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ABSTRACT 

A complete description of the quantum state of a physical system is the funda

mental knowledge necessary to statistically predict the outcome of measurements- In 

turning this statement around, Wolfgang Pauli raised already in 1933 the question, 

whether an unknown quantum state could be uniquely determined by appropriate 

measurements — a problem that has gained new relevance in recent years. In order 

to harness the prospects of quantum computing, secure communication, teleporta-

tion, and the like, the development of techniques to accurately control and measure 

quantum states has now become a matter of practical as well as fundamental in

terest. However, there is no general answer to Pauli's very basic question, and 

quantum state reconstruction algorithms have been developed and experimentally 

demonstrated only for a few systems so far. This thesis presents a novel experi

mental method to measure the unknown and generally mixed quantum state for an 

angular momentum of arbitrary magnitude. The (2F-i- 1) x {'2F + 1) density matrix 

describing the quantum state is hereby completely determined from a set of Stem-

Gerlach measurements with {AF + 1) different orientations of the quantization axis. 

This protocol is implemented for laser cooled Cesium atoms in the 65'i/2(^ = 4) 

hyperfine ground state manifold, and is applied to a number of test states prepared 

by optical pumping and Larmor precession. A comparison of the input and the 

measured states shows successful reconstructions with fidelities of about 0.95. 
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CHAPTER 1 

INTRODUCTION 

Quaatum mechanics is about one hundred years old, and physicists are still 

debating about the interpretation of what is at the core of each quantum system: 

the description of the state with a complex-valued wavefunction While the 

wavefunction itself does not have a physical reality, its absolute value squared, e.g. 

|^(a:)p, can be interpreted as the probability density distribution associated with 

finding the particle at the position x. Wolfgang Pauli raised already in 1933 an 

interesting question [1, 2]: While the knowledge of the wavefunction enables to 

statistically predict the outcome of all measurements, could in reverse the outcome 

of an appropriate set of measurements uniquely determine the wavefunction? 

A single measurement on a system can generally not retrieve enough statistical 

information to determine e.g. the unknown Sequential multiple measurements 

on the other hand change the initial quantum state through back action of the 

measurement itself, and therefore do not gather information about the initial state. 

Repeated measurements are possible, however, by allowing an ensemble of identically 

prepared copies of the system. These copies could be achieved by either preparing 

many identical systems simultaneously, or by preparing a single system repeatedly in 

the same state. But even with the possibility of conducting multiple measurements, 

the problem of a quantum state reconstruction still remains nontrivial. Maybe one 

could precisily map out the likelihood to measure a particle at any position, but 

that would only lead to |'J(a;)|" and not to ^(x) itself. This reconstruction issue 

was addressed on theoretical grounds throughout the century [3, 4, 5] (see especially 

references in [6, 7]), but Pauli's very basic question has gained new relevance in 

recent years, following the realization that systems whose components and evolution 

are manifestly quantum can perform tasks that are impossible with classical devices, 
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such as certain computations, secure communication and teleportation [8]. As we 

attempt to harness quantum coherent dynamics for such purposes, the development 

of techniques to accurately control and measure quantum states has become a matter 

of practical as well as fundamental interest. 

Reconstruction of a (generally mixed) quantum state based on a record of mea

surements, a so-called quorum, is a nontrivial problem with no general solution [6]. 

While Pauli's original problem of a free space particle turns out to have no unique 

solution, other system-specific algorithms have been developed and demonstrated 

experimentally in a limited number of cases. Summaries of the experimental work 

can be found in references [9, 10, 11, 12]. 

The first complete experimental quantum state reconstruction of an atomic state 

was achieved by the group of Risley in 1989 [13, 14]. Collisions of protons and 

Helium at various energies produced Hydrogen in the pure excited state (n=3). By 

measuring the irradiance and polarization of the emitted radiation, they were able 

to measure the 9x9 density matrix, with the majority of the matrix elements being 

zero due to inherent symmetries. Raymer's group succeeded in 1993 to measure the 

VVigner distribution and density matrix of a light mode (vacuum and squeezed mode) 

using optical homodyne tomography [15]. In 1995 the group of VValmsIey was able 

to determine the quantum state of the vibrational mode of a molecule by measuring 

its fluorescence spectrum [16]. Similar to the work of Raymer, the group of Mlynek 

reported a reliable source of squeezed light in 1995, and reconstructed subsequently 

a variety of light modes (squeezed, coherent, and partially phase-diffused) with 

optical homodyne tomography [17, IS]. One year later, the group of Wineland 

determined the motional quantum state of a trapped ion [19, 20]. The excellent 

control of their system allowed them to prepare and reconstruct a variety of thermal, 

number, coherent, and squeezed quantum states. In 1997, the group of Mlynek was 

able to partially measure the motional quantum state of a Helium atomic beam 

diffracted in a double slit experiment [21, 22]. Two years later, Pritchard's group 

determined the density matrix of a longitudinally modulated atomic beam with an 

iaterferometric method [23]. In 1998, Chuang reported the first experimental density 
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matrix reconstruction of two entangled spin-1/2 systems in NMR [24], and Kwiat's 

group succeeded a year later in measuring the density matrix of a pair of polarization 

entangled photons [25]. Not all experiments had the ability to prepare a variety of 

test states or attempted to evaluate the quality of the reconstructed states. While 

this historical list reflects the increased interest in quantum state measuremeats in 

the last ten years, it also reveals that there are still only a few systems where a 

quantum state reconstruction was experimentally demonstrated. 

This dissertation presents a new experimental method to measure the unknown 

quantum state for an angular momentum of arbitrary magnitude. This work was 

motivated in part by our ongoing studies of quantimi transport and quantum coher

ence in certain magneto-optical lattices, where the atomic spin degrees of freedom 

couple to the center-of-mass motion [26]. The correlation between spin and motion 

in this system offers the possibility to use the angular momentum as a 'meter' in the 

sense introduced by von Neumann to probe the spinor wavepacket dynamics [27]. 

While the idea of measiiring the quantum angular momentum of atoms goes back 

to the groundbreaking experimental work from Stern and Gerlach in the I920's 

[28, 29, 30], it was not until 1968 that Newton and Young discovered how multiple 

Stern-Gerlach measurements are sufficient to completely determine the underlying 

quantum state [3]. This thesis presents the first experimental implementation and 

successful demonstration of Newton and Young's idea. 

The thesis is organized in the following way. Chapter 2 introduces the theoret

ical background to understand a Stern-Gerlach measurement. It explicitly shows 

how the results from multiple such measurements can be combined to extract all 

the information necessary to determine an unknown angular momentum quantum 

state. The chapter also includes an introduction of the 'Fidelity,' a measure which 

allows to quantitativly evaluate the reconstruction results, as well as a numerical 

simulation, which proved the feasibility of the experiment and provided guidance 

for the implementation. Chapter 3 describes in detail how the measurement pro

tocol is implemented into a laser cooling setup with ultracold Cesium atoms. The 

Stern-Gerlach analysis reqtdres only a modest modification to be incorporated into 
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a standard time-of-flight detection. Chapter 4 presents and discusses the experi

mental results of quantum state reconstructions of a variety of different test states. 

Chapter 5 summarizes the efforts and accomplishments of this work. Additional 

background information and explicit calculations, mostly supporting the theory laid 

out in Chap. 2, can be found in the Appendices A-D. Appendix E contains pub

lished papers, which summarize the experimental work which lead to the project of 

this thesis. 
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CHAPTER 2 

THEORETICAL BACKGROUND 

This chapter covers the theoretical aspects behind the experiment. Section 2.1 

introduces the density matrix as a representation of an angular momentum quan

tum state. The physical behavior of an atom in an external magnetic field is ex

amined in 2.2, while section 2.3 follows with a mathematical description of an ideal 

Stern-Gerlach measurement. Since the quantum state reconstruction depends on 

the ability to solve this mathematical model for the unknown quantum state, sec

tion 2.4 discusses different methods and their pitfalls to accomplish this inversion. 

Section 2.5 presents a simulation to test for robustness, and introduces a measure 

to quantitatively evaluate the quality of 'imperfect' density matrix reconstructions. 

The chapter concludes with some remarks about possible variations of the measure

ment protocol. 

2.1 The Density Matrix of an Angular Momentum 

The quantum state description of an atom consists of two parts. The so-called 

external degrees of freedom are encoded in a wavefunction, which allows to predict 

the probability to find an atom at a particular position or with a certain momentum. 

In addition, the atom has some internal structure — it can be electronically excited, 

and has a total angular momentum due to electron spin and possible orbital and 

nuclear momenta. For alkali atoms where typically only the outermost electron can 

be excited, the internal quantum state is uniquely identified by various quantum 

numbers, i.e. = \n^ F,mFY. If not a single atom, but many atoms have 

the experiment Cesium atoms were restricted to the QSifniF — 4) hyperfine groundstate 
manifold. In that case the fixed quantum numbers are n = 6, L = 0, J = 1/2, and F = A. This 
manifold still contains 2F + 1 = 9 states, to be distinguished by the quantum number mp-
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to be described quantum mechanically, a huge amount of information would have 

to be known. Most often, however, the multiparticle quantum state vector is not 

known, and the atom cloud as a whole can be only described statistically. In this case 

all the atoms together are called an ensemble, and every single atom is considered to 

be in the same, only statistically known quantum state. The mathematical vehicle 

to incorporate such incomplete knowledge about a quantum state is the so-called 

density or statistical operator q. It can be defined as the weighted sum of possible 

quantum states: 

^ , with ^ Pc* = 1, (^^al^a) = 1 (2-1) 
or a 

where the pa can be interpreted as the probabilities of occurrence of the normalized 

quantum states |^a) within the ensemble. This description includes the special case, 

when it is certain (i.e. p = 1) that the atoms are in one state 1^) — a so-called pure 

state. In general, however, if the knowledge is only statistical, the ensemble is in a 

mixed state. 

In this thesis, the external degrees of freedom where relevant are treated classi

cally. In addition, the atoms are prepared in only one hyperfine ground state, which 

limits the quantum description to the angular momentum part within the ground 

state manifold. Since the corresponding Hilbert space is discrete, the density oper

ator can be represented as a density matrix. Irrespective of the particular system, 

every density matrix has the following necessary and sufficient properties (see also 

App. .\.l): 

(i) A density matrix is Hermitian: 

0^ = e, or Qij = Q'-i (2.2) 

(ii) A density matrix has a unit trace: 

Tr[e] = 1, or = 1 (2.3) 
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(iii) A density matrix is positive semi-definite: 

(2.4) 

A complete measurement of an unknown quantum state, consequently has to 

determine all matrix elements Qij, and the obtained density matrix q has to fulfill 

the conditions (i)—(iii) in order to represent a physically valid state. 

2.2 Atoms in a Magnetic Field 

The description of atoms consists of two parts both in a classical and a quantum 

mechanical treatment. The external degree of freedom deals with the center-of-mass 

position and momentum, whereas the internal degree describes the total angular mo

mentum of the atoms (including electron spin, spin-orbit and hyperfine coupling)^. 

The following sections review how both degrees of freedom are affected by an exter

nal magnetic field. Combining the two effects leads to a Stern-Gerlach measurement, 

which was first conceived and implemented by Walter Gerlach and Otto Stern in 

1921, and resulted in the experimental proof of the quantization of atomic magnetic 

momenta [28, 29, 30]. 

2.2.1 A 'Classical' Description 

In atoms, a non-zero angular momentum F is always accompanied by a proportional 

magnetic moment fj. 

where 7 is the gyromagnetic ratio, which can be expressed in fundamental param

eters: m is the mass of the electron, hb is the Bohr magneton, and g is the Lande 

factor for the appropriate quantum state. Placed in a magnetic field B, the atom 

experiences a potential V = —;x • B, which affects both the internal angular mo

mentum, as well as the external position/momentum. 

-Since in the e.xperiment the angular momentum of Cesium atoms in the hyperfine ground state 
= 4) was measured, the notation used for the total angular momentum is F rather than 

the usual J. 

f ^  =  l F  =  - g ^ F  =  - g ^ F ,  (2.5) 
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(a) (b) 

Figure 2.1: Behavior of a magnetic moment in a magnetic field, (a) The magnetic 
moment fx feels a force in the magnetic field B attempting to align /x with B. The 
resulting torque /x x B makes the associated angular momentum F precess around 
B at the Larmor frequency a;L- (b) The magnetic moment fi acts like a little magnet 
in  an  inhomogeneous  f i e ld .  I t  f ee l s  a  fo rce  K =  V(^  •  B ) .  

The potential energy would be minimized when the magnetic moment fj, is 

aligned with the external magnetic field B. This resulting force acts as a torque 

on the associated angular momentum F, which similar to gravity acting on a top 

leads to a precession of F around the direction of the field B [see Fig. 2.1(a)]. The 

frequency of precession or Larmor frequency uji, is given by 

WL = |7||B|. (2.6) 

The magnetic moment of the atom can be interpreted as a little magnet in an 

external magnetic field. If the magnetic field is inhomogeneous, the magnet feels 

an attractive or repulsive force towards the strong regions of the field [Fig. 2.1(b)]. 

Despite this simple picture, however, the general dynamics of an angular momentum 

in an inhomogeneous magnetic field can be very complicated. The forces moving 

the atom depend on the orientation of the magnetic moment, while the orientation 

of the magnetic moment in turn depends on its previous orientation and the local 

magnetic field along its trajectory, which changes as the atom moves. The equations 

of motions for the center-of-mass motion and the angular momentum are coupled 

and nonlinear, which can result in a very complicated if not chaotic evolution. 

However, in the case when the Larmor frequency is large compared to the rate at 
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which, the magnetic field is varying, the dynamics of the internal and the external de

gree of freedom occur on different time scales and decouple. The angular momentum 

of the atom precesses axoimd the local magnetic field B, and follows adiabatically 

any slow changes. The time-averaged (over a Larmor period) magnetic moment (fx), 

i.e. the component of fjb in the direction of B, remains constant with respect to the 

magnetic field B. In consequence, the force K on the center-of-mass coordinate, 

which is generally given by the gradient of the potential K = — W = • B, now 

only depends on the gradient of the magnetic field strength. 

K = VM-B = {*t>V|B(r)| (2.7) 

2.2.2 A Quaxitum Description 

In a more rigorous treatment, the angular momentum has to be described quantum 

mechanically, whereas the center-of-mass motion and the magnetic fields still can 

be treated classically. The Hamiltonian H governing the evolution of the internal 

degree of freedom in a magnetic field B is: 

H { t )  =  - f i - B  =  g f X B j F - B  (2.S) 

= + By{t)Fy 4- 5-(0F.] (2.9) 

In a constant magnetic field the Hamiltonian simplifies to 

H { t )  =5r/LtB^F-B = 5r;:iB^-6F-u = u;lF-u (2.10) 

where u is the unit vector defining the direction of the magnetic field B = Bu, 

and cjl = 9 B is the Larmor frequency. The evolution of a quantum state 

1*5) governed by a time-independent Hamiltonian can be described by a unitary 

propagator U(f): 

[^(t)) = U(^) l^o) with U(t) = (2.11) 

Inserting the Hamiltonian from Eq. 2.10 into the propagator of Eq. 2.11, however, 

results in the form of a general rotation operator R, which performs a rotation of 



any quantum state about an angle 9 around an axis defined by a unit vector u [31]. 

U(f) = 

= (2.12) 

where the angle 9{t) = oji,t depends linearly on time in this case. Consequently, 

a magnetic field results in a rotation of the angular momentum quantum state at 

the Larmor frequency around the direction of the magnetic field. This derivation 

does not make assumptions about the quantum state, the choice of quantization 

axis, or the direction of the magnetic field, yet returns the classical behavior of a 

precessing spin. If we choose the direction of the magnetic field as quantization 

axis, the Hamiltooian becomes proportional to the F. operator, as the transverse 

magnetic field components and By are zero by definition. In that basis, the 

evolution of the angular momentum |^(i)) = 1"^) readily be found: 

|^(t)) = (^{t) = (2.13) 

It becomes obvious that the = \cm{t)\'^ are time independent, i.e. the populations 

with respect to a quantization axis chosen along the magnetic field remain invariant. 

The magnetic field B the atom experiences, however, is not necessarily constant, 

either due to an explicit time-dependence, or implicitly due to the atom moving in 

a spatially inhomogeneous field. The change in B during a small time interval can 

be decomposed into a longitudinal and a transverse component with respect to z. 

The longitudinal change is only a variation in the strength of Bz % B, therefore 

merely alters the Larmor frequency. It leaves the Hamiltonian diagonal, i.e. does 

not introduce any coupling of the angular momentum components, and still allows 

a simple integration of Schrodinger's equation. Without loss of generality the trans

verse change is assumed to be along x. This introduces the operator 

into the Hamiltonian, which couples neighboring coefficients Cm(i)- Hence, the state

ment, that the populations tt^ = remain constant is no longer true, unless 

the terms proportional to B±_ are insignificant compared to the terms proportional 
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to B. This condition, can be written as 

(2.14) 

where Tl = '2~lis the Larmor period. If the total field B is much larger than 

the increasing transverse component B±_ in a Larmor period due to a field rotation, 

then the magnetic moment will adiabatically follow the rotating external field, and 

the projections tt^ remain constant. 

2.2.3 The Stern-Gerlach Measurement 

If an atom is 'instantaneously' subjected to a magnetic field B, the angular momen

tum starts precessing axound an axis defined by B, with the result that the angular 

momentum components (populations TTm) in the direction of B remain invariant. 

Even if the external magnetic field is 'slowly' changing, the angular momentum will 

adiabatically follow, thus preserving the populations given by the initial direction of 

B. If the magnetic field is or becomes inhomogeneous, the atoms feel a force given 

by Eq. 2.7. Without loss of generality, one can define the quantization axis z to be 

aligned with the magnetic field, i.e. B = Bz, which renders the term ̂ t-B in a quan

tum mechanical treatment to fi^B with B = |B(r)|. Since the magnetic moment is 

quantized, the atoms in the various states \m) experience different individual forces 

Km which are proportional to m: 

The forces due to the magnetic field gradient physically separate the atoms belonging 

to different states jm), therefore allowing a measurement of the relative weights of 

the populations. 

It is important to point out, that unlike the original Stern-Gerlach apparatus, 

where the magnetic field gradient is aligned with the magnetic field, a Stern-Gerlach 

K„i = (772| V(^ • B) |m> 

= jm) VlB(r)| 

= (mlF,|m)V|B(r)| 

= VlB(r)| (2.15) 



24 

measurement can be performed with, independently controlled and temporal and 

spatially separated initial magnetic field and subsequent gradient field. The only 

condition is, that any change in the local magnetic field the atoms experience occurs 

slowly (Eq. 2.14), which allows adiabatic following of the magnetic moment. 

2.3 Measuring the Density Matrix 

Combining the results from 2.1 and 2.2, this section will show that a conveniently 

chosen set of Stern-Gerlach measurements, a so-called quorum, is suflScient to extract 

all the information contained in a density matrix. The example of a simple spin-

1/2 system will demonstrate in a clear analytical form, that three Stern-Gerlach 

measurements allow a reconstruction of the corresponding 2x2 density matrix. 

This concept will then be generalized to atoms with a larger angular momentum, 

where more measurements are necessary for a complete reconstruction. 

2.3.1 Spin-1/2 System 

Simple quantum systems often illustrate a problem with the most clarity and even 

allow analytic solutions due to the simplicity of the mathematics involved. For 

that reason, the problem of mecisuring a density matrix should first be solved for a 

minimal angular momentum of 5 = 1/2, i.e. a spin-1/2 system. 

The density matrix q representing a general angular momentum quantum state 

for such a system is of dimension two. After choosing a space fixed coordinate 

system {i, y, z} with z as the quantization axis, g can be written as 

where the matrix elements have to obey the constraints of Sec. 2.1 to constitute 

a physically valid density matrix. Due to Hermiticity and unit trace, there are in 

total only three independent, real-valued variables contained in a density matrix of 

a spin-1/2 particle: one of the populations e.g. and the real and imaginary part 

of one coherence, e.g. Re[^i2] and Im[^i2]. 

Q = Qii Qi2 

Q21 Q22 
(2.16) 



Figure 2.2: Stern-Gerlach measurements to reconstruct the density matrix of a spin-
1/2 system. Measuring the z-component (a) and the a:-component (b) of the angular 
momentum by appropriately rotating the magnet. 

Assuming we have a beam of atoms, we can perform a Stern-Gerlach measure

ment as illustrated in Fig. 2.2(a). The magnet is aligned with the quantization 

axis z, thus the measurement probes the z-component of the angular momentum, 

i.e. the observable 5"-. The corresponding quantum mechanical operator s. has the 

well-known matrix representation 

respectively. Since a Stern-Gerlach measurement reveals the relative populations 7r± 

in each eigenstate of the measured observable, the outcome of the S'z-measurement 

is (see App. .A..4): 

(2.17) 

with eigenvalues ± h / 2  and corresponding eigenvectors |+) = (q) and [—) = (°), 

(2.1S) 

(2.19) 

In order to get access to the coherences Qx2 and ^21? additional measurements have 

to be performed. If the magnet is rotated such that it is aligned with the x-axis 
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[Fig. 2.2(b)], then the apparatus measures the x-component of the angular momen

tum, i.e. the observable Sj;. The corresponding matrix is 

n /"O l\ , , 
' '  =  2 ( 1 0 ) '  

with eigenvalues ±hf2 and eigenvectors |+)^ ~ ^ (1) l"")x "= 

outcome of the Stern-Gerlach measurement is therefore 

= |- + Re[oi2], (2-21) 

-L" = i-Re[eijl, (2.22) 

which determines tlie real part of the coherences, i.e. Re[2t2] = ~ 

Finally, in order to meaisure the still unknown imaginary part of the coherence 012, 

a third measurement with the magnet aligned along y is sufficient. In this case the 

j/-component of the angular momentum is probed, and the Sy operator related to 

the Sy observable is represented by the matrix 

with eigenvalues ± h / 2  and eigenvectors 1+)^^ = ^ (,^) and \ — ) y  =  ̂  (i,-)- The 

outcome of this third measurement is 

TrJ') = |-Im[^i2], (2.24) 

= | + Im[^i2], (2.25) 

and Im[^i2] is given by | (ttL^^ — tt^^). 

This calculation shows that three conveniently chosen Stern-Gerlach measure

ments are sufficient to retrieve all the information contained in the 2 x 2 density 

matrix describing the quantum state of a spin-1/2 system. For this particular choice 

of measurement observables S^, Sy and Ss-, the density matrix elements ^n, Re[^i2], 

and Im[^i2] were directly and independently obtained. 
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(a) (b) 
z z 

Figure 2.3: A Stem-Gerlach measuremeat of the x-component of an angular mo
mentum can be achieved in two equivalent ways: (a) the magnet is rotated into the 
X direction, or (b) the angular momentum state is rotated into the -x direction while 
the magnet remains fixed. 

2.3.2 General Angular Momentum System 

In order to extend the previous example from a spin-1/2 system to a quantum 

angular momentum of larger magnitude, the mathematical approach has to be gen

eralized to include measurements with arbitrary quantization directions. Figure 2.3 

illustrates two equivalent ways to think about a Stern-Gerlach measurement: (a) 

either the magnet is rotated into the x direction and the ar-component of the an

gular momentum quantum state q is probed (Eq. 2.26), or (b) the quantum state 

is rotated into the opposite direction —x. i.e. q_^ = and the magnet 

remains fixed measuring the ^-component (Eq. 2.27). The equivalence of the two 

interpretations is mathematically expressed in the following identity: 

where the eigenvectors for measuring along z and x are |m,) and \mx) = Rr |n^z), 

respectively. This insight allows to formulate the outcome of a general Stern-

Gerlach measuremeat in an elegant form. We aJso no longer restrict ourselves to a 

= 'pr[e \ m ^ ) { m ^ \ ]  (2.26) 

= Tr[5 R^ |m,>(m,| Rt] 

= Tr[Rt^Ri |m,>(m;|] 

= Tr[R_i^Rl^ 

= Tr[e_i \m^){m::\] (2.27) 
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^ U 

Figure 2.4: A Stern-Gerlach measurement of the component of the angular momen
tum in the direction n. The 'magnet' has to be rotated by an angle 9 around the 
unit vector u, i.e. it remains in the vertical plane defined by 4>. 

spin-1/2 system, but allow an arbitrary magnitude F of the angular momentum^. 

More precisely, the atoms are in quantum states q within the manifold defined by 

Tr[gF^] + 1). 

If a Stern-Gerlach measurement is performed along f, we obtain the populations 

of the (2F + 1) eigenstates jm^) of F,, i.e., the diagonal elements of the density 

matrix g. A measurement in an arbitrary direction n, where the unit vector n is 

defined by the spherical angles 9 and cp as shown in Fig. 2.4, can be interpreted as 

a 'magnet' rotation by an angle 9 around the axis u, which is in the xy-plane and 

perpendicular to n. The measured populations can therefore be written as 

TTm = Qmm = Tr[^ |m„)(m„|] 

= 0) ^ R(0; 0) |772;) 

^ ^ Qiji (2.28) 
'J 

where — F  <  m , i , j  <  F .  The rotation operator R can generally be written as [31]: 

R(^; (?5i) = exp 

= exp 

-i- Fu 
rz 

0 * * 
— z  —  (—sin^ Fx + COS0 F y )  

n 

(2.29) 

(2.30) 

is used here, since in the experiment the density matrix of the hyperfine ground state 
manifold 65i/2(F = 4) of Cesium atoms was measured. 
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Other expressions can be found in App. D. Note that the rotation operator is 

unitary, i.e. R.^(—0;^) = R(0;^). 

The important result of this section is, that the outcome of a set of Stern-

Gerlach measurements in arbitrary directions is given by linear combinations of 

the density matrix elements Oiji 

= (2.31) 
i r j  

The coefficients are given by the corresponding rotation matrices R^^"'. Multiple 

measurements in different directions nt can yield sufficient linearly independent 

equations to invert the set, thus allowing to extract the density matrix elements 

from the measured populations. 

2.4 Solving the Inverse Problem 

Equation 2.31 is the essence of the previous section, as it reflects the functional 

relationship between the outcome of a Stern-Gerlach measurement and the quan

tum state described by the density matrix elements: symbolically rc = This 

section discusses several approaches, how that relation can be inverted, i.e. q = 

in order to retrieve the quantum state from a complete set of measure

ments. 

2.4.1 The Newton-Young Solution 

The theoretical problem of reconstructing an angular momentum quantum state 

was investigated and solved in 196S by Newton and Young [3]. They realized that 

multiple Stern-Gerlach measurements are sufficient to invert the Pauli problem. .A. 

specific geometrical arrangement of measurements allows to e.xplicitly write equa

tions for the density matrix elements in terms of the measured quantities — referred 

to as the "Newton-Young" solution in this thesis. The Newton-Young solution was 

not used in this experimental work, since a different mathematical algorithm of

fers more flexibility in the implementation. However, as our approach should be 
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Figure 2.5: The complete set of Stern-Gerlach measurements is geometrically ar
ranged on a cone. All measurement directions are determined by one single angle 
0, but differ in the azimuthal angles 

interpreted as a variation of Newton and Young's original proposal, their solution is 

summarized here to give due credit. 

Newton and Young first derive a mathematical description of the outcome of 

a Stern-Gerlach measurement, and consequently arrive at the same set of linear 

equations 2.31 governing the relationship of the density matrix elements Oij and the 

measured populations iTm 

TTtti =  ̂  ̂  ^ p m  Q p q -  (2.32) 
P.? 

The rotation matrix elements are expressed following Wigner [32] as 

= <„(«), (2.33) 

where the matrix elements are real-valued and depend on the angle 9. Selecting 

(4F -1-1) measurement directions, which are distributed on a cone as illustrated in 

Fig. 2.5, yields a set of equations, where the matrix elements are defined by one 

single angle 9, and the multiple measurements are only reflected in the appearance 

of different angles in the exponential term. 

This particular choice allows to explicitly invert the linear equations using or
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thogonality properties of angular momentum algebra (see App. B). The solution for 

the density matrix elements with 0<A<F — gis 

= E (-1)'""" Vpil^4a., 

where the 7's are Clebsch-Gordan coeflScients (defined in App. B), and Pj-{cos6) 

are the associated Legendre functions (see e.g. [31]). Since the Legendre functions 

appear in the denominator, certain cone angles 0 lead to a singularity, i.e. not a valid 
(ic\ 

solution. The are obtained from the measured populations ~m by inverting 

the linear system 
2F 

7r^-'= Vm, (2.35) 
A=-2F 

with the matrix elements Gk,A = 6"'^'^'=. Newton and Young derive em explicit 

formulation of the inverse, which is neither elegant nor particularly helpful for 

understanding the problem. It is sufficient here to state that the inverse of G can 

be found, thus allowing to express the X^^rn as 

4F+1 

(G-^)A,fc7rW Vm. (2.36) 
k=i 

Newton and Young obtain their solution Eq. 2.34 assuming (4F + 1) Stem-

Gerlach measurements. Since a density matrix has {'2F + 1)^ — 1 independent 

variables, and every Stern-Gerlach measurement yields '2F independent pieces of 

information, one could expect to retrieve all the density matrix elements after only 

2(F + 1) measurements. Newton and Young indeed hint at the possibility of a 

reconstruction with less than (4F + 1) measurements, when they write: "Never

theless, it is worth -pointing out that for specific values of [F] the inversion may 

be accomplished with fewer angles, ..." Weigert and coworkers have attempted to 

prove a reconstruction with a smaller quorum [33], but ultimately failed [34]. Ex

tensive numerical searches for our system strongly suggest to us, too, that (4F -|- 1) 

is the minimum number of Stern-Gerlach measurements necessary and sufficient to 

perform a complete quantxmn. state reconstruction. 
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2.4.2 The Pseudoinverse Solmtion 

While the Newton-Young solution yields an explicit formula for inverting the lin

ear problem of a Stern-Gerlach measurement, it has two severe drawbacks, which 

motivate to look for other approaclhes: 

• The explicit solution is only possible due to the specific symmetry imposed on 

the measurement, i.e. all meai,surements are distributed on a cone (same 9 an

gle). For an experimental img)lementation, however, this symmetry constraint 

can be restrictive and is simply not necessary. 

• In a real experiment, there i:s always random measurement noise, and there 

might be even systematic errors, which cause the observed populations to 

deviate from those predicted by Eq. 2.31. The quantum state reconstruction 

is thus no longer an inversiom, but rather an estimation problem. A solution 

has to be found, which does mot have to exactly reproduce the measured data, 

but instead should agree witfci them e.g. in a least-squares sense. 

The pseudoinverse approach in this section is tackling both issues, i.e. imposing no 

limitations on the measurement sett and automatically estimating the best solution 

in the presence of noise. 

Inversion of axi Arbitrary Meaisurement Set 

A complete, but arbitrary set of (4i^ + l) Stern-Gerlach measurements maps the den

sity matrix uniquely onto the measured populations in a linear fashion. .Arranging 

the (2F-|-1)^ density matrix elememts into a vector p and the (4F-t-l) x (2F-I-1) 

measurement results similarly/ into a vector tt, Eq. 2.31 can be written in a 

compact fashion 

The elements of the rectangtdar matrix M are determined by the set of rotations 

following from Eqs. 2.31 amd 2.37. Since the matrix M is not square, no 

(4F+i)xr 
(2.37) 
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inverse M""- can be calculated. However, there always exists a unique generalized 

inverse, the so-called Moore-Penrose pseudoinverse M"^ (see App. C), which allows 

to solve Eq. 2.37 for the elements of the density matrix g: 

P = M+K, (2..3S) 

with 
« 1 

M+ = V^W(vt (2.39) 
fcf V A. 

R and A,- are the rajik and non-zero eigenvalues of the Hermitian matrix M^M, with 

Wi and V{ being the corresponding eigenvectors of M^M and MM''', respectively. 

In order to calculate the pseudoinverse M"^, either the defining Eq. 2.39 or 

iterative methods [35, 36] can be employed. For all practical purposes, however, 

mathematical algebraic packages such as e.g. MATHEMATICA"' provide ready-to-use 

routines to calculate the matrix M"*" from a given matrix M. In the specific case of 

a complete set of {4F -f- 1) Stern-Gerlach measurements, the pseudoinverse can be 

expressed in terms of M and its related operators (see App. C): 

M+ = (M+M)-^Mt (2.40) 

Inversion in the Presence of Errors 

The presence of random or systematic errors in the measured populations tt of a 

real experiment modifies the Unear mapping of Eq. 2.37 to include an unspecified 

error term: 

= + (2.41) 

The error e is simply the difference between the observed and the predicted pop

ulations, and therefore appears as an additive term. However, this neither implies 

that the error in the experiment is additive, nor does it violate the normalization 

constraint of the populations ^ = 1- It is simply a mathematical way to 

include an unspecified error term®. 

'^MATHEHATICA is a trade mark from Wolfram Research. 
®Since all unknown errors are lumped together in e, it can no longer be claimed for example 

that the errors should be normally distributed around zero. 
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Equation 2.41 caa not be solved for p without knowledge about el A more 

sensible approach is therefore to find an approximate solution to 

T T ^ M p  i n  t h e  s e n s e  o f  | | 7 r  —  M p l | ^  =  m i n i m u m  ( 2 . 4 2 )  

As long as nothing is known about the errors T, the approximate solution p consti

tutes the best estimate of p. This best estimate is defined as the one matrix, which 

minimizes the residual (^ — Mp ) in a least-squares sense®. It is a special property 

of the pseudoinverse to not only solve Eq. 2.37, but also Eq. 2.42 

(2.43) 

The word 'solution,' however, has yet to be used with caution. Equation 2.41 oaly 

describes a linear mapping of a {2F-\-lY dimensional space to a (4F + 1} x (2F + 1) 

dimensional space. In consequence, the pseudoinverse solution Eq. 2.43 only maps 

the measurement results back to the lower-dimensional space of (2F -{- 1) x (2F -f-

1) matrices. But in the presence of errors it is unclear, whether these matrices 

constitute physically valid density matrices as defined in Sec. 2.1: they must be 

Hermitian, have unit trace and be positive semi-definite. Hermiticity and unit trace 

are conditions, which can be cast as linear relations of the density matrix elements. 

Therefore, it may be not surprising, that the pseudoinverse solution enforces these 

constraints as long as the measured data are physically valid, i.e., the populations 

for each Stern-Gerlach measurement are real, non-negative and add up to one (see 

App. C). The additional constraint for density matrices to be positive semi-definite, 

however, is not enforced. 

Summary — Pseudoinverse 

The pseudoinverse solution Eq. 2.43 establishes itself as a very powerful approach, 

since it exactly solves the linear mapping equation 2.37, and provides the best 

®A word of cautioa: The least-squares approach has a solid foundation when dealing with 
stochastic processes where the errors are normally distributed. The estimator is then the most 
likely state giving rise to the observed populations. However, not knowing whether the errors in the 
experiment are normally distributed, the least-squares estimator might not be optimal. Without 
further noise investigation, it nonetheless remains the most sensible estimation method. 
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estimation of the "density matrix" in the presence of errors Eq. 2.41. The general 

treatment is valid for any complete set of measurements, and imposes no restrictions 

on the geometrical implementation. The obtained matrices are Hermitian and obey 

the unit trace condition, but they do not have to be positive semi-definite. 

2.4.3 The Nonlinear Solution 

The pseudoinverse solution almost solves the state reconstruction problem in com

pleteness - if it were not for the "positive semi-definiteness." Since it is easy to test 

whether a reconstructed matrix g has only non-negative eigenvalues, the pseudoin

verse solution is a very quick (only one matrix multiplication) and useful approach. 

If the matrix turns out to be positive semi-definite, the optimal solution is already 

found. In cases where at least one of eigenvalues is negative, however, a different 

approach is necessary. 

Parameterization of the Density Matrix 

Any matrix T multiplied with its own adjoint T''' produces a new matrix, which is 

Hermitian: 

(TT+)t = (Tt)t(T)+ = TT^ (2.44) 

The eigenvalue equation for TT'*' is 

TTt |u„) = A„ lu„), (2.45) 

with eigenvalues An and corresponding eigenvectors l^n)- The eigenvalues are real-

valued and non-negative, which makes the new matrix TT^ positive semi-definite: 

An = (Wn|TT^ jun) 

a ;  = Kl (TTt)t \Un) = (nni TTt \Ur.) 
An = A; An € R (2.46) 

An = (t^nl TTt \Ur.) = ((Un| T){T^ !«„)) = ] |Un> P An > 0 (2.47) 

Since a density matrix is defi^ned as a Hermitian and positive semi-definite matrix, 

it is therefore possible to express any density matrix ^ as a decomposition of a 
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matrix T and its adjoint T'''. Furthermore, a density matrix must also have unit 

trace, which imposes an additional constraint on T. As there are (2F + 1)^ — 1 

independent real-valued variables in a density matrix', T has to contain the same 

number of free parameters. This can be accomplished by choosing a complex matrix 

T, which is lower-triangular, but has real-valued diagonal elements. 

g = TT+ with 
Tij = 0 for j  >  i ,  

and Tii ^ 
(2.48) 

The unit trace of g translates into the following constraint on T: 

= ^ TuiT% = ^ TuT-, (2.49) Q i j  

thus = T,T,TuT-, = Y^\n 

ITul' = 1 (2.50) 
ij 

Rewriting a density matrix g into the decomposition Eq. 2.48 with the constraint 

Eq. 2.50 allows to express g with the proper number of real-valued parameters. The 

particular construction automatically enforces the density matrix to have unit trace, 

be Hermitian, and be positive semi-definite! 

Parameter Optimization 

Equation 2.49 plugged into Eq. 2.31 shows that the mathematical description of a 

Stern-Gerlach measurement is not linear in the parameters Tij, which excludes the 

use of the pseudoinverse. 

(2.51) 

However, since this parameterization always results in a physically valid density 

matrix, one can simply optimize its (2F-f-l)^—1 parameters via brute-force numerical 

~A density matrix has ( 2 F  + 1)" elements, most being complex. The Hermiticity condition 
reduces the free parameters to {2F + 1)" real ones, and the trace constraint eliminates one more 
parameter. 
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calculation. A variety of numerical methods have been developed to tackle such 

aonlinear optimization/estimation problems. It proves sufficient to use the simple 

but stable downhill-simplex algorithm for this purpose [37]. Following the previous 

arguments about errors and inconsistent measurement results, the optimization tries 

to minimize the residual 

) = IItt — lVIp(r)||^ = minimum, (2.52) 

where t represents the free parameters in T with the constraint 2.50. The optimiza

tion leads to a density matrix "q = TT^ which agrees best with measured data in a 

least-squares sense. 

As with every optimization problem in a high-dimensional parameter space, a 

good initial guess helps to converge quickly and to avoid being trapped in possible 

local minima. Starting values can be found by using an approximation to the pseu

doinverse solution, where negative eigenvalues are forced to zero®. -A.s the nonlinear 

estimation problem 2.52 is solved numerically, it offers the flexibility to use other 

cost functions than the least-squares residual, e.g. include arbitrary weights for the 

various measurement results. 

Summary — Nonlinear Optimization 

This nonlinear optimization method is the most general approach to the Stern-

Gerlach measurement problem. The particular decomposition of the density matrix 

introduced here, results in a parameterization, which by construction yields a phys

ically valid density matrix. The general optimization allows to deal with errors 

present in a system, and offers the opportunity to estimate the 'best' density matrix 

with an arbitrary cost function, e.g. a weighted least-squares. The pseudoinverse 

approach, however, is still a very valuable solution. It can be obtained very fast, 

and either immediately yields the optimal estimate (if it happens to be positive 

®First diagonalize the "density matrix" returned from the pseudoinverse approach. Set negative 
eigenvalues to zero, and renormalize to fulfill the trace condition. Finally, transform the diagonal 
form of the density matrix back into the original coordinate system. 
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semi-defiiiite), or at least provides good initial starting parameters for a subsequent 

nonlinear optimization. 

2.5 Practical Concerns 

This section is concerned with some practical issues. A fidelity measure is introduced 

in order to tell when a reconstructed density matrix is of good or bad quality, i.e. the 

fidelity allows to compare density matrics in a quantitative way. It was stated above, 

that for a complete reconstruction (4jp+l) measurements in different directions have 

to be performed. This section discusses which sets of directions can be chosen, and 

how one can arrive at error tolerant solutions. The section concludes with a few 

comments about possible variations of the general measurement protocol. 

2.5.1 Quality of a Reconstruction 

The quality of a quantum state reconstruction can be determined by quantifying how 

similar the density matrices of the input and the measured state are. In principle 

any standard norm (e.g. operator norm, trace norm. Hilbert-Schmitt norm) can 

be used to measure the 'distance' of two matrices and Q2 in Hilbert space, for 

example: 

While identical matrices result in a vanishing norm, it is hard to judge with this 

measure how dissimilar the matrices are when a non-zero value is returned. Other 

types of measures to compare matrices have been developed based on properties 

used in information theory, e.g. the "von Neumann relative entropy" [38]: 

This measure, however, hcis the drawback of not being a metric, since it is not even 

commutative. 

In quantum mechanics, however, there is an already established standard for 

comparing pure states: 

(2.53) 

'5'(eill^2) =Tr[ei (In^i (2.54) 

(2.55) 
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This measure is bound between 0 and 1, corresponding to orthogonal or coUinear 

state vectors, respectively. Any function suggested for comparing density matrices 

should have the same characteristics, and furthermore reduce to the familiar result 

of Eq. 2.55 in the case of pure states. Such a measure is given with the fidelity 

T, which was first introduced by Uhlmann as a "transition probability" between 

mixed states in the state space of a ^-algebra [39]. Josza later applied it to the finite 

dimensional state space of densit}'- matrices [40]. 

For more information about the fidelity see App. A.3. 

2.5.2 Choice of Measurement Directions 

The question of selecting the (4F + 1) directions of the Stern-Gerlach measurement 

has not been addressed yet. The example of the spin-1/2 system in Sec. 2.3.1 

uses the intuitive choice of the three coordinate directions {f, y. 5}. It is unclear, 

however, how this can be generalized for atoms with larger angular momentum, 

where more than three measurements are necessary. Furthermore, the Newton-

Young solution Eq. 2.34 in Sec. 2.4.1 indicates, that certain angles or directions 

lead to a singularity in the solution and therefore have to be avoided. Indeed, the 

measurements have to be chosen in a way that each direction contributes at least one 

linearly independent equation 2.31 to the set. In the case of an ideal measurement, 

this is a sufficient condition, and any invertible set is an equally good solution. 

In reality, however, inevitable experimental errors render certain solutions better 

than others. If one chooses for example two directions very close to each other, the 

expected measurement results are quite similar. If the errors in the individual results 

are comparable or even larger than the expected differences, it is obvious that the two 

measurement directions for all practical purposes lead to indistinguishable results. 

In consequence, the information of the density matrix which is determined by the 

difference of the two measurement results, is dominated by random, uncontrolled 

errors. 

(2.56) 
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Given, this argumeat, the intuitive solution would be to arrange the (4F + 1) 

measurements with a maximal angular separation. In other words, a uniform dis

tribution of measurement directions over a hemisphere should give the best results. 

Unfortunately, this arrangement would not only be diflBcult to implement in an 

experiment, but numerical simulations (see below) also reveal it to be an inferior 

solution for at least one sample state. 

Optimizing Singular Values 

Neglecting for a moment the issue that density matrices have to be positive semi-

definite, Eq. 2.43 in Sec. 2.4.2 shows that even in the case of imperfect measurements 

the solution is given by the pseudoinverse: 

The pseudoinverse on the other hand can generally be written as Eq. 2.39, which 

leads to 

Note, that the sum only runs over the non-zero eigenvalues A,-. In a complete 

measurement set, the rank R agrees with the dimension of the vector space of 

the density matrices, i.e. R = (2F + 1)^. If the directions are chosen in a way, 

that do not lead to {2F + 1)^ non-zero eigenvalues, then the measurement problem 

is not uniquely invertible — one cannot reconstruct the quantum state. Since the 

eigenvalues \i in Eq. 2.58 appear in the denominator, it is also clear that eigenvalues 

close to zero lead to laxge weighting factor of the corresponding measured data. If 

the data are noisy, this factor results in an amplification of errors. One signature 

of a good set of directions is therefore, that the corresponding measurement matrix 

M has no singular value A,- close to zero. In other words, a set can be optimized by 

maximising the smallest singular value. 

In the experiment Cesium atoms in the &'^Sx/2[F = 4) hyperfine groundstate 

manifold are measured. Instead of optimising over all parameters describing the 

p = M+ fr. (2.57) 

(2.5S) 
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Figure 2.6: Distribution of the SI singular values for different measurement geome
tries. 

AF + 1 = 17 measurement directions, only certain practical configurations with 

fewer parameters were considered: 

(i) The Newton-Young solution assumes all measurements lie on a cone. We 

simplify it even further and assume an equidistant azimuthal spacing, which 

leaves only the cone angle 0 as a free parameter. The smallest singular value 

reaches its maximum of 0.524 at 0 = 82.7°. 

(ii) The experiment utilizes a square symmetry, which makes the accurate gener

ation of a homogeneous magnetic field easier (see Chap. 3.3). The 17 mea

surements are comprised out of two sets of eight, plus an extra one. Each set 

of eight measurements exhibits the symmetry properties of a square. Such a 

set is therefore defined by only two parameters 9 and o, where d is the usual 

polar angle, and 4> denotes the azimuthal angle of the magnetic field to the 

next coordinate axis x or y. With the 17th measurement along the f-axis, the 

optimization leads to a singular value of 0.499 at the following parameters: 

= 83.67°, (pi = 12.84°, = 82.09° and = 34.20°. 

(iii) This measurement geometry is also given by the symmetry inherent to the 

experimental implementation as in (ii), but the 17th measurement is directed 

along the 2-axis this time. The optimization results in a ma.ximum smallest 
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singular value of 0.575 witzh. the parameters: 9i = 83.20°, = 13.41°, 02 = 

83.21° and (p2 = 31.57°. 

(iv) The measurement with aO 17 directions uruformely arranged over a hemi

sphere, yields a smallest singular value of only 0.004. 

All 81 singular values for arrangements (i)-(iv) are plotted in Fig. 2.6. The 

graph illustrates that the geometrical measurement arrangements (i)-(iii) exhibit 

very similar singular value distri butions. The uniform geometry, however, deviates 

significantly with the tail of the «-ordered singular values being constantly below the 

distributions of the other geomeetries. The degrading effect of these small singu

lar values on a quantum state reconstruction becomes apparent in one case of the 

numerical simulations below. 

Noise Simulation 

With the equations of the previ»ous sections, a Stern-Gerlach measurement can be 

simulated. This allows to alter tzhe expected results in a controlled way and inves

tigate how sensitive the reconstiruction reacts to these introduced errors. Since a 

simulated experiment can be repeated under various conditions, the results also al

low to compare different measurement geometries, and thus put the above argument 

to the test. The main errors in tine experiment are angular errors of a magnetic field, 

which does not point in the expe=cted direction, and errors in measuring the relative 

populations of the magnetic subllevels. Both error types can easily be included into 

a numerical simulation. 

.A.11 the measurement scenarios (i)-(iv) are simulated for different quantum states 

and different amounts of errors. The errors in the measured data TTm^ are normally 

distributed relative errors. The errors in the measurement directions are a normally 

distributed absolute errors. Ev«ery simulated measurement randomly picks errors 

according to the corresponding probability distribution, which are assumed to be 

normal with the standard devia~tions listed in Tab. 2.1. Consequently, this simula

tion only investigates rajidom errrors, but not potential systematic deviations. The 
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Maximally Mixed State 
Errors (i) Cone (ii) Exp. X (iii) Exp. z (iv) Uniform 

= 5%, = 2° 0.994 ± 0.001 0.994 ± 0.001 0.994 ± 0.001 0.807 ± 0.060 
cr,r = 3%, a8,4, = 1° 0.998 ± 0.000 0.998 ± 0.000 0.998 ± 0.000 0.853 ± 0.090 
cr,r = 1%, (Te,^ = 0.5° 1.000 ± 0.000 1.000 ± 0.000 1.000 ± 0.000 0.953 ± 0.070 

Opt. Pumped Pure \m^ = —4) State 
Errors (i) Cone (ii) Exp. X (iii) Exp. z (iv) Uniform 

= 5%, ae,4, = 2° 0-964 ± 0.020 0.962 ± 0.024 0.982 ± 0.007 0.990 ± 0.009 
= 3%, cre,0 = 1° 0.982 ± 0.010 0.981 ± 0.012 0.991 ± 0.004 0.995 ± 0.004 

(Tt, = 1%, = 0.5° 0.992 ± 0.005 0.992 ± 0.006 0.996 ± 0.002 0.998 ± 0.002 

Opt. Pumped Pure \my = 0) State 
Errors (i) Cone (ii) Exp. X (iii) Exp. z (iv) Uniform 

CTtt = 5%, ae^4, = 2° 0.939 ± 0.049 0.905 ± 0.053 0.920 ± 0.044 0.958 ± 0.018 
CTt, =- 3%, aB,i = 1° 0.973 ± 0.024 0.955 ± 0.028 0.961 ± 0.023 0.982 ± 0.008 
cr,r = 1%, cre,,t> = 0.5° 0.988 ± 0.012 0.979 ± 0.014 0.983 ± 0.012 0.992 ± 0.004 

Linear Superposition of |±4) 
Errors (i) Cone (ii) Exp. X (iii) Exp. z (iv) Uniform 
cr- = 5%, (75,0 = 2° 0.952 ± 0.020 0.902 ± 0.03S 0.891 ± 0.055 0.958 ± 0.017 

II II o
 

0.980 ± 0.009 0.953 ± 0.018 0.949 ± 0.027 0.983 ± 0.007 
cr,. = 1%, = 0.5° 0.992 ± 0.004 0.978 ± 0.008 0.976 ± 0.013 0.993 ± 0.003 

Table 2.1: Numerical Simulation of four different angular momentum quantum states 
in four different measurement geometries with varying amounts of errors. Given are 
the average fidelities T and their uncertainties. 

numerical simulation returns physically valid density matrices to be compared to the 

known input state. If the pseudoinverse solution ends up with a matrix with neg

ative eigenvalues, a time consuming nonlinear optimization is executed to produce 

the best density matrix compatible with the noisy data. As the fidelity of the recon

structed states depends on the particular errors introduced, each test is repeated 20 

times with different random errors. The results shown are average fidelities with an 

included numerical uncertainty. In order to be able to compare different sets among 

each other, the sequence of pseudo-errors is kept identical. 
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The results of the simulations are shown in Tab. 2.1. They do not reveal a 

particular measurement geometry to be superior, but rather show how the quality 

Ccin vary depending on the interplay of test state and measurement geometry. Several 

conclusions can be drawn: 

• The reconstruction with a uniform meastirement geometry (column iv) exhibits 

a confusing behavior. While the max. mixed test state results in significant 

worse fidelities than other arrangments, the other test state reconstructions 

surprise with superior fidelities. These results question the approach to choose 

arrangements which do not result in a singular values close to zero. 

• The other three measurement geometries exhibit only a slight difference in 

the fidelities. Depending on the test state one or the other returns the better 

fidelities. Within the uncertainty, however, the geometries return equally good 

results. 

• The fidelities differ for the various input states. This in part might indi

cate that certain states are more robust (e.g. maximally mixed) than others 

(e.g. pure {my = 0)). It might also show that the fidelity measure is more 

sensitive to degradation in one than in another state. It has to be kept in 

mind, too, that 20 repetitions do not yet perfectly average out the effect of 

the particular errors introduced on the different input states. 

• The simulation seems to be flawed by the fact that some meeisurement ar

rangements are particularly suited for certain test states, while they are very 

error sensitive to other states. As a reconstruction algorithm should not make 

any assumptions about the state to be measured, one has to be careful not 

to optimize for the few test states imder consideration. A more thorough 

simulation would have to include a larger variety of different input states. 

• The generally high fidelities achieved even when allowing for significant angular 

uncertainties and errors in the measurement of the relative weights tt^, reveal 

an insensitivity to random errors. Systematic errors however, can still result 
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in a significant degradation of the reconstruction fidelities. That means that 

experimental limitations should be traced to systematical errors. 

2.5.3 Variations of the Measurement Protocol 

Without prior knowledge about the quantum state, a complete density matrix recon

struction requires to perform AF + 1 Stern-Gerlach measurements, which is a time 

consuming agenda. However, if prior knowledge is available (e.g. it is a pure state), 

or if only parts of the density matrix are of interest, the amount of information to be 

extracted is significantly reduced, potentially resxilting in less measurements to be 

necessary. This section comments on these variations of the general measurement 

protocol. 

Pure States 

K general (2F -f- 1) x (2F + 1) density matrix contains (2F -1-1)^ — 1 free real 

parameter, whereas a pure state can be parameterized by only 4F free real numbers^. 

In consequence, fewer Stern-Gerlach measurements are sufficient for a complete state 

reconstruction — VVeigert and Amiet have shown that only three measurements are 

needed [41]. 

The density matrix Q  for a pure state |^) is simply the projector g  =  | ^ ) ( ^ | .  

Representing the pure state as a vector in Hilbert space in the standard basis of 

Zeeman sublevels {[m) | — (2F -i- 1) < m < (2F -|- 1)}, yields the density matrix 

elements 

with l^ir) = ̂  Cm |m) = c,cj. (2.59) 
m 

Using Eq. 2.31, the outcome of a Stern-Gerlach measurement is immediately found 

to be 

state vector )^) has 2F + I comple.x variables, but normalization and an overall arbitrary 
phase reduce the number of free real parameters to 2 x {2F -f- 1) — 2 = A.F. 
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which is not linear in the complex coefficients c„i, and therefore excludes the pow

erful pseudoinverse approach. In the presence of noise the estimation problem can 

best be numerically solved by a more general nonlinear optimization routine. The 

parameterization and/or the algorithm used has to enforce normalization and fix 

the overall arbitrary phase. 

Certain, Density Matrix Elements 

The case of a pure state reconstruction shows that prior knowledge about the 'un

known' quantum state reduces the complexity of a general quantum state reconstruc

tion. .A.nother way to arrive at a simpler problem is, when only part of the density 

matrix is of interest. For example if only the populations are sought, obviously a 

single Stern-Gerlach measiirement along z is sufficient. This section investigates the 

thought, that perhaps only a few measurements may be enough to extract certain 

density matrix elements. 

Recalling how the measurable quantities are related to the density matrix 

hints at a constructive algorithm to extract individual density matrix elements: 

TTrn = {rn\Q\m) = {m\Q\in) , (2.61) 

where ' g  is the rotated density matrix, and \ m )  =  R |m) are the rotated 

basis vectors. A zero rotation immediately yields the populations tt^ = Qmm.- If we 

demand \m) = -^{[v) + k)) similarly |n) = -^{i |p) + jg)), then the measured 

weights will be 

"m — ^11) (2.62) 

ttti = "I" (2.63) 

Since the populations ojj are known, this particular choice of (m) and |n) allows 

to extract the real and imaginary part of any specific coherence Qpq. However, 

enforcing a certain form of the transformed basis vector |m) immediately determines 

the corresponding columnvector of the transformation matrix T 

\m) = Tim) (2.64) 
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Tj^ = {j\m) (2.65) 

While this seems to be a recipe to systematically obtain all the information in a den

sity matrix, the automatically defined transformation matrix T is by no means a 

rotation matrix^® any more. This example illustrates how the restriction to geomet

rical rotations prohibits this direct and simple extraction of density matrix elements 

with a single measurement. Whether a limited set of real Stern-Gerlach measure

ments permits the extraction of specific coherences remains an open question with 

no trivial solution. 

could still be unitary. 
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CHAPTER 3 

EXPERIMENTAL IMPLEMENTATION 

Most of the time and work for this experimental thesis was devoted to building 

up a modern laser cooling setup for neutral atoms. The additional modifications to 

perform the quantum state reconstruction were small in comparison. Nonetheless, 

this chapter dwells on the particular implementation of the Stern-Gerlach apparatus, 

and only glances over the underlying laser cooling setup [42, 43, 44]. 

3.1 The Laser-Cooling Setup 

3.1.1 The Atom 

The experiments were all performed with Cesium, which is a heavy alkali atom with 

a simple Hydrogen-like spectrum due to its single valence electron. The laser cooling 

uses optical transitions between the groundstate 6^5i/2 and the excited state Q'P3/2-, 

which is the D2 line of the fine structure doublet, with a wavelength of 852.1 nm 

in air. The nuclear angular momentum of / = 7/2 leads to a hyperfine splitting of 

the energy level diagram as illustrated in Fig. 3.1. The angular momentum quan

tum state reconstruction was performed on atoms in the Q-Si/2{F = 4) hyperfine 

groundstate manifold^. Externally applied electric fields (Stark shift), magnetic 

fields (Zeeman shift) or light fields (light- or AC-Stark shift) can lift the degeneracy 

of the nine magnetic sublevels. The magnetic properties of this ground state are 

determined by the positive Lande factor of which translates into a Larmor 

frequency and relative Zeeman shift between adjacent sublevels of 350 Hz/mG (0.17 

Ea/mG). A consequence of the positive Lande factor is, that atoms in magnetic 

sublevels with m < 0 (m > 0) feel an attractive (repulsive) force with respect to 

^ Atoms that have been optically depumped to the F = 3 ground state are repumped by a laser 
tuned to the F = 3 —)• F' = 4 transition to avoid signal loss. 
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Figure 3.1: Cesium energy level diagram showing the hyperfine splitting of the D2 
line 6^Si/2 —>• 6^/^3/2- The angular momentum quantum state reconstruction was 
confined to atoms in the F = 4 hyperfine groundstate manifold. Magnetic sublevels 
can be shifted in a magnetic field. 

the strong regions of an inhomogeneous magnetic field. A comprehensive summary 

of the physical and optical properties of Cesium and its D2 line can be found in 

reference [45]. 

3.1.2 Trapping and Cooling 

The Cesium atoms are contained as a dilute vapor in an ultrahigh vacuum chamber 

under a pressure of about 10~® Torr. The compact experimental chamber (28 mm 

X 46 mm x 107 mm) of the UHV system is made entirely out of quartz glass, which 

provides excellent optical quality, and does not introduce metallic and/or magnetiz

able material close to the atoms. At room temperature, however, the Cesium atoms 
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Figure 3.2: The initial cooling and trapping occurs in a magneto-optic trap. Op
posite currents 1=2 A in the coils (125 loops) produce a quadrupole field with a 
gradient of 10 G/cm. The m.agnetic field in connection with the six circular po
larized counterpropagating light beams, traps and cools a few million atoms in a 
volume of 0.1 mm^. 

move around at typical velocities of 300 mph, too fast and uncontrolled to allow a 

precise measurement of their quantum state. The atoms are slowed down (cooled) 

with the established technique of a magneto-optical trap (MOT), which consists of 

counterpropagating circular polarized laser beams and a quadrupole magnetic field 

as illustrated in Fig. 3.2. Details about laser cooling can be found e.g. in reference 

[44]. This trap is very effective and in this setup collects a few million atoms in a 

volume of only 0.1 mm^. In the MOT the atoms reach a temperature of 15-20 jiK 

with a mean velocity of 3.5 cm/s. Subsequently, the magnetic field coils are turned 

off, and the atomic cloud remains in the light field with reduced irradiajice and larger 

detuning, which results in further cooling to temperatures of about 3.5 ^K. This cold 
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and localized atomic cloud is generally the starting point for further manipulation 

of the atoms. Since the goal of this thesis was to develop a general tool to measure 

the angular momentum quantum state of laser-cooled atoms, the manipulation here 

consists of creating a variety of different and interesting angular momenta. The 

particular steps taken are discussed along with the experimental results in Chap. 4. 

3.2 The Measurement Apparatus 

In order to perform a quantum state reconstruction, it is necessary to analyze the 

angular momentum of an atomic ensemble in a Stem-Gerlach measurement with 

arbitrary direction. This section explains how a Stern-Gerlach apparatus can be 

implemented into a time-of-flight (TOF) analysis, which is one of the standard tools 

to investigate cold atoms. 

3.2.1 Time-of-Flight Analysis 

The time-of-flight analysis is the main data acquisition method to extract informa

tion about the momentimi distribution and the associated temperature of the atomic 

cloud. The atoms are released from the trap and fall under the influence of gravity 

to a thin, wide probe beam, which traverses the vacuum cell about 6.9 cm below 

the MOT position. Due to the finite width of the velocity distribution of the atoms 

in the trap, the initially small atomic cloud expands in size during the fall time. -A.s 

the atoms fall through the probe beam (resonant to the F = 4 —>• F' = 5 hyperfine 

transition), they scatter light, which is detected by a photodetector in close vicinity. 

By recording this fluorescence signal [see Fig. 3.3(a)], we can determine the size of 

the atomic cloud, which is directly correlated to the initial momentum distribution 

and temperature of the sample [42]. In addition, the integrated signal amplitude is 

a measure for the number of atoms in the sample. 

3.2.2 Stern-Gerlach Analysis 

The Stern-Gerlach measurement can be directly implemented into a time-of-flight 

analysis [46, 47]. Different from the previous work, however, the quantum state 
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Figure 3.3: Time-of-flight spectra: (a) regular detection signal with one Gaussian 
peak, (b) signal in a Stern-Gerlach analysis with 9 peaks, corresponding to the 
populations in the magnetic sublevels. 

reconstruction here is based on the ability to perform Stern-Gerlach measurements 

on the atoms in various arbitrary orientations. Section 2.2 explains that applying a 

homogeneous magnetic field defines the measurement direction, while the gradient 

field can be switched on later and may even point in a different direction. 

The homogeneous magnetic field with a strength of about 1 G is produced by 

pairs of coils wound on a symmetric plexiglas fixture ("the Cube"), which is de

scribed in detail in the following section 3.3. The field is switched on to full strength 

within a few ^s, and thus determines both the time and the quantization direction 

for the Stern-Gerlach analysis of the angular momentum quantum state. The atoms 

are in free fall for about 30 ms, when the MOT coils are switched on for 15 ms 

with a current / = 18 A to produce a magnetic field with a vertical gradient of 

> 90 G/cm (see Fig. 3.4). The atoms feel a predominantly vertical force 

Kjri, which accelerates^ or decelerates their fall depending on the magnetic sublevel 

m they occupy (Eq. 2.15): 

= -mgfiB VlB(r)| 

"The state dependent acceleration is about « m • 9.5 m/s". 

(3.1) 
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Figure 3.4: Inhoraogeneous magnetic field produced by a current of IS A in the 
MOT coils: on-axis magnetic field (b) and corresponding field gradient (c). Note, 
that on axis the magnetic field has only a Bz component. 

The force on the atoms is strong enough to completely separate the atoms into 

nine individual clouds upon their arrival at the probe beam. The time-of-flight 

analysis therefore shows nine distinct arrival peaks, which can be individually fitted 

to extract information about temperature and population of the various sublevels 

[see Fig. 3.3(b)]. 

In order to ensure adiabatic following of the angular momentum as the total 

magnetic field rotates from the direction of the homogeneous field to the orientation 

of the much stronger gradient field, the current through the MOT coils has a built-in 

soft turn-on with a rise time of several ms (see Fig. 3.5), rendering any change of the 

magnetic field slow compared to the respective Larmor frequency. After about 2 ms 

the gradient field has build up significant strength (~ 35 G), and the homogeneous 

magnetic field is turned off. The populations in the magnetic sublevels are preserved 

throughout the measurement and are determined by the projection of the angular 

momentum on the initial homogeneous magnetic field. 

Since the atoms in the various magnetic sublevels follow different trajectories, 



54 

1 0  
Time [ms] 

(b) 

-|100Q|-t-|lOOQ|-»+< 1 

GMD 

Figure 3.5: The gradient field is slowly turned on to allow adiabatic following of the 
magnetic moment: (a) current through the coils, (b) RC-circuitry to achieve a soft 
switch. The turn-off is further prolonged by allowing eddy currents. 

an accurate determination of the individual temperatures and populations has to 

take flight times, cloud size and arrival velocities into account. Extensive numerical 

simulations of the time-of-flight trajectories of individual atoms, yield theoretical 

correction coefficients for the directly measured parameters. As the reconstruction 

algorithm depends crucially on the relative population distribution, errors in the 

measurement and extraction of these populations directly affect the quality of the 

measured quantum state. 

3.3 The Cube 

One major limiting factor in the accuracy of the quantum state measurement is 

the occurrence of systematic errors due to magnetic fields not pointing exactly in 

the target directions. Crucial to the success are therefore two important steps: 

first control and zero out any background magnetic fields, then accurately apply a 

homogeneous magnetic field in an arbitrary direction. 

Background fields can be compensated by opposing magnetic fields generated 
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with large Helmholtz coils. The remnant magnetic field can be very precisely mea

sured by observing the Larmor precession of a spin-polarized atomic cloud. This 

method, which is described in more detail in reference [43], allows to null out the 

magnetic field to 0.3-0.4 mG, corresponding to a Larmor period of about 8 ms. If 

even better control is required, the driving electronics have to stabilize the current 

in the nulling coils to significantly better than one part in a thousand, and the AC 

magnetic field noise (mostly synchronized to the 60 Hz line cycle) would have to be 

actively compensated. For this experiment, however, the sub-mG remnant fields are 

tolerable. 

With the unwanted background fields taken care of, the task remains to apply 

a moderately strong magnetic field in an arbitrary direction. Since a rotatable coil 

around the glass cell would interfere with the optical access and cause numerous 

mounting problems, a stationajy set of three coil pairs to individually adjust the 

magnetic field components Bx-, By, and B~ is a better approach. In this case, 

however, the control is more demanding, as the current through three coils has to 

be carefully set to achieve the total magnetic field pointing in the desired direction 

with the proper magnitude. 

|B| = yjBl + Bl + e?, (3.2) 

<p = arctan and 0 = arctan (3-3) 

3.3.1 Physical Dimensions 

Our solution was to wind the pairs of coils in nearly-Helmholtz configuration on 

a plexiglas fixture in the form of a precision-machined cube (see Fig. 3.6). The 

cube-shaped fixture ensures that the individual coils have essentially identical di

mensions, identical electrical properties, and are mutually orthogonal. In addition, 

the high degree of symmetry of the cube allows to dramatically simplify the cur

rent control for a complete set of Stern-Gerlach measurements. Instead of adjusting 

the three currents in the coils for each of the 4F -f 1 = 17 measurements time 

and again, the symmetry of a square allows to measure eight directions on a cone 
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Figure 3.6: Plexiglas fixture to mount three pairs of mutually orthogonal coils to 
ind iv idua l ly  con t ro l  t he  magne t i c  f i e ld  componen t s  5^ ,  B^ ,  and  B~.  

simply by reversing and swapping the currents through the and By coils. This 

can be accomplished with switches without having to adjust the current values it

self (see Fig. 3.7). The whole set of 17 measurements can therefore be achieved 

by measuring two sets of eight symmetric directions on a cone, plus an additional 

measurement e.g. along the z direction. This reduces the workload to only two 

current adjustments in combination with simple current switching. The underlying 

symmetry of this measurement protocol supports more accurate measurements and 

makes troubleshooting easier, as fewer experimental parameters have to be consid

ered. Numerical simulation and experimental evidence led us to decide on an error 

tolerant measurement arrangement with the following parameters: 

Set 1: 01 = 83.50°, = 12.35° 

Set 2: 62 = 84.17°, (?ii = 34.18° 
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Figure 3.7: Symmetry of the cube simplifies the definition of magnetic field direc
tions. Eight directions can achieved simply by reversing (e.g. la —r If,) and swapping 
(e.g. la ^ h) the currents through the x- and y-coils. 

17th measurement along z, 

where 9  determines the polar or cone angle, and (p  the azimuthal angle between the 

magne t i c  f i e ld  and  t he  nea re s t  coo rd ina t e  ax i s  x  or  y .  

The plexiglas fixture is precision machined, which results in tolerances of less 

than 0.2 mm even after repeated assembly and disassembly. These tight tolerances 

translate into insignificant angle errors between the mutually orthogonal coils of 

less than 0.1°. Moreover, the dimensions of the coils and their nearly-Helmholtz 

configuration produces a very homogeneous magnetic field. A numerical simulation 

shows, that there is a maximal angular deviation of only 0.07° of the magnetic field 

within volume of 1 cm^ around the center, compared to the desired field direction. 

This means that the tolerance in aligning the cube center onto the laser-cooled atoms 

is not critical, as it can be accomplished with millimeter accuracy. 

3.3.2 Steady-State Angular Measurements 

In addition to the geometric measurements and simulations, the precision of the 

coil arrangement was directly measured with a three-axis magnetometer. In the 
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test, the three coil currents determining the direction of the generated magnetic 

field, were defined by a resistor network driven by a single voltage source. The 

resistor values were measured with a multimeter^ and used to calculate the design 

angles. The magnetic field measurements were performed with a three-axis flu.x-

gate magnetometer"^ and agreed with the target angles with an uncertainty of 0.05°. 

The overall accuracy of the test was rather limited by the specifications of the 

magnetometer, e.g. the mutual orthogonality of the axes is only ±0.2°, than the 

precision of the coil fixture^. In any case, the obtained results clearly indicate 

that the accuracy of a quantum state reconstruction will not be dominated by the 

geometric limitations of the coil arrangement! 

3.3.3 Dynamic Angular Measurements 

The ideal Stern-Gerlach measurement calls for the homogeneous field of about 1 G 

to be switched on instantaneously. Each coil is made out of a pair of three loops of 

magnet wire, and a current of about 4 A yields a sufl&cieat field strength. But despite 

the few loops and the large enclosed area, these coils have a finite self-inductance 

L, which can be estimated with the formula [48] 

where N = 3 is the numbers of loops, /iq is the vacuum permeability constant, and 

(j-r the permeability factor of the material enclosed by the coil. The coil side length 

Is w ^ 17.5 cm, while the wire radius is a ~ 0.22 mm (26 AWG). And even a wire 

pair hcLS some finite self-inductance, which can be estimated by 

which is an inductance per length [H/m], and valid for d  ^  a ,  i.e. the distance 

d between the wires is significantly larger than the wire radius a. An estimate of 

^6 Yo-digit HP 34401 A multimeter 
'^Applied Physics Systems APS 520 Magnetometer 
®The measurements and the required symmetry lead to the conclusion that the supposedly 

orthogonal and B~ pick-up coils in the magnetometer head exhibit an angle error of 0.4°, 
which is just within specifications. 

[b H _ 0.774] square (3.4) 

Wire pair (3.5) 
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the self-inductance of a pair of 3-loop coils at infinite distance yields a minimum 

value of about 17 This self-inductance L, combined with a total resistance of 

i? % 15 Q due to the coils and the switching circuitry, determines the time-constant 

r = ^ Ri 1-2 [xs on how fast the magnetic field can build up. Since the total magnetic 

field consists of three independent components, it is crucial that all three coil pairs 

have the same time constant on turn-on, otherwise the magnetic field points in an 

initially unspecified direction, and might subsequently change the direction so fast, 

that the evolution of the angular momentum is uncontrolled (neither just a Larmor 

precession, nor an adiabatic following). In that sense, the transient behavior of the 

homogeneous magnetic field during the first few microseconds largely determines 

the accuracy of the whole quantum state reconstruction. 

Since the coils for the three field components are physically almost identical, 

their electrical properties (self-induction, capacitance, and resistance) are also the 

same. The time-constants can be kept similar, as long as the external circuitry does 

not break the symmetry. This prohibits the use of a precision resistor network to 

set the different currents, as it was used in the test setup mentioned above. Instead, 

the circuitry has to provide the Scime impedance for all three coils, and the different 

currents are set by three individual voltage supplies. The theoretically expected 

turn-on should have the shape 

B ( f ) o c / ( t ) =  ^  ( l - e - ? ' )  ( 3 . 6 )  

where R is the total resistance in the circuit, L the self-inductance, and V the 

voltage of the supply determining the final field strength. The uncertainty in the 

voltage supplies (±0.01%+ 2mV) results only in an insignificant angular uncertainty 

of about 0.02°. 

The transient response of the separate coils was measured with a pick-up coil 

for the various currents in a complete reconstruction set. Typical pick-up data 

are shown in Fig. 3.8(a) with fitted time-constants = 1.15 ̂ s, Ty = 1.28/is, 

and r, = 1.37yizs. The rise times indicate a self-inductajice of 17-23 fiB., which 

agrees well with the estimate. The corresponding angle of the field is displayed in 
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Figure 3.8: (a) The magnetic field components By, and B^ are measured with 
pickup coils while the homogeneous field is switched on. The time constants indicate 
a self-inductance of about 17-23 //H. (b) The corresponding direction and magnitude 
o f  t he  magne t i c  f i e ld  show an  angu la r  ro t a t i on  o f  a  f ew deg rees  du r ing  t he  f i r s t  f j , s  
as the field turns on. 

Fig. 3.S(b), which shows that there is still some magnetic field rotation of several 

degrees in the first fis. These initially different field orientations can cause system

atic reconstruction errors. The simulations of Sec. 2.5.2 have shown, that even with 

potential angle errors of about l°-2°, good reconstructions with fidelities around 

0.95 should be achievable. The transient angle sweep discovered with the dynamical 

measurements, therefore does not necessarily prevent a successful reconstruction. 

How important this matching of time constants is, becomes obvious from the mea

surement results of an initial circuit, where the impedances of the three coils were 

not similar: angular sweeps of 20°-30° during the first 2-3 fis resulted in a severe 

degradation of reconstruction fidelities. 

3.3.4 Control Circuitry 

The electronic driving circuit is kept very simple and is illustrated in Fig. 3.9 with 

its parts being specified in Tab. 3.1. Each pair of coils is independently driven by 
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Current Monitor 

5 Volt 1/4 IC 1: 
NOR 

i Control 

X Coil 

Y Coil 

Z Coil 

IC2 
"GND 

Figure 3.9: Electronic circuit for switching the currents defined by 14, Vy and V, 
through the three coils. The switches Sx and Sy reverse the current direction in 
the respective coils, while switch S'l-y exchanges the currents through the two coils. 
Part values are given in Table 3.1 
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a voltage supply which can be adjusted up to 63 V. To produce a magnetic field 

with a strength of 1 G, a current of 4 A has to flow through the coils. Since the 

homogeneous field is only on for 32 ms, the requirements on the power supplies can 

be eased, by using large external capacitors. They are fully charged during the 3-6 s 

cycle of capturing and cooling atoms in the MOT, and thus provide enough energy 

for the 32 ms current burst needed to create the homogeneous magnetic field. The 

overall resistance in the circuit is chosen large enough to avoid a significant discharge 

of the external capacitors, and dimensioned to withstand the dissipated power (up 

to 250 W in 32 ms) in a worst-case 3 s repetition cycle. The circuit of Fig. 3.9 shows 

the switch arrangement to invert and swap currents through the and By coils. 

The magnetic field is controlled by an external signal. However, since the energy 

stored in the external capacitors is sufficient to burn-up the series resistors and 

potentially harm the coils, 'failsafe' electronics® has been included into the control 

circuit to limit the magnetic field to be on for maximally 54 ms. 

®The external signal triggers the monofiop 74LS121 to switch the field on for maximal time 
set by the external resistor RR and capacitor Ct- If this circuit should be retriggerable, another 
monoflop, e.g. 74LS123, has to be used. 
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K, K,, v; Ext. Voltage Supplies 0-60 V, 0.5 A 
C j:-,  Cy, Cz Ext. Capacitors 37000 75 V 
Rx, Ry, R~ Current Limiting Resistor 15 n: 10 X 150 2VV, 1% 
T T T x i  - ^y s  z  Bipolar Transistor TIP 142, 10 A 
P P P ^  X f  ^  y i  ^  z  On/OfF Switch: Individual Supplies SPST 
9 9 On/On Switch: Reverse Current DPDT 
9 On/On Switch: Exchange Current ly DPDT 
rm Resistor for Current Monitor 70 mfl. 5 VV 
D Bypass Diodes for soft Turn-off 1N4148 
R Bypass Resistor 7.5 Q: 2 X 15 f), 2W, 1% 
RpD Pull-down Resistor 150 a, 1/4 W 
z Zener Diode 1N5231, 5.1 V, 0.5 VV 
rd LED Series Resistor 330 a, 1/4 W 
rx Time-Out Resistor 39 kO, 1/4 W 
CT Time-Out Capacitor 2 ^F 
IC 1 NOR Gate Line Driver SN 7412S 
IC 2 Monoflop SN 74LS121 

Table 3.1: Electroaic parts for switching circuit shown in Fig. 3.9 
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CHAPTER 4 

RECONSTRUCTION RESULTS 

The implementation of a quantum state reconstruction protocol in a real exper

iment needs to be evaluated, which poses a conceptual problem. How do you judge 

the accuracy or fidelity of a reconstructed state, if it is unknown in the first place? 

A way around this dilemma, is to reconstruct several known 'input' states, which 

are representative for all possible quantum states. If the reconstruction fidelity is 

independent of the individual test states, then the measurement can be expected 

to work equally well with any unknown state. An essential part of this thesis is 

therefore the reconstruction of a suflaciently large variety of input states. The ex

perimental results of these measurements with laser-cooled Cesium atoms in the 

F = 4 hyperfijie ground state are presented in this chapter. 

The angular momentum quantum states are displayed in three different ways, 

which all have their limitations and advantages (see App. D.2). The most common 

form is to plot the absolute values of the density matrix. While that ignores 

the relative phase of the coherences, it allows a quick comparison of two density 

matrices. An illustration of the quantum state, which is more intuitive and closely 

related to our classical understanding of angular momenta, is given by graphing 

the corresponding Wigner function on phase-space as introduced by Agarwal [49]. 

However, since phase-space for an angular momentum is spherical, display problems 

persist. The Wigner function can either be plotted over the spherical angular co

ordinates 9 and <p^ or directly as a radial excursion on a sphere. The first solution 

can be misleading since for 0=0° and 180° all <{> angles converge in one spot and can 

not be flattened out. On the other hand, plotting the Wigner function on a sphere 

does not allow to observe the complete phase-space at once, and is not always very 

clear. As no display form is obviously superior, but they rather complement each 
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other, most of the experimentally measured quantimi states are graphed in all three 

forms. 

4.1 Reconstruction of Pure States 

A pure state can be accurately represented by a state vector |^) in Hilbert space, 

and the corresponding density matrix is given by the projector q = |^)($1. A pure 

state is already defined by 2*(2F+L)—2 = 16 free real-valued parameters, whereas a 

general density matrix contains (2F +1)^ — 1 = 80 degrees of freedom. This reduced 

amount of information in a pure state leads to symmetries in the density matrix, 

e.g. certain coherences have to vanish or be the same as certain others. Therefore 

reconstructing a pure state with the general protocol of 4F + 1 = 17 measurements, 

instead of only the necessary three [41], is a good first test to see if the method can 

reproduce a pure state, although the algorithm is not at all constrained to it. 

4.1.1 \m~  = ±4) States 

.An efficient way to produce a pure state is by optically pumping the atoms into a 

magnetic sublevel, which is a dark state. Once the atoms fall into the particular 

magnetic level, they no longer scatter pumper light, thus do not contribute to the 

heating of the ensemble any further. First consider optical pumping with a a~-

polarized laser beam tuned to the = 4) —)• QPz/2{F' = 4) transition*^, where 

atoms accumulate in the corresponding dark state \Tn, = —4). 

In the experiment the atoms are cooled in a I-D lin±lin optical lattice to temper

atures of 2-3 fj.K. After they are released, circular polarized light along the vertically 

chosen quantization axis z optically pumps the atoms in the pure \m, = —4) state. 

-A single Stern-Gerlach measurement along z confirms the essentially unit popula

tion of this state. For a single non-zero population we can rule out any ofF-diagonal 

density matrix elements due to the constraint \Qij\^ < QaQjj- We therefore know the 

counterpropagating cr~-polarized repumper beam tuned to the QSii2{F = 3) -)• = 
4) transition prevents losses due to decay to the other hyperfine groundstate manifold, supports 
the optical pumping process, but partially balances the radiation pressure. 
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(a) (b) 

Figure 4.1: Optically pumped pure state \mz = —4). Input (a) and reconstructed 
(b) density matrix with a fidelity of jr=0.97. Experimentally reconstructed angular 
momentum state displayed as Wigner function on phase-space (c,d). 

input state with a very high degree of confidence. Both the input and the measured 

density matrices are shown in Fig. 4.1 — they illustrate an excellent agreement, 

which is also reflected in a reconstruction fidelity of ^ = 0.97. 

Optical pumping with cr^-polarized light can easily be achieved by simply chang

ing the handedness of the circular polarized pumper and repumper beams. Under 

these circumstances the atoms end up in a nearly pure |m, = 4) state. A com

plete state reconstruction yields the results shown in Fig. 4.2, which shows a good 

agreement with a fidelity oi J- = 0.94. 
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Figure 4.2: Optically pumped pure state = +4). Input (a) and reconstructed 
(b) density matrix with a fidelity of jr=0.94. The corresponding Wigner function 
on phase-space is shown in (c,d). 

4.1.2 Spin-coherent States 

Starting from |m2 = —4) we can further produce a range of spin-coherent states 

(see App. D, [50]) by applying a transverse magnetic field and letting the state 

precess for a fraction of a Laxmor period. These spin-coherent states have generally 

no longer a diagonal density matrix with respect to the vertical quantization axis. 

Consequently they pose a first test to reconstruct non-zero off-diagonal elements. 

In the experiment the atoms are first optically pumped into the pure \mz = —4) 

state and then subjected to a homogeneous magnetic field of about 7.5 mG oriented 

along the x direction. The magnetic field was pulsed on for a period of 31, 62, 

93, and 124 /izs, corresponding to nominal precession angles of 30°, 60°, 90°, 120°, 
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respectively. The quantum state reconstructions are displayed in Fig. 4.3, which 

reflect the expected signattire of a precessing quasi-classical angular momentum with 

a fidelity of around J- = 0.95. Since there is an uncertainty both in the timing of the 

pulse duration, as well as in the determination of the magnetic field strength, the 

input state is no longer as precisely known as in the case of direct optical pumping. 

.A.S a consequence the fidelities in this example are calculated with respect to the 

spin-coherent state, which agrees best with the obtained data. The fidelities for 

the individual spin-coherent states are: 0.97 for 0°, 0.95 at 25° (drops to 0.93 at 

nominal 30°), 0.96 at 57° (drops insignificantly when compared to 60°), 0.95 at 84° 

(drops to 0.93 at nominal 90°), and 0.92 at 115° (drops to 0.91 at nominal 120°). 

The 5° deviation seen in some data corresponds to a 1.5% uncertainty in timing or 

strength of the magnetic field pulse, which is well within the estimated uncertainty 

of 5% in the experimental control of these parcimeters (~ 300//G and 2 fis). A 

weaker magnetic field, a shorter effective pulse duration, and of course systematic 

reconstruction errors, can account for the seemingly reduced precession angles. 

4.1.3 \my = 0) State 

The optically pumped states Im, = ±4) and the spin-coherent states are quasi-

classical states, they are the "quantum relative" to a classical angular momentum 

pointing in various directions. It is desirable, however, to also check the reconstruc

tion of test states that are manifestly quantum, and whose density matrix exhibits 

large coherences far from the diagonal. One example of such a state is \my = 0), 

which can be produced by optical pumping, too. Transition rules demand that 

the probability for an excitation with AF = 0, Am = 0 for m = 0 must vanish. 

When optically pumping with 7r-polarized light (Am = 0), the atoms eventually 

accumulate in this dark state ]m = 0). For 7r-polarized light, a beam has to tra

verse the atoms with linear polarization aligned with the quantization axis. In the 

experiment, it is very easy to use the same pumper/repumper beam combination as 

before, but now with linear polarizatioa along the y axis. While this light field has 

no TT-component along the quantization axis £, it is purely vr-polarized with respect 
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Figure 4.3: Series of spin-coherent states obtained by controlled Larrmor precession. 
The reconstructed states to nominal rotation angles of 0°,30°,60°, 90°, and 120° 
(from top to bottom). The left column shows the density matrices, rthe center and 
right columns show the illustrative Wigner functions on phase-space_ 
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Figure 4.4: Optically pumped \my — 0) state, (a) and (b) show the input state 
represented in a system with a quantization axis along y and respectively. Den
sity matrix (d) is the experimentally reconstructed state to be compared with to 
(b). Graph (c) represents the measured state w.r.t. y as quantization axis to allow 
comparison with (a). The fidelity is J^=0.95. 

to a quantization axis along y .  A single Stern-Gerlach measurement in the y  direc

tion confirms the effect of the optical pumping, a relatively pure state \my = 0) is 

obtained [Fig. 4.4(a)]. The density matrix of this state with respect to the originally 

chosen quantization axis z can be mathematically obtained by a numerical 90° rota

tion {y —y z). The input density matrix [Fig. 4.4(b)] thus exhibits large off-diagonal 

elements and an obvious symmetry with every other row/column vajiishing. The 

experimental data yield the density matrix seen in Fig 4.4(d), which almost perfectly 

reproduces the intricate input state with a fidelity of = 0.95. Since it is difficult 

to see the differences in the density matrices (b) and (d), the reconstructed density 
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Figure 4.5: Wigner function of state [niy = 0) exhibits negative values, a signature 
of a manifestly quantiim state. Selected cuts. Selected cuts along (b) ip = —90° and 
(c) 9 = 90° explicitly demonstrate the excellent agreement of input state (green) 
and measured state (orange), and the negative values of the Wigner function. 

matrix is numerically rotated by —90° ( z  y )  in order to switch to a system with 

the quantization axis along y. This simplifies the visual comparison of Figs. 4.4 

(a) and (c). The non-classical nature of the measured state is most apparent in its 

Wigner function representation, which takes on negative values as shown in Fig. 4.5. 

4.2 Reconstruction of Mixed States 

While pure states can be reliably and accurately prepared, thus allow an evaluation 

of a density matrix reconstruction with great confidence, the protocol extends over 

4F + 1 = 17 mezLSurements to be able to measure arbitrary mixed states. The 
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Figure 4.6: Almost maximcilly mixed state in optical molasses. Input (a) and recon
structed (b) state agree with a fidelity of JF=0.98, despite the apparent differences 
seen in (c,d). 

following two sections contain the results of reconstructions of mixed states. 

4.2.1 Optical Molasses 

A state reconstruction can be performed on atoms released directly from a 3D op

tical molasses, in which case there are no preferred spatial directions defined by 

external light and/or magnetic fields. Since every measurement averages over the 

whole atomic cloud, the reconstructed state is expected to be something close to 

a maximally mixed state, i.e., a diagonal density matrix with uniform populations. 

Assuming the state has no coherences, a single Stern-Gerlach measurement deter

mines the populations of the 'input' state. Figure 4.6 shows input and mecisured 

density matrices in good agreement with the expectation of a maximally mixed 
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0 

Figure 4.7: Inherent local optical pumping in a linJLlin near-resonance optical lattice 
leads to a double-peaked mixed state. Input (a) and reconstructed (b) density matrix 
agree well and show the expected coherences due to a 6.5° tilt between the optical 
lattice and the quantization axis of the measurement. The fidelity is J^=0.99. the 
Wigner function is shown in (c,d). 

state. Within the limitation of the uncertain knowledge of the input state, the fi

delity can be calculated to be J^=0.9S. The fidelity is very high despite the apparent 

differences of input and measured state, which illustrates the limits of the fidelity 

and/or the human perception as an absolute measure. The nonuniform population 

distribution can be explained by systematic errors in the reconstruction method 

potentially underestimating the area in the late arriving peaks. 
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4.2.2 Near-resonant OpticEil Lattice 

The reconstruction procedure can also be applied to the (presumably) mixed states 

that result from laser cooling in a one-dimensional optical lattice. Figure 4.7 shows 

the input and reconstructed state produced by laser cooling in a ID linJ_lin lattice. 

The input state shown here is again based on a single Stern-Gerlach mecisurement 

of the magnetic populations, but it seems reasonable to assume that the highly 

dissipative laser cooling process destroys coherences between magnetic sublevels 

and that the density matrix is diagonal. The measurement result confirms this 

assumption. The apparent coherences seen in Fig. 4.7 (a,b) are real and due to a 

6.5° tilt of the lattice with respect to the quantization axis z. The fidelity including 

this tilt correction peaks at J^=0.99. 

4.3 Discussion of Errors 

The method to determine the complete density matrix was experimentally tested 

with a variety of angular momentum quantum states. The input and reconstructed 

density matrices typically agree with a fidelity of J- > 0.95. Several imperfections 

in the execution of the experiment can lead to a limitation on the accuracy to which 

the density matrix can be measured. The mathematical model shows that the re

construction depends only on two ingredients: the measured populations TTm^ and 

the orientation of the magnetic field, i.e. the angles 9k and (p^. 

Errors in measuring the populations: 

• The quantum measurement is inherently probabilistic, which together with a 

limited signal-to-noise level in the detection scheme leads to fluctuations in the 

measured populations. Averaging the results over typically 20 repeated indi

vidual measurements limits the effect of these random variations. Tests have 

indicated a repeatability of population measurements within an uncertainty 

of less than 2%. 
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• Atoms in different magnetic sublevels pass through the probe beam with differ

ent velocities and cloud sizes. Correction factors have to be applied to extract 

the populations from the measured signal. Any error in these correction fac

tors would result in a systematic reconstruction error. The correction factors 

used, were determined by an extensive time-of-flight simulation. In addition, 

the corrections can be experimentally determined with well-controlled test 

states. These experiments, however, have resulted in contradictive and finally 

inconclusive coefficients. This supports the conclusion that other imperfec

tions dominate the uncertainty in the reconstruction, hence the theoretical 

correction factors are still the best estimate. 

Errors in the directions of the applied magnetic field: 

• The current in the three coil pairs can randomly fluctuate due to variations 

in the voltage of the supplies and the resistance of the circuit. Measurements 

of these variations allow an estimate of the corresponding uncertainty in the 

angles of less than 0.1°, which makes it a completely insignificant contribution. 

In addition, the effect of these random fluctuations can be further reduced by 

averaging. 

• Limitations in the symmetry of the coil pairs, i.e. area and orthogonality, re

sult in a systematic directional error. If the cube is not centered on the atoms, 

the slight inhomogeneity of the magnetic field also causes a systematic angle 

error. However, the precision machined cube, and the steady-state measure

ments rather reveal, that the geometrical imperfections at most contribute a 

systematic angle error of about 0.1°. Simulations show that this angle er

ror is not large enough to account for the reduced fidelities measured in the 

experiment. 

• If the angular momentum can not adiabatically follow the total magnetic field 

during the switch-over from the arbitrarily aligned homogeneous magnetic field 

to the essentially vertical aligned gradient field, then systematic errors in the 
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population measurement happen. However, the soft tum-on of the gradient 

field wcLs experimentally verified, and a numerical simulation of the quantum 

behavior of an angular momentum in the changing total field did not indicate 

any non-adiabatic evolution. 

• The dynamic angle measurements have revealed an angular uncertainty of sev

eral degrees in the first microsecond when the homogeneous magnetic field is 

switched on. This causes an initial evolution of the angular momentimi quan

tum state, which is different from the simple Larmor precession in the ideal 

case. These deviations furthermore depend on the quantum state, therefore 

cause systematic and state-dependent errors. An estimation of the effect of 

these angular sweeps is very difl&cult, since it depends on the initial quantum 

state and on an accxirate measurement of the magnetic field within the first 

microsecond. 

In conclusion, we believe the accuracy of the quantum state measurement was 

limited by the lack of control of the magnetic field direction in the first microsecond 

after it is switched on. Experimental test measurements with the pure, optically 

pumped \m = —4) state indicate, that the differences between expected and mea

sured populations can not be explained with any deviated, but constant direction 

of the magnetic field. This evidence points to an initially uncontrolled angular 

momentum evolution. 

The physical reason for this angular sweep of the magnetc field could be either 

the driving electronics and/or minor differences in the electrical properties of the 

coils, or generally the environment in the vicinity of the atoms. We have found 

experimental evidence that the MOT-coils and metallic fixtures within the cube 

change the magnetic field response. Switching on the homogeneous magnetic field 

presumably induces short-lived eddy currents, which in turn affect the total magnetic 

field. In light of these findings, the metallic fixtures of the MOT-coils will have to be 

replaced by non-metallic materials. Future tests will show, whether this improves 

the magnetic field control. 
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CHAPTER 5 

SUMMARY 

Quantum mechanics plays a more important role today than ever before, as 

modern technology is often based on quantum mechanical devices and processes. 

With the semiconductor industry succeeding in their continued effort to miniatur

ize integrated circuits, quantum mechanical effects due to miniscule feature sizes 

and tiny charges will become significant in this area within the next 20-30 years. 

However upon entering the quantum world, the rules of the game change, and it is 

no longer 'just' a technical challenge to achieve a further reduction of scales, as the 

devices simply will no longer work in the same way. While this poses a novel chal

lenge for future developments, it also illustrates that we rapidly approach the time 

when quantum mechanics will have tremendous practical impact well beyond the 

academic interest. Furthermore, research in the last decade has discovered quantum 

mechanics to be also an enabling technology for applications which could not be 

achieved in any other way. Quantum cryptography, which makes it fundamentally 

impossible to eavesdrop unnoticed, quantum teleportation and the concept of quan

tum computing to solve otherwise untrackable problems, are some ideas, which in 

part have already become experimental reality. These examples give a glimpse of 

the potential that could be explored, when systems can be engineered and controlled 

at the quantum level. 

In order to learn more about the behavior of large or 'macroscopic' quantum 

systems, researchers have started to develop and investigate various model systems. 

For every system one has to find methods to prepare particular quantum states and 

control or manipulate their evolution. An important complement is to also devise 

a tool to measure in exactly what quantum state the system is, i.e. the ability 

to perform a quantum state reconstruction. The quantum system our group has 



78 

developed over the years, consists of neutral atoms bound in optical lattices, which 

are formed through the interaction of the atoms with an interference pattern of light 

beams [51, 52, 53]. The freedom to control the geometry, irradiance, polarization and 

frequency of the beams, and the possibility of additional magnetic or electric fields 

provides great flexibility to design and control this quantum system. Previous work 

has established optical lattices as a well-controlled model system in which specific 

quantum states caja be prepared and coherent motion of atoms can be observed [42, 

43]. Since the angular momentum of atoms is directly correlated to their position 

in optical lattices, the spin can act as a meter for the center-of-mass evolution of 

the atoms. Being able to measure the angtilar momentum quantum state of atoms 

is therefore an invaluable tool for future studies in our system. 

The task of this dissertation was to devise and implement a diagnostic tool, 

which allows to measure the generally mixed angular momentum quantum state 

of laser-cooled atoms. Associated with the total angular momentum of an atom 

is a corresponding magnetic momentum, which in turn can be determined with a 

Stern-Gerlach measurement. In the experiment the laser-cooled Cesium atoms are 

restricted to the 6^5i/2(F = 4) hyperfine ground state manifold. A general angular 

momentum quantum state of this atomic ensemble can be represented by a 9 x 9 

density matrix. However, a single Stern-Gerlach measurement is not sufficient to 

retrieve all the information contained in the density matrix. On the other hand, a 

sequence of 17 Stern-Gerlach measurements in different spatial directions on iden

tically prepared atoms provides complete information to reconstruct the angular 

momentum quantum state [3]. A Stern-Gerlach measurement in an arbitrary direc

tion is performed by applying a homogeneous magnetic field in this direction. The 

orientation of the field defines the quantization axis of the measurement, since the 

angular momentum precesses around the field and its projection onto the quantiza

tion axis therefore remains invariant. A subsequently applied magnetic gradient field 

separates the atomic cloud according to the populations in the magnetic sublevels. 

The apparatus to perform a complete Stern-Gerlach analysis was implemented 

into an existing time-of-flight detection scheme, which is commonly used in exper
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imental work with ultracold atoms. The initial homogeneous magnetic field is pro

vided by three mutually orthogoned. sets of coils. The current through the coils can 

be individually adjusted to arrive at the 17 arbitrary magnetic field directions. Using 

a precision machined cube as a symmetric fixture for the coils, simplifies the driv

ing electronics and rewards with a better controlled and more robust reconstruction. 

Once the atoms are released from the trap/optical lattice and start falling under the 

influence of gravity, the homogeneous magnetic field turns on with a time constant 

of a few fis. Of particular concern is, that the field points in the correct direction 

during the turn-on. The magnetic gradient field in predominantly vertical direction 

is produced by the quadrupole coils of the magneto-optic trap initially used for the 

laser cooling. As the gradient field is turned on, the total magnetic field is changing 

its orientation. This rotation of the field, however, does not matter as long as the 

change occurs slowly compared to the Larmor frequency, which is determined by 

the strength of the magnetic field. The angular momentum will follow adiabaticaily, 

and the initial spin projections remain unchanged. The falling atoms experience a 

vertical force in the gradient field, which accelerates or decelerates them depending 

on the magnetic sublevel they occupy. The separated atoms are detected at a probe 

beam further below. Different detection efficiencies due to varying arrival times and 

atomic cloud sizes are compensated by theoretically determined correction factors. 

The complete Stem-Gerlach analysis was evaluated with known angular momen

tum test states. Laser cooling, optical pumping and controlled Larmor precession 

furnished a variety of pure and mixed states, states with diagonal density matri

ces, states with large off-diagonal coherences, and spin coherent states with various 

orientations. All these quantum states were reconstructed with typical fidelities of 

above 0.95. Since the general measurement was successful for all test states, we 

conclude that this method of reconstruction is robust and results in an accurate de

termination of any angular momentum quantum state. This experiment represents 

the first complete quantum state reconstruction of an angular momentum which 

goes beyond a spin-1/2 system. It also carries the initial idea of Stern and Gerlach 

to the ultimate goal of completely measuring an angular momentum quantum state 
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with their experimental method [2S, 29, 30]. 

The success of the implementation provides a powerful diagnostic tool for ex

periments with ultracold atoms. The ability to measure the spin quantum state of 

atoms with a high degree of accuracy, will immediately benefit our future experi

ments of coherent transport phenonema in optical lattices. The value of this tool, 

however, goes beyond the optical lattice work. An application has been proposed 

in cavity QED, where an atomic angular momentum can be used to read out the 

quantum state of light in an optical cavity [54]. Furthermore the angular momen

tum itself offers to be a model system to investigate the intricate quantum behavior 

of the so-called "kicked top." The evolution of a precessing angular momentum 

when subjected to a periodic torque, can lead to classically chaotic trajectories [55]. 

This quantum state measurement furnishes the experimental tool to investigate the 

quantum behavior of such a system under a variety of conditions. Such an experi

ment could answer questions about the correspondence between the quantum and 

the expected classical evolution, and might shed more light on the emergence of 

classical chaos. 



81 

APPENDIX A 

THE DENSITY MATRIX 

In Chapter 2 algebraic properties related to the density matrix are merely stated 

for the sake of brevity. However, for the sake of completeness, simple proofs and 

additional information can be found in this appendix. Section A.l covers the neces

sary and sufScient properties of a density matrix. Section A.2 lists equations useful 

for decomposing a density matrix into a product of a triangular matrix with its 

adjoint. Properties of the fidelity measure for comparing different density matrices 

are given in Sec. A.3, while part A.4 contains the explicit calculation of performing 

the 'Gedanken'experiment of a state reconstruction of a spin-1/2 system. 

A.l Density Matrix Properties 

Chapter 2.1 lists three statements about the density operator in general and its 

density matrix representation in particular. The density operator g is introduced as 

the weighted statistical mixture of any number of pure quantum states |^q), with 

the weights pa being probabilities of occurrence in the ensemble of the quantum 

system at hand. 

The l^a) are considered to be normalized, i.e. but not necessarily 

orthogonal. For the weights to be interpreted as probabilities, they have to sum 

up to unity, i.e. Yla P" ~ choice of orthonormal basis |n = 1 ... iV} 

allows to represent the quantum state as a vector with coefficients c®, and the 

density operator ^ as a matrix with elements Qnm-

(A.l) 
Of 

(A.2) 
n 
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S = ^ Qnm \(i>n){cl>m.\ (A.3) 
T L ^ m  

The basis states are orthonormal {4>n\4>m) = ^nm and complete \4>n){4>n\ = 1-

The aormalization of the states [^a) transfers to a similar condition on the vector 

coefficients, i.e. |c"|^ = 1. Finally, the density matrix elements Onm are given as 

Qum =^Pc.c° «)- (A.4) 
a  

With these definitions, the proofs of the three statements in Chap. 2.1 are easy to 

follow: 

(i) A density operator/matrix is Hermitian 

= = e 

Or 

.A.11 Pa € K., since they are considered to be probabilities. 

(ii) A density matrix has unit trace 

Tr[e] = Qnn = Pec C° ic°)' = X! = = ^ 
n. n  a  a n  cx 

(iii) A density operator/matrix is positive semi-definite 

An operator is called positive semi-definite, if for any |$) the scalar quadratic 

form is always greater or equal to zero. 

( $ k l < ^ ) > 0 ,  V | $ )  

A necessary and sufficient condition for an operator/matrix to satisfy this 

condition, is that all eigenvalues are greater or equal to zero. In the case of 

the density operator, the semi-definiteness follows directly from its definition. 

a  cx  
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A.2 Density Matrix Decomposition 

Any density matrix Q can be decomposed into a product of a lower-triangular matrix 

T and its adjoint T''". Generally, the matrix T has complex elements. However, in 

order to preserve the number of independent parameters needed to define g, the 

diagonal elements are chosen to be real-valued: 

with 
Tij = 0 for j  >  i ,  

and Tii G K. 
(A.5) 

In addition, the unit trace of g enforces a 'normalization' of T, i.e. j ~ 

The relation between the matrix elements of g and T is generally given by 

Qij = which reveals more of its structure when it is explicitly written 

out: 

/  i r . , | 2  .  .  . . .  .  \  

Q =  
T2iT^i \T2,\^ + \T22\^ 

TsiT^, + Ts2T,, 32  J -22  E-m 3t-

V T2F^l,iTr, E- T2F+UiT^i E- T2F^uTsi • • • \T2F+Ui\' I 
(A-6) 

The density matrix elements above the diagonal follow from the Hermiticity prop

erty. Inspection of Eq. A.6 indicates how the matrix elements Tij can be successively 

constructed from the corresponding Qij-. 

— s /Qw Til 

^22 = \/ Q22 — 1^211 

T33 = 7^33 - E! irsiP 

Tql — Oqi /T i i  

Tq2 = {Qq2 — Tq]_T^2)l'^22 

TqZ = {gq3 — Et' (A.7) 

Tpp  — Qpp  — E i  l ^p tp  Tqp  — {gqp  E i  ^9 ' ' ^p t ) / ^PP  
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A.3 Density Matrix Comparison 

There is an established standard for comparing two pure states |^i) and ['i'2) in 

quantum mechanics: 

^(l®l),|*2» = l(fl|*2>P. (A.S) 

which is bound between 0 and 1, corresponding to orthogonal or collinear state 

vectors, respectively. In generalizing the properties of Eq. .A..8, a fidelity measure 

J- for comparing arbitrary density matrices Qy and should satisfy the following 

reasonable conditions: 

( i )  0  <  Q 2 )  <  1  a n d  ^ 2 )  =  1  i f  =  Q 2 -

(ii) 

(iii) Q2) is invariant under unitary transformations. 

(iv) If one of the states is pure, J-{Qn Q2) reduces to ^{Qi , Q2) = Tr [5152]-

If the density matrices correspond to pure states, i.e. and Q2 = 

|'52)(^2l5 then the fidelity measure has to agree with the familiar overlap expression 

of Eq. A.S. In this case, the trace operator seems to be an immediate candidate for 

=  l ( * . l « 2 ) P  = T r [ e . e 2 l  ( A . 9 )  

Even if only one of the density matrices represents a mixed state, e.g. Q2-, then the 

trace operation still gives a physically justifiable result. Since a mixed state can 

be interpreted as a statistical mixture of pure states, i.e. Q2 = Vi the 

fidelity measure can be calculated using Eq. A.S with the appropriate weighting 

factors pj 

^(ei, Qi) = Pil 1^ = (^i| Qi 1^1) = Tr [^1^2] 
i  

which again results in the trace operation. 

The conditions (i)-(iv) also show, however, why the trace breaks down as a good 

m e a s u r e  w h e n  b o t h  s t a t e s  a r e  m i x e d .  F o r  e x a m p l e ,  i f  ^  a n d  Q 2  =  ( 0 0 ) )  



So 

then = V2 7^ 1 and Tr[eie2] = Tr[eiei] = V2, which violates condition 

(i). A modification of the trace operation, similar to a statistical cross-correlation 

measure, i.e. ,—![[£', satisfies (i), but then violates condition (iv). Indeed, 

there is no simple modification of the trace operation to satisfy all conditions, and 

the fidelity measure introduced by Uhlmann might be the only possible indicator 

that does [39]: 

^(^1, ̂ 2) = (^Tr yj02 ^ (A.IO) 

The Uhlmann fidelity is a measure which can be easily calculated, and it serves well 

to evaluate the mathematical closeness of two mixed states. However, it has some 

limitations as pointed out in the paper by Deuar and Munro [56]. 

Including the conditions listed above, the fidelity has many interesting properties 

derived by Josza [40]: 

( i )  i s  b o u n d e d :  0  <  62)  ^ ^ Q2)  — ^  — 82-

(ii) !F is symmetric: Q2) = ̂ {Q2^ ffi)-

( i i i )  J -  i s  i n v a r i a n t  u n d e r  u n i t a r y  t r a n s f o r m a t i o n s .  

( i v )  I f  o n e  o f  t h e  s t a t e s  i s  p u r e ,  T  r e d u c e s  t o  Q 2 )  =  T r  [ ^ 1 ^ 2 ] -

( v )  i s  c o n v e x :  -\r P2Q2) 81)82)-: 

where pi,p2 > 0 and + P2 = 1-

(vi) .^(^1,^2) > Tr[^ie2]-

(vii) J -  is multiplicative in tensor spaces: J ' iQx® Q21  63® 84)  — 83)^ i82 ->  84 ) -

(viii) JF is non-decreasing: If any measurement is made on the states, i.e. —>• 

and ^2 82^ then :F(gi, ̂ 2) > ^(81,82)-

The fidelity measure ^ has a physical interpretation as the maximum possible 

overlap of pure states in a higher dimensional Hilbert space (purification), which 

are consistent with the corresponding mixed states [40]: ^ is a mixed state in the 
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Hilbert space H. Purification of g is any pure state |$) in an extended Hilbert space 

y. ® Tiar, such, that it reduces to the mixed state in i.e. g = Trx[l$)($l]. Then, 

the fidelity can be interpreted as 

•^(^1, S2) = maxl ($il$2) P, 

where the maximum is taken over all possible purifications |$i) and [$2) of the 

mixed states g^^ and g2, respectively. Josza calls the fidelity a "worst case measure 

of distinguishability." 

The fidelity measure is also related to the Bures metric and the notion of sta

tistical distance [57, 58]: The most general measurements allowed by quantum the

ory are sets of complete, non-negative Hermitian operators {Ej}, so-called POVM 

(positive-operator-valued measures). The fidelity is related to the distinguishability 

of the two probability distributions pu = Tr[^iE,] and p^i = Tr[52E«]-

I 

where the minimum is taken over all possible sets of general measurements. 

A.4 2x2 Density Matrix Reconstruction 

This section lists the complete, explicit solution of the density matrix reconstruction 

for a spin-1/2 system and consequently repeats part of Sec. 2.3. The density matrix 

g representing any angular momentum quantum state of a spin-1/2 system can be 

written as 

^1'), (A.ll) 
\^2l Q22/ 

where the matrix elements have to obey the constraints of Sec. A.l to constitute a 

physically valid density matrix: The populations ^xi and 022 have to be real, greater 

than or equal to zero and add up to unity. Once one of the two populations is known, 

the other one follows immediately from gii + g22 = 1- The coherences Q12 and ^21 are 

generally complex, but due to the density matrix being Hermitian, one coherence 

follows immediately from the other Q12 = ^21- Due to these linear relations, there 
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are in total oaly three real-valued and independent variables contained in a density 

matrix of a spin-1/2 particle: one of the populations, e.g. gn, and the real and 

imaginary part of one coherence, e.g. Re[^i2] and Im[^i2]-

A Stem-Gerlach measurement with the magnet oriented along z probes the ^-

component of the angular momentum, i.e. the observable S^. The corresponding 

quantum mechanical operator s- ha^ the well-known matrix representation 

with eigenvalues izh/'l and corresponding eigenvectors |-1-;) = (q) and | —-) = (°), 

respectively. Since a Stern-Gerlach measurement reveals the relative populations —± 

in each eigenstate of the measured observable, the outcome of the ^--measurement 

is: 

= Tr[^ |-t--)(+2|] = (-F,| ̂  

^11 Qi2\ f 1 
=  ( 1 0 )  ,  

V Q21 Q22 J v" 

= eii (A-13) 

T?' = Tr[c|-,>(--|l = {-.-|ff|-=> 

\Q21 Q22J VJ-

Trir' = ^22 (A-14) 

In order to get access to the coherences Q12 and ^21? additional measurements 

have to be performed. Let's imagine the magnet is rotated such that it is aligned 

with the x-axis. In this case the apparatus measures the x-component of the angular 

momentum, the observable Sx- The corresponding operator is given by the matrix 

=  5  (1  0 ) '  

with eigenvalues ±/i/2 and eigenvectors |-[-x) = (J) 

lowing the same procedure as in Eqs. A.13 and A.14, the outcome of the Sx Stern-

Gerlach measurement turns out to be: 

= Tr[^ l-f-a:)(-f-a:l] = (-frl 5 j-t-x) 
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\92i Q22J \^J 
= J (^11 + Q12 + Q21 + Q22) 

= J + Re [^12] (A.16) 

jrW = Tr[eK)(-.i] = (-.|e|-.) 

— 7 (^11 ~ Qi2 — Q21 + 222) 

= 2 ~ [^12] (A.17) 

The Stern-Gerlach measurement along x is therefore measuring the real part of the 

coherences, i.e. Re [^12] = ^ — tt^^). 

Finally, in order to measure the still unknown imaginary part of the coherence 

^12, a third measurement with the magnet aligned along y is sufBcient. In this case, 

the y-component of the angular momentum is probed, and the Sy operator related 

to the Sy observable is represented by the matrix 

2  ( f  0  )  '  

with eigenvalues ±:hf'2 and eigenvectors |+y) = ^ and |—y) = Hi)- The 

outcome of this third measurement is 

~+^ = Tr[e |+j,)(+t,|] = (+yl e l+y) 

= 1(1 
\Q21 522 J \ij 

= 2 ^^12 — ^921 + Q22) 

= |-Im[^i2] (A.19) 

= Tr[e|-,)(-,|]=(-,kl-.) 

V ^ 2 1  0 2 2 /  \ — ^ J  
= 2 (^'•1 ~~ + 2^21 + ̂ 22) 

w;rL»' = 1 + ImM, (A.20) 

and consequently Im [^12] is given by ^ (?r_ — )• 
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This explicit calculation shows that three conveniently chosen Stern-Gerlach 

measurements are sufficient to retrieve aU the information contained in the 2 x 2 

density matrix describing the quantum state of a spin-1/2 system. Combining all the 

measurement results together, it becomes obvious that the outcomes are determined 

in a linear way by the density matrix elements: 

" + 

^(=) 
;i _ 

_ "+ — 
_ n — 

_(J/) _ 
"+ —  

_ ( y )  _  

011 011 -

022 022 
_ _(=) 
— yi _ 

1 + Re [012] 
> <—J- < 

Re [^12] _ 1 f - i ^ )  
—  2  ^ " +  ) 

1 - Re [^12] 
> <—J- < 

Im [^12] 1 ^_(f) 
—  2 * ^ " -  ~  " +  ) 

1 - Im [^12] Re [^21] 1 r— 
— 2 v" + J 

i + Im [^12] Im [^22] — 2^"+ ~ 
_(y)\ 

) 

(A.21) 

For this particular choice of measurement observables 5x, Sy and 5;, the linear 

system turns out to be trivial, and the inversion can be directly read off the chart. 

However, the density matrix reconstruction for this system is solvable for any three 

measurement directions, which do not lead to linear dependent equations. 
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APPENDIX B 

THE NEWTON-YOUNG SOLUTION 

This appendix derives the specific solution of an angular momentum quantum 

state reconstruction, which Newton and Young have introduced in their 1968 pub

lication [3]. 

Starting point is a mathematical description of a Stern-Gerlach measurement 

in a direction defined by the spherical angles {9ki(t>k}- The set of linear equations 

mapping the density matrix elements Op, to the measured populations is given 

by Eq. 2.31 

E E (B-i) 
p=—F q=-F 

Following Wigner [32] the rotation matrix elements can be expressed in terms of 

a complex phase term, which depends on the angle Ok-, and a real-valued amplitude 

d^^rn-: which depends on the angle 9k [32] 

4S = <„(«')• (B.2) 

Selecting (4F + 1) measurement directions, which are distributed on a cone as il

lustrated in Fig. B.l, yields a set of equations, where the matrix elements are 

defined by one single angle 9 = 0^, V k. In consequence, the different measurements 

are only reflected in the appearance of different angles in the exponential phase 

term. This allows to rewrite Eq. B.l into the following form 

E (B.3) 
p=—F q=—F 

which can be interpreted as sets of (4F + 1) linear equations indexed by k for all 

m's. Instead of having both p and q summing over —F... F, one can introduce a 
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Z 

y 

Figure B.l: The complete set of Stern-Gerlach measurements is geometrically ar
ranged on a cone. All measurement directions are determined by the same angle 9, 
but differ in the azimuthal angles (i>k. 

new index A = p — q. Equation B.3 becomes then 

" » = E  E  C < + A . „ 2 , + A . , .  ( B . 4 )  
q=—F A=—F—q 

The index A takes on values in the range (—F —  q ) . .  . { F  ~  q )  depending on the 

value of g G {—F ... F}. The order of the summations, however, can be exchanged. 

Then A is ranging —2F... 2F, and for A > 0 the sum over q is given by: 

(B.5) 

If A < 0, is 

F 

F 

'^q,m'^q—\A\,m. ^9—|A|,i7 ? Q |^| 
9=-F+|A| 

F-IAI 

^ ^ ^q+\S^\,Tn^q,Tn ^?,g+|A| 
q=-F 
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F-\A\ 

^ y '^q+iA|,Tn'^g,m ^g+|A|,q 
q=-F 

— ^lAl.m (B.6) 

Equation B.4 can be rewritten using the definitions above 

2F 

= Y. (B-7) 
A=-2F 

with A'a.tti = -^|A| m A < 0. Equation B.7 is just a linear mapping of the X ' s  to 

the measured populations ~m\ and can be written 

2F 

~m = or Gfc,A-^A,m- (B-S) 
A=-2F 

with the matrix elements G^.a = . The matrix G can be inverted, and it is 

sufficient to state here, that the can be obtained from the measured data via 

4F+1 

X^ = G-'iTm or = Y. iG-')A,k-l!:K (B.9) 
k=i 

Knowing the X^,m-, Eq. B.5 has to be solved for the density matrix elements 

Qij. This is accomplished by using an identity relation between the Clebsch-Gordan 

coefficients 7^^^ = ^ ^ ^ ̂  and the rf-matrix elements 

2F 

J=0 

Inserted into Eq. B.5 yields 

F-A 2F 

-fA.„= S,+A,,5](-ir"'7,-'+A,,7™„''lo- (B.ll) 
q=—F J=0 

which can be solved for the Q{j (see proof below). For every 0 < A < F — q the 

density matrix element ^,+a,? is given by 

2F F 

e,+A,, = X; E (B-12) 
J=Q Tn=—F' 
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Inserting the expression for ct^^ Q in terms of associated Legendre functions leads to 

Newton and Young's final result: 

2F F 

This equation reveals that certain angles 6 which result in a zero of the Legendre 

function P^(cos0), can not be chosen for a successful reconstruction. 

• Proof of Eq. B.12; 

2F F 
E (useEq. B.ll) 

^•=0 m = — F 
F-A 2F 

J,m ' q = — F J=Q 

.J - ^ 
— Sq+/\,qtq+A,ql^+^,q ^ ' 7m,m 7m.m 

J ,J,q ' m=-F 
^ "V ^ 

=^j.j 

— E Sq+^.qlq+A.q t^+A.q 
J,q 

2F 
^ ^ (~1)' ' 8q-i-A,q 'y ' 7q+A,q 7(f+A,q 

q J=0 
^ ^ 

—^1^4 
= 5q+A,q 

a 
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APPENDIX C 

THE MOORE-PENROSE PSEUDOINVERSE 

This appendix introduces the Moore-Penrose pseudoinverse in the context of a 

complete set of Stern-Gerlach measurements. Important properties of the pseudoin

verse, such as its unique existence, its power to determine the best least-squares 

estimate of a noisy linear system, ajid its compliance with the trace and Hermiticity 

constraints of a density matrix are explicitly worked out. Most of the summary is 

based on Barrett's notes [35] and some is original. Instead of keeping the treatment 

of the pseudoinverse general for any linear system, the equations are specifically 

given for a complete set of (4i^ -f I) Stern-Gerlach measurements. 

C.l Linear Mapping 

-A. set of Stern-Gerlach measurements can be described mathematically as a linear 

mapping of the density matrix elements gij to the measured populations nm\ Using 

the notation introduced in Chap. 2.4, the measurement can be expressed as the 

linear vector equation 2.37: 

Since M is not a square matrix, no inverse exists. Nonetheless, this set of 

linear equations can be inverted to solve for p from the given tt, and the solution is 

formally written as 

^ = M/9, with 
(4F+1)x7' 

(C.l) 

p = M"*" TT 

where the matrix M"*" is specified later in this appendix (Eq. C.16). 

(C.2) 
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Real mecLSurements, however, exhibit inevitably systematic and random errors, 

which make the measured result deviate from the expected result. Without specify

ing the physical source of the errors, that deviation can be mathematically expressed 

as an additive 'noise' term e. 

fr = M/5'+e (C.3) 

Without knowledge about the noise e, Eq. C.3 can no longer be solved for p. A sensi

ble alternative instead is to solve the following linear equation for the approximated 

r e s u l t  p  ^ :  

^ » Mp in the sense of ||^ — Mp ||^ = minimum (C.4) 

This appendix shows that even in the presence of noise, the solution to Eq. C.4 is 

again given by 

^=M+7r (C.5) 

The linear mapping of the density matrix to the measurement results and back, 

and the influence of noise is illustrated in Fig. C.l. In the case of a complete 

measurement set, the linear operator M maps the discrete {2F + 1)^ dimensional 

Hilbert space U to a discrete {AF -F 1){'2F + 1) dimensional Hilbert space V. U 

contains all (2F -t- 1) x (2F -t-1) Hermitian matrices with unit trace. The set of all 

density matrices D is only a subspace of U, as density matrices have the additional 

constraint of being positive semi-definite. Since the Hilbert space V hcis a higher 

dimensionality than U, it is clear that not every element in V can be reached by 

mapping an element of U with M. The set of all possible measurement results in 

the absence of noise (e = 0) is called the range of M, or the consistency space Vcan-

The remaining region in V, which can not be reached, is called the inconsistency 

space Vincon- It is the geometry of the measurement M, which defines how the 

Hilbert space V splits into its two constituents Vcon and Vincon^- For a complete 

'Conforming to the standard notation in stochastics, the use of the 'hat', e.g. p, indicates an 
estimated property, and is not to be confused with a quantum mechanical operator here. 

"It is important to emphasize, that the distinction of the density matrices D as a subspace of 
all matrices U is NOT related to the separabiltity of V into consistency and inconsistency space. 
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one-to-one mapping 

con 

7le*P 

con 

moon 

Figure C.l: An ideal Stem-Gerlach measurement M maps a density matrix g to the 
expected measured populations TTexp in consistency space 'Vcon- Since the mapping is 
one-to-one, the pseudoinverse M"*" uniquely leads back to q. In a real measurement, 
noise e potentially shifts the measured data into inconsnsteacy space Vincon- The 
pseudoinverse can be interpreted as first projecting the noisy data tt into Vcon, 
then mapping the obtained data TT to ^ in the domain U. Normalized and real data 
enforce g to be Hermitian with unit trace, but it might no^t be positive semi-definite, 
thus not reside in the set of physically valid density matr-ices P. 

set of (4F + 1) measurements, the rank of M is i? = (2i^ 4- 1)^, which agrees with 

the dimensionality of p E U. This means that the mappiing from U to Vcon is one-

to-one and there is no null space in U. Therefore in thes absence of noise {e = 0), 

no two different matrices in U are mapped to the same measurement result in Vcon 

(Eq. C.l), and in return every measurement result in Vcoi-n maps uniquely back to a 

matrix in U (Eq. C.2). 

The existance of V-mcon hcLS consequences when noise is present in the system 

(e ^ 0). Noise can move the expected measurement resullts ^exp S Vcon to the real, 

measured results TT within the region Vincon, vvhich is not aassociated with any matrix 

in U at all. Measurement results residing in inconsistenccy space lead to contradic

tions in the overdetermined linear set of equations C.l, and therefore prohibit an 
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inversion to solve for p. In order to arrive at an approximate solution p, inconsistent 

measurement results due to noise have to be projected back into consistency space 

Vcon- The pseudoinverse solution Eq. C.5 does exactly that, and it performs in a way 

that the approximate result p agrees with the measured data in the least-squares 

fashion of Eq. C.4. 

C.2 Singular Value Decomposition 

The linear operator M maps a vector /5* in U to a vector tt in Vcon- Using its 

adjoint M^, two new operators M'^^M and MM^ can be formed. These operators 

are by construction Hermitian and positive semi-definite. The eigenvalue equation 

for M'^'M is 

= XiWi, with \i > 0 and € R. (C.6) 

The eigenvectors Wi form a complete and orthonormal basis in U, i.e. wiw\ = i 

and w\wj — 5ij For a complete Stern-Gerlach measurement set, the rank of M^M 

Is R= {'2F -1- 1)^, in general however, the rank R could be smaller. In any case, the 

non-zero eigenvcdues A,- and their associated eigenvectors are conventionally ordered 

by decreasing value A^ > A2 > .. - > Afl > 0. 

Operating on Eq. C.6 with M from the left, immediately yields the eigenvalue 

equation for the operator MM''" 

MM^M^ = AiM^ (C.7) 

^J^Vi 

where the normalization constraint vju,- = 1 determines the constant Af. The eigen

value equation can therefore be written as 

MM^ V{ = X{Vi, with A," > 0 and Xi 6 K., (C.S) 

where the eigenvectors u,- are related to the vectors Wi by 

Vi = .— M tZ;,-, with A,- ^ 0. (C.9) 
yA,-

^Note that wjwj denotes the scalar or inner product of the two vectors, whereas iZJ.-zUj is the 
dyadic or outer product. 



98 

Since the operator MM^ acts in the larger 1)(2F + 1) dimensional V, Eq. C.9 

can only be used to determine the eigenvectors u,- associated with non-zero eigen

values — the remaining eigenvectors have to be found by directly solving Eq. C.8. 

These results show that the eigensystems of M^M and MM"'" have the same 

non-zero eigenvalue spectriun, and permit to rewrite the linear operator M and its 

adjoint as a singular value decomposition: 

R 

M =: ^/^iViw], (C.IO) 
l"=l 
R 

(C.U) 
J=1 

• Proof of Eq. C-10: 

M operates on vectors p G U. Since the set of eigenvectors {ti;, } forms a complete and 

orthonormal basis of U, any vector p can be expressed in this basis as 

R 
p = ociiSi, with a,- = w\p 

i 

This shows, why M can be written in the form of Eq. C.IO. 

R R 
h/lp = M aiiSi = ^ ^ a,- Mti;,-

' ' Eq. C.9 

R R 

i i 

• 

C.3 Generalized Inverse 

Moore realized already in 1935 that every linear operator has an associated gener

alized inverse operator. As this result was independently rediscovered by Penrose 

twenty years later, the generalized inverse operator is nowadays called the Moore-

Penrose pseudoinverse M"^. In analogy to inverse operators, it has the following 

defining properties: 

MM+M = M (C.12) 
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M+MM+ = M+ (C.13) 

(MM+)t = MM+ (C.14) 

(M+M)+ = M+M (C.15) 

It can be shown that for any linear operator M, there exists a unique linear operator 

M"^, which fulfills these four equations. Many of its properties can be found in [35, 

36]. The pseudoinverse M"*" can be expressed as the decomposition: 

^ 1 
M+ = ^ —= Wi vj (C.16) 

V Ax-

The previous results of Eqs. C.IO and C.ll can be employed to prove that M"^ of 

Eq. C.16 satisfies all four defining equations C.12-C.15. The solution to the noisefree 

linear mapping of Eq. C.l is then given by Eq. C.2 

n  =  N i p  p  = M"*" n  

• Proof of Eq. C.2; 

R 1 R ^ 
M"'" TT = ^ —= Wi uj 7? = ^ Wi v^Mp 

1=1 V Ai' ,-=1 vA,-
« R 

=  ̂  ^  W i  ^  \ / ^ P  
:=:l ' j 

^  W i  w }  p  =  ̂ W i  w j  P  

S , j  

=1 

= P 

• 

In the presence of noise, measurement results can end up in inconsistency space 

Vincon and have to be projected back into consistency space in order to allow a unique 

mapping back to a matrix in U. The following paragraphs define this projection 

operator T^con, and show its relationship with the pseudoinverse M"*". 

In order to derive the form of "Peon, the two orthogonal spaces Vcon and V-mcon 

have to be properly defined. Any noisy outcome it can be decomposed into a part 
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^con, wtich is consistent with the ideal measurement operation M, and a part TTmconr 

which is in conflict with it and prohibits an inversion, ^incon s^nd TTcon are defined by 

n = ̂ con ^incom With ^incon ^ 0 and 'icon 0 (C-1 /) 

Decomposing the arbitrary vector tt into the singular value basis clearly distinguishes 

the two parts. 

jV 
= M"*" ctiVi with Q{ = vJtt 

1=1 
R N 

= aiVi + QiVi 
i=l i=R+l 

R R R iV 

= vjvi + ̂  
j=l i=l J=l {=R+l 

otj 
R 

= ^ \/^i ociWi + 0 
t=l 

TTcon = Xl)^i decomposes into basis vectors associated with non-zero singular 

values, whereas ^incon = y1^r+i composed of the u,- related to A,- = 0. 

The projector "Peon, which projects inconsistent measurement results into consis

tency space Vcon, is therefore given by 

Vcoa = MM+ (C.IS) 
R. R 

j=i i=i 
R 

= Y,Viv! (C.20) 
1=1 

which has the familiar form of a projection operator. Since the sum only includes 

Vi with i < R, "Peon ^ = ^con immediately follows. The projection operator is 

idempotent 

= MM+ = Peon (C.21) 

Eq. C.13 
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and its definition explains, why the pseudoinverse solution Eq. C.5 can be interpreted 

a^ an initial projection of the measurement results into consistency space, followed 

by the inversion 

^ = M+[Pcon = M+MM+ = M"^ ̂ r. (C.22) 

Since the inversion of Vcon^ = Mp exists'' and is unique^, consequently a unique 

pseudoinverse solution exists for any linear system. 

C.4 Least-Squares Solution 

This section proves, that the pseudoinverse solution Eq. C.5 agrees with the mea

sured data TT in the least-squares sense of Eq. C.4 

1 1 ^  — M j o l l  =  ̂ (  p )  =  m i n i m u m  

According to Eq. C.22, the pseudoinverse solution can be interpreted as an initial 

projection of tt into consistency space. Hence, the proof here shows also that pro

jector "Peon leads to the best guess of TTcon and consequently the best estimate of 

P-

The residual as a function of p has to be minimized, which happens when all 

components of the gradient V? C vanish: 

dp 

= TT^TT — TT^'M.p — p -{• p p 
dp ^ 

=  M + ' p  M ^ M  =  0  

The adjoint of the last line 

(C.23) 

''There exists at least one solution, since Vcon ^ is by definition in consistency space. 
^There is at most one solution, since HI has no null space. 
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is the condition p has to fulfill in order to be a least-squares solution. The pseu-

doinverse solution p = ^ satisfies this condition: 

M^MM+ TT = TT 

• 

The identity is listed for example in references [35, 36]. Since 

the norm must take on a minimum at some p, a least-squares solution always exists. 

The measurement operator M has the rank (2F +1)^, i.e. it has no null space. In 

consequence, the Hermitian operator M^M has no null space either. All eigenvalues 

are non-zero, and therefore its inverse exists. As a result the condition of 

the least-squares solution Eq. C.23 can be inverted to yield the unique solution 

^ with M+= (C.24) 

C.5 Trace and Hermiticity Constraints 

C.5.1 Data in Consistency Space con 

If TT resides in consistency space Vcon, then the 'matrix' vector p is related to the 

measurement results it by the two vector equations 

fr = (C.25) 

^ = M+^r (C.26) 

Equation C.25 can be written in components as 

= (C.27) 

'J 

Summing over the data tt^ of an individual Stern-Gerlach measurement yields 

m m I,J 

= E&EC-«g jm 
m 

Si, 

= E ft' (C.28) 
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Hence, normalized population measurements = 1) automatically enforce 

unit trace of the matrix Qa = 1), and vice versa®. 

In a similar way, the matrix g being Hermitian corresponds to the property of 

the measured populations to be real-valued: 

:r£-' = 

= E eis-ic & + E oh) 

«=J »>J 

= E I • I' + 2 E M ' 

«>J 

The condition of G K. for all m under any rotation k, imposes 

Re[^.-y] - Re[^yi] lm[gii] = 0, (C-30) 
Im[^,j] = -rm[^y.-] 

which means g'j = gji^ i.e. the matrix g is Hermitian. 

The conditions of unit trace and Hermiticity extracted from Eq. C.25 can also 

be applied to the equivalent Eq. C.26 in order to derive properties of M"^. Equa

tion C.26 can be written in components 

4F+1 2F+1 

9<i = E E (C.31) 
k m 

For Eq. C.31 to fulfill Hermiticity (gij = for any consistent set {-nm^}, requires 

(C.32) 

Furthermore, the unit trace condition yields 

2F+1 2F+1 4F+1 2F+1 

1 t k rn 

4F+1 2F+1 2F+1 

1 = E E E (C-33) 

=constant 

®The proof uses the property that row (column) vectors of unitary rotation matrices are or-

thonormal, i.e. Ylm = Em 
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f T.\ 

Equation C.33 is linear in the "m , but must be true for any consistent while 

the elements of M"^ remain constant. This is only possible, if the Icist sum over 

the elements ,) is a constajit itself for any measured set of populations 

Since the measured data are normalized, the constant is 

2F+1 

=  jjtr y ( k , m } .  (C.34) 
i 

C.5.2 Data in Inconsistency Space Vincoa 

If the measurement results tt reside in inconsistency space due to noise, the pseu-

doinverse uniquely projects them back into consistency space: 

T T  ^ I s / l p  V c o n  ̂  =  ̂ c o n  =  M .  p  (C.35) 

ffcon = M-^MM+ n = M-^^ (C.36) 

As already shown earlier in Eq. C.22, the pseudoinverse solution Eq. C.36 is formally 

identical whether the measured data ^ are consistent or not. The conditions C.32 

and C.34 derived above, therefore enforce unit trace and Hermiticity as long as the 

TTm ' are real valued and normalized. 

This also leads to the statement, that the projection into consistency space 

preserves the properties of the measured data to be real valued ajid normalized, i.e. 

S R, = 1 =i. (:rm)„eR.^(4S)„ = l (C.37) 
m m 

C.6 Summary 

For every system defined by a linear operator Ai, there exists a unique pseudoinverse 

operator A Stern-Gerlach measurement can be described as a linear mapping 

of the density matrix elements Qij (combined into p) to the measured populations 

TTTO' (combined into TT), including a generalized noise term e: 

TV = M p + e. (C.3S) 
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Without knowledge of e, however, this problem can not be solved for p. A sensible 

approach is instead to find the best estimate p (in a least-squares sense) to the 

corresponding equation 

7? ss M p, or 11^ — Mp 11^ = minimum (C.39) 

This linear estimation problem has always a unique least-squares solution given by 

the pseudoinverse M"*" 

3"= M+ with M+ = (C.40) 

The particular expression of M"*" is only valid here, since M is one-to-one and 

consequently exists'. The matrix p E U obtained via the pseudoinverse 

automatically fulfills the constraints of unit trace and Hermiticity. However, this 

approach does not force the matrix to be positive semi-definite. Hence the pseu

doinverse solution p is not necessarily a physically valid density matrix! 

'Using the explicit formula instead of a canned routine cuts the numerical calculation time 
almost in half. However, since the calculation of the pseudoinverse has to be performed only once 
for a given geometry of Stern-Gerlach measurements, it really does not matter whether it takes 
one or two seconds. 
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APPENDIX D 

SPIN-COHERENT STATES AND WIGNER FUNCTION 

The density matrix describing the angular momentum quantum state of an en

semble of atoms contains all the information one can possibly know'^. Due to its 

discrete nature and composition of complex numbers, however, it is diflScult to dis

play a density matrix in a simple and intuitive way. Often useful instead, is a rep

resentation of the quanttim state as a quasiprobability distribution in phase-space. 

This appendix summaxizes results from Arecchi et al. [50] and Agarwal [49, 59, 60] 

to introduce the concept of spin-coherent states and to list the relevant equations 

for a phase-space description. This summary is not intended to be comprehensive, 

but should provide a sufEcient background for this thesis. 

D . l  S p i n - C o h e r e n t  S t a t e s  

A common choice to describe an electromagnetic field in quantum optics is the 

basis of photon number (Fock) states. These states, however, are poorly related to 

the emitted light field of a laser, which contains a large and intrinsically uncertain 

number of photons. Much better suited in this case is the complete basis of coherent 

or quasi-classical states, which historically led to a successful understanding of the 

relationship between classical and quantum theories of light [61]. 

Coherent states are also widely known and used in a quantum harmonic oscillator 

system, where they are the quantum analog of a classical oscillation. The oscillator 

coherent states can be obtained by a translation of the ground state in phase-space: 

la) = Ta |0) with (D.l) 

^Short of considering the atoms as a many-body system and knowing the state of each individual 
atom. 
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u 

Figure D.I: Definition of angles used to label spin-coherent states: (a) conventional 
use of angles 0 and 4> as spherical coordinates, (b) different definition used by Arecchi 
et al. [50]. 

where the translation operator Tq. is performing a shift of if in position and rj in 

momentum, i.e. with a corresponding complex parameter 

where oj is the oscillator frequency. 

While the common choice of basis to describe an angular momentum quantum 

state with constant magnitude F{F -f-1) is the orthonormal set of eigenvectors 

of and i.e. {|m) | m = —F ... + F}, a basis of so-called spin-coherent states 

can be introduced for this system as well [50]. Arecchi and coworkers show explic

itly their similarity to the familiax oscillator coherent states^. These spin-coherent 

states, which are the quantum analog of a classical angular momentum, again can 

be generated by a 'translation' of the 'ground' state \m = —F) in phase-space. Since 

the phase-space for an angular momentum is spherical, the 'translation' is indeed a 

'rotation' in this case. 

The operator describing a rotation by an angle 6 aroimd a unit vector u as 

"This similarity is not a fortunate coincidence, but stems from the ability to contract the Lie 
algebra of the U(2) group describing the rotations on a sphere to the translation group describing 
the motion of a harmonic oscillator in phase-space. 
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illustrated in Fig. D.l(a) is given by 

= exp —^|Fu 

= exp i^{sia.(p  F r  —  C O S 0  F y )  

= exp k F+ — k'F-

(D.3) 

(D.4) 

(D.5) 

where 

and = Fx ± iFy (D.6) 

A disentangling theorem for angular momentum operators similar to the Baker-

Campbell-Haussdorf formula^ for translation operators, allows to rewrite the rota

tion operator into a normally (anti-normally) ordered form: 

where r = —e~"^ tan(0/2). 

Arecchi et al. define their rotation operator R in a slightly different way [see 

Fig. D.l(b)], which results in a sign difference in the angle 9 and explains the changes 

b e t w e e n  t h e  e q u a t i o n s  f o u n d  h e r e  a n d  i n  t h e  o r i g i n a l  p a p e r  [ 5 0 ] :  R ( ^ ,  < ? )  =  R ( — < ? > ) .  
They define a coherent state as the result of rotating the state \—F) through 

an angle •d in the vertical plane determined by the angle (p: 

However, in order to be consistent with the usual definition of the spherical angles 

9 and (p, we rather redefine the coherent states with respect to .Arecchi's notation: 

(D.7) 

(D.S) _ g-r^+gln(l+|Tp)F;g-r*F_ 

(D.9) 

\9,<f>) =-- I'd = {tt - e),(p = 0) 

= R(,r-fl),0 \-F) 

= R_(^_5),0 \-F) 

= gTF+gln(l+lfp)F,g_f-F_ 

(D.IO) 

(D.ll) 

(0.12) 

(D.13) 

^BCH formula: —a a 



109 

with f = —e taii[—(tt — 6 ) f 2 \  = e cot(5/2). The exponential operators caji 

now be successively applied to |—F): 

\6,4>) — |  —F ), since (F_)"i-F)=0,Vn>0 

_ qT-F+ |_  

=\ - F)  

F ) .  

(D.14) 

since (Fr)"l-F)=(-F)" l-F) (D.15) 

_eIn(l+|f|2)(-F) 

= e""- l-f) =r;TiW<="'-' l-f") (1+l^P) 

Expanding the exponential operator and using the relation 

m+F 

(D.16) 

\ m )  )  =  \ - F )  (D.ir; 

allows to explicitly express the spin-coherent states in terms of the basis states |m): 

~ f" 

( i + r n ^ )  ?i2Tr 

n=0 

F 

E 
m=—F (m + f)! 

( F ^ r + f  l - f )  

= E ^m+F 

m=—F 

F 

(1 + |f|2)^ 
2F ^l/2 

im+F 

(D.IS) 

^ r . ^/.^^,m+F L W ;j K m ^ F )  I / 
m=-F [sin(0/2)]' 

= E (m-fF)'''["'iW2)l''""[co=W2)l''^'" I'") (D-19) 
m 

Unlike the states [m), however, coherent states are not orthogonal. Their over

lap integral can be directly calculated from D.IS or D.I9 using the completeness 

property \m){m\ = 1: 

{e,0\e',<b') = 
f\2 (I + rV) 

.(1 -h ir|2)(l -h lr'P)_ 

cos(^)cos(^)-

i cos(^^) sin(2^) 
2F 

= [cos(A/2)] 4F 

(D.20) 

(D.21) 

(D.22) 
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where A is the angle between the (0, (f)) and (0', cf)') directions, as given by 

cos A = cos 9 cos 6' + sin 6 sin 9' cos{4> — cp') (D.23) 

Nonetheless, the coherent states still constitute a good basis, since they form a 

complete set, i.e., 

^ JJ \e,(p){9,cl>\ sin9d9dcp=l. (D.24) 

Any arbitrary state can be expanded into a superposition of coherent states. A 

property of the coherent states not further used, but worth mentioning, is that they 

form minimum uncertainty wavepackets, i.e., 

<•/! ) (-^1) = f > (D-25) 

where, e.g., 

(D.26) 

This property can easily be shown for a spin-coherent state in a non-rotated coordi

nate system, i.e. |m; = —F). The non-commuting operators and Jy immediately 

yield the uncertainty relation [31]: 

=s. (AjJ)(Aj=> > f (jj) (D.27) 

The iadividual terms can be calculated: 

( J . )  =  { - F \ l \ - F )  =  ̂  { ~ F \ { J +  +  L ) \ - F ) = a  

( J , )  =  { - F \ J y l - F )  =  ̂  { - F \ { J + - J . ) \ - F )  =  Q  

( I )  =  ( - F l i l - F )  =  - F f i  

( J ' )  =  { - F \ J i \ - F )  =  i { - F \ i J l  +  j + J -  +  j . j +  +  J l ) \ - F )  

= i {-F| 1-F> = f f 

( j ^ )  =  < - F | j ; | - F >  =  - i ( - F | ( / i - j + j _ - j - j + + J ! ) | - F )  

=  i { - F | i _ i + | - F >  =  f F  

( ^  J2 ^  p2 

with (AJ2) = { { J q  —  { J q ) Y )  =  { J q )  " Eq. D.25 is proven to be true for 

spin-coherent states. 
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D.2 Phase-Space Representations 

The discrete nature of an angular momentura quantum state allows to choose a 

discrete basis in a finite dimensional Hilbert space. Therefore, the quantum state 

of an angular momentum can be represented as a finite dimensional density matrix. 

However, since the elements of the density matrix are complex, a simple display of 

all the information in a single figure is difficult. Typically, the absolute value of 

the matrix elements is graphed, thus ignoring the relative phase of the coherences. 

This can, however, result in different states looking identical [Fig. D.2 (a) and (b)]. 

Dual graphs for both the real and the imaginary part, reveal the difference, but 

can obscure other properties instead [see Fig. D.2(c)-(f)]. Plotting absolute values 

and phase information separately, might in some cases be more illustrative, but 

yet requires two graphs per density matrix. Furthermore, the density matrix is 

generally not a good representation to support an intuitive understanding of the 

quantum state. 

On the other hand, quantum states can be represented as quasi-probability dis

tributions, e.g. as Wigner functions, in phase-space. These distribution functions 

are defined to be real, and phase-space is also a familiar classical concept. In par

ticular for spin-coherent states, which are the quantum analog of a classical angular 

momentum, such a phase-space representation establishes a close connection with 

the classical understanding of an angular momentum pointing in a certain direc

tion. In addition, negative values of the Wigner fimction often reveal the quantum 

(i.e. non-quasiclassical) nature of the state. Figure D.3 illustrates how the example 

states of Fig. D.2 are clearly distinguishable when displayed as Wigner functions. 

A classical angular momentum of a given amplitude is completely defined by 

its orientation. Its phase-space is therefore spherical with the polar and azimuthal 

angles 0 and (h as coordinates. An angular momentum quantum state, on the other 

hand, does not have the angles 6 and 4> observables. Even though 6 is related to 

X, which corresponds to an observable, the measurement results are quantized and 

discrete, thus can not be directly linked to the continuous variable 9. Nonetheless, 
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(a) (b) 

Figure D.2: The density matrices of two different spin-coherent states, 
\0 = 90°,<jS> = 0°) and \9 = 90°,0 = 90°), are displayed. The usual way of graph
ing absolute values |^ij| does not distinguish the two states (a) and (b). Separate 
graphs for the real [(c),(e)] and the imaginary [(d),(f)] part of the density matrix q 
show the difference, but no longer the common character of spin-coherent states. 
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(c) z (d) 

Figure D.3: Displaying the angular momentum state as a Wigner function, i.e. as a 
quasi-probability distribution function ODQ phase-space. The different spin-coherent 
states (a) and (b) are clearly distinguishaable, but still reveal the common signature 
of spin-coherent states. Since the angulair momentum phase-space is spherical, the 
Wigner function can also be graphed as a. [scaled] radial excursion on a unit sphere, 
(c) and (d), which illustrates the orientat;ion of the angular momentum. 

Agarvval introduced a phase-space formalinsm, which allows to represent angular mo

mentum quantum states in a spherical space, which is related to the intuitive under

standing of the orientation space of classic-al angular momenta [49]. This phase-space 

{O.cf)} is not on the same rigorous footing as e.g. the phase-space of a free particle 

with its two conjugate continuous obser'wables {a;,p}. For that reason, the phase-

space of a angular momentum quantum state and the respective quasi-probability 

distributions are not uniquely defined. In this thesis, however, we use the term 

"phase-space" as defined and introducecfl by Agarwal. Using spin-coherent states 
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as an overcomplete and continuous basis, the discrete nature of the density matrix 

description gives way to a continuous phase-space representation of the quantum 

state'^. Phase-space representations are not unique, and only the three well-known 

VVigner, P and Q distributions are mentioned here. A complete treatment can be 

found in Cahill/Glauber [63] ajid Agarwal [49]. A general introduction into the use 

and the special properties of Wigner functions, in particular the 'quasi-probability' 

pitfalls, can be found e.g. in Tatarskii [64, 65]. 

D.2.1 The Wigner Function 

Using the standard ba^is {|n^)}, angular momentum quantum states are represented 

by a density matrix which allows to calculate expectation values of observables: 

[Q) — Tr[5G] with Tr[5] = 1 (D.2S) 

In the basis of spin-coherent states, an equivalent formalism is given by 

R{e,ci>)G{e,4)) smeded<f> (D.29) 

This equation does not uniquely define R{9,cp), which takes the role of the density 

matrix as long as G{9,(f>) is not yet specified. Both functions G{9^4>) and R{6,(l)) 

are obtained by mapping their respective operators G and g onto a classical function 

defined on phase-space. This mapping can be achieved by introducing the multipole 

operators TlMi which have the following matrix representation: 

TtM = X} (-If-yZL + 1 \m){m'\ 
•m ^  ̂

(D.30) 

\ m —m' m,m' 
^ ) \m){m'\ (D.31) 

where L = 0... 2F and M = —L... -|- L. Equation D.30 uses the Wigner 3J-

symbol, which is rewritten in Eq. D.31 into a Clebsch-Gordan coefficient using the 

relationships listed in Section D.2.5. The multipole operators form a complete and 

'^It is also possible to preserve the discrete nature of the system even in phase-space and intro
duce discrete Wigner, P, and Q functions [7, 62]. 
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orthogonal basis^, hence every operator acting in the Hilbert space of an angular 

momentum can be expanded into a linear superposition of multipole operators, i.e., 

G = Glm "^lm with Gi,m = Tr 
L,M 

GT',„ 

and e = = Tr e 
L,M 

(D.32) 

(D.33) 

The functions G{9^ 4>) and R{9, <p) are formed by using the same expansion coeffi

cients for a superposition of spherical harmonics 4>)-

G { 9 , ( b )  =  G l m  ( f > )  
lm 

RLMyLM{,d,4>) 

(D.34) 

(D.3o) 
l,m 

The density matrix g has imit trace, and similarly the Wigner function W{0^(p) is 

defined as the normalized function R{9,(b)^ i.e.. 

II W { 6 ,  ( p )  sin 6 do dcj) = 1 (D.36) 

where 

W{e, 4>) = AT Rlm 4>) with A/- = (D.37) 
l,m 

Using the explicit definition of the multipole operators from Eq. D.31, the coefficients 

Rlm can be directly calculated from the density matrix elements omm'' 

R l m  ~  ̂  ( — 1 )  
Tn,m' 

F F 

m —m' 
L 

M 
(D.3S) 

with = { — 1 ) ^ Rl ,-m - Since the same relation is also true for spherical har

monics, i.e. = (—the Wigner function as defined in Eq. D.37 is 

real-valued: W^{0,4>) = 1^(0,0). Expectation values can be expressed in terms of 

the Wigner function: 

{ Q )  =  ̂  j j  G { e ,  ( ^ )  sin 9 d9 d<f> (D.39) 

^Orthonormality means also note = (—1)^'^ 
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• Proof of Eq. D.39: 

^ JJ W{e,4))Gie,(f>) sin0 d6d<i, 

= [[ ^ Gl'M'  4>) s\n9d9d<p 

l,m l',m' 

=  E E  RlmGl'M' ff YlAf {6, sin 0 d6 d<l> 

l,l' mm' 

E  E  Rlm Gl ' M ' { — ^ y ^  ff V£„vf(0, 9) sin0d/0tf(p 
l.l' mm' ' 

= Y. = E Tr [G tI^_m] (-1)^'' 
l,m lm 

Rlm"^[G T l m ] = Tr 
LM 

Tr[eG] 

{ Q )  

E  
LM 

D.2.2 The P-Function 

The so-called P functioa is the diagonal representation of the d.ensity operator in the 

basis of coherent states, which as a quasi-probability function obeys normalization: 

g = JJ P(d,(p) \6^ (})) {9, 4>\ sin 9 d9 do with JJ P(9,d>) sm9d9d4>=l (D.40) 

If P(9, 4>) is known, expectation values can be calculated using the following equa

tion, which follows directly from the definition of P. 

{Q) = II P(9^(p) {9, (f>\ G \9, (f)) s'm9d9d(p (D.41) 

The function P{9, (f>) can be calculated as an expansion of spherical harmonics, with 

the coefficients P^m being closely related to the Rlm of the VVigner function [59]: 

P{9,4>) = ^ 
l,m 

Plm = Rlm 
1 y^{2F - L)\{2F + L + 1)\ 

\/4^ (2F)! 

(D.42) 

(D.43) 
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D.2.3 The Q-Function 

The so-called Q fuxLction is related to the expectation value of the projection of 

an angular momentum state onto a spin-coherent state. The constant prefactor 

arrives from imposing a normalization constraint on Q{6,4>) to allow a probabilistic 

interpretation: 

<?(«.<?) = ^Tr e \e,0)(o,<i>\ 47r 
2F+1 

47r 

with JJ Q{9.4>) sinO dO d4> = 1 

Q \e,4>) (D.44) 

The function Q{9^4>) can be directly calculated from the density matrix q using its 

definition and Eq. D.19: 

Q { 0 , 4 > )  =  ( ^ ) E  X  
m,7n' 

cos(f)'''"'''""""'' (D,45) 

An alternative way follows the approach already taken with the Wigner and P 

function, where Q is expanded in a series of spherical harmonics. The coefficients 

Qlm are again related to the Rlm [59]: 

QlmYlm{&•,(!>) (D.46) 
L,M 

Q L M  = ( ^ ) R L M y / ^  , (D.47) 
^ 4, j lm ^{2F - L)\{2F + L + l)\ 

D.2.4 Comparison of P, Q, and Wigner Function 

There exists a complete family of allowed quasi-probability distributions on phase-

space, and all of them are valid representations of a given quantum state. The pre

vious sections list explicit expressions for the three most widely used functions: the 

Wigner function, the P function, and the Q function. Which distribution function is 

most useful generally depends on the problem. To illustrate the differences, Fig. D.4 

shows all three distribution functions for the pure state R45o,45<'{|4) + 1—4)}. The 

Wigner function (a) reveals both the two major angular momentum components 
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i*."' • 

Figure D.4: Representing an angular momentum quantum state in pheise space: (a) 
as a Wigner function, (b) as a P function, and (c) ais a Q function. The Wigner 
function is well-behaved and reveals the location of spin comporieats and its coherent 
superposition. The P fimction oscillates wildly, but does not directly show the spin 
components. The Q function is smoothed to the point of no longer indicating the a 
fixed phase relation between the spin components. 

(big humps), and the coherences through the 'oscillating' interference pattern in be

tween. The P function (b), in contrast, only emphasizes the coherences (huge scale), 

but essentially ignores the populations. Both functions can take on negative values, 

which prevents a rigorous probabilistic interpretation. Part (c) shows the Q function, 

which is always non-negative, and does not indicate the presence of coherences. The 

Q function can be interpreted as a smoothed® Wigner function, which averages out 

the fast oscillating pattern and thus hides the characteristic signature of coherences. 

Since the Wigner function reflects both the location of 'populations' in phase space, 

®The Q function can be obtained by a convolution of the Wigner function with a minimum 
uncertainty Gaussian wavepacket. 
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and reveals coherences through an interference pattern, this quasi-probabilistic dis

tribution function is a balanced choice for displaying arbitrary angular momentum 

quantum states. 

D.2.5 Wigner 3J-Symbol 

The Wigner 3J-symbol ( ) is defined with respect to the better-known ® \mi 7712 "^3 J " 
Clebsch-Gordan coefficient [66]: 

Ji J2 -^3 \ ̂ ^ / -^1 ^2 
mi 7722 ma/ + 1 \m1m2 

> (D.4S) 

In the Clebsch-Gordan coefficient two angular momenta Ji and J2 are added to form 

J3, i.e. Ji -|-J2 = J3, thus the three angular momenta do not appear equally. In the 

3J-symbol, in contrast, the three angular momenta add to zero, i.e. Ji -f-J2 +J3 = 0 

— the symbol therefore exhibits symmetry upon exchange of angular momenta. A 

cyclic permutation of the three momenta leaves the 3J-symbol invariant: 

Jl J2 f Jz Jl J2\ ( J2 Jz Jl 
(D.49) 

m\m2mzj \mzrn\m2J \m2nnzm1j 

An exchange of any two angular momenta, however, results in a multiplication 

factor, e.g., 
pi ̂ 2 ^3 \ y 
\Tnim2mzJ \mi ma m2 / 

And similarly, a sign change of all the m,- yields the same multiplication factor: 

fji J2 Jz \ f Jr J2 ^3 y p 

\m1m2mzj \—mi—m2—mzJ 

Like the Clebsch-Gordan coefficients, the Wigner 3J-Symbol is zero unless the 

angular momenta satisfy a triangular relationship, i.e. mi -i- m2 -|- ma = 0 and 

e.g. I Jl — J2I < J3 < Jl + J2 and any permutation of the J's. 
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Atom trapping in deeply bound states of a far-oC-resonance optical lattice 

D. L. Haycock, S. E. Hamann. G. Klose, and P. S. Jessen 
Optical Sciences Center. University of Arizona, Tucson, Arizona 85721 

(Received 20 December 1996) 

We fonn a one-dimensioaal opDcal lattice for Cs atoms using light tuned a few thousand linewidths below 
atomic resonance. Atoms are selectively loaded into deeply bound stales by adiabadc transfer from a super
imposed. near-resonance optical lattice. This yields a mean vibradonal excitation n~0.3 and localization A; 
"•X/20. Light scattering subsequently heats the atoms, but the initial rate is only of order 10"' vibradonal 
quanta per oscillation period. Low vibradonal excitadon, strong localizadon. and low headng rates make these 
atoms good candidates for resolved-sideband Raman cooling. [SIOSO-2947(97)50706-2] 

PACS number(s): 32.80J'j. 42J0.Vk 

The ac Stark shift (light shift) arising in laser interference 
patterns can be used to create stable periodic potentials for 
neutral atoms. Under appropriate conditions these "optical 
lattices" will laser cool and trap atoms in individual opucal 
potential wells, with center-of-mass motion in the quantum 
regime. Experiments have explored a number of such lattice 
configurations in one, two, and three dimensions, and de
tailed insight into the dynamics of cooling and trapping has 
been gained through probe absorption and fluorescence spec
troscopy [I]. The possibility of atomic confinement deep in 
the Lamb-Dicke regime suggests that it is worthwhile to pur
sue schemes for resolved-sideband Raman cooling [2] and 
quantum-state preparation [3], as recently demonstrated for 
trapped ions. 

In a standard optical lattice formed by near-resonance 
light, control of the center-of-mass modon is limited by rapid 
laser cooling and heating processes that occur at a rate de
termined by photon scattering. These dissipative processes 
are readily avoided when the lattice is formed by intense 
light tuned far from atomic transition. Such far-off-resonance 
lattices have been used extensively in atom optics as diffrac
tion gratings and lenses [4] and as model systems in which to 
study quantum chaos [5] and quantum transport [6]. When 
far-off-resonance optical lattices are used to trap atoms, how
ever, the absence of built-in laser cooling makes it difficult to 
obtain vibrational excitation and confinement comparable to 
the near-resonance case. Accordingly, experiments on far-
off-resonance lattices have so far achieved low vibrational 
excitation only by allowing the majority of vibrationally ex
cited atoms to escape [7]. We demonstrate here a loading 
scheme, in which cesium atoms are first cooled and trapped 
in a near-resonance lattice, and then adiabatically transferred 
to a superimposed far-off resonance lattice. Immediately fol
lowing transfer we achieve trapping parameters comparable 
to the near-resonance case, with a mean vibrational excita
tion as low as /r~0.3, and a typical rms position spread of 
A:""\/20. Based on the lattice parameters we calculate an 
off-resonance photon scattering rate of order lO' s~'. We 
find, however, that Lamb-Dicke suppression of spontaneous 
Raman scattering keeps the accompanying increase in vibra
tional excitation on the order of 10~' quanta per oscillation 
period. Heating is therefore almost negligible on vibrational 
time scales. 

We form our far-off-resonance optical lattice using a pair 
of counterpropagating laser beams of linear and orthogonal 
polarizations [the one-dimensional (ID) linilin configura
tion [1]], timed a few tens of GHz below the 6Sifi(,F 
=4)—.ePs/jCf = 5) transition at K=SS2 nm. The lattice 
beams are produced with a 0.5-W single-mode diode laser; 
this limits the peak intensity to I W/cm" for Gaussian lattice 
beams with an intensity full width at half maximum —33 
mm. The ID linXlin configuration creates a pair of (r+ and 
a— polarized standing waves, offset by X/4 so that the anti-
nodes of one standing wave coincide with the nodes of the 
other. In the limit of weak excitation the lattice potential for 
the ground hyperfine state |F,/n) is the sum of the light shifts 
associated with driven transitions to states in the 
excited-state manifold, 

UF^(.z) = ̂ j- S ^/?lr'[('n'-'n)"S(24;)+l]. 
'of„' ^F-

(I) 

In this expression r=2-n-x5JJ2 MHz is the natural line-
width. is the photon recoil energy. [ is the 
intensity per lattice beam. lo=Trhrc/3\'= 1.10 mW/cm* is 
the saturation intensity, is the detuning from the 

F-'F' transition, and is the oscillator strength for the 
transition >|F'.ni'). In the far-off-resonance limit 
Eq. (1) yields a set of potentials that is topographically simi
lar to the potentials associated with an isolated F=i—F' 
= 5 transition, with potential minima located at sites of pure 
(T+ (<r—) polarizauon for states |47n>0) (|47n<0)). In 
this work we are interested in slates localized near the po
tential minima, where the diabatic and adiabatic potentials 
(obtained by diagonalizing the light-shift Hamiltonian) are 
indistinguishable. In that case we can approximate the atoms 
by product states |4,m,n) = |4.m)®|n„), where |n„) is an 
eigenslate of the anharmonic oscillator obtained by expand
ing the diabatic potential C/^„(_z) to order (.kz)* around a 
potential miaimum. Exceptions are states involving the mag
netic sublevel |4,0), which are unbound; in our experiment 
those states contain less than 5% of the total population and 
can be ignored. 

We load this far-off-resonance lattice with atoms from a 
superimposed ID linXlin near-resonance lattice. A cycle of 

1050-2947/97/5S(6)/3991 {4)/S 10.00 55 R3991 © 1997 The American Physical Society 
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our experiment proceeds as follows. A cold 0-M^ 
lO'^-cm"') sample of Cs atoms is produced using a standard 
vapor cell magneto-optical trap (MOT) and 3D optical mo
lasses. The MOT-3D molasses beams are extinguished and 
the atoms equilibrate in the near-resonance lattice for ~ I ms. 
during which time they are optically pumped into the mag-
neuc sublevels |4.m = ̂ 4) and become trapped in the few 
lowest vibrational states of the corresponding lattice poten
tial wells. Transfer to the far-off-resonance lattice is accom
plished by a simultaneous linear turn-off and tum-on of the 
near- and far-off-resonance potentials over a ~200-/iS pe
riod. During the MOT-3D molasses and near-resonance lat
tice phases a separate laser provides repumping from the 
6Si/2,(,F=3) hyperfine ground state; this repumping laser is 
not present during the far-off-resonance lattice phase. 

The axes of the near- and far-off-resonance lattices are 
parallel and vertical to better than 20 mrad. and we use time-
of-flight analysis to measure the momentum distribution in 
both. This is accomplished by suddenly releasing the atoms 
from the lattice and measuring the distribution of arrival 
times as they fall through a ~200-/im-thick horizontal sheet 
of probe light located 5 cm below the latuce volume. Our 
setup can detect atoms trapped in the lattice for times r«100 
ms. However, at times t^5 ms motion transverse to the lat
tice axis causes the atom cloud to expand significantly into 
the wings of the Gaussian lattice beams. The transverse mo
tion into shallower potentials leads to adiabatic cooling [I], 
and the momentum distribution is narrowed accordingly. As 
described below, this must be taken into account when the 
momentum spread is used to deteraiine vibrational excitation 
and localization. Adding a magnetic field gradient and bias 
field as the atoms fall from the lattice to the probe volume 
pemiits us to separate arrival times, and to measure popula
tions for the magnetic sublevels l4,m) [8]. 

To achieve low vibrational excitation and strong localiza
tion one must load atoms selectively into deeply bound 
states. In principle, this can be accomplished if atoms are 
adiabatically released from a near-resonance lattice and then 
recaptured in a superimposed far-off-resonance lattice. Dur
ing adiabatic release and recapture the tighdy bound states in 
the near-resonance lattice evolve into firee-panicle states of 
near-zero momentum and then into tightly bound states of 
the far-off-resonance lattice [1]. This type of adiabatic trans
fer should work well even if the near- and far-off-resonance 
latuces have slightly different lattice constants or symmetry. 
In our setup, however, it fails for several reasons. Most im-
portandy the presence of gravity precludes adiabatic evolu
tion via free states, as unbound atoms are quickly accelerated 
away from zero momentum. In addition, residual magnetic 
fields will cause precession of the atomic spin in the absence 
of lattice light, and change the distribution of population 
over magnetic sublevels. A similar change in the atomic in
ternal state can occur if the transfer between latuces is nona-
diabatic with respect to the atomic internal degrees of free
dom. It may be possible to overcome these difficulties by 
transferring the atoms in a free-falling frame, and in the pres
ence of a bias magnetic field along the lattice a.xis. 

In this work we instead keep the atoms strongly localized 
in deep potential wells at all times. This is accomplished by 
overlapping the potential wells of the near- and far-off-
resonance lattices, and by coordinating the tum-on and tum-

AOM 
near-cesonancc 

|^_lattic*« 
'^"voluirme 

>W2 
'AOM 

far-off-resonance 

FIG. I. Experimental setup for adiabatic transfer b3etween lat
tices. Near- and far-oR^resonance laser beams are comtained with a 
polarizadon beam splitter (PBS). Pairs of acousto-opdc r modulators 
(AOM) and half-wave plates (\/2) provide independennt conuol of 
the intensities of the two pain of lattice beams. Equal • optical path 
lengths /'from beam splitter to atomic sample (to better - than I mm) 
ensure that the lattice potential wells remain adequately overlapped, 
as long as the lattice frequency difference is well belowiw 150 GHz. 

off of the lattices so the sum of the potentials reemains ap
proximately constant during the transfer. Goood overlap 
between the potential wells of the near- amd far-off-
resonance lattices is critical, and is accomplishe=d as illus
trated in Hg. I. 

The momentum distribution of a sample of at».oms in the 
near- or far-off-resonance lattice [Fig. 2(a)] is indBistingm'sh-
able from a Gaussian fit, from which we obtain thne rms mo
mentum Ap. Based on a few reasonable workinng assump
tions we can then obtain information about the poopulations 
•n-mn of the states |4.m.n> by setting 
where p^„ is the mean-square momentum in static \ i jn ,n) .  

and the average is performed over the distributiom of atomic 
positions in the lattice. We first assume that does not 
depend strongly on position and also that the distixribution of 
population over the vibrational states \n„) is nearlDy indepen
dent of |m). In this approximation . 
where (pj) is the mean-square momentum for thae manifold 

92 96 100 90 95 100 
T O F  ( m s )  

FIG. 2. (a) Typical dme-of-flight distribution meassured for at> 
oms in the far-off-rcsonance lattice. The correspondings momentum 
distribudon is indisdnguishable from a Gaussian, (b) Tmme-of-flight 
distribudon in the presence of a gradient magnetic fSeld. for the 
near- (lower curve) and far-off-resonance (upper ctxrxvc) latdccs. 
Each of the nine peaks corresponds to atoms in a separate magnedc 
sublevel. 
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FIG. 3. Mean vibrational excitatioa n in the far-off-resonance 
lattice, as a function of the peak-peak modiilatioa depth Upp of the 
lattice potential Uw Solid (open) symbols indicate daci taken for 
lattice demnings of A=—20 GHz (A = —10 GHz). Circles 
(squares) indicate vibrational excitatioD measured at r=20 ms (r 
= 0.1 tns) after transfer from the near-resonance lattice. 

{|n„>} of the nth excited vibrational states, averaged over 
position and weighted by the populations of the |4.m) states, 
and •n-„=S„-n-„„ is the total population of the manifold 

We then assume a thermal distribution over vibra
tional states, and calculate the vibrational temperature that 
yields the observed Ap. Finally we use the mean excitation 
n = 2„n7r„ as a convenient measure to describe the degree of 
vibrational excitation. 

We precool and localize atoms in a near-resonance lattice 
with intensity l=lSlo per beam and detuning A=—23r. 
This corresponds to a peak-peak modulation depth Upp 
= 78£r of the U^iz) diabatic potential, with three bound 
states in each potential well for the |4.m= :t4) states. Hgure 
2(b) shows a tirae-of-fight distribution with individual states 
|477i> separated by a gradient magnetic field: the correspond
ing population of the states |4.m=i4) is —0.75. The evi
dent population asymmetry between states |4.m=4) and 
|4.m= —4) most likely derives from imperfect lattice polar
ization or from a nonzero magnetic field parallel to the lattice 
axis [9]. From the measured momentum spread Ap = (2.57 
^O.OA)Ak we infer an /r=0.37±0.03 [10], corresponding to 
a population of the vibrational ground-state manifold of itq 
=0.73. Taking into account the population in states |4.m = 
:r4) we estimate a population ir-4o»"0.55 in the lowest 
bound state of the lattice. 

To show that our transfer scheme results in negligible 
heating we measure n immediately after transfer, for differ
ent values of the lattice depth Upp and detuning A fi-om the 
F=4—'F' = 5 transition (Hg. 3). For lattices that are not too 
shallow we find n=0.34±0.03 [10]. Using a thermally ex
cited anharmonic-oscillator model we calculate the rms lo
calization to be in the range X/17-\y24, depending on lattice 
depth. These initial values are comparable to those achieved 
in near-resonance lattices. A measurement of the distribution 
of population over states |4,m) [Hg. 2(b)] shows that the 
magnetization is slightly less than in the near-resonance lat
tice, with a total population of ~0J5 in states |4,m = 2:4). 
Transfer efficiency between the near- and far-off-resonance 
lattices is typically in the range 90-95 %. 

Atoms in the far-off-resonance lattice are slowly heated 
by photon scattering. Figure 4 shows the increase in 

HG. 4. Mean vibrational excitation /Tin the far-off-resonance 
lattice, as a fiinction of time r elapsed since transfer from the near-
resonance lattice. Solid circles coirespond to a lattice detuning A 
= — 20 GHz (—38310 and a peak-peak modulation length 
= l05£/t of the Uu potendal. Open symbols correspond to A = 
-10 GHz (-I916r) and C/„=105£« (circles). C/„=209£k 
(squares). Solid, dashed, and dot-dashed lines show the expected 
heating from photon scattering. 

n", as a function of trapping time r, for lattices of different 
depth and detuning. We note that our measurement of >r be
comes less reliable as r increases. This happens partly due to 
uncertainty about the transverse velocity of the atoms, but 
mostly due to a breakdown of the anharmonic-oscillator 
model as atoms heat up and as they move into regions of 
shallow potentials. For comparison, a band-structure calcula
tion for Upp= lOSEg and C/pp=209Eit (corresponding to 
Hg. 4) shows 3 and 5 bound states, respectively, in the wells 
of the (/44(;) potential. We estimate that the uncertainty on 
n is ±10% at i—0 ms, increasing to :t20% at t=20 ms [10]. 
Accordingly, we do not show values for times r>20 ms, 
even though a tirae-of-flight signal is easily detectable. 

Initially n increases roughly as expected from photon 
scattering. For an atom localized near an antinode of the 
cH- standing wave and optically pumped into the 
state |4,m=4), the scattering rate is close to y, 
= r(//4/o)/(A/r)^. For the parameters of Fig. 4 this corre
sponds to photon scattering rates in the range 7i 
=5(X)-2000 s~'. Rgure 4 shows calculations of n vs time, 
obtained by solving rate equations for the vibrational popu
lations for an atom bound in a potential well of the Lfniz) 
optical potential, on the axis of the lattice beams. A more 
quantitative comparison with theory is not attempted here, 
and will be difficult to accomplish given the uncertainty on 
n" at long trapping times. Irrespective of the details of the 
model, however, one always expects the rate of heating to 
increase with the photon scattering rate. Figure 4 shows this 
dependence only during the first few milliseconds: at later 
times rTdepends only on the lattice depth. Figure 3 illustrates 
this linear scaling of tT with lattice depth, at t=20 ms. This 
behavior is qualitatively similar to the steady-state scaling 
known from near-resonance lattices [1], and one might 
speculate that a cooling mechanism is active also in the far-
off-resonance case. Unfortunately the limited interaction 
time available in our ID geometry does not permit us to 
confirm or mie out whether n will eventually reach steady 
state. 

It is possible that the increase in n i s  limited by the escape 
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of atoms with a thermal energy above the lattice potential-
well depth. We find that the number of atoms trapped in the 
lattice decays exponentially, with a time constant to~"(2 ms/ 
GHz)xA. This scaling is consistent with loss caused pre
dominantly by the escape of hot atoms. An atom trapped in a 
potential well of depth is heated at a rate proportional to 
Tj, and will escape after a time proportional to Upp / 
XA./T. Other loss processes that we expect to contribute are 
optical pumping to the F= 3 hyperfine ground state, and. at 
long trapping times, escape in the direction perpendicular to 
the lattice axis. 

An important goal of this work is to evaluate the feasibil
ity of resolved-sideband Raman cooling and quantum-state 
preparation in a far-off-resonance lattice. Sideband cooling 
can remove a quantum of vibration every few oscillation 
periods: to be feasible, this time must be much less than the 
time required to pick up a quantum of vibration due to all 
sources of heating. For the lattice parameters explored in Fig. 
4. the most rapid rate of increase in rT occurs immediately 
after transfer; it is approximately 20. 40, and ~100 s~' for 
the three sets of data. At the same time the vibrational oscil
lation frequencies in the harmonic approximation are 42 and 
60 kHz. for lattice depths of lOSS^ and 209Eji. respectively. 
The increase in /Tduring an oscillation period thus falls in the 
range 0.5X 10"^ to 2x 10"'. This favorable combination of 
time scales suggests that sideband cooling should be feasible. 

To assess the feasibility of quantum-state preparation, one 
must determine the time scale for decay of motional coher
ences. This issue is only indirectly addressed by our experi
ment. Raman spectroscopy in near-resonance lattices has 

shown Lamb-Dicke suppression of the decay of vibrational 
coherences, to a value well below the photon scattering rate 
[I]. This is indeed what one expects for atoms that are close 
to harmonically bound. For the lattice parameters of Fig. 4. a 
simple harmonic-oscillator model then gives an estimate 

10"^ —10"' s for the lifetime of a vibra
tional coherence, where Zq is the rms extent of the vibra
tional ground state. This is two to three orders of magnitude 
longer than the harmonic-oscillation period, which sets the 
time scale for Hamiltonian evolution within a potential well, 
and suggests that coherent control of the center-of-raass mo
tion may be possible. Starting from the vibrational ground 
state, one tm'ght then generate nonclassical states, such as 
Foch states and squeezed states [3]. More interestingly, the 
periodic nature of the lattice potential opens up the prospect 
of preparing and studying entirely new quantum states that 
extend over more than one lattice potential well. Quantum-
state control within a single potential well becomes particu
larly interesting if means can be found to load a far-off-
resonance lattice with high-density atomic samples. An 
ultimate goal will be to populate a single quantum state of a 
three-dimensional potential well with more than one atom. If 
feasible, this will provide a "pumping mechanism" for re
cent proposals to construct a matter-wave equivalent of the 
laser [11]. More generally one may hope to study quantum-
statistical effects associated with motion in a lattice potential. 
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This work was supported by NSF Contract No. PHY-
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Enhanced laser cooling and state preparation in an optical lattice with a magnetic field 

D. L. Haycock, S. E. Hamann, G. BOose, G. Raithel,* and P. S. Jessen 
Optical Sciences Center, University of Arizona. Tucson. Arizona 85721 

(Received 21 October 1997) 

We demonscnite that weak magnetic fields can significantly enhance laser cooling and state preparation of Cs 
atoms in a one-dimensional opdcal lattice. A field parallel to the lattice axis increases the vibrational ground-
state population of the stretched state \m = F) to 28%. A transverse field reduces the kinetic temperature. 
Quantum Monte Carlo simulations agree with the experiment, and predict 45% ground-state population for 
optimal parallel and transverse fields. Our results show that coherent mixing and local energy relaxation play 
important roles in laser cooling of large-F atoms. 
[S 1050-2947(98)50502-1 ] 

PACS number(s): 32.80Xg. 3i80.Pj. 42.50.Vk 

Periodic dipole force potentials, commonly known as 
"optical lattices" [I], are a powerful means of trapping at
oms in the regime of quantum center-of-mass motion. In 
optical lattices formed by near-resonance laser light, efficient 
laser cooling rapidly accumulates atoms in the few lowest 
botmd states of the opucal potential wells. Atoms have been 
trapped also in lattices formed by light detuned thousands of 
linewidths from atomic transitions [2], and therefore nearly 
free from dissipation. If confined near the zero point of mo
tion and in a well-defined internal state, such atoms are an 
ideal starting point for quantum-state preparation and control 
[3], for studies of quantum transpott [4] and quantum chaos 
[5], for the production of subrecoil temperatures by adiabatic 
cooling [1]. and for the generation of squeezed minimum-
uncertainty wavepackets [6]. Far-off-resonance lattices can 
be loaded by transferring atoms firom a superimposed near-
resonance lattice, with near-unit efficiency and no significant 
increase in vibrational excitation [7]. It is therefore impoitant 
to optimize the cooling process in the near-resonance lattice, 
and to determine the maximum occupation that can be 
achieved for the desired quantum state. 

In this Rapid Communication we study laser cooling of 
cesium atoms (F=4) in a shallow optical lattice, in the pres
ence of magnetic fields in the tens of mG regime. Our results 
provide insight into laser cooling and transpon mechanisms 
for atoms with large angular momentum F, as compared to 
the F= xn model system [1.8]. We show that such fields can 
significantly enhance laser cooling and state preparation, in 
support of a recently proposed cooling mechanism empha
sizing the role of coherent mixing of ground-state magnetic 
sublevels [9]. Previous work has studied the influence of 
magnetic fields on laser cooling in optical lattices [10.11], 
but under conditions of deep potentials and strong fields, 
which are further from the quantum regime and not condu
cive to large populations in the kinetic ground state of the 
lattice. We note that it is common in the literature to focus on 
the total population of the kinetic ground state, i.e., the sum 
of the vibrational ground-state populations in both stretched 
states [12]. In coherent control experiments the simultaneous 

'Present address: National Institute of Standards and Technology. 
PHYS A167. Gaitbersburg. MD 20899. 

presence of atoms in both stretched states is problematic, 
bccause the symmeto^ betweeti them is extremely sensitive 
to applied or stray magnetic fields, and to imperfections of 
the lattice light field. When the symmetry is broken these 
two subsets evolve differently, and the signature of coherent 
evolution can easily disappear. To overcome this difficulty 
one can devise a detection scheme sensitive to only one sub
set (not always possible), or simply prepare the atoms in one 
subset only. We demonstrate here that the application of a 
magnetic field parallel to the lattice axis brings us close to 
this goal, and can increase the total and vibrational ground-
state populations of a single stretched state by —80% and 
— 33%. respectively, over the zero-field maximum value. 
Moderate transverse magnetic fields are found to reduce the 
kinetic temperature of the atoms. Our results are in good 
overall agreement with quantum Monte Carlo wave-function 
(QMCWF) simulations [13]. The simulations further identify 
light- and magnetic-field configurations that should increase 
the ground-state population — 80% over the zero-field maxi
mum value. 

Our optical lattice is formed by two linear and cross po
larized laser beams, counterpropagating along the : axis 
[one-dimensional (ID) linJ.Iin configuration] and detuned up 
to 20 linewidths below the 65i/2(f=4)—•6/'3/2(f = 5) 
transition at X.=852 run. The lattice is loaded from a vapor 
cell magneto-optic trap and 3D optical molasses, which pro
duces a sample of 10* atoms in a volume — 3(X) ^m in 
diameter. After the 3D molasses beams are exunguished the 
atoms are cooled and reach steady state in the ID lattice. 
During this time magnetic fields can be applied parallel and 
transverse to the lattice quantization axis. At the end of the 
ID lattice phase the laser beams are rapidly extinguished, 
and the momentum distribution measured by a standard 
ume-of-flight (TOR analysis, which records the distribution 
of arrival times at a — 0J2-mra-thick probe beam located 4.7 
cm below the lattice [Fig. 1(a)]. For lattices that are not too 
shallow, the TOF and momentum distributions are indistin
guishable from a Gaussian fit [Fig. 1(b)], and we characterize 
them by the kinetic temperature T={p~)H.ksM^. 

To obtain information about the internal atomic state, we 
perform a Stera-Gerlach analysis, in which a magnetic field 
gradient is present during the TOF measurement [14]. The 
state-dependent magnetic dipole force is sufficient to sepa-
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RG. I. (a) Experimental setup forTOF measuremeots. A pair of 
coils in the anti-HelmhoItz configuration provides the magnetic-
field gradient for Stem-Cerlach analysis. The square coil provides a 
bias magneuc field to maintain alignment of the atomic spin, (b) 
Typical TOF distribution without field gradient, (c) Typical TOF 
distribution with magnetic-field gradieoL The states |m = —4) and 
|/n — —3) are not resolved; we account for this in our fitdng proce
dure. 

rate the TOF signals of individual magnetic sublevels [Fig. 
1(c)]. We have carried out a detailed analysis of the state-
dependent trajectories for our experimental geometry, and 
accurately determined the connection between the width and 
amplitude of each Gaussian component, and the kinetic tem
perature T„ and population Tr„ for the corresponding mag
netic sublevel |m). 

The light field in a ID linXlin optical lattice consists of 
two standing waves of a-^ and cr~ polarization, offset by 
\/4. The combined light shift and magnetic field potential for 
the system is [I] 

where the summation extends over hyperfine excited states, 
[n this expression e[Xz) is the laser polarization, Uf is the 

maximum light shift, and df. the electric-dipole operator for 
the F—-F' transition. In the absence of transverse magnetic 

fields the lattice potential U(.z) is nearly diagonal in the basts 
\F,m)-, the diagonal elements are the diabatic lattice poten
tials. Small off-diagonal elements between states [F.m> and 
|f,m:t2> occur due to Raman coupling by CT' components 

of the lattice. Local diagonalizauon of U(.z) yields a set of 
2F+1 adiabatic lattice potentials that govern the motion of 
atoms at low momentum. Quasibound states in these poten
tials are Wannier spinors. which closely resemble localized 
anharmonic-osciUator states [9]. 

With no magnetic field [Rg. 2(a)] atoms are cooled and 
localized in the lowest adiabatic potential, where they oc
cupy vibrational states with nearly pure |m = f> or |m = —F) 
character at alternating lattice sites. The admixture of other 
magnetic sublevels increases dramatically for states close to 
the upper edge of the lowest adiabatic potential, since these 
states have substantial amplitude in the area around the an-
ticrossing at \/8. In steady state atoms fill the available vi
brational levels according to a nearly thermal distribution 
[1.12.15], with few atoms excited above the edge of the po
tential. Reference [9] suggests that this limit on the thermal 
energy is imposed by an efficient path for optical pumping 
out of these mixed states, which returns atoms to low-lying 
states of the original or neighboring lattice potential wells. 

The application of a weak magnetic field parallel to the 
lattice axis modifies the adiabatic potentials, as shown in Fig. 
2(b). Due to the magnetic energy SE„ = gFfi.BBm, one type 
of potential wells is lowered and the other lifted, and the 
anticrossing shifted in position. Well localized states with 
nearly pure |m = character still exist in the energy range 
below the edge of the lowest adiabatic potential, but there are 
an increased (decreased) number of states available in the 
deeper (shallower) wells. Previous work has shown that at
oms preferentially populate the deeper wells, leading to a 
nonzero magnetization consistent with a spin temperature of 
roughly twice the kinetic temperature [11]. Figure 3(a) 
shows populations irp and tt-f function of S. for one 
set of lattice parameters, as measured in our experiment and 
calculated by QMCWF simulations. Maximum population in 
one of the stretched states = occurs when the Zee-

.+ a 

-40 

.ao 

0 

FIG. 2. Adiabatic lattice potentials for (a) no magnetic field, (b) longitudinal magnetic field, and (c) transverse magnetic field. The 
modulation depth of the m = 2: f diabatic potenual is CJp=70Eg. and the lattice denining A = - 20r. For simplicity we show potentials for 
5=2; the arguments in the text apply for F»2. Dashed lines and dots indicate vibrational states and their population; the arrows indicate 
Raman- and magnencally induced mixing. 



128 

k \i'ii) < < »\i\n \K \ I ji )\s 

57 ENHANCED LASER COOUNG AND STATE... R707 

100 mG 150 mG 

1100 mG t * t 

RG- 3. (a) Population —„ and (b) temperature in the magnetic sublevels |m = f) (open boxes) and lm = —f) (filled boxes), as a 
function of the pamllel field B. in units of SE^ lUp. Lines are the cotiesponding results from QMCWF simulations. Lattice parameters are 
£/p= and A= — 20r. (c) VibratioQal ground-state population in potential wells with \m = F) (open boxes) and lm = —F) (filled 
boxes) character, as a function of SE,IUp. Lines represent QMCWF simulations. The lattice parameters are Up = 10En and A = —20r. The 
dotted line in (b) shows the expected variatioa ofT^, obtained by scaling the value at B.—O by the adiabatic well depth. 

man shift S£„ is comparable to half the modulation depth 
C/p of the corresponding diabatic lattice potentials. Increas
ing the field further removes the anticrossings between lat
tice potentials, and leads to a loss of magnetization. Experi
mentally we find a maximum stretched state population of 
0.701:0.03 [16] at Up = 10En and A=—20r. gi^ually in
creasing to 0.76 at [/p=280Eg C^k is the recoil energy and 
r = 2irX5.2 MHz). Our simulations predict similar values 
for the populations; differences are cotisistent with uncom
pensated background fields of order 10 mG in the experi
ment. 

In a parallel magnetic field the internal stale mixing is 
significant only for states near the top of the lowest adiabatic 
potential. If atoms are efficiently cooled as soon as they enter 
these mixed states, then one would expect the mean kinetic 
energy to equal a constant fraction of the depth of the poten
tial wells in which they are trapped. The kinetic temperature 
should therefore scale in direct proportion to changes of this 
depth. As illustrated in Fig. 3(b), our experiment and 
QMCWF simulations show that such a scaling law applies 
independently for atoms found in the states |m = l:F), im
plying that internal-state mixing is a key element of the 
laser-cooling mechanism for atoms with large F. The exis
tence of two distinct subsets of atoms with different tempera
tures also suggests that energy relaxation within each subset 
occurs faster than the exchange of atoms between the sub
sets. This in turn indicates that steady-state energy relaxation 
is to a large extent local, i.e., atotns in high-lying mixed 
states mostly return to low-lying states of the original poten
tial well. Local cooling has implications for atom transport, 
and may explain why spatial diffusion constants for large-F 
atoms are more than an order of magnitude smaller than for 
the F— 1/2 model system [8]. 

We can use the magnetically induced atomic polarization 
to enhance state preparation in our lattice. Because we mea-
siue TOF distributions for each of the states |m = if), it is 
straightforward to model the atoms by anharmonic oscilla
tors and determine the vibrational temperatures correspond
ing to the observed momentum spread. This allows us to 
obtain the vibrational ground-state populations -n-fo and 
•n-_fo in the two types of potential wells. The approach is 
validated by the number of quasibound states, which we de
termine from the lattice band structure. For the parameters of 

Rg. 3(b) there are three bound states at SE„=0. increasing 
to six (decreasing to 0) in the deep (shallow) wells when 
SE„=OSUp. 

The buildup of magnetization leads to a net gain in vibra
tional grotmd-state population of the deeper potential wells, 
though the gain is somewhat reduced by a simultaneous in
crease in temperature. Figure 3(c) shows popuiauons ir-fo 
vs B., for lattice parameters Uf—lOEg^ and A = —20r. For 
a given set of lattice parameters the populations trpQ (ir-fo) 
peak around 0.25C//. (+0.25£/p): at that point the 
magnetic field shifts the adiabatic potentials roughly as de
picted in Fig. 2(b). The optimum parameters for state prepa
ration are close to those of Fig. 3(c), which yielded our larg
est observed value of 0.28±0.03 [16]. This constitutes a 
— 33% increase above the value of 0.212:0.03 observed at 
nominally zero field. Decreasing the lattice depth below 
70£g reduces the width of the central part of the momentum 
distribution, but non-Gaussian tails develop that cause a net 
loss of vibrational ground-state population. We have used 
QMCWF simulations to obtain the total populations in the 
bands corresponding to the vibrational ground states in the 
two types of potential wells. The simulations agree with the 
trends observed in our experiment, but show slightly higher 
maximum populations and sharp features possibly related to 
resonant mixing of degenerate states in different adiabatic 
potentials [15]. These discrepancies are likely due to uncom
pensated backgrotmd fields and lattice beam inhomogeneity 
in the experiment. 

Further evidence that laser cooling is linked to mixing of 
magnetic sublevels is provided by the behavior of our lattice 
when subjected to a weak transverse magnetic field. A trans
verse field introduces off-diagonal matrix elements in the 
lattice potential t/(z). which modify the adiabatic potentials, 
as illustrated in Fig. 2(c). The magnitude of the anticrossing 
at X/8 is significantly increased, indicating that magnetically 
induced mixing occurs much deeper in the potential than 
before. One would then expect a lower temperature in the 
presence of transverse fields, which is precisely what we 
observe in both experiment and QMCWF simulations. Fig
ure 4 illustrates how the overall kinetic-energy temperature T 
reaches a minimum for nonzero ; this minimum shifts to 
higher values of B^ and becomes more pronounced in the 
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FIG. 4. Kinetic lempecacure T vs nansveise field B,. for paral
lel fields B.=0 mG (filled circles), and B.=90 mG (open circles), 
respectively. Solid and dashed lines arc Ihe corresponding QMCWF 
simuladons. Lam'ce parameters ate £/p=l08£« and A = —2ir. 

presence of a parallel field [17]. QMCWF simulations, in
cluding both parallel and transverse fields, are in qualitative 
agreement with our experimental observations. Differences 
in the details are readily explained by background fields of a 
few tens of mG in the experiment: in particular, the local 
ma.ximum in temperature vs is easily obscured by a small 
_v component of the background field. We have occasionally 
observed a much clearer local maximum, which we ascribe 
to fortuitous values of our background field. 

The use of transverse magnetic fields to enhance state 
preparation hinges upon the change in population of the vi
brational ground state in the lowest adiabatic potential. Un
fortunately the quasibound states in this potential cannot be 
associated with a single sublevel |m = 2:F). and our Stem-
Gerlach analysis becomes of limited value. Insight is how

ever readily available from our QMCWF simulations, which 
indicate that optimal magnetic field and lattice parameters 
(Bj~B.~25 mO. and Up—lOEg) will increase the ground-
state population to as much as 0.45. corresponding to an 
80% increase over the theoretical field-free value of 0.25. 

In conclusion, we have obtained strong evidence that laser 
cooling in optical lattices is linked to coherent mixing of the 
magnetic sublevels. which occurs near the upper edge of the 
lowest adiabatic potential. This mixing, and consequently the 
laser-cooling process, can be substantially altered and en
hanced by the presence of weak magnetic fields. In a parallel 
magnetic field the atoms separate in two subsets with differ
ent temperature, indicating that cooling occurs locally at 
each lattice site. We have further demonstrated that magnetic 
fields are useful for the preparation of significant atomic 
population in a specific internal and motional state of the 
lattice. Recently we have extended our approach to a 2D 
lattice, and expect it to work for the whole linJ. lin class of 
optical latuces. If atoms are subsequently transferred to a 
far-off-resonance optical lattice one might proceed to elimi
nate excited vibrational states [2]; e.g.. by reducing the lat
tice depth until only a single bound state is supported. This 
would leave behind a substantial fraction of atoms in a pure 
quantum state, and provide excellent initial conditions for 
quantum wavepacket manipulation. We are currently explor
ing a scheme for resolved-sideband Raman cooling, which 
could allow efficient preparation of ground-state populations 
approaching 100% [18]. 
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Resolved-Sideband Raman Cooling to the Ground State 
of an Optical Lattice 
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We trap neutral Cs atoms in a two-dimensional opucal lattice and cool them close to the zero point 
of motion by resolved-sideband Raman cooling. Sideband cooling occurs via transitions between the 
vibrational manifolds associated with a pair of magnetic sublevels, and the required Raman coupling is 
provided by the lattice potential itself. We obtain mean vibrational excitations n^ " n, < 0.024, corre
sponding to a population >95% in the vibrational ground state. Atoms in the ground state of an opucal 
lattice provide a new system in which to explore quantum state control and subrecoil laser cooling. 
[S0031-9007(98)06022-0] 

PACS numbers: 32.80^]. 32.80.Qlc. 42.50.Vic 

The preparation and coherent manipulation of pure 
quantum states represent the ultimate control which can 
be exerted over a physical system. A spectacular example 
is the preparation of the motional ground state of a trapped 
atoniic ion by resolved-sideband cooling [I], which has 
been followed by the generation of Fock, coherent and 
squeezed states, and of Schrodinger cat states [2]. More 
recent developments include the demonstration of quantum 
logic gates [3], which represents a first step toward quan
tum computation [4]. Various degrees of quantum state 
control have been achieved also for the electromagnetic 
field [5], for Rydberg [6] and nuclear [7] wave packets, and 
in chemical reactions [8]. In this Letter we demonstrate for 
the first time the preparation of the vibrational ground state 
of optically trapped neutral Cs atoms by resolved-sideband 
Raman cooling [9]. Of order 10® atoms are individually 
trapped in the Lamb-Dicke regime in independent poten
tial wells of a two-dimensional, far detuned optical lattice 
[10] formed by the interference of three laser beams, and 
cooled to a mean vibrational excitation of 0.008(16) [11] 
per degree of freedom. For one degree of freedom this 
corresponds to a ground state population of (99 ± 1.6)%, 
far above the maximum value of ~30% achieved by po
larization gradient cooling [12], and comparable to that 
achieved in ion traps [I]. Preparation of these essentially 
pure quantum states will permit experiments with nonclas-
sical atomic motion and quantum state manipulation whose 
signature would vanish when averaged over a statistical 
mixture. In [13] we discuss two examples of such experi
ments: rotations of the state vector between pairs of vibra
tional states, which can be used as building blocks of more 
complex unitary transformations [2,3], and the preparation 
of mesoscopic superposition states by controlled tunneling 
between optical potential wells. 

Our sideband cooling scheme relies on Raman transi
tions between the vibrational manifoltls associated with 
a pair of magnetic sublevels of the 6Si/z{F = 4) hyper-
fine ground state. Compared to ion traps and free space 
Raman cooling [14], which rely on transitions between dif
ferent hy perfine ground states, our optical lattice system of

fers the considerable advantage of using Raman coupling 
between magnetic sublevels which is intrinsic to the lat
tice potential itself. This eliminates the need for separate, 
phase locked Raman lasers separated by frequencies in the 
GHz regime, and allows for a remarkably simple experi
mental setup. At the densities used here, atoms in different 
potential wells do not interact, and it is straightforward to 
prepare a macroscopic number of atoms in the vibrational 
ground state. Because of the efficiency inherent in laser 
cooling, in excess of 80% of the atoms captured in our 
magneto-optic trap end up in the motional ground state of 
the far-off-resonance lattice. This is in contrast to demon
strations of state selection in optical lattices [15]; in those 
experiments the initial ground state fraction was only a few 
percent and the selection process, therefore, very ineffi
cient. Given the combination of simplicity and cooling ef
ficiency, we expect that resolved-sideband Raman cooling 
in optical lattices, followed by adiabatic expansion [16], 
will prove an attractive means of optical subrecoil cooling. 

The basic design for our optical lattice is a configu
ration of three coplanar laser beams [17] as shown in 
Rg. 1(a), withequalamplitudes £i and linear polarizations 
in the lattice plane. This lattice consists of nearly isotropic 
potential wells centered at positions where the local po
larization is either ar^. or a--. The lattice frequency is 
typically detuned 20 GHz (3831 natural linewidths) below 
the 6S\/zi.F = 4) —« 6PyziF' = 5) transition at 852 nm, 
which is much further than the separation between hyper-
fine excited states. The optical potential for alkali atoms 
in the limit of large detuning is discussed in detail in 
[13], and we give here a brief summary of the salient 
features. The total electric field in the lattice is E(x) = 
Re[Eie(x)e~""'^'], where E(X) is the local polarization (not 
necessarily unit norm). The optical potential for atoms in 
the F = [ + J hyperfine ground state can then be written 
in the compact form 

U(x) = —£/,|e(x)l^/ H- ja,[e(x) x e(x)] 
F 

where I, F are the identity and angular momentum opera
tors, and is the magnitude of the light shift induced by a 
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nC. I. (a) Experimental setup for resolved-sideband Raman 
cooling. The basic lattice is formed by three coplanar laser 
beams with linear polarizations in the lattice plane. To add 
a TT component to the btuce light field and provide Raman 
coupling we change the polarizatioa of one beam to elliptical. 
The pumper and repumper beams are polarized, normal to 
the lattice plane and counterpropagating, in order to balance 
radiation pressure, (b) Basic cooling scheme. The far-off-
resonance lattice potential induces cr~ n* Raman transitions 
and couples the magnetic sublevels |m = 3.4> of the f = 4 
hyperfine ground state. Relaxatioa Im = 3> — |m = 4) is 
provided by a pair of pumper and repumper beams. 

single lattice beam driving a transition with unit Clebsch-
Gordon coefficient. When the polarizations of all the lat
tice beams lie in the x-y plane, the second term has the 
form of an effective magnetic field along z. t/{x) is then 
diagonal in the basis of magnetic sublevels, with each di
agonal element corresponding to the (diabatic) optical po
tential for that state. Off-diagonal elements correspond to 
Raman coupling between magnetic sublevels and can be 
obtained only by adding to the lattice light field a com
ponent polarized along z (-n- polarization). Our two-
dimensional lattice is the simplest configuration for which 
this is possible [13]; a 7r-polarized component with well 
defined amplitude E, and phase e'^ relative to the in-plane 
component is introduced by changing the polarization of 
one of the lattice beams. Considering only Raman cou
pling between magnetic sublevels |/n = 4) and Im = 3>, 
the operator C/(x) can be expanded to first order in the 
Lamb-Dicke parameter 77 = •JEr/Rw around a potential 
minimum. With a choice of lattice beam phases that puts 
a cr+.-polarized potential well at the origin, and choosing 
<p -- •n-/2 to maximize the Raman coupling, we find 

i/4j(x) = -f-% ̂ (.2 + kX- i2kY). 
4V2 El 

where X and Y are the quantum mechanical position 
operators. From this expression we see that the off-
diagonal elements of the potential provide Raman coupling 
between adjacent vibrational levels, and, therefore, allow 
for sideband cooling along both x and y. 

In the tight binding regime the bound states of 
the lattice are well approximated by product states 
In.m) = In) ® |m), where In) is a two-dimensional 
harmonic oscillator state with total vibrational excitation 

n = «! + /ly associated with the diabatic potential for 
the magnetic sublevel |m>. Motion in the direction nor
mal to the lattice plane is separable and can be ignored. 
In the experiment discussed below, the amplitude of the 
out-of-plane polarized component is E-^ = 03£i, the 
single-beam light shift is {/i = 54£r [Er = {fik)-/2m is 
the photon recoil energy], and the Lamb-Dicke parameter 
is 77 = 0.2. A typical matrix element (n — I.m = 
3|£/4j(x)|n.'n = 4) is then = QJ^/K^Er and 
=^Z.Jn^Eg for An^ = — I and An, = — 1, respectively. 
For comparison, the maximum light shift is Uo = 243£(t. 
and the oscillation frequency in the \m = 4) potential is 
Hot = 20E/J. 

Resolved-sideband Raman cooling can now be accom
plished as illustrated in Fig. 1(b). We add a weak mag
netic field along z to Zeeman shift states |n,m = 4) 
and In — l,m = 3) into degeneracy; in the terminology 
of sideband cooling this corresponds to tuning the Ra
man coupling to the first red sideband. The lattice then 
stimulates transitions |n,m = 4) —• In — I.m = 3). Re
laxation from In — l./n = 3) to In — I.m = 4) is pro
vided by optical pumping, which is accomplished with a 
pair of o•^.-polarized pumper and repumper beams reso
nant with the F = 4 —• F' = 4 and F = 3 —• F' = 4 hy
perfine transitions. Optical pumping on the F = 4 — 
F' = 4 transition serves to decouple atoms in the |n, m = 
4) states from the resonant pumper light, so that In = 
0, m = 4) is a dark state. This comes at the price of oc
casional decay to the F = 3 hyperfine ground state, which 
is problematic, because the minima for the F = 4 poten-
nal coincide with saddle points for the F = 3 potential. 
The presence of an intense, resonant repumper beam en
sures that the atoms are returned to the F = 4 state before 
their wave packets can disperse, so that no significant heat
ing occurs. Roughly one pumper and one repumper pho
ton is necessary to effect the transition [n — 1, m = 3) —• 
In — l,m = 4). 

Our sideband cooling experiment proceeds as follows. 
A vapor cell magneto-optic trap and 3D optical molasses 
are used to prepare a cold (3 ^IK) sample of ~10® atoms 
in a volume ~400 ftm in diameter. After the 3D mo
lasses beams are extinguished, the atoms are cooled and 
localized in a near-resonance 2D optical lattice with the 
same beam configuration as the far-off-resonance lattice. 
The atoms are then adiabatically u^sferred to the super
imposed. far-off-resonance lattice by decreasing the depth 
of the near-resonance lattice to zero and simultaneously 
increasing the depth of the far-off-resonance lattice from 
zero to the final operating depth. This produces a sample 
of atoms localized in the far-off-resonance lattice, deep in 
the Lamb-Dicke regime and with minimal vibrational ex
citation [18]. When the transfer is completed, we begin 
resolved-sideband Raman cooling by adding a field B-
to tune the lattice Raman coupling to the red sideband 
and turning on the pumper-repumper beams. After some 
time, cooling is terminated by a short (~40 /is) interval 
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of intense optical pumping in order to transfer as many 
atoms as possible to \m = 4). We then quickly extinguish 
the lattice, pumper and repumper beams, and measure the 
atomic momentum distribution along the vertical direc
tion. This is accomplished by a standard dme-of-flight 
(TOF) analysis, which infers the momentum distribution 
from the atomic arrival times at a ~50 /im thick probe 
beam located 4.7 cm below the lattice [Fig. 1(a)]. The 
observed momentum distributions are generally indistin
guishable from a Gaussian fit. and we characterize them 
by the corresponding kinetic temperature T = {p^y/kaM. 
Rotaring the lattice with respect to gravity allows us to 
obtain momentum distribudons in different directions. In 
practice we are constrained to measure the momentum 
distribution along one of the lattice beams, i.e.. along 
y and the direction x' forming a 30° angle with the x 
axis. This is sufficient to determine that the atoms are 
two-dimensionally cold. Adding a magnetic field gradient 
during the measurement separates the TOF distributions 
for different \m) and allows us to determine the distribu
tion of population over magnetic sublevels [12]. 

When they have first been loaded into the far-off-
resonance lattice, atoms are distributed fairly evenly 
among all magnetic sublevels. A measurement after 
11 ms of sideband cooling shows, however, that at least 
90% of the atoms have been optically pumped into 
the stretched state \m = 4) [Fig. 2(b)]. In the figure, 
apparent residual population in states \m £ 3) is an 
artifact caused by atoms escaping from the optical lattice 
during sideband cooling, and by adiabatic transittons 
between magnetic sublevels as the atoms are released 
from the latdce. Because we finish the cooling sequence 
with a short, intense optical pumping pulse, we expect 
that the final populadon in |m = 4> is. in fact, very 
close to 100%. It is then straightforward to obtain a 
Boltzmann factor for the vibrational populations from 
the measured kinetic temperature. First we calculate 
the kinetic temperature To of the vibrational ground 
state in the |m = 4) potential (including a correction 
for anharmonicity), based on a very careful estimate 
of the lattice light intensity and detuning. For our 
parameters [£7i = 54(3)£r] we find To = 951(30) nK 
[II]. The potential wells are sufficiently isotropic so 
that there is no significant variation in To along different 
directions. Using a harmonic model the Boltzmann factor 
Is then given by qa — (T ~ To)/(T -t- To), where the 
effect of anharmonicity is taken into account via the 
correction in To. Figure 2(a) shows a typical momentum 
distribution measured after 11 ms of sideband cooling. 
For comparison we also show the calculated ground state 
distribution, as well as an uncooled distribution. It is 
immediately apparent that the atoms are cooled very close 
to the zero point of motion. After the sideband cooling 
process has reached steady state, there is no measurable 
difference between the momentum spread along x' and y, 
nor is there any measurable difference in the temperature 

at detunings of 10. 20. and 35 GHz; the data discussed 
below were all measured for a detuning of 20 GHz 
and in the x' direction. To determine the minimum 
temperawre that can be reached in our experiment we 
performed a series of 16 measurements similar to Hg. 2(a) 
in the course of roughly 1 h. From this data we obtain 
an average kinetic temE)erature T = 966(10) nK. The 
corresponding Boltzmann factor is qa = 0.008(16). and 
the mean vibrational excitation per degree of freedom is 

== hy ^ 0.008(16). Here the experimental uncertainty 
is dominated by the accuracy to which we can determine 
To. For atoms in \m = 4). these numbers correspond 
to a population ttq = 0.984(31) in the two-dimensional 
vibrational ground state. 

Further information can be gained from a measurement 
of the steady state vibrational excitation versus Raman de
tuning. The inset of Fig. 3 shows the kinetic temperature 
as a function of the tuning field S.. and clearly demon
strates cooling on both the first and second red sideband. 
In steady state we can invoke detailed balance to obtain 
y/qe = Wiri = Tcooi/rhat. The heating rate Fhot is 
roughly independent of B., since it is dominated by extra
neous processes such as spontaneous scattering of lattice 
photons, while the cooling rate Fcooi is proportional to the 
rate of Raman absorption on the red sideband. We, there
fore, expect Lorentzian maxima in l/qs when B. corre
sponds to Raman resonance, which is indeed what we see 
in Fig. 3. The separation between the center of the two 
cooling resonances is equal to the energy difference be
tween the first and second excited vibrational manifolds of 

1 1 1 
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RG. 2. (a) Momentum distribution along x' after 11 ms of 
sideband cooling (solid line). Also shown is the calculated 
distribution for the vibrational ground state (open circles) 
and an uncooled distribution (dashed line), (b) Stera-Gerlach 
analysis of the atomic internal suite after sideband cooling (top 
ctirve). Tlie bottom curve shows the magnetic populations 
before cooling. 
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route to quantum degeneracy, in a regime very different 
from Bose-Einstein condensation [23]. 

This work was supponed by NSF Grant No. PHY-
9503259, by ARO Grant No. DAAG559710I65. and by 
JSOP Grant No. DAAG559710116. 

FIG. 3. Inverse Boltzmann factor as a function of applied 
magnetic field (Raman detuning). Cooling on the first and 
second sideband is evident. Solid circles are data points, 
the solid line a lit to the sum of two Lorentzians. Inset: 
corresponding kinetic temperatiu'es. The dashed line indicates 
the kinetic temperature of the vibrauonal ground state. 

\m = 4>, and so provides an independent measurement of 
the lattice depth and of the ground state kinetic tempera
ture To. On this basis we find To = 997(50) nK. which 
agrees nicely with the value based on our estimate of the 
lattice light intensity. The full width at half maximum of 
the Lorentzian fit to the first sideband is —3 Er, within 
40% of the estimated width of the \n = l,m = 3) state 
caused by optical pumping. This agreement is reasonable 
considering the uncenainty on l/qs around the peak of the 
resonance. 

In conclusion we have demonstrated resolved-sideband 
Raman cooling to the ground state of a two-dimensional 
far-off-resonance optical lattice. Our method relies on 
Raman coupling intrinsic to the lattice potential and uses a 
magnetic field to tune the coupling to the "red sideband". 
This results in a simple setup which yields ground state 
populations greater than 9556. Extension of the scheme 
to three-dimensional lattices is straightforward and should 
result in comparable vibrational temperatures. A wide 
range of experiments on nonclassical motion will bene
fit from the preparation of atoms in a well defined initial 
quantum state, including squeezing, collapse and revival 
of wave packets [19], the study of quantum chaotic mo
tion [20], and the study of quantum transport in optical 
potentials [21]. Conditions in the optical lattice are also 
favorable for quantum state manipulation, and we are cur
rently working to prepare squeezed states and Fock states 
within a single potential well, as well as coherent super
positions of the vibrational ground states in neighboring 
potential wells [13]. Finally, neutral atoms near the elec
tronic ground state interact very weakly with each other, 
and the techniques explored here could be applied in ex
tremely far-detuned, large-periodicity lattices, where each 
potential well contains several atoms [22]. Cooling of a 
few atoms to a common ground state would provide a new 
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We demonstrate a general method to measure the quantum state of an angular momentum of 
arbitrary magnitude. The {2.F -i- 1) x {2F -f- I) density matrix is completely determined from a set 
of Stem-Gerlach measurements with (4F 1) different orientations of the quantization axis. We 
implement the protocol for laser cooled Cesium atoms in the QSif-zif = 4) hyperfine ground state 
and apply it to a variety of test states prepared by optical pumping and Larmor precession. A 
comparison of input and measured states shows typical reconstruction fidelities ^ ̂  0.95. 
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The quantum state of a physical system encodcs in
formation which can be used to predict the outcome of 
measurements. The inverse problem was mentioned by 
Pauli already in 1933 [1]: is it possible to imiquely deter
mine an unknown quEintimi state by measuring a suffi
ciently complete set of observables on a number of iden
tically prepared copies of the system? This very basic 
question has gained new relevance in recent years, fol
lowing the realization that systems whose components 
and evolution are manifestly quantum can perform tasks 
that are impossible with classical devices, such as certain 
computations, secure communication and teleportation 
[2]. .\s we harness quantum coherent dynamics for such 
purposes, the development of techniques to accurately 
control and measure quantum states becomes a matter 
of practical as well as fundamental interest. Reconstruc
tion of a (generally mixed) quantmn state based on a 
record of measurements is a nontrivial problem with no 
genereJ solution [3], but sj-stem-specific algorithms have 
been developed and demonstrated experimentally in a 
limited number of cases. These include light fields [4], 
molecular vibrations [5], electron orbital motion [6], and 
center-of-mass motion in ion traps [7] and atomic beams 
[8]. More recently multi-particle quantum states have 
been measured for entangled spin-1/2 systems in NMR 
[9] and for polarization-entangled photon pairs [10]. 

In this letter we present a new experimental method 
to measure the unknown quantum state for an angu
lar momentum of arbitrary magnitude. The protocol 
is implemented for laser cooled Cesium atoms in the 
SSi/2{F = 4) hyperfine ground state, and typically re
produces input test states with a fidelity better than 0.95. 
Our work is motivated in part by our ongoing study of 
quantum transport and quantum coherence in magneto-
optical lattices, where the atomic spin degrees of freedom 
couple to the center-of-mass motion [11]. The correla
tion between spin and motion in this system offers the 
possibilitj- to use the angular momentum as a 'meter' in 
the sense introduced by von Neumann [12], to probe the 
spinor wavepacket dynamics. A similar application has 

been proposed in cavity QED. where an atomic angular 
momentimi can be used to read out the quantimi state of 
light in an optical cavity [13]. We expect our teclmique 
also to provide a powerful experimental tool to evaluate 
the performance and error modes of quantum logic gates 
for neutral atoms [14]. 

The angular momentum quantum state of an ensemble 
of atoms with spin quantum number F is described by its 
density matrix g. Newton and Young have shown that 
sufficient information to determine o can be extracted 
from a set of + 1 Stem-Gerlach measurements, car
ried out with different orientations of the quantization 
axis [15]. They derived an explicit solution for quantiza
tion directions nt with a fixed polar angle 9 and evenly 
distributed azimuthal angles ipt- Our reconstruction al
gorithm uses the same general approacli. but takes ad
vantage of a simple numerical method to solve for the 
density matrix for a less restrictive choice of directions. 
This allows for flexibility in the experimental setup and 
improves the robustness against errors. As a starting 
point for our reconstruction we choose a space fixed co
ordinate system {x, y, i} in which to determine g. If we 
perform a Stem-Gerlach measurement with the quantiza
tion axis along 2, we obtain the populations of the 2F+1 
eigenstates |m-) of i.e., the diagonal elements of the 
density matrix g. Information about the off-diagonal ele
ments can be extracted from additional Stem-Gerlach 
measurements with quantization axes along directions 
rifc ^ i. For each of these measurements we obtain a new 
set of populations corresponding to the diagonal el
ements of a matrix o'*"' representing o in a rotated coor
dinate system with the quantization a.xis oriented along 
fifc. The associated coordinate transformation is a rota^ 
tion by an angle 0k around an axis tit in the xy-plane and 
perpendicular to rit [see Fig. 1(a)]. The new populations 
can then be found firom a unitary transfonnation of g, 

(1) 

where —F < m, < F and I < k < 4i^ + 1. The 
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FIG. 1. (a) Direction nt of a Stern-Gerlach measurement 
in spherical coordinates, (b) Timc-of-Bight distribution with 
u'cU separated peaks corresponding to the populations in the 
magnetic sublevels Im). 

rotation operators are given by = exp j5tFixfc|. 

Arranging all the populations and the densitj- ma
trix elements into vectors if and p, Eq. 1 can compactly 
be written as ir = Mp, where the elements of the rect
angular matrix M are determined by the set of rotations 

The elements of the density matrix g can then 
be obtained as p = M'''jr, where 

(2) 

is the Moore-Penrose pseudoinverse [16]. R and At are the 
rank and non-zero eigenvalues of the Hermitian matrix 
M^M, ^-ith Wi and Vj being the corresponding eigemtjc-
tors of and respectively. 

In a real experiment there is both random measure
ment noise and systematic errors^ which cause the ob
served populations to deviate &om those predicted 
by Eq. 1. la this situation the pseudoinverse solution 
>'ields a least-squares fit to the data [16]. This fit. how
ever, will become sensitive to noise and errors if one or 
more of the Ai in Eq. 2 are too close to zero. A robust 
reconstruction algorithm must therefore use a set of di
rections {nfc} that lead to reasonably large Ai- A second 
problem arises because the pseudoinverse solution^ while 
always the best fit to the data, is not guaranteed to be a 
ph>*sicaUy valid densitj' matrix when noise and errors are 
present — a density matrix has unit trace, is Hermitian 
and has non-negative eigenvalues. The pseudoinverse so
lution automatically fulfills the first two conditions when 
the input populations are normalized. However, when 
negative eigenvalues occur we have to employ a different 
method to solve the inversion problem. For this purpose, 
we decompose g as 

o = TT^ with Tij — 0, for j > i, 

and Tii eR, = 1. 

This form automatically enforces the density matrix to 
have unit trace, be Hermitian and positive semi-definite. 
The (2f 4- 1)^ - 1 independent rcal-valucd parameters 
of the complex, lower-triangular matrix T can then be 

optimized to jneld the best fit between measured and 
expected populations. 

We have implemented this general procedure for Ce-
siimi atoms in the 6Sif2{^ — hyperfine ground state 
manifold. A standard magneto-optical trap (MOT) and 
optical molasses setup is used to prepare an ensemble 
of ~10® atoms in a volume of 0.1 mm^ and at a tem
perature of 3.5fiK. Atoms from the molasses are loaded 
into a near-resonance optical lattice, composed of a pair 
of laser beams with orthogonal linear polarizations (ID 
linJ-lin configuration) and counter-propagating along the 
(vertical) z-axis. Following this second laser coohng step 
the atoms are released from the lattice, at which point a 
range of angular momentum quantum states can be pro
duced as discussed below. To allow accurate preparation 
and manipulation of these test states, we measure and 
compensate the background magnetic field in our setup 
to better than I mG. 

A laser cooling setup provides a convenient framework 
for Stem-Gerlach measurements [17]. At the beginning 
of each measurement we define the quantization axis by 
applying (switching time ~2 jjs) a homogeneous bias 
magnetic field of ~l 0 pointing in the desired direc
tion. All subsequent changes in the magnetic field are 
adiabatic, which ensures that the initial projection of 
the atomic spin onto the direction of the field is pre
served at later times. As the atoms fall under the in
fluence of gravity, we apply a strong magnetic field gra
dient (|B| K 100 G and VjBl a: 100 G/cm ) by pulsing 
on the MOT coils for 15 ms. The resulting state depen
dent force F = —mjf/jBVIBl is sufficient to completely 
separate the arrival times for atoms in different |m> as 
they fall through a probe beam located 6.9 cm below 
the MOT volume [see Fig. 1(b)]. The magnetic popu
lations can then be accurately determined from a fit to 
each separate arrival distribution. In our case a total of 
4F -h 1 = 17 Stem-Gerlacli measurements are needed to 
reconstruct g. The corresponding 17 different directions 
lit of the bias magnetic field are produced by three or
thogonal pairs of coils in near-Helmholtz configuration. 
This setup provides complete freedom to choose the mea
surement directions, and allows us to set the dc-magnetic 
field with an accuracy of 0.1° in a volume of 1 cm^. For 
the results reported below we use 16 measurements on 
a cone with St a: 82°, and a single measurement with 
0k = 0°. 

We evaluate the performance of our reconstruction pro
cedure by applying it to a number of known input states. 
These test states are created by a combination of laser 
cooling, optical pumping and Lannor precession in an 
externally applied magnetic field. First consider opti
cal pumping by a c'-polarized laser beam tuned to the 
6Si/2(.F = 4) —> 6P3/2{F' = 4) transition, which al
lows us to prepare the ensemble in a pure jm- = —4) 
state. A single Stem-Gerlach measurement with quan
tization Euds along i confirms the essentially unit pop-



FIG. 2. (a) Density matrix of a pure fm* = —4) Input state 
obtained by optical pumping with <r~-polarized light, and (b) 
measured densit>' matrix with a fidelity of ^ = 0.D7. Note: 
All figures display absolute values of the density matrices. 

ulation of this state. For a single non-zero population 
we can rule out off-diagonal elements due to the con
straint \Qij\^ < QiiQjj, and in this case we therefore know 
the complete density matrix with a high degree of con
fidence. Both the input and measured density matrices 
are shown in Fig. 2. £ind show excellent agreement. To 
quantify the performance we use the fidelity [18] 

^  j ^ \ / j  ^  ,  

which is a measure of the closeness between the input 
(o.) and the reconstructed (o^) density matrices and 
takes on the value ^ = 1 when they are identical. For 
an [m- = —I) input state our reconstruction fidelity is 

= 0.97. Optical pumping with (t'*' yields a nearly 
pure |m; = 4) state, which we can similarly reconstruct 
with a fidelity of.?" = 0.94. Starting from |mj = —4) 
we can further produce a range of spin-coherent states 
[19] by applying a magnetic field along, e.g., the .^c-fixis 
and letting the state precess for a fraction of a Larmor 
period. Figure 3 shows the measured density matrices 
for four different precession angles, again with excellent 
reconstruction fidelitj-. 

It is desirable to also check the reconstruction of test 
states that are not quasi-classical, and whose density ma
trix exhibits large coherences far from the diagonal. One 
example of such a state is |my = 0), which we can pro
duce by optical pumping on the F = 4 —• F' = 4 tran
sition with linear polarization along y. In this basis, the 
input test state has the density matrix shown in Fig. 4(a). 
Its representation in the {Ifn^}} basis is easily found by a 
(numerical) rotation by 90° Eiround x [Fig. 4(c)], and can 
be directly compared to the reconstruction [Fig. 4(d)]. 
To simplify the visufd comparison we finally rotate the 
measured density matrix by —90° around x to find its 
representation in the {|my)} basis [Fig. 4(b)]. The ba
sis independent reconstruction fidelity is ^ = 0.96. The 
non-classical nature of the measured state is apparent in 
its Wigner function representation [20], which takes on 
negative values as shown in Fig. 5. 

As a final test we have applied our procedure to the 

(c) 
oji oj 

0.0 

FIG. 3. Measured density matrices for spin-coherent states 
obtained by a controlled Larmor precession of |m = —4) 
around x by (a) 30° [.F = 0.95], (b) 60° = 0.96]. (c) 90° 

= 0.95], and (d) 120° = 0.921. 

(presiunably) mixed states that result from laser cool
ing. Figures 6(a,b) show the input and reconstructed 
states produced by laser cooling in a ID linXlin lattice. 
The input state shown here is based on a single Stem-
Gerlach measurement of the magnetic populations, but 
it seems reasonable to assume that the highly dissipative 
laser cooling process destroys coherences between mag
netic sublevels and that the density matrix is diagonal. 
Our measurement confirms this assumption. We can per
form the same experiment with atonas released directly 
from a 3D optical molasses, in which case there is no pre
ferred spatial direction and one expects something close 
to a maximally mi.xed state. Figures 6(c,d) show input 
and measured density matrices in good agreement with 
this assumption. 

In summary we have demonstrated a method to ex
perimentally determine the complete density matrix of 
a large angxilar momentum, and tested its performance 
with a variety of angular momentum quantum states 
of an ensemble of laser cooled Cesium atoms in the 
SSi/2(F = 4) hyperfine ground state. The input and 
reconstructed density matrices typically agree with a fi
delity of .F > 0.95. Limitations on the accuracy to which 
the density matrix can be measured appear to derive from 
a: 3% uncertainties in the individual population measure
ments, and from variations in the direction of the bias 
magnetic field during the first few (is when it is turned 
on. These variations are likely due to induced currents 
in metallic fixtures and additional coils in the vicim'ty 
of our glass vacuum cell, and translate into uncertainty 
about the exact orientation of the quantization axes for 
the Stem-Gerlach measurements. Efforts are underway 
to eliminate these problems and achieve even better re
construction fidelities. 
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FIG. 4. (a) Input state jmy = 0) prepared by optical pump
ing with linear y-polarizcd light, and the reconstruction result 
(b) represented as density matrices in the (Iniy)} basis. The 
density matrices of input (c) and measured state (d) in the 
standard (Im-)} basis. The fidelity is 0.96. 

FIG. 5. (a) Measured Im^ = 0) state, represented by the 
Wigner function \V{0^ t^) in spherical phase-space. The darker 
shading indicates negative v-alucs. Selected cuts of 
along (b) ^ = —90® and (c) 9 = 90® (dotted lines = input 
state, solid lines = measured state). 
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