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ABSTRACT 

We define and study the maximal crystalline subrepresentation functor. Ciys( —). 

defined on p-adic Galois representations of the absolute Galois group of a finite ex­

tension K of Qp. In particular, we define and study the derived functors. Crys(—). 

of Crys(—). 

We then apply these functors to the study of Neron models of abelian varieties 

defined over K. We extend a formula of Grothendieck expressing the component 

group of a Neron model in terms of Galois cohomolog^'. 

The extended formula is only valid for abelian varieties with semistable reduction 

defined over an unramified base. We explore the failure of the formula in the non-

semistable case through the example furnished by Jacobians of Fermat curves. 
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CHAPTER 1. INTRODUCTION 

1.1 Number Theory and Galois Representations 

One way to study algebraic numbers is to study symmetry groups or Galois groups 

associated to them. By definition, an algebraic number a satisfies a polynomial 

equation with rational coefficients: 

The field obtained by adjoining to Q all the roots of the minimal such polynomial 

is a Galois extension of Q and we associate to a the Galois group of this extension. 

Properties of this Galois group translate into information about the number a. For 

example, if the Galois group associated to a is abelian, then a can be written as a 

finite sum 

with aj and bj rational numbers. This is the Kronecker-Weber Theorem, which asserts 

that every abelian extension of Q is contained in a cyclotomic extension (i.e.. an 

extension generated by roots of unity). For more on this theorem, see (for example) 

[Neu99, Chapter V], especially Theorem 1.10. 

A convenient way to study the Galois groups associated to algebraic numbers is 

through their inverse limit 

where K runs over all finite extensions of Q. This is the Galois group of the exten­

sion of Q obtained b\^ adjoining all algebraic numbers. It is a huge and complicated 

group, encompassing information about every kind of algebraic number. In this sense, 

it seems quite unwieldy. But, it allows us to ask questions about certain classes of 

/(a) = 0, f i x )  e  Q[x]. 

J 

GQ := l^mGal(iif/Q) 
K 
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numbers in terms of group theory. For example, questions about all "abelian num­

bers" (i.e.. all algebraic numbers whose associated Galois group is abelian) translate 

into questions about the maximal abelian quotient of GQ. 

In studying GQ, one is naturally led to stud\'ing its representations 

p: GQ —> GLn(-R)-

There is a natural topology- on GQ, the pro finite topology, arising from the structure 

of GQ as an inverse limit of finite groups. .A.s such, it is natural to consider coefficient 

spaces R which are also topological and to restrict to continuous representations. 

Such representations are usually called Galois representations. For example, R may 

be taken to be the complex numbers or the field of p-adic numbers. The coefficients 

need not be a field: for example. R could also be a complete local ring (such as the 

p-adic integers). 

For a Galois representation p: GQ —>• GL„(i?), let Lp be the Galois extension of Q 

associated to the closed, normal subgroup ker p C GQ via the Galois correspondence 

for infinite extensions. The image of p is thus isomorphic to Gal(Lp/Q). Considering 

Galois representations with finite image thus leads us back to Galois groups associated 

to algebraic numbers. 

1.2 Galois Representations arising from Geometrj' 

The role of Galois representations in number theory is not limited to the study of GQ. 

These representations have played an important role in many recent advances in 

arithmetic geometry, such as the proof of Fermat's Last Theorem and the more general 

proof of the Shimura-Taniyama-Weil conjecture. This connection with arithmetic 

geometry stems from the fact that Galois representations arise naturally from algebro-

geometric objects defined over arithmetically interesting bases, such as number fields 

or finite fields, and encode geometric information about these objects. To illustrate 



12 

this, we shall now consider the example furnished by Tate modules of elliptic cur^'es. 

Basic definitions and properties of elliptic curves are outlined below. See [Sil86] for 

more information. 

1.2.1 Elliptic curves 

Elliptic cur\'-es are non-singular projective curves that have a group structure. Over Q, 

they can be given by VVeierstrass equations of the form 

E:y'^ = x'^ + Ax + B, (1.1) 

where .4. 5 G Q and 4.4^ + ^ 0. The non-vanishing condition on the coefficients 

ensures that the resulting variety is non-singular. For K an extension of Q. the K-

points of E are the solutions of the above equation with coefficients in K, plus a 

"point at infinity" denoted O: 

E { K )  := {(2:0, yo) e  K  X  K  \  y l  =  x l +  Ax q  B} U {O}. 

The group structure on E gives rise to a group structure on each of these sets with O 

as the identity element; the conditions of non-singularity and projectivity force these 

group laws to be commutative. We briefly consider some examples for specific choices 

of K. 

An example of the group of real points JE'(M) is given in Figure 1.1 below. Also 

illustrated in the figure is the geometric interpretation of the group law on E. which 

is based on the demand that three collinear points should sum to zero. The sum of 

P and Q, denoted P ®Q, is defined to be the reflection about the x-axis of the third 

point of intersection of the line through P and Q with the curve 

The group £'(Q) is called the group of rational points of E. It is known to be a 

finitely-generated abelian group: 

E{<^ = Z'" 0 Torsion. 
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© 

FIGURE 1.1. The real points of the elliptic curve given by — x. 

The torsion subgroup is known to come from a finite list of possibilities and there 

are methods available to determine its structure (see [Cre97, Section 3.3]); the rank r 

of E is more mysterious and is the subject of many open questions. For example, it 

is not known whether there exist elliptic curves over Q of arbitrarily large rank. 

The group of complex points E { C )  is isomorphic to a complex torus. C/A, where 

A = is a lattice in C. The group law of E(C) corresponds under this isomorphism 

to addition of complex numbers. One can easily describe the m-torsion points of £^(C). 

where m is a positive integer: 

We obtain the same result for the m-torsion of the Q-points (since the complex points 

of E are in fact algebraic): 

£ ( C ) H - ( C / A ) M  =  i A / A  =  ̂ X ; ^  

E[m\ ;= £(Q)[m] = 
mZ mZ 
Z Z 
— X  — -
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It is sometimes convenient to also consider the "Fp-points" of E. where Fp denotes 

the field with p elements for p a prime. This does not make sense since Fp is not an 

extension of Q: what we really mean is to consider the Fp-points of the "reduction of E 

modulo p", which we now describe. By making an appropriate change of coordinates, 

we can take the coefficients of the defining equation of E to be integers. Moreover, the 

integral coefficients can be chosen minimally, in a suitable sense. Then the reduction 

of E modulo p is the curve over Fp given by 

E p i  +  A x  - t -  B  

where .4 and B denote the images of .4 and B in Z/pZ = Fp. This curve may be 
^3 o 

singular since 4.4 -t- 27B" may vanish in Fp; in this case, we do not have a group 

structure on the sets of points of Ep. Let Fp be an algebraic closure of Fp. There are 

three possible reduction types: 

1. E has good reduction at p if Ep{Wp) is non-singular. In this case, E p  is itself an 

elliptic curve, defined over Fp. 

2. E has multiplicative bad reduction at p if £'p(Fp) has a nodal singularity (see 

Figure 1.2 below). 

3. E has additive bad reduction at p if £'p(Fp) has a cuspidal singularity (see Figure 

1.2 below). 

Even though there is no group structure on Ep{¥p) in the case of bad reduction, 

there is always a group structure on the set of non-singular points of .Ep(Fp). The 

above terminology is explained by the fact that this group is isomorphic to the multi­

plicative (respectively, additive) group of Fp when E has multiplicative (respectively, 

additive) bad reduction at p. 
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CI 

FIGURE 1.2. Multiplicative and Additive reduction 

1.2.2 Galois representations arising from elliptic curves 

Let £ be a prime number. The ^-power torsion subgroups E[P^\ form an inverse system 

with respect to the multiplication-by-^ maps, —> E[P^]. The inverse limit of 

this system, denoted T g E ,  is called the i-adic Tate module of E. By the description of 

the torsion subgroups in Section 1.2.1, we have an isomorphism of TeE with Ze x Z^. 

where Ze denotes the ring of ^-adic integers. 

Tate modules of elliptic curves give rise to Galois representations as follows. We 

consider the natural action of GQ on the group of "geometric points" E(Q) given by: 

The point [ a { x ) , a { y ) )  satisfies the defining equation of E  (and hence lies in £'(Q)) 

since that equation has Q-coefficients. The multiplication by ^ maps are also defined 

over Q, and so the Galois action commutes with multiplication by 

The action of GQ on £'(Q) thus restricts to an action on each of the E [ £ ^ ] .  These 

actions give rise to an action on TeE. The homomorphism giving this action 

a { x , y )  : =  { a { x ) . a { y ) ) ,  o  G  GQ.  

r(cr(a:,y)) = a{p{x,y)). 

PE,t'- A\it{TeE) = GL2(Z£) 
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is continuous for the natural topologies involved and is an example of an C-adic rep­

resentation of GQ. 

We remark that the example of Galois representations arising from Tate modules 

of elliptic curves fits into a more general framework for constructing Galois represen­

tations from geometric objects. Representations often arise from the Galois action 

on cohomology groups associated to the geometric object. The representation on the 

£-adic Tate module is dual to the representation on the first etale cohomolog>- group 

of the elliptic curve. 

1.2.3 Local properties 

We now describe how "local properties" of the Tate module representations are related 

to "local properties" of the elliptic curve. For an elliptic curve E, "local" refers to 

behavior of the reduction of E modulo various primes p. For a representation PEX-

"local" refers to the behavior of the restriction of pE,t to various local Galois groups, 

i.e.. to fixed embeddings of = Gal(Qp/Qp) into GQ for various primes p. where Qp 

denotes the field of p-adic numbers and Qp an algebraic closure of Qp. For example, 

let Ip denote the inertia subgroup of GQ^: that is. Ip = Gal(Qp/Qp''). where Qp'" is 

the maximal unramified extension of Qp in Qp. The representation PE^^ is said to be 

unramified at p if pE,e is trivial on Ip. 

The following criterion of Neron-Ogg-Shafarevich is a beautiful example of this 

relationship (see [ST68, Theorem l]): 

E h£is good reduction at p 4=̂  pE,e is unramified at p for all ^ # p. 

The field extension Lg, = Lp^ ^ associated to pE,e (see Section 1.1) is the extension 

of Q obtained by adjoining the coordinates of all ^-power torsion points of ^(Q). 

The condition that ps.e be unramified at p is equivalent to p being unramified in the 

extension L^/Q, and we can rephrase the criterion as: 
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E  has good reduction at p p  is unraraified in L t / Q ,  for all E  ^  p -

There are similar representation-theoretic criteria for the other types of reduction as 

well. 

This also highlights the fundamental difference between ^-adic {i ^ p) and p-adic 

representations of GQP . The Neron-Ogg-Shafarevich criterion is false for £ = p: that 

iS; pE,p niay be ramified even though E has good reduction at p. In general, the 

p-adic representations of GQP behave quite differently than their £-adic counterparts 

and have a much richer structure. Their theory has been developed extensively by 

Fontaine, Messing, Faltings, and others. In particular, Fontaine's theor\^ provides 

a p-adic analogue to unramified ^-adic representations in the notion of a crystalline 

representation. There is a p-adic version of the criterion of Neron-Ogg-Shafarevich 

(see [CI99, Part II, Theorem 4.7]): 

E has good reduction at p <==> is crystalline at p. 

1.3 Galois representations and Neron Models 

In this section, we explore another example of the difference between £-adic [C ^ p) 

and p-adic representations of , arising in the study of Neron models of abelian 

varieties. 

1.3.1 Abelian varieties and Neron models 

Much of the discussion of the pre\'ious section also holds for abelian varieties, the 

higher-dimensional analogues of elliptic curves. We will immediately focus on one 

prime by considering our abelian varieties defined over the p-adic numbers rather 

than Q. Fix a prime p and consider an abelian variety A of dimension g defined 

over Qp. 



18 

When 5 > 1, we no longer have Weierstrass equations defining integral models 

of our variety: however, we do have a nice integral model, the Neron model of .4. 

which allows us to consider the reduction of A modulo p. In Section 1.2.1. we saw 

that the reduction modulo p of the Weierstrass model of an elliptic cur\'e may be 

singular and hence may not have a group structure: the reduction modulo p of the 

Neron model (denoted Ap), on the other hand, is always non-singular and always has 

a group structure. However, this reduction may not be connected. Let .4° denote the 

connected component of the identit}^ of Ap and ^ the group of connected components. 

The reduction Ap fits into the exact sequence: 

0  ̂-4° .4P -> $ ->• 0. 

The Fp-points of the component group $ form a finite abelian group. The compo­

nent .4° is known to be an extension of an abelian variety JB by a linear algebraic 

group L: 

0 L Al ^ B 0. 

Over Fp, L is a product of a torus T (a multiplicative group) and a unipotent group U 

(an additive group). The dimensions of D', T, and B sum to g and any combination 

is possible. Some specific situations include the following: 

1. A has good reduction over Zp if .4° is isomorphic to B. (In this case, the 

component group will be trivial and hence Ap is itself an abelian variety over 

Fp.) 

2. A has multiplicative reduction over Zp if -4° is isomorphic to T. 

3. A has additive reduction over Zp if .4° is isomorphic to U. 

In the elliptic curve case, we have only one dimension. Thus the connected com­

ponent of the identity of the Neron model has only three possible structures: an 

elliptic curve, a multiplicative group, or an additive group. This is reminiscent of the 
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Weierstrass model situation. In fact, the connected component of the identity in the 

reduction modulo p of a Neron model of an elliptic curve E/Qp is isomorphic to the 

non-singular locus of the reduction modulo p of a minimal Weierstrass model of E. 

We can define the ^-adic Tate module of .4 as in the case of elliptic curves by 

TtA := ^m-4[r], 

where -4[£"] denotes the ^-torsion subgroup of -4(Qp) and £ is a prime, possibly equal 

to p. In this case, the ,4[f^] are isomorphic to (Z/£"Z)^^' and for each we obtain a 

representation 

PAX'- ^<QP Aut(T£,4) = GLOGIZE). 

The analogues of the criterion of Neron-Ogg-Shafarevich and its p-adic version 

also hold in this case: 

.4 has good reduction over Zp is unramified at p for all t ^ p, 
PA ,P is crystalline at p. 

1.3.2 Grothendieck's formula and a p-complement 

We have seen how the Tate module representations associated to an abelian vari­

ety -4/Qp relate to the structure of the identity component of the reduction modulo p 

of the Neron model of .4. In [Gro72], Grothendieck explains how to relate these rep­

resentations to the component group Let $(^) denote the ^-primary subgroup of 

the Fp-points of that is, ^>(£) is the subgroup of <l>(Fp) composed of elements of 

£-power order. For a prime ^ # p, Grothendieck relates $(£) to the first Galois coho-

mology group (with respect to inertia) of the £-adic Tate module. He proves (page 

135, [Gro72]) 

$(^) ^Hl(/p,T£A),ors, 

where /p denotes the inertia subgroup of and the subscript "tors" indicates the 

torsion subgroup. 
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This formula does not hold for i  =  p :  the Galois cohomolog}* of T p A  is not "large 

enough" for the /^-primary subgroup of In [KMOO], we give an analogous coho-

mological formula for the p-primary subgroup of The crucial idea is to view the 

inertia invariants functor as picking out the maximal unramified subrepresentation 

of a given representation. The obvious candidate for a p-adic analogue of this is 

the functor picking out the maximal crystalline subrepresentation. Its right-derived 

functors i2'Crv^s(—) then play the p-adic role of Galois cohomologv^ with respect to 

inertia. In the case of semistable abelian varieties, i.e., for abelian varieties for which 

U = Q (see Section 1.3.1), we have 

^ { p )  =  W -  Crv-s(Tp.4)tors-

The main purpose of this dissertation is to develop the theorv' of these functors, 

as well as to explore the situation when A has non-semistable reduction. 

1.4 Synopsis of Chapters 

Let p be a fixed prime and let K be a finite extension of Qp. Let K denote a fixed 

algebraic closure of K and let GK := Ga.\{Kf K) be the absolute Galois group of K. A 

Qj,-representation of GK is a finite-dimensional Qp-vector space V on which GK acts 

linearly and continuously. In Chapter 2, we review the definition and basic properties 

of a crystalline Qp-representation of GK^ as defined by Fontaine. However, in order 

to apply the notion of a "maximal crystalline subrepresentation functor" to Xeron 

models of abelian varieties defined over K, we need a notion of crystalline in a wider 

context. In particular, we define the notion of crystalline for discrete GA--modules. 

as well as finitely-generated Zp-modules on which GK acts linearly and continuously 

(see Definitions 2.4, 2.5, and 2.6.) We remark that our definitions differ from those 

of [KMOO]; in particular, they do not require us to restrict to K unramified over Qp. 

In Section 2.3, we review the homological algebra necessary to define "derived 
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functors" of the maximal crystalline subrepresentation functor. We use a technique 

of Jannsen. which he applied to define continuous etale cohomology in [Jan88]. 

In Chapter 3, we define the maximal crystalline subrepresentation functor, de­

noted Crys(—). We also define the Crys(—), as right-derived functors of Cr>^s(—) 

where possible and using the technique of Jannsen otherwise (see Section 3.2). We 

then study basic functorial properties of the Crys(—). For example, in Section 3.3. 

we show the existence of a long-exact sequence: 

0 ^ Crvs(M) ^ Crys{M <2)Zp Q p )  ^ Crys(iV/ ®Zp Qp/Zp) 
^ 

^ Crys(Af) ^ Crys(Af <2»Zp Qp) ^ R^ Crys(iV/ ®2p Qp/Zp) 

when M is a free, finite-rank 2p-module with linear and continuous G/^—action: see 

Proposition 3.2. In Section 3.4, we exhibit a spectral sequence relating the Cr\-s(—) 

to Galois cohomology. 

In Chapter 4, we discuss applications of these functors to component groups of 

Neron models. After a review of Neron models in Section 4.1, we prove in Section 4.2 

the formulae stated in Section 1.3.2 for the ^-primary part ^>(^) of the component 

group of a Neron model associated to an abelian variety A defined over K. In order 

to prove the formula 

$(p) = R^ Crys(rp.4)tors: 

we must restrict to K  unramified over Q p ,  p  ^  2 ,  and A  semistable. In Section 4.3. 

we explore these restrictions. In particular, we consider the example furnished by 

Jacobians of Fermat curves to study the situation in the non-semistable case. 
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CHAPTER 2. GALOIS REPRESENTATIONS 

In Section 2.1, we fix notation and define the notion of a p-adic Galois representation. 

VVe then define crystalline p-adic Galois representations in Section 2.2. Finally, in 

Section 2.3, we summarize the necessarj' facts from homological algebra that will be 

needed in Chapter 3. 

2.1 Definitions and Notations 

Let p be a prime number, and let Qp and Zp denote the field of p-adic numbers and 

the ring of p-adic integers, respectively. Let K he a. fixed finite extension of Qp. with 

ring of integers OK and residue field k. Let K denote a fixed algebraic closure of A' 

and let /v"'" denote the maximal unramified subextension of KjK. These extensions 

have the same residue field, denoted fc, which is an algebraic closure of k. For any 

algebraic extension L of K, denote the ring of integers of L bj' Oc- For example, 

is the ring of integers of K. 

Let G  : =  G a l { K / K )  be the absolute Galois group of K  and let / := Gal(/v/A'"'") 

be the inertia subgroup of G. The group G is a profinite group; 

G  ̂  ̂ G a l ( L / A O :  
L / K  

where L runs over all finite Galois extensions of K. As such, G has a natural topology, 

the profinite topology, making G a compact, totally disconnected topological group. 

Throughout this paper, we will be interested in objects on which G acts. For 

example, an abstract G-module is an abelian group equipped with a linear action of 

G. The category of abstract G-modules is equivalent to the categorj'- of modules over 

t h e  g r o u p  r i n g  Z [ G ] .  
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Since G is a topological group, it is natural to consider G-modules that also 

have a topological structure. A topological G-module is an abelian topological group 

equipped with a continuous, linear action of G. A. discrete G-module is a topological 

G-module whose topology* is discrete. For any topological G-module W the continuous 

action of G gives rise to a continuous homomorphism 

p: G y Aut(V). 

We often refer to topological G-modules as representations of G (which is perhaps an 

abuse of terminology^. 

Suppose M is an abstract G-module. One can consider M as a topological group 

by giving it the discrete topology. The action of G will be continuous for the discrete 

topology on M if and only if the following equivalent properties hold: 

(a) For every m G M, the stabilizer Stabjn(G) ~ {g ^ G \ g • m = m} is an open 

subgroup of G. 

(b) M = (J where U runs through the open subgroups of G and = {m 6 

M  \  u  •  m  =  m ,  V z i  6  U } .  

Let £ be a prime number (possibly equal to p ) .  An i-adic representation of G is 

a topological G-module V, where V also has the structure of a Z^-module and the 

module structure is compatible with the topological structure. (That is. we require 

the scalar multiplication morphism x K —> K to be continuous, where is given 

the usual topology.) We are particularly interested in p-adic representations of G 

(i.e., in the case £ = p). We denote the abelian category of p-adic representations 

of G by Rep(G). The morphisms are continuous Zp-module homomorphisms that 

commute with the G-action of the representations. From now on, we will write "rep­

resentation" to mean "p-adic representations of G", unless explicitlj'- stated otherwise. 

We describe below various types of representations that will play a large role in what 

follows. 
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A discrete representation is a representation whose underlying topological group 

structure is discrete. The categor\^ of discrete representations will be denoted by 

Mod(G). It is an abelian category', where kernels and cokernels of morphisms are 

kernels and cokernels as Zp-module homomorphisms. A discrete torsion representa­

tion is a discrete representation whose underlying Zp-module is torsion. The category 

of discrete torsion representations, also abelian, will be denoted by Modt(G). 

Example 2.1. Consider Qp/Zp as a representation by equipping it with trivial G-

action. Then QpI'Lp is a discrete torsion representation. 

A Qp -representation is a representation whose underlying Zp-module has the struc­

ture of a finite-dimensional Qp-vector space. Given a finite-dimensional Qp-vector 

space V, there is a unique topological structure on V for which the vector space struc­

ture is compatible with the usual topologj' on Qp. The category of Qp-representations 

will be denoted by Rep(Qp (G). Since any Qp-linear map between topological Qp-vector 

spaces is continuous, the morphisms are Qp-vector space maps commuting with the 

G-action. This is an abelian category, with various linear algebra constructions avail­

able. Given V and W in RepQp(G), we can form the Qp-representations l '0 IV. 

V ®Qp W. and V = HomQp (KQp), where the underlying vector spaces are given by 

the usual definitions and the G-actions are given by: 

g - i v , w )  =  i g - v , g - w ) ,  
g • V = g • V® g • w, 
g - 0 { v )  =  0 { g - v ) ,  

for all ^ e G and for all v E V, w G W, and 0 G V*. 

Remark. We warn the reader that our terminolog}'- is not consistent with some 

of the literature, where "p-adic representation" often refers to what we call a Qp-

representation. 

A Zp-representation is a representation whose underlying Zp-module is of finite-

type (that is, finitely-generated as a module). We will denote the category of Zp-
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representations Repzp(G), where morphisras are Zp-module homomorphisms com­

muting with the G-action. This is an abelian category with various linear algebra 

constructions available, as in the Qp-representation case. If M and N lie in Repzp(G), 

we can form the Zp-representations M © A'', M ®Zp = Hom2p(M, Zp) as 

indicated above. 

A finite-length representation is a representation whose underlying Zp-module is 

of finite-length. These are exactly the torsion Zp-representations and hence their 

underlying Zp-module structure is actually finite. (We call them finite-length rather 

than finite to avoid confusion with another possible definition for the phrase "finite 

representation".) We will denote by Rep2p.t(G) the abelian category of finite-length 

representations. 

See Table 2.1 below for a quick reference of the different categories of representa­

tions defined above. 

Category name Description of objects 
Mod(G) discrete Zp-modules with continuous, linear G-action 
Modt(G) discrete torsion Zp-modules with continuous, 

linear G-action 
Rep(G) topological Zp-modules with continuous, linear G-action 

RsPOp (G) finite-dimensional Qp-vector spaces with continuous, 
linear G-action; called Qp-representations 

Repzp(G) finite-type Zp-modules with continuous, linear G-action; 
called Zp-representations 

R-epzp,t(G) finite torsion Zp-modules with continuous, 
linear G-action; called finite-length representations 

TABLE 2.1. Table of categories of representations 

Example 2.2. Consider Z/p"Z (for fixed n > 1), Zp, and Qp as representations with 

trivial G-action. These are examples of finite-length, Zp-, and Qp-representations, 

respectively. 
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Example 2.3. Let Hpn denote the group of p"th roots of unity in K. The natural 

action of G transforms these groups into finite-length representations. We can obtain 

a Zp-representation from these by defining Zp(l) := where the limit is 

taken with respect to the p-power maps. C ^ C- The homomorphism giving the 

action of G on Zp(l) 

^Aut (Zp( l ) )  

(where Zp denotes the units of Zp) is usually referred to as the cyclotomic character 

of G. It is often convenient to consider the Qp-representation Zp(l) := Zp(l) Qp 

as well. 

Example 2.4. Let A be an abelian variety defined over K. The natural G-action 

on the p"-torsion points -4[p"] of A[K) gives rise to finite-length representations. As 

in Example 2.3, we obtain a Zp-representation, TpA := A[p"]. which in turn 

gives rise to a Qp-representation, TpA®i,j,Q.p- (See Sections 1.2.2 and 1.3.1 for more 

details.) 

2.2 Crystalline Galois representations 

In this section, we define the notion of a crystalline representation in the general 

context of p-adic representations (in particular, we define crystalline for discrete and 

Zp-representations). In Section 2.2.1, we begin by reviewing the definitions and ba­

sic properties in the Qp-representation case. Then in Section 2.2.2, we extend the 

definition to all p-adic representations. 

2.2.1 Crystalline Qp-representations 

The definition of a crystalline Qp-representation fits into a more general framework 

designed by Fontaine to pick out certain classes of representations from the full cat­

egory RepQp(G). The motivation for these definitions originates in geometry and 
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the notion of crystalline is the representation-theoretic analogue of good reduction. 

That is, representations arising from varieties with good reduction are crystalline 

(see Examples 2.7 and 2.8 below). The basic idea of the definition is to attach to 

a representation V a purely algebraic object Da-ysiV) (see below). The representa­

tion V is "crystalline" if T ' and Da-ys{V) have the same dimension. By attaching 

different purely algebraic objects to V, one can define other types of representa­

tions. We will restrict our discussion to the crystalline case. The definitions are 

quite technical, and we give an overview below. See the original papers of Fontaine 

[Fon79. Fon82, Fon94a, Fon94b] for more detailed information. 

We will need to consider a subextension A'o of K/Qp with the property that KQ 

is an unramified extension of Qp with residue field k. These properties determine 

KQ up to isomorphism. For example, we may take KQ to be the fraction field of the 

ring W{k) of Witt vectors with coefficients in k (see [Ser79, Chapter II, Sections 5 

and 6]). In particular, the Frobenius morphism x ^ on k lifts uniquely to an 

a u t o m o r p h i s m  o f  W { k ) ,  w h i c h  i n  t u r n  g i v e s  r i s e  t o  a n  a u t o m o r p h i s m  o f  K Q .  W e  

denote these automorphisms all by a and refer to them as the Frobenius on k, KQ. 

or W'(A:). 

The purely algebraic object Dcrysi^') is a "filtered ivo-module", as described below. 

Definition 2.1. A filtered Ko-module is a finite-dimensional A'o-vector space D 

equipped with 

(i) a bijective map F :  D  D  that is cr-semilinear: that is. F { X d )  =  a { X ) F { d ) .  for 

a l l  X  E  K o  a n d  d  E  D ) ;  

(ii) a filtration {D)^)I^Z of D[^ := D ®KO ^ by A'-subspaces that is decreasing, 

separated, and exhaustive; that is, for all i E Z, C Hiez ~ 

Uiez 

The map F is usually referred to as "a Frobenius" on D. We denote the category of 
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filtered /<'o-modules by MFKT where the morphisms are A'o-vector space morphisms 

that commute with F and (after extending scalars to K) respect the filtration. For 

more details on filtered modules, see [Fon79, Section 1.2], for example. 

In order to attach a filtered A^'o-module to a representation V, we use the KQ-

algebra ''Bcrys ' • On the one hand, Bcrys is a p-adic representation of G = Gal(A'/A'), 

with G-invariants (Bcrys)'^ = {6 E Bcrys \ g-b = b, E G} equal to A'q. On the other 

hand, it has the structure of a filtered A'o-module. That is. it has a a-semilinear Frobe-

nius F: Bcrys Bcrys Well as a decreasing, separated, and exhaustive filtration 

of Bcrys ®Ko These two structures are compatible with each other (i.e., the auto­

morphisms induced by the action of G on Bcrys are filtered module automorphisms) 

and Bcrys provides a bridge between the world of p-adic representations of G and that 

of filtered ATo-modules. See [Fon82] and [Fon94a] for details on the construction of 

Bcrys -

Given a Qp-representation V, define: 

Dcrys iV)  :=  {Bcrys  V f -

Dcrysi^' ) is a filtered A'o-module; it inherits its Frobenius and filtration from that 

of Bcrys- Moreover, its dimension as a A'Q-vector space is known to be less than or 

equal to the dimension of V as a Qp-vector space [Fon79, Proposition 3.2.1]. 

Definition 2.2. A Qp-representation V is crystalline if 

DIMQP V = DIMA'O DCRYS(V). 

We denote the category of crystalline Qp-representations by RepQp^crys(G)- It is 

an abelian, strictly full subcategory of RepQp(G), which is stable under subobject, 

quotient, direct sum, dual and tensor product [Fon79, Section 3.4]. 

The correspondence V DcrysiV) defines a functor from RepiQp(G) to the cat­

egory of filtered ATo-modules. Its restriction to the crystalline Qp-representations is 
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an exact, fully-faithful functor [Fon79, Proposition 3.4.1], and induces an equivalence 

between RepQp^crys(G) and the essential image of Dcrys [Fon79. Theorem 3.6.5]. A 

long-conjectured concrete description of this image as "weakly admissible" filtered 

modules has recently been given by Colmez and Fontaine [CFOO]. 

Example 2.5. Suppose V  is a Qp-representation with trivial G-action. Then it 

follows easily from the definition that V is crystalline. 

Example 2.6. A Qp-representation V is unramified if the inertia subgroup I d G 

acts trivially on V. Unramified Qp-representations are crystalline [Fon79, Proposition 

3.3.1]. 

Example 2.7. Let A be an abelian variety defined over K. The associated Qp-

representation TpA Qp is crystalline if and only if .4 has good reduction. (The 

"if follows from Theorem A, page 183 of [FM87]: the "only if" is Theorem 4.7. 

page 201 of [CI99].) 

Example 2.8. Let X be a smooth, proper variety defined over K having good re­

duction (i.e., for which there exists a smooth, proper model X over OK)- Then the 

2th etale cohomology group H^j(A'^, Qp) is crystalline for all i > 0. Moreover, 

where denotes the zth crystalline cohomology group of the special fiber of X. 

(This is proved in Faltings [Fal89], extending results of [FM87]). 

Example 2.9. Let ^ be a Barsotti-Tate group (also known as a p-divisible group) 

d e f i n e d  o v e r  ( s e e  [ T a t 6 7 ] ).  T h e  a s s o c i a t e d  T a t e  m o d u l e  r e p r e s e n t a t i o n  T p { Q )  ® Z p  

Qp is crystalline and Dcrys(Tp{Q) ̂ ZpQp) is the Dieudonne module of the special fiber 

oig [Fon79, Fon82]. 

Remark 2.1. The theory of crystalline representations stems from Example 2.9. See 

the introduction of [Fon79]. 
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We vi-ill also need the notion of an "/z-crystalline" Qp-representation. 

Definition 2,3. Let V" be a Qp-representation and let D  = D c r y s i ^ ' ) -  a non-

negative integer h, we say V is h-crystalline if V is crystalline and = 0 for 

all i  not in the inter\'al [0, h ] .  

Remark 2.2. This is equivalent to V being cry^stalline with Hodge-Tate weights in 

the interval [0;/i] (see [Fon79, Corollar}'. page 23]). 

If V is an /i-crj'^stalline representation and D ~ Dcrysi^')-. then has filtration 

length less than or equal to h\ moreover D% = and = 0. 

Proposition 2.1. Let 

0 y Vi y \'2 ^ ^3 ^ 0 

be a short exact sequence of Qp -representations and let h be a non-negative integer. 

(i) If Vo is h-crystalline, then I 'l and V3 ore also h-crystalline. 

(ii) If Vi and T'3 are h-crystalline and V2 is crystalline, then 12 is in fact h-

crystalline. 

Proof. In the first statement, we know that V'l and V3 are crystalline by the stability 

of RepQp,crys(G) under subobject and quotient. Let Dj = Dcrysi^ 'j) for j = 1- -• 

and 3. Since Dcrys is an exact functor on crystalline representations, we have in both 

statements an exact sequence of filtered modules (see [Fon79. Paragraph 1.2.3]): 

0 >• Di y Do ^ Dz ^ 0. 

In particular, we have a commutative diagram with exact rows: 

0 D{-^^ >• ^ V 0 

0 ^ D\ Di Di ^ 0. 

Both statements then follow from the Snake Lemma. • 
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We denote the strictly full subcategory- of RepQp,crys(G) consisting of /i-crystalline 

Qp-representations by Rep^ crys(^)- Proposition 2.1. it is stable under subob-

ject, quotient, and direct sum (and is thus an abelian category). 

The category of /i-crystalline representations is not stable under tensor product 

or duals. For example, if V is /i-crystalline and W is /I'-crystalline, then V W is 

{h + /i')-cr\-stalline. This follows from the fact that Da-ysiV ®Qp = Dcrysi^') ® 

Dcrys{^') (where the tensor product is taken in the category of filtered modules), and 

the filtration of {Di (g) D2)k for any Dx and D2 in MFk is given by 

(ZJ ,®D2)V= ^  (DOi ® (D2)1  
j+k=i 

for all z E Z. 

Example 2.10. Unramified Qp-representations are 0-crystalline (see [Fon79, Remark 

3.3.4]). 

Example 2.11. Let ^ be a Barsotti-Tate group defined over (see also Example 

2.9). Then the Tate module representation Tp(Q) <8) Qp is l-crj'stalline. 

2.2.2 Crystalline p-adic representations 

To define the notion of a crystalline representation in general, we first define crys­

talline finite-length representations in terms of crystalline Qp-representations and then 

extend the definition to arbitrary representations using limits. These definitions may 

seem a little arbitrary at first glance, but they allow us to discuss the notion of 

crystalline compatibly across the different types of representations and they allow us 

to use the technique of Jannsen discussed in Section 2.3.4. We say a finite-length 

representation T is a subquotient of a Qp-representation F if a subrepresentation 

M G V surjects onto T. In that case, M must be a free Zp-representation (i.e., a 

Zp-representation whose underlying Zp-module is free). 
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Definition 2.4. A finite-length representation is crystalline if it is a subquotient of 

a crystalline Qp-representation. 

The property of crystalline for finite-length representations is stable under subob-

ject, quotient, and direct sum. This follows from the similar statement for crystalline 

Qp-representations. For example, suppose I'l —)• I2 is a surjective map of finite-

length representations with l-'i crystalline, i.e., V'l is a subquotient of a crystalline 

Qp-representation W: 

l''! V2 

Clearly V2 is also a subquotient of W and hence crystalline as well. We denote the 

abelian category of crystalline finite-length representations by Rep2p,t,crys(G)-

Definition 2.5. A discrete representation is crystalline if it is the direct limit of 

finite-length crystalline representations. 

The property of crystalline for discrete representations is stable under subobject. 

quotient, and direct sum. This follows from the similar statement for finite-length 

representations and from the properties of the direct limit. For example, let W C V be 

discrete representations with V crj'stalline, that is, V = where the VI are finite-

length crystalline representations. Then, W = where the FI'. VI —> V are 

the maps given by the definition of the direct limit. We denote the abelian category of 

crystalline discrete representations by Modcrys(G). We will also consider the abelian 

category of crystalline discrete torsion representations, Modt,crys(G!-). 

Definition 2.6. An arbitrary representation is crystalline if it is an inverse limit of 

discrete crystalline representations, where the topology is given by the inverse limit. 

Once again, the property of crystalline is stable under subobject, quotient, and di­

rect sum. The category of crystalline representations will be denoted by Repcrys(G)-
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We now consider what these definitions mean in the specific cases of Zp-representa-

tions and Qp-representations. 

Proposition 2.2. Suppose M is a Zp-representation. Then 

(i) M is crystalline if and only if M is an inverse limit of finite-length crystalline 

representations. 

(ii) M is crystalline if and only if M/p^M is crystalline for all n > 1. 

Proof. For statement (i), first suppose M is an inverse limit of crystalline finite-

length representations. Then, in particular, M is an inverse limit of crystalline discrete 

representations and is crystalline by definition. For the other direction, suppose M = 

^mMn, where the Mn are crystalline discrete representations. Let /„: M —>• be 

the projection maps given by the inverse limit. Then, M = ^Hn/„(M) and moreover, 

the images fn(M) are crystalline finite-length representations. This follows from the 

fact that these images are compact and discrete, and hence finite. 

For the second statement, first suppose M/p^M is crystalline for all n > 1. Then 

M = M/p^M is crystalline by definition. 

For the other direction, suppose M is crystalline. Then, by the first statement, 

M = Mm, where the Mm are crystalline finite-length representations. We 

may assume the projection maps ( f ) m -  M  M m  are surjective; otherwise, replace 

Mm by the image of (pm- Let Km denote the kernel of cpm- Then for each n > 1, 

contains Km for some m, since p^M is open and the Km form a base for the topologj-

of M. Hence, the map M —> Mjp^M factors through M^, inducing a surjection 

Mm M/p^M. This implies M/p^M is crystalline. • 

We now have two definitions for crystalline Qp-representations. These definitions 

are in fact equivalent. 

Proposition 2.3. Let V be a -representation. Then V is crystalline in the sense 

of Section 2.2.1 if and only ifV is crystalline in the sense of Definition 2.6. 
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Proof. Suppose V is crystalline in the sense of Section 2.2.1. Let L C V be a 

G-invariant lattice, guaranteed to exist by the compactness of G, and write V as 

Ozp Qp/Zp), 
N 

where the inverse limit is taken with respect to the multiplication by p maps 

L  ® Z p  Q p / ^ f  -> ^<S)2pQp/Zp. 

Since 

L ®2p Qp/Zp = lir5(L Ozp ^Zp/Zp) = 

is crystalline, V is also crystalline in the sense of Definition 2.6. 

For the other direction, suppose V is crystalline in the sense of Definition 2.6: 

that is, suppose V = where each is a crystalline discrete representation. 

Let L  C V be a G-invariant lattice. Then, L  =  ̂ mLn, where Ln  := f n {L )  and 

/n: V Vn is the canonical projection. Each L„ is in fact a finite-length crystalline 

representation, i.e., a subquotient of a crystalline (in the sense of Section 2.2.1) Qp-

representation. This implies that L itself is crystalline and hence by Proposition 2.2, 

we can take the to be L/p^L. Let W-n, denote the crystalline (in the sense of 

Section 2.2.1) Qp-representation for which Lfp^L is a subquotient and denote by Un 

t h e  f r e e  Z p - s u b m o d u l e  o f  s u r j e c t i n g  o n t o  L f p ^ L :  

L / p  ,n+l ->  L /p^L  

fn  

Ur. 

d2 
L/p~L  

h 

Un-rl Un • • • LI2 

We may assume that, for all n, ranks Un =  rank^^ L =  dime. V 

L /pL  

f i  

U, 

Indeed, since Un 

surjects onto L f p ^ L ,  we have rankzp U 'n > rankzp L .  If the rank is strictly larger, 

we may replace Un by the subrepresentation generated by a set of lifts of generators 

o f  L f p ^ L .  
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A priori, there is no relationship between the Un', however, we can make the 

following adjustment. Define 

:= {(x,y) € C/i X U. \ /i(x) = (ACy)) }. 

where di and fi are as in the above diagram. Then, U2 is contained in the cr\-stalline 

(in the sense of Section 2.2.1) Qp-representation Wx x and U2 surjects onto Ljjp-L. 

Furthermore, U'^ surjects onto Uu a-nd we may assume that ran kg p D 2 = rankzpL. If 

the rank is strictly larger, replace Uli by the subrepresentation generated by a set 

o f  l i f t s  o f  g e n e r a t o r s  o f  L / p ^ L .  W e  c l a i m  t h a t  w e  s t i l l  h a v e  a  s u r j e c t i o n  o n t o  U i -

Indeed, this new U2 \vill surject onto Lj-pL, which is isomorphic to UilpUi by rank 

considerations, and hence by Nakayama's Lemma also surjects onto Ui. Similarly, 

we can inductively define G Un ><• U'^-i and obtain a system of with surjective 

m a p s  f o r  a l l  n  ( w e  l e t  U [  =  U i ) :  

dr. -V L/p"L 

fn 

^ UL 

do • >  L f p ' ^ L  

/2 

d i  

U' 

L / p L  

fl 

> U[ 

Since rankgp U'̂  = rankz^ L for all n, this implies that the are in fact all isomorphic. 

Let U = for any n and let W be a crystalline (in the sense of Section 2.2.1) Qp-

representation that contains U. The above diagram induces a map U = ̂ im Un L. 

which must be injective since the ranks are the same. Tensoring with Qp, we find 

that V = U ®ZpQp C W and hence V is crystalline in the sense of Section 2.2.1. • 

We can similarly define /i-crystalline {h > 0) for all p-adic representations. We 

summarize below, noting that the proofs are just as above. 

Definition 2.7. 

(i) A finite-length representation is h-crystalline if it is a subquotient of an h-

crystalline Qp-representation. 
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(ii) A discrete representation is h-crystalline if it is the direct limit of finite-length 

/i-crystalline representations. 

(iii) An arbitrary representation is h-crystalline if it is an inverse limit of discrete 

/i-crystalline representations, where the topology is given by the inverse limit. 

The propert}^ of /i-crj'stalline is stable under subobject, quotient, and direct 

sum. We indicate categories of /i-crystalline representations with a superscript "fi '. 

For example, the category of /i-crystaliine discrete representations is denoted by 

The analogues of Propositions 2.2 and 2.3, stated below, also hold 

for /i-crystalline representations. 

Proposition 2.4. Suppose M is a 'Ly-representation. Then 

(i) M is h-crystalline if and only if M is an inverse limit of finite-length h-

crystalline representations. 

(ii) M is h-crystalline if and only if M/p^M is h-crystalline for all n >1. 

Proposition 2.5. Let V be a-representation. Then V is h-crystalline in the sense 

of Section 2.2.1 if and only if V is h-crystalline in the sense of Definition 2.7. 

In the case of ^-crystalline finite-length representations (at least for 0 < /i < 

p — 1), we still have a filtered module description when K is unramified over Qp (and 

hence equal to KQ). This description arises from Fontaine-Laffaille theory [FL82]: 

we will follow the treatment of Wach [Wac97]. We will also use the notation KQ and 

W = W(k) to emphasize that this description only holds when K is unramified. 

Definition 2.8. A filtered W-module is a W-module M equipt with 

(i) a decreasing, separated, and exhaustive filtration (M^)igz by sub-l-r-modules, 

(ii) a cr-semilinear morphism M for each z G Z such that 
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The filtered W'-modules form an additive category, where the morphisms are W-

linear morphisms respecting the filtration and commuting with the 

Let MF^ denote the categor\^ composed of filtered PF-modules M satisfying 

the following conditions: 

(i) the underlying W'-module is of finite-length; 

(ii) M° = M and = {0}; 

(iii) M = 

is an abelian category. 

The connection to Galois representations is achieved, as in the Qp-representation 

case, by means of a ring {Acrys,oo in the terminology of [Wac97]), which has both 

a Galois module structure and a filtered module structure. More precisely, one can 

define a contravariant functor, 

^ Repzp,t(G) 
M > HomMF(-M,Acry5,oo), 

which is exact and fully-faithful for 0  <  h  <  p  — 2  and induces an anti-equivalence 

o f  ca t ego r i e s  be tween  t he  e s sen t i a l  image  o f  Fo r  h  =  p  — 1 ,  

one must consider a slightly different category of filtered modules. (See Theorem 2 

of [Wac97].) The essential image of consists of exactly the subquotients of 

/i-crystalline representations. 

Using this description, we can show: if 

O ^ V  ^ V "  - ^ 0  

is a short exact sequence of crystalline finite-length representations with V and V" 

both /i-crystalline, then V is also /^-crystalline. 

Example 2.12. If /C is unramified over Qp, unramified finite-length representations 

of G are 0-crystalline. 
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Example 2.13. A finite-length representation V is said to be finite-flat if V is iso­

morphic (as a Galois representation) to the A'-points of a finite-flat group scheme 

defined over OK- If K is unramified over Qp, then the finite-flat represencations are 

exactly the 1-crystalline finite-length representations. (See Section 9 of [FL82].) 

2.3 Homological Algebra 

In this section, we summarize the homological algebra needed to define and study 

cohomolog}'" theories on p-adic representations. In Section 2.3.1, we review the notion 

of an injective object in an abelian categor^^ In Section 2.3.2. we review the defini­

tions and properties of right-derived functors constructed via injective resolutions. In 

Section 2.3.3, we review the basic cohomological tool of spectral sequences. Finally, 

in Section 2.3.4, we review a technique of Jannsen for constructing derived functors 

by means other than injective resolutions. 

2.3.1 Injective Objects 

Let 2t be an abelian category. For example. 21 could be the category' Ab of abelian 

groups or the category of i?-modules, where i? is a ring. 

Definition 2.9. An object / of 21 is injective if one of the following equivalent prop­

erties holds: 

1. Given an inclusion i :  N  ^  M  of objects in 21 and a morphism ( p :  N  ^  /, there 

e x i s t s  a  m o r p h i s m  M  I  s u c h  t h a t  ( p  =  ( p o i .  

2. The functor Homa(—,/) is an exact functor. 

For many abelian categories 21, injective objects are difficult to write down explic­

itly, even though they can be shown to exist in plenty. However, in the category Ab 

of abelian groups, the injective objects are a more familiar type of object: they are 
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exactly the divisible groups (see [Eis95. Proposition A3.5. page 626j), those groups 

for which multiplication by m is surjective for all nonzero integers m. This allows us 

t o  w r i t e  d o w n  e x p l i c i t  e x a m p l e s  o f  i n j ec t i v e  a b e l i a n  g r o u p s,  s u c h  a s  Q  o r  Q / Z .  

Definition 2.10. The category 21 is said to have enough injectives if ever}' object of 

21 embeds into an injective object of 21. 

Examples: 

1. The category' Ab of abelian groups has enough injectives (see [Lan93. Chapter 

XX. Section 4]). 

2. More generally, the category of modules over an arbitrary' ring has enough 

injectives [Lan93, Chapter XX, Theorem 4.1]. 

3. The category of abstract p-adic representations of G (i.e., Zp-modules with a 

linear action of G) has enough injectives. This is just a specific instance of 

Example 2, since this category is equivalent to the category of Zp[G]-modules, 

where Zp[G] denotes the group ring of G over Zp. 

4. The category Mod(G) of discrete p-adic representations of G has enough in­

jectives (see [NSWOO, Lemma 2.2.5, page 101]). 

5. It follows easily from Example 4 that the category Modt(G) of discrete torsion 

representations also has enough injectives. The key observation is that for any 

injective discrete representation /, the torsion submodule /tors is an injective 

object of Modt(G). Thus the embedding of M into an injective object I of 

Mod(G) guaranteed by Example 4 yields an embedding of M in the injective 

discrete torsion representation /tors-

The usefulness of the property of having enough injectives lies in the fact that any 

object A in a category with enough injectives can be resolved by injective objects. 
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(The usefulness of such resolutions will be illustrated in the next section.) An injective 

resolution of .4 is an exact sequence 

0 ^ .4 /o I' ^ ... 

where the are injective objects of 21 for all n > 0. We often denote resolutions 

more concisely as .4 The existence of injective resolutions follows easily from 

the existence of enough injectives. 

2.3.2 Derived Functors 

Suppose that 

F: 21 ^ 25 

is a covariant functor of abelian categories which is additive (that is, preserves the 

group law on morphisms) and left-exact, so that F takes short exact sequences in 21 

0 > A B >• C 0 

to left-exact sequences in ® 

0 ^ F(.4) F { B )  ^ F(C). 

It is often useful to know "what comes next" in the above left-exact sequence. One can 

answer this question in a functorial way when the category' 21 has enough injectives. 

Proposition 2.6. Let F: 21 —>• OS be a covariant, additive, left-exact functor of 

abelian categories and suppose 21 has enough injectives. Then there exists a family of 

covariant, additive functors 

{i?^F: 21^ 05}i>o 

satisfying the following properties: 

1. R°F = F, as functors. 
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2. Given a short exact sequence 

0 A > B > C > 0 

in 21, there exists a long exact sequence 

0 E P F  [ A )  R ° F { B )  E P F { C )  ̂  

R ^ F { A )  R ^ F { B )  R ^ F { C )  -  -  •  

in 

We refer to the R ^ F  as the right-derived functors of F. Combining both properties 

given in Proposition 2.6, we get the answer to "what comes next" in the sequence 

0 J- F(.4) F { B )  F(C). 

We include below the construction of the right-derived functors via injective reso­

lutions. See [Lan93, Chapter XX, Theorem 6.1] for a proof that this construction 

satisfies the statements of Proposition 2.6. 

Let -4 be an object of 21. 

• STEP 1; Choose an injective resolution 

0 A  ) •  1 °  >  F  J -  . . .  

• STEP 2; Apply the functor F to the resolution and consider the resulting 

complex 

0 > F(/°) FiF) )• F(/2) ... 

• STEP 3: Define 

R ' F ( A )  : = h ' { F[n ) ,  
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where for a general complex C*, 

h\C') := Ker(C^ C^+^)/Im(C >1-1 

and 

h^{C') := Ker(C° -> C^). 

We now define the R ^ F  on morphisms. Suppose that f :  A  B  is a morphism 

in 21. Let A ^ /* and B he injective resolutions of .4 and B respectively. By 

the definition of an injective object, the morphism / will extend to a morphism of 

resolutions: that is, the morphism / extends to a commutative diagram 

0 > A > 7  °  > . . .  

0 

/ 

B 

fo 

-> II 

fl 

 ̂ I'B 

Then, the morphisms 

R T U ) : i?"F(.4) -> R T { B )  

are the maps induced by F{fn)-

These definitions are in fact independent of the choice of injective resolution (see 

[Lan93, Chapter XX, Theorem 6.1(i)]). 

As an easy example, we can compute the R ^ F { I )  when / is an injective object 

of 21. The sequence 

Id 
0 I > I >• 0 

is an injective resolution of I and thus 

R ' F { I )  -[ 
F { r )  if i  =  0, 
0 for all I > 0. 

for any functor F. 

More generally, an object A is called F-acyclic if the R''F{A) vanish for all i > 1. 

One can in fact compute the R^F using F-acyclic resolutions in place of injective 
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resolutions [Lan93, Chapter XX, Theorem 6.2]. While the notion of injective object 

is useful theoretically, explicit acyclic resolutions are generally easier to write down 

than their injective counterparts. 

Example 2.14 (The Horn and Ext functors). The categor>^ of modules over a ring R 

has enough injectives (see Section 2.3.1). Fix an i2-module M. The functor 

N  ̂  H o m H ( M ,  N )  

from the categorj^ of i?-modules to the category of abelian groups is additive and 

left-exact. The right-derived functors of Hom/j(A/', —) are denoted Ext^(iV/, —). 

Given two i?-modules M and iV, an extension of M by N is another i?-module E 

and a short exact sequence: 

0 —> N —> E —> M —)• 0. (2.1) 

Given such an extension, one obtains an element of Ext''(M, N) in the following way. 

Apply Hom/j(M, •) to (2.1) and consider the resulting homomorphism: 

HomR(M,M) )-

The associated element of Ext)j(M, N) is the image of the identity homomorphism 

on M. This association is in fact a bijection (up to a suitable notion of equivalence 

of extensions). See [Lan93, Exercise 27, page 831]. 

Example 2.15 (Galois cohomology). The category of discrete representations has 

enough injectives (see Section 2.3.1). The G-invariants functor 

M ^ = {m ̂  M \ g • m = m, Vg E G} 

from Mod(G) to the category of abelian groups is additive and left-exact. The 

right-derived functors of (—)^ are denoted ff(G, —) and are referred to as Galois 

cohomology. 
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Galois cohomolog\' can be computed in terms of a specific acyclic resolution. After 

applying G-invariants, this complex becomes the "standard cochain complex". 

Galois cohomology is actually a special case of Example 2.14; the G-invariants 

functor is isomorphic to the functor Homzp[G](Zp, —). Hence, we can interpret ele­

ments of H^(G, M) as extensions (in the category of Zp[G]-modules) of Zp by M. 

One can also consider Galois cohomology with respect to inertia, the right-derived 

functors H'(/, —) of the /-invariants functor, where I is the inertia subgroup of G. 

2.3.3 Spectral sequences 

Given an additive, left-exact functor F that can be written as a composition 

of additive, left-exact functors, it is possible to compute the derived functors of F 

in terms of the derived functors of the Fj (provided the categories involved are nice 

enough) using the cohomological tool of spectral sequences. VVe give the basic def­

initions and properties of spectral sequences (see also [NSWOO. Chapter 2, Section 

1])-

A spectral sequence E — [E]? •, F") in an abelian category 21 consists of the following 

data. First, we have 

• for each integer r > 2, a collection of objects E^^ of 21 indexed by (i. j) G Z x Z. 

• for r  > 2  and { i . j )  E Z x Z, differentials E]? —>• whose composi­

tions (where they make sense) are zero, and 

• for r > 2 and (z,j) € Z x Z, isomorphisms 

Ker(d^^) / 

(Otherwise said, we have isomorphisms between the (r + l)st term F^+i and 

the cohomology of the rth term of the spectral sequence F.) 
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Second, we have for each n € Z a filtered object of 2(.. i.e., an object 

together with a decreasing filtration by subobjects of 01: 

. . .  D D D . . .  

Third, the relationship between the two sets of data is as follows. We assume for 

fixed i and J, there exists an TQ such that E^^ = E^P^ for all R > TQ. (For example, this 

would happen if the differentials were 0 after the roth term.) We denote the limit 

object Eli t)y Then we also assume given isomorphisms 

0'^: F^ ~ ) griE^-^^, 

where griE^ := E^/E'^ denotes the ith graded piece of F". 

Spectral sequences are usually viewed as a means of computing the F". We write 

this relationship as 

where the arrow is spoken as "abuts to". Spectral sequences are often described as 

pages of an infinite book, where the rth page contains the E^P and the maps dr (see 

Figure 2.1), and each page is the cohomology of the previous page. In this analogv', 

the F" are on the last "infinite" page. (Of course, the degeneration of the spectral 

sequence tells us that we can "get to the last page" in a finite number of steps.) 

A first quadrant or cohomological spectral sequence is one in which the E]? are 

zero whenever either i or j is less than 0. The following proposition tells us exactly 

when we have a spectral sequence relating composite functors, as alluded to in the 

beginning of this section. See [NSWOO, Theorem 2.2.6, page 101]. 

Proposition 2.7 (Grothendieck spectral sequences). Suppose that Ql, SB, and <t are 

abelian categories and that 2t and OS have enough injectives. Let 

21 —^ ^ € 
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FIGURE 2.1. The Eo term of a spectral sequence 

be additive, left-exact functors and assume that Fi maps infective objects of 01 to 

F2-acyclic objects of (L. Then there exists a first-quadrant spectral sequence 

Eî  = R'F2 {R'Fi (A)) =» (F2 o Fi) (A). 

2.3.4 The Technique of Jannsen 

Not all abelian categories have enough injectives; for example, the categories of Zp-

representations and Qp-representations do not have enough injectives. Thus, we can­

not always construct right-derived functors via the method of injective resolutions. 

Jannsen employs another approach to circumvent this difficulty in order to define 

"continuous etale cohomology" [Jan88]. We will use this technique in Chapter 3 and 

describe it below. 

For an abelian category 21, we define 21^^ to be the category of inverse systems 

of objects in 21 indexed by the natural numbers N. Thus objects of 21^ are inverse 

svstems: 

(.4.71, d j i ) .  ... y  •4.71+1 
dn 

->• An .42 Ai, 
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and morphisms 0: {An .dn )  —> {Bn ,  f n )  are commutative diagrams: 

. . .  > An > •. - —^ A2 —^ -4.1 

<p2 Oi 

Bn+l Bn ^ B 2  B y .  

The category 21^ is also an abelian category-, taking kernels and cokernels component­

wise. The relationship between injective objects of 21 and those of 21^ is given by the 

following lemma (see [Jan88, Proposition 1-1])-

Lemma 2.1. 

1. The category 21 has enough injectives if and only if the category 21^ has enough 

injectives. 

2. An object {An.dn) is an injective object 0/21^ if and only if each An is an 

injective object of 21 and each dn is a split surjection. 

Given a left-exact, additive functor F: 21 —)• 03 of abelian categories, there is an 

associated left-exact, additive functor F^: 21^ —> 03^ defined by 

F^{An ,dn )  :=  {F{An) ,F{dn ) ) .  

If 21 (and hence 2t^) has enough injectives, we can construct the right-derived functors 

of both F and F^ via injective resolutions as in Section 2.3.2. We denote these as 

R^F and R^{F^), respectively. For all i >Q [Jan88, Proposition 1.2], 

W { F ' ' ) { A n , d n )  =  { R ' F { A n ) , R ' F { d n ) ) .  

Let £ be a category in which inverse limits of objects in 05^ exist. For example, if 

55 = Ab, we can take C = Ab. On the other hand, if 05 = Mod(G), we would need 

to take a = Rep(G). The functor 

^ ^ (T 
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is a left-exact, additive functor. If 05 has enough injectives, we can construct the 

right-derived functors of ^m, denoted via injective resolutions. If countable 

products exist and are exact in (£, then = 0 for all z > 2 (see [JanSS. page 211]). 

Define ^ F : 21'^ —>• £ as the composition 

21^ (T. 

If F is left-exact and additive, so is l^mF and hence, if 21 has enough injectives. we 

can construct the right-derived functors i2'(^mF) of ^mF via injective resolutions. 

If ® has enough injectives and takes injective objects of 21^ to ym-acvclic objects, 

then we have a Grothendieck spectral sequence associated to the above composition: 

for all (An ,dn )  € 21^'. Combining this with the vanishing of ^m' for i  >  2, we get 

the following short exact sequences for all i > 1 and all {An.dn) € 21^' (see [JanSS. 

Proposition 6]): 

0 ^ ]^\R'-'F{An)) -> i2'(^F)(-4„,cZJ ^ l^(i?^F(A„)) ^ 0, (2.2) 

where the limits are taken with respect to the R^F(dn)-

Let (Bn,/„) be an inverse system in and let fm,n' Bm+n Bn denote the 

composition of transition maps fnO .. .o The inverse system {Bn, fn) is said 

to satisfy the Mittag-Leffler condition if for each n, the images of the fm,n are constant 

for all m sufficiently large. Examples of inverse systems satisfying the Mittag-Leffler 

condition include inverse systems whose transition maps are all surjective. If 05 = 

Ab, then any inverse system of finite abelian groups will satisfy the Mittag-Leffler 

condition. 

If (Bn ,  f n )  satisfies the Mittag-Leffler condition and countable products exist and 

are exact functors in C, then ^^(Bn./n) = 0 (see Lemma 1.15 of [JanSS]). In 
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particular, if (R^~^F{An), W~^F{dn)) satisfies the Mittag-Leffler condition, then the 

short exact sequence (2,2) tells us that 

R \ ] ^ F ) { A n . , d n )  =  \ ^ { R ' F { A n ) ) .  

Excimple 2.16 (Galois Cohomology). Jannsen's technique gives a method for defin­

ing Galois cohomolog}' groups for Zp-representations, even though Repzp(G) does 

not have enough injectives. In the above formalism, let 21 = Mod(G), 25 = (C = Ah 

and let F be the G-invariants functor. To a given Zp-representation M, let Mf be 

the associated "formal" inverse system where Mn = M/p^M and d-n. is the canonical 

projection —>• M/p^M. Since M'^ = /p^, it is natural to 

define: 

n\G,M) := R\]^{-f){Mf). 

Note that by the above comments regarding Mittag-Leffler conditions, when i = 0 

or z = 1 we have an isomorphism 

W { G ,  M )  ̂  ̂  f f ( G ,  M I p ^ M )  
TI6N 

for any Zp-representation M. We get similar isomorphisms for i > 2 whenever the 

system (indexed by n) of ff~^(G, M/p^M) satisfies the Mittag-Leffler condition. 

One can also define the continuous Galois cohomology groups of Tate [Tat76] for 

a Zp-representation M. This is achieved without resorting to injective resolutions at 

all; instead, one simply defines Hco„i(C?, M) to be the cohomolog}'- of the continuous 

cochain complex associated to M. These two definitions are compatible (see Theorem 

2.2 of [Jan88]): 

for all i > 0 and all Zp-representations M. 
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CHAPTER 3. MAXIMAL CRYSTALLINE SUBREPRESENTATION 

FUNCTORS 

In this chapter, we define and study the maximal crystalline subrepresentation func­

tors. In Section 3.1, we define the majcimal crystalline subrepresentation functors. 

In Section 3.2, we discuss the "derived functors" of these functors. For Zp- and Qp-

representations, we must use the technique of Jannsen. In Sections 3.3 and 3.4, we 

study the functorial properties of the derived functors. 

We retain the notations of Chapter 2: see especially Section 2.1. 

3.1 The Functors Crys(—) and Crys/i(—) 

Let V be a p-adic representation of G. The maximal crystalline subrepresentation 

of T', denoted Crys(V'), is the sum of all crystalline subrepresentations of V. Since 

the property of being crystalline is stable under quotients and direct sums, it is also 

stable under sums and so Crys(V') is itself crystalline. Furthermore, everj^ crystalline 

subrepresentation ofV is contained in Crys(V'), justifying the terminology "maximal". 

Let f: Vi V2 he a. morphism ofp-adic representations. The image /(Crys(V'i)) 

is crystalline (by the stability of crystalline representations under quotients), and so 

contained in Crys(V2) by majcimality. Thus, we get an induced morphism 

/lcrys(Vi): Crys(V'i) ^ Crys(V2) 

and Crys(—) defines an additive functor 

Crys: Rep(G) —)• Repcrys(G). 

The stability under quotients implies that Crys(—) is the right adjoint functor to 

the simple functor F: Repcrys(G) Rep(G), which takes objects and morphisms 
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of Repcrys(G) and "thinks of them" as objects and morphisms of Rep(G); that is. 

we have natural isomorphisms 

Homcrys(^^''; Crys(F)) = Hom(F(t'F), t'') 

for all crj^stalline representations W and all arbitrary representations V. This, in 

particular, implies that Crys(—) is a left-exact functor. 

The left-exactness can also be seen directly from the observation that 

W C V Crys(WO = Crys(V') n W, 

which follows from the stability of crystalline representations under subobjects. 

Since the category of /i-crystalline representations is also stable under subobjects, 

quotients, and direct sums, we can similarly define the left-exact, additive functors 

Cvys^ : Rep(G) -> Rep5^,(G) 

where Crys/j(F) is the maximal h-crystalline subrepresentation of V. 

3.2 Derived Functors 

Since the functors Crys(—) and CrySf^ are additive and left-exact, we would like 

to discuss their right-derived functors. However, the full category of p-adic repre­

sentations does not have enough injectives so we cannot use the formalism of Sec­

tion 2.3.2 to guarantee the existence of derived functors. In fact, we will only be 

able to define Crys(—) and Crys/j(—) for certain p-adic representations. We will 

use the technique of Jannsen developed in [Jan88] (see Section 2.3.4) in the case of 

Zp-representations and Qp-representations. We discuss the method for the functor 

Crys(—); the definitions work in exactly the same way for the CryS/i(—). 

We begin by restricting Crys(—) to a subcategory of Rep(G) which does have 

enough injectives, namely the discrete torsion representations, Modt(G) (see Section 



2.3.1). For all i > 0; we define 

i?'Crys(—): Modt(G) Modt.crys(G) 

to be the zth derived-functor of Crys(—) in the sense of Section 2.3.2; that is, con­

structed via injective resolutions. 

Now let V be a Zp-representation. The right-adjoint property of Cr}-s(—) gives 

an isomorphism 

Crys(V') = ^m Crys(l'7p"l'). 
neN 

inspiring us to define the R} Crys(I-'') in terms of the derived functors of ^imCrys(—) 

(see Section 2.3.4). 

The functor ^mCrys(—) is the composition 

^mCrys: Modt(G)'^ Modt,crys(G)^ Repcrys(G). 

By Proposition 2.1, Modt(G)^ has enough injectives and so we define, for all i > 0. 

•R'(^mCrys): (Modt(G))^ ->• Repcrys(G) 

to be the zth right-derived functor of ^mCrys(—) (constructed via injective resolu­

tions). 

Lemma 3.1. 

1. If I is an injective object o/Modt(G), then Crys(/) is an injective object of 

^^Odt,CRYS(G). 

2. The category Modt,crys(G) has enough injectives. 

Proof. The first statement follows from the right adjoint property of Crys(—) since 

Homcrys(-,Crys(/)) = Horn (G (-),/) 
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is exact. The second statement follows from the first. Let W be a crystalline discrete 

torsion representation, and embed F{W) in an injective object I of Modt(G). As 

noted in Section 3.1, the image of F{W) must actually land in Crys(/), giving an 

embedding of W in an injective object of Modt,crys(G) . • 

We thus have a spectral sequence 

Ei' = {W Crys^ (Mn, Crys) (Af„, ), 

from which we deduce the following (see Section 2.3.4). 

Proposition 3.1. For each i > 1, there are exact sequences 

0 Crys(M'„)) i2^(^inCrys)(Mn, ^m(R^ Crys(Mn)) —> 0 

for all (Mn-dji) in Modt(G)'^. 

We can embed the category of discrete torsion representations as a full-subcategory 

of Modt(G)^ by associating to a discrete torsion representation V the inverse system 

V_ with V in each term and with transition maps all equal to the identity. We note 

that V = ̂ m(y) and for all z > 0 

R ' C r y s i V )  ^  R \ ] ^ C v y s ) { V ) . .  

since V is an exact functor preserving injective objects. 

We now return to our Zp-representation M. Define Mj to be the inverse system 

whose nth. term is given by Mlp^M and whose transition maps are the canonical 

projections M/p^M. Then, M = ^miV/y and we call Mj the "formal 

inverse system associated to Af" (see also Example 2.16). 

Definition 3.1. Let M be an object of Repz;p(G). For all i > 0, define 

R'CXYS[M) •= R\]^Cvys){Mi).  
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Recall that Crys(iV/) = Crys(A'//p"M), so i2° Crys(M) = Crys(M). If M 

is a finite-length representation, this definition agrees with the previous definition 

(via injective resolutions) for discrete torsion representations, since the terms A/„ of 

Mf are equal to M for n sufficiently large. 

Finally, we turn our attention to the case of Qp-representations. Given a Qp-

representation V, the compactness of G ensures that we can always find G-invariant 

lattice L of V. As noted in Section 3.1, 

Crys(V") n £, = Crys(£). 

Tensoring both sides with Qp, we find 

Crys(F) = Crys(L) ®ZpQp-

This leads to our next definition. 

Definition 3.2. Let V be an object of Repop (G). For all i  >  0, define 

R ^ C x y s { V )  : =  R }  C r y s { L )  
= i?'(^Crys)(L/) (S>ZpQp-

This definition is independent of the choice of lattice L.  Suppose L '  and L are 

two G-invariant lattices of V. It will suffice to check the case where L'd L, since the 

intersection of two lattices is still a lattice. In that case, we have an exact sequence 

O ^ L '  - ^ L - ^  L j L '  0 

where LfL '  is a finite-length representation. From this we get an associated exact 

sequence of "formal" inverse systems 

L ' j - ^  L J { L / L ' ) / ^ 0, 

which is not in general left-exact. Let K (respectively Q) be the kernel (respectively 

image) of L'^- L/. Then we have two short exact sequences of inverse systems: 

0 y K y L'j  ̂ Q > 0, 

0 )• Q ^ Lf {L/L')f  )• 0. 
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The nth. term of K is given by /v„ = Ker(L'/p"-^' —^ LIp^L) and thus for n  sufficiently 

large, = 0. This implies that i2^(^mCrys)(Ar) = 0 for all i > 0. From the long 

exact sequence of i?^(^mCrys) associated to the first short exact sequence, we get 

R'CiysiL') ^ /2'(]^Crys)(Q). 

From the long exact sequence associated to the second short exact sequence, we get 

. . .  ) •  B C v y s { L ' )  >  R ' C v y s { L )  )• i?^(^rnCrys)(L/L')/ 5- ... 

Tensoring with Qp then gives 

R }  C r y s { L ' )  ® z p  Q p  —  -R' Crj^s(L) 02^ Qp 

since i2^(^mCrys)(L/L')y = C r y s { L / L ' )  is torsion. 

Summary. We now have a definition for i?' Crys( V) if V is a 

• discrete torsion representation (via injective resolutions); 

• Zp-representation (via the technique of Jannsen); 

• Qp-representation (via tensor products). 

We reiterate that we have similar definitions for i?'CryS/j(K) {h > 0) for the above 

types of V. We study the functorial properties of the R^ Crys( —) in the next sections. 

3.3 Long exact sequences 

For the R^ Crys constructed via injective resolutions, we get the usual long exact 

sequences associated to short exact sequences guaranteed by Proposition 2.6. How­

ever, we do not in general get long exact sequences associated to short exact sequences 

involving, for example, Qp-representations, Zp-representations or some mixture of dif­

ferent types of representations. We prove below the existence of long exact sequences 
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associated to short exact sequences of a specific type (cf. Lemma 5.2 and Theorem 

5.14 in [Jan88]). Again, for simplicity of notation, we write down only the case for 

Crys(—), but the same proof works verbatim for the Crys/j( —). 

Lemma 3.2. Let I be an injective discrete torsion representation. Then: 

1. I is p-divisible; 

2. Crys(/) is p-divisible; 

3. For all i > 1 and n >0, Crys(/[p"]) = 0. 

Proof. For the first statement, let x G I and suppose p^x = 0. Consider the inclusion 

of discrete torsion representations Zp[G] ®Zp 1'lv^'^ ^ ̂ p[^] ®Zp given by 

multiplication by p and the map Z/p'^Z —>• I given by e<2) 1 x, where e denotes the 

identity- of G. Let o: 'Ljp^'^^'L / be the extension guaranteed by the injectivity of 

/. Then x = 0(e ®p)= p0(e (g) 1), giving the desired divisibility. 

For the second statement, let v G Crys(/). We want to show that v = pv' for 

some v' G Crys(/). Let N be the Zp[G]-submodule of Crys(/) generated by v. This 

is a finite-length crystalline representation and hence a subquotient of a crystalline 

Qp-representation: W z:) U N. Let K be the kernel of the morphism U —> N and 

consider the commutative diagram: 

0 ^ K U ^ N ^ 0 

0 ^ K )• W N' 0 
P 

where N' is the quotient ^UjK and the map N N' is the obvious one. By the 

Snake Lemma, N injects into N'. Inside N', t; is a p-multiple: v = p(p(^u), where u 

is any lift of v in U. By the injectivity of Crys(/) (see Lemma 3.1), there exists an 

extension of the injection N C Crys(/) to a map ip: N' Crys(/). Thus in Crys(/), 

V = =pip[ (p{ - ) ) .  
p  
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For the last statement, if n = 0, this follows from the injectivity of /. If n > 1, 

then 

0 /[p"] ^ I ^ 0 

is an injective resolution of /[p"] and the statement follows. • 

Proposition 3.2. Let M be a free Zp-representation. Let 

0 M MOzpQp ^ 0 

be the short exact sequence obtained from tensoring 

0 J- Zp 5- Qp )• Qp/Zp ^ 0 

with M. Then there exists an associated long exact sequence: 

0 Crys(M) s-Crys(M Qp) ^ Crys(M 0Zp Qpl^p) 
^ y 

^ ^ W- Crys(M) ^ Crys(M ®Zp Qp) ^ Crys(M Qp/Zp) • • -

Proof. Given a discrete torsion representation V,  define inverse systems T{V)  and 

(V, p) as follows: 

•  T{V)  is the inverse system whose nth term is given by V'[p"] and whose transition 

maps are given by multiplication by p, V'[p"] A V'[p"~^]; 

• (V, p) is the inverse system all of whose terms are V and all of whose transition 

maps are given by multiplication by p, V A V. 

If V is p-divisible, then the following sequence of inverse systems 

0 )• T{V)  ^  (V ,p )  ^  V  0 (3.1) 

is exact, where we recall that V is the inverse system all of whose terms are V and 

all of whose transition maps are the identity. 
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Let V =  M (S> QplXp .  We claim that our desired long exact sequence is just the 

one arising from (3.1) above: 

... —i?^(^Crys)(r(V')) —^ i?'(^Crys)(V:p) —i?'(l^Crys)(V:) —> ... 

We noticed that /?^(^mCrys)(Ti) = i?^Crys(V') for all z > 0 in Section 3.1. The 

isomorphisms 

R 'Q^Cr^^s ) iT iV ) )  ̂  i2'Cry-s(iV/) 

for all z > 0 follow from the fact that, by the freeness of M. T( V) is isomorphic to Mf. 

the "formal inverse system associated to M" arising in the definition of R' Cr\'sf^{M) 

(Definition 3.1). 

The isomorphisms i?^(^mCrys)(V',p) = i2^Crys(A/ 0 Qp) for all z > 0 are also 

straightforward, but require a bit more work. 

Suppose that V I* is an injective resolution in the category of discrete torsion 

representations. Then we claim that both T(\') T(I') and (V,p) {I*-p) are 

(^mCrys)-acyclic resolutions in the category of inverse systems of discrete torsion 

representations. The exactness of the first alleged resolution follows from the p-

divisibility of V and the the exactness of second is straightforward. 

To see the vanishing of the fi^(^mCrys) (T ( I ) )  for all z > 1 when I  is an injective 

object of Modt(G), consider the exact sequences 

0 l^'(/?^-'Crys(/[p"])) ^ /2X^Crys)(T(/)) -> ^(i?'Crys(/[p"])) 0. 

By part 3 of Lemma 3.2, we get the desired vanishing for z > 2. For i = I, we need the 

further observation that part 2 of Lemma 3.2 implies that the system (Crys(/[p"]),p) 

satisfies the Mittag-Leffler condition. 

The vanishing of the (^m Crys) ( I ,  p )  for all z > 1 when I  is an injective object 

of Modt(G) is similar, using the fact that injective objects are always acyclic and, 

in this case, are p-divisible by part 1 of Lemma 3.2. 
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We can thus compute 

i2^(^inCrys)(V,p) = .(Crys(/*), p) 

and 
E} Crys(M (g) Qp) := (^m Crys) {M/) ® Qp 

^ i2^(^Crys)(r(10) ®Qp 
= /i'f^m^Crys(/*[p"])) <8> Qp 
= CRYS (J* [P"]) (S) QP ) 

where the last equality follows from the flatness of Qp over Zp. 

But, 

^(Crys(/*),p) = ^(Crys(/*[p"]),p) ® Qp 

as complexes (since we are working in a torsion category), giving us the desired 

isomorphisms (^m Crys) (V, p) = i?'Crys(M <S)Qp) and completing the proof. 

• 

3.4 Spectral sequences 

For V any p-adic representation of G, we have an equality 

V and the opposite inclusion comes from the maximality of Crys(V), since is a 

crystalline subrepresentation of V (see Example 2.5). Thus, we expect a Grothendieck 

spectral sequence relating the Crys(—) functors to Galois cohomology. We derive 

these spectral sequences in this section. 

We need to first discuss the derived functors of the G-invariants functor restricted 

to crystalline representations. By Lemma 3.1, Modt,crys(G) has enough injectives, 

so we define 

where the inclusion (Crys(V^)) C comes from the inclusion of Crys(V') into 

-): Modt,crys(G) Ab 
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to be the derived functors of (—constructed via injective resolutions. (Note, this 

should not be confused with crystalline cohomology.) 

Applying Jannsen's technique, we define 

: Modt.cry.CG)" Ab 

to be the derived functors of 

(Mod,,e^.(G))'" ̂  Ab" Ab. 

Let M  be a crystalline Zp-representation. Similar to the case of usual Galois 

cohomology and that of the R} Crys(—), we define 

where M F  denotes the formal inverse system associated to M .  

Remark 3.1. We note that for a discrete representation M, Yi]^yg{G,M) classifies 

extensions of Zp by M which are crystalline, and hence M) coincides with the 

H^(G, M) of Mokrane [Mok98, Section L4], when M  is a finite-length representation. 

(Compare also to [BK90] and [FPR94].) It is not clear if they coincide for i > 2. 

Proposition 3.3. For all V in Modt(G), there exists a spectral sequence: 

Ei' = (>3. R' Crys(V)) => 

Proof. By Lemma 3.1, the functor Crys(—) takes injective objects of Modt(G) to 

injective objects of Modt,crys(G). Thus the composition 

Modt(G) Modt.crys(G) Ab 

satisfies the hypotheses of Proposition 2.7, giving the desired spectral sequence. • 

We can extend this to Zp-representations as well, by first extending the spectral 

sequence to inverse systems. 
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Proposition 3.4. For all (Mn,dn) 6 ModtCG)"^, there exists a spectral sequence: 

Proof. The equality (V)*^ = (Crys(V'))'^ implies that ^m(—)'^ is equal to the fol­

lowing composition: 

Modt(G)^ Modt,crys(G)^ Ab. 

Combining Lemmas 2.1 and 3.1, we see that Modt,crys(G) has enough injectives. 

Moreover, if (In,dn) is an injective object of Modt(G)^, then Crys^(/n, c^n) is an 

^m(—)^-acyclic object of Modt,crys(G)^. The vanishing of 

i2'(^m(-)^j,J(Crys(/n), d„) 

for all i > 2 follows from the short exact sequence for •R^(^m(—given by Proposi­

tion 3.1 and the fact that Crys(/n) is an injective object (Lemma 3.1). The vanishing 

for i = 1 follows from the combination of this same short exact sequence, together with 

the fact that [(Cr\'s(In))^ys,dn) = ((/n)*^, cfn) has surjective transition maps. This 

follows from the description given in Lemma 2.1 of injective objects in inverse system 

categories: in particular, it follows from the fact that the dn are split surjections. • 

Proposition 3.5. Let M be a Zp-representation and suppose that W Crys{M/p^M) 

is a finite-length representation for all j > 0 and for all n > 1. Then there exists a 

spectral sequence: 

Proof. Consider the spectral sequence for the formal inverse system Mf associated 

to M given by Proposition 3.4: 

R ' { ] ^ { - ) ° y . ) iRHCrys f ) {Mf )  => R '* '  
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As we sa%v in Section 2.3.4, 

S HL„(G, M). 

By hypothesis, for all j  >  0, the inverse system of the W CvysM/p^M satisfies the 

Mittag-Leffler condition. Thus, we have 

Crys''(A/,))a^mH^.(G.ff Crys(M/p"A/). 

• 
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CHAPTER 4. APPLICATIONS TO COMPONENT GROUPS OF NERON 

MODELS 

In. this chapter, we apply the functors defined in Chapter 3 to the study of Neron 

models of abelian varieties. In Section 4.1, we review the basic definitions and prop­

erties of Neron models. In Section 4.2. we prove two cohomological formulae for the 

component group of a Neron model, one valid only for semistable abelian varieties. 

In Section 4.3, we explore the non-semistable case through the example furnished by 

Fermat curves. 

4.1 Neron models of abelian varieties 

We continue to use the notations of Section 2.1. Thus p is a fixed prime and K is 

a finite extension of Qp with ring of integers and residue field k. The absolute 

Galois group of K is denoted by G and its inertia subgroup by I. 

An abelian variety A of dimension g defined over K is o. non-singular projective 

variety with an algebraic group law. The projectivity of .4 forces the group law to 

be commutative (and in fact, the group law forces A to be non-singular). It is often 

quite useful to extend A to a geometric object defined over OK', where one can make 

use of "reduction modulo p" type arguments. Neron models, first defined by Neron 

in [Ner64], provide a natural way of doing this, £LS they are smooth models which 

extend the group structure of A. However, one pays a price for a smooth model 

preserving the group structure: A is not in general a proper model (i.e., the special 

fiber may have "holes"). 

More precisely, a Neron model ^ of A is a smooth, separated group scheme of 

finite-type over SpecC>/c whose generic fiber X if is isomorphic to A. It must 

also satisfy the following universal property: 
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Suppose X is a smooth C^-scheme with generic fiber X. Then given 

a morphism (h: X —> A of iv-schemes, there exists a unique morphism 

X Aof Oft—schemes extending (b. See Figure 4.1 below. 

A 

o l  SpecK  ^SpecC? / ^  \ o  

X 

FIGURE 4.1. The Neronian property of A 

The universal property (often referred to as the Neronian property of A) can be 

viewed as a replacement for properness. If A were a proper model of A, the valuative 

criterion of properness would give a bijection between the iv-rational points of .4 and 

the valued points of A'. 

A{K)^A{OK) .  

If we set X = Spec OK  in the above definition, then the Neronian property establishes 

the desired bijection of points even though A is generally not proper over OK- In 

particular, this gives a reduction map 

A{K)  Ak{k ) ,  

where Ak denotes the special fiber A X -O K  ^ ^^6 Neron model. 

The universal property also implies that Neron models, when they exist, are unique 

up to unique isomorphism. Neron showed the existence of Neron models in the case 

of abelian varieties defined over finite extensions of Qp, the situation of interest to us, 

in his original paper [Ner64]. For a thorough treatment of Neron models in modern 

language, see [BLR90]. 

The first examples of abelian varieties are of dimension one, namely elliptic curves. 

Their Neron models can be constructed from minimal, regular, proper models (see 
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Chapter IV' [Sil94]). Let E be an elliptic curve defined over K and let C denote its 

minimal, regular, proper model defined over OK- (Such models are guaranteed to 

e x i s t ;  s e e  T h e o r e m  4 . 5 ,  C h a p t e r  I V  [ S i l 9 4 ] ,  f o r  e x a m p l e . )  T h e  s p e c i a l  f i b e r  C k  o f  C  

consists of finitely-many irreducible components possibly with multiplicity: 

Ck = rtiCi-
i 

The Neron model S  is given by the non-singular locus of C .  The generic fiber of £ is £• 

itself, whereas the special fiber Ek is obtained by discarding from Ck all components 

of multiplicity greater than one, all points of singularity on each component, and all 

points of intersection between components. See Figure 4.2 below. 

O 

FIGURE 4.2. The special fibers of C  and S .  

Jacobian varieties provide another large class of examples of abelian varieties. Let 

C be a curve of genus g defined over K. The Jacobian variety Jac(C) of C is an 

abelian variety defined over K of dimension g whose group of iiT-rational points is 

isomorphic to the Picard group of degree zero divisor classes on C: 

Jac(C)(ir) ̂  Pic \X /K) .  
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In [RajwO], Raynaud shows that Neron models of Jacobian varieties can be con­

structed using the relative Picard functor associated to a regular, proper model of C 

over OK- See also [BLR90, Chapters 8 and 9]. 

For a general abelian variety A, the special fiber Ak of the Neron model of .4 is a 

smooth group scheme defined over the residue field k. It is not necessarily connected. 

Let -4° denote the connected component of the identity in -4^ and let 7ro(.4fc) := AkfA\ 

be the component group, so that we have the following exact sequence: 

0 > APf. > Ak > 7ro(.4fc) > 0. 

.A.S a smooth, connected group scheme over k, A\ has a Chevalley decomposition as 

an extension of an abelian variety S by a linear algebraic group L: 

0 > L > A^. > B 0. 

Furthermore, over the algebraic closure of k, L is canonically isomorphic to a product 

of a unipotent group U and an algebraic torus T. The torus T is isomorphic to a 

product of finitely many copies of the multiplicative group Grn • the unipotent group 

d, however, may not split into a product of additive groups GQ. Let u, t, and b denote 

the dimensions of U, T, and B respectively. Then 

u 1 b = g, 

and any such triple (u, t, b) is possible. The reduction type of A is determined by this 

triple. For example, A is said to have good reduction if A is proper over O^. In this 

case, the special fiber .4^ is an abelian variety over k and so (u, t, b) = (0, 0,^). More 

generally, A is said to have semistable reduction if w = 0. 

In the example of elliptic curves, the connected component of the identity 

in the special fiber of the Neron model £ is isomorphic to the non-singular locus of 

the special fiber of a minimal Weierstrass model of E. In particular, if E has good 

reduction, then the Weierstrass model is already a Neron model. Since the dimension 



67 

of E is one, the only possibilities for £'° are an elliptic cur\'e over k, the multiplicative 

group Gm, or the additive group Ga-

In the case of the Jacobian variety of a curve C, the connected component of 

the identity in the special fiber of the Neron model is isomorphic to the connected 

component of the identity of the (scheme representing the) relative Picard functor 

associated to a regular, proper model C of C over OK- Thus, points of the identity 

component can be interpreted as divisors on C. 

For a general abelian variety A, the component group 7ro{Ak) is a finite, etale 

group scheme over k. Let $ := 7ro(-4fc)(A:) denote the finite abelian group of A:-points. 

The group structure of ^ is dependent on the reduction type of A. For example, in 

the case of elliptic curves, we have: 

(i) If u = 0, then $ is a cyclic group (of order equal to the valuation of the minimal 

d i s c r iminan t  o f  E) :  

(ii) If i = 0, then the order of $ is bounded by 4 (and all groups of order less than 

or equal to 4 occur this way). 

This structure is also reflected in the higher dimensional case, at least for the 

prime-to-p part of If u = 0, then $ can be generated by t elements. If i = 0, 

bounds for the prime-to-p part of $ depending only on the dimension of A were 

found by Silverman [Sil83], Lenstra-Oort [L085], and Lorenzini [Lor90]. The general 

case was shown to be a mixture of these "extreme" cases by Lorenzini in [Lor93]. 

There he exhibits a filtration of the prime-to-p part which in particular includes 

a functorial subgroup satisfjdng: 

(i) can be generated by t elements; 

(ii) The order of the quotient is bounded by a constant depending only on 

the dimension of A. 
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Edixhoven [Edi95] uses this to classify all possible prime-to-p parts of component 

groups with fixed u, t, and b. 

The p-part of $ has been more mysterious. It is conjectured that the same sort 

of phenomena should hold, i.e., there should exist a filtration with analogous prop­

erties for the p-part of <5. Using methods of rigid-analytic geometry'. Bosch and 

Xarles [BX96] recover Lorenzini's filtration in a way which extends to the p-part. 

However, it has not yet been shown that this filtration has the desired properties. 

Lorenzini [Lor93] has proved the conjecture in the case of Jacobian varieties (using 

methods independent of [BX96]). It is hoped that the main result of Section 4.2 below 

will eventually shed more light on the situation. 

We remark that the Jacobian variety case is more accessible due to Raynaud's 

description in terms of the relative Picard functor. If A is the Jacobian of a curve C, 

then the component group can be computing using linear algebraic data associated 

to the special fiber of a regular, proper model of C. 

4.2 Cohomological Formulae 

In this section, we discuss two cohomological formulae for the component group $ 

of the Neron model of an abelian variety A defined over K. The formulae describe 

the ^-primary subgroup of denoted ^(^), where £ is a prime. The first, proved by 

Grothendieck in [Gro72], is valid for ^ ^ p (see Theorem 4.1 below) and plays a large 

role in the results discussed in the previous section concerning the prime-to-p part 

of <^. The second fills in the gap at £ = p in limited circumstances (see Theorem 4.2 

below). This formula uses the functors developed in Chapter 3 and was the original 

motivation for their definition. Both proofs are included to underscore the strong 

analogy between the two formulae. 
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4.2.1 The finite part 

As discussed in the previous section, the Neronian property of A implies ever}- A'-

rational point of A extends (uniquely) to an A—valued point of A. However, we 

do not always have such an extension for a point in A{K). Such a point will be 

defined over some finite extension L/K and hence defines a morphism SpecL —)• .4. 

but we can only apply the Neronian property of A to get an extension to Spec OL if 

Spec OL is smooth over Spec OK- This will be true if and only if L/K is an unramified 

extension. 

We do however have an injection 

i: A {O K ) ^ A(K) 

given by restricting points to the generic fiber. We denote the image of A{0-j^) under 

i by A{KY. (The superscript "/" stands for finite and will be explained below.) 

Thus, A{Ky is the subgroup of A{K) consisting of those points which extend to 

an C-^-valued point of A. By the above discussion, we see that A{K^^) C A{K)^, 

where denotes the maximal unramified subextension oi K/K. For these points, 

it makes sense to talk about a "reduction" map to the special fiber: 

A(K) f  Ak (k ) .  

Let A° denote the identity component of A. We denote by A{K)-^-^ the image 

o f  A°(Oj^ )  unde r  t he  above  i nc lu s ion  i .  Thus ,  A{K) - ^ - °  i s  t he  subg roup  o f  A{K)^  

consisting of those points which reduce to the identity component of Ak{k). 

For an integer m > 0, let A{m\ denote the kernel of multiplication by m on .4(/\). 

Let A[my (respectively, A[my'°) denote the kernel of multiplication by m on A{K)^ 

(respectively, A{K)^'°). These are the subgroups of A[m] consisting of those points 

which extend to points of the Neron model and those points which reduce to the iden­

tity component, respectively. These groups have another interpretation that clarifies 

the choice of terminology "finite". We now explain that interpretation. 
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Lemma 4.1. Let m > 0 be an integer. 

1. If m and p are relatively prime, then multiplication by m on A. is etale. 

2. If A has semistable reduction, then multiplication by m on A. is quasi-finite and 

fiat. 

3. The following are equivalent: 

( a )  Mu l t i p l i ca t i on  by  m  on  A°  i s  f l a t .  

( b )  Mu l t i p l i ca t i on  by  m  on  i s  su r j ec t i v e .  

( c )  Mu l t i p l i ca t i on  by  m  on  i s  quas i - f i n i t e .  

( d )  m  and  p  are  r e la t i v e l y  p r ime  o r  A  has  s emi s tab l e  r educ t i on .  

Proof. For the first two statements regarding A., see [BLR90, Lemma 2, page 179]. 

For the third statement regarding A^, see [Gro72, Lemma 2.2.1, page 11]. • 

For an integer m > 0, let A[m] and .4.°[m] denote the kernel subgroup schemes 

of multiplication by m on .4 and A'^, respectively. If m is prime to p or .4 has 

semistable reduction, then Lemma 4.1 implies that A[m\ and A\m] are quasi-finite, 

flat, separated group schemes over Ok- If "2 is prime to p, A[m] is moreover etale. 

In general, a quasi-finite, separated group scheme X over O K  decomposes canon-

ically into a disjoint sum 

X  =  X ^  U X '  

where X' has trivial special fiber and X^ is a finite subgroup scheme with special fiber 

identical to that of X and generic fiber consisting of those points of the generic fiber 

of X which extend to points of X. Moreover, if X is flat or etale then X^ inherits 

those properties. The group scheme X^ is the maximal finite subgroup scheme in X, 

and is called the finite part of X. See [Gro72, page 13] or [BLR90, page 179]. 

Suppose £ is prime and assume that either 
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(i) £ # p: 

(ii) £ = p and -4 has semistable reduction. 

Then, A[i^] and are quasi-finite and separated group schemes by Lemma 4.1. 

We denote their finite parts by A[t^Y and respectively. These are finite-fiat 

group schemes over OK  (and A[P^Y is etale if ^ 7^ p) and we have 

A[irY(K) = A[eY and A'^ieYiK) = 

In the terminology- of Example 2.13, the representations A[i^Y A[C"Y'° finite-

flat representations. Moreover, A[£^Y maximal finite-fiat subrepresentation of 

A[£"] whose prolongation is a subgroup scheme of the Neron model. This interpre­

tation of the finite part justifies the terminology "finite" and will be useful later, 

especially in the case of £ # p. 

We give one more definition before explaining the connection between finite parts 

and component groups. Recall that the £-adic Tate module of -4 is given by T^A := 

y^neN Sections 1.2.2 and 1.3.1). We define the finite part (TeA)^ of Tf-4 to 

be inverse limit of the A[£^Y with respect to the multiplication by i maps: 

{TeAy := ^mA[£"]-^. 
neN 

The following lemma will play a key role in what follows. 

Lemma 4.2. Let i be a prime number satisfying one of the following conditions: 

( i )  ^  #p ,  

(ii) £ = p and A has semistable reduction. 

Then the -torsion of the component group $ can be expressed as: 
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Proof. The map 

A(KY — 

given by composing the reduction map A{K)^ —> Ak{k) with the natural projection 

Ak{k) ^ $ is surjective with kernel A(iv By Lemma 4.1, multiplication by (T- is 

surjective on A^{Ky. Thus, the bottom row of the diagram 

0 ^ A(Ky^° A(Ky ^ $ 5- 0 

0 )• )• AlP'Y >• $[r] 

is also surjective by the Snake Lemma. Hence, we have 

Clearly, A[i^y can be rewritten as {TiA<S>Ze^f^^)^• so it just remains to show that 

4[^]/.o jg equal to {T^Ay (g Z/£"Z. Consider the map 

{T^Ay A[^]^ 

which sends a compatible sequence (Pm) to its nth component Any point P„ in 

the image is infinitely £-divisible since Pn = C^Pm+n for all m > 0. As $ is a finite 

group, the image of this map must actually lie in A[i^Y'°: that is, the composition 

with A[t^y $ must be zero. The image surjects onto A[l'^y'° by the surjectivity 

of ^ on A^{Ky. Since the kernel is clearly P^[Te,A)^, this completes the proof. • 

Remeu-k 4.1. Our terminology differs from that of [Gro72]; there the "finite part" 

is called the "fixed part" due to its description in the case of C ^ p (see below). 

However, since this description is not valid for ^ ^p, we use the terminology "finite". 

It is here that the paths for i and p diverge. We treat each ca^e separately. 
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4.2.2 The case oi i 

We now assume £ is different from p. In this case, the finite part of A[t^] coincides 

with the more familiar subrepresentation of inertia invariants: 

A[rY = (-4[r])^ 

This follows from the fact that A[t^Y is finite and etale over 0[^ (see [Gro72, Proposi­

tion 2.2.5]). Combining this description of the finite part with Lemma 4.2 and taking 

direct limits, we find 

{TiAy 

where denotes the ^-primary subgroup of $ (cf. [Gro72, Proposition 11.2]). 

This leads to our first cohomological formula, relating the ^-primary subgroup of $ 

to Galois cohomology with respect to inertia invariants. 

Theorem 4.1 (Grothendieck, page 135 of [Gro72]). Let A be an abelian variety 

defined over a finite extension K of Qp. Let $ denote the component group of the 

N e r o n  m o d e l  o f  A .  T h e n  f o r  l ^ p ,  

$(£)^HH/,RM)tors-

Proof. .Applying the inertia invariants functor to the short exact sequence 

0 > TiA y TiA<S)Zi'Qe  ̂ TiA'Szt'Oi/̂ e  ̂ 0, 

we obtain the long exact sequence of cohomology: 

0^^ > [T jAy  > {T iA^Z iQzY  * (8>z^Q^/Z^)^ 

IS 

-  H^ / ,  T iA )  ( / ,  T ,A  Oz ,  Q , )  ( / ,  TeA  Oz ,  Qe /Ze )  •  -  -

Since (T^A^z^Qe)^ = {TtAYthe kernel of H^(/, TfA) —>• H^(/, T^A^z, 

{T jA  
(TgA)^ (S>Ze 
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Thus, by the formula (4.1), there is an injection 

Since H^(/, TtA^ZcOt.) is torsion-free, is the full torsion subgroup of H^(/, TiA). 

as claimed. • 

4.2.3 The case of ^ = p 

We now treat the case oi i = p. In order to use Lemma 4.2, we must assume that our 

abelian variety A has semistable reduction. In this case, the finite part of Ajp"] does 

not coincide with the inertia fixed part. However, if K is unramified over Qp and 

p 7^ 2, then the finite part of A\jf-\ coincides with the crystalline part: Crys(.4[p"|). 

We restrict to p 7^^ 2 in order to use certain results requiring the ramification index e 

of K/Qp to be less than p — 1. 

Lemma 4.3. Let A be an abelian variety defined over an unramified finite extension 

K of Qp. Suppose that A has semistable reduction and that p ^2. For all n > 0, 

A I P ^^Y  = Crys(A[p"]). 

Proof. We first show that A\p^y = CrySi(A[p'^]). Since we are assuming K unrami­

fied over Qp, we have the Fontaine-Laffaille description of CrySi(A[p"]) as the maximal 

finite-fiat subrepresentation of (see Example 2.13). Since A[p^Y is a finite-fiat 

representation (in fact, the maximal finite-fiat subrepresentation with prolongation 

inside the Neron model), we have an inclusion 

A(p"l^ C Crys,(4[p"]). 

Equality will follow if we show that the prolongation of Crysi(.4[p"]) lies inside the 

Neron model. There is only one possible prolongation of CrySi(A[p"]) by [Ray74, 

Theorem 3.3.3], since we are assuming that e < p — 1. 



Let V denote the prolongation of CrySi^(A[p"]) over 0[^. Thus, V is a finite-flat 

group scheme over OK whose generic fiber V satisfies V{K) = CrySj(-4[p"]). To show 

that V lies inside the Neron model, we essentially follow the argument of [Rib90, 

Lemma 6.2], 

The inclusion CrySi(A[p"]) C A\p^] induces a morphism of iv-schemes 

V A[p"] ^ A 

(where by abuse of notation, A[p^\ also denotes the scheme given by the generic fiber 

of A.\p^\). Our goal is to extend this to a morphism of OK'-schemes V A. 

Let 

0 ^ -)• F ^ 0 

denote the connected-etale sequence for V (see [Tat97, page 138]). As A\p^]/A\p^Y is 

etale (see [Gro72, Proposition 5.6]), the morphism 

V ^ A[p"l -!• .4[p"]/-4[p"K 

factors through 1/®^. In other words, the image of V° under V —>• .4[p"] lands in 

A\p^Y. The morphism A[p^y extends to a morphism V° Alp^Y by [Ray74, 

Corollary 3.3.6]. (Note that this result requires e < p — 1.) Viewing this morphism as 

a morphism V° —>• A, we get our desired morphism V ^ .A b\' [Gro72, Lemma 5.9.2]. 

We have shown 

AIp^^Y = CrySi(A[p'']), 

(where A[p^y again denotes the representation and not the scheme). We now show 

that Crys(A.[p"]) = CrySi(A[p"]). Consider the exact sequence of representations: 

0 Crysi(-4[p"]) -)• Crys(A[p"]) Crj''s(-4[p"])/Crysi(.4[p"]) -r 0. 

Since Crys(.4[p"])/CrySi(A[p"]) is a subrepresentation of the unramified represen­

tation A[p^]/A\p'^y = A[p"]/Crys^(A[p"]), the outer terms of the sequence are both 
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1-crystalline, implying that Crys(.4[p"]) is in fact 1-crystalline as well (see Section 2.2). 

• 

As in the i ^ p case, we combine this description with Lemma 4.2. Since 

Crys(Tp.4) = Crys(.4[p"]) and Crys(—) commutes with direct limits, we obtain 

the p-analogue of formula (4.1): 

$(p) ^ Crys(rpA ®z^Qp/Zp )  
Crys(rpA)(g)z,Qp/Zp-

We are again led to a cohomological formula. 

Theorem 4.2. Let A be an abelian variety defined over an unramified extension K 

ofQp. Suppose that A has semistable reduction and that p ^ 2. Then 

^ { p ) ^ R '  Crys(rpA),ors-

Proof. Applying Crys(—) to the short exact sequence 

0 > TpA  ̂ TpA(̂ ZpQp  ̂ TpA (SiZpQpl̂ p  ̂ 0̂  

we obtain the long exact sequence (see Proposition 3.2): 

0 ^ Cr\'s(TpA) ^ Crys(3p.4 Qp)  ^  Crys(rp,4 Qpl^p )  

Crys(TpA) ^ Crys(TpA (8)2^ Qp) ^ R^ Crys(Tp.4 Qpl^p) ^ • 

Since Crys(7^,-4 Qp) = Cvys{TpA)  <2)ZpQp ,  the kernel of Crys(rp.4) 

R^ Crys(rp.4 <3)Zp Qp) is 
Cr>^s(rpA (S )Zp  Qp/Zp) 
Crys(rpA) (S>Zp Qpl'^p 

Thus, by the formula (4.2), there is an injection 

$(p) i?' Crys(TpA). 

Since R^  Cvys {TpA  ®Zp  Q p )  is torsion-free, $(p) is the full torsion subgroup of 

R^ Crys(Tp-4) as claimed. • 
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4.3 More on finite-flat representations 

The restriction of semistability in Theorem 4.2 is rather serious. Without it, we lose 

the information furnished by Lemma 4.1. In particular, we lose the surjectivity in 

a\p^Y/A\P^Y^° ^ $[p"]. 

Moreover, it is no longer clear what the relationship between the component group 

and the maiximal finite-flat subrepresentation of A[p"] will be. In an attempt to 

understand what relationship remains in the non-semistable case, we explore the 

question of when the p-torsion representation of an abelian variety is a finite-flat 

representation. 

This question is more tractable in the case of semistable reduction. If .4 moreover 

has good reduction, the representation A[p] is known to be finite-flat with prolonga­

tion A[p] (see [Con97, Theorem 1.2], for example). For an elliptic curve with split 

multiplicative reduction (i.e., the tangent directions of the nodal singularity are de­

fined over k), E[p\ will be finite-flat ifp divides the order of the component group <5 

(see [Con97, Example 1.3 (i)] and [EllOl, Corollary 1.2]). Recall in this situation, the 

order of $ is given by the valuation of the minimal discriminant of E. Ellenberg [EllOl] 

gives analogous results for Hilbert-Blumenthal abelian varieties with multiplicative 

reduction, based on divisibility conditions associated to a set of Hilbert modular 

cuspforms attached to the variety. 

Jacobians of Fermat curves provide examples of abelian varieties with non-semi­

stable reduction. We study these examples in more detail. 

We assume that p is an odd prime and let Cp denote a primitive pth root of unity. 

We fix /sT = Qp(Cp) and thus have OK = Zp[Cp] and fc = Fp. We denote by TT the 

uniformizer 1 — of O^. 

For each integer a between 1 and p — 2, let Ca denote the non-singular projective 

curve over K associated to 

= x°'(l — x). 
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This is a curve of genus and is a quotient of the p-th Fermat curve given by 

= 1. 

Let Ja = Jac(Ca) denote the Jacobian variety of CQ. Thus. Ja is a dimension 

abelian variety defined over K. It has complex multiplication by Z[Cp]-

The complex multiplication of Ja gives rise to a filtration of Ja[p]'-

0 C Ja[7r] C JA[7R2] C . . . C Ja[7r^~^] = Ja[p], 

where denotes the kernel of the endomorphism on Ja{K) given by TT™. The suc­

cessive quotients of the filtration are isomorphic (as Galois representations) to JaM-

As a group, is isomorphic to {'L/'pLY^. 

We are interested in computing finite-fiat subrepresentations of Jjj)]- Suppose 

that Ja[7r'"] is rational, by which we mean Ja{T^^] C Ja{K) (and not that is a 

Qp-representation). Then JafTr"^] is finite-fiat. In this case, Ja[7r'^] = [^jpTLY^ as a 

Galois representation and {"L/plj)^^ and (A^P)©/,- examples of prolongations. 

Let n be the maximal integer such that Ja[7r'^] is rational. Given a specific choice 

of a and p, one can be quite explicit about what n is (see [GreSl, page 11]). For 

example, if p = 3 then all of the 3-torsion is rational. If p > 5, then Ja[p] is not 

rational. However, Ja[7r^] is always rational and hence n is always greater than or 

equal to 3 when p > 5. More specific information is given by in terms of p-divisibility 

of certain Bernoulli numbers and congruence conditions on a. 

By the above comments, we know that Ja[7^^] is finite-fiat. In fact, we can say 

more. 

Proposition 4.1. Let J a be as defined above. Let n be the maximal integer such that 

C Ja{K). Then is finite-flat. 

Proof. The representation is an extension of finite-fiat representations; 

0 > Ja[7r"] > Ja[7r"+^] — > Ja[Tv] > 0. 
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Let Cn-i-i denote the corresponding extension class in Ext^(JaM, </a[•""])- The basic 

idea is to show that Cn+i is in the image of 

Ex t ' ( J ^ l J ^ j )  Ext^JaM, Jak"]) 

for some choice of prolongations JaM, Ja[T^^] of respectively. The map 

"generic fiber" associates to an extension of C?K-group schemes 

0 > JA[7R"] >• S  >  JAH >  0 

the extension 

0 ^ /A[7R"] E { K )  JA[7R] 0 

where E is the generic fiber of S. Thus, if Cn+i corresponds to the class of S in 

Ext^(Ja[7r], Ja[T^^\)-: then Ja[7r"] is finite-fiat with prolongation £. 

Step 1. We choose JaM = Z/pZo^^. We also fix a choice of prolongation Ja[7r"], 

but we do not make the choice of prolongation explicit, as yet. 

Identify Ja[7r] with Z/pZ and apply Hom(-, Ja[7r"]) to the short exact sequence 

0 Z Z Z/pZ^ JaW 0. 

From the resulting long exact sequence of Ext-groups, one obtains the short exact 

sequence: 

0 JJtt"] ^ Ext'(J„[7r], J<,[7r"]) Ext'(Z, Jjvr"]) 0. 

We have made the identification Hom(Z, </a[7!'"]) — = Ja[T^^]-. and both injec-

tivity and surjectivity follow from the fact that </a[7r"] is killed by multiplication by p. 

Similarly, we apply Hom(-, Ja[7!'"]) to 

0 ^ Zo^. Zo^ 'LIv^Ok = JaM ^ 0 



and combine with the above to obtain the commutative diagram with exact rows: 

0 ^ > ExtH^aH- JJTT"]) Ext^Z, JaM) ^ 0 

II J _ I _ 
0 ^ JaiT^"^] >• ExtH Ja[7r], Ja[^'']) ^ Ext ̂  (Zo^., Ja[7r"]) > 0 

We again have injectivity and surjectivity in the bottom row because Ja[7r"] is killed 

by multiplication by p and we have make the identification 

Hom(ZoK, J^\) = J^]{Ok) = Jak"]. 

It follows from a simple diagram-chase that 

Cn+i 6 Im(Ext^(JaM, JaM)) pToj*{c^+i) G Im(Ext^(Z, Ja[7r"]))• 

The problem is thus reduced to showing that proy*(cji+i) G Im(Ext^(Z, Ja[7r"]))-

Step 2. We wish to show that proj*{cn+i) actually lies in Ext'^(Z, Ja[7r]). Apply 

Hom(Z, -) to the short exact sequence: 

0 ^ JaH ^ /a[7r"] > 0. 

We will show that proj*{cn+i) maps to 0 in the resulting long exact sequence: 

. . .  ^  E x t ' ( Z ,  JJTT]) ^ Ext^(Z, JaM) Ext^Z, JJTT"-!]) ... 

and hence comes from an extension class in Ext^ (Z, JaM), which we continue to 

denote by pro;*(c„+i). 

To show that proj'^Cn+i) maps to 0, we will show that -k'{proj* {cn+\)) = proj'{Cn), 

where is the extension class in Ext^(Ja[7r], Ja[7r"~^]) corresponding to 

0 > ^ Ja[7r"] > JaM 0. 

This extension is trivial, since 7a[tt"] is assumed to be rational and hence is zero. 
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To show that -k'{proj'{Cn+i)) = proj'{CjCj- first notice that the following square 

commutes: 
Ext^JaW, JaM) Ext^(Z,Jj7r"]) 

Ext^(jj7r], JJtt"-!]) Ext^z, J.[7r"-1]) 

Thus we need only show that 7r'(c„+i) = Cn. The extension corresponding to 7r*(c„^i) 

is the pushout of the diagram: 

0 Ja[7r"] > Ja[7r""'"^] ^ > 0 

-)• JaM > 0 0 ^ ./a[7r"-i] J-

and this push-out is 

Recall that we fixed a prolongation Ja[7r"]. There exist unique prolongations Ja[7r] 

and such that 

0 JaM «/o[7r"] > > 0 

is exact with generic fiber 

0 > JaH > Ja['^'^] > </o[7r"~^] > 0. 

(See [Mil86, Lemma B.l, page 390].) From these sequences we get the commutative 

diagram with exact rows 

Ext'^(Z, Ja[7r]) > Ext^(Z, Ja[7''"]) > 'Eyit^ [X, Ja['K^~^]) 

Ext^(Zo^., JaH) Ext^(Zo;,-, JaM) Ext^(Zq^., Ja[7r"-^]). 

Thus, the problem is further reduced to showing that proj'{cn+i) is in the image of 

Ext^(Zo^,, J^[7r]). 

Step 3. We now choose our prolongation Ja[7r"] to be (Mp)c)K- forces Ja[7r] 
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to be (fJ.p)oK- then have identifications: 

Ext^Z, Ja[7r]) ^ 

ExtHZo;,-,/.W) = H} , (OK,{ fh ,M ^  oHio iY  

where Hji{OK, —) denotes flat cohoraologj^ 

Let Pi,..., Pn+i be generators of Ja[7r'^"'"^] so that Pi generates JaM a^nd tt • Pi = 

Pi — 1 for z = 2,..., n + 1. Then the cocycle corresponding to proj*(Cn+i) under the 

above identification is 

a I — c r ( P n + i ) ,  Vcr S G. 

This cocycle corresponds to the class [a] G K'/iK*)^, where generates the fixed 

field of the above cocycle over K. Thus, K(Ja[K"''^^]) = However, by 

[GreSl, Theorem 4], this extension is generated by pth roots of real cyclotomic units, 

and hence we get our desired result. • 
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