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ABSTRACT

An approximate method is developed for including effects of a

 finite range neutron-proton potential Vnp

Bound Projectile (WBP) model for stripping reactions. The method is

in calculations for the Weakly

similar to the approximate finite range calculations for the distorted
wave Born approximation in its use of an expansion method involving the
short range of Vﬁp‘ However the method avoids the difficulties associ-
ated with these previous applications. For an appropriate choice of Vn
the expansion in the WBP amplitude is shown to converge, so that the
accuracy of the method is determined by the accuracy of the numerical
procedures used.

| The application of the method requires a simple modification of
previous zero range calculations and does not significantly increase the
time required for computation.

Several central potential forms (square well, Gaussian and
Yukawa) consistent with low energy two-nucleon scattering are considered
for the neutron-proton interaction. Approximate finite range WBP model
calculations are reported for the square well and Gaussian forms and the
results are shown to be independent of the potential shape. Calcula-
tions are also reported which check the effect of truncating the finite
range expansion. |
Qualitative and quantitative effects were observed by comparing

zero range and finite range calculations for (d,p) reactions on the
target nuclei 160, 4OCa and 992r for values of fn ranging from 0 to 3.

viid



ix
Qualitative changes of the polarization and vector analyzing power were
small and no regular trends were apparent. The differential cross
section tended to be reduced slightly at the stripping peak and at back
angles. The most important quantitative effect shown is on the spectro-
scopic factor which is extracted from the calculated differential cross
section. Spectroscopic factors extracted with zero range and finite
range codes are éompared. Corrections to the spectroscopic factors for

light nuclei can be as large as +25Z.



CHAPTER 1
INTRODUCTION

For more than twenty years measurements on the outgoing particle

in deuteron stripping reactions have been used to obtain information

1-7

concerning the structure of the residual nucleus™ '). From the early

measurements using unpolarized deuteron beams, it was found that the
angular distribution for the outgoing particle often can be used to de-
termine the parity of the residual nucleus. The angular dependence of
the polarization Py can also be used t§ determine the total angular

8-14

momentum j for this nucleus ). In addition, careful measurement of

the magnitude of the differential cross section do/dQ can be used to ex-

tract the spectroscopic factor S associated with the single particle

structure of the residual nucleusls—za).

The development of polarized ion sources25—31) has increased the
potential of deuteron stripping and pickup reactions for providing in-
formation concerning nuclear structure. Measurements of vector analyz-

ing power P, can reveal the value of j for certain states in an

32,33,

D
unambiguous way . Such measurements can also help refine models
used for interpreting the data and hence lead to more precise spectro-
scopic factors.

Improved calculations concerning the microscopic structure of
low-lying states have recently been reported for many nuc1e134-40).
These advances in nuclear structure calculations have been accompanied by

1



experiments in which detailed angular distributions including absolute
magnitudes have been measured for (d,p) reactions which lead to an ex-

41-43). To take

tended sequence of final states in the residual nucleus
full advantage of the polarized sources and to extract from the (d,p)
reaction measurements information which is accurate and reliable enough
to test the nuclear structure calculations, some effort must be spent on
improving the models of the reaction mechanism.

Since the discovery of stripping reactions and their initial
interpretation by Butlerl) there has been considerable developmenﬁ of
the reaction models. The initial Butler model was a three-body model in
which the neutron and proton wave functions are represented by plane
waves with a spherical hole in tﬁe vicinity of the nucleus. Because the
distortion of the neutron and proton wave functions by the interaction
with the target nucleus was represented so crudely with no spin depen-
dence, the Butler model consistently overestimated the cross section by
one or two orders of magnitude and predicted the outgoing nucleon to be
unpolarized.

The emergence of the zero range distorted wave Born approxima-
tion (DWBA) accompanied development of fast digital computers in the

late 1950's and early 1960'544-49

). By taking more realistic account of
the interactions with the target nucleus, this model was able to predict
better agreement with the shape and magnitude of measured differential
cross sections. However, in order to make use of realistic interactions
with the target nucleus, the DWBA abandons the three-body mechanism in

which the nzutron and proton have semi-independent motion, treating the

deuteron as one would a tightly bound particle - the internal motion of



which is left undisturbed by its passage through the nucleus. Thus
stretching and orientation of the deuteron by the nuclear field were

ignored. (Some efforts have been made to correct this recent1y5°’51

)
Because of the weak binding and large size of the deuteron, in
the situation shown in Fig. 1, the potential energy difference between

neutron and proton is much greater than the deuteron binding energy.

One might therefore expect effects neglected in the DWBA to be signifi-

cant.

target
nucleus

Fig. 1. Two-body Potentials Used in the WBP Model

The Weakly Bound Projectile (WBP) model was developed to take

proper account of the weak binding of the deut:eronsz-55

). This model
revived the three-body description of the original Butler model. The
interactions which are involved in the stripping mechanism being the
neutron-proton interaction Vnp, and the separate interactions Vn and Vp
of the neutron and proton with the target nucleus. The initial calcula-

tions with a zero range form of the WBP model showed good agreement with
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the angle dependence of measured differential cross sections, polariza-
tion and vector analyzing powerss—sg).

Various refinements have been made to the original WBP model
calculations. The contributions from the D-state component of the
deuteron internal wave functionGo), corrections arising from non-
locality of the nucleon-nucleus optical potentialsGl) and a realistic
(Hamada-Johnston) deuteron wave function62) have been taken into
account,

In the DWBA calculations the effects of the deuteron

63,64 65-76

D-state ) and non-locality ) have also been considered. However

in addition, various attempts have been made to include in the DWBA cal-~

culations the corrections which arise from the finite range of the

77--84). While these attempts have met

79,80

neutron-proton interaction Vnp

)
) - they have

some difficulties - the "exact' calculations proving cumbersome
and the "approximate" calculations proving inaccuratesl’82
shown that finite range corrections can make significant changes to the
magnitude of the predicted cross sections and hence to the spectroscopic
factors extracted therefrom. No corresponding calculations of polariza-
tion and vector analyzing power using the DWBA have been reported.

The nature of the finite range corrections to the DWBA calcula-
tions has made it necessary to examine the corresponding effects in the
WBP model calculations. Not only must the influence of these correc-
tions on the magnitude of spectroscopic factors be determined, but also

their influence on the qualitative behavior of the calculated polariza-

tion and vector analyzing power from which the j values are found.



In this dissertation a convenient method for including finite
range corrections in WBP model calculations is developed. The method
is not as cumbersome and time-consuming to calculate as "exact" finite
range calculations in the DWBA. It is similar to the approximate
finite range calculations for the DWBA (see approximations referred to

as nLEAn79,82 82-84

) and "EMA" ) in Appendix B) in its use of an expansion
involving the short range of Vnp' However, the method is more accurate
than the LEA and EMA. For appropriate potentials Vnp the method can be
shown to converge within the accuracy of the numerical procedures used.
The application of the method requires a simple modification of the

zero range computer code and does not significantly increase the time
for computation.

In Chapter 2 we review the basic assumptions of the WBP model
to put the finite range and zero fange approximations in perspective.

In Chapter 3 we describe the code for calculating the zero range
amplitude which must be subsequently modified for the finite range
calculation.

In Chapter 4 we discuss the various possible methods for finite
range calculation and derive the method most suitable for including the
finite range corrections in the WBP model. We review the problems met
in similar calculations including the calculation of non-local effects
and finite range corrections to the DWBA. |

In Chapter 5 the results of example calculations are presented
for a variety of low-lying states on target nucleil ranging from oxygen

to zirconium. The qualitative nature of the finite range corrections

is discussed, including trends dependent on the atomic number and the



orbital angular momentum of the captured neutron. Changes in the
spectroscopic factor, the most important effect, are listed. The
nature of the finite range effects are shown to be similar to those

of non-locality.



CHAPTER 2
THE BASIC ASSUMPTIONS OF THE WBP MODEL

In this chapter the physical assumptions which lead to the WBP
model are discussed and a method for deriving the expression for the
transition amplitude is outlined.*

An exact solution for a (d,p) reaction on a target nucleus of A
nucleons depends upon 3A + 6 position coordinates plus spin and isospin
coordinates. Stripping reactions which lead to low-lying states of the
residual nucleus are thought to proceed mainly via a direct process in
which the internal degrees of freedom of the target nucleus are left
unexcited. Thus optical potentials are introduced to represent the
effective interactions of the neutron and proton with the target nucleus
and the many-body problem is reduced to a three-body problem.

While this reduction of the many-body problem leads to a simple
concept of the reaction mechanism, it has the disadvantage that the
parameters which characterize the optical potentials are not unique so
that for each reaction a range of predictions can result. Since the
three-body problem itself is difficult to solve, and since the parameter
ambiguities for the optical potentials increase the need for computa-

tional simplicity, the WBP model introduces further approximations the

t The derivation outlined here does not make use gs the wave
function @' which has non-physical boundary conditions’*)

7



validity of which depends upon the weak binding of the deuteron and the
small momentum transferred in the stripping reaction.

For simplicity, consider a (d,p) reaction in which the final
state can be represented by a neutron in a single particle state bound
to a spherical target nucleus core. For further simplicity, also
neglect dependence on particle spins. Let H be the total Hamiltonian,
E be the total energy, and \Zm be the total wave function for the
system, Let Aj(f) be a complete set of eigenfunctions for the target
nucleus corresponding to the Hamiltonian Hr , and Vh (;':“ r) s VP (7‘;) })
represent the neutron-target nucleus and proton-nucleus interactions,
respectively.

The initial state

@;_ = ¢d (?’\‘?P) eXP((' ;?J '-R’)) AO(F) (1)

describes a free deuteron with momentum K"(: incident on the target

nucleus in its ground state A. . The final state

9{_ = exF(L’IP.?;)B(}:J’;) (2)

describes a free proton with momentum ﬂ'ﬂ' and a neutron bound to the
target nucleus core., The transition amplitude from the initial to final

state can be written in the form85')

T = SV, 19 @

)
where \Ié satisfies the equation

(H-Vop-E)¥ 7= 0 - @



Because of the weak binding and extended nature of the deuteron, it is
expected that the neutron will play a minor role in the scattering of
the proton when they are both close to the target nucleus. With this

in mind, we introduce a complete set of proton-target nucleus scattering

states 03 ‘f’?‘,,g) and expand the wave functions \%b), \Ilw
)
VAW 1 My mdu ) ®

v Tl gy

where the superscripts (-) and (+) refer to incoming and outgoing

boundary conditions, respectively,
The substitution of expressions (5) and (6) into the amplitude
(3) leads to an exact expression for the transition amplitude. At this

point we make the "optical assumption86)

€))
3

SR ¢y
CP.A’(V‘,);) = X‘r ”?)AJ())

with

fd )(Ym\ )

which is necessary to reduce the many-body problem to a three-body
problem. With the "optical" approximation (7) the exact expression for

the transition amplitude reduces to

- . - 2] .
T = <¥A, ‘{A,,IV..,,I j““‘r" )an w.,ﬂr,,) (9

which becomes with the substitution (8)

= [45, § (B, B) <o Vi Vopl folr Yy €0



10
where S(thr.): <~X2':\ X;:) is the usual s matrix for proton
scattering as described by the optical model.

The equations satisfied by the coefficients l&A? and “k“P
are obtained by substituting the expansions (5) and (6) respectively
together with the "optical" assumptions (7) into the Schroedinger
equations for \y;"’ and \I/u) . The coupled equations which result have

the form

[T, -E- Eoﬁf)] "o]‘, @)+ AL V.1 A;(5)) ‘5'-4,( =0 an
3
[T.-(E-E, ,)] og (B + ;(Ao(f)l V.| Aj(t))w;&?(ﬁ) a2

-» ) > ) - + -
+ (A Uy IV, 1ogo 704y = 0

The equations (11) and (12) are identical in form except for the last
term on the left of Eq. (12) which takes account of the interaction
between the neutron and proton. The set of equations (11) for the
various functions U;l' can be projected onto the subspace of the
V.;" by means of the projectorsa7) P-_-:\A°><A°\ and Q= 1-P

The single equation which results

[T.-(E 'E.,@?) ¥ {AIVLIAD] U;-ér | a3)
ALY, QLE-E, -Q(T¥)QT QV, 1A U, =0

refers to a neutron in an "effective interaction.”
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In keeping with our "optical" assumption, we replace this ef-
fective interaction by an optical potential. Since one can show that
E"'E,k?= EB , the binding energy of the captured. neutron, Eq. (13)

reduces to
[T“ M Veouuo - EB]U"‘# =0 (14)

where all the terms involved are independent of,ﬁP.

Up to this point only "optical' assumptions have been made and
the equations are essentially the exact "'three-body" equations. The
basic WBP model approximations center on the last term on the left of
Eq. (12). The neutron capture factor in the transition amplitude (10),

namely
- ) W, _ - - -
KcaP :<U;47 fdzf’-xbr ,v"flykr« w"“r”} - <({4’(\C.)|P(Y“)> 1

is the overlap of this term with the bound state wave function Ui;?.
In the system of equations (12) the second term on the left involveé
coupling between different excited states of the target nucleus. The
last term involves coupling to states with different proton momentum
-
2 %,-.
To understand the nature of this coupling, introduce the

Fourier transform of the deuteron wave function
=1 .2 7
G(?) = C{Wff@ (?) exp(iK f>d . (16)
In terms of this Fourier transform the initial state (1) can be written

8. = (4% 6(R) explid Byexp((B DAL an
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- -
where Z" +ZP = K“ and K= % 'II’ « Comparing the expressions (17)

and (6) and using the optical assumption (7), we see that for l‘r —>

.)L:)( ) —> (2m) exp(czf, l')

and
W gy () — W6 (R exp (i, %) . e

With the substitutions (18). the last term on the left of Eq. (12)

becomes
- oy 3 - 3 -
M) = s [d% expCh N OERGR etk WerptiheR) 1)

—’u > e
where [K'= '_(j_ -—l‘,« « Transforming to the coordinates —ﬁ s ?
(N

this becomes ‘
\ > g D> > >0, .3
r'(\'/:) = Gj-""jdr? exf(wl'f,-\r‘,)exp (ikd- R)\(,P(fJJK 6(K )”?(‘W)_ (20)
Since the last integral on the right of the expression (20) is the

deuteron wave function @A(F) we can make use of the Schroedinger

equation
- !”5: Vr’ N !_;Y‘J &, (P)= Vep (0) Dy (p) (21)

T .
where _K__Y is the deuteron binding energy and replace Eq. (20) with
m

(V)= i\ f <=|V exp(-i p Vf)el‘r(t‘f‘ E)Q%‘X‘F*X‘)IJR'GLP\’")C’?URu‘f) . (22)
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‘Changing the order of differentiation and integration, this

becomes
MED= o P ¥, expl-ib B e RNGRIE N e ke 7))
= C-;Tr)‘/l. d ?"J(I’, ‘Ir') G(,R’”) ( —_»_f;) ( l(ut-\-\") cx‘a( tI.‘ .E) (23)

= —1}\1 (K'+r?) wszr(?:) . (24)

The result (24) shows that in the asymptotic incident beam the function
w:‘l_, in Eq. (12) is not coupled to states with different proton
momentum K Irn . The coupling term in Eq. (12) acts only in the
© vicinity o.f the target nucleus.
The basic WBP model approximation removed the coupling to
states of different ]';,. everywhere. The last term in Eq. (12) is

replaced by a term which is equal to the right hand side of Eq. (24)

in the asymptotic region and which is diagonal in 4‘, » 1.e.,

MY = VB wig ()

where

NG SRR QUL FLANMRATRCES LMD

Numerical calculations which justify the approximation (25) have been
made88). The justification depends on the weak binding of the deuteron
and on the small momentum transfers in the reaction.

To complete the discussion concerning the generation of the

coefficients w:lr we rewrite the WBP approximation to Eq. (12) in
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the form

[T.-(E-Eoq,+ 4_.5.: (K+¥*)) ‘0:4,, ) (26)
| = 2 CADVLI AL Wi R = oot W) =0
where J

> T 4 * t 1
Poee (0 8 = VUL EY+ & (Ko )
is a short-ranged potential being non-zero only in the vicinity of the
target nucleus. Since |
2 1t
-E * &(_Kzi-\")-‘-x}en =k
ody ¥ W T FREE

is.the energy of the free neutron, Eq. (26) becomes
+ —" M vy
{t.- Er—aee]wd,(?n5 + 2, SAL )| V,‘IA,'(‘;»‘J“?(Y.‘) 27
J

- = . >
"')/sQuom ( V‘m&y) “’oe‘, (rv)=0 .

Except for the last term on the left, the equations (27) have the same
form as equations (11) for the \J:g? . Since )&o“ typically has a

depth of = 2 MeV, we neglect it and as in equations (11) introduce an
optical potential to take account of coupling to the excited states of

the target nucleus. Thus, Eq. (27) becomes
— ]z =z + =2

In the vicinity of the target nucleus }gpr = 60 MeV so that the neglect

of in Eq. (27) represents less than 5% of)&,, . Two WBP model

SWORT
calculations in which J o, 1s varied by 2 MeV give results which are
essentially identical so that neglect °f)£uokr in Eq. (27) appears

Justified.
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With the result (25) the expression (10) for the transition

amplitude becomes

T = 4 S(I PRI N ERTY SEr

It is convenient to extract the asymptotic dependence of (Uok(f) on

Z‘, by defining

g (Y= Woa (RY/6(K) (0

so that

<+ -y V2 .J. Ev4
Wog, (V) —> (2T) exr(“‘-\"’n) .
The function ‘&:49(;:) is also a solution of Eq. (28). With
the substitution (30), the expression (29) for the transition amplitude

becomes
- > o - > > D+ >
.T;‘::J'cl %, CR (4, k)< via, (DVE BT .

This expression involves a nine—-dimensional integration over the
- -

neutron coordinates V; , the proton coordinates V} (in calculating

> - -2
)}(Y; k through expression (25)), and the momenta #, . Because the

Pl r

interaction of the neutron on the proton is expected to be negligible
compared to the interaction of the proton with the target nucleus, the
WBP model includes only energy-conserving proton scattering in the
amplitude (31). The amplitude (31) thus involves an eight-dimensional

integration.



CHAPTER 3
WBP MODEL CALCULATIONS WITH THE ZERO RANGE APPROXIMATION

Since the method for dealing with the finite range problem
which we describe in Chapter 4 leads éo a relatively simple modifi-
cation of the previous calculations made with the zero range
approximation for Vnp’ we outline here some details of the method
used for the zero range calculations and include a brief flow diagram
for the computer program which performs the calculation. This helps
in explaining how the finite range calculations are made. It also
makes clear the advantage of a method for introducing finite range which
does not alter the structure of the zero range calculations.

The eight-dimensional integral (29) is greatly simplified by

means of the zero range approximation for V With this approximation

np*
- - - -~ d
\/;r(r.,—q\{ﬁ%,(ﬂ&(n-q) (32)
the interaction in Eq. (25) can be evaluated
- o5 2 X 3 (+) - +
)}(V..JZ,) =-% (K*+¥) 21 l?égr(\f,.)] (33)
and the integral in the amplitude (29) becomes five-dimensional.

= -£ (¢erdodfiky Gk, £)GEIXL@DI 0l g DY . o

The computation of Eq. (34) requires the calculation of the proton
> >
scattering matrix S(kr‘ﬂ',), the bound state neutron wave function

16
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- ) 2
v, (?ﬁ) , the incoming neutron wave function u.tig, v,) and the density nL 47\

associated with the proton wave function. The calculation of each of
these functions involves the solution of an equation such as (28) which
is essentially a second order differential equation in three dimensions.
The solution of the differential equations and the integrations
in Eq. (34) is simplified by using the method of partial waves. By ex-
panding the wave functions in terms of spherical harmonics, the
differential equations are reduced to one dimension. By expanding the
proton density also in spherical harmonics, it becomes possible to
analytically perform all but the radial integral overia and the
integral over (0§ %, in Eq. (34). The remaining integrals reduce to
restricted sums of vector coupling coefficients. The details are given

below,

Transition Amplitude for Particles with Spin

The previous discussion has not referred explicitly to the spin
of the particles involved. For the simple case discussed in Chapter 2,
we require the transition amplitude from the initial state in which the
deuteron spin projection along the # axis is ﬂd to the final state for
which the proton and neutron spin projections are /‘, and M, ,
respectively.

The modifications necessary to take account of the particle spin
can be seen as follows. They can be justified in a rigorous manner by
going through a derivation similar to that in Chapter 2 in detail.

The expression (34) for the transition amplitude can be inter—

preted as follows: The incident deuteron is expressed through the



18

S
integral over b. as a packet of neutron-proton pairs, the proton with

P
momentum ﬁ}:' and the neutron with momentum ﬁz‘l“(@-}:,). The proton is
scattered via the s matrix from Kf' to Z? and the neutron is cap-
‘tured via the capture factor.

To take account of the particle spin we follow this interpre-
tation and first express the deuteron spin function with total angular
momentum projection A in terms of neutron-proton pairs, the proton
with spin projection ,aP: and the neutron with spin projection Ay such
that HMw ¥ My 2 My s the deuteron spin projection. The proton with spin

>
projection u,, is then scattered via the matrix s/"’(‘g,',ﬁ,) to the
state with spin projection ,«, and the neutron is captured with spin
projection M,‘ .
The deuteron wave function in momentum space includes both an

S-state and a D-state component
SR = AV (R 110}
- 0L Z CLmliazmy Y, (R 1140}
d

with
m .

u (K) =4Trf uLy) 4 (Kv) rdr

and °
(-]
& (K) = 4ﬂ"fw(v) jo (K¥)vdr
° (36)

where u(v)/v and w(¥)/v  are the radial components of the

deuteron S and D-state, respectively, and are normalized such that

f“(u‘-l»w‘)e\\f =1,
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Defining

G (K = & (K) | L)

and

A ~
Gld(K) '-"W(K)‘iﬂe\) (37)

in terms of these functions, the transition amplitude can be written as
a sum of S-state and D-state terms.
-1:; M. = .-r- + -T-
d Hp "'m "3 ue My, "d Mp My,

where

L
Ad Jy'

S > 7 M
<[4k 60 E) §, (kA Y (a0

RCRTAPLCH DI ST

(38)
62
As indicated in ref. ) it is possible to use a deuteron wave
function derived from a "realistic" potential - one that fits two
nucleon scattering data up to 300 MeV. The wave function presently
9
used in WBP calculations is an analytic parameterization due to McGees')

of the wave function corresponding to the Hamada—Johnstongo) potential.
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The McGee parameterization for the momentum space wave function is

C

@, (K) = 4T N, }j

(39)
o- K+ 6_,-

S (K) =47 pNy L

(40)

t t
where the parameters ej’ ej, Cys cj, Ys P, Ny are listed in Table 1.

Cross Section, Polarization and Analyzing Power

The differential cross section do/d and polarization P
calculated for an unpolarized beam can be expressedsz) in terms of

the transition amplitudes (38) by

PR TEE JNACE- DR Y}

(41)
Ay po N, d pp M

and

P = 'ZI”Z/“-'M»(E»/‘HW(7};)::,,-5 M,
J

" 42)
)} T. “

Iy M,,l £ l/ev,a, M

The analyzing power PD calculated for a vector polarized deuteron

beam is given by 56)

0 T S LT o (W (]
Lo T,

Mo MM,

0

(43)
‘/ﬁhﬂp

The quantities mp* and my* are the reduced masses of the proton and

deuteron.



Table 1. Deuteron Wave Function Parameters from McGee

S State D State

3 € ¢y 65 c:;

0 1.000y 1.000 1.000y 1.00
1 5.733y -0.63608 4.833y -20.34
2 12.844y -6.6150 10.447y -36.60
3 17.331y 15.2162 14.506y -123.02
4 19.643y -8.9651 16.868y 305.11
5 21.154y -126.16

1

¥=0.2338fm™ !, N, =0.8896fn%, p=0.0269
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The Partial Wave Expansions

The computation of the amplitudes (38) is simplified by using
partial wave expansions. In the zero range expression for the neutron
‘capture

>

ORGPV B TP B) 44)

SR EAT L EWLS S

we write the final state
-» . '!l\ " MN‘/‘R
U (0, 4, L) = CEKEm M- A MY ) 0 g () @s)
A, nhn

where |4{M,) is the neutron spin function corresponding to the spin
projection 4, and Ugh) Lv,) represents the radial bound state wave
" ? -

function. The neutron scattering state qﬂhx ",Ek) which behaves as a
plane wave in the asymptotic region may be written

- - - —‘- _fhl t .
uﬂl . ( v, ﬁn) .& Z L <'i S !l-' M\‘\ jh‘ M\\'*’/"")" (46)

" j 1 l“ 'y

.M;" N\
SCP YR YR AL R AN O WL

My Ay -7,
~ Yo (@) Yg.p. 152

The proton density in the interaction (33) may also be expanded

in terms of spherical harmonics. Neglecting the small effects of the

- -

spin-orbit force on this density we express the proton wave function

”(,‘4 r) Z' { (z.ﬂ-m))[l(ﬁh ) P Ceas o) %7)

ke
-p
where we have chosen a coordinate system with Z axis parallel to ‘}¢.



23
The X‘(V..) corresponding to a particular angular momentum X are the
usual distorted wave functions describing elastic scattering of the

proton from the target nucleus. Taking the modulus squared of Eq. (47)

and making use of the identitygl)

. aM A M
AL =LZM%(I°1 olLo)YL(&))i(Q) 48)

we obtain
» 2 M LN
(W)’l%@,ﬁ:) = LZM o Yo (f,,')Y,_ KALNTA! (49)
where
(2-F)

. ) ¢ ] *
a, () :41!‘5' (O apEevcRalolLoy Ky () Lol . 5oy

With this expansion the capturing interaction (33) becomes

> * LI M r M
V(mG\,.)=-%(l<+x)§ S Y,_(V.\\YLJ,.) NG

L+l
Although the expression (51) in principle contains an infinite sum over
the orbital angular momentum 1. , in practipe this summation is
strongly restricted. From a study of the dependence of Pps Py and
. do/dQ on the maximum value L __ it has been found that the summation

can be truncated61) at Lmax = 6, Larger values of L  have little
influence on the neutron capture partly because the coefficients &
decrease in magnitude with increasing L , and partly because of the

angular momentum coupling which is implied in the factor (44). The

smallest allowed value for ).‘, in the expansion (46) for the incoming

neutron wave function 1s related to L and to the bound state angular
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momeﬁtum ,9, in the expression (45) by the triangle condition
I 2 |L-1..\. Hence for L=7and an= 1 we have 1..' % 6. The
partial waves with such a large value of ,0,,' are small in the region
where the bound state wave function is non-negligible. '
Substitution of the expansions (45), (46), and (51) in the

expression (44) for the neutron capture factor gives

AN (»7:‘7(\1 W, (¥, Z»: N '.g(l(lx‘)K (-I,.l) expl-i (M) (52)
MM,

where

K (I,') s W8 Kb L Mty |3 M YA L Mo 4 Mt ) (53)
Ay My, ‘“J'n”h'M-'
LM
M I iy ~Ify
RPN VIERPNTNRNE ket OV WO AR
X (1In' *‘Y'A(lno Lo "en'l)) <'oh N"‘/“u L-M ‘ ln' Mq' T Ay "/av\> *
-l +
X ’ln'jd V;\ vh a-L(_V“S Uanl“ (Y:,> MJ '! I(*,‘: \C\) X
M M,

x @L (cos §) @)“' (s 8,)

and Qm(m 0) 1is defined by

YI‘ ( ) (0) T (1_11')-‘,‘ @; (cos 8) explim Q)

®;(cose)= o ¥ I<iml .
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As a result of the partial wave expansions (45), (46), and (51), the
three-dimensional integral in the capture factor (44) has been reduced

to the one-dimensional radial overlap integral

-1 l+
&, f dv, e n) vy g (v ]Ld'.' ” (4, v)

and the summations involving the vector coupling coefficients in the
expression (53).

To treat the scattering matrix S in a similar way, we first
write it as a sum of two terms
('&Plz ’éry - S/‘r,a,-. S( p' T ?)

Ap'Mp

> .
-2 §(E, -tg“l/'af, /‘PMF', &) . G4
The second term on the right of the expression (54) can be expressed
as a finite sum over partial waves. The term S(E;:j%) cannot. We
follow previous nomenclaturesz) in calling the first term on the right
of Eq. (54) the "unscattered" amplitude and the remainder the
"scattered" amplitude. Strictly speaking, the effects of proton
scattering also appear in the "unscattered" amplitude through the
neutron capturing amplitude (52).
Combining the first term of Eq. (54) with the expressions (38)

and (52) we have for the unscattered term of the transition amplitude
L unscattered

iyt KWV T am i ag) gl et e
P e M My

x G ?,,JI,.) K/ath(‘-fS 6,) @;_M(cos 6) .
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To obtain the complete WBP amplitude we use the partial wave

expansion for the proton scattering matrix

t (5.7 3 ! : (56)
Mp: Mp P',kr\: e Z <=;_/“r‘1'“\3 m"/“p')“
x <'!i/“i’ 3 tMpr “Mp | ") V""'/‘f') (’(“"l)x
am A MY py s pp A

where the quantities K, 5 are related to the complex phase shifts
SP& for the total angular momentum j=.0!-\i by Yuj'-'- exP(?_tsli).
For the usual energies considered, Er € 20 MeV and for Q 215 the
coefficients ('(15—1\ tend to zero so that the summations over le"n\
are severely restricted. Combining the second term of Eq. (54) with
the expressions (38), (52), and (56), the scattered term of the tran—

sitijon amplitude is

L__ scatteved

3 T LY
T - K0 ) IEANYY Ll u, (57)
VL N gﬁ, alLM ) g 14 i 4 )
3L

K(j' m"’/a?'lﬂ m -\i/“?'> (j m +/“P" oe M*}‘Pl-ﬂrl_zﬂ?>‘
-M i
x (’(ld‘l)Jc\(cos Or') KA,‘N(:OS 9',:) ®L (cos8,) G:: (ccs gr,>‘

x @;n(cos BP) @;‘ Ay -ﬂr(cos GP) S(W\' M-M, 1-/“") .

The complete WBP amplitude is then

— tteved tteved
(‘jt) : Z {L_‘_uv\scq ev . \__\_sca eve} (s8)

Md Mp My, L=02 My Mp My mg pp My,
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Outline of Numerical Procedure

The global outline of the numerical procedure in calculating the
amplitude may now be given. Shown in Fig. 2 is a schematic block
diagram of thé Fortran IV coding naming the key subroutines and the
functions they compute.

1. Subroutine CGCS forms and stores the Clebsch-Gordan coefficients
<jl mt jl mz‘J'M>
2, Subroutine LGNDR computes the associated Legendre polynomials

@; (cos ©) needed in equations (53), (55), and (57).

3. Subroutine SCATFN reads the proton optical potentials and uses

the Fox-Goodwin met:hodgz’93

) to generate the proton wave func-
tions X; (f',\) in the expression (50).

4., Subroutine BS generates the bound state wave function U}n,(n (A
by an iterative procedure that guarantees the bound neutron
have the correct binding energy.

5. Subroutine FASHFT calculates the phase shiftsf, ’ of the proton
scattering matrix (56) and the coefficients a,(;) of the proton
density in expressions (49) and (50).

6. Subroutine OVRLAP reads the neutron optical potentials,
generates the free neutron wave functions XEI " gté,,z’;,) and

%
computes the overlap integrals "

. £
:’ﬂﬂ
I

1 .
WhS» f dryn a g (DX ¢ (4% 59)

for each angle GP’ .



Subroutine CGCS

{am dam, | TMD

|

Subroutine LGNDR

Subroutine OVRLAP

@xm( ced 6)

Xi{ £,ﬁn”3) IJJ” (A')

Livd,

v
Subroutine SCATFN

Xf(ﬁ)

Subroutine CAPFAC

Kﬂms j")

l

Subroutine BS

Uy 4 ()

l

Subroutine FASHFT

increment

6

Subroutine TRNSIT

Toj  a_(xr)

Fig. 2.

d0/dn F,’, P

T"U y. My
D

Flow Chart for

Zero Range WBP Model Computations
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7. Subroutine CAPFAC combines the vector coupling in Eq. (53) with
the integral (59) to assemble the neutron capture factors
K/"..'M&cos 9?1) for each angle oP' .

8. Subroutine TRNSIT folds together the factors required to cal-
culate the transition amplitudes given by the expressions (57)
and (58). Since the amplitude (57) is a simple function of the
outgoing angle QP , it is computed simultaneously for all

values of 9? .

A sizeable fraction of the time is spent executing subroutines
OVRLAP and CAPFAC because they must be called for each value of eP’ .
A typical computation time for an ﬁh = 1 case on an IBM 370/155

computer is 90 seconds CPU. The program size i1s 200,000 bytes of core.



CHAPTER 4
FINITE RANGE CORRECTIONS

Use of WBP model calculations to extract spectroscopic factors,
to determine the total spin and to determine the parity of the final
state in deuteron stripping reactions involves many calculations for
different final states, target nuélei and bombarding energies. Since
the optical model parameters with which the calculations are made are
not determined unambiguously by elastic scattering, several calculations
must be made for each case to understand the effects of the parameter
ambiguities. Thus to provide a suitable tool for the analysis of strip-
ping reactions the calculation of the WBP model amplitude must be
reasonably economical. The zero range calculation described in Chapter
3 requires between one and two minutes on a medium-to-high speed fourth
generation computer (IBM 370/155) and it is desirable that the finite
range calculation should not substantially increase this time. This is
especially so because finite range is expected tobprovide an important
but small correction to the zero range amplitude. The success of the
zero range calculations in fitting large bodies of angular distribution
data suggests that the finite range corrections should not be of over-
whelming importance except possibly in the extraction of accurate

spectroscopic factors.

30
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Need to Abandon the Integral ("Exact") Method

Because of the considerations given above the straightforward
approach of integrating over the dimensions which were eliminated in the

zero range treatment is not feasible. As indicated in Chapter 2 the WBP

model amplitude

T | i ")JA? PNRVENLT(743) (60
= [40, A0S T 0w 3 SVlIALL
with +, 2 .

A =6dE (¢ ery/ [ Vop00
involves an 8-dimensional integral. The integral over T in the ex-
pression (60) involves the proton density ‘Y;’S_Y:-r?)\l throughout a
volume of radius S,, ~ (where Sy, is the value of $ for which
\/hf (s) 1is non-zero) centered on the neutron coordinate V': . By
making use of the spherical symmetry of V"‘P(S) it is possible to reduce
this integral to a single radial integral and some summations involving
vector coupling coefficients. The zero range computation described in
Chapter 3 already involves a two-dimensional numerical integration and
vector coupling. Compared to the zero range calculation the
straightforward finite range calculation would require a
three-dimensional integration and more complicated vector coupling. We
estimate that this would increase the time required for computation by
at least an order of magnitude. A similar problem has been found with
this approach to finite range calculations in the DWBA by Austern
et al. 77). In this case the increase in time required was approxi-

mately two orders of magnitude'so).
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Expansion Methods

As an alternative to the integral method referred to above one
can try to separate the integrand in the amplitude (60) into a part
which varies slowly with respect to one of the variables of integration
and a part which varies rapidly. If this is possible one can expand the
slowly varying part in a Taylor's series over the range of the rapidly
varying part.

We consider two forms of the basic expansion method, one we call

the configuration space method and the other the momentum space method.

Configuration Space Method
In the configuration space method one begins with the integral

in expression (60) which has the symbolic form
oy
1= jd 'r:fd's’ D(s)J (% +3 (61)

where D(S) is an isotropic function of'§ which approaches zero rap-
idly for values of S greater than some range g . The function
J (?,\‘t 's") which varies slowly for values of §$<{/# is then expanded in
a Taylor's series.

Using the translation operator exp ('s’?‘) the function I (\?':1-?)

can be written in the form
T, +3) = exp(3-%) J(T,) (62)

and the expression (61) as

I =fR{[#00epEI)TR} | o
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The integration in braces can be performed as if the operator YZ. were
an algebraic quantity. This formal integration is justified using.

Fourier transforms in Appendix A. When D is a function of scalar S

only one obtains

js’dsjdﬂs D) exF(S AL 4":/ s*ds Dis) simh (s ‘V‘) (64)
siq,l

which with the series expansion

0 tm+l E
ssnh(x):z X (65)

m=o (zmu)l

becomes
Mrj sdsD(s)simh (s 1Y) Z 37 (7)) 6o
PRV ° o (am+i)l

where
D,Efd'3 D(s) (67)

and

11

3" D;'fclé’ $*7 D(s) (68)

are the 2m~th moments of the short ranged function D(S,ﬁ).
In terms of the expressions (66), (67), and (68) the integral

(63) becomes

I=0% 3" fd'r:tvh) T(7)

m=0 (‘z.m-n)l

:D[f?na— —’-jdr(v J—(Y)-\- J (69)
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The convergence of the expansion (69) depends on the short range nature
of the function D( s) through its even moments and on the smoothness

of the function :]_(—T:) through its even radial derivatives.

Momentum Space Method

In the momentum space method one expresses 1 in the form
I :fcl'bffdl? Bx) J (%) (70)
vhere |
D(x) =f€l? D(s) exp(iK-3) 1)

and

FJ(RR)= [ TESDexp(RE) o

are the Fourier transforms of D(_S) and 3—(-\-(:*?) » respectively. The
function 6(’(‘) depends only on the magnitude of K since D(S)
depends only on the magnitude of S .

In the momentum space method the roles of the functions D
and J- are reversed. When D(S) is a peaked function of S over
the range of which J-(‘Y’.‘ +-§) varies slowly, the Fourier transform
‘j’(t ) ?) is often a peaked function of T(. over the range for
which 5“‘ ‘) varies slowly. In this case TS(K \) can be

1
expandedm) in a Taylor's series about some value o which is chosen
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to optimize the convergence of the expression (70). The result is

D) = D)+ (k=D T () - - (73)
where |
Beary = 9 D(K‘>I 74)
<)K" K‘:dt ’

when D(s) is expressed as the inverse Fourier tramsform of D(kY
D(s) = (;‘-ﬁ,)ajclt?’ D) exp (- K-$) (75)
and the expansion (73) is substituted for D (X®) one finds
DsY = Do) S -B@)(V + ) )+ (76)
where the property of the delta function
_f,mﬁ; exr(—é?-’s’) = V:jak‘ exp (-ck-3) an

has been used. The expansion (76) can be used to evaluate the confi-

guration space expression (61). One finds

$T0

T = (a7 {B)T) - (V+D[BEITRY, -]

= [47 { B IR SB[ ]TEY e} o



36

Correspondence Between Methods. The momentum and configuration

methods are equivalentm') when D(S) is expanded about $ = 0 and

oL > -3

CT(V;Jlf) is expanded about K = 0. The first term of the expan-
sion (78) can be evaluated by putting ' = 0 in the transform

(71) to obtain
D (o) =fcl? Do) , (79)

After some manipulation of the derivative of the transform (71) one

obtains

yB Y _ -%fas s*Ds)

3K s ®0

When the expressions (79) and (80) are inserted into the expansion (78)

the result is

T=0[[RTE) T [RVTEw] o

which is identical to the expression (69).
The momentum space method gives a different expansion when
T 3
5(« ) is expanded about some non-zero value K . However in this
case it is essential that the value of K‘ =o' which corresponds to
the peak of J- (7“,7'(.) can readily be determined. An example of ex-
panding about a non-zero value of K* results from choosing o

so that the second term of the expression (78) vanishes. One obtains

o= B[V + 2] J(T) | (82)
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X
In general the value of &  satisfying Eq. (82) will depend upon the

-
coordinate ¥, . If one assumes the third and higher order terms of
the expansion (78) are negligib1e7°’82) for this value of 0(1' , the

integral I has the approximate value

T ZIJE T (2D | (83)

Previous Experience With Expansion Methods

An integral of the form (61) occurs in the non-local form of the
Schroedinger equation and in the DWBA stripping amplitude. The diffi-
culties previously met in evaluating these integrals using expansion
methods are briefly reviewed because they throw some light on the choice
of the best method for evaluating the WBP model amplitude. A more de-
tailed review is included in Appendix B. These difficulties previously
met fall into two basic categories. We refer to them as the cross
product difficulty and the evaluation of * problem.

The cross product difficulty arises because the function J is

usually a product of functions of the form
s - o
T(V.¢%) = F(L D) 6(n+13) (84)

op =B
The translation operator ex?(s ~V) then depends on the gradient

operator - > >
Vv=41V +V,
= ) -

where V actsonlyon 6 and VY, onlyon F . In the power

series expansion of the translation operator, terms with the form
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( -!LV. + V:_Yq of higher order than first contain cross products
(fi-fisn which are extremely difficult to evaluate. This difficulty
prevents the use of the configuration space method for solutions of the
non-local Schroedinger equation, and for including finite range correc-
ﬁions to the DWBA transition amplitude beyond second order82). The
second order corrections do not accurately estimate the finite range
resultsal).

The problem of evaluating ot occurs only with the momentum
space method, for which a* should represent the value of »* at the
peék of the function 3'(7,\, R) . In the application of the method to
solution of the non-local Schroedinger equation the value of o is
given the semi-classical value associated with a local potential. The
cross product difficulty is avoided by ignoring derivatives of the
function G(?,‘*'{?) which in this case corresponds to the symmetric
non~local potential UN (7*’-‘:5.) . Because of these two special cir-
cumstances the application of the momentum space method to non-local
calculations has been quite successfu176).

In the application of the momentum space method to finite range
DWBA calculations neither the cross product difficulty nor the evalu-
ation of o problem has been overcome. The function D—(;’::s.) is the

product of two wave functions

T(Z43) = Y GeD G e (55
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The derivative of neither V? nor Vﬂ can be neglected so the cross
product difficulty is not avoided. 1In addition, accurate estimates of

“z cannot be madeez).

Application of Expansion Methods to Finite Range WBP Model Calculations

The WBP model transition amplitude (60) contains the integral
-> » - ' -»‘..»
I =fd v u(mw(\c‘)JA‘s‘HLr\ (V+V, (s (86)
which has the same form as the integral (61) where

D(s)y= Vi (s) (87)

and .
T+ = \ﬂ’r(.“f: +3) . (88)

Application of the Moﬁentum Space Method

Because .J.(}:‘\’?) in the expression (88) is the square of a
wave function the calculation of expression (86) using the momentum
space expansion method immediately encounters the difficulty of d} .
The problems are analogous to those previously encountered in evaluating

the DWBA amplitude with this method5?).

It is not possible to avoid
them as in the case of non-locality by using the semiclassical approxi-
mation which can be made only when J obeys the Schroedinger equation

(see Appendix B). To see this we substitute the momentum space expan—

sion (78) into expression (86) with the definitions (87) and (88) to
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obtain

I = (4% v@u@ L@ W -G e IR @] | o)

Setting the second term of the expansion (89) equal to zero and solving

->
for OC(K) yields

(
= (90)

Thus o is a complicated function of iz which cannot be readily
expanded in spherical harmonics as required if the expression (89) is to
reduce to a one-dimensional integral.

The use of Green's theorem to transform the integral (89) does

not result in a simple choice of < . Using the result
(42 vEw@ O T 1)@ =jc\?.. NV @ud (@] on

one obtains the prescription

o2 v [vEywi)]
YY) = - e r (92)
() v wiv)

-
Not only is o a complicated function of ¥, , but one encounters

the cross product difficulty in evaluating it.

Application of the Configuration Space Method
The configuration space expansion of the integral (86) avoids
both the difficulty associated with cross products and the evaluation of
*

3 . Substituting the expansion (69) with the definitions (87) and

(88) yields
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I- \/,fd\'r:u(fr:)w(?:\ i s (V. 3 ’fl (%) (93)

(am+ )l

Y, j 42V, (5)
(93 8Vt L

To evaluate the derivatives in expression (93) we write the Laplacian

in spherical polar coordinates

. v’=[l§lr+_t_]. (94)
Y bv“ 1'r"'
where
A% x"
L = -2 SlNQ) SINGQB (95)
smie 30‘

and introduce the expansion (49) of \"ll.;l(Y"} in terms of spherical

harmonics. The integral (93) becomes

I:(m}’\/,jdﬂu('ﬁ)wm\z B(v,) Y (lep) Y\_M( ?ﬂ) (96)

2L+

where the coefficients «0'._('25 are given in terms of the zero range

coefficients & (v,) of expression (50) by
- ‘—“'*‘)] v ] (97)
}L(V" = Z_. ('t.mi-\)\ [ [— \-( w)
"\ mzo

and contain only radial derivatives. The term with wm = 0 in this ex-
pansion is the coefficient QLLY,‘\ which when substituted into the

integral (96) gives the zero range approximation for the integral
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(mfc“f Ur(Y, )w(ﬂz AL {h(.l’) Y (V . (98)

LM (Zuh)

The coefficients ’er.(r") in expression (97) are regular at the
origin. The zero range functions QLLT,,B from which they are derived
are defined by expressio;l (50) in terms of the wave functions 'V_I(Y,‘\
which are the solutions of the radial Schroedinger equation in a central
potential. TFor small values of f’:ﬁ,f" the power series expansion for

the 'h has the form (see Appendix C)

& 1
y’l(r"\ =% §o B, m: k“Y;‘ «1 (99)

where the summation contains only even powers of Y“ . The vector cou-
pling coefficient in expression (50) requires that (—Q-\-.Q'-L\ be even
and non-negative, so that the power series expansion for the coeffi-

cients Q\_Uf_\ has the form

& m
a (k) = L AT, by . (00
=0

Inserting the series (99) into the expression (97) gives after some

manipulation (see Appendix C)

. 4 &, @
A [ S - L(LH\] (v, a (A «Z At (m-Be)(m-£42)x- e x (M)«
Y-\ )’Y: V: v m:k

alrmeriel-24e)(zmerlet-2444) x

L -2A
xoen (2mazen) T . (101)
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The lowest power of Y, in the series (100) is associated with W =_j
and is proportional to Yh" so that /?J'L(V'..} is regular at the origin.

The coefficients (97) are expressed in terms of the even moments
_m -1 1M
g = 4wV, {ds V,,‘,(s) S (102)

of the potential V"‘i’ . For the common short range central potential
forms such as Yukawa, GCaussian and square well, these even moments (102)
are finite for all values of "™ (see Table 2) and can be obtained in
analytic form.

To compute the coefficients ’e’c. (Y,\\ the differentiation in the
expression (97) is carried out numerically. This is simple to incor-
porate into the zero range WBP code since the coefficients T“QL(V,,, are
already stored for evaluating the overlap integrals (59) in the factor
(55). Since the integral (96) has the same form as the zero range
result (98) where the coefficients Q@ (¥.) have been replaced by the

,er(_Y“\ , one simply constructs the ,G'L and inserts them in
place of the Q .

The modifications are made by entering the subroutine FASHFT
where the proton density coefficients Q (1,) are constructed as indi-
cated in the global outline in Fig. 2. This subroutine is passed
through only once for each reaction - it is not reentered for each angle
for the outgoing particle or each of the :Lntegratidn angles in the ex~-
pression (60).

The coefficients OL(YQ are typically computed for seven

values of L and 100 values of ¥, spaced in steps of 0.2 fm. When



Table 2. Comparison of Even Moments for Some
Explicit Forms of Vpp with Parameters Adjusted to Give a Triplet
Effective Range re,t = 1.7fm and a Triplet Scattering Length at = 5.4fm

Potential Yukawa Gaussian Square Well

V.. =V, r<v-l
2_2 np 8* "—
Form Vnp = Vyexp(-Yr)/Yr Vap = Vgexp(-n r) 1

Range Parameter y'l = 1.5fm n‘l = 1.5fm vl = 2fpm
3 2 (2m+1) ! y~2m @!)~1(2n)-2m 3(20+3)~1{ (2mt1) 1} 1y-2m
202/ (2m+3) ! \ {4n? (+1)}-1 v™2/ (4m2+14m+10)
y=2 = 2.4fm '
329/ (2m+1) ! = 0.55fm?/ (mt+1) = 2.0fm?/ (2m%+7mt5)

VAj
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the summation in (97) is truncated at the eighth derivative the numer-
ical differentiation involved in (97) must be carried out 100x7x4 =
2800 times. This involves an insignificant increase in the computing

time, typically less than 5Z.



CHAPTER 5
NUMERICAL EXAMPLES

To carry out the finite range calculations some form must be
chosen for the central potential VLr($> . ‘Since the neutron-proton
relative momentum XK [ involved in the amplitude (60) corresponds to
an energy which is typically < 10 Mev62) the potential \A? should be
chosen to fit the low energy nucleon-nucleon scattering data. It is
known that one can fit low energy scattering data by a variety of po-
tentials specified by two parametersga) which are adjusted to reproduce
the experimental values of the triplet effective range Te,t and the

95). Thus the choice of potential is ambiguous. In

scattering length a
order that the finite range predictions do not reflect this ambiguity it
is necessary to use several forms of Vﬁr and show that they give the

same result in the WBP model calculations.

The number of terms which can be included in the expansion (97)

for iy

L is limited by the accuracy with which the successive numerical

differentiations can be performed. In practice up to the eighth deri-
vative can be retained. For a detailed discussion of the numerical

methods used and the tests employed to check the accuracy see Appendix
D. It is necessary to show that the WBP model amplitude evaluated with
the expansion (97) has converged with this limited number of terms for

each potential used.

46
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The magnitude of the finite range corrections and the conver-
gence of the expansion (97) is determined by the even moments 3"
which depend on the form and the range parameter for each potential \LP.
If the WBP model amplitude can be shown to converge to a result which is
independent of the shape of the potential used, then it will be conve-
nient to choose the form of \Qr for which the convergence is most
rapid.

Several simple potential forms with two parameters adjusted to
fit the triplet scattering length a, and the effective range re,t have
been used to test the dependence of the finite range corrections on the

_potential shape and to check the convergence. In Table 2 the range pa-
rameters which are consistent with experimental valuesgs) for a, and

T are shown for the Yukawa, Gaussian and square well potentials. The

e,t
values of the 2m+th moments for these potentials are also listed to-
gether with the ratio [szm"“/ﬂ"iﬂ)ﬂ/[gm/(’-"\H)!] of successive
coefficients in the expansion (97).

In comparing the relative rates of convergence of (97) for the
tﬁree forms it can be seen from Table 2 that the ratio of successive
coefficients [‘S""“/(ws)!]/ [g'm/ ("-"""i),'] is smallest for the square well,
Gaussian and Yukawa in that order for all values of M . The expansion
(97) therefore converges most rapidly (if it does converge) for the
three potentials in the same order. Thus if shape independence of

finite range corrections can be demonstrated the square well would be

the most convenient form to use.
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Testing for Convergence and Shape Independence

Typical corrections to the coefficients Bi(“b from the suc-

cessive terms in the expansion (97) are shown in Fig. 3 as functions of
V. for the case corresponding to a square well potential with range

vl =2.0 fm. The corrections are smallest for K‘ 7 5 fm. This is the
region which contributes most to the stripping amplitude. For almost
all values of Y,  the contributions to each ,ﬁL can be seen to de-
crease rapldly with increasing m .

The coefficients ,ll(ﬂh are folded into the amplitude (60)
from which the values for Pp» Py and do/dQ are obtained. Calculating

the corrections to the values for Pp, P and do/df) from the various

y
terms with different values of M in the expansion (97) involves a sum-
mﬁtion over L in the expression (96) and an integration over ¥, in
the amplitude (60). 1Imn this procedure the contributions from those
regions of Y,, space where the expansion (97) does not converge rapidly
are averaged with contributions from those regions where the convergence
is rapid.

The corrections to the values for PD’ P, and do/dQ corresponding

y
to the second, fourth, sixth and eighth moments '§t in the expan-
sion (97) have been calculated for a variety of stripping reactioms.
Using a square well potential with range v! = 2.0 fm it was found that
_ corrections corresponding to '§t . 34 ’ 'g‘ and '§. decreased
successively by an order of magnitude for each increase of 2 in the
order of the moments., Figure 4 shows typical effects on Py and do/dQ

of truncating the expansion (97) for successively higher values of M .

The curves for cross section and analyzing power coincide with solid



Fig. 3. Typical Finite Range Corrections
to the Coefficients by (r) as a Function of r

The case corresponds to the reaction 40ca(d,p)4lca (1.95MeV p3/2)
at E; = 11MeV calculated with the parameters indicated in Table 5
for a square well potential Vhp of range v-1 = 2fm. The upper
curves on the left show the terms withm =1 and m = 2 in the ex-
pansion (97) for b, as fractions of the zero range coefficient a,.
The remaining curves result from truncating the expansion (97) for
each L at m = 0 (broken dotted curve corresponding to the zero
range approximation), at m = 1 (solid curve) and at m = 2 (broken
curve). All curves coincide with solid curves except where shown.
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curves where not shown. The correction to the zero range result from
the term with M = 1 is significant. However the contributions from
terms with higher values of Y decrease rapidly with increasing ™M .

It has been observed that corrections to PD, P, and do/dQ due to succes-

y

ive powers of ™M alternate in sign. For example the corrections to
the cross section in Fig. 4 near 135 degrees for M =1, 2 and 3 are
negative, positive and negative, respectively. Truncating the expansion
(97) at M = 1 overemphasizes the finite range correction.

1

For the Gaussian potential with range "~ = 1.5 fm the sequence

2 - 6
of corrections to (97) corresponding to § |, S‘ and § (see
Table 3) decreased less rapidly than for the square well. While the

calculated values for PD’ Py and do/dQ for the square well potential
appear to have converged for M = 3, calculations with the Gaussian

potential require the addition of the term with m = 4.

Table 3. Comparison of the Second
Through Eighth Moments §2®/(2mt+1)! as Given in Table 2

m moment Yukawa Gaussian square well
1 2nd(fm?) 2.4 0.56 0.4

2 4th(fm®) 5.6 0.156 0.057

3 6th(fmb) 13.3 0.029 0.004

4  8th(fnd) 31.4 0.004 0.0002
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With these truncations the values for P Py and do/d2 calcu-

D’
lated with the Gaussian and square well potentials are virtually
identical. A comparison for a typical case is shown in Fig. 5. Since
the finite range corrections do not depend on the shape of V&P we have
chosen to use for the remainder of our calculations the square well po-
tential which gives the most rapid convergence.

The square well and Gaussian potentials have short tails so that
with parameters chosen to fit low energy two-nucleon scattering the
weighted moments as shown in Table 3 form a rapidly decreasing sequence.
For potentials such as the Yukawa potential which has an extended tail,
the weighted moments may form an increasing sequence as shown in Table

3, and the expansion (97) may not converge. For such potentials our

expansion method is not feasible.

Choice of Parameters

To study the nature of the finite range corrections it is neces-
sary to choose carefully the parameters which specify the optical
potentials which represent the interactions in Fig. 1. The details of
the finite range corrections depend somewhat on these parameters. The
optical potential parameters are found by fitting nucleon-nucleus scat-
tering and baund state data. We use the values found for previous
calculations with the zero range form of the WBP model.

To determine the bound state radial wave function tﬁéﬁ&\ we

have used the potential

V(v = Vo LR -«(Ea) ¢ £ 7.7 (109
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where F-(V) has the Woods—Saxon form

-4
F(W)= [L+ exp(r-RVa] . (104)

. .
In all cases we have used &« = 32, R= 1.25A3 and Q&= 0.65 fm. The

depth parameter Vﬁ is varied to reproduce the experimental binding

energy.

The optical potentials for the scattered wave functions have the

form

Vir) = =V F(r e 0)-iwgl) -cw, FCr & v,)

A N Eg + V. (¥) (105)
with
4 .
F(v QJK):[1+exr(';_&E)] s R=¢ A’ (106)
and
g(v) = -urchr_F(v,&\q) , R=xa® (107)
and

£ S - '
A = ~Xp ¥ %F(!ggc) , Agz¥iim, R=vAS ., (108)

The proton potential was truncated as in ref.sz). The Hamada-Johnston
form of the deuteron wave function is used as in ref.62). Non-local
corrections to the neutron and proton wave functions are made by di-

viding each wave function by the factor (see Eq. (B15) in Appendix B)

1 /%
ftry=[4- %__ u, (v] (109)
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where '6 is the non-locality parameter and u,_(r) is the appropriate

neutron or proton local optical potential. Note that f~—*1 for large
Y while \f\(ﬂ. in the nuclear interior. This damping of the
nuclear interior increases with increasing @ . For the standard case
we choose £ = 0.85.

The calculations reported here are based on the average
optical-model parameters of either Rosen et 31,96) or Becchetti and
Greenlee597) (referred to as "BG") with small modifications for each
target nucleus. The Rosen and BG parameters are listed in Table 4 and

the parameter sets used for each reaction are listed in Table 5,

Qualitative Nature of the Finite Range Corrections

Typical finite range corrections to the values calculated for
Pps Py and do/d) are shown in Figs. 6-12 for reactions with 2n =0, 1,
2 and 3 on target nuclei 160, 40ca and 90Zr. The data shown for these

reactions were taken from refs.gs—105

) as indicated in Table 6. These
reactions were previously used to test WBP model calculations with the
zero range approximation56’61) which reproduced the main features of the

measurements for PD’ P_ and do/d2 over a range of deuteron energy. It

y
is of some interest to see whether the finite range corrections improve
the fits to the data especially in any systematic way. It is also in-
teresting to compare the finite range effects in the WBP model with

corresponding effects in DWBA calculations and in non-locality. !
In the two previous cases where an integral of the form (60) was
evaluated by expansion methods, namely for the evaluation of wave

functions in a non-local potential and for calculating the DWBA



Table 4. Optical Model Parameters

of Rosen and Becchetti-Greenlees

Rosen Becchetti~Greenlees (BG)
Neutron Proton Neutron Proton

v (MeV) 49.3-0.33E 53.8-0.33E 56.3-0.32E 54.0-0.32E + 0.4za71/3

W (MeV) 5.75 7.5 13.0-0.25E 11.8-0.25E or zero
or zero

Wv(MeV) 0. 0. 0.22E-1.56 0.22E-2.7 or zero
or zero

a(fm) 0.65 0.65 0.75 0.75

b(fm) 0.70 0.70 0.58 0.51

c(fm) 0.65 0.65 0.75 0.75

r, (£m) 1.25 1.25 1.17 1.17

Ty (fm) 1.25 1.25 1.26 1.32

rc(fm) 1.25 1.25 1.01 1.01

VS(MeV) 5.5 5.5 6.2 6.2

9§



Table 5. Parameters Used for the Reactions Shown in Figs. 6-12
Reaction Neutron Proton
90Zr(d,p)glzr Rosen parameters Rosen parameters

g.s. d5/2 and 1.2MeV sl1/2

W = 7.5MeV

W = 4.5MeV

40Ca(d,p)“Ca BG parameters

' Rosen parameters

g.s. £7/2 W = 3.0MeV, r =rp=r.=1.3fm
40 41

Ca(d,p) " "Ca Rosen parameters Rosen parameters

Tg = TIp =T, = 1.3fnm

1.95MeV p3/2 and 3.95MeV pl/2 r =r,=r = 1l.3fn
a ¢ W = 4.0MeV
160(a,p)170 Rosen parameters Rosen parameters
a=b=¢=0.55fm T, =Ty =T = 1.3 fm
g.s. d5/2 r, =r, =r,=1l.5m a=b=c=0.55fm
W=3,0MeV W = 3.0MeV
160(d,p)170 Rosen parameters Rosen parameters
a=b=c=0.55fm T, =T, =1, = i. 5fm
0.87MeV sl/2 Iy =T, =71, = 1. 5fm a=g=c=0.55fm
W=3.0MeV W = 3.0MevV

LS
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Table 6. Data for Reactions Shown in Figs. 6-12
Reaction Fig. dg/dQ Pp Py
160(d,p)170
6 ref.loo) ref.99)
0.87MeV s1/2
160(d,p) 179
7 ref.104) ref.%%)
g.s. d5/2
40Ca(d,p)l’lCa
8 ref.lOI) ref.loz) ref.103)
3.95MeV pl/2
40 41
Ca(dsp) Ca
9 ref.101) ref.loz) ref.103)
1.95MeV p3/2
40Ca(d,p)“Ca 105 102 squares ref.loa)
10 ref.” ) ref.””%) 105
g.s. £7/2 circles ref.” )
90 91
Zr(d,p)” "2r
’ 11 ref.98) ref.gg) ref.ga)
1.2MeV sl/2
90 91
Zr(d,p)’*2r
’ 12 ref .98 ) ref .99' ) ref.98 )

g.s. d5/2
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amplitude, the main effect on the integral was to modify the integrand

inside the regilon corresponding to the nuclear interior. In the case of
non~locality the local wave function is divided by the factor (109) (see
Appendix B for details) which differs most from unity in the nuclear in-
terior. A similar effect is found in the DWBA amplitude. In the
approximate method of ref.83 the main finite range corrections origi-
nate from the region of configuration space where the neutron is inside
the target nucleus. For example the integrand of the reduced transition
amplitude (in ref.83) see expression 2.20) is multiplied by a
radius-dependent complex factor. Just as for non-locality this factor
tends to damp contributions from the nuclear interior.

To see whether the finite range corrections to the WBP model
calculations produce a similar damping of the contributions from the
nuclear interior the finite range and correéponding zero range calcu-
lations were compared with zero range calculations with an increased
non-locality A = 1.0 in the factor (109). Some of these comparisons
are shown in Figs. 6-12,

The effect of finite range is remarkably similar to that of in-
creased non-locality for the reactions 90Zr(d,p)glzr (1.2 Mev, sl/2),
90Zr(d,p)QIZr (g.s. d5/2), AoCa(d,p)alca (1.95 MeV, p3/2) and
40Ca(d,p)“Ca (3.95 MeV, pl/2). Both tend to reduce the differential

cross section at large angles. Both alter PD and Py in the same way

(e.g. in Fig. 9 note the changes to Pp and P near 60 degrees for the

Yy
reaction leading to the 1.95 MeV state in 41Ca). In these cases where
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the finite range effects can be simulated by increasing non-locality the
overall finite range corrections are small.

However in certain cases which occur predominantly for target
nuclei with A &40 the finite range effects cannot be simulated by
increasing the non-locality. Examples are the reactions 160(d,p)170
(0.87 MeV s1/2) shown in Fig. 6 and 40Ca(d,p)“Ca (g.s. £7/2) shown in
Fig. 10. Here the corrections to the differential cross section are es-
pecially prohounced, the effect increasing with increasing Qn. Both the
shape and the magnitude of the cross sections are altered.

In these cases the finite range corrections appear to come from
outside as well as inside the target nucleus, with the interior region
predominating. Calculations have been made with the finite range cor-
rections only in the region of the neutron configuration space outside a
sphere of radius Y, . The results of one such calculation are shown in
Fig. 13. The largest effect is shown on the right hand side of Fig. 13
and comes from the nuclear interior V¥ £ 4.5 fm. Smaller finite range
contributions come from the exterior region as seen from the comparison
on the left hand side of Fig. 13.

No systematic improvements have beén observed in the fits to Pp
and Py from the finite range corrections, even in the cases when the
changes are large. In particular the finite range corrections do not

60,61

remove the discrepancies noted in refs. ). For example the calcu-

lated polérization near 30 degrees in Fig. 10 remains positive over a
range of deuteron energies near 11 MeV while the measured values are

negative.



Fig. 13. Finite Range Corrections from Various Regions
of Neutron Configuration Space

The solid curves represent WBP model calculations for the reaction AOCa(d,p)410a (g.s. £7/2) with the
zero range approximation on the left and finite range corrections on the right. The broken curves have

been calculated with the zero range approximation for r < 4.5fm and the finite range corrections for
larger values of LA
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On the other hand the finite range corrections do systematically
change the shape of the calculated differential cross sections by re-
ducing values at large angles relative to the cross section at the
stripping peak. In most cases this improves the fits to the experi-
mental data. An example is the reaction 4OCa(d,p)AICa (g.s. £7/2) for
which the zero range calculations in ref.61) were consistently too large

over a wide range of energy for angles greater than 90 degrees.

Quantitative Nature of the Finite Range Corrections

Probably the most important of the finite range effects are the
corrections to the magnitude of the differential cross sections and to
the spectroscopic factors derived therefrom. There is a systematic
trend for the finite range calculations to reduce the magnitude of the
cross section at the stripping peak and at large angles.

The reduction in magnitude of do/dQ (with the subscripts ZR and
FR referring to zero range and finite range) at the stripping peak is
summarized in Table 7. Two trends are apparent. The effect depends
both on the orbital angular momentum transfer ln and on the size of the
target nucleus. For reactions with the same value of 2n the reduction
is stronger for small nuclei. For reactions on the same target nucleus
(see 40Ca(d,p)“Ca and 16O(d,p)”O) the reduction increases with ln.
This effect is independent of the values for Q and jn for the reaction.

Although the peak value of the calculated cross section is very
important, the entire angular distribution is actually used to extract
the spectroscopic factor. The back-angle distributions usually carry

less weight due to uncertainty from the small magnitudes involved and



Table 7. Depression of Cross Section at the Stripping Peak

Reaction R = (do/dQ)FR/(do/dQ)ZR 100(1 - R)
160(d,p)170
. 0.83 17%
0.87MeV sl1/2
160(d,p)170
0.76 247
g.s. d5/2
40ca(d,p)4lca
0.95 5%
3.95MeV pl/2
4OCa(d,p)4ICa
0.89 11%
1.95MeV p3/2
40Ca(d,p)“Ca
0.72 28%
g.s. £7/2
9°Zr(d,p)912r
0.97 3z
1.2Mev s1/2*
9OZr(d,p)glzr
1.02 =22
g.s. d5/2

*Measured at the second maximum for reactions with ln =0
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possible compound nucleus contributions (usually small and isotropic).
For the examples discussed, however, these problems are not expected to
be serious. Spectroscopic factors with and without finite range correc-
tions have been extracted by comparing data and calculations visually on
logarithmic plots. This method has proven consistent with automatic

search routines based upon a chi-squared minimizationlo6

). Table 8 shows
the extracted spectroscopic factors along with the percentage increase
over the spectroscopic factors extracted using the zero range

calculation.

Summary and Discussion

We have shown that it is possible to make accurate finite range
WBP model calculations using the configuration space expansion of the
integral (60). For an appropriate choice of the form of the potential
VQP the expansion has been shown to converge to a value which
depends very weakly on the shape of Vlr . This can be contrasted to
similar attempts to include finite range effects in DWBA calculations,
where the corresponding expansion has not converged, and shape indepen-
dence has not been demonstrated.

The finite range corrections shown in Figs. 6-12 do not change
the major qualitative nature of the predicted values for PD; Py and
do/dQ. However they are comparable in magnitude to the contributions
from the deuteron D-state and to the uncertainties which arise in the
WBP model calculations from ambiguity in the optical potential param-
eters. For quantitative comparison of the WBP model with experiment it

is necessary to include them.



Table 8. Comparison'of Spectroscopic Factors
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Reaction Zero Range Finite Range % increase

160(d,p) 170

0.65 0.80 23%
0.87MeV sl1/2
160(d,p)170

0.52 0.63 21%
g.8. d5/2
40ca(d,p)41lca

0.71 0.77 8%
3.95MeV pl/2 .
40Ca(d,p)l’lCa

0.73 0.82 12%
1.95MeV p3/2
40ca(d,p)41lca

0.57 0.71 25%
g.s. £7/2
90Zr(d,p)9lzr
1.2MeV s81/2
9°Zr(d,p)9lzr

0.90 0.91 1%

g.s. d5/2




APPENDIX A
INTEGRATION OF EQUATION (64) BY FOURIER TRANSFORMS

The integral

-
sV,

T= [sds[dn 00 e ™T@) @

-
poses a difficulty in the interpretation of the operator v.\ . It will
->
be shown in this appendix that vh may be treated as if it were an al-
gebraic quantity so that the integration over _ﬂs in Eq. (Al) can be

carried out. The result is

_ * sinh (19,1 .
T = 41!‘_[5 ds D(s) % T&)- (A2)

The interpretation of the operator ‘7“ is made clear by in-
troducing the Fourier transform of the function J'(i’“) . The term
EA'P(?'.V:) in Eq. (Al) will be seen to operate only on a simple expo-
nential term so the desired integration over —‘Q‘S can easily be
completed. The operator -eu and the inverse Fourier transform are

then reintroduced to achieve the result (A2). Details are given below.

Inserting the Fourier transform
. S i B N e e d
- ‘ o
T(2) = [dk e (R T (R)
in Eq. (Al) and reversing the order of integration ylelds

L= J.‘lg D(s)fclz..e"l’ @P) e (AT L) g
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- -
The operator Q‘\TG‘V_‘) now acts only on the term ex?((‘é.,-?:) .

Since —S) is not operated on by -V,‘ s the relation
(3-%) exp (4, %) = (i8,3) exp (4,%)

follows. Taken '] times, the operation in (A5) gives the expression

(A5)

S

-ty j > --\1 . g
(3-F.) exp(ck, %)= (% exp(ch, T (a6)

from which follows the result

cxp(s V)exf(c ,‘-—:) [1+5- V N&

n) +...] exP(tZ_ﬁ)

‘Ll

-—[HLZ S (id -S‘)+---___\ex?(iz..'—\;..)
= exv(iz"'g) QXP((Z"—";) : (A7)

The angular integration over .Q, can now be easily per-

formed. Inserting the expression (A7) into the integral (A4) yields
i i Y
- fclgu I(ﬂn\d exF((ﬂ".Y") (A8)

where the expression

9= [ods [, D) exp (&3)

- .
contains the desired angular integral. Since $§  is a dummy variable
'Y

and D(S) is isotropic, the z axis is taken parallel to 4.‘ . The

result of the integration over IL, is

- 41.rJ‘ stds D(s\) smji S)

(A10)
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The operator v

w can be reintroduced by using the expansion

sin (8,5) - exp(ié‘s) -~ exp (~i8s)

4 s 2k, s
2 1t
‘A s (4s)
= 1+ (___"A".\)i- [( " J.‘. (A11)
. 3! 51
Since V,\ is independent of Z.‘ and 3 ,» the relation
2 i B4 1oyt Y -

(iﬂu S) exp (c2h°Y,‘): s"V. eki’(‘-zu Y'.) (A12)

follows, which applied J times gives the result
23 i B %) 2 2
(iR, ) exp il ()= (SleD axp(ib,r.) - (a13)
Combining expressions (All) and (Al3) gives the relation

s (69) o ((B,7%)= 1 AW ent( T
A, |

S‘V\LCS|VU\)) ((',Z’? .
s1v.| exp (LAY (Al4)

Finally, combining the expressions (A8), (Al0), and (Al4), and inter-

changing the order of integration ylelds the integral

T-= 4frJ‘s‘Js D(s) SM‘\Q"V"\)JJZ,, exf(t'z.-?.)ﬁTJ(Z.) ©(a1s)
s\
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The last integration on the right hand side of Eq. (Al5) is the Fourier

-ty
transform of J- ( Y.A so Eq. (Al5) reduces to the integral

T= 41 |s'ds DCsd S‘“‘;(\;“v“\) J() (Al6)

which is identical with Eq. (A2), the desired result,



APPENDIX B
PREVIOUS APPLICATION OF EXPANSION METHODS

In this appendix the use of expansion methods in calculating
non-local wave functions and finite range effects in the DWBA is

discussed.

Approximate Solution of the Non~local Schroedinger Equation

The Schroedinger equation with a non-local potential may be

written76)
A TP +T = EYD) (31)
where
I = fa_g &(S) Uy (F+5 DIV (v+3) . (B2)
and J’ is usually taken to be of Gaussian form
g () = ( 14 exp (-5/47) (83)

The 1ntegrval (B2) is of the form (61) where we identify D(S) with

S y (S) and J. with the remaining product
J = \AN(?-\'-‘ig)\VN(-‘(’f?) . (B4)

It is most convenient to use the momentum space method to eval-

uvate the integral since the configuration space method leads immediately

77
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to the cross product difficulty discussed in Chapter 4. If the deriv-
-
atives of the potential ur‘(r) are neglected, the momentum space

expansion (78) applied to the integral (B2) gives

T= 6 Uy (B, (P GG~ (7 (85)
where
G(o{‘) =fJ? &(S) exr(iz'?> . (.B6)

The second term in Eq. (B5) vanishes when

ot = TG
Yy (V)

A convenient approximation to this value of OF' is given by the

(B7)

semiclassical value associated with the kinetic energy in a local po-

tential (hence the name Local Energy Approximation or "LEA")
T m .
o= TR LE - u@] (88)
A
- -
where the local potential ULLY) is related to \AN(Y) by
—ip L -»
u (¥) = 6(x*) uy (V) (89)

2
It should be noted that this prescription for o which is
responsible for the success of the momentum space expansion in this case

requires that the function J in the integral (B4) have the form

TV +3) =< Y, (¢ +3)

where \VN is an approximate solution of a local Schroedinger equation.
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With this value of o  the solution to the non-local
Schroedinger equation (Bl) can be written in terms of the solution of a

local Schroedinger equation
W (V) = V(P 5P (810)

where the form of the function f(?) can be determined. The equation

(B1) becomes76) with ¢ = 1mG/K*

{(Vume) __’y'_ vy +3fuu—c3/(\+3/'u“)4[}vtuu -MN]}L(/L
£ 5 : ¥
= [_(Hg/u,,)- (‘)'VUN —?:_Y_f_]'—v‘\ﬂ . (811)

The right hand side of Eq. (B1ll) will vanish if -; " is chosen to

satisfy

~—» _|__’
e X AT LN 212)

For this choice of ¥ Eq. (Bll) becomes a local Schroedinger equation

- (71”_"‘*—9%* Loyl ¥ 3 (1 1 uNSz{(n."qN)q’V‘un-(g'VuN)‘}]\K_: 0. (13

Since 9'(0“) is independent of ? except in the surface region, one

can set the term %’ = constant to integrate Eq. (B12) with the result

$(Vy=[1+ ?,uN]-« (B14)

which for the Gaussian form (B3) becomes

y 3 — "1_
=Li- 22 u@] (815)
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In calculating the WBP model amplitude the non-local
nucleon-nucleus wave functions are calculated by solving the local

Schroedinger equation (B13) and dividing by the factor (B15).

Expansion Methods for Finite Range DWBA Calculations

The DWBA transition amplitude contains the integralsz)

T- f 4, (043 DO R ¥, (e 7) 816)

which has the same form as expression (61) with D(S) = V..',(")Q(S) where

& is the internal deuteron wave function, and
d
~» o -2y -
J = WA(V.\+-‘;_S)WF('C,+ $) (B17)
where \VP and \\{, are the distorted waves for the proton and

deuteron. The configuration space expansion for evaluating I (which
is usually referred t063) as the "effective mass approximation" (EMA))
leads immediately to the cross product difficulty. With the expansion

(69) the integral (B16) becomes

p—

6

T = [d7, Q0 {93 deosiye

where 7. acts only on \IIJ and

+Ljazs*v<s3[ﬁ ﬁjw;(i)\&(%»-} (18)

¥

<

, acts only on \UF . For the

first order term in expression (B18) the cross product difficulty can be

' ->
overcome. By defining an operator YV  acting on both \P? and )

one can write

-y T
i -

(L34 uEWE) = (WL TDRUE . e
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The Schroedinger equétions for uﬁ and Q% can be used to eval-
uate V‘t% and V: L\)P . The effect of V‘ on the first
order term in the expansion (B18) can be evaluated by applying Green's

theorem
| ET R EAY) CTCACA S P AN T T AT A RS

and using the Schroedinger equation for the neutron wave function \¥h
to evaluate VFUQ . The second and higher order terms in the expan=-
sion (Bl8) are much more difficult to evaluate because they contain

> _w»om
terms (Vl . Vt) of order m> ) . No attempt has been made in the
literature to carry the EMA expansion for this application beyond
second order.

The momentum space expansion which is referred to7°) as the
"local energy approximation'" (LEA) has both the cross product difficulty
and the evaluation of ot problem. Because the function Jd is a
product of two wave functions and is‘not a solution of a Schroedinger
equation as in the non-locality problem, the evaluation of o problem
cannot be overcome. The momentum space expansion (78) applied to the

integral (B1l6) gives

Sze

1= f 47, ( By Dg@) -S4y ]+ e

After some manipulations and use of the Schroedinger equation, one can

show that the second term of the expansion (B21) vanishes for

- -
\"i'(;(‘?:)'%ﬁ(?:) AL AL TCAY (822)

o (¥
LACALAEA

n



td

where m/‘"’r R ﬁ'l(;/w are the proton and deuteron energies. Thus o

—p
is a complicated function of V¥, . Since o™ should be the value of
v

K

and since WP % is a complicated function it is not surprising that

corresponding to the peak of the Fourier transform of \yl’ \PJ s

ot is difficult to find. For this reason all efforts to apply this

method to finite range DWBA calculations have proven unsuccessfulsl).



APPENDIX C
BEHAVIOR OF THE EXPANSION COEFFICIENTS bL(rn) NEAR THE ORIGIN

The coefficients bL(rn) in expression (97) of Chapter 4 are

derived from the zero range coefficients

' t *
QL("..)"‘Z %y |{foL0| Loy YI(\;)YI,(\Q) . (c1)
Ly
The partial waves y 1( n‘) are generated from a complex thical poten—-

tial which approaches a constant complex value \4, as ¥ —>0 . Near

the origin the radial function ul defined by u,_-; Fy'l obeys

2
wy(p) =48y,
0 ir +[|+V,—P(i’+')]u£(,o)=o , -.F, "
dp P £4 (c2)
w - F
A
If W }(f) is expanded in a power series
P+ c 2
w(p)=p [|+C,/o+ 2P+ (C3)
and inserted in Eq. (C2) one has after setting the coefficients of each
power of f equal to zero separately
CJ' = O g = Odd

C-:—-MC_

J jCatriey) J-1 4= even (ca?

83



84
Thus for small Yh the partial wave Yl(';) contains only even

powers of V¥,

0 1m
C5
mz0
where the coefficients dm are related to the coefficients C,, in
m
= C

The behavior of the coefficients a. near the origin can now be

L
determined. Combining the expressions (Cl) and (C5) gives

KOLYX Qu I Lo Lo | Lo d db prtme) (c6)

mm h
2L m,
The vector coupling coefficient £ £ 0 N Ol LO> requires (f+4Q'-1)
240
to be even and non-negative so the lowest power of (’ is (’L .
Rearranging terms in the Z‘ one can write

a (), LZ‘ d, J‘ ‘("‘m) {\A s (4, d rdd)ns
(100 4+ d Al ]

= r..L{\f:L,\z +2.Re (Aoel.)m J[1d 2 8e (dod2 S }

Y BawT.

Note the BI\\ are real as required since the aL(tn) are expansion

1

(c7)

coefficients of \Xr(V.'\)l and that the expansion (C7) for the a has

exactly the same form as the expression (C5) for the X ‘c(r,,) .
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One can now determine the behavior of the coefficients bL(rn)
near the origin by inserting the result (C7) for rjap(r,) into the gene-
rating equation (97) for the coefficients bL(rn). Applying the operator
[D:‘ - L_Q_‘E_;_-_\)] p times to rnaL(rn) as given by the expansion (C7)

L 3

n .
yields the result where D.‘ = /'QT:

P
P
‘\l(; [D: - L%:_‘)] [Y“ QLU")]: ;PBMZ(M-PH)(M-FH_) c oo (m) x
x (2metler-2per)(2me2Lel - 2P+a)x

x(2me2l+1-2psg) - (2metle1)x

am+L -2

N . (c8)

The summation (C8) begins at mz=p due to differentiation of

constant terms so that the lowest power of r  in the summation (C8) is

txl{' Hence near the origin the coefficients
Lg)=5 L o pr - P[ (c9)
) = [ ~ LT ] ry a/(r )] c9
L h) P=o (7_?1-0'_ Y. " Y;:' e

are regular for all L.



APPENDIX D
NUMERICAL DIFFERENTIATION METHODS

Accurate finite range corrections in the WBP model rely upon
the generation of accurate coefficients [, (\C‘) given in expression (97)
|

m
1
of Chapter 4. Evaluation of the term \'- Dh - L l;tl)] ir“ QL(V.‘)J
requires a numerical differentiation routine capablehof computing ac-

curate even-—order derivatives. Typically the functions Y,‘QL(V,) are
computed for eighty equally spaced values of Y,, from 0 to 16 fm,
giving a step length h = 0.2 fm. Since the accuracy of many differen-
tiation algorithms is sensitive to the step length and since it would
be very costly to decrease the step length, an algorithm was sought
which would give satisfactory accuracy for the step length used in the
existing zero range code.

Because the analytical study of errors inherent in numerical
methods is not very revealing it was thought necessary to test various
methods by using them to compute even derivatives of an analytical
function with known derivatives. Since the functions VY, QL(Y,‘) are
oscillatory functions it was decided to test the methods with sine
curves of variable frequency. For this situation one can not only study
roundoff error by increasing the "word" size (double precision arith-
metic) used in the computer but also study directly the accuracy as a

function of step length.
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Among the methods testéd were a seven point central difference
formula based on Stirling's interpolating polynomial and a Lagrangian
interpolation formula written for either three or five points.
The central difference formula is given by twice differen-
tiating Stirling's interpolating polynomia11°7). Denoting the seven
equally spaced functional values by Yi-3> Y{-2s ¢+*s Yi+3 the second

derivative at the point xy is

i ‘“'1- [ 90 (9(,§3‘-9t-3) ZD( (+1 9( 1.) % &,."’9_) 9 :) (pl)

Since the formula (D1) is not applicable for the first three and last

107

three points, Newton's forward formula~"‘) which, ifncluding six terms,

twice differentiated reads for the first three points

77 + lo -
i A [ns 9 9 I 1 ] :39£ +u ‘jm s 9”‘_] (p2)

(+2
(If there are n points, one puts ¥4* -Yp-1 in Eq. (D2) for the last
three points).
The other methods take the first derivative of Lagrange's
interpolating polynomial of degree 2 relevant to either three or five

108

successive points™""), For three points the first derivative at the

center (x;) of the three points is

g, = 4 ( Yiu *‘i‘-.) | (03)

¢

except for the first and last points y; and y, where the derivative is

evaluated at the first and last points
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9| = :::I (-39| +43~,_ _y3)

9 = 3303999+ Y9,..) (04)

Likewise the five point Lagrange derivative reads for the third

through third-from-last points

gé = ,_7‘:}‘[ 9(-z_ _9i+1.+ 8(9L+| -t')i.—n)] (D5)

with derivatives at the end points

9, = '—1'_—- [-—‘1_59‘-“\1191 —3693 +|(,94 -395]

¢ - -43d ~{6¢
‘)h = I'L}\ [ L S 9" 48 )h-|+36'()n-l Jﬁ—ﬁ M 3,9.,-4] (D6)
and adjacent to the end points

%

5[99, -0y, v18y, -6y, vy, ]

fw = g [ 39,5109, 7189,,069,,7 %] . on

In contrast to the seven point Stirling formula which computes
the second derivatives directly, the Lagrangian formulae build the
second derivatives by using the array of first derivatives as input.

In this way a certain amount of "smoothing'" is achieved.
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_ Single and double precision routines for the above methods were
used to compute second, fourth, sixth and eighth derivatives of sine
curves for step sizes ranging from h = 0.05 to h = 0.30. The eighty
input values for the sine curve with h = 0.05 covered less than a cycle
while those with h = 0.30 covered almost four cycles.

Differences among the methods became quite apparent in the
eighth derivatives with the five point double precision Lagrange method
giving satisfactory accuracy (the sixth derivatives were usually accu-
rate to one part in 104) for all eight derivatives over the entire
range of step size. Least satisfactory was the method based upon
Stirling's interpolating polynomial. It lost accuracy in the small step
length ~ high derivative region. Roundoff error became troublesome in
all cases in this small step length - high derivative region.

Despite these difficulties it was found that for the usual WBP
model finite range corrections with a square well potential including
second, fourth and sixth derivatives that all of these methods are of
satisfactory accuracy. In this case computations of cross section,
polarization and vector analyzing power with these different methods

all agreed to within one percent.
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