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ABSTRACT 

The Lyapunov function method is used in proving stability, asymptotic or globally 

asymptotic stability of discrete dynamic systems. We show that the slightly relaxed 

versions of the well known sufficient conditions are also necessary. 

The stability of the equilibria of time-invariant nonlinear dynamical systems with 

discrete time scale is investigated. We present an elementary proof showing that in the 

case of a stable equilibrium and continuously differentiable state transition function, 

all eigenvalues of the Jacobian computed at the equilibrium must be inside or on the 

unit circle. We also demonstrate via numerical examples that if some eigenvalues 

are on the unit circle and all other eigenvalues are inside the unit circle, then the 

equilibrium maybe unstable, or stable, or even asymptotically stable, which show 

that the necessary condition cannot be further restricted in general. In addition, the 

necessary condition is given in terms of spectral radius and matrix norms. 

The asymptotic stability of equilibria in a number of discrete dynamic oligopolies is 

analyzed. First the equivalence of the equilibrium problem of a large class of nonlinear 

games and the equilibrium problem of a class of discrete dynamic systems is verified. 

Stability conditions are then derived for a certain class of dynamic models, and these 

results are finally applied to single-product oligopolies, multiproduct oligopolies, and 

labor-managed oligopolies. The economic interpretation of the stability conditions 

are also presented. 
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The stability properties of a special class of homogeneous dynamic economic sys

tems are examined. The nonlinearity of the models and the presence of eigenvalues 

with zero real parts in a normally hyperbolic invariant set make the application of 

the classical theory impossible. Some principles of the modem theory of dynamical 

systems and invariant manifolds are applied. The local and global strong attractivity 

of the set of equilibria is verified under mild conditions. As an application, special 

labor-managed oligopolies are investigated. 
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1. INTRODUCTION 

The theory of dynamical systems is a major mathematical discipline closely in
tertwined with most of the main areas of mathematics. Its mathematical core is the 
study of the global orbit structure of maps and flows with emphasis on properties 
invariant under coordinate changes. Its concepts, methods, and paradigms greatly 
stimulate research in many sciences and have given rise to the vast new areas of 
applied dynamics. 

The study of dynamical systems can be traced back as early as in the times 
of Issac Newton, when he brought the world the idea of modeling the motion of 
physical systems with equations. It was necessary to invent calculus along the way, 
since fundamental equations of motion involve velocities and accelerations, which are 
derivatives of position. Subsequent generations of scientists extended the method 
of using differential equations to describe how physical systems evolve, among them 
were J. C. Maxwell, H. Poincar^, A. M. Lyapunov, G. D. Biridioff, M. L, Cartwright, 
J. E. Littlewood, N. Levinson, A. Kolmogorov, and V. I. Arnold. 

The theory of dynamical systems has developed into a elaborated subject thus 
far thanks to the contributions of generations of physicists and mathematicians. The 
subject comprises ergodic theory, topological dynamics, the theory of smooth dynam
ical systems or differentiable dynamics, and Hamiltonian or symplectic dynamics. 
Some of the famous contributors are named here: L. Boltzmann, H. Poincare, A. M. 
Lyapunov, J. Hadamard, 0. Perron, J. von Neumann, G. D. Birkhoff, E. Hopf, S. 
Kakutani, A. Khinchin, Y. Sinai, V. Rokhlin, D. Omstein, M. Morse, G. Hedlund, J. 
Oxtoby, H. Furstenberg, R. Ellis, E. Artin, A. Andronov, L. S. Pontryagin, S. Smale, 
D. V. Anosov, M. Hirsch, C. Pugh, M. Shub, S.-T. Liao, and A. Katok. 

The theory of dynamical systems also finds its application in economics, especially 
in the theory of oligopoly. Oligopoly is a state of industry where a small number of 
firms produce homogeneous goods or close substitutes competitively. 

Many models consider this situation as a static non-cooperative game, which is 
not repeated in time. In these models the central problem is to find sufficient con
ditions which guarantee the existence and uniqueness of the so-called Nash-Coumot 
equilibrium. 

The classical model (4.1) of oligopoly was first formulated by Coumot (1838) [IS]. 
The equilibrium concept (4.2) for two-person games was first introduced by von 
Neumann (1928) [52]. His saddle point theory was followed by von Neumann and 
Morgenstem (1944) [53]. The reader may consult Rives (1975) [71] on the early 
history of game theory. The classical oligopoly game is discussed by many au
thors. Some important references are Okuguchi (1976) [55], Friedman (1977, 1981, 
1986) [18, 20, 21], Eriedman and Hoggatt (1980) [19], and Szidarovszlqr, Gershon and 
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Duckstein (1986) [80]. 
The static models do not describe the real economic situation properly since the 

firms produce and sell goods on the market repeatedly over time. This fact implies 
that dynamic models that ate able to analyze the dynamic behavior of firms are more 
appropriate. These models can be divided into two main types. In the first type the 
time scale is assumed discrete, and in the second continuous. In both types no time 
lag is assumed between producing and selling the goods. At any time period the profit 
of each firm depends not only its output but also on the outputs of all other firms 
which are unknown to the firm when they make their production decisions. Hence at 
each time, each firm must form expectations on other firms' most likely outputs. 

Cournot examined this situation under discrete time scale and assimied that in 
each period each firm believed that all its rivals' outputs would remain the same as in 
the preceding period. This simplifying assumption has been modified and generalized 
by several economists for oligopoly with or without product differentiation and with 
single product firms. The most popular generalization of Coumot's model is known 
as adaptive expectation. 

One of the most interesting variants of oligopolies is labor-managed oligopoly, in 
which the payoff function of each firm is the surplus per unit of labor. This is the 
model I study in this dissertation. The seminal work of Ward (1958) [93] is considered 
the first to have discussed labor-managed oligopolies. Hill and Waterson (1983) [27] 
have formulated profit-maximizing and labor-managed Cournot oligopolies without 
product differentiation and with identical cost fimctions, and compared the long-run 
equilibria for the two oligopolies. Neary (1984) [51] has extended their results for 
the nonsynunetric case. Okuguchi (1991) [57, 58] has derived a general existence 
and uniqueness theorem with asymmetric cost functions. Comparative statics for 
profit maximizing and labor-managed Cournot oligopolies are presented in Okuguchi 
(1993) [59]. 

The topic of this dissertation is the investigation of stability of equilibria and 
invariant manifolds of dynamical systems and its applications in labor-managed dy
namic oligopolies. The investigation is divided into four portions; 

1. An exploration to the Lyapunov's direct methods over isolated equilibrium; 

2. An elementary proof to the necessary conditions on the eigenvalues of the lin
earization at the stable equilibrium of a time-invariant discrete dynamical sys
tem and the behavior of the corresponding matrix norms; 

3. A study of the asymptotic stability of equilibria in discrete dynamic labor-
managed oligopolies; 

4. A survey of some principles of the modem theory of dynamical systems and 
invariant manifolds which can be applied to examine the stability properties of 
a class of continuous and homogeneous dynamic labor-managed oligopolies. 
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The dissertation develops as follows. The Lyapunov function methods are explored 
in Chapter 2. Necessary conditions for the stability, asymptotic or globally asymptotic 
stability of equilibria of discrete dynamical systems are found. 

In Chapter 3, an elementary proof leads to the well-known fact that the spectral 
radius of the linearization at the stable equilibrium of a discrete dynamical system 
is necessarily not greater than 1. The relationship of matrix norms and stability is 
presented in this case. 

In Chapter 4, the equivalence of the equilibrium problem of a large class of non
linear games and the equilibrium problem of a class of discrete dynamical systems 
is first verified. Stability conditions are then derived for this class of dynamic mod
els, and these results are finally applied to labor-managed oligopolies. The economic 
interpretation of the stability conditions are also presented. 

A special class of continuous and homogeneous dynamical systems are our main 
interests in Chapter 5. The nonlinearity of the models and the presence of eigenvalues 
with zero real parts in the set of equilibria make the application of the classical 
theory impossible. The strong attractivity properties are examined by applying some 
principles of the modern theory of dynamical systems and invariant manifolds. As 
a direct application, special labor-managed oligopolies are investigated and the local 
and global strong attractivity of the set of equilibria is verified under mild conditions 
via various methods (e.g. a-process, Lyapunov's function method). 



13 

2. NOTES ON LYAPUNOV'S DIRECT METHOD 

Lyapunov used the concept of Lyapimov function to study stability of equilibria 
in bis thesis in 1892. Since then, many works have been done in this aspect. For 
example, see Rouche, Habets, and Laloy (1977) [73]. 

Consider a discrete dynamical system 

where f is a vector function defined on an open set / x X C Z x R" and with 
range space in X; or a continuous dynamical system 

where f is a vector fimction defined on an open set / x X C R x R" and with 
range space in R?. 

If f is independent of t, the dynamical system is called autonomous. If there exists 
a positive number T such that f (t + T, x) = f(t, x) for each t € I and x G X, the 
dynamical system is called periodic with period T. 

An equilibrium x € X of a dynamical system is a point which is also a trajectory 
of the system, i.e., for a discrete system, x is a fixed point of f, f(x,t) =x, Vt 6 /; 
for a continuous system, f (x, t) = 0, Vt 6 /. 

Definition 2.0.1. An equilibrium x G X is called stable at to E I if for arbitrary 
e > 0, there is aS = 5{tQ,e) > 0 such that ||xto — x|l < (J implies that for all t > to, 
the trajectory Xt{tQ,Xto) with initial conditions (fo>Xto) satisfies ||xt(to,xeo) -x|| < e. 

Remark: Stability at to implies stability at any other initial time (usually with 
different values for t^). 

Definition 2.0.2. An equilibrium x e X is called uniformly stable if 5 in Defini
tion 2.0.1 is independent of to. 

Definition 2.0.3. An equilibrium xe X is called attractive if for each to E I there 
is ant) = ri{to), such that for each e > 0 and each Xt^ where ||xto - x|| < T; there is a 
a = a(to, e, Xto) > 0 such that llxe(io, Xjo) — XqH < e for all f > to + tr. 

Definition 2.0.4. An equilibrium x e X is called equi-attractive if a in Defini
t ion  2 .0 .3  i s  independent  o fx tg .  

Definition 2.0.5. An equilibrium x&X is called uniformly attractive if tj in Defi
n i t ion  2 .0 .3  i s  independent  o f  to  and  a  i s  independent  o f  to  and  x^o .  

Xt+i = f(i,xe) (2.1) 

x = f(t,x) (2.2) 



14 

Definition 2.0.6. The region of attraction of equilibrium x at time to is the set 
A(to) = {xo 6 X : ||xe(toiXto) - x|| 0, i -> c»}. If A{to) does not depend on to, 
the region of attraction is called uniform. Moreover, if A(to) = X, equilibrium x is 
called globally attractive. 

Definition 2.0.7. An equilibrium x 15 called asymptotically stable if it is stable and 
attractive. 

Definition 2.0.8. An equilibrium x is called equi-asymptotically stable if it is stable 
and equi-attractive. 

Definition 2.0.9. An equilibrium x is called uniformly asymptotically stable if it is 
uniformly stable and uniformly attractive. 

Definition 2.0.10. An equilibrium x is called globally asymptotically stable if it is 
stable and globally attractive. 

Definition 2.0.11. An equilibrium x is called uniformly globally asymptotically stable 
if it is uniformly stable and uniformly globally attractive. 

Remark; For autonomous or periodic dynamical systems, stability implies uniform 
stability, and asymptotic stability implies uniform asymptotic stability. Thus, in 
this dissertation we do not distinguish uniform stability from stability, or uniform 
asymptotic stability from asymptotic stability for equilibria of autonomous or periodic 
dynamical systems. 

Assume that x is an equilibrium state of a dynamical (continuous or discrete) 
sys tem,  and  le t  Q  denote  an  open  subspace  of  the  s ta te  space  X such  tha t  x  e  CI .  
Let I = (r, 00) where r 6 R or r = —00. Define a functions of class H in the sense of 
W. Hahn (1967) [25], i.e. a function a: R.+ ^ Rt, continuous, nondecreasing, with 
unique global minimum a(0) = 0. We write such a fimction a^H. 

Definition 2.0.12. A real-valued function V defined onlxClis called a Lyapunov 
function, if 

1. V is continuous; 

2. V is periodic in t with period T if the dynamical system is periodic in time t 
with period T; 

3. V is independent oft if the dynamical system is autonomous; 

i .  V{ t , x )  >  a(||x - xjl) for some a £%. For periodic or autonomous systems, 
this is equivalent to that V has global minimum value 0 at only (t,x) /or Vf e /; 

5. for any state trajectory x{t) contained in V{x{t),t) is nonincreasing in t. 

Some well-known results about Lyapunov fimctions are as follows. 
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Theorem 2.0.1. 

1. (A.M. Lyapunov (1892) [41]) The existence of a Lyapunov function V implies 
the stability of equilibrium x. 

2. (K.P. Persidski (1933) [63]) If a Lyapunov function V exists and V{t,x) < 
6(||x - xjl) for some b€H, then x is uniformly stable. 

3. (A.M. Lyapunov (1892) [41]) If a Lyapunov function V which satisfies the hy
pothesis in 2 is strictly decreasing along any trajectory Xt ^ x, then x is uni
formly asymptotically stable. 

4. (N.N. Krasovski (1959) [33]) If the dynamical system is periodic or autonomous, 
and a Lyapunov function V is quasi-strictly decreasing along any trajectory 
Xt  9^  X  ( i . e .  for  any  t \  €  I ,  there  ex i s t s  <2 €  /  and  <2 >  t i  such  tha t  V( i2 ,X t , )  <  
V{ti,Xti)), then x is asymptotically stable. 

Lyapunov function method can be extended to a set S instead of the isolated 
equilibrium x where a so-called generalized Lyapunov fimction arises. For details, see 
A. Polak (1971) [69], S. Tishyadhigama, A. Polak, and R. Klessing (1979) [90], J.P. 
LaSalle (1986) [35]. S. Moln^ and F. Szidarovszky (1992) [50]. 

A very useful criterion using generalized Lyapunov functions to justify an attrac
tive or strongly attractive set is given in Theorem 5.5.2. 

In this chapter we will focus on the Lyapunov function method and will introduce 
necessary stability conditions for the equilibrium of a discrete periodic or autonomous 
dynamical system. Since a discrete periodic dynamical system can be decomposed 
into a finite number of discrete autonomous dynamical systems, we may focus only 
on discrete autonomous dynamical systems 

These necessary conditions are only slight modifications of the corresponding suf
ficient conditions. For continuous systems, necessary conditions involving Lyapunov 
fimctions have been earlier presented in K.P. Persidski (1933) [63], J.L. Massera 
(1949)[47] and (1956) [48][49], LG. Malkin (1952) [45], J. Kurzweil (1955) [34], N.N. 
Krasovski (1959) [33], T. Yoshizawa (1966) [99], A. Halanay (1966) [26], and W. Hahn 
(1967) [25]. The results of this chapter can be considered as the discrete time-scale 
counterparts of the classical theorems. 

2.1 Sufficient Conditions 

Introduce the notation 

XT+I = f(XT). (2.3) 

fi = {x| llx-x|l <Co} (2.4) 
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with some eo > 0 and assume that Q C X. Let / = Z. Let V : Q R be a real 
valued function defined on Q. Introduce the following function properties: 
(a) V has a unique minimum at x; 
(bl) V is continuous at x; 
(b2) V is continuous on Q; 
(cl) V is nonincreasing along any trajectory of system (2.3) which is in fi; 
(c2) V is quasi-strictly decreasing along any trajectory of system (2.3) which is in 
that is, it is nonincreasing and if Xj ^ x, then there is a > t such that V(xt.) < 
V{x t ) ;  
(c3) V is strictly decreasing along any trajectory of system (2.3) which is in that 
is, if XT ^ X, then V(xt+i) < K(xt). 

The following sufficient conditions are well known from system theory: 

Theorem 2.1.1. 

1. If there is a real valued function V defined on which satisfies conditions (a), 
(b2), and (cl), then the equilibrium x is stable; 

2. If there w a real valued function V defined on f2 with properties (a), (b2), and 
(c2), then the equilibrium x is asymptotically stable. 

The proof of this theorem can be found in most books on difference equations or 
on systems theory. For example, slight modification of the proof in Szidarovszky and 
Bahill (1998) [87] can satisfy our purpose. 

Assume next that the state space X is unbounded, and V : X i-> R is a real 
valued function defined on X. Introduce the following additional function property; 
(d) V'(x) ->• 00 as |lx|| 00. 

The following theorem, which is also well known from system theory, guarantees 
the global asymptotic stability of the equilibrium. 

Theorem 2.1.2. If there is a real valued function V defined on X such that it satisfies 
conditions (a), (b2), (c2), and (d) vrith being replaced by X, then the equilibrium 
is globally asymptotically stable. 

The following corollary is useful in many applications. 

Corollary 2.1.3. If X is bounded, and there is a real valued function V defined on 
X which satisfies conditions (a), (b2), and (c2) with being replaced by X, then the 
equilibrium is globally asymptotically stable. 

2.2 Necessary Conditions 

We will show that the slightly relaxed versions of the conditions of Theorem 2.1.1 
and 2.1.2 are necessary. In particular we will prove the following result. 

Theorem 2.2.1. Assume that the equilibrium x is an interior point of X. 
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1. If i. is stable, then there is a real valued function defined on X which satisfies 
conditions (a), (bl), and (cl), where fi is replaced by X; 

2. If the stability is asymptotic, then there is a real valued function defined on a 
neighbourhood of x which satisfies properties (a), (b2), and (c2); 

3. If the stability is globally asymptotic, then there is a neighbourhood Cl of x and 
there is a real valued function defined on X, that satisfies properties (a), (b2), 
(c2) in and (d) in X. 

Proof: Introduce the notation f^(x) = f(x), and for t > 1, = f(f'(x)). 
Define function V as follows: 

F(x) = sup{l|x-xl|, l|f^(x)-xl|, l|f2(x) -x|l, 

Notice that V"(x) =0 and if x ^ x, then V(x) > 0. This implies that property 
(a) always holds. Let xo, Xi, X2... be a trajectory of system (2.3), i.e. Xt+k = 
Then the definition of function V implies that 

F(xt) = sup{||xe - x|l, ||xt+i - xll, l|xt+2 - x|l,...}, 

or 

K(xt) = sup{l|f'(xo) - x|l, |lf'"^Hxo) - x||, - x|l, 

from which we conclude that condition (cl) is always satisfied. The definition of V 
also implies that condition (d) always holds. 

Assume first that the equilibrium x is stable. From the definition of stability of the 
e q u i l i b r i u m  w e  k n o w  t h a t  f o r  a n y  e  >  0 ,  t h e r e  e x i s t s  a  >  0  s u c h  t h a t  | | x o  -  x | |  < 6  
implies that l|xt - x|| < e for any t > 0. That is, V(xo) < e showing that V is 
continuous at x. Hence part (1) is proven. 

Assume next that the stability is asymptotic. We have seen earlier that function V 
always satisfies condition (a), and V is nonincreasing along any trajectory of system 
(2.3). Let XO / X. Then ||X{—x|| > 0 for any t > 0. Since the stability is asymptotic, 
there is a t* > t such that ||x{. — xjl < j||xt — x|| showing that V is quasi-strictly 
decreasing. In order to complete the proof of the theorem, we will show that there is 
a neighbourhood Clotx such that V is continuous on (2. 

The asymptotic stability of x implies that there is a > 0 such that if l|xo -
x|l < (Ji, then ||xt — x|| ^ 0 as t oo. Choose 5i > 0 sufficiently small such 
that n = {x I ||x - xll < ^ which is an open neighbourhood of x. Let 
X* ^ X be any point in Q. For any x 6 ft, we define an integer valued fimction 
iV(x) = min{t | llf*(x)—xH = V(x), t > 0}. iV(-) is well defined because l|f (x)-xl| = 
llxt - x|l 0 as t 00 from asymptotic stability if we choose xo = x. From the 
stability of x, there exists a ^2, 0 < ^2 < jll** - *11) such that l|x - xl| < ^2 implies 
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||f (x) - x|| < jllx* - x|| for t > 0. Define Si = {x | \\x - xH < |llx* - x||}, 
^2 = {x I l|x-x|l < <^2)1 and B3 = {x | ||x-x*|| < i||x* -x||}. Since f'Cx*) -> x as 
t-^oo, there exists a ti >0, such that r(x*) 6 S2 whenever t > ti. Let C be an open 
neighbourhood of f^(x*) which is entirely included in B2. Let E = D B3, 
which is open. Obviously, CC CB2.  The definition of 62  and B2 implies that 
for  all t > ti, f*(E) C Bi. Then {^(E)nE C BiCiBs = tf) (empty set) for t > ti. Since 
for any X 6 53 and y e Bu ||x - x|| > \\x* - x|l - ||x - x*l| > i||x* - x|l > ||y - x|l, 
hence for any x€E, we have JV(x) < ti, and thus 

V{x)  = max{l|x - xH, ||fHx) - x||. \ \ f ' {x )  -  x||,Hf'-^x) - x||}. 

Since the maximum of a given finite number of continuous functions is also continuous, 
we conclude that V is continuous at x* in E. Therefore V is continuous on 0 because 
X* is arbitrarily chosen in fl. • 
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3. NOTES ON LINEARIZATION AT EQUILIBRIA OP DISCRETE AUTONOMOUS 
DYNAMICAL SYSTEMS 

In this chapter we will focus on criteria based on the spectral properties of the 
Jacobiau of the state transition function f in a discrete autonomous dynamical system 

Xfc+i = f(Xfc). (3.1) 

It is well known that if x is an interior equilibrium and f is continuously differentiable 
in the neighbourhood of x and all eigenvalues of J(x) (which is the Jacobian at the 
equilibrium) are inside the unit circle, then x is asymptotically stable (for example, 
see A. Katok (1995) [30]). Necessary stability conditions have been obtained in the 
literature, and some of the conditions can be stated in an elementary way. However, 
no elementary proofs of these results are offered in the literature. Here we present an 
elementary proof showing that if x is stable, then all eigenvalues of J(x) must be on 
or inside the unit circle. Since asymptotic stability implies stability, this necessary 
condition applies also to asymptotically stable equilibrium as well. Via numerical 
examples we will also demonstrate that in the case when some eigenvalues have unit 
absolute values and all other eigenvalues are inside the unit circle, then x can be 
either unstable, or stable, or even asymptotically stable showing that the necessary 
condition cannot be further restricted. In the last section of the chapter the necessary 
condition will be derived in terms of spectral radius and matrix norms. 

3.1 An Elementary Proof for the Necessary Condition of Stability 

Before formulating the main theorem of this section, some preliminary results are 
presented. 

Lemma 3.1.1. (A Canonical Form of a Real Matrix) 
For i = 1, 2, •' •, denote 

f 0 1 

0 1 
N,= 

0 1 
0 

fl 1 
1 1 

MI = 

/  Ix l  

1 1 
1 /  Ix t  
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and 

La/ = 
(cos Oi) Ml (sin6i) Mi \ 

-(sinfl|)Mi (cos 0/) Ml j 
21x21 

For every real square matrix A, there is a non-singular real matrix P such that 

A = PAP-^ = 
) l''r+4+t|L2er+i+t)i diag (N^J, * • • , • * * , Ar+jR^er+») |''r+a+l|L2er+j+i)' 

where (1 < i < r) are the blocks corresponding to the zero eigenvalue, AjMej 
(r + 1 < i < r + s) are the blocks corresponding to the real eigenvalues Aj, \Ti\L2ei 
(r + 3 +1 < i < r + s + t) are the blocks corresponding to the non-real eigenvalues Ti. 

Proof: The following proof is based on Xu (1966) [95]. 
Two real square matrices are real similar if and only if they are similar. Any 

matrix is similar to its Jordan form. If there are zero eigenvalues, then the Jordan 
blocks corresponding to them are Ngi, • • •, Ng,. Any Jordan block corresponding to 
any nonzero eigenvalue A can be transformed as 

/ I  N " ' / A 1  \ / l  \  
A 1 

A'-2 

\ 
A'-i 

V 

1 
A 

A'-2 

A'-^ 

= AM,. 

Therefore all Jordan blocks corresponding to real nonzero eigenvalues are similar 
to Ar+i,Me,^i 1 " ' 1 Ar+jMe,^,. 

The characteristic polynomial of any real matrix A is a real polynomial, so are 
its invariant factors. Then any non-real elementary factor and its conjugate factor 
must appear in pairs. The above discussion implies that all Jordan blocks of A 
corresponding to non-real eigenvalues must be similar to matrix 

diag (T|.+j^.lR^2er+«+l > ^+5+l^^2er+»+l > ' ' ' l ^+J+t^^2er+j+t> ^+4+t^^2er+j+t) > 

where the notation a represents the conjugate of a. 
Notice that with the notation r/ = |r(| (cosdj +i sindj), 

-I 

(cos 61) M/ (sin d{) M{ 

—(sin Oi) Ml (cos 0t) Mi 
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with IF being the I xl identity matrix. Hence A is similar to 

diag (Ngj, •' • J Ng,, '' • > Ar+»^^er+»i l'n*+»+llI'2er+«+i)''' i |'^+5+tlI'2er+j+t) • 

It is well known that two real matrices are real similar if and only if they are similar. 
This completes the proof, • 

Lemma 3.1.2. Suppose {x;t: k = 0,1,2, •"} ia the trajectory of a discrete dynamical 
system obtained by x^+i = f(xfc) in X C IP. Let P be a non-singular real matrix. 

Then under the linear transformation 11; y n(x) = Px, the image of the original 

dynamical system is a discrete dynamical system in Y ^ n(Ar) obtained by yk+i = 
h(yfc), where  h = Hof on~K In  par t icu lar ,  i f  f  £  C^{X) ,  then  h € C^{Y) .  

Proof: The assertion follows from relation 

yfc+i = Pxfc+x = Pf(xfc) = Pf(p-Vfc) = (n o f o n-'){yk), 

for A: = 0,1,2, > • •. In particular, if f 6 C'^(X), then using the chain rule of differen
tiation, we see that h 6 C^(y). • 

Lemma 3.1.3. Stability (or asymptotic stability) of an equilibrium is preserved under 
linear transformation. Namely, x is a stable (or asymptotically stable) equilibrium 
of a dynamical system Xk+i = f(xjk) in X C if and only if under the linear 

transformation 11: y n(x) = Px where P is a non-singular real matrix, y Px 
is a stable (or asymptotically stable) equilibrium of the dynamical system y^+i = 
(nofon-^)(yfc). 

Proof: Define the matrix norm || • |1 of A as follows 

IIAII = sup ||Ax||. 
INI=i 

Notice that 

llyfc - y|l = llPxfc -Pxll = ||P(xfc - x)|| < 11P|1 ||x, - x|l, 

and 
||X» - X|| = Iip-'n - P-'y|| = lP-'(y» - y)ll < l|P-'ll lln - yll, 

from which the assertion follows immediately. • 

Lemma 3.1.4. Let Nt, M{ and Lsi be defined as in Lemma 3.1.1. Then for k = 
1 2 ••• 

{ matrix with the only nonzero entries 1 
on the upper {k + l)-th subdiagonal if k < I, 

O {zero matrix) if k>l; 
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Mf = 

rc2  CI  CI  
CI cjr' 

C2 ci 

4 J,., 

M,-» = 

CO /-f\ ri2 
fc-l ~^k  ^ik+l 

CJ-. -Ci 

(—1)' 

C2-1 -CI 
CU M 

where CI is the binomial number (^); 

(cos kd i )  Mf (sin kOi) Mf 
T fc _ 
"21 — 

T — ^21 -

_ -(sinkd i )  Mf (cos kdi) Mf 

(cos kOi) Mf* - (sin kdi) Mj 

(sin kBi) Mf(cos kSi) M f  
21x21 

Proof: Easy calculation and finite induction can be applied to show these relations. 
For example, in showing the closed form representation for Mf * using induction we 
need the identity 

+ ̂ ifc •" Ci+i-i = Cl^i, 

which follows immediately from the repeated application of the additive property of 
the binomial numbers, since 

Cl^+ + •  •  • + =  ( C ° + C ^ ) + . . . + cu^_, 

=  ( C ' f c + i + c l ^ i )  +  •  •  • + =  •  • '  =  =  c j  k+i' • 

Corollary 3.1.5. Let || • ||i denote the column-norm of real or complex matrices. 
Then for A: = 1,2, • • •, 

l|Nf||i<l<i*'-', IIMflliSI*"-', ||Mr'||i<i('! + l-2)'-'. 

l|L||||i < (I cos/W,I +1 sin/tftl) [[Mf ||i < v^||Mf||i < < 21 fc""', 

llti'lli < (lco5M,| + |sinM,l)||Mr1i<x/2||M,-'||i 

< v^({t + i-2)'-'<a(Jl! + 21-2f-'. 
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We are now able to formulate the main result of this chapter. 

Theorem 3.1.6. Let X be a convex open set in R?. Assume that for map f 6 (X), 
7i( f )  C  X ,  a n d  t h e  d i s c r e t e  d y n a m i c a l  s y s t e m  x / t + i  =  f  ( x / t )  h a s  a n  e q u i l i b r i u m  x e X .  
Then the necessary condition for the stability of i. is that the absolute values of the 
eigenvalues o/J = the Jacobian oft at it, are less than or equal to one. 

Proof: Since translations do not change the Jacobian of f and preserve the stability 
of an equilibrium, we may assume that X contains 0 and x = 0. If x ^ 0, then 
introduce the new state variable x* = x — x. 

Let Ai, A2, • • •, A„ be the eigenvalues of J. Let a = max{|Ai|, IA2I, * • •, [A,,!} and 
assume that a > 1. Define 

o^f-oo, if lAil = lA2|=-" = |An|=Q:; 
\ MAX{{|AIL,|A2|,-'-,1A„|}\{Q}}, otherwise. 

By Lemma 3.1.1, there exists a non-singular real matrix P such that P J P~^ = A, 
where A is of the form as given in Lemma 3.1.1. Since interchanging the same rows 
and colunms does not affect the similarity of matrices, we can write A in the following 
form obtained by rearranging the orders of the diagonal blocks of A: 

A = Q JQ~^ = diag{/iiBrfi,/i2Bdj, • • •, UpBd^, • • - , 

where Q is real and non-singular; 1 < p < 9; for all i (1 < i < g), is an d, x di 
matrix in form of either N^,., or Ldi (in the last case, d,- is even); |^| = a for 
1 < i < P> 1/^1 < jS for p +1 <i <q. (For blocks corresponding to zero eigenvalues 
we can select ^lj = 1 and Brf^. = N^^ .) Obviously, p = q corresponds to the case when 
P = -00. 

Introduce the notation B^^ = diag{0, - - •, O, B^, O, - • -, O} for 1 < i < q. 
We will next define a norm in R?. For any z 6 R", we can uniquely write 

Z = (Z)1 + (Z)2 + --- + (Z),, 

where (z){ is the component vector of z associated to the block B^^. in B(i,., 1 < z < q. 
Therefore (z),- is an dj-dimensional vector. Let || • ||ij denote the /^-norm in 0, 
1 <j <00. Define H * || as follows: 

ll^ll = + 11(2)2111,<<2 -I + 11(2)9111,d, • 

Clearly, || • || well defines a norm, and it coincides with the 2^-norm in R^. Note that 
the column-norm of a matrix is compliant to the ^'^-norm of a vector space. 

Let d = max{di,d2, • • • ,rf,}. Recall that for any positive a, b, c such that a > 
max{l, b}, we have limjk_»oo |r = +00 and limj^-^oo ^ = +00. Notice that a > 
max{l, jd}. Therefore, there is a positive integer ko, such that 

f ^ko  
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(This is also true when jd = -co with an odd value of ko.) 
Let S = f*®, then the state trajectory of the dynamical system Zjk+i = S{zk) 

with zo = xo in X is a subsequence of the state sequence of the original system 
Xfc+i = By the chain rule of differentiation, 

as 

Ot v v  O T  ,  V  

Note that x = 0 is a fixed point of f, therefore 

dx 
(0) 

ko 
= j*°. 

Now we perform the linear transformation 11: X i-> K n(X), by y n(x) = 
Qx. By Lemmas 3.1.2 and 3.1.3, the dynamical system yk+i = h(yit) has a stable 
equilibrium y = 0, where h = noSoII"^ is continuously differentiable. The Jacobian 
of h at 0 is 

^(0) = Q ^(0) Q-i = Q Q-^ = 

By the local linearization of h, we have 

h(y) = h(0) + ̂ (0) (y-0)+o(||y||) 

= A^y + odlyll). 

Hence there exists a 5 > 0 such that whenever ||yl| < S ,  

l|h(y)-A*°y|| <||y||. 

Define 

(3.0) 

B = {y. Ilyll < i5}, 

and 
( {y: ll(y)illMt + -" 

= { > ll(y)p+illi,dp+i 
[y 

+ ll(y)plli,<<p 
-I—+il(y)«lli,ii,} 

Note that C can be rewritten as 

C 
({y: ll(y)illiA+"-

= s > ll(y)iH-ilk<wi 
[y 

+ ll(y)plli.<<p > 5lly|l 
-I— + ll(y)<illi,<4,} 

if p < q ,  
if p = q. 

if p < q ,  
if p = q. 
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From now on, we only consider the case when p <q since the case oip  = q can 
be treated similarly. 

Select any y* 6 BflC. From inequality (3.0) and the construction of 1| • |I we have 

E ll(h(y-)i - (A*" y-),||iA < 2 E ||(y-)illw • 
i=l «=1 

So 

E IIWy")i - (A'»y")illiA < 2 Y, ||(y-),||,A. 
i=l i=l 

and 

E iiC'ty')' - (A" y')<iiu < 2 E • 
i=p+i t=i 

Recall that d = max{di, rfa. • * * > By the triangle inequality and the Corollary 
of Lemma 3.1.4 we have 

EllWy'WIi* > EII(A'°>'' ' 'I1'A-2EII(>'")'II'.* 
t=l i=l 1=1 

= Ell/'^B5(y•),||.A-2E||(y•),||.A 
i=l i=l 

= a*- EII®* (y')fii"^ - 2 E iKy')'!!'"' 
i=l t=l 

2 «*"E^^-2Eii(y).ii.^ 
,=i lU ,=i 

ii(y).iii.* 

Ell(y-)illi.4 • 
a*® 

d{ko + d-2y-^  »=i 

Using the Corollary of Lenmia 3.1.4 again we see that 
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E IKMy-Mlw < E ll(A'°y-).||i,4 + 2t;il(y-),llM, 
t=p+l i=p+l t=l 

= E ""f®* + 2 E Il(y-),H,,* 
t=p+l »=l 

< ^'"El|BS(y-)illi,t + 2Ell(y')ill..* 
i=p+l i=l 

< IIB5:ilill(y-)ill..*+2Ell(y')illi,* 
t=p+l i=l 

< £<i,t.*-'|l(y-)<ll.,A+2Ell(y')'ll'^ 
«=p+l i=l 

< 0«'dk}-'- Ell(y-),llu+2Ell(y').ll.A 
l=p+l «=l 

< ^di4-' E ii(y*)iiiiA+2 E 
«=l t=l 

= W<(tj-'+2)Ell(y')illw-
i=l 

By the choice of Aro, we have 

Eii(''(y')'ii'A > E ii("'(y')iiiw. 
i=l i=p+l 

and furthermore, 

p 

iii>(y)ii>Eii(i>(y-)iiiw > -^] Eii(y')<iiiA 

(3.1) 

Thus, h(y*) € C, and h(y*) is away from the equilibrium at least twice as much as 
y*-

Assume that the zero equilibrium is stable. Then there is a positive e <5 such 
that if llyoll < e then for all fc > 0, l|yjt|| < d. K one selects a nonzero yo 6 C 
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such that llyoll < c, then inequality (3.0) holds for all y/t and obviously, ykE B DC.  
However, from relation (3.1) we conclude that 

W>2| |y ib- i | I>- - ->2* l lyol l ,  

which tends to oo as fc oo. This contradicts the selection of e. Hence the proof is 
completed. • 

Corollary 3.1.7. Since asymptotic stability implies stability, Theorem 3.1.6 holds 
also for any asymptotically stable equilibrium. 

We know that if all eigenvalues of J are inside the unit circle, then the equilibrium 
is asymptotically stable. If some eigenvalues are on the unit circle and all others are 
inside the unit circle, then the equilibrium may be unstable and in some cases may 
be marginally stable, or even asymptotically stable as it is illustrated in the following 
examples. 

Example 3.1.8. Consider the linear system 

Xfc+i = Axfc 

with Xfc = (xfci,a:fc2)^ and 

^ = ( o  l ) '  

It is easy to see that for k>0, 

and therefore 
„  _  - f  X o i  +  k X Q 2 \  

If xo2 > 0, then Xfci oo. Hence the zero equilibrium is unstable. 

Example 3.1.9. Consider the single dimensional linear system 

Xfc+i = xic  

with a unique equilibrium x = 0. Since for fc > 0, Xfc = (-l)''xo, the equilibriimi is 
stable and the stability is not asymptotic. 

Example 3.1.10. Consider now the single dimensional nonlinear system 

xk+i = gi^k)  
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with 
g{x)=xe~'^ ,  

which has a unique equilibrium x = 0. The Jacobian of ^ at f has unique eigenvalue 
1. Since larjtl is decreasing in k and bounded by zero, a = limjk_>oo \xk\ exists and 
is finite. Moreover, it satisfies the equation a = ae~® , which implies a = 0. By 
the monotonicity and convergence of |xit| we conclude that the zero equilibrium is 
asymptotically stable. 

3.2 Matrix norms and Stability 

In this section, we will apply the spectral theory in finite dimensional spaces to 
reveal some interesting connections between stability and matrix norms. 

Let A be a real or complex n x n matrix. Let the eigenvalues of A be denoted by 
Ai, A2, • • •, A„. The spectral radius of matrix A is defined as 

r<,(A) = max{|Ai|, IA2I, • • •, |An|}. 

The matrix norm induced from a vector norm is defined as follows: 

||A1| = sup ||Ax|l. 
I|x||=l 

It is well known that for all induced matrix norms, 

r.(A) < IIAII 

(see for example, Kreyszig (1978) [31] or Yosida (1980) [100]. 
There are many special spectral properties of real or complex matrices known from 

the literature. The following lemmas are given in Ortega and Rheinboldt (1970) [61]. 

Lemma 3.2.1. Let H • || be an arbitrary norm on If (or C^) and P an arbitrary 
nonsingular, nx n, real (or complex) matrix. Then the mapping defined by x 
l|x||' = ||Px||, for allxeis^ (or ^), is a norm on IP (or C*). Moreover, if \ is a 
real (or complex) nxn matrix, then the induced matrix norm is given as 

iiAir=iiPAP-^ii. 

Proof: It is simple to verify that || • ||' is a norm. The second part of the lemma 
follows from equality 

l|A|r = sup llAxir = sup llPAxll = sup ||PAP-Vll = IIPAP-^j. • 
l|xl|'=l |lPx|l=l I|yl|=l 

Lemma 3.2.2. Let A be the Jordan form of an nxn matrix A. Then for arbitrary 
€>0, A is similar to a matrix A which is identical to A except that each off-diagonal 
1 is replaced by e. 



29 

Proof: Without loss of generality we may assume that A is an n x n Jordan block. 
Let D be the diagonal matrix diag(l,e, • • • ,6""^), then D~^AD = A. Hence, A is 
similar to A. • 

Lemma 3.2.3. Let Abeannxn matrix. Then for arbitrary c> 0, there is a norm 
on C* such that for the induced matrix norm, 

||A|| <ra(A)+e. 

Proof: Let A be the modified Jordan form of A as given in Lemma 3.2.2. Then 
the column-norm of A satisfies relation ||A|li < r^(A) + e, and using Lemma 3.2.1, 
the result follows. • 

The main result of this section can be formulated as follows. 

Theorem 3.2.4. Let Xbe annxn real or complex matrix. Then 

rff(A) = inf{l|Al|: 1| • H w any induced matrix norm on C}. 

Furthermore, if all the Jordan blocks of A corresponding to the eigenvalues with largest 
absolute value have size 1x1, then r^iA) = IjAH with some matrix norm; otherwise, 
r<,(A) < ||A11 for all matrix norms. 

Proof: The first part of the theorem follows immediately from Lemma 3.2.3. 
Suppose that all the Jordan blocks corresponding to the eigenvalues of A with 

largest absolute value have size 1x1. If A is diagonalizable, then take the column-
norm of the diagonal Jordan form of A. Then it equals r(r(A), and is a norm of A by 
Lemma 3.2.1. If A is not diagonalizable, then there must be some other eigenvalues 
of A with Jordan blocks with sizes more than 1x1. Let ^0 be the maximum of the 
absolute values of all other eigenvalues of A. Then r<r(A) > 0. Take c = rff(A) -
and apply Lemma 3.2.2 to each Jordan block of A with this £ to obtain the modified 
Jordan form A for A. Then ||A||t = ra{A), which is a norm of A by Lemma 3.2.1. 

Suppose that there is an m x m (m > 2) Jordan block of A corresponding to 
a dominant eigenvalue A. If A = 0, then the assertion is obvious, since for any 
A # O, IIAll > 0 for all norms. Assume next that A ^ 0. Let 61,62,,6m be 
the natural basis of the coordinate space corresponding to this Jordan block. Then 
A(xiei + X2e2) = (Aari + ar2)ei + Ax2e2. Assume that there is some norm || • || such 
that 1|A|1 = sup||x||54o = ra{A). Then for all vectors x, ||Ax|| < r^(A)l|x||. We 
will show that this is impossible. Let x = xiCi + X2e2, then 

||(Axi -l-X2)ei + Ax2e2ll < r^CAjjlxiei + X2e2l| 

for all complex Xi and X2. Let xi = m (m = 1,2, • • •) and X2 = A, then we see that 

||(M + L)AEI 4- A^E2LL — ^<R(A)||TNEI 4- AE2||. 
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Since r<y(A) = |A| > 0, 

l|(7Ti + l)ei + Ae2|| ^ + Aegjl-

This relation implies that for all Af > 2, 

||Afei + Ae2|| < ||(ilf — l)ei + Ae2ll ^ ^ ll®i^®2il) 

and division by M yields 

Letting M oo and using the continuity of vector norms we have IjeiH < 0, which 
is impossible since with any vector norm, ||ei|| > 0. 

Thus, the proof is completed. • 

From Theorems 3.1.6 and 3.2.4, we have the following interesting result. 

Corollary 3.2.5. Assume that all conditions of Theorem 3.1.6 hold. Then for a 
stable equilibrium, the spectral radius of 3, the Jacobian of the transition function at 
the equilibrium, must not be greater than 1. Furthermore, if all the Jordan blocks of 
J corresponding to the eigenvalues with largest absolute value have size 1 x I, then 
there exists some matrix norm such that ||J|| < 1. 

The result of Corollary 3.2.5 cannot be further extended, as it is illustrated in 
the following example which provides a nonlinear discrete dynamical system with an 
asymptotically stable equilibrium and with all matrix norms of the Jacobian of the 
transition fimction at the equilibrium being strictly greater than one. 

Example 3.2.6. Consider the dynamical system Z(^i = f (zt), where z = (x, y)^ 6 
and 

FVom the second equation we see y = 0, and then the first equation implies that 
X = 0. Thus, the unique equilibrium is z = 0. 

Notice that 

il®l + jj^®2ll < j{jll®l + ^^2\l 

f(z) (3.2) 

The equilibrium is the solution of equations 

X = xe ' '^  +ye~^,  

y = ye~^. 

f w = ( 
-23^6-^  + e-^  -2y^t-^  + e""' 

0 -2y^e-^^e-^ ) 
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therefore 

j = f « = ( ;  1 ) .  

Then by Theorem 3.2.4, any norm of J is strictly greater than 1. 
Next we show that the equilibrimn of the system generated by (3.2) is asymptot

ically stable. We can write this system as 

xt+i = xte~'» + yte~^ = + yt+i, 

yt+i = 2/te"®^ 

Let f {x)  =  Since f ' {x)  = e~'^ + xe~®^(-2x) = e"®'(l - 2x^), / is strictly 
increasing in [0, ^). 

Define next g{x)  =  x  — f{x) .  Then g'{x)  = 1 — e~®'(l - 2x^) > 1 — e"®' > 0 for 
X 6 (-00, oo), that is, g increases for x € (-co, oo). 

Select any initial state (xo>yo). First we show that yt 0 ds t co. Since 
\yt+i\ = lyele"'"''' < \yt\, sequence jyt| is convergent. If y' denotes the limit, then the 
recursion implies that y* = y*e~^' showing that y* = 0. 

Select now an arbitrary e 6 denote 6 = g{€) .  Then (J > 0. Since 
yt -)• 0, there is an JV such that \yt\ < min{£, 5} =S ast> N. 

Assume first that for some t > N ,  lxt| < e. Then 

kt+il < kele"'®''' + \yt+i\ < /(e) + 5 = /(e) + 5(e) = /(e) + e - /(e) = e. 

(3.3) 

Assume next that with some t > iV, lxt| > e. Then 

\x t+i \  <  Ix tle"'"'''' + \yt+i\ < /(jxtl) +(? = f{\xt\)+g{€) < /(|xt|) + (/(|xt|) = |xt|. 

Now we show that there i s&t* >N such that [xj. [ < e. Assume not, then |xt| > c 
for all i > N. Since sequence jxtj is decreasing when t > N, it converges to a limit 
X*. Letting t -> 00 in the recursion of Xe and using the fact that -> 0 we have 

x' = x*e-®*'+0 

implying that x* = 0 which contradicts the assumption. From the previous derivation 
we also see that for all t > t*, |x{| < c. 

In summary, if t > <*, then [xtl < e, jytl < e, proving that both sequences converge 
to zero. 

The above derivation also implies that the zero equilibrium is stable. Select any 
e € (0, ^), and define 6 = g{e) > 0. If lxo| < 5 and |yol < S, then it is easy to show 

that for all t > 0, |xt| < e and \yt\ < e. The monotonicity of sequence \yt\ implies that 
|yt( < <y < e. Inequality [xt] < e can be proven by induction using inequality (3.3), 
since for t = 0 it holds, and the induction step is given by relation (3.3). 
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Remark: We caa easily extend this example to any dimension n > 2 such that the 
equilibriimi is asymptotically stable and the Jacobian at the equilibrium is a Jordan 
block with size n x n. Just consider the dynamical system Xj+i = f(xt), where 
X = (xi, X2> • • • > € R? and 

f(x) = 

( xie 
xae +X3e-^»' 

N 

Xn-ie"®"-'' + x„e 

\ x„e -In 

The unique equilibrium is x = 0. The Jacobian of f at this equilibrium is the n x n 
Jordan block with unit eigenvalue. Similarly to the discussion given in Example 3.2.6, 
we first show that component x„ is stable and converges to zero. Then the same is 
shown for Xn-i, and then for x„-2, and so on, and finally for xt. 
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4. STABILITY OF NASH-COURNOT EQUILIBRIA IN DYNAMIC OLIGOPOLIES 

In this chapter, we are focused on some economic models. One of the most impor
tant model classes consists of the different variants of the Coumot oligopoly model. A 
comprehensive summary of such models and stability results in both continuous and 
discrete cases is presented in Okuguchi (1976) [55], and Okuguchi and Szidarovszky 
(1999) [60]. In our setting here, first we verify the equivalence of the equilibrium 
problem of a large class of nonlinear games and the equilibrium problem of a class of 
discrete dynamic systems. Stability conditions are then derived for a certain class of 
dynamical models, and these results are finally applied to labor-managed oligopolies. 
The economic interpretations of the stability conditions are also presented. 

4.1 Nash-Coumot Equilibria and Fixed Points of Dynamical Systems 

Oligopoly is a state of industry where a small N nimaber of firms produce M 
homogeneous goods or close substitutes competitively. The multiproduct Coumot 
Oligopoly is an iV-person noncooperative game defined as follows. Let denote 
the output of firm fc (1 < fc < n) of product m, then the output of the firm can 
be characterized by output vector Xfc = (x|!\...,x^^^). Let x = (xi.xa, ...,Xiv) be 
the output vector of the N firms, s = denote the gross output vector of 
the industry, and assume that the price vector depends on s: p = p(s). If Ck {k  = 
1,2,..., N) denotes the cost function of firm k, then its profit can be expressed as 

¥Jik(xi, ..., Xff) = 4"P(s) - Cik(xfe). (4.1) 

If Xfc C denotes the set of all feasible outputs for firm k, then the resulting 
game can be given in strategic form as F = (iV; Xi,..., Xff] (pi,..., tpif)- In the single 
product case, Af = 1, and we may select Xk = [0, L/k], where Lk is the capacity limit 
of firm k, 

A vector x = (xi, X2,..., Xi\r) 6 X = A"i © X2 ©... © X[f is called a Nash-Coumot 
equilibrium point of game F, if for A: = 1,2,..., N, 

1. Xk e Xk; 

2. For arbitrary Xfc € Xk, 

(Pk{xu...,Xfc_i,Xfc,Xfc+i,...,Xat) > ¥'ifc(xi. Xfc-i. Xfc.Xfc+i. Xiv)- (4.2) 

In other words, the Nash-Coumot equilibrium is an iV-tuple of strategies at which 
each player maximizes his own payoff with respect to his own strategy selection, given 
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the strategy choices of all other players. If a Nash-Coumot equilibrium x exists and 
is an interior point of x, and ail (pk are continuously differentiable in xk, then for 
f c  =  1 , 2 , n  a n d  m  =  1 , 2 , M ,  

= 0, (4.3) 

where the partial derivatives are taken with respect to each component. 
In the continuous case, it is natural to assume that the rate of change of the 

k-th player's strategy selection with respect to time is positively proportional to his 
marginal payoff with respect to his strategy, namely, 

Xfc = CfcVik¥'fc(x), fc = 1,2, ..., iV, (4.4) 

where Vkfk denotes the gradient of tpk with respect to Xk, and Ck is a diagonal 
constant matrix with positive diagonal elements. It is obvious that the interior Nash-
Coumot equilibrium is a fixed point of the dynamical system (4.4). 

In the discrete case, each player maximizes his payoff in every time period based 
on his knowledge on the strategies expected &om the other players. Such expectations 
rely in general on the actual and the expected strategies taken in the last time periods. 

Assume that equation (4.3) has a unique solution in terms of vanables Xi, ..., 
Xfc—i, Xji;^i,..., x^ as 

Xfc = ffc(Xi, ..., Xfc_i, Xfc+1, ..., Xiv). 

Besides, let Xk{t)  be the actual strategy of player k  and xf (t) his expectation on the 
strategy of player i at time t (i # fc). Assume xf (i +1) is a function of only x,(t) and 

that is, 

ii?{(+l) = gj(x,(t), xj(t)). (4.5) 

In addition, we impose a natural assimiption that 

gf(a,a) = a (4.6) 

for any vector a and fc ^ i, for which the reason is obvious: if the actual strategy 
happens to be the expected strategy of the same time period, the same expected 
strategy will be carried over into the next time period. 

As a special case, if gf is a convex linear combination, i.e., 

g?(a,b) = Dja + (I-Df)b, (4.7) 

where Df is a diagonal matrix with entries in (0,1]. This scheme is called the adap
tive expectation. Obviously, any adaptive expectation satisfies the natural assump
tion (4.6). 
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Due to the fact that each player maximizes his payoff based on the expected 
strategies of the others, and assuming interior optimum throughout, it is easy to see 
that for all k, 

Xk{t) = fik(x^(t), (4.8) 

The dynamical system with state variables 

{xjfc( t ) ,  xf («)  I k^i ;  k , i  =  l ,N}  (4.9) 

is well determined by relations (4.5), (4.6), (4.8) and the choice of the initial expecta
tions {xf (0) I fc ^ i; k,i = l,..., N). If we start the process at the Nash-Coumot equi
librium by setting the initial expectations 3^(0) = Xfc for all fe ^ i, then Xfc(O) = Xfc 
by (4.8) and (4.3), Xi(l) = Xjk by the assumption of g^, etc. Inductively, we have 
xl^t) = Xfc(t) = Xjfc for all t Thus the n copies of the Nash-Cournot equilibrium 
is the fixed point of the dynamical system (4.9) when the order of variables in the 
system is arranged properly. 

The above results can be summarized in the following theorem. 

Theorem 4.1.1. Assume that for all k, (fk is continuously differentiable as an MN 
variable function. Then the interior Nash-Coumot equilibrium of the above N-person 
game corresponds to some fixed point of the dynamical system governed by (44) (when 
the system is continuous), or (4.3), (4-5), (4-6) and (4.8) (when the system is dis
crete). 

It is also easy to see that any interior fixed point is an interior equilibrium if (pk 
is concave in Xk for all k. Therefore a corollary is derived. 

Corollary 4.1.2. In addition to the assumption of Theorem 4-i-li assume that (pk is 
concave in Xk for all k. Then the interior Nash-Coumot equilibrium problem of the 
above N-person game is equivalent to the interior fixed point problem of the dynamical 
system governed by (4-4) (when the system is continuous), or (4-3), (4-5), (4-6) and 
(4.8) (when the system is discrete). 

The stability or asymptotic stability of the Nash-Coumot equilibrium is of great 
interest in economic theory. It is well known that the eigenvalues of the Jacobian 
matrix of the transition function of a dynamical system at a fixed point can deter
mine the stability and asymptotic stability in most cases. See for example. Bellman 
(1969) [9], and Li and Szidarovszky (1999a) [36]. For a continuous system, if ail 
eigenvalues have negative real parts, then the fixed point is asymptotically stable; for 
a discrete system, if all eigenvalues are inside the unit circle, then this fixed point is 
asymptotically stable. It is also known from the theory of differential and difference 
equations that if at least one eigenvalue of the Jacobian matrix at the equilibrium has 
positive real parts then the equilibrium of the continuous system is unstable; and if at 
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least one eigenvalue is outside the unit circle, then the equilibrium of the discrete sys
tem is unstable. These sufficient conditions are easy to be applied to the continuous 

system (4.4) by considering the eigenvalues of the Jacobian matrix —^  •  

In the rest of this chapter the discrete case will be analyzed. Introduced first the 
notations 

X = (xi, X2,..., x^)^ 6 

v _ ^1.^2 ^2 ^  . i iv  iat  -n  
X — \*2> *3' •••' *Ar)*l) *3> "•> ••') *1 ) *2 ' •••' *iV—1/ ^ 

Accordingly, denote g, a mapping from (Xi © X2 © • • • © Xn) © {X2 © • • • © Xn) © 
(Xi © x3 © • * • © xff) © • • • © (Xi © • • • © Xjv-i) into {x2 © • • • © xn) © (-^i © -^3 © 
• • • © xn) © • • • © (X], © • • • © Xn-i), by 

g(x,x) = (gf(x,-, xf)|i?6fc;fc, i = l,2,...,iV). 

Denote f, a mapping from (X2©- • •©XAf)©(Xi©X3©- • -©Xat)©- * *©(Xi©- • -©Xiv-i) 
into (Xi © X2 © • • • © Xn)) by 

f(x) = (ffc(xf,...,xj^_i,x|^+i,...,x^)|A: = l,2,...,iV). 

Then system (4.9) is described by the following simple equalities 

x(t) = f(x(f)) (4.10) 

x(t + l) = g(x(t), x(t)), 

which can be re\mtten as 

x(t + l) = f(g(x(t), x(t)) (4.11) 

x(t + l) = g(x(t), x(t)). 

The JV-direct sum of the Nash-Coumot equilibrium up to some permutation of 
the components is a fixed point of system (4.10) or (4.11). The Jacobian matrix of 
the transition function is 

9(x(t-H), x(t + l)) 

d{x{t), x(t)) 
_ ( £)f(g(x(t),x(t)))>Dig(x(t),x(t)) Df(g(x(t),x(t)))^JD2g(x(t),x(t)) \ 

V i5ig(x(t), x(t)) Ag(x(i). x(t)) )' 

where D, Di, and D2 are differential operations with respect to g, x, x, respectively. 
That is, Df, Dig, and D2g are the Jacobian matrices of f and g with respect to these 
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variables. For simplicity, let us denote the Jacobian matrix of (4.11) at the fixed point 
as 

_ _ / Df Dig Df D2g \ 
• ' " V  A g  d2g ) '  

Let (u, v)^ be an eigenvector associated to an eigenvalue A of J. Then 

Df(Digu + D2gv) = Au 

Digu + I>2gv = Av. 

Simple substitution derives either A = 0 or u = Dfv. A zero eigenvalue does not 
destroy stability or asymptotic stability. If A 7^ 0, then 

(Z?igDf+ I>2g)v = Av. 

That is, any nonzero eigenvalue of J must be an eigenvalue of matrix 

DigDf + D2g, (4.12) 

whose size is only {N -  i)NM x{N — i )NM. If this matrix has all eigenvalues inside 
the unit circle, then the Nash-Coumot equilibrium is asymptotically stable. 

4.2 Stability of Equilibria in Single-Product Oligopolies with Payoff Functions 
fkixk, Adapted Expectations 

The general approach outlined above requires a tedious computation in manipu
lating with matrix (4.12). In practice, this approach can be handled tactfully. The 
main idea is to reduce the number of variables in the dynamical system. This idea 
can be realized when the firms form expectations on only the output of the rest of 
the  indust ry  M{N -  l ) -d imensional  expecta t ion vector  (x^  |  i  k)  
can be deduced to an M-dimensional vector. Another case, when reduction in the 
dimension is possible, especially when the M goods are mutually independent, i.e., 
the payoff fimction of each player is the sum of M fimctions where each of them is a 
payoff corresponding to a single good. Thus system (4.10) can be decomposed into 
M equivalent smaller dimensional subsystems. 

Consider next a special single product case F = (iV; Xi,..., tpi , ..., ip^) ,  where 
Xk = [0,Lk], <Pk{xi, X2,xn) = example, m the case of sin
gle product oligopolies without product differentiation, (Pk{xk,J^k^i) — ^kPi^k + 

— Ck{xk)' If adaptive expectations are assumed, it coincides with df(a,&) = 
rfjfea + (1 — dk)b for all i ^ A: where dk € (0,1], and thus 

h{t + l) = dksk{t)-\'(l-dk)sk{t) 
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with Sfc(t) = and h{t) - This gives us 

Xk{t)  =  fk{h{t ) ) ,  and h{t + i) = gk{sk{t),h{t))-

Thus system (4.10) can be reduced to 

x(t) = f(s(t)) 

s(f + l) = g(s(t),s(i)) 

In this case, matrix (4.12) becomes 

(4.13) 

digd{ + d2g = 

f  0 di ••• di \  
d2 0 d2 

^ rfiv dff  •"  ds  j 

(  l - d x  

1 — da 

D f i  
Dh 

dfn 

1 — rfisr 

with 

A = 

= A + ab^, 

^ 1  — d\  — d iDf i  
1 — ^2 — d^iDf^ 

a = 

( di ^ 

da 

\di i  f  

and b = 

The characteristic polynomial of this matrix is given as 

0(A) = det(A-AI + ab^) 

1 — — dffDfff y 

f  D f i  ^  

Dh 

dfn 

= det(A - AI) • det(I + (A - AI)-^ab^) 

It is well known that if I is the n x n identity matrix, and u and v are n-dimensional 
real (or complex) vectors, then 

det(I + uv^) = 1 + v^u. 
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which is called Morrisoa's identity (Burden and Faires, 1997 [13]) and can be proved 
easily by using finite induction with respect to n. Therefore 

<f>{X)  = det(A-AI)-[l+b^(A-AI)-^a] (4.14) 

dkdfk  
t f  (  ^ 

k=l \ ifc=l 
dk — dk  Dfk  -  A 

Introduce the notation 7* = 1 —dk—dk Dfk ,  =  dk Dfk ,  and denote by T/j < 7/2 < 
• • • < 7/4 the distinct % values with multiplicities ri, r2, r,. Let Ij = {i 17, = T/j}, 
and 6j = X)ig/ for j = 1, 2,s. Then solving for the roots of (4.14) becomes 
finding the solution to equation 

(4.15) 

The left hand side is an iVth-degree polynomial with roots T]j with multiplicities rj -1 
when 9j ^ 0, or with multiplicities rj when dj = 0. All other roots of (4.15) are the 
roots of function 

j=l 

Finding the roots of this fimction is equivalent to finding the solution of a polynomial 
equation of degree which equals the number of nonzero 6j. It is easy to see that if all 
roots of G are real, then (4.15) has N real roots. 

The following result gives a characterization of the roots of 0. 

Lemma 4.2.1. Assume that all 9j ^ 0, and the number of sign changes of sequence 
{01, 62, ..., 9s} is at most 1 in such a way that when the sign change occurs, it is from 

to Then U-16) has exactly s real roots. If there is one sign change, then 
s — 2 roots are in {rji, 7/,), one is in (—00, r]i) and one is in {t]s, 00). If there is no 
sign change, then s — 1 roots are in {rji, r/,), and the last root is in (—00, t)i) when 
all 9j < 0, or in (7/,, 00) when all 9j > 0. 

Proof: Notice that 

2 

Under the assumption of the lenmia, G has the following properties. 

1. G has 3  vertical asjrmptotes at A = t^-, i = 1,2,..., s. 
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G G G 

All < 0 All > 0 One sign change in 6j's 

FIGURE 4.1. Three possible cases of function G. 

2. G(-oo) = G(oo) = -1. 

3. The vertical asymptotes divide the domain of G into s +1 intervals (-oo,r/i), 
(r/i, R/2),(T/S> 00). If all dj have the same sign, G is monotone in each of these 
i n t e r v a l s ,  e i t h e r  f r o m  - 0 0  t o  0 0  ( i f  a l l  d j  <  0 )  o r  f r o m  0 0  t o  - 0 0  ( i f  a l l  d i > Q ) .  

4. If all 6j  < 0, then G(A) > -1 for any A < r j i ;  G{X)  < -1 for any A > 
Furthermore, limA->,j-oG(A) = +00, limA->,,,+o G(A) = -00 . 

5. If all dj > 0, then G(A) < -1 for any A < 7/1; G(A) > -1 for any A > 77,. 
Furthermore, limA-»f,^-o G{X) = -00, limA->,,,+o G{\) = +00. 

6. If the only sign change from to is at i ,  i.e. di  < 0 and dt+i  > 0, 
then G(A) < —1 for any A 6 (T/J, T/J+I). Furthermore, limx->,,j-oG(A) = +cx), 
limA-»„,.+oG(A) = -00 for j < I; limA-»,,-o G(A) = -00, limA->,,.+o G(A) = +00 
f o r  j  >  I .  

It is easy to see that the graph of G has only three patterns which correspond 
to the three cases as given before. Using the Intermediate Value Theorem and the 
above properties of G, we know that the graph of G intersects the horizontal axis 
exactly once in each of (-00,7/1), and (%-i)%)i J = -mS if all dj < 0, or intersects 
the horizontal axis exactly once in each of (7/j,oo), and (%-1,7/j), j = 1, ...,s if all 
6i > 0, or intersects the horizontal axis at least once in each of (-00,771), (7?,,00), 
and (T/j-i, rfj), j ^ I, j = 1,..., s. Therefore, the graph of G intersects the horizontal 
axis exactly s times in all cases. 

• 
FVom the above discussion, we know that the characteristic equation of ma

trix (4.12) has at least N -2 roots in the closed interval [T/I, T/,]. TO ensure that 
all the eigenvalues have absolute values less than 1, we need that all \rjj\ < 1 plus 
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either (3(-l) < 0 or G(l) < 0, or both G(-l) < 0 and G(l) < 0 (the reason is 
the Intermediate Value Theorem again), fully depending whether there are either all 
6j < 0 or all dj > 0, or there is one sign change occurring in the way as stated in 
Lemma 4.2.1. 

Theorem 4.2.2. Assume that system (4-i3) has an interior Nash-Coumot equilib
rium and all conditions of Lemma J^.2.1 are met. Then any one of the follounng three 
cases ensures that the Nash-Coumot equilibrium is asymptotically stable: 

1. All \rij\ < 1, all6j <0 , andG(—1) <0. 
2. All \rij\ < 1, all dj > 0, and G(l) < 0. 
5. All \T}j\ < 1, and there exists an I, such that 9j < 0 for j < I, 6j > 0 for 

j >1 + 1 and G(-l) < 0, G(l) < 0. 

As a special case, assume that all Dfk € (-1, 0]. Then all 7jk = 1 - djfc - dfc Dfk 6 
[0, 1), and all = dkDfk <0. So all < 1, and all dj = < 0. Therefore, 
we have 

Corollary 4.2.3. Assume that system (4.13) has an interior Nash-Coumot equi
librium. If for all k, —1 < Dfk < 0, and G(—1) < 0, then the equilibrium is 
asymptotically stable. 

Similarly to Theorem 4.2.2, one can use the Intermediate Value Theorem and 
prove the following necessary stability conditions. 

Theorem 4.2.4. Assume that system (4-13) has an interior stable Nash-Coumot 
equilibrium, all conditions of Lemma 4'2,1 are met, and s > 2. 

1. If all 9j < 0, then \rij\ < 1 for j = 1,2,..., s — 1. Furthermore, either r?, < 1 
and G(—1) <0 or T/, > 1 and G(—1) < 0 and G(l) > 0; 

2. If all 9j > 0, then \Tjj\ < 1 forj = 2, ...,s. Furthermore, either r\\ > —1 and 
G(l) <0 or r}i < -I and G(-I) > 0 and G(l) < 0; 

5. If there exists an I and 6j < 0 for j < I, dj >0 for j >1 + 1, then \r}j\ < 1 for 
j = 1,2,..., s. Furthermore, G(-l) < 0 and G(l) < 0. 

When all djt = 1, i.e. every firm uses static expectation, then all 7jfc = -Dfk-
Thus an interesting corollary is obtained. 

Corollary 4.2.5. Assume that system (4-13) has an interior Nash-Coumot equilib
rium and static expectations are taken into account (i.e. dk = l for all k). Then the 
stability of the equilibrium implies all \Dfk\ < 1 at the equilibrium. 

4.3 Stability of Equilibria in Multi-Product Oligopolies with Payoff Functions 
fkixk, Adapted Expectations 

In this section, a multiproduct case with adaptive «q)ectations is ^amined. 
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Let (fi denote the profit of firm i (i = 1,2,n): 
m 

¥>i(Xi,X2,...,X„) = 5^xWpr(x, +yi)-Ci(Xi) 

= 3^p(x. + yf(t))-Ci(x.), 

where m is the number of products, is the output of firm i on maxket r, x, = 
is the output vector of firm i, Xj is the output vector 

of the rest of the industry, pr is the price function of product r and Q is the cost 
function of firm i. 

In the case of adaptive expectations, firm i {i = 1,2,..., n) adjusts its expectation 
yf (t) at time period t according to relation 

yf(t) = DI5;X,(T-1) + (I-DI)YF{T-1), (4.17) 
j¥i  

where I is the m x m identity matrix and D,- is an m x m diagonal matrix with 
positive diagonal elements. We mention that the diagonal elements of Dj are called 
the speeds of adjustments. In the special case of D,- = I, adaptive expectations reduce 
to Coumot expectations being considered in Zhang and Zhang (1996) [101]. 

It is assumed that at time period t, firm i selects the best reply; 

x.(t) = argmax{)^p(x<+yf(i))-Cj(Xi)}. 

If tpi is strictly concave in Xi with any fixed y,-, then x,(i) is unique. Let Rt(yi(t)) 
denote the best reply mapping, then Eq. (4.17) implies that the resulted dynamic 
process can be formulated as follows: 

x ,(t) = R,(D,5;^Xj(i-l) + (I-Di )yf(t-l)), (4.18) 

y f i t )  = D,£x,((-1) + (I-D,)yf(t-1), 
i#* 

which is a discrete dynamic system with state variables ..., Xn{t), yf{t), ..., 
Ynit)' Notice that Xi{t) and yf(t) are m-dimensional vectors. The Jacobian of 
system (4.18) has the special form 

where 

Ti = 

V 13  T4 j  • 

0 • Di • • Rj • Di 
Rj • D2 0 • • * R2 * D2 

RJi'Dn 0 



43 

/R'i-(I-Di) 

T, = 
R4-(I-D2) 

Ta = 

0 Di 
Dj 0 

Dn D„ 

•  D i ^  
D2 

T4 = 

f  I - D i  

I-D, 

I-D„ 

The system (4.18) is asymptotically stable, if all eigenvalues of T' at the equi
librium are inside the unit circle. Notice that this is the sufficient and necessary 
condition for the existence of a matrix norm such that ||T'|| < 1 (See Section 3.2). 
The eigenvalue equation of T' can be written as 

52Ri'Dia,+R;-(I-Di)vj = AU( (l<i<n), (4.19) 

D,Uj + (I - D,)v,- = Avi (1 < i < n). 

Multiply the second equation by from the left hand side and subtract it from 
the first equation to have 

A(iii -Rj-Vj) = 0 {I  < i  <n) .  (4.20) 

If A = 0, then this eigenvalue is inside the unit circle; otherwise, u, = • Vj. 
Substituting this relation into the second equation of Eq. (4.19) yields 

^Di-Ryvj+(I-Di)v,- = Avi (l<«<n). (4.21) 
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which is the eigenvalue equation of matrix 

/  I-Di Di R4 • Di-R; \  
 ̂ Da R'l I-D2 D2 R; 

^ Dn ' Dn • R2 ^ ~ > 

In order to obtain practical stability conditions, we have to compute the Jacobian 
of the best reply mappings. Differentiating the objective function of problem (4.18) 
and using the fact that the optimum is interior, we see that 

P(xf + yf)+Jj(xi+yf)-x, -VCi(xi) = 0, (4.22) 

where Jp is the Jacobian of p and V denotes gradient as a column vector. In the best 
reply mapping, x< is the function of yf, so differentiating Eq. (4.22) with respect to 
yf gives the following relations: 

m 

3=1 

m  m 
(JP+JJ+E^F'HK-hcJ-R; = 

j=i j=i 

where and HQ are the Hessians of pj and Q, respectively. Assuming that 
the first factor of the left hand side is invertible, we have 

m m 
Hi = -(Jp+jJ + 52x?'Hp,-Hc.)-'-(Jp + X;ii' 'Hp,)- (1-23) 

i=i j=i 

In Okuguchi and Szidarovszky (1990) [56], it is assumed that p and Q {i = 
1,2, ...,n) are twice differentiable, Hp^. and Jp + are semi-negative definite, and 
He. is positive definite. Under these conditions, the inverse matrix in Eq. (4.23) 
exists and is negative definite, and is continuous. 

Simple sufficient stability conditions can be derived by using special matrix norms, 
since all eigenvalues of matrix T'* are inside the unit circle, if one of its norms is less 
than one. Select the block-row norm we have the condition 

ma {||I-D,||+Ei^l|D<l|-||Ii;il} < 1, (4.24) 

and by selecting the block-column norm the condition 

{||I-DJ+Ej^||D,li-| |I^.| |} <1 (4.25) 
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is obtained. Notice that inequality (4.24) holds if for all i, 

1-III-D4 
< 

IP'II 

which is satisfied if Jp is symmetric, and Hci are suflSciently small, further more 
D, is diagonal and the ratio of the smallest and largest diagonal elements of D, is not 
very small. In the case of Coumot expectations D,- = I, therefore, the last condition 
obviously holds. 

Similarly, inequality (4.25) holds if for all j, 

IIRlll < 

which is satisfied under very similar conditions as in the case of relation (4.24). 
The size of matrix T'* is nm, still large. An additional reduction in the size of 

the eigenvalue problem will be presented. However, the resulting eigenvalue problem 
becomes nonlinear. 

The eigenvalue equation of matrix T'* is Eq. (4.21), which can be rewritten as: 

= (I+Ri +  ( A - l )D-')v,. (4.26) 
J=1 

Since the left hand side does not depend on i, we have 

(I + R;. + (A-l)Dr')v, = (l + Ri + {A-l)Dr')v, 

for all i. Assuming that I -t- + (A - l)Df^ is iavertible, we have 

Vi = (I + R; +  ( A - l )Dr')- '(H-Rl +  ( A - l )Dr')vi. 

Substituting this relation into Eq. (4.26), we obtain a noolinear eigenvalue problem 

|((1 - A)Dr' -1)+E;>.. R; (I++(A - 1)D-')-' (I+R;+(A - YNR')} V, 

= 0 (4.27) 

where the size of the problem is only m. 
As an example, consider finally the synunetric case, when R'^ = - • • = = R' 

at the equilibrium and Di = D2 = • • • = Dn = D. In this case, problem (4.27) has 
this simple form 

|((l-A)D-'-I) + ( n - l )R |vi = 0, 

which is the m-dimensional eigenvalue problem of matrix I — D + (n - 1)DR. 
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4.4 Stability in a Special Labor Managed Oligopoly 

As a particular example, we will discuss the asymptotic stability of the Nash-
Coumot equilibrium of the single product case of labor managed oligopolies. Assume 
now that N firms produce a single good and the payoff fiinction of each firm is the 
surplus per labor of the firm. Let p be the price (or inverse demand) function which 
is assumed to be a function of the total production of the industry. Let w be the 
competitive wage rate, and Ck the fixed cost of firm A:. Let hk be the number of labors 
in firm fc as a fimction of the production level of firm k. Then the payoff function of 
firm k is given as 

(4.28) 

with s  = Xi .  Assuming interior equilibrium, we have 

dtpk {pis)- i -xkpf{s))hk{xk)-{xkp{s)-ck)h 'k{xk)  ^ 

dxk "  hlixk)  ~  

The existence of the Nash-Coumot equilibrium has been proved under realistic 
conditions in Okuguchi (1993) [59]. From (4.29), we get 

(p(s)-hxkp'(s))hk(xk)-(xkp(s)-ck)hk(xk) = 0. (4.30) 

Assume that for each Sk = there is a unique solution for Xk, Xk = fk(sk)-
Using the chain rule to differentiate both sides of equality (4.30) with respect to Sk, 
we get 

[p'(s) (1 + D/k) + Dfkpf{s)  + Xkf{s) (1 + Dfk)]  hkixk)  +  [p(s) + Xfcp'(s)] h'^ixk) Dfk 

-[Dfk  p{s)  + Xfcp ' (s ) (1  +  Dfk)]  / i j fe(xfc)  -  [xkp{s)  -  Cfc]  / I ' f c  Dfk  = 0 .  

Solve for Dfk to get 

Dfk = 
h'^jxk) - [p'(s) -fXfcp''(s)] hkjxk) 

[2pf{s)  +  Xkpf ' i s )]  hk{xk)  -  [xkp{s)  -  Ck] h l ixk)  

r f js)  [xk hkjxk)] '  - [xkpjxk)]"  hkjxk)  

[xkp{xk)]"  hk{xk)  -  [xkp(s)  -  Cfcl hlixk) '  
(4.31) 

We can study the magnitudes of Dfk to draw conclusions on the stability or 
asymptotic stability of the labor-managed oligopoly by using the results in Section 4.2. 
As a special case, consider the linear case, when p{s) = As+b with A < 0, 6 > 0, and 
hk{xk) = cikXk+bk, with a/k > 0, 5jfc > 0 for all k. Rom (4.31), Dfk = —^ 6 (-1,01. 
Thus Corollary 4.2.3 implies the following result: 
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Corollary 4.4.1. Assume that a linear labor managed oligopoly has an interior Nash-
Coumot equilibrium, and assume that 

AT ^ 

at the equilibrium. Then the equilibrium is asymptotically stable. IfG{-l) > 0, then 
the equilibrium is unstable. 

Notice that the stability condition can be rewritten as 
n dkbk 

Here dk € (0,1], hk > 0,  bk > 0.  This condition holds if all the numbers ^ 
are sufficiently small. It happens if for all k, either dk or bk is small enough, or hk is 
sufficiently large. That is, either the speed of adjustment is small requiring slow speed 
in following the actual data in the adaptive expectation, or the labor requirement for 
producing zero output is small, or the labor requirement for producing equilibrium 
output is large enough. As a fiurther special case assume symmetry, that is, assume 
that dk = d, bk = b, and hk = h. Then (4.32) reduces to the following: 

dbN 
2h 

which can be further simplified as follows; 

< 1, 

^(N-l) + d < 2. (4.33) 

If b and h are given, then (4.33) is equivalent to the relation 

2 
d < 

^ ^  vi  
If d and h are fixed, then (4.33) can be rewritten as 

2 - d  2/1(2 - d )  
b < 

and if b and d are given, then 

d{n -1) 

^ > rfKiv-i) 
2{2-ii) ' 

given actual upper bounds for the different variables. In the literature of labor man
aged oligopolies several authors assume that hk{0) = 0 for all fc. In this case bk = 0, 
and therefore condition (4.32) is always satisfied showing that the interior equilibriiun 
is always asymptotically stable. 
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5. STABILITY OP A CLASS OF HOMOGENEOUS DYNAMIC ECONOMIC SYSTEMS 

In this chapter the asymptotic behavior of a special labor-managed oligopoly will 
be studied. The economic system has infinitely many positive non-isolated equilibria 
under appropriate conditions. As the set of equilibria is connected, the classical 
Lyapunov theory cannot be used to analyze the asymptotic behavior of the equilibria. 
It will turn out that the modem theory of dynamical systems and invariant manifolds 
serves as a useful technique in our case. 

The setting of this chapter is developed as follows. In Subsection 5.1.1 we will 
examine the existence of equilibria and give a complete description of the equilibrium 
set. Then the dynamic extension of the model will be introduced with continuous 
time scales. The major stability properties of the equilibria will be formulated in 
Subsection 5.1.2. In Section 5.2 we will introduce and discuss the main theoretical 
issues and then apply these results in Section 5.3 to analyze the asymptotic behavior 
of the equilibrium set in a special class of homogeneous systems that includes our 
dynamic model as a special case. In Section 5.4 we will present an elementary proof 
of the strong attractivity part of our main result based on simple techniques in solving 
homogeneous systems. 

5.1 Economic Model and Results 

Let us consider an n-firm industry, where all firms are labor-managed. Let us 
assume the hyperbolic price fimction 

PW = J 

where s is the total output of the industry, and linear production functions li, and 
linear labor-independent cost fimctions c^: 

li{xi) = OiXi and Ci(xi) = atXi + pi, 

where if is the output of firm i (i = 1,..., n). 
Economic interpretation requires that all parameters b, en, a,, and 0i be positive. 

The surplus per unit of labor for firm i is given by 

0{(^l> —>®n) 
Xip{3) ~wli{Xi) - Ct(x.) 

hixi)  

b  yj  
Oiixi + Qi) Oi OiXi 

(5.1) 
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where Qi = is the output of the rest of the industry, and w is the competitive 
wage rate. This economic situation can be modeled as an n-person game where the 
set of strategies for each firm is the interval Xi = [0, oo) and the payoff fimction of 
firm i is <f>i. 

The existence of positive equilibria will be first examined, and their asymptotic 
behavior will then be analyzed. We will show that there are infinitely many posi
tive non-isolated equilibria under appropriate conditions. As the equilibium set is 
connected, the classical Lyapunov theory cannot be used to analyze the asymptotic 
behavior of the equilibria. It will turn out that the modem theory of dynamical 
systems and invariant manifolds serves as a useful technique in our case. 

This chapter is developed as follows. In Subsection 5.1.1 we will examine the 
existence of equilibria and give a complete description of the set of equilibria. Then 
the dynamic extension of the model will be introduced with continuous time scales. 
The major stability properties of the equilibria will be formulated in Subsection 5.1.2. 
In Section 5.2 we will introduce and discuss the main theoretical issues and then apply 
these results in Section 5.3 to analyze the asymptotic behavior of the equilibrium set 
in a special class of homogeneous systems that includes our dynamic model as a special 
case. In Section 5.4 we will present an elementary proof of the strong attractivity 
part of our main result based on simple techniques in solving homogeneous systems. 

5.1.1 Existence of Positive Equilibria 

For each firm i and Qi > 0, the best response can be obtained as 

Assuming an interior optimum, the first order conditions are given in the following 
way: 

b Pi 
oi ix i  + qi)^ '^  oix^  ~  

which can be written as 

= (i = l,2 n). (5.2) 

In order to ensure that a;,- > 0, we have to assume that Pi < b. The second order 
conditions are always satisfied since at the optimum 

26 2Pi ^ [K_,\ .  0 
0,1? OiX^ \ y b j 
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From Eq. (5.2) we have 

= x, + Q, = I, + 

and finally, 
1 — ^1=1 _ IIi=l 

5 " v/6 • 

The payoff of firm i at any equilibrium is 

, - V 6 oii  p i  b  f  v^A qi  
0 i ( x i ,  =  — - W  : r  =  —  1 1  T f  1  -  w  

OiS Oi  OiXi  OiS \  y/b J  Ot  

which is positive for all i if and only if I is sufficiently small: 

(5.3) 
i I OiW + ai I 

Thus we have proved the following: 

Proposition 5.1.1. Assume that Pi < b for all firms. Then positive equilibria of the 
labor-managed oligopoly exist if and only if 

n  

= \/S. (5.4) 
1=1 

If this condition is satisfied then Xi = ^ s (i =  1 , n )  is an equilibrium with any 

positive s satisfying relation (5.3), and all positive equilibria can be obtained in this 
way. 

5.1.2 The Dynamic Model and Stability Analysis 

Let us assume the continuous time scale and that at each time period each firm 
adjusts its output proportionally to its marginal profit. The resulting dynamic model 
is: 

~ OiS^ + O!̂ ) (5.5) 

where the speed of adjustment A::,- > 0 is a given constant for each i, and s = 53^=1 
The first step in analyzing the asymptotic behavior of the system is to determine the 
Jacobian of the right-hand sides. Simple differentiation shows that at any equilibritun 
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\ fen ^ fen ^ (I ~ ̂ ) 

|3 

= ICD + al'-) 
a' 

where 

a =  f t i  — , • • • ,  t „ — )  a n d  1 = (I, --,1)' ' .  
V FLI ON/ 

After neglecting the factor 2/s^, the characteristic polynomial of matrix D+a 1^ 
can be written as 

(5.6) 

det{D-AI + al^) = det(D - AI)-detCH-(D - AI)-^al^) 

where we used the Morrison's identity (Burden and Faires, 1997 [13]) 

det(I + uv^) = 1+v^u 

with u, V 6 R" and I being the n x n identity matrix. This relation can be easily 
proved by using the finite induction with respect to n. The roots of the first product 
are negative. In order to examine the locations of the roots of the second factor we 
introduce function 

«=i ^ 
It is easy to see that it satisfies the following properties: 

5(0) = -1, lim 5(A) = 0, 
A-»±(» 

lim g { X )  = +00, lim g { X )  = -oo, 

and 
ki^  

Ir(-fcSI-A)' ^ 
0. 
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- A 
5 = -l 

FIGURE 5.1. The graph of function g. 

These relations and the fact that the equation g(A) +1 = 0 is equivalent to a 
polynomial equation of degree n imply that all roots of the second factor of Eq. (5.6) 
are real; zero is a single root, and all other roots are negative by the Intermediate 
Value Theorem. The presence of a zero eigenvalue shows that based only on eigenvalue 
analysis, the asymptotic properties of any equilibrium are undetermined. Since the 
set of equilibria is an infinite connected set, Lyapunov theory cannot be applied either. 
As we will demonstrate in the next section, the modem theory of dynamical systems 
may serve as a useful tool to analyze the stability of the equilibrium set of this system 
and in general, of a certain class of homogeneous systems. 

The main result can be summarized as 

Theorem 5.1.2. Let us assume that the conditions of Proposition 5.1.1 are satisfied. 
Then in dynamical system (5.5) 

1. The set of equilibria is an open ray starting from the origin, given by the para
metric equation 

T - "̂ 9 
" ' t i '  

where s > 0 and i = 1,..., n. 

2. The ray in 1 is a strongly attracting set. 

3. The basin of attraction contains a cone which is centered at the ray in 1. 

4. At each point of the ray in 1, there is a stable manifold transversing the ray. 
These stable manifolds are mutually disjoint They are -continuous depending 
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{San 

Stable 
manifold 

basin of attraction 

The ray which is a 
strong attractor as 
well as the set of 
equilibria 

I' Stable manifold 

FIGURE 5.2. The illustration of Theorem 
in the case that = 2, ^ = 1, = 0.5, = 25, ^ - 9, and 6 = 64 

on the points on the ray. Furthermore, the cone described in 3 can be partitioned 
into the union of the local stable manifolds. 

5.2 Mathematical Preliminaries 

In this section, we are going to review some basic concepts and then introduce the 
relevant results of the modem theory of dynamical systems. For further details the 
reader can refer to the literature, e.g., see Auslander and Mackenzie (1977) [8], Hirsch, 
Pugh and Shub (1977) [28], Guckenheimer and Holmes (1983) [22], Arnold (1983) [6], 
Arnold and Il'yashenko (1988) [7], loess and Adelmeyer (1992) [29], Katok and Has-
selblatt (1995) [30], Alligood, Sauer and Yorke (1996) [3]. It is worthwhile to point 
out that most of the results remain valid for both maps and flows. 

An n-dimensional topological manifold M is a set of points that locally looks like 
via an atlas. Namely, for each x 6 Af, there exists a neighbourhood U of x and 

a homeomorphism h, such that h maps 27 to an open ball B c A pair of {U, h) 
is called a chart or a system of local coordinates. A collection of charts is called an 
atlas. For any two charts {Ui, hi) and {U2, hi) associated to the same point x, the 
coordmatechange/i2o/i^^ isahomeomorphismon^i(C/in(/'2) cbi. By gathering all 
charts compatible with the present ones, a unique maximal atlas is defined. If hioh^^ 
is r times continuously differentiable for every two charts then the resulting atlas is 
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called a C-atlas and the resulting manifold is called a CT-manifold. A A;-dimensional 
{k < n) submanifold V of M is itself a differentiable manifold as well as a subset of 
M such that the maximal atlas of M contains a chart {U, h) for which the induced 
map h\unv on UOV maps to R* x {0} C IK*, and defines charts for V compatible 
with the differentiable structure of V (Auslander and Mackenzie, 1977 [8]; Katok and 
Hasselblatt, 1995 [30]). 

At each point x € M, there is an n-dimensional linear space TxM, called the 
tangent space of M at point x, attached to M at x. Each tangent vector v in 
TxM represents an equivalence class of curves through x in M such that in any local 
coordinate system, v is tangent to all these curves at x in the Euclidean space. The 
disjoint union (or collection) of all these tangent spaces is called the tangent bundle 
of M, denoted as Tm (Auslander and Mackenzie, 1977 [8]; Katok and Hasselblatt, 
1995 [30]). 

A Riemannian manifold is a differentiable manifold with an inner product gx{-, •) 
on each tangent space, which depends smoothly on the base point. The collection 
of the inner products along with the differentiable structure is called a Riemannian 
structure. If the phase "inner product" is replaced with "norm" in the above defini
tion, the corresponding manifold is called a Finsler manifold and the collection of the 
norms along with the differentiable structure is called a Finsler structiure (Auslander 
and Mackenzie, 1977 [8]; Katok and Hasselblatt, 1995 [30]). 

A continuous dynamical system is a continuous time evolution process occurring 
in some phase space. Let the phase space Af be a differentiable manifold of dimension 
n. A flow is the time evolution given by a differentiable function F{x,t) = <p'(x), 
X e M,t e R, which satisfies the group composition property When 
we fix X 6 M and vary t, we obtain a parameterized differentiable curve, which is 
called the flow line with initial condition x. Let f(x) be the tangent vector to this 
curve at t = 0, i.e., at x. The map x ->• f(x) forms a differentiable vector field on M 
in the tangent bundle. Note: x 6 Af and f(x) 6 TxM. Thus we have constructed a 
differential equation system 

f = fw. (") 

to which the flow (^'(x) is a solution. The local existence and uniqueness of the 
solution can be guaranteed by some mild conditions on the vector field f(x), for 
instance, continuous differentiability. If the solution exists for all real values of t, 
then the vector field is called complete. Accordingly, if the the solution exists for 
all positive (negative) values of t, then the vector field is called forward (backward) 
semi-complete. An example of a complete vector field is the one defined on a closed 
compact manifold. An example of a forward semi-complete vector field is the one 
in dynamical system (5.5). The solution to Eq. (5.5) with initial point near an axis 
reaches the axis within a finite backward time period. 
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An equilibrium x of system (5.7) is the initial condition whose flow line is only 
a point, that is, v?'(x) = x for ^ f or, equivalently, f(x) = 0. An equilibrium x is 
asymptotically stable if for any e > 0 there exists a neighbourhood of x such that for 
any initial condition x chosen in this neighbourhood the flow line ip^(x) lies within 
the ball B(x,e) and limt_»oo ¥>'(*) = *• Similarly, one can define the asymptotic 
instability by using the backward time t < 0 and let t -4 -oo. 

An invariant set, V, of a flow v'H*) in Af is the set where any flow initiated in it 
will stay in it in both forward and backward time, i.e., for any x € V, (^'(x) G V for 
all t. Especially, V is called invariant manifold if V is also a submanifold of M. It is 
easy to see an invariant manifold is tangent to the corresponding vector field at each 
of its points (Arnold and Il'yashenko, 1988 [7]). 

An invariant set V is called attractive (or repulsive) if there exists a neighbourhood 
U of V, such that for any x e U, (p^{x) converges to V as t oo (or t -> -oo). 
The set of all points which are attracted (or repulsed) by V is called the basin of 
attraction (or repulsion) of V (AUigood, Sauer and Yorke, 1996 [3]). V is called 
strongly attractive (or repulsive) if (^'(x) converges to some point in V for any initial 
condition x in the basin of V as t -> oo (or t -oo). 

A stable manifold W^^(x) of a flow ^'(x) at an equilibrium x is a submanifold of 
M such that; 1. it is an invariant set of flow v''(x); 2. it is classified as the set of 
points X, where ^'(x) -> x exponentially as t ^ oo. Replacing i -> oo with t -> -oo, 
we get the definition of an unstable manifold (x) of a flow (f>\x) at an equilibrium 
X. 

As a well-known fact, the local stability and instability of a flow at an equilibrium 
is determined by the behavior of the local linearization of the flow at the equilib
rium, by comparing the magnitudes of the eigenvalues of Dv7'(x), the Jacobian or the 
derivative of with respect to x, at x to 1. This is equivalent to the comparison 
of the real parts of the eigenvalues of Df(x), the Jacobian of f at x, to zero in sys
tem (5.7), since it is easy to verify that Z)v''(*) = exp(i?f(x) t). A sufficient condition 
for stability (instability) is that Re(Ai) < 0 (> 0) for every eigenvalue A,- of Df(x). 

In stability theory, equivalence relations are a frequently used tool. We next intro
duce two special equivalence relations which are called flow equivalence (or conjugacy) 
and orbit equivalence. 

Two C flows y)': M M, and N N are said to be {m < r) flow 
equivalent or conjugate if there exists a C™ difiiereomorphism h: M iV such that 
(p' = h~^ o o h for all t € R. Usually, h is called a conjugacy. If h is only a C™ onto 
mapping and satisfies ho o h, then (p^ and are said to be semi-conjugate, 
and h is called a semi-conjugacy. 

Notice that conjugacy or semi-conjugacy can be viewed as coordinate change, as 
it is illustrated in Figure 5.3. 

A flow on ilf is a time change of another flow (p* if for each x 6 Af the orbits 
0^{x) = {<p'(x)}t6R and <P^(x) = {^*(x)}t6R coincide and the orientations given by 
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FIGURE 5.3. A diagram of semi-conjugacy. 

the change of t in the positive direction are the same. 
Two C flows (p^: M M, and N N are said to be C" (m < r) orbit 

equivalent if there exists a C7™ differeomorphism h-. M N such that x' = oh 
is a time change of tpK 

A flow iph iV -> iV is an orbit factor of (p^: M M if there exists an onto 
continuous map h: M N that takes orbits of onto orbits of 

Suppose and corresponding to vector fields f and g, respectively, are semi-
conjugate via h. Then 

h(9'(x)) = V'(h(x)). (5.8) 

Differentiating both sides of Eq. (5.8) with respect to t we obtain 

i3h(v'(x)) %'(x)) = Dh(»>'(x)) ^ = g(V,'(h(x))) = g(h(/(x))). 

that is, 

Dh(x)f(x)=g(h(x)). (5.9) 

So the Jacobian of a semi-conjugacy, Dh, maps the vector field of one flow to the 
vector field of its semi-conjugate flow. 

Suppose X is an equilibrium of (p^. Then ^'(h(x)) = h(^*(x)) = h(x), so h(x) is 
an equilibrium of Thus semi-conjugacy preserves equilibria. 

Differentiate both sides of Eq. (5.8) with respect to x to get 

i?h(vj'(x)) • D(p^{x) = D^'(h(x)) • Dh(x). (5.10) 
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Rewrite Eq. (5.10) at equilibrium x as 

Dh(x) • Dip'ix) = D^'{h{x)) • Dh{x). (5.11) 

Differentiating both sides of Eq. (5.11) with respect to t and interchanging the order 
of differentiation, which can be done since the partial derivatives are continuous, we 
get 

If h is a conjugacy then Z)h(x) is nonsingular, and £)f(x) and Dg(h(x)), the 
Jacobians of f and g at the equilibria x and h(x), respectively, are thus similar. 
Hence conjugacy preserves the eigenvalues of the Jacobian of the vector field of any 
of the two conjugate flows at its equilibrium. 

If h is only a semi-conjugacy then Dh{x) may be singular and h may not preserve 
all the eigenvalues. However, let A be an eigenvalue of Df{x) and let a be one of 
its eigenvectors. Then Df(x)a = Aa and Dg(h(x)) Z?h(x)a = Z)h(x) £)f(x)a = 
Dh(x)(Aa) = ADh(x)a. If Dh(x)a ^ 0, then A is an eigenvalue of Dg(h(x)). 
Therefore, only those eigenvalues of the Jacobian of the vector field at the equilibrium 
are preserved which have an eigenvector whose image mapped under the Jacobian 
of the semi conjugacy is nonzero. In other words, the eigenvalues whose generalized 
eigenspaces are mapped to the null space by the Jacobian of a semi-conjugacy will not 
be preserved under the semi-conjugacy. On the other hand, the following Lemma 5.2.1 
guarantees that all eigenvalues of Dg(h(x)) are also eigenvalues of Df(x). 

Lemma 5.2.1. Let A, B, and P be matrices with sizes n x n, m x m, and mxn, 
respectively, satisfying PA = BP and ranA(P) = m. Then the set of all eigenvalues 
ofBis contained in the set of all eigenvalues of A. Moreover, the Jordan form of 
B can be obtained from the Jordan form of A by deleting n-m rows and n ~m 
columns in the Jordan form of A corresponding to all  generalized eigenvectors v for 
which Pv = 0. 

Proof: Without loss of generality, we assume that there is only one Jordan block 
associated with eigenvalue A in the Jordan canonical form of matrix A. Let {ei,..., en} 
be a natural basis in this generalized eigenspace. Then Ae^ = Ae, -h for i = 
1, ...,n -1, and Ae„ = Aen- By PA = BP, we get 

It is easy to see that if Per = 0 for some r < n, then Pe,- = 0 for all i > r. Since P is 
full-ranked, {Pei, Pe2,..., Pe„} consists of m linearly independent vectors. Assume 
that Pejt ^ 0 and Pe,- = 0 for all i > fc. We claim that {Pei,Pe2,...,Pejt} is a 
maximal linearly independent group. In fact, if there is an I, I < I < k, such that 

Dh{x) • Df(x) = Dg(h(x)) • Dh(x). (5.12) 

BPei = APe, + Pci+i, for i = 1,..., n — 1, 

BPe„ = APe„. (5.13) 
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Pej+i,Pejfc are linearly independent while Pej,Pe/t are linearly dependent, then 
there exist not-all-zero real numbers cj,Cjk such that c,-Pe, = 0. Multiplying 
by B on both sides of this equation and using equations in (5.13) (notice: n is replaced 
with k in the last equation in (5.13)), we obtain that Sfr/ CfPci+I = 0. We know Q, 
..., Ck-i cannot be all zero, otherwise c* will be zero since Pe^ ^ 0 and this violates 
that ci, ..., Cfc are not all zero. Thus Pej+i, ...,Pejfe are linearly dependent, which is 
a contradiction. Hence, from equations in (5.13), we know that {Pei, Pe2,..., Pcfc} 
produces a Jordan block. Therefore the Jordan blocks of B are actually obtained 
from the Jordan blocks of A by deleting some rows and columns if necessary. • 

In summary, we have 

Proposition 5.2.2. A semi-conjugacy maps the vector field of a flow to the vector 
field of another flow by rising Eq. (5,9). A semi-conjugacy preserves equilibrium and 
preserves those eigenvalues of the Jacobian of the vector field at the equilibrium, whose 
generalized eigenspaces are not mapped to the null space by the Jacobian of the semi-
conjugacy. Especially, a conjugacy preserves equilibium and all eigenvalues of the 
Jacobian of the vector field at any equilibrium. Thus a semi-conjugacy preserves the 
local stability properties of a dynamical system at an equilibrium. 

Let be a time change of V*' via i =; a(s, x), i.e., (p^(x) = ¥>"^^'*^(x) = ip'(x).  Let 
X be an equilibrium of Then ^'(x) = = x. Hence, x is also an equilibrium 
of (f^. 

Notice that §7 > 0 by the requirement of the same orientation of the time change. 
By the semi-group property ip'{x) =  ̂ °(V'*(x)), we see t  = a(5,x) = a{0,tp'{x)).  
Also dt = ^^ds on the flow line with initial condition x. Then we have 

drp'ix) _ d(p^{x) dt _ da(s,x) da(s,ip'(x)) 
f(^'(x)) • (5-14) 

3=0 

Let g be the vector field of and r(x) = • Relation (5.14) immediately 
derives g(x) = r(x) f(x). Then for any vector v € R", 

Bg(x) V = (DT(X) V) f (X) + r(x) Df (x) V. 

At equilibrium x, f(x) = 0. So 

Dg(x) V = r(x) Df (x) V, 

i. e. 
Dg(x) = r(x)Df(x). 

Hence the Jacobians of g and f are positive scalar multiples of each other. There
fore we obtain the following proposition. 
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E' 

FIGURE 5.4. The stable, unstable, and center manifolds. 

Proposition 5.2.3. The vector field of a time change from flow is obtained 
by reseating the length of each vector in the vector field of with a positive fac
tor. Therefore, time change preserves equilibrium and preserves the signs of the real 
parts of the eigenvalues of the Jacobian of the vector field at any equilibrium. Thus 
a time change preserves the local stability properties of a dynamical system at any 
equilibrium. 

We will next introduce some known theorems which will be later used in estab
lishing the main result of this paper. 

Theorem 5.2.4. (Center Manifold Theorem for Flows) (Guckenheimer and Holmes, 
1983 [22]; Arnold and Wyashenko, 1988 [7j) Let f be a (0 < r < oo) vector 
field with equilibrium x and let A = £)f(x). Divide the spectra (i.e. the set of 
eigenvalues) into three parts, a-, OQ corresponding to the eigenvalues of A with 
negative, positive,  and zero real parts,  i-espectively.  Let the eigenspaces of a^,  a^,  
be E*, E^, E*^, respectively. Then the differential equation x = f(x) has invariant 
manifolds W, W^, and W® of class C, respectively, with dimensions 
coinciding with E', E^, E*^, respectively, which go through x and are tangent to E", 
E^, and E^, respectively,  at  x. Solutions with initial conditions on W (resp. W^) 
tend exponentially tox as t-^oo (resp. —oo). W is called the stable manifold, W" 
the unstable manifold, and the center manifold of the equilibrium x. The stable 
and unstable manifolds are unique, but the center manifold need not be. 

The statement of this theorem is illustrated in Figure 5.4. 
The attractivity property of a center manifold is given as follows (looss and 

Adelmeyer, 1992 [29]). 
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Theorem 5.2.5. In Theorem 5.24, w void, then there exists a neighbourhood U 
of the equilibrium such that all solutions of Eq. (5.7) with initial conditions in U will 
maintain in this neighbourhood for cdlt>0 and tend exponentially to some solution 
of Eq. (5.7) on W® ast-^oo. 

The next result is about the stability of a nonnally hyperbolic invariant manifold. 
We first review some concepts before presenting the theorem. 

• A hyperbolic equilibrium of a flow is a fixed point at which the Jacobian of the 
vector field has no eigenvalues with zero real parts, or equivalently, the Jacobian 
of the flow has no eigenvalues with absolute value equal to one. 

• A flow (p^ is called r-normally hyperbolic at an invariant submanifold V where 
1 < r < oo, if 

- ¥»* is C. 

- TvM, the tangent bundle of M restricted on V, has a Dyj'-invariant split
ting into 3 continuous subbundles 

TvM = Pr®TV®N' 

where TV is the tangent bundle of V. Thus for any x € M, 

D<p\x) = © D(p^\t^v © D(p\f,. 

- There exists a Finsler structure || • ||x on TM such that for all x 6 M, 
0 < k < r :  

> \\D<p^\T^vf and , 

where the derived norm ||A|| and the minimal norm m(A) of a linear 
operator A is defined as 

IIAll = sup{||Ax||: ||x|| = 1} and m(A) = inf{||Ax||: ||x|| = 1}, 

respectively. Note: ||A*|| < 1|A||*, m(A*) > m(A)*. When A is invertible, 
m(A) = ||A-^||-K 

• A A;-dimensional submanifold in an n-dimensional manifold is locally viewed as 
the image of some mapping <f) from some open set in to A parameterized 
collection of submanifolds is called continuous at a point y € (where y is 
in some submanifold parameterized by a parameter Oq and locally represented 
by the image of a mapping on parameter 6 in C^-topology if there exists 
a neighbourhood 6o of do and an open neighbourhood U otx = in 
such that the submanifolds near y are represented by <l>e{U) where 6 eQq and 
(pe converges to <f>eo in Ci-norm as 0 
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• Suppose Af is an n-dimensional differentiable manifold. A family of smoothly 
embedded manifolds {iVa}agA (called leaves or fibers) is called a foliation on 
M if iVa n jy® = 0 for a ^ Af C UaiVa, and for each x G M, there exists a 
neighbourhood U and a homeomorphism h: U such that h maps every 
connected component ofUaNaCiU to h{U)n{Sl' x{y}) c R" for some y G 1""^. 

Theorem 5.2.6. (Fundamental Theorem of Normally Hyperbolic Invariant Mani
folds) Let M M be a flow of a C* manifold M with r > 1 leaving the 
submanifold V C M invariant, where V is assumed either being compact or being a 
leaf or a union of leaves of a foliation of M. Assume that is r-normally hyperbolic 
at V respective to the tangent bundle splitting TyM = iV" © TV © N', where 
exponentially expands and contracts the vectors in and N', respectively. Then 

1. Existence: There exist locally (p*'-invariant submanifolds and W'{}p^), 
called a local unstable manifold and a local stable manifold at V, respectively, 
tangent at V to iV" © TV, and TV © N*, respectively. (Remark: The local 
invariance ofW^, W means D W^, and C W.) 

2. Uniqueness: Any locally invariant set near V lies in n W. 

3. Characterization: W consists of all points whose forward cp-orbits never strays 
far from V, and W" of all points whose reverse ip^-orbits never stray far from 
V. 

4. Smoothness: W", W and V are class C. 

5. Foliation: and W are invariantly fibered by C submanifolds 
X 6 V, tangent at x to and iV* respectively. and W" are invariant 
i n  t h e  s e n s e  t h a t  C  f o r t  < 0  a n d  ( p ^ i W " )  C  f o r  t > 0 .  

w characterized by l|<p(y) — yjC*)!! -*• 0 exponentially as t 00 for any 
y € and is characterized by ||¥'(y) - V'Cx)!! 0 exponentially as 
t -00 for any y 6 

6. Continuity: The leaves of foliation and W" are continuous on parameter 
X 6 V in -topology. 

7. Permanence: Ifip^ is another flow on M and is C" close to (p^ (i.e., close 
in C^-norm). Then is r-normally hyperbolic at some unique submanifold 
V, which is C close to V. The invariant manifolds W^{(p^), and the 
leaves W^{(p*),  W"{<p^),  are C close to those of(p*^. 

8. Linearization: Near V, ^ is topologically conjugate (i.e. conjugate) to 
the restriction of the Jacobian of the flow to the subspace @ N'. 
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For more detail, refer to the Fundamental Theorem of Normally Hyperbolic In
variant Manifolds in Hirsch, Pugh and Shub (1977) [28] and the Hadamard-Perron 
Theorem in Katok and Hasselblatt (1995) [30]. 

5.3 The Verification of the Main Result for a Class of Homogeneous Systems 

The mean result of this chapter, Theorem 5.1.2 in Section 5.1, is stated for a special 
class of homogeneous systems, where the vector field f(x) at the set of equilibria 
(which is a ray) has the local linearization that satisfies the property that one single 
eigenvalue is zero and the other eigenvalues have negative real parts. The reader may 
have noticed that the second half of the main result in fact contains the first half. 
However, the purpose of this paper is not only to present the relevant result, but 
also to demonstrate some useful ideas in working on differential equation systems. It 
is very beneficial to state our result in this way, since we are going to use different 
methods to prove each half of the result. 

First we point out some straightforward properties of homogeneous systems by 
the use of the following lemma. 

Lemma 5.3.1. In system (5.7), assume that M is an n-dimensional manifold and x 
is an equilibrium which is also the limit point of some other equilibria x,- (i = 1,2,...). 
Then there is at least one limiting position of the lines passing through x and Xi, which 
is an eigen-direction corresponding to the zero eigenvalue of Dt(it). Furthermore, if 
there are k (k <n) linearly independent limiting positions of these lines, Df(x) has 
at least k linearly independent eigenvectors corresponding the zero eigenvalue. 

Proof: M is differeomorphic to R". We denote the unit ball of R" centered at 
X by B(x, 1). The rays from x to Xf intersect B{x, 1) at y,-. There is a one-to-one 
correspondence between Xi and y,-. Since B(x, 1) is compact, the set {y,} has at least 
one limit point. Each limit point determines one limiting position of the rays. Among 
all the limiting positions of the rays, there are not more than n linearly independent 
directions since B(x, 1) is n-dimensional. At each limit point of y,-, say y, we will 

show that unit vector xy is a unit eigenvector of a zero eigenvalue. 
Without loss of generality, we assume that y^ ->• y. 
From the Taylor's expansion, 

0 = f(xi) - f(x) = Df(x) • (^ - x) -h o(||xi - xll). 

Dividing by ||x,- - x[[, one gets 

Let i -¥ oo, then ii§E% y - x- So 

Df(x).(y-x) = 0. 
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Therefore y — x is a unit eigenvector of the zero eigenvalue of JDf (x). 
The above derivation also implies that if there are A (fc < n) linearly independent 

limiting positions of the rays, then there must be at least k linearly independent 
eigenvectors associated with the zero eigenvalue of Df(x). • 

Proposition 5.3.2. Suppose system (5.7) is a homogeneous system with a non-origin 
equilibrium. Then the set of equilibria of system (5.7) is the union of some rays 
radiating from the origin, including or excluding the origin, depending whether the 
origin is in the domain of system (5.7) or not. At any equilibrium, Dt has at least 
one zero eigenvalue and the ray of equilibria on which the equilibrium lies is an eigen-
direction of eigenvalue 0. Furthermore, Df are positively linearly dependent at the 
non-origin equilibria on the same ray of equilibria, and therefore their spectral sets 
are identical in terms of signs +, —, and 0. 

Proof: Assume that system (5.7) is homogeneous of degree a, i.e., 

f(Ax) = A®f(x), (5.15) 

for all A > 0. The origin 0 is an equilibriimi when a > 0, and is a singularity 
point when a < 0. If x is an equilibrium, then f(Ax) = 0 either for VA > 0, or for 
VA ^ 0 € R when a is an integer or the reciprocal of an odd number. This implies that 
the set of equilibria can be visualized as the union of rays radiating from the origin, 
including or excluding the origin, depending whether the origin is in the domain of 
(5.7) or not. Differentiating Eq. (5.15) with respect to t at A = 1 yields identity 

Dt{x) •x = af(x). 

At an equilibrium x this yields D f { x )  • x = 0, which implies that at any non-origin 
equilibrium, Df has a zero eigenvalue and the ray from the origin through the equi
librium is an eigen-direction of eigenvalue 0. By Lemma 5.3.1, the same conclusion 
is true to the case where the origin is an equilibrium. Using Eq. (5.15) and the chain 
rule, we have 

Ai)f(y)|y=Ax = I>(f(Ax)) = X'^Dfix).  

and 

Df(y)l,=Ax = A°-'i)f(x) (5.16) 

where A 7^ 0. Thus Df are positively linearly dependent on the same open ray 
of equilibria. This implies that there is a one-to-one correspondence between the 
eigenvalues of Df at any two points on the same open ray of equilibria via some 
positive multiple scalar A®"*^. Therefore the spectral sets of Df on the same ray are 
identical in terms of signs -h, and 0. • 
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Assume next that the Jacobian of the vector field at the equilibrium in the above 
homogeneous system has a zero eigenvalue with multiplicity one and all other eigen
values with negative real parts. Then there is an open ray of equilibria starting from 
the origin such that each point on it satisfies the same eigenvalue assumption from 
Proposition 5.16. Such a ray is isolated from other equilibria, i.e., there exists a cone 
vertexed at the origin auid centered at this ray which contains no other equilibrium. 
Otherwise, the ray is the limiting position of other rays of equilibria by Proposi
tion 5.16. According to Lemma 5.3.1, there is an eigenvector corresponding to the 
zero eigenvalue transversing the original ray (i.e., they are not tangent to each other). 
This violates the assumption that the zero eigenvalue is single. Thus, we obtain the 
following result. 

Proposition 5.3.3. Assume that there is an equilibrium of a homogeneous system 
(5.7) such that the Jacobian of the vector field at the equilibrium has a single zero 
eigenvalue and all other eigenvalues with negative real parts. Then through this equi
librium there is an open ray of equilibria starting from the origin such that each point 
on the ray has the same eigenvalue property as the original equilibrium does. Such a 
ray of equilibria is isolated from any other equilbrium. 

We are going to verify the main result. Theorem 5.1.2. First we make use of the 
concepts and theorems introduced in Section 5.2. At each equilibrium on the ray, 
from Theorem 5.2.4, there is a center manifold which is the ray and a stable manifold 
with dimension n-1 which transverses the ray. From Theorem 5.2.5 we know that at 
each equilibrium, there exists a neighbourhood such that any flow line starting in it 
will tend exponentially to a solution on the center manifold, which is some point on 
the ray. The union of these neighbourhoods makes an attraction basin. This proves 
the strong attractivity of the ray. It is easy to verify that the ray of equilibria is a oo-
normally hyperbolic invariant manifold due to the property of the eigenvalues of the 
Jocobian of the vector field at each equilibrium. Besides, the ray is a leaf of a foliation 
of ]R!*\{0} by partitioning R"\{0} with rays radiating from the origin. So we can use 
Theorem 5.2.6. The locally stable manifold of the ray is the basin of attraction. The 
leaves of the foliation of the basin are the stable manifolds at the equilibria with C^-
continuity on the equilibria on the ray. Using the homogeneity assumption Eq. (5.15), 
we may show that the basin of attraction contains a generalized cone vertexed at the 
origin and centered at the ray. Select any fixed stable manifold at x. We claim 
that is a stable manifold at the equilibrium Ax for any A > 0. In fact, is 
the union of the flow lines with initial conditions in it. Let ^'(x) be any one of these 
flow lines. Then 

Changing the time by ds = A^~® dt, we can see that AVJ*(X) is the time change of 
some flow lines of system (5.7), which tend exponentially to Ax as t ^ oo. Besides, 
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and Wl are diffeomorphic. Then is a manifold and thus, a stable manifold 
at Ax. Varying A from 0 to oo, we obtain a generalized cone vertexed at the origin 
and centered at the ray. 

Remark: Theorem 5.1.2 remains true without the homogeneity assumption, 
which is clear from the above proof. Of course, the terms of "ray" and "cone" may 
not be applicable in a general case without homogeneity. They ought to be replaced 
by "set of equilibria" and "basin of attractor", respectively. 

5.4 An Elementary Method to Prove the Strong Attractivity in the Main Result 

In this section, we present an elementary method to prove the strong attractivity 
of the ray in Theorem 5.1.2 by applying conjugacy and the a-process. 

As we have seen in Section 5.2, a conjugacy preserves the local stability of a 
dynamical system. The homogeneity of a system guarantees that the system can be 
factored into a system in the projective space with lower dimension, which may be 
easier to analyze. This enables us to study the stability properties of the conjugate 
system and then to draw conclusion on the original system. Our main goal in this 
section is to demonstrate these useful techniques. 

The projective space is the collection of all lines passing through the origin 
in ]R?\{0}. It can also be obtained by identifying the diametrically opposite points 
on the n - 1 dimensional sphere S"~^ is a manifold with local coordinates 
given by the onto differentiable mappings pii ^\{xi = 0} -4 via (xt,..., x^) 
(z!"' —' where i = 1, ...,n (Auslander and Mackenzie, 1977 [8]). The 
passage from one coordinate system to another using the above pi is called the a-
process (Arnold, 1983 [6]). 

A homogeneous differential system can be locally factored into the one-dimension-
less projective space using the (r-process. Without loss of generality, we assume that 
xi # 0. Let Pi be the mapping described as above, and let w, = ^ for i = 2,..., n. pi 
is a coordinate change and thus, is a semi-conjugacy. From Eq. (5.9), Dpi maps the 
vector filed f in system (5.7) to a new vector field g2 in a semi-conjugate system. 

Let a be the degree of homogeneity of vector field f defined by Eq. (5.15). De
compose f and g2 into their components, respectively, as f = (/i,...,/n)^, and 
g2 = (52,...,^n)^- Let /i(sgn(xi),x2,».,x„) _= /i(sgn(xi),sgn(xi)x2,...,sgn(xi)x„), 
for i = 1, ...,n, and furthermore let f = (/i, ...,/n) and U2 = (u2, ...,u„). From 
Eq. (5.9), we see that 
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Notice that 

g2(xi,u) = Dpi • f(xi,  X2,ar„) 

= Dpi-f(xi,  X1U2, ariUn) 

= |ari|® Dpi • f(sgn(a;i), uz,ii„) 

( ~U2 /i(sgn(xi), U2) + /2(sgn(xi), U2) 

= sgn(xi)lxil 0—1 

-«n /i(sgn(ui), U2) + /n(sgn(ui), U2) 

f 52(sgn(a;i), U2) 

= kil O—I 

5„(sgn(xi),U2) 

= |xir~^g2(sgn(xi), U2) 

where ^i(sgn(xi),U2) = sgn(xi) • {-Ui/i(sgn(xi), U2) + /i(sgn(xi), U2)), Vi = 2,n; 
and g2{h, - ,9nf-

Notice that xi have the same sign in either one of the two connected components 
of R^\{xi = 0}. Thus, g2 can be viewed as a function of U2 only. 

By reseating the time t with a time 3 such that ds = |xi dt the vector field g2 
becomes g2. The original homogeneous system is factored into a subsystem 

^ = g2(U2) , (5.17) 

which is an orbit factor of the original system (5.7). 
If the eigenvalues of f at the equilibrium are assumed to be as in our main result 

Theorem 5.1.2, the eigenvectors corresponding to the zero eigenvalue are all along the 
ray of equilibria by Lemma 5.3.1 since the zero eigenvalue is single. It is easy to verify 
that Dpi{x) -y = 0 if and only if x and y are parallel .  Hence the null  space of Dpi{k) 
at an equilibrium x is the ray of equilibria on which x ties. By Proposition 5.2.2, 
semi-conjugacy pi preserves all the eigenvalues of Dt{x) at an equitibriimi x except 
the zero eigenvalue. By Proposition 5.2.3, the time change preserves the negative sign 
of the real parts of aU the eigenvalues of Vg2(u2), where 62 = pi(x) is an equilibrium, 
which is exactly the same point for any x on the same ray of equitibria. Thus 112 is 
an asymptoticaUy stable equiUbrium of system (5.17). 

In order to receive the strong attractivily of the ray of equitibria in the original 
system, we construct a change of variable p = (ids^Pi), where id^ is the identity 
map which maps the xi-coordinate to itself. Then p is a conjugacy to the so-caUed 
canonical line bundle on Dp maps vector field f to a new vector field g, which 
determines a new flow conjugate to the original flow. 
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The Jacobian of p is 

furthermore 

g(Xi, U) = Dp- t{Xu 22. Xn) 

X 2 , X f i )  \ 
g2(sgn(xi), «2) J 

_ 1^ la-i ( |2i|/i(sgn(xi), Ua) \ 

V g2(sgn(xi), Ua) / 

_ 1^ |Q-i ( xi5i(sgn(a:i), Ua) \ 
- g2(sgn(xi), ua) ) ' 

where ji(sgn(xi), Ua) = sgn(xi)/i(sgn(xi), ua). 
Here gi depends only on Ua in either one of the connected components of {xi ^ 0}. 

We also rescale the time t to s by ds = dt. Then an orbit equivalent system is 
obtained as follows: 

A f ^ = ( ̂I5I(«2) \ 
ds V Ua / V 82(»i2) / 

FVom the first component in Eq. (5.18), we get 

d In |xi| 

(5.18) 

ds 

and 

= Si(ua), 

ln|xi(s)| = hilxi(0)l+/ 5i(ua(/i))d/x. 
Jo 

Since Ua is an asymptotically stable equilibrium, Ua locally tends to Ua exponentially 
as s 00, i.e., there exist a do > 0 and an sq > 0, such that |ua(s) — Ual < e~^' 
when 5 > So- Since f is C7^, continuously differentiate, so is in any one of the 
connected components of {xi ^ 0}. Notice that gi vanishes at Ua by the meaning of 
equilibrium. Hence there exist a 5 > 0 and a 0i > 0 such that for all Ua, [ua - Ua| < ^ 
implies that 

IM«2)| = l5l(*l2)-5l(U2)| < dl|U2-Ual 

by just taking a number larger than the absolute value of the derivative of gi at Ua 
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for the value of di.  Choose s* > so such that e~^'' < 5. Then for all sx, sa > s*, 

as Si, S2 00. So hi lxi(s)| is Cauchy, lim5_>oo In ki(«)l exists and is finite. Therefore 
Iim,->ooXi(5) exists and is finite. On the other hand, 

The sign of xi(s) remains the same as that of the initial condition, therefore the 
flow line stays in the same connected component of {xi ^ 0} and thus the flow of 
system (5.18) is complete near the two rays {(xi,U2) | Xi # 0} in the canonical line 
bundle on Hence we have proved the strong attractivity of the image of the 
ray of equilibria for the orbit equivalent system (5.18). So the strong attractivity of 
the same ray in the original system immediately follows from Propositions 5.2.2 and 

5.5 Global Strong Attractivity in Model (5.5) 

Local strong attractivity has been proved for a class of homogeneous dynamical 
systems as stated above. However, global strong attractivity requires case study and 
it does not exist in general. As an example, and to make this chapter complete 
as well, we will present that the set of equilibria of the particular labor-managed 
model (5.5) is globally strongly attractive. This result was first proved by Professor 
Marek Rychlik, my Ph.D. advisor. This and other results concerning global strong 
attractivity will appear in Rychlik and Li (2001) [74]. 

The result can be stated as follows: 

Theorem 5.5.1. Let us assume that /or i = 1,2,..., n we have >0, b>Q, Pi<b 
and 

llnki(s2)l-ln|a:i(si)l |  
r ' 2 r > i  

JO JO 

r»2 I fz 

Jsi 1 Jai 

< I ei\u2ifi)-Viil  d^l 

Xi(s) = ii(0)exp{/ ^i(u2(/i)) rf/i}. 

5.2.3. 

n 

i=l 
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Then every solution Xi{t), i  =  1 ,2 , . . . ,  n  of the dynamical system (5.5) converges at 
an exponential rate to one of the points on the ray 

T -

where s € (0, oo) and i = 1,..., n. 

Here we prove this theorem based on the argument from the above paper [74]. It 
is derived from the following facts. 

Definition 5.5.1. Assume (^'(x) is a trajectory of a dynamical system in a Banach 
space X with initial condition x. A point z in X is called the cj-limit ofx if there exists 
an unbounded increasing sequence {tj t} of real numbers with limfc-^ooV'Cxl^ik)) = z-
T h e  s e t  u ( x )  o f  a l l  t h e  u - l i m i t s  o f x i s  c a l l e d  t h e  u - l i m i t  s e t  o f x .  

The properties of a;-Iimit sets are: 

1. Existence: The w-limit set of a forward orbit in a compact set is non-empty. 

2. Closure: An a;-limit set is closed. 

3. Invariance: If y is in a;(x), then the entire orbit (p^{y) is in a;(x). 

4. Connectedness: The u-set of a forward orbit in a compact set is connected. 

5. Transitivity: If z is in u/(y) and y is in u;(x), then z is in a;(x). 

6. Attractivity: Any orbit in a compact set is attracted by its u;-limit set. 

Properties 1 to 5 can be found in Alligood, Sauer and Yorke (1996) [3]. Property 6 
can be proved by contradiction; Any forward orbit in a compact set must be arbi
trarily close to its cj-limit set when time t is sufficient large, otherwise there would 
be an cj-limit which is not in the cj-limit set due to compactness. 

Theorem 5.5.2 is a related result to the famous LaSalle's Theorem (Invariance 
Principle) (LaSalle, 1986 [35]). 

Theorem 5.5.2. £et f be a continuous vector field defined on X in a Banach space 
and a set S C X. Assume that there exists a continuous function V from X to R 
which is quasi-strictly decreasing along any trajectory (p^{x) that is not in S. Assume 
that each forward trajectory tp*{x) lies inside a compact set, then S is attractive. 
Furthermore, assume V separates points in S, i.e. it yields a distinct value for every 
point in S, then S is strongly attractive and every trajectory converges to a fixed point 
in S. 
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Proof of Theorem 5.5.2: Choose any initial condition Xo. The oz-limit set 
u{xq) is non-empty because orbit ^'(x) lies inside a compact set. We claim V is 
invariant on a;(xo) (Invariance Principle). Let yi # y2 and yi,y2 6 a;(xo). Then 
there is a strictly increasing time sequence {tf | i = 1,2, • • •} where limn-»oo tn = oo, 
such that = yi and ¥>'"(*0) = 72 where / = 1,2, •••. Since V(cp'(xo)) is 
continuous and decreasing, 

V(yi) = lim F(^'«-'(xo)) > lim = V(y2) 
(—•00 I—¥00 

V{yi) = lim F(^'"+^(xo)) < lim F(vj'"(xo)) = ^(ya). 
{->00 i-»co 

This implies V(yi) = V(y2). 
We next claim that a;(xo) C 5. Otherwise, if y 6 a;(xo) and y ^ S, by hypothesis, 

V(^'(y)) is quasi-strictly decreasing and is not constant for all t On the other hand, 
w(xo) is invariant and orbit  l ies in a;(xo) so that V{(p\y)) is constant for ail  t .  
Contradiction. 

Hence, S is attractive since arbitrarily chosen. 
If V separates points in S, then a;(xo) must be a single-point set which is a fixed 

point in 5. Therefore, S is strongly attractive. • 

Proof of Theorem 5.5.1: Changing variables in model (5.5) via x, = ^ y,, 

letting \ = ^ for i = 1,..., n, and defining y = 53"=i ^tPi, we obtain 

Notice that 

p, = = 1 

due to Eq. (5.4). Thus y is the convex linear combination of pi where i = 1, ...,n. 
System (5.5) and (5.19) are conjugate. The set of equilibria of (5.19) is the 

diagonal line {(s, s..., s) 15 6 Rt}. 
Define two fimctions 

A f ( y )  = 
l<t<n 

m(y) = min yi. 
l<«<n 

Obviously, m(y) < y < M(y) for all y; m(y) = y or M(y) = y if and only if y is an 
equilibrium. 

Along any non-equilibrium trajectory y(t),  we claim M(y(t)) is strictly decreasing, 
and Tn(y(t)) is strictly increasing. 
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We fix any t  and define a set of indices for M{y{t)) as 

A = {i 11 < I < n, Viit) = Af(y(t))}. 

Since y is not an equilibrium trajectory, A {1, • • •, n}. Thus, yi{t) < 0 for each 
I 6 A by Eq. (5.19). 

Therefore, y,(t) is decreasing on some interval {t, t  + 6i),  Si > 0. Moreover, for 
every i  not in A there is a mmiber Si > 0 such that yi{s) < M{y{t)) for s in {t, t  + Si) 
because Af(y(-)) and yi are continuous. 

Let S = min,-($t. Now Af(y(s)) is smaller than M{y{t)) for all s in {t, t  + 5), 
because every yi{s) is smaller than M{y{t)).  

Consider the "arrow topology" T on R with a base {(-00,00) U [a, 6) | - 00 < 
a < b < 00}. For any t  6 R, define D = {s\a > t ,  M{y{s)) < M{y{t))}.  Then D 
is nonempty and open in P. Since M{y{-)) is continuous, it is easy to see that is 
also open in P. Because [t, 00) is connected in topology P, must be empty. Thus 
M{y{s)) is not greater than M(y(t)). Since t is arbitrary, M{y{t)) is non-increasing. 
Furthermore, it is strictly decreasing because it is the local maximum at each point 
for some small interval with this point as the left endpoint. 

Similarly, we can prove that m{y{t)) is strictly increasing if y(t) is not an equi
librium trajectory. 

Therefore, function M is strictly decreasing along any non-equilibrium trajectory, 
and has a distinct value for every point on the diagonal line which is the set of equi
libria.  I t  is a generalized Lyapunov function. Since m(y(t)) < m{y{s)) < yi{s) < 
^^(y(s)) < M{y{t)) ioT s>t and for each t, each forward trajectory stays in a com
pact hypercube. Applying Theorem 5.5.2, the set of equilibria is strongly attractive. 
• 
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