregation coefficient constant, A' can 

be defined as: 

A' = A 

/ 
r I \' an L 

[l^TkJ^ 
(3.12) 

In Section 3.2.1 it was discussed that the parameter UkBTm is approximately 2.70 for 

water transforming into the ice structure, NHjCl into the NH4CI structure, or water into 

the NH4CI structure. Using the materials properties for ISfHiCl for the lattice constant 

(3.88xlO "^m), interfacial kinetic coefficient (1.62m/s), and diffusion coefficient 

(2xI0"'^m"/s), a value of 2.79 s/m can be found for the constant A'. 

3.4.4 Segregation Anisotropy 

The anisotropy in the segregation coefficient for H^O in NH4CI was obtained by 

fitting the dendritic growth velocity data measured for this project as described in 

Section 7.1.3. A value of 3.7 was obtained for the ratio of the segregation coefficient in 

the <111> direction to the value in the <100> orientation. This value is similar to the 

measurements of the segregation anisotropy in indium antimonide^ and silicon."^ 
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3.5 Radial Properties 

The Gibbs-Thomson undercooling is determined by; the surface tension, the latent 

heat (of solution), and the melting temperature of the pure material. The shape of the 

dendrite tip is also affected by the anisotropy in the surface tension as represented by the 

stability constant. 

3.5.1 Surface Tension 

The proper relationships between the surface tension, capillary length, and 

stability constant are all described by Langer.'^^ However, most people reference 

Dougherty and Gollub'^^ who presented the primary method used to measure the 

capillary length. Dougherty'^^ measured the radius as a function of time for a shrinking 

NH4Br crystal. The rate of shrinkage is fit to the expression; 

This provides a value for , the capillary length. However, the thermal and chemical 

capillary lengths are different and can be given by; 

(3.13) 

dfj (thermal) = ^ (3.14) 

dQichemical) = 
(AC)L dT mCj^l-k,)L 

ŷ M ^ yT^i 
(3.15) 
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Since the NH4Cl crystals are chemically limited, the second expression applies and can 

be used to calculate the surface tension. 

In the last 10 years, several groups have measured the surface tension anisotropy 

and/or capillary length for NH4Cl in H20. Using the measured capillary length and the 

following relationship: 

(3.16) 

the stability constant can also be computed. Since the surface tension and stability 

constant are so important to modeling the shape of the dendrite tip, a detailed discussion 

on each of the measurements will be presented. 

Tanaka and Sano,91 the first group to have published the capillary length for 

NH4Cl in H20, used a cell that was 50Jlm thick at one end and 1mm at the other end. 

The crystal was initially only 30Jlm in radius. The reported capillary length, d0 , was 

15.9A but they used a diffusion coefficient of 2.6xl03Jlm2/s. Using Equation 3.15 and 

the properties in Table 3.1, the surface tension is approximately 247 ergs/cm2. Based on 

the measured value of 30Jlffi3/s for VR2, the calculated stability constant is 0.28, which is 

almost an order of magnitude higher than other materials (see Table 3.4). 

The primary goal of Sawada et al. 126 was not to measure the capillary length or 

stability constant, but to look at the diffusion field in front of the interface. While, these 

researchers did not provide a lot of details on their measurements of the capillary length, 

they indicated that they used the same method as Dougherty. 137 The thickness of the cell 
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used for their diffusion measurements was approximately 1.02mm. They reported a 

value for the capillary length of 6.5xl0.\tm, which results in a calculated surface energy 

of only 10 ergs/cm2. While they used a diffusion coefficient very similar to Tanaka, et 

al., of 2.28x10\.tm2/s, their capillary length and surface tension values are significantly 

lower. 

One possible reason for the discrepancy is that Sawada et al. didn't measure VR2 

directly. Instead they fit the composition profile in front of a growing (not shrinking) 

dendrite to the Ivantsov theory, and found the best fitting parameters. Based on those, 

they computed a stability constant of 0.042, which is inline with reported values for other 

anisotropic materials. 

The purpose of the research by Liu, et al. 69 was to discuss the solvability 

condition as it applies to NH4Cl. They measured the capillary length using the method 

reported by Dougherty, 137 but their gap spacing was only lOJ.lm, significantly smaller 

than the systems used in the previous studies. Based on measurements from a growing 

crystal instead of a shrinking one, they report a value of 2.0* 1 o-4J.lm for the capillary 

length. This results in a computed surface energy of 31 ergs/cm2• Liu et al. also used 

results from growing dendrites to compute the stability constant. They found that VR2 

had a constant value of approximately 4J.lm3/s, resulting in a stability constant of 0.05 

(using D=500J.lm2/s). 

While Appolaire, et al. 138 did not directly measure the stability constant, they did 

report a value of 0.162 (the reported value was 0.081 but was defined as (Dd0 )I(VR2)). 

This value was obtained by fitting their data for the growth velocity as a function of the 

------~- - -- ~ 



64 

settling velocity. Even though the measurement method was different, their results are in 

line with the other data. The diffusion coefficient that was used for their calculations was 

2.3*l0"^cm'/s. 

Papapetrou'^'' appears to be the only one who measured the surface tension 

directly. He started with a range of spherical NH4CI crystals, and watched how one of 

them would shrink in the presence of larger crystals. The difference between the local 

concentrations at the two crystals is dictated by the curvature of each and the surface 

tension. In the translated document, part of the sentence 'This phenomenon may be 

utilized to make an approximate determination of a, the magnitude of the surface 

tension" is underlined. Therefore, Papapetrou knew that this was not an exact method. 

Papapetrou had to provide a relationship between the concentration and the 

growth velocity. If the velocity is assumed to be proportional to the square of the 

concentration, reproducible surface tensions of about 600 ergs/cm" are computed. 

However, if a linear relationship is used, the error is significantly greater. Therefore, 

Papapetrou concluded that the quadratic relationship is more accurate and the surface 

tension for NH4CI in H2O is around 600 ergs/cm'. This is at least the same order of 

magnitude as the value from Tanaka and Sano.^' 

Researchers have obtained values for the stability constant of anywhere from to 

0.04''^ to 0.28^^ (see Table 3.5). The higher stability constants result in higher calculated 

surface tensions, which are more in line with the measured value by Papapetrou. 

In addition, the surface tension can be calculated using Tumbull's approximation: 
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y = ̂ La (3.17) 

where a is the cross-sectional area of the molecule on the surface and L is the latent heat 

of fusion per atom or in this case heat of dissolution per atom. If the lattice constant for 

NH4CI is used for the parameter a, then the surface tension is approximately 88 ergs/cm'. 

This is in the middle of the measured values reported in Table 3.5. 

While the liquid-vapor surface tension is a little easier to measure, it is not the 

value that should be used in this document. However, it does provide some insight into 

the appropriate value, since the solid-liquid surface tension should be larger than the 

liquid-vapor surface tension. The liquid-vapor surface tension is in the range of 70 to 80 

ergs/cm" depending on the liquid composition."^^ 

Since the solid-liquid surface tension is a thermodynamic property, but the 

measurements have been made on growing or shrinking crystals, all the reported values 

should be considered as approximations. The results from Papapetrou'^^ and Tanaka and 

Sano'^' were from crystals shrinking at rates less than 0.1|J.m/s, while the other researchers 

studied growing crystals at what is likely to be significantly larger growth rates. In 

addition only these two values are larger than the reported liquid-vapor surface tensions. 

Since Tanaka and Sano made more detailed and accurate measurements than the other 

research groups, the properties based on their measurements will be used in this 

document as initial estimates. However, the curves in Chapter 7 indicate that the best fit 

to the experimental data is obtained when the marginal stability criterion and a value of 

139 ergs/cm" for the surface tension are used. 
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Table 3.4: The surface energy anisotropy and stability constant for several transparent 
metal analogs are presented. 

0* 

Marginal Stability Criterion 0.025 (3 dimensions) 
0.020 (2 dimensions)^'" 

SCN 0.0055 (0.012) 0.0195 
C:Cl6 0.019 
CBr4 0.022 
PVA 0.006 (0.013) 

0.05 (0.16) 
0.022 

Camphene 0.03 
(0.082) 

0.022 

NH4Br 0.016(0.038) 0.081 
NH4CI 0.012(0.027) 0.28 see Section 3.5.1 

Table 3.5; The measured values for the surface tension, capillary length, and stability 
constant for NRiCl-HiO alloys from various groups are listed below. 

Source Surface Tension 
(ergs/cm') 

Capillary 
Length 

(Hm) 

Stability 
Constant 

Papapetrou''^'^ 600 3.89*10"' 
Tanaka and Sano^' 247 1.59*10"' 0.28 
Appolaire et al. 0.162 

Liu et 31 2.0*10"" 0.05 
Sawada et aC'^ 6.5*10"' 0.04 

This work (Section 7.1.2) 139 0.025 

J.S.2 Surface Energy Anisotropy 

The surface energy anisotropy can be measured by monitoring the shape of a 

small shrinking crystal, as described by Dougherty and Gollub.'^^ Liu. Liu, and Wu 
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observed the shape of a small growing crystal and reported a surface energy anisotropy of 

0.012 or 1.2%.^'' Since this is the only group who has measured the anisotropy of NH4CI 

crystals in water, this value will be used for comparison. However, by fitting the data in 

Chapter 7 a value of 0.019 was obtained. 

3.5.3 Gibbs-Thomson Coefficient 

The Gibbs-Thomson coefficient is not a measured materials parameter. Instead it 

is calculated based on the expression: 

r = -^ = ̂  (3.18) 
AS^ L 

where /is the surface tension, and AS/ is the entropy of fusion also given by the latent 

heat, L. divided by the melting point of the pure material. T^. The calculated value 

depends on whether the latent heat of fusion or the heat of dissolution is used; however, 

the uncertainty in the surface tension is a much larger factor. For this work, the heat of 

dissolution will be used along with a surface tension of 247 ergs/cm", resulting in an 

initial estimate for the Gibbs-Thomson coefficient of 5.3* lO'^Km. By fitting the data in 

Section 7.1.2 a value of 3* lO'^Km is obtained. 
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4. EXPERIMENTAL PROCEDURE 

4.1 Overview of Experiments 

Kahlweit's group reported that ammonium chloride dendrites grow in the <100> 

direction at small undercoolings and slow growth rates, but switch to the <l 11> growth 

orientation at larger undercoolings.^^ The goal of the work presented in this document 

was to explain this change in orientation and determine whether it exists in other metal or 

metal analog alloys. Therefore detailed experiments documenting the relationships 

between the undercooling, growth rate, and morphology for solutions of ammonium 

chloride and water were conducted. 

The ammonium chloride water system satisfies most of the generally desirable 

properties of metal analogs (low melting point, transparent liquid, low entropy of fusion), 

but can be undercooled significantly more than most of the other plastic crystals. We 

found it possible to undercool these mixtures by over 40°C. As described in Chapter 2, 

preliminary results on ammonium chloride-water solutions indicate that a discontinuity in 

the growth rate exists, and is affiliated with a change in orientation.''^'^'"^^ 

However, one of the first tasks undertaken for this project was to verify that the 

transition from <100> to <111> growth orientations is not unique to the experimental 

configuration. Section 4.2 describes the bulk samples used to verify that the observed 

behavior is inherent to the NH4CI-H2O system and not to the sample geomeu^. 

Obtaining images of growing dendrites growing in an isothermal system can be 

difficult since there is no way to predict which direction they will grow and in some 
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undercooling regions the dendrites grow quite rapidly (several mm/s). Therefore, the 

temperature gradient stage described in Section 4.3.2 was constructed, so that the N'KiCl 

samples could be directionally solidified. Under these conditions the growth interface 

remains relatively stationary with respect to the recording device and good microscopic 

Images could be obtained. An oscillatory growth mode was observed using this stage. 

The methods used to characterize this mode are described in Section 4.3.5. 

In order to model the behavior of ammonium chloride dendrites, the materials 

properties must be known. Many of the properties have been measured for NRiCl-HiO 

alloys, and the relevant parameters are described in Chapter 3. However, two very 

different values have been published for the segregation coefficient. In Section 4.4, the 

method used to obtain a reasonable value for this parameter is described. 

4.2 Bulk Samples 

4.2.1 Purpose of Analyzing Bulk Samples 

Studies of dendrite morphology (growth velocity, tip radius, side branch spacing, 

etc.) In transparent metal analogs are normally conducted in thin cells. However, the 

solidified microstructure can be altered significandy by varying the geometry of the 

sample.Previous studies of NH4CI-H2O alloys in thin cells have reported unique 

growth morphologies, which were actually artifacts introduced due to the physical 

restrictions of the cell walls.^° In order to verify that observed changes in the 
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crystallographic growth orientation are not due to sample geometry,^"' larger samples 

were fabricated and studied. 

4.2.2 Sample Fabrication and Analysis 

The desired proportion of ammonium chloride and water was placed in "/a" 

diameter Pyrex test tube. Using a hydrogen torch the diameter of the test tube just above 

the liquid level was reduced. The sample was sealed by slowly melting and twisting the 

test tube in the necked region. 

The exact composition of the sample was calculated based on the melting point. 

The sealed test tube was placed in a large beaker of water, which was heated using a 

hotplate. Intermittently, the sample would be removed and shaken to ensure uniform 

composition distribution. The temperature of the sample was assumed to be the same as 

the bath temperature that was measured with a thermometer. If the sample could be 

cooled without crystals growing from an un-melted nucleus, it was determined that the 

sample had been heated above its liquidus temperature. The melting/liquidus temperature 

was measured to within two degrees Celsius. Samples having liquidus temperatures of 

48, 50. 60 and 62''C were analyzed. 

In order to make comparisons with experiments in metal systems and to the 

models described in Chapter 6. the growth velocity was measured as a function of 

undercooling, not supersaturation as in the work by Kahlweit, et " Samples were 

completely melted in a hot water bath and shaken several times in order to homogenize 

the mixture and ensure no nuclei were present. A separate hot water bath was used to 



71 

undercool the sample below the liquidus temperature. After sitting in the undercooled 

state for at least 5 minutes to ensure thermal equilibrium, the sample was removed and 

held by test tube clamps with the sealed end of the test tube oriented downward (see 

Figure 4.1). The sealed end was nucleated using a small piece of dry ice, and the growth 

was recorded using a Sony CCD-TRIOO video camera on a uipod. 

An image sequence taken from the video recording is given in Figure 4.1. The 

distance moved during a given time interval was measured off of thermal prints taken 

from the video recording. The velocity was computed based on the distance moved 

during this time interval. 

Figure 4.2 shows the measured velocities as a fianction of undercooling for a 

solution saturated at 48°C. Since the dendrites weren't always growing perpendicular to 

the field of view, there is quite a bit of scatter in the velocity measurements. Therefore, 

the ma,ximum measured velocity for a particular undercooling should be considered 

representative of the dendrite velocity. 
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Figure 4.1: The growth velocities can be detennined from a sequence of images taken at 
14, 10, and 9 seconds apart. 
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Figure 4.2: For a sample saturated at 48°C, a jump in the measured growth rate is 
observed at approximately 27°C of undercooling. Since the dendrites do not all grow 
perpendicular to the field of view, the maximum velocity should be used. 
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4.3 Thin Cells 

The use of larger cells, like those described in the previous section, has the 

distinct advantage over thin cells since the observed behaviors are more representative of 

the bulk material. However, thin cells allow researchers to conduct in-situ studies of the 

microstructure or individual dendrites. Kahlweit and his co-workers have already 

conducted extensive research on NH4CI dendrites grown from isothermal solutions and 

discovered the discontinuity in the growth rate.^'"^^ This work has used a temperature 

gradient stage and thin cells containing NH4CI and water to study the growth rate and 

morphological changes. The rest of this section describes the way in which these cells 

were fabricated and investigated. 

4.3.1 Thin Cell Fabrication 

The overall geometry of the thin cell is a "sandwich" made from two glass cover 

slips, the NH4CI-H2O solution, spacers, and epoxy. The fabrication of samples was 

conducted in two steps: manufacturing an empty cell, and then filling and sealing. These 

two steps will be described in Section 4.3.1.2; but first the specifics of each of the sample 

components will be discussed. 

4.3.1.1 Cell Components 

Glass cover slips are commonly used as the edges of thin cells. Glass is relatively 

inert with respect to the cell contents, so compositional contributions due to the cell 

materials will be less of an issue. Also, the cover slips that were used for this study were 
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only 0.13 to 0.17 mm thick, allowing for relatively quick thermal transfer and fast times 

to reach thermal equilibrium. Standard glass cover slips come in a variety of sizes, 

however, the system described below in Section 4.3.2 was designed specifically to 

accommodate 25nim x 25mm cover slips. 

Selection of the epoxy was also critical in order to maintain the mechanical 

integrity of the sample. It was necessary to have an epoxy with a relatively high viscosity 

so that it didn't wet the glass cover slips and completely fill the sample, leaving no gap 

for the sample solutions. The processing conditions, such as time and temperature to 

cure, also needed to be compatible with the NH4CI-H2O solutions. In addition, the epoxy 

must have a reasonable chemical resistance to the salt solution, so samples will not fall 

apart after they are made. Magnobond 60 by Magnolia Plastics was selected for this 

work because it satisfied these two requirements. Samples could be used six months after 

they were fabricated without any noticeable loss of integrity. 

Glass spacer beads were used to ensure that the samples were relatively uniform 

in thickness. A variety of sizes of spacer beads were tested, but 210 |jm were found to 

work best. In thinner samples, the morphology of the dendrites appeared to be altered 

since no side branches could grow. When larger spacers were used, the dendrite growth 

direction was not confined to the plane of view and many reflections off of the cover slip 

surfaces were observed. In addition, since these spacers were slightly larger than the 

diffusion distance in the liquid, D/v, which is approximately (2*10"^ cm'/s) /(4*10''' 

cm/s)=50|am. the flow in front of the dendrites was not completely restricted to two 

dimensions. 
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The ammonium chloride solutions were made in a beaker before being injected 

into the cells. Approximately 3.5 grams of Mallinckrodt Analytical Reagent grade 

NH4CI (99.9% purity) was mixed with 6.5 ml of de-ionized water resulting in a 35wt% 

NH4CI-65wt%H:0 solution. Since this solution is partially solid at room temperature, it 

was heated on a hot plate before being drawn into a syringe. Unfortunately, during this 

process some water would evaporate. Water or an NH4CI-H2O solution with less salt was 

often used to •'top-off' the cells before being sealed. Therefore, it was necessary to 

measure the melting temperature of each sample individually, as described in Section 

4.3.4. 

4.3.1.2 Cell Assembly 

Samples were assembled in lots of approximately five cells. First a row of cover 

slips was placed on a flat surface (generally in the hood due to the odor of the epoxy). 

Then the epoxy and a small quantity (2-5 jil) of spacers were mixed and placed in a 

syringe with a 1 mm diameter tip. Two lines of epoxy were drawn on each cover slip 

approximately 1 cm apart. After another cover slip was placed on top of the epoxy, the 

cover slips were pushed together and aligned. Even though the epoxy takes only 15 

minutes to harden, the whole assembly was allowed to dry at least half a day to ensure the 

epoxy was fully cured. 

The liquid ammonium chloride solution was slowly injected into the gap of the 

empty cell using a small needle and syringe to minimize the trapping of air bubbles. The 

epoxy was worked into one end of the sample using a wooden craft stick until the sample 
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was sealed on that end. The same method was used to seal the other end, however, care 

had to be taken that as the epoxy was worked into the sample the displaced liquid NH4CI-

H2O solution did not form channels in the as-yet uncured epoxy at the other end. If too 

much solution was lost during the sealing process due to evaporation or displacement, it 

was replaced with either de-ionized water or an NH4CI-H2O solution slightly below the 

supersaturation concentration. 

4.3.2 Description of the Temperature Gradient Microscope Stage 

The system used to directionally solidify the thin NH4CI-H2O samples is shown in 

F i g u r e  4 . 3  a n d  w a s  b a s e d  o n  t h e  o n e  d e s c r i b e d  b y  H u n t ,  J a c k s o n ,  a n d  B r o w n . T h e  

sample is moved across two copper plates held at different temperatures. The velocity at 

which the sample is driven can be varied so that the growth interface remains between the 

two plates and in the field of view of the microscope objective lens. Under steady-state 

growth conditions, the growth interface will remain stationary with respect to the 

microscope lens even though the sample is being moved. Since the microscope stage has 

a micrometer mounted to it, the temperature gradient stage can be moved with respect to 

the microscope lens to view the interface. 

Several modifications to the system described by Hunt'^° were made. The base 

and rails of the temperature gradient stage and the sample holder were constructed of 

anodized aluminum. The sample holder was cut to accommodate 25x25 mm samples. 

The hot and cold plates, while still made of copper, were insulated from the stage rails, 

using Kapton tape. While Teflon is a better thermal insulator, which would reduce the 
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thermal transfer from the plates to the base and rails of the stage, the system that was 

constructed is rigid enough for accurate velocity and position measurements. 

The temperatures of the hot and cold plates were controlled using thermoelectric 

coolers. A heat sink with flowing liquid was used to control one side of each of the 

peltier junctions. Using a room temperature water bath, the hot copper plate could be 

heated to -hWC using approximately 4 volts. In order for the cold copper plate to reach 

-32"C, a chiller was used. By circulating -20°C solution of ethylene glycol and water 

through the heat sink, the desired temperature could be obtained using approximately 3.5 

Volts. Thermocouples were mounted to the bottom of the hot and cold plates and used 

with two Omega 77333 Controllers and mechanical relay switches to control the 

temperature of each plate within l°C. Nitrogen was released through holes in the rails in 

order to prevent condensation on the sample and glass plates above and below the 

sample. 

In order to ensure that the temperature gradient was reproducible, a glass spacer 

was placed between the two copper plates. The spacer was approximately 46 mm long 

and 1 mm thick and fit in the same rails as the plates and did not interfere with the motion 

or view of the sample. A 5 mm wide spacer was used for all of the experiments in this 

document. 

In addition to constructing most of the mechanical parts from aluminum, the 

selection of the stepper motor and control system was essential for smooth and accurate 

sample drive velocities. The velocities were controlled with an Applied Motion Products 

SI-1 Step Motor Indexer. By using this indexer with a IMS IM483 Microstep driver and 



a 0.97step motor, 102400 steps per revolution could be obtained. The motor was 

mounted to a precision positioning table with a 0.200 Inch/revolution lead screw. 

Velocities were in the range of 0.02 to 0.5 mm/s (20 to 500 |im/s). Since one signaled 

step from the indexer corresponded to 0.05 |im, no noticeable jerks in the drive speed 

were observed even when viewed with the microscope. 

The entire temperature gradient stage was mounted to a Reichart 306-050 

microscope. A 4X Reichart objective lens and a 16X Nikon projection lens were used 

conjunction with a Kodak MDS 100 digital video camera. Video sequences were 

obtained at approximated 12 frames/second at 320x240 pixels. Still images were 

obtained at 640x480 pixels. 
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Figure 4.3: An image of the microscope with the temperature gradient stage used for this 
work is shown. Some of the parts that are visible include: sample, sample holder, cold 
copper plate, electrical leads to the thermoelectric cooler, coolant lines, and the 
microscope objective. 

4.3.3 Measuring the Temperature Profile 

The temperature gradient was established by setting the two copper plates to 

different temperatures. By placing a sample in contact with both plates, heat was allowed 

to flow through the sample during experiments. In order to identify the temperature at 

which the dendrites are solidifying, the temperature profile in the sample needed to be 

determined. 
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The temperature profiles were measured with respect to the position of the hot 

and cold copper plates. Before and after each set of experiments, these positions were 

measured with respect to the microscope stage position using the stage micrometer. 

Using this information the distance between the plates could be measured to within 0.1 

mm. 

Since placing thermocouples inside an NH4CI-H2O sample would interfere with 

the growth of the NH4CI dendrites, a thermocouple sample similar to the cells described 

in Section 4.3.1 was constructed. Three thermocouples with bead sizes of approximately 

0.25 mm were placed over the bottom cover slip before the cell was made. The two lines 

of epoxy that were used to construct the empty cell were also used to hold the 

thermocouples in place. The thermocouple leads inside the cell were all approximately 

piu-allel to each other and the distance between the beads was 4.05 and 1.78 mm. The cell 

was filled with water and sealed using the method described above. 

The thermocouple sample could be placed in the temperature gradient stage with 

the thermocouples connected to a Fluke Hydra Data Bucket. The temperatures at each of 

thermocouple positions were measured every 2 seconds as the sample was driven across 

the temperature gradient at a fixed velocity. 

Converting the elapsed time and velocity into position, the temperature profiles 

could be plotted as shown in Figure 4.4. Several profiles at the same velocity were 

measured to check the reproducibility. Thermocouple #2 and #3 recorded very similar 

profiles. The temperature profile observed by thermocouple #1 may be different because 
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it was not in contact with both copper plates during the experiment. Therefore, the 

temperature profile calculations were based on only the second and third thermocouples. 

Figure 4.5 shows several profiles measured by thermocouples #2 and #3 over the 

course of one day. If care was taken to ensure the thermocouple sample was flat, the 

profiles were very reproducible. The profiles from the two thermocouples from several 

different runs were averaged and then fit to a quadratic equation as depicted in Figure 

4.6. The fitted equation generally had an R"-value of greater than 0.99. 

While the profiles during a day were very reproducible, they varied some from 

one day to the next. Figure 4.7 shows the profiles from several different days. Since the 

position of the hot and cold copper plates can be shifted with respect to the microscope 

stage, the temperature profiles were shifted to be the same at 20°C. The variations in the 

profiles between days were likely to be caused by differences in the nitrogen flow rate 

over the sample. 

The temperature profiles also depended on the drive velocity of the sample. 

Figure 4.8 shows that by changing the velocity from 0.02 to 0.20 mm/s. the recorded 

temperature at 30.5 mm changes from 4 to 37°C. During an experiment, it takes time to 

cool the portion that just came into contact with the copper plate. Therefore, the profiles 

shift with velocity due to limitations of the rate of thermal transfer from the copper plates 

to the sample. However, this velocity dependence of the temperature profiles depended 

only slightly on the gas flow rate as described in more detail in Section 5.5. 



In order to ensure the accuracy of the temperature profiles, temperature 

measurements should be recorded for each day and each velocity for which NH4Cl 

growth rates were measured. 
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Figure 4.4: The temperature profiles at 0.04 mm/s measured by two of the thermocouples 
were virtually identical, but the first thermocouple recorded a slightly different profile. 
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Figure 4.5: Five measurements from two thermocouples during the day resulted in very 
similar temperature profiles. The bold, solid line is the average of these 10 curves. 
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averaged and fit to a quadratic equation. 
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Figure 4.7: The temperature profiles were measured several different times to investigate 
the reproducibility. All of these profiles were normalized to pass through 20°C at the 
same position. 
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4.3.4 Measuring the Melting Point 

As indicated in Section 4.3.1.1, the composition of the sample after it was sealed 

was not the same as what was initially mixed. Since most modeling of dendritic growth 

rates and morphology is plotted in terms of the sample undercooling'^' or 

supersaturation,^' the liquidus temperature or "melting point" of each sample was 

measured using the temperature gradient stage. 

The temperatures of both copper plates could be set to the same temperature. The 

coolant liquid running through both heat sinks was from the chiller, so that the control 

thermocouples mounted to the bottom of the two copper plates would observe the same 

local environment. When the thermocouple sample described in Section 4.3.3 was 

translated across the two plates in this configuration, the measured temperatures varied 

by less than l^C. 

To measure the liquidus temperature, the sample was placed in the sample holder, 

but was positioned so that both sides were in contact with one of the plates. The 

temperature of both plates was lowered to a temperature that was sufficient to crystallize 

a portion of the sample. The temperature of the plates was then slowly increased in l°C 

increments until all of the visible crystals had melted. After all of the crystals had 

melted, the temperature was decreased about to verify that no nuclei were still 

present that were able to grow. 

While samples with a variety of compositions were fabricated, the selection of 

specific samples to analyze was based largely on their melting points. All of the samples 

had liquidus temperatures between about 10°C and 100°C. The data from Kahlweit*^' 
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indicates that the dendrites will grow slower in samples with lower concentrations of 

ammonium chloride or lower liquidus temperatures. While the slower growing dendrites 

are easier to observe, they also require lower experimental temperatures to observe the 

transition from the <100> to <111> growth modes. Figure 4.8 indicates that the lowest 

temperature in the field of view occurs for the slowest drive velocities but is still only 

- 10"C. This placed a lower limit on the composition range that could be studied. 

4.3.5 Analyzing Image Sequences 

In order to analyze the dendrite growth rates, the velocities must be evaluated 

from the video sequences. This was done in a manner similar to that used for the bulk 

samples (see Section 4.2.2), however, since the dendrites grow in a temperature gradient, 

the temperature at which the dendrite tip is located must also be recorded. 

VideoMach software by Gromada was used to reduce the video files obtained 

using the MDS 100 software into a sequence of images. Scion Image was used to 

"digitize" the tip position for each frame. From this information, the average dendrite 

growth velocities were computed for a small range of frames and positions along the 

temperature gradient. From the digitized position on the image, the stage micrometer 

position (Section 4.3.2), and the equation for the temperature gradient (Section 4.3.3), the 

dendrite tip temperature was obtained. When a dendrite grows at steady-state, the growth 

velocity is identical to the drive velocity and the image of the dendrite does not change 

significantly since the temperature, and therefore position within the image, remained 
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constant. However, this method can be used for the oscillatory dendrites described in 

Section 5.3 that do not growing at a constant temperature. 

4.4 Equilibrium Segregation Coefficient 

In order to model the growth behavior of the NRiCl dendrites, many materials 

properties must be known. Since the growth rate depends on heat and composition flow, 

thermal properties like the latent heat and heat capacity as well as the diffusion 

coefficient are needed. The dendrite growth rate depends on the size of the tip; therefore, 

the surface tension and its anisotropy are also needed. Many of these properties can be 

found in the literature, and the values that will be used in the rest of this document are 

found in Chapter 3. 

The velocity dependent segregation coefficient is what gives rise to the 

discontinuity in many alloys. In order to model this behavior, the equilibrium 

segregation coefficient must be known for the system of interest. However, there are 

several widely varying values published in the literature for the NH4CI-H2O system, 

anywhere from 3*10'^ to 3.33.^' i35 -j^erefore, experiments were conducted 

to determine the approximate value for the equilibrium segregation coefficient by 

studying NH4CI crystals which were allowed to sit in solution for at least 3 months. 

The water content of a solid can fairly readily be measured using a Karl-Fisher 

titration method (a Mettler DL35 autotritrator was used for this work). The solid is 

dissolved in a solvent and releases its water. The resulting solution can then be titrated 

until all of the water has reacted with the titrant. Since NH4CI is only slightly soluble in 
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the primary component of the solvent, methanol, the titration was made 3 minutes after 

the samples were added to the solvent to ensure that the crystal had dissolved and all of 

the water was in solution. 

Since the crystals are grown from an NH4Cl solution, the surface water needed to 

be eliminated before the measurements. Some of the crystals were simply dried on filter 

paper before being analyzed. Since NH4Cl is only slightly soluble in chloroform, some 

crystals were either quickly rinsed or soaked in this solvent. 

Ideally, a large saturated NH4Cl single crystal would be analyzed so the 

equilibrium bulk water composition could be measured. However, due to the dendritic 

morphology, the largest crystal obtained was about 2 em long, but less than 1 mm in 

diameter. Using the liquid diffusion coefficient, the approximate time for the water to 

diffuse out of such a small crystal is: 

t:::::: £ = (0.5* 10-3 m) 2 = 125sec 
D 2*Jo-9mzl 

/sec 

(4.1) 

The diffusion coefficient of water in the crystal is probably smaller, so the actual time 

will be longer. However, since the crystal was not exposed to water when it is sitting on 

the lab bench, experiments were conducted fairly quickly in order to avoid losing water 

to the atmosphere. The critical time is between taking the crystal out of the solution and 

inserting it into the instrument. 
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5. EXPERIMENTAL RESULTS AND DISCUSSION 

The equipment and methods used to study the dendritic growth of NKjCl-HiO 

alloys was described in Chapter 4, but most of the results will be presented in this 

chapter. In the first section, the results from the equilibrium segregation coefficient 

measurements will be presented along with an analysis describing why a value of 0.15 

will be used for the modeling work in this document. The remainder of the chapter will 

focus on the growth of NH4CI dendrites themselves instead of just their materials 

properties. 

Measurements of the growth rate in bulk samples were made and are described in 

Section 5.2. The discontinuity previously reported by Kahlweit^' was confirmed and it 

appears as though the discontinuities in thin cells and the test tube samples occur at the 

same undercooling. Since the phenomenon does not appear to depend on sample 

geometry, morphological and growth rate studies were conducted using directional 

solidification where a unique oscillatory growth mode was observed and is described in 

Section 5.3. 

Since the temperature profiles are so important to the proper interpretation of the 

dendrite behavior, a separate section in this chapter is dedicated to the shifts in the 

temperature profiles with time and drive velocity. Next in Section 5.6, the apparent shifts 

in the oscillatory behavior toward smaller undercoolings at higher drive velocities will be 

described. The oscillatory loops also shift toward smaller undercoolings and lower peak 

velocities at higher water concentrations (see Section 5.7). A comparison of the 
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isothermal and directional solidification results, along with general trends in the data, are 

presented in Section 5.8. Finally, in Section 5.9 an analysis of the angles of the 

anomalous growth mode revealed that <111> dendrites can have <111> or <100> 

side-branches. 

5.1 Equilibrium Segregation Coefficient 

Several widely different values for the equilibrium segregation coefficient have 

been published in the literature, varying from 3* 10-4 to 3.333. 102• 128 A detailed 

description of the sources for these numbers can be found in Section 3.4.2. Since the 

segregation coefficient has been shown to have such an impact on the growth behavior of 

dendrites (see Section 2.2), it was necessary to determine the approximate value for this 

parameter experimentally by measuring the water content of saturated NH4Cl crystals. 

Since it was not possible to obtain large crystals without water adsorbed onto the 

surface, several different experiments were conducted to examine the water content of 

sub-millimeter size N~Cl crystals of various sizes. The water content of saturated 

NH4Cl crystals that were treated to partially remove the surface water is presented in 

Table 5.1. The processing time indicates the number of seconds spent on the drying step, 

but an additional minute was normally required for the sample to be weighed before 

being placed in the titrator. 

The first sample listed in Table 5.1 was placed on a glass filter until all visible 

water had been absorbed, approximately 30 seconds. This sample had the highest water 

content: 13.81 wt% H20. The effective segregation coefficient was calculated by 
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converting the water content to mol% water, and comparing it to the liquidus 

concentration at room temperature, 88.25 moI% H2O, resulting in a value of 0.365. 

When the sample was allowed to dry for 30 minutes, more water was allowed to 

evaporate and the water content dropped to 4.91 wt% HiO, resulting in an effective 

k-value of 0.150. 

The water content also changed when the amount of time the crystals were rinsed 

or soaked in chloroform was varied. At shorter times the water content was 8.68 

wt% H2O, but dropped to 2.97 wt% HiO after e.xposure to chloroform for 180 seconds. 

When the crystals were ground in chloroform using a mortar and pestle for 3 to 5 

minutes, even more water was released and the water content dropped to 1.53 wt% HiO. 

Figure 5.1 indicates how much the segregation coefficient varies with the time exposed to 

the chloroform. Since NH4CI isn't completely insoluable in chloroform, it is likely that at 

longer times the chloroform is dissolving the crystal and the associated water. 

In order to vary the amount of exposed surface, crystals that had been allowed to 

sit and coarsen for various lengths of time were analyzed. Sample #1 was allowed to 

coarsen for about 3 years. Sample #2 for 2 years, and Sample #3 for 3 months. The 

crystal size for Sample #2 was approximately 0.4 mm, but varied from 0.25 to 0.55 mm. 

The crystal size for Sample #1 was not significantly different, but the crystals from 

Sample #3 were smaller. The results of this analysis are shown in Table 5.2. If the same 

amount of time was spent rinsing or soaking the crystals in chloroform, the measured 

water content was approximately constant. Therefore, the initial crystal size has only a 

small influence on the measured water content. 
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The water content and effective segregation coefficient appear to depend 

significantly on the drying time, as was predicted in Section 4.4. When removed from 

the saturated solution, the NH4CI crystals lose water due to diffusion and evaporation. 

Measurements from these samples result in an erroneously low value for the equilibrium 

water content. However, when all of the surface water is not completely rinsed, the 

measured segregation coefficient will be higher than the actual equilibrium value. Based 

on the data provided in Table 5.1 through Table 5.3 and Figure 5.1, it is likely that the 

equilibrium segregation coefficient is in the range of 0.15 to 0.2. 

Experiments were also conducted on "dry" crystals. Crystals were saturated and 

then allowed to dry for a month or more in air before analysis. The results, shown in 

Table 5.3, indicate that the water content for these samples was between 0.13 and 

0.16 wt% H:0 (k=0.005). Crystals analyzed from the Aldrich container had water 

contents between 0.03 and 0.06 wt% H2O, or effective segregation coefficients of 0.001 

to 0.002. 



93 

Table 5.1: The water content for NH4CI crystals after various methods were used to 
eliminate surface water was measured. 

Sample Description Approximate Processing 
Time (seconds) 

Cs (wt% 
H2O) 

Effective 
k-value 

Sample #3 Dried on Filter 
Paper 

30 13.81 0.365 

Sample #3 Dried on Filter 
Paper 

1800 4.91 0.150 

Sample #3 Rinsed with 
Chloroform 

5 8.68 0.249 

Sample #3 Soaked in 
Chloroform 

30 4.98 0.153 

Sample #3 Soaked in 
Chloroform 

180 2.97 0.094 

Sample #3 Soaked and 
Ground in Chloroform 

180-300 1.53 0.050 

Table 5.2: The measured water content is relatively independent of the saturation time or 
resulting crystal size. 

Sample Description Approximate Processing Time 
(seconds) 

Cs (wt% 
H:0) 

Effective 
k-value 

Sample #1 Rinsed with 
Chloroform 

20 3.70 0.116 

Sample #2 Rinsed with 
Chloroform 

20 4.09 0.127 

Sample #2 Rinsed with 
Chloroform 

20 4.69 0.144 

Sample #3 Soaked in 
Chloroform 

30 4.98 0.153 

Sample #2 Rinsed with 
Chloroform 

25 5.64 0.171 

Averase 4.62 0.142 
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Table 5.3: The water content of "dry" crystals is significantly lower that for the saturated 
crystals. 

Sample Description 

As-received 
As-received 
Saturated and Air-Dried 
Saturated and Air-Dried 
Saturated and Air-Dried 
Saturated and Air-Dried 

...... = Q) 
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........ 
() 0.25 

i:E 
Q) 
0 u 0.20 

= .9 
~ 0.15 
b.[) 

~ 
~ 0.10 

[/) 

0.05 

0.00 

\ 
\ 

0 

Approximate Processing Time Cs (wt% Effective 
(seconds) H20) k-value 

- 0.03 0.001 
- 0.06 0.002 
- 0.016 0.005 
- 0.016 0.005 
- 0.016 0.005 
- 0.013 0.004 

----
----------r------_ 

-··----------~ 

60 120 180 240 300 

Time Exposed to Chloroform (seconds) 

Figure 5.1: The water content of saturated NH4Cl crystals decreases with the amount of 
time exposed to chloroform. 
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5.1.1 Comparison with Values Reported in the Literature 

McCay and McCay reported values between 3* 10'^ and 4* 10'^ for the equilibrium 

segregation coefficient,'"^"'^' but don't cite where they found this information or if they 

measured it. The water content of the "dry" crystals is very close to the values reported 

by these authors. However, 0.005 is not an appropriate equilibrium value for the 

segregation coefficient of water in NH4CI. 

The more commonly used value for the equilibrium segregation coefficient, 0.3,''^" 

is much closer to the measured segregation coefficient of 0.15 described in the 

previous section. The apparent source for value of 0.3 refers to it as the "effective 

distribution coefficient."'^^ Since the "effective" value is larger than the measured 

"equilibrium" segregation coefficient, it is possible that Asai and Muchi were using a 

velocity dependent k-value and researchers since that time have assumed that it was close 

to the equilibrium value. For this work, the value of 0.15 will be used for the equilibrium 

segregation coefficient. 

5.2 Bulk (Test Tube) Samples 

Figure 5.2 shows the measured velocity as a function of undercooling for the four 

bulk samples described in Section 4.2.2. The liquidus temperatures of each sample and 

the temperature of each measurement were determined within two degrees, resulting in 

an error of ± 2°C in the undercooling. As described previously, the dendrites did not all 

grow perpendicular to the field of view, therefore, the maximum velocity at any given 

undercooling was used as the dendrite velocity. 
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The relationship between the velocity and undercooling for these NH4Cl dendrites 

is very similar to the results reported by Kahlweit for the velocity as a function of 

supersaturation (see Figure 2.5).61 • 63 At small undercoolings or supersaturations, the 

growth velocity is less than 0.03 cm/s. However, at some critical undercooling, l1Tcriticat. 

or supersaturation, 1tcriticat. the growth velocity suddenly increases. In order to compare 

the results from different compositions, the critical undercooling was calculated to be 

halfway between the maximum undercooling at which the dendrites grew slowly (below 

0.05 cm/s) and the minimum undercooling at which the maximum growth rate of 

dendrites exceeded 0.05 cm/s. However, since the actual critical undercooling could be 

anywhere between these two limits, the error bars were set at the maximum undercooling 

for the slow growth mode and the minimum undercooling where fast dendrites appeared. 

In Figure 5.3 the critical undercooling, l1Tcriticat. is plotted versus the liquidus 

temperature for the data in Table 5.4. The data from Kahlweit and Kreymeyer fall along 

a single curve. While some of the measurements from the present work have quite a bit 

of error, the results match the previous studies of this system. Therefore, the 

discontinuity that is observed in the growth rate as a function of undercooling (or 

supersaturation), is present not only in thin samples, but also in V2" diameter test tubes. 

Previous studies have indicated that the discontinuity in the growth rate of NH4Cl 

dendrites is associated with a change in orientation of the dendrites from slow growing 

<100> oriented crystals, to fast growing <111> dendrites. Unfortunately, it was not 

possible to study the morphology in these large test tube samples. However, since the 

growth rate data of the bulk samples correlates well with the previous work on thin cells, 

~~~-~--~-----~ ------------
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the discontinuity is likely to be caused by the same phenomena and thin cells can be used 

to study the change in growth orientation. 

0.25 

0.20 

I 0.15 

c 
·g 0.10 
03 
> 

0.05 

0.00 

0.25 

0.20 

~ 0.15 

3-
c 
·g 0.10 
03 
> 

0.05 

0.00 

0 

0 

(a) 

s • 

-. 
• • • ... _ 

.. ..- •• .. _. 
•• .. .:-:- • • 

·1:1 : --• ...I ...• ,tJIT 
10 15 20 25 30 35 40 45 50 

Undercooling ('C) 

(c) 

&$J 

• 
• • 

• 
• • ... 

I 0 15 20 25 30 35 40 45 50 

Undercooling ('C) 

0.25 

0.20 

I 0.15 

c 
·g O.lO 
03 
> 

0.05 

0.00 

0.25 

0.20 

I 0.15 

c 
·g 0.10 
03 
> 

0.05 

0.00 

0 

0 

(b) 

hlj 

... 
~-... 

,. ... r· 
10 15 20 25 30 35 40 45 50 

Undercooling ('C) 

(d) 

&$J • 

• • • 
• 

.. ... 
10 15 20 25 30 35 40 45 50 

Undercooling ('C) 

Figure 5.2: The relationship between the growth rate and undercooling for bulk samples 
depends on the with liquidus temperatures: a) 48°C, b) 50°C, c) 60°C, and d) 62°C. 
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Figure 5.3: The results from Kreymeyer, 152 Kahlweit,61 and the present work can be 
plotted as the critical undercooling versus liquidus temperature. 

Table 5.4: The critical undercooling values for NH4Cl-H20 alloys were also measured by 
previous researchers. The liquidus temperatures for the Kahlweit61 and Krerneyer152 data 
were calculated from the compositions using the liquidus slope and melting temperature 
given in Chapter 3. 

1tcritical CNH4Cl (wt%) Tliquidus (C) T critical (°C) 8 T critical (°C) Source 
0.24 36.5 67 30 37 Kahlweitb 1 

0.20 34.2 55 25 30 " 
0.18 32.4 46 20 26 " 
0.17 30.7 38 15 23 " 
0.16 29.2 31 10 21 " 

28.0 25 6.5 18 KrerneyerD1 

pg.56 
27.0 20 3.5 16 " 
26.0 15 0.5 14 " 
25.0 10 -2.5 12 " 
35.6 62 26±8 36±10 Present Work 
35.2 60 29±1 31±2 " 
33.1 50 26±6 24±8 " 

32.7 48 22±1 26±2 " 



5.3 Oscillation Loops 

Figure 5.4 depicts a sequence of images of ammonium chloride dendrites grown 

from a 27.1 wt^NRjCl-HiO solution with a drive velocity of 0.04 mm/s. In Figure 5.4a 

the growth interface consists of an array of <100> dendrites. However, at short time later 

(Figure 5.4b) the interface temperature has dropped significantly, and one of the dendrites 

has switched from growing in the <I00> to the <111> direction. Since the <111> 

dendrites have a smaller tip radius they grow faster than the drive velocity and into a 

region of decreasing undercooling (Figure 5.4c). At some point these <111> dendrites 

reach a temperature that is too warm, so they transition back to the <100> growth 

direction (Figure 5.4d). The transition from <i00> to <l 11> and back to <100> repeats 

as the sample continues to solidify. The growth orientations were interpreted from 

previous work on the NH4CI-H2O system.^^" 

The image sequence depicted in Figure 5.4 shows that not only were changes in 

the growth direction observed, but also oscillations in the growth velocity as shown in 

Figure 5.5. The dendrite tip temperature or undercooling depends on the relative values 

of the growth and drive velocities. The <100> dendrite grows slower than the drive 

velocity and the dendrite tip temperature slowly decreases resulting in larger 

undercoolings. Once the undercooling of the <100> dendrite reaches a critical value, the 

morphology changes and the <111> dendrites start to grow preferentially. The smaller 

<111> dendrite grows much faster than the <100> dendrite or the drive speed, so it 

progresses into a much warmer liquid, resulting in increasing tip temperatures. As the 
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<111> dendrite grows into smaller undercoolings, it reaches a temperature at which it is 

no longer stable and transitions back to the <100> orientation. 

The shape of the curve in Figure 5.5 is not symmetric. The transition from <100> 

to <111> at larger undercoolings occurs over a very small temperature range (some of the 

curvature is due to the averaging method used to compute the velocities). Once the 

dendrite reaches the peak velocity, the speed decreases gradually. The actual temperature 

range over which the <111> dendrites transition to <100> may be fairly narrow, however, 

the range of growth velocities and undercoolings over which the <111> mode is found is 

fairly large. 

In banded structures, at a given drive velocity the growth velocity and 

morphology oscillate, very similar to what is being reported here for directionally 

solidified NH4CI-H2O alloys.^"In general, the banded structure is caused by 

morphology transitions between planar segregation-free growth and dendrites or cells. 

Models have been developed to predict this type of banding based on a velocity 

dependent segregation coefficient. It is also possible for the dendrite or cell spacing to 

oscillate or for two different phases to form parallel to the growth interface.'^" However, 

changes in growth orientation like are shown in Figure 5.4 have not been previously 

reported or modeled. 
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(a) (b) 

0 .. 5mm O.S: mm 

(c) (d) 

Figure 5.4: The interface morphology of NH4Cl dendrites change as they transition from 
the <100> (a), to the <111> growth direction (b), and then quickly grow into a hotter 
region (c), and transition back to <100> (d). These images are of a 1.3 mm by 1.7 mm 
region that were acquired at 123.4, 131.8, 135.0 and 154.1 seconds. The temperature 
gradient is approximately linear and the left side of each image is at approximately -5°C, 
while the right side is at +9°C. 
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Figure 5.5: The oscillatory behavior plotted as velocity versus undercooling is not 
symmetric. 

5.4 Shifts in Transiton Position/Temperature 

One of the initial challenges in characterizing the oscillatory behavior was 

identifying the positions or temperatures at which the transitions occurred. For each 
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drive velocity there should be a unique relationship between temperature and position in 

the temperature gradient. However, measurements indicate that the transition 

temperature shifted with time as shown in Figure 5.6. Immediately after the NH4Cl 

crystals nucleate and begin to grow, the transition positions and undercoolings are 

significantly higher than after four or five minutes· of solidification has occurred. 

The interface composition in the sample depicted in Figure 5.6 reached 

steady-state after approximately 1200 to 1500 seconds (20 to 25 minutes). After this 

point most of the measured transition temperatures and oscillation loops are similar. 



103 

Many of the errant data points can be eliminated because the dendrites are observed to be 

growing toward one of the glass cover slips or the epoxy; but sometimes it is not apparent 

that the dendrite is growing toward an obstacle until the data is digitized and plotted. 

However, the average value in this equilibrium regime can be used to represent the 

transition position and temperature. For the data depicted in Figure 5.6, the <111> to 

<100> transition occurs at approximately lO.f^C, and the <100> to <111> transition 

occurs at 4.5°C. 

Since the samples are relatively thin, thermal conduction is probably not the 

limiting factor. One possible explanation is that the solidification front requires some 

time to reach compositional equilibrium. Initially, the solid NRiCl will be forming from 

a liquid of the average composition. Therefore, the interface composition will initially be 

lower in H^O, which affects the transition temperature (see Section 5.5). As the 

solidification process continues, water is segregated ahead of the interface and the 

composition in front of the dendrite slowly increases until the system reaches 

steady-state. When the sample is solidified from the same end each time, this build up of 

water at one end becomes even more pronounced, so the samples were rotated between 

runs. 

Standard transport equations can be used to model this type of behavior. The 

composition profile of the liquid in front of a steady-state planar solid interface is: 
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where .r is the distance from the interface and the rest of the variables are defined in 

Appendix A. The concentration profile also can be characterized by the diffusion length, 

D/V. Similarly, the amount of sample, which will have solidified before the interface 

composition reaches steady-state, can be given by D/(kV). Alternatively the 

characteristic time to reach steady-state is: 

The data in Figure 5.6 was acquired with a drive velocity of 0.03 mm/s. resulting 

in a calculated characteristic time to for the interface composition to reach steady-state of 

approximately 7.5 seconds. However, in a sample growing dendritically some of the 

water is rejected laterally. Therefore, the composition in front of the dendritic interface 

will take a little longer to reach steady-state than predicted by the planar growth front 

model. This model still explains the general behavior observed, even if it doesn't predict 

the characteristic time to reach steady-state. 

Some samples exhibit a further increase in the transition temperature after the 

region in which the transition temperature remains relatively constant. Insufficient data 

was acquired in this region to characterize the shape of the curve, however, the general 

behavior is consistent with the liquid composition profile being affected by the end of the 

sample. 
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Figure 5.6: The position or temperature at which the dendrites transition from <100> to 
<111> or from <111> to <100> depends on the time elapsed since crystallization started. 

5.5 Effect of Drive Velocity on Temperature Profiles 

Accurate temperature profiles are essential for converting the position data to 

temperature or undercooling as described in Section 4.3.3. However, quite a bit of data 

was obtained before it was known that the temperature profile was so sensitive to the 

drive velocity. Therefore, a method to use the results from some of the original data sets 

was developed. 

Figure 4.8 shows how the drive velocity affects the temperature profile. The 

curves have the same shape and are relatively parallel. Therefore, the velocity 

dependence of the temperature profile can be characterized by how much the profiles 

shift in position. It then becomes necessary to measure the temperature profile at only 

one drive velocity, in order to determine trends in the oscillatory behavior. 
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The stage position at which each temperature profile reaches a given temperature 

can be determined from plots similar to Figure 4.8. At temperatures higher than 20'^C or 

lower than 0"C, many of the profiles were no longer parallel and a simple shift in position 

could not be used to normalize the profiles. A normalization temperature near 0°C was 

not used since the measured profiles were affected by the solidification of ice. Therefore, 

a normalization temperature of 20°C was selected because most of the profiles attain this 

temperature somewhere in the region visible between the hot and cold copper plates. 

Since 0.04 mm/s was the most common drive velocity at which data was obtained and 

temperature profiles were measured, all of the profiles were normalized at this speed. 

Figure 5.7 indicates how much the profile shifted with drive velocity on various days. 

The earlier measurements of the shift in stage position at the slower growth rates 

do not correlate well with the data obtained in December. Errors in the profiles are likely 

due to the thermocouple sample not remaining flat during the entire measurement. 

However, all of the temperature profiles obtained in December 2000 have similar 

velocity dependencies indicating that the gas flow rate does not have a large effect on the 

shift in position due to drive speed. 

When the drive velocities are 0.02 and 0.08 mm/s, the shifted positions are about 

-1.0 mm and +1.2 mm respectively. The scatter in the shifted position at both of these 

drive velocities is about ±0.2 mm. Since the slope of the temperature profiles is 

approximately 7 or 8 °C/mm, the 0.2 mm deviations in the shifted position correspond to 

temperature variations of about 1.5°C. Therefore, the average velocity dependence of the 

temperature profiles from Figure 5.7 can be used to shift the measured temperature 



profile resulting in a systematic error on the order of only ±1.5°C. This method can be 

used to analyze the velocity dependence of the oscillatory loops for data sets where 

corresponding velocity dependent temperature profiles are not available. 
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Figure 5.7: For each temperature profile, the position at which the temperature reached 
20°C was measured. The shift in stage position was arbitrarily set to 0 mm for all of the 
profiles obtained at a drive velocity of 0.04 rnm/s, so that all of the curves lined up at one 
point. 

5.6 Effect of Drive Velocity on Oscillations 

The impact of the drive velocity and composition on the oscillatory behavior 

described in Section 5.3 was investigated. The characteristics of the three samples that 

were studied are presented in Table 5.5. The sample with the highest NH4Cl content and 

a liquidus temperature of 39°C will be referred to as S39. This sample should be similar 

in composition to some of the samples studied by Kahlweit.61 The other samples, S 19 

and S20, have liquidus temperatures of 19°C and 20°C respectively and are similar to one 
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of the samples studied by Kreymeyer.'^" In Section 5.8 the oscillatory behavior of 

directionally solidified dendrites will be compared to the isothermal results reported by 

these two groups. 

The data sets with the largest number of drive velocities were taken on days for 

which the velocity dependence of the temperature profiles was not measured. For these 

data sets, the method described in Section 5.5 was used to convert dendrite tip positions 

to undercoolings. Since this process could result in a systematic error of up to 1.5°C, the 

axes of the graphs will be labeled as "Approximate Undercooling". This systematic error 

is in addition to the ±2°C error due to variations in the temperature profiles during the 

day. and the typical ±1^0 error in the liquidus temperature measurements. 

Figure 5.8 depicts the oscillatory behavior of Sample S39 for drive speeds 

between 0.04 and 0.20 mm/s. Each curve represents the relationship between the 

dendrite tip velocity and undercooling (approximate undercooling) for a given drive 

speed. As the drive velocity is increased, the range of undercoolings at which the 

dendrite grows appears to decrease and the width of die oscillations decreases from 4.5°C 

to about 2°C. The peak velocity for all of these curves is between 0.45 and 0.5 mm/s, 

which is more than twice the largest drive speed investigated. The general shape of the 

velocity/undercooling oscillation is relatively independent of drive speed in the range of 

0.04 to 0.2 mm/s and exhibits the same asymmetry described in Section 5.3. However, 

when a drive velocity of 0.02 mm/s was used to solidify Sample S39, no oscillations were 

observed. 
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Sample S20 exhibits oscillations for all drive velocities between 0.02 and 

0.08 mm/s as shown in Figure 5.9. Since the liquidus temperature for S20 was 

determined within 3°C, instead of within the l°C that the other samples were measured, 

the systematic error in the undercooling could be as large as 6.5°C. Even though the error 

is larger, the trends in the data are useful for discussion, and will therefore be presented. 

The overall behavior of Sample S20 is similar to S39. As the drive velocity increases the 

oscillations become narrower and shift toward apparently smaller undercoolings. At 

0.02 mm/s the oscillatory loop is approximately 8°C wide, but at 0.08 mm/s the width is 

only 3°C. The peak velocity is not very sensitive to the drive velocity and remains 

relatively constant at 0.2 to 0.25 mm/s. 

The oscillatory behavior for S19 at 0.04 and 0.08 rrun/s is shown in Figure 5.10. 

Since the velocity dependence of the temperature profiles was measured for this set of 

data and the systematic error in the undercooling is less than ±2°C, the horizontal axis is 

labeled undercooling instead of approximate undercooling. The fast-to-slow transition 

shifted from S^C of undercooling at 0.04 mm/s, to about 2.5°C of undercooling at 

0.08 mm/s; and the peak velocity of the oscillations for both drive speeds was 

approximately 0.2 mm/s. Due to the high density of fast <111> dendrites, only the 

transition from fast growing dendrites to the slower <100> dendrites was readily 

observed and measured at 0.08 mm/s. 

All three of these data sets exhibit an apparent shift of the oscillation loop toward 

smaller undercoolings at higher drive speeds. The width of the oscillatory loop decreases 

by more than 50% as the drive velocity is increased. However, the peak velocity is 



relatively independent of drive speed. These behaviors are discussed in more detail in 

Section 5.8. 

Table 5.5: The liquidus temperature and composition for the thin film samples 
investigated in this work are tabulated. 
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Sample ID Liquidus Temperature Calculated Composition 
(C) (wt%H20) 

S19 19±1 73.1 
S20 20±3 72.9 
S39 39±1 69.1 
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Figure 5.8: The growth rate was measured as a function of approximate undercooling 
and drive velocity for Sample S39. Systematic error in the temperature is approximately 
±4.5°C 
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Figure 5.9: The growth rate was measured as a function of approximate undercooling 
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Figure 5.10: The growth rate was measured as a function of undercooling and drive 
velocity for Sample S19. Systematic error in the temperature is approximately ±3°C 
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5.7 Effect of Composition on Oscillations 

In the previous section the variations in the oscillatory behavior with drive 

velocity were described. However, the oscillatory behavior of the dendrites also depends 

on sample composition. 

Figure 5.11 shows that the oscillation widths of S20 and S39 are similar at 

0.08 mm/s, about 2.5 or 3°C. Based on the similarity of the compositions of S19 and 

S20. it is assumed that S19 would also have a width of appro.ximately 3°C at this speed. 

However, at slower drive velocities the width of the oscillations may depend slightly on 

composition. At 0.04 mm/s, the lower NHjCl content samples, S19 and S20. have 

oscillation widths of about S.S^C, whereas S39 has an oscillation width of only 4.5''C (see 

Figure 5.12). 

While the composition may have only a small effect on the oscillation width, it 

has a significant effect on the transition undercoolings at 0.08 mm/s. The fast-to-slow 

transition for Sample S19 is at about 2.5°C and the slow-to-fast transition would be at 

5.5°C. However, for S39 at the same drive velocity these two transitions are at 13 and 

15.5''C respectively. The same shifts in the transition temperatures with composition are 

apparent at 0.04 mm/s. Therefore, the higher NH4CI composition results in oscillations at 

significantly larger undercoolings. 

Even though the peak velocity of the oscillatory loops does not vary significantly 

with drive velocity, it does depend on the composition. Figure 5.9 and Figure 5.10 

indicate that Samples S20 and S19, which have similar compositions, both have peak 



113 

velocities of approximately 0.2 mm/s. However, Sample S39 has a peak velocity of 

0.45 mm/s. Therefore, the higher NH4CI content results in a larger peak velocity. 
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Figure 5.11: The oscillation loops for S19. S20. and S30 at 0.08 mm/s are compared. 
The measured velocity dependent temperature profiles were used to determine the 
undercooling for S20 and the method described in Section 5.5 was used to determine the 
approximate undercooling for S19 and S39. 
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Figure 5.12: The oscillation loops for S19, S20, and S39 at 0.04 rnrnls are compared. 
The measured velocity dependent temperature profiles were used to determine the 
undercooling for S20 and the method described in Section 5.5 was used to determine the 
approximate undercooling for S 19 and S39. 

5.8 Analysis of Oscillatory Loops 

While the oscillatory behavior is not observed in isothermal experiments, 

comparisons of the growth rates and temperatures of isothermally and directionally 

solidified NH4Cl dendrites can provide significant insight into the behaviors. Table 5.4 

shows that samples with a supersaturation of 0.17 have a liquidus temperature of 38°C, 

and a critical transition temperature of 15°C. Therefore the data for S39 will be 

compared with the data reported by Kahlweit61 for samples isothermally solidified at 

15°C. Unfortunately, specific comparisons between the S 19 or S20 data and isothermal 

experiments are not possible due to insufficient velocity data from the isothermal 
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experiments. However, some qualitative conclusions can be drawn based on the work of 

Kahlweit^' regarding the effect of composition. 

Figure 5.13 shows the <1(X)> growth rates for samples undercooled to 15 and 

This data indicates that the maximum growth velocity for <100> dendrites at 

this temperature is approximately 0.05 mm/s. Consistent with this isothermal growth 

data. Sample S39 does not exhibit the oscillatory growth mode when directionally 

solidified at 0.02 mm/s. When directionally solidified at 0.04 mm/s, which is 

approaching the maximum <100> velocity for isothermal dendrites at I5''C, Sample S39 

sometimes exhibits the oscillatory behavior shown in Figure 5.8, but also exhibits another 

oscillatory mode described in Section 5.9. 

The primary factor limiting the growth of the NRjCl dendrites is the diffusion of 

water away from the interface, therefore, the <100> growth velocity is faster for lower 

concentrations of water. Since the <111> dendrites are also compositionally limited, 

their growth rate should be inversely related to the water content as well. The velocity of 

the <111> dendrites at the transition temperature or supersaturation should be lower for 

samples with higher water concentrations. This relationship between the growth velocity 

and water content correlates with the peak velocities of Samples S19 and S39. The 

higher water content samples, S19 and S20, have a maximum oscillatory growth rate of 

only 0.2 or 0.25, compared to 0.45 for Sample S39. 

While KaWweit did not report the velocities for the <111> growth mode for 

dendrites grown at 15'^C, some information can be obtained from the data taken at 25°C 

shown in Figure 2.5. At a supersaturation of approximately 0.20, 25°C NH4CI dendrites 
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jump from growing 0.11 mm/s in the <100> orientation to 0.8 mm/s in the <I 11> 

direction. Since both the <100> and <111> growth rates increase with NH4CI 

concentration, the minimum isothermal <111> growth velocity at 15°C is predicted to be 

slower than 0.8 mm/s, the value reported for Sample S39 exhibits a maximum 

growth velocity of the oscillating dendrites of 0.45 mm/s, which should be similar to the 

minimum <111> growth velocity observed in isothermal experiments for the same 

composition. 

Stable isothermally and directionally solidified <100> dendrites are observed in 

the same composition and velocity range (i.e. below 0.04 mm/s for Sample S39). At 

drive velocities greater than 0.5 mm/s, it is predicted that Sample S39 will exhibit only 

the <111> growth mode which is observed in isothermal experiments. However, using 

drive velocities between these two limits the oscillatory growth behavior is observed with 

a peak velocity given by the minimum stable <111> growth rate measured in isothermal 

experiments. Therefore, isothermal studies such as the ones conducted by Kahlweit^' and 

Kremeyer'"^" can be used to predict the velocity range over which oscillations will occur. 

The average dendrite growth rate during the oscillations must be equal to the 

drive velocity. Since the maximum and minimum velocities are relatively independent of 

drive speed, the ratio of the time spent in each growth mode must vary. As the average 

growth velocity increases, the dendrites will spend a higher portion of the time in the fast 

growth mode. Under these conditions the difference between the drive velocity and peak 

velocity decreases, and the dendrites do not grow as far into the liquid resulting in smaller 

deviations from the average undercooling. As a consequence of the faster drive velocity, 
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the width of the oscillations measured in terms of temperature or undercooling will 

decrease. 

Comparisons can be made between the critical undercooling measured from the 

isothermal experiments and from the oscillation loops. Kahlweit^' measured a critical 

undercooling of 23°C for the sample with a supersaturation of 0.17 or liquidus 

temperature of 38''C (see Table 5.4). Figure 5.8 shows that Sample S39 also exhibits a 

slow-to-fast transition at approximately 23°C when the drive speed is set to the slowest 

rate at which oscillations occur, 0.04 mm/s. A maximum undercooling of about iCC 

was obtained for Sample S20 at 0.02 rrrni/s, similar to the critical undercooling of 16°C 

obtained by Kremeyer for a similar composition. Therefore, the discontinuity in the 

isothermal growth rate may be the same as the slow-to-fast transition observed in 

directionally solidified samples at the slower growth rates. 

However, the measured isothermal and oscillatory critical undercoolings are the 

same only at drive velocities just above the critical value. At higher drive velocities the 

oscillatory loops shift toward smaller undercoolings, based on the liquidus temperature of 

the bulk sample. But as described in Section 5.4, if the composition in front of the 

interface varies, the local liquidus temperature and undercooling are affected. 

At higher drive velocities, the dendrites spend more time in the <111> mode than 

in the <100> orientation as is described above. Since the velocity dependent k-value is 

higher in the <111> direction (see Section 6.2.4), the time-averaged interface water 

concentration will be lower for the faster drive speeds. Based on the composition data 

reported by Kahlweit.^' the lower water concentration allows the discontinuity, and 
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therefore the oscillation loops, to shift to higher temperatures. Since the calculated 

undercooling plotted in the figures is based on the bulk liquidus temperature, the higher 

transition temperatures at larger drive velocities will result in apparently smaller 

undercoolings, even if the local tip undercooling is the same or larger. 

Samples with less water (i.e. Sample S39) transition to the fast growing <111> 

mode at higher undercoolings compared to samples with more water (i.e. Sample S20). 

Diffusion away from the interface is the primary limitation on the growth of these 

samples. However, since the discontinuity and the slow-to-fast transition are due to 

variations in the segregation coefficient with growth rate and/or orientation (Section 6.3), 

the k-value becomes even more important as the amount of water is increased. The 

higher water content causes any transitions due to the non-equilibrium segregation 

coefficient to occur at lower undercoolings. 

All of the characteristics of the oscillatory loops can be explained by analogy with 

the isothermal results combined with local changes in the composition profile. The 

isothermal growth behavior as predicted by the models described in Sections 7.1.2 and 

7.1.3. is depicted in Figure 5.14 along with the directional solidification results. In both 

isothermally and directionally solidified samples, the peak velocity and the maximum 

undercooling at which the <100> to <111> transition occurs vary with the bulk 

composition. However, the shifts toward smaller apparent undercoolings and the 

narrowing of the oscillatory loops at higher drive velocities can only be explained by 

examining the local tip composition and liquidus temperature. 
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5.9 Anomalous Oscillation Mode 

As mentioned in the previous section, near the critical drive velocity two different 

oscillatory modes were observed. When Sample S39 was solidified at 0.04 mm/s, a peak 

velocity of 0.45 mm/s was sometimes observed as was described in Section 5.6. 

However, Figure 5.15 shows another relationship between the growth rate and 

undercooling that was observed under the same experimental conditions. The peak 

velocity of this "anomalous" oscillatory mode was only 0.05 or 0.06 mm/s. almost an 

order of magnitude smaller than the other mode. 

Based on the single observation of this mode, it is not possible to identify the 

critical transition undercoolings. At the slower growth velocities, the sample takes much 

longer for interface composition to reach equilibrium so the apparent transition 

temperatures continued to shift for the entire length of the sample. However, since the 

undercoolings shift toward smaller values as time progresses, it is possible to say that the 

slow-to-fast transition in this sample occurs at an undercooling less than 20"C. This is 

less than the 23°C undercooling observed for the slow-to-fast transition of the other 

growth mode. 

This anomalous growth mode has a different morphology than the standard 

oscillatory mode. The primary oscillatory growth mode described in the previous 

sections switches from the slow growing <100> growth morphology with <100> 

side-branches to the fast <111> oriented primary dendrites with <111> side-branches. 

However, the fast structure in this anomalous growth mode is very similar to one 

previously reported by Chan. Reimer, and Kahlweit^^ as depicted in Figure 5.16. 
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Detailed analysis of Figure 5.16b indicates the lower branches are between 52° and 56° 

from the main stem, and the angles between the main stem and the upper set of branches 

are 35.5° to 39°. Similar angles are measured from Figure 5.16a and other images of this 

anomalous growth mode. 

Chan, et al.^^ describe this morphology as a <110> primary dendrite with <100> 

side-branches. The angle between the <110> growth direction and the <100> orientation 

is 45°. So if all of the branches are growing in the plane of view, 45° angles should be 

measured. Since the <110> main stem and both <100> side-branches should be 

co-planar, the angles should also be symmetric whether all the branches are growing in 

the plane of view or not. Therefore, the angles measured in Figure 5.16 do not correlate 

with the morphology of a <110> main stem with <100> side-branches. In addition, based 

on the surface energy, interface kinetic, and segregation coefficient anisotropics of 

NH4CI there is no reason for the dendrites to grow preferentially in the <110> direction. 

However, the measured angles do correspond with a <111> main stem with 

<100> side-branches. The angle between the <111> and a <100> direction is 54.7°, 

which is in the range of angles measured in the bottom half of Figure 5.16b. Since the 

<111> cannot be co-planar with both of its neighboring <100> directions, the projected 

angle for the second <100> branch onto the growth plane of the other two dendrites must 

be calculated. If it assumed that the <111> main stem and one of the <100> side-

branches are growing in the plane of view, the measured angles between the main stem 

and the side-branches would be about 55° and 35°. These angles are very close to what is 

observed. 
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Since the standard thickness of the samples used by Chan, et was 1 mm, 

the non-planar <100> side-branches would have been fairly long before they interacted 

with the cell walls. The samples in this work were thinner, and some interaction was 

observed. In those cases, the angle between the non-planar side-branch and the main 

stem would initially correspond to the predicted value, but as the side-branch started to 

grow along the cell wall it would no longer appear straight. 

Based on the analysis of all the angles, the "<110>" growth morphology reported 

by Chan, et al.^^ and the structure of the fast dendrites from the anomalous growth mode 

are the same. In addition, they occur in the same velocity region: at intermediate 

velocities between the stable <100> and <111> modes. So, the appearance of a unique 

morphology in the growth of NH4CI dendrites has been confirmed, however, it is 

attributed to a <111> main stem, not a <l 10>. with <100> side-branches. 

In previous sections it has been argued that when the dendrite main stem 

oscillates between the <100> and the <111> structure, the peak velocity correlates with 

the minimum stable <111> growth rate. However, despite the main branches having the 

same structure, the peak velocity is significantly lower in this anomalous growth mode. 

Therefore, the growth velocity must be affected by the structure of the side-branches. 

It is likely that the primary effect of the structure of the side-branches will be 

through the composition field. Since the <100> growth direction has a smaller 

segregation coefficient than in the <11 iXsee Section 6.2.4), the <l 11> main stem will 

have a slightly higher water concentration at the tip when <100> side-branches are 

present in the anomalous growth mode. Section 5.8 discusses how the higher water 
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content results in lower growth velocities. Therefore, in the fairly narrow range of drive 

velocities where this anomalous growth mode is present, the peak growth velocity may be 

controlled by the segregation of water from the side-branches instead of the by the 

properties of the <Ill> main stem. 

While in Section 5.8, the relationship between the growth velocity and the 

undercooling in both isothermally and directionally solidified NH4Cl dendrites was 

discussed, the growth rate and morphology at intermediate growth velocities is discussed 

in this section. The anomalous growth mode oscillates between the normal < 1 00> 

orientation with <100> side-branches and a structure with a <111> main stem and <100> 

side-branches. The peak velocity of this mode is controlled by diffusion and segregation 

from the side-branches. Therefore, when modeling NH4Cl dendritic growth it may be 

necessary to consider more than just the shape, properties, and structure of the main stem. 
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Figure 5.15: A second oscillation mode exists near the critical drive velocity, which has 
a much lower peak velocity than the oscillatory mode present at higher drive speeds. 
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(a) 

(b) 

Figure 5.16: This anomalous oscillatory mode (a) exhibits the same morphology as one 
reported by Chan, et al. (b). While these authors described this morphology to be a 
<110> primary dendrite with <100> side-branches,63 detailed analysis of the angles 
indicates that the primary growth direction is in the <111> orientation with <100> 
side-branches. 
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6. MODELING 

The basic BCT model outlined in Section 2.2 and described in detail in Section 

6.1, works for a variety of materials. Only by incorporating a velocity dependent 

segregation coefficient can the sudden increase in growth velocity that is observed in 

nickel and copper alloys be explained. However, as can be seen in Section 7.1, the model 

does not work for NRiCl-HiO alloys, without some kind of modification. 

In order to predict the change in growth orientation that is observed in NH4CI-

H2O alloys, the mechanism that controls the growth direction must switch. Of the four 

undercooling terms, three can be anisotropic (the radial, compositional and kinetic terms). 

In Sections 6.2.1 and 6.2.2, the anisotropies in the surface tension and in the interface 

kinetics will be described since these are the two mechanisms previously used to explain 

the change in orientation. However, as will be discussed, both of these mechanisms 

should cause dendrites to grow in the <100> direction, and no change in orientation 

would occur. Therefore, Section 6.2.4 will discuss how the anisotropy in the 

compositional undercooling term originating from the segregation coefficient could 

account for the change in growth direction. 

The mathematics for a model that incorporates the anisotropic segregation 

coefficient is described in Section 6.3. While this model cannot be used to predict the 

shapes of the oscillating dendrites, it will predict where the transitions will occur. The 

shape of the velocity vs. undercooling curve for the <111> portion of the growth curve 
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can be predicted using a simple heat and composition flow model, described in Section 

7.2.2. 

6.1 Previous Modeling Work (BCT Model) 

6.1.1 Basic Thermodynamics and Kinetics of Alloy Dendrites 

Boettinger, et al,3• 5 developed the BCT model for the solidification of dendrites 

from an alloy. They start with the J. Willard Gibbs energy, .1G, to transfer a small 

amount of material, with a composition Cs *, from the liquid at the interface, with a 

composition CL *,to the solid of composition Cs *: 

~={In[ (1- c;) * 1- Cfq ]}(1-c* )+{In[ c; * Cfq ]}c* 
kB~ (1-c~) 1-c;q s c~ c;q s (6.1) 

where Ti is the interface temperature, and k8 is Boltzmann's constant. Using the phase 

diagram and the fact that for dilute solutions (1-ke)lmL can be replaced by -U(k8 T M2), the 

expression for the Gibbs energy to solidify a small amount of material is: 

(6.2) 

where k is the non-equilibrium segregation coefficient, and ke is the equilibrium 

segregation coefficient. 

If a linear relationship is assumed between the Gibbs free energy and the growth 

velocity: 
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(6.3) 

then the interface temperature can be given by: 

(6.4) 

or 

(6.5) 

where J.1 is the interfacial kinetic coefficient. This expression indicates that the interface 

undercooling has a compositional term and a kinetic term. 

However, the interface temperature is also reduced by the Gibbs-Thomson 

undercooling due to curvature. The undercooling, measured as the difference between 

the liquidus temperature and the bath temperature, must also incorporate the latent heat 

given off during solidification. 

Therefore, the undercooling can be written as the sum of the thermal, 

compositional, radial, and kinetic terms: 

/.lT = f1'Frhermal + /.lTcompositional . + l.lTradial + /.lTkinetic (6.6) 

The four undercooling terms are given by: 

l.lT,hermal =-Jv -L (VR) 
cp 2a 

(6.7) 



and 

where 

2r 
!1Tradial =

R 

v 
!1Tkinetic = -

)l 

m*l 
!1Tcompositionat = mCo 1_ lm 

1-[1-k(V)]lv(;~) 

m* =1+ k, -k(V{1-ln(k(x )] 
m 1-ke 
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(6.8) 

(6.9) 

(6.10) 

(6.11) 

The definition of each of the variables is listed in Appendix A. Note: The thermal and 

compositional terms assume a parabola but the radial term assumes a sphere for the 

dendrite tip shape. 

Even with all of these equations, the growth conditions for the system have not 

yet been completely determined since the undercooling equation still contains two 

independent variables: the velocity and the curvature of the interface. Therefore, some 

criterion must be established to determine the relationship between the growth rate and 

the tip radius for a stable growing dendrite. 

-----------------
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6.1.2 Stability Criterion 

One stability criterion for the interface curvature can be established by applying a 

small spatial perturbation. The compositional diffusion field encourages the growth of 

the perturbation, while the surface tension attempts to minimize it by forming a flat 

surface. The thermal field also acts as a stabilizing force against the spatial fluctuations. 

If the perturbation grows, the interface is considered unstable and the crystal cannot grow 

under steady-state conditions. The Mullins and Sekerka stability analysis predicts that a 

dendrite can grow at steady-state only if the compositional and thermal gradients are 

balanced by the interface curvature. 154 Under these conditions the dendrite tip radius, R, 

is given by 

(6.12) 

where m is the slope of the liquidus line of the phase diagram (see Figure 1), Gc and G1 

are the concentration and thermal gradients at the interface, and a* is the stability 

constant. This expression is the basis for Equation 6.13 and can be used for predicting 

the stability of planar, 154' 155 cylindrical, 156 spherical, 156• 157 or dendritic crystal growth 

shapes. 156 

Papapetrou first proposed that the dendrite interface should be parabolic because 

of the shape preserving nature of this geometry. 139 Ivantsov proved this 

mathematically. 158 Using the the lvantsov solution and the stability analysis, the dendrite 

interface shape can be given by: 
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%* R = ---------'--=--------
VR 

L VR 2mC0 [i-k(V)] 2D 
--g- g 
cP 2a ' 1-[1-k(V)]l{;~) ' 

(6.13) 

where 

(6.14) 

and 

J= = 1 2k(V) 

':lc + [ 1 (2D )2 ]Yz 
1-2k(V)- 1+ a* VR 

(6.15) 

Results from the marginal stability criterion indicate that a value of 0.025 can be used for 

the stability constant, a*, of any three dimensional dendrite. 159 

While the basic thermodynamic and stability equations (Equations 6.6 and 6.12) 

are the same, the microscopic solvability criterion indicates that a different value for the 

stability constant should be used for each system.33• 34' 160• 161 Barbieri, et al. found that 

the stability constant is actually related to the surface tension anisotropy.33 

(Measurements of the surface tension anisotropy in NH4Cl-H20 alloys are discussed in 

Section 6.2.1.) However, when modeling the growth rate of dendrites as a function of 

undercooling, good agreement has been obtained for many alloys using the BCT model 
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and the marginal stability approach,'^' so it isn't clear whether the solvability condition 

or surface tension anisotropy must be used. 

6.1.3 Velocity Dependence of the Segregation Coefficient 

In order to predict the discontinuity in the growth rate as a function of 

undercooling in many metal alloys, it is necessary to use a velocity dependent segregation 

coefficient. Trivedi showed that by incorporating a velocity dependent segregation 

coefficient, a discontinuity occurs in the curves of the growth rate as a function of 

undercooling with no additional changes or assumptions in the model (see Figure 2.3).^^ 

At or near this discontinuity the dendrites change from being compositionally limited at 

slow velocities, to thermally limited at the higher velocities.^*^" The shape of the curve 

and the critical temperature at which the growth changes from being compositionally to 

thermally limited depends on the particular fiinction of the segregation coefficient which 

is used."^''^ 

It is well known that at very slow velocities the composition of the solidifying 

material is very close to that given by the equilibrium phase diagram. However, at very 

fast growth rates the material does not have sufficient time to diffuse and the sample will 

crystallize with the same composition as the bulk liquid. Therefore, the segregation 

coefficient should be close to kg for slow growth velocities and should approach one as 

the growth becomes thermally limited. 

Aziz, et al.^' suggested an expression for the segregation coefficient which 

fits these boundary conditions. In this expression: 



132 

(6.16) 

Vd represents the diffusion velocity of the dopant atom in the matrix structure, which is in 

effect a fitting parameter. Many authors3• 35• 62 have used Aziz' s expression for the 

velocity dependent k-value and not those by proposed by other groups44 because it fits 

some of the measured data for the segregation coefficient as a function of growth rate. 

However, Eckler et al. showed that the quality of the fit to the growth of boron 

doped nickel depended significantly on whether solute-drag was included in Aziz's 

model.38 In addition, Aziz's expression does not fit the data by Baeri, et al. and White et 

al. for laser melted boron doped silicon as shown in Figure 6.1. 164 It also does not fit the 

Monte Carlo data of Jackson, et al. shown in Figure 6.2. 165 

Another possible expression for the velocity dependent segregation coefficient: 

1 

( )
2 

1+A _!!!!_ V 1 
k = k VoD = k1+A'V 

e e (6.17) 

has been proposed by Jackson, et al.42 Figure 6.2 shows that this new expression fits all 

of the available experimental data and Monte Carlo simulations on doped silicon with the 

exception of Aziz's. 163 Using the relevant materials properties but the same value for A, 

this expression also fits the data for nickel doped with zirconium and various dopants in 

aluminum.42 

Despite the fact that Aziz's expression for the velocity dependent segregation 

coefficient does not fit some of the data, several groups have used of this expression to fit 
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the growth rate data for dendrites. When a separate fitting parameter for each alloy is 

used, the model correlates well with the experimental data of nickel doped iron,2 copper 

doped silver,3 boron doped nickel,62 and acetone doped succinonitrile.4 However, we 

have found that the BCT model does not explain the growth behavior of ammonium 

chloride-water solutions36 or doped tin alloys,7 independent of which expression or what 

fitting parameters are used for the velocity dependent segregation coefficient. Therefore, 

something else must be incorporated into the models in order to predict the growth rate 

and explain the change in growth orientation observed in N~Cl-H20 alloys. 
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Figure 6.1: The model by Aziz, et al. does not fit all of the segregation coefficient data 
for bismuth in silicon. 164 
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Figure 6.2: As is shown by these three curves, the model proposed by Jackson, et al. 
matches most of the experimental and Monte Carlo measurements of the non-equilibrium 
segregation coefficient for several dopants in silicon."*" 

6.2 Anisotropic Properties - Surface Tension and Interface Kinetics 

In order to predict the change in orientation, the anisotropy in the materials 

properties must be considered. It has been well documented that materials properties like 

the index of refraction and elastic modulus are anisotropic or depend on the orientation of 

the crystal. However, anisotropic properties can also affect the crystal growth. For 

instance, the anisotropy in the surface tension causes dendrites to grow in the <100> 

direction and the anisotropy in the growth kinetics affects the interface shape of silicon 

boules grown from the melt. 
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6.2.1 Surface Energy Anisotropy 

The anisotropy in the surface free energy is often represented by a Wulff plot, 

which indicates how the surface tension differs in the various crystallographic 

orientations. For a cubic crystal, the orientation dependence of the surface energy, 7, can 

also be represented by the expression: 

y  =  Y o [ l - e ^ c o s { 4 d ) ]  (6.18) 

where yo is the average surface energy, £4 is the four-fold anisotropy, and 9 is the angle 

measured from the <100> direction. This equation shows that the surface tension is 

lowest along the <100> directions (ft=0°). 

Thermodynamics suggests that crystals with the lowest energy surfaces exposed 

will form. In FCC crystals, the (100) and (111) surfaces have the lowest energies, 

whereas in BCC crystals it is the (1(X)) and (110). Since most metals are cubic, they will 

try to expose these planes. As a result of this surface energy anisotropy, metal dendrites 

typically grow in the <100> directions. 

The surface energy anisotropy. e, is introduced into the BCT model for dendritic 

growth through the use of the stability constant. According to the solvability condition:^^ 

(6.19) 

Since the proportionality constant has not been specifically determined, the stability 

constant must be measured separately. The stability constant can be given by; 



136 

= (6.20) 
R - V  

where d , )  is the average capillary length, D  is the thermal or solutal diffusion coefficient 

(whichever dominates), R  is the dendrite tip radius, and V  is the tip velocity. Therefore, 

the stability constant can be computed if the average capillary length is known or 

measured. 

Most of the measurements of the capillary length and surface energy anisotropy 

are based on the method developed by Dougherty and Gollub.'^' The capillary length is 

determined by carefully measuring the rate at which a small crystal shrinks and fitting the 

data to the equation: 

D f „  2 d o ^  V =  —  

R  
n — 

v R  
(6.21) 

where Fl is the supersaturation of the solution. The surface energy anisotropy is 

measured simply by observing the shape of the small shrinking crystal. 

Using methods such as this, the stability constants and surface energy anisotropies 

for a variety of transparent metal analogs have been measured and are listed in Table 3.4. 

The results from studies on NH4CI-H2O alloys^^"^'" are discussed in Section 3.5. In 

general there is good agreement between the experimentally measured values of the 

stability constant and the microscopic solvability model. However, it still isn't clear that 

the marginal stability value of 0.025 can't be used in the BCT model for all alloys.'^' 
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6.2.2 Anisotropic Interface Attachment Kinetics 

The interface kinetics or rate constants indicate how fast atoms that approach a 

solid surface will solidify. A strong anisotropy in the interface kinetics means that atoms 

tend to attach quicker to a particular crystallographic orientation. One example of where 

the interface attachment kinetics affects the growtii morphology is in the case of (100) 

Czochralski silicon. The (100) plane is atomically "rough", whereas the (111) surface is 

"smooth". As a liquid atom approaches the growth interface, it is more likely to stick to 

the solid surface if it arrives at a "step" and has many neighboring atoms to which it can 

bond. The rough (100) surface has more "steps", so a higher percentage of the atoms 

approaching this orientation will solidify. This process causes the (100) surface to grow 

faster, and the growing (100) facet is not overgrown by other orientations. 

In materials like silicon, where the entropy is high and the crystal facets as it 

grows, the anisotropy in the interface kinetics is very important. On the other hand, all of 

the planes are atomically rough in metals. Therefore, the interface kinetic anisotropy 

may not be as significant in metals and metal alloys as it is in faceting materials. But 

even in metals, the (100) plane is slightly rougher, so the interface kinetics will favor 

growth in the <100> direction. 

6.2.3 Kahlweit's Model 

In order to explain the change in orientation Kahlweit observed in NH4CI-H2O 

alloys.^' a model was developed by his group based on the anisotropics in the surface 

energy and rate constant.^^" ̂  Random fluctuations in the position of the dendrite 
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interface were assumed to occur, similar to those proposed by Muliins and Sekerka.'^"*' 

However, it was assumed that the perturbations occurred only in specific crystallographic 

directions. Initial perturbations in the interface position result in variations in the 

concentration of the liquid at the tip and faster growth along those directions. 

At low supersaturations, the only stable perturbation that has cubic symmetry can 

be attributed to the fourth order spherical harmonic. This perturbation can result in 

growth in either the <100> or <111> directions depending on whether a positive or 

negative deviation is applied to the spherical dendrite tip. However, as indicated in 

Section 6.2.1. the surface energy anisotropy favors <iOO>, so the <I 11> growth mode 

will be suppres.sed. At slightly larger supersaturations. the sixth order spherical 

harmonic, which favors <l 10> growth, is also stable. The rate at which the sixth order 

perturbation grows can be larger than the fourth order, so at a critical concentration the 

dendrites switch from growing in the <100> direction to the <110>. 

At higher supersaturations, more spherical harmonics can contribute to the 

preferred growth direction. However, Kahlweit's group attributed the transition to the 

< 111> growth mode to the anisotropy in the interface kinetics or rate constant. At the 

higher concentrations the anisotropy in the surface tension is less important than the 

anisotropy in the interface kinetics. Therefore, the <111> perturbations from the fourth 

order harmonic become dominant and control the overall growth direction. 

Kahlweit's group used the anisotropics in the interface kinetics and surface 

tension to explain the changes in growth direction in NKjCl.^^ However, both of these 

anisotropics favor growth in the <100> direction, so it is not possible to predict the 
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<111> growth direction which is observed. Since this model assumes that the 

perturbations occur before the diffusion field has been established, once the dendrites 

start in one direction they could not change orientations. In addition, the angles indicate 

that the <100> dendrites transition directly to a <111> growth mode, not a <110> 

orientation, as is predicted in this model and was reported by Kahlweit's group (see 

Section 5.9). 

The model proposed by Kahlweit's group^^'^ to explain the change in orientation 

was published before it was well known that the discontinuity in most metal systems is 

due to a velocity dependent segregation coefficient.^^' This indicates that the 

compositional undercooling term is very important to predicting the growth behavior of 

alloy dendrites. While the anisotropic surface energy has already been incorporated into 

the BCT model, the anisotropics in the compositional and kinetic undercooling terms 

have not. Incorporation of the compositional anisotropy is essential since the non-

equilibrium segregation coefficient can actually favor <111> growth. 

6.2.4 Non-Equilibrium Segregation Coejficient 

It is well known that the segregation coefficient in semiconductors depends on 

both the growth velocity and the crystal orientation. Studies on melt-grown 

Germanium"'^ and Indium Antimonide"*' conducted in the 1950s indicated a larger 

segregation coefficient on the {III} facets. More recent studies on laser-melted silicon 

wafers show a continuous decrease in the segregation coefficient as the angle from the 
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( 1 1 1 )  f a c e  i s  i n c r e a s e d .  F i g u r e  2 . 4  a n d  F i g u r e  6 . 3  d e m o n s t r a t e  t h i s  e f f e c t  f o r  B i  i n  S i ; " * ^  

however, several other dopants exhibit similar behaviors. 

Monte Carlo simulations by Beatty and Jackson on bismuth in silicon indicate that 

the segregation coefficient depends not only on the average velocity of the interface, but 

also on the step velocity.This results in an orientation dependence of the k-value. 

For the same growth velocity, the step velocity on the smooth (111) surface will be 

significantly higher and will therefore incorporate more dopant resulting in a larger 

segregation coefficient. In general, the rougher surfaces have lower segregation 

coefficients. 

Figure 6.3 shows that the anisotropy in the segregation coefficient is also velocity 

dependent. At low growth velocities the k-values for all orientations converge on the 

equilibrium value. However, for bismuth in silicon the difference between the <1(X)> and 

< 111> curves can be greater than a factor of 2 at velocities sreater than 2 m/s. As the w W 

velocity increases even further and the k-values for both the <100> and <I 11> directions 

approach 1. the effective anisotropy disappears again. Therefore, the effect of the 

anisotropy in the segregation coefficient is most significant at intermediate growth 

velocities. 

While the orientation dependence of the segregation coefficient has been well 

known in the semiconductor community, it has not been applied to metal systems. Since 

all of the surfaces are rough, the effect may not be as significant. However, the 

anisotropy in the segregation coefficient may be as large as the anisotropics in the surface 

energy and the interface kinetics. In addition, it is the only materials property that favors 
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growth in the <111> direction. Therefore, both the velocity dependence and the 

orientation dependence of the segregation coefficient need to be incorporated into the 

dendritic crystal growth models. 
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Figure 6.3: The segregation coefficient for Bi in Si depends on both the growth velocity 
and orientation."'^ 

6.3 Predicting the Change in Orientation - Isotropic Model 

6.3.1 Overview 

The OCT model with a velocity dependent segregation coefficient appears to 

work for alloys which do not change orientation. However, even when the anisotropic 

segregation coefficient is incorporated, it would not be possible to predict when the 

dendrites would switch from the <100> to the <111> growth direction. Therefore, a 

different approach will be used to predict the transition. 
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Preliminary experiments in which the drive velcxity was suddenly increased or 

decreased indicated that the dendrites pass through a different morphology as they 

transition from the <100> to the <111> mode. In this region, the dendrites have no 

d e f i n i t e  p r e f e r r e d  o r i e n t a t i o n  a n d  g r o w  s i m i l a r  t o  t h e  d e n s e - b r a n c h i n g  m o r p h o l o g y ' ™  

or seaweed structures.'^'" The anisotropy of the materials properties has been shown 

to be very important to these morphologies. This lack of preferred orientation probably 

occurs when the magnitudes of the surface tension and segregation coefficient 

anisotropics are approximately equal. Therefore, by identifying the velocity or 

temperature at which these two anisotropics counteract each other, the transition from 

one orientation to the other can be predicted. 

6.3.2 Mathematical Development of the Isotropic Model 

The model that will be described is based on the Mullins and Sekcrka stability 

analysis.' One of the initial assumptions is that the temperature of the liquid at the 

interface. 7,. can be given by: 

r, =r, , + / n C,-rK (6.22) 

where T\i is the equilibrium melting temperature of the pure material, m is the effective 

liquidus slope, F is the effective capillary constant, and K is the curvature of the dendrite 

tip. Since the undercooling due to the interface kinetics is relatively small, the 

corresponding anisotropy will not be included in this analysis. The composition of the 

liquid at the interface of a dendrite with a parabolid tip geometry can be expressed as: 
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C.= Coo 
1 1- (1- k )lv(PJ 

(6.23) 

where Coo is the bulk concentration of the liquid, k is the effective segregation coefficient, 

and Pc is the compositional Peclet number given by (VR)/(2D). lv(x) is the Ivantsov 

function: 

Iv(x) = xexp(x )E1 (x) (6.24) 

where E1 is the exponential integral function. The equation for the interface composition, 

Equation 6.23, can be inserted into the equation for the interface temperature, Equation 

6.22. Since the term (1-k)lv(Pc) is small for Peclet numbers less than about%, a Taylor 

series expansion can be used to get: 

1j = T M + mCoo [1 + lv(Pc )- klv(Pc )]- rK (6.25) 

If it is assumed that the dendrite tip is spherical, then the curvature at the tip is: 

K = ~ + (l -1 Xz + 2) 8Y, 
R R2 tm 

(6.26) 

where 8 is the size of the perturbation, Ytm is the spherical harmonic, and l is the order of 

the spherical harmonic. The expressions for the anisotropic properties also have an 

isotropic portion and constant multiplied by the spherical harmonic. The magnitude of 

the constant indicates the size of the anisotropy, and the sign indicates whether the <100> 

or <111> direction is preferred. Therefore, the anisotropic surface tension is given by: 

(6.27) 
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and it will be assumed that the anisotropic segregation coefficient, k, has the form of: 

k = ko+k,Yi^ (6.28) 

The anisotropy in the segregation coefficient results in an anisotropic Iiquidus slope, m, 

which will be written as: 

m = mo+m,Yi^ (6.29) 

The relationship between the anisotropic segregation coefficient and the anisotropic 

Iiquidus slope will be solved numerically. 

The equations for the curvature. Equation 6.26, and the anisotropic materials 

properties. Equation 6.27 through Equation 6.29, can be used in the equation for the 

interface temperature, 6.25. If the terms are all expanded to first order in Yim, the 

isotropic component of the interface temperature is: 

T, {isotropic) = Ty + [nio + moIv{P^.)- kom^lv{P^.)]-^ (6.30) 
A 

The rest of the terms, which include the spherical harmonics, are: 

r, {anisotropic) = 

C„[m,-^miIv{P^)-komilv{Pc)-kim(jI v(Pc)J 
r,(/-/X/ + 2) 2£\Yi^ (6.31) 

/?- R 

However, the temperature should be independent of the orientation and uniform across 

the entire interface, so T,(anisotropic) should be zero for any spherical harmonic. 
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The perturbations to the spherical interface can be caused by random fluctuations, 

Or. the anisotropy in the surface tension, Or, and/or the anisotropy in the segregation 

coefficient, Ok. The total deviation can be written as the sum of the individual 

perturbations: 

(6.32) 

Each of these anisotropies causes the solidifying dendrite to prefer a specific 

crystallographic orientation. At equilibrium the random perturbations should not affect 

the average shape or temperature of the growing interface. Therefore, the criterion where 

the surface will have no preferred orientation is when the total perturbation given by the 

sum of the surface energy and segregation coefficient perturbations is zero. Therefore, 

there is no preferred orientation when: 

(6.33) 

and a transition between the two growth orientations will occur. 

Equation 6.33 can be solved numerically for a relationship between the growth 

velocity and the tip radius for a given anisotropy in the segregation coefficient and 

surface tension. This relationship will be discussed further in Section 7.2.1. However, it 

should be mentioned that this transition condition does not indicate whether the isotropic 

mode of growth is stable. In order to find the stability condition for the isotropic 

dendrite, the rate at which the perturbations grow or shrink must be calculated, because 

the interface is only stable if the perturbations are not changing. 
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To predict the growth rate discontinuity and associated change in orientation 

observed in the NKiCI-H^O system, the anisotropics of all the materials properties must 

be considered. Kahlweit's group^^" ̂  developed a model based on the surface energy and 

interface kinetic anisotropics. However, both of these properties favor the <100> growth 

direction in most metal or metal alloys systems and can not be used to predict the 

transitions between the <100> and <111> orientations. Since the anisotropy in the 

segregation coefficient favors the <111> growth direction, a model was developed to 

predict the changes in morphology based on a transition from growth controlled by the 

anisotropy in the surface energy to one dominated by the segregation coefficient 

anisotropy. A transition between the two growth modes is predicted when the different 

anisotropics balance each other, and the dendrite has no preferred growth direction. 

Further analysis of this model is presented in Section 7.2. 



147 

7. GENERAL DISCUSSION 

In Chapter 5, the observed growth rate and morphology behaviors in NH4CI-H2O 

alloys were presented. The theories outlined in Chapter 6 will be compared to these 

results in the following sections. First, the data from isothermal experiments will be 

analyzed in terms of both the standard BCT model and the new isothermal model 

outlined in Section 6.3. Next, the oscillatory growth behavior observed in directionally 

solidified NH4CI-H2O samples will be explained in terms of the non-steady-state 

composition profile in front of the <111> dendrites. Based on the results from 

comparisons between the models and experimental measurements on NH4CI-H2O alloys, 

a discussion regarding other alloys which may exhibit similar behaviors will be presented 

in Section 7.3. 

7.1 Modeling Isothermal Growth of NH4CI Dendrites 

7.1.1 Using the BCT Model to Predict the Discontinuity 

The relationship between the dendrite growth velocity and undercooling has been 

measured in several different alloys. By incorporating a velocity dependent segregation 

coefficient, the BCT model outlined in Sections 2.2 and 6.1 works quite well in 

predicting the discontinuity in the growth rate in nickel doped with zirconium"'" or 

boron.' copper doped with nickel,'^ iron doped with nickel"^ or carbon.'^"^ and cobalt 

doped with molybdenum.Experiments have also been conducted on nickel doped with 

carbon, but the scatter in the growth velocities is too large to determine whether the 



model accurately predicts the discontinuity in the growth rate as a function of 

undercooling. 
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In some alloy systems, no discontinuity has been observed (i.e. nickel doped with 

tin, 19 iron with boron or phosphorus,30 silver with copper3 or succinonitrile with 

acetone4). However, when the standard BCT model with a velocity dependent 

segregation coefficient is applied to these alloys, no discontinuity is predicted within the 

range of undercoolings investigated. 

The discontinuity in the growth rate as a function of undercooling reported by 

Kahlweit, et al.61 • 63 for N~Cl-H20 alloys and described in detail in Section 5.2 appears 

to be similar to the discontinuities observed in the boron doped nickel system. 62 Since 

the BCT model can be used to predict the behavior in so many metal alloys, this model 

was used to attempt to model the discontinuity in the growth rate of NH4Cl dendrites. 

Figure 7.1 shows the predicted behavior based on the standard BCT model and 

the materials properties from Table 3.1. The model, which fits the data for boron doped 

nickel (see Figure 2.2), cannot be used in its current form to describe the growth behavior 

of an NH4Cl-H20 solution saturated at 60°C or 62°C. The overall trend in the model and 

the data are similar, but the model does not exhibit a discontinuity or sudden change in 

the growth rate near 30°C. Even though the discontinuity in many metal alloys has been 

attributed to a velocity dependent segregation coefficient, the discontinuity in this system 

cannot be predicted using the equilibrium segregation coefficient and the segregation 

constant described in Section 3.4. Other values and functional forms for the non

equilibrium segregation coefficient have resulted in similarly poor fits to the data. 39 

------- ~~ --~~-~-~ --~- ---
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As discussed in Chapter 3, the segregation coefficient of H2O in NH4CI is not the 

only property in this system that has not been well characterized. Therefore, the effect of 

the materials properties on the predicted behavior was investigated extensively. The 

discontinuity in the growth rate of NH4CI-H2O alloys in the range of 65 to 75 wt%H20 is 

not predicted using the BCT model and any combination of materials properties. 

As discussed in Section 6.1, the standard BCT model assumes that the dendrite 

growth direction is controlled by the anisotropy in the surface tension and not by any of 

the other properties. Therefore, the change in growth orientation that is observed in this 

system cannot be predicted with this model. However, in the slow and fast growth 

regions a single morphology dominates, so it is possible to select a set of materials 

properties to use in the BCT model to predict the growth rate as a function of 

undercooling of each morphology. 

In order to fit each region of the growth rate curves some of the materials 

properties must be varied; but it is not feasible to study the effect of all the parameters. 

Since each of the individual calculated undercooling terms can be plotted as a function of 

growth velocity, as shown in Figure 7.2, the importance of each of the materials 

properties can be investigated. The thermal and kinetic undercoolings are very small 

over the entire velocity range. Therefore, any uncertainties in the thermal and kinetic 

properties of each morphology are likely to have very little impact on the predicted 

growth behavior of either the fast or slow growing NH4CI dendrites. 

The largest contributor to the total undercooling is the compositional 

undercooling term, followed by the radial undercooling. Therefore, any variation in the 
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parameters contributing to either of these terms could have a significant impact on the 

predicted behavior. Since the diffusion coefficient in this system has been fairly well 

established and the equilibrium segregation coefficient was determined for this work (see 

Section 5.1), the only compositional parameter with much uncertainty is the segregation 

constant, A'. However, based on calculations from other systems,42 the error in this 

parameter is likely to be small. 

On the other hand, measured values for surface tension, which is the primary 

materials parameter in the radial undercooling term, differ by a factor of 20 (anywhere 

from 31 to 600 ergs/cm2
). Therefore, the materials properties that enter into the radial 

undercooling will be the primary parameters that will be varied in order to fit the growth 
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Figure 7.1: The BCT model and the properties from Table 3.1 cannot be used to predict 
the NH4Cl dendritic growth rate as a function of undercooling for NH4Cl-H20 alloys. 
The measured behaviors for samples saturated at 60 to 62°C (64.6 wto/oH20) are 
compared to the predicted curve. 
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Figure 7.2: Since the thermal and kinetic undercoolings are very small, the total 
undercooling is controlled by the compositional and radial undercooling terms. 

7.1.2 Fitting the Slow Growth Regime 
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In order to fit the experimental data in the slow growth rate regime, the materials 

properties for the <100> morphology must be determined. Since the thermal 

undercooling properties (L, C p, a) should be independent of growth orientation, the 

values listed in Table 3.1 for these parameters will be used for all the predicted curves. 

While the interfacial kinetic coefficient, f.l, can be anisotropic, since the kinetic 

undercooling is such a small portion of the total undercooling, this anisotropy will not be 

considered. 

As discussed above, the compositional undercooling dominates the total 

undercooling, so any variation in the diffusion or segregation coefficients could 

dramatically alter the predicted curves. A reasonable correlation between the BCT model 

and the slow growth data from a sample saturated at ~60°C can be obtained by using a 
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diffusion coefficient of 6* 10 '°mVs. However, this is significantly different than the 

values used by other research groups and is much smaller than the value of 2* I0"^m"/s 

that is listed in Table 3.1. Therefore, it is likely that the terms in the compositional 

undercooling are reasonably accurate. 

On the other hand there is much more uncertainty in the values of the radial 

undercooling properties. For NH4CI-H2O alloys the stability constant of 0.28, calculated 

from the capillary length is three times greater than the next largest value (0.081 for 

NRiBr'^^) and is an order of magnitude greater than the marginal stability criterion. 

Since Boettinger'^' indicated that the solvability condition is not necessary to accurately 

predict the growth rate as a function of undercooling for many alloys, the marginal 

stability criterion was used to model the growth of NH4CI-H2O alloys. Figure 7.3 shows 

that the standard BCT model with a*=0.025 fits the slow growth data from a sample 

saturated at ~60"C much better than when (7*=0.28 is used. 

The quality of the fit can be improved even further by adjusting the Gibbs-

Thomson coefficient, as shown in Figure 7.4. A least squares regression indicates that 

when 0.025 is used for the stability constant, the best value for Tis 3* 10'^ K-m. 

Assuming the values for the latent heat (of solution) and the melting temperature can be 

given by 15000 J/mol and 654K (see Table 3.1), this value of the Gibbs-Thomson 

coefficient corresponds to a surface free energy of 139 ergs/cm", which is near the middle 

of the range of previously measured values.^^'^'" 
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7.1.3 Fitting the Fast Growth Regime 

Since the only anisotropic materials properties are the interface kinetics, surface 

tension, and segregation coefficient, most of the modeling parameters should be the same 

for the <100> and <111> growth directions. The interface kinetics may be anisotropic, 

but will not be included in the modeling since the kinetic undercooling is so small. 

However, the differences in the growth rate curves due to the anisotropics in the surface 

tension and segregation coefficient may be significant. 

The only group that has measured the surface energy anisotropy obtained a value 

of 0.012.^^ Since there is a significant amount of uncertainty in the stability constant and 

surface tension, the anisotropy in the surface tension was varied to see if it was possible 

to predict the velocities in the fast growth mode. Values up to 5%, an extremely large 

value for the surface energy anisotropy, were investigated. The fast growing <111> 

dendrites cannot be predicted using the BCT model, cj*=0.025, and r=3*lO'' K-m. for 

any reasonable value of the surface energy anisotropy. 

Therefore, the effect of the anisotropy in the segregation coefficient was 

investigated. By adjusting the ratio of the segregation in the <l 11> direction to that in 

the <100> direction, the curvature of the predicted behavior could be changed 

significantly. A least squares analysis indicated that the fast growth data from a sample 

saturated at ~60''C can be fit with a ratio of the segregation coefficients of 3.7. as is 

depicted in Figure 7.4. 

The anisotropy of the segregation coefficient has been measured in several 

semiconductors. Mullin reported ratios of the segregation coefficient of various dopants 
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on and off the {111} facet of Indium Antimonide of anywhere between 1.2 and 8.9 for 

growth rates of 0.2 to 3.8 cm/hr.^ Reitano, Smith, and Aziz studied the segregation of 

several dopants in laser melted silicon and found the ratio of the segregation coefficients 

in the <111> to the <100> to be between about 2 and 10 at growth rates on the order of 

5 m/s.'" Therefore, a ratio of 3.7 for the anisotropic segregation of HiO in NKjCl is quite 

reasonable. 

The <100> growth mode of NH4CI dendrites can be modeled using the BCT 

model with the marginal stability criterion by varying the surface tension or Gibbs-

Thomson coefficient slightly. By adding an anisotropic segregation coefficient, the 

<111> growth behavior can be predicted using the same model and materials properties. 

However, the discontinuity and the associated change in growth direction cannot be 

predicted with this model, independent of the set of materials properties that are selected. 

7.1.4 Prediction of the <100> to <111> Transition - Isotropic Model 

It is the anisotropy in the surface tension that causes most metal dendrites to grow 

in the <100> direction. However, this anisotropy in the segregation coefficient, which 

favors the <111> growth direction, has not been previously incorporated into the 

dendritic growth models. Since the growth rate is controlled primarily by the diffusion of 

water from the interface, any change in the growth orientation will result in a different 

segregation coefficient and a dramatically different growth rate. 

The model described in Section 6.3 predicts a transition between these two 

growth directions when the overall anisotropy is zero. It is based on the assumption that 
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at the transition the interface temperature must be uniform and independent of 

orientation. From Equation 6.33 the relationship between the growth velocity and tip 

radius of isotropic dendrites can be calculated numerically. 

However, to examine some of the general trends, some simplifications to this 

expression can be made. Starting with Equation 6.33: 

(7.1) 

the size of the terms inside the brackets can be analyzed and some of them can be 

eliminated. Since k0 is less than 1, the third term will always be smaller than the second 

one. For small compositional peclet numbers (VR/2D), the Ivantsov function will also be 

small, and the second term will be smaller than the first. Therefore, for small peclet 

numbers this expression can be rewritten as: 

(7.2) 

Note: For very large peclet numbers the lvantsov function approaches 1, so there should 

be a 2 in front of the first term on the right side, but the functional form of this expression 

will remain the same. 

Equation 7.2 is valid only for isotropic "dendrites", but the model that has been 

described predicts that a transition will occur when "normal" dendrites reach this 

condition. One standard expression for dendrites indicates that the product of the 

velocity and the square of the tip radius is constant: 
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= 'L = Z£_J^ (7.3) 
a *  ( 7 * \ m \ C ^ { l  - k g ) L  ( J * \ m \ C ^ { I  - k ^ )  

Therefore, Equation 7.2 can be written in terms of just the peclet numbers: 

[ , n ,  -  k , m M P c)] (7-4) 

The left side of this expression is linear with the peclet number, while the right is the 

Ivantsov function shifted vertically by m/C,., as shown in Figure 7.5. 

Since each of the anisotropic properties favors a given orientation, the signs for 

each of the terms in Equation 7.4 can be different. For this work the angles for the 

spherical harmonics will be measured from the <1(X)> direction (t3=0° corresponds to the 

<I00>). The surface energy is lowest on the (100) facets of a cubic crystal, so the 

anisotropic term, e, must be positive in order to obtain a larger surface energy in the 

<111> direction. The segregation coefficient should also be larger in the <111> 

direction, so ki is positive as well. Since an increase in the segregation coefficient tends 

to decrease the liquidus slope, mi is negative. 

Equation 7.4 can be solved graphically to find the condition at which the dendrites 

become isotropic. When the two lines shown in Figure 7.5 intersect, it is predicted that 

no overall anisotropy will exist. Depending on the coefficients modifying the linear and 

Ivantsov functions, there can be either two or zero intersection points between these two 

curves. Therefore, the materials properties contained in the coefficients determine 
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whether the surface tension and segregation coefficient anisotropics will compensate for 

each other so that the overall anisotropy is zero. 

At very slow growth rates and small peclet numbers, the surface tension 

anisotropy determines the dendrite growth direction and the line in Figure 7.5 is above 

the Ivantsov function. The dendrite orientation switches from being controlled by the 

surface tension to the segregation coefficient at the lower intersection point. 

Theoretically, the dendrite could switch back to the <100> orientation at higher peclet 

numbers, but once the initial transition has occurred the materials properties of the <111> 

dendrites should be used, and the equations described above need to be re-plotted using 

the appropriate parameters. 

Unfortunately, this model cannot be used to numerically predict the critical peclet 

number at which the NH4CI dendrites transition from the <100> to the <111> direction. 

Figure 7.6 shows that when the properties listed in Table 3.1 are used the linear portion is 

significantly lower than the Ivantsov fiinction. 

One of the problems with this model is that both the segregation and overall 

anisotropics are not constant, as has been assumed in the numerical calculations. As the 

dendrite growth velocity increases, the segregation anisotropy increases. Since the 

surface tension anisotropy remains constant, the changes in the segregation coefficient 

result in reductions of the overall anisotropy. Therefore, as the growth velocity increases, 

the <100> direction becomes less favored, and the dendrite tip becomes blunter. The tip 

radius is allowed to increase until the overall anisotropy is zero, and the dendrites 

transition to the <111> orientation. 
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Based on the isotropic model, the tip radius is larger at higher growth velocities. 

However, this directly contradicts Equation 7.3, which requires that for dendrites VR2 is 

constant, or that the tip radius must decrease as the velocity is increased. Therefore, the 

velocity dependence of the overall anisotropy, not just the surface tension anisotropy, 

needs to be included from the beginning in the dendrite growth models such as the BCT 

model, but this is beyond the scope of this work. Once the overall anisotropy has been 

incorporated into the BCT or a similar dendrite growth model, the transition from the 

<100> to the <111> growth direction in NH4Cl-H20 alloys should be predicted when the 

overall anisotropy approaches zero. 

More details on the limitations of the isotropic model are presented in Section 

7.1.6. 
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Figure 7.5: To solve Equation 7.2 graphically, the right-hand side, which is linear, and 
the left-hand side, which contains the Ivantsov function, are plotted separately. A line 
and the Ivantsov function can intersect at zero or two points depending on the values of 
the coefficients in front of each of the functions. 
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Figure 7.6: When the materials properties for NH4CI-H2O alloys are used in the isotropic 
model, no transition is predicted by Equation 7.2. 

7.1.5 Effect of Composition 

Even though the isotropic model does not numerically predict the transition 

temperature in NH4CI-H2O alloys, some qualitative observations on the effect of the 

composition can be correlated with the experimental data. 

By examining Equation 7.4 and Figure 7.5, a similar relationship between the 

composition and critical undercooling is predicted. As the concentration of water is 

increased, the Ivantsov function is shifted downward, resulting in an intersection with the 

linear portion of the equation at smaller peclet numbers. If V7?"' is assumed to be 

constant, as outlined in the previous section, then smaller peclet numbers correspond to 

larger radii and smaller growth velocities. Even if the radius and velocity increase 

together, as would be predicted if the overall anisotropy was included in the BCT model, 

then the smaller peclet number would still correspond to smaller growth velocities. The 
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BCT model and experiments on NH4CI-H2O alloys indicate that smaller growth rates 

correspond to smaller undercoolings. For higher water concentrations, the isotropic 

model predicts that the shift toward an intersection point at smaller peclet numbers 

should result in a lower critical undercooling. 

This trend predicted by the isotropic model is also observed experimentally. 

Figure 5.3 shows the experimental relationship between the critical undercooling at 

which dendrites transition from the <100> to the <111> morphology and the liquidus 

temperature of the solution. As the water content increases, or the liquidus temperature 

decreases, the critical undercooling also decreases. Therefore, the qualitative relationship 

between the critical undercooling and composition can be explained using the isotropic 

model, even if the exact temperature cannot be predicted. 

7.1.6 Limitations of the BCT and Isotropic Models 

There are several assumptions that have been made mathematically and in 

attempting to tit the models to the experimental data. Most of the assumptions have been 

made before by other researchers who have applied the BCT model to the growth of 

metal dendrites. Modifications of the models along those lines are unlikely to 

significantly change the ability to predict the discontinuity in the growth rate of 

NH4CI-H2O alloys, but are still discussed in Sections 7.1.6.1, 7.1.6.2. and 7.1.6.3. 

However, as indicated in Sections 7.1.4, the quality of the model which predicts the 

transition from the <100> to the <l 11> growth orientation does have a significant 

dependence on the individual and overall anisotropic properties. Therefore, a more 
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extensive discussion on these parameters and how they affect the predicted behavior will 

be presented in Section 7.1.6.5. 

7.1.6.1 Small Concentrations 

Some of the assumptions of the model presented by Boettinger, Coriell, and 

Trivedi^ are not valid for the NH4CI-H2O system. One of the primary assumptions which 

is clearly violated is that only a small concentration of the "dopant" be present. 

However, 65wt% water is not a minor amount of the second component. Concentrations 

of water lower than approximately 40wt% cannot be used in this system due to the a— 

transformation of the NH4CI crystals (see Figure 3.7). 

When such a large concentration of the second component is present, the velocity 

is limited by the diffusion rate of this species away from the crystal and the undercooling 

should be dominated by the compositional term. The water must diffuse away from the 

interface because all of it cannot be incorporated into the crystal even under rapid 

solidification conditions. In an ideal system, as more of the second component is 

incorporated, the segregation coefficient increases to 1 and the interface temperature 

approaches To- However, for the compositions of interest in the NH4CI-H2O system the 

extrapolated To in degrees Kelvin using Equation 2.4 is negative. Therefore, it is 

impossible for the segregation coefficient to equal one and for the water to be completely 

incorporated into the crystal. The large concentration of water will always limit the 

growth velocity and the thermal undercooling term will never dominate as it does in other 

systems.^' 
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In order to accurately model NH4CI-H2O alloys, the BCT theory needs to be 

modified to account for larger concentrations of the second component. 

7.1.6.2 Diffusion Field/Dendrite Shape 

A specific shape of the dendrite tip must be assumed for each of the undercooling 

terms in the BCT model. For the thermal and compositional undercoolings, the shape of 

the dendrite tip is assumed to be a paraboloid. The form of the Gibbs-Thomson 

relationship that is used for the radial undercooling term for dendrites was originally 

developed for a sphere. The standard BCT model works for many alloys despite these 

assumptions on the tip geometry. 

While the shape of the dendrite tip may be well characterized by a paraboloid 

and/or a sphere, the diffusion profile is not completely determined by the primary 

dendrite stem. In at least one case, the diffiision field from the side branches appears to 

have affected the morphology of the tip. As described in Section 5.9, the primary 

branches in the <111> growth direction can have side-branches which are in either the 

<111> or the <100>. The compositional diffusion length attributed to the slowly growing 

<1(X)> side branches is significantly longer than the diffusion length in front of <111> 

dendrites that grow faster. Since the diffusion length is on the same order of magnitude 

as the distance from the primary tip to the side-branch tip, the growth velocity of the 

<I 11> primary dendrite can be influenced by the morphology and composition profile in 

front of the side branches. Primary <100> dendrites may also be affected by their side-

branches. In order to accurately predict the growth rate of the primary dendrite, it may be 
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necessary to calculate the compositional and thermal fields based on an array of dendrites 

instead of individual dendrite tips. 

7.1.6.3 Materials Properties 

As in any modeling work, the accuracy of the results is based directly on the 

quality of the input. A significant amount of effort was spent trying to obtain reliable 

materials properties for the NH4CI-H2O system (see Chapter 3). However, several of the 

properties, in particular the radial undercooling terms, still have quite a bit of uncertainty. 

Therefore, additional independent measurements of these properties need to be made. 

7.1.6.4 Anisotropic Interfacial Kinetics 

The kinetic undercooling term is a relatively small contribution to the total 

undercooling for NH4CI-H2O alloys. Therefore, it was assumed that the anisotropy in the 

interface kinetics would also be a minor factor contributing to the total anisotropy. 

However, some researchers have suggested that this may not be true. If measurements of 

the interfacial kinetic anisotropy indicate that it is large, the model predicting the <100> 

to <111> transition needs to be modified to use the interfacial kinetic anisotropy, which 

also favors the <100>. 

7.1.6.5 Anisotropic Surface Tension and Segregation 

In order to predict the growth rate of the fast dendrites, it was necessary to adjust 

the anisotropic segregation coefficient. While a satisfactory tit between the experimental 
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data and the BCT model was obtained, a constant value for the segregation coefficient 

anisotropy should not normally be used. Near equilibrium, the segregation coefficient in 

the <I00> and <111> directions are equal to the equilibrium value and the anisotropy 

ratio is I. As the growth rates increase, the anisotropy should become larger. A value of 

3.7 for the ratio of the segregation coefficients in the <1(X)> and <111> directions was 

found by fitting the fast growth rate data above the critical transition. However, even in 

this region the anisotropy could be changing. So it is possible that this value should not 

be used at the transition, and it is definitely too large at very slow growth rates. 

In addition, as the anisotropy in the segregation coefficient changes, so will the 

overall anisotropy. Therefore, it is not possible to accurately predict the dendrite growth 

behavior in the <100> regime using just the surface tension anisotropy. It is essential to 

incorporate the overall anisotropy in the BCT model, so that it is not necessary to rely on 

the standard stability criterion for the dendrite tip radius, which predicts that VI^ is a 

constant. As the growth velocity increases and the segregation anisotropy becomes more 

important, the overall anisotropy of the <100> dendrites decreases resulting in an 

increase in dendrite tip radius. This is contradictory to the standard dendrite growth 

models. Therefore, a new model or at least modifications to the standard model must be 

developed which account for the overall anisotropy of the dendrite. 

7.7.7 Future Modifications to the Isotropic Model 

In order to accurately predict the morphological transition, the stability criterion 

must be computed using the both the anisotropic surface tension and segregation 
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coefficient. Setting Equation 6.31 to zero will provide the interface temperature, but the 

rate at which the overall anisotropic perturbations to the interface change must be 

computed. The interface shape is stable only when the rate at which the perturbations are 

changing is zero (perturbations are not growing or shrinking). Based on this result, a true 

stability criterion relating the tip radius and dendritic growth velocity can be found for 

any amount of anisotropy. 

It is possible that this new stability criterion will have a singularity at the point 

where the anisotropic contributions from the segregation coefficient and the surface 

tension are equal. If this occurs, then a discontinuity in the growth rate as a function of 

undercooling will be predicted. A discontinuity will also exist when the new stability 

criterion is used in the isotropic model. 

The isotropic model described above and derived in Section 6.3 can be used to 

describe the sudden increase in growth velocity at a critical temperature of NH4CI-H2O 

alloys and their change in morphology. At slow drive velocities, the surface tension 

dominates the overall anisotropy, so the dendrites grow in the <100> direction. At drive 

velocities above the transition criterion, dendrites U^ansition to the fast growth mode since 

the segregation coefficient dominates the overall anisotropy.While a new stability 

criterion based on the overall anisotropy is necessary to accurately predict the critical 

undercooling of NH4CI dendrites using the isotropic model, developing this criterion is 

beyond the scope of this work. 
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7.2 Modeling Oscillatory Growth of NH4CI 

Section 5.8 describes how similar the isothermally and directionally solidified 

growth behaviors are. While the BCT and isothermal models can be used to predict the 

discontinuity in the growth rate and the change in orientation, a different approach must 

be used to model the non-steady-state growth rates observed for the dendrites in the 

oscillatory mode. A simple model based on the interaction between the composition field 

and the applied temperature gradient will be presented and compared to the results from 

directionally solidified samples. 

7.2.1 Heat Flow under Directional and Isothermal Solidification Conditions 

When modeling dendritic growth, one should always consider whether the heat is 

being conducted through just the liquid (isothermal growth conditions) or through the 

solid as well. According to Trivedi'^^: 

V = -^(VrJ,+-^(V7-J, (7.5) 

where V is the velocity, Ki and fCs are the thermal conductivities in the liquid and solid, L 

is the latent heat, and {VTi)i and f VTsji are the temperature gradients in the liquid and 

solid at the interface. This equation is a direct result of the thermal diffusion equation 

(Pick's second law) assuming steady-state growth and a moving boundary. 

In the typical analysis of dendritic growth, the heat sink is assumed to be the 

liquid because individual dendrites are assumed to form in a relatively large bath. Under 

these assumptions, all the heat generated from the solidification of a dendrite must escape 
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to the outside world through the liquid. Therefore, the gradient in the solid is fairly small 

and is typically assumed to be zero. Based on this assumption, the thermal gradient in the 

liquid can be computed for a given growth velocity. A typical value for the slow growth 

velocity of an oscillating NH4CI dendrite is approximately 0.02 mm/s or 2*10'^ m/s, 

therefore: 

2*10"' —*14,780— ,,, , , .Q ,.6 3 
(Vr ) =-— = ——^ mol 

0.468-i^ ^ 20.75, cm' im' 

m - K s 

(vr.) =-32875—= -33— 
' m mm 

The applied temperature gradient in this work is about 8 K/mm, which is different 

by a factor of four from the calculated value based on the latent heat released from the 

slowly growing dendrites. Under these growth conditions, the applied temperature 

gradient will actually affect the local temperature profile at the growth interface. The 

assumption that the solution is the primary heat sink and that the temperature gradient in 

the solid is zero (or negligible) is not valid for most of the slow growing dendrites. 

However, for the <100> dendrites, the growth velocities are limited by the 

diffusion rate of water away from the interface. Therefore, the total undercooling will 

depend primarily on the compositional term. So, while the exact value of the thermal 

undercooling term will not be accurate, its contribution to the total undercooling is 

relatively small, so the errors in the calculations should not be significant. 

In the <111> growth regime, the velocity is much larger (0.4 mm/s), so the 

temperature gradient due to solidification of the interface will be about 20 times larger or 
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about 660 K/mm. Therefore, the heat released during solidification, not the applied 

temperature gradient, dominates the temperature profile at the interface even for the 

directionally solidified NH4CI-H2O samples. While the thermal diffusion is more 

important than the temperature gradient, the growth rate of the dendrites is still controlled 

predominantly by the composition not the thermal field (see Figure 7.2). 

7.2.2 Predicted Shape of Oscillatory Loops 

In Section 6.1 the BCT model was presented, which predicts the growth rate as a 

function of undercooling for steady-state dendrites growing in a given orientation. A new 

model was developed in Section 6.3 to predict the transition from one growth direction to 

another. However, neither one of these models can be used to understand why the <111> 

dendrites don't continue to grow at a constant speed instead of slowing down enough to 

transition back to the <100> growth mode. 

Both of the previously described models assume that the composition and 

temperature profiles have reached steady-state. However, many of the results described 

in Chapter 5 can only be explained by assuming that the composition in front of the 

dendrites changes with time. Therefore, in order to accurately predict the growth rate, the 

composition profile in front of the dendrite tips must be allowed to vary. 

Since the composition profiles were not measured, it is not possible to 

numerically model the exact growth behavior. However, the biggest variations in the 

composition profile are due to the segregation differences between the <100> and <I 11> 

growth directions- Therefore, when the <l 11> growth mode initially forms, the 
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composition profile in front of a <111> dendrite just after it has formed is similar to the 

steady-state composition profile in front of a <100> dendrite. A simple model can be 

used to predict the non-steady-state growth of the <111> dendrite through the 

composition profile formed by the <100> dendrites. 

As the <111> dendrite starts to grow, the smaller tip radius allows the dendrite to 

grow faster than the <100> morphology at the same temperature and composition. 

However, the local interface composition that was established by the <100> dendrite is 

relatively high in water compared to the steady-state profile in front of a <111> dendrite. 

As the <111> dendrite progresses through the established <100> composition profile, it 

moves into a region of lower water concentrations. Since the composition at the dendrite 

tip affects the growth velocity, the lower water content allows the dendrite to grow even 

faster. However, as the growth velocity increases and exceeds the drive velocity, the 

temperature becomes warmer. At these higher temperatures or smaller undercoolings, 

the growth velocity tends to decrease due to the lower driving force for solidification. 

Since the local composition and undercooling are not constant, the growth velocity of the 

<111> dendrites will vary. 

An "ideal" growth curve can be calculated based on an assumed <100> 

composition profile and the applied temperature gradient. For this simple model, the 

composition profile will have an exponential relationship given by: 

(7.7) 
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where .r is the distance from the interface, and Vshw is the velocity of the <100> growth 

mode. Since it will be assumed that the segregation of water from the <111> dendrite has 

only a very small impact on the overall composition profile, this expression applies even 

far from where the <100> to <111> transition occurs. In reality, this assumption is only 

valid if the segregation coefficient of the <111> dendrite is near 1. 

It will also be assumed that the temperature field is established solely from the 

applied temperature gradient. A temperature profile similar to the experiments described 

in this work with an approximate temperature gradient will be used (see Figure 4.6) to 

model the non-steady-state growth behavior of the <111> dendrites. In the NH4CI-H2O 

system, the undercooling due to the release of latent heat is relatively small compared to 

the compositional undercooling, so the assumption that growth will be controlled only by 

the applied temperature gradient and the local composition will be made. 

The algorithm that was used for the BCT model requires the growth velocity as an 

input parameter, and the undercooling can then be computed. Since, the model outlined 

above will compute the oscillatory growth rate for each input undercooling of the 

dendrite tip. an empirical relationship developed by Kahlweit*^' for the growth of <111> 

NH4CI dendrites will be used: 

where the temperature T is in "C, and the velocity, V, is in mm/s. Using this relationship 

between the velocity and temperature, along with an applied temperature gradient and the 

(7.8) 
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residual <100> composition profile, the growth velocity of non-steady-state <111> 

dendrites can be modeled. 

7.2.3 Comparison of Experimental and Predicted Oscillatory Loops 

Figure 7.7 shows the predicted behavior of a sample with a bulk composition of 

73 wt% H2O (Tiiquidus=19.65°C), with a temperature gradient identical to the measured 

temperature profile for the sample shown in Figure 5.5. The input parameters were 

adjusted so that the predicted and observed behaviors could be compared directly. 

The slow growth rate was assumed to be 0.02 mm/s. since at this appears to be 

near the lower drive velocity limit for which oscillations were observed. Varying the 

initial interface composition was determined to have only a small impact on the shape of 

the predicted curves. While the observed u^sition occurs at approximately 14.5°C of 

undercooling for this composition, or 5.5°C, the expression developed by Kahlweit^' 

predicts negative growth rates under these conditions. Therefore, the temperature of the 

transition was adjusted until the peak velocity was approximately equal to the observed 

value of 0.2 mm/s, resulting in a predicted transition at an undercooling of 24.5'^C. 

Given how simple this model is and how few parameters can be varied, the 

similarity between the measured and predicted oscillatory behaviors is remarkable. In 

both the measured and predicted curves, the transition from the slow growth rates to the 

peak velocity occurs fairly rapidly, but not instantaneously. The velocity increases over a 

range of 1.5 to 2''C. For undercoolings up to 2°C below the peak velocity, the slope of 

the curves is very similar as well. Therefore, it is likely that the growth rates of 
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directionally solidified oscillatory <111> dendrites are controlled by the interaction 

between the residual composition build-up from the <100> growth mode and the applied 

temperature gradient. 

Once the dendrites transition to the <111> growth mode due to the competition 

between the anisotropic properties, the composition profile and applied temperature 

gradient limit the growth rate. The oscillatory behavior can be predicted using this 

simple model based on the composition profile created by the <100> dendrite just before 

the transition. Reasonably good correlations exist between the predicted model and the 

measured behavior as the dendrite approaches the peak velocity and begins to slow down 

and transition back to the <100> growth mode. Once the temperature for the <111> to 

<100> transition can be determined, it may be possible to conduct a similar analysis for 

the <1 00> dendrites to predict the shape of the entire oscillatory loop. 
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Figure 7.7: The predicted oscillatory loop for a 73 wt%H20 sample with a slow growth 
rate of 0.02 and an initial interface composition of 74.7 wt%H20 has a nearly identical 
shape to the measured behavior. 
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7.3 Discontinuities in Other Alloys 

While the BCT model can be used to predict the observed discontinuity in some 

alloys,'"^" this same model has been compared to measurements on other alloys with 

only marginal success.^" The crystal structure of the alloy and the amount of 

dopant may significantly impact the success of this model. 

Extensive work has been done by Glicksman's group on succinonitrile doped with 

acetone to model the growth rate and morphology of dendrites.'^^'However, the 

discontinuity in the growth velocity as a function of either undercooling or 

supersaturation has not been reported in this system or most of the other transparent metal 

analogs. This may be due to the fact that most of the studies in these systems have been 

limited to relatively small undercoolings and low concentrations of dopants, which if 

increased may result in an observed discontinuity. 

While larger concentrations of the dopant can result in a discontinuity in the 

growth rate, too much impurity seems to impact the quality of the fit between the BCT 

model and the experimental data. The plots presented by Cochrane, et al.'^ showed that 

the model works well for 2.07 and 4.09 at% silicon in nickel, but not for 7.43 at%. 

Similarly. Walder and Ryder^ showed that the model doesn't predict the critical 

undercooling for silver with 65 at% copper. In both of these cases, the critical 

undercooling at which the discontinuity was reported was lower than predicted by the 

BCT model. 

It may be possible to accurately predict the critical transition temperature if the 

assumption in the BCT model of small dopant concentrations is removed (see Section 



175 

7.1.6.1). However, another possibility is that the anisotropy becomes more important at 

the higher concentrations. The large amount of impurity could distort the crystal 

structure, resulting in a different surface energy anisotropy. Even if the dendrite growth 

orientation doesn't change, the anisotropy in the segregation coefficient may also be 

playing a bigger role at the larger dopant concentrations, reducing the overall anisotropy 

of the <100> dendrites. 

There are also alloys for which the BCT model does not fit well even for low 

concentrations of the impurity. In order to predict the critical undercooling for titanium 

with 10 at% nickel, Walder used a set of materials parameters which predict a growth rate 

that is a factor of four lower than the experimental results in the fast growth regime and 

almost an order of magnitude too low for the slower growth rates.*^ In addition the BCT 

model was unsuccessful in predicting the discontinuity in the growth rates of several tin 

alloys with 0.5 to 8 wt% bismuth, I to 6 wt% antimony, or 1 to 5 wt% lead.^ Titanium 

has the hexagonal crystal structure, while tin is tetragonal. 

In tin and titanium alloys it is possible that the crystal structure is affecting the 

anisotropy of the surface tension. However, it is also possible that the dendrites are 

changing growth directions and a model like the one presented in Section 6.3 should be 

used to predict the discontinuity in the growth rate. Nikonova and Temkin found the 

following relationship for the critical undercooling at which the discontinuity in the 

growth rate occurred: 

(7.9) 
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where is the iiquidus temperature and Ts is the solidus temperature. This can be 

rewritten as: 

(7.10) 

Over a limited range of peclet numbers, the Ivantsov function is proportional to 

the square root of the peclet number. If it is also assumed that the velocity is proportional 

to the square of the undercooling. Equation 7.4 can be rewritten as: 

vr I |0.5 Cj 

For a planar growth interface. Coo is the same as Cs, so this expression could be written 

as: 

r\I .5 ^ I r5 
*7^ ^ \r r C j U  1 I \0-5 — I 

where X is a proportionality constant. 

In this expression, the critical undercooling has the same dependency on the 

Iiquidus slope and the composition as the relationship found by Nikonova and Temkin. 

Therefore, it is possible that the relationship between the growth rate and undercooling 

for tin alloys can be predicted by the model that is proposed in this document. While it is 

possible that a change in orientation similar to NH4CI dendrites is also present, the author 

is not aware of any microstructural studies of these tin alloys solidified at temperatures 

below their critical value. If the dendrites do chanse their growth direction in these 
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alloys, then the orientation dependence of the segregation coefficient is just as important 

as velocity dependence of this property for accurate predictions of the growth rate 

behavior and morphology. 

While changes in the growth direction may not have been observed in tin alloys, 

this change in morphology has been reported in aluminum alloys/"' Microstructural 

studies on the "feather" structures in this system have been unsuccessful up to this point 

in explaining the origin of the change in growth orientation. Due to the difficulty 

obtaining significant undercoolings, measurements on the growth rate as a function of 

undercooling have not been made on aluminum alloys. Therefore, it cannot be 

determined with the limited amount of published data whether the anisotropy in the 

surface tension and/or in the segregation coefficient dominates the growth behavior of 

aluminum alloys. 

The standard BCT model cannot accurately predict the discontinuity in the growth 

rate as a function of undercooling of NH4CI dendrites growing from aqueous solutions or 

for several metal alloy systems. While the model presented in Section 6.3, does not 

numerically predict the discontinuity in NH4CI-H2O alloys, it can be used to explain the 

change in orientation which occurs at the same temperature as the sudden increase in 

growth rate. The oscillatory behavior observed in directionally solidified NH4CI-H2O 

samples can be explained based on the non-steady-state composition profiles at the 

dendrite tip. While this type of oscillatory behavior has not been reported in other 

systems, it is possible that a competition between the surface tension and segregation 
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anisotropics exists in some of the metal alloys for which the BCT model does not work or 

in systems for which changes in orientation are reported but have not been explained. 
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8. SUMMARY AND CONCLUSIONS 

The goal of this work was to characterize and model the solidification rate and 

morphology of NH4CI-H2O alloys. In order to numerically predict the behavior or apply 

any models developed based on the NH4CI-H2O system to other alloys, the materials 

properties for the NH4CI-H2O system must be known. Most of the relevant properties 

have been measured, and reasonable values have been found in the literature for the 

thermal and kinetic parameters. Due to the wide range of published values for the surface 

free energy, this parameter was allowed to vary, and the best correlation with the data 

was obtained for a value of 139 ergs/cm~. A value of 0.15 was obtained from preliminary 

measurements for the equilibrium segregation coefficient. The materials properties 

presented in Table 3.1 were used in conjunction with the models described in Chapter 6 

to explain the growth rate and morphology of NH4CI dendrites growing from a water 

solution. 

The growth behavior of the NH4CI-H2O system was characterized using both 

isothermal and directional solidification experiments. Kahlweit's observation of a 

change in the growth rate as a function of undercooling^'" was confirmed to occur in 

both thin cells and bulk samples. This discontinuity in the growth rate at a critical 

undercooling is associated with a change in dendrite growth orientation, from the <100> 

direction at slow growth rates to the <111> orientation at higher undercoolings. The 

intermediate morphology previously reported to be due to growth in the <110> direction 

was discovered to be <111> primary dendrite stems with <1(X)> side-branches. 
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The directional solidification experiments on thin NH4CI-H2O samples were 

conducted using a microscope with a temperature gradient stage. Using this apparatus, 

an oscillatory growth mode was observed and is being reported for the first time. The 

range of drive velocities over which the dendrites oscillate between the slow growing 

<I00> morphology and the fast growing <111> mode correlates well with the results 

from isothermal experiments. Higher water contents cause the oscillatory loops to occur 

at lower undercoolings and reduce the peak growth velocity. The shifts in the critical 

undercooling due to the drive velocity can be explained by variations in the local liquidus 

temperature. The shape of the oscillatory growth rate loops of the <111> dendrites can 

be predicted using the residual composition profile from the <1(X)> growth mode and the 

applied temperature gradient. 

However, predicting the critical undercooling at which the dendrites transition 

from one growth direction to the other has been more challenging. The standard BCT 

model. '' which uses a velocity dependent segregation coefficient to predict the 

discontinuity in the dendritic growth rate as a function of undercooling, does not fit the 

data for the NH4CI-H2O system. By incorporation the anisotropy in the surface tension 

and segregation coefficient, a model was developed to predict the critical growth 

conditions at which the interface temperature is isotropic and dendrites of any preferred 

crystallographic orientation should grow. Qualitatively, this isotropic model can be used 

to predict the change in growth direction of the NH4CI dendrites; but in order to 

accurately compute the critical undercooling, several modifications must be made to the 

model. 
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Since the segregation coefficient is the only materials property in the current 

dendrite growth models that favors growth in the <1 Il> direction, the anisotropy in this 

parameter needs to be incorporated into the BCT model. A ratio of the <l 11> to <IOO> 

segregation coefficients of 3.7 was used in this document to model the fast growing 

dendrites, but the anisotropy in the segregation coefficient affects the overall anisotropy 

in the slow growth mode as well. In addition, the anisotropy in the segregation 

coefficient depends on velocity. Therefore, a variable anisotropic segregation coefficient 

ratio needs to be properly incorporated into the BCT model and stability criterion. This 

task will be left to future researchers due to the complexity of solving the set of implicit 

equations that simultaneously depend on the growth rate, tip radius, and segregation 

coefficient. 

In addition to the incorporation of the anisotropic segregation coefficient, the 

proper relationships for the composition and temperature profiles should be used in any 

future modeling efforts. The presence of the anomalous oscillatory growth mode 

indicates that the growth rate of the <111> dendrite tip is influenced by segregation and 

diffusion from the <1(X)> side-branches. It is likely that the more commonly observed 

<100> and <l 11> growth modes are also affected by their side-branches or neighboring 

dendrites. Therefore, the effect of the long-range composition profile on the local tip 

behavior also needs to be considered when modeling the dendritic growth rate and 

morphology of NH4CI-H2O alloys. 
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9. FUTURE WORK 

The work presented in this document has introduced many questions that could 

not be fully explored. Much can still be learned by additional experiments using NKjCl-

H:0 alloys. This work has also suggested several modifications that should be made to 

existing theoretical models. While the behavior that is observed in NH4CI-H2O alloys is 

quite interesting, it must still be determined whether change in dendrite growth 

orientation is unique to this system. Some interesting experiments and modeling 

approaches that should be pursued are outlined below. 

Since the anisotropics in the surface tension and segregation coefficient 

simultaneously affect the shape of the dendrite, a new stability criterion based on both 

anisotropics should be developed. This task, which is outlined in Section 7.2.1, will be 

quite challenging due to the complex relationships between the non-equilibrium 

segregation coefficient, growth velocity, and composition. However, this new stability 

criterion should be able to quantitatively predict the transitions from both the <1C)0> and 

<111> growth directions. By incorporating this new stability criterion into the BCT 

model with the dilute solution limitations removed, predictions of the isothermal growth 

rate data as a function of undercooling should be more accurate. These modifications to 

the existing dendritic growth models can be compared to the experiments contained 

within this document if reasonable values for all the materials properties are obtained. 

Current models of NH4CI-H2O dendrites indicate that the growth rate is limited by 

the radial and compositional undercoolings; therefore the properties affecting these two 
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terms need to be established. A significant amount of uncertainty exists regarding the 

appropriate value of the surface tension. Measurements of the capillary length on 

shrinking crystals, instead of on growing ones, will improve the accuracy. In addition, 

simultaneous measurements of the surface tension anisotropy should be made. 

However, the primary factor limiting the growth rates of both the <100> and 

<111> oriented dendrites is diffusion away from the interface, which depends on the 

non-equilibrium segregation coefficient. While preliminary measurements to determine 

the equilibrium k-value are described in Section 5.1, more accurate experiments should 

be conducted. In addition the velocity and orientation dependence of this property should 

be determined. An interferometric technique has been used to measure the liquid 

composition profiles in front of solidifying NRiCl crystals,^'" however, 

interpretation of the results is complicated due to temperature variations. A detailed 

analysis of the composition and heat flow may allow this method to be used to measure 

the non-equilibrium segregation properties. 

The interferometric studies of the compositional profiles will also provide a better 

understanding of the interaction of the dendrites with their side-branches and neighbors. 

Extensive work has already been conducted to develop models that predict the growth 

rate of arrays of dendrites'^" and of the spacing of side-branches'^" in 

directionally solidified samples. However, these models have not been used to predict 

the discontinuity in the growth rate as a function of undercooling. 

Research into the change in orientation of dendrites should not be restricted to 

NRiCl-HiO alloys. The dendrite growth direction of aluminum alloys also depends on 
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the solidification rate, but experiments on the growth rate as a function of undercooling 

and on the segregation coefficient have not been conducted. Several other alloys exhibit 

a discontinuity in the growth rate that is not accurately predicted by existing models, but 

the existence of a change in orientation cannot be confuined or denied due to a lack of 

morphological studies in these systems. Since the anisotropy in the segregation 

coefficient affects the overall anisotropy and growth rate, it is possible that the models 

described in this document could be used to explain the behavior of these metal alloys 

even if changes in the growth direction are not present. 

Perhaps the most important conclusion that can be drawn from the current work is 

the clear indication that the currently accepted theoretical models for dendritic growth of 

binary alloys do not adequately account for the experimental observations of the 

NH4CI-H2O system reported here. It is hoped that the improvements and modifications 

to these models, which are necessary to account for these results, will provide significant 

insight into the fascinating process of the growth of dendrites. 



A. DEFINITION OF VARIABLES 

A = Jackson constant ( =85) 

A' = Segregation constant 

C = Composition in the liquid 

Co = Bulk liquid composition 

CL = Liquid composition at the interface 

Cu = Liquid composition at the interface 

Cp = Heat Capacity 

Cs =Solid composition at the interface 

Ceq = Equilibrium concentration 

Co = Bulk composition 

D = Compositional diffusion coefficient 

-t 

E1 =Exponential Integral Function= [!!_dt 
X t 

Gc =Concentration gradient 

G, = Thermal gradient 

-r 

Iv(x) = Ivantsov function= x*exp(x)*E1(x) = xex [ ~dt 

KL = Thermal conductivity of the liquid 

Ks = Thermal conductivity of the solid 

L = Latent Heat of Fusion/Heat of Solidification/Heat of Solution 

M = Molecular Weight 
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Pc =Compositional Peclet number= (VR)/(2D) 

P, = Thermal Peclet number = (VR)/(2a) 

R = Dendrite tip radius 

T = Temperature of experiment 

T; = Interface temperature 

T1 = Temperature in the liquid 

Ts = Temperature in the solid 

TL = Liquidus temperature 

T m = Melting temperature of the pure material 

V = Dendrite tip growth velocity 

V0 = Speed of sound in the sample/Parameter related to thermal velocity 

V/ =Arrival Rate of A atoms at the interface 

V8° =Arrival Rate ofB atoms at the interface 

Vd = Diffusive speed 

Ytm = Spherical harmonic 

a = Interatomic spacing 

a = Cross-sectional area of molecule 

a0 = Solute jump distance 

do = Capillary length 

d0 = Average capillary length 

fo = Volume fraction of atoms that crystallize 

k = Non-equilibrium segregation coefficient 
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k0 = Isotropic segregation coefficient 

k1 =Anisotropic segregation coefficient 

k8 = Boltzmann's constant 

ke = Equilibrium segregation coefficient 

k(V) = Velocity dependent segregation coefficient 

k 100 = Segregation coefficient in the < 100> direction 

k111 =Segregation coefficient in the <111> direction 

l = Order of for spherical harmonic (integer) 

m = Liquidus slope 

m * = Velocity dependent liquidus slope 

m0 = Isotropic liquidus slope 

m 1 = Anisotropic liquidus slope 

t= Time 

x = Distance or position 

z = Distance from the interface into the liquid 

~C = Change in composition 

~G = Change in Gibbs energy 

~Gc = Gibbs energy of crystallization 

Mt = Entropy of fusion 

~T =Experimental Undercooling (Difference between the liquidus temperature 

and the bath temperature) 

~Tcompositionat =Compositional Undercooling 

~- -- ~ -~--- --------
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1'1Tkinetic = Kinetic Undercooling 

1'1Tradial = Radial Undercooling 

1'1Trhernwl = Thermal Undercooling 

1'1p = Chemical potential difference 

V (Tr)i = Temperature gradient in the liquid at the interface 

V (Tsh = Temperature gradient in the solid at the interface 

r = Gibbs-Thomson coefficient 

r 0 = Isotropic Gibbs-Thomson coefficient 

K =Dendrite curvature 

TI = Supersaturation 

a= Thermal diffusivity 

a1 = Thermal diffusivity for the liquid 

8 = Total deviation or perturbation 

br = Random deviations or perturbations 

8r = Deviation or perturbation due to surface tension anisotropy 

8k = Deviation or perturbation due to segregation anisotropy 

E = Surface energy anisotropy 

c:4 = Fourfold surface energy anisotropy 

r= Surface tension 

Yo = Average Surface tension 

A, = Distance atom travels from liquid to solid 
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fx = Interfacial kinetic coefficient 

6 = Angle 

p = Density 

a* = Stability Constant 
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B. DERIVATION OF THE LIQUIDUS SLOPE IN THE JACKSON 

SEGREGATION MODEL 

This set of pages will show that Jackson's model for the energy transfer of atoms 

is identical to the one described by Boettinger, Coriell, and Trivedi if the same set of 

assumptions are made. These assumptions are: 

1) The chemical potentials of the A and B atoms in the liquid are the same. This 

results in the same arrival rates of A and B atoms at the interface from the liquid. 

2) Small Concentration of B atoms!!! 

3) Small undercoolings so that the chemical potentials can be expressed in terms of 

the latent heat and/or k, but also so that we can assume that T z Tm . 

B.l Velocity and Jump Rates 

Boettinger, Coriell and Trivedi start with the model presented by Baker and Cahn 

for the Gibbs Energy to transform some small amount of material from a liquid to a solid 

of a different composition. Jackson starts with the assumption that the velocity is the 

arrival rate of atoms from the liquid times the number of them at the interface minus the 

departure rate of the atoms times the number that have an opportunity to leave. In 

mathematical terms, we will start with eq. 13 of Jackson's handout: 

(B.1) 

or 
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_ (Jl!:. + {3FL )[ L s (Jli - Jl!:. + {3F 5 
- {3FL )] 

v A - exp ( ) C A - C A exp ( ) (B.2) 
1 + f3 RT 1 + f3 RT 

where F is the free energy of the system is given by: 

(B.3) 

If you are converting from a liquid to a solid, so that I!:..JlA = J.Li - 11!:. and M = F 5 - FL, 

then 

There are similar expressions for v 8 • If you assume that the chemical potentials 

of both types of atoms are the same in the liquid ( 11!:. = J.LJ; ), the arrival rate of both the 

liquid A atoms and the liquid B atoms at the interface can be given by: 

( JlL + f3FL) 
Vo = exp (1 + f3)RT (B.5) 

Since the total interface velocity is the sum of the A and B velocities, v = v A + v 8 , 

when the concentration of the B atoms is small, the total normalized velocity is: 

(B.6) 

B.2 Probabilities and Segregation Coefficient 

The probability that an atom gets incorporated into the solid can be given by: 
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B 
P = -r^ (B.7) 

l + i3 

This can also be arranged to give 

and the normalized velocity can be rewritten as: 

- = c ; - c i e x p —  

We can also assume that the ratio of the component velocities is equivalent to the 

ratio of the compositions ( v^/vg = /Cg ) so that Vg = Cg v. From the original 

velocity equation for the B component, we can get the equation: 

Cs 

exp 
{1 +  I3)RT 

exp 
{l + l3)RT 

exp 
{[  +  I3)RT 

exp 
[ ( l  +  f i ) R T  

+ v 

(B.IO) 

The exponential terms are just arrival rates of the B  atoms at the interface from the solid 

and the liquid. Since the arrival rates are much bigger than the actual interface velocity, 

then 

'  l l j - I I I *  0 ( f - - F ' ]  
k = exp = exp 

' {\-P)^|lg + P^F 

R T  
(B.ll) 
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If we are at equilibrium then f3 = 0 , so 

( 
L s) ( L1 ) f.ls - f.ls f.ls 

k ""' exp ""' exp ---
e RT RT 

(B.l2) 

If we use this in the equation for the segregation coefficient 

k = exp(- (1- P)L1f.1s )exp(- PM)= k(l-P) exp(- PM) 
RT RT e RT 

(B.l3) 

According to Jackson,42 the exponential term will always be approximately 1. Therefore, 

and we can solve for P, so that 

or 

B.3 Free Energy 

k = k(l-P) 
e 

lnk=(l-P)lnke 

Ink 
l-P=-

lnke 

Ink 
P=l--

ln ke 

The change in free energy in the velocity equations can be given by: 

(B.l4) 

(B.15) 

(B.l6) 

(B.17) 

(B.l8) 



194 

Since the chemical potentials of both the A and B components in the liquid are identical, 

and C~ + C~ = Ci + Ci = 1 , then 

By inserting the free energy into the velocity equations, an expression in terms of 

only chemical potentials, concentrations, and probabilities, without the free energy terms, 

can be found. 

(B.21) 

(B.22) 

(B.23) 

(B.24) 

B.4 Eliminating the Chemical Potential Terms for Small Concentrations 

From above, the velocity equation is: 

V L s (I!.JlA) ( PCi(!!.JlA -I!.Jls)J -=C -C exp -- exp __ ....::__:_:..:...__-=-..:... 

v0 A A RT RT 
(B.25) 
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For small undercoolings, we can assume that I:!.J.l A :::: -- , so that 

Tm 
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(B.26) 

Also, for small concentrations of c; we can approximate the other exponential in the 

velocity equation to 

(B.27) 

Using these approximations we can replace the changes in the chemical potential 

of A with a term containing the latent heat, and use the segregation coefficient to replace 

the changes in the chemical potential of B. The velocity equation can be rewritten as: 

(B.28) 

~=(1-C!)-(1-c;)(1- LI:!.T X1+Pc; LI:!.T +PC; lnke) 
~ R~T R~T 

(B.29) 

By substituting kCi for c; we get 

~=(1-C!)-(1-kC!)(1- LI:!.T X1+PkCi LI:!.T +PkCilnke) 
~ R~T R~T 

(B.30) 

After multiplying part of this out: 
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v ( L!J.T . L!J.T )( L!J.T ) - = 1-c;- 1----kCi + kCi -- 1 + PkCi --+ PkCi lnke (B.31) 
~ R~T R~T R~T 

L!J.T 
We know from the classical theory that kCi -- is small. After dropping those 

RTmT 

two terms, 

V L ( L!J.T L )( L ) -=1-C - 1----kC 1+PkC Ink 
B RT T B B e 

Vo m 

(B.32) 

Now we can finish multiplying it out to get: 

v L!J.T L!J.T ( ) 2 
-=1-Ci -1-PkCiinke +--+PkCi--Inke +kCi +P kCi Inke (B.33) 
v0 RTmT RTmT 

L!J.T 
Again by dropping the terms with kCi --, but also removing the terms with the 

RTmT 

concentration squared (since the concentration is small) and simplifying we get 

B.S Making it look like Boettinger, Coriell, and Trivedi 

Ink 
If we substitute P = 1--- , 

lnke 

(B.34) 

(B.35) 
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- =--- CJ; -kCJ; lnke +kCJ;lnk+kCJ; =--- CJ; 1+kln-e -k (B.36) v LI1T L11T [ k ] 
v0 RTmT RTmT k 

or 

(B.37) 

If we make the substitutions, Tm z T, 11T = Tm - 'I; , and that for the term in front 

oftheconcentration -LjRT;, =(1-ke)/mL, then 

or 

RT;, V mL L[ ke ] ---=T -T+--C 1+kln--k 
L m I 1-k B k 

Vo e 

• L RT;, v 
T.=T +m C ----

' m L B L V 
0 

(B.38) 

(B.39) 

where m~ is defined below. This is exactly what Boettinger, Coriell and Trivedi have in 

Equation 13 of their paper.3 

B.6 Effective slope of the liquidus line 

According to the equation above, the effective slope of the liquidus line is 

(B.40) 
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We can rearrange this equation to look like equation 15 in the Boettinger, Coriell and 

Trivedi paper:3 

(B.41) 

(B.42) 

This is the effective slope of the liquidus line that Boettinger, Coriell and Trivedi derive 

as Equation 15.3 
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