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ABSTRACT 

Measurements of the inherent oscillation linewidth 

of a single-mode, 3«39n He-Ne laser are described. The 

output beams of two independent lasers, superimposed and 

focused onto the surface of a photodiode, resulted in a 

beat frequency which was displayed on a panoramic spectrum 

analyzer. This technique was used previously by several 

investigators to study gas laser linewidth; however, the 

linewidth due to quantum noise was nearly always masked by 

effects of environmental perturbations. 

In this study two lasers are built into a single 

block of quartz, so that they share very similar environ

ments, and only differential perturbations affect the beat 

note. A low Q resonator was used so that the laser 

oscillation linewidth was quite broad, and could be made 

to exceed the masking effects of environmental broadening 

and measured. The oscillation linewidth of the local 

oscillator was much narrower than that of the test laser, 

so that the spectral density of the observed beat approxi

mates the spectral density of the test oscillator convolved 

with the spectrum analyzer resolution. 

Oscillation linewidths due to quantum noise were 

observed; a linewidth as broad as 5*5 KHz near oscillation 

threshold was measured. Also measured was the stability of 

ix 
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the single block, dual-laser design concept. During times 

less than 100 milliseconds the average length of two lasers 

in a single quartz block changed by the same amount to the 

order of lO-"^ cm—approximately 1/200 the size of an atom. 

In addition, a simple theoretical analysis based on 

a model related to laser processes was used to derive an 

expression for the oscillation linewidth. Previous treat

ments either used artificial assumptions or required a 

detailed quantum mechanical argument to derive the oscilla

tion linewidth formula. Also presented is a more detailed 

analysis using Feynman path integral techniques that 

includes the effects on the oscillation linewidth of ampli

tude noise, atomic-line broadening, and saturation. 



CHAPTER I 

INTRODUCTION 

In recent years the usefulness of lasers has been 

well established. The optical properties of laser light, 

particularly the high degree of monochromaticity and high 

intensity, have made it a suitable source for a large 

variety of uses. Many useful laser systems have been built 

that have analogs at lower frequencies. Communication 

systems, radars, and pulse generators are examples. As at 

lower frequencies, stable oscillators are a basic component 

in many systems, and much research has been directed toward 

making stable laser oscillators and studying the noise 

properties of laser light. In this dissertation laser 

light phase fluctuations caused by quantum noise will be 

studi ed . 

The causes for noise in laser light can be 

several. First, and ordinarily the most important, are 

man-made disturbances such as acoustical and mechanical 

noise that change the physical length of the resonant 

cavity in an unpredictable way. Their effect is to 

change the relative position of the cavity and atomic 

resonances, since a cavity length change AL causes the 

cavity resonant frequency, V, to change an amount AV = • 

1 
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The consequence is that the round trip gain, and the fre

quency for which the round trip phase shift is a multiple 

of 271, fluctuate in an unpredictable way giving rise to 

amplitude and frequency flutter in the output laser light. 

If these sources of noise are reduced, a second noise 

source, quantum noise, predominates and ultimately limits 

the purity of the output laser light. 

Quantum noise is caused by spontaneous emission of 

photons into the cavity mode, either from atoms inside the 

cavity, or by the ordinarily negligible contribution due to 

photons that enter the cavity mode through the mirrors and 

come from outside the laser cavity. The fact that the 

starting phase of the standing wave caused by these 

monochromatic photons is completely random, and only 

describable in a probabilistic way, is the primary cause of 

laser light noise due to quantum effects. Measures of this 

noise are the photon statistics and the spectral densities 

of the amplitude and phase fluctuations. Armstrong and 

Smith (1965), Arecchi, Degiorgio, and Querzola (1967), and 

others have made careful measurements of amplitude fluctua

tions caused by quantum noise for laser oscillators 

operating below, at, and above oscillation threshold. 

Phase fluctuations caused by quantum noise have been less 

thoroughly studied, because in most lasers phase fluctua

tions caused by man-made disturbances are predominant and 

mask their effects. However, quantum noise phase 
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fluctuations are important in special applications. For 

example, in optical frequency standards, the best possible 

laser stability is required, so that man-made noises must 

be reduced to a minimum. Such lasers are ideally limited 

in stability only by phase fluctuations caused by quantum 

nois e. 

Phase fluctuations are measured by mixing the light 

from independent lasers and by observing the spectrum of 

the beat note. For identically designed laser oscillators 

the beat note at the difference frequency has fluctuations 

that are larger than the fluctuations in either laser. A 

radio-frequency spectrum analyzer directly measures the 

spectral profile of the beat note. Since the spectral 

profile measured in this way is normally due to man-made 

noise, special techniques have been developed to measure 

the narrow quantum noise spectral profile. One such 

technique, developed by Siegman, Diano, and Manes (1967), 

is to measure the power spectrum of the beat note after it 

has passed through a frequency discriminator. This tech

nique has been successfully applied to He-Ne lasers, and it 

is successful because the effects of the masking noise and 

quantum noise can be separated. As shown by Siegman et al. 

(1967) man-made disturbances have a 1/f -type spectrum at 

the discriminator output, while quantum noise contributes 

a flat noise spectrum proportional to the laser oscillation 

linewidth. Figure 1 is a plot of the spectral density of 
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I  (Hz) 

Fig. 1. An Indirect Measurement of the Oscillation Line-
width of a 6328^1 He-Ne Gas Laser 

the instantaneous fluctuations in the 30 MHz beat note 

between two He-Ne 6328^ gas lasers, measured by scanning 

the video output of 30 MHz discriminator with an audio wave 

analyzer. 

Even though these indirect measurements of the 

oscillation linewidth have been successful, the alternate 

technique to measure the quantum noise profile directly is 

still of interest. Recently a direct measurement of the 

spectral profile of a pt>oQQ ^n012 <*-'-oc'e laser was 

accomplished by Hinkley and Freed (1969)* A picture of the 

r-f spectrum due to quantum noise for a diode laser is 

shown in Fig. 2. Diode lasers have large oscillation line-

widths that are not so easily masked by man-made noise 

sources, even when operating well above threshold. 
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Fig. 2. A Direct Oscillation Linewidth Measurement of a 
PbSnTe Diode Laser 
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This dissertation is concerned with the phase 

fluctuations of a 3-39JJ- He-Ne gas laser. The primary 

objective of the study is the following: 

To measure directly the frequency spectrum of the 

beat note between two independently operated 3«39p. He-Ne 

lasers built into a single quartz block, and to determine 

how closely it is due to quantum phase noise. This problem 

has been chosen because direct observations of the spectral 

profile of a gas laser due to quantum noise have not been 

made. 

A subsidiary problem is to give a consistent, 

intuitive description of phase noise in a laser oscillator. 

Previous treatments either use somewhat artificial assump

tions to obtain an expression for the linewidth, or the 

argument is difficult to understand because it is an end 

result of a detailed quantum mechanical calculation. What 

is needed is a consistent, descriptive treatment that may 

be used in a first course on lasers, where there is not time 

for a detailed quantum mechanical argument to explain the 

important idea of oscillation linewidth. My idea of such 

a treatment is presented in Chapter II. Chapter III 

contains a discussion of the general design philosophy, the 

laser design, and the equipment used to measure the spectral 

profile of a 3«39|J. He-Ne laser. Chapter IV is a discussion 

of the linewidth measurements taken during this study, and 

a summary of the results of the dissertation research. 



CHAPTER II 

THEORY 

The Noise Properties of Laser Oscillators 

The output of a stable, single frequency laser 

oscillator is a nearly ideal optical sine wave, with nearly 

constant amplitude and frequency. However, even the output 

from the most stable laser fluctuates in amplitude and 

phase due to various man-made disturbances and to photons 

spontaneously emitted into the resonant cavity. 

In this chapter we will analyze the source and 

effects of quantum noise on the output of a laser 

oscillator. It will be shown how quantum noise causes the 

standing wave field inside the laser resonator, and 

therefore also the output laser light, to fluctuate in 

amplitude and phase. These fluctuations cause the 

oscillation amplitude and frequency to be uncertain and 

only a statistical measure of them can be given. When 

quantum noise is the predominant effect, a commonly used 

measure of the phase fluctuations is the width of the 

spectral profile (oscillation linewidth) of the standing 

wave field centered about the oscillation frequency. An 

expression for the oscillation linewidth will be derived. 

7 



An interesting technique to study noise properties 

is by Feynman path integral techniques. This technique is 

summarized, and then used to describe in more detail laser 

oscillator noise, including the effects on the oscillation 

frequency of amplitude noise, atomic line broadening, and 

saturation• 

A Model for Laser Photons 

In this section a consistent physical model is used 

to show how spontaneous emission causes amplitude and phase 

fluctuations in the standing wave field of a laser oscil

lator. Strictly speaking, amplitude and phase fluctuations 

in an oscillator should not be considered independently 

because an oscillator must of necessity be a nonlinear 

device; the nonlinearity couples amplitude and phase. 

However, for lasers operating enough above threshold so 

that the fluctuating field is small compared to the steady 

state field, the driving force separates into amplitude and 

phase dependent terms. In this case it is a good approxima 

tion to consider amplitude and phase fluctuations inde

pendently . 

An often misused concept is that the photons in the 

laser resonator bounce back and forth between the mirrors 

and are localized like billiard balls. But localization of 

a photon requires that it be described by a wave packet, 

and to construct a wave packet requires the superposition 
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of many frequencies. However, a laser above threshold is 

essentially a single frequency device and a photon inside 

the resonator is better described by a standing wave. 

Figure 3 illustrates the idea. In this picture, each time 

a photon is added to the cavity, an excitation, that is a 

small amplitude standing wave, is added to the cavity. Thus 

the "photon" is present everywhere simultaneously. 

As is well known, photons can be added to the laser 

cavity by either stimulated or spontaneous emission. This 

model gives a physical picture of the difference between 

these mechanisms. Monochromatic photons, born by stimulated 

emission, add a standing wave field in phase with the 

stimulating standing wave field, whereas the starting phase 

of each spontaneously emitted photon, although definite, can 

have any value between zero and 2TU. Since there is no 

preference for a particular starting phase, all starting 

phases must be considered equally likely. Thus, if 

represents the starting phase of the standing wave field of 

a single photon, then the probability, p(0^) that 9^ is in 

the range d0^ is given by 

p(0i)d9i = h d9i 

Using this model the width of the laser oscillation 

linewidth can be derived and then shown to be in agreement 

with that derived using the complete quantum laser theory 

of Scully and Lamb (1966). 



The standing wave field E Q  COS 0Jot sin kz. 

The standing wave field of two spontaneously emitted 
photons. E^ = AE cos(uuQt + 0^) sin kz. The photons 
shown had different starting phase. 

A phasor diagram of the field amplitude at the position 
a standing wave peak during the time t < t < tQ + T. 

Fig. 3. The Effects of Spontaneous Emission 
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The Spectral Density of the Standing 
Wave Field Amplitude 

In order to mathematically describe the random 

properties of the electric field it is necessary to use the 

theory of random processes. In this theory the Fourier 

transform relationship between the correlation function and 

the spectral density is a fundamental concept. In the 

following paragraphs it will be used to find the spectral 

density of laser oscillator frequency fluctuations. 

An expression for the standing wave field amplitude 

inside a resonator can be written as 

E ( t )  =  |  E  ( t )  | c o s ^ U ) o t  +  0 ( t ) ^  

Here U)q is the optical frequency of the oscillating mode, 

and the functions |'E(t)| and 0(t) are slowly varying real 

random functions of time. 

Let the analytic signal associated with E (t) be 

iU) t + 0(t) 
£ ( t )  =  | E ( t ) | e  °  

Then the complex correlation function, 

R ( T )  = <E(t) EU +  T ) * >  

E  

=  < | E ( t ) | | E ( t  +  T ) | e ~ ; L t W o T  
e i | 0 ( t ) - 0 ( t  +  T ) |  >  

If it is assumed that the probability distributions 

for amplitude and phase fluctuations are independent, the 
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correlation function of the field, R ~ ( T ) ,  can be factored 

into a product. So that, 

Rg(T> =  < | E (t ) | | E (t tT)|>(e + i l 0 < t ) - 0 ( t + T , l >e":l"'o'r 

The one sided spectral density of the total field, 

S^(uj) , is defined by 

S>) %(T)e+iUJTdT = £ Slrl (<u-uu )  *  SW(ou-«I  )  
E o 0 o 

where * denotes a convolution operation, and 

(uu-uu ) oo + i(u j-uu ) T 
S | E |  °  5  I < | E (t)| | E (t+T)|>e ° dT 

*  ' —no 

and 

0 5  l n t ( u . \  r i t !  4 .  + I  ( U U - U J  ) T  
S 0 ( U J - U J O )  H J <e + 1 | 0 ( t ) - 0 ( t  +  T ) l  >e ° dT 

In Appendix A it is shown that the amplitude 

spectrum, S |  G  |  ( U ) - U U Q )  ,  is small and broad, so that phase 

noise makes the predominant contribution to the total 

spectrum. ' It is also shown in the appendix that in a 

heterodyne experiment as described in Chapter III the 

spectral density of the detected signal is S^(w^-UJ^) . 

Because the contribution of the amplitude spectral density 

is small, the shape of the measured spectrum approximates 

s_/(uu —uu ) . Here w and U) are two independent laser 
0 2 1 J- « 

frequencies. 



Neglecting amplitude fluctuations, phase fluctua

tions are considered for a constant amplitude standing wave 

field 

:(t) = Eq cos^uu^t + 0(t)J 

Here 0(t) is a stationary random process. The spectral 

density of this field is given by 

E 2  

S E ( U J )  =  s 0 ( m )  =  s ^ ( W - T Y O )  

Q 
E riln-^ 1 +i ( 01—UJ )T 

= ̂  J <ex(0(O)-0(T)]) e o dT 

It is shorn in the following section that the 

probability distribution of the phase accumulation in a 

time T, 0(T) - 0(0), is Gaussian, so that 

<e 
i[0(O)-0(T)| _ g - l/2< ( 0( T )-0( 0)J  2 )  

and therefore , 

i?2 

S0 

5)2 00 i/o/lrtt(a-\ n((n\\2\ +i(U)-UU >T 
(UU) = J e < ( 0 (  T ) - 0 ( 0 )  J  )  e  O  d T  ( 1 )  

Refer to the model for a laser photon and in 

particular to Fig. 3. The random part of the phase develops 

as a series of random steps of approximate length 

60. ~ sin 0 . (2) 
X — th X 
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The phase angle makes a one-dimensional random walk with 

variable step size. Reif (1965) discusses this problem in 

detail. For such problems, the mean squared displacement in 

a time T is equal to the number of steps in time T multi

plied by the mean squared step size. Thus, 

<A02) = <(0(T)-0(0)]2> 

= N<(60i)2) 

H D|T| (3) 

Here N denotes the average number of steps in time T, and 

2 ((60^) ) denotes the mean squared step size. The constant 

D is often referred to as the diffusion constant. Using 

Eq. (3) in Eq. (l) the spectral density becomes 

O 
E 00 . I I —i ((JJ—0) ) T 

e  /  \  o r  - 1 / 2 D  T o 
0 = T" J e e dT 

F 2  

o D 

((JU-UUO)2+(D/2)2 

( 4 )  

The full width at half maximum of this Lorentzian spectral 

density is defined to be the laser oscillation linewidth, 

A U U q . It is equal to the constant D. 

The usual expression for the linewidth can be found 

by relating D to laser parameters. To do this, it is neces

sary to calculate the number of steps in time T and the 

mean squared step size for use in Eq. (3)» 



15 

The mean squared step size can be calculated in the 

following way. Each photon,added to a single mode of the 

cavity, increases the energy by an amount (in mks units) 

c (AE) 2V 

ftuj = -2-r (5) 
O I  

where AE is the maximum value of the added standing wave 

electric field, V is the volume of the cavity mode, and 

UUo is the circular frequency of the oscillation. The 

standing wave, added to the cavity by a photon therefore, has 

a peak amplitude 

E. = AE cos (UU t + 9 . ) 
i o i 

bun \1/2 

e-£ 2 cos (u>0t + 0.) 
° / 

Here 0. is the phase of the added field. The electric 
x 

field,caused by photons added to the cavity as a result of 

stimulated emission, is in phase with the large stimulating 

field Eq. Therefore, for these photons 0^=0; they do not 

perturb the phase. The field,caused by spontaneously 

emitted photons, has no phase relationship either to the 

field E, or to other spontaneously emitted photons; they 

are equally likely to have any starting phase between 0 and 

271. For these photons the probability distribution for 0^ 

is uniform. Thus 

p(0. )d0. = 1_ d0. F i i 2Tt i 
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Using this probability distribution the mean squared step 

size can be easily calculated. Using Eq. (2) and Eq. (5), 

271 
>2\ / AE •> 2 . 2 Q d9i 

((60..) ) = (-jg—) J sxn 0± 

o 0 

(M)2 I 
kE ' 2 

o 

2TMJJ 

e V E2 
o o 

( 6 )  

Next, the average number of steps taken in a time T  

will be calculated. The number of phase steps is equal to 

the average number of random phase events that occur during 

the time interval T. As stated in the introduction, random 

phase photons have two sources: 

1. Photons from the external environment that enter 

the cavity mode through the mirrors. 

2. Spontaneously emitted photons from atoms inside the 

laser cavity. 

Consider first the rate at which photons are added 

to the passive cavity mode because of its contact with the 

external environment. 

Any cavity in thermal equilibrium at temperature T 

has n+l/2 photons per mode. The average number of photons, 

n, is given by the Planck distribution, where 
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» = - h T  < 7 )  
O 

kT 
e - 1 

Each photon in the mode has an average lifetime, 

t . related to the cavity full width, , the quality p? ' c' 

factor Q, and the resonant frequency, uu in the usual way 

by the following equation: 

+ = Q_ = 1 
p u) Auu 

o o 

In equilibrium the average number of photons lost 

from the cavity mode in a time T is written as 

U) <W> 
N = Sr = -V" mr = (8) 

o o 

Here p is the power output of the passive cavity mode due 

to all mechanisms, and (W) is the average energy stored in 

the passive cavity mode. 

Since the cavity is in equilibrium, (n+l/2)l"/t 
P 

must also equal the number of phase steps, or the number of 

random phase photons entering the passive cavity end 

mirrors during the same time. 

In summary: 

<(A0t)2> = D|t| = N((60i)2) (3) 

O 2riUJ 
((60. ) ) = (6) 

1 e V E 
o o 
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N = (n+1/2)-^— (8) 

(7) 
TIUU 

o 
FT 
e - 1 

Therefore, the passive cavity contribution to AUUq is 

N((60.)2) 2(n+l/2)hw 

M  "  «  < 9 >  
o op 

Equation (9) can be written in a compact and more often 

used form since 

u> U) e V E2 

_ _ o _ o o o 
4 ~ Auu ~ 5p 

c 

Here P is the power output of the cavity mode due 

to all loss mechanisms. Using this relation, Eq. (9) can 

be written as 

•ftuu ( Auu )2 

°2p 
C (n+1/2). (10) 

The linewidth contribution from atoms inside the 

laser cavity is calculated in exactly the same way, except 

that in this case, the cavity mode is considered to be in 

equilibrium with two level atoms at a negative temperature 

T defined by the relationship 

N fiw /kT 
2 o 

= e 



Here N and N are the number of atoms in the upper and 
<-* JL 

lower atomic states respectively. As a result, 

1 1 N2 + N1 
n+1'2 =• -ET +1 = 1/2 

O CS 1 
kT 
e - 1 

so that the atoms inside the cavity contribute to the laser 

linewidth an amount 

-h<JU /N + N \ ± 

(11) 

Finally, the total oscillation full linewidth is 

equal to the sum of these contributions. Therefore, 

TiU) ( AW )2 

«o - -^5P— n+1/2 + 
l/N2 + Nl\ 
2VN2 " Nl/ 

(12) 

This result agrees with the linewidth expression derived by 

Scully and Lamb (1966). 

The Feynman Path Integral Approach 

An interesting approach for studying statistical 

problems is the Feynman path integral approach. Using this 

approach, it will be possible to derive Eq. (12) including 

some additional broadening due to saturation, amplitude 

noise, and atomic-line broadening. 

This section is a summary of the Feynman path 

integral method. Although this approach is well known, the 

technique is not normally taught, so that this section is 



20 

included for completeness. The ideas presented here are 

found in complete form in Quantum Mechanics and Path 

Integrals by Feynman and Hibbs (1965)* Since this approach 

is not the standard technique, it is reasonable to question 

its real utility. However, as expressed by Feynman and 

Hibbs in the last paragraph of their book: 

An effort to extend the path integral approach 
beyond its present limits continues to be a worth
while pursuit; for the greatest value of this 
technique remains in spite of its limitations, 
i.e., the assistance which it gives to one's 
intuition in bringing together physical insight 
and mathematical analysis (p. 356). 

The application of the technique to noise in laser 

oscillators is a small extension of these ideas. 

The essential idea of an integral over all paths, 

a path integral, is presented in the context of quantum 

mechanics. Later in the section it will be applied to 

probability type problems. 

Path Integrals and Quantum Mechanics 

The essential ideas of the path integral technique 

can be gained by imagining a particle constrained to move 

in only one dimension. The position of the particle at 

any time can be specified by a coordinate x which is a 

function of time t. By a path then is meant a function 

x(t). In classical mechanics, if a particle at an initial 

time t ,starts from a point Xq, and goes to a final point 

x at t , and if the force is deterministic, then there is 
n n' ' 
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only one specific trajectory along which the particle can 

travel, the so called classical trajectory determined by a 

solution of Newton's second law and the boundary condi

tions. According to Feynraan however, in quantum mechanics 

the motion of the particle can be interpreted in quite a 

different way. It is necessary to talk of the probability 

amplitude of an event. If an event can occur in several 

alternate but indistinguishable ways, then the overall 

probability amplitude for the event is obtained by adding 

the amplitudes for each alternative way. The probability 

that the event will happen is given by the absolute square 

of the overall amplitude. Alternative ways are said to be 

indistinguishable if at the end of the experiment it is not 

possible to tell which way the event occurred. Thus, if 

0^ and represent the amplitudes for alternative ways an 

event can occur, the probability of the event, P, is given 

by the equation 

P = \01 + 02\2 

For the event, a particle travels from x at t to 
'  1  o  o  

x at t , there are an infinite number of alternative 
n n1 

paths x(t). These paths are indistinguishable because it 

is not possible to determine from the boundary conditions 

along which path the particle completed the event. The 

overall amplitude for the event is the sum of the amplitudes 
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for each of these infinity of alternative ways. Thus, if 

0[x1(t)] represents the amplitude that the particle took 

the path x1(t), and K(x , t ; x , t ) the overall amplitude 
' n' n o o 

for the event, then 

K( x  ,  t  ;  x  ,  t  )  =  /  y  0 [ x i ( t ) ]  
n' n' o' o - , » .. 

all paths 

x^t) 

The essence of the path integral approach is 

contained in answers to the following two questions: 

1. What is the amplitude for a particular path? 

2. How is the sum accomplished? 

The answer to question 1 requires a postulate 

equivalent to the statement of the Schrodinger equation: 

The contribution of a path has a phase equal to the action, 

S, divided by "h. The action is given by the expression 

t  
n 

S = J *  L(x, x, t )  d t  
t  
o 

where L is the Lagrangian. Thus the amplitude for a path 

x1(t) is given by 

, ^S[x1(t)] 
0[x (t)] = constant e 

The sum over all paths can be accomplished in the 

following way. The path is defined as a limit in which at 

first the path is only specified by giving its coordinate x 
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at a large number o f  specified times separated by very 

small intervals e« The path sum is then an integral over 

all these coordinates. In order to complete the sum the 

limit is taken as e approaches 0. This idea is shown in 

Fig. k taken from Feynman and Hibbs (1965)* 

t 
n 

t 
o 

x. x X X i + 1 1 o n 

Fig. 4 .  A Particular Path x(t) 

The overall amplitude, K(xn, t^; Xq , covering 

all possible paths is then given by the following integral. 

£rS[x ,t ;x ,t ] 
ft u n' n' o' o 

n1 11' o1 o "" _ 00 0 
eH) x1 x0 x 1 1 2 n-1 

K(x ,t :x ,t ) = lim f f ... f 
n ' n ' o ' o  .  „  J  J  J  
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Here 

t 
n 

S [ x , t ; x , t ] =  f  L ( x , x , t ) d t  ( l 4 )  
n ' n  o ' o J  '  '  

o 

is a line integral taken over the trajectory passing 

through the points x . with straight lines in between. A is 
J 

the normalizing constant. Equation (13) is written in a 

less restrictive notation as 

£ S [ N , O ]  
K[N,0] = f e Dx(t) 

and called a path integral. 

There are several ways to perform the path integral 

and these will be described for a free particle. One way 

is to separate Eq. (1 ) in the following way, 

t 
n 

S[N,0] = J L(x,x,t)dt 
t 
o 

tl *2 Si 
= J Ldt + J* dt + ... + J Ldt (15) 

t t t n o 1 n-1 

and then to approximate each integral of the sum by 

t . 

t . 
J 

j + 1 /X. -X. x.+x. . \ 
J *  L ( x,x , t ) d t  =  e L  (  £  ,  e )  ( 1 6 )  
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For a free particle the Lagrangian is given by 

. 2  
T mx L = — 

and therefore, according to Eqs. (l4), (15), and (l6) 

« <x ,-x. ,)2 

S[N,0] = | S '' f1 

i=l e 

The overall amplitude for the event is then 

/• N o \ 
K[N,0] = lim J  . . .  J  exp(£ f- E (x -x ) ) 

e»0 Xl xn-1 V1 j=l ' 

N-l dx. 
n —r-i (17) 
i=l A 

The constant A can be determined in the following way. 

Notice that 

2 

K[N,0] = lim J 
e^O x 

. m(x ,-x ) 
, x n-l n 
dx 

n-l fi 2e 
e 

n-l 

f  • • •  f  

n-l 
1 m _ / \, 
rr — £ (x .-x . , ) 
ft 2e j=1 J j-1 

LX1 x 
n-2 

n-2 dx. 

11 "~A~~ i=l A 

= lim 
e^O x 

I 
n-l 

dx 1 m 
n-l 

0 "(x -x 
1i 2e n n-

K[N-1,0] 
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For this result to hold in the limit e ^ 0 

i m / s 2 
— 77— (x -x . ) 
Ti 2e n n-1 ^ / \ 
e > 6 (x -x i / 

n n-1 

Therefore, 

, i m , •> 2 
os dx , — ——(x -x n J r> n-1 Ti 2e n n-1 , I —A— 6 = 1 

— 00 

Upon integration this yields the constant 

A = / 27Iihe (18) 
V m 

Using this result in Eq. (17), the integral is carried out 

on one variable after another. First carrying out the 

integration on x^ , 

oo 0 .r -1/2 [ (x_-x )2 + (x1-x_)2] 
f (2Me) e 

21 1 0 dx, 
J m 1 

/2Ttxfi(2e) \-1/2 [" im , *2"| 
" ( m ) eXp[25T5?T <X2"V J 

Then the integration over x^, 

i -2 (^f /a (^)"1/2 

o i l  /  i  \"l/2 
+ 2 (X^-Xrj ) 



Continue this technique to x with the final result 

K[N,0] = ^(2nim(NG)^ eXp[2R(Ne)(xn"X0)2] 

However, 

Ne = t - t_ = T 
n 0 

so that 

ifTM nl /27IiTiT Y" 1/ 2  Tim ^ Xn X0  ̂ 1 /_ 
K[N,0] = f S j eXpL"2h T J (19 

Gaussian Path Integrals 

Although the above example illustrates a technique 

for calculating path integrals, there is another exact 

technique that is generally easier to use for actions, S, 

that involve the path x(t), and x(t) up to and including 

the second power. Feynman and Hibbs (1965) call such path 

integrals Gaussian. These path integrals are interesting, 

not only because they include the solution of a wide 

variety of problems, but also because they illustrate the 

connection between classical and quantum mechanics. 

The most general type of Lagrangian involving the 

path x(t) to second order is written below: 

L = a(t)x2 + b(t)xx + c(t)x2 + d(t)x + e(t)x + f(t) 

The action is the integral of this function between fixed 

end points. For this Lagrangian the amplitude that a 
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particle goes from x at t , to x, at t,, is given by the 
SI CL D D 

path integral taken over all possible paths. 

K(b,a) = f exp i k 
ti tJ L(x,x,t) 

a 
Dx (t) 

If x(t) denotes the classical path, it is an 

extremum for the action S. The action for the classical 

path is denoted by either S lb,a] or S[x(t)]. 
c Jo 

All paths from xa to x^ can be covered by defining 

a point on the path by its distance from the classical path 

instead of its distance from an arbitrary coordinate axis. 

This is shown in Fig. 5, taken again from Feynman and 

Hibbs (1965). 

t 

t,- -

x( t) 

y( t) 

X 
X X 

Fig. 5. Gaussian Method for Covering all Possible Paths 
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and 

Here the arbitrary path x(t) is given by 

x(t) = x(t) + y(t) 

S[x(t)] = S[x(t) + y(t)] 

= J [a(t)(x2 + 2xy + ya) + ...]dt 
t 
a 

. 2^ 

= S [b,a] + f [a(t)y2 + b(t)yy + c(t)y2]dt 

a  (20 )  

This result follows since those terms that do not involve 

y(t) give the first term; those terms that involve y(t) and 

its derivative to first order give a vanishing contribution 

to the action since by Hamilton's principle the action is 

an extremum for the classical path, and 

S[x(t) + y(t)] - S[x(t)] = 0 

to first order in y(t). The last term in Eq. (20) is of 

the second order in y(t). Using Eq. (20) for the action, 

the amplitude can be written as shown below: 

r-S [ b , a] 0 
K[b,a] = e £ exp 

0 
J* [a(t)y2 + b(t)yy + c(t)] 

t 
a 

Because the end points x& and x^ are specified, y(t) is 

zero at t and t^, and the path integral can only be a 
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function of the times at the end points. Therefore, 

K(b,a) = e F(t ,t.) 
' a' b 

Thus, for quadratic Lagrangians, the amplitude for an event 

is determined by the classical action except for a function 

of the end points. 

Consider again the simple example of a free 

particle where 

. 2  
T _ mx 
L ~ ~2~ 

The classical path is given by a solution of Lagrange's 

equation. 

&<&> + t " 0 

Then, 

x = 0 

and x = Ct + D 

thus , 

c i  -  2  j b  -  r <  V V  
a 

g m p ^2,^ m02 

Using the boundary conditions x at t . x, at tL, a a' b b' 
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and therefore, 

<  \ 2  (x, - x ) 
„ m b a 

c J L  ~  2 t, - t 
b a 

so that 

(x, - x )2 

i m b a 
Ti 2 t - t 

K[b,a] = e b a F(ta,tb) 

This is the same result as found by the technique leading 

to Eq. (19)• 

The reduction of a path integral to a differential 

equation can give t^) and also the usual differential 

equation formulation of a problem. For a free particle, 

reduction to differential form proceeds in the following 

way a la Feynman and Hibbs (1965)* 

Since the action is defined by an integral, the 

path integral can be split into two parts as shown in 

Fig. 6, and it can be expressed mathematically in the 

following way. 
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Fig. 6. Division of all Possible Paths into Two Groups 

I / Ldt 

K[N,0] = f e ° Dx(t) 

J f 

| J Ldt + i J Ldt 

Dx(t) dx. 
x. 

i[S[3,0] + S[N,3]} 
Dx(t) dx. 

= J* K[N,3] K[3,0] dx. 
x. 

(21) 

Then, the wave function Y(x ,t ) is defined as an 1 n' n 

amplitude to arrive at from the past in some 

(perhaps unspecified) situation. When there is no point 
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in keeping track of where the particle came from, the wave 

function notation is used. Since a differential equation 

for the wave function is to be derived, Eq. (21) can be 

written as Eq. (22). 

00 

Y(x,t+e) = J  K[x,t+ e ;  y,t]¥(y,t) dy ( 2 2 )  
— CO 

Here the notation has been generalized to agree with 

Feynman and Hibbs (1965), and t^ and tn are assumed to 

differ only by an infinitesimal interval e> Then, 

£ I L(x,x,e)dt 

¥[x,t+e] = J I e Y Y(y,t)dy 
— 00 

ieL(£z2 2+Z) 
r  1  e  '  2 W /  . x  .  

= J X e My,t)dy 
— 00 

If L is the Lagrangian for a particle moving in a 

potential V(x,t) then it follows that 

L = - V(x,t) 

and 

<Mx,t + e) = _J J exp[jr m(2ey) ] exp[~ £ eV(£|X' e)] 

^(y »t)dy (23) 

—00 
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( x - v ) 2  
Because of the quantity J J in the exponential of the 

first term,the integral will be nearly zero unless y is 

near x. For this reason the integral can be expanded 

about x. Letting 

y = x + T] 

dy = d?l 

Eq. (23) can be written as 

imT|2r 1 _ v( t)1 

*(x,t) + = J A e  

[I(x,t) t ,|i, 1 y21!|] dT] 
ax'" " 

Talcing the leading terms on both sides of this equality 

™ mrl2 1  / o  

1 , i J e 2eft dn = 1(2™=) ' 
A  "  ' A m  

— CO 

so that 

-1/2 
A - ( ) 

2Ki"fte 

Equating and evaluating terms to first order in e, the 

Schrodinger equation for a particle in one dimension is 

obtained : 

dx 
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The technique for going from a path integral to a differ

ential equation is useful, and it will be used later to 

derive the diffusion equation for the standing wave 

electric field of a laser oscillator. 

A Path Integral Application in Optics 

technique is to a derivation of the Fresnel diffraction 

integral. 

A field component, u, of a single frequency light 

wave satisfies the scalar wave equation 

Here k is the propagation constant in the media. For 

light traveling in the z direction the field can be 

written as 

where ¥ is a slowly varying complex function which repre

sents the difference between the wave under consideration 

and a plane wave. If Eq. (26) is used in Eq. (25), and it 

is assumed that Y varies so slowly with z that the second 

d 
derivative g- can be neglected, then Eq. (25) becomes 

An interesting application of the path integral 

9 9 
V u + k u = 0 (25) 

u = Y(x,y,z)exp(-ikz) ( 2 6 )  

dx 

(27) 
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This equation has the same form as Schrodinger's equation 

(Eq. 2'l) for a free particle in two dimensions. Letting 

k = - the equations are equivalent. Thus, in analogy 

with Eq. (19), the propagation kernel for light from a 

point (x , , z^) to a point (x2, y2, z^) is given by 

K'-x2'y2,Z2'Xl,yl,Zl-' 2TtI 
ilc 

Z2-Zl} 

exp 

/ \ 2 / \ 2 
ik x

2~xi + (y2-yi) 

2 
J I 2 ~ Z 1 )  

= IR exP {lS[(x2~Xl)2 + (y2~yl)2]} 

In analogy with Eq. (22), 

Y(x2'y2'Z2) = J" J* K^x2'y2'Z2;Xl'yl'Zl^ 
X1 yl 

(x^y^Z-^dx^y 

( 2 8 )  

iTtr / \ 2 / \ 2n 
00 CO —L(x2_xi) + (yg-yj^) J _ i r> r> _\R 

"  X R  J  J  
— 00 — co ^xl'yl'zl*dx'dy 

This is the Fresnel diffraction integral giving the 

amplitude distribution in one plane, if it is known in a 

previous plane. 

The path integral interpretation of how light 

propagates from a plane z^ to a plane z^ is shown in 

Fig. 7* The classical, geometric optics path gives the 
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Alternate paths 

Classical path 

Fig. 7* Path Integral Interpretation of Light Propagation 

±kScA 
main contribution to the propagation kernel, e , while 

the other alternative paths contribute a factor that 

depends only on the position of the two end points. 

Path Integrals in Probability 

A classical type of probability problem involves a 

series of discrete events talcing place at random times; 

for example, the spontaneous emission of photons by atoms 

in a resonant cavity. The photons are born at random 

times, but in any long time period T an average number n 

can be expected. In any actual measurement the exact 

number of photons born does not correspond to the expected 

number; however, the probability, P that a particular 



38 

number are born during a period when the expected number is 

n, is given by the Poisson distribution 

—n 
P = -2 (29) 
n — 

i n n! e 

For continuous variables, it' is usual to denote the 

probability that a variable lies in a range dx about x by a 

continuous function P(x)dx. P(x) is the probability 

distribution of x, and the probability 'that x lies in the 

range x^ to x^ is given by 

xb 
J  P(x)dx 
x 
a 

Path integrals can be used in probability theory 

when the probability of obtaining a particular time history 

of a random phenomena is wanted; for example, the time 

history of the standing wave electric field in a laser 

cavity. That is, what is the probability of a function 

f(t)? If this probability is denoted by P[f(t)], then the 

probability of finding the function within a certain class 

of functions, for example, the class of functions with the 

same starting and ending values, can be written as a path 

int egral 

P[T|0] = f P[f(t)]Df(t) 



In analogy to the mean value of a continuous 

variable, the mean value of a functional Q[f(t)] is 

written 

#Q[f(t)lPrf(t)lDf(t) 
<Q> = 3—£pLfU3]Df(t) (30) 

Of particular importance is the mean value of the 

exponential functional exp[ik(t)f(t)dt], defined to be the 

characteristic functional §[k(t)], where 

l C k ( t ) ^ = £  j»Plf(t)]Df(t) (31) 

Equation (31) is a path integral Fourier transform 

that can be inverted to give the probability functional as 

P[f(t) ] = Jpe"1i'k(t)f(t)dt|[k(t)]Df(t) 

A useful example is the characteristic functional 

of a function f(t) that is not uncertain, but that is 

definitely known to be some function F(t). That is 

P[f(t)]Df(t) = 6[f(t) - F(t)]Df(t) 

so that the characteristic functional 

§[k(t)] = ^e1^k^t)f(t)dt6[f(t) - F(t)]Df(t) 

= eiJ*k(t)F(t)dt (32) 

Some special properties of the characteristic 

functional are listed below: 
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( 3 1 )  

$[0] = 1 ( 3 3 )  

( 3 4 )  

In these properties j 6 §[k (t ) ]/6k ( a ) J 

62|fk(t)1 ( 3 5 )  

denotes the functional derivative of $[k(t)] with respect 

to the function k(t) evaluated at t = a and k(t) = 0. 

can be obtained from the path integral representation. 

Although this may be true, it is an alternate way to obtain 

useful results, and can thus add different insights from 

other techniques. This section has been a summary of some 

of the techniques and examples presented in Quantum 

Mechanics and Path Integrals by Feynman and Hibbs (1965)« 

In the next section they will be used to more completely 

study laser oscillator phase noise. 

photons are described by using the path integral technique. 

Examination of the model for random phase photon noise, 

Fig. 3, shows that a particular time history of the 

It is often said that there are no new results that 

Path Integral Description of Laser 
Oscillator Phase Noise 

In this section phase fluctuations caused by random 
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instantaneous phase can be written in the following way, 

0(t) = UJ t + E 60 .u( t-t .) (36) 
® J J J 

J 

Here u(t-t.) represents a unit step function 
J 11 t > t . J 

0 t < t . 
J 

The instantaneous frequency, 0, is given by 

0 = UU + S 60.6 (t-t .) = fju + f(t) (37) 
® j J J ® 

J 

Here, 60., is the step size of the phase step at t., 
J J 

and 6(t-t.) is a Dirac delta function. The random 
J 

properties of the phase are contained in the function f(t). 

This randomness is described by the characteristic 

functional, §[k(t)]. 

To aid in finding the characteristic functional, 

consider a time interval, T, during which N random phase 

events occur at times t,, t„... t . The complete history 
1' 2 n 

of the noise source, f(t), is 

N 
f(t) = E 60.6(t-t .) 

j=l J 3 

If all times t . and step sizes 60 . are assumed known, then 
J J 

this is a statement of certainty, and according to Eq. (32) 

the characteristic functional is written as 



T N 
ifk(t) E 60 .6(t-t.)dt 

[k(t)] = e 
O j = l 

42 

(38) 

However, it is more realistic to make the following 

assumptions: 

1. The step sizes 60. are described by a probability 
J 

distribution function, p(60.), or by a correspond-
J 

ing characteristic function, W(uu). These are 

related in the usual way by Fourier transforms. 

iui)60 . 
W(uu) = f e ^ p(60.)d(60.) 

all 60. 0 J 
J 

(39) 

2. The times of photon birth are distributed uniformly 

over the interval T, so that the probability of a 

birth in time dt is dt/T. 

3. The number of births, N, in a time, T, is given by 

the Poisson distribution 

PN = 
-N 
m 

*T 1 II N! e 

(40) 

Here m = (J.T, and (j. is the mean rate at which 

photons are born. From the discussion of frequency 

fluctuations, this rate is 

H = (n + 1,  +  1 ("* * NA 
2 2 \Na " Ni/ 'photon 

(41) 
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Using these assumptions a new characteristic 

functional, $^[k(t)], is written as an average of fQCk(t)] 

with respect to step sizes, 60., and times t.. 
0 J 

T N dt . 
§.[k(t)] =| ... J i„[k(t)] n P(80.)d(i0.)n-=i 

1" 0 all 60. ° 1 J J 1 

J 

= I . . . I exp 
0 all 60. 

J 

N T 
i S f k(t)60.6(t-t.)dt 

j=l 0 3 3 

N dt . 
n p(60.)d(60.)TT 
1 J  J  

J J exp 
0 all 60j 

i J k (t) 60 .6 (t-t .) dt 
0 

p(60j) 

dt . 
d ( 60^) 

N 

dt 
N 

=  1  J  J  exp{ ik (t) 60 . } p ( 60 .) d ( 60 ) 
0 all 60. 

J 

dt . 

-y j T 

vN 

j w[k(t.)] -V- 1 H U3 
N 

(42) 

In this expression W is the characteristic function 

defined in Eq. (39). If there were exactly N births in 

time T, §^[k(t)] would be the desired characteristic 

functional. However, according to assumption 3 the number 

of births are Poisson distributed. Averaging (Eq. k2) with 
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respect to the number of random phase photon births in 

time T leads to the result 

?2[k(t)] = S §1[k(t)] fj- e~m 

M -N . 
„ r . -,N m -m Ain-m = E [A] — e = e 
N 

= e 

N! 

T dt . 
J W[k(t )] - 1 
0 J - T 

( 4 3 )  

The characteristic function, W[k(t .)], is approxi-
J 

mated in the following way: 

ik ( 6 0 .) 
W[lc(t)] = J p(50 .) e J d(60.) 

[2 -| 1 - k(60 .) + (60.)2 ... d(60 .) 
J "  J J J 

= 1 - k (6 0 .) + <(60.) > + ... 
J 2  J 

From the model for photon noise, Fig. 3, 

<60 .) = 0 
J 

and <U0.)2> = ^4 
° *oVEo 

Assuming that the mean squared step size is small, only-

terms through second order need be kept; Eq. (43) then 

becomes 
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,[k (t) ] = exp | -|i T 
/ k (t .)' 

| < ( 6 0 . ) 2 >  " l 

exp i -  H<(60 ) 2 >  J  lc (t) 2dt (44) 

The Fourier inverse of Eq. (44) gives the proba

bility functional of the noise source f(t) as 

P[f(t)]Df(t) = exp 

T 
| J [f(t)]2dt 

0 

(X<(60 ) > 
J 

Df (t) (45) 

This result shows how a shot noise type process can 

lead to a Gaussian noise type functional. In addition, 

comparison of Eq. (44) and Eqs. (12-40) of Feynman and 

Hibbs (1965) which gives the most general form of a 

Gaussian characteristic functional as 

$ = exp{iflc(t)F(t)dt - ifk(t)k(t ')A(t,t ')dtdt '} 

where (f(t)) = F(t) 

and <f(t)f(t»)> = A (t, t 1 ) 

shows that the correlation function of the noise source 

f(t) is given by 
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A (t, t ') = <f(t)f(t')> = (j,<(60 ,) >6 (t — t') = A(t-t') 
J 

2ftU) 

e VE2 
o o 

, i, 1 fNa+Ni, 
( N  +  2 )  +  2  N  - N . .  *  

— 6(t-t 1) 
P 

= D6(t-t ' ) 

In this case the noise source is delta function corre

lated . 

Since the relationship, Eq. (37), between the phase 

and the force is linear, the probability functional of 0 

can be found from Eq. (45) by a change of variable. 

Thus , 

P[0(t)]D0(t) = P[f(t)]Df(t) 

- | J (0—UJo)%t 

K • exp \ 2 )D0(t) 
(1 ( ( 60 . ) ) 

vj 

( 4 6 )  

Here K' is a normalization constant. 

A function of more interest is the probability that 

the phase at time T is 0(T), if at time t = 0 it was 0(0). 

This is the ordinary conditional probability function 

P(0(T)|0(O)). Since there are many paths connecting these 

end conditions, P|0(T)|0(0)J is the path integral of Eq. 

(37) over all paths between 0(0) and 0(T). Therefore , 

. . / 0( T)  (  T (0—0) )&t) \ 
P[0(T) 10(0)jd0t =1 F j K'expj- | J ^j D0(t) d0 T 

(47) 



Equation (47) is a Gaussian path integral that can 

solved by the classical path technique so that 

E 
P{0(T )|0(O)]d0T = Ke cZd0 

where E^ = j "Lc£" dt 

and L = (0 - U) ) 
cl  c I  o 

The classical path is defined by solution c 

Eq. (49) 

d 
dt 

SL dL 

I 30 J 90 
= 0 

with the boundary conditions 

0(t=0) s 0(0) 

0(t = T) s 0(T) 

The solution of Eq. (4 9) is 

0 (t) = ^(t) " 0(O) t + 0(0) 
C  S J  T  

= At + 0(0) 

so that 

0 . - (I) = A - U) 
cZ o o 

and E c i  =  I  L c i d t  =  I  { K i  ~  mo)2 dt 

= [ ( 0 ( T) - 0(0)] - UUoT] 
2 1 

T  
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Henc e, • i 

P (0( T ) | 0(0) J c!0t = C exp 
n R |  0( T  ) -0 ( 0 )  \  - U )  T ] 2  

I d|t1 °  d<V 

(50) 

This is a Gaussian probability function with the 

properties 

(0(T) - 0(0)) = U J Q T  

<(0(T) - 0(0)) 2> = D|T | 

The magnitude signs on T  are used since < J0(T) - 0(O)}2) 

must be positive. The steps leading to the laser linewidth 

are the same as those from Eq. (l) to Eq. (4). 

The technique for finding the conditional proba

bility P|0(t)|0(0)|, Eq. (50), is equivalent to solving 

the diffusion equation. This can be shown by deriving a 

differential equation from the path integral Eq. ('i7) in a 

way analogous to the derivation of Schrodinger 's equation 

from a path integral . 

Change variables in Eq. (hf) to 

= I - U) t 
o 

= i - uu 
o 

so that Eq. (^7) becomes 
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T  '  T O  
P«S_.t |@ , 0) d 

-  fc j  
K» e 0 D0(t) 

l l m J e  t A  
e>0 i=l 

2De .S, ^i~^i-l* T-2 d®. 
lim J\e 1=1 O fx 

eK) x=l 

(." 2"D li5T_f,T-l)2 

l i m  ( J  P ( f T - l ' T - 1 l f c ' 0 )  e  

e^O 

(0_ - 0 _  , ) 2  d  
2eD F T  « T - 1  7 " T - 1  

M, 

i xrT FT-1 
eD 

As e —>• O 6^t-1 - fT> 

so that 

I exp 
T  « T - 1 '  

2eD 
T  — 1  = 1 

Therefore, 

A = V27XeD. 

Using the amplitude multiplication rule Eq. (21) 

for this path integral,and incrementing T  by E ,  gives 
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P(^T'T|^o'0)d^T = ̂  P()?T'T^T-e'T-e)P(^T-e'T-G^o'0) 

d$ d$ ^T-E T 
A 

=  J  
I FT .V ^T-e^T 

Letting 

= u, 
T rt-e '  

then 

P(0_.T 0 .0 T ' ' Wo ' T = I  P(PT~u, T-e ljpo*0) e 
1 u_ 
2 eD du 

. d$ 
A T 

so that expanding each side in small parameters 0 and p., 

p<0T > T - e |«L,O> + e If + ... ] d^f at -) 

= I  P($T'T-el$o'0) " u H + ir 7^1 
af 

i. H 
2 du ^ 

A T 

= p - ap 

¥ 

1 i*!l ? 1 uf. 
1? " 2 ED du 1 £TP p 2 2 eD du 
J U e  A  +  2  . j 2  J  U  e  

3 0  - 0 0  
jriD*T 

Carrying out the integrations, comparing terms of the first 

order of e, and letting e —>• 0 in the argument, we find that 

SP D a P 
at 2 ^jl2 

(51) 



Equation (51) is the diffusion equation. Its solution 

would also lead to the result Eq. (50). 

So far an expression for the oscillation linewidth 

has been obtained only for the case where the cavity 

frequency is equal to the atomic-line center frequency. 

There are additional fluctuations caused by coupling of the 

field amplitude into the frequency equation (Eq. 37) when 

the oscillator is detuned from atomic line center. Accord

ing to Lamb (1964), the frequency of a single mode laser 

detuned from atomic line center is determined by the 

following equation 

0 = (JU +  a  +  pE 2  (52) 
c 

Iiere (JUc is the empty cavity resonant frequency and a and p 

are constant functions depending on the difference between 

UUc and the atomic center frequency, U)^. 

If the laser is operating far enough above 

threshold, the field can be approximated by a constant 

term Eq plus a fluctuating field e(t) determined by random 

noise. The constant field Eq is determined by the 

stationary solution of Lamb's amplitude equation 

E = ocE - PE3 (53) 
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In the steady state 

E = 0 

so that 

and 

E = E + e(t) (5'l) 
o 

When Eq. (5'*) is substituted into Eq. (52) 

$ = (ju + a + pE^ + 2pEQe(t) ( 5 5 )  

The first three terms lead to a new oscillation frequency 

depending on u,
c""u> A N D  replace U U q of the previous analysis 

as the average frequency. The additional term, 2pEQe(t), 

gives frequency fluctuations caused by amplitude noise. 

These additional fluctuations can be included in the 

previous analysis. 

According to the laser noise model, Fig. 3, the 

fluctuating field e(t) is given by the sum of a series of 

jumps caused by the spontaneous emission noise process. 

Each of these small amplitude jumps, AE|| ., decay according 
J  

to Eq. (52) with 

E = E + A(t .) 
O  J  

so that 

A + 2(3E2A = 0 
^ o 
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and therefore, 

-2(3E2(t-t .) 
A = ABn. e ° J 

11J 

Normally 

2PE2 » i— r o tp 

so that one amplitude jump has decayed away before another 

one occurs, and exp(-2(3EQt) may be approximated by a delta 

f u n c t i o n  o f  a m p l i t u d e  — i H e n c e ,  

AE I. . 
A = ^ 6 (t-t .) (56) 

2(3E^ j 

The time history of the amplitude fluctuations, 

e(t), is then given by the sum 

AE || . 
e (t) = £ £ 6 (t-t . ) (57) 

j 2pE2 J 

The phase equation (Eq. 55) including f(t) of the 

previous analysis then becomes 

0 = Y J  + CT + pE + N £  E  A E H . 6 (t-t .) + £ 60.6(t-t.) 
° P o j  J  J  j  J  J  

- ̂ o + * (rfr AE"d + 60j) 

This equation is of the same form as Eq. (37), and accord

ing to Eq. (46), the laser linewidth is 
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D = Aojo = AE||j + 60j)2> 

= |X[ (^G—) <(AE1|D)2) + <(60J2)] 

since 

< AE || j60j > = ( ( gmyE ) sin 0i cos 9i> = 0 

Since 

4E„. = c°s 9i e v x 
o 

1/2 

and 

p ( 0 . ) d0 . = —• d0 . 
^ 2n i  i l 

Then ««V2> = ^rV 

Therefore 

AU) 
osc 

= HC(^) + 1] 
2huu 

e VE2 
o o 

•nu)( A<JU 

2 P 

)2 N +N / 2 \ 

—  C ( "  +  k> * [x  * ( f  ) (58) 

The factor jj is given by Lamb (1964) as 

AUJ 

t - 2[3E' 

Z . (uj -U) ) 
i c a 

zTTol n- i  
Y (ID -IU )  
' ab c a 

2Yob
2
+<<V-».a>2 
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The function Z_^ is the plasma dispersion function, T] is the 

relative excitation, and Y . = 4"( Y +Yi.) is the average of 
' ab 2 a b 

the decays constants of the upper and lower laser levels. 

Equation (58) represents the final expression for 

the laser oscillation linewidth including the effects of 

atomic-line broadening and saturation. 

A treatment of amplitude noise in a laser oscil

lator can also be formulated in terms of path integrals in 

a similar way by starting with Lamb's amplitude equation 

and using the noise model, Fig. 3« 

In summary, it has been possible using Feynmann 

path integral techniques, to start with a simple model and 

derive all of the statistical properties of the standing 

wave field phase. Included are the following facts: the 

driving noise force is delta function correlated (Eq. 46) 

with statistical properties described by a Gaussian dis

tributional (Eq. 45); the force leads to a Gaussian dis

tribution function for accumulated phase (Eq. 50) that 

obeys the diffusion equation (Eq. 51)5 the effects of 

atomic line-broadening and saturation on the oscillation 

linewidth c&n be easily included (Eq. 58). 



CHAPTER III 

EXPERIMENT 

Design Philosophy 

This chapter presents some of the design philosophy, 

method of measurement, some experimental results, and a 

description of the equipment used to directly measure the 

oscillation linewidth of a 3 *39^1 He-Ne laser. Table 1 

gives a summary of factors considered in the design. 

Chapter IV describes the results. 

As has already been described, phase fluctuations 

due to spontaneous emission are the predominant contributor 

to the power spectrum of the total field. However, these 

fluctuations are difficult to measure because they can be 

so easily masked by the effects of man-made disturbances. 

The difficulty arises because the laser linewidth, AVq, is 

usually narrow, while the operating frequency of the laser 

is very sensitive to cavity length changes. For example, 

a 10 cm, 3. 39jj, , He-Ne laser with a 10 MHz cavity full width 

and a power output of l(i watt has an oscillation linewidth 

of approximately 20 Hz. If for some reason the cavity 

length changes by 1A°, the laser center frequency changes 

approximately 100 KIIz (Av = V^)—very small random jumps 
JL j 

easily mask a few Hertz laser linewidth caused by quantum 

56 
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Table 1. Influences That Can Cause Undesirable Noise and 
Precautions Taken to Reduce Their Effect 

Considerations Precautions 

1. Make AVq broader than the 
spectrum analyzer instru
ment resolution 

a. 
b . 

M alt e 
M alt e 

( A v  

P small 
AY c large 

7lhv(Av ): 

c 

2. Reduce the influence of 
environmental disturbances 

a. Dual-laser design 
b. Use acoustical 

shielding and 
mechanical isolation 

c. Optically contact all 
elements 

3. Length fluctuations caused 
by thermal fluctuations of 
lowest order mechanical 
mode of quartz block 

3. Too small to be of 
importance 

km Power supply instabilities k. a. Add additional 
filtering to power 
supplies 
Operate lasers near 
current saturation 
Operate lasers near 
line center 
Operate both laser 
power supplies from 
the same crystal 
oscillator 

5« Tuning cell pressure 
fluctuations 

6. Detector and lens feedback 

5. a. Use good vacuum 
t echni ques 

b. Reduce the tuning 
cell volume 

6. Tip elements slightly 
off beam axis 

7« Noise caused by combining 
optics jitter 

7« Use special beam 
splitter mirror element 

8. Plasma noise 8. Use r-f excitation 



noise. Mechanical and acoustical noise in an ordinary-

laboratory easily cause frequency jumps of this order in 

all but the most carefully designed lasers. In fact, in 

the first attempt to measure laser frequency stability, 

Javan, Ballik, and Bond ( 1 9 6 2 )  were hampered by frequency 

jumps of just this order of magnitude. It is no wonder 

that their next attempt was made in an isolated wine 

cellar. In that quiet environment, they reported an 

k  
improvement of stability of about a factor 10 compared to 

their previous results. 

In the design of our experiment to measure oscilla

tion linewidth, we had two primary objectives: 

1. To offset the effects of acoustical and mechanical 

noise by making them, as nearly as possible, the 

same for two lasers. 

2. To increase the oscillation linewidth so that it is 

not easily masked by disturbances that are not the 

same for the nearly identical lasers. 

The first objective was accomplished by building 

two lasers in a single quartz block, a dual-laser design, 

shown in Fig. 8. The second was accomplished by designing 

a laser oscillator with a large cavity bandwidth, AVq, and 

small power output, P. This is desirable because the 

oscillation linewidth is essentially given by the 

expression 



Fig. 8. The Dual Laser 

ui 
vO 
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o 
Tthv (Av ) 

caV / rn \ Av = 5 (59) 
osc P 

The experimental arrangement shown in Fig. 9 was 

used to observe the beat frequency between the two laser 

light outputs from the dual laser, Fig. 8. We show in 

Appendix A that the spectrum of the beat note displayed by 

the"spectrum analyzer is proportional to the spectral 

density of the phase, S^Cuu), convolved with the spectrum 

analyzer resolution. 

General Design Considerations 

The Laser 

The requirement that the oscillation linewidth be 

large compared to the broadening effects of cavity vibra

tion was a primary consideration in deciding upon the laser 

transition to be used in the experiment. A meaningful 

figure of merit is the ratio of the oscillation linewidth, 

AV
Q, to the frequency change, Av^, caused by a cavity 

length change AL. Thus, 

Av 
f = 2. 

A VL 

T[hv( Av )2 



6i 

Beam Splitter & 
Mirror 

Quartz Lens 

Dual Laser 

Detector 

Spectrum 
Analyzer 

Fig. 9. Arrangement for Laser Linewidth Measurement 



62 

If it is assumed that the laser transitions to be 

considered are essentially inhomogeneously broadened, the 

lasers are operated single frequency at line center, and 

that they are all the same amount above threshold, then the 

power outputs can be expressed as (Bell and Sinclair, 1969) 

"o'1-"' l l £  - 1 

= k W (1-R) 
o 

Here k is a constant and UJ is the saturation 
o 

parameter. The excitation parameter, gQL/(l-R), is assumed 

constant since all lasers are assumed to be operated the 

same amount above threshold. With these assumptions, the 

figure of merit can be rewritten as 

7thv(Av ) 
c 

p<r t ) v  

ku-B)is Ifc£ 
k »o(l-H)(^) UoL 

he \lk-
^ f t kAL  j \ s o

L  
R 

U) 

= K 
0) ( 6 1 )  
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We define a new figure of merit 

F = fa (62) 
o 

A large figure of merit, Ff is desirable. Therefore, the 

best system has a large small signal gain and a small 

saturation parameter. Because we had some experience at 

building He-Ne lasers, these were the primary ones con

sidered. Listed below are figures of merit for the 3 most 

common He-Ne laser transitions: 

„o r"> ®o n „-2 db-cm .6328JX F = — = 10 
o 

i -ir* db-cm 1.15*1 F = 5 x 10 

db-cm 
3 • 39|l F = 26 

watt 

The 3.39fi He-Ne laser has the highest figure of 

merit. For this reason, and because of the interest in 

the 3.39ji transition as a frequency standard, it was chosen 

for study. 

The Dual Laser Structure 

In order to measure oscillation linewidth caused by 

quantum noise, special techniques were needed to minimize 

the masking effects of man-made disturbances. These dis

turbances were reduced by working on a granite slab that 

floats on air cushions, enclosing the lasers inside an 



acoustical shield, and working in the dead of night. How

ever, even with these precautions, the remaining dis

turbances affect individually designed lasers differently 

enough to broaden the beat note spectrum and mask the 

narrow quantum noise spectral profile. With these ideas in 

mind, Dr. Roland Shack of the Optical Science Department 

suggested that we consider a dual-laser-type design. In 

this design, both lasers are built into a single quartz 

block with mirrors and Brewster windows optically contacted 

to the block to give the structure maximum stability and 

mechanical integrity (Fig. 8). The intention of this 

design is to make both lasers have identical cavity 

vibrations due to man-made disturbances, so that the beat 

frequency between the two lasers is relatively free of the 

effects of the environment. Quantum noise effects, which 

are independent in each laser, then become apparent. One 

of the important results of the experiment was to see how 

well this type of structure accomplished its purpose. A 

typical beat frequency spectrum is shown in Fig. 10. This 

picture was taken from a spectrum analyzer display when 

both lasers were operating well above threshold. The dual 

laser was floated on a granite slab, acoustically shielded 

with a plywood box, a 2" layer of fiberglass, some lead, 

and another 2" layer of fiberglass. All electronic equip

ment was removed from the basement room of the Optical 



Fig. 10. A Typical Beat Note Spectrum 

Vertical Scale: linear 

Horizontal Scale: 1 KHz/division 

P , ~ 15 u watts, Av ~ 10 Hz 
out — ~ ' o — 
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Science Building. Best results were usually obtained 

between 1 and 5 o'clock in the morning. 

The width of this spectrum at half maximum is 

approximately 1.1 KHz. The sweep rate was 60 sweeps per 

second. Approximately 6 sweeps are visible and the 

maximum jitter is approximately l/k division or 250 Hertz. 

Assuming that the jitter is caused by disturbances that 

are not the same for both lasers, we calculate that during 

times of the order of 100 milliseconds, both lasers 

experience nearly the same AL due to the environment. The 

differential motion AI is 

L I  =  

250 x 10 „ n „ -11 ~ —' ~-r = 2.5 x 10 cm 
10 

Thus, both cavities changed their average lengths by the 

same amount to the order of 1/200 the size of an atom. 

This picture demonstrates that the dual laser structure was 

doing extremely well at minimizing the effects of man-made 

disturbances. It also demonstrates that to detect the 

effects of quantum noise over the instrument resolution, 

the laser linewidth needs to be approximately 1 KHz. For 

long periods of time, it was usually easy to keep this 

spectrum on a 10 KHz full width display by slowly changing 

the center frequency control to compensate for slow drift 

of the beat note center frequency. The signal would slowly 



drift in either direction, sometimes making jumps of two or 

three divisions. Because of the drift and frequency-

jitter, attempts to improve the spectrum analyzer resolu

tion by decreasing the sweep rate gave an unstable display. 

During all runs the instrument was adjusted to give 

the best display, and then, with these same instrument 

settings, the spectrum of a test signal displayed. Any 

additional width or jitter beyond the test signal spectrum 

was then attributed to the incoming signal from the lasers. 

The remaining jitter and slow drift are most likely caused 

by either slow temperature changes of the quartz block, 

pressure flutter in the gas cells used to tune the lasers 

to nearly the same frequency, power supply fluctuations, 

small Brewster angle window tilts, feedback from the lens, 

detectoi" or beam splitter, or perhaps some other unknown 

causes. Attempts to determine which of these causes was 

predominant always seemed to lead to approximately the same 

display. Table 1 gives a summary of the effects considered 

to be important in causing unwanted instabilities and 

remarks on precautions used to control them. 

Signal-to-Noise 

In the previous section it was shown that the 

oscillation linewidth of the test laser must be greater 

than 1 KHz if it is to be easily observed (Fig. 10). To 
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show that this is possible, requires consideration of the 

signal-to-noise ratio. 

One of the dual-laser oscillators was always 

operated far above threshold, so that it had a narrow 

oscillation linewidth (10 Hz). The power output of the 

other, the test oscillator, was varied from a small value 

to full power output in order to vary the oscillation 

linewidth over a wide range to test the relationship 

7lhv(Av )2 

Av = - £ (59) 
O F 

For ideal heterodyne detection the signal-to-noise 

power ratio is given by Forrester ( 1 9 6 1 )  

Si HP 
N'p hVAf 

Here P is the power received, T] the quantum efficiency of 

the detector, and Af the limiting electrical bandwidth of 

the system, in this case, the spectrum analyzer resolution. 

For easy detection, a signal-to-noise power ratio of 

k  
approximately 10 is desirable. Thus, Av

q should be 

greater than 1 KHz when P (Eq. 59) is the minimum 

detectable power that gives a signal-to-noise ratio of 

10'1. 

For ideal heterodyne detection, it is necessary to 

generate more noise current at the output of detector due 

to local oscillator shot noise than is present with no 
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power input. The no input power noise current is related 

to the D* or NEP of the detector as follows: 

, 2s172 _ 2NEP TL_ r/KKf 
V1N hv hv D* 

The shot noise generated by the local oscillator is 

2, 1/2 
^L.o. > = 2eId.c.Af 

= 2ene Af 

For ideal heterodyne detection 

2)
1/2 , 2,1'2 

L.o. ' — N 

so that 

3 > _N A = _n_ (NEP)2 
L.o. — 2hV d+2 2hv Af 

For the Philco L^530 detector used; 

D* ~ 10^ cm/watt 

— 4 2 
A = 1.33 x 10 cm 

•n = 1/3 

Therefore, 

P^ >. 200p, watts 

The maximum local oscillator power available from 

our laser was 15p. watts. Therefore, the ideal 
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signal-to-noise ratio was reduced by a factor 

PT Available ,_ , 
_ L . o . _ 15 x 10 
PT Required „„„ ,„-6 
L.o. 200 x 10 

~ 10"1 

Assuming that the power received by the detector is one-

half the laser output power, the effective signal-to-noise 

ratio , TT| , becomes 
eff 

^1 = k -2Z— 
N' 2hvAf 

eff 

Using Eq. (59) and substituting for P, 

_ kr]7r(Av )2 

(Av )(£) c 

o N 2Af 
eff 

For 

HPT ( A v  D*)2 

L.o. c 
hvAf A 

Af = 1 KIIz 

Av = 30 MHz 
c 

s  4  s  
With a Tr) = 10 , a Av of 10 should be detectable. 

N eff ° 
-10 

This corresponds to a power output of 10 watts. Thus, a 

— 8  
Av of 10 KHz (P = 10 watts) should be easily detectable, 

osc J 
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We estimate the power output at threshold by using 

an expression given by Haus (1967)* 

pth = ^ihv%rA(ti+t2)2 

Here is the saturation parameter, L the length, A the 

mode volume, and t^ and t^ the mirror transmission factors 

Using the following parameters, 

tl + t2 - A 

A = = 3 x 10~3 cm2 

L = 10 cm 

uu = 10 3 watts/c 
2 

m 

we calculate that 

P., ~ 6 x 10 ^ watts 
th — 

Thus, oscillation linewidths near the threshold region 

should be observable. 

Design Details 

The Cavity 

Because the 3*39[J. laser transition has high gain, 

the laser cavities of the dual laser structure had to be 

carefully designed for single longitudinal mode oscilla

tion. The overall cavity length, the bore diameter, and 
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the mirror reflectivities were chosen for this purpose. 

The bore diameter was 5 nim because this was the smallest 

size diamond drill available without special order. A 

smaller diameter bore would probably have been a better 

choice because the gain changes in inverse proportion to 

the bore diameter. A higher gain would have allowed a 

larger Av and thus a broader Av . We chose an initial 
c o 

cavity length of 10 cm; however, as the design progressed, 

a 2.5 cm gas tuning cell was added to the cavity making the 

overall length 12.5 cm. For this length cavity, the 

C 
longitudinal modes are spaced by Av^ = 7^- ~ 1200 MHz. 

Since the dappler broadened, 3»39|i, He-Ne laser transition 

is approximately 300 MHz, only one longitudinal mode at a 

time had significant gain. 

a nearly folded confocal cavity because it has the highest 

diffraction loss discrimination of any stable cavity. For 

this cavity the lowest order off axis mode within the atomic 

In order to eliminate higher order modes, we chose 

linewidth is the TEM ,. Because we wanted to keep this q—1 

mode from oscillating we required that 

20c L 
m 

e 
II 

Here, = dielectric mirror reflectivity 

Rg = gold mirror reflectivity = . 98  
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R, = 1-diffraction losses for the TEM mode 
dll  

— 2 —1 
a = 7»2 x 10 cm (5 mm diameter tube) 
m 

Therefore, 

Wd,, = V'9 8 ) Ed <  '3 9 2  

or 

R N  R  .  <  . L I 0  ( 6 3 )  
1 dll 

Since the cavity bandwidth is related to the cavity 

parameters as follows, 

ivc = - (§r)(2Tb, t o ( ElR2Rd » = 3° 
00 

Then, 

R-. R , = .90 (6'i) 
Id 

00 

Here, R, = 1-diffraction losses for the TEM mode. 1 d 00 
00 

Taking the ratio of Eq. ( 6 4 )  and Eq. (63) we calculate that 

Rd 
P-~— > I" = 2.25 (65) 

dll  

When we used this relationship and the results of Fox and 

Li (1961) relating loss per mirror bounce and cavity 

Fresnel number for a confocal cavity, we were able to 

decide upon a cavity Fresnel number N = .65. The losses 

for this Fresnel number satisfied the constraint of Eq. 

(65). From the Fresnel number, we calculated the required 
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mirror diameter, and read the diffraction losses from the 

theoretical curve. The results are the following: 

N = 
(2LU 

= .65 

2a = mirror diameter = 1.32 mm 

R d  =  . 9 8  
OO 

We can then choose the required mirror reflectivity by 

using Eq. (64). Thus, 

R - -9° = = 9 
1 Rd 79# *9 

00 

The initial design of the test oscillator is illustrated 

in Fig. 11. 

R= <?£*/« 

[— 

•^TTJWI 
R=Z1 cm 

/ 2.5" c w  

/. 3 vnv>x. 

Fig. 11. Test Laser Cavity Dimensions 

The local oscillator cavity was designed for 

maximum single mode output power using the theory of 

Smith (1966). The reflectivities were found to be 

sufficiently close to those for the test oscillator so that 



the coatings for both oscillators were made at the same 

time. Thus, Fig. 11 also represents the local oscillator 

design. 

Gas Tuning Cells 

The gas cells at the end of the lasers, formed with 

an optically contacted Brewster angle window to fix the 

polarization, were used to tune the resonant frequencies 

of the cavities to near atomic line center, and also to 

make the beat note be several megahertz for display on the 

spectrum analyzer. We changed the optical path length of 

the resonant cavity by pumping the air out of the cell. 

Using this technique it was easy to slowly tune the cavity 

resonant frequency over two free-spectral ranges. 

Combining Optics 

The beam splitter-mirror arrangement was designed 

in one piece so that independent movement of either of the 

combining elements (this would cause undesirable frequency 

flutter in the beat note) was minimized. The barium 

fluoride beam splitter had a 50-50 dielectric coating on 

one-half of the front surface and an aluminum coating on 

the back surface. A quartz lens with approximately a 2 

inch focal length, focused the combined beams onto the 

detector. 
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The Detector 

The indium arsenide detector was ordered with a 

— 4 2 
small area (1. 3 3  x 10 cm ) so that the D* of the detector 

Q 
was large (D* = 6.6 x 10 cm/watt). This was necessary 

because of the small amount of local oscillator power 

available. The spectrum analyzer was an SPA-25 Singer 

Metric panoramic spectrum analyzer used with a Model PRB-la 

high impedance probe. 

Alignment 

The system was aligned in visible light using two 

Davidson alignment telescopes. First we aligned the 

telescopes along the optic axis of the laser cavity and 

then overlapped the two projected images on the detector. 

A final touch up alignment was made with the lasers running. 

The criteria for a good alignment was that the detector 

was in the proper position to obtain maximum response from 

either laser. 

Experimental Difficulties 

The major difficulty with the experiment was one 

of mechanics rather than concept. After the first construc

tion broke, several different attempts were made to attach 

the gas ballasts to the quartz block. Each of these 

attempts involved a considerable amount of time because the 

lasers had to be reassembled, baked out and pumped down, 

then run continuously on the gas filling station for 



approximately one week. After approximately 2-1/2 years a 

marginal system was finally built using Omni-seal and 

Emerson Cummings 285 with Catalyst 11. Through all of this 

work John Poulos of the Optical Science Department was of 

continual help and encouragement, showing me how to use 

vacuum equipment, leak detection equipment, high vacuum 

technique, what good glass blowing looks like, and a 

variety of other experimental tricks which only he seemed 

to know. His help was very much appreciated. 

If a similar type laser is built again, I would 

suggest the following: 

1. Use "ULE" or "CERVIT" glass instead of quartz. 

These glasses have lower thermal expansion coef

ficients, can be optically contacted to other 

pieces of the same material, and in most other 

ways are nearly the same as quartz glass. 

2. Optically contact or fuse all components to the 

body of the laser whenever possible. Hardly any 

epoxy cements will withstand temperatures above 

100°C and still have good high vacuum properties. 

We found the best cements for this type of work to 

be the following: 

a. Torr-Seal—Good high vacuum properties to about 

80°C. Good mechanical strength and an expan

sion coefficient that will work with quartz 

glass. 



Omni-Seal--Good high vacuum properties above 

150°C; however, it is runny, has little 

mechanical strength, and needs to be cured at 

a high temperature. It can be obtained with a 

coefficient of expansion that matches quartz 

glass. 

Emmerson Cummin,e;s 285 with catalyst 11—Good 

high vacuum properties at temperatures up to 

approximately 150°C. However, it is brittle, 

and its coefficient of expansion only 

marginally matches the expansion coefficient of 

quartz glass so that a slight tap can crack it 

away. 



CHAPTER IV 

DISCUSSION OF EXPERIMENTAL RESULTS 

The experimental measurements of the oscillation 

linewidth using the dual-laser design are presented in 

Figs. 13 to 19* Figure 12 is a picture of the experimental 

arrangement. The quantitative results are meager, and 

there are not enough of them to make definite statements 

about the correctness or incorrectness of the linewidth 

expressions derived in Chapter III. However, qualitatively 

the pictures of the spectrum exhibit with certainty the 

effects of quantum noise. The noise definitely gets more 

pronounced, and the spectral width increases with decreasing 

power and increasing Av^. This is in agreement with Eq. 

(59) • 

As stated in Chapter III, all of these pictures 

were taken on an SPA/25 Singer Metric panoramic spectrum 

analyzer. The dual laser was placed on granite slab that 

floated on inner tubes in the basement of the Optical 

Sciences Building. A plywood box and then two other boxes 

of fiberglass were placed around the equipment on the slab. 

Both power supplies were run from the same crystal. All 

the measuring equipment was placed in an adjacent room. 

The lasers were always run for at least 5 hours before any 
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measurements could be taken because of the slow drift due 

to heating up of the block from the gas discharge. All 

the measurements were taken in the dead of night. The beat 

note was usually quietest between 1 a.m. and 5 a.m. Every 

time the power level was changed so that the linewidth 

could be broadened, a few hours were allowed for the 

temperature of the laser to come to equilibrium. The 

measurements shown were taken on two different nights. 

Typically a picture was taken in the following 

manner: First, one laser was tuned to near line center by 

chopping the laser output and observing the chopped signal 

on an oscilloscope. The center of the atomic line was 

recognized by tuning the laser through the Lamb dip and 

then back to near the center of the dip. Then, the second 

laser was tuned until a zero beat was observed on the 

oscilloscope. The box was then opened, and the size of the 

chopped signal measured so that the power of each laser 

could be determined. The oscilloscope was unplugged and 

the spectrum analyzer connected. The box was closed and 

the laser allowed to stabilize. There would be some drift 

--usually approximately 10 MHz--before the beat would 

settle down. It was then tuned to a lower frequency—a 

few megahertz—for observation. When the spectrum looked 

the quietest (it would sometimes stay at nearly one spot 

for a few seconds at a time) a picture was taken. If it 

was a good picture, then without changing the settings on 
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the spectrum analyzer, a signal from an r-f signal genera

tor was applied, and a picture was taken of the spectrum 

analyzer resolution for that setting. The resolution was 

always near to the optimum value for the particular 

settings used. 

The power output of each laser was calculated from 

the measured voltage in the following way. 

V = iR = lE eR 
eq hv eq 

where T[ = quantum efficiency = 1/3 

e = electronic charge 

p 
P = power at detector ~ "g 

hV - energy of 3«39[1 quanta 

R = Equivalent resistance of the detector load 
eq 

resistor and the diode dynamic resistance at 

the operating point [R = 51^//30^ = 19^3 
eq 

The cavity bandwidth, was calculated using Eq. (56) 

° -s#ir'inRiE2Rd (66) 

oo 

where R^ = reflectivity of dielectric mirror (measured) = 

• 94 

Rg = reflectivity of gold mirror .98 (handbook) 

R, = 1-diffraction losses for TEM mode 
d 00 
00 

= .98 (calculated) 
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The measured spectral widths were compared with the 

oscillation linewidths calculated using 

7Ihv(AV ) 
Avo * p ~ <«7) 

Figures 13 and l4 were taken with both lasers well 

above threshold. For these measurements, Av = 30 MHz, and 
' c 1 

AVq ~ 10 Hz, much less than the spectrum analyzer resolu

tion. These pictures are intended to show the stability of 

the spectrum that was usually observed. Figure 13 shows 

that there were times when the frequency flutter due to man-

made noise was small compared to the width of the spectrum. 

This picture indicates that for pictures taken at lower 

powers (Fig. l6) the additional noise is caused by quantum 

noise. Figure l4 shows a double exposure of the spectrum 

taken approximately 10 sec apart. The first picture indi

cates that at times the spectrum was stable for fairly long 

periods of time. However, the random jumps in the double 

exposure of the second picture show why the resolution 

could not be improved; when the resolution was narrowed, 

the jumps and drift caused the display to be unstable. 

Figure 15 should be compared with Fig. 13. The 

operating conditions were essentially the same, except that 

the dielectric mirror for one of the lasers was changed 

from 9 l l% to 72%, thus malting A v  , and therefore also A v  
c o 



Fig. 13• Typical Beat Note Stability 

Dispersion: 1 KHz/division 

Power: = P^ ~ 15 (J. watts 

AV = 10 Hz 
o 

Av = 30 MHz 
c 

Vertical Scale: linear 

Horizontal Scale: frequency 

Sweep rate: 60 sweeps/sec 

Camera setting: f/2 - 1/100 sec 



Fig. l4. Long Time Exposure of the Beat Note 

Dispersion: 1.5 KHz/division 

Power: Both oscillators well above threshold 

Av = 10 Hz 
o 

Av = 30 MHz 
c 

Vertical Scale: linear 

Horizontal Scale: frequency 

Sweep rate: 60 sweeps/sec 

Camera setting: f/2 - 1/100 sec 



Fig. l4.--Continued 

Dispersion: 1.5 KHz/division 

Power: Both oscillators well above threshold 

Av ~ 10 Hz 
o — 

Av = 30 MHz 
c 

Vertical Scale: linear 

Horizontal Scale: frequency 

Sweep rate: 60 sweeps/sec 

Camera setting: f/2 - 1/100 sec 
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Fig. 15• The Effect of Increasing the Cavity Bandwidth 

Dispersion: . 9  KHz/division 

P. = 10 u watts, Av = 10 Hz, Av = 30 MHz 
1 r ' o ' c 

P2 = 5 watts, AVq = 110 Hz, Avc = 6l MHz 

Vertical Scale: linear 

Horizontal Scale: frequency 

Sweep rate: 25 sweeps/sec 

Exposure: f/2.8 - 1/50 sec 
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••W/mb\ yiB mb 
mris/ MMiX s?vnMi 

-0+  
SWEEP WIDTH FACTOR 

Fig. 16. The Effect of Decreasing the Power 

Dispersion: 3*2 KHz/division 

P, = 10 u watts, AV = 30 MHz, Av = 10 Hz 
X ~ c o 

P0 = 3 x 10 ̂  watts, Av = 6l MHz, Av =1.8 Hz 
2 ' c ' o 

Sweep rate: 20 sweeps/sec 

Exposure: f/2.8 - 1/50 sec 

Curve A: (inner curve) Spectrum Analyzer Resolution 

Curve B: (outer curve) Signal Spectrum 



larger for the test laser. The additional noise is caused 

by spontaneous emission —quantum noise. 

In Fig. l6 the power was lowered so that the 

oscillation linewidth of the test laser was approximately 

equal to the spectrum analyzer resolution. Since the 

convolution of two Lorentzian spectra is also Lorentzian 

with a width equal to sum of the two widths (Appendix B), 

and since the spectrum analyzer displays the convolution of 

the Lorentzian resolution curve of analyzer with the 

Lorentzian spectrum of the incoming signal, the plotted 

spectrum should be wider than the spectrum analyzer 

resolution—Curve A. Clearly the total spectrum is wider 

than the resolution curve. There are many curves that 

could be drawn through the noisy signal spectrum and a 

quantitative measurement of the oscillation linewidth would 

be extremely risky. About all that is certain is that the 

spectrum is broader and noisier than the resolution curve, 

and that this must be caused by quantum noise. However, 

this picture is essentially the same type as the laser 

diode spectrum picture of Hinlcley and Freed (1969) (Fig. 

2). Their experimental curve was drawn along the outer 

edge of the noisy spectrum. If we draw a similar curve, 

Curve B, the spectrum is very nearly Lorentzian with a full 

width at half-maximum of 8 .9 KHz. When we subtract the 

4.8 KHz full width at half maximum of the spectrum analyzer 

resolution we find an oscillation linewidth of 4.1 KHz 
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compared to the calculated width 1.8 KIIz. The measured 

width is 2.3 times as large as the width calculated by 

using the simple expression Eq. ( 6 7 ) .  This extra factor 

1 N2+Nl 
could be attributed to the 77(7; rr") term in Eq. (12). In 

2 N2-w1 

fact Manes (1970) reports that for a similar 3«39|i laser 

this excess factor is between 1.5 and 2. Using these data 

then the 4.1 KHz measurement is reasonable. 

Figure 17 is similar to Fig. 1 6  except that the 

power of the test laser has been lowered to broaden the 

spectrum. The dotted spectra are the same as before except 

that the resolution curve is for the new settings. The 

measured spectral width is 7*7 KHz; the resolution width 

is 2.2 KHz, leaving a AVq = 5*5 KHz compared to a 5 KHz 

calculated value. For perfect agreement the excess factor 

should be 1.1. However, according to Manes (1970) the 

excess factor should decrease with decreasing power output, 

so that the smaller excess factor required is still 

reasonable. 

Figures l8 and 19 show the spectrum at a slightly 

lower power. No estimate of the oscillation linewidth is 

made because of the uncertainty in the measured power and 

the noisy signal spectrum. 

These pictures represent the best results obtained 

before one of the lasers ceased to function. I believe 

that they are sufficient to demonstrate that the quantum 



Fig. 17. Laser Linewidth at Low Power 

Dispersion: 2.2 KHz/division 

P, = 10 u watts, A v  = 30 MHz, A v  = 10 Hz 
1 r ' c 7 o 

p ~ io~^ watts, A V  = 6l MHz, A v  ~  5 KHz 
2 — 7 c o — 

Sweep rate: 12 sweeps/sec 

Exposure: f/2 .8 - 1/50 sec 

Curve A: (inner curve) Spectrum Analyzer Resolution 

Curve B: (outer curve) Signal Spectrum 
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Fig. 18. Laser Linewidth Close to Oscillation Threshold 

Dispersion: 2 KHz/division 

= 10 (i, watts, AVc = 30 MHz, AVq = 10 Hz 

Pg < 10 ^ watts, Av^ = 6l MHz, AVq < 5 KHz 

Sweep rate: 25 sweeps/sec 

Exposure: f/2.8 - 1/50 sec 
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Fig. 19. Spectrum Analyzer Resolution for Fig. 18 
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noise phase spectrum of a He-Ne 3 • 39jX laser can be measured 

using the dual laser design. 

More careful measurements that extend the range of 

observation could be made. However, I feel that the 

indirect technique used by Manes and Siegman gives better 

control over the experimental variables and is a better 

approach. In particular the electronic feedback system 

that they use (bandwidth approximately 1 Hz) corrects for 

the slow frequency jitter of the center frequency that 

caused measurement problems. With such a system better 

resolution is possible. In fact, using the indirect 

technique for measuring the laser linewidth as described 

in Chapter I laser linewidths as small as a few Hz have 

been measured. Since Manes has recently indirectly 

measured the oscillation linewidth of the He-Ne 3«39|J. 

lasers it does not seem profitable to continue these 

measurements. 

In conclusion, beat note spectra of two inde

pendently operated lasers built into a single quartz block 

have been measured, the effects of quantum noise observed, 

relative stability of the dual lasers has been evaluated, 

and a simple, theoretical derivation of the oscillation 

linewidth that can be used in a beginning laser course 

without drawing on artificial analogies has been given. 



APPENDIX A 

EFFECTS OF AMPLITUDE NOISE 

In this appendix, the effects of amplitude noise 

on the spectrum of laser light is examined. The correla

tion function for the standing wave field magnitude is 

written as 

R | E | ( T )  =  < | E (t)I | E (t + T )  | >  

Assuming that the total field amplitude can be written as 

a steady state field Eq plus a small fluctuating field 

e(t), R | £|(T) can be written as 

R | E | ( T ) = <(Eq + e(t)j |E q + e( t + T)) > 

= + Eo[(e(t)) + (e(t+T))] + (e(t)e(t+T)) 

= E^ + (e(t)e(t+T)) 

This follows from the noise model, Fig. 1, since 

(e(t)) = (e(t+T)) = 0 

The fluctuating field e(t) is given by Eq. (57), 

and written as 

AE 
e(t) = S 6(t-t.) 

j 2^1 J 
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where 

AE 
"huj • 
2e V' 

o 

1/2 

The analysis for finding the correlation function 

of e(t) is the same as that leading to Eq. (46), with 

60j replaced by AE|| /2|3E2. Therefore, using Eq. (46), 

(e (t) e (t + T ) ) = (X 

( ( AE (| )2> 

(2PE2)2 

o 

6 ( T ) 

•ftuj AO) 
o c 

p /L  
86 E e V 

r o o 

(n + 
1 fN2 + 

Nx 

2 
lN2 " N1 

and 

r1EI ( t )  

TtftU) Au) 
T^2 . o c 
E 0  +  o  n  2 „ 4  86 E xe V r o o 

- i irN2 + Ni"l 
n + 2 2[n2 - NxJ 

Taking the Fourier Transform to find the power spectrum, 

iiU) Auu 

S|E|,r) Eo6(f) + TJTX 8(3 E e V 
o o 

n + | + 
1[-N2 + Nl"l 

2 LN2 - N!-l 

In order that amplitude noise not effect a phase 

noise measurement, the second term, the white noise term, 

must be much smaller than the peak of the Lorentzian phase 

spectrum, Eq. (4). Therefore, 



Using Eq. (12), this inequality can be rewritten as 

AU) « 2lBE2 = 2(a - I ) ~ 10^ sec 1 
o o t t 

In the region above threshold, Auu is always less 0 1 osc 
8 

than 10 radians/sec, so that the amplitude noise spectrum 

is negligible compared to the phase noise spectrum, and 

therefore the shape of the r-f spectrum of the total field 

is due almost entirely to phase noise. 

In a heterodyne experiment the spectrum displayed 

on the spectrum analyzer is proportional to the spectrum of 

the input signal convolved with the spectrum analyzer 

resolution spectrum, S^(uu) . The input signal to the 

spectrum analyzer is proportional to the diode current 

which is proportional to the square of the incident field 

from the two oscillators. Thus, 

ia[E +e (t) ] cos ((JU t+0 (t) ] [ E +e (t)]cosfou t+0 (t)| 
1 J \ °i 1 I o2 <2 i °2 <2 1 

= [E E +E eQ(t)+E e (t)+e,(t)e0(t)] 
°1 °2 °1 2 °2 1 1 2 

cos jou^ t+0^(t)j cos t+0£(t)| 
X 2 

E O  E Q  

1 cos[(u -U) ) t+0_ (t) -0_ (t ) ] 
& 2 1 

The analysis giving the spectrum of this signal, 

S^(ui) is the same as that leading to Eq. (l), so that 



sO 
CO 
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where S,x (I D ) and S * (0)) are the Fourier Transform of the 

and e 

respectively. This r-f spectrum displayed at the differ

ence frequency is given by 

of the oscillators, the local oscillator, had a very narrow 

spectrum compared to the test oscillator and the spectrum 

analyzer resolution, and it could be approximated by a 

delta function. Its main purpose is to translate the 

spectrum of the test oscillator to the difference frequency. 

Therefore, the spectrum displayed on the analyzer has the 

shape of the phase spectrum of the test oscillator con

volved with the spectrum analyzer resolution spectrum. 

In contrast to a heterodyne experiment with two 

oscillators, where it is possible to display the phase 

spectrum, S^Cuu), a homodyne experiment can be used to 

obtain a signal for display of the amplitude spectrum. In 

a homodyne experiment the detector current 

S _(ui) a S . ( I D ) * S. (w) 
r • f i A 

= (u») * (ou) * SA(uu) 

For the measurements described in Chapter III, one 

i a ( Eq+E (t ) ] 2cos2 |uuQt+0(t)) 
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Since the photodiode cannot respond to light frequencies, 

2uu . 

i a 
( E o + o ( t ) l  

The spectrum of this signal is proportional to Fourier 

transform of the correlation function, R (T ), that is, 
" e • ' 

proportional to the spectrum of the amplitude noise. 



APPENDIX B 

THE CONVOLUTION OF TWO LORENTZIAN SPECTRA 

The spectrum of the convolution of two Lorentzian 

spectra is also Lorentzian with a width equal to the sum of 

the Lorentzian linewidths. This can be seen as follows: 

Let S (0)) and S (UJ) denote the two Lorentzian 
X c* 

spectra centered at and and let S^, denote their 

convolution. Then 

ST(u>) Sl(u)) * S2(u>) 

F T 
11 

cos U) T 

D, 

COS UUgT 

= F T 
11 

DL+D2 
-( o  ) T 

COS UU^T COS WgT" 

= F T 
11 

Dl+D2 
2 I T I COs(U>2-U) )T 

Here F^T^{*} denotes a Fourier transform. The high 

frequency term at + uu^ has been neglected. The result 

Di+Dr) 
is a Lorentzian spectrum of width ( , centered at 

»2-V 
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