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ABSTRACT 

This work deals with the subject of global solar oscillations. 

These oscillations are observed as fluctuations in the diameter of the 

sun. A diameter is determined by a mathematical solar edge definition 

at the Santa Catalina Laboratory for Experimental Relativity by Astrom-

etry (SCLERA) instrument. The oscillations have periods ranging from a 

few minutes to several hours and have amplitudes measured in millionths 

of a solar radius. These small amplitudes are observable only due to 

the unique properties of the edge definition. The properties of the 

observed solar oscillations are determined from the data; their statis

tical significance and repeatability are then tested. The possibility 

of using the observed oscillations as a seismic tool for understanding 

the solar interior and its motions is explored. 

x 



CHAPTER 1 

INTRODUCTION 

The sun is an ordinary star from a galactic perspective, 

being distinguished only in its brightness among the many faint red 

dwarf stars in the "local" neighborhood. Albeit ordinary, the sun 

is our star and is responsible for the existence and maintenance of 

all known living organisms on this planet. This fact alone should 

make the observation and understanding of our star one of the most 

relevant goalg in modern astrophysics today. 

The close proximity of the sun allows detailed investigation 

of the intricate solar surface, as well as global structures and 

properties. Much has been learned about the sun through the obser

vation of its surface and the light emitted there, tracking the mo

tion of solar system objects around the sun and the measurements of 

the solar diameter. These observations tell us the mass of the sun, 

1.989 x 10̂  grams; the radius, 6.959.8 x 10̂ ® cm; and the luminosity, 

33 
3.90 x 10 ergs/sec (Weinberg 1972). Through spectroscopic obser

vation of the visual surface of the sun, called the photosphere, the 

composition and run of temperature through the solar atmosphere may 

be inferred. The composition (Gibson 1973) is by mass approximately 

71% hydrogen, 27% helium and 2% heavier elements. The temperature 

varies from nearly 6200 K at the bottom of the photosphere, a thin 

layer some 500 km thick, to a minimum of 4300 K near the top. Higher 

1 
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up, In the chromosphere and corona, where the atmosphere is very thin 

and subject to the whims of solar magnetic fields, the kinetic tem

perature rockets up to a maximum of over one million degrees. The 

chromosphere and corona are easily visible during total solar 

eclipses but otherwise are too faint to see. 

Sunspots are cool regions with large magnetic fields located 

within the photosphere. Their dark shade is due to their relatively 

low temperature (Gibson 1973) in relation to that of the surrounding 

gas, some 4000 K opposed to 6200 K. Observing sunspots over a peri

od of days will plainly show solar rotations. Recording the rota

tional period of sunspots as a function of solar latitude reveals 

the interesting result that the equator rotates faster than high 

latitude regions; the period of rotation (.Gibson 1973) varies from 

26 days at the equator to almost 32 days, at the poles. The origin 

of this differential rotation is as yet unexplained. The interior 

rotation of the sun is unknown in detail although there exist indi

cations that the interior is rotating somewhat faster than the sur

face (Ulrich, Rhodes and Deubner 1978). Due to its influence on the 

solar mass quadrupole moment, knowledge of this rate is necessary 

when analyzing tests of general relativity. 

The structure of the solar interior must he inferred from 

theory. Accurate computer calculations "evolve" the sun from zero 

age to its present state using the current radius, mass, luminosity 

and composition as boundary conditions. By placing the sun within 

the larger scheme of observed stars, a somewhat coherent picture of 

the birth of the sun has been pieced together. Starting within a 
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large Interstellar cloud o£ hydrogen gas and dust in a spiral arm of 

our galaxy, as a denser than average knot, perhaps similar to the 

Bok globules observed in the Milky Way (Bok and Bok 1976), the in

fant sun began to contract under the force of its own gravity. Al

though these early stages of collapse are not well understood, it is 

suspected that this object will emit infrared light as gravitational 

potential energy is converted into thermal kinetic energy. As the 

central regions contract faster than the surface layers, the central 

temperature quickly rises to the ignition temperature for thermo

nuclear reactions (Gibson 1973), nearly 10 million degrees. Con

verting hydrogen into helium through nuclear fusion in its core, 

with the release of radiant and thermal energy, a pressure gradient 

is established which slows and eventually stops the contraction, 

leading to a state of quasi-equilibrium. The internal structure is 

delicately balanced such that the release"of energy in the core just 

equals the radiant energy escaping into space. At this point the 

sun is said to have reached its main sequence phase at zero age. 

Mathematically evolving this zero age main sequence model 

of the sun to the present age is fraught with uncertainties, but in 

doing so, one finds the interior stratifying into four major shells, 

the core, mentioned previously, the intermediate interior, the con

vection zone and the photosphere. The average properties (Gibson 

1973) of each are given in Table 1. The mechanism through which the 

thermonuclear energy is transported down the temperature gradient 

from the core to the surface partially defines the distinction be

tween layers. Energy is transported primarily by radiative 
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Table 1. The average properties of the solar interior. 

Zone Thickness 
Average 

Temperature 
<°K) 

Average 
Density 
(gm/cm3) 

Photosphere 7 x 10"4 R e 5.4 x 103 2 x 10~7 

Convection Zone 0.15 R 
« 

0.25 x 106 5 x 10"3 

Intermediate Zone 0.60 R e 4 x 106 10 

Core 0.25 R 0 
11 x 106 89 

transfer, through the core and intermediate zones. In the con

vection zone, the gradients are such as to lead to an instability 

which produces turbulent flow of the gas and transporting the energy 

through hot convective gas cells. This energy is deposited in the 
i 

layers immediately below the photosphere where mostly radiative proc

esses transport the energy into the photosphere and then into space. 

The photosphere is defined as the layer from which practically all 

light which escapes to space is finally reemitted or scattered. The 

light we detect at the earth from the photosphere (Gibson 1973), if 

assumed to be emitted in thermal equilibrium, has a black-body tem

perature of 5780 K. Although the light is at best formed in local 

thermal equilibrium, the spectral characteristics of the sun and the 

black-body radiator at 5780 K are remarkably similar. 

Theories of the processes occurring in the photosphere and 

the upper atmosphere may be confirmed in detail through observa

tions. Theories of the interior on the other hand have not, in 
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the past, been testable in detail. That condition has been rapidly 

changing in the last few years. A subatomic particle which is a 

by product of the nuclear fusion process in the core, known as the 

neutrino (Bahcall and Davis 1978), should be detectable on earth at 

a certain flux level according to calculations for a standard solar 

model. To date these neutrinos have not been observed at fluxes con

sistent with the calculated flux, but lower levels. This result im

plies that perhaps the standard model is not correct in the central 

regions where the neutrinos are produced and that the temperature 

there should be less. Much theoretical effort has recently gone 

into constructing models of the sun with cooler cores while maintain

ing the correct radius, mass and luminosity, a non-trivial task. 

The sun has been discovered to oscillate in small amplitude 

global normal modes with, periods ranging from a few minutes to sever

al hours (see Hill 1978 for review of the'subject). Unlike the 

neutrino measurement, observations of global oscillations have the 

potential of giving information and therefore model constraints on 

all layers in the sun. The periods as well as the spatial surface 

properties of oscillations depend on the details of the model and 

as such allow detailed tests of models of the solar interior. 

It is in the pursuit of an understanding of the solar oscil

lations as a tool and the sun as a star that this thesis is under

taken. The following chapters will provide a summary of past 

observations and same theoretical arguments on their properties. 

Reanalysis of the 1973 observations obtained on the SCLERA, instrument 

is discussed in detail and some of the first results of seismic 
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sounding presented. The newest observations are then presented and 

an intercomparative study is performed in the light of these first 

results. What is perhaps the strongest evidence for the global na

ture of solar oscillations is derived from these new observations in 

the final sections of the thesis. 

Not more than half a century has passed since Sir Arthur 

Eddi'ngton speculated that the energy source for the sun and stars 

was of nuclear origin. Until a decade ago the sun was considered 

understood. The theory of stellar evolution had yielded the gross 

properties of our star and no contradictory observations existed. 

Within the last ten years many new observations and experiments have 

been performed; the unobservable is being brought into the open and 

we find our knowledge of the solar interior is not adequate. The 

implications of the inadequacy go well beyond the sun and may have 
* 

important consequences in other areas of astrophysics. 



CHAPTER 2 

SOLAR SEISMOLOGY WITH THE 1973 SOLAR OBLAIENESS DATA 

Introduction 

The reports of oscillations in the solar diameter observed 

at SCLERA (Hill and Stebbins 1975; Brown, Stebbins and Hill 1976, 

1978) are of particular interest because of the Implications they 

hold for solar seismology. These oscillations have periods between 

"*1 hour and 5 min and exhibit amplitudes of the order of a few milli-

arcsec. Confirmation of these reports using other observational tech 

niques has been attempted by various observers; however, negative 

results have been obtained so far. Examples of this work may be 

found in the velocity measurements of Grec and Fossat (1977), Dittmer 

Scherrer and Wilcox (.1977) and Dittmer (.1978), and in the temperature 

(intensity) observations of Livingston, Milkey and Slaughter (1977), 

Musman and Nye (1977) and Beckers and Ayres (r1977) . Several differ

ent types of apparent discrepancies have heen noted in comparing the 

results of such observations and these have prompted suggestions con

cerning their possible origins. These discrepancies have been en

countered where predictions based upon diameter measurements were 

not confirmed by observations of intensity and velocity; additionally 

predictions based upon velocity measurements have not been confirmed 

by intensity measurements. Although an extensive examination of this 

material is available elsewhere (Hill 1978), a brief review is 
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warranted in the present discussion in order to identify some of the. 

critical issues current in studies of solar oscillations. The issues 

raised by the observations made at SCLERA concern: the statistical 

significance of the reported oscillations; the systematic effects of 

differential refractive effects in the earth's atmosphere; and, if 

the oscillations are demonstrated to be solar in origin, questions 

as to the nature of the oscillations. Two such questions that become 

of interest query whether the oscillations are global in scope and if 

they are observed primarily through changes in the solar limb darken

ing function. 

Various considerations of the statistical significance of the 

reported oscillations have resulted in differing interpretations. 

For example, Grec and Fossat (.1977) and Dittmer (1977, 1978) have 

concluded that the reported power spectra of the oscillations are 

consistent with those expected for a random noise source. However, 

an analysis by Brown, Stebbins and Hill (1976, 1978). has indicated 

that an origin of the oscillations in random noise fluctuations is 

unlikely. 

Following their observations of column density fluctuations 

in the earth's atmosphere, Fossat et al. (1977) have suggested that 

these fluctuations may produce differential refractive effects suffi

ciently large to account for the solar diameter fluctuations reported 

by Brown, Stehbins and Hill (1976, 1978). KenKnight et al. (19.77) 

have monitored stellar separations in a nighttime astrometric program; 

their measurements of the earth's differential refractive effects, 

although not inconsistent with the estimates by Brown, Stebbins and 
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Hill (1976, 1978) of noise in the power spectrum, indicate that these 

effects are large enough to cause some concern. 

Studies supporting the interpretation of the oscillations as 

being solar in origin have, in some cases, questioned whether they 

are global in scope. Worden and Simon (1976, 1977) have concluded 

that substantial variations in the solar limb position may result 

from changes in the solar surface structure rotating through the 

field of view of a detector such as the one at SCLERA used to define 

the edge of the solar disk. 

In another vein, the assumption of the reality of the reported 

oscillations and the examination of the subsequent Implications of the 

various observations (Hill, Rosenwald and Caudell 19.78a) have made 

possible the resolution of the discrepancies previously mentioned. 

This was achieved by interpreting the oscillations in the apparent 

solar diameter observed at SCLERA as primarily being manifestations 

of changes in the limb darkening function. However, the resolution 

of these discrepancies was accompanied by some interesting, albeit 

surprising, conclusions regarding both the boundary conditions used 

in stellar pulsation theory and the magnitude of the temperature fluc

tuations associated with oscillations in the photosphere (Hill, 

Caudell and Rosenwald 1977; Hill, Livingston and Caudell 1977). 

The two basic suppositions in this previous work, that the 

oscillations are both global in nature and observable through changes 

in the solar limb darkening function, suggest two powerful diagnostic 
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tools of the "sufficient condition" clasŝ  for observationally exam

ining the merits of the various models proposed for the observed 

oscillations. This is true whether the models hypothesize the re

ported oscillations as noise, oscillations in the earth's refractive 

atmosphere, rotation of solar surface features through the field of 

detection, or global oscillations of the sun. 

The first supposition, that the oscillations may be classi

fied as global modes of the sun, implies that the modes can be ex

pected to remain phase coherent over many periods of oscillation 

(Wolff 1972); effects produced by the observational instrument, the 

earth's atmosphere and localized surface features of the sun would 

not be expected to exhibit such a phenomenon. Brown, Stebbins and 

Hill (1978) have tested two of the oscillations for .phase coherency 

with positive results, although the results were not as statistically 

significant as one would like. Such a test could furnish the single 

most compelling piece of information for interpreting the oscillations 

as being solar in origin and global in scope. The following sections 

in this chapter present the results of a repeat of such tests for the 

two oscillations and of an extension to other oscillations. The pres

ence of these phenomena in the new observations will be discussed in 

Chapter 3. 

1The term "sufficient condition" is used to classify an ob
servation or experiment of a design such that a positive result is 
significant to a degree adequate to constitute a proof of a particular 
hypothesis. Unfortunately, most observations do not fall within this 
classification but are, instead, of the "necessary condition" type in 
which a positive result does not, of itself, constitute proof of a 
particular hypothesis. 
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The second supposition is that- the oscillations as observed 

at SCLERA are manifested as changes in the solar limb darkening func

tion. The definition of the edges of the solar disk in these obser

vations used the finite Fourier transform definition (FFTD) (see 

Hill and Stebbins 1975; Hill, Stebbins and Oleson 1975), which makes 

the observed diameter sensitive not only to translation of the limb 

but also to actual changes in the limb darkening function. If this 

interpretation is, in fact, correct, i.e., if the oscillations are 

observed through changes in the limb darkening function, then it 

should be possible to use this property to establish that the oscil

lations in the observed diameter are of solar origin. Conversely, 

should a solar origin be demonstrated, this would constitute evidence 

that changes in the solar limb darkening function are observable. 

model in the classification of the oscillatory modes as either gravity 

modes (g modes) or acoustic modes (p modes). Such knowledge can be 

used to infer constraints on the internal structure of the sun, name

ly constraints on the Brunt-Vaisalai frequency, N, where 

g is the local acceleration of gravity, p the pressure, p the density 

and 

It is also possible to exploit the properties of the FFTD in 

conjunction with knowledge of the eigenfrequency spectra of a solar 

M2 = fl d an p d in p' 
s [y dr " dr (2.1) 

(2 .2)  



2 A discussion of the relevance of N to the eigenfrequency is given, 

for example, by Ledoux and Walraven (1958), section 79, and Unno 

(1975) and is discussed further below. 

The sensitivity of the observed diameter to changes in the 

limb darkening function may be understood through an examination of 

how the FFTD is implemented. In simplest terms, the definition can 

be thought of as a process of multiplying the observed solar limb 

darkening function by an appropriately chosen weighting function and 

integrating the result over some specified range near the sun's limb. 

The range of integration is then moved back and forth in the radial 

direction by a servo mechanism until a position is found for which 

the integral vanishes. This position is defined to be the edge of 

the solar disk. Thus, at the solar edge we can write 

a 
/ G(u) W(u) du =0 (2.3) 
-a 

where G is the observed solar limb darkening function, W is the 

weighting function, u is a distance measured on the solar disk from 

the intensity onset, and "a" is half of the range of integration (re

ferred to as the scan amplitude). In practice, the weighting func

tion is a sinusoidal function given by 

W(u) = cos 2 arcsin u - u0 (2.4) 

where uq is the center of the range of integration. With this 

weighting function, the integral transform used in the definition, 

i.e., equation (2.3), is recognized as a finite Fourier transform 
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of the limb darkening function. Thus this is referred to as the 

finite Fourier transform definition of an edge on the solar disk or 

simply FFTD. 

The observational program suggested by this discussion is 

identical to that implemented by Hill et al. (1974) in their study of 

the origin of the apparent solar oblateness reported by Dicke and 

Goldenberg (1974). In that case, the relevant question was not 

whether the limb darkening function was changing on the time scale 

of an hour or so, but rather whether it changed in going from equator 

to pole, giving rise to a difference referred to as an excess equa

torial brightness. To ascertain whether there was a significant 

amount of excess equatorial brightness, it would be sufficient in this 

case to observe a dependence of the apparent solar oblateness upon the 

scan amplitude, a, used in the FFTD. Such a scan amplitude dependence 

t 
was observed and the presence of the excess equatorial brightness es

tablished. This necessitated an alternative interpretation of the 

solar oblateness signal than that which, had been advanced by Dicke 

and Goldenberg (1974), 

To ascertain whether the observed oscillations in the apparent 

solar diameter are solar in origin and whether they are primarily ob

served as changes in the limb darkening function, it would be suffi

cient to observe a dependence of the amplitude of the apparent solar 

oscillations on the scan amplitude of the FFTD. The following sec

tions examine this tenet, as well as the degree of coherency, through 

an analysis of the 1973 solar oblateness observations of Hill and 

- • />* 



14 

Stebbins (1975). The following chapter will discuss the latest ob

servational program and the results of its analysis. 

Observational Program 

This analysis deals with the solar oblateness observations 

obtained on September 8, 9, 10, 11, 19, 20 and 21, 1973 by Hill and 

Stebbins (.1975). A detailed description of the apparatus used and 

the observing program has been published elsewhere (see Hill and 

Stebbins 1975). However, for the sake of completeness, elements of 

the program which are relevant to our discussion of solar oscilla

tions will be briefly summarized. 

The observations were executed on the SCLERA telescope; with 

it, two diametrically opposite edges of the solar disk were defined 

on-line by the FFTD and the separation of these two edges monitored 

interferometrically. The portion of the solar spectrum used to de

fine the edges was an 8.0 nm band centered at 550 nm in the continu

um. The FFTD has only one free parameter — the amplitude of the scan 

on the solar limb. This amplitude determines, among other things, the 

seeing sensitivity of the edge definition. The two scan amplitudes 

used in this work were â  =» 6.8 arcsec and =• 27.2 arcsec. For the 

data used here, a set of four diameter measurements was taken in the 

following sequence: an equatorial diameter at scan amplitude â , an 

equatorial diameter at scan amplitude â , a polar diameter at scan 

amplitude and a polar diameter at scan amplitude â . This con

stituted two oblateness measurements with different scan amplitudes 

performed at the same average time. A diameter measurement was dis

patched every 3.25 min. This cycle of measurements was repeated for 
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a period of about 3 hours each morning and afternoon of the seven days 

listed above, with each set starting at a random time in either the 

morning or afternoon. This procedure has important implications with 

regard to aliasing discussed in a later section and to ruling out an 

instrumental origin of the reported oscillations. 

Reduction of Observations 

Power spectra were obtained for the four diameter measurements 

in much the same manner as that used by Brown, Stebbins and Hill 

(.1976, 1978). The most significant difference arises because of the 

break between the morning and afternoon data sets. In order to ob

tain the maxima frequency resolution 0*0.030 mHz), the Fourier trans

forms of the morning and afternoon sets of data were added together 

using the shift theorem for the Fourier transform (Bracewell 1965) 

before the power spectrum was obtained. From these Fourier transforms 

both power spectra and phase information were extracted. 

Significant peaks appeared in the averaged power spectrum at 

approximately 0.25, 0.37, 0.41, 0.46, 0.54 and 0.61 mHz. Since the 

positions of five of these peaks agree quite well with the findings 

of Brown, Stebbins and Hill (1976, 1978). and the presence of the 

sixth, not inconsistent with them (see Table 2\, further analysis of 

the .properties of these peaks was in order. The phase of the Fourier 

transform for each of the six peaks mentioned above was calculated 

from data taken at the solar equator for each of the seven days. As 

is noted later, the signal observed for the lower frequencies was 

largest with scan amplitude â , while for the higher four frequencies, 
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Table 2. Observed periods of oscillation. 

na nb Classification 
min min g modes p modes 

66.2 67.2 * 

44.7 45.5 * 

39.0 40.3 * 

36.0 * 

32.1 30.9 * 

28.7 27.5 * 

r̂own, Stebbins and Hill (.1978). 

Periods of oscillations from Figure 1. 

the signal was largest with scan amplitude a£. Advantage was taken 

of this to improve the signal-to-noise ratio; results with scan am

plitude were used for the lower two frequencies and a.2 for the 

higher four. In order to compare the phases of the oscillations on 

a day-to-day basis, the Fourier transforms must each be phase shifted 

to a common time of day. This was accomplished through the use of 

the shift theorem in Fourier transforms (Bracewell 1965) and the 

starting time of each run. For the 1973 data analysis, the common 

time of day was picked to be in the middle of the spread of startup 

times for the seven days. Midnight was used for the common time in 

the 1978 data analysis discussed in the following chapter. 
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After phase shifting to a common time of day, these Fourier 

transforms were used to determine the phase of a particular oscilla

tion within a multiple of 2ir. The phase with the multiple of 2ir which 

was chosen to give the best approximate straight line is plotted in 

Figure 1 as a function of calendar date along with the best straight 

line fit found by using least squares analysis. 

The fourteen power spectra for a given scan amplitude (seven 

for the equator and seven for the pole) were then averaged together, 

2 increasing the number of degrees of freedom associated with a x var-

iate. The results of this analysis, after correction for the differ

ent detector frequency response at the two scan amplitudes, were used 

to compute the ratio of the power spectrum at â  to the power spectrum 

at a£, shown in Figure 2. 

The oblateness detector had different frequency responses to 

diameter changes at the two scan amplitudes as discussed by Hill and 

Stebbins C1975). Fortunately, the scan amplitude dependence of the 

sensitivity to diameter changes can be empirically obtained from the 

observations. The observational program required that a new diameter 

measurement commence every 3.25 min. Due to the presence of atmospher

ic differential refraction and to switching between the equatorial 

and polar measurements, a controlled changed in the diameter was in

troduced. Normally, the atmospheric refraction introduces serious 

complications. In this case, however, it permits an accurate calibra

tion of the detector sensitivity to changes in diameter in this fre

quency range and at the two scan amplitudes. The information 
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Figure 1. Phase solutions for the 1973 data. 
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Figure 2. Ratio of powers at two FFTD scan amplitudes. 
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necessary to make such a correction is found in section IV of Hill 

and Stebbins (1975). 

Statistical Significance of the Phase Coherency 

Although the degree of phase coherency displayed in Figure 1 

appears on the surface to be quite impressive, care must be taken in 

estimating the probability that the degree of phase coherency could 

be generated by a random noise source. The estimation of probabili

ties concerning the statistical significance of natural phenomena can 

be difficult in certain instances particularly when small samples are 

concerned. Analytical techniques usually involve a model of the sta

tistics, including the assumption of a probability distribution, 

based on the apparent "noise" in the data. Probabilities calculated 

from models like these are inherently sensitive to the assumptions 

and, therefore, may lead to differing results. An example of a 

phenomenon where this has proved a problem (Grec and Fossat 1979) is 

the estimation of the statistical significance of the phase coherence 

solutions in Figure 1. This section presents a calculation of the 

probabilities using a direct approach to the problem. 

The phases referred to above are determined as discussed pre

viously from the daily Fourier transforms of time strings of fluctua

tion in the apparent solar diameter (Brown, Stebbins and Hill 1978; 

Hill and Caudell 1979; Caudell et al. 1980). Since these are, by 

definition, only determinable to within a multiple of 2ir on each day, 

coherence is found when a relatively straight line can be produced 

after the addition of certain multiples of 2tt to each day's phase. 



The statistical significance of a phase solution is judged by the size 

of the residuals around the straight line, that is, the standard de

viation of the linear fit. 

The standard deviation, cr, for the phase solutions of the 1973 

data are listed in the second column of Table 3 in units of radians. 

The oscillation frequencies, in units of millî Hertz, are given in 

the first column. These are the peak locations of every oscillation 

in the power spectrum between 0.20 mHz and the Nyquist frequency of 

0.64 mHz. No other selection criterion was employed. Note that the 

large sigma for the 0.606 mHz solution is principally produced by one 

point. The question now relates to the distribution of sigmas which 

.would be expected for totally random phases treated in a like manner. 

This question can best be answered through the use of a Monte 

Carlo numerical simulation. The problem of statistical modeling is 

then alleviated at the sacrifice of large'amounts of computer time. 

For this calculation, a set of seven random phases was chosen between 

0 and 2ir. These were then placed in the daily arrangement indicated 

by the data run and the set of 2tt multiples which produced the best 

straight line was found, A straight line was fitted to this solution 

using least square analysis and the sigma of the fit computed. This 

sigma was then sorted into the appropriate bin in an accumulating 

histogram and the automatic procedure repeated with the choice of 

seven new random phases. The resulting histogram generated from 

1,000 trials is given in Figure 3 where a bin size of 0.03 radians 

was used. The area under the curve has been normalized to unity. 
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Table 3. Standard deviations of the phase fits and probability of 
randomness. 

Freq. (mHz) Sigma (rad.) Probability 

0.248 0.738 0.30 

0.366 0.472 0.04 

0.414 0.593 0.11 

0.463 0.662 0.17 

0.539 0.637 0.17 

0.606 1.26 1.00 

Care must be taken in not performing too few trials and, therefore, 

stability of the result must be empirically determined. 

One way to evaluate the randomness 6f a particular linear fit 

to the data is to ascertain the probability that a random noise source 

will lead to a sigma less than or equal to the observed value. This 

probability is given by the integral from zero to the observed sigma 

of the distribution in Figure 3 and is plotted in Figure 4 as a func

tion of the upper limit. The associated probabilities for the actual 

data set are listed in column 3 of Table 3. Note that individually 

these probabilities are generally small except for the solution at 

0.606 mHz which is, as mentioned previously, dominated by one point. 

Assuming the six oscillations are statistically independent, an as

sumption supported by the obvious lack of diurnal effects in the 

observations, of correlation with the operating procedures of the 
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telescope or of any other systematic, simple harmonic situation, the 

probability that all six solutions are produced by totally random 

noise is then the product of the individual probabilities. This gives 

-5 -2 a value of 3.8 x 10 to- be compared to a mean value of 1.6 x 10 

expected for complete random noise. This result is one of the strong

est pieces of evidence currently available which indicates that the 

oscillations are not the result of random noise and are statistically 

significant. 

It should be noted that the subsets of four and three day long 

data sets in Figure 1 also give rise to the same slope of phase vs. 

calendar day. This agreement suggests that the oscillations are 

phase coherent over the span of 13 days. Although an extra 2ir phase 

shift may be added or subtracted between these two data sets, the 

least squares fit to the data becomes worse in each case. This is 

demonstrated in the next section. 

Additional Phase Data 

This, section extends the analysis of the previous section by 

the inclusion of an additional day of data which, falls between the 

first four and the last three days of the previous analysis. When 

placed on the phase diagrams, this subsequent addition confirms the 

original choice of phase solutions and strengthens the solar normal 

mode hypothesis. In Figure 5 is plotted the phase solutions for the 

equatorial observations as a function of date given before, with a 

new point on the 7th. of September 1973 included. These are indeed 

unique solutions in that displacing the last three days up or down 
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2 by multiples of 2ir increases significantly the X variant of the linear 

2 fit. To illustrate this proposition, the square root of X for a 

given fit to the original seven days observations for each peak is 

given in Figure 6 plotted against the displacement in phase of the 

last three days as a unit. The standard deviation of an individual 

observation has been set arbitrarily to unity. Note the parabolic 

nature of these curves and that it is unlikely that a phase shift of 

2tt has occurred between the four- and three-day sets of observations. 

This indicates that the oscillations observed at SCLERA are phase 

coherent over periods of two weeks, further proof of their solar 

origin. 

Observing Changes in the Apparent Limb Darkening Function 

Several unique features of the ratio of power spectrum in 

Figure 2 should be pointed out. First is(the sharp transition at 0.27 

mHz from an average value of 2 above this frequency to an average val

ue of 1/3 below this frequency. The frequency response of the 

oblateness detector to diameter changes at the two scan amplitudes 

has been measured and the appropriate correction made for the results 

in Figure 2. Since the edges of the solar disk in the diameter 

measurements were obtained via the FFTD, the existence of ratio val

ues greater than one in Figure 2 is sufficient to prove that "a signif

icant fraction of the oscillatory power is produced by fluctuating 

changes in the apparent limb darkening function. More formally, the 

deviation in Figure 2 of the ratio from one is proportional to the 

measure of the finite Fourier transform of the oscillatory fluctuation 
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in the apparent solar limb darkening functions (cf. Hill, Stebbins 

and Oleson 1975). The lack of a deviation in the ratio from one 

would not exclude the possibility of oscillatory fluctuations in the 

solar limb darkening function but a positive result (a deviation of 

the ratio from one) means that the finite Fourier transform is non

zero and consequently oscillatory fluctuations exist. 

In arriving at this conclusion, it has been implicitly assumed 

that the structure in Figure 2 is statistically significant. The de

tailed structure in the power spectrum ratios in fact does not beg the 

issue of statistical significance but actually strengthens the case 

for the existence of the oscillations. The significant features to 

note are the three peaks with ratios above one at frequencies of 0.45, 

0.54 and 0.61 mHz and the two minima with ratios less than one at 

frequencies of 0.25 and 0.37 mHz. The position of these five features 

agrees quite well with the oscillatory periods found by Brown, Stebbins 

and Hill (1976, 1978) (see Table 2) for a completely different set of 

observations obtained in 1975. It should also be noted that these 

same features of Figure 2 possess the best degree of day to day phase 

coherency exhibited in Figure 1 and consequently exhibit only a 3.8 x 

10 ̂  probability that they result from noise (the broader peak at 0.45 

mHz in Figure 2 has been resolved into two peaks in Figure 1). 

These results satisfy essentially a sufficient condition in 

the proof that oscillations which are phase coherent over periods of 

days are observed through changes in the limb darkening function. 

Consequently, the following analysis is directed toward consideration 

of possible mechanisms for producing fluctuating changes in the 
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apparent limb darkening function as well as producing multi-day phase 

coherent features. 

Possible Nonsolar Mechanisms 

Terrestrial Differential Refractive Effects 

There is a class of systematic effects which alters the scale 

of the field in the telescope; this is a classic problem in astrometry. 

Possible sources of such effects include temperature gradients in the 

telescope, changes in the gravitational loading on the telescope during 

the observations, and variations in the earth's atmospheric differen

tial refraction due to global and local factors. As mentioned before, 

atmospheric effects have often been suggested (Jossat et al. 1977; 

KenKnight et al. 1977) as a possible source of the oscillations ob

served at SCLERA. Such phenomena, as a class, change the shape of the 

sun and the apparent solar diameter but have a negligible effect on 

the limb darkening function. As a result, they do not alter the edge 

of the sun as defined by the FFTD. The FFID is sensitive to changes 

on the scale of the scan amplitude, rather than the scale of a solar 

diameter. Thus, noise from this class of problems would result in 

a ratio of one in Figure 2. Clearly the new results in this figure 

depart significantly from unity, contradicting the interpretation of 

the structure derived from the SCLERA observations as being due to 

systematic errors produced by this broad class. 

It is also quite difficult in this broad class to generate a 

systematic error that possesses a multi-day phase coherence except in 

cases in which oscillations are harmonics of the earth's rotation 
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frequency or those in which oscillation signals are produced by the 

start of the observing run on each day. Examination of Figure 1 shows 

that none of the oscillations are harmonics of the earth's rotation 

rate. Furthermore, since each morning and afternoon observing run was 

started at a random time, the instrumental effect may be ruled out as 

a possible source of the coherent signals displayed in Figure 1. 

Thus, the results of these two tests strongly counter inter

pretations of instrumental and differential refraction effects as the 

source of the observed oscillatory power at SCLERA. 

Seeing Effects in the Earth's Atmosphere 

The effects of seeing must be examined in terms of the sys

tematic errors it might introduce into the results of Figure 2. 

Fortunately, this is not a difficult task since the FFTD was used and 

an extensive analysis of the effects of seeing on the FFTD is avail- _ 
• 

able (Hill, Stebbins and Oleson 19.751. According to Hill and Stebbins 

(.1975), the average standard deviation for the seeing was 1".8 in 

these observations. They further noted that this condition is just 

beyond the optimum for the use of the FFTD, i.e., a standard deviation 

of 1".5 at a scan amplitude of 6".8, and that the maximum observed 

change about this mean of -12% introduces a maximum change in the 

solar diameter of (+2,-8) milli-arcsec. At the scan amplitude of 

27".2, the observed standard deviation of 1".8 is less than the opti

mum, making observations at less sensitive to seeing than those 

at â . 
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We conclude from this analysis that if the seeing did have any 

effect on the difference in power at â  and &2> it would tend to pro

duce a power ratio of less than one. Thus in the region above 0.27 

mHz, the presence of seeing is not pernicious to the conclusions that 

the oscillations are observed through changes in the limb darkening 

function. For frequencies below 0.27 mHz, the effect of seeing has 

only a minimal effect on the determination of the presence of g modes 

discussed in later sections. This conclusion follows from the fact 

that the observed changes in seeing, which were monitored simultane

ously with the diameter measurements, coupled with the reduced seeing 

sensitivity of the FFTD, can only produce a small fraction of the 

power found in the diameter measurements. 

The multi-day coherence test is equally effective in removing 

seeing effects as a viable mechanism for the production of the ob

served oscillations. It may be possible to generate a seeing effect 

that is diurnal but it is quite difficult for seeing to mimic a 

non-diumal phenomenon. 

Aliasing 

The previous section noted that for a particular diameter and 

scan amplitude, a new measurement would be obtained every 4 x 3.25 = 

13.0 min. The Nyquist frequency associated with this sampling rate 

is 0.641 mHz. This is unfortunate both because this frequency is in 

the middle of a range of considerable interest, and because spurious 

power may be aliased into this region from higher frequencies. There 

are, however, several ameliorating circumstances. First, a diameter 
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measurement is obtained by averaging the interferometer reading over 

a 128 sec period, producing a frequency cutoff in the power spectrum 

at ~4 mHz (at half power point). Therefore only that power essenti

ally within the frequency range thus far considered at SCLERA can be 

aliased into the region below 0.64 mHz. Second, due to the random 

time between the morning and afternoon runs, the effects of aliasing 

will be somewhat reduced statistically. 

Thus, although aliasing may complicate the detailed interpre

tation of the structure found in the power spectrum below 0.64 mHz, 

it will not compromise the general discussion of the origin of the 

power for frequencies below 4 mHz, nor will it cloud the picture with 

regard to implications for solar physics. 

Possible Solar Mechanisms 

Solar Activity 

The possibility always exists that some kind of surface struc

ture passing by the solar limh could give rise to the ratio distribu

tion shown in Figure 2. This question has received a great deal of 

attention in discussions of the relevance of the solar oblateness 

observations. Hill et al. (.1974) have shown that the seven days during 

which data were collected were particularly free of problems induced 

by surface structures. Consequently the power spectra should not be 

complicated by such phenomena. 
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Granulation, Supergranulation and Seiches 

Granules may affect the observed diameter primarily through 

statistical fluctuations in the limb darkening function. The magni

tude of this effect has been estimated by Brown, Stebbins and Hill 

(1978); they have found that the fraction of the power observed which 

can be ascribed to granules is <2%. Thus, this could not have any im

portant influence on the power ratio in Figure 2. 

Two mechanisms have so far been proposed whereby supergranu

lation could produce some or all of the observed change in the limb 

darkening function. The first of these, put forth by Worden and 

Simon (.1976), notes that the time required for solar rotation to 

carry a supergranule across a fixed point on the observed solar disk 

near the equator is about four hours. If boundary crossings produce 

variations in the diameter, one would expect a two-hour periodicity. 

Thus, the mechanism may be relevant in the frequency range around 

0.14 mHz but not at the higher frequencies found in Figure 2. 

Another mechanism, proposed by Gough, Pringle and Spiegel 

(1976), contends that oscillating motions may be produced by seiches, 

or sloshing modes, in supergranules. This mechanisms produces peri

ods which may be important at the high frequency end in Figure 2. A 

detailed analysis of this mechanism is difficult at this time because 

this model has been examined only in its simplest form. However, one 

point that can be made deals with the distribution of supergranule 

sizes, which would tend to make the oscillation periods vary from 

supergranule to supergranule. The resultant peaks would be "smeared 
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put" in an average power spectrum in a fashion which is not observed 

in Figure 2 or by Brown, Stebbins and Hill (1978). 

All of the nonsolar and solar contra-explanations discussed 

so far fail to account for the phase information in Figure 1. Every 

peak has a well-defined phase advance from one day to another. None 

of the explanations given above possess the stable day-to-day charac

ter necessary to produce this effect. For instance, it appears to 

be unlikely that the rotation through the telescope field of super-

granules varying in size, temperature and lifetime would produce 

phase coherence over a 13 day data base. The unifying explanation 

of the ratio of power spectra and the phase information can be found 

in the global oscillation, an eigenmode of the sun. 

Solar Oscillations: Frequencies > 0.4 mHz 

The conclusion from the analysis and discussion of the pre

vious sections is that global oscillations of the sun are being ob

served and that they are detected primarily through changes in the 

limb darkening function. For frequencies ahove 0.4 mHz, it is addi

tionally apparent (see Figure 2) that more oscillatory power is 

observed with the larger scan amplitude, an observation of great im

port whose significance is established through consideration of the 

spatial filter function of the FFTD. 

A change in the scan amplitude will introduce a change in the 

spatial filtering of the oscillatory modes that may be present. Since 

one is observing different sizes of the solar surface at the two scan 

amplitudes, the range of horizontal wavenumbers that can be detected 
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will also be different; the larger the effective aperture, the smaller 

the range of horizontal wavenumbers. This horizontal wavenumber is 

directly related to I, the principal order number of the spherical 

harmonic which describes the angular dependence of the eigenfunction. 

Thus, as the amplitude of the scan is increased from â  to a-2> the 

permissible values of & and likewise the number of eigenmodes that 

can be seen will be decreased. Consequently, for frequencies above 

0.4 mHz in Figure 2 where the ratio of power is greater than one, it 

must be concluded that the existence of a ratio larger than one can

not be a result of spatial filtering; the eigenfunction itself must 

product a fluctuating change in the limb darkening function. 

In the general solution of the linear wave equation in the 

photosphere there are two independent solutions referred to here as 

3+ and 8_ solutions (.see for example Ando and Osaki 1975; Hill, Rosen-

wald and Caudell 1978a). The 3+ solution'produces changes in the limb 

darkening function while the solution produces insignificant 

changes. Thus, an implication of the observation that the limb dark

ening function is modified by the oscillations for frequencies above 

0.4 mHz is that the general solution in the photosphere contains a 

component at a significant level that exhibits the character of the 

8+ solution. 

A more quantitative analysis of the preceding discussion is 

possible if it is assumed that the general solution of the linear 

nonadiabatic wave equation for the photospheric oscillations that has 

been calculated by Hill, Rosenwald and Caudell (1978a) does in fact 

describe the properties of the oscillating system. Consider first 



the spatial filter function which describes the response of the FFTD 

to the general solution for different values of & and scan amplitudes. 

The latter dependence is given by Hill, Rosenwald and Caudell (1978a) 

while the & dependence has been calculated by Hill and Rosenwald (1978). 

The results of the calculation leading to the H dependence of the fil

ter function are reproduced in Figure 7. Note that the sensitivity 

as a function of & for the filter function for a2 shown in Figure 7 

is essentially a subset of that for the spatial filter function for 

â , a property that has been anticipated in the beginning of this 

section. 

It is also important to note that the cutoff Cat half power 

point) in sensitivity of the spatial filter function occurs at £ ~ 

20 for the larger scan amplitude â . From a summary of the eigen-

frequency calculations of Wolff (1977) and Iben and Mahaffy (1976) 

for a standard solar model Csee Figure 2.2 of Hill 19.78) the struc

ture in Figure 2 between 0.4 and 0.64 mHz is likely to be the result 

of p mode oscillations with & 5 16. For this range of I, the two 

normalized filter functions in Figure 7 are practically identical. 

Thus if the restriction of & £ 16 imposed hy the standard solar model 

calculations is approximately correct, one must conclude that the 

departure from one of the ratios of observed power in Figure 2 for 

frequencies above 0.4 mHz is proportional to the finite Fourier trans

form of the change in the limb darkening function produced by the 

eigenfunctions. 

It has been pointed out by Hill, Rosenwald and Caudell (1978a) 

that information such as that found in Figure 2 can be used to 
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determine the constants of integration of the general solution with

out recourse to modeling the boundary conditions imposed by the chromo

sphere and corona. Again, assuming that the general solution of the 

linear nonadiabatic wave equation is a good representation of the os

cillations in the photosphere and using the results of the analysis 

by Hill, Rosenwald and Caudell (1978a), a maximum value for the ratio 

of the powers in Figure 2 can be obtained. This is simply given by 

the ratio of 5R/6r at to the value of <SR/Sr at â  for the B+-like 

solutions which are given in Figure 4 of Hill, Rosenwald and Caudell 

&978a) where <SR is the observed amplitude in radius while Sr is the 

Lagrangian perturbation in the radius (.since <Sr varies with radius, 

the point of normalization has heen selected at an optical depth of 

0.1). This ratio is plotted in Figure 2 as curve 3. Note that the 

square (to convert to power) of curve 3 does form an upper bound on 

the observations. 

The observed ratio above 0.4 mHz in Figure 2 is between one 

and the square of the theoretical curve numher 3 for the pure 8+ 

solution. It is true in particular for the three peaks which corre

spond very well to the three peaks in the power spectrum of Brown, 

Stebbins and Hill (1978). at periods of 39.0, 32.1 and 28.7 min (see 

Table 2). Thus it is possible in this model to estimate an upper 

limit for the magnitude of the noise in the power spectra as well as 

obtain the amplitude for the 8+-like solution. The results are: the 

nonsolar noise is about 1/3 of the total power in the peaks at 0.6 

mHz, a value lower than that estimated through several statistical 

tests by Brown, Stebbins and Hill (1978), and an amplitude of 8 x 
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3 
10 cm for the amplitude of the 0+-like solution at the period of 

33 min and at optical depth t =• 0.1 (see Hill, Rosenwald and Caudell 

1978a). This analysis has produced the strongest evidence available 

in support of the supposition that the general solution for the os

cillation does contain a component that exhibits the character of the 

B+ solution and that this component must be present at a significant 

level in the photosphere. If the analysis is correct, this is a sur

prising result in light of past treatments of the boundary conditions 

in linear pulsation theory Csee Goldreich and Keeley 1977a,b; Keeley 

1977). It is interesting to note, however, that these results may 

possibly be understood in a nonlinear treatment of stellar pulsation 

(Hill, Rosenwald and Caudell 1978b). 

Solar Oscillations: Gravity Modes 

Nonradial g modes are expected to produce changes in the limb 

darkening function similar to those produced by the p modes discussed 

in the preyious section. However, g modes introduce one additional 

system property which could significantly alter the -manifestation of 

oscillations in Figure 2. This property is a consequence of the ex

pected eigenfrequency spectrum for g modes and for the different spa

tial filtering of the oblateness detector at the two scan amplitudes. 

It was noted in an earlier section that, when dealing with p 

modes, the permissible values of SL are restricted to £ * 16 for fre

quencies of oscillation 5 0.64 mHz. However, for g modes the theory 

imposes no constraint on 1 for frequencies of oscillation 5 0.4 mHz. 

It is apparent that a change in the scan amplitude will introduce a 



change in the spatial filtering of the g modes just as for the p mode. 

However, in the region below 0.27 mHz and the narrow region around 0.37 

mHz, the ratio of powers in Figure 2 is less than one, a result that 

can be understood in terms of the properties of the eigenfrequency 

spectrum and the difference in spatial filtering at the two scan am

plitudes. As the scan amplitude is changed from the smaller one to 

the larger one, the number of different eigenmodes that can be de

tected is decreased leading to a ratio of powers less than one, pro

vided of course that the relevant eigenmodes are excited. 

The implications of this analysis are quite fundamental: g 

modes are excited at such a level so as to be detectable, and they 

are primarily high order nonradial modes, A majority of the modes 

observed in the two low frequency ranges have 20 < I < 40. Further, 

one finds that the sharp drop in the ratio to 1/3 at 0.25 mHz and the 

narrow dip in the ratio at 0.37 mHz correspond to periods that corre

late closely with the periods of oscillation and phase shift per day 

at 66 and 45 min found by Brown, Stehbins and Hill (1978), Thus this 

analysis implies that the constituents of these two peaks are pre

dominantly g modes, with yalues of & found primarily in the range 

of 20 to 40, a conclusion of some import in light of the frequent 

consideration of these peaks as possible candidates for the lowest 

order p modes (Rouse 1977; Iben and Mahaffy 1976; Christensen-

Dalsgaard and Gough 19761. 
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Constraints on the Internal Structure of the Sun 

The general properties of the solution of the wave equation 

are often discussed in terms of the Brunt-Vaisalai frequency given 

by equation (.2.1) and the local critical acoustic frequency, given 

by 

v " 2 f t  +  u  f ?  (2.5) 

where c is the local speed of sound at radius r (.see for example Unno 

1975; Ando and Osaki 19.75). In particular, acoustic waves can propa-

2 2 2 2 gate if a > N and > whereas gravity waves can propagate if cr 

2 2 < N and < v where a is the angular frequency of the oscillation. 

Should the identification of the oscillations with a frequency of 0.37 

mHz as high order nonradial gravity modes be correct, it is possible 

to arrive at a constraint on the magnitude of the Brunt-Vaisalai fre

quency in the solar interior. 

Neglecting the nonadiabatic terms in the wave equation, a 

good approximation in the solar interior, a relation between the eigen-

frequency of the oscillation and Brunt-Vaisalai frequency is given by 

fR 

2  2 / y  rzp ' 
[p1̂  r2 6r]2 dr 

2 2/Y o r2p 
(p1/y r2 6rl2 -fe [P1/y r2 

JC 

(2 .6 )  

dr 

where p and p are the equilibrium density and pressure at radius r, 

<5r the spatial part of Lagrangian perturbation in the radius, y = 

(d An p/d In p)a(j> and R the radius of the sun. The derivation of 
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this equation can be found in Ledoux and Walraven (1958), section 79, 

and also in Unno (1975). It is apparent from equation (2.6) that for 

the highest harmonics with large & and for a small number of nodes in 

2 the radial eigenfunction, the square of the eigenfrequency cr ap-

? 
proaches N . 

Consequently, the identification of oscillations with a fre

quency of 0.37 mHz as high harmonic gravity modes imposes a constraint 

on the magnitude of the weighted average of the Brunt-Vaisalai fre

quency in the solar interior: for some region of the solar interior, 

•• M tf 2 
the Brunt-Vaisalai frequency as well as the weighted average, <N >, 

given by equation (2.6) must exceed the value of 2ir • (0.37) millirad/ 

sec. That is 

<N2> > 5,4 x 10"6 sec"2 (2.7) 

and at some interior radius, 

N2 > 5.4 x 10"6 sec"2 (2.8) 

which are constraints compatible with the classification of a gravity 

2 2 wave propagating region when a < N . 

The relevance of the constraint is best judged by testing 

2 several of the solar models that are currently being used. The N for 

the models of Weymann (1957), Bahcall et al. (1973) and. Rouse (1975) 

2 are plotted in Figure 8 along with the lower limit of N given by 

equation (2.8). It is interesting to note that the niny-fumm value of 

2 N for the Weymann model exceeds the lower limit by 33%, and that the 

Bahcall et al. CL973) exceeds the lower limit by 48%. However, N2 
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for the Rouse (1975) model falls below by 4%, leading to a conclu

sion that this particular model is not viable. The use of the 

weighted average constraint of equation (2.7) will obviously impose 

a tighter bound on the models. 

It has also been noted by Dziembowski and Pamjatnykh (1978) 

that g modes with I =» 20 have eigenfunctions that are sufficiently 

large in the interior in relation to the surface amplitudes so as to 

lead to unphysical interior amplitudes. Gough (1978) observed that 

these unphysical amplitudes would not result if the depth of the con

vection in the solar model was not so deep. Consequently, a con

straint may be placed on the depth assigned to the convection zone. 

Thus, should the g mode interpretation be correct, new con

straints on the internal structure of the sun have become available 

which apply directly to the solar interior in much the same way as 

a measurement of the solar neutrino flux would. These new constraints 

appear to have the requisite sensitivity for use in modeling the solar 

interior. 

Temporal Power Variations 

The phase coherency of the oscillatory power over a two-week 

period implies a relatively high level of stability, i.e., low damping. 

This fact allows one to examine the power of the oscillations as a 

function of day without such complicating factors that lead to a change 

in the mode during the interim. Variations in power will arise if 

beating occurs between different unresolved eigenfrequencies within a 

single observed peak (Wolff 1976). The beating pairs of modes may 



differ in m value as well as & value when solar rotation is accounted 

for (Gough 1977). Due to the theoretically possible values of Z in the 

observed peaks and the variation in detection sensitivity with I and 

m of the FFTD used in these diameter measurements, the temporal de

pendence of power can be valuable in distinguishing between the two 

cases• 

In Figure 9 is plotted the equatorial oscillatory power 

against date for the four p-mode peaks. Through the data points has 

2 2 been fit a function of the form A cos ) , where the amplitude 

2 A, frequency and phase <|> were adjusted to minimize the x variant. 

This is the simplest form of a harmonic power variation. The resul

tant functions have been drawn in the figure. Here \> represents the 

frequency in milli-Hertz of the oscillation being considered and J2, 
D 

the best fit frequency in radians per day. Both quantities are listed 

in the first two columns of Table 4. Because of the sampling in the 

time on a daily hasis there are higher aliased values of which 

will give equally good fits. 

There are several major conclusions to be drawn from the 

power plots. First, identifying as a beat frequency, the cosine 

squared function of a single beat frequency does indeed model the 

observations semiquantitatively. This indicates that perhaps only 

one pair of states dominates the beating in each peak. Second, the 

power at the minimum goes nearly to zero, often by a factor of 100 

below the maximum value. Only if the amplitudes of the two constitu

ent states are equal to within 20% will this be possible. If the 

beating states were of different H value, this observational result 
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Table 4. Implied internal rotation solutions from power variations. 

v(mHz) n frad.] 
b (day k I 

ka d̂ay T „ rot (days) 

0.606 0.57 1 10 0.258 24.4 1.0 .77 

0.539 1.15 1 8 0.249 25.2 1.0 .75 

0.463 1.41 1 6 0.288 21.8 1.0 .72 

0.414 1.05 1 4 0.263 23.9 1.0 .64 

+Wolff (1978b, Figure 2). 

requires that their amplitudes vary with I just as the variation of 

the FFTD sensitivity with & (see Figure 5 for iI dependence of the 

sensitivity of the FFTD). This must be true for each of the ob

served peaks. However, such an assumption regarding the I dependence 

of the amplitudes is not required if the beats occur between rota-

tionally split modes. Since the FFTD favors the mode of highest Si 

and (m|, the beating in a given peak of the power spectrum will be 

dominated by the two modes with m » ±1. This appears to be the most 

likely phenomenon to occur in light of the observations to date. 

In the following we present an interpretation based on the 

case where modes of nonzero I value are excited and the beating pat

tern is dominated by the associated m =» ±1 states. Beats between 

states with. |m| < I only add lower beat frequencies commensurate with 

those for the |m| states. This will allow extraction of informa

tion about the internal rotation of the sun. 



48 

Rotational Splitting and Internal Rotation 

The hydrogen atom, by analogy, when given an axis of symmetry 

through the imposition of an external magnetic field, splits the other

wise degenerate energy states and produces a multiplet of states, 

21 + 1 in number for each H value. As in the hydrogen atom, when the 

sun is given an axis of symmetry by rotation, a degenerate set of 

states with a given Z value will split its degenerate eigenfrequency 

into a 21 + 1 multiplet (Gough 1977; Ledoux and Walraven 1958). The 

eigenfunction, which is the solution to the differential equation 

describing the oscillation in a star at the associated eigenfrequency 

in the presence of rotation, has the form 

k̂ton̂ '10 = &xp{i(2™ut + mê n)} (2.9) 

where 

R 

pft 
(SM •'•"kt)2 * [t(t + W " 21"U2 r2dr 

eHsi - ft ' , (2.10) 

p 6kj2 + Itt + l>v' r2dr 

ft is the local rotational frequency, p the mass density, r the radius 

of the mass element, and the remaining functions are defined as com

ponents of the displacement vector for a normal mode of a nonrotating 

star written as 

5kA
(r)pVcos 

9)eim<,> ' nk£(r) le 
pVcos ' 

** V(r) IiJ~9 p a(cos 0)elm<f) ' (2,11) 
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The angles 9 and <f> are the standard spherical coordinates, Pm.(X) the 

associated Legendre polynomial and k is the radial order related to 

the number of radial nodes in the eigenfunction. The quantity 

is the eigenfunction weighted mean of the internal rotational fre

quency and the determination of this quantity is the object of this 

exercise. Identification of the modes contributing to the four p 

mode oscillations which display power variations as well as the spa

tial filtering for SCLERA type diameter measurements must be clarified 

before can be determined. 

The theoretical eigenfrequency spectrum of the sun is rich 

in states of differing £ value, many of which lie close together 

in frequency (Wolff 1978a). Due to the inadequate resolution of 

an eight hour data run, several of these states may form the con

stituents of a single observed peak in power (Hill 1978, §2.2.3). 

The detection sensitivity to a particular'£ value for the diameter 

measurements made at SCLERA depends on the dimensions of the aperture 

and the latitude of the measurement. Hill and Rosenwald (1978) (see 

also Hill 1978, §4) calculated the detection sensitivity for oscilla

tions as a function of £ value at the equator using the solutions 

to wave equations given by Hill, Rosenwald and Caudell (1978a). It 

was found in the region between £ = 0 and 12 the relative detection 

sensitivity increases with the £ value by a factor of nearly 4 in 

power. Out of this analysis also came the result that for a given £ 

value, the relative sensitivity to m reaches a pronounced maximum 

when m = ±£ and is a minimum for the m = 0 case. Combining these 

two theoretical results, we conclude that although several different 



eigenmodes may be contributing to a given oscillation, the largest £ 

value will be detected the easiest. If the manifestation of the 

eigenfunction at the surface In the presence of rotation depends 

only weakly on m for a given %, then the m = ±£ states will produce 

the strongest observable effect. 

Consulting the eigenfrequency spectrum associated with a 

standard solar model (.Iben 1376? Wolff 1378a), a tentative mode 

identification can be made for the modes that dominate the obsezrved 

power spectrum. This is accomplished by picking the theoretical 

frequencies which fall within the observed peaks. The maximum I 

and corresponding k values associated with each observational peak 

are listed in columns 3 and 4 of Table 4, Applying the results of 

the previous paragraph, we conclude that beating must he occurring 

between the plus and minus m states for these largest JI values. 

Column 5 of the table is the result of dividing the appropriate 

alias of the beat frequency by these maximum 2. values to give the 

smoothest variation in rotation rate; column 6 is the inverse of 

column 5 in days where the standard deviation has been estimated to 

be one day. There are other solutions giving smooth rotation curves. 

For these solutions, the rotation rate increases more rapidly than 

the one given in the table. Due to the aliasing of £2, , other solu-
b 

tions are possihle with the rotation rate decreasing with l value. 

The last column in Table 4 gives estimates of the depth to 

which the p-mode has substantial amplitude (Wolff 1978b, Figure 2). 

Inside this point, the amplitude exponentially decreases to the cen

ter, thus weighting the rotational velocity curve exterior to this 



point. These numbers illustrate the tenet that the various beat 

frequencies contain the requisite information to extract the depth 

dependence of solar rotation. 

The correlation between columns 6 and 7 in Table 4 appears to 

be statistically significant. Based on this analysis, the interior 

of the sun may be rotating somewhat faster than the surface, a result 

not inconsistent with the recent work on the five-minute oscillation 

(Ulrich, Rhodes and Deubner 1978) and Gough's C1977) interpretation 

of 12.2 day periodicities reported in the Princeton solar oblateness 

observations (Picke 1976). 

Solar Seismology with the 1973 Oblateness Data; Summary 

The phase coherence of the oscillations leads us to conclude 

that the oscillations found in solar diameter measurements between 

0.25 and 0.64 mHz are statistically significant; the probability that 

this degree of coherency is produced by random noise sources is 3.8 

x 10 5. It is further concluded that a significant fraction of the 

oscillatory power must be both solar in origin and the result of fluc

tuations in the apparent limb darkening function. Together with the 

phase coherency of the oscillations, these conclusions identify the 

oscillations as global eigenmodes of the sun. 

It has also been possible to infer new constraints on the 

boundary conditions appropriate to linear pulsation theory which, if 

correct, may further complicate studies of the two outer regions of 

the sun. A second constraint has also been derived on the range of 

values of the Brunt-VaisalSi frequency in the solar interior: this 



52 

frequency somewhere in the interior region and its appropriately 

-3 -2 weighted average must be > 2.3 x 10 sec . This constraint appears 

to be sufficiently strong to discriminate between several solar models 

currently in use. The addition of a new data point on the phase plots 

of the 1973 data confirms the coherent properties of the observed os

cillations. The two large SL g mode oscillations may be candidates 

for the slowly rotating mode-locked structures of Wolff (.1976). For 

the four low frequency p modes, periodic nature is observed in the 

daily power levels varying with periods of several days. This is 

attributed to beating between rotationally split m states for a given 

% value, an effect similar to that suggested for the DA white dwarfs 

(Wolff 1977). In any case, nonradial modes are a major contributor 

to the observed solar oscillations; the nonradial character of the 

observed modes allows the depth dependence of the internal solar ro

tation to be investigated. 



CHAPTER 3 

SOLAR SEISMOLOGY WITH THE 1978 DIAMETER DATA 

Introduction 

As with any natural phenomenon, the more questions that are 

answered, the more new questions are raised. The discovery of sta

tistically significant phase coherency in the 1973 oblateness data 

and the inconclusive phase results of the 1975 oscillation data de

mand new data. The repeatability of solar oscillation measurements 

must be established to understand the lifetime and stability of the 

constituent states. To address- these questions and others as well, 

a new observing program was initiated in the spring of 1978 at the 

SCLERA, instrument. The program was designed to reduce ambiguities 

which were present in the previous two sets and hopefully make a 

clear statement about the phase coherency and repeatability of the 

solar oscillations. 

Observing Program and Reduction of Data 

In detail, the 1978 observing program consisted of measuring 

time strings of the relative solar diameter over an extended number 

of days. The power spectra and phase coherency analysis calls for 

long consecutive daily observing runs to maintain frequency resolution 

and remove ambiguous factors of 2ir in the phase solutions. In addi-> 

tion, the analysis requires that the measurements be made consistently 

across the same heliocentric diameter. This requirement stems from 

53 



Table 5. 1978 observations. 
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_ Initial Time Length 
a e CHours) (Hours) 

May 21 1978 13.13 3.82 

22 7.66 4.41 

23 11.78 4.41 

26 9.58 4.76 

27 8.19 8.96 

28 13.48 3.27 

30 8.54 5.83 

31 12.15 3.41 

June 1 9.16 7.54 

2 9.87 • 5.55 

3 8.50 8.68 

4 9.87 7.11 

7 7.19 7.96 

8 7.48 2.13 

9 7.27 5.97 

10 12,90 7.04 

11 11.06 5.07 

12 9.09 4.84 
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the diameter measurement's nonuniform sensitivity to the spatial struc

tures associated with the non I = 0 state. These requirements were 

all generally met by the 1978 data run. 

During these observations, the position of the solar equator 

was calculated on-line and the measurement axis was then rotated to 

follow it throughout the day. The rotational tracking accuracy has 

been subsequently determined by Bos (n.d.) to be within - 1° of the 

solar equator as defined by the rotational axis of the sun itself. 

This is consistent with an independent calibration which is the prod

uct of the signature of the earth's atmospheric refraction in the 

daily time strings of diameter measurements. 

In detail, the 1978 observations consist of 18 days of good 

equatorial diameter measurements interspersed between May 21 and June 

12, 1978, and the dates are listed in Table 5. The FFTD scan ampli

tude used throughout this set of observations was 27.2 arcseconds (cf. 

Chapter 2). The diameter was filtered through a digital R.C. filter 

with a time constant of 16 seconds and a measurement recorded digi

tally every 8 seconds by a pair of minicomputers functioning in tan

dem. The zenith, azimuth and position angle for the sun were also 

recorded and used in the application of a correction for atmospheric 

refraction to the diameters off line. To each time string corrected 

for atmospheric refraction, a second order polynomial was fitted 

using least squares analysis, The polynomial was subsequently sub

tracted from the time string, removing any constant offsets and slow 

drifts varying with time scales longer than approximately 4 hours. 
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It should be noted that this process reduces the sensitivity to 

oscillations only for those periods greater than several hours. 

The final step before Fourier transforming these time strings 

involved averaging together points and "belling" the time strings. 

By averaging together 8 and 32 points at a time, two reduced arrays 

were formed which were sampled at 64 and 256 second intervals re

spectively. The resulting time strings had numbers of points rang

ing between 200 and 500 for the 64 second sampled array and between 

50 and 125 for the 256 second sampled array. These shall be referred 

to as the 8 and 32 point averaged data series respectively from here 

on. A cosine bell (Brault and White 1971) was applied to each string, 

tapering the first and last 10 percent of the length to zero. Fi

nally each time string was extended with zeros to fill an array 2048 

points long. 

The standard fast Fourier transform 0?FT) was computed and 

normalized to the number of points in the actual associated time 

string. The padding with zeros does not affect the resolution of 

the spectrum but simply allows the algorithm to compute the Fourier 

transform at more frequency points. In these cases the frequency 

spacing is 7.64 pHz (micro-Hertz) for the long data series and 1.91 

vHz for the short data series. The two frequency spacings were 

picked to expedite the power spectrum and phase analysis in the 

following sections. 
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.Intercomparison of Power Spectra 

Power Spectra 

For the 13 longer time strings, daily power spectra were 

formed from the Fourier transforms and averaged pointwise. This 13' 

day average is plotted in Figure 10 as a function of frequency in 

mHz using the 32 point averaged data series. The ordinate is in 

units of milliarcsec squared per point. This choice of power unit 

allows direct comparison with previous work without conversion be

cause the FFT algorithm uses only the number of points and does not 

depend on the sampling times. 

Note the general characteristic of the curve in Figure 10; 

there is a series of peaks of varying heights floating on a variable 

background with a large feature at very low frequency C< 0.2 mHz). 

This feature is primarily due to incomplete atmospheric refraction 

correction. For frequencies greater than 0.2 mHz, the average peak 

plus background level remains nearly constant. These peaks are 

identified as the global solar oscillations discussed in Chapter 2. 

The first question to address is how well this new spectrum 

reproduces previous results, i.e., does it constitute corroborative 

evidence for the existence of a global solar phenomenon? 

Comparison of Spectra 

The only amenable set of data available to compare with 

the present results are the 1975 observations of Brown (1977) 

since this set most nearly approximates the general characteristics 

of the present observing program, The major points of departure 
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involve the mixture of both polar and equatorial data into the 11 

day average given by Brown (1977) and the smaller scan amplitude of 

13.6 arcseconds used in the FFTD edge definition. These differences 

could potentially make the intercomparison difficult and must be 

considered during the analysis. 

The intercomparison will concern three aspects of the power 

spectrum, the peak to background ratio, the peak positions and the 

peak amplitudes. The phase analysis will open in the following sec

tion with a comparison to the 1975 observations. 

Signal to Background Ratios 

Comparing the mean ratio of peak height to peak plus back

ground height gives an indication of differences in the signal and 

noise present in the two independent average power spectra. A peak 

in power is defined as a maximum sandwiched between two minima and 

peak height to be the height of the peak above the average of the 

two minima. The height of the peak plus background is the height of 

the peak above zero power. 

Care must be taken here not to attribute all of the background 

to noise. The density of possible eigenstates is high in this fre

quency range. The "smearing" of these states due to finite frequency 

resolution fills in the regions between states. The variable sensi

tivity of the FFTD to the £ and m values (discussed at more detail 

later in this section) of each constituent state will cause the ob

served amplitudes to differ from the intrinsic amplitudes and will 

therefore allow unresolved low amplitude peaks to fall in the power 
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minima of the spectrum (cf. Hill 1978 for details of this argument). 

The signal to noise ratio determined from the ratio of power at two 

scan amplitudes in Chapter 2 tells us that less than half of this 

background is pure noise. 

Taking all peaks between 0.20 mHz and 3.00 mHz in the 1975 

observations of Brown (1977) gives a mean peak to peak plus 

background height of 0.36 to be compared with 0.34 for the new obser

vations. The second moment of the distributions of the ratios are 

examined by comparing the standard deviations for these ratios which 

are 0.15 and 0.16, respectively. From this it can be concluded that 

the character of the physical processes in the two sets are quite 

similar. 

Peak Alignment 

When comparing peak frequencies between the 1975 and 1978 data 

sets, a peak will be defined as a min-f mum-max J mum-minimum in power and 

we will call frequency alignment the instances when the maximum power 

of two peaks occurs in the same 30 mHz wide frequency bin. When all 

peaks are considered under the above criteria, 20 peaks out of 29 in 

the 1975 spectrum and out of 36 in the 1978 spectrum are in frequency 

alignment. For a purely random source of diameter fluctuation, it is 

expected that approximately one-third of the total number of peaks 

will be in frequency alignment. The reason for this is simply due 

to the definition of a peak. Three frequency bins are necessary to 

define a peak, one maximum and two minima. Two sets of three bins 
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with a maximum randomly distributed among them will have at most a 

one in three chance of aligning. 

The calculation of the probability that the alignment of 20 

peaks is a random occurrence is made very difficult by the dissimilar 

total number of peaks. The standard binomial probability distribu

tion will not work in this case and therefore to simplify matters, 

a Monte Carlo simulation was performed. To simulate the comparison 

process, a large number of spectral pairs were generated, each with 

29 and 36 peaks (min-max-min) respectively placed at random fre

quencies within the 98 bins in the interval of interest. The random 

number of peaks in alignment were counted and sorted into an accumu

lating histogram. After 100,000 spectral pairs the histogram was 

normalized to unity area and is given in Figure 11. This should be 

interpreted as the probability of n peaks aligning as a function of 

n for a totally random source. Taking the integral of this function 

for n > 20 yields the probability of finding 20 or more peaks in 

alignment for a totally random source and gives the number 9.4 x 10~̂ . 

If the distribution is Gaussian and a (sigma) is one standard devia

tion of the mean of the distribution, then this result represents a 

3.7 cr result away from pure randomness. 

-4 The probability 9.4 x 10 in the previous paragraph gives 

a good statistical indication of the repeatability of the solar os

cillations' power spectrum. One obvious question raised by this 

comparison is; although the number of peaks in alignment appears to 

be statistically significant, should not better agreement be expected? 

Since we now have observational evidence that each peak in the 
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spectrum is a superposition of several eigenstates of the sun (cf. 

Chapter 2), each characterized by a different & and m, the filtering 

due to differing scan amplitude and location on the solar edge (i.e., 

pole or equator) will alter the average peak location (Hill 1978). 

Also over the nearly 2.5 years between the data sets the mixture of 

states within a particularly peak is likely to change depending on 

the nature of the driving and damping mechanisms. Any change in mix

ture (i.e., in amplitude of an eigenstate) will alter the power level 

of a peak as well as change its average location. With this consid

eration of the processes, the frequency agreement between the two 

average power spectra must be considered good. 

Peak Amplitudes 

For the final comparison in this section we will restrict the 

frequency range of interest to the twelve peaks between 0.20 mHz and 

1.05 mHz. These twelve peaks will be used in the phase analysis of 

the next section. Listed in Table 6 are the twelve frequencies in 

the first column and the twelve amplitudes in the second column in 

units of milliarcsec. In this frequency band the 1975 observations 

of Brown (1977) show eight peaks with an average amplitude of 5.3 

milliarcseconds. The average for the current set over the same range 

is 7.3 milliarcseconds. The standard deviations for each of these 

averages are 1.02 and 2.62 milliarcseconds, respectively. The dif

ferences in average amplitude can arise, among other reasons, because 

of the differences in spatial filtering and detector sensitivity. 



Table 6. Observed oscillation frequencies and amplitudes. 
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Frequency Amplitude 
(milliHertz) (milliarcsecs) 

0.2408 8.9 

0.3409 10.2 

0.4201 4.1 

0.5003 9.6 

0.5579 5.0 

0.6173 11.7 

0.6847 6.7 

0.7306 6.1 

0.8174 9.6 

0.9004 3.7 
» 

0.9416 5.4 

1,0010 6,7 
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As discussed in Chapter 2 , when the scan amplitude, a, is 

changed in the edge definition the contribution to the diameter sig

nal by modes of assorted Z and m values varies. Figure 7 gives this 

sensitivity with respect to the sensitivity at I = 0 as a function of 

I for pure 8+ solutions Ccf. Chapter 2) . In this figure, a root 

mean square average has been performed over the 2% +1 values of m 

for each & value (Hill and Rosenwald 1978)'. Using the theoretical 

results of Hill, Rosenwald and Caudell (1978a), of which the work in 

Chapter Two is corroborative, the varying sensitivity of the state 

Z = 0 as a function of period of oscillation can be folded into 

Figure 7, yielding the surfaces plotted in Figures 12, 13 and 14 for 

three scan amplitudes. The ordinate in all three, AR/<SR(x =» 0.1), 

defines the ratio of the solar radius observed with the FFTD to the 

physical radius displacement at an optical depth of 0.1 Cat disk 

center) in the photosphere. The two abscissae are period of oscilla

tion and % value. The three scan amplitudes presented are 6.8, 13.6 

and 27.2 arcseconds. Note that the JI dependence for the 13.6 arc-

second surface has been interpolated from Figure 7. 

The primary conclusion to be drawn from Figures 12, 13 and 14 

is that for a given spectrum of eigenmodes, the resulting observed 

spectrum will have amplitudes that change by as much as factors of 

four when the scan amplitude is varied, depending on the detailed 

distribution of amplitudes among the possible I and m values. There

fore, the 20% difference in average amplitude between the 1975 obser

vations with a 13,6 arcsecond scan amplitude and the 1978 observations 

with a 27.2 arcsecond scan amplitude jnay not be due to a physical 
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zz 

Figure 12. Relatiye theoretical detection sensitiyity for FFTD scan 
amplitude 6.8 arcseconds. 
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Figure 13, Relative theoretical detection sensitivity for FFTD scan 
amplitude 13.6 arcseconds* 
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Figure 14. Relative theoretical detection sensitivity for FFTD scan 
amplitude 27.2 arcseconds. 



69 

increase in oscillatory power over the intervening 2,5 years. In 

fact, the two numbers are not inconsistent with the power levels 

remaining nearly constant when considering the different sensitivity, 

but a definitive statement cannot be made without a detailed knowledge 

of the exact eigenstates involved in the oscillations at the time. 

To summarize this section, it has been shown that the signal 

and noise character of the observed solar oscillations has remained 

nearly the same for 2.5 years, that the frequencies present in the 

power spectra reproduce statistically quite well and that the average 

peak amplitudes are consistent with constancy when viewed in the 

light of spatial filtering. 

Phase Coherency in the 1978 Observations 

The most convincing evidence presented so far (Chapter 

for the existence and global nature of the observed solar oscilla

tions has been the phase coherency analysis performed on the 8 days 

of 1973 data. Since the new data is over a longer, more completely 

covered time period (.that is, 18 days spanning 23 days)., a demonstra

tion of phase coherency should be dramatic and even more powerful 

proof of the existence and global nature of the effect. In this 

section, the results of phase analysis on the new data will be pre

sented along with an interpretation of its details, properties and 

a discussion of possible objections to the conclusion. 

Phase Solutions 

The phase analysis was performed identically to that in 

Chapter 2. Briefly reviewing, the phases were calculated at a set 



of frequencies from the Fourier transforms on all 18 days. The re

sulting phases were determined only to multiples of 2ir. Arranged 

according to their daily order, an automatic procedure picked the 

additive factors of 2ir which produced the best straight line formed 

by the phases. The line was determined by least squares analysis 

and goodness of fit was judged from the standard deviation of the 

fit, cr (sigma). For this analysis, the 32 point averaged data 

series transforms were used because of the finer frequency spacing. 

The slope of the line determines the frequency to within multiples 

of whole cycles over one 24 hour period; therefore, as in Chapter 

2, .the phase solutions were iterated around each given frequency 

to achieve a self-consistent frequency-slope solution. The resulting 

solutions are plotted in Figures 15, 16 and 17 for the twelve peaks 

in the frequency range 0.20 to 1.05 mHz found in the average power 

spectrum (Figure 10). The twelve peak frequencies are again listed 

in Table 7 along with the final standard deviation, o, of the least 

squares fits. Now, as in Chapter 2 , the question of statistical 

significance must be addressed. 

Statistical Significance of the Phase Coherency 

On an intuitive level, if the phases were plotted over and 

over with different additive multiples of 2TT, one should be able to 

pick out the best straight line by eye. In Figure 18 is presented 

just such a case for 0.8174 mHz. Day number is plotted horizontally 

and multiples of 2ir plotted vertically for nine cycles where the 

standard deviation for the least squares fit to a line, which has 
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0.500 mHz 0 

*^° 0.420 mHz 

0.341 mHz 

o'° *°-o.o 

8ir 

0.241 mHz o 

0 2 4 6 8 10 14 16 

Day 

Figure 15. The first set of phase solutions for the 1978 data. 
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Figure 16. The second set of phase solutions for the 19.78 data. 
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1.001 mHz / 

'o.o'° 0.942 mHz 

<° 0.900 mHz 
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0 2 4 6 8 10 12 14 16 18 20 22 
Day 

Figure 17. The third set of phase solutions for the 1978 data. 
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Table 7. Standard deviations, a, for the twelve phase solutions, 
probability of randomness, implied and theoretical number 
of states. 

Frequency 
(mHz) (rad.) P t>°) 

n-a 
t 

theory 

0.2408 1.06 9.00 X 10~2 9 >8 

0.3409 0.81 <5.00 X 10~4 4 >4 

0.4201 0.82 1.35 X 10"1 4 >9 

0.5003 0.78 <5.00 X 10~4 4 4 

0.5579 0.63 <5.00 X 10"4 3 2 

0.6173 0.92 -6.00 X 10"3 5 1 

0.6847 0.89 -6.00 X 10~3 5 3 

0.7306 0.70 <5.00 X 10"4 3 >4 

0.8174 0.95 1.20 X 10~2. 6 -15 

0.9004 0.99 3.50 X ioi2 6 -10 

0.9416 0.91 -8.00 X 10"3 5 -17 

1.0010 0.85 <5.00 X 10"4 4 -20 

Îben and Mahaffy 1976. 
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2TT for typical case. 
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not been drawn in this figure for fairness, is 0.949 radians. At 

this point it is left up to the reader to judge the significance 

of any lines visible to him or her in the figure, although project

ing this figure into an isometric drawing, Figure 19, viewed from 

a distance above the actual best fit line, the "orange grove" ef

fect (Gough 1979) can easily be seen. This is only a qualitative 

test but it is reassuring on an intuitive level. 

To judge quantitatively the statistical significance of the 

twelve linear phase solutions, a Monte Carlo simulation, just as in 

Chapter Two, was performed. Using exactly the same technique which 

generated Figure 3, 5,000 trials were run for 18 random phases 

spread over 23 calendar days. The resulting histogram is given in 

Figure 20 with its integral from zero to a particular o given in 

Figure 21. Since the sigma for a particular solution is a measure 

of the goodness of the fit and therefore the degree of coherency, 

the sigmas listed in Table 7 will be used to study the statistical 

significance of the particular solutions. Treating each observed 

sigma as if it were produced by a random source, the integral of the 

histogram may be used to determine the probability that the associ

ated phase solution was produced by noise. The value read off the 

integral of the histogram is the probability that noise generated 

a sigma equal to or smaller than the observed value and should be 

compared to a most likely value of 1/2. For most phase solutions, 

the sigmas are too small to be resolved in a simulation with 5,000 

trials and therefore only upper limits are available. These proba

bilities are listed in Table 7 and again should each be compared to 
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a most likely probability of 1/2. If each phase solution is in

dependent of the rest, then the joint probability that all twelve 

solutions are generated through randomness is simply the product of 

the individual probabilities. From this it is concluded that if 

the assumptions in the analysis are correct it is highly un

likely that the observed phase solutions are produced by a random 

noise source. 

An observation can be made here on a point of mathematical 

statistics. Comparing the Monte Carlo result in Figure 20 for the 

18 day run with the result in Figure 3 for the 7 day run, a shift 

to lower sigma and a broadening is seen in the peak of the distri

butions. This effect can be understood in terms of the mean and 

variance of the chi-squared distribution of the sigmas (van der 

Waerden 1969) as a function of number of degrees of freedom. With 

the assumption that the phases are at least approximately distributed 

about the least squares fit line in a Gaussian manner and devising an 

error mapping function which maps the space from 0 to ma-iHTmnn error 

of ir into the normal space from 0 to infinity, a distribution can 

be constructed which simulates the Monte Carlo results quite closely. 

With the mapping function 

3.68 a 
l ir - a 

(3.1) 

and the probability density function (yan der Waerden 1969) 

g(a) =» cty*~1e""y/'2 (3.2) 

where A => (n - l)/2, n the number of data points and ct the normalizing 
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constant, the character of the two Monte Carlo distributions can be 

clearly seen. Plotted in Figure 22 is this density function for X • 

3 and \ =» 8.5, representing the seven and eighteen day runs, respec

tively. 

The probabilities listed in Table 7 and the discussion in the 

above chapter answer most questions relating to the statistical sig

nificance of the observed phase coherency. This strengthens the con

clusions of Chapter Two which were based on a much smaller data sample 

and points directly to the global eigenstate interpretation of the 

observed solar oscillations. 

Number of Participating States 

• Turning the problem around now, given the global eigenstate 

interpretation, what is the day to day character of the phases when 

several states are present in an unresolved Fourier transform fre

quency bin? If only a single state is present, the phase solution 

will be a horizontal line with a sigma exactly equaling zero, as

suming no phase noise. Conversely, for a large number of independent 

states, the sum of the individual phases will wander in an apparently 

aimless manner, producing a sigma indistinguishable from that of a 

random noise source. Since the actual sigmas are not consistent with 

noise, although not zero either, the number of states per frequency 

bin must be small but more than likely greater than one. The unknown 

noise level in the phase signal will not allow a stronger statement 

than this, but again appealing to statistics, a consistency check 

can be applied. 
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Figure 22. Chi-squared distribution of standard deviations modeled for two cases. 
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To address this statistically, a pseudo-Monte Carlo simulation 

was performed which involved randomly picking the amplitude, initial 

phase and frequency within one resolution element (~ 30 uHz) of a 

fixed upon number of states, computing the resultant phases on the 

18 observing days, determining the best fit straight line and finally 

sorting the computed standard deviation of the fit into a histogram. 

The last two steps used the same routines as in the previous Monte 

Carlo calculations. After 400 trials a new number of states is fixed 

upon and the process repeated. The resulting set of smoothed histo

grams is presented in Figure 23 for two states through ten states 

and the expectation value of a for a slightly larger set of states 

given in Figure 24 as a function of the number of input states. The 

dashed horizontal line in Figure 24 denotes the expectation value 

for pure random noise. Note that this line is an asymptote to the 

solid curve. These results will allow a simple determination of the 

most likely number of states participating in a given oscillation. 

Under the assumption of no phase noise, Figure 24 may be used 

to functionally relate the observed sigma of a linear phase solution 

to the most likely number of states involved. Table 7 lists n_, the 

number of states determined from this technique for the twelve fre

quencies analyzed above. For comparison, the number of theoretical 

eigenstates possible in the resolution element for each frequency is 

given as ntjjeory the last column of Table 7 (.Iben and Mahaffy 1976). 

Since the available theoretical eigenspectrum was not complete, many 

of these numbers represent lower limits to the number of possible 

states. 
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Figure 23. Collection of probability density (smoothed) histograms 
generated for varying numbers of coherent states over 
23 days. 
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The conclusion to be drawn from this rather pedantic exercise 

is that the observed fluctuations around the linear phase solutions, 

while being consistent with pure random noise, are also consistent 

with the existence of multiple states in each oscillation present in 

the power spectrum. 

One final comment should be made about the phase coherency 

tests of Brown (1977) on the 1975 observations. No strong statement 

concerning coherency was possible in that work because of the rather 

large computed probability of randomness for the two oscillations 

tested. These observations covered seven days of data mixed between 

the solar equator and pole. Although the individual daily arrange

ment of phases is different, a comparison between the 1975 and 1973 

phase tests is possible due to the similar number of days analyzed. 

Using the reported "EMS errors" (Brown 1977) of 0.56 radians for 

the 0.245 mHz oscillation and 0.42 radians for the 0.370 mHz oscilla

tion and the results of the Monte-Carlo generated distribution for 

the 1973 data in Figures 3 and 4, the probabilities of randomness 

are computed to be 0.10 and 0.04 respectively. Each of these should 

be compared to a most probable value of 1/2. The reported 

probabilities for the previous tests were 0.54 and 0.16 respectively. 

This discrepancy may be due in part to the differences in the methods 

used in the Monte-Carlo simulations or perhaps a different interpre

tation of the resulting distributions. Whatever the reason, it 

appears that a stronger statement concerning phase coherency in the 

1975 diameter data may have been possible. 
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In summary for this section, the phase coherency of the solar 

oscillations is demonstrated in the new diameter data. Statistical 

tests show the degree of coherency to be high and not accountable by 

a random noise source. The interpretation that several states are 

participating in each oscillation is upheld by the size of the fluc

tuations around the phase solutions. 



CHAPTER 4 

CONCLUSIONS AND CLOSING REMARKS 

Solar seismology is a very young science and has a long and 

exciting road in front of it. The discovery of oscillations or 

radiation within a physical system is tantamount to a greater under

standing o£ that system. Many examples exist which attest to this; 

spectral analysis of radiant energy probes the structure of the nu

cleus and atom, normal mode decomposition of earthquakes probes the 

earth's interior, the periods and light curves of Cepheid variable 

stars anchor points on the Hertzsprung-Russell diagram in astro

physics and even lay down a meter stick to measure the size of the 

universe. The work herein continues the observational study of the 

longer period solar oscillations with the hope that in the future, 

they will be used more completely to probe the solar interior. 

The 1973 solar oblateness observations taken at the SCLERA 

instrument have been reanalyzed for solar oscillations. The observing 

program had several important aspects which led the analysis to four 

major conclusions. First, the global nature of the oscillations was 

strongly reinforced by their coherency, a coherency which implies 

time scales of several weeks. Second, the ratios of higher frequency 

Cs 0.4 mHz) oscillatory power at two FFTD scan amplitudes provide a 

proof at the sufficiency level that the oscillations are manifested 

as changes in the solar limh darkening function and are not due to 

87 
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physical radius changes or terrestrial atmospheric phenomena. Third, 

the lower frequency OS 0.4 mHz) ratios indicate the presence of high 

angular order (i.e., nonradial) g mode oscillations, placing several 

highly discriminatory constraints on theoretical solar models. 

Fourth and final, slow smooth variations in the power levels associ

ated with each oscillation may be interpreted as beating between ro-

tationally split states leading to solutions for the internal rate 

of solar rotation. These constitute the beginning of vjhat will hope

fully be a long series of seismological results. 

A new set of oscillation data was taken in the spring of 1978 

tailored to test and perhaps strengthen the previous findings. The 

oscillations were shown to be statistically repeatable in frequencies, 

amplitudes and general character. A new phase analysis has shown in 

a rather impressive manner the long term coherency of the oscilla

tions, solidifying the global interpretation of these modes and dis

pelling a large class of contra-interpretations involving the earth's 

atmosphere and local solar phenomena. The detailed nature of the 

phase coherency solutions also supports the tenet of participating 

nonradial oscillations. In summary, the 1978 data corroborates and 

reinforces the previous findings of solar seismic sounding. 

What does the future have in store for the observation of 

long period solar oscillations? An observing run completed in the 

summer of 1979 recorded the solar limb darkening function at six 

locations around the edge of the disk. These are currently being 

examined for further evidence of dynamic limb darkening effects and 

the presence of nonradial oscillations. To extend this, new 
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detectors are being designed at this time to discriminate the various 

angular orders of the modes in an unambiguous manner. Efforts are 

also progressing to improve the frequency resolution over the current 

methods. These together will hopefully push solar seismology into a 

fully quantitative science, allowing detailed diagnostics of the solar 

interior to commence. 
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