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ABSTRACT 

The goal of this research is to develop computational methods for predicting how a 

given medical imaging system and reconstruction algorithm will perform when the 

resulting images are used by mathematical observers for tumor detection. Here the 

mathematical observer is the ideal observer which sets an upper limit to the perfor­

mance as measured by the Bayesian risk or receiver operating characteristic analysis. 

This dissertation concentrates on constructing the ideal observer in complex detec­

tion problems and estimating its performance. Thus the methods reported in this 

dissertation can be used to approximate the ideal observer for real medical images. 

We define our detection problem as a two-hypothesis detection task, where a 

known signal is superimposed on a random background with complicated distribu­

tions, and embedded in independent Poisson noise. The first challenge of this detec­

tion problem is that the distribution of the random background is usually unknown 

and diflScult to estimate. The second challenge is that the calculation of the ideal ob­

server is computationally intensive for non-styUzed problems. In order to solve these 

two problems, om- work relies on multiresolution analysis of images. The multireso-

lution analysis is achieved by decomposing an image into a set of spatial frequency 

bandpass images, so each bandpass image represents information about a particular 

fineness of detail or scale. Connected with this method, we will use three types of im­

age representations by invertible hnear transforms. They are the orthogonal wavelet 

transform, pyramid transform (or dyadic wavelet transform) and independent com­

ponent analysis. 

Based on the findings from human and mammalian vision, we can model textures 

by using marginal densities of a set of spatial frequency bandpass images. In order 

to estimate the distribution of an ensemble of images given the empirical marginal 

distributions of filter responses, we can use the maximum entropy principle and get 
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a unique solution. 

We find that the ideal observer calculates a posterior mean of the ratio of con­

ditional density functions, or the posterior mean of the ratio of two prior density 

functions, both of which are high-dimensional integrals and have no analytic solution 

usually. But there are two ways to approximate the ideal observer. The first one is a 

classic decision process; that is, we construct a classifier following feature-extraction 

steps. We use the integrand of the posterior mean as features, which are calculated 

at the estimated background close to the posterior mode. The classifier combines 

these features to approximate the integral (or the ideal observer). Finally, if we know 

both the conditional density function and the prior density function, then we can 

also approximate the high-dimensional integral by Monte Carlo integration methods. 

Since the calculation of the posterior mean is usually a very high-dimensional inte­

gration problem (the number of integrations equals the number of pbcels), we must 

construct a Markov chain which can explore the posterior distribution efficiently. We 

will give two proposal functions. The first proposal function is the likelihood fimc-

tion of random backgrounds. The second method makes use of the multiresolution 

representation of the image by decomposing the image into a set of spatial frequency 

bands. Sampfing one pixel in each band (in the same spatial location) equivalently 

updates a cluster of pixels in the neighborhood of the pbcel location in the original 

image. 
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Chapter 1 

INTRODUCTION 

The purpose of medical imaging systems is to map the unknown attributes of objects 

(soft tissue, bones, trace elements etc.) to an accessible, measurable image. The basic 

clinical imaging techniques are the measurement of x-ray and ultrasound attenuation 

through the body, the number of gamma rays emitted by radioactive tracers which 

have been injected in the body, and the spatial density of spins using nuclear magnetic 

resonance imaging (MRI). 

The values of the image yield information about the object, but the image itself 

need not have any resemblance to the object. As a matter of fact, many tjrpes of 

medical imaging are indirect imaging like tomography and its varied forms, includ­

ing x-ray computed tomography (CT), emission tomography such as single-photon 

emission computed tomography (SPECT) and positron emission tomography (PET) 

as well as MRI. In all of these methods, the data consist of a set of line integrals or 

plane integrals of the object, and a reconstruction step is necessary to obtain the final 

image. 

The imaging system is usually designed to maximize the amount of information 

about the object that can be obtained. Therefore, the quality of an imaging system 

is defined by how well inferences about an underljdng object can be made using 

its image as input. More importantly, image quality must be assessed on the basis 

of average performance of some inference task; thus, image quality assessment is a 

process of statistical inference by some observers, for example, human and machine 

vision systems. The statistical inference is that, given an observed image g, both 

human and machine vision systems compute the most probable interpretations or 

causes of the observed images. In statistics, this is to compute some functional of the 



17 

posterior probability density which is 

P( f lg )  ~p(g | f )p ( f ) .  (1-1)  

where the conditional probability density p (g|f) is referred to as the Ukelihood func­

tion which tells how likely it is that a given data set is obtained when some underlying 

state of nature is true. The likelihood function depends on both the deterministic 

characteristics of the imaging system, specified by H which contains the system pa­

rameters to be optimized, and the measurement noise. The prior density p (f) specifies 

the randomness of the object. Unfortimately, it is very difficult to be precise about 

the meaning of p (f) for realistic problems. 

We usually divide statistical inference into two groups: classification and param­

eter estimation. In this dissertation, we will consider one of the statistical inferences, 

the classification tasks. In the imaging literature, the terras pattern recognition, sig­

nal detection, discriminant analysis and hypothesis testing fall under this category. 

In medical imaging, more specifically, a signal-detection task is to find lesions on 

anatomical backgrounds which are the images of biological tissues, and measurement 

noise; thus the lesion is the signal which characterizes the abnormality of the object. 

The observer in a lesion-detection task on real clinical images might be a radiol­

ogist. Alternatively, many research efforts are developing mathematical observers 

for computer aided diagnosis (CAD) [Chan 1988], [Davies 1990], [Karssemeijer 1991], 

[Strickland 1996]. However, the overall goal of this research is to develop computa­

tional methods for predicting how a given medical imaging system and reconstruction 

algorithm will perform when the resulting images are used by mathematical observers 

for tumor detection. These methods will then be used to compare imaging systems 

or optimize the parameters of a given system. They will also be used to compare 

reconstruction algorithms for a given imaging system and to find optimal values for 

the firee parameters that such algorithms normally contain. During the past decade, 

research in our group had been focusing on the performance of the ideal linear dis­



18 

criminant function, i.e., the Hotelling tiace [Smith 1986], [Fiete 1987], [Barrett 1990], 

[Barrett 1992], [Barrett 1993]. The current thrust of our research has been in con­

structing the ideal observer or Bayesian observer who utilizes all statistical informer 

tion available regarding the task to maximize task performance as measured by Bayes 

risk or some other related measure of performance [Barrett 1997], [Barrett 1998a], 

[Clarkson 2000]. 

In order to develop effective methods for computing the ideal observer on realistic 

tumor detection tasks, we will introduce several linear transform methods in chapter 2. 

These linear transforms are the necessary tools for analyzing images. The information 

about the object is uniformly distributed over all the pixels in images, and the number 

of pbcels is usually so large that we even cannot estimate the covariance matrix of the 

image. For example, if the image size is 10^ x 10® then there are 10® pixels and the 

covariance matrix has a size of 10® x 10®. In order to let the sample covariance matrix 

be invertible, we need at least one million samples of the training images; moreover, 

in order to get a stable estimate of the covariance matrix we need 10 times larger 

than the number of pbcels, so we need 10 million samples of the training images. 

Note that the we have just considered the second-order statistics of the images; the 

number of samples increases exponentially with the order of statistics. A clever way 

to solve this problem is to transform the image into another representation such that 

the information about the object is not uniformly distributed over the pbcels. 

Since the beginning of 1980's there has been a great deal of mterest in represen­

tations that retain spatial localization as well as localization in the spatial frequency 

domain. This is achieved by decomposing the image into a set of spatial frequency 

bandpass component images. Each bandpass image represents information about a 

particular fineness of detail or scale. There is evidence that the hiunan visual system 

uses such a representation, and multiresolution schemes are becoming increasingly 

popular in machine vision and image processing. Most of the work in the 1980's 

revolves around a representation known as a pyramid, which is a data structure de­
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signed to support efficient scaled convolution through reduced image representation 

[Cross 1983], [Burt 1983], [Adelson 1984]. It consists of a sequence of copies of an 

original image in which both sample density and resolution are decreased in regular 

steps. During the same time, another representation has been proposed, but for geo­

physical signals rather than images. Morlet, a geophysical engineer, invented a set 

of windowed cosine waves, called Morlet wavelets, for the integral transform of his 

seismic data, and Grossmann, who was a physicist, gave the inversion formula for 

the transform. Their work was linked with harmonic analysis by Meyer, who was 

a pure mathematician. Finally, it is Mallat who connected the wavelet decomposi­

tion with the pyramid transform in image processings and gave the multiresolution 

analysis method to construct the orthonormal wavelet bases and a recursive filtering 

algorithm to compute the wavelet coefficients [Mallat 1989b], [Mallat 1989c]. A good 

description of the history of wavelets can be found in [Daubechies 1996]. Through­

out this dissertation, multiresolution analysis methods are repeatedly recalled and 

used in almost each chapter. Another invertible linear transform, called independent 

component analysis (ICA), was proposed to let the components of the transformed 

vector be independent of each other. The design of the ICA transform matrix requires 

higher-order statistics of the data set, either explicitly or implicitly, so we often use it 

within feature spaces which have smaller dimensions. The pyramid transform, wavelet 

transform and independent component analysis are invertible linear transforms; thus 

the performance of the ideal observer in terms of the Bayesian error is invariant under 

these transforms. 

In chapter 3, we will discuss methods to synthesize the random background and 

learn the statistical model from a set of training images. We will give two types of 

method to generate the random background. The first type of random backgroimd is 

called the lumpy backgroimd proposed by Rolland and Barrett for the simulation of 

anatomical variation in nuclear medicine images [Rolland 1992], [Rolland 1997]. The 

second type of random background is the clustered-blob lumpy background for the 
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simulation of mammograms [Bochud 1998]. 

In realistic problems of decision or inference, we often have prior information about 

the object and background, but how to translate prior information into a definite prior 

probability density assignment? We will discuss learning the statistical model firom a 

set of treiining images. In order to simplify the task of learning the statistical model 

of the random background, the stationary assumption and the Markov assumption 

are made. We will introduce briefly the Markov random field and the Gibbs distri­

bution which have been used often to model texture images. Finally, we will use 

multiresolution analysis techniques to get a set of bandpass image representations 

and use the maximum entropy principle to derive the probability density of the ran­

dom background using the marginal histograms of the bandpass images [Zhu 1997], 

[Zhu 1998]. This technique can be used to get the prior density of the random back­

ground from a set of training images. We will use it in chapter 5 for calculating the 

discriminant function of the ideal observer and in chapter 6 for Markov-chain Monte 

Carlo integration. 

In chapter 4, we will discuss one special ideal observer, called the optimal linear 

discriminant function or the Hotelling observer, when the random background and 

the measurement noise have Gaussian distributions. When the measurement noise 

has a Poisson distribution, the Hotelling observer is still a good approximation to the 

ideal observer since the Poisson density function is very close to the Gaussian when 

the mean value is reasonably large. The template of the Hotelling observer mcludes 

the inverse of a large covariance matrix. We will discuss several methods to estimate 

this template. 

Chapter 5 describes the computational methods for the ideal observer. We begin 

with a discussion about the strategies of the ideal observer. The ideal observer calcu­

lates the ratio of two probability density functions of the image data under different 

hypotheses. The probability density ratio can be expressed as a functional of the 

posterior density (or the posterior mean). Based on this strategy, we can design the 
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feature extraction followed by a classifier. The combination of feature extraction and 

classifiers approximate the posterior mean, which is a high-dimensional integral. We 

propose two feature extractions, Abke and Anoisefree- The first one is the ratio of two 

conditional densities of the image data, and the second one is the ratio of two prior 

densities. Since the conditional density of data is usually modeled as a Poisson den­

sity function, we can easily calculate Abke- In order to get the ratio of prior densities 

by using a set of training images, we propose two methods to approximate this ratio. 

The first method is to apply an invertible transform to "gaussianize" the image, then 

calculate the ratio of two Gaussian densities. The second method is to make use of 

the statistical model of the texture images as discussed in chapter 3. 

In chapter 6, we will discuss another computational method for the ideal observer; 

that is, we will calculate the Monte Carlo integration of the posterior mean mentioned 

in the above paragraph. Unfortunately, direct independent sampUng from the pos­

terior distribution is difficult in high-dimensional problems. Thus we use Markov 

chain Monte Carlo (MCMC) methods for dependent samphng firom the posterior dis­

tribution. In MCMC the objective Is to generate a sequence of samples, called the 

Markov chain, with a specified equilibrium distribution. There are many ways of con­

structing these chains, but they all can be classified into the general framework of the 

Metropolis-Hastings algorithm. At each iteration, the Metropolis-Hastings algorithm 

selects a candidate sample from a proposal fimction, then accepts it according to an 

acceptance probability. 

Since the calculation of the posterior mean is usually a very high-dimensional 

integration problem (the number of integrations equals the number of pixels), we must 

construct a Markov chain which can explore the posterior distribution efficiently. We 

will give two proposal fimctions. The first proposal fimction is the likelihood function 

of random backgrounds. If the image data has an independent Poisson conditional 

distribution then the likelihood function is an independent Gamma density function, 

so it is easy to generate the candidate sample by using ID Gamma random variate 
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generator. The second method makes use of the multiresolution representation of the 

image by decomposing the image into a set of spatial frequency bands. Sampling 

one pixel in each band (in the same spatial location) equivalently updates a cluster 

of pixels in the neighborhood of the pixel location in the original image. Simulation 

results show that the second method mixes faster than the first method. 
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Chapter 2 

WAVELET TRANSFORM AND INDEPENDENT 
COMPONENT ANALYSIS 

2.1 Introduction 

In this chapter we will discuss several techniques for the characterization of texture 

properties. They are 1) orthogonal discrete wavelet transform 2) pyramid trans­

form 3) independent component analysis. IVaditional statistical approaches to tex­

ture analysis include co-occurrence matrices [Haralick 1973], second-order statistics 

[Chen 19831, Gauss-Markov random fields [Kashyap 1982). These methods are re­

stricted to the analysis of spatial interactions over relatively small neighborhoods, so 

they are suitable only for the analysis of the class of microtextures. Recently, people 

have found from studies of human and mammalian vision that localized spatial and 

frequency representation of the natural images is capable of preserving both local 

and global information. Motivated by this finding, the pyramid transform of the 

image using Gabor-like filter banks with different scales and orientations is used in 

texture analysis and synthesis. Mathematically, the pyramid transform method is 

based on frame theory, which analyzes the completeness, stability and redundancy 

of linear discrete signal representations. The analysis part is the calculation of the 

expansion coefficients using an inner product between the input signal and the projec­

tion function. The synthesis part is the calculation of the signal from the expansion 

coefficients and the basis functions. Since the early work in the 1980's by Morlet, 

Grossmann, Meyer, Mallat, Daubechies etc., wavelets and wavelet transforms have 

caught the attention of the applied mathematics communities in signal processing, 

statistics, and numerical analysis. The goal of most wavelet research is to create a 

set of basis fimctioDS and tremsforms that will give an efficient description of a fiinc-
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tion or signal; thus wavelets are rooted in functional analysis, Fourier transforms, 

harmonic analysis and frame theory, all of which have been studied long before the 

1980's. We will introduce the wavelet systems and the orthogonal discrete wavelet 

transform (DWT) by multiresolution formulation. The acronym DWT is sometimes 

used to denote wavelet series decomposition of continuous-time signals. Here DWT 

refers to a type of wavelet transform which decomposes discrete-time signals. Note 

that the wavelet basis functions generally have a spatial-frequency localization; there­

fore, we can also directly use the wavelet basis functions in the pyramid transform, 

which is called the discrete wavelet frame (DWF). Different from the DWT, the DWF 

uses an overcomplete wavelet decomposition in which the output of the filter banks 

is not subsampled. Although the DWF introduces redundancy, it has a desirable 

property which the DWT does not have; that is, the texture description is invariant 

with respect to translations of the input signal. 

The requirements of spatial-frequency localization for the basis fimctions in the 

pyramid transforms and the DWTs are not uniquely borrowed from human and mam­

malian vision studies. Recently, both the information theory community and the 

statistics community have proposed independent component analysis, which searches 

for an invertible linear transformation to minimize the statistical dependence between 

the elements of a random vector. A.J. Bell and T. J. Sejnowski [Bell 1995] used an 

unsupervised learning algorithm based on information maximization for the indepen­

dent component analysis of an ensemble of natural scenes, and they found that the 

final filters are also localized and oriented edge filters. 

The orthogonal wavelet transform, pyramid transform (or wavelet frame) and 

independent component analysis are all invertible transforms. Therefore if we define 

the class separabiUty in terms of receiver operating characteristic curve or the Bayes 

error, then it is invariant under these transforms. All of these transforms share the 

same characteristics of the basis fimctions, that is, they are localized in spatial and 

frequency domain. Among them, the ICA is preferable because the components of 
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the transformed vector are as independent as possible, but, the ICA bases are not 

fixed. In order to get the ICA bases, we need a large number of training samples 

and long computational time. The orthogonal wavelet transform works well in image 

compression and data analysis and other tasks for which the Fourier transform has 

been used traditionally. One of its drawbacks is the lack of translation invariance. 

On the other hand, the pyramid transform and wavelet frame overcome this difficulty 

and have been used intensively in texture synthesis and feature detection. 

2.2 Multiresolution Formulation of Wavelet Systems 

The wavelet transform is usually described as a multiresolution decomposition for the 

functions in L2 space [Mallat 1998], [Burrus 1998], the space of all fimctions with a 

well defined integral of the square of the modulus of the function. However, it is more 

appropriate to consider wavelet representations for discrete signals in I2 (the space 

of square sununable sequences) since we often have the discrete signals rather than 

the continuous ones [Shensa 1992], [Rioul 1993]. We consider the sequence of nested 

subspaces k = Vq D Vi D ... D Vi, where Vi =span{v3, j}jg^ is the approximation 

space at resolution i, and v?, j is the discrete normalized basis function in Vf. We also 

introduce the detail subspace Wi =span{^,-at resolution i, which is defined as 

the orthogonal component of Vi with respect to Vf-ii i-e., K-i = Vi© Wi and Vi 1 H^-. 

From the above discussions we see that fimctions in the I2 space are expanded by 

a set of two-dimensional orthonormal basis fimctions = 1,...,/ and (pii, i.e., 

= V7 © H^i ® VVa ®... ® W[. The full discrete wavelet expansion of a signal z € /a is 

I  
C(/) (0<pi^i(fc) + rf(i) (0 Vi,i{k), (2.1) 

I  1=1 I  

where C(/) ( l )  = { x , < P r , i )  and d(i) { I )  = { x , i p t  i ) ,  and (.,.) denotes the standard ^2 

inner product. 
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FIGURE 2.1. Nested spaces in I2 

We define a set of normalized basis fimctions of Vi and Wi in terms of the integer 

translations of the discrete filters {Unser 1995], 

f t j ( f c )  =  X ' % ( k - 2 H ) ,  (2.2) 

Mk) = (2.3) 

where i  and I  are the scale and translation indices and the factor 2'^^ is an inner 

product normalization. Since Vi = there exists an important relationship 

between the basis functions of VJ+i, Wi+i and V^; that is, we can express the basis 

functions of K+i and Wf+i in terms of the linear combination of the basis functions 

of Vi by 

Vt+uW = (2.4) 
n 

A+i,i{k] = ^^9{n)^i,2i+n{k)- (2.5) 
71 

Equivalently, the discrete filter at scale 2'"'"'^ is related to the discrete filter at scale 2* 
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by 

hi+iik) = Y,h{l)hi{k-2H), (2.6) 
I  

9<+iW = J^9V)lkik-Tl), (2.7) 
I  

with the initial condition h o  ( k )  =  6  ( k )  a s  the basis function of the space VQ; h  [ 1 )  

and g [1) are the low-pass filter and the high-pass filter. We can see firom the above 

equations that /li+i and gi+i are dilated by a factor of two from hi and 5,. In practice, 

we can generate hi+i (fc) and ^f+i (fc) by the following equations: 

hi^.i{k) = [h]^<2i*hi{k), (2.8) 

9 i + i { k )  = [slT2i*^(^). (2-9) 

where the notation [.]|^ denotes upsampling by a factor of m ,  and the notation * 

denotes linear convolution. Such a sequence of filters (a filter bank) can be used to 

decompose a signal in subbands of approximately one octave each. Figs. 2.2, 2.3 and 

2.4 illustrate the frequency characteristics of the underlying filter bank for different 

wavelets, and we can verify that they satisfy the identity 

+ = (2.10) 
1=1 

where H i  { w )  and Gi ( w )  are the discrete-time Fourier transform (DTFT) of h j  ( k )  

and gi (fc). 

Definition The DTFT of a discrete-time signal x  { k )  is the complex-valued fimc-

tion of the continuous (frequency) variable, w, defined by 
00 

(2-11) 
fe=—00 

For a finite length of discrete-time signal, the DTFT may be easily approximated 

using a discrete Fourier transform (DFT) as follows: 

^ • (2-12) 
fc=0 ^ ' 
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FIGURE 2.2. FVequency magnitude \ H z { w ) \  and lGi(u;)l,j = 1,2,3 of the Haar 
wavelet transform. 

Comparing (2.11) and (2.12), we see that the DFT is the sampled DTFT of the finite 

sequence x {k) extended by zeros outside the interval [0, — 1]. If the length of the 

sequence is small, then we can use zero padding to increase the frequency resolution. 

For example, the frequency magnitudes of the underlying filter bank for different 

wavelets in Figs. 2.2, 2.3 and 2.4 are calculated by the DFT, with AT = 1024. If the 

filter length is less than N, then we use zero padding to fill it up to 1024 samples. 

Next we will give some properties of the filter coefficients h  and g  in order to 

satisfy the orthogonality of the basis functions. 

2.2.1 Necessary conditions 

Theorem 1 If integer translates of (fc) are orthogonal, as defined by 

(2.13) 

then 

h  (n) h { n  —  2 k )  =  ̂ 5 (Ar) 
A 

(2.14) 
n 
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FIGURE 2.3. Frequency magnitude j/FS { w ) \  and \ G i  (u;)|, f = 1,2,3 of the Daubechies 
4 wavelet transform. 

FIGURE 2.4. FVequency magnitude |fl3(w)| and |Gt(u;)| ,i = 1,2,3 of the Battle-
Lemarie cubic spline wavelet transform. 
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Proof: By combining Eq. (2.2) and Eq. (2.6), we have the basis function for a 

subspace K+i as 

Y , h { n ) h i [ k -  2' (2/ + n)]. (2.15) 
n 

Thus the inner product of the basis function and <Pi+i^jn, (Vi+i.ji Vt+i.m) >'s 

53 hi[k-2* {21 + n)] hi [fc - 2' (2m + n')] 
k n n' 

= 2/l (n) /l (n') Yi ¥'i.2/+n (fc) ¥'i,2m+r»' (fc) • (2.16) 
n n' k 

The third summation inside the last equation is the inner product of the basis function 

Vt,2/+n <^1,2711+71'1 

(Vi.a+n. ¥'i,2m+n'> = 5 (2/ + n - 2m - n') • (2.17) 

Therefore, 

ri n' 

= 53 2^ (^) ^ [^ + 2(^ — m)]. (2.18) 
n 

Letting fc = m — we have 

^ /i (n) /i [n - 2fc] = ^6 (fc). (2.19) 
n 

This theorem shows that in order to let the set of basis functions be orthogonal 

under integer translations, it is necessary that the Uter coefficients be orthogonal 

themselves after decimating, i.e., 

[ h { k ) * h { - k ) \ ^ 2  =  \ 6 { k ) .  (2.20) 

The filter coefficients h  (fc) that satisfy Eq. (2.14) are called the quadrature mirror 

filter (QMF). If we apply the discrete-time Fourier transform (DTFT) to both sides 

of Eq. (2.20), then we get 

\ H { w f  +  \ H { w - \ - i t ) \ '  = L (2.21) 
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Theorem 2 If integer translates of (pi i (fc) and {k) are orthogonal as defined 

by 

(2.22) 

then 

^ h { n ) g { T i -  2 k )  = 0. (2.23) 
n 

and 

5(n) = (-l)"/i(l-n) (2.24) 

Proof: The proof for (2.23) is similar to the previous method. If we apply the 

discrete-time Fourier transform (DTFT) to both sides of (2.23), then we get 

H  { w )  G { w )  +  H { ' w  +  i r ) G { w  +  T T )  =  0. (2.25) 

where G  { w )  is the complex conjugate of G  { w ) .  

In order to prove (2.24), we see from (2.21) that H  { w )  and I? (U/ + TT) cannot be 

zero at the same time, thus, in order to let (2.25) exist, we need a 27r periodic function 

A {w) such that 

G  { w )  =  X { w )  H  { w  +  T r ) ,  (2.26) 

and 

\ { w )  +  X { w  +  t )  =  0. (2.27) 

One special solution is 

A ( w )  = exp { j w ) ,  (2.28) 

thus 

G  { w )  =  exp { — j w )  H { w - \ ' x ) .  (2.29) 
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By the inverse DTFT, we have 

g(n) = (-l)'*/i(l-n). (2.30) 

From the above equation, we see that the highpass filter may be constructed firom 

the lowpass filter by (1) modulating (multiplying) by (-1)" (equivalent to shifting by 

TT in the Fourier domain), (2) flipping (i.e., reversing the order of the filter taps), (3) 

spatially shifting by one sample. Note that the third operation cannot be seen &om 

the tables of the highpass filters, but is built into the convolution and downsampling 

code. 

2.2.2 Filter-bank implementation 

Due to the work by S. Mallat [Mallat 1998], we need not calculate the wavelet expan­

sion coefficients by the inner product between the input signal and the basis functions; 

instead, we can use a filter-bank implementation to calculate the expansion coefficients 

iteratively. 

Analysis Recall that the basis functions of and VVf+i are expressed in terms of 

linear combinations of the basis fiuctions of Vi 

(2.31) 
n 

(2.32) 
n 

The expansion coefficients in K+i are 

c.+i(0 = (x(fc),¥'i+i,t(fc)) 

= ^ x { k ) y / 2 Y ^ h { n ) ( P i ^ ^ { k )  
k  n 

^ h { n ) V 2 ^ x  (fe) v7i,2/+„ (fc) 
n k 

(2.33) 
a 
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and the expansion coefficients in are 

d i + i { l )  =  ( x ( A : ) , V ' i + i , j ( f c ) )  

= ^ I (fc) >/2 ^ 5 (n) ¥?,• 2/+n (*:) 
k  n 

= 5^g(n)V25^z(fc)¥5i2t+n(fc) 
n k  

= v^y^g(n)Ci(2i+n). (2.34) 
rt 

By using the downsampling notation [.J^j ,we can rewrite (2.33) and (2.34) as 

Since the highpass filter has one pixel shift from the lowpass filter, the highpass 

and lowpass bands are subsampled on different pixels: the lowpass band retains the 

odd-numbered samples and the highpass band retains the even-numbered samples. 

Synthesis Next we will give an expression for the expansion coefficients in Vi in terms 

of the expansion coefficients in V^+i and VKj+i. Recall that Vi = K+i © VVi+i, so any 

function x{k) eVi can be expanded by the basis functions of K+i and 

Also note that (Ar) and (fc) can be expressed as linear combinations of 

J (fc), so we have 

^ = Z) ̂ +1 ^ '^i.a+n (^) + (0 >/2 ^ (n) iPi^2l+n (^) • 
I n  I n  

(2.39) 

Ci+i(n) = \/2[h{-n)*Ci{n)]^2^ 

di+i{n) = V 2 [ g { - n ) * C i { n ) ] ^ 2 -

(2.35) 

(2.36) 

= \<k{l)'PiAk) (2.37) 
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Changing the index variable m = 2Z + n, we obtain 

I  m  I n  

= 5l|^I^Ci+i(0/i(m-20 + >/2^di+i(/)g(7n-2Z)|vJ,-^{fc). (2.40) 
m i l  I  )  

Comparing (2.37) with (2.40), we have 

C i ( m )  =  >/2C i + i ( 1 ) h i m -  2 1 )  +  >/2 tii+i {I)girn- 21). (2.41) 
1 { 

By using the upsampling notation can express (2.41) as 

Ci (m) = [ci+i (Tn)]p * \/2h (m) + [di+i (m)]^2 * ^9 i'm). (2.42) 

We illustrate this filter bank algorithm in Fig. 2.5, in which h' (n) = y/2h (n) and 

g '  ( n )  =  y / 2 g  ( n ) .  

Computational cost In practice, the input signal has a finite size of N samples. The 

convolutions in the filter-bank algorithm are replaced by circular convolutions. This 

is equivalent to applying periodic extensions of the signal. But the periodic extension 

has the disadvantage of creating large wavelet coefficients at the borders. If the 

wavelet function is symmetric or antisymmetric, we can use symmetric extensions, 

which create smaller wavelet coefficients at the borders. However, the Haar wavelet 

is the only symmetric orthonormal wavelet with a compact support. Thus people 

often use biorthogonal wavelets which are compactly supported and cem be either 

symmetric or antisymmetric [Mallat 1998]. 

Suppose h  and g  have K  non-zero coefficients. With appropriate border calcular 

tions, each Ci and dk has 2~^N samples, (2.33) and (2.34) compute c,-+i and rfi+i fi:om 

Ci with 2~^NK additions and multiplications. The wavelet representation is therefore 

calculated with at most 2KN additions and multiplications. Similarly, the original 

signal is also recovered from the wavelet representation with at most 2KN additions 

and multiplications. 



35 

G'(-w) 

H'(-w) 

G'(-w) 

H'(-w) 

(a) 

^ 1  G'(w) ^ 1  G'(w) 

'^1 H'(w) '^1 H'(w) 

G'(w) 

^ 1  
H'(w) 

(b) 

FIGURE 2.5. (a) Analysis filter bank of DWT. (b) Synthesis filter bank of DWT. 
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2.2.3 Two-Dimensional Wavelet Bases 

We have discussed the one-dimensional wavelet bases in I 2  ( Z )  space. In order to apply 

the DWT to 2D images, we need to generalize the wavelet bases to two-dimensional 

I2 (Z^) space. As in one dimension, we begin with the multiresolution decomposition 

for I2 (Z^) space. 

Recall that K =span{¥>i is the approximation space of I 2  ( Z )  at resolution i .  

A separable two-dimensional approximation space is composed of the tensor product 

spaces 

= (2.43) 

where is the approximation space of I 2  { Z ^ )  at resolution i .  By the properties of 

the tensor product, the basis functions of are 

(ar, y) = <Pi,i {x) . (2.44) 

As in one dimensional multiresolution decomposition, we let be the detail space 

equal to the orthogonal complement of the lower-resolution approximation space 

in 

Vl, = V^® (2.45) 

Now if we substitute (2.43) into (2.45), we can relate the 2D space with ID VJ 

and Vi_i spaces 

(K-i 0 K-i) = {Vi ® K) © Wf. (2.46) 

Substituting K-i = K" © in (2.46), we have 

W f  = {Vi ® Wi) © (Wi ® V^) © {Wi ® Wi). (2.47) 

Since and are orthonormal bases of Vi and Wi, we derive that 

{ x )  ̂ i , m  { y )  .  ̂.7 ( x )  < P i , m  { y )  r V'i.t { x )  i ^ i ^  (2/)}(i,^)ez2 
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is an orthonormal basis of W^. 

The overall I2 {Z^) space is 

k  { Z ^ )  =  1/2 ©  W f  © W f _ i  ©... © W l  (2.48) 

Hence 

Amiv)} ̂i,m)eZ^,l<i<l 

is an orthonormal basis of Z2 {Z"^)-

The fast filter-bank implementation can be extended into two dimensions. Since 

the two-dimensional wavelet bases are separable, the two-dimensional wavelet trans­

form for image analysis can be implemented using a one-dimensional transform. Each 

row of the input image is separately filtered by the same filters used in the one-

dimensional transform. The resulting pair of row-transformed images are likewise 

filtered in the column direction, yielding three detail images: HL, LH, HH and one 

smooth version of the original image, LL. We illustrate the analysis and synthesis 

filter banks in Fig. 2.6. 

In this section, we consider constructing the orthogonal expansion of the signal in 

both one dimensional and two dimensional spaces. Next we will introduce another 

signal representation called the firame which has no orthogonal requirements for the 

expansion functions. 

2.3 fVames 

Frame theory was originally developed by Dufiin and SchaefFer [Duffin 1952] to recon­

struct band-limited signals in a Hilbert space firom its inner products with a family of 

vectors {>Pn}n5z ' which we call the firame. Unlike orthogonal basis functions, fimc-

tions that form a firame are not necessarily linearly independent, thus a frame may 

be an overcomplete set. 
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FIGURE 2.6. (a) Two-dimensional analysis filter bank, (b) Two-dimensional synthesis 
filter bank. 
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Definition 1 The family {^nlnez ^ frame if there exists two constants 0 < A < 

B  < o o  s u c h  t h a t  f o r  a n y  f i m c t i o n  x  { k )  

(2.49) 
n 

Definition 2 The Unear operator U  is defined by 

Vnez, U x { k )  =  { i j ^ , x ) .  (2.50) 

If (2.49) is satisfied, then U  is called a frame operator. 

Mallat [Mallat 1998] proved that (2.49) is a necessary and sufficient condition 

guaranteeing that U is invertible with a bounded inverse. A frame thus defines a 

complete and stable signal representation; there exists a dual frame of functions 

that are biorthogonal to {^n}„6z. i e-, 

(2.51) 

and 

n 

From now on, we will call the projection function, which is used to calculate 

an inner product, and the basis fimction, which is used to reconstruct a signal. 

Daubechies [Daubechies 1992] showed that the tighter the frame bounds in (2.49) 

were, the better the analysis and synthesis system was conditioned. In other words, 

if ^ is leirge, then there will be numerical problems in the analysis and synthesis 

calculations. U A = B then the freime is said to be tight and 

(2-53) 

so X (fc) can be eq)ressed by 

( ^ n > a r ) ( f c ) ,  ( 2 . 5 4 )  
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Marr Wavelets (Mexican hat function) Morlet Wavelets 

FIGURE 2.7. "Good" wavelets 

which is the same as the expemsion using an orthonormal basis except for the j 

factor. If > 1, then the frame is redundant, so A  can be interpreted as a minimum-

redundancy factor. If i4 = B = 1, then the tight frame becomes an orthonormal 

basis. 

The concept of the frame is important because some functions which we want to 

use as the wavelets in image analysis and edge detection are not orthonormal, but 

they have good properties such as spatial and frequency localization, symmetry, com­

pactness and regularity. These fimctions include the Marr wavelets and the Morlet 

wavelets as shown in Fig. 2.7. Based on frame theory, we can use these nonorthonor-

mal basis functions to construct the pyramid transform, which is an overcomplete 

decomposition of the image. Another important reason is that the DWT is not shift 

invariant; a simple integer shift of the input signal will usually result in a nontrivial 

modification of the discrete wavelet transform. In order to overcome this limitation, 

the dyadic wavelet transform uses the same wavelet basis function as in the DWT, 

but these wavelet basis functions lie in all spatial locations. Therefore, the dyadic 

wavelet transform has a redundancy in representing the signal, and we call it the 

discrete wavelet frame (DWF). Next I will give three examples of the frame: (1) the 

Laplacian pyramid (2) the steerable pyramid and (3) the dyadic wavelet transform. 
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FIGURE 2.8. Laplacian pyramid 

2.3.1 Laplacian pyramid 

The Laplacian pyramid was first developed by Burt [Burt 1983] in order to find a fast 

calculation algorithm in performing convolutions with a set of projection fimctions 

which have many scales but identical shape. The projection fimctions of the Laplacian 

pyramid are Laplacian of Gaussian functions, which are the second derivatives of 

Gaussian functions (or Marr wavelets). However the pyramid is not computed by 

convolving the image directly with the projection functions. Instead the Laplacian 

pyramid is computed using two basic operations: reduce and expand. The reduce 

operation applies a low-pass filter and then subsamples by a factor of two in each 

dimension. The expand operation upsamples by a factor of two (zero padding) and 

then applies the same low-pass filter. A commonly used low-pass filter kernel is: 

ft = ^ (1,4,6,4,1). Finally, we get a collection of pyramid subband images consisting 

of several bandpass images and one leftover lowpass image. 

There are two branches of the Laplacian pyramid in Fig. 2.8. The upper branch 

has a sequence of signals {xqj ...Xiv} in which Xj is the blurred and downsampled 

version of Xj-i by the reduce operation, i.e., Xj = reduce(2:j_i). We next prove that 
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Xj can be expressed by a convolution between the input signal xq and a new low-pass 

filter followed by downsampling by a factor of 2^, i,e., 

X j = [ x o * ( f > j ] ^ ^ ,  

where <f)i=h and 

0j- = [/i],2i-i*0j-ifory>l. 

Proof: We first introduce two identities for multirate systems 

[ x ] ^ 2 * ^  = [3^*WT2 

[x * /l]|2 = * Wl2 ' 

These identities are very valuable in applications for efficient implementation of filters 

and filter banks, thus called the "noble identities" in [Vaidyanathan 1990]. Applying 

the "noble identities" in the Teduce operation of Xj+i in the Laplacian pyramid, we 

have 

12 

(2.55) 

(2.56) 

(2.57) 

(2.58) 

Xj+i — [Xj * /l]|2 

=  * h *  [ / i J i j j  •  (2.59) 

We can substitute the reduce operation of Xj-i, Xj-i = [xj-2 * above 

equation and get 

^ J + l  =  [ [ % - 2  * ^  *  N T 2 ]  

= l^^j-2*h* • Mia] 

— 2 * ft * [^1T2 [^l|2*j 

122 

i23 

12»' 
(2.60) 
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^5-A 
10 a) 30 4) SO 60 7D 

10 ao 30 4) SO 60 7D 

10 2D 30 4) SO 60 70 

FIGURE 2.9. The equivalent low-pass filters (f)j for nodes in the upper branch of the 
Lalacian pyramid. Note that 4>j resemble the Gaussian functions and (f>j is nearly 
dialated by a factor of 2 from 

Repeating the above process from Y — 3 to 0, we have 

X j ^ l  ~ ^^0 ^  h i  ^  ^ ^ i2j+» 
(2.61) 

Defining and <(>j = • <^/-i for 3 > !> it is not difficult to see that 

Xj = [xq * (pj\ - (2.62) 

In Fig. 2.9 we illustrate several low-pass filters of <}>j , which shows that these filters 

have the same Gaussian shapes but different scales. 
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The lower branch of the Laplacian pyramid in Fig. 2.8 has a collection of detail 

signals {di,...dN}, and 

dj+i = Xj - expand (xy+i) (2.63) 

= [xo * <f>j]^2, -[[XQ* (2-64) 

We cannot express dy+i in terms of filtering and down-sampling operations racactly. 

However, since the low-pass filter h is used to interpolate between sample points after 

zero padding, we can approximate 

[ h  * ^2,+.] ^ ^ * h ^ [ x o *  ^2, . 

Hence 

dj+i w [xo * {(f>j - . (2.65) 

Therefore we can explain dj+i as being calculated approximately by the convolution 

of the input signal xq and the difference of two adjacent low-pass filters, then down-

sampled by 2K The difference of two Gaussian fimctions approximates the Laplacian 

of the Gaussian. Eq. (2.63) also gives the reconstruction method from {zy+i, rfj+i} 

to Xj by 

Xj = dj+i -f expand (xj+i). (2.66) 

Now we have discussed the projection functions of the Laplacian pyramid, which 

are (1) the low-pass filters <(>j, and (2) the difference of two adjacent low-pass filters 

centered at some spatial locations. We can express the coefficients of the Laplacian 

pyramid as inner products of the input signal and these projection fimctions. The 

basis fimctions of the Laplacian pyramid are generated by setting one sample of one 

subband image equal to 1.0 (and all others to zero) and reconstructing. In Fig. 2.10 

we illustrate the basis fimctions of the Laplacian pyramid, which are not the same as 

its projection functions, so the Laplacian pyramid is not a tight frame. In Fig. 2.11 

we show an example of the Laplacian pyramid for a disc image. 



FIGURE 2.10. Basis functions of the Laplacian pyramid resemble Gaussian functions. 
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FIGURE 2.11. The 4-level Laplacian pyramid of a disc. The sequence of subband 
images di, d2, ds, d^, is arranged by size. 

2.3.2 Steerable pyramid 

Since the Laplacian pyramid has radially symmetric basis functions, it cannot cap­

ture oriented and elongated structiures in textures. Therefore, we may use the steer-

able pyramid transform [Simoncelli 1995] for anisotropic textures. Like the Laplacian 

pyramid, this transform decomposes the image into several spatial-frequency bands. 

Then, it further divides each frequency band into a set of orientation bands. In 

addition to having steerable orientation subbands, the transform is designed to be 

"self-inverting" (the transform is a tight frame), and the basis fimctions are localized 

in space and spatial-frequency. 

The block diagram for the decomposition is shown in Fig. 2.12. Initially, the 

im age is separated into low-pass and high-pass subbands, using filters Lq and Hq, 

The low-pass subband is then divided into a set of oriented bandpass subbands and a 

lower-pass subband, using filters Bk, fc = 0,..., K—l and Li. This lower-pass subband 

is downsampled by a factor of 2 in the X and Y axes. The oriented bandpass filters 
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Ho(-w) Ho(w) 

Lo(-w) Bo(-w) Bo(w) 

B,(-w) B,(w) B,(-w) B,(w) 

BK.I(-W) Bk-I(w) BK.I(-W) Bk-I(w) 

Lo(w) 

L,(-w) L,(w) 

FIGURE 2.12. Steerable pyramid 

used in this transformation are polar-separable in the Fourier domain, where they 

may be written as 

B k { r , e ) = ^ H { r ) G k { 9 ) ,  k  =  0 , . . . , K - h  (2.67) 

where r and 9 are polar frequency coordinates, i.e., Wx = rcos 9 and Wy = rsind. 

Fig. 2.13 contains a diagram of the idealized frequency response of the subbands, for 

K = A. The radial and angular parts of the oriented bandpass filters are 

ff(r) = 
' cos(flog2(f)) for f<r<f 

1 
0 

for r > I 
for ^ ^ f 

(2.68) 

GT(«)=N«»(«-F)]  ' for 

The lower-pass filter is 

9 - %  
< 1  
>f 

2cos(fIog2(^)) for f<r<f 
it-i{r) = { 2 

0 for 
for ^ ^ f 

r > -I ^ 2 

(2.69) 

(2.70) 
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FIGURE 2.13. Illustration of the spectral decomposition performed by a steerable 
pyramid with fC = 4 orientation bands. Frequenqr axes range from —TP to %. The 
shaded region corresponds to the spectral support of a single subband. 
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|/fo(w)lV|Lo(w)l^ = 1. (2.73) 

The lower-pass filter is bandlimited within | in order to prevent aliasing after down-

sampling by a factor of 2. The recursive procedure is initialized by splitting the input 

image into low-pass and high-pass portions, using the following filters; 

£o(r) = iliQ. (2.71) 

ifoM = hC-}. (2.72) 

If we use iV = 3 pyramid levels and K  =  A  orientation bands then we have 12 

bandpass oriented filters, one low-pass filter and one high-pass filter. It is not difficult 

to verify that the filter bank satisfies 

£'|Bt(w)p + |ii(w)l' 
.fc=0 

where w = {wx, Wy) are continuous two-dimensional frequency variables. Therefore 

the filter bank provides a fiill coverage of the frequency domain. 

The above discrete filters are designed using weighted least-square techniques in 

the Fourier domain to approximately fit the constraints detailed above. The resulting 

filters are fairly compact (typically 9x9 taps), thus spatially localized. Since the 

steerable pyramid is self-inverting, i.e, a tight frame, the projection functions are 

the same as the basis functions. We can generate the basis functions by setting one 

sample of one subband equal to 1.0 (and all others to zero) and reconstructing. We 

illustrate the basis functions of the steerable pyramid in Fig. 2.14, and an example 

of the steerable pyramid for a disc image in Fig. 2.15. 

2.3.3 Dyadic wavelet transform 

In some applications, we require all of the subbands to have the same sampling rate 

as the input image. For example, we want to get the set of subband images of the 

steerable pyramid without downsampling. It is not clear if we can still reconstruct the 

input image from these subbands without downsampling. To answer this question, we 
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FIGURE 2.14. Basis and projection fimctions of the steerable pyramid. 



FIGURE 2.15. The steerable pyramid of a disc. We use JV = 4 pyramid levels and 
AT = 5 orientation bands. 
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will discuss the dyadic wavelet transfonn, which is another type of frame. However, 

the dyadic wavelet transform was originally introduced for overcoming a limitation 

of the DWT; that is, the DWT is not translation-invariant [Mallat 1998]. If the 

signal is shifted by just one pixel, then the discrete wavelet coefficients will change 

significantly. This behavior causes difficulty m texture analysis and synthesis since 

textures usually have a translation-invariant or stationary property. 

Different from the orthonormal wavelet basis functions in (2.2) and (2.3), the 

dyadic wavelets are defined by discrete filters at all of the spatial locations [Unser 1995], 

which leads to the simple decomposition algorithm as follows; 

c/(fc) = h!{-k)*x{k) ,  (2.74) 

= 9i{-k)*x{k) ,  i  =  (2.75) 

Thus each subband image has the same sampling rate as the input image. It has been 

proved that if the frequency axis is completely covered by the dyadic wavelets, i.e., 

I 
0 < A < \ H i  (w)l^ + ^ |Gf (to)!^ < B < 00, (2.76) 

<=i 

then the frame condition (2.49) is satisfied and the dyadic wavelet transform is a 

complete and stable representation of the signal [Mallat 1998). Here Hi {w) and 

Gi {w) are the DTFTs of the filter sequences. Moreover, if 

= (2.77) 
i=l 

then it is a tight frame, and the Parseval's theorem (energy conservation) exists: 

i=l 

The signal in I2 space can be expressed by 

I 
X( fc )  =  h[  ( fc )  *  c/ ( fc )  +  '^g i{k)*di  {k) .  (2.78) 

i=l 
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We know &om (2.73) and (2.10) that both the steerable pyramid basis functions and 

the orthonormal wavelet basis functions can be used as the dyadic wavelets. It should 

be noted that the dyadic wavelets are not orthonormal bases (but a tight &ame) even 

though A = B = 1. This disagreement with the discussion in the beginning of section 

2.3 is due to the fact that the dyadic wavelets are not normalized. 

Eqs. (2.74), (2.75) and (2.78) show that the decomposition and synthesis of signals 

can be implemented by linear convolutions. In practice, the input signal x {k) has 

a finite size of N samples, hence the linear convolutions are replaced by circular 

convolutions. We may use the the FFT to calculate the circular convolution in order 

to  speed  up  the  computa t ion .  The  FFT algor i thm has  a  complexi ty  of  0  {N log2 N).  

In this case the following condition needs to be satisfied 

+ = 1' " = (2.79) 
i=l 

where Hi (n) and Gj (n) are the DFTs of the filter sequences, and the length of 

filter sequences is usually increased to the length of signals, by zero padding. We 

illustrate the DWF coefficients of Lena using Daubechies-4 wavelet basis functions 

in Fig. 2.16 and the DWF coefficients of a disc using the steerable pyramid basis 

functions in Fig. 2.17. 

If the two-scale relations for the discrete filters, i.e., (2.6) and (2.7) still exist (for 

example, the orthonormal wavelets), we will have a fast filter-bank algorithm for the 

dyadic wavelet transform as follows: 

Ci+i(0 = ^x{k)h i+i{k- l )  
k 

k 

k 

= [hy  *Ci(/), i = 0,1,...,N - l .  (2.80) 
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k  

= [P]t24 
k  

=  [gy*Ci{ l ) , l  =  0 , l , . . . , N - l .  (2.81) 

We can also use a similar procedure in the synthesis step as shown in the following 

c,- (/) = [^]|2> * ^'+1 (0 [5]f2' * ^'+1 (0 • (2.82) 

Applying the DTFT, we can express (2.80) and (2.81) in the frequency domain by 

c,+i(u;) = H{2^w)ci{w), (2.83) 

di+i{w)  =  G{2^w)ci{w) ,  (2.84) 

and express (2.82) in the frequency domain by 

Ci (w)  =  H (2'u;) Ci+i {w)  + G (2*iu) rfi+i (w) . (2.85) 

When the signal has a finite size of samples, say JV, we will use the circular convo­

lution in implementing the filter-bank algorithm. This means we will use periodic ex­

tensions for dealing with the border problem. Suppose that h and g have respectively 

Kh and Kg non-zero filter coefficients, we can see from i) and (2.81) the number 

of  mul t ip l ica t ions  needed to  compute  c ,+i  and  di^ i  f rom c ,  i s  equal  to  {Kh + Kg)  N .  

If Kft and Kg are smaller than logj N when N is large, then the filter-bank algorithm 

is faster than the FFT. 

Such an overcomplete analysis can be extended to the biorthogonal case. In 

this more general situation, we lose the energy conservation property but have more 

freedom in  the  choice  of  h and g.  



FIGURE 2.16. DWF of Lenna using Daubechies-4 wavelet basis functions. There are 
three octave bandpass images (LH, HL, HH) with the same resolution in each row 
and one smooth version of the image (LL) in the right-bottom comer. 
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FIGURE 2.17. DWF of a disc using the steerable pyramid basis functions. There are 
four octave bandpass images with the same resolution in each row. The fourth row 
shows one smooth version of the image and one highe-passed image. 
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FIGURE 2.18. (a) Analysis filter bank of DWF, (b) Synthesis filter bank of DWF 
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2.4 Independent component analysis 

Now we introduce another type of invertible linear transform, called independent 

component analysis (ICA). The goal of ICA is to recover independent sources given 

only observations that are unknown linear mixtures of the unobserved independent 

source signals. In contrast to correlation-based transformations such as principal 

component analysis (PCA), ICA not only decorrelates the signals but also reduces 

the high-order statistical dependences, attempting to make the signals as independent 

of each other as possible. In short, the goal of ICA is to find an invertible linear 

transform W of the random vector x such that 

and the components of u are independent of each other [Hyvarinen 1999], [Lee 1999], 

[Nandi 1999]. Different from the previous methods. W is not fixed and depends on 

the data sets. Thus one may see ICA as a way of choosing a basis which is custom-

tailored to the sampling data. 

A natural measure of the independence between the components of the random 

vector u is the KuUback divergence between p(u) and nP(^)» which is also called 

the mutual information of u; 

The mutual information is always non-negative, and the zero value is reached when 

the components of u are statistically independent. The matrix W is determined so 

that the mutual information of the transformed components are minimized. From 

(2.87), I (u) can also be expressed as 

u = Wx, (2.86) 

/(u) = /p(u)lo6j^du. (2.87) 

/(u) = / p(u)logp(u)£fu- p(u)logp(iti)(itii 

AT 

(2.88) 
i=l 
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where H (u) is called the differential entropy, and defined by 

H{n) = - j p  (u) logp (u) du. (2.89) 

By the above definition of differential entropy, we can see that 

H (Au) — H{n)+ log [det (A)|. (2.90) 

To prove this property, we first define a new random vector y = Au. If A is an 

invertible transform, then we have 

The differential entropy of y is 

H { y )  =  -  j p  (y) logp (y) d y .  (2.92) 

Changing the variable of the above integral, we get 

H (Au) = - y p (u) [- log |det (A) | + log p (u)] du 

= - y p (u) logp (u) du+ log |det (A)|. (2.93) 

Therefore, H (u) is not invariant by mvertible transforms, but only by orthonormal 

transforms since jdet (A)l — 1 when A is an orthonormal matrix. 

We here introduce two ICA methods. One is based on the higher-order cumulants 

(usually S^'and 4"'-order statistics), and the other directly minimizes the mutual 

information by using the stochastic gradient method. Both methods drive the dis­

tribution of the transformed vector away from Gaussian distributions, but the direct 

minimization of the mutual information provides statistics higher than fourth-order 

necessary to make the data as independent as possible. On the other hand, the di­

rect minimization method requues the prior distribution of u, and the higher-order 

cumulants method does not need this requirement. 
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2.4.1 Higher-order cumulants method 

We divide the procedure for finding W into two steps. The first step is standard­

ization, that is, transform a random vector x into another random vector x by a 

decorrelating matrix x = Vx such that its components are uncorrelated and have 

unit variances. That is, 

Kx = I = VKxV^, (2.94) 

where I is an identity matrix. In the second step, a further transformation u = Qx us­

ing high-order correlations is required to reduce the remaining redundancy within the 

vector for non-Gaussian sources. In order to let the components of u be uncorrelated 

and have unit variances, 

Ku = QK^Q^ = QQ^ = I, (2.95) 

Q must be an orthonormal matrix; and is determined so that I  (u) Is minimized. 

Finally, the transform matrix is W = QV. 

Since the differential entropy is invariant by orthonormal transforms, (2.88) shows 

that minimizing the mutual information I (u) will also minimize the sum of the 

marginal differential entropy H (lii). Thus we have simplified the iV-dimensional 

problem of minimizing mutual information to the separate minimization of N 1-D 

marginal differential entropies. 

In order to estimate the marginal differential entropy, H (ui), from samples of Ut, 

Comon [Comon 1994] used the Edgeworth expansion for the non-Gaussian marginal 

density in terms of the Gaussian density (with the same mean and variance) and the 

Hermite polynomials. This construction leads to the use of higher-order cimiulants, 
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like kurtosis. The Edgeworth expansioa for p (u,) is [Kendall 1977] 

P{UI) « PG [1 + ̂ ^3/13 (^^I) + ^*^4^ («T) 

1, , , . 35 , . . 280,3, / X 
+^hh5 {ui) + j^kzk^hr [Ui) + -^kthg [Ui) 

1 'it' "15 
+^fc6/»6 {Ui)  + gj-fcsfcg/ls (Ui)  + (Ui)  

+^*^t4fcio(ii) +^1^/112 (<ii), (2.96) 

where pc (u^) denotes the Gaussian density with the same mean and variance as p (u,-). 

The cumulants kn are coefficients related to the form of the p.d.f. of u,- as 

f • / -<  

exp [Pu)  p (u) du = exp (2.97) 

The terms hk (tx,) are the orthogonal Hermite polynomials defined by the recursion 

h (ui) = 1, hi {ui) = u, 

0 
hk+i{ui) = uhk{ui)--^hk{ui). (2.98) 

After substituting the Edgeworth expansion for p (u^) into the marginal entropy and 

making use of the properties of the orthogonal Hermite polynomials, H («<) becomes 

H {ui) = Ha (i) + (i) + (i) + (i) fc. (i)) . (2.99) 

The third-order cumulant fca (i) = E (tz?} is called the skewness and the fourth-order 

cumulant k^ (i) = E {uj} - 3 is called the kurtosis. We can easily estimate the third-

order and the fourth-order cumulants firom samples of Ui. If we make the assumption 

that the p.d.f. of u,- is approximately symmetric, then the third-order cumulant will 

be approximately zero. 

The mutual information is now approximated by 

/ (u) = ^ ffc («,) - i f; (i) - (u). (2.100) 

i=l t=l 
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The first term (^) is the simi of the marginal entropies for the standard­

ized Gaussian random variables, and ^ H q {u i )  = y [1 + log (27r)]. The last term 

H (u) equals H (x) since the differential entropy is invariant by orthonormal trans­

forms. Therefore, minimizing the mutual information I (u) is equivalent to maximiz-

ing ^4 (0 > and Comon proposed the following contrast function 

N 

= (2.101) 
t=l 

Like the Jacobi algorithm in the diagonalization of symmetric real matrices, 

Comon's algorithm processes each pair of u components in turn. For any pair of 

random variables tii and Uj in each iteration, a rotational matrix Qij is determined to 

maximize the contrast fimction (i) + fcf (j), and the whole orthonormal transform 

is given by 

Q=n<j«-

2.4.2 Direct mutual information minimization 

The mutual information can be minimized directly by using the stochastic gradient 

ascent method. The gradient of —I (u) is 

9  r  r r  w  -  ^  

dw^ aw 

a 
aw (ejiog (2.103) 

Since u = Wx, we have 

H { u ) = H  (x) + log Idet (W)|. (2.104) 

Substituting fT (u) into (2.103), we have 

^ (-/("))= ' 
d w ' ^  "  aw (cjlog 
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Since the differential entropy of the input vector, H (x), is not a function of W, 

gijT {H (x)) = 0, the stochastic gradient is 

(2.106) m^ (E '•« (p ("<)))+M 1**" '^'1' • 

For the first term in (2.106), 

^ j (2.107) 

where (p (u) is the gradient vector of the log-likelihood 

flp(u) p 8p(ui) Sp(us)"] ^ 
*>(<1) = —rT = 

p(u) 
dui dUN 

PK)'""' PM 
(2.108) 

For the second term in (2.106), 

^(Iog|det{W)|) = (W-')''. (2.109) 

Therefore, the general learning rule is 

^ (u)) = [W-'- - ̂  (u) . (2.110) 

In order to calculate the stochastic gradient in an efficient way, Amari et al. 

proposed a modification of this rule, which utilizes the natural gradient rather than 

the absolute gradient [Amari 1996]. It amounts to multiplying the absolute gradient 

by W^W, giving the following rule 

A (-/(„)) = [W-''-»,{u)x^W^W 

= [l-^ (u) u"^ W. (2.111) 

This learning rule can be derived &om several theoretical view points such as maxi­

mum likelihood estimation [Cardoso 1997], [Pearlmutter 1996], entropy maximization 

[Bell 1995], [Bell 1997] and negentropy maximization [Girolami 1997a]. In (2.111), 
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to 

(a) (b) 

FIGURE 2.19. (a) (p{u)  =u  + tanh(u) (b) (p{u)=u-  tanh(u) 

tp  (u) is selected according to a prior distribution of sources. In [Girolami 1997b] a 

parametric density model is employed for sub- and super- Gaussian sources, resulting 

in 

Now we can estimate the ICA matrix by using the stochastic gradient ascent 

method. Assuming that we have a set of training vectors {x (1), x (2),x (iV)}, we 

denote the W matrix at the n"' iteration by W (n) and u(n) = W (n)x(n). Then 

the ICA matrix is updated by the following algorithm 

where fi is the learning rate. Bell and Sejnowski [Bell 1997] used this learning rule for 

a set of natural images involving trees, leaves and so on. The training set, {x}, was 

then generated from 17,595 12 x 12 samples from the images. They found that the 

ICA filters (or the columns of W) were localized and oriented, resembling the edge 

filters or the wavelets. Fig. 2.20 shows a typical example of such a basis. 

(p{u)  =  u  + tanh(ii) for super- Gaussian, 

= u - tanh(u) for sub- Gaussian. 

(2.112) 

(2.113) 

W(n + 1) = W(Ti)+/i jl-^(u(n) )u (n)^ W(n), (2.114) 



65 

FIGURE 2.20. ICA filters of the natural images. 
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Chapter 3 

STATISTICAL TEXTURE SYNTHESIS AND ANALYSIS 

3.1 Introduction 

Performance for human visual detection and computer model observers are specific 

to the statistical properties of the images. It is for this reason that most observer 

studies and development and testing of computed-aided diagnosis algorithms are done 

using samples of real medical images pertinent to the imaging modaUty and anatomy. 

However, one limitation of using real medical images is that there might be access to 

only a Ihnited number of samples, and the statistical properties of the images might 

be difficult to fully characterize. Within this context, developing a method to model 

and synthesize realistic textures will facilitate observer studies. On the other hand, 

the fact that we can synthesize texture images does not mean that we know the fiill 

statistics of them; therefore, developing a method to analyze the statistics of a set of 

training images with the same distribution is necessary in designing computer model 

observers. This chapter considers the modeling, synthesis and analysis of the texture 

images. 

Textures have often been classified into two categories, deterministic textures and 

stochastic textures [Heeger 1995]. A determim'stic texture is characterized by a set 

of primitives and a placement rule (e.g., a tile floor). A stochastic textiire, on the 

other hand, does not have easily identifiable primitives (e.g., granite, bark, sand). 

This chapter focuses on the analjrsis and synthesis of stochastic textures. There are 

basically three kinds of tedmiques for texture analysis and synthesis. The first tech­

nique models the texture image by its formation mechanism. For example, the lumpy 



67 

background models assume the anatomical images are composed of many blobs, and 

simulate the anatomical images by adding the blobs onto a constant background. 

The second technique models the tecture image by some probability distributions. 

For simplicity, a Markov assumption is usually made; that is, the probability den­

sity of a pixel, when conditioned on a set of pixels in a small spatial neighborhood, 

is independent of the pixels beyond the neighborhood. This assimiption is, however, 

inadequate for image modeUng when images contain large structures which octend be­

yond a small neighborhood of pbcels. The third technique is based on the assumption 

that most of the spatial information characterizing a textiire image can be captured 

in the statistics of a small set of filter outputs [Heeger 1995], [Zhu 1997], [Zhu 1998]. 

Initially, people believed that the margined distributions of the filter outputs were 

enough to characterize the statistics of the texture image. Then given the marginal 

statistics, we can use the maximum-entropy principle to get a Markov random field 

model as in the second technique, but the new model is not restricted to a small neigh­

borhood and has stronger descriptive ability. Recently, people have realized that we 

can also explore the joint statistics of the filter outputs and give a more powerful 

prior model for the texture images. 

3.2 Texture formation model 

The first approach is to model the texture formation process. A successful med­

ical texture synthesis has been proposed by RoUand and Barrett [Rolland 1990], 

[Rolland 1992]. The images, called lumpy backgrounds, consist of a random number 

of single structures called "blobs" located at random locations. The lumpy back­

grounds have the advantage of being statistically tractable (within the second-order 

statistics) and stationary. Lumpy backgrounds are madnly used for the simulation 

of anatomical variation in nuclear medicine images as part of an investigation of the 
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resolution-noise trade off for different aperture sizes in a pinhole imaging system. 

One generalization of the lumpy backgrounds, called the clustered-blob lumpy 

background was proposed by Bochud et al. [Bochud 1998]. The clustered-blob lumpy 

background contains asymmetric blobs with similar properties pooled into larger spa­

tial structures. The main application for the method has been the simulation of 

mammograms. 

3.2.1 Lumpy background 

In order to model and simulate the randomness in the backgroimd of the object to be 

imaged, RoUand and Barrett give two approaches to simulate the lumpy background. 

We here refer to images as functions of two dimensional discrete variables. 

Lumpy Background of Type 1 The first approach randomly superimposes Gaussian 

functions on a constant background. We often refer to these Gaussian fimctions as 

Gaussian blobs or simply blobs. If we denote the lumpy component of the background 

by 6, then b is generated by filtering a Poisson point process through a Gaussian kernel, 

and is given by 

where r is a a discrete (two-dimensional spatial) variable, is a discrete random 

variable uniformly distributed over the image; K is the number of blobs in the back­

ground. Note K is a. Poisson random variable. 

The autocorrelation function is 

6(r) 

(3.1) 

(3.2) 
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in which W (0) is a measure of lumpiness and is given by 

(3.3) 

where ^ is the mean number of blobs per pixels and bo is the strength of the blobs. 

The mean level B in the object is the sum of two terms, and is expressed by 

where the first term is the mean level of the constant background and the second 

term is the average value of the Gaussian blobs. 

Lumpy Background of Type 2 The second approach to lumpy backgrounds with a 

Gaussian autocorrelation is to filter uncorrelated Gaussian noise. The filter fimction 

is chosen to be a Gaussian function of correlation length rt 

where a (r) is a uncorrelated Gaussian point process with mean value /lo and standard 

deviation a. Note that Tj is a nonrandom variable but the amplitude of the Gaussian 

blobs is a Gaussian random variable. This is quite a different approach from the 

lumpy backgrounds of type 1 where the location of the blobs was the random variable 

and their amplitude was constant. 

The power spectrum of uncorrelated noise is constant with a value of a^, and if 

we denote by H (p) the DTFT of the Gaussian filter, the resulting power spectrum 

of the lumpy backgroimd is given by 

where p is a continuous (two-dimensional frequency) variable. The lumpiness in the 

autocorrelation function is 

(3.4) 

6(r) = a(r)« ^^exp(-|rp/r|) 

(3.5) 

IpI^) , (3.6) 

H'(0)=(r®[ir(0)|^ (3.7) 
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The mean level B  in the object is expressed by 

B  =  A q H { Q )  (3.8) 

In practice images have a finite size, we use the DFT (or FFT) to calculate a 

circular convolution between the uncorrelated Gaussian point process and the Gaus­

sian filter function, so the generated lumpy background is wrapped around; that is, 

there exist correlations between both sides of the image. In order to learn about the 

covariance matrix of the lumpy background, we use a matrix-vector form as follows: 

b = Hca, (3.9) 

where He is a circulant matrix, formed by cycUc shifts of the filter coefficients. The 

covariance matrbc of a is an identity matrix, and the covariance matrix of b is 

KB = H.K.H' = H,H'. (3.10) 

We know that a circulant matrix can be diagonalized by the DFT (see Appendix A), 

i.e.. He = F^AF, where F is the unitary DFT matrix and A is a diagonal matrix. 

The diagonal elements of A are samples of H (p). Hence, 

Kb=FtAFFtAF. (3.11) 

Since F ^ = F^ we have 

Kb = FU^F. (3.12) 

Now we see that the covariance matrix of b can also be diagonalized by the DFT, so 

it is a circulant matrix. The eigenvalues of the covariance matrix are samples of the 

p o w e r  s p e c t r u m  W  ( p ) :  

W  (m, n) = a  [ H  (0)] exp ^-27r2r? ^ 
27r7n 

N  
+ 

27m 
N  

,  0  <Tn,n< N .  (3.13) 
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Comparison between both types of lumpy background By the central limit theorem, the 

type 1 Imnpy backgromid converges to the type 2 lumpy background. We illustrate 

both types of lumpy background in Fig. 3.1 which shows that when the mean number 

of blobs is small, the type 1 lumpy background is non-Gaussian, and the increase of 

the mean number of blobs let the type 1 lumpy background be close to the type 2 

lumpy background which has a Gaussian distribution. 

3.2.2 Clustered-blob lumpy background 

Bochud et al. [Bochud 1998] give a method to generalize the lumpy background 

of type 1, called the clustered-blob lumpy background (CBLB) technique. This 

technique groups together the asynmietric blobs oriented at a given direction into 

a "super-blob". A random number of super-blobs are positioned in the image at ran­

dom locations. The number of super-blobs as well as the number of blobs is Poisson 

distributed and the random location has an uniform distribution. The clustered-blob 

lumpy components are expressed by 

Instead of the symmetric Gaussian blobs, Bochud et al. use an asymmetrical expo­

nential blob 

where Re is the rotation matrix corresponding to an angle of 6, L (r) is the char­

acteristic length of the exponential, and a,0 are adjustable parameters. The blob 

asymmetry allows us to take into account the local anisotropy observed in real tissues. 

We can rewrite the asymmetrical blob fimction by letting the 2D spatial coordinates 

Poisson process 6{r — r^) converges to the uncorrected Gaussian process, thus 

K Affc 
(3.14) 

(3.15) 
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FIGURE 3.1. The correlation length increases from top to bottom with RE, equal 3, 
6, and 10 pixels. The first three columns show the type 1 lumpy background: the 
mean number of blobs increases from left to right with K equal 10,100, and 10'^. The 
fourth column shows the lumpy background of type 2. All of the images have the 
same mean background value B and the lumpiness W (0). When the mean number 
of blobs increases, both type 1 and type 2 lumpy backgrounds converge to each other. 
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FIGURE 3.2. The characteristic length L is equal to the radius of the ellipse having 
half-axes Lx and Ly. 

r = (x, y) as follows: 

where Lx and Ly are the characteristic length in the x and y direction, respectively. 

Both lumpy background and clustered-blob lumpy background models are suc-

cessf\il in medical image synthesis, but it is diflBcult to know the full density function 

for complex textme formation models. 

3.3 Statistical model (Markov random field) 

The second approach is statistical modeling, which characterizes texture images as 

arising firom probability distributions on random fields. The Gibbs distribution and 

Markov random field (MRF) models have shown to be appropriate tools for modeling 

spatial context [Cross 1983], [Li 1995]. MRF models were popularized by Besag for 

modeling spatial interactions on lattice system and were used by Cross and Jain 

[Cross 1983] for texture modeling. An important characteristic of MRF modeling is 

that the global patterns are formed via stochastic propagation of local interactions. 

be (x, y) = exp -a (3.16) 

yj L% co82(0-arctan(y/x))+t| sin®{f>-arctan(y/x)) 
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FIGURE 3.3. Asymmetrical exponential blob 0 = ^, a = 2, /? = 0.5, LS = 5, LY = 2 
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We denote b (r) as the random variable at location r and Aft as the neighborhood 

of a pbcel at location r. We let Af = be a neighborhood system of an image, 

which satisfies r and r'eN'r r eA/'r'. The pixels in Mr are called neighbors 

of r. A clique consists of a set of pixels that are neighbors to each other. 

Definition, p (6) is an MRF distribution with respect to Af if 

where Z is the normalizing constant and (j>^ (b) is a potential fimction of pixels in 

clique c. 

The Hammersley-Clifford theorem establishes the equivalence between MRF and 

the Gibbs distribution. Next we will give three kinds of MRP models: 1) Potts model 

2) pairwise difference model 3) Gaussian MRF model. The pairwise difference models 

are generalizations of the Potts model, and both of them presume that surfaces of 

objects are smooth and adjacent pixels in images have similar intensity values unless 

separated by edges. Therefore the potential fimction of pixels in clique c is a U-shaped 

cost function of the difference between neighboring pixels. The Gaussian MRF models 

are the linear regression models for the pixel at r by its neighboring pixels in Mr-

3.3.1 Potts model 

The simplest example of a Markov random field or Gibbs distribution is the Potts 

model 

p(6(r)|6(r) ) = p (6{r)|6(A/;)), (3.17) 

where b (r) denotes the value of pixels other than r. 

Definition, p (6) is a Gibbs distribution with respect to Af if 

(3.18) 

(3.19) 
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Here i~ j  means that i  and j  are neighbors in some prescribed midirected graph with 

the pixels as vertices; in other words, the pixels i and j are in the same clique. The 

siun in (3.19) is over all neighboring pairs, and / [ ] is the indicator function, taking 

the value 1 if 6 (r,) and 6 (tj) are different (assuming that b (r) can take only a finite 

discrete set of values), and 0 otherwise. 

3.3.2 Pairwise difference model 

More generally, we can use a pairwise difference prior defined by 

for some symmetric U-shaped potential functions 0. 

Green [Green 1990] gave a flexible family of prior distributions in (3.21) ranging 

&om absolute value to Gaussian as a shape parameter u; 0 and oo. 

We illustrate the shape of (j> in Figs. 3.4 and 3.5 respectively for w = 0.01 and 

w = lO"*. 

In order to preserve edges and object boundaries, Zhu [Zhu 1997] gave two types 

of potential fimctions in (3.22) and (3.23) 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

which have flat tails as shown in Figs. 3.6 and 3.7. 
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FIGURE 3.4. = /31og (cosh (^)) when w = 0.01 
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FIGURE 3.5. = P log (cosh (:^)) when u; = 10^ 



78 

45 

35 

25 

15 

05' 
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FIGURE 3.7. T-fimction (0 = 
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3.3.3 Gaussian MRF (GMRF) model 

Another MRP model for texture is the auto-normal model, also called a Gaussian 

MRF (GMRF). It is a generalization of an auto-regressive model in image space: 

b  (r.) = u  (ri) + ^ {b  [ t j )  -  u  (Fj)) +1;,-, (3.24) 

where u,- is a Gaussian random variable, N (0, <7^), and u  (r,) is the mean value of the 

pixel at location The conditional distribution is a normal regression, 

P {b  (fi) I'' (rj)) ~ iV (u (r,-) + Pi j  {b  { t j )  -  u  (ry)), . (3.25) 

The probability density function of the texture is the multivariate Gaussian model, 

N (u, , and p (6) is of the form 

where the diagonal element of B is unity and off-diagonal (i,J) element is -jSij. 

The Gibbs distribution and the MRF distribution can be sampled by using the 

Gibbs sampler or the Metropolis algorithms which will be discussed in chapter 6. 

However the MRF models are severely limited by small cliques, i.e., the neighborhood 

is usually of order less than or equal to three pixels, which is too small to capture 

features of textiure. 

3.4 Visual filter model 

The third approach is inspired by the multi-chaimel filtering mechanism discovered 

and accepted in neurophysiology [Bergen 1991], [Chubb 1991]. This mechanism sug­

gests that the visual system decomposes the retinal image into a set of sub-bands, 

which are computed by convolving the image with an appropriately chosen set of 

linear filters, and most of the spatial information characterizing a texture image can 



80 

be captured in the statistics of this set of filter outputs. Recently many researchers 

have used this principle for texture segmentation, classification and synthesis. Heeger 

and Bergen [Heeger 1995] make use of the marginal distribution of the filter outputs 

for image synthesis. Unser [Unser 1995) characterizes the texture by a set of channel 

variances estimated at the output of the corresponding filter bank in texture classifi­

cation task. Simoncelli [Simoncelli 1998], [Simoncelli 1999] models the joint statistics 

of images in the wavelet domain by (1) the local spatial correlation of coefficients 

within each subband, (2) the cross-correlation between coefficients at adjacent scales 

and all orientations and (3) the first few moments of the pixel histogram. Simoncelli 

and his colleagues use the joint statistical characterization in the wavelet domain for 

image compression and synthesis. In this section we will introduce the pyramid-based 

texture analysis and synthesis method proposed by Heeger and Bergen and the prior 

model of the textm-e images based on the minimax entropy principle, which is con­

strained by the estimated marginal distributions from subbands of an example image. 

We will also give our prior model based on the joint statistics of the filter outputs. 

3.4.1 Pyramid-based texture analysis and synthesis 

Heeger and Bergen propose the pyramid-based texture synthesis method, which syn­

thesizes textures by matching distributions (or histograms) of a bank of (orientation 

and spatial-frequency selective) linear filters. The pyramid-based texture analysis and 

s3mthesis technique starts with an input textiire image and a white noise image. The 

algorithm modifies the noise to make it look like the input texture by the pyramid 

transform and histogram matching. 

In order to see whether the marginals of a set of filter outputs can characterize 

textures, we simulate lumpy backgrounds of type 2 as the reference image, and use 

the Laplacian pyramid or both the Laplacian and steerable pyramids as linear filter 

banks. We can see from Fig. 3.8 that the synthesized images resemble the reference 
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image, and the result is improved by adding more filters. We also simulate clustered-

blob lumpy backgrounds as the reference image, and use the steerable pyramid as 

linear filter banks. The synthesized images are illustrated in Fig. 3.9. The quality of 

the synthesized images is not as good as the synthesized lumpy backgrounds in Fig. 

3.8 subjectively. 

Algorithm 3.1: Synthesize texture images by the pyramid-based his­

togram matching method 

1. Given a reference image b'*' 

2. Decompose bP*" into a set of subband images 

3. Compute the histograms of both b°^ and the subband images 

4. Initialize a synthesized image 6 by a white noise process 

5. Repeat for 5 or 6 iterations: 
5.1 Apply histogram matching to b  
5.2 Decompose b  into a set of subband images 
5.3 Apply histogram matching to the subband images 
5.4 Synthesize new 6 firom the subband images 

3.4.2 Learning prior models by minimax entropy 

The pyramid-based texture analysis and synthesis method can synthesize textures 

that look like the reference image. However, this method does not give us the statis­

tical distribution of the textiure images. If we want to study the statistical properties 

of training images {6^*, n = 1,..., N}, we can start firom exploring a set of linear fil­

ters a = 1,..., K} which are characteristic of the observed images, and get the 

empirical marginal distributions (or histograms) of filter outputs. In order to estimate 

the distribution of an ensemble of images given the empirical marginal distributions 

of filter outputs, Zhu et al. [Zhu 1997] [Zhu 1998] use the maximum entropy principle 

and get a unique solution. 

Definition Given a probability distribution p  {b) , the marginal distribution of 
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FIGURE 3.8. The first column shows two reference lumpy backgrounds with the 
correlation length r6 = 3 and n = 10. The second column shows the synthesized 
images using the Laplacian pyramids as the linear filters. The third column shows 
the synthesized images using both the Laplacian and steerabie pyramids as the linear 
filters. 
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FIGURE 3.9. The fiist column shows two reference clustered-blob Imnpy backgrounds 
with different number of blobs. The second column shows the synthesized images 
using the steerable pyramid as the linear filters. The third column shows the syn­
thesized images using both the steerable pyramid and the Laplacian pyramid as the 
linear filters. 
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p (6) with respect to the linear filter is 

i z )=  f p  (6) db  =  E [6  ( z -  *  b  (r))l, (3.27) 
yz=F(<»)«6(r) 

where * b  (r) is the filter response at location r. We see that the marginal 

distribution of the filter output is the Radon transform of an "object" p (b) along the 

line z = F^") * 6 (r). In practical implementations we can have at most K projection 

lines if we have K filters, so the task of reconstructing the full density function from 

K empirical marginal distributions is an ill-posed inverse problem. In order to avoid 

the ill-posedness, we can use the maximum entropy principle 

p (6) = arg max | - j p{b )  logp (6) dftj, 

subject to E[6{z -  *  b  (r))] = (2), a = 1,K,  

and J  p  (6) db  = 1. 

The reason to choose the maximum entropy principle is that while p(6) satisfies 

the constraints along some dimensions, it is made as random as possible in other 

unconstrained dimensions. In other words, p (6) should represent information no more 

than what is available. Solving this maximization problem by Lagrange multipliers 

3delds 

p (b )  =  

= •»«)!. {3-28) 

where the Lagrange parameter <(>^°^ takes the form of a continuous function of the 

filter response F^®) *b{T). The resulting model is a Markov random field (MRF) 

model, but has much stronger descriptive ability than the previous MRF models used 
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for texture modeling because the size of neighborhood is determined by the size of 

the linear filters which may lie in a wide spatial range. 

To compute ({>^°\a = Zhu et al. approximate them by piecewise con­

stant fimctions, i.e., vectors, and adopt the Gibbs sampler, which samples from the 

distribution p(b) in (3.28), and then compute the histogram of the filter responses 

for the sample. The values of are updated to bring the histograms closer to the 

observed ones. Since it involves Gibbs sampling, this procedure is computationally 

intensive and slow. 

The task of computing may not be as hard as it appears; in fact, there is 

an easier way than Zhu's method. We see from (3.28) that the maximum entropy 

solution implies that the filter outputs are independent of each other, since 

P  W  =  I  n  ^  I  -  E ( f '  W )  I .  ( 3 . 2 9 )  

Also, since the constraints are the same for all locations, should be independent 

of r. Therefore we can design by looking at the single filter output of the whole 

image. If /^"^(z) is the observed histogram of the response from then we 

can transform the histogram to a known density function by histogram matching. 

For example, if the desired distribution is a Gaussian density fimction iV (0,1) the 

histogram matching maps z monotonically onto a new variable y by 

y (2)=erfinv ('L (x) . (3.30) 

Note y is a random variable ~ N (0,1). The marginal distribution of the filter response 

is 

dy 
Pz{z) = PY{y{z))-J^ 

^ (~1 j (x) dx -1)^ +log -(3.31) 
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Hence 

(z) = I ̂ erf inv(2 j  (x) dx -1)^ - log . (3.32) 

If we choose the another distribution, we can also get the same solution of 0^®^ by 

the histogram matching. 

If we just calculate a ratio of the prior models, then Jacobian terms log (^) in both 

the denominator and numerator are cancelled out, so we can simplify the potential 

fimction into 

(2) = i ̂ erf inv(2 J  (x) dx - 1)^ . (3.33) 

Example If z is a random variable with the Student t distribution, t { Z ) ,  Fig. 

3.10 illustrates the histogram / (z) and Fig. 3.11 illustrates the piecewise approximate 

fimction (z) by using the above method. 

We have not yet discussed how to design the subband filters F^^'K The assmnption 

of independence between filter responses is not valid unless the subband filters im­

plement the independent component analysis (ICA). In order to solve this problem, 

Zhu et al. construct a library of the subband filters, which includes 

1. The intensity filter 6 (), which captures the DC component 

2. Isotropic center-surround filters, i.e., the Laplacian of Gaussian filters 

3. Gabor filters with both sine and cosine components 

4. Spectrum analyzers, whose response are powers of the Gabor filters 

Then they use a stepwise algorithm to choose the subband filters from the library 

to minimize the entropy of p (6) in (3.29), which is the product of K marginal density 

fimctions. As we have seen in chapter 2, the ICA minimizes the marginal entropy, 

so, Zhu et al. actually approximate the independent component analysis of the input 

image. However, this method does not implement the "true" ICA since the subband 

filters are restricted within the constructed library; fiirthermore, the computational 

cost is excessive. 
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FIGURE 3.10. Dlustration of the estimated histogram from samples of student t 

distribution. 
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Finally, given the prior model of texture unages in (3.28), we can use the Metropo­

lis algorithm to synthesize new texture samples. We illustrate both the reference 

images and the synthesized images Fig. 3.12. 

Algorithm 3.2: Synthesize texture images by the Metropolis algorithm 

1. Given a reference image bf*' 

2. Select a set of linear filters a = 1,..., A"} 

3. Compute the histograms of the filter responses 

4. Initialize a synthesized image 6o by white noise 

5. Repeat until enough samples are collected: 
' 5 . 1  A t  i t e r a t i o n  n ,  g e n e r a t e  t h e  f i l t e r  r e s p o n s e s  *  b n  

5.2 Randomly pick a location ro 
5.3 Sample a scalar random variable Wa from the marginal density of 

' 5.4 Update (ro) = (ro) + Xwa, where A is a controlling parameter 
5.5 Reconstruct the synthesized image {1^°^  { z ) ,a  =  1,K}  -*b  

5.6 Accept the synthesized image b  with the probability as min^l, 

3.4.3 Joint statistics of filter response 

The marginal histograms of the filter outputs are sufficient statistics of p  (b )  in (3.28). 

However, as we can see from the synthesized images of the clustered-blob lumpy back­

ground, the marginals of a fixed finite linear basis are often insufficient. In particular, 

long-range structures (such as straight or curved contours), pseudo-periodic patterns, 

and second-order textures are not well represented in typical bases [Simoncelli 1998]. 

One of the reasons is that the information in each subband is processed independently. 

When we use pyramid transforms for image decomposition, the image is represented 

as a weighted simi of basis fimctions, and the weight coefficients are computed by 

projecting onto a set of projection fimctions which are translated copies of the convo­

lution kernels (i.e., = 1,..., K), Since we process each subband independently, 

only spatial characteristics represented in the basis functions can be conveyed to the 

reconstructed image. 
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FIGURE 3.12. Synthesize texture images by the Metropolis algorithm. The first 
column shows two reference lumpy backgrounds with the correlation length = 
3 and RB = 10. The second column shows images synthesized using the steerable 
pyramids. 
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In order to solve this problem, we can apply ICA for the filter responses. ICA 

estimates an invertible K x K matrix W, which combines the given linear filters in 

order to yield the most informative marginals such that the product over the marginals 

most closely approximates the joint probability density function of the filter outputs. 

Since the number of filters is usually small, we can easily use ICA to explore the joint 

statistics of the filter outputs. By combining ICA with the previous prior models in 

(3.28), we give a new probability density function 

p (6) = i n E fe ' W) j } • 

where Wa^ is the (a, /J) element of the ICA matrix. If we define a new set of linear 

filters by 

= (3.35) 
^=1 

then we have the same expression of the previous prior density function except using 

the new filters 

p (6) = I n I - E • Mr)) I • (3.36) 

However, we need to let the filtered images have the same sampling rate since the ICA 

matrix is estimated by samples of each filtered image in the same spatial locations. 

Thus we cannot use the steerable pyramid in which filtered images have different 

sampling rates, but we can use the dyadic wavelet frame which uses the basis fimctions 

of the steerable pyramid. 
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Chapter 4 

HOTELLING OBSERVER 

4.1 Introduction 

After discussing the modeling, synthesis and analysis of the texture images and related 

techniques in the previous chapters, we are in a position to detect lesions in medical 

images. In this chapter we will give an introduction to the mathematical model 

of a medical imaging system and signal detection theory. Then we will focus on 

computing the template of the Hotelling observer. In chapter 5 and 6, we will discuss 

approximating the ideal observer for a lesion detection task. 

4 medical image consisting of M pbcels can be represented as an M x 1 column 

vector g. This vector is related to the object being imaged, denoted f, by a relation 

of the form [Barrett 1990] 

where n is a vector representing the measurement noise (e.g. Poisson noise), and H 

is an operator representing the imaging system. It is important to realize that this 

equation does not imply that a is independent of the object f. 

Note that g is a random vector due to the measurement noise and the fact that 

there are random variations in the objects being imaged. We shall consider both 

soiurces of randomness. We must therefore define several kinds of statistical averages. 

We define a conditional average over all realizations of n for a fixed f as 

g =H{ + n, (4.1) 

(4.2) 
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where the ellipsis denotes the quantity to be averaged. The function p(ii|f) is the 

conditional probability density for the noise given the object f, and this function is 

usually known from oiur prior knowledge of the imaging system and measurement 

noise. An average over the objects is given by 

( •  •  • ) ,  =  Id t  p (f). .  • .  ( 4 . 3 )  

The function p(f) is the probability density function for the random objects. This 

prior probability is usually not known, so these averages are usually estimated by 

samples. We will also use an overbar to denote averages over objects, e.g., f = (f)f. 

If there were no object variability, and the only noise was due to the discrete 

nature of the radiation, then the components of the data vector could be modeled 

as independent Poisson random variables. The Poisson model is routinely assumed 

for medical imaging with x rays or gamma rays. In this situation, for a single ob­

ject f, we say that g is conditionally Poisson, with the conditional mean given by 

(s)iilf ~ conditional covariance matrix of the noise vector n in this model is 

Kn|f =diag(Wf). The overall covariance matrix of n, denoted by K„, is obtained by 

averaging the conditional covariance matrix over f 

I^N = (/FN|F>F = DIAG(HF). (4.4) 

The covariance matrix of g is related to the covariance matrix of the noise vectors n 

and the covariance operator of the objects f by 

K = ([g-?<Jiig-Hri') 

= (([«(f-f) + nl[W(f-t) + n|')„|,)^ 

= KA + WKFW'. (4.5) 

The task is to observe a particular image g euid use it to classify the corresponding 

f that produced the image into one of two classes. (e.g. normal versus abnormal or 

lesion-present versus lesion-absent). This is a binary hjrpothesis test where the null 
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hypothesis Hq is that the signal is absent and the alternative hypothesis Hi is that 

it is present. In general, this binary detection task can be performed by computing 

a discriminant function of the data. A, also called a test statistic. The classification 

is performed by comparing this test statistic to a threshold Xth', if A > Xth, f is said 

to belong to class 1, while otherwise it is classified into class 0. 

The Hotelling observer is an ideal linear classifier, which was presented by Harold 

Hotelling [Hotelling 1931], but is often referred to as the Fisher linear discriminant 

[Fisher 1936] in the pattern recognition literature. The distinction among names is 

frequently based on whether the means and the variances of the classes are sample 

estimates or population values. If the covariance matrix is estimated by a set of 

training samples then we call it the Fisher linear discriminant; on the other hand, the 

Hotelling observer uses the ensemble covariance matrix. As a matter of fact, the name 

of Fisher-Hotelling observer is more appropriate for our model in Eq. (4.5) because 

the covariance matrix is the siun of two matrices: the first matrix is a diagonal matrix 

with the diagonal elements being the mean pixel values; and the second matrix is the 

sample covariance matrix of the noise-free samples of the background. 

For deciding between Hq and Hi, the Hotelling observer computes the test statistic 

as a linear function of g: 

where w is an M x 1 vector of weights {tOm}, and g is drawn from one of the two 

classes. If signal-present and signal-absent images are equally likely to occur, the 

Hoteling template w is given by 

where Kj is the covariance matrix of g under hypothesis j  and ĝ - is the corresponding 

mean vector. 

This expression can be further simplified if we consider a SKE detection problem 

in which a specified signal is added to a random background, where the background 

A = w^g, (4.6) 

(4.7) 
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is a random vector b = Kf when f is drawn from the signal-absent ensemble. So the 

signal-present hypothesis Hi is that g = b -h s + n, and the signal-absent hypothesis 

Hq is that g = b + n. For this problem, the signal is a deterministic vector, s = 

gi - go and Ki = Ko = K; thus 

w = K-^s. (4.8) 

When the random background and the measurement noise have Gaussian distribution, 

the true ideal observer performs only linear operations on the data, so the Hotelling 

observer is an ideal observer. If the measurement noise has a Poisson distribution 

then the Hotelling observer is not precisely the ideal observer but the difference is 

very small since the Poisson distribution is very close to the Gaussian distribution 

when the mean value of pixels is larger than 30 counts. 

The performance of the Hotelling observer is specified by the signal-to-noise ratio 

(SNR), defined as 

SNR2 = 1 (4.9) 
\vari (A) + \vaTQ (A) 

= sK'^s = w^s. (4.10) 

It is well known [Barrett 1998a] that if the test statistic is normally distributed, then 

the SNR is related to the area under receiver operating characteristic curve (AUG) 

by 

AUC = i + ierf(®^), (4.11) 

where erf (•) is the error function. Since the linear test statistics are linear combi­

nations of random components of g, they tend to have a Gaussian distribution as a 

result of the central Umit theorem; thus the SNR is a good predictor for the AUG of 

the Hotelling observer. 

The computation of SNR^ is not a trivial problem since we need to calculate the 

inverse of the covariance matrix. Unfortunately the size of the covariance matrix is 
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M X M,  where M is the number of image pixels. Direct inversion of the sample 

covariance matrix K is very difficult since it requires at least M samples to be invert-

ible and 10 to 100 times M to get a stable estimate. Thus, even for small 64 x 64 

images, we need about 40,000 - 400,000 images to compute the SNR^. If the random 

backgrounds are stationary, K is a Toeplitz (or block Toeplitz ) matrix, often well 

approximated by a circulant matrix and hence diagonalizable by a discrete Fourier 

transform. The following discussions give some methods to solve this problem without 

assuming stationarity. 

4.2 The Matrix-inversion lemma method 

Suppose we want to invert an overall covariance matrix of the form 

K = Kn + HKrH' 

=  K „ + K b ,  ( 4 . 1 2 )  

where Kb is the sample covariance matrix of backgrounds. Given a set of noise-free 

(simulated) sample images from the class 0 {gj, j = 1,J} ,we can subtract the 

sample mean from each image to form the set {5gj,j = 1,..., J}, and the sample 

covariance matrix can be estimated by 

K b = W W ^ ,  ( 4 . 1 3 )  

where W is the Af x / matrix, 

W =— [5gi, 6g2,5gj] - (4.14) 

By the Woodbury matrix-inversion lemma [Harville 1997], 

[K„ + WW^ [I -I- W^IQ^W] (4.15) 
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Hence, the weight vector is 

w = - K-^W [I + W^K-^W] W^Kj^^s. (4.16) 

The advantage of this form is that [I + W^Kj^^W] is a J x J matrix, where J  

in practice. Thus, the direct inverse of [I + can be implemented easily. 

The inverse of Kn is trivially solved since Kn is a diagonal matrix. 

4.3 Image compression method 

The above method is easily implemented if J  is small. However this method works 

only if K is diagonally dominated; otherwise, there is a large error in estimating the 

covariance matrix and its inverse even though it can be inverted. So we can use this 

method only if the measurement Poisson noise dominates over the randomness of the 

background. 

Now we consider the situation in which J  is so large that direct inversion of the 

J X J matrix is not feasible {J is still much less than M in practice). We can use 

image compression techniques to reduce the dimension. Given a set of simulated 

backgroimds [gj, j = 1,..., J}, we can find an M x K transform matrix E such that 

gi « Evj, (4.17) 

where Vj  \ s  a  K  x  1  vector, and K < J  M.  After subtracting the sample mean 

from each Vj we have a new data set, V [5v2,..., 5vj]. The sample covariance 

matrix is approximated by 

Kb « E [W^ = EKvE^. (4.18) 

This expression resembles the eigenvalue-decomposition (EVD) of the covariemce ma­

trix. By the Woodbury matrix-inversion lenmia, 

[K„ + EKvE^]= K;:' - K-^E [Kv+E^K;:^E] E^K^K (4.19) 
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The advantage of this form is that j^Kv+E^K~^Ej \s a K x K matrix and K does 

not depend on the number of samples, but rather on the compression ratio. 

Next we will discuss how to design the transform matrix E. Recently, the discrete 

wavelet transform (DWT) has been used in image compression. For example, the 

JPEG 2000 standard (http://www.jpeg.org/JPEG2000.htm) which uses the DWT 

shows significant advantages over the traditional JPEG version which uses the block 

cosine transform. The energy of the wavelet coefficients concentrates in large scale 

space. Thus we may select the wavelet coefficients as the components of v according 

to the scale parameters. If we want to further reduce the size of v, we can apply 

the eigenvalue-decomposition (EVD) on the covariance matrix of the selected wavelet 

coefficients. Assuming the number of the selected wavelet coefficients is N, we define 

an MxN matrix B whose columns are the N wavelet basis fimctions for the selected 

coefficients, and we also define a. N x K matrix U whose columns are the K eigen­

vectors corresponding to the largest eigenvalues of the EVD. The transform matrix 

is 

E = Bmxn^NXK- (4.20) 

Example Given a set of 64 x 64 images , we can apply the DWT on these images 

up to the second scale level, resulting in LL2, LH2, HL2, HH2, LHi, HLi, HHi subband 

images in the wavelet domain, where the subscripts stand for the scale parameters. 

The subband images in the second scale level are 16 x 16 pixels and the subband 

images in the first scale level are 32 x 32 pixels. If we keep LL2, LH2, HL2, HH2 

then we have N — 1024 coefficients whose covariance matrix is 1024 x 1024, which is 

smaller than the 4096 x 4096 element covariance matrix of the input image. We can 

implement the EVD and keep K = 100 eigenvectors ( or eigenimages reshaped firom 

the eigenvectors). We illustrate these eigenimages in Fig. 4.1 for the set of training 

images in the following simulation example. 

We have simulated 1000 type 2 lumpy backgrounds as the training images. If 

http://www.jpeg.org/JPEG2000.htm
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FIGURE 4.1. Eigenimages of the wavelet covariance matrix estimated by 1000 simu­

lated type 2 limipy backgrounds. 
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FIGURE 4.2. The Hotelling template estimated by DFT, estimated SNR^ = 10.374. 

we use the matrix-inversion lemma method then we need to calculate the inverse of 

[I + W''K~^W] , which is 1000 x 1000; but if we use the image compression method 

we can approximate the image with a much smaller number of wavelet coefficients, 

say, K = 100. Then we only need to calculate the inverse of ^Kv+E^Kj^^Ej, which 

is 100 X 100. We set the parameters of the type 2 lumpy background as : ly (0) = 

10®, Tb = 10, B = 10^. For the type 2 lumpy background, the DFT is the eigenvalue-

decomposition of the covariance matrix, thus we can get the ideal template by the 

DFT method. We estimate the Hotelling templates w by both the DFT and the image 

compression method, and illustrate them in Figs. 4.2 and 4.3. We also estimate the 

SNR^ by SNR^ = ̂ s. The result shows that the estimated SNR^ is approximately 

the same as the true value. 
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FIGURE 4.3. The Hotelling template estimated using the image compression method, 
estimated SNR^ = 10.459. 
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4.4 Channelized Hotelling observer 

The above two methods give the estimated first, then calculate the Hotelling 

template by w = K~^s. Here we consider how to estimate the HoteUing template 

directly. The strategy is to transform the image into a feature vector by 

v = F^g, (4.21) 

where F = {fi,..., f/f} isaa M x K matrix whose columns are of the various channel 

filters, thus the A:"' component of v is Ufc = g. The test statistic is a scalar value, 

and is calculated by the linear function of the feature vector, i.e., the inner product 

of the weight vector u and v 

A = u^v = (Fu)^ g. (4.22) 

Comparing (4.22) to (4.6), we actually estimate the Hotelling template by 

Wc = Fu. (4.23) 

In the sense of maximizing the signal-to-noise ratio, the optimal linear combination 

rule is to apply the Hotelling observer strategy to the channel responses 

u = Kj^Sc, (4.24) 

where Sc = F^s and Kc = F^'KF. The size otKc 'is KxK, so we avoid the computa­

tional difficulties of the Hotelling observer. However the information is lost inevitably 

in the formation of the channel responses and leads to suboptimal performance. 

The Hotelling template is a linear combination of the channel filters, so Wc lies in 

the range space of F. The selection of the channel filters is important for the success 

of this method. We know firom Holland's work [Holland 1990j on lumpy backgrounds 

that the Hotelling observer will look at rather high spatial frequencies, especieilly 

if the measurement noise is low, so bandwidth restriction may be dangerous, and 
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we need to let the channel filters cover the whole spatial frequencies. We eilso note 

that humaos process visual information through spatial-frequency-selective channels, 

which are localized in the spatial and frequency domain as being discussed in the 

previous chapters. These kinds of chaimel filters have been used for feature extraction 

by researchers [Mallat 1989a], [Myers 1987], [Strickland 1996]. The localization in the 

spatial domain is very attractive for the SKE problem because the Hotelling template 

is always centered around the signal position, so we want these channel filters also to 

concentrate around the signal. There are other kinds of channel filters. For ecample, 

Barrett et al. [Barrett 1998b] suggested the expansion of the Hotelling template by 

Laguerre-Gauss functions when the background and signal are rotationally symmetric. 

This suggestion is based on the fact that the template is a rotationally synunetric 

function in this case, and the Laguerre-Gauss fimctions are orthonormal on the radial 

axis. The spatial support of the Laguerre-Gauss functions is decided by the standard 

deviation of the Gaussian. Next we will give several examples of the channel filters; 

they are (1) the difference-of-Gaussian (DoG) functions, (2) Battle-Lemarie wavelet 

functions (3) Laguerre-Gauss functions. Note that we are not using these channel 

filters to emulate the hiunan visual system, but to approximate the Hotelling observer. 

4.4.1 Diiference-of-Gaussian (DoG) filters 

The DoG filters are created by subtracting two Gaussian fimctions of different widths 

where A is adjusted to let these two Gaussin functions have the same average values, so 

that their difference has zero DC value. There are usually two ways to alter the DoG 

filter characteristics by changing One is to hold the larger Gaussian fixed, and 

vary the size of the smaller Gaussian, the resulting DoG filters have more bandwidth 

(4.25) 
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FIGURE 4.4. Spatial profiles of DoG filters 

as the ratio ^ increases. The second way to change the DoG filter characteristics is to 

hold ^ constant, while allowing the overall size of the filter to vary as shown m Fig. 

4.4. In this case the resulting DoG filters occupy the lower frequency region as the 

filter size increases. The ratio ^ is often selected as 2, resulting in a logarithmic set of 

bandwidths as illustrated in the top graph of Fig. 4.5. However, we have found that 

the Hotelling template requires more frequency resolution in the mid-frequency band. 

So we add more charmels in the mid-frequency region as illustrated in the bottom 

graph of Fig. 4.5. This change results in a significant difference in the Hotelling 

template and SNR. 
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FIGURE 4.5. Frequency profiles of DoG filters. 
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FIGURE 4.6. Hotelling template constructed from 5 DoG filters in Pig,4.5, with estimated SNR  ̂= 3.814. 
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FIGURE 4.7. Hotelling template constructed &om the DoG filters with additional 
bands in the bottom graph of Fig. 4.5. The estimated SNR^ = 10.189 which is much 
higher than the estimated SNR^ without additional bands. 
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4.4.2 Orthonormal wavelet filters 

We have discussed orthononnal wavelet bases in chapter 2. Now we can use them 

as the channel filters in estimating the Hotelling template. Due to their attractive 

properties such as the localization in the spatial and frequency domains, many re­

searchers have used them for edge detection and feature extraction. For example, 

Strickland and Hahn [Strickland 1996] used the biorthogonal spline wavelets for mul-

tiscale matched filtering in mammograms. 

We here select the polynomial spline wavelets, also called the Battle-Lemarie 

wavelets after their inventors [Battle 1987], [Lemarie 1988]. Figs. 4.8 and 4.9 show 

examples of the basis fimctions in Vi and Wi. These figures are generated by using the 

two-scale relations in chapter 2 for given the filter coefficients. We also give the two-

dimensional basis fimctions in Fig. 4.10. Since the two-dimensional wavelet bases are 

not rotationally symmetric, the estimated Hotelling template is also not rotationally 

symmetric and has less SNR^. 

4.4.3 Laguerre-Gauss (LG) filters 

Now we consider a special case where both the signal and the background covariance 

are rotationally synometric. In this case the template of the Hotelling observer is 

rotationally symmetric, so rotationally symmetric orthonormal fimctions are the best 

selection for the channel filters. Barrett et al. [Barrett 1998b] used the Laguene-

Gauss fimctions as the channel filters, which are the products of Laguerre polynomials 

and Gaussians. 

The n-order Laguerre polynomial is defined by 

The Laguerre polynomials are orthonormal on (0, oo) with respect to an exponential 

(4.26) 
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FIGURE 4.8. The Battle-Lemarie basis functions in Vi =span{0,Y}. 
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FIGURE 4.9. The Battle-Lemarie basis functions in Wi =span{^,|}. 



FIGURE 4.10. Two-dimensional Battle-Lemarie wavelet bases. 
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weight factor 

dxe-'^Ln (x) Lm (x) = 5„m- (4.27) 

The change of variables x = 2T:T^/a^ yields a new orthonormal family, called Laguerre-

Gauss functions, satisfying 

rdr LGn (r) LGm (x) = ^nm, (4.28) 

where the n-order Laguerre-Gauss function is defined by 

LGn (r) = 'hH. exp (-7rr^/a^) Ln (27rr^/a^). (4.29) 
a 

We illustrate the first four Laguerre-Gauss functions in Fig. 4.12. We can see from 

this figure that these functions have ahnost the same spatial support, which is decided 

mostly by the parameter a in the Gaussian fimctions, but the oscillations increase 

with the order of the Laguerre polynomials. 

The Hotelling template is expressed as the expansion of the Laguerre-Gauss func­

tions with the origin at the signal location 

t«(0 = ("5") (^) ' 

where the expansion coefficients u = [uo,«i, are estimated by u = K~^Sc. 

We give the estimated Hotelling template in Fig. 4.13 by using the first 10 Laguerre-

Gauss functions. 

I 

I 
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FIGURE 4.12. The first four Laguerre-Gauss functions. 
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FIGURE 4.13. Hotelling template constructed &omlO Laguerre-Gauss functions, with 
estimated SNR^ = 10.266. 
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Chapter 5 

IDEAL OBSERVER 

5.1 Introduction 

We are interested in developing mathematical and computational methods for pre­

dicting how a given medical imaging system will perform when the resulting images 

are used for tumor detection. These computational methods will give us the abil­

ity to design and optimize medical imaging systems for maximum performance on 

tiunor-detection tasks, and we define the image quality as the performance of a model 

observer for the given detection tasks. Among all model observers, the ideal observer 

sets an upper limit to the performance as measured by the Bayesian risk or receiver 

operating characteristic (ROC) analysis. Therefore, the current thrust of om: re­

search has been in constructing ideal observers and computing theb performance for 

increasingly complex detection tasks [Barrett 1997], [Barrett 1998a], [Clarkson 2000] 

[Zhang 2001a], [Zhang 2001b]. In this chapter, we present several computational 

methods to calculate the decision statistic for the ideal observer and estimate its 

performance. 

The classical strategy in the decision process includes three steps. The first step 

is to choose the features that are most effective for preserving class separability. The 

objective of the feature-extraction step is dimensionality reduction. Then the second 

step is to construct a classifier that combines the featiuies into a scalar test statistic. 

Finally, the third step is to compare this test statistic with a threshold value and 

make a decision. In the second step of the decision process, conventional probabilis­

tic classifiers characterize classes by their probability density fimctions on the input 
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features and use Bayes' decision theory to form decision regions from these densi­

ties. The form of input distributions is assumed to be known, and parameters are 

estimated using treuning data. Adaptive non-parametric neural-net classifiers do not 

estimate or even assume probability density functions, but directly estimate discrim­

inant functions to form decision regions. Richard and Lippmann [Richard 1991] have 

demonstrated that neural-net classifiers can accurately estimate posterior probabili­

ties (see Appendix B) and provide reduced error rates when compared to conventional 

probabilistic classifiers, so we adopt using the neural-net classifier following feature 

extraction. 

Since the feature-extraction step reduces the dimensionality, all feature-extraction 

methods but the ideal observer will lose information in terms of class separability or 

Bayes error. Therefore we need to study the strategy of the ideal observer and give 

feature-extraction methods based on the strategy of the ideal observer; then we will 

train a neural-net classifier to approximate the ideal observer [Zhang 2001a]. We pro­

pose two kinds of features. One of the features is the ratio of two conditional density 

functions of data which are known from the imaging process; another feature is the ra­

tio of two prior density functions of random backgrounds which are unknown. We will 

give two ways to approximate the second ratio by using a set of training background 

images. The first method is to apply an invertible transform to "gaussiam'ze" the 

background image, then calculate the ratio of two Gaussian density functions. The 

second method is to use maximum-entropy estimates of the prior density functions, 

then calculate the ratio of these estimates. 
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5.2 Background 

5.2.1 Figures of merit 

We have discussed one figuie of merit for a binary decision problem, called SNR^, 

which is defined by 

SNR2 = I {5-1) 
^VOTi (A) + ^VOTq (A) 

where A is a test statistic of an observer. However the SNR^ is usually used to specify 

the performance of the Hotelling observer, and it is defined only by the mean and 

variance of the test statistic. Thus it implicitly ass\mies that the test statistic has a 

Gaussian distribution. In complex detection tasks, the discriminant fimction of the 

ideal observer might be a nonlinear function of the data, and the test statistics of the 

ideal observer can have non-Gaussian distributions. Therefore, in general the SNR^ 

cannot adequately predict the performemce of the ideal observer. In this chapter we 

will give another figure of merit, called the area under the ROC curve (AUG). The 

maximum value of the AUG, among all observers performing a given detection task 

and with a given noise model, is set by the ideal observer for that particular task and 

noise model [Glarkson 2000]. 

There are four possible outcomes for each individual decision [Van Trees 1968], 

[Barrett 1998a]. If the decision is signal-present and it really is present, the decision is 

a true positive (TP), while a decision of signal-present when there is no signal is a false 

positive (FP). The conditional probability of a positive decision, given that the signal 

is actually present, is called the true-positive fraction (TPF). Similarly, we have the 

false-positive fraction (FPF). Ihie negative (TN) and false negative (FN) decisions 

and their associated fractions (TNF and FNF) are defined in a similar fashion. From 

basic properties of conditional probabilities, TPF=1-FNF and TNF=1-FPF, so only 

two of the four fractions are needed to specify the test performance; it is conventional 



119 

TPF 

FPF 

FIGURE 5.1. ROC curve. 

to choose TPF and FPF. The TPF and FPF at threshold x are given by 

TPF(x) = d X p { X \ H i ) ,  (5.2) 

FPF(x) = j^d\p{\\Ho), (5.3) 

where p(A|Hi) is the probability density function of the test statistic under Hi. The 

threshold value controls the trade-off between TPF and FPF. Graphically, this trade­

off is portrayed by the ROC curve, which is a plot of TPF(ar) vs. FPF(x) as illustrated 

in Fig. 5.1. 

The operating points of the ROC curve are the values of the TPF at some spec­

ified FPF (or the probability of detection at a specified false-alarm rate). Since the 

separation between two classes does not depend on the chosen operating points, many 

researchers in signal detection and image quality advocate using the entire ROC curve 

as the quality metric. A common scalar figure of merit is the area under the ROC 
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curve, denoted by AUG [Barrett 1998a]: 

AUG= f \ ?Fd{FPF) ,  (5.4) 
Jo 

where TPF(x) and FPF(x) are given by (5.2) and (5.3), respectively. Since FPF is a 

monotonic function of x, we can exchange the variable of integration from FPF(i) to 

X, thus obtaining 

AUG = -J°° <^TPF (i) ^FPF (x). (5.5) 

Substituting (5.2) and (5.3) into the above integral, we have 

AUG = r dxpixlHo) rdXpiX\Hi) 
J—00 Jx 

/

OO i*00 

dx I dX p{x\Ho) p{X\Hi) step (A - x). (5.6) 
•00 J —00 

FVom (5.6), we see that the AUG of a test statistic is the expected value of step 

(A — x), where A and x are the test statistic under Hi and Ho respectively. Given 

samples of the test statistic, we can estimate the AUG by Monte Garlo integration. 

Eq. (5.6) also shows that the AUG is invariant under a monotonic transformation of 

the test statistics since step(A — x) does not change, which is a useful property for a 

figure of merit because such a transformation produces an observer that is equivalent 

to the original one [Glarkson 2000]. 

5.2.2 Ideal observer 

The ideal observer, also called the Bayesian observer, for a signal-detection task, 

makes optimal use of all of the information in the data and any prior knowledge about 

the images or the imaging process. The performance, as measured by Bayesian risk 

or the AUG, of the ideal observer sets an upper limit to the performemce obtainable 

by any observer. For a binary detection task, the ideal observer calculates a test 

statistic caUed the likelihood ratio or a monotonic function of this statistic, e.g., the 
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logarithm of the likelihood ratio (log-likelihood). The likelihood ratio is the ratio of 

two probability densities for the data, one under the hypothesis that the signal is 

present and the other that the signal is absent 

The two hypotheses are specified as 

^^0 : g = b -I- n, ifi: g = b + n + s, (5.8) 

where the background vector b =Hf if there is no signal and b + s =H{ if the signal 

is present. Under Hq, the probability density of the data vector, p(g|//o). is then 

found by averaging over the random backgrounds, 

P(g|^o) = J P(g|b) p(b)db. (5.9) 

The corresponding probability density of the data vector under Hi is 

P(g|^i) = JP(g|b,s) p{h)db. (5.10) 

As we have said in the previous chapter, the Poisson model is valid for medical imaging 

with X rays or gamma rays. We assume the probability density function of g given 

b, denoted p(g|b), is the Poisson distribution; 

p(g|b) = jj (5.11) 

Implementation of the ideal observer is, however, difficult because the calculation 

of the likelihood ratio is not analytically tractable except for a few stylized problems, 

such as the detection of a known signal on a known background and a known signal 

on a random background with Gaussian distributions- The first task, referred to as 

SKE/BKE (signal known exactly, background known exactly) [Barrett 1997], is not 

very representative of clinical detection problems. In the second task the Hotelling 
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observer is an ideal observer, and we have studied ways to estimate the Hotelling 

template in the previous chapter. In more realistic problems, in which the random 

background has a non-Gaussian distribution, the probability density of the image 

data is often a high-dimensional integral without a closed form, so the likelihood 

ratio is difficult to calculate. More than that, we often do not know the statistical 

distribution of the random background, but instead have a set of training images. 

5.3 The strategy of the ideal observer 

The likelihood ratio used by the ideal observer is itself an ideal feature for classifica­

tion; it maps g from an M-dimensional data space to a scalar test statistic A. The 

design of a feature-extraction method can be based on an explanation of the ideal-

observer's strategy. We have ahready shown that the ideal observer calculates the ratio 

of probability densities under each hypothesis. This ratio, however, has little prac­

tical use since the probability densities are difficult to estimate for high-dimensional 

data spaces. Thus, we need to express the likelihood ratio or the log-likelihood ratio 

in terms of some functions which are known or can be approximated. These new ex­

pressions for the ideal observer's discriminant function tell us the strategy of the ideal 

observer in signal-detection tasks. We will discuss these strategies when we have to 

decide whether the input data has a known signal added on the random background 

in the following three examples. 

5.3.1 Example 1: Hotelling discriminant fimction 

We first discuss the strategy of the ideal observer when g is a multivariate Gaus­

sian random variable. In this case, the Hotelling observer is an ideal observer. The 



123 

Hotelling observer calculates the test statistic 

AHotelling = W^(g- (g) ) = S^K'^g- (g) ). (5.12) 

We akeady know from chapter 4 that the covariance matrix of g is related to the 

covariance matrix of the noise vectors n and the covariance matrix of the object f by 

K = Kn + nKt7f. (5.13) 

By making use of a matrix-inversion formula [Harville 1997], we can express the 

inverse of K as 

K-^ = (K„ + ?<KfWT' 

= K-'-K;;'n{Kf'+n'^K-"H)-'n'^K-K (s.u) 

If we substitute (5.14) into the Hotelling discriminant function, then 

= s'-KiHg- (g)) - VK;'(g- (g) )• (5.15) 

The Wiener estimator, which is also the maximum a posteriori (MAP) estimator for 

Gaussian noise models and Gaussian background variations, is [Barrett 1990]: 

= {Kr'+H''K;'W)-'H''K;'(g- (g))+ {f> • (5-16) 

Now we see that the Hotelling discriminant function can be expressed as 

AH«di,„ = s''K;'(g-(g))-s''K;'H(f„^-(f)) (5.17) 

= s^K;'(g-«f^). 

From this equation, we see that the ideal observer first estimates the random back­

ground by a Wiener estimator or a maximimi a posteriori estimator, subtracts it from 

g, and then implements a prewhitened matched filter based on the covariance of the 

measurement noise only. 
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5.3.2 Example 2: General ideal observer 

We now discuss the more general situation in which the image g is a non-Gaussian 

random vector. The ideal observer calculates the ratio of two density functions under 

each hypothesis: 

p{giffi) 
^Ideal — 

P{s\Ho) 
/p(g|b,s) p(b)db 
/p(g|b) p(b)db 

= / P(g|b.8) 
P(g|b) 

p(glb) p(b) 
./p(g|b) p(b)db 

db. (5.18) 

By Bayes' theorem, the second factor in the final integral (in brackets) is equal to the 

posterior density p(b|g) of the random background given the image g : 

We define the first factor in the integral as 

where Abke (bke stands for background known exactly) is the likelihood ratio of two 

probability densities assuming that the background b is given. Finally, the likelihood 

ratio is the posterior mean of Abke-

Aideai = J Abke(b)p(blg)rfb. (5.21) 

Note that the calculation of Abke requires only the probability densities for the data 

with a given background b. These densities are often known from our prior knowledge 

of the imaging process. 

Example 1 is a special case of this general situation, since, for Gaussian distribu-> 

tions, the posterior mean of Abke is the same as the value of Abke(b) when b is the 

maximum a posteriori estimator for the random background. The equation 

Abke(b) = cexp (g - b)] (5.22) 
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holds when the noise is a Gaussian random vector for a fixed background, where c is a 

datarindependent c^onstant. The ideal observer can also implement the log-likelihood 

ratio 

Aideai = log Abke(b) = s'K;^^(g - b)+logc. (5.23) 

Thus the ideal observer for Gaussian measurement noise and a Gaussian background 

density is equivalent to the Hotelling observer. 

5.3.3 Example 3: Ideal observer for additive signal 

We will now discuss the case when the signal s is additive on the background, i.e., 

g = b + s + n. When a signal is present, the probability density fimction of the image 

data g is 

p{g\Hi) = y"p(g|b',s) pb(b')rfb' 

= Jp(glb'+s) Pb(b')rfb'. (5.24) 

Changing the variables of the final integral, b = b'+s, we have 

P(g|^i) = jP(g|b) Pb(b - s)db. (5.25) 

The likelihood ratio of the ideal observer can now be calculated as 

P(gl^i) 
Aldeal = 

p(g|^o) 
/p(g|b) Pb(b-s)db 

/p(glb)pb(b)db 
f Pb(b-s) 

J Pb(b) 
P (glb) P b (b) db. (5.26) 

Jp(glb) Pb(b)db 

The second factor in the final integral (in brackets) is once again equal to the posterior 

density p(blg) of the random background given the image g. The first factor in the 
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final integral is 

A=.i«ta(b) = (5.27) 

because this is the likelihood ratio when there is no measurement noise. Thus the ideal 

observer calculates the posterior mean of Anoisefree(b) over the random background 

The calculation of Anoisefree requires knowledge of the probability density of the 

background, which is unknown and difficult to estimate. Estimating this probability 

density from an ensemble of noise-free images is an ill-posed problem because the 

data space has a high dimensionality. There are two methods to calculate A„oisefree-

The first method is to apply an invertible transform to "gaussianize" the image, then 

calculate the ratio two Gaussian densities. The second method is to create statistical 

model of the random background by using the maximum entropy principle, which we 

have discussed in chapter 3. We will discuss both of these methods soon. 

5.4 Feature extraction based on ideal observer 

From the analysis in the last section, we see that the ideal observer calculates either 

the posterior mean of Anoisefree (b) or the posterior mean of Abice(b). The calculation 

of Abke(b) requires the conditional probability density of the image data g given the 

background b, which is usually known. The calculation of Anoisefree(b) requires the 

probability density of the random backgrounds, which is unknown and difficult to es­

timate. However, if we have a training set of noise-free images (random backgrounds), 

then we have a method to approximate Anoisefree(b). 
There is another difficulty not yet resolved. How do we calculate the posterior 

mean? In the next chapter we will use the Markov chain Monte carlo method to 

estimate the value of the posterior mean. But here we use a neural network classifier 

Aldeal — J Anoisefree(b) p(b|g)db. (5.28) 
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with feature extraction to approximate the discriminant fimction of the ideal observer. 

Prom (5.21) and (5.28), we can see that the ideal observer is using the numbers Abice(b) 

or Anoise&ee(b) with b close to the posterior mode. This suggests that we compute the 

estimates of backgrounds which are close to the posterior mode from the data, and 

then evaluate Abke(b) or Anoise6ee(b) to obtain a feature vector. To compute these 

estimates, we design different low-pass filters, denoted as h„, n = 1,2, ...N, and apply 

them to the data. The reason for this approach is that we assume backgrounds are 

smooth compared with measurement noise and lesions have small sizes; so both lesions 

and noises are not present after low-pass filtering. For example, the low-pass filters 

can have Gaussian shapes with different widths. Thus we have different estimators 

of the posterior mode 

bn = h„ * g, n = 1,2, ...iV, (5.29) 

where * represents a 2-D convolution operator. We substitute b„, n = 1,2, ...N into 

Abke(b) and Anoisefree(b), and we have the components of the feature vector 

Abke(bn) and Anoise ftee(bn)) Tl = 1,2, ...iV, (5.30) 

or their log functions 

•^bke(bn) and Anoise free(bn)t W = 1, 2, ...N. (5.31) 

We have tested the effectiveness of these feature-extraction methods by construct­

ing a neural network classifier with two hidden layers. The neural network classifier 

is trained by the back-propagation algorithm [Haykin 1999]. The structure of the 

neural network is 10-4-4-1, i.e., 10 input neurons as a feature vector, 4 hidden neu­

rons in the first hidden layer and 4 hidden neurons in the second hidden layer, and 

one output. The number of training samples is large (6000) in order to reduce the 

estimation error; that is, the inherent error in the neural network classifier due to the 

finite size of the training sample. The testing set is 1000 pairs of simulated samples 
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of images, one set of images has background and measurement noise and the other 

set of images has background, noise and a known signal. 

In the first example, we generate lumpy backgrounds of type 2, which have a 

pixel mean value of 1000 counts, a correlation length of 10 pixels and a peak power 

spectrum value of W (0) = 100,000. A bounded Gaussian-shaped signal is inserted 

into the center of the image for one set of images: 

s (r) = aexp j cyl , (5-32) 

with r, = 3 pixels and a = 20 counts; cyl(5) is a cylinder function, cyl(5) = 1 

when 0 < r < 5 and 0 otherwise. Finally, independent Poisson noise is added to 

the background and signal. Fig. 5.2(a) shows the ROC curve of a Hotelling observer 

(which is approximately an ideal observer in this example) and the neural network 

classifier using Abke (bn) = 1, 10. Both classifiers have similar performance. 

In the second example, we generate log-normal random backgrounds by exponen­

tiating the sum of a lumpy background and an uncorrelated Gaussian noise process. 

The lumpy background has mean of 7 and a correlation length of 12 pixels with 

W (0) = 600. The variance of the uncorrelated Gaussian noise process is 0.01. The 

signal is also modeled as a Gaussian-shaped fimction with r, = 1 pbcels and a = 45 

counts. Fig. 5.2(b) shows the ROC curve of two neural network classifiers with input 

feature vectors calculated by Abke(b„) and Anoise free(bn)> w = 1,2, ...10 respectively, 

and the ideal observer for noise-&ee images, that is, one set of images has background 

and the other set of images has background and a known signal. For these noise-free 

images, the ideal observer calculates the likelihood ratio of log-normal densities. Since 

there is no measm-ement noise, the ROC cmrve of the ideal observer for noise-free im­

ages is an upper-bound for the ROC curve of the ideal observer for images degraded 

by the measiurement noise. 
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FIGURE 5.2. ROC performance of a neural network classifier with two hidden layers, 
(o) is the ROC curve by a neural network classifier with input variables Abke (bn), n = 
1,10. (V) is the ROC curve by a neural network classifier with input variables 
Anoisefree (^n) 1^ = 1) M 10. In (a) b has a Gaussian density and n is a Poisson noise, 
the ROC of Hotelling observer (—.) coincides with the ROC of the neural network 
classifier(o). In (b) b has a log-normal density and n is a Poisson noise, the ROC of 
both neural network classifiers are below the upper bound (—.). 
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5.5 Nonlinear discriminant £uialysis I 

Now we will discuss the first method for approximating the ratio 

A - (K 'X-X\ A- (5.33) 

by using a set of training backgrounds. Since the probability density function of the 

random background is unknown and difficult to estimate, we wish to find an invertible 

transform such that the new random vector, 

y = T(b), (5.34) 

has a multivariate Gaussian density function. Therefore, the probability density 

function of b can be expressed by 

p(b) = py(y) 

= Py(T(b)) 

j  I  

(A)L' 

Since we restrict T as an invertible transform, the Jacobian J ^ ̂ ^ 0. 

By substituting (5.35) into (5.33) and cancelling out the Jacobian terms in both 

the denominator and the numerator of (5.33), we have 

^ py (T(b-s)) 

Pv-(T(b)) • 

If we assume pv' (•) ^^ ^ Gaussian density function, then we have an analytic expression 

for the likelihood ratio and the log-likelihood. In terms of the original data vector b, 

this discriminant is given by 

A = log A = T (b)^ K-^T (b) - T (b - s)^ (b - s), (5.37) 

where K is the covariance matrix of y. 

Next, we will discuss how to d^gn the invertible transform. It includes both 

linear parts and nonlinear parts; the linear parts use the discrete wavelet transform 
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FIGURE 5.3. The invertible transform is an iterative procedure of DWT and IDWT 
followed by the histogram matching 

(DWT) and the inverse discrete wavelet transform (IDWT), and the nonlinear parts 

use histogram matching. Both procedures are invertible transforms, so they are non-

singular transforms. 

5.5.1 Wavelet transform 

The wavelet transform is an effective way to analyze data structures. For exam­

ple, independent component analysis (ICA), which optimizes higher-order statistical 

measures, has been used to construct optimal bases for images. These optimal bases 

are spatially oriented and have spatial-frequency bandwidths of roughly one octave, 

which are similar to the wavelet basis functions. By using different wavelet basis 

functions, we can rotate the coordinates in the data space, and estimate the marginal 

density on each coordinate. Histogram matching transforms the marginal density on 

each coordinate to a Gaussian density function. This nonsingular transform method 

is similar to computer tomography, which reconstructs the object by measuring the 

projected x-ray counts on each view angle. The object can then be reconstructed by 

the central-slice theorem. In our case, the object is a multidimensional probability 

density function, and the view angles correspond to the wavelet basis functions. 

This algorithm is also similar to those used for texture synthesis by pyramid-based 

techniques in chapter 3, which start with an input texture image and a white noise 

image, then match the histogram of both images after a steerable pyramid transform 
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[Heeger 1995]. But Heeger et al. use a steerable pyramid transform which is non-

orthogonal and overcomplete, so the nimiber of pixels in the pyramid is much greater 

than the number of pixels in the input image. Rather than synthesizing the texture 

from white noise, we are moving in the opposite direction, that is, we "gaussianize" 

the input image by a nonsingular transform. 

5.5.2 Histogram matching 

Histogram matching transforms the marginal density function to a particular density 

fimction. If the desired density function is a Gaussian density function as iV(0,1), 

the histogram matching maps a random variable x monotonically onto a new variable 

y by 

y=$-i{2cdf(x) -1), (5.38) 

where cdf(x) is the cumulative distribution fimction of x and is the inverse cu­

mulative distribution function of Gaussian random variables. Both of these functions 

are monotonic, so $~^(2cdf(x) - 1) in (5.38) is also monotonic. In other words, the 

operation of histogram matching is invertible. 

We still need to choose the variance of the new variable y. We do this by letting the 

differential entropy H of the new variable be the same as that of x. This constraint 

let the iterative nonsingular transform process stop automatically when all of the 

marginal densities are Gaussian functions, since if the marginal density is akeady a 

Gaussian density function, the variance needs to be invariant in order to let H be 

mvariant, then y = x. The reason for letting the differential entropy rather than the 

variance be invariant is that the variance is a little "misleading" when the marginal 

distribution is not a Gaussian distribution. For sample, if the marginal density has 

a very long tail due to a smeili number of outliers, then the variance might be large 

but the differential entropy is small. 
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There are two methods for estimating the differential entropy from samples of 

data. The simpler method is based on approximating the density function using 

the polynomial expansions of Gram-Charlier or Edgeworth, which approximate the 

differential entropy by skewness and kurtosis as shown in (2.99). Another method by 

Hyvarinen [Hyvarinen 1997] is based on an approximate maximum-entropy procedure, 

which is given by 

^ ^ [l + log (27r<^x)] - (£^{xexp(-xV2)})^ + h - \/^) , 

(5.39) 

where fci = 36/(8^3 — 9), fca = 1/(2 —G/TT), is the estimated variance of x, 

and X is the standardized x with zero mean and unit variance. The expectation 

values inside the bracket in (5.39) are estimated by averaging over samples of x. This 

approximation of entropy is more accurate than the approximation derived using 

the Gram-Charlier expansion. We will use Hyvarinen's method in our simulation 

example. Finally, we let the entropy of y equal to H (x), and get the variance of y by 

ff{y) = \[^ + log • (5.40) 

5.5.3 Example 

We have simulated 200 training images with a log-normal density. Each training 

image is generated by exponentiating the sum of a lumpy backgroimd of type 2 and 

an uncorrected Gaussian noise process. The limipy background has mean of 7 and 

a correlation length of 10 pixels with W (0) = 600. The variance of the uncorrelated 

Gaussian noise process is 0.01. For designing the invertible transform, the wavelet 

basis functions are selected as the Daubechies wavelets which have a minimal support 

for a given number of vanishing moments. We let the length of the Daubechies wavelet 

filters be 8. We know that the Bayesian ideal observer applies a pixel-wise logarithm 

fimction to gaussianize an input image. Fig. 5.4 shows the input image with a 
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FIGURE 5.4. (a) The log-normal image; (b) The output image from a nonsingular 
transform; (c) The output unage from a log function 

lognormal density and the output images by our nonlinear transform method and the 

log-function. Fig. 5.5 shows the pbcel-wise function by the above nonlinear transform 

method and the log-function. We see that the nonlinear transform is close to a log-

function. 

We also calculate the area under the ROC curve for an ideal Bayesian observer, 

our nonlinear discriminant analysis and linear discriminant analysis for the lognormal 

backgrounds with different correlation lengths. The signal is modeled as a Gaussian-

shaped fimction with r, = 1 pixels and a = 45 counts, and placed in the center of 

images. The ideal observer uses the nonsingular transform T(b) — log(b), then calcu­
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(a) (b) 

FIGURE 5.5. (a) is a pixel-wise function for the nonsingular transform T (b); (b) is 
a log function. 

lates a test statistic by (5.37). On the other hand, T(b) in the nonlinear discriminant 

analysis makes use of wavelet transforms and histogram matching iteratively. Finally 

T(b) = b for a linear discriminant function. 

Since the covariance matrix of the random background is a circulant matrix in 

this example (lumpy background of type 2 ), it can be diagonalized by the DFT. We 

calculate (5.37) in the Fourier domain using the DFT, that is 

mate a power spectrum &om an ensemble of image {bi,..., bAr} is the two-dimensional 

extension of Welch's method [Welch 19671. The procedure can be sununarized in five 

steps [Rolland 1997]: 

1. Given a set of images, compute the sample mean 

2. Subtract &om each image the sample mean to form a new set of images 

3. Take the FFT of each nonsingular transformed image T(b„) to yield DFT[T(b„)] 

4. Compute the normalized periodogram as lDFT[T(b„)]|^/(M x M), where 

each image has a size of M x M 

|DFT[T(b-s)||: 
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FIGURE 5.6. The area under ROC curve by three different methods. 

5. Compute the average periodogram over the set of images 

^('">") = iV^EPFT[T(Mr (5.42) 
Tl=l 

We estimate the performance of the above observers using the area under ROC 

curve (AUC). We calculate the AUC by 

^ AT AT 

= (5«) 
t=l /=1 

where the data vectors bit ^6 drawn from the signal-present set and the boy are drawn 

from the signal-absent set. The performance of our nonlinear discriminant analysis is 

close to the performance of the ideal observer, while the linear discriminant analysis 

is below the level of the other two methods. 
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5.6 Nonlinear discriminant analysis II 

In this section we will discuss the second method for approximating the ratio 

«1 

by using a set of training backgrounds. We have discussed in chapter 3 that the 

statistical properties of training images can be explored by using the marginal distri­

butions of a set of linear filters outputs. Given the marginal histograms of the filter 

outputs, we recall that the estimated statistical model is 

P n I~ S 6 (r)) I. (5.45) 

where is the potential function, which usually has a U shape. We have dis­

cussed how to estimate (j) by using histogram matching methods. Eq. (5.45) is 

the maximum-entropy estimate of the probabihty density of the backgrounds from 

noise-free background samples. Hence, A is estimated by the ratio of two estimated 

probability density functions: 

^ p{b -  s) 

m 

^ nL s, (F'" •(>-») w)} 

^ _ exp I* 6 (r)) I 
=  n n —  L  ( 5 . 4 6 )  

tt=i r exp|(^^®^(F(®) *(6-s)(r))| 

If the signal has a small size and known location at TQ, then we can approximate 

the likeUhood ratio by 

^ exp 1(F(°) * b (to))} 
A = n ^ L. (5.47) 

a=i exp (FW * (6 - s) (ro))| 
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We call this method chamielized-nonlinear discriminant analysis. The filter responses 

at location ro are the channel outputs, and exp * b (ro)) | is proportional 

to the marginal density of the a"* channel output. If we define 

vt = F^'^Ubiro), (5.48) 

V- = f * (6 - s) (ro), (5.49) 

then v"*" = and v~ = [uf ,1/2are feature vectors, and A is the 

product of the ratio of marginal densities: 

^ exp «)} 
A = IT 7 r- (5-50) 

a=i exp (u-)| 

Certainly the components of the feature vector are not independent of each other. In 

order to improve the performance of detection task, we can estimate an ICA matrix 

W using samples of feature vectors, and generate new feature vectors 

u+ = wv+, (5.51) 

u~ = Wv", (5.52) 

where the components of the new feature vector eire independent of each other. Then 
•^(a) C 1 

we can estimate a new potential function <i> so that exp < 0 (v^) > is proportional 

to the marginal density of uj. We rewrite the new A as 

K exp «)} 
^ = n  u,, ,{• (5«) 

a=iexp|(^ (u-)| 

In the following example, we choose the steerable pyramid as the set of filters. This is 

equivalent to applying the steerable pyramid transform on a background image and 

getting the channel outputs by the pyramid coefficients at location TQ. We summarize 

the above steps as following: 

1. Apply the steerable pyramid transform to a set of training images {6„, n = 1,..., N} 
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FIGURE 5.7. Clustered-blob Imnpy backgrounds: Mean number of sub-blobs N = 
5, LX = 5, XY = 2, a = 2.0, /3 = 0.5. Image (a), Mean number of super-blobs K = 10. 
Image {h), K = 50. Image {c), K = 100. 

2. Select the pyramid coefficients at signal location ro as the components of feature 

vectors {v^, n = 1,N} 

3. Estimate an ICA matrix W using the set of feature vectors 

4. IVansform to a new set of feature vectors by u"*" = Wv"*" 

5. Estimate the marginal densities of {uj, q = 1,..., K} 

6. Calculate the potential functions a = 1, 

We simulate a set of clustered-blob lumpy backgrounds by Bochud's algorithm 

[Bochud 1998]. The clustered-blob lumpy background contains a random number 

of super-blobs, distributed uniformly over the image. Each super-blob contains a 

random number of sub-blobs at a given orientation. The number of super-blobs and 

the number of sub-blobs is Poisson distributed. Fig. 5.7 illustrates three types of 

clustered-blob lumpy background with different mean number of super-blobs. For 

the set of image with signal-present, we insert a Gaussian-shaped signal in the center 

of the image. 

We have compared this method with the channelized Hotelling observer and the 

full Hotelling observer. Since the clustered-blob lumpy backgrounds are ergodic and 

stationary, the covariance matrix is a Toeplitz matrix which is close to a circulant 

matrix when the size of image is large. So the covariance matrix can be approximately 
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FIGURE 5.8. Observer performance (AUG) for two different sets of clustered-blob 
lumpy backgrounds. There are three observers: channelized nonlinear discriminant 
function (C-NDF), channelized-linear discriminant (C-LDF) and linear discriminant 
fimction by fourier transform (LDF) 

diagonalized by the DFT, and we implement the full Hotelling discriminant function 

in the Fourier domain by the DFT. We estimate the performance of them using the 

area under ROC curve (AUG). The estimated AUC for the chaimeUzed nonlinear 

discriminant analysis is larger than for the other two methods. 
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Chapter 6 

MARKOV CHAIN MONTE CARLO METHODS 

6.1 Introduction 

From the discussions in the last chapter, the ideal observer calculates a test statistic 

which is a posterior mean of Abke 

If we can sample from the posterior distribution independently, then the law of large 

numbers ensures that the approximation can be made as accurate as desired by in­

creasing the number of sample. Unfortunately, direct independent sampling from 

the posterior distribution is difficult in most problems. 

In practice, either the distribution used to generate independent samples has to 

be different from (but similar to) the posterior distribution or the samples have 

correlations to each other [Tieraey 1994]. The first method is called the impor­

tance sampling method, in which samples are weighted to make up for the differ­

ence between the posterior distribution and the sampling distribution. Many re­

searchers have worked on the importance sampling for exploring posterior distribu­

tions [Stewart 1979], [Geweke 1989]. In high-dimensional space (the number of vari­

ables equals the number of pixels of a image), however, there are very few families 

of distributions which can be used as importance samplers [Evans 1995]. The second 

A = / Ai,te(6) P(6|9)<'l>- (6.1) 

This test statistic can be approximated by Monte Carlo integration 

(6.2) 
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method is called the Markov chain Monte Carlo (MCMC) method which samples 

from the posterior distribution by generating a Markov chain [Gelfand 1990]. We 

here consider using MCMC methods to approximate the ideal observer 

6.2 Markov Chain 

In MCMC the objective is to generate a sequence of samples that mimics a desired 

probability density function TT. This objective can be achieved by constructing a 

homogeneous Markov chain with the invariant distribution as TT. 

Consider a stochastic process {Xn, n = 0,1,2,...} that takes on a finite or count­

able number of possible values. If = x, then the process is said to be in state 

X at time n. We suppose that whenever the process is in state x, there is a fixed 

transition probability P (x, y) that it will next be in state y. We assume that the 

chain is time-homogeneous; that is, P (x, y) does not depend on n. 

For the distribution of Xn to converge to a stationary distribution, the chain needs 

to satisfy three important properties [Roberts 1996]. First, it has to be irreducible. 

A Markov chain with invariant distribution TT is irreducible if, for any initial state, 

it has positive probability of entering any set to which TT assigns positive probability. 

Second, the chain needs to be aperiodic. A chain is periodic if there are potions of the 

state space it can only visit at certain regularly spaced times; otherwise, the chain 

is aperiodic. This stops the Markov chain from oscillating between different sets of 

states in a regular periodic movement. Finally, the chain must be positive recurrent 

This can be expressed in terms of the existence of a stationary distribution ir, such 

that if the initial value of Xo is sampled from TT, then all subsequent iterates will also 

be distributed according to TT. 

Theorem [Cinlar 1974] Suppose X is irreducible aperiodic. Then all states are 
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recunent non-null if and only if the system of linear equations 

^ (f) = H 'T (x) P (x, y), (6.3) 
X  

5^7r(x) = l, (6.4) 
X  

has a solution TT. If there exists a solution TT, then it is strictly positive, and we have 

lim P" (x, y) = TT (y), for all x, y. (6.5) 
n—*00 

In this case, TT is a unique stationary distribution. 

Most of the Markov chains produced in MCMC have stronger conditions than 

positive recurrent; that is, they are reversible. A Markov chain is said to be reversible 

if it is positive recurrent and satisfies the detailed balance equation; 

7r(x)P(x,y) =7r(y)P(y,x). (6.6) 

The detailed balance essentially requires that in a very long time, the number of 

moves from x to y is identical to the number of moves from y to x. We can prove 

that if TT satisfies (6.6), then (6.3) is automatically satisfied. 

Proof: Substituting (6.6) into the right-hand side of (6.3), we have 

53 TT (x) P (x, y) = ^ X (y) P (y, x) = TT (y) P (y, x). (6.7) 
X X  X  

Since the Markov chain must make a transition into some state, 

^P(y,x) = l. (6.8) 
X  

Consequently, we see that ir satisfies 

53 TT (x) P (x, y) = TT (y). (6.9) 
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6.3 Metropolis-Hastings algorithm 

There are many ways of constructing Markov chains in MCMC, but all of these 

methods are within the general framework of the Metropolis-Hastings algorithm. The 

Metropolis-Hastings algorithm was first developed by Metropolis et al. [Metropoh's 1953] 

and generalized by Hastings [Hastings 1970]: if we are in state = a; at time n, then 

the next state Xn+i is chosen by first sampling a candidate point y from a proposal 

function q{y\x). The candidate point y is accepted with the acceptance probability 

where TT is the desired sampling density function. If the candidate point is accepted, 

then XnH-i = y. If the candidate point is rejected, then the chain does not move, 

i.e., XN+I = X. Remarkably, the proposal fimction q{.\.) can have any form and the 

Markov chain always satisfies the detailed-balance equation. This can be seen from 

the following argument. 

Proof: If we assimtie 

(6.10) 

:r(y)(;(i|j() ^ 7r{i)9(j(|i) (6.11) 

then from (6.10) we have 

o(i,y) = 1, 

(6.12) 

Hence, 

ir{x)q{y\x)a{x, y) = ir{y)q{x\y)a{y, x).  (6.13) 

Similarly, (6.13) holds when 

^{y)q{x\y) < T^{x)q{y\x)- (6.14) 
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Also, we know that the transition probability of the Markov chain is 

q{y\x)a{x,y) i fX„+i = y 
1 -  Ej, y) if  ^n+i = X 

If we substitute P{x,y) = q{y\x)a{x,y) into (6.13), then we obtain the detailed 

balance equation 

Next, we will list several special Metropolis-Hastings algorithms by using different 

proposal functions. 

6.3.1 Metropolis algorithm 

One of the simplest algorithms used in MCMC calculations is the Metropolis algo­

rithm, which was originally introduced by Metropolis et al. for computing properties 

of substances composed of interacting individual molecules. In the Metropolis algo­

rithm, trials are limited to steps taken away from the present position. Since the steps 

obey a synunetric distribution around zero, the Metropolis algorithm considers only 

symmetric proposal fimctions, having the form q{y\x) = q{x\y). For the MetropoUs 

algorithm, the acceptance probability is 

A special case of the Metropolis algorithm is the random-walk Metropolis, for which 

9(y|z) = g(|y — x|), thus the chain is driven by a random walk process. 

Most often, we use the Gaussian density function for the step function. When 

choosing the step fimction, its scale needs to be chosen carefully. A cautious transition 

probability function generating small steps will generally have a high acceptance rate, 

but has a long correlation time for samples and mixes slowly. A bold transition 

probability function generating large steps will often propose moves &om the body 

to the tails of the distribution, giving a low probability of acceptance. Such a chain 

will frequently not move, again resulting in slow mixing. 

j{x)P (i ,  y)=w (j)  P (y,  x).  (6.16) 

(6.17) 
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6.3.2 Independent MCMC 

If the candidate point for Xn+i is chosen from a fixed density fimction /, then the 

proposal fimction q{y\x) = f{y), and the acceptance probability can be written as 

where the weight function w{x) = 7r(x)//(x). It is useful to choose / to produce a 

weight function that is bounded, and as close to a constant as possible [Tiemey 1994]. 

If the weight function is constant, then the MetropoUs algorithm will never reject can­

didates, and the chain produces i.i.d. samples from TT. Certainly, this goal may not 

be easily realized, otherwise, we can sample from the posterior distribution indepen­

dently. On the other hand, it is safe to choose / thicker than the posterior density. 

6.3.3 Single-component Metropolis-Hastings 

In the above discussions we update the whole value of x whenever x is a scalar or 

a vector. If x is a vector then it is often more conveniently and computationally 

eflBcient to divide x into components {xi,x2, ...,XM}, and then update these com­

ponents one by one. Ne refer to it as single-component Metropolis-Hastings. Let 

x_t = {xi,..., Xi-i, X{+i,...}, so x_i comprises all of x except the ith component. The 

proposal fimction for updating Xi is q (y,-|xi, x-i) and the acceptance probability is 

Gibbs sampling is a special case of the single-component Metropolis-Hastings al­

gorithm. For Gibbs sampling, the proposal function for updating Xi is the distribution 

of Xi conditioned on all the remaining components, called the full conditional distri­

bution 7r(x,|x_i), which is defined by 

(6.18) 

(6.19) 

(6.20) 
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By letting q{yi\xi,x-i) = 7r(yi|i_,) and substituting this proposal function into 

(6.19), we see that 

In other words, we always accept the new candidate if we sample it from the full 

conditional distribution. 

6.3.4 Auxiliary variable methods 

A typical difficulty with single-component updating samplers is that they mix slowly 

when the components are highly correlated in the stationary distribution TT (X). Block­

ing highly correlated components may improve mixing. The idea of blocking highly 

correlated components is implied by auxiliary-variable algorithms, which partition 

the whole space into several clusters by introducing additional variables, often called 

bond variables, and update each cluster independently. 

In auxiliary-variable algorithms, the variable x is augmented by an additional 

variable, u, with an arbitrary conditional distribution p(u|a:). The joint distribution 

p (ar, u) = 'n[x)p{u\x) is then the target of an MCMC simulation while the marginal 

distribution of the original variable remains 7r(a:). The joint distribution is con­

structed such that the MCMC scheme which samples over this joint distribution can 

lead to substantial gains in efficiency compared to standard approaches. 

The first auxiliary vanable method was proposed by Swendsen and Wang, de­

signed to reduce critical slowing down in the Potts model. The Swendsen-Wang 

algorithm [Swendsen 1987] introduced a conditionally independent, binary auxiliary 

bond variable Uij for each neighboring pair with 

where Uij = 1 indicates the presence of a bond. Eq. (6.22) means that if x,- = Xj then 

p[uij = l|x) = 1 — exp (—/3); if x, ^ Xj then = l|x) = 0. Consideration of the 

O! (X_T, XJ, J/T) 1. (6.21) 

p{Uij = l[x) = 1 - exp {-pi [Xi = Xj]), (6.22) 
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form of the conditional density p(x|u) shows that this is a miiform distribution over 

pixel labels, subject to the constraints that clusters of pixels formed by pairs bonded 

together have the same label. 

Auxiliary-variable methods have proved extremely effective in combatting the 

problems of critical slowing down in calculations with statistical physics models. In 

order to work well, however, the auxiliary variables need to be constructed so that ei­

ther p (x|u) can be simulated directly, or there is a rapidly mixing Metropolis-Hastings 

algorithm for this conditional distribution. This requirement may not be satisfied in 

all cases, and modifications of the Swendsen-Wang algorithm are necessary to specific 

applications. Nevertheless, the concept of auxiliary variables and data augmentation 

is very helpful in improving mixing. We will discuss a similar method called the 

reparameterization algorithm later as we apply it to image processing. 

6.4 Statistical Efficiency of a MCMC sequence 

The uncertainty in estimates of quantities derived firom an MCMC sequence is a cen­

tral issue. If samples Vn, n = 1,..., N, are drawn firom a scalar probability distribution 

by a stationary process, then the estimate of mean value, v , is given by a sample 

mean: 

In this section we will discuss how to estimate the variance of v, and define the 

statistical efficiency of an MCMC sequence. 

n=l 
(6.23) 
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Since u is an unbiased estimated of v, E {u} = u, the expected variance of v is 

var {v) — E[(v — u)^} 
r 1 w N \  

I I=I FC=I J 

(6.24) 
j,k=l 

We see firom the above equation that the variance of v is calculated by adding all 

the elements of the covariance matrix of Vn, n = 1,N, then dividing by N^. Since 

we assume that the Markov chain is a stationary process, the covariance matrix is a 

Toeplitz matrix and can be written as 

K = (T^ 

p(0) p(l) ... p(JV-l) 
*1(1) |j(0) p(JV-2) 

(6.25) 

p(iV-l) p(N-2) ... ^(0) 

where is the variance of v„, n = 1, fl(t) is the normalized autocovariance 

p(l) = E{(vk- u) (Vk+t -v)}.  (6.26) 

The summation of the elements of K is 

f ir 
E l(vj -  v) (ujfc -  v)} = a^JSr 

j,k=l 

f i f-1 
f i(0)+2j^p(l) 

1=1 

AT-l 

-la'Y.'Pi')- (6.27) 
(=1 

Hence 

variv) = — 
N 

N-l 

P(0)+2X^p(0 
1=1 iV2 

N-l 

(6.28) 
{=1 

For stationary Markov chains, the value of Vn depends only on the value of the 

preceding element so p(i) has an exponential fimction behavior, 

converges to a constant when JV —• oo. Thus the second term in (6.28) goes to zero as 

1/N^ and the first term goes to zero as l/N when the number of samples increases. 
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We can approximate var (u) by neglecting the second term: 

var (u)« — 
N 

N-l 

p{Q)+2'£p(l) 
1=1 

2 00 
(6.29) 

OO 

If the samples are independent, then the normalized autocovariance is a delta fmiction, 

p(l) = S (I), and 5ZS-00 P (0 ~ 1) thus var (v) = This result is in accordance 

with the central Umit theorem. 

We can estimate the variance and the normalized autocorrelation from the 

Markov chain process. If the process has sufficiently converged to the pdf, the variance 

of the distribution is approximately the variance of the samples 

= (6-30) 
J=l 

and the normalized autocovariance may be estimated from the sequence 

JV-l 

(6.31) 

The statistical efficiency of an MCMC sequence is defined as the reciprocal of 

the ratio of the nimiber of MCMC trials need to achieve the same variance in an 

estimated quantity as are required for independent draws from the scalar density 

function [Hanson 1998]. Therefore,we see that the statistical efficiency is 

-1 

T? = 
./=-oo 

(6.32) 

6.5 MCMC in image analysis 

The most obvious feature of digital images is their large size. The size factor imme­

diately favors the use of MCMC methods in a statistical approach to image analysis. 

Although other conventional numerical methods sometime provide practical routes 

to the calculation of point estimates of a true image, e.g. the maximum a posteriori 
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(MAP) estimate, MCMC is usually the only approach for assessing the variability of 

such estimates. A second feature is the spatial structure of images. The interplay 

between spatial variation of pixels is one of the most interesting aspects of image 

modelling from a mathematical perspective, and to construct prior models can be 

a considerable challenge. We have discussed several prior models in chapter 3. In 

contrast to the prior models of the spatial structure, the degradation model is simple 

and known in many cases. For example, the Poisson noise model is routinely assumed 

for medical imaging with x ray or gamma ray; therefore, if g denotes the recorded 

image and b is the backgroimd, then 

p  ( 9 i » ) = n I '  ( ' « ) ) = n  ( 6 - 3 3 )  

Combining the prior density function and the conditional density function yields 

the posterior density function 

n{b) = p (6|5) OC p{g\b)p{b),  (6.34) 

where p{g\b) is assiuned to be the Poisson conditional density in (6.33) and p(6) is the 

prior density which is often assumed to be one of the Gibbs distributions discussed 

in chapter 3. 

6.5.1 Single-component Metropolis-Hastings algorithm 

The conditional density function p {g\b) is also the likelihood fimction of 6. If g has 

a Poisson density with mean 6, then the likelihood function of 6 is the product of 
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gamma density fimctions: 

M 
L { h )  =  J J p ( 5 ( r n ) ! 6 ( r n ) )  

nsl 

^^(r„))'--'exp(-A6(r„)) 

n=l 

M 

(K -1)! 

= (6.35) 
n=l 

where A = 1 and fcn = 5(r„) + 1. Given p(rn), n = sampling from the 

likelihood function requires only a one-dimensional gamma random variate generator. 

Thus it is computationally efficient for sampling from the likelihood function. 

We suggest the proposal function as 

h M-h 
q{b\b) = JJp(g (r„) |6(r„)) JJ ^(rm)-6(rm),o' (6.36) 

n=l m=l 

where h is the number of pixels being changed for the candidate image b, and 6 is 

a Kronecker delta function. If /i = M, then this method is the independent MCMC 

method, li h< M, then there are M — /i pixels unchanged between b and b. Substi­

tuting (6.36) into (6.10), the acceptance probability is 

a (b,bj 

-  m i n / ' l  = mm I 1, 5::— I 
V <Mm) 

^  ( i  p(«w?(S)nL.p(9(r.)iMt.))n":N(''(rm)- t M ) '  

V 'P(»II')KI>)N!UIP<9('«)I?('-»))NITF''(S(''".) -MR™)), 

\ ' m )  
= min . (6.37) 

When h is large, the acceptance probability is very small and the chain moves slowly, 

so we let h = l. Thus this method is a single-component MetropoUs-Hastings method. 

Algorithm 6.1: Single-component Metropolis-Hastings algorithm 
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i i  

X, 

FIGURE 6.1. Illustrating a single-component Metropolis-Hastings algorithm for a 
bivariate target distribution TT (.). Components are updated alternately, producing 
alternate moves in horizontal and vertical directions. 

1. Initialize b as the input image g 

2. Repeat 
2.1 Set the candidate background b = b 
2.2 Uniformly select a location r„ 

2.3 Update the pixel at r„ by 6 (rn) ~ F ^6 (r„) |1, g (tn) +1 j 

2.4 Calculate the acceptance probability a (b, 6^ = min ^1, 

2.5 Accept b with the probability a [b,b) 
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X, 

FIGURE 6.2. Dlustxating the desired Metropolis-Hastings algorithm for a bivariate 
target distribution TT (.). Components are updated cooperatively, producing the effi­
cient update directions.. 
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6.5.2 Reparameterization algorithm 

The single-component Metropolis-Hastings algorithm mixes slowly for two reasons; 

(1) only one pixel is updated in each iteration; (2) the update direction is not the 

same as the "diagonal line" of 7r(6) as shown in Fig. 6.1. The second factor is the 

more important. In order to improve the sampling efficiency, we need to update pixels 

along the characteristic direction of % (6) as shown in Fig. 6.2. 

A solution to the slow mixing of the single component Metropolis algorithm is 

to transform an image 6 to a new representation such that the ordinary Metropolis-

Hastings algorithm can mix easily in the transformed space. As we have discussed in 

chapter 2, the multiresolution representation of images is achieved by decomposing 

them into a set of spatial-frequency-bandpass images. Each bandpass image rep­

resents information about a particular fineness of detail or scale. We define a set 

of linear filters {F^°'\a = 1,..., A"} such that the filter responses are the complete 

representation of the input image. The filtered images are 

/(«) 6, a = (6.38) 

and (r) is the filter response at location r. The notation * denotes not only the 

linear convolution but also the multirate filtering. So we can use one of the three 

frame representations: (1) the Laplacian pyramid (2) the steerable pyramid and (3) 

the dyadic wavelet transform. The first two frames implement downsamplings after 

linear convolutions. The total size of a = 1,..., K"} is usually much larger than 

the size of 6. For example, if we use a dyadic wavelet transform, then is the 

filtered image without downsampling and has the same size as b, so the total size of 

data is increased by K times. 

Recall that in chapter 3, we have discussed the maximum-entropy estimate of the 
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prior density function (6.39) from a set of training images. 

(6.39) 

The synthesized image using this prior model resembles the reference image. Note that 

p (b) in (6.39) may not the same as the prior density function in the current integration 

problem, but we can use it to design a proposal function. As we know, Equ.(6.39) 

is a Markov random field model and the size of neighborhood is determined by the 

size of filters which may lie in a wide spatial range. Therefore, the single-component 

Metropolis sampling of the pixel at the location in the filtered images actually 

updates the pbcels in the neighborhood of r„ in the original image. Furthermore, the 

sampling complexity in the filtered images is the same as before because Eq. (6.39) 

implies that the filtered images are independent to each other. 

We let the proposal fimction in the filtered image space be a symmetric Gaussian 

density function; that is, the pixel (r„) is updated by adding a Gaussian random 

variable, with zero mean and the variance being proportional to the variance of 

the filtered image 

The rest of the pfacels of the filtered images are unchanged. Then we recover the 

original image simply by transforming back the updated filtered images: 

Since the Gaussian distribution is invariant under linear transforms, equivalently, 

we have a proposal function which is symmetric around zero (Gaussian distribution 

with zero mean) in the image space. So we actually use the remdom-walk Metropolis 

algorithm, and the acceptance probability reduces to 

(6.40) 

(6.41) 

(6.42) 
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Image space Filtered image space 

FIGURE 6.3. Illustrating the reparameterization algorithm 

here 7r(6) is the posterior density function. We illustrate this algorithm in Fig. 6.3. 

Algorithm 6.2: Reparameterization algorithm 

1. Given a reference image bf*' 

2. Select a set of linear filters a = 1, 

3. Compute the histograms of the filter responses 

4. Initialize 6 as the input image g 

5. Repeat 

5.1 Generate the filtered images * b ,  a = 1,..., K }  

5.2 Randomly pick a location rn 

5.3 Sample a scalar random variable Wa from the Gaussian distribution with the 

same variance as that of 

5.4 Update (r„) = (r„) + \wa, where A is a controlling parameter. 

5.5 Reconstruct the synthesized image a = 1,..., Kj-^b 

5.6 Accept the synthesize image 6 with the probability as min 
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6.5.3 Simulation results 

We let the random background b be the lumpy background of type 2, thus the prior 

distribution is a multivariate Gaussian distribution, and the autocorrelation function 

is 

^ i^) = (-/2^6). (6-43) 

where W (0) = lO^counts and ri, = 10 pixels. The mean value of pixels is 1000 

coimts. The image g is generated by adding Poisson noise. We let the signal be a 

small Gaussian fimction with the radius of 2 pixels, and the peak value of the signal 

is 5 counts. We illustrate both the image data and the signal in Fig. 6.4. 

Recall that the test statistic of the ideal observer can be approximated by 

1 AT ff 

A « ̂  52 Abke(6n) = 51 exp (Abke(&n)) , (6.44) 
n=l n=l 

where Abke(6) is the log-likelihood of two conditional Poisson densities: 

We illustrate samples of Abke &om the Markov chains using both the single-component 

Metropolis-Hastings algorithm and the reparameterization algorithm. Since the con­

secutive iterations are highly correlated, we save the samples every 100 iterations. 

Pig. 6.5 illustrates the samples of Abke using the reparameterization algorithm, we 

see that the MCMC chain converges after about 4000 samples (or 4 x 10® iterations). 

Thus we discard an initial 4000 bum-in samples in estimating the value of A. The 

top graph of Fig. 6.6 illustrates the samples of Abke aft^er the chain converges, which 

looks like a white noise process. We illustrate the autocovariance fimction of these 

samples in the bottom graph of Fig. 6.6. This autocovariance function resembles a 

delta function. The corresponding Abke samples and its autocovariance fimction are 

in Fig. 6.7. 
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A Ideal observer Reparameterization Single-component 

1 0.709 0.709 0.843 

2 0.699 0.773 0.535 

3 1.398 1.594 2.031 

TABLE 6.1. Estimated A by MCMC methods 

We also illustrate the samples of Abke from the MCMC chain using the single-

component Metropolis Hastings algorithm in Fig. 6.8. There is strong correlation 

between the samples, thus less statistical efficiency in the Monte Carlo integration. 

Since the mean value of pixels is 1000 coimts, i.e., the Poisson distribution is 

very close to the Gaussian distribution, we know that the image data has a Gaussian 

distribution and we can calculate the true value of the likelihood ratio. We list several 

A values estimated by both MCMC methods and the values calculated by the ideal 

observer in Table 6.1. 
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FIGURE 6.4. The input image g and the signal s. 
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1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 
iteration 

FIGURE 6.5. The samples of ABKE from the MCMC chain using the reparameterization 
algorithm. 
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7000 
iteration 

10000 

1 

•<Mboo 6000 

FIGURE 6.6. Top graph is the samples of Abke an initial bum-in of 4000 itera­
tions. Bottom graph is the autocovariance function of the samples. 
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L I  J 
7000 8000 

iteration 
10000 

02p(l), 

-Ai. , I Jyjfcg  ̂

6000 

FIGURE 6.7. Top graph is the samples of Abi® after an initial bum-in of 4000 iterar 
tions. Bottom graph is the autocovariance fimction of the samples. 
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-0.3 
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•0.45 

•0.5. I 5000 6000 7000 8000 9000 10000 
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1000 2000 3000 

FIGURE 6.8. The samples of ABKE FRONI the MCMC chain using the single-component 
Metropolis Hastings algorithm. 
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Chapter 7 

CONCLUSIONS 

In this chapter we will summarize the main findings reported in this dissertation. We 

then highlight several questions that arose from this work and potential for further 

investigations. 

7.1 Summary 

The goal of this research is to develop computational methods for predicting how a 

given medical imaging system and reconstruction algorithm will perform when the 

resulting images are used by mathematical observers for tiunor detection. These 

methods will then be used to compare imaging systems or optimize the parameters 

of a given system. They will also be used to compare reconstruction algorithms for 

a given imaging system and to find optimal values for the free parameters that such 

algorithms normally contain. The end result will be the ability to design medical 

imaging systems using software simulation of medical objects, imaging systems ( 

including reconstruction algorithm) and observers. In order to realize this objective, 

we need to model and synthesize realistic medical images, model and optimize the 

imaging systems, construct the observer and estimate its performance. 

Here the mathematical observer is the ideal observer which sets an upper limit to 

the performance as measured by the Bayesian risk or receiver operating characteristic 

analysis. Throughout the literature, however, the ideal observer is used only in very 

stylized tasks, for example, the detection of a disc signal superimposed on a uniform 

background or a random background with a Gaussian distribution and embedded in 
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white Gaussiem noise. Thus it is necessary to construct or approximate the ideal 

observer with more complex images such as clinical unages if we want to predict the 

medical image quality using the performance of the ideal observer. 

This dissertation concentrates on constructing the ideal observer in complex de­

tection problems and estimating its performance. We define our detection problem as 

a two-hypothesis detection task, where a known signal is superimposed on a random 

background with compUcated distributions, and embedded In independent Poisson 

noise. The first challenge of this detection problem is that the distribution of the 

random background is usually unknown and difficult to estimate. Even though we 

have an ability to simulate realistic medical images, it is often the case that the full 

density function of these images is unknown. The second challenge is that the cal­

culation of the ideal observer is computationally intensive for non-stylized problems 

and there are no analytical methods for these problems. 

In order to solve these two problems, our work relies on multiresolution analysis 

of images. The multiresolution analysis is achieved by decomposing an image into 

a set of spatial-frequency-bandpass images, so each bandpass image represents infor­

mation about a particular fineness of detail or scale. Connected with this method, 

we use three types of image representations by invertible linear transforms. They are 

the orthogonal wavelet transform, pyramid transform (or dyadic wavelet transform) 

and independent component analysis. All of these transforms share the same char­

acteristics of the basis functions, namely, they are localized in spatial and frequency 

domains. These characteristics are in accordance with the findings from himian and 

mammalian vision that the localized spatial and frequency representation of the nat­

ural images is capable of preserving both local and global information. This finding 

leads to a simple but very powerful texture modelling by using marginal densities 

of filter responses. In order to estimate the distribution of an ensemble of images 

given the empirical marginal distributions of filter outputs, we can use the maximum 

entropy principle and get a unique solution. 
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The ideal observer calculates a posterior mean of the ratio of conditional density 

functions, or the posterior mean of the ratio of two prior density functions, which 

are high-dimensional integrals. If the detection problem is not a stylized problem, 

we cannot calculate the integral analytically. But there are two ways to approximate 

the ideal observer. The first one is a classic decision process; that is, we construct 

a classifier following feature-extraction. The feature-extraction step is necessary for 

dimensionality reduction. We use the integrand of the posterior mean as features, 

which are calculated at an estimated background close to the posterior mode. The 

classifier combines these featiires to approximate the integral (or the ideal observer). 

Since we assume the conditional density of the image is an independent Poisson 

density function, we can calculate the first ratio easily. Regarding the second ratio, 

we can use the maximiun-entropy estimate of the prior density functions to calculate 

its value. 

Finally, if we know both the conditional density function and the prior density 

function, then we can also approximate the high-dimensional integral by Monte Carlo 

integration methods. If we can sample firom the posterior distribution independently, 

then the law of large numbers ensures that the approximation can be made as accurate 

as desired by increasing the number of samples. Unfortunately, direct independent 

sampling from the posterior distribution is difficult in most problems. We consider 

using Markov chain Monte Carlo methods to approximate the ideal observer, which 

samples &om the posterior distribution by generating a Markov chain. Since the 

calculation of the posterior mean is usually a very high-dimensional integration prob­

lem (the number of integrations equals the number of pixels), we must construct a 

Markov chain that can explore the posterior distribution efficiently. We give two 

proposal fimctions. The first proposal fimction is the likelihood function of random 

backgrounds. If the image data has an independent Poisson conditional distribution 

then the likelihood function is an mdependent gamma density function, so it is easy 

to generate the candidate sample by using a ID gamma random variate generator. 
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The second method makes use of the multiresolution representation of the image by 

decomposing the image into a set of spatial frequency bands. Sampling one pixel in 

each band (in the same spatial location) equivalently updates a cluster of pixels in 

the neighborhood of the pixel location in the original image. Simulation results show 

that the second method mixes faster than the first method. 

7.2 Future work 

As we have discussed, the challenges of estimating the ideal observer are (1) learning 

statistics from images (2) computing a high-dimensional integral. We should investi­

gate the potential for future work from these two aspects. 

Although the findings from human and mammalian vision show that the localized 

spatial and frequency representation of natural images is capable of preserving both lo­

cal and global information, the question phrased by Barlow k Tolhurst [Barlow 1992] 

"Why do we have edge detectors?" is still left open. That is: are there any coding 

principles that would predict the formation of localized, oriented filters (or recep­

tive fields)? This question will not have a satisfying answer if we do not know the 

statistical structure of natural images. However, there is not even a clear definition 

of "natural image", and many authors just say that natural images are samples of 

pictures of trees, leaves, stones, and so on. For signal detection in medical imaging, 

we may ask whether medical images are natural images. 

Recently people have investigated the statistical properties of high-pass filtered 

natural images: (boats, bark, toys, CTscan, Goldhill [Simoncelli 1999] j, (trees, leaves 

[Bell 1997] ), (mammogram [Heine 1999]). They have foimd that these high-passed 

natural images have highly non-Gaussian marginal histograms. In particular, the 

histograms are found to have much heavier tails and to be more sharply peaked at zero 

than the Gaussian density. Furthermore, these marginal densities are well-modeled 
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by a generalized Laplacian distribution. Another important finding is multiplicative 

scaling between wavelet coefficients; that is, the wavelet coefficients at a given scale 

are obtained from those at a coarser scale by multiplication with an independent 

random variable [Turiel 2000]. This implies a linear relation between the logarithms 

of the variables at two different scales [Simoncelli 1999]. If we can take these findings 

into account in an image model, then we may get a better estimate of the prior density 

fimction. 

Regarding the computational issue, we have demonstrated an efficient MCMC 

scheme for sampling from the posterior distribution. However, the estimation of the 

performance of the ideal observer is still hampered by large computational costs. Cur­

rently, we implement this algorithm by MATLAB in one PC with IGhz Athlon CPU. 

We believe that this problem can be solved with an increase of our computational 

power and more computationally efficient coding. 
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Appendix A 

CIRCULANTS AND DFT 

Let K be a iV X iV circulant matrix, formed by cyclic shifts of the sequence c (0), 

c(l),..-,c(iV-l): 

K = 

c(0) c { N - l )  c { N - 2 )  c(l) 
c(l) c(0) c(iV-l) c(2) 

(A.1) 

c { N - l )  '  •  • • •  c(0) 

The complete collection of eigenvectors of the circulant matrix is obtained from the 

unitary transform matrix [Andrews 1977] 

The eigenvalues of the circulant matrix are computed by the discrete Fourier trans­

form (DFT) of the cyclic sequence c (n) that makes up the circulant matrix: 

^ ^ /—'{'?'rrmn\ 
(A.3) A(m) = c(n)exp 

n=0 ^ ' 

Thus any circulant matrix can be diagonalized by the DFT. That is, 

FKF  ̂= A, (A.4) 

where A =Diag{A (m), 0 < m < N  —  l } .  

The DFT of the circular convolution of two sequences is equal to the product of 

their DFTs, that is, if 

/v-i 
X 2  ( m )  =  ̂  h [ m  —  n ) ^ x i ( n ) ,  0 < m <  N  —  1 ,  (A.5) 

n=0 

/ 
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then 

DFT {X2 (m)}  ̂= DFT { h  (m)}^ DFT {xi (m)}^, (A.6) 

where DFT{z (m)}^ denotes the DFT of the sequence x  (m) of size JV. Direct evalua­

t i o n  o f  { A . 5 )  t a k e s  o p e r a t i o n s ,  w h i l e  u s i n g  t h e  F F T  f o r  ( A . 6 )  w i l l  t a k e  O  { N  l o g j  N )  

operations. This property is the most reason that people use FFT to implement the 

filtering of images. However, note that the X2 (m) is the output of the circular con­

volution rather than the linear convolution. We can express Equ.(A.5) in terms of 

matrix-vector form: 

X2 = HcXi, (A.7) 

where He is a circulant matrix. 



172 

Appendix B 

NEURAL NETWORK CLASSIFIERS AND BAYESIAN 

POSTERIOR PROBABILITY 

In this appendix, we will prove that the outputs of neural-net classifiers are minimum-

mean-squared error estimates of Bayesian posterior probability when the network has 

one output for each pattern class, desired outputs are 1 of M (one output unity 

corresponding to the correct class, all others zero), and a square-error cost function 

is used [Richard 1991]. 

Consider the problem of assigning an input feature vector x to one of M  classes 

{Hi: i  =  1 , . . . ,  M } .  L e t  H j  d e n o t e  t h e  c o r r e s p o n d i n g  c l a s s  o f  x ,  { j / j  ( x ) :  i  =  1 , . . . ,  M }  

the outputs of the network, and {rfj: i = 1,..., M} the desired outputs for all output 

nodes. For a 1 of M classification problem, (ii = 1 if x belongs to Hi and 0 otherwise, 

i.e., di {Hj) = 6ij. With a squared-error cost function, the network parameters are 

chosen to minimize the following: 

where E is the expectation operator of the joint probability density p(x,/fj). 

Thus 6 is a sum of mean-squared error for each input-class pair. By interchanging 

the smnmation and the integral, we have 

(B.1) 

(B.2) 
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Substituting p { x , H j )  =  p  { H j \ x )  p (x) in (B.2) yields 

M M 

= / S ̂  IVi (*) - ̂  iHj)f p (^ilx) V  (x) d x . -  (B.3) 
J j=i i=i 

Expanding the bracketed expression in (B.3), we have 

M M 

=  W P  i ^ M )  -  2^.- ( x )  ( U  ( H j )  P  { H j l x )  +  d ]  { H j )  p  |x)] p (x) dx. 

(B.4) 

c 
t=i j=i 

Since yi (x) is a function only of x and P (^; I*) = Eq- (B-4) can be expressed 

by 

M M . M 

- / E  
i=l 

^ (x) - 2yi (x) 4 (fl,) p (Hj|x) + ̂  d? (ffy) p (/f,|x) 
i=i i=i 

p(x) dx. 

(B.5) 

Note that d ,  (HI) = so E,", <ii (ffj) P(ffjW = E,". <? (^j)P Wi*) = V WW • 

We can simplify the above equation by 

M 
^ i^[yi w - 2y» (x) p (Hi Ix) + p (|x)] p (x) dx. (B.6) 

t=i 

Adding and subtracting 53t=iP^ (^*|x) in {B.6) allows it to be cast in a form as 

- Af . M 

/ 5^[2/i(x)-p(Hi|x)pp(x) dx+ l^[p{Hi\x)-p^{Hi\x)] p(x) dx. 
•' t=i •' i=i 

(B.7) 

The second integral in (B.7) is independent of the network outputs, the first integral is 

the siun of mean-squared error between the network outputs y,- (x) and the Bayesian 

posterior probability p (i^ilx). Thus when network parameters are chosen to minimize 

a squared-error cost fimction, outputs estimate the posterior probability. 
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