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ABSTRACT

A number of methods of determining spectroscopic quantities 

are discussed both experimentally and theoretically. The ultimate 

limitations on signal-to-noise ratios in such experiments are also 

discussed. A method is described of directly determining transition 

dipole matrix elements which have been used to make the first measure

ments of this quantity in an asymmetric rotor. A low pressure gas 

(a few mTorr Nh^D) which is subjected to a cw CO^ laser beam is sud

denly Stark switched into resonance. An optical nutation signal is 

detected whose frequency yields iFEg/h, where 0 is the transition dipole 

matrix element of interest and Eg is the optical field strength which 

may be determined from power and beam profile measurements. Thus an 

observation of the nutation frequency along with the power measure

ments yields The extension of this technique to nonpolar molecules 

and its advantages over conventional steady state laser methods are 

discussed.

Molecular gas samples when excited by coherent light display 

a number of transient effects in addition to optical nutation. How 

these transients can be used to unravel the different molecular colli

sion processes is explained. From these experiments cross sections 

for the various collision processes in NH^D are determined. Also 

reported is an extension of the coherent Raman beat phenomenon to a 

system with nondegenerate levels and strong driving fields. In
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experiments to date, a coherent superposition of levels was achieved 

by applying resonant radiation to a system with degenerate levels, and 

then suddenly removing the degeneracy with a Stark field. A coherent 

Raman beat at the level splitting is then observed as a beat with the 

applied radiation.

In the experiments reported here, the stringent requirement of

level degeneracy during preparation is removed. We observe coherent 
15Raman beats in NH^ by applying a short pulse of resonant radiation 

to levels which are already split. A coherent superposition is 

achieved because the short pulse excites a large frequency bandwidth 

and thus excites many molecular velocities within the Doppler-broadened 

1inewidth. On shifting the transitions out of resonance, we observe a 

coherent Raman beat, which allows us to make accurate measurements of 

level splittings as well as of the (Raman) dephasing time.

In addition, we observe unusual strong signal effects hereto

fore not seen in which the Raman beat is modulated. These are explained 

by an exact solution of the three- 1 eve1 problem.

The hyperfine structure of two transitions in the vg = 0-H 

vibrational band of Nt^D is resolved. These spectra represent the first 

direct observation of N14 nuclear quadrupole splittings in the optical 

region. The transitions were observed using Lamb dip spectroscopy in 

which a Stark field is used to tune the spectral components through 

resonance with a CC^ laser. Splittings of less, than 1 MHz are resolved, 

and the nuclear quadrupole coupling constants in the excited vibrational 

state are determined along with the excited state permanent dipole
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moment. The values obtained differ significantly from the ground state 

values, and some discussion of their physical implications is presented.

In all these experiments, radiation must be detected and it is 

detected in the heterodyne mode. The noise limit is due to photoelec- 

tron shot noise (i.e., electrons come in whole units of electronic 

charge). The shot noise induced by the powerful local oscillator can 

be made to swamp all other noise sources. A quantum mechanical deriva

tion of the heterodyne signal and noise is presented and the question 

of whether the shot noise limit is fundamental is addressed. It is 

found that under appropriate conditions, the shot noise depends on the 

photon statistics.



CHAPTER 1

DIRECT MEASUREMENTS OF TRANSITION DIPOLE 
MATRIX ELEMENTS USING OPTICAL NUTATION

An important parameter in any spectroscopic experiment is the 

transition dipole matrix element, ^ ^ J I e.^.^^dr, since it is | ^ | 2 

which fundamentally determines the strength of a transition from a 

state t|>a to another state 1̂ . Accurate values of 0 are useful in a wide 

variety of applications including the study of population distributions 

in gases, radiative energy transfer problems, and the search for new 

laser transitions. In addition, for vibrational transitions in mol

ecules , the vibrational piece of %> can be. used as a test for vibrational 

potentials and wave functions. Thus accurate methods for measuring g? 

are of considerable interest.

Here the direct, accurate measurement of transition dipole 

matrix elements using optical nutation i S demonstrated. This phenomenon 

is seen as a damped oscillation in the transmitted intensity which 

occurs when a molecular transition is suddenly brought into resonance 

with a laser beam (Hocker and Tang, 1968). The oscillation arises 

because molecules are driven coherently back and forth between the 

ground and excited states producing an alternating absorption and emis

sion of radiation. If the transition is excited exactly on resonance 

by a uniform optical field with amplitude Eq , the oscillation frequency 

is just IPE /fi. Thus a measurement of the oscillation frequency together



with a measurement of the laser intensity I = y c  gives the

matrix element directly.

Transition dipole matrix elements can also be determined by a 

steady state laser method where the absolute absorption as a function 

of pressure is measured (McCubbin, Darone, and Sorrell, 1966; Gerry 

and Leonard, I966). This method can give accurate results, but only 

when certain conditions are met. Optical nutation is complementary to 

the steady state method since the accuracy of the two techniques depends 

on different parameters, and one can often be used in situations where 

the other fails. A more detailed comparison of the two techniques is 

given later. Curve of growth measurements using a conventional IR 

spectrometer can also provide a determination of P (Benedict et a1., 

1956). However, this technique can only be used for the simplest 

molecules and is not the method of choice if a laser at the proper fre

quency is available.

Our optical nutation measurements were made on a deuterated 

ammonia, NHgD, using a Stark switching technique described below. 

Transition dipole matrix elements are obtained for two vibration- 

rotation transitions in the molecule, and since the transition assign

ments are known, the vibrational piece of the transition dipole matrix 

elements along two different axes in the molecule are determined.

These quantities should provide a sensitive test of the V2 vibrational 

wave function in NHgD.

There has been one previous attempt to measure P using optical 

nutation by Mocker and Tang (1969), who made a measurement on SFg using 

a pulsed laser. It is hard to assess the accuracy of their results



because of the difficulties inherent in this type of experiment. in 

particular, the optical field strength changes during the pulse and the 

laser frequency can be chirped, both of which will vary the nutation 

frequency. It is also difficult to accurately measure the nutation 

signal that does occur, since it appears as a small signal on the time 

varying background. Finally, a determination of the optical field 

strength is extremely difficult since the pulse shape, the pulse energy 

and the transverse profile of the beam must all be reproducible and 

accurately known. Thus the measurement of transition dipole matrix 

elements using this approach does not appear very promising if accura

cies much beyond a rough estimate are desired.

The difficulties just mentioned can be avoided, however, by 

using the Stark switching technique. In this method, which we have 

used for the measurements reported here, a cw laser is.utilized, and 

molecular transitions are shifted in and out of resonance using the 

Stark effect (Brewer and Shoemaker, 1971). Thus one merely passes the 

laser beam through the sample and applies a pulsed electric field 

across it. The optical nutation signal is observed by monitoring the 

transmitted light with a photodetector. Using a pulsed electric field 

instead of a pulsed laser produces several significant advantages.

First, because the laser beam is cw, it produces only a DC signal in 

the detector. The only AC signal present is just the optical nutation 

signal one wants to observe 1 This allows the nutation signal to be 

accurately measured. Secondly, since the pulsed electric field can be 

a nearly ideal step function and the cw laser is stable in amplitude



and frequency, an exact theoretical calculation of the optical nutation 

signal can be made with as an adjustable parameter. Finally, the 

laser intensity may be accurately measured by using a calibrated thermo

pile to obtain the total beam power and a scanning aperture to obtain 

the beam's transverse intensity profile. Thus one expects that accurate 

measurements of jp can be made, and we show that these expectations are 

fulfilled.

A fundamental limitation of the Stark switching technique is, 

of course, that transitions with a substantial Stark effect must be 

used. However, the technique can be generalized by frequency switching 

the laser instead of the sample. Optical nutation can then be observed 

in any transition that overlaps a laser line. This point is discussed 

further in this chapter.

Theory

The theory of the optical nutation effect has been discussed by 

several authors (Tang and Silverman, 1966; Hopf, Shea, and Scully, 1973). 

In this section we review the semi classical treatment of optical nuta

tion in a form suitable for comparison with our experimental results.

We wish to consider what happens when a cw laser beam passes through a 

low pressure gas sample with a resonant, non-degenerate transition. The 

laser frequency is assumed initially to be somewhere within the Dop

pler broadened linewidth of the transition (^80 MHz FWHM for NHgD at 

X = 10 pm). Only those molecules with a z-component of velocity v^ 1 

such that they are Doppler shifted into resonance are excited, and this 

narrow velocity group has a homogeneous linewidth which is typically
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100 kHz - 1 MHz FWHM. At t = 0, a step function electric field is 

applied across the sample which shifts the center frequency of the 

transition to a new value, if the frequency shift is several homog

enous 1inewidths or more, a new velocity group v " will suddenly be 

shifted into resonance producing an optical nutation signal. In addi

tion to the optical nutation, there will also be an optical free induc

tion decay signal (FID) from the velocity group vz ' which was shifted 

but of resonance. This signal can be ignored in"practice because the 

FID appears as a heterodyne beat with the laser and decays as 

exp jjyt- (/y2+(jPE /fij2)t]| where Y = “  is the col 1 is ional decay rate 

(Brewer and Shoemaker, 1972). Thus the FID has essentially died out 

by the end of the first cycle of optical nutation, and even during 

that cycle, its amplitude can be made negligibly small by simply Stark 

shifting far enough to make the heterodyne beat frequency lie outside 

the bandwidth of the detection system. In light of this we may neglect 

the previously excited velocity group v^1, and consider only the response 

of an unexcited transition suddenly shifted into resonance at t =0.

Our approach will be to calculate the molecular polarization via the 

density matrix equations of motion, and then to use Maxwell's equations

to find the signal which appears at the detector.

We take the optical field to be

= Eq c o s (fiLt - kz). (1.1)

Considering now an ensemble of molecules with axial velocities between 

vz and vz + dv^, and making a (nonrelativistic) transformation to a



moving coordinate frame in which these molecules are at rest, this 

becomes

El = Eq c o s (fiL 1t - kz') (1.2)

where 1 = " kv^, and z 1 is the molecular position in the moving

frame. We assume an optically thin sample so that Eq does not depend

on z 1. This condition is certainly Satisfied in our experiments where

the peak absorption is ^0.3%.

The equation of motion for the molecular density matrix can be 

written . .

P = ~ [H»p] ■"*(? ■ P°) (1.3)

where p° is the density matrix in thermal equilibrium, and we have intro

duced a single phenomenological decay time t. This is equivalent to the 

assumption that the molecular relaxation processes are dominated by 

strong collisions in which the col 1isional transition probability to any 

level is simply proportional to the Boltzmann factor for that level. We 

could allow the population difference, P^^'Pgg> and the relaxation time 

for the off-diagonal element to have different relaxation times, 

(i.e., Ti £ Tg). However, as discussed below in this chapter, for the 

high powers and low sample pressures used in our experiments, the decay 

of the observed optical nutation signal is dominated by effects due to 

the transverse intensity profile of the laser beam. Thus the details of 

the coll isional decay model do not significantly affect the results of 

the calculation, and we will proceed using the simpler strong collision 

model.



Denoting the upper state as ijjg , the lower state as , and the 

energy difference between them as wa ~ wb = ^ o ’ we can write equations 

of motion for the individual elements of E q . (1.3): In the dipole

approximation, the Kami 1 tonian is H = H -  ̂e.?., where the surn-O L • I I
mation is over all electrons and nuclei in the molecule. Assuming ^  

to be linearly polarized along the x-axis, the matrix elements of H are

Haa °  wa '  Hbb ‘  V and "ab  = Hb a *  ‘  " ^ a l ?  e i x i l l ,b>EL ’  ~ K L'  A , s 0 >

p ° - N /N, p̂ , = N./N, p, , =: N./N, where N and N, are the thermal aa a pb b bb b a b
equilibrium populations of levels a and b, and N = 4- . Thus we
obtain

, 21 PE, . N,-N
T t  ^pbb~p a a ) = (pab ' p ba} + 7  “ IT^* “ (pbb'p a a )

d _ d * iPEl ( x 1
dt" pab ~ d t pba " (pbb"paa} ™ '“opab ' T pab'

(1.4)

The rapidly oscillating component of p^^ may be removed by

setting
- i (fi. 11 - k z 1) 

pab = 5 ab e • ( , -5>

Making this substitution and using the rotating wave approximation, we 

obtain
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where y = #*£ /2fi. The second equation has both real and imaginary 

parts since p  ̂ is complex. Thus it is convenient to set

5ab = i (RI " iRl[)

pbb"paa = *111 0.7)

which gives

R| = | “ R| (1.8a)

R, | = (Wg-0|_')R| - 2yR| ( | - ~  R| | (1.8b)

Rlll= 2̂ H  * 7  [<NS-Na)/N - Rm ]- C.Scl

Equations (1.8a-1.8c) are the optical analogs of the NMR Bloch

equations (Feynman, Vernon and He!1worth, 1957)• As discussed earlier, 

the molecules excited at times t <0 give rise to a FID and may be 

ignored. Thus we consider the molecules to be unexcited at t = 0, and 

we let u)Q be the Stark shifted resonant frequency in the moving coordi

nate system. The boundary conditions on Eqs. (l.8a-1.8c) are then

N.-N
8,(0) = 0, R,, (0) =0, R,,,(0) = -2— 2. . (1.9)

Using Eq. (1.9), the solution of Eq. (1.8b) is

R. . (t) = - ■a- i- e t//T sinZgt 2-y-T'.- ■ fl - e ^^(cosZgt
11 N ( 9 i+4g2T2

+ 2g7 sin29t)]| (1.10)



1 _1_ 
where g = y  ) 2 + ^y2J2 ' The solution for Rj can be written

R,(t) = e"t/T

The induced polarization per molecule is given by

P 1 (t,vz) = K p ab+Pba) = iP[R( cosC^'t-kz')

- R||Sin(ob't-kz'f| (1.12)

where the dependence of p 1 explicitly takes account of the fact that 

only a single velocity group of molecules has so far been considered in 

the calculation.

The polarization of the sample may now be calculated by writing 

Eq. (1.12) in terms of laboratory frame quantities and integrating over 

all velocities v^. The number of molecules/crti3 with v^ between v and

v + dv is z z
- (kv )2/(Au)n) 2

N(v ) =-— ------ — ----- ^  (1.13)
Au)dvV

where Aw. = (w /c)/2kDT/m is the 1/e halfwidth of the Doppler broadened D o B
line profile. The polarization is thus

M r -(l<vz)2/(AwD)2
P(t) = & — '— - k e [R, cos (fi. t-kz)

Awn/r 1 1 L

- Rj I s i n (fibt-kz)3 dvz (1.14)

where the relation fi, 1 = - kv is used to express R. and R., in termsL L z r I I I
of laboratory frame quantities only. Equation (1.14) can be simplified 

considerably by allowing the laser frequency to fall at the center of
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the Doppler curve so that to = fi . This was the case in our experi-o L
ments. g is then given by

9 = Y  [(kvz) + 2 (1.15)

This makes R|j an even function of vz and Rj an odd function so that the 

first term in the integral of Eq. (1.14) vanishes. Thus

P(t) = | - P

= P(t) sin(fi^t-kz) (1.16)

where P(t) is the polarization amplitude. To calculate the observed 

signal, we use this polarization in Maxwell's equations to find the 

optical field emitted by the molecules. Since the polarization in

Eq. (1.16) is assumed to be a plane wave, we may look for a plane wave

solution of Maxwell equations,

E(t) = Es(z,t) cos(fi^t-kz) + Es 1(z,t) s i n (fî t-kz)

0.17)

Furthermore, since the polarization amplitude varies slowly In time 

compared to an optical period and slowly in space Compared to an optical 

wavelength, the slowly varying envelope approximation can be made, 

yielding linearized wave equations for the emitted field amplitudes 

Eg(z,t) and Eg'(z,t)

(̂  + i ^ )Es(z-t) = " irr p(t> <1',8a)o

N(vz)Rt(dvzI s i n(fi^t-kz)
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(1.18b)

The right-hand side of Eq. (1.18b) is zero because a plane wave polari

zation can only drive a field 90° out of phase with itself. Letting 

z = Q be the point where the laser beam enters the sample, we have 

boundary conditions E (0,0 = E 1 (0,t) = 0. Thus E, 1(z,t) = 0 every

where. Equation (1.18a) can be simplified by noting that in our experi 

ments E builds up over a sample length of ^30 cm while amplitude varia

tions at a given z occur on a time scale of M).1 sec. Thus 
- 1

9Eg/3z »  —  (9Eg/9t), so we ignore the 3Eg/3t term and integrate Eq.

(1.18a) trivially to yield an output field,

a,L

where L is the length of the sample.

The optical field reaching the detector is a sum of the laser 

field and the emitted molecular field. Since optical detectors are 

square law devices, we need to calculate the intensity present at the 

detector, which is

t (t) - cs < Fe_ cos (a. t-kz) + £ cos (a. t-kz)! 2> (1. 20)O La O L S L aj ■ 3V0

where the time average is taken, over many optical cycles. Thus

I (t) = ce (E 2/2 + E E + E 2/2).O O 5 o S (1.21)
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Now 5^ << E. for an optically thin sample so the third term of 

Eq. (1.21) may be ignored. Evaluating from Eqs. (1.10)> (1.13), 

(1.16), and (1.19), we obtain our final result

g>2E 2S2. L(N.-N ) c00 ~(kv )2/(Ator.):
I (t) = I - ---2-J:---L - B -  I k e  z D

4hAWg/rF

—  e sin2gt + — — ---
 ̂ l+4g2T2

1 - e (cos2gt

t sin2gt) ■ dv

(1 .22)

where lQ - ceoEo2/2. Two of the four integrals may be performed if 

we assume the coupling, y , is small enough (Doppler width wide enough) 

that we only excite a small portion of the Doppler profile. Equation 

(1.22) then reduces to

I (t) = Iq - 2y
Ao)

(Nb-Na) e
V c o o Y
, Aw 7

e't/T J0 (2yt) + 4
/l + 4y 2r 2

t -t/r —  eTT
1

-a, l+4g2x272 (cos2gt + —  Sin2gt 1 dv.

(1«23)

where w^ is the frequency of line center and Jq is the zeroth order 

Bessel function. In the limit as t this equation reduces to the

standard expression for steady state saturated absorption at the peak



of a Doppler broadened line. If the relaxation time t is long, we may

obtain an approximate solution for I(t) by setting t = =°, leaving only

the J term. Since the zero order Bessel function J is approximately o o
unity for small t, the initial peak value of the optical nutation sig

nal will be

8’2Eo2fiL(Nb-Nd)L/ir .

Al . peak 2fiAtoD (1.24)

We note that Eq. (1.24) is exactly the expression one obtains for

unsaturated absorption assuming a small optical field. This is not

unexpected since for a short time after the molecules are switched into

resonance, the level populations have not yet changed appreciably and

one sees the full unsaturated absorption.

Equation (1.22) was derived assuming plane wave excitation.

In our experiments, however, the laser beam has a Gaussian profile
-R2/2w 2which means that E^ should be replaced by EQe in that equation.

Neglecting diffraction effects, the observed signal for a large area 

detector is then the integral of Eg. (1.22) over the beam profile,

S =' 2ir I (t)R dR. (1 .25)
o

The integration causes the observed nutation signal to damp 

more rapidly but does not significantly affect the nutation frequency. 

This can be seen by using the approximate zero order Bessel function 

solution in Eq. (1.25). We have
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2 ) fiLL N̂b~Na ^
=  v  { lo  -   ^ 0 / t ) J i  • (1 • 2 6 )

Inspections of the functions Jq (x) and J^(x) shows that their 

oscillation "frequencies" are equal to better than 2%, so the integrated 

signal frequency is essentially the same as the nutation frequency one 

would obtain if a plane wave of amplitude Eq had excited the sample.

The damping, however, is greater due to the 1/t factor. The exact 

numerical solutions using Eqs. (1.22) and (l.25) behave similarly.

Experimental

A block diagram of the experimental arrangement is shown in 

Fig. 1.1. A 1.5 meter grating controlled CO^ laser is used which 

produces 2-4 watts, TEM^ mode, on any one of ^50 00^ lines. A small 

650 Hz dither is applied to the output mirror producing a variation 

in the discharge tube impedance. This signal is used to lock the laser 

to the peak of its gain curve with a long term frequency stability of 

'v 1 MHz. The short term frequency jitter is less than 100 kHz.

The NHgD gas samples are held in a Stark cell equipped with 

NaCl windows and containing two 4 x 30 cm long glass plates metallized 

on their inner surfaces and separated by .5946 ± .0005 mm quartz 

spacers. After passing between the Stark plates, the transmitted laser
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Fig. 1.1. Experimental Apparatus for Observing Optical Nutation Signals.



beam is monitored by a Au:Ge photoconductive detector, which in combina

tion with a preamplifier has a bandwidth of ~ 10 MHz. A pulse generator 

supplies step function voltage pulses across the Stark plates at a 

repetition rate of 'v- 20 kHz and the detector-preamp output is fed into 

a PAR 162 Boxcar integrator which provides signal averaging and displays 

the results on an X-Y recorder.

NH2D was synthesized by simply mixing NH^ and D^O. The H and D 

atoms in both NH^ and D^O exchange rapidly among themselves, resulting 

in a statistical mixture of partially deuterated water and ammonia.

This mixture was vacuum distilled several times holding the mixture at 

-78°C and collecting the distillate at -196°C. Since the vapor pressure 

of H^O is 10" 3 Torr at -78°C, as compared to 50 Torr for NH^, all water 

can be removed in this manner. The purified ammonia mixture contains 

^45% NH2D when a NH^ 2 D2O ratio of 1.33:1 by volume is used.

We first examined the = (0a,4Q^,±4) -> (l-s»5|̂ ,.±5) NHgD

transition which was Stark tuned ^2300 MHz. into resonance with the 

P(l4) COg laser line at 10.53 um (Kelly, Francke, and Feld, 1970). The 

Stark field is perpendicular to the linearly polarized optical field so 

that AMj = ±1 selection rules apply. The AMj = ±4 ±3 component need

not be considered since it has an intensity which is down by a factor of
1445 from the ±4 -> ±5 component. Due to the N nuclear quadrupole moment,

the M = ±4 ±5 component is split into hyperfine components corre-J
spending to Mj =0, ±1. However, since the nuclear motion is uncoupled 

from the molecular.rotation by the high Stark field, AM j = 0 selection 

rules apply, and all three components have the same intensity and Stark
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effect (Townes and Schawlow, 1955). Thus the transition is effectively 

a simple two-level system, and the theory discussed earlier applies.

An experimental nutation signal using 6.6 mTorr of Nh^D and a laser 

power of 2.18 watts (inside the cell) is shown in Fig. 1.2. The laser 

beam profile Eq 2(R) was very nearly Gaussian with a spot radius of , 

1.40 ± .07 mm# and was obtained by measuring the laser intensity distri

bution in front of and behind the Stark cell with a small scanning aper

ture (<0.5 mm). These profiles were averaged and Eg. (1.25) numerically 

integrated to obtain the points shown in Fig# 1.2. The technique and 

molecular transitions observed are the same as used for observing all 

the coherent transients to be discussed in this dissertation with the
] 5

exception of the Raman beats of Chapter 3, where NH^ was used as the 

sample gas.

In using Eq. (1.25), one assumes a detector area large compared 

to the beam size. Since our detector has a 2 x 2 mm cross section, this 

was not quite true. However,.Eq. (1.25) should be quite adequate since 

we are monitoring most of the beam, and, in any event, the beam profile 

integration does not significantly affect the nutation frequency. This 

last point was verified experimentally by noting that the nutation sig

nal was insensitive, except for overall amplitude, to the detector posi

tion in the beam.

The value of ^E /fi, where E is now the field intensity in the o o
center of the beam-, is 18.0 ± .36 MHz. The error limit is determined 

by the accuracy of the computer fit (better than 2%). The fit was very 

insensitive to the value chosen for t . This is due to the fact that 

nutation signals from molecules in the center of the beam and the edge
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Fig. 1.2. Observed and Calculated Nutation Signals for the
(v2,J,Hj) = (0a,4p4,±4) -> (1^,514,±5) Transition 
in NH2D with an Incident Laser Power of 2.18 Watts.
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of the beam have different nutation frequencies which interfere to give 

a shortened lifetime for the nutation signal. The best fit was obtained 

for a lifetime t a . 1.2 ysec.

From the value of the dipole matrix element can be deter

mined if Eq is known. An absolute power measurement is required for 

this and was done using two Coherent Radiation Model 210 thermopiles. 

These devices are factory calibrated with a CO2 laser to ±5% using a 

standard traceable to NBS. We had two such meters available and they 

agreed to better than 4%. An average of the two was taken as the laser 

power. Combining this with the measured beam profile, we obtain 

Eq = 164 ± 9 V/cm. Note that the power measurement is not as critical 

as the beam profile measurement because Eq is proportional to the square 

root of the power.

The value of the transition dipole matrix element obtained from 

the data of Fig. 1.2 is then f = 0.0349 ± 0.0021 Debye. The bulk of 

the error here is due to the beam profile measurement. This could 

readily be made more accurate in future experiments. We also measured 

fusing a lower laser power, 1.13 watts, as shown in Fig. 1.3. The 

signal here is somewhat more sensitive to x because the nutation fre

quency is lower; however, the fit is still good and yields a value of 

& = 0:0356 ± 0.0021 Debye in excellent agreement with the high power' 

measurement. The average of the two values is

9 =  0.0353 ± 0.0021 Debye (1 .27)

for the (v2, J,Mj) = (0a',40il,±4)- -*• (1^,5^,±5) transition.
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Fig. 1.3. Observed and Calculated Nutation Signals for the (v2 >J,Mj) = 

(Oa,4o4,±4) -> (1s ,5i4,±5) Transition in NH 2 D with an Incident 
Laser Power of 1.13 Watts. N>o



21
We also made measurements of the Mj = ±4 -> ±5 component of the

(v2 >J) = (°a>^o4^ ^a'^05) transition which can be Stark tuned into

resonance with the P(20) CO2 laser line at 10.59 ym (Kelly, Francke, and

Feld, 1970; Brewer, Kelly, and Javan, 1969; Shoemaker and Hopf, 1974).

Unfortunately, this transition is not a simple two-level system because 
14

here the N nucleus is not completely decoupled from the molecular 

rotation in the 5q ^ state (Shoemaker and Hopf, 1974). This produces a 

partial breakdown of the selection rules and recent high resolution 

Lamb dip studies we have made show that the five hyperfine components 

given in Table 1.1 all have appreciable intensity (Van Stry land and 

Shoemaker, 1976).

The relative dipole matrix elements shown there can be calculated 

exactly from the Stark and quadrupole coupling constants determined in 

the Lamb dip work (Van Stry land and Shoemaker, 1976). Note that the 

(M|,Mj ) = (0,±4) and (±1,±4) lower state components are each coupled to 

two excited state components. For these three-level systems, the simple 

theory discussed previously must be modified. The density matrix equa

tions can easily be written down, but they must be solved numerically.

In practice we found it more convenient to solve the well known equa

tions for the probability amplitudes of a three-level system as these 

solutions require only a numerical evaluation of the roots of a cubic 

equation (Javan, 1957)• The elements of the density matrix can then 

be constructed from the probability amplitudes and the polarization 

found from the appropriate generalization of Eq. (1.12). The remainder 

of the calculation proceeds in the same manner as the two-level case
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Table 1.1. Hyper fine Components of the (0a Aqa ,±4) -*-■ (I <-, 5i 2i±5) 
Transition in NHgD.

Component Relative Dipole Matrix Element

(±1,±4) ■-»- (±1 ,±5) 1 .00

(0,±4) ^ (0,±5) 0.98 )
> splitting = 3.4 MHz 

(0,±4) -»■ (±1 ,±4) 0.22 )

(+1,±4) -> (+!»±5) 0.80
spl 1 ttlng == 1 .8 MHz

(+1,±4) ->• (0,±4) 0.59 "

with numerical integrations over the molecular velocity distribution 

and the laser beam profile.

The calculated results for both three-level systems and the 

(±l-,±4) -> (±1 ,+5) two-level system (using the proper relative dipole 

matrix elements) were added together to give the theoretical optical 

nutation signal. Figure 1.4 shows an experimental trace with the best 

calculated fit below it. Both traces show destructive interference 

near 1.2 usee caused by the three-level systems. The fit here is not 

as good as for the (0^4^,±4) -> (1 ,5^2j»±5) transition, but calcula

tions using higher and lower values of show that the fit is

accurate to at least 6%. For the data of Fig. 1.4, we obta in %>Eo/Jh . - 

22.0 ± 1.3 MHz. Since the laser power was 3.73 ± .18 W and the beam 

radius was 1.70 ± .08 mm, the dipole matrix element is

P = .0394 ± .0032 Debye (1.28)

for the (Oa »402j,±4) ^ (la> 5q^,±5.) transition.
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Fig. 1.4. Optical Nutation Signal for the (v>2, J ,Mj) =
(Oa,4q4,±4) -> (1a,5q5>±5) Transition in NH2D 
with an Incident Laser Power of 3.73 Watts.

Upper trace is the calculated nutation signal, 
and the lower trace is experimental.



The vibrational part of the transition dipole matrix elements 

given in Eqs. (1.27) and (1.28) can be extracted by calculating the 

rigid rotor direction cosine matrix elements. in making this separa

tion, it is convenient to choose a space fixed axis system in which the 

Stark field is along the Z-axis, and the optical field is polarized 

along the X-axis. Assuming the total wave function can be written as a 

product of electronic, vibrational and rigid rotor wave functions, we 

have

^ V  <^ r b ^ 0t W * v i b ' l' rot> = £ ' ♦ v i b l V ' v i b ^ r o t ^ X g l + r o t ^g=a,b,c
(1.29)

as the measured dipole matrix element. Here <j)v is a direction cosine,xg
and u is the gth component of the permanent dipole moment given by 

9 ■' .
p’ - <ip .1 Y e.r.U i> . e. is the charge and r. the center of massel j i i e1 i i
coordinate of the ith electron or nucleus in the molecule. The non-

vanishing direction cosine matrix elements are

<J,M-4oV%|*Xa 5-05,5> = 0.463

<J,M=4o4,d4|<i,Xc 5U ,5> = 0.297 • (1.30)

These numbers were obtained using our best estimate of the ground and 

excited state rotational constants (Weiss and Strandberg, 1951; Lich

tenstein, Gallagher and Derr, 1964; DeLucia and Helminger, 1975)•

Because these matrix elements are very insensitive functions of the 

rotational constants, the values should be quite accurate. For example, 

a 15% error in the excited state asymmetry parameter k produced an error
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of less than 0.5% in the matrix elements• We must also take into 

account the fact that in the Stark field the lower state is a nearly 

equal mixture of the 4 ^  and 4 ^  rotational states. When this is done, 

we obtain the desired vibrational matrix elements

:3u.<V2-0

<v2=0a

Q. 30
V2= 1 a > = 0.112 ± 0.009 Debye

v2~ 1s > = 0.158 ± 0.009 Debye . (1.31)
3d

These matrix elements are written using the conventional Taylor 

expansion for the dipole moment ug = ug° + (3ug/3Q) q_qQ. + . ., where Q. 

is the normal coordinate associated with the V2 motion. Notice that the 

<0g | (3ua/3Q.)Q| la> matrix element depends on the dipole moment derivative 

along the a-axis which is nearly perpendicular to the 3-fold symmetry 

axis of the electronic charge distribution. While the permanent dipole 

moment along this axis is very small, the dipole moment derivative is 

substantial.

There has been one previous measurement of a vibrational transi

tion dipole matrix element in by Shimizu et al ., who found

<V2=0a | (3ia/3Q,)Q.|V2=ls> = 0.24 + 0.02 Debye (Shimizu, Shimizu, Turner, 

and Oka, 1971). Since we found 0.158 Debye for the same matrix element 

in NH^D, it would appear that the deuterium substitution has a very 

large effect on the inversion motion.

Discuss ion

We have shown that transition dipole matrix elements can be 

accurately measured using optical nutation. To our knowledge, these
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measurements are the first determination of dipole matrix elements for 

an asymmetric rotor.

it is interesting to compare the error sources in our optical 

nutation technique with those ofvthe steady state laser method which 

measures absolute absorption vs. pressure. If optical nutation is used, 

three error sources are important: errors in the optical nutation fre-

i quency measurement, in the total laser power measurement, and in the 

beam profile measurement. As discussed earlier, the nutation signal 

can be fit to within a few percent provided no other transitions over

lap the Doppler width of the line being studied. Our laser power and 

beam profile measurements had somewhat larger errors, but these also 

should be reducible to <̂ 2% by using better equipment such as a self- 

calibrating power meter and a micrometer controlled scanning aperture. 

The steady state laser method also requires a knowledge of three param

eters, each of which can contribute to the error in a dipole matrix 

element measurement (McCubbi n, Da rone, and Sorrell, I966; Gerry and 

Leonard, 1966). These are the absolute absorption of the transition, 

the collision-broadened linewidth, and the absolute equilibrium popula

tions of the upper and lower states. The absolute absorption and the 

collision broadened linewidth are obtained simultaneously by measuring 

the absolute absorption as a function of pressure, generally over a 

range of 0.1 to 50 Torr (McCubbin et a 1., 1966; Gerry and Leonard, 

1966). Such measurements can be made quite accurately in this pressure 

range provided one does not have trouble with overlapping lines.
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However., at pressures above a few Torr the 1 inewidths are 

rather large and have Lorentzian tails. Thus finding a transition at 

a laser frequency with no overlap problems can be difficult. Once the 

absorption and linewidth have been determined, the absolute population 

in the upper and lower states must be calculated to find 8>. If care is 

taken to make accurate pressure measurements, this calculation is often 

not a problem. It does require knowledge of the transition assignment,, 

the rotation-vibration energies, the rotational and vibrational parti

tion functions, and the isotopic composition of the sample, however, and 

in some cases these are not all accurately known.

As an example of the steady state method as well as a check on 

our results, consider the (Oa,kQ^,±k) (la,5Qg,±5) transition in NHgD.

Johnston and Mellville (1971) have measured the absorption coefficient 

and linewidth of this transition in the collision broadened limit, so 

we can try to estimate g> from their data. The first problem one finds 

is that, in contrast to the Doppler broadened case, the components 

overlap so that a sizeable correction must be made to obtain the correct 

absorption for the Mj = 4->5 component. This correction gives a = 0.028 

cm-1 at 10 Torr instead of the 0.042 cm"! overall absorption they 

observed at that pressure. Their linewidth measurement gives 32.5 

MHz/Torr. We feel this is too high, since our preliminary photon echo

measurements on this transition give 28 MHz/Torr. The greatest uncer

tainty in obtaining by this method comes from the population calcula

tion, however. It is impossible to obtain pure NH^D due to isotope 

exchange reactions. Johnston and Mellville (1971) analyzed one of
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thei r samples by mass spectroscopy and found 45 ± 10% MH„D« In add i

tion to this uncertainty, the value of the rotational partition func

tion does not appear to be accurately known. We calculate Q. - 310, 

but estimates vary by about 10% (Brewer et al., 1969; Weiss and Strand- 

berg, 1951; L?chenstein et a l 1964; DeLucia and Helminger,. 1975)• 

Putting these numbers together, we get p = 0.041 Debye. This is in 

good agreement with our nutation result since the error here is on the 

order of ±0,004 Debye,

At present, a major drawback of using optical nutation to mea

sure dipole matrix elements is that transitions with a large Stark 

effect are required. We wish to point out that this drawback can be 

removed by frequency switching the laser instead of Stark switching 

the molecule. This would involve placing an electrooptic modulator in 

the laser cavity to provide frequency modulation of the laser output. 

Voltage pulses applied to the modulator would then shift the laser 

frequency enabling one to perform coherent transient experiments which 

are exact analogs of the Stark switching experiments. We plan to begin 

such experiments in the near future. One complication which appears 

when no electric field is present is that all transitions have an Mj 

degeneracy. This is not serious because the relative intensity of each 

component is known, although it will produce a somewhat faster decay of 

the optical nutation signal and some additional complexity in the cal- 

culat ions.

In summary, we find that optical nutation can be used to measure 

dipole matrix elements with accuracies comparable to the steady state
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laser technique, the two methods should be thought of as being compli

mentary because they depend on completely different parameters, although, 

all else being equal, the steady state technique is probably the method 

of choice since it requires no special equipment. However, there are 

many situations where steady state methods will not work well, but 

optical nutation will, these include molecules which have dense spectra 

and thus overlapping lines at high pressure, ?sotopically substituted 

molecules where the isotopic composition is not accurately known, low 

vapor pressure materials, and hot band transitions where the level 

populations may be difficult to determine. In these situations, opti

cal nutation may be used to great advantage.



CHAPTER 2

' THE DETERMINATION OF COLLI SIGNAL 
DECAY.RATES FROM COHERENT TRANSIENT EFFECTS

In addition to the optical nutation just discussed, molecular 

gas samples display other transient responses when subjected to 

resonant radiation (Brewer and Shoemaker, 1971; Brewer and Shoemaker, 

1972).. Here, how these transient effects can be used to study colli- 

sional relaxation in gases, is discussed.

First we look at how One can use optical nutation to measure 

decay rates. It would be nice to simply look at the decay of the nuta

tion signal, however, as shown in Chapter 1, this decay is primarily 

due to beam profile effects. Fast nutation in the center of the beam 

interferes with the slower nutation signals at the edges of the laser 

beam to shorten the signal lifetime.

On the other hand, we saw there that the initial amplitude 

spike of the nutation signal is proportional to the population differ

ence of ground and excited states, N^ and Ng. Thus if we disturb the 

population from thermal equilibrium, by an optical pulse, we can 

observe the decay back to equilibrium. This we do by observing the 

amplitude of a second nutation spike as a function of various delay 

times following the initial pulse. The nutation signal gives us a 

probe of the decay of this population difference.

30



The decay is governed by state-changing collisions. Velocity- 

changing collisions could also affect this decay by taking molecules 

out of resonance, however, as we find later in this chapter, the 

velocity change per collision in molecules is ordinarily far too smal1 

to affect the population difference over the time scale of these exper

iments (of the order of a few ysec).

Delayed Nutation Experiment 

To observe the decay of the population difference we must 

initially prepare the system in a nonequilibrium state. In our experi

ments the system of interest is the velocity group, y , which we excite 

to a superposition of states by application of a Stark pulse which 

tunes these molecules into resonance with the laser. We allow the . 

molecules to absorb just enough energy to minimize-N^-N for this 

group (e.g., we apply a 90° pulse).

The signal is the difference between the initial nutation spike 

produced by the excitation pulse (i.e., from the equilibrium population 

difference) and the nutation spike produced by a second probe pulse 

(see Fig. 2.1). Since the first pulse reduces N^-N^, the application 

of a second pulse results in a smaller absorption and thus a smaller 

nutation spike. Now the experiment is repeated several times with the 

time delay between pulses varied. A number of such delayed nutation 

experiments are shown in Fig. 2.2. It is seen that the population 

difference gradually decays back to its equilibrium value. We now 

examine the form of this decay.



Fig. 2.1. The Delayed Nutation Experiment.
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Theory of Delayed Nutation 

Equation (1.24) of Chapter 1 shows that the initial amplitude 

of the nutation signal is proportional to the population difference of 

the lower and upper states. In addition to the nutation signal there 

is a free induction decay (FID) signal from the velocity group switched 

out of resonance. The effect of this signal may be eliminated in the 

data analysis and will be discussed later in this chapter.

In the delayed nutation experiment we observe the equilibrium 

population difference minus the population difference at a delay time t 

after the disruption of equilibrium. We define this signal to be

;(t ) = [Nbeq - Naeq] - [Nb(x) - Na(r) (2.1)

where eq stands for equilibrium (see Fig. 2.1).

For the two-level system of Fig. 2.3 with upper level a and 

lower level b, we can write the following rate equations for the time 

between pulses when no radiation is applied to the velocity group of 

interest

^ N a(t) - Xa " raNa(t) (2.2a)

£ \ (t> * »b - rbNb(t)- (2-2b)

where X and A, are pumping rates (e.g. , from other rotational levels) 

and r 'and. Fb are decay rates for levels a and b, respectively.

The pumping rates simply determine the equilibrium condition 

and are not of interest here. The decay rates are pressure dependent



35

a

b

Fig. 2.3. The Two-1 eve 1 Molecular
System with Pumping Rates 
Aa and Ay, and Decay Rates 
ra and Fb.
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and at the low pressures used for these experiments (a few mTorr) they 

are the number of binary state-changing collisions per unit time for 

each level. They are therefore proportional to the pressure, P. We 

neglect any direct coupling between levels a and b since spontaneous 

emission in the infrared is extemely slow.

These equations are readily solved to give

- r  t .a / - r  t \
Na(x) = N'a(0) e 3 + ̂  (l - e 3 J (2.3a)

-r, t  A, / — r , t  \
N^Cr) = Nb(0) e + —  y  - e J. (2.3b)

Na (0) and (0) are the initial conditions on the state populations 

determined at the end of the initial pulse.

Letting t ” gives the equilibrium conditions

A
N ^  (2.4a)

a

N ^  = ^  . (2.4b)
b

Taking the appropriate differences we obtain the signal,

S(t ) = e b ^Nbeq - Nb(0))

"raT-e (Naeq " Na (0))' (2:5)



However, all mo1 ecu1es removed from level b during the initial pulse 

end up in level a, so we also have

.If rg = rb, which is true for many molecular systems, the decay of S is 

a simple exponential.

Results and Discussion of Delayed Nutation 

In the experiments reported here plots of Zn S(t) as a function 

of t appear to be straight 1ines with the following qualifications.

The lines have a small amplitude modulation at the nutation frequency. 

This is explained by the FID s ignal from the veloci ty group v ' swi tched 

out of resonance at the beginning of the probe pulse. The steady-state 

hole burned in the Doppler profi1e, for the group v ‘, partially relaxes 

during the initial pulse, and between pulses it is driven at the optical 

nutation frequency, relaxing toward steady state. The amplitude of the 

FID caused by application of the probe pulse is thus modulated about a 

constant value. ThIs FID signal which is added to the delayed nutation 

signal, averages to a constant over the many nutation cycles observed 

?n these experiments and does not interfere with observation of the 

population decay> In addition, we found i t necessary to shift the

Nb(0) * -(Veq - Na (0)) (2.6)

Nbe<* - Nb(0) is the change of lower state population caused by the ini 

tial pulse. Thus the signal is

(2.7)
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molecular resonance frequency by several homogeneous 1inewidths to keep 

off resonance driving effects from changing the decay.

The time intervals over which data was taken were too short to

conclude rg - r̂ .. In point of fact we expect the excited state decay

rate to be slower than that of the lower state in Nl^D for the

following reasons. A similar measurement using adiabatic rapid passage

was performed on and the excited state decay was found to be

approximately one-fifth of the ground state decay (Loy, 1974). The

ground-state decay was deduced from microwave pressure broadening

experiments (Townes and Schawlow, 1.955). In addition, if we plot the

observed decay rates for Nf^D as a function of pressure and find a

straight line fit we find a value for the slope much smaller than the
14known lower state decay rate for NH^ (see Fig. 2.4). We do not 

expect this decay rate to change significantly in NHgD, because the 

time duration of a collision (0.1 to 1 psec) is so short that the 

dlpole-dipole dominated collision interaction should be nearly inde

pendent of the detailed level structure, and the dipole moments of NH^ 

and NHgD are nearly equal.

Looking again at Fig. 2.4, which is data for the (v2, J, Mj) = 

(Og, 404, ±4) -> (la, 5q5, ±5) transition in ^NHgD, we note that at low 

pressure the data points curve slightly downward. At higher pressures 

the lower state decays back to its equilibrium value in a time less 

than the shortest delay time where data can be taken. Thus we do not 

see the lower state's effects except at low pressures.
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We also made measurements on the (vg, J, Mj) = (0a, 4q4, ±4)

(1 s, 5i4, ±5) transition which gave similar results although signals 

were smaller because this transition overlaps the COg P(14) laser line 

rather than the higher power P(20) line. From the curve of Fig. 2.4 

we can fit the.two decay constants r^/P and r^/P although only the 

slower rate can be determined accurately.

Besides the measurements made on NH_D we made measurements of
I

the (v2, J, K) = (0, 2, 2) -> (1, 3, 2) transition in tuned

approximately 360 MHz into resonance with the CO^, R(40) laser line 

(see Fig. 2.5). The results of these measurements along with the 

earlier measurements on ^NH^ are shown in Table 2.1. The. errors were 

determined by the sensitivity of the fit to variations in r /P or r./P.« D

Table 2.1. Molecular Decay Rates in MHz/mTorr.

1\lH3 ,5NH3
iZi
NH2D

ra/p 0.035 0.066 ± 0.006 0.063 ± 0.006

vp 0.176 0.35 ± 0.10 0.12 ± 0.06

The points on Figs. 2.4 and 2.5 that show the theoretical fits 

were obtained in the following manner. For each given pressure a single 

exponential is fit to Eq. (2.6) over the experimental time interval 

observed. At higher pressures the decay is rapid which necessitates
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using shorter dealy times as data. A fit for r /P and T,/P wasa b
obtained by minimizing the rms difference between this exponential and

the observed decay rate for each pressure. Adjustments were also made

for the residual transit time decay. Since the decay rates observed

depend on the experimental time interval the points do not fit a

smooth curve. Indeed, if the two decay rates differ significantly the

points describe an irregular S shape as in Fig. 2.5. This is a plot of
15the data and fit for . NH^ where the decay rates differ by a factor of 

five. .
The difference between ground and excited state lifetimes is 

explained by noting the difference in inversion frequencies. In colli

sions involving ammonia the dominant interaction is the dipole-dipole 

interaction which is proportional to the product of dipoles. Thus if 

during a collision one of the dipoles reverses sign by inverting, so 

does the interaction energy thus partially negating its effect. The 

inversion frequencies are shown in Table 2.2.

Table 2.2. Inversion Frequencies in Ammonia (MHz).

1 Vl, 15nh i4n h?d■ 3   3 6

Avexcited(MHz) 1,074,000 1,033,000 591,000

AVground (MHz) 23,788 22,705 12,200
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The duration of a collision is typically 0.1 to 1 psec. For

both isotopes of NH, in the lowest vibrational state the dipole
j

reverses sign about once every 20 psec, thus the molecules see the full 

dipole-dipole interaction. In the excited state, however, the dipole 

reverses direction on the order of once every 0.5 psec. The time inte

grated interactions with a ground-state molecule is therefore reduced. 

Collisions between two excited state molecules are rare since only 

about 1 % are thermally excited.
14 15For NH^ and NH^ the difference between ground and excited 

decay rates is about a factor of five (toy, 1974). For NH^D we find 

this factor is closer to two, consistent with the fact that the excited 

state inversion frequency is slower so that it is less likely that the

molecule inverts during a collision (see Table 2.2). Why the decay
15 14rates for NH^ are faster than for NH^ has not yet been explained.

There are two other effects of smaller magnitude that may also 

contribute to the excited state decay rate differences. Because of 

selection rules most of the collisional interactions are between inver

sion doublets. Thus a larger energy must be transferred in the excited 

state since the energy separations are larger. This makes state- 

changing collisions somewhat less likely.

Photon-echo Expert ment 

In addition to collisions where the molecular state is changed 

there may be collisions that change only the phase of the oscillating 

dipole or elastic collisions where only the velocity is altered. We 

now investigate what coherent transients tel 1 us about such collisions.
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The coherent transient effect of interest is the photon echo 

(Brewer and Shoemaker, 1971)« As in the delayed nutation experiment, 

we pulse the interaction between a molecular velocity group, v, and a 

laser of frequency fi. . At the end of this pulse there exists a phased 

array of dipoles that radiate at their resonant frequencies. This radia

tion is the free induction decay (FID) signal mentioned earlier. It 

would be nice to simply observe the decay of this radiation to observe 

the effects of collisions. There are, however, complications. During 

the preparative stage (i.e., the pulse) the dipoles near resonance are 

driven at the laser frequency and thus oscillate at that frequency in 

much the same way a driven harmonic oscillator goes at the driving 

frequency. When the interaction is switched off, though, the dipoles 

begin to oscillate at their own resonant frequencieswhich are detei—  

mined by the spread in molecular velocities excited by the pulse.

These dipoles will thus dephase in time t, by an amount kvt, where k is 

the wave vector, v is the molecular velocity component in the beam 

direction, and we have assumed the initial excitation was at line 

center. In point of fact the FID signal vanishes at a time after the 

pulse equal to the pulse length, t . This can be seen by noting the 

pulse excites just such velocity groups (i.e., Fourier transform of a 

square pulse) that the dephasing is complete at t = r.

The fact that the dipoles dephase only makes the macroscopic 

moment disappear. The microscopic moments remain nonzero and this



Doppler dephasIng is reversible. The individual dipoles can be 

rephased by applying a second pulse of the proper duration (i.e., a 

n pulse). If molecules of velocity v are allowed to dephase for a time 

t the total dephasing is kvt. A ir pulse, for this velocity group, will 

reverse the sign of the dephasing such that at a time t after the

second pulse the dephasing will be kvt - kvt. At t = t the dephas ing

will vanish and a macroscopic dipole moment formed. Thus the FID 

signal is reformed to give the photon echo.

A detailed analysis of the Bloch equations shows that the maxi

mum echo amplitude is produced by application of a ir/2 pulse and then a

ir pulse, at a time ~2T + T% - i-Ti after the start of the first pulse

(Bloom, 1955). Ti is the length of the first pulse, Tg the length of 

the second pulse, and T is the time between pulses. Figure 2.6 shows a 

photon echo produced in NHgD. . The echo occurs as a heterodyne beat note 

at frequency determined by how far we shift the molecular resonant

frequency, w.

As in the delayed nutation experiment, the delay time between

pulses is varied and the amplitude of the echo is examined to observe

its decay. What we see is the decay of the FID signal with the Doppler 

dephas ing removed.

The echo will decay if there is a state-changing collision as 

well as if only the phase of the dipole is changed. In addition, if an 

elastic collision occurs, where the velocity change,Au, is small, the 

dipole will not be rephased at the same time as the other molecules.

The longer the time between the collision and the formation of the echo
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Fig. 2.6. Photon Echo in NH^D.



the more the dephasing until the dipole no longer contributes to the 

echo. This happens when kAyt = ir. Thus the dephasing due to velocity-

tial decay to the echo amplitude unlike other types of collisions. The 

lower trace of Fig. 2.7 shows such a nonexponential decay of the echo 

amplitude.

where t is the time between pulses, is the decay rate due to both 

phase and state-changing collisions, and F is the rate of velocity- 

changing collisions. This equation assumes very narrow pulses but can 

be shown to be valid for finite pulse lengths provided the inequality

is satisfied. Here is the Rabi-fTopping frequency discussed in

Chapter 1. We show at the end of this chapter that we indeed satisfy 

the inequality and Eq. (2.8) is valid for our experiments.

There are two limiting cases where Eq. (2.1) reduces to a sim

ple form. For the Doppler dephasing factor kApt << 1 we have,

changing collisions is a gradual process and contributes a nonexponen-

A detailed analysis presented by Berman, Levy, and Brewer 

(1975) gives for the maximum echo amplitude a time t after the initial 

pulse,

kApt/4

(2.9)
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E(t-2r) = exp 

and for kApr >> 1

E(t=2x) - exp

- F i t - r t 3 (2.10)

(r>+r)t + W (2.11)

For very short times Eq. (2.10) reduces to a simple exponential. 

Equation 2.11 shows that for times long enough, molecules that have 

undergone a velocity-changing collision are completely lost from the 

echo signal and we have an exponential decay.

From an inspection of experimental plots of echo amplitude as a 

function of time delay, t, for several pressures we should, in princi

ple, be able to evaluate , F, and Ap. In practice, however, F^ can

not easily be obtained since it is difficult to observe echoes at very 

short delay times. This is due to the extraneous nutation signal from 

that velocity group switched into resonance at the end of the pulse, as

well as the FID signal following the second pulse.

We can, however, estimate Ap from the turnover time of the

lower trace of Fig. 2.7. This time is given approximately by kApx = it.

The turnover is rather insensitive to the decay rates Fi and T and we 

estimate it to be r =1.5 psec giving Ap = 340 ± 80 cm/sec. From this 

value we can check to see if in our experiments we reach the limit 

kApt »  1 before the echo signal disappears in the noise. The time 

interval over which the lower trace of Fig. 2.7 appears straight, as 

well as traces at different pressures, is between 2 .5 and 3•5 psec.
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Letting t  = 3 ysec we find kAyx = 6.4. An analysis of the behavior of

changing collision rate, r, assuming kAyx »  1 will be approximately 

10% low. A plot of the long time slopes as a function of pressure is

We now need to evaluate Tj.

It is possible to eliminate the effects of velocity-changing 

collisions by performing an additional experiment. Once the echo 

signal has been formed by application of two pulses, a third pulse can

pulses until the echo is lost in the noise. A Carr-Purcell pulse 

sequence, as it is called, is shown in Fig. 2.9* From this figure it 

is clear that the third and subsequent pulses should be of duration 

equal to that of the second pulse (i.e., ~ir pulses) and spaced a time 

2x apart to get the maximum echo amplitude. Such an experiment per

formed on NHgD is shown in Fig. 2.10. The maximum echo amplitude for 

the nth echo of this Carr-Purcell experiment is Eq. (2.8) raised to the 

nth power:

the error function in Eq. (2.8) shows that an evaluation of the velocity-

shown in the upper trace of Fig. 2.8. The uncorrected value Obtained

there for + r per unit pressure is

£  = 0.22 ± 0.03 MHz (2.12)X mTorr

be applied to reform the echo. This can be repeated by applying more

kAyx/2
(2.12)
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(i.e., we reform the echo again and again with the decay in between 

pulses being the same). If the time between pulses is kept short enough

such that we are within the short time limit of Eq. (2.9) then

Ecp(t=2r|T) = exp -I^t-Ft3 • . (2.13)

Note the reduction of the t3 term by 1/n2. Thus if t is made short 

enough the decay is s imply e The upper trace of Fig. 2.7 shows

the time decay of a Carr^Purcel1 echo train in NHgD. We see that the 

effects of velocity-changing collisions have been eliminated.

If we plot the Carr-Purcell echo decay rates as a function of 

pressure we get the lower trace of Fig. 2.8. From the slope of this 

line we presumably get the decay constant r^/P in MHz/mTorr. The value 

obtained is

9" -  O''211 ± 0'006 JBr ■
We originally believed that we could extract both the rate of

phase-changing collisions and the rate of velocity-changing collisions 

by simply comparing the above result with those of the two-pulse echo 

experiment and the delayed nutation experiment.

We recently realized, however, that there are additional 

echoes, produced with multiple pulses which interfere with the Carr- 

Purcell echoes. For example, a three-pulse sequence produces five 

echoes as shown in Fig. 2.11. In particular, the stimulated echo would 

appear on top of the second Carr-Purcell echo, labelled image echo in 

the figure.
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No complications would arise if these echoes decayed via simi

lar mechanisms. Unfortunately, the stimulated echo decays primarily by 

state-changing collisions (Hahn, 1950).

If, as in the case of CH^F (Schmidt, Berman, and Brewer, 1973) 

the decay due to phase-changing collisions is negligible, the echoes 

will decay identically and the interpretation is clear. We suspect 

this is also the case in-Nt^D-

The two-level theory for gives

ra + rb
rl = - — 2-  ■ + fph , (2.15)

where is the rate of phase-changing collisions. From our delayed 

nutation results,

r + r,
3 2 = 0.092 ± 0.030. (2.16)

This number agrees with our Carr-Purcell result to within experimental

error, so Tp^ is either zero or very small. We find Pp^ = 0.03 ± 0.03.

Even if there is a small contribution to the decay from Pp^, we think 

our value for P̂  is accurate since one expects the stimulated echo to 

be small compared to the Carr-Purcell echo. An exact ir/2, it pulse 

sequence produces no stimulated echo. Of course, experimentally we 

cannot produce such a sequence since a it pulse for one velocity group 

is not a ir pulse for some other velocity group.

Also, Plant and Abrams (1976) have made pressure-broadening 

measurements of r%, and find P% = 0.1264 ± 0.0014, which agrees with 

our result to better than 2%. If we assume Pp^ = 0 , we can
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back calculate the lower state decay rate, where our error bars were 

large and find r^/P = 0.183 MHz/mTorr. The value for the lower state 

(J,K,M) = (5,5»±5) decay rate in has been measured to be 0.176

MHz/mTorr, which is consistent with our value for the lower state of

nh2d.

Having obtained a value for Fj we can also calculate F from the 

difference of the long time two pulse decay rate and the Carr-Purcell 

echo decay rate (see Fig. 2.8). We find F = 0.11 ±0.04 MHz/mTorr, 

where we have included the 10% correction mentioned earlier. The 

errors here are primarily due to uncertainties in this correction 

which depends on the value of Ay.

The results of this chapter are summarized in Table 2.3. All 

decay rates quoted are related to half-widths of lines at half height 

by 1/tt (e.g., 1 MHz/mTorr HWHH corresponds to our it MHz/mTorr decay 

rate).

We can now show that Eq. (2.8) is valid for our experiments on 

NH2D by checking the inequality equation, Eq. (2.9). Normally in our 

experiment the Rabi-flopping frequency ^E^/h ~ 3MHz and the maximum 

delay time observed is ~4 ysec. Thus for the values of Table 2.3 we 

find

(kAu)2
rt W K J T  - °-02- (2-'7)

which is much less than one.



Table 2.3. Decay Rates for NH^D (MHz/mTorr)
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ra = 0.063 ± 0.005 

r b = 0.12 ± 0 . 0 6  .

or, 0.18 if rph = 0

Ti = 0.124 ± 0.006

r ph = 0.03 ± 0.03 

r = 0.11 ± o.o4

also,

Ay = 340 ± 80 cm/sec.



CHAPTER 3

COHERENT RAMAN BEATS

We discuss in this chapter an extension of the coherent Raman 

beat phenomenon first seen by Shoemaker and Brewer (1972), to a system 

with nondegenerate levels and strong driving fields. in experiments 

to date a coherent superposition of levels has been achieved by apply

ing resonant radiation to a three-level system where two of the levels 

are degenerate and then suddenly removing the degeneracy with a Stark 

field. The detected radiation then shows, in addition to the transients

previously discussed, an oscillating signal at the level splitting.
1

Figure 3.1 shows the three-level system of interest. The oscil

lating signal arizes from two photon processes where probability ampli

tude for being in level 1 (2) is transferred to level 2 (l). The driv

ing field is on continuously and the simultaneous absorption of a laser 

photon of frequency and emission of a photon of frequency ± wig, 

constitutes the Raman process. W12 >s the excited state splitting 

between levels one and two.

In contrast to the usual observations where the Raman scattered 

intensity is observed at 90° to the incident light, the observation here 

is of the Raman field amplitude. We observe the forward scattered light 

such that the emitted field at ± 1012 beats with the laser field to

. »
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Fig. 3.1. The Three-level System with Dipole 
Matrix Elements, and •
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produce a heterodyne signal which varies as the level splitting between 

initial and final states, coi2.

Since we are observing the beat between two coherent fields * 

the Raman signal depends on the coherent preparation of the sample .and 

appears only as a transient.

. In the experiments reported here, the stringent requirement of

level degeneracy during preparation is removed. We observe coherent 
15Raman beats in NH^ by applying a short pulse of resonant radiation 

to levels which are already split.

Initially, the laser of frequency lies within the two excited 

state doppTer broadened lines as shown in Fig. 3.2. The molecular 

resonant frequencies are shifted for a short time by an applied electric 

field. The molecules see the laser frequency shift to + 6 as shown 

in the figure. A coherent superposition of levels is achieved because 

the short pulse excites a large frequency bandwidth and thus excites 

many molecular velocities within the doppler broadened 1inewidths.

At the.end of this preparative stage, the Stark pulse is turned 

off and the molecules are driven by the laser at frequency Those

velocity groups of molecules that were excited to coherent superposi

tions of states produce the Raman signal at the laser frequency plus 

(or minus) the frequency splitting of the excited levels.

in Fig. 3-2 the cross marked areas indicate those velocity 

groups excited by the pulse. The shape is the Fourier transform of the 

rectangular excitation pulse convolved with the Doppler envelope. Note 

that the splitting shown is greatly exaggerated (Doppler width y  80 MHz,
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splitting -v 5 MHz). These velocity groups where both excited states 

have been populated by the pulse contribute to the Raman signal. Two 

such velocity groups are indicated in Fig. 3.2 by horizontal lines.

Note also in the figure that the area with crossmarks in two 

directions involves distinct velocity groups for each level and does 

not contribute to the Raman beat.

Since the Raman signal detected oscillates at the excited state 

splitting, we immediately obtain high-resolution level splittings.
t

From the time decay of the emission signal we find the Raman dephasing

time. This decay should go as the excited state decay plus decay due

to collisions that destroy the coherence between the levels (i.e.,

phase changing collisions). From previous measurements using the method

of delayed nutation (see Chapter 2) we know the excited state lifetime 
15for NHg. We find the Raman signal decay is the same as the excited 

state decay so that the effects of phase changing collisions are negli

gible as was the ease for CH^F (Schmidt, Berman, and Brewer, 1973) •

In addition we observe unusual strong signal effects heretofore 

not seen in which the Raman beat is modulated. This modulation can be 

explained by solving Schrodinger1s equation exactly for the three-level 

system, and coupling the solution to Maxwell's equations, where the 

absorber is assumed optically thin. We perform this calculation numeri

cally since the exact solution involves a cubic equation.

We also present an approximate solution to the three-level

Schrodinger equation which shows the modulation of the Raman beat. From



this solution we can understand the physical process causing the modu

lation.

Theory: Exact Solution

The coherent Raman beat is described by a solution of a driven

three-level system as shown in Fig. 3.1, page 60, where the upper state 

splitting is W12 = wi ~ ^2 * and are the dipole matrix elements 

connecting the lower state 3 with the excited state 1 and 2 respectively. 

There is no dipole coupling between levels 1 and 2. The splitting mj.2

be such that it lies simultaneously within both lines.

initially, only two narrow velocity groups, typically with a 

homogeneous 1 inewidth of 'x- 1 MHz, are Doppler shifted into resonance 

with the laser; one group for each excited state. At t=0 an electric 

pulse of length t is applied to the molecules which shifts their 

resonant frequencies by an amount, 6 . This shifts two new velocity 

groups into resonance. Since a short rectangular pulse is applied, a 

substantial portion of the Doppler lines is excited. As shown in 

Fig. 3-2, the distribution of velocity groups excited has a

is assumed to be less than the Doppler broadened 1 inewtdth (ru 80 MHz 
1 5FWHM for NHg at X = 10 pm), and the laser frequency is assumed to

, K 0
■ -fl

We have taken the optical field to be

= Eq c o s  (ft̂ t - kz) (3.1)

where k is the wave vector in the z direction along the laser beam.
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At the end of the pulse a number of transient responses occur.

Considering each Doppler line separately there will be an optical free

induction decay signal from the excited velocity groups. These signals,

however* decay identically to zero a time t after the end of the pulse

due to Doppler dephasing and thus do not interfere with the Raman beat

signal. In addition, the velocity group driven on resonance at the end

of the pulse displays an optical nutation. As long as the nutation

frequency —̂ 2. is much less than the excited state splitting the nuta- fi
tion signal appears as a slowly varying background which again does not 

interfere with the observation of the Raman beat signal.

The beat signal of interest arises from velocity groups, common 

to both Doppler broadened lines, that were excited to a coherent super

position of states 1, 2, and 3• Two such velocity groups indicated by 

horizontal lines are shown in Fig. 3.2.

Performing a non-re1 ativistic transformation of the optical field 

to the rest frame of molecules with z component of velocity v we have

E. = E cos (fi.11 - kz1) (3-2)L O L

where £2̂  = £2̂  - kvz and z 1 is the molecular position in the moving frame. 

We assume an optically thin sample so that Eq is independent of z 1. This 

condition is certainly satisfied in our experiments where the peak absorp

tion is rv.3%.

We expand the wave function ^ in terms of the three eigenstates

t|>. (i = 1,2 ,3) such that

= f C; iK . . (3.3)
;=i 1 '
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In the dipole approximation the Hamiltonian H = Hq - |̂_ I e ; r ;» 
where the summation is over all electrons and nuclei in the molecule. 

Assuming to be linearly polarized along the x-axis, the matrix e l e 

ments of H are H u  = 'ftoji, H 2 2  = fiW2 , H 3 3  = fiws which we chose to be 

the zero of energy (H 3 3  = 0 ) , and H % 3 = H3* = -  <1̂ 1 II e.X. |^3> E^= - S^E^

and H 2 3  = H 3 2  = - < 1 ^ 2 11 e . X . | î 3 >E^ = - • We also have H 12= H2 i = 0.
I

We thus have from Schrod i nger1s equation

fiidx 0 -&>iEL
0 ft (1)2 

r S^El - ̂ E|_ 0

(3.4)

We will neglect relaxation processes in all that follows. The justifica

tion for this is that damping only causes decay of the Raman beat signal 

and does not enter in any fundamental way into the explanation of the 

effects. The substitution = C2 e*  ̂ ^ t kz ) a f ter us \ ng the 

rotating wave approximation results in

where Xl =

_d_
dt

0)1

-X2

-Xl

(3.5)

are the Rabi flopping frequencies

for each two-level system separately.

These equations may be solved by the substitution C. = A. e iXt

which leads to
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X - (S?2-wi) 

0

Xl

X “ (^2-cu2) 
X2

0

(3.6)

This has solutions if the secular equation is satisfied. That is

where the A; are determined by the initial conditions.
j

Equation (3.7) is solved numerically to give the roots from 

which the wave function for a particular velocity group is derived.

We note in passing that the recently obtained solution by 

Sargent and Horwitz (1976), may be immediately obtained from 

Eq. (3-7) • They treated the special case = - (f̂ -a)2) and Xj = X2.

Using these, Eq. (3-7) factors and the analytic solution of the quoted 

reference is obtained. Unfortunately, this special case is not general 

enough to explain our results.

Once the solutions, Eq. (3.8) are obtained, we must calculate 

the polarization given by

X3 - [(^“ooi) + (fî -a)2)j X2 + [(^ - o u H ^ - ^ )  - (Xi2+X22)] X

+ X12 (fî -co2) + X22 (fî -coi) = 0 (3.7)

which has three real roots, X Thus the solutions for C. are

(3.8)

P(t) = ?! C3“ Pi + (f2 Cg" P2 + C. C. (3.9)
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In terms of the slowly varying quantities Ci and C2 this

becomes

P(t) = + Ci C3] + + C2 Cgjj-

• cos t-kz')

+ i {Pl[Ci* C3 - C1C3*] + % [ C 2“C3 - C2C3^ }

* sin (0  ̂+ -kz1)

= P's cos t-kz1) + Pg sin t-kz1) (3 .10)

where P^ and P^ are the real and imaginary part of the polarization

amplitude for a velocity group v .

The sample polarization is calculated by expressing equation 

(3• TO) in terms of laboratory frame quantities (i.e., mi m i° + k v ^

and m 2 m 2 ° +  k vz where mi° and ^2° are the central frequencies) and

integrating over all velocities v .

The number of molecules per cubic centimeter with vz between

vz and vz + dvz is

N (v ) = ■ exp
AMq/tt

- (k vz)2/ (Amd) 2
d vz (3 .11)

M / 2  k„T 1
where A m -. = -£• \ —— is the 1/e half-width of the Doppler broadenedD c v tn
11ne prof lie.
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Hence the sample polarization is

r  - M 2
P!t> - ST? L k e  ̂ 4”d̂

[P̂  cos(O^t-kz) + Ps sin(fiLt-kz)]dvz

= P* cos(fi.t-kz) + P sin(fi t-kz) (3 .12)
S L S L

where we define P^ and Pg as the real and imaginary parts of the sample 

polarization amplitude. We use this polarization in Maxwell's equa

tions to find the field emitted by the molecules. We look for a plane 

wave solution,

E(t) = Eg(z,t) cos(fi^t-kz) + Eg(z,t) Sin(fi^t-kz)

(3.13)

Since the polarization amplitudes vary slowly in time compared to an 

optical period and slowly in space compared to an optical wavelength, 

the slowly varying envelope approximation can be made yielding linear

ized wave equations for the emitted field amplitudes,
\

9z + C" "dt) Es^z,t^ = 2e C ^s^^ (3-l4a)
' 0

5z + C" It) Es = 2e C P;(t) (3-l4b)
' o

In our experiments E^ and E^ build up over a sample length of >̂30 cm 

while amplitude variations at a given z occur on a time scale of ^ .1  

ysec.
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9ES } 9ES 9Eg 9E^
Thus — —  » 7r — —  and — — »     so 'we Ignore —  terms and integrate9z C at 9z 91 9t 3

to yield the output fields.

Es(t) ■ ■ I T c  Ps(t) (3.15a)

Q. L
- i r e (3.15b)

where L is the sample length. The intensity present at the detector is

I(t) = Ceo<[Eq cos(O^t-kz) + E(t)]2>av (3.16)

where the time average is taken over several optical cycles. This time

averaging eliminates AC terms proportional to E^ since they go as

cos(fi. t-kz) sin(ft.t-kz). Because E_ << E and E 1 << E for an optically 
L L b O S

thin sample, we drop terms proportional to E^2 and E^2, leaving,

l(t) = C -  + EsEo (3.17)

Evaluating E^ from equations (3.15a) (3.12) and (3.10) we have our

final result.

Kt) - i
a. LNE L o

° . 2A(jjp/ir
(3.18)

i [^i(Ci Cs-CiCg ) + ^2(^2 C3-C2C3 )]kdv.

where I = Ce — —  .o 0 2

To calculate the Raman beat signal we initially assume all 

molecules are in the lower state, 3. Thus we ignore the steady state 

hole burned into the Doppler profiles. We suddenly turn the, optical 

field on for the pulse length, t , and then switch the optical frequency
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by an amount, S. The Raman beat is then calculated, as a function of 

time after the end of the pulse.

We now compare the results of these numerical calculations 

with the experimental results.

Discussion of Res el ts 

Two experimental traces, at different laser intensities, of the 

Raman beat signal are shown in Fig. 3*3* The high frequency oscilla

tion (~5 MHz) is the Raman beat. The upper trace shows a slow modula

tion of the beat signal at a frequency less than the nutation frequency 

of M  MHz. At a higher laser intensity (lower trace of Fig. 3,3) this 

modulation frequency increases. This suggests that the modulation is 

connected to optical nutation. Both the Stark pulse amplitude and 

width were adjusted to maximize the modulation. It is possible by 

proper adjustment of these two pulse parameters to make the modulation 

unnoticeable. This sensitivity of the modulation to initial conditions 

imposed by the pulse is reflected in the numerical solutions. Figure 

3.4 shows one such calculation using parameters near those of the 

experimental trace (upper trace) of Fig. 3.3. The two figures are 

qualitatively the same and the numerical solutions also show an increased 

modulation frequency with increased couplings, Xi and Xg.

In addition the amplitude of the Raman beat itself is sensitive 

to the pulse parameters. For example, experimentally as the Stark pulse 

voltage is increased, the Raman beat amplitude goes through several

maxima. As seen from Fig. 3.2 (page 62), as the Stark pulse shift is
/ §>E0 S?E0 \

varied, the excitation functions I sin — y — t j shift with respect
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to each other and the number of coherently excited molecules (connected 

by horizontal lines in the figure) will change. This agreed with numeri

cal solutions.

We also found from computer runs that the observed beat frequency 

a)i2» shifts with increased coupling according to W12 - Staiz2 + Xj2+ X22'

Thus the frequency splitting observed must be corrected for power shifts.

The solutions to the Schrodinger equation ignored damping and 

thus have no steady state solution. They also are less general than a 

density matrix solution since even with damping included, non-zero 

steady state populations are not allowed. Thus Our theory has ignored 

the effects of the steady state holes burned into both Doppler profiles. 

At high powers where the homogeneous linewidth becomes a substantial 

portion of the Doppler width, this could become important. In our experi 

ments thd homogeneous width was s 2% of the Doppler width.

Not allowing for this steady state hole in the population differ

ences |Ci | 2 - |C3 |2 and |C2 | 2 - |C312 gave an anomalously large nutation 

signal at the end of the excitation pulse which we have simply subtracted 

out at the end of the calculation, as for Fig. 3.4.

In addition to showing us the Raman beat modulation and the 

power dependent Raman beat frequency, the numerical solutions also gave 

us information about three-level optical nutation. If the upper state

level splitting is small compared to the homogeneous 1inewidths
S>lE0 P2E0Xi = — -—  and X2 = — ;—  the nutation frequency, X, goes as

T) ft

X = /X12 + X22. If, on the other hand, the splitting is large 

compared to Xj and X2, as in our experiments, the nutation frequency
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goes as the larger of the two couplings Xj and Xg. This may be under

stood by noting that with a largja splitting only one line will be in 

resonance with the driving field, while with a small splitting both 

will be in resonance simultaneously.

We observed the (V2,J,K) = (0a,2,2) (1s>3,2) transition in
15NHg. The two excited states are the Mj = ±3 and ±1 components.

The observed beat frequency at 6029 —— Stark field iscm
toi21 = 5.275 MHz with a nutation frequency X% ~ .3 MHz. The coupling

between the other excited state and the ground state was down by a

factor of 4. Thus the excited state splitting is given by

(012 = /w%2 ' - Xiz-X2z = 5.270 MHz. From this value for the excited

state splittings and using Shimizu's (1970) measurements of the molecular 
15constants for NH^, we calculate the permanent electric dipole moment 

in the V2 = 1 excited vibrational state. We find y = 1.285 Debye.6X
This compares closely with Shimizu's calculated value of = 1.26+.02D. 

We suspect, however, that our value is more accurate since we know the 

absolute electric field more accurately.

We also observed the decay of the Raman beat signal as a func

tion of time at several pressures. Low power was used to minimize the 

modulation effects. Figure 3-5 shows a plot of decay rates as a func

tion of pressure. We found F^/P = O.O63 ± 0.006 MHz/mTorr where F^'l

is the Raman coherence time. This decay rate agrees well with the
. MH

excited decay rate 0.066 — that we measured using delayed optical 

nutation. We expect only the excited state decay to enter because in 

the two-photon transition no time is spent in the lower state. This



De
ca

y 
Ra

te
 

(M
H

z)
76

i.o

. /  -

Pressure (m T o r r )

Fig. 3.5. Decay Rate of the Raman Beat in 
vs. Pressure.



77

result again suggests that the effects of phase changing collisions 

. are negligible as was the case for CH^F (Berman, Levy* and Brewer, 1975).

We have performed many similar experiments on Nh^D where there 

, are transitions with two or more excited states connected to a single 

lower level. There coherent Raman beats were not Observed because the 

splittings were of the order of the. nutation frequencies. Hence, the 

Raman beat and nutation get inextricably tangled. Attempts to lower 

the power and thus lower the nutation frequency only resulted in an 

unusable signal^to-noise ratio.

Th eo ry: Ap proximate

We have been able to reproduce all the experimental observa

tions of Raman beats by our exact solution of Schrodinger1s equation. 

Here we present an approximate solution which shows that the physical 

process behind the modulation of the Raman beat is optical nutation, 

(i.e., Rabi flopping).

Perturbation solutions have shown the Raman beat occurs in 

second-order in the atom-field interaction. Presumably higher order 

solutions would show the beat modulation, but would be algebraically 

cumbersome.

We first assume that we have excited levels 1 and 2 of Fig. 3.1, 

page 60, such that "0̂  (0) and 'C2 (0) are non-zero. We look just at the one 

velocity group, v that is driven on resonance (we choose level 2 to be 

on resonance). The equations (3.3-3.5) then become

= i (012^1 “ i X1C3 (3.19a)
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^2 . = ~ i X2C3 (3.19b)

c3 = - I Xx'Ci - i X2C2 (3.19c)

Equations (3.19a) and (3.19b) can be solved if it is assumed 

“ 12 >>Xi, X2 . If either X 1 or X2 becomes comparable to (012 the Raman 

beat and the optical nutation signals become inextricably tangled and 

we cannot separate the two processes. The equation (3.19a) becomes

Ci = i W12C1 (3 .20)

with the trivial solution

Ci(t) = (0) e* a>12t (3.21)

Substituting Eq. (3.21) into (3.19b) and (3.19c) leaves the two

equations

t2 (t) = - i X2C3 (3.22a)

fî Ct) = " i XlC1 (0), e l a)12 t - i X2C2 (3.22b)

Taking the time derivative of Eq. (3 .22a) and substituting 

(3 .22b) results in the second order differential equation for a driven 

harmonic oscillator

t2 (t) + X22 C2 (t) = - X1X25‘2(0) e‘ a)12't o (3.23)

C2 (t) is dri ven at the Raman beat frequency by the product of the

coupling constants times the probability amplitude for being in level

one. We thus immediately see the effects of the two photon process 

driving probability amplitude between levels one and two.
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This equation along with Eq. (3.22a) has the solutions

C 2 (t) = | c2 (0) -  El (0)1 cos x2t
L 0)12 ^

■** i [~C 3 (0) - — —  Ci (0)1 sin X 2 tL ' <i)i2 J

+ cl ( 0) «' - a 1 (3.24a)

Cg(t) — fcg (o) + -- - Cl (o)] COS %2 t
L 0)12 j

C2 (0) - Cl (0)1 sin %2 t
9 J0)i 22

—  Ci(0) e' t0l2t (3.2Ab)
“ 12 ' '

where we have used the assumption 0 ) 1 2  >> X 2 .

W e  can now calculate the signal S where

s = I - i [Xi(Ci(t)C3(t) - Ci (t) C3 (t))
2

+ X 2 (C2 (t)Cg (t) “ C 2 (t)Cg (t))j
(3.25)

This we obtain from Eq. (3.16), by ignoring the Doppler integral. From 

previous perturbation theory solutions, we know the Raman signal is 

proportional to the product of the excited state probability amplitudes 

and varies as 0)1 2 - We therefore look only at these terms and find . 

from equations (3 .2 5 ), (3.24a), (3.24b), and (3 .2 2 a)
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S' - 2 ^  {[cj (0)02(0) e' “‘2t' “12t + c;(0)c2 (0) e"! “l2t]
• sin X 2 t

+ i — [c2 (0)
“ 12  '

where the prime indicates that we are only showing the Raman terms.

the second term displays the usual unmodulated Raman beat signal. The 

first term, however, shows the Raman beat 180° out of phase with the 

second term and modulated at the nutation frequency X2 . This term 

vanishes at t=0 but grows in time such that the sum of the two terms 

shows the Raman beat modulation. As the population of level two changes 

due to optical nutation, so does the amplitude of the Raman signal.

molecules in resonance with level one. As shown by the numerical cal *- 

culat ion as we11 as experimentally, both the amplitude and frequency of 

this modulation are critically dependent upon the initial conditions 

determined by the pulse (i.e., it depends on which molecular velocity 

groups are primarily contributing to the Raman beat).

We have now reproduced and explained the effects of strong 

driving fields on the Raman beat. More importantly, however, the

If we define (0)C2 (0) = |p121e'^ Eq. (3.26) becomes

0)12

We have, of course, ignored the Doppler integral and those
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Raman■beat phenomenon is no longer limited to molecules where two of 

the three levels in a three level system are degenerate during prepara- 

t ion.



CHAPTER 4

LAMB DIP STUDIES OF THE NUCLEAR QUADRUPOLE COUPLING 
AND DIPOLE MOMENT IN AN EXCITED VIBRATIONAL STATE OF NH2D

Lamp dip spectroscopy is a very powerful tool for obtaining 

high resolution molecular spectra in the optical region. Small inter

actions which have been accessible only in ground state molecules using

microwave spectroscopy can now be resolved in excited states as well.
14We report here direct observations of N nuclear quadrupole coupling 

in the optical region. From the spectra, nuclear quadrupole coupling 

constants are obtained for an excited vibrational state. In addition, 

since an electric field is used to tune the spectral components Into 

resonance with the laser, excited state Stark splittings are also 

observed and an accurate value for the excited state permanent dipole 

moment obtained.

Our measurements were made on two transitions in the V2~ 0 -> 1 

vibrational band of the deuterated ammonia, NH^D. One of these transi

tions has been previously studied using Lamb dip spectroscopy, but the 

resolution in that work was insufficient to resolve hyperfine structure 

(Brewer, Kelly and Javan, 1969)• A later study using quantum beat 

spectroscopy provides a measurement of one hyperfine splitting, but this 

data is insufficient to determine any molecular constants (Shoemaker and 

Hopf, 1974). Here as many as six components in a single transition are 

resolved and 1inew!dths (FWHM) as small as 700 kHz obtained.

82
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Experimental

Our experiments were performed using a 1.5 meter grating 

controlled COg laser which produces 2-4 watts of 1inearly polarized 

TEMoo radiation on any one of ^50 COg, lines. A small 650 Hz dither is 

applied to a piezo-electric on the output mirror, and the resulting 

variation in discharge tube impedance is used to lock the laser to the 

peak of its gain curve (Thomason and Elbers, 1975). The long term 

frequency stability is ~1 MHz, with a short term acoustic jitter of 

less than 50 kHz. The sample cell is equipped with NaCl windows and 

contains two 4 x 30 cm stainless steel plates separated by six identical 

0.889 ± 0.001 cm fused quartz spacers. The inner surface of each plate 

is optically polished and flat to within 0.0003 cm insuring an extremely 

uniform electric field between the plates.

After passing through a 20% transmission beam splitter to 

reduce its intensity, the CO2 laser beam passes through the Stark cell 

which contains ^3 mTorr NHgD and is reflected back on itself by a 100% 

mirror. The experimental arrangement is shown schematically in Fig. 4.1. 

Most of the returning beam is reflected off the beamsplitter and focused 

onto a Honeywell HgCdTe photodiode. A very slight misalignment (^2 mrad) 

of the return beam combined with a 3 mm aperture at the CO^ laser is 

sufficient to prevent feedback into the laser cavity.

To observe a Lamb dip, the molecular resonance frequencies were 

tuned through resonance with the fixed frequency CO^ laser by varying 

the electric field between the Stark plates. For rough tuning an adjust

able DC bias voltage is applied to one Stark plate using a stable high



DC

STARK CELL - -

HgCdTe y

REF.

60 KHz

LOCK-IN

Fig. 4.1. Experimental Arrangement.
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voltage power supply. A linear ramp voltage whose amplitude is adjus

table from 0 to 400 V is then applied to the other Stark plate to scan 

through a resonance. To detect an absorption, the Stark field is 

modulated by a small ('vO.5 V amplitude) 60 kHz square wave which is 

capacitively coupled to one Stark plate as shown in Pig. 4.1. The 

detector output is amplified using a T1XL 151 transimpedance amplifier 

followed by a PAR CR4 low noise preamp and a lock-in amplifier. The 

lock-in output is then fed to an X-Y recorder whose X axis is driven 

by the linear ramp voltage.

The NH^D was synthesized from NH^ and D^O and purified by 

vacuum distillation. The resulting isotopic mixture of deuterated 

ammonias contains ~45% (Shoemaker and Van Stryland, 1976) .

Results

Our measurements were made on two transitions in the \>2 = 0 -> 1 

vibrational band of NHgD, where the v? vibration involves the same nor

mal coordinate as the inversion motion. Because of the inversion, the 

\>2 ~ 0 and 1 vibrational states are split with the components being 

denoted by a subscript a or s according to whether the wave function is 

antisymmetric or symmetric under inversion.

One set of observations was made on the (vg,J) = (0g,4g^)

-> (la»5^) transition which can be Stark tuned ^2300 MHz into resonance 

with the P (14) CO£ laser line at 10.53 pm (Kelly, Franeke, and Feld,

1970). The large Stark effect here arises from a near degeneracy 

between the 4 ^  and 4 ^  ground states so that the lower state Mj levels 

are split by several hundred MHz. Thus in a single Lamb dip trace we
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observe only transitions which involve one lower state Mj value'. A 

trace with Mj = ±4 in the lower level is shown in Fig. 4.2. Since we 

use a small frequency modulation to detect absorption, first derivative 

1ineshapes are observed. In the experiments, the X axis in Fig. 4.2

is a voltage sweep, but this may be converted to a frequency scale

using the lower state Stark tuning rate which is 0.580 ± .006 MHz/V/cm 

(Nussmeier and Abrams, 1974). The optical field is polarized parallel 

to the Stark field so that AMj = 0 selection rules apply. Nuclear 

quadrupole coupling due to the N ^  nucleus is present here, but for 

this transition the Stark effect in both the upper and lower states is 

much larger than the quadrupole coupling. Thus the nucleus is 

uncoupled from the molecular rotation in both states, resulting in 

AM| = 0 selection rules and a simple Spectrum with two components cor

responding to (Mj ,Mj) = (0 , ±4) -4- (0 , ±4) and (±1 , ±4) -> (±1, ±4).

A value of 1.24 ± .06 MHz was obtained for this splitting. We 

also observed this spectrum with AMj = ± 1 selection rules. Only two 

components corresponding to (0 , ±4) -> (0 , ±5) and (±1, ±4) -> (±1, ±5) 

are seen here also since the AMj = - 1 components are too weak to be 

observable. We find a splitting of 0.95 ± 0.06 MHz for this transition.

The major portion of this is due to the lower state. Fortunately, the

lower state splitting can be calculated very accurately since the ground 

state nuclear quadrupole coupling constants are known from molecular 

beam work (Kukolich, 1968). Thus the upper state splittings can be 

extracted and we. find

x77 = eQ / ~ )  = - 0.55 ± 0.08 MHz (4.1)
■ \3Z7av
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Fig. 4.2. Observed Lamb Dip Signal for the
= (0a,40/+,±4) -> (1 s,5^,±4) 

Transition in NH2D.
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from the standard expression for the matrix elements of the quadrupole 

operator in an uncoupled basis (Kellogg, Rabi, Ramsey, and Zacharias, 

1940).

A second set of measurements was made on the (v2 ,J) = (0g,4g^) 

^a'^05) transition which can be tuned 'x-1700 MHz into resonance with 

the P(20) CO2 laser line at 10.59 pm (Brewer, Kelly, and Javan, 1969; 

Kelly, Francke, and Feld, 1970). For this transition the Stark and 

quadrupole energies in the upper state are comparable so that we have 

an intermediate field case. This means a secular equation must be 

solved to find the energy levels, and a rather complicated spectrum 

can result since the uncoupled basis selection rules are now partially 

relaxed (Mizushima, 1953). The only rigorous selection rule is 

AM - 0, ± 1 where M = Mj + Mj, although transitions with AM^ = 0 still 

remain the strongest. A trace for which Mj = ± 3 in the lower state and 

the laser was polarized perpendicular to the Stark field so that 

AM = ± 1 is shown in Fig. 4.3. The theoretical spectrum is also shown 

there with relative intensities proportional to the transition dipole 

matrix element as this appears to be what is observed. This point is 

discussed further in this chapter.

By rotating the laser polarization 90°, we observed this same 

transition with AM = 0 selection rules. By lowering the bias voltage 

we also.made measurements oh components of the (Og^Q^) -> (l^iSgg) 

transition having M j = + 4 in the lower state using both AM = 0 and 

AM = ± 1 selection rules. In the course of these measurements we were 

able to.determine the frequency shift between central lines in the
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M = 0 and AM - ± I runs by making alternate scans with different 

laser polarizations. Taken together, all the data yield a total of 

eleven observed splittings. We also know that the splitting between 

the (M|,Mj) = (+1, ±4) and (+1, ±5) upper state levels is 1.82 ± 0.3.5 

MHz from a previous quantum beat measurement (Shoemaker and Hopf, 1974). 

This splitting was erroneously listed as 2.4 MHz in the above reference. 

These data are summarized in Tables 4.1 and 4.2. A least squares fit 

of the data is also shown there. The adjustable parameters are the 

excited state nuclear quadrupole coupling constant and Stark coefficient. 

We find

A few of the observed splittings involving averages of two or more 

transitions may be influenced to some degree by the presence of cross

over resonances (Schlossberg and Javan, 1966). To insure that this did 

not bias our results we also did a least squares fit using only data 

containing no such ambiguities. The results one obtains are identical.

The nuclear quadrupole coupling constants in Eqs. (4.1) and (4.2) 

are proportional to the average values of the electric field gradient
14

at the N nucleus along a space fixed axis. These numbers may be 

combined to yield the field gradients along three principal axes fixed 

in the molecule by means of the relation (Huttner and Flygare, 1967)

Xzz = - 2.20 ± 0.15 MHz

(1.51 ± Q.10) x 10 8 M^ . MHz/V2/cm2 (4.2)

(4.3)



91

Table 4.1. Observed Lamb Dip Transitions.

Label Transition

a (0,±5) CO,±2)
b* C±l,±3) ^ (±l>+2); (+1,±3) ^ (±1,±2)
c* CO, ±3) 4. C±l,±3) J ;C+1,±3) 4- CO,±3)
d crossover resonances (not used as data).
e* C±l,±3) C±l,±4) ; CO,±3) 4- CO,±4); C+1,+3) ^ C+l,±4)
f , CO, ±3) + C+l,±5)
g (±1,±3) 4- CO, ±5)
h* CO,±3) -> C0,±3); (±1,±3) ^ (±1,±3); C+l,±3) ^ (+1,±3)
i* Co,±3) -> C+l,±4); C±l,±3) 4. CO,±4)
j* C+l»±3) 4- CO,±2); C0,±3) 4- C±l,±2) .
k C±l,±4) 4- C±l,±4)
£* (0,±4) 4- C+l,±5); C+l,±4) 4- C+l,±4)
m CO,±4) -> CO,±4)
n C+l,±4) 4- CO, ±4)
o* C±l,±4) 4, Cil,±5); (0 ,±4) 4- CO,±5); C+l,±4) > 6-1,±5)
p C+1,±4) 4- C+l,±5) taken from Shoemaker and Hopf (1974),.

* Unresolved transitions.

All transitions are C v 2 , = (0a,4q^) > (la,505.) anc* are labeled 
the uncoupled basis (M|,Mj) where a through g correspond to the 
labeling of Fig. 4.3.



T a b l e  4 . 2 .  O b s e r v e d  S p l i t t i n g s *

Spl?ttinq Observed (MHz)

3 b 0.93 ± 0.07

b e 4.28 ± 0.10

c e 2.66 + 0.13

e f 2.53 * 0.15

e 9 . 4.45 + 0.21

h i 2.57 ± 0.23

J h 2.21 + 0.10

k Z 0.96 ± 0.03

m k 0.89 + 0.03

n o 1.48 + 0.03

k o 1.75 ± 0.1 6

n P 1.82 + 0.35

Calculated (MHz) Difference

0.84 

4.20 

2.72 
2.61 

4.40 

2.55 

2 .18  

0.92 

0 .89

1.47 

1.94 

1.79

0.09 

0.08 
-Q. 06 

-0.08 

0.05 

0.02 

0.03 

0.04 

0.00 
0.01 

-0.19 

0.03

*As measured between transitions shown in Table 4.1, average frequencies 
for unresolved transitions are calculated using a weighted average 
according to the relative dipole matrix elements.



93

together with the Lap 1ace equation,

S * S + -S -
Equation (4.3) may be obtained by expanding <92V/8Z2>gv in terms of 

direction cosine matrix elements and then using Huttner and Fiygare 

(1967, Appendix A). Here g is one of the principal axes a, b, or c,

<32V/9Z2> is the average field gradient along a space fixed axis for av
the rotational state J^, and <J^|P2|j^> is the average value of the 

square of the angular momentum along the g-th principal axis in that 

state.

To use Eq. (4.3) we must know the matrix elements <J^|P2|J^>. 

These depend on the molecular structure in the excited vibrational 

state, in particular, on the asymmetry parameter k = (2B - A-C)/(A-C). 

While an accurate excited state k is not known for NH^D, one does not 

expect it to change dramatically from its ground state value of 

k = - 0.310 (DeLuci a and Helminger, 1975). Rotational constants are 

known for the V2 - 1 excited vibrational state in both NH^ and ND^ so 

that excited state structures can be calculated for both of these 

molecules (Benedict and Plyler, 1957). The results show that the bond 

lengths and angles increase by approximately 0.005 A and 1° in-NH^ 

with similar changes for ND^. To estimate the range over which k might 

vary in NHgD, we doubled these changes and assumed a worst case situa

tion in which the N-H bond lengths and angles increase while the N-D 

bond remains essentially unchanged (allowing the N-D bond to change 

also, gives a k which differs little from the ground state value).
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These calculations show that it is possible, though not likely, for 

k to change from its ground state value to a value as low as - 0.25.

Using the ground state k in Eqs. (4.3) and (4.4) , we f ind

eQ ^|||J = 2.52 ± 0.24 MHz

eQ 0 - | j =  1.46 ±.0.36 MHz

eQ, = -3.98 ± 0.29 MHz (4.5)
Vac2/

The error limits here are determined by the experimental errors 

in determining eQ<32V/922> . . When k = - 0.25 is used in Eqs. (4.3)

and (4.4), the results change only slightly with 32V/8a2 and 32V/3b2 

becoming more nearly equal and 32V/3c2 remaining unchanged. However, 

all values remain within the error limits shown in Eq. (4.5). Thus, 

provided our assumptions about the Ntt̂ P structural changes are correct, 

Eq. (4.5) provides the. nuclear quadrupole coupling constants even 

though an exact excited state value of k is not known.

The Stark coefficient for the v-2 - 1, J = 5q^ level given in

Eq. (4.2) yields a value for the NH^D excited state permanent dipole 

moment. This may be obtaIned from the standard second-order perturba

tion theory expression, - - - ....

V  J - JT JT
(4.6)

Here e is the appl ied Stark field, >̂7 is a direction cosine, and2 9
U = IY. e. g. ril) .,> with g. being the g coord i nate of theg Ker vib'^i i3 1 1 'el vib 3 1 3



moment component along the principal axis g, averaged over the vibra

tional state the. molecule Is in. In NHgD must be understood to

include the inversion as well as the other vibrational motions. In 

practice only a few nearby levels contribute significantly to the sum

mation over iH in Eq. (4.6) and we easily obtain

Pc = 1.09 ± 0.04 Debye (4.7)

Note that only is obtained here, is zero by symmetry, and pg,

which we expect to be small in any event, makes a negligible contribu

tion to AEgtar(<^ o 5»^j) • The reason is that the nearest a-dipole con

nected levels to 5gg contribute almost equally but with opposite signs 

producing a Stark shift for p which is nearly zero.

To calculate pc one must know the direction cosine matrix 

elements, which depend on k. The ground state value of k was used to 

obtain Eq. (4.7), but the k dependence of the relevant matrix elements 

is very small and the results are unchanged for any k between - 0.25 

and - 0.31. The energy level differences Ej - Ej, must also be known
T T

Since only J = 5 levels contribute significantly, these differences 

depend on k , A-C, and the inversion splitting. However, given a k , 

the latter two quantities are fixed since two energy level differences 

are known from laser spectroscopy (Kelly, Francke, and Feld, 1970). 

Again, for any k between - 0.25 and - 0.31, the pc one obtains lies 

well within the experimental error limits shown in Eq. (4.7)•
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Pi scuss ion

The Lamb dip relative intensities observed in our experiments 

are nearly proportional to the transition dipole matrix elements,

(c.f. Fig. 4.3) This is in contrast to standard perturbation theory 

treatments of the Lamb dip which predict relative intensities which go 

as (Javan, 1957)• However, these theories assume that one beam

is weak while experimentally both forward and return beams had high 

intensity. In fact, the optical field strength used (v 50 v/cm) was 

sufficiently high to significantly broaden the stronger transitions, 

thus reducing their apparent intensity relative to weaker transitions. 

The effect is enhanced by the fact that we observe the derivative of 

the absorption 1ineshape. We found high power operation to be desir

able since it enabled us to observe several very weak transitions.

The tradeoff is some loss in resolution. All attempts to increase the 

resolution by lowering the power resulted simply in the disappearance 

of the weak transitions. We note that the crossover resonances are 

also weaker than predicted by the usual theoretical treatments. This 

phenomenon has been observed by a number of workers.

Table 4.3 displays our results for the nuclear quadrupole coup

ling constants in the V2 = 1 excited vibrational state as compared to 

those for V2 = 0 obtained from molecular beam work (Kukolich, 1968).

Note first that the field gradient along the c axis, which is the direc

tion of the V2 vibration, is unchanged. The orientation of the princi

pal axes in NH^D is shown in Fig. 4.4. For the symmetric top, NH^, 

the values along the axes corresponding to the a and b axes, are
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Table 4.3. Results for Nuclear Quadrupole Coupling Constants.

NH2D Excited State = 1

eQ fS-j = 2.52 + 0.24 MHz

eQ ( S )  = 1.46 ± 0.36 MHz

eQ ( 3̂ 2) = " - °-29 MHz

NH2D Ground State

1.902 MHz*

2.042 MHz*;

-3.944 MHz*

*Kukol ich, 1968



Fig. 4.4. Orientation of the Principal Axis System in Nh^D.
10oo
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identical. The field gradients along these directions in ground state 

NH^D change very Tittle from NH^. However, the change from the ground 

to excited state is large. Evidently, the V£ vibration significantly 

breaks the three-fold symmetry of the rigid molecule's electronic 

charge distribution. While the ground state quadrupole coupling con

stants for NHgD can simply be obtained by a rotation of the quadrupole 

moment tensor for NH^ (to within 0.1%), no such rotation will account 

for the excited state values.

In Table 4.4, we show our value for the permanent electric 

dipole moment in the excited state along the c axis and the dipole 

moment in the ground state as compared to similar measurements made 

on NHg (Shimizu-, 1969; Lichtenstein, Gallagher, and Derr,

1964; DeLucia and Helminger, 1975). For both NH^ and NHgD the change 

from ground to excited states is large and consistent with a flattening 

of the molecule. The structural changes are, however, not adequate 

to explain the magnitude of the differences. Note also that the effect 

appears larger in NH^D than in NH^. However, we have only measured 

Pc, and due to the curved path of the N nucleus through the H2D plane 

U will also be nonzero. In fact, p could even be as large as a few8 3
tenths of a Debye since in the excited state more time is spent near 

the H^D plane where the dipole is nearly all along the a-axis. It 

would be interesting to measure this quantity.



Table 4.4. Comparison of Measurements for NHgD and NH^
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NHgD excited state V2 = 1

uc = 1.09 ± 0.04 D

NHg excited state - 1

y - 1.25 D*

NHgD ground state

1.47 D

NHj ground state 

1.468 D

*From Shimizu, 1969; Lichtenstein, Gallagher^ and Derr, 1964;. 
DeLucia and Helminger, 1975.



CHAPTER 5

NOISE LIMITATIONS IN PHOTODETECTION 
USING OPTICAL HETERODYNE DETECTION

Up to this point we have examined methods of doing ultra-high 

resolution spectroscopy in the infrared on specially prepared samples 

in the laboratory. What can be done to obtain high resolution spectra 

of gases, etc., not in the laboratory (e.g., in space)? Since we have 

no access to the gases we cannot actively perturb the "sample." The 

difficulties with doing spectroscopy of this light are manyfold. The 

intensity available is usually low, so that large mirrors are used and 

long time exposures taken. We are only given a certain power per unit 

bandwidth once the telescope size is accounted for. The higher the 

resolution (Av/v) desired the worse is the available light problem. In 

addition, there is background radiation which at infrared frequencies 

may be the limiting noise problem. Even the mirror itself emits infra

red background. For example, at room temperature, the maximum power 

per unit bandwidth radiated is at lOy. Conventional spectroscopic 

methods (e.g., gratings) run into problems, mainly technical, when very 

high resolution is desired.

There exists a technique which in principle allows resolutions 

as narrow as a laser linewidth. In addition, by happy circumstances, 

the starTight is almost "noiselessly" amplified and the problem of

101
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background radiation is reduced. This all seems too good to be true 

and for now it is, but with the advent of a stable tunable IR laser it 

may not be. The method is heterodyne spectroscopy where the light to 

be detected is superposed on a laser beam and mixed at a photodetector. 

The AC beat note in the photocurrent can then be analyzed to yield the 

source spectrum. It is not my purpose to give here an expose on the 

heterodyne method but to examine the limitations of the technique in 

regards to signal-to-noise ratios. Appendix A gives a classical 

description of the heterodyne process and of the final signal-to-noise 

ratio and how, in practice, a spectrum can be obtained. It is also 

explained there how the background noise problem is reduced using 

heterodyne detection.

In the detection of radiation at infrared or higher frequencies 

the present noise limit is shot noise due to the discreet charge of an 

electron. This limit can be achieved by using heterodyne detection 

using a laser as the powerful local oscillator (L0) (Forrester, 

Gudrriundsen, and Johnson, 1955). The shot noise due to the large number 

of photoelectron emissions caused by the 10 swamps the thermal, ampli

fier and the Shot noise induced by the signal field. The question 

rema ins: Is the shot noi se detect ion limit a fundamental 1imit imposed

by quantum mechanics?

Here we address this question and clear up the confusion that 

has arisen as to the origin of shot noise. We shall restrict ourselves 

to a single detector where photoelectrons are emitted and detected as a 

current (e.g., a phototube of unity gain). .
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Theory: Single Mode

We first examine the time integrated fluctuations in the photo- 

electron current for a single mode field. That is, we calculate 

Am2 - (m-m)2, where bar denotes an average over the photoelectron sta

tistics. The detector is taken to consist of N independent, equivalent 

but distinguishable atoms each of which has a ground state and a con

tinuum of excited states where the number of excited states and the 

number of atoms is assumed large. The initial field density matrix is 

diagonal with matrix elements Pnn« Scully and Lamb have solved this 

problem to find the probability that m atoms have been excited after 

having interacted with the field for a time T (Scully and Lamb, 1969)• 
This probability, is

Vf) - I ( S A  1-n> , (5.1)
n

where n, the quantum efficiency, contains the time dependence. This is 

Bernoulli's distribution for m successful events (counts) and n-m 

failures, each event having a probability n with n having a distribu

tion of values. As a consequence of the model calculation, the result 

is valid for all n (0 s n s 1) and to all orders of the atom field 

interaction.

We note for future reference that the time dependence of n is

where

y = 2irNc (v) e2^ ^  ,
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is an N atom transition rate. cr(v) is the density of excited states,p 

is the dipole matrix element, and E is the electric field amplitude. 

Thus we see that the probability for photoemission at time t is propor

tional to the instantaneous field intensity. Appendix B gives a deri

vation of P (T) valid to second order in the atom field interaction but m
for a many mode field.

To calculate Am2 we first find a generating function for the

moments of P . We define m
co

C(S) = I e P. (T) (5.2)
k-0

whose Ith derivative with respect to S evaluated at S = 0 gives the Zth
~~Zmoment m . We find

C(S) = I (l-n+riS)np • (5.3)
n=0 n

This gives us the first two moments

m = ryn (5.4a)

and

m2 = n2 n(n-1) + nn, (5.4b)

where n and n2 are the first and second moments of the photon distribu

tion (e.g., \ n(n-1)p = n(n-1), where p is a diagonal matrix ele-n nn nn
ment of the density matrix).

We thus have defining m2 - m2 = Am2

Am2 = n2[n(n-1) - n2] + nn. (5.5)
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We know that the mean square shot noise current is proportional to the 

DC current (Rice, 1954) and thus proportional to the. first power of the 

quantum efficiency. The second term of Eq. (5.5), nn, may thus be 

attributed to shot noise.. The first term is proportional to n2 and 

contains the contribution from the photon statistics, and is the so^ 

called photon correlation term, or wave interaction noise.

The shot noise term,nn,is independent of the photon statistics 

and arises solely from the fact that at some point in the experiment, 

electrons of unit charge are detected or counted. This counting pro

cess introduces noise (i.e., an AC variation in the output current).

We do not count photons. if we had the noise would have been .

n2 (n-n)2 = n2(n2 - n2) = n2^n(n-1) - n2) + n2n.

As shown by Glauber the photodetector responds to the field

correlation functions, that is, to traces of normal ordered products of
1* + ffield operators (Glauber, 1964) (e.g., a a aa, where a is a field 

creation operator for a single mode). The reason for the normal 

ordering is that detector atoms are almost always in their ground state 

(at reasonable temperatures and for wavelengths in the infrared or 

higher) and thus only absorb radiation. In this " l ig h t"  the fact that 

the photon correlation is proportional to ^a^a^aa^ - ^a^a^ 2 is not 

surprising.

There exist field statistics for which the photon correlation 

is negative (e.g., for the number state it is -n2ri) • The question now 

to be answered is: Can the photon correlation term cancel the shot



106

noise term at least partially?, To answer this, we need to know the 

time dependence (or the spectral density) of the noise current. Thus 

we consider a multimode field.

case so that we can include the field statistics. We therefore calcu

late the quantity

where I(t) is the current produced by a photodetector as a function of

over the photoelectron emission times, and ^ ^ is an average with 

respect to the field statistics. The following calculation is a quan

tum mechanical extension of the calculation done by Cantrell

We ignore here as we will throughout the position dependence, 

since our interest lies only with the time dependence. To explain why

feetly nonfluctuating field (e.g., E(t) = Eq coswt) the photoelectric 

current still fluctuates. The current is produced by photoelectrons 

which only come in whole units of electric charge. The nonfluctuating 

field only gives us the probability per unit time that a photoemission 

will occur. Thus, for the field E(t) = Eq coswt, the photoelectron 

emission times are random and only the average emission rate is 

determined by E0.

Theory: Multimode

We calculate the spectral density in the quantum mechanical

T .
(5.6)

time, T is the length of time the experiment lasts, (bar) is an average

(1968).

we need the two averages, (bar) and ( y , note that even with a per-
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Fortunately, the classical nonfluctuating field has its analog 

in quantum mechanics: the coherent state (Glauber, 1964). The coher

ent state is the eigenvector of the photon annihilation operator. Its 

most important and useful property from our point of view is that the 

coherent states form a complete set (actually an overcomplete set) and 

a field of arbitrary statistics can be expanded in terms of them 

(Klauder and Sudarshan, 1968). In point of fact, the field density 

matrix possesses a diagonal representation in terms of the coherent 

states due to its overcompleteness, although the expansion may be 

highly singular. We can, thus, separate the average over photoelectron 

emission times, (bar), from the average with respect to the field 

statistics, ( } •

We first assume the field is in a coherent state and average 

over the random photoemission times (i.e., we take an ensemble of sys

tems with electric field E and observe the photoelectron emissiono
times over a period of length T). We then average our result over the 

field statistics by integrating over P(a) (i.e., we take an ensemble of 

systems each with a different field strength Eq, different coherent 

states, and take an appropriate weighted average of such ensembles).

P(a) is the P representation weighting function introduced by Glauber 

(1964).

The current can be written as the sum of electric current pulses 

times some proportionality constant A, characteristic of the amplifying 

circuitry. That is,

N
I(t) = A I A (t-11), (5.7)

j=1 ...
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where X(t) gives the time response and thus the electronic bandwidth of 

the detection system [e.g., for very broadband detection X(t-tj) = 

S(t-tj)].

We denote the probability that in the observation time I, one 

photoelectron will be emitted in each of the time intervals 

(ti, t2 + Ati), (tj ,. tj + At j) (tN + At̂ j) by

P(N; ti, t2, Ati, At2, AtN.

The probability of photoelectron emission is proportional to 

the instantaneous intensity, as noted earlier. Thus, if in the time 

interval (-T/2, T/2) a photoemission occurs, the conditional probabil

ity that it occurred at time t is,

P(t) = Tr  ̂(g (t),£+ (t))pf (5.8)

where Nx is a normalization constant such that the probability that a

photoemission occurred in the time T is unity. That is,

fT/2 , _ , x
Tr ^(e (t)e (t)jdt. (5.9)

-T/2 f

Here e is a field operator defined by

/fica,. . - ia),.t

k 1
"+ (t) = i I \J— rr uk (r)Sk e k , (5- 10a)

/fioa. , +ia). t
e (t) = - i W - y -  u, ’c(r)a, e , (5.10b)

where the sum Is over the field modes of eigenfrequency u^(r) Is
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the spatial dependence which we take as unity (i.e., plane waves), and 

is the field annihilation operator for the kth mode. Since at normal 

temperatures nearly al l atoms are ini tial ly in thei r ground states, 

only absorptions occur so the electric field operators appear in normal 

order.

In the same way we see that the conditional probability that if 

exactly N photoelectrons are emitted in the time I , that they will be 

emitted at times ti* t%, is

jf Tr p f e (ti) • • • e (tN)e+ (tN) s (tn), 
f

where M is a new normalization ensuring that exactly N photoemissions 

occurred. In writing the. above probability, we have assumed the detec

tor responds equally to all frequencies as pointed out by Glauber 

(1964).

If we now restrict ourselves to coherent states of the field, 

the trace becomes a sum over the C-numbers a and a*, where a is the 
eigenval ue of a act ing on the coherent State |q) (i.e., 3 ja) = a|a ) ).

Thus we can write

   ... . P(tu ' * * tN> ==. ^  (ti_)€+ (t1) ]- • - [e. (tN.) E+ (tN) 1,

where £+ and e are defined by Eq. (5.10) with the Operators, a and a"*" 

replaced by a and a*. P(ti,•* *,t )̂ now factorizes and

M N
P(t1 ,• • • ,tN) = -jj- P (t-,) • • *P(tN). (5 .12)

Thus the normalization condition is M = N%^.



110

If p(N) is the probability that exactly N photoemissions 

occurred in the time T, the original probability density is given by

P(N; tj, t2, ’*•, t̂ j) = P(N)P(ti) - • -P(tM) , (5.13)

restricting ourselves to coherent states.

The current produced by a field averaged over the emission 

times of photoelectrons and averaged with respect to the total number 

of emissions in the time T is

TTty
T/2

dtl*""dtM I P(N; t1*--tn)lN (t)
-T/2 N-0

= A
T/2

-T/2
dti' * * dtM I P(N)P(ti)"'P(tN) I A(t-t:j, 

N=0 j=1
(5.14)

again assuming coherent states of the field. Most of the integrals 

unity so that we can perform the sum on j leaving,

TTEJ
rT/2

= A  ̂ N P(N) dtiP(ti)A(t-ti). 
T N=0 -T/2

(5.15)

Similarly, for the product of the current times itself at a 

different time (i.e., a current-current correlation function) we find

( t i ) I ( t 2 )
T/2

- T / 2

dti1 • * •dtN l I P(N; tV • • •tN l) Im(11.) 
N=0 .

,(t2)

( 5 - 1 6 )
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For coherent states, this leaves us with

I(ti)I(t2)
co N N

A2 I I .1 P(N)
N=0 j=1 i=1

T/2

T /2

dt!1 * • *dt 1 T’C111) • • • P(t.^1)

X(t1-t2l)A(t2-t£')

= A2 I N P(N) 
N=0

T/2
dti'P(ti1)x(t1- t 1 1) (t2-t 1 1)

-T/2

+ A2 % N (N-1)P(N) 
N=0

T/2

T/2
dti'dt2'P(ti')P(t2')

A(ti-ti')A(t2-t2 '), (5.17)

where the first line is from the N terms where i = j and the second 

line is the other N(N-1) terms where i ^ j. For coherent states of the 

field we know P(N) is a Poisson distribution such that

I N(N-1)P(N) = N2 and % N P(N) = N, (5.18)
N=0 N=0

the average number of photoemission occurring during the time T.

Averaging over the field,statistics by integrating over P({a}) 

results in     ■

('(*>>
_ fT/2

ird̂ a, P({a|<})AN dtXP(11)A(t-ti)
k -T/2

= AN
T/2.

- T / 2

dt1A(t-t1) ird2akP({a|<}) s (t1)e+ (t1)

( 5 . 1 9 )
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where 1 Is the new normalization again ensuring that the conditional 

probability that a photoemission occurs in the observation time T is 

unity. Thus,

Ni1 =
T/2

d t i Trd2a kP({a|<>)£ ( t i ) e + ( t i ) .  (5 .2 0 )

-T/2

But by the definitions of the field correlation functions introduced by 

Glauber (1964)..

ird2a, P({a|<} )e  ( t i ) e ‘," ( t 1) '=  t j ) .k k (5.21)

We then have

= AN

T/2

72
dtlX(t-ti)G^1^(t^; ti)

T/2

-T/2
dtiG^)(ti; ti)

(5.22)

Performing the statistical average over P({a}) on the correlation 

function Eq. (17) and using Eq. (1.8) leaves

( l ( t  ) l ( t  ) ) = A2N
T/2

dti1 X (t^-t-i1) X (t2-ti1)
-T/2

iTd2akP({a|<»P(ti' )

+  A2 N2
T/2

- T / 2

d t i ' d t 2 l X ( t 1- t 1 ' ) x ( t 2 - t 2 ' )  Trd2a, P({a|<}) P( t ! 1) P ( t 2 ' ) ,
J k K

( 5 . 2 3 )
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where we know the first term [i.e., from Eqs. (19) and(21)] and

jTd2akP({ak} ) P ( t 1, ) P ( t 2 l ) = Np-2 j ird2a, P({ak})e Cti' )e+ (t1') 
k K

e (t2')e+ (t2 ').

Again from the definitions of the field correlation functions this is 
(2)1/Ni12 G (ti', t2'; t2', tj1). Thus the current current correlation

function is

(l (ti)I(t2) ) A2 Nl'
T/2

dtl,A(tl-tl')A(t2-tl,)G^1^(ti'; ti')
■T/2

+ A2 w
Ni 1 2

T/2
dt1ldt2lA(t1-t1,)A(t2-t2,)G^2  ̂(tv1 , t2l ; t2' , t].')

-T/2 (5.24)

with

Nl'
T/2

/2
dt G ^ ( t ;  t).

(1)Appendix C gives an alternative derivation to show why only G and 
(2)G enter into the calculation.

In terms of Scully-Lamb quantities (Scully and Lamb, 1969) N, 

the average number of photoemissions occurring in the time T is propor

tional to n, the quantum efficiency. We assume the detector responds 

to an optical bandwidth large compared to the field bandwidths. Thus

N = pn where n is the average photon excitation number summed over3 3
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all the field modes. The mean square noise current ( N2) given by 

( N2 ) = \ l(ti) i:(t2)^ _ - ^ TTtTT)

2n 2
=  A2 ■

n^n
Ni '2

T/2
dti'dt2lA(ti-til)A(t2“t21)

-T/2

G (2) (t1', t2'; t2 r > t!') - G^)(ti'; t1,)G(",)(t2 '., t2 1)

nna
N V

T/2
dt1,A(t1-t1,)A(t2-t1,)G-1^(t!1; t!') ( 5 . 2 5 )

■T/2

The last term, proportional to n , is the shot noise. As before, the
CDshot noise depends only on G and is thus independent of the photon 

statist!cs.

For purposes of analysis we assume our electronic detection 

bandwidth is infinite [i.e., A(t) = 6 (t)]. In addition, we assume sta- 

tionarity, that is G ^  and G ^  , etc. , depend only on time differences. 

If we do not assume stationarity, the shot noise would be time depen

dent and the spectrum would be time dependent. Then the mean square 

noi se is

( n 2 )  =  A2
n2n 2
Ni '2 G (2) (0,t; tO) - G (1) (0,0)G^) (t,t)

+ ^4- G (1) (0,0)6(t)>,N i ' (5.26)

where we took t = t2 - t%,
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But now Ni1 = T G^^ (0,0) = t G ^ ( t ,t ) = t G^^ such that

N2 = A2

(5.27)

The Fourier transform of this quantity is the power spectral density 

of the noise current (Wiener Khintchine theorem). The shot noise is 

thus seen to be "white11 noise.

experiment where we have two fields superposed, L, the local oscillator

interacting fields (i.e., in terms of the density matrix, no interaction

oscillator does not factorize in general because of interaction terms 

via atoms in the cavity, etc. Thus, under suitable conditions as shown 

in Appendix D, the heterodyne beat note will be independent of the 

photon statistics of both the L0 and the signal. However, the "excess" 

noise of the L0 (or source) by itself is not; for example, resonance 

fluorescence.

noise adds to the shot noise term so that the overall noise is reduced.

We must now examine the circumstances under which

< 1 and its effects in a heterodyne experiment.

D jscuss ion
(2)The value of G is determined by P ({ct}) . In a heterodyne

and S, the source P(a^,a<.) will always factorize since L and S are non-

However, P (ct. ,a. ) for two modes of the local

In the noise term calculated ^ N 2 , if for the L0
(2) (1) 2G G < 0  over some finite range of t , the negative "excess"
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This noise reduction is for a bandwidth 'vI/t .̂ where is the correla

tion time or in this Instance, the "anticorrelation" time of the 10.

If we plot these terms vs. delay time x, we have the curve of 

Fig. 5.1a, and these should add to give what is shown in Fig. 5.1b.

This correlation function leads to the frequency spectrum of Fig. 5.2.

Now, in a heterodyne experiment we look at a beat note centered 

about the difference frequency - Wg. However, the bandwidth of the 

beat notes is at least 1/2 as large as the bandwidth of the LO (i.e., 

it is equal if the source is monochromatic). (The 1/2 is explained in 

Appendix C). The correlation function (heterodyne term only) for a

monochromatic signal beat with an LO of correlation time x is shown inc

Fig. 5.3, where here \ - ^ s/average > 1/t c •

Under these circumstances, the S/N ratio will be unchanged 

by varying the LO statistics. The power spectrum including the LO 

statistics and heterodyne term is shown in Fig. 5.4. Here an anti cor

related LO is assumed.

tf on the other hand the LO has a wide frequency bandwidth, or 

we look at small beat frequencies, the LO statistics change the S/N 

(i.e., if in Fig. 2.4, w^-Wg falls within 1/x^).

....... However, since the heterodyne term now has a wide bandwidth,

the electronic bandwidth must be large to admit the entire signal.

Thus, to enjoy the advantages of an improved S/N, we would have to chop 

the source and average, as was the case of heterodyning a thermal source 

with a laser, discussed in Appendix A. Appendix D calculates the S/N 

for a particular choice of LO and source.
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Fig. 5.1. The Anticorrelated LO Noise ^N 2̂) .

a. Two separate terms.
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Fig. 5.1. Continued

b. The terms added.
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Fig. 5.2. The Anticorrelated LO Noise Power Spectrum,

VO



< A /*>

T

Fig. 5.3. The Heterodyne Term of the Current-current 
Correlation Function.
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LO, Plus a Weak Source.



122

So, what is needed is a wideband ant[correlated powerful source 

(resonance fluorescence is weak-'-a two-photon laser is narrowband).

Such a source is not currently available. Thus, for practical purposes, 

we are stuck with shot noise, which arises from counting photoelectrons. 

This noise limit is not, however, a fundamental limit imposed by quan

tum mechanics.



APPENDIX A

OPTICAL HETERODYNE SPECTROSCOPY

Current spectrographic techniques in astronomy for infrared 

wavelengths are limited in resolution. For instance, interferometric
• O

methods attain resolutions AA/A of near 0.001 which at 1 Op. is 100 A.

Here we discuss another method of spectroscopy introduced in I961 by 

Dr. A. T. Forrester (Forrester, 1961), which is only now becoming fea

sible with the advent of stable tunable lasers. The resolutions attain

able are better than current methods, by at minimum an order of magni

tude, and has the capability of very much higher resolution for bright 

objects.

The method is simply an extension into the infrared of radio 

frequency heterodyne detection. The radio frequency (RF) heterodyne 

receiver mixes the RF signal with a local oscillator in an RF detector 

to obtain a difference frequency, usually audio.

The extension to the infrared (IR) is to mix IR light with a 

local oscillator (a laser) in a photodetector to obtain a difference 

RF frequency. It can be seen from Fig-. A. 1 that as the local oscillator 

(frequency W[_) is tuned, the RF difference will be changed by the same 

amount. If we are looking at a particular frequency difference as the 

laser is tuned, we will be "seeing" different portions of the power 

spectrum* Thus, we have a spectrum analyzer.

123
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Pc<~)

LO UJ.

Fig. A.I. Power Spectrum Showing a Thermal Source 
Beating with a Laser at W|_ to Produce an 
RF Difference Frequency Spectrum.

We discuss first the heterodyne experiment of beating a thermal, 

blackbody source (i.e., essentially a flat spectral density) with a 

laser (i.e., a delta function in frequency). We calculate the signal 

and noise under the assumption that our local oscillator is so intense 

as to produce all of the noise in our system. We then go on to explain 

how we can electronically process the signal and noise to increase the 

signa1-to-noise ratio. In doing so, we rely heavily on our assumption 

of a bright laser. Finally, we discuss the detection problem of 

background radiation and its resolution. Throughout the development 

the emphasis is on a simple physical understanding of the basic prin

ciples involved. The experiment is set up as in Fig. A.2.
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SOURCE DETECTOR
OUTPUT
METER
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Fig. A.2. Heterodyne Experiment.

The light from the source (e.g., a star) is superposed on the laser 

beam by means of an optical beamsplitter. This combination is mixed 

in the photodetector (e.g., a photomultiplier tube). The photodetector 

• acts as a perfect square law detector in that It "sees" the electric 

field squared (E2) to produce a current directly proportional to E2, 

which is in turn proportional to the incident light intensity. We then 

process the electric current by first amplifying the radio frequency 

(RF) components of the currents in a bandwidth Af, and then measuring 

the root mean square magnitude of this current. The bandwidth Af will 

determine our spectral resolution. We will return to the electronic 

analysis later.

To calculate the output signal and the output noise we make a 

number of simplyfying assumptions, none of which alters the physics.

We assume the light source intensity to be constant over a bandwidth
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large compared to our electronic bandwidth Af. In practice this will 

almost always be satisfied. We assume our electronic bandwidth has 

sharp cutoff frequencies and a flat response in between. We also assume 

that our laser is many orders of magnitude brighter than our light 

source. As mentioned earlier, this allows us to look only at the one 

source of noise; shot noise. In the laboratory this limit can nearly 

be reached.

At the photodetector cathode the electric field E is:

E = T E. cos(W.t + (j>.) + E. cos W. t (A. 1)j i i i L L

where E. are Fourier components of the electric field of the light 

source (which are all equal), W. are the corresponding infrared 

frequencies with arbitrary phase <j>. and E^ is the laser electric field 

at frequency W^.

The photocathode responds to E2- where

E2 = J T E.E. cos (W. t + (j>.) cos(W.t + <j>,) j1 j * J i i J J

+ 2 y E.E, cos(W. t + <().) cos W t + E2cos2W, t I i L i i L L L

(A.2)

Photodetectors have a finite response time usually no smaller than 

10-10 sec. They cannot therefore respond at frequencies greater than 

10+1° Hz, certainly not at infrared frequencies. The detector then 

performs a time average, the time being greater than an inverse opti

cal frequency but less than one over any RF difference frequencies.

Thus, averaging over T where 1/W|_ < T < 1 /JW^-W. | we obtain
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EiEi
e2 - 1 1  -"'■-■J- < cos [(W.+W ) t + <[>. + 4>.]

i j . ( 1 J 1 J

+ GOs[(W..-Wj)t + <#>.-<#k ]|

+ I  E.El (cos [(W.+WL)t + <{>.]

+ cos [ (W.-Ŵ ') t + ij).

+ Ef cos2W. t 
L L

EjEj
= I  I  cos[(W.-U )t + <$>. - <j).]

I j  1 J 1 J

+ I  E|El cos [(Wr WL)t + <f>.]
I
El2 (a .3)

+ 2
Now E. >> E. by assumption so that the first term may be neglected and 

we are left with two terms; a time varying part and a DC component. The 

photocurrent is directly proportional to E2 so that we can multiply this 

equation by the appropriate constant and obtain a ratio of AC to DC 

current, namely,

'AC _ h iEL =os[(Wi V W i ,_ ^ cos[( . ^
- . -. - .. -QQ- - - C   ■ • ■ |

(A. 4)

Now to find the root mean square value of this AC current, we take I ^ , 

square it, and average over all times.
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JAC = ^ ' dc J I Y ^ ~  cos [(W.-WL)t+4i cos (Wj-WJ

= % I I  I -g^^(cos[(W,-Wj)t+^.-4u]

•+ cos[(W.+W. - 2W. ) t + <f>. + ^ > 
1 J L 1 J j

(A.5)

The first term is non-zero only when i = j. The phases are random and 

have equal probability for being anywhere between 0 and 2ir. This is 

true since our source is of thermal origin. We must therefore average 

the phase also, eliminating the second term. Thus 

— v E|2 2
' ac = 2 y r r  'DC (A-6)1 L

where
| Ei2 % 4  aw,
el2 ' el2

defining e2 as the electric field squared per Hz and 6W. as the frequency 

element. Since, for the photodetector of given area E2 is proportional 

to the incident power, we have

   .-. ^ C-. • ■ .5Vi.- - i - -SW-. - - -     — - - -.........i i i i s, I

SL' PL

where Ps. is the source power per unit frequency and is the total
' . ■ ■ . " ■ . 
laser power. Since the source was assumed to have a flat spectral den

sity and we are looking at a bandwidth Af
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Therefore

I  PSi SWi Ps A f

P Af
lAC2 2 1 DC2 p ^.7)

L

Note there is no explicit dependence on n the quantum efficiency of the
p

detector. However, for a photodetector I =? en where P equals the 

total incident power, e is the electronic charge, hv is the quantum 

energy, so that may be rewritten as

P, \ / P Af\
Uc2 " 2 \ne h^/ x16 i ^ r V  (A-8)

It is interesting to note that this is the same result that is obtained 

for the mixing of two laser beams except P^AF is replaced by P ^ , the 

second laser's power. Also, if we were simply observing the source with 

a photodetector in a bandwidth Af, the current squared would be propor

tional to (P^Af)2 so that by beating with the laser we have amplified 
PL

the signal by p- ■ the so-called heterodyne amplification factor, 
s

We must now compare this signal with the noise we have developed 

in the heterodyne process. Although we have amplified our signal, we 

have introduced a large amount of shot noise into our system as a 

result of shining a laser on a photodetector. We can calculate the 

amount of this noise by the following analysis.

The probability of. a photoelectron being emitted in a given time 

interval is proportional to the incident light intensity. Since the 

electrons can only be emitted one at a time, we will get a series of
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current pulses as an output. The time delay between pulses will give 

rise to an AC current on the DC level. The root mean square value of 

this AC ripple is the shot noise current. We shall assume only that 

the probability of detection of an electron during a given interval is

we assume the photodetector has no memory).

We must calculate P(K,T) the probability that exactly K elec

trons are observed in the time interval T. Let the probability of an 

electron being observed in the short time dt be.Adt which is indepen

dent of what happened in any previous interval. Divide the interval T 

into intervals of length dt and use Bernoulli's equation for K successes 

and T/dt - K failures to calculate the probability of detecting exactly 

K electrons after a time T. We then let dt go to zero so that the maxi

mum number observed in the interval dt 1s one. Thus

independent of the number detected in the previous time interval (i.e.,

K
(Adt) (l - Adt) T/dt - K

Limit T/dt(T/dt>  1) (T/dt - K +  1)
dt>0 K!

(Adt) ̂ (l - Adt) T/dt - K

dt->0 K!

K
(AT) (1 - Adt) (" A3i)("AT) (1 - Adt) ^

(A .  9)

a Poisson distribution.



131

We can now calculate the shot noise by calculating the RMS 

deviation from the mean of the current.

Ct - T)2 - (|)2 (K - K)2 = (K2 - i?) (A. 10)

Now calculating K we have

00 oo . . K -AT
K = I K P (K,T) = I K m ) r  e

K=0 K=1 K!

= e"AT ATJ, = AT (A-n)
K*so that A = ^  is the average number detected per unit time. Thus the

average or DC current is Iqq = eA = e ^  . Finding K2 we have

  00 00 /  i \-r \  “AT
K2 = I  K P (K ,T )  = I  K -^ fp -  e

K=0 K -l

V  e "AT AT ^  I  K 

■ ^ a t j ^ C a t / t ]

= (AT)2 + AT (A. 12)

Thus (K - K)2 = AT = K and the shot noise current (1sn) squared is

lsn2 = ^ ~ = (f) K = f" !DC (A.13)

where we can interpret the 1/T as the frequency bandwidth we are 

observing; Af. Actually, to agree with more detailed analyses, we must

multiply by 2 for a phototube and 4 for a photoconductor. Thus for a
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phototube (we shall use a phototube) Isn2 = 2 e I^Af. This factor of

two in the power is explained later.

We can now.look at our signa1-to-noise ratio. Since power in a

circuit is proportional to a current squared, we immediately have the

power ratio»
  P Af
'AC2 _ 2 ' DC2 '717 1 DC Ps
I 2 2 e lnr Af e P. (A.15)sn DC L

p u _ _ _ _ _ _ _ s rbut lnr = n e — ^ ; so that -jr e = n , where P is signal power per Hz1 hv
Note the is independent of the laser power and of the frequency band

width. This is of course true only under our assumption that the laser 

is much brighter than the source;

As an example of how large this signal-to-noise ratio is, let

us look at a star with ?s = 5.10-23 W~p'2 at a wavelength of lOy where 

hv = 10~20j , and let n = 0.1. Then, D = 0.1 ^yvjv'n'' ^ 5.10-4,

which is much too small to observe.
P v* 10-20

Obviously something must be,done to reduce the noise by TO4 

before this method has any value at all. A method exists and its suc

cess depends on our assumption that all the noise is due to the shot 

noise, of the laser. This assumption allows us to alternately turn the 

source on and off (via a chopper) without at the same time affecting 

the noise level. Our aim then is to chop the signal at some frequency 

ay , take our entire RF signal and convert it to an AC current at and 

narrow band amplify to reduce the noise. We modify the experiment as 

shown in Fig. A .3•
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SOURCE B.S. DETECTOR k
J | ----------- . y / L --------{)—  X

U 3-------------!------- 1 a m p .

CHOPPER

LASER

SQUARER

AMP.

REFERENCE
Y

SYNC. RECT.

OUTPUT METER

Fig. A.3. Heterodyne Experiment with Source Chopped.

The chopper turns the source on and off at w so that the RF beat sig

nal is turned on and off at frequency .

After the photodetector, we have an RF amplifier with a band

width A f , whose output looks as shown in Fig. 4 (S/N greatly exaggerated). 

This signal is RF modulated at the chopping frequency (i.e., no compo

nent at Wg). Looking at the signal, we have

Signal = A cos u)Rpt — (A.16)

where f(t) is defined such that f2(t) = 1 and has a period —  , f(t) is
o

shown in Fig. A.5. A is the signal amplitude at frequency This

contains no term at . We can get a component at w by squaring this 

signal (i.e., essentially we just rectify). The output at point b after
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this squaring device is shown in Fig. A.6, and definitely has a compo

nent at (o < Look at the square of the signal

- A2 ^  + 1  cos2 ™RFt ' -V '̂

■ ^  COS2 RFt (l + f (t)) + ^  (l + f (t))

( A . 17)

ŷ 2 I
The second term contains f (t). We thus have of our squared signal 

at the chopping frequency. What about the noise, however? How much 

noise has the squaring process transferred to frequencies at or near the 

chopping frequencies? Note that before squaring we had none (i.e., our 

frequency band is usually between 1 MHz and 1 GHz, so that Af = 1 GHz,

but the chopping frequency is much less than 1 MHz (1 KHz and lower)

so there is originally no shot noise at frequencies near aiQ) .

Since the noise has a flat spectral density, the squaring process 

produced noise-noise beats from DC to a frequency equal to the bandwidth.

The value at DC, however, will be twice the average of the noise squared.

We can see this more easily from Fig. A.7.

We see that all the different frequency components can beat 

together to get DC while to get Af, only the extremities of the noise 

spectrum play a part. This triangular "(noise)2" spectrum makes the 

DC value twice as great as the average noise squared level. This 

explains the factor of two in the shot noise term earlier. The chopping 

frequency is always much 1 ess than Af (usually 1 ess than 103Hz) and

Signal2 = A2 cos2 w^-t
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Fig. A.6. Voltage Signal after Squaring.
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Fig. A.7. Power Spectrum of the Shot Noise after the Squaring Process Assuming 
a Rectangular Bandwidth A f .
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therefore, lies very close to DC. Thus, the noise level at and around 

the chopping frequency is twice the average noise squared level. Note 

that usually we would use (Signal + Noise)2 = S2 + 2S N + N2. We have 

ignored signal-noise beats and signal-signal beats since the signal is 

orders of magnitude less than the noise and thus these other terms are 

negligible.
]

Now, if we narrow band amplify about to , we keep ^  of the sig

nal, but keep only a fraction 2 Av/Af of the. noise, where Av is the 

narrow band amplifier's bandwidth. Thus, although the squaring process 

squared our signal-to-noise power ratio (I.e., 10~4 went to TO-8), we 

can get a usable signal-to-noise by originally admitting a large RF 

bandwidth Af and then using a very narrow band amplifier at the end of 

bandwidth Av. For Instance, for our earlier example, if we let Av ~ -̂ Hz 

and Af - 1 GHz, the final signal-to-noise ratio would be about 10.

Now, how do we get an amplifier with such a narrow bandwidth as
1
Hz or even lower? The standard instrument used is a lock-in amplifier 

which is the combination of a tuned amplifier about the chopping fre

quency, a synchronous rectifier locked in phase with the. chopper, and a 

low-pass filter (an RC circuit of time constant T = RC). The tuned 

amplifier is simply to decrease the bandwidth, thus decreasing the noise 

input so as not to overload the following circuit. The synchronous 

rectifier is an amplifier with gain alternating between +1 and -1.

A reference voltage from the chopper is connected to it, and the phase 

of the synchronous rectifier is adjusted so that the gain is +1, while 

the signal is on, and -1 while the signal is off. This is f (t) . Thus,
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if we send the signal of frequency to into the synchronous rectifier0
which is .switching in phase at ta we get out (f(t) x f (t) = l)j our 

entire signal as a DC current. Then we pass this current through an 

RC filter thus taking a time average. Note that the noise is contin

ually being subtracted from itself. The effective bandwidth of this 

instrument is one over the RC time constant of the low pass output 

fi1 ter.

In essence, then, what we have accomplished with our electronics

is to take a large fraction of our RF signal spread over a large fre

quency band Af, compressed it to the single low frequency while the 

noise has remained spread out in frequency, and then narrow band ampli

fied to reduce the noise power by the bandwidth ratio 2 , or equiva

lently the noise voltage by V- • Now, let us go back and write the 

complete expression for the signal and noise at the output in terms of 

the electronic parameters.

is the characteristic impedance of the circuit. We passed this through 

an RF amplifier (of bandwidth Af) with power gain G giving at point a 

in Fig. A.3-

We then passed this RF current through a squaring device of respons ivi ty

Our RF signal power was originally 2 ne ne —j— —  x R, where R
pl rsAf

- - P. P Af ■
2 e T-—  ne -r— - R G

number of volts out 
number of volts in giving at point b, a voltage

( A . 18)
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1a fraction of which is at the chopping frequency <o: . Assuming there

is no more amplification but only the synchronous rectification, our
]

DC output from the low pass filter will be the fraction of the input 

into the rectifier. Thus the output signal voltage is

P P 4 f

vs - 2 ^  w  - s r R G K !

1 P. P Af
= 2 R G K I® ne —  (A'I9)

Similarly, for the noise power, we started with e 1^^ Af R

amplified by G squared to give a voltage given by 2 e I ^  Af G K R and
/ 2Av’then reduced this noise voltage by y with the use of the lock-in.

Our final noise voltage is thus

• v„ = 2 e  'dc f R G k / W
P,

= 2/2 R G K e e/AvAf (A.20)

giving the signal-to-noise voltage ratio at the output of
D v A -F1 Pl p<Afs VS I RGK ne TT ne —

N V V , P_______
2VT RGK ne t-=- e/AvAf hv

  _ /2 Ps /A? ... ...        .. ,..(A,21)

or,

i|v = 4  E  * (&|p before chopping)

(e.g., with Pg = 5.1Q~23 ; n = 0.1; hv = 10~20j; A f  = 109 Hz;

Av = |  Hz? |  v “ 5-5).
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Thus we have obtained a usable signal giving us the source power in the 

frequency bandwidth Af.

A possible problem mentioned in connection with heterodyne 

detection of infrared starlight is that of background radiation. This 

background light, centered about the 1 Op laser radiation is due mainly 

to radiation emitted within the telescope dome as well as some from the 

atmosphere. Note that

X T = 2.9 ° 10-3 m°Kmax
so that

2 9°10~3oKAmax = m ~ 10 ym at room temperature.

Therefore, the telescope itself radiates mostly at or about 10 y.

To estimate the amount of this background, let us assume all

the background is due to the primary mirror of area 1 m2 reflecting off

the secondary to the instruments [photocathode of area (0.01 m)2]

located 6m away (using Coude focus). We also assume that all of this

radiation registers at the photocathode. The power emitted per unit

area into the solid angle of interest (namely A$ = f m).— r-0 x 6« 1Q-7)
4 /3  7r(6m)z

is given by (Planck radiation formula)

P|. (v) h 3 rl
— ^ " ' dvAfi = ■ ' 1 ■ £ — — cos8 Afi (A.22)

e k f " 1

where A is the emitter area. We let cos0 = 1 where 0 is the angle of 

emission so that the total power received in the bandwidth Af centered 

about 10 y is
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hv3 AfAfi A
b • b c2 e ^  - 1e kT 1

Letting v = 3° 1013Hz; T = 300°K; Af = 1 GHz; Aft = 6!>10“7; A = 1m2 , 

then P^Af = 2«10“21 W^-£--Sv Af = 2« 10-12 watts, which is about 102 

times the power received from a star in the same bandwidth, and this 

is only the radiation from the primary mirror (defining as. we did 

Pg as the power per unit bandwidth).

This radiation is of course beat against the laser just as the 

source is. The output signal to background noise ratio would thus be
Ps

if the background is treated exactly as the signal. This background
b

may be of the order of 10“19 w^z 5 . Thus the background appears to 

swamp our signal. The answer is to instead treat the background as we 

do the shot noise; that is do not modulate it at the chopping frequency. 

Experimentally, the way we can do this is to look alternately at the 

source and just to one side of it. The signal is modulated but the 

background level should change very little. We thus diminish the back

ground by the bandwidth ratio as we do the shot noise. Thus the

output from the lock-in following the treatment of the shot noise
Pnoting that I = ne is

P. ' P. Af tx~r— •
vb - 2 ^  'e - £ r RGK /"ir (A-23)

giving a signal-to-background voltage ratio of 

VS I  e T -  RGK

Vb
/2 rs /Af
T  P^ TAv (A.24)
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which using ?s = 5° 10 23 W^ —S ; = 10 ; Af = 1 GHz; Av = Hz
V

gives rp = 6. 
b
It is claimed by certain workers in the field of stellar infrared 

spectroscopy that they are already working at the background limit (i.e., 

where the background noise is the limiting noise). If this is true and 

since other techniques can employ a similar chopping technique on the 

background noise as we have described, the heterodyne method would seem

ingly be of no advantage. However, there is one aspect of the hetero

dyne process as yet unmentioned.

The heterodyne detection process is a coherent detection process. 

That is, we must look at the spatial coherence of the light across the 

surface of our primary mirror. Since the primary mirror focuses all the 

light onto the photodetector, we can assume that the mirror is itself 

the photodetector (i.e., the effective area of the photodetector is lm2). 

We must calculate over what area the light is coherent.

Since the frequencies of the starlight and background are close

to the laser frequency, the diffraction patterns are essentially the 

same. Therefore, the phase of the beat frequency remains constant over 

the diffraction pattern if the two frequencies originated at a point.

This is true for the star and the laser; we assume it to be true for 

the background.

Within the area of a single diffraction pattern there are many

overlapping patterns, but the beats will remain phased until we get

two image points separated by a diffraction pattern. We assume this 

distance to be the distance between two points just barely resolved,
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Xgiven by Rayleigh's criterion, sin© = 1.22 g  , where 

d = size of object

r = distance between points

R = object distance

0 - angular separation of points .
X 
d

the phase is constant) is

r AThus p- - lo22 9 or a, the area of coherence (the area over which

a = T - f  ('•« -- i r  - -  (?)

but — - , so that
:

a l  i i  -_ . l t  ( A . 25)

Using this definition for the area of coherence "a" for the star (dis

tance 10 pc. qui te close, radius 1011 m) ; X = 10 pm; d - 1 m ; R - 101

a = (10 10 ) m _ ioo m2, more than filling the aperture even for the
10

nearest stars. For the background radiation, however, (f2 - 6" 10~7)

X2 , 10-10
6-10 -7 m2 == 1.6* 10 m2

so that thefe are N = ^  - = 6* 103 coherence areas across the mirror

surface. This has the effect of reducing the background signal.

The photodetector squares the electric field at each point 

giving rise to a current, and the currents from the surface are all 

added to give the output.? The AC current from points within a single 

coherence area all have the same definite phase; however, the phase of 

the current from another area of coherence will be random with respect
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to the first. Therefore, the currents from the N areas of coherence

will add in a random walk fashion to give /W times the current pro

duced by any one area of coherence. Thus, for our example, the signal- 

to-background voltage ratio would be changed from

6 to 6 x i/R" = 6 x 77 = 450, or in terms of conventional methods if we 

are background limited we gain a factor of /N = 77. In any case, the 

background noise appears to be much less than the shot noise, so that 

our original assumption that shot noise is the dominant noise holds.

We should here mention a possible drawback to the method. Our 

calculated output signal-to-shot-noise voltage was quite small, even 

though we used close to state-of-the-art 1 GHz bandwidth electronics 

and a fairly bright source (compared to most celestial objects). We ■ 

could, of course, lengthen the response time of our final RC circuit, 

but this presents problems when we try a frequency sweep by tuning our 

local oscillator. This consideration severely limits the number of 

objects that can be observed using the heterodyne method. However, 

for the objects that can be observed, the resolution

= — 12— -.= 3° 10“5 is much better than conventional techniques.X v 3-1013



APPENDIX B

CALCULATION OF P (t) FOR MANY MODES m

Here we calculate P^(t), the probability of observing m photo-

el ectrons by an N atom detector interacting with the field for a time t

We do this to second order in the field; that is, we let each atom

interact with.the field no more than once. We assume the detector is

far enough from the source so the field behaves as a free field, and

the Hamiltonian for the field detector system can be written H - H + H

where H = H + H The detector consists of N identicalo o atom o field
independent atoms with a single ground state g. and a continuum of

excited states k.. All atoms are assumed to be in the ground state

(i.e., low temperature) at t=0. In the interaction picture, we can

write the time dependent interaction Hamiltonian as
N

HI “ £ H|.(t) (B.1)
j = l J

where Ĥ  , the coupling of the j-th atom to the field, using the 
J

dipole approximation, is given by

H. (t) = - e q..(t) ° t(r ,t) . (B.2)
j k JK J

q i s  the position of the k-th electron relative to the position of J k
the nucleus r.. For simplicity, we assume one electron atoms getting J
rid of the sum on k and we assume linearly polarized light.
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We solve for the wave function at time t giving

k(t)> = I jr (it) i °°° f p=i dtp : |H.|(t1)-**H| (t2)i; k(0):>
& J 0 o  ̂ *

(B.3)

where ; stands for a time ordering operation to be carried out on 

all operators within the colons. Time arguments increase from right 

to left. The m~fo1d absorption process is described to lowest order 

by the m-th term above with each atom only interacting once. For a 

given set of m atoms, there are mm terms,but we are only interested 

in the m! terms where each atom can only interact once. Thus

l*m(t)> = (t) fo-" fo :{Hil(tl)-" H!m(tm,|:p-l dtpl'|,(0,> iBA)
where il; denotes that m atoms have been excited. Since each atom is . m
initially in its ground state only field operators which deplete the 

field contribute. We shall call this positive frequency part h .
'j

following Glauber (1964). These operators all commute, thus we can

drop the time ordering leaving the m-fold product of integrals

/ . n. m m rt
k m(t)> = \ h) .T 1 J H | j (t')dt' \ m >  (B.5)

If we write the initial and final states of the system as [i> j{g}>

and If>I{k }> indicating m atoms excited we have m



U 7

m 1 I 

.\m m rt
(ir) 10 dt'C"e I <fl<V l t'jY(t’)E+(rn.’t'il|I>|f9}>

Y

m ft ft 1 \ a3kjgtj
° o | 0

o ' o

(B.6)

where ha) = E - E the energy level difference. We define the atomicag a g
dipole moment <k|^ q |g> = M, . The probabil ity that a certain m atoms

Y  Y  9
are excited, P^(t) is the absolute value squared of Eq. (B.6) summed 

over all initial states and final states

m 1 1  
f i

1
fi

( m
exp< ii I

( j=i

2m ft m m„ dt*dvi=,'\3f2
2m

A
■h

m m (

TR Pf  ̂ S (tk)  ̂ E (t") r ,'-1 K P=1 P .
( B .7 )

m m

V  1 k=l

The product in square brackets is defined by Glauber as the m-th order 

field correlation function.

,(m) m m
G (ti***t. ; t. '•••t1) = Tr pf it e (t, ) ir

K K f T k=1 K n=p=l ^ p >

(B.8)



APPENDIX C

CALCULATION TO SHOW <1 (t)>lS PROPORTIONAL TO G^^

We calculate the current as the time derivative of a charge 

operator Q,. Envision a detector that after being exposed to a source 

for a time T has emitted or stored,in a capacitor for example, a total 

charge Q.. A phototube of unity gain is such a detector. The charge 

operator Q, is defined as follows:

N :
0. = e : £ c . a. (C.l)

1 = 1 1 1

where N is the number of detector atoms assumed large, and a is the 

operator which takes an atom from its ground state to an excited state.

The excited state is here assumed to be in the continuum of ionized

states so that the electron is counted as a unit charge. Here we 

simply assume that the number of detector atoms is extremely large and 

let each atom only be counted once. The operator cr.̂ o. thus picks out 

an excited state of the i-th atom.

The total charge accumulated in time T is then

< Q . m )  - T 4 P a f (T) Cc.2)
a t

. where af stands for atom, field and (T) Is the atom field density 

matrix for the detector field system with the interaction turned on 

at t = 0. ,
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where a.,g. denote excited (or ground) state matrix elements for each i I
of the N atoms. The operator a. a. picks out the diagonal excited, 

state matrix element for the i-th atom. Thus

N

af 1=1 Pai
^iCt)^ e T^ ^ P • • • ex. j * . o ciĵ? gi • • •ex.. • • g^» f

Cc.it)

where ex. stands for the excited state of the i^th atom which rewritten i
is

\V .  Ni = l TRf {TRa Pcti’ * " -exi» •  -exi • • -6n; f|

N
= e .1 Tr V<exi.l I  <al l  I  I  <a. + l | . . .  I«xM |

1=1 f ” aj «2 a.-1

I <aH P(t)
(%%••• ex. • • • Gt|, ? g]_..*ĝ j.f ai> • • • raN>|exii

where a. takes on either of its two values; ground state or excited i
'state.

N
Since the atoms are independent, the £ just gives a multipli

1 = 1
cative factor N whlch leaves • • '  ' -

'X - e N TRf

where Pex(|^.f 13 now a single atom-field density matrix with only

atomic excited state matrix elements. But T_ <exIp (t) rIex> isR̂: 1 ex,ex;f 1
simply the probability that a single atom has been excited by a field
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after having interacted for a time t. This is exactly what Glauber
/ I N

(1964) calculated and what he calls P (t). Therefore,

{tCt)/ = e N P^^ lt) (C.7)

The current t (t)^ *s then given by the derivative of Q.(t)
leaving

<!Ct)> = JF %(t) = e N (C.8)

For the simple case of broadband detectors, <̂ ? (t)^ = e N S G^(t,t)

where S' is Glauber's sensitivity function and G ^ ( t )  is the first

order correlation function. So again we find the current proportional 
( ] )

to G except we have the time dependence. Similar arguments can be 

used to show that <(T(t^)I(t2)^ depends only on G ̂  ̂ and G ̂ .



APPENDIX D

CALCULATION OF AND S/N

Here we calculate Glauber's (1964) second-order correlation 

function for.two superposed fields 1 and 2. Neglecting spatial depen

dences, G ̂  (tit2 ;t2ti) = I tt d2 ak P({ak})e (ti)s (t2)e+ (t2)e+ (ti)

which for two modes gives (let e.l+ (t) = / ai e 1 )
2 ....

= <C[ei(tl) + S2(tl)3{ei(t2)+e2 (t2)] [ei(t2)+E2(t2)] [£l(tl)+e2(tl)3)

= .<feICt1)e:(t2)+eiCti)e:(ta)neICt2)eJCti)+e5ct2)eI(ti)3>

+ <f [ e i (t i) e 2 (t 2 ) + e 2 (t i) £ i (t2)3 [@1 (t2)ei (ti)+£2 (t2) £2 (ti) 3}

+ ^e 1 (t 1)£ 1 (t2) e2 (12) £2 (11) + £2(tl)E2(t2)El(t2) £i(ti)<)

+ <(e 1 (tl) £1 (t2) £1 (t2) £1 (t 1) + £2(tl)E2(t2)E2(t2)£2(t l)y)

+ (ti)e2(t2)£2(t2)£l (tl) + £2(tl)El(t2)El(t2)E2(tl)/)

+ <£l(t1)e2 (t2)£l(t2)e2 (tl) + £2(tl)£l(t2)£2 (t2)£l(tl)>

where ^  ) ^ JR1Z pi2 ( ) • ,

If Pi2= pifip'2 as for the source and LO, and we assume that for 

the source (2)<̂ e+ = e ̂ > - 0 and <̂ e+e+ = s s = 0, we are left 

with
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(tit2;t2t1) = <ei(t1)e1 (t2)ei(t2)£i(t1)^>1

+ <'e2(ti)e2(t2)e2(t2)e2(tl)^2

+ <fel C t 1) et (t2 )/>i < £ 2 ^ 2 ) £ 2 (^1 )} 2 + (<'e 1 (t 1 ) e 1 (1 1 ) ) < £ 2  (t2 )e 2 (1 2 ),>

+ (S2(tl)£2(t2)^2 (El(t2)£l(ti)} ^  ̂2 (t 1) ̂ 2 (tl ) £i (t2) £ 1 (t2)J>

The first two terms contain the field statistics, and the second two 

terms being the heterodyne terms (the other two get subtracted off in 

calculating the noise). The noise is then given by

(t1t2,t2t1) - (ti;t1)G^1  ̂(t2;t2)

= i(£l (ti) ei (t2) £1 (t2) £2 (tl)^ - <̂ Gi (ti) £i (tl)^ <̂ £J (t2)£l (t2)^

+ ^82 (t 1) £2 (t 2 ) £2 (t 2 ) £2 (11),) " <(e2 (t 1) ̂2 (tl),) (tz)}

+ -('e j (t1) et(t2))y (,£2 (t2)£2(tl)/) + ^ 2  (tl) (^2)^ {ei Ct2) £1 (t 1 )̂ >

In order to understand the correlation function in terms of 

their spectra, we have to assume stat ionari ty (otherwise the spectra 

are time dependent and also the shot noise which depends on G ^  will 

vary with time). Thus, assuming stat ionari ty, the noise current- 

current correlation is given by <̂l (0) I (t )^ - <Cl)-2

= A2e2 |n2 (g ̂  (0,t;t,0). - (G ̂  ) ^ + n G ̂  ̂ 5 (t ) |

= A2e2| n2 ^£1 (0)ei (x)ei (t)bi (0)} - ^ei (0)ei (0)/2

+ ^ 2  (0) B2 (r)£2 (t) £2 (0)̂ ) " -(£2 (0) £2(0)^2

+ <̂ ei (0)e1 (t )̂<s£2 (t)e2 (o)/̂  + (̂ £1 (t) £1 (0)^ <f £2 (0) £2 (t),)

+ n -̂ ei (0)£2 (0)y* 5 (t) |



where we assume e+}‘ »  <̂ e e+^  . In the heterodyne experiment, the

noise is the sum of all terms except the heterodyne terms. To calcu

late the s igna1-to-noise ratio, we have to go back and include the 

electronic bandwidth, but it is clear that the LQ statistics term adds 

to the shot noise term such that if it is negative, the noise is reduced.
(l VNote the heterodyne terms only depend on G , and thus are 

independent of statistics. As an example, we assume the LQ to be anti

correlated with a Lorentzian 1 inewidth 1/t. , that is

<^ei (0)ei (t )^ | si | 2 e'(UlT e - t / tv

and

<(e (0)e (t ) e+ (t ) e+ (0)^ = | ei | 4 e
■2x1 x

I 12 ’2T/TC" I sir e

We heterodyne this LO with a coherent state (ideal laser). Then

-2t / t
<(l (0) I (t)^ = {l}2 - A2e2 <(n2

-2t /t

(I El 14- El '■} e

I Eij4 e
-t / t

+ n I El (T),
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Taking the Fourier transform to get the spectrum gives

4/t
P (m ) = A2e2 ) n  I e1 1 2 ~ n2 | ej | 2

“o2 + (2/t c)2

+ n 2 | s 11 2 1 e.21 2
. 2/t

[coo-(a)i to2)]2 + (1/tc)2
4/t

= A2e2 n I e 1 1 2 1 -
a)o2 + (2/tc) 2

2/t
+ n2 ]£1J 2 I£2 12 ------

[Wg-(.wi-w2)]2

the first term being the noise term which is the shot noise plus the

anticorrelation term. If o)1-u)2 is chosen < 1/t , the noise will be
c

less than the usual shot noise, if u)]_-u)2 > 1 /tc , the S/N is the

usual signal-to-shot noise ratio.
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