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ABSTRACT 

Optical depths at visible and infrared wavelengths obtained in Tucson, Arizona 

before and after the Pinatubo eruption in June 1991 have been used to investigate 

the characteristics of the stratospheric aerosols due to the Pinatubo eruption. The 

intrusion of the Pinatubo aerosols over Tucson first occurred on July 26, 1991 when 

the spectral optical depth values rose to two to four times their normal values. In 

general, there was a pattern of increase between June 1991 and April 1992, and a 

gradual decrease after April 1992. 

The stratospheric Pinatubo aerosol in April 1992 was characterized by a typical 

column integrated concentration on the order of 8.78 xlO6 particles cm~2 in the size 

range of 0.2 to 0.7fim. The total concentration decreased to the order of 9.28xlO5 

particles cm~2 by April 1994. Simulations of the size distribution using a simple 

polydisperse coagulation and fallout model showed that both of the processes played 

a very important role in the evolution and transport of the particles in the interval 

from April 1992 to April 1994. 

A strong seasonal variation was observed in the aerosol optical depth data. The 

values are higher in the winter and spring and lower in the summer and fall. This 

variation is explained by more effective transport of particles from the tropics pole

ward in the winter and spring than in the summer and fall. 

We also observed that there was a reduction in stratospheric ozone associated 

with the Pinatubo aerosols, possibly because of the extra sites available for hetero

geneous chemical reactions. The reduction was more noticeable in the spring and 

summer than in other seasons. The magnitude of the ozone reduction was in a good 

agreement with other studies. 
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Chapter 1 

Introduction 

1.1 Overview 

The eruption of Mount Pinatubo in the Philippines in June, 1991 is the largest 

volcanic event in this century. This event resulted in the discharge of volumnious 

amount of S02 and ashes above 20 km altitude and greatly enhanced the so-called 

Junge aerosol layer in the stratosphere. The eruption of Mount Pinatubo provided 

a great opportunity for the study of the stratospheric aerosols and their effect on 

our climate system. 

We have investigated the coagulation and fallout processes that characterize the 

Pinatubo aerosol after the eruption. Through analyses of optical depth observations 

made in Tucson, Arizona before and after the eruption, we infer the characteristics 

of the particle size distribution and the evolution of this distribution with time. We 

also simulate the coagulation and fallout processes with a simple model. Through 

such a study, we can understand the physics of aerosols in the stratosphere and thus 

estimate their impact on the Earth's weather and climate systems. 
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1.2 Tropospheric and stratospheric aerosols 

Aerosols are defined as dispersed solid or liquid particles in a gaseous medium. 

Although the concentration of the atmospheric particles is much smaller than that of 

the gases, they are of great importance in many different branches of the atmospheric 

science. 

Atmospheric aerosols affect the weather and climate systems in many ways. One, 

they scatter and absorb incoming solar radiation. These effects are most noticeable 

after major volcanic eruptions such as that which occurred in 1815. In Europe, 1816 

was called a "year without a summer". In the same year, record low temperatures 

appeared in New England and elsewhere. It is believed that the eruption of the 

volcano Tambora in the Dutch East Indies in 1815 was responsible for the unusually 

cold summer temperatures in 1816 (Toon and Pollack, 1977; Stommel and Stommel, 

1979). 

Another effect of the atmospheric aerosol on radiation is that it absorbs outgoing 

infrared radiation from the surface of the earth. This effect reduces the radiation 

energy loss of the earth-atmosphere system to space and raises the equilibrium 

temperature of the earth. In this way, aerosols act as the greenhouse gases such as 

CO2 and water vapor. 

Atmospheric aerosols also affect the microphysical structure of clouds which in 

turn influences the long and short wave radiation budget. It is well known that 

water vapor will not condense into water droplets under the normal atmospheric 

conditions. Water vapor condenses on tiny particles called cloud condensation nu-

clei(CCN). Thus, aerosols in the form of CCN act as the link between the vapor 

and the liquid water in clouds. The supersaturation spectrum of CCN determines 
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the concentration and size of the cloud droplets, and these parameters control the 

optical properties of clouds such as the albedo (Twomey, 1977). 

For many years, scientists have used various methods to understand the char

acteristics of particles in the troposphere. With the help of impactors and cloud 

chambers, they have sampled air near the ground and obtained a basic understand

ing of the tropospheric aerosol (e.g. Aitken, 1923). The size of the particles ranges 

from molecules clusters a few tens of Angstroms in diameter to particles of about 

20fJ,m. Thus, the particle size spans almost four orders of magnitude. For conve

nience, the size range is usually subdivided into three groups. Those particles with a 

radius < 0.1/xm are called Aitken particles, so named after the scientist who studied 

them for the first time. The particles which have sizes between 0.1 to 1.0 \im are 

called large particles, and the particles larger than 1.0 fim are classified as giant 

particles. 

Since the sizes of the particles can vary over four orders of magnitude, their phys

ical and chemical properties are very different. For instance, the Aitken particles 

have very short lifetimes because they rapidly coagulate with the larger particles. On 

the other hand, giant particles disappear rapidly because of gravitational sedimenta

tion. Coagulation and sedimentation are thus two important factors in determining 

the lower and upper limits of the aerosol size distribution. Observations of the size 

distributions confirm that particles smaller than 5 x 10~3fim and giant particles are 

in small concentrations. The majority of the particles in the troposphere have the 

size range between 5 x 10~3[im and 5 x 10 

There are three major processes that generate particles in the troposphere: 

(1) Heating and combustion. Natural sources of this type are volcanoes and forest 

fire. Human activities involving heating and combustion also produce particles, and 
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this source is increasing with time. 

(2) Reactions between trace gases through the action of heat, radiation, or hu

midity. An example of this kind of process is the oxidation of SO2 that leads to 

sulfate droplets in a moist environment. 

(3) Dispersion of material from the surface either as sea spray over the oceans 

or as mineral dust over the continents. Particles produced in processes of this kind 

usually have sizes in the large and giant domain. 

The generation of particles over the oceans is dominated by the third source. 

Woodcock and his co-workers (Kientzler et al., 1954; Blanchard and Woodcock, 

1957) showed that the vast majority of the seasalt particles larger than 1 fim are 

produced by the bursting of the numerous small air bubbles produced by breaking 

waves. On the other hand, the first two sources, natural or artificial, dominate 

the generation of particles over land. This explains the relative richness of Aitken 

particles in continental aerosols. 

Since the major sources of aerosols are near the surface, the vertical distribu

tion of the particle concentration decreases with altitude in the troposphere. In 

going from ground to a height of about 5 km over the continents, the number den

sity decreases from 1000/cm3 to 200-300/cm3. Over the oceans, the concentration 

of aerosols is about 200/cm3 and more uniform with height. Above 5 km in the 

troposphere, the concentration is approximately constant with height. 

Evidences for the existence of particles in the stratosphere was found by Bigg 

(1956) who measured the intensity of the twilight as a function of time after sunset 

and found irregularities which he interpreted as a dust layer between 15 and 20 km. 

Volz (1961) made similar observations, and his results seem to indicate a seasonal 

variation in the upper limit of the stratospheric dust layer between 15 km (spring) 
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and 25 km (fall). Meinel and others also speculated that the brilliant sunsets after 

major volcanic events were caused by particles ejected into the stratosphere. 

In situ measurements of stratospheric aerosols were first carried out by Junge 

and his co-workers in the 1960s (Junge et al., 1961). Their method was to use 

balloon-borne impactors and cloud chambers to sample stratospheric air and record 

the concentration of the particles. Since their pioneering work, there have been nu

merous studies of the stratospheric aerosol and new techniques have been developed 

to obtain data on the concentration and properties of the stratospheric aerosol. 

Balloon-borne optical counters (dustsondes) have been used at the University of 

Wyoming (Deshler et al., 1992) and aircraft have been flown into the stratosphere 

to collect aerosol data. 

Several indirect measurement methods have been developed to study the strato

spheric aerosol. These methods make use of remote sensing techniques. Airborne 

LIDAR, for example, measures the backscattered radiation from the stratosphere 

and the associated aerosol. Contributions from the aerosols are estimated from the 

different scattering properties of the aerosols and of the gas molecules (e.g. Fiocco 

and Grams, 1966). Another remote sensing technique is to use ground-based ra

diometers to measure the intensity of solar radiation at several wavelengths. By 

separating the attenuation caused by aerosols from that caused by molecules, the 

column integrated concentration of particles can be estimated (e.g. Shaw et  al . ,  

1973; King and Byrne, 1976). 

Today, satellite technology has a major application in the measurement of strato

spheric aerosols. The earliest experiment on a satellite platform was Apollo 17 in 

1975 (Pepin et al., 1977). The experiment was named Stratospheric Aerosol Mea-

surment (SAM). The SAM instrument was a lensless single spectral channel sun 
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photometer, which the astronauts used to measure the solar intensity during the 

satellite sunrises and sunsets. The attenuation of the sunlight due to scattering by 

particles was used to deduce information on the aerosol properties. 

Once the SAM experiment demonstrated the feasibility of the approach, the 

SAM II and the Stratospheric Aerosol and Gas Experiment (SAGE) programs were 

developed by NASA with the collaboration of Science Teams from the scientific 

community (McCormick et al., 1979). The instruments are essentially satellite-

mounted sun photometers designed to measure solar intensity profiles during each 

sunrise and sunset event encountered by the satellites. The advantage of satellites 

in measuring stratospheric aerosols is the continuous spatial and temporal coverage, 

which greatly extends our knowledge about the sources and sinks of particles in 

the stratosphere, aerosol transport, and the associated radiative and climatological 

effects. 

With data on stratospheric aerosols compiled from various sources, a picture 

of stratospheric aerosols emerges. It is well known that the concentration of small 

Aitken particles continuously decreases with altitude across the tropopause, but 

there is a substantial increase in the concentration of large particles in a region above 

the tropopause several kilometers thick. This layer is referred to as the stratospheric 

aerosol layer or the Junge layer. The characteristics of this layer are that (1) it 

extends vertically from slightly above the tropopause to less than 30 kilometers; (2) 

the majority of the particles are in a size range between 0.1 fim and 1.0/tm; (3) the 

size distributions can be either unimodal or polymodal, and (4) the particles are 

typically an impure solution 75% sulfuric acid and 25% water (Rosen, 1971). 
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1.3 Sources of the stratosphere aerosol and the Pinatubo eruption in 

1991 

The differences in the properties of the stratospheric aerosols from those of the tropo

sphere are primarily due to differences in their environments and their origins. Small 

Aitken particles produced near the surface of the earth appear at higher altitudes 

after diffusing through the troposphere. Diffusion explains the continuous reduction 

of the concentrations of Aitken particles from the surface to the stratosphere. 

The large particles in the stratosphere have different origins. Studies on the 

chemical composition of these particles indicate that sulfur is the dominant element, 

and traces of Al, Si, and Ca are also present (Junge and Mason, 1961). The sulfur 

in the aerosols exists in the form of sulfate. This prompts the speculation that 

stratospheric aerosols are generated insi tu by the oxidation of SO2 and/or II2S. 

These gases are known to be present in the troposphere in sufficient quantities 

and can penetrate into the stratosphere by mixing. The contact of these sulfur-

containing gases with ozone and the exposure to more intense short-wave radiation 

would favor more complete oxidation than in the troposphere. 

The concentration of sulfate aerosols depends on the equilibrium of the oxidation 

of the sulfur-containing gases, the growth of the sulfate particles by condensation 

and coagulation, and the fallout of the particles that have grown to large sizes. 

Under normal conditions, these processes are in long-term equilibrium, and the 

concentration of the stratospheric aerosol is steady over long periods of time. But 

this steady state can be interrupted by volcanic eruptions. It has been observed that 

particles are quite numerous shortly after violent volcanic eruptions. Unlike their 

counterpart in the troposphere, the stratospheric aerosols remain long after volcanic 



19 

eruptions. A typical e-folding time of the decay of the particle number density after 

eruptions has been reported to be about one year (McCormick et al., 1978). 

Since stratospheric aerosols are caused by volcanic eruptions, it is no surprise 

that major volcanic eruptions renew interest in the stratospheric aerosol. There 

were several volcanic eruptions in the 1980s, such as the eruption of El Chichon in 

Mexico in April, 1982, the Nevado del Ruiz in Colombia in November, 1985, and 

Mount Redoubt in Alaska in December, 1989. Among these events, the El Chichon 

eruption has been investigated most thoroughly because of its magnitude and its 

proximity to the United States. 

The eruption of Mount Pinatubo in June, 1991, with an estimated amount of 

gaseous and solid material three times that ejected by the El Chichon eruption 

(McCormick et al., 1992), is the largest volcanic event in this century. It is also the 

first major eruption that has been continuously watched by satellites in space. 

1.4 Review of the studies on Pinatubo aerosol 

Numerous studies on the stratospheric aerosol have been carried out since the 

Pinatubo eruption. These studies use data from satellites (Bluth et al., 1992), 

insitu aircraft (Winker and Osborn, 1992), optical depth measurements from single 

locations (Goldman et al., 1992), lidar observations (Post and Grund, 1992), and 

balloon-borne measurements (Deshler et al., 1992). The purpose of these studies 

has been to investigate the characteristics of the aerosol plume injected into the 

stratosphere and the possible effects of the enhanced aerosol on the physics and 

chemistry of the total earth system. The potential climate impact of the erup

tion has been simulated with a global climate model (Hansen et al., 1992). In the 

following paragraphs, we will give a brief account of the above research. 



20 

The eruption of Mount Pinatubo is the greatest of the volcano eruptions ever 

documented by satellites. At the time of the eruption, there were at least three 

polar orbiting satellites monitoring the earth's atmosphere. These three satellites 

are the Nimbus-7, the Earth Radiation Budget Satellite (ERBS), and the NOAA/11 

satellite. Continuous measurements made from the instruments aboard these satel

lites provided a detailed account of the motion of the solid and gaseous material 

introduced by the eruption of Mount Pinatubo. 

The global tracking of the SO2 clouds from the Total Ozone Mapping Spectrom

eter (TOMS) aboard the Nimbus-7 satellite provided information on the Pinatubo 

aerosol. A study of the TOMS data in June, 1991 by Bluth et al. (1992) shows that 

the SO2 cloud ejected into the stratosphere during the eruption encircled the earth 

in about 22 days and the estimated total amount of the ejected SO2 is at the level of 

20 megatonnes. This figure put the magnitude of the eruption at least three times 

greater than the eruption of El Chichon in Mexico in 1982. With a fast chemical 

conversion time of S02  to H2SOA of the order of about 38 days (McKeen et  al . ,  

1984), the SO2 cloud was estimated to produce 20-30 megatonnes of H2SO4/1120 

aerosol mass. The bulk of the particles were observed to circulate around the globe 

and to remain in a tropical belt (approximately 30°N to 20°S) over the first few 

months. 

One month after the eruption of Mount Pinatubo, the NASA Electra aircraft 

was flown over the Caribbean to study the Pinatubo volcanic plume. Lidar and 

spectrometer measurements obtained from the flights were used to infer the concen

trations of S02 and particles. From their lidar measurements, Winker and Osborn 

estimated the total particle mass of the Pinatubo plume 27 days after the eruption 

to be on the order of 8 megatonnes. They speculated that at the time of the obser
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vations about half the original SO2 had been converted to sulfate particles (Winker 

and Osborn, 1992). Thus, their observations support the estimate of the amount of 

discharged SO2 made from satellite observations (Bluth et al., 1992). The amount 

of SO2 inferred by HofF (1992) aboard the same flights indicates that the SO2 to sul

fate conversion time constant is about one month, in good agreement with Winker 

and Osborn (1992). 

Russell et  al .  (1993) used optical depth measurements made at Mauna Loa Ob

servatory in Hawaii to infer the particle size distributions in the stratosphere before 

and after the Pinatubo eruption. Their results indicated that the Pinatubo aerosol 

was originally rich in small particles ( radius r < 0.25 fim), and the small parti

cles were progressively depleted in the periods of August-September 1991 and July 

1992. They speculated that this change was caused by particle growth from both 

condensation and coagulatipn. Ramachandra et al. (1994) described a balloon-borne 

photometric study of the stratospheric aerosol layer after the Mt. Pinatubo erup

tion. The measurements taken in India in October 1991 and April 1992 indicate 

formation of aerosols at higher altitudes by coagulation and a subsequent reduction 

in the aerosol number density. However, these studies did not provide further details 

about the physics of the Pinatubo aerosol. 

The eruption of Pinatubo provided a great opportunity for the study of the efFects 

of stratospheric aerosols on climate. An initial assessment of the climatic impact 

of the Mount Pinatubo eruption indicates that there was an increase in planetary 

albedo (Valero and Pilewskie, 1992), an increase in stratospheric temperature (Lab-

itzke and McCormick, 1992), and a decrease of stratospheric ozone (Grant et  al .  

1992). Hansen et al. (1992) used a global climate model to study the potential cli

matic impact of the Mount Pinatubo eruption. Their simulation suggests that the 
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eruption may have introduced a break in recent trends of global warming. 

Since the eruption of Mount Pinatubo, much effort has been put into collecting 

data by all possible means. Although qualitative studies and comparisons with pre

vious volcanic eruptions have shed light on the overall properties of the Pinatubo 

aerosol, detailed accounts of coagulation and fallout processes are still lacking. Re

cently Tie et al. (1994) and Zhao et al. (1995) carried out computer model sim

ulations to understand the particle growth, the aerosol transport, and the ozone 

depletion caused by the Pinatubo eruption. The complexity of these models, how

ever, makes it difficult to identify the relative importance of coagulation and fallout 

processes in the evolution of the Pinatubo aerosol. 

1.5 Optical depth observations in Tucson before and after the injection 

of the Pinatubo aerosol 

Optical depth observations have been carried out at the University of Arizona since 

the 1970's, and the data have been used to characterize the aerosol over Tucson and 

the total ozone content. King et al. (1980) showed that the monthly mean aerosol 

optical depths at the wavelengths of 0.44, 0.5217, 0.612, 0.7797, and 0.8717 /im 

were in the range of 0.0233 and 0.0987 between August 1975 and December 1977. 

The aerosol optical depths at the five wavelengths exhibited a seasonal pattern, 

a maximum in July and August with a secondary maximum in April and May, 

and two minima in December and June. King et al. (1980) explained this seasonal 

variation by the different moisture content in the air due in the different prevailing 

wind patterns. 

The seasonal variation in the aerosol optical depth was interrupted after the 

eruption of Mount Pinatubo in June 1991. Signs of the Pinatubo aerosol first ap
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peared over Tucson, Arizona on July 26, 1991. Aerosol optical depths in the 400nm 

to 1030nm wavelength range increased to more than four times their normal values 

on that day (Fig. 1). From July to December of 1991, the aerosol optical depths 

fluctuated with time. A general increase in aerosol optical depths occurred again in 

January 1992 at all wavelengths. A steady state between the increase and decrease 

was not reached until April 1992. After that time, the overall trend of the aerosol 

optical depth above Tucson showed a steady decline with time. These changes in 

the aerosol optical depth and their physical causes are the primary focus of this 

study. 

1.6 The objectives of this study 

A number of questions remain about the Pinatubo eruption and its impact on our 

weather and climate systems. For instance, the optical depth observations in Tucson 

show a return to the pre-eruption values after 32 months. Does this mean that the 

Pinatubo aerosols have fallen out of the stratosphere? Is the time from eruption to 

fallout typical of all the volcanic eruptions or is it unique to this case? 

The focus of this study will be to understand what processes remove an aerosol 

from the stratosphere. In particular, coagulation and gravitational sedimentation 

are sufficient for the removal of the Pinatubo aerosol. We will use optical depth 

data obtained in Tucson to derive the particle size distributions at different times 

after the Pinatubo eruption. A simple coagulation and sedimentation model will 

be developed that describes changes in the size distributions. The comparison of 

the model results with size distributions inferred from the optical depth measure

ments will show that both coagulation and sedimentation are necessary to describe 

evolution of the Pinatubo aerosol. 
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This dissertation is organized into five parts. Chapter Two discusses the sources 

of data and the methods that have been used to obtain signatures of stratospheric 

aerosols. Chapter Three examines existing aerosol models and introduces the simple 

one-dimensional model used in this study. Model simulations of the evolution of 

the size distribution with time after the Pinatubo eruption are discussed and are 

compared with observations in Chapter Four. Finally, major results and conclusions 

are summarized and suggestions for future research are given in Chapter Five. 
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Chapter 2 

Aerosol data obtained in Tucson 

2.1 Determination of the aerosol optical depth 

Observations of atmospheric optical depths have been carried out at the University 

of Arizona since the 1970's. Radiometers with filters at the center wavelengths 380, 

398, 438, 520, 606, 668, 781, 868, and 1028 nanometers were used to measure the 

solar radiation intensities at these wavelengths. These wavelengths were selected 

because of the relatively low absorptions of atmospheric gases at these wavelengths 

(King et al., 1980). 

The method used to deduce the optical depths from the measured intensities is 

the so-called Bouguer-Langley method. This method is based on the Lambert-Beer 

law which describes the transport of the solar irradiance in the atmosphere: 

F( A) = F0(A)ea;7>[—Tf(A)m(0o)] (2.1), 

where F(A) is the solar irradiance reaching the radiometer, A is the wavelength of 

the radiation, F0(X) is the solar irradiance at the top of the atmosphere, rt(A) is the 

total vertical optical depth, and m(60), the atmospheric air mass, is the secant of the 

solar zenith angle 60. If the atmospheric conditions are right, the solar irradiance 

observed at multiple times of a day can be fitted to the Lambert-Beer law (Eq. 2.1) 
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and the total optical depth can be determined. 

The total optical depth is affected by several factors. Among them are molecular 

scattering usually referred to as Rayleigh scattering, ozone absorption, and aerosol 

scattering and absorption. The more difficult factor, the scattering and absorption 

by clouds, is avoided by selecting cloud-free days for observations. In the case of the 

clear days, the total optical depth can be expressed as 

T t {  A) = T R ( \ ,p)  + 770(A) + r0  (A) (2.2), 

where rt(A) is the total optical depth at the wavelength A, T R ( \ , P )  is the Rayleigh 

optical depth, p is the atmospheric pressure, i] is the absorption coefficient of ozone, 

a{A) is the concentration of ozone, and TQ(A) is the aerosol optical depth or turbidity. 

The first term on the right hand side of Eq. 2.2, namely the optical depth caused 

by molecular scattering is well understood. It varies as jr and is proportional to the 

number of molecules in the vertical column. The surface pressure is a measure of 

the total number of molecules in a vertical column. The Rayleigh optical depth is 

approximately constant because the atmospheric pressure is relative constant from 

day to day. 

The optical depth due to ozone absorption varies considerably from day to day 

because the amount of ozone fluctuates due to transport and other processes. Since 

a direct measurement of ozone is not available, indirect methods have been used 

to estimate the total column abundance. One ozone absorption band, sometimes 

referred to as Chappuis band, is centered near the 606 nanometers, and this wave

length range has been included in the observations. Statistical methods have been 

developed to separate the ozone optical depth from the total optical depth. A 

method developed by King and Byrne (1976) makes the use of Eq. 2.1 and a fit of 
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the logarithm of the aerosol optical depth to that of the wavelength 

logra = 60 + 61 log A + 62(logA)2 (2.3), 

where ra is the estimated aerosol optical depth, A is wavelength, and b0 ,  b t ,  and b2  

are constants to be determined by this statistical method. The assumed relationship 

between the aerosol optical depth and wavelength is based on observations that logra 

is very nearly a linear function of logA for a wide variety of aerosol size distributions. 

The daily observations of total optical depths are fitted to equations 2.1 and 2.3 by 

the means of a least-squares method, and then the total ozone content and aerosol 

optical depth for that day are determined. 

2.2 Data source and availability 

The data used in this study are based on measurements of the total optical depth 

at Tucson, Arizona on cloud-free days from 1985 to 1994. There are 175 records 

before the date of the Pinatubo eruption, June 15, 1991. These records were set 

aside to represent the conditions before the Pinatubo volcanic eruption. There are 

252 records between June 15, 1991 and May 31, 1994 that characterize the effects 

of the Pinatubo eruption on the stratospheric aerosol. The May 31, 1994 ended the 

data sample because the total aerosol depths had returned to the average values 

before the eruption. 

There are two sources of data in this study. Before April 1993, the observations 

were taken manually on top the Atmospheric Sciences building. The observations 

after April 1993 were obtained automatically by the autotracking instruments in 

the Department of Electrical and Computer Engineering that is located about 300 

meters from the site of the previous observations. Spectroradiometers were used 
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at the two locations, but only the autotracking instrument was capable of tracking 

the location of the sun in the sky automatically. Because the observations were 

taken only on cloud-free days, the observation dates are unevenly distributed. For 

instance, there were 20 records in October, 1991 and only one record in December, 

1991. But the data set is representative in general because there is a record every 

4.3 days after the Pinatubo eruption. 

Aerosol optical depths between June 17,1991 and May 31, 1994 are given in Figs. 

1-5. In these figures, the measured data at nine wavelengths are shown by asterisks. 

Although the asterisks show considerable scatter over this period, an overall pattern 

still emerges. The optical depth at a given wavelength tended to increase between 

June 1991 and April 1992, and then gradually decreased until it approached the 

long-term mean at the end of 1993 and the beginning of 1994. 

2.3 Evidence of ozone depletion in the Pinatubo cloud 

To determine the aerosol optical depth shown Figs. 1-5, the Rayleigh and ozone 

optical depths must be subtracted from the total optical depth. As we have seen in 

Section 2.1, the Rayleigh optical depth is relatively constant and can be determined 

with good accuracy. The ozone optical depth, however, is highly variable due to the 

changes in the total ozone content. 

Since the ozone content is not measured directly, the aerosol optical depths must 

be computed assuming a constant ozone concentration or an ozone concentration 

that has seasonal variations. In an episode of volcanic eruptions, there is evidence 

that the ozone is reduced due to increased chemical reactions involving both ozone 

and the stratospheric aerosol (Grant et al., 1992; Tie el al., 1994). Thus, large errors 

could occur if a constant ozone content is assumed. 
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Figure 1: Aerosol optical depth at the wavelengths of 373.3nm and 401.8nm obtained 
in Tucson from June 1991 to May 1994, where the observations are shown as the 
asterisks. The horizontal bar in each month indicates the average value obtained 
in 1985-1990, and the vertical bar indicates the standard deviation. The vertical 
line in July 1991 shows the first day when the Pinatubo aerosol layer appeared over 
Tucson. 
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Figure 2: Same as in Fig. 1 except for the wavelengths of 441.5nm and 522.0nm. 
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Figure 3: Same as in Fig. 1 except for the wavelengths of 612.5nm and 671.2nm. 
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Figure 4: Same as in Fig. 1 except for the wavelengths of 779.8nm and 873.0nm. 
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Figure 5: Same as in Fig. 1 except for the wavelength of 1030.5nm. 
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We have used the statistical method of King and Bryne (1976) to estimate the 

ozone amount using daily spectral radiometer readings. Since the eruption of Mount 

Pinatubo, the results of this determination are shown in Figure 6 together with 

the seasonal variation obtained by King et al. (1980) between August 1975 and 

December 1977. 

Although the calculated daily ozone abundance between June 17, 1991 and May 

31, 1994 fluctuated considerably, a clear trend is apparent during this period. Com

paring these values with those obtained between August 1975 and December 1977, 

we do see that the total ozone over Tucson is generally lower after the Pinatubo 

eruption, and starting in August 1993, the ozone is slightly higher than the average 

in 1975-1977. This pattern suggests that the total ozone over Tucson, Arizona was 

reduced by the Pinatubo eruption until after August 1993. 

When analyzed in a greater detail, the ozone abundance is seen to be lower in 

the spring and summer and then returns to the average level of 1975-1977 in the fall 

and winter. This variation can be explained by the differences in the stratospheric 

temperatures and the solar intensities that affect the chemical reactions involving 

ozone. The higher temperatures and solar radiation in the spring and summer are 

more favorable for the chemical reactions that destroy ozone molecules. 

2.4 Stratospheric aerosol optical depth 

The methods described above have enabled us to obtain the total aerosol optical 

depth, however, this quantity includes the combined effects of both tropospheric 

and stratospheric aerosols. Because we are primarily interested in the stratospheric 

aerosol a method was needed to separate the effects of tropospheric and stratospheric 

aerosols. 
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Figure 6: Total columnar ozone content derived from total optical depth obtained 
in Tucson from June 1991 to May 1994 according to a method by King and Byrne 
(1976). The solid line in the figure is the seasonal ozone content pattern in Tucson 
between August 1975 and December 1977 (King etal., 1980). 



36 

The eruption of Mount Pinatubo in June 1991 discharged enormous amount of 

gaseous and solid material into both the troposphere and stratosphere. Because 

of these very different atmospheric environments, the lifetimes of the material are 

very different in these two atmospheric regions. The stronger convective activity 

and wet removal processes in the troposphere make the lifetime of particles in that 

region much shorter than in the stratosphere. The wet removal processes are the 

nucleation of drops followed by rainout or precipitation scavenging (Twomey, 1977). 

Junge (1963) has estimated that the average lifetime of tropospheric aerosols is 30 

days compared to an average lifetime in the stratosphere of half a year. 

Because of the relatively quick removal of particles from the troposphere, we 

have used the average atmospheric optical depth taken before the Pinatubo erup

tion as the baseline for the extra stratospheric aerosol that is due to the Pinatubo 

eruption. The resulting deviation of the total aerosol optical depth from the baseline 

is assumed to be solely due to the stratospheric aerosol. 

The stratospheric aerosol optical depth, after removing the long-term monthly 

mean in the troposphere, is shown in Figs. 7-11. In the figures, the observations show 

an increase between June 1991 and April 1992 and a gradual decrease afterwards. 

The monthly means are shown in the figures by vertical bars. With a few exceptions, 

it is clear that the residual optical depths on most days are significantly higher 

than the long-term monthly means. This verifies the substantial increase in the 

stratospheric aerosol after the eruption. 

2.5 Errors 

The determination of the aerosol optical depth in the stratosphere involved several 

processes, i. e. the removal of the Rayleigh and ozone optical depths and the 
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Figure 7: Residual optical depth at the wavelengths of 373.3nm and 401.8nm ob
tained in Tucson from June 1991 to May 1994. The vertical bars in the figure 
indicate the standard deviation of the optical depth in each month in 1985-1990. 
The long vertical line in July 1991 shows the first day when the Pinatubo aerosol 
layer appeared over Tucson. 
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Figure 8: Same as in Fig. 7 except for the wavelengths of 441.5nm and 522.Onm. 
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Figure 10: Same as in Fig. 7 except for the wavelengths of 779.8nm and 873.0nm. 
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Figure 11: Same as in Fig. 7 except for the wavelength of 1030.5nm. 
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removal of the tropospheric aerosol. These processes, as well as the observations, 

are prone to several sources of error. The sources of errors include inaccuracy of the 

instruments used in obtaining the data, the uncertainties in the ozone concentration, 

and the moisture content of the atmosphere. Also, atmospheric variability affects 

the Langley plots. Before any weight can be given to the accuracy of the data 

analysis, we must examine the possible errors in the measurements. 

Our sources of errors are primarily twofold: (1) the determination of the total 

optical depth and (2) the separation of the tropospheric and stratospheric aerosol 

optical depths. The errors involved in using multiwavelength sunphotometers have 

been discussed by Shaw(1976) who pointed out that the error terms include instru

mental errors, calibration errors, and errors imposed by the atmosphere. 

The errors caused by the instruments include the finite filter bandwidths at the 

wavelengths of the observations and the finite field of view of the sunphotometers. 

The effects  of  the f ini te  f i l ter  bandwidth have been invest igated by Thomason e t  

al. (1982). They show that, for channel bandwidth (FWHM) of 10 nm or less, and 

for regions of the solar spectrum outside major absorption lines (in both the solar 

and terrestrial atmospheres), values of the optical depth are accurate to 0.1% for 

central wavelengths of 450 nm or greater, and to 1.0% for the wavelength of 380 

nm. The error caused by the inclusion of diffuse light in the finite field of view of 

the sunphotometers has been discussed by Shaw (1976) and Reagan et al. (1992). 

Shaw's study indicates that errors of this type are negligible in comparison with 

other errors. 

The errors imposed by the atmosphere can also be divided into several causes. 

First, the earth's sphericity greatly influences the determination of the solar irra-

diance above the earth's atmosphere, especially when combined with the vertical 
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inhomogeneities of atmospheric attenuators such as ozone. Thomason e t  a l .  (1983) 

compared the ozone air mass derived from an average vertical ozone profile with the 

air mass of the homogeneously mixed atmosphere and concluded that the two values 

differ greatly for zenith angles greater than 60°. However, the air mass is estimated 

reasonably well by secO when the solar zenith angle, 0, is smaller than 60°. 

Other sources of error are the uncertainties in the concentration of the attenua

tors of solar radiation. These attenuators are typically ozone and nitrogen dioxide as 

discussed by Russell et al. (1993). A method for estimating the uncertainties in the 

inferred vertical column ozone content has been given by King and Byrne (1976). 

As we have seen, their statistical method fits the multi-wavelength optical depths 

with a polynomial of the logarithm of the wavelength and separates contributions to 

the total optical depths from ozone and from aerosols. A by-product of this method 

is an estimate of the uncertainty in the ozone content. On the other hand, the effect 

of nitrogen dioxide must be inferred from the previous observational data (Perliski 

and Solomon, 1992; Noxon, 1979, 1980; and Johnston et al., 1992). 

An estimate of an overall error in the aerosol optical depth can be determined 

using the error propagation method discussed by Bevington (1969). The overall 

error in the aerosol optical depth can be estimated by 

(\\ _ 2 | ( 1 ^>(^)\2 I  ( 1 ^(^)\2 
«r„W - «r(A)—) + + (--ppy) 

+(«r„(A))2 + ( S T , ( ) , ) ) 2 + (SrJ>, ) ) 2 ) i  

where rp(A) is the aerosol optical depth at the wavelength A, r is the total optical 

depth, m is the air mass, V0 is the voltage the instrument would have measured if 

there were no atmosphere, V is the actual measured voltage, TR, 73, and r2 are the 
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Rayleigh, ozone, and nitrogen dioxide optical depths, respectively, and 6 represents 

one-sigma uncertainty in the associated variable (Russell et al., 1993). 

The first three terms inside the square-root on the right side of the equation give 

the uncertainty in the total optical depth. Here, this uncertainty is estimated to have 

an upper limit of 0.004 for the wavelengths longer than 0.38fim. This upper limit is 

about 1% of the maximum total optical depth in this study. Optical depth at the 

wavelength of 0.3733/i??i, is more prone to the error sources such as the atmospheric 

conditions. The uncertainties in Rayleigh and ozone optical depths are obtained with 

the statistical method provided by King and Byrne (1976). These two uncertainties 

have estimated magnitudes of 0.0013 to 0.0018. There is no observational data in 

this study to infer the uncertainty in the nitrogen dioxide optical depth. However, 

this uncertainty term is estimated to be no greater than those of the Rayleigh and 

ozone optical depths. Therefore, the overall error in the inferred aerosol optical 

depth is estimated to be in the range of 0.005 in this study at the wavelengths 

longer than 0.38/ira and higher at the wavelength of 0.3733/tm. 

The uncertainties in the stratospherical optical depth depend heavily on the 

accuracy of the estimate of the tropospheric aerosol depth. This accuracy can be 

roughly determined by the variations in the tropospheric optical depth data. Be

cause there is no separate tropospheric aerosol optical depth observation, we used 

the aerosol optical depths inferred from the data obtained before the Pinatubo erup

tion to analyze the accuracy in the tropospheric aerosol optical depth. It turns out 

that this uncertainty greatly exceeds that in the inferred total aerosol optical depth. 

However, because of the large magnitude of the stratospheric aerosol optical depth 

after the Pinatubo eruption, this uncertainty has little efFect on the inferred values 

of the stratospheric aerosol optical depth, especially at longer wavelengths. Only 
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when the stratospheric aerosol particles fall out with time, and the residual strato

spheric optical depth returns to the longterm average does this uncertainty becomes 

of importance and can no longer be ignored. 

In order to reduce the inaccuracies in the optical depth data caused by uncer

tainties in the recording instruments and in the weather conditions, some kind of 

smoothing of the data was necessary. A 30-day moving average is used to reduce 

the uncertainties in the daily observations. The 30 day time interval was chosen 

because of the following considerations. It was reported that the Pinatubo aerosol 

clouds circulate around the earth in about 21 days (McCormick, 1992). In taking 

a slightly longer time period for averaging, we will eliminate the noise caused by 

potential latitudinal inhomogeneities. On the other hand, 30-day time interval in 

data averaging is short enough to retain signatures of other physical processes. 

2.6 Characteristics of the optical depth data over Tucson 

Stratospheric aerosol optical depths obtained in Tucson, Arizona demonstrated dra

matic changes after the eruption of Mount Pinatubo. Only 41 days after the erup

tion, the first sign of the Pinatubo aerosol injection appeared over Tucson. The event 

is denoted by a twofold increase in the stratospheric aerosol optical depth in one 

day. After that, the derived stratospheric aerosol optical depths generally remained 

substantially larger than before the Pinatubo intrusion and fluctuated quite consid

erably with time as is shown in Figs. 1-5. This is suggestive of the inhomogeneity 

in the early Pinatubo clouds which arrived over Tucson. However the short-term 

reduction in the optical depth did not conceal the general pattern of increase in the 

optical depth. This pattern continued until April, 1992. 

Two physical processes in the volcanic plumes have great significance immedi
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ately after the eruption of volcanoes. They are the fallout of ash and large solid 

particles, and the oxidation of sulfur gases into sulfate vapor. The effect of the 

fallout process is a reduction in the optical depth. It is the sulfate particles that 

have a long term effect on the atmospheric optical depth after volcanic eruptions. 

The subject of the oxidation of sulfur gases in the atmosphere has been studied 

in the past (Calvert et al., 1978; McKeen et al., 1984). Turco et al. (1982) have 

reviewed much of the photochemistry involved in stratospheric sulfate formation. 

They compared possible heterogeneous processes of the oxidation of sulfur dioxide 

with the homogeneous processes and concluded that heterogeneous processes are 

more important than the homogeneous processes in the sulfate productions in the 

stratosphere. The heterogeneous oxidation of sulfur dioxide in the atmosphere is 

further studied by McKeen et al. (1984). It is found that in an environment in 

which HOx radicals, such as hydrogen peroxide HO2, are not consumed when sulfur 

dioxide is further oxidized, the chemical lifetime of sulfur dioxide is about 38 days 

at the height of 24 km. This figure is in good agreement with the observations that 

the global SO2 chemical lifetime was between 30 to 40 days after the eruption of El 

Chichon in Mexico in April, 1982 (Heath et al., 1983). 

The Pinatubo aerosol cloud first appeared over Tucson on July 26, 1991, some 

41 days after the eruption. With a fast conversion time of 30 to 40 days, the sulfur 

dioxide discharged into the stratosphere at the time of eruption is expected to have 

been oxidized into sulfate. The ensuing formations of aerosol particles and the 

physical processes in the aerosol cloud are relatively more important at this stage. 

From January to April 1992, the stratospheric optical depths over Tucson increased 

steadily. This increase is possibly the combined effect of the formation of more 

sulfate particles in the stratosphere and the transport of sulfate particles from the 
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lower latitudes. 

The increase in the stratospheric aerosol optical depth from July 1991 to April 

1992 is evident in Figs. 12-16 where a 30-day running mean of the stratospheric 

aerosol optical depth is shown. The residual stratospheric aerosol optical depths 

increased from zero in June 1991 to 0.15 in April 1992. This yields an estimate of 

an e-folding increase time of 151 days. The increase in aerosol optical depths after 

the Pinatubo eruption has been witnessed at other locations such as Pasadena, 

California (Tratt and Menzies, 1995). The e-folding time obtained there is 130 days 

which is consistent with the estimate using the data from Tucson, Arizona. 

Starting in May 1992, the residual stratospheric optical depths gradually de

creased with time. This is the period when the coagulation and fallout processes 

should dominate the Pinatubo aerosol cloud. To quantitatively describe the de

crease in the optical depth after April 1992, we used an exponential curve in the 

f o r m  o f  f ( t )  —  a e x p ( - b t )  t o  f i t  t h e  r e s i d u a l  s t r a t o s p h e r i c  o p t i c a l  d e p t h s ,  w h e r e  f ( t )  

is the smoothed residual optical depth, t is time, and a and b are two constants to 

be determined by the data using a least square method. It is shown in the figures 

that such an exponential curve describes the basic pattern of the residual optical 

depths fairly well after April 1992. The constants a and b represent the magnitude 

of the residual stratospheric aerosol optical depth and the pace at which the aerosol 

particles due to the Pinatubo eruption fall out the atmosphere. Their values for each 

observed wavelength are tabulated in Table 1. It can be seen that the characteristic 

e-folding time in the decrease of the residual stratospheric aerosol optical depths 

is in the range of 330-350 days after the Pinatubo eruption. This characteristic 

e-folding time is consistent with that obtained by Rosen and Hofmann (1986) and 

Rosen et al. (1994). The significance of this number is the implication that common 
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Figure 12: Residual aerosol optical depth at the wavelengths of 373.3nm and 
401.8nm obtained in Tucson from June 1991 to May 1994 after a 30-day run
ning mean smoothing. The solid curves in the figure are the exponential fit to 
the smoothed residual optical depth. The vertical bars in the figure indicate the 
standard deviation of the optical depth in each month in 1985-1990. The long ver
tical line in July 1991 shows the first day when the Pinatubo aerosol layer appeared 
over Tucson. 
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physical processes are shared in the disappearance of the stratospheric aerosol cloud 

by all volcanic eruptions. These physical processes are possibly the coagulation of 

the stratospheric aerosol particles and the ensuing fallout of larger particles as the 

result of the growth of particles in the coagulation processes. 

Table 1: An exponential fit f ( t )  =  a e x p ( - b t )  to the smoothed residual optical 
depth data after April 1992 

wavelength ( f i m )  a b e-folding time (days) 
0.3733 0.11 1.91 x 10~3 507 
0.4018 0.23 3.42 x 10~3 292 
0.4415 0.12 2.21 x 10~3 452 
0.5220 0.29 3.28 x 10~3 305 
0.6125 0.39 3.65 x 10~3 274 
0.6712 0.30 3.18 x 10-3 314 
0.7798 0.36 3.54 x 10"3 282 
0.8730 0.28 3.18 x 10-3 314 
1.0305 0.22 3.11 x 10-3 321 

Besides these two processes, some other physical process seems to be implied in 

the formation of the residual stratospheric aerosol optical depth. It is evident in Figs. 

17-21 that a seasonal fluctuation in the residual stratospheric aerosol optical depth 

overlaps the general decrease pattern after April 1992. To clearly demonstrate this 

seasonal variation, we plotted the deviation of the smoothed residual stratospheric 

aerosol optical depth from the exponential curve fit indicated in Figs. 1-5. Also in 

the figure, we plotted the standard deviation of the long-term optical depth data 

in each month prior to the Pinatubo eruption. It can be seen in the figure that 

the deviation of most observations falls into the range of the long-term standard 
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deviation. The exceptions are in the summers of 1992 and 1993 and spring of 1993 

when the deviations from the curve significantly exceed the range of the standard 

deviation. 

The fluctuations in the residual stratospheric aerosol optical depth seen in Figs. 

17-21 may have several possible causes. The first possible cause is the uncertainties 

in the data set due to the various error sources discussed in Section 2.5, and the 

second possible cause is the longitudinal inhomogeneity in the Pinatubo aerosol 

clouds circulating around the earth. However, as discussed in Section 2.5, the major 

source of the uncertainty in the residual stratospheric aerosol optical depth is the 

uncertainty in the the tropospheric and stratospheric background aerosol optical 

depth. This uncertainty is obtained from the data in 1985 to 1991 and is indicated 

by the error bars in the figures. The magnitude of the seasonal variations in the 

residual stratospheric aerosol optical depth is repeated and significantly exceeds the 

range of the error bars in the summers and winters of 1992-93. Furthermore, the 

time scale of the circulation of the Pinatubo aerosols around the earth is reported 

to be about 21 days (McCormick, 1992), and this is a small fraction of the seasonal 

time scale. Therefore, the uncertainties in the optical depth data and the possible 

longitudinal inhomogeneity in the Pinatubo aerosol cloud are highly unlikely to be 

the reasons for the seasonal fluctuations seen in Figs. 17-21. There must be some 

other physical process which contributes to a higher residual stratospheric aerosol 

optical depth in the spring and a lower residual optical depth in the summer. 

Seasonal variation in the stratospheric aerosol optical depth after the Pinatubo 

eruption has been also observed at other locations. Rosen et al. (1994) studied the 

optical depths at Laramie, Wyoming (41°N) and Lauder, New Zealand (45°S) from 

1991 to 1994. They reported a seasonal variation 180 degrees out of phase in the 
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Figure 17: Residual aerosol optical depth at the wavelengths of 373.3nm and 
401.8nm from April 1992 to May 1994 resulting from an exponential fit to the 
smoothed optical depth after 4/28/1992, when the optical depth started decreasing. 
The vertical bars in the figure indicate the standard deviation of the optical depth 
in each month in 1985-1990. The long vertical line in July 1991 shows the first day 
when the Pinatubo aerosol layer appeared over Tucson. 
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data sets at the two locations. This suggests that the physical process responsible 

for the variations has a global scale and is related to summer and winter circula

tion patterns in the stratosphere. Indeed, the global scale of the process is readily 

confirmed by a latitudinal average of the SAGE II observations of the stratospheric 

aerosol optical depth (Thomason, personal communications). The zonal average 

of the stratospheric optical depth around the globe at several latitudes indicates a 

maximum magnitude of the seasonal variation near the 35°N where Tucson, Arizona 

(32.14°N) is roughly located. 

A plausible explanation for the seasonal variation in the residual stratospheric 

aerosol optical depth is the meridional transport of the aerosol from the reservoir 

in the lower latitudes combined with down redistribution of aerosols in the winter 

hemisphere. Brewer (1949) and Dobson (1956) studied the origin and distribution 

of helium and water vapor in the lower stratosphere and proposed a meridional 

circulation that transports the polyatomic molecules from the lower latitudes to 

the higher latitudes. This transport is envisioned by Dobson (1956) to be more 

effective in the winter when there is large gap between the height of tropopause 

in the tropics and that of the tropopause at the higher latitudes. Although the 

exchange of material between the lower and higher latitudes is more likely driven by 

eddy rather than a direct circulation, the transport of stratospheric aerosols from 

the reservoir at the lower latitudes seems to be a possible answer to the question of 

the seasonal variation in the residual stratospheric aerosol optical depth observed 

in Tucson. However, because the data are limited, this matter will not be pursued 

further in this study. 
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2.7 Inference of particle size distributions 

The residual stratospheric aerosol optical depth above Tucson, and its variation with 

time, reflects the amount of the Pinatubo aerosol in the stratosphere and its variation 

with time. The optical depth measurements at various wavelengths can be used to 

infer the aerosol size distributions (Yamamoto and Tanaka, 1969). This information 

is important for our understanding of removal processes such as coagulation and 

fallout. 

The techniques used to infer particle size distributions from multi-wavelength 

optical depth data have been discussed by Phillips (1962) and Twomey (1963). The 

essence of such an inversion is to solve a Fredholm integral equation of the first kind 

that describes the attenuation of radiation by the aerosol. A typical implementation 

of this technique is to convert the integral equation into a set of linear equations, 

and then to solve the linear equations using matrix methods. The solutions are 

usually not unique because of the properties of the kernel function in the integral 

equation (Phillips, 1962). Solutions to this problem have been provided by Phillips 

(1962) and Twomey (1963). 

The Twomey algorithm has been widely applied for the inversion of size distri

but ions  (e .g .  F leming and Wark,  1966;  Yamamoto and Tanaka,  1969) .  Herman e t  

al. (1971) have used lidar angular scattering measurements to infer aerosol size dis

tributions. King et al. (1978) modified the numerical method developed by Herman 

et al. (1971) to include a successive correction scheme and several trial inversions 

using different initial guesses of aerosol size distributions. 

A detailed description of the inversion method used in this study has been given 

by King et al. (1978). We can express the aerosol optical depth by the following 
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equation: 

tm(A)  =  /  n r 2 Q e x t ( r ,  A, m)n c ( r )d r  (2.4) 

where r^(A) is the Mie optical depth at wavelength A, r is the particle radius, r a  

and r\j the lower and upper limit of the particle radius considered in the inversion, 

QeXt is the extinction efficiency given by Mie theory, m the particle refractive index, 

and nc(r) is the column integrated aerosol size distribution. Our problem is to 

infer the column integrated distribution, nc(r), from the measured optical depths at 

several wavelengths. Under normal conditions, nc(r) varies over several decades with 

respect to r. To increase the computational efficiency, King et al. (1978) expressed 

nc(r) as the product of two other functions nc(r) = h(r)f(r), where h(r) is rapidly 

varying, such as an inverse-power distribution h(r) = r~a and f(r) is more slowly 

varying. A similar method was used by Herman et al. (1971) and the advantages of 

such a decomposition have been discussed by King et al. (1978). 

To solve Eq. 2.4, we first rewrite the Eq. 2.4 in the form: 

where we have divided the integration over r into q intervals {rj,rj+i) (j=l, 2, ..., 

q), and i is an index on the observed wavelengths (i=l, 2, ..., 8 in our study). If we 

use  nota t ions  <7;  =  r^(A,- )  and A{ j  = i r r 2 Q e x t ( r , \ i ,m)h ( r )d r ,  and f j  =  f ( f j )  

and fj is the mid-point in the interval of (rj,rj+i), the resulting linear system of 

equations is 

(2.5) 

g = Af + e (2.6) 



63 

where e is an error vector. As we have discussed previously, solutions to this set 

of linear equations with errors usually produce oscillatory and unphysical answers. 

The Twomey-algorithm applies a constraint to the inversion to obtain a meaningful 

solution. The usual practice is to minimize the sum of the error term and the square 

of  the  second der ivat ives ,  i . e .  

]Ce? +7XK/7-1 — 2/j + /j+i)2 (2.7) 
«= i  j=2  

where the upper limit of the first summation, 8, is the number of wavelengths used 

in our inversions, and 7 is some non-negative Lagrangian multiplier. Normally, the 

measurement accuracy is different at different wavelengths. This information can 

also be incorporated into the inversion (King et al., 1978), and now the problem is 

to minimize 

X) S Cik titk + 7 1 — ^/j + f j+1)2 (2-8) 
j= i  f c=1  j=2  

where Cik is an element of the measurement covariance matrix C whose elements 

are given by Cik = agigk) and crgigk is the covariance between the optical depth 

measurements at two wavelengths (indexed by i and k). Minimizing the quantity in 

(2.8) in a least-square sense, we can obtain the solution for f. 

f = (ATC-XA + 7H)-1Arcr1g 

where H is a smoothing matrix, AT is the transpose of the matrix A, and C-1 is the 

inverse of the matrix C. In practice, a first guess of the function h^(r) such as an 

inverse-power distribution h^°\r) = r~a is assumed. The inversion process produces 

the first-order f^(r) that is used to modify the first guess h^(r) to obtain the first 
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order function h^\r), and a second inversion gives another /(r). This procedure is 

repeated until a steady solution for /(r) is obtained. 

Here we are primarily interested in the evolution of the stratospheric aerosol 

size distribution with time. For this, we used the smoothed residual optical depths 

(as presented in Figs. 12-16) to infer the particle size distributions. Because of 

uncertainties in the measurements at 0.3733/lim, we have omitted all measurements 

at this wavelength. The inversions were done over a particle size range from 0.08/fm 

to 2.0fim. We also studied how the inversion results depend on random errors in the 

total optical depth and in the background subtraction. This showed that random 

errors mainly affected the results for very small and giant particles. For this reason, 

we have limited our inferences from the results to the medium-sized particles only, 

i .e.  particles that have radii between 0.2fim and 0.7fim. 

A few examples of the inversion results are given in Fig. 23 for April 27, 1992, 

March 11, 1993, and May 16, 1994. The changes in the amplitudes and shapes of 

these distributions are indicative of the coagulation and fallout processes that will 

be discussed further in the next section. 

2.8 Evidence for coagulation and fallout processes 

The optical depths measured in Tucson show an increase from June 1991 to April 

1992 followed by an overall decrease (see Figs. 1-5). The increase is produced 

by the transport of stratospheric particles from lower to higher latitudes following 

the Pinatubo eruption. The decrease starting April 1992 is due to coagulation 

and a gradual fallout of these particles from the stratosphere. The evolution of 

the optical depth with time shows different characteristics at different wavelengths. 

Fig. 22 shows that the reduction in residual aerosol optical depth is faster at shorter 
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Figure 22: 30-day running mean residual optical depths around April 27, 1992 (top), 
March 11, 1993 (center), and May 16, 1994 (bottom). The error bars indicate the 
total error estimate in the aerosol optical depth. 
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Figure 23: Particle size distributions inferred from the spectral optical depths shown 
in Fig. 22. The solid curve is the distribution around April 27, 1992, and the short 
and long dashed curves are the distributions around March 11, 1993 and May 16, 
1994 respectively. 
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wavelengths than at longer wavelengths. This suggests a disappearance of smaller 

particles due to coagulation. 

The size distributions inferred from the residual optical depths are shown in 

Fig. 23. Note the faster disappearance of particles with radii r < 0.4/im than 

of the particles in the size range of 0.4/im-0.7/zm. The size distribution on April 

27, 1992 shows a maximum concentration around 0.3/zm. This was ten months 

after the Pinatubo eruption when the aerosol transported from the tropics to higher 

latitudes was still rich in particles smaller than 0.3fim. By March 1993, the particle 

concentration around 0.2fim has been reduced by about an order of magnitude, 

and the concentration between 0.5fim and 0.7/im has remained about the same 

magnitude. The maximum column density is about 9 x 106 particles cm~2 between 

0.3 and OA/im radius. The concentration at the small end of the size distribution is 

further reduced by May, 1994. The reduced maximum concentration has also shifted 

to  about  0A5f im .  Again,  the  reduct ion in  the  concentra t ion between 0 .5  and 0 .7 f im  

radius is relatively small. 

The total concentration and mean aerosol radius are two parameters that de

scribe the characteristics of an aerosol size distribution. The total concentration 

of particles in April 1992 was 8.78 xlO6 particles cm~2 and the mean radius was 

0.34fim for the particles in the size interval of 0.2 to 0.7/im. The total concentra

tion had decreased to 3.3xl06 particles cm~2 by March 1993, and the mean radius 

increased to  0 .39 f im .  By May 1994,  the  to ta l  was  down to  9 .28 x10 s  par t i c l e s  cm~ 2  

and the mean radius was 0.44/jm. Again, these numbers suggest that the reduction 

in the concentration of small particles is due to coagulation and the reduction of 

large particle is due to gravitational fallout. 

In order to demonstrate that these processes do describe the general removal of 
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particles from the stratosphere, we performed additional inversions of the particle 

size distributions at intervals of about half a month from April 27, 1992 to May 

31, 1994. We focused our attention on the particles in the size range of 0.2 to 

0.7jim. Fig. 24 shows the resulting total concentration of particles in the size range 

of 0.2 to 0.7fim as a function of time. Note that the total concentration increased 

between June and August 1992 and then decreased. The increase corresponds to 

an increase in the residual optical depth at that time. The decrease after August 

1992 in Fig. 24 shows evidence of the removal of particles from the Pinatubo aerosol 

due to coagulation and gravitational fallout. In the following chapters, we will give 

a polydisperse model that describes coagulation and fallout of particles from the 

stratosphere. 
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0.7fim from April 1992 to May 1994. 
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Chapter 3 

Model for evolution of size distribution with time 

3.1 Overview 

Observations of the atmospheric optical depth in Tucson, Arizona indicate profound 

changes before and after the Pinatubo eruption. These changes include a relatively 

fast increase in the optical depth from July 1991 to April 1992 followed by a gradual 

decrease in the optical depth. By the end of May 1994, the optical depths seem 

to have returned to their longterm average pre-eruption values. The increase and 

decrease in the optical depth reflect an intrusion of the Pinatubo aerosols over 

Tucson and a gradual fallout of these particles from the atmosphere. How fast the 

stratospheric particles disappear after the eruption depends on factors such as the 

coagulation and sedimentation processes, and these two factors will be studied in 

the following two chapters. 

In this chapter, we will introduce a simple polydisperse model used in this study 

to simulate the coagulation and sedimentation processes in the Pinatubo aerosol. 

The model is necessary because a rough estimate of the lifetime of the Pinatubo 

aerosols, assuming monodisperse population of the particles as given in Section 3.2, 

reveals that particle coagulation plays a very important role in determining the 

lifetime of these particles. There are a variety of models to study aerosol physics. 
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We constructed a very simple polydisperse model to concentrate on the coagulation 

and sedimentation processes. The basic assumptions, key parameters, numerical 

methods, and the tests of the model are discussed in this chapter. 

3.2 A rough estimate assuming a monodisperse population 

Before we use a complex model to simulate the aerosol coagulation and sedimen

tation processes, a study of the simpler case, coagulation and sedimentation under 

monodisperse population, is desirable. The simplicity of the monodisperse popula

tion enables us to obtain a theoretical solution to the nonlinear and mathematically 

difficult coagulation equation. Nonetheless, the solution to the monodisperse pop

ulation should give us an estimate on the magnitude of the residence time of the 

particles in the stratosphere after the Pinatubo eruption. 

In a monodisperse population, the sedimentation and coagulation are simple to 

calculate. The rate at which particles fall out of the atmosphere, referred to as the 

terminal velocity of particles, is determined by a balance between the gravity and 

the viscous force caused by the atmosphere as in the following equation 

~t t r 3 p e g  =  F(r )  6 in j rV t , (3.1) 

where r  is the radius of the particles, p e  the density, g  the gravitational acceler

ation, F(r) is the correctional factor for the viscosity term, 77 the viscosity of the 

atmosphere, and Vt is the terminal velocity of the particles (Fuchs, 1964). 

The right hand side without the correction term is the well-known Stokes' for

mula of aerosol viscous force. It is very accurate when the radius of the particles is 

larger compared to the mean free path of the air molecules. But when the radius is 

smaller than the mean free path, a correction is necessary in calculating the viscous 



72 

force exerted on particles by the atmosphere. This correction is discussed in great 

detail by Fuchs (1964). 

The formulation of the coagulation equation is discussed in some detail in Ap

pendix A. For a monodisperse population, the equation is simplified to 

% - -*»• (3.2) 

where n  is the number density of particles, t  is time, and KQ is the so-called kernel 

function of the coagulation equation. Integration of this equation gives 

-~  — =  K 0 t ,  (3.3) 
n  n 0  

where n 0  is the initial particle number density. From this equation, we can calculate 

the time (denoted as ti) required for the concentration to become half of the original 

value due to coagulation: 

— - -1 = K0U_ , (3.4) 
n0 n0 

2 

H = (3-5) 
2  n 0 K 0  

With equations 3.1 and 3.5, we are ready to estimate the sedimentation and 

coagulation processes in the Pinatubo cloud using a monodisperse aerosol population 

assumption. In this study, we assume that the particles in the stratosphere due to 

the  Pinatubo erupt ion have radi i  in  the  range of  0 .2-0 .4  f im  at  the  height  of  20-25 km 

(about 45mb level). For the monodisperse assumption, we assume the average radius 

of 0.3 fim. Before calculating the terminal velocity of the particles, we need to know 
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whether a correction in Stokes's law (F(r) in Eq. (3.1)) is necessary by comparing 

the mean free path of air molecules at this height with the radius of particles. 

To determine the mean free path of the air molecules at this height, we need to 

first estimate the air density. Using the ideal gas law, we can calculate the density 

of air at this height by 

P (45 x 103)(4.82 x 10-23) wn , . . - , x 

" = = ifm = (1.38 x 10-»)(218) = 7'2 X 10 gm/an • (3'6) 

where p  is the density of the air, n  and m are the number density and weight of air 

molecules, P and T are pressure and temperature of the air, and k is Boltzmann's 

constant. An average temperature of -55°C or 218°k is used for this height, and this 

value is obtained from the U.S. standard atmosphere. 

The mean free path of the air molecules is also dependent on the average velocity 

(v) of the Brownian motion of the air molecules and the viscosity coefficient (fi) of the 

molecules. The average velocity of air molecules can be calculated using Maxwell's 

law 

!8kT  
v  =  

i rm \ 
8(1.38 x 10"16)(218) „ i n4 

= 4.0 x 10  cm/ sec ,  (3,7) 
7r(4.82 x 10"23) 

The molecular viscosity of air is a function of temperature. At this level, its value 

can be estimated as 

T 218  
f j ,  = f i o \  — = 1.718w—- x 10-4 = 1.53 x 10~' i gm/cm/sec ,  (3-8) 

V J-o V 273 

where f i 0  is the value of the air diffusion coefficient at T 0  = 273°k .  Thus, the mean 

free path of air molecules at this level is 
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A = — = 2(L53 * 10 4) = 1.06 x 10-"cm,  (3.9) 
pv  (7.2 x 10-5)(4 x 104) v ' 

A comparison of the mean free path of air molecules at this level and the radius 

of particles is indicated by a Knudsen number 

(3.10) 

where r is the radius of particles. A Knudsen number close to 1 requires a Cunning-

han correction in calculating drag coefficient Co (Fuchs, 1964): 

6nr ( i  6TT(0.3 X 10~4)(1.53 X 1CT1) n r, in_8 , . . 
CD = ttxt : ; = 2.54 x 10 dynes  cm sec ,  

1 + A(^) 3.4 

(3.11) 

where A is an empirical constant. Assuming the density of the particles (p e ) to be 

lgm/cm3, the mass of a single particle is 

m =  ̂ i r r 3 p e  = ^7r(0.3)3(10 12)(1) = 1.13 x 10 1 3 gm,  (3.12) 
o o 

then the terminal velocity of the particles is 

r;;r'...» 
Thus, in a year, these particles would fall due to gravitational sedimentation a 

distance of 

z  =  V T t  =  1 .37  x lO 5  cm =  IA  km,  (3.14) 

As it is clearly shown here, the fallout of the particles due to gravitational sedi

mentation is very inefficient, at least for the particles at the radius 0.3pm. Therefore, 
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gravitational sedimentational alone cannot produce significant changes in the aerosol 

concentration. 

For the next step, we will estimate the residence time of the particles in the 

presence of monodisperse coagulations. For these particles, the diffusion coefficient 

is 

kT  (1.38 x 10-16)(218) , „ ~ 2/ /oir, 
D = CI = 2.54 X 10-' = L2 X 10 m jseC' (3'15) 

For simplicity, we assume that coagulation kernel function for these monodisperse 

particles is a constant K 0 , then 

KQ = ^(47r)(2r)(2£)) = 8naD =  87r(0.3 X 10 4)(1.2 x 10 6) = 9 x 10 1 0  cm 3 / s ec .  

(3.16) 

Values of 11 corresponding to various original particle concentration are given in 

Table 2. From the table we can see that the time required to halve the concentration 

of particles due to coagulation ranges from 1.3 days to 35 years, depending heavily on 

the initial concentration. For a value of no=100 cm~3 which is believed to represent 

the observed concentration of particles due to the Pinatubo eruption, it takes 4.2 

months for the concentration to reach a half of its original value. Therefore, with a 

monodisperse assumption, coagulation plays a more important role in removal than 

gravitational sedimentation. These calculations also show that in about 4.2 months, 

the concentration of particles in the stratosphere due to the Pinatubo eruption 

should be about half its original value. 
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Table 2: Residence time of stratospheric particles in a monodisperse population 
assumption 

n0 (cm 3) ti (second) tl 

1 1.1 x 109 35 years 
10 1.1 x 108 3.5 years 
100 1.1 x 107 4.2 months 
103 1.1 x 106 12.8 days 
104 1.1 x 105 1.3 days 

3.3 Polydisperse model 

The foregoing estimate of removal by coagulation and sedimentation made the as

sumption that the particles were monodisperse. This assumption oversimplifies the 

real atmosphere, because the particles have a wide spectrum of sizes, and coagulation 

depends on the size of the particles (Twomey, 1977). Therefore for a more accurate 

treatment, a polydisperse model is needed to accurately describe the coagulation 

and sedimentation. 

There have been many models used to simulate the physics of atmospheric 

aerosols  (e .g .  Burgmeier  and Bl i f ford ,  1975;  Turco e l  a l . ,  1979;  Brasseur  e t  a l . ,  

1990). The model constructed by Turco et al. (1979) treats gas-phase sulfur pho

tochemistry, gas-to-particle conversion of sulfur, as well as acid and water conden

sational growth, coagulation, and gravitational sedimentation. Similarly, the model 

by Brasseur et al., has great emphasis on the chemical reactions of 50 species of 

gases in the atmosphere. These two models are very complex, and it is difficult 

to evaluate the effects and the relative importance of individual physical processes 
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from the simulation results. 

A simple aerosol coagulation and fallout model was constructed by Burgmeier 

and Blifford (1975). Their model considers only three major physical processes, 

coagulation, gravitational sedimentation, and particle growth due to condensation 

of vapor on existing particles. Since we are particularly interested in the coagulation 

and sedimentation processes in the stratosphere and their efFects in the evolution 

of the particle size distribution with time, we constructed our model following the 

formulation by Burgmeier and Blifford (1975). 

As in other models, the coagulation term in our model is derived from the steady 

state diffusion equation. A description of the derivation is given in Appendix A. The 

complete equation describing changes in particle concentration due to coagulation, 

gravitational sedimentation, and a source term is given below. 

where n(r , t )  is the particle size distribution at time t ,  K ( r , p )  is the kernel function 

descr ib ing the  coagula t ion process  between the  par t ic les  wi th  radi i  of  r  and p .  V a ( r )  

is the sedimentation rate of particles of radius r, II is the height of the column in 

consideration, and S(r,t) is the source function. ra and r& correspond to the lower 

and upper limits respectively of the spectrum of particle sizes in the computation. 

This equation describes our assumption that the changes in particle number density 

is caused by coagulation, gravitational sedimentation, and the source term. 

In a so-called "well-stirred" atmosphere, the kernel function can be expressed as 

(3.17) 
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(Twomey, 1977, P.123) 

I<{ r ,p )  =  { r  +  p ) [d { r )  +  d{p ) }  ,  (3.18) 

where d( r ) and d(p )  represent the diffusion coefficients for particles with radii r  and 

p. They can be written as 

where k  is Boltzmann's constant, T is temperature, / x  is viscosity of air, and A is 

the mean free path of air molecules. The term in the square bracket at the r.h.s. of 

the equation is a correction term for a less dense air environment, while A, B and 

C are empirical constants. 

The sedimentation term can be calculated using a corrected form of Stoke's Law: 

where p e  is particle density and g  is gravitational acceleration. 

3.4 Basic assumptions in the model 

As shown in the previous section, our simple polydisperse model takes into account 

only four factors in considering the evolution of particle size distribution with time. 

These four factors are the gain and loss terms due to coagulation, the gravitational 

sedimentation term, and a source term. In using the model to simulate the evolution 

of particle size distribution in the Pinatubo aerosol, we assume that these four terms 

are the dominant physical processes that affect the evolution of the aerosol size 

distribution. However, it should be determined whether the four terms sufficiently 

, ,  .  2  f c T  A.  .  „  _ C r .  
d( r )  =  iH—(A +  Be  * )  

3  /xr  r  
(3.19) 

V.W = 21̂  +  ̂+ )̂1, 
9/* r  

(3.20) 
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describe the physics involved in the evolution of the particle size distribution after 

the Pinatubo eruption. 

The evolution of particle size distribution with time after volcanic eruptions con

sists of several stages. The gaseous and solid material ejected into the stratosphere 

includes the sulfur gases and large solid ash particles. These large solid particles 

soon fall out of the atmosphere. The sulfur gases are converted into sulfate vapor in 

a time scale of about a month (McKeen et al, 1984). At this stage, the nucleation of 

the sulfate vapor and the growth of the particles takes place. The coagulation and 

sedimentation processes are also occurring at this time, but the dominant process 

is the net gain in the number density of particles. 

The signature of a net gain in the particle number density is evident in the optical 

depth data in Tucson from July 1991 to April 1992. At this latitude, the situation 

is more complex than in the latitude belt of the volcano location. The transport of 

particles affects the concentration over Tucson as well. Thus, the relatively rapid 

increase in the optical depth over the time period from July 1991 to April 1992 

is mixed with signatures of the transport of particles from the tropics to higher 

latitudes, the nucleation of sulfate vapor, and the formation of new particles. 

It is expected that the significance of the nucleation of sulfate vapor and the 

formation of new particles decreases with the reduction in the concentration of sul

fate vapor, and the coagulation and sedimentation processes of the existing particles 

become dominant some time after the eruption. This stage in the evolution of the 

particle concentration is denoted by a net decrease in the number density. The 

appearance of this stage is most likely around April 1992 according to the optical 

depth data obtained in Tucson. The optical depth started a general decline at this 

time. Our simple model does not deal with the chemical processes in the atmo
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sphere. The major concern of the simulation is the coagulation and sedimentation 

processes in the Pinatubo cloud, and, therefore, reasonable simulation results could 

only be obtained when the two processes are the dominant processes in the Pinatubo 

clouds. 

There are other assumptions in the model. By using a one-dimensional model, 

we ignored both the latitudinal and longitudinal transport processes. The hori

zontal homogeneity of particle concentrations after the Pinatubo eruption is very 

important to the success of the model simulations. Monitored by satellites in space, 

the gaseous and solid material ejected by the Pinatubo eruption was unevenly dis

tributed in space shortly after the eruption (Bluth et al., 1992). With time, the 

strong wind in the stratosphere circulated the material around the globe in about 

21 days (McCormick, 1992) and made the longitudinal distribution more homoge

neous. At the same time, the transport along the latitudinal direction is also rapid. 

The first sign of the Pinatubo cloud appeared in Tucson about 40 days after the 

eruption. Therefore, we expect that the impact on our model simulation results 

caused by the horizontal inhomogeneity in the Pinatubo aerosol concentration dur

ing a few months after the eruption is of secondary importance. As long as the 

coagulation and sedimentation processes are the dominant processes in the aerosol, 

we expect our model simulations will capture the major features in the evolution of 

the aerosol size distribution in the Pinatubo clouds. 

Another concern about the model simulation results is the lack of vertical res

olution. By using the residual optical depth data in our model, we deal with the 

extra loading of the particles only in the stratosphere. The particle size distribu

tion we derived from the inversion method is a measure of the total concentration 

in a vertical column of atmosphere. Because the rate of aerosol coagulation pro
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cess greatly depends on the initial particle concentration, using the total columnar 

concentration in our simulation will overestimate the coagulation process. For this 

reason, we assumed that the majority of the Pinatubo aerosols are distributed in a 

vertical column of about 10km in the stratosphere. This rough method should not 

alter the basic characteristics of the coagulation process. The model should capture 

the characteristics of the process in an average sense. However, we should bear in 

mind that because of the simplicity of the model and the assumptions made, the 

simulation results are preliminary. The interpretation of the results should be more 

qualitative than quantitative. 

3.5 Key parameters 

In Section 3.3, we introduced our simple aerosol coagulation and sedimentation 

model. Our major concern in this study is how particle size distributions evolve 

with time in the event of coagulation and sedimentation processes. The major 

physical effects represented by the coagulation equation are the diffusion process of 

particles and the formation of larger ones. Several parameters are very important 

in describing these processes; they are briefly discussed below. 

The first important parameter is the diffusivity, or diffusion coefficient (£)), of 

particles. This parameter describes how fast particles travel in random Brownian 

motion, and it can be expressed as 

D =  kTB (3.21) 

where k is the Boltzmann's constant, T is temperature, and B is the mobility of 

particles. 

The mobility of particles, that is, how fast the particles move under the balance 



of a driving force such as gravity and the frictional force exerted by air molecules, 

is included in Eq. (3.1). For this equation, the mobility can be expressed as 

B =  ^— =  ——-
|7r r 3 p e g  F( r )  6 - i r r j r  

(3.22) 

where Vt  is the terminal velocity of the particles, r  the radius, p e  the density, g  the 

gravitational acceleration, F(r) is the correctional factor for the viscosity term, and 

7/ is the viscosity of the atmosphere. The correctional factor, F(r), which concerns 

the ratio between the size of particles and the mean free path of air molecules, must 

be carefully considered in our model. 

In the event that the radius (r) of particles is larger than the mean free path (A) 

of air molecules, there is no correction necessary in Eq. (3.22). This corresponds to 

the conditions in the troposphere. From near the ground to a height of 10 km, the 

mean free path of air molecules changes from a magnitude of 10~2fim to 10_1/m?-

(U.S. Standard Atmosphere, 1962). This value is smaller than the typical size (about 

1 fim) of particles in most studies. But in the stratosphere where air molecule density 

becomes much smaller, the increased mean free path of the molecules is comparable 

to, sometimes even larger than, the typical size of particles. The correction to the 

viscous force must be considered in order to obtain accurate descriptions of aerosol 

coagulation and sedimentation processes in the stratosphere. In this study, we used 

an empirical formula provided by Millikan (Fuchs, 1964) in which 

where r and A are the radius of particles and the mean free path of air molecules, 

respectively, and A, B, and C are empirical constants. It is readily seen that this 

correction factor decreases with the increase of the ratio j. As it is shown in Eq. 

(3.23) 
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(3.22), a decreased F(r )  implies greater mobilities of the particles and more active 

coagulation processes. 

3.6 Numerical methods 

Eq. (3.17) is a mathematical representation of the coagulation and sedimentation 

processes of particles. As we can see, this equation is nonlinear, and there is normally 

no theoretical solution to it. For this reason, we used numerical solutions. In order 

to solve the model equation (3.17) numerically, we followed the techniques provided 

by Burgmeier and Blifford (1975). In their model, they considered the growth 

of particles in the coagulation term. We assumed an environmental sulfate vapor 

density, which can change with time, and used the classical diffusion equation in 

constructing the growth term. Using a discrete method, we calculated the integrals 

in the equation. For example, let us consider the second integral in the equation. 

It can be substituted by a summation of approximate values of the integral at TO 

subdivisions of the total integral interval. Thus, 

where j  is the indices of subdivisions of the integral interval and its value is defined as 

1 < j < r/2, and Wj is the value of a weighting function depending on the numerical 

method. 

The size spectrum of particles is as large as 0.1 f im  to 10//to, so an integration 

with respect to radius r results in too many points in the larger end of the size 

spectrum or too few points in the smaller end. A solution to this problem is to 

transform the auto-variable from r to Inr in the integrals. For brevity, let us denote 

f(r) = K(r,p)n(p,t) in the previous equation and then rewrite the integral in terms 

(3.24) 
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of the auto-variable by 

[T b  r ln r b  

I  =  /  f { r )d r  =  /  e - s f ( e s )d s ,  s  =  Inr , (3.25) 
Jr a  Jtnr a  

The application of the trapezoidal rule in this integral results in the summation 

1 rh  m~ 1 

1  =  2m n ~  ?  +  '  ( 3 < 2 6 )  

where xj+i = ra(^)">. The calculation of the first integral in Eq. (3.1) can follow 

sui t ,  but  the  in tegrand in  the  f i rs t  in tegra l  involves  n( ( r 3  — p 3 )^  , i ) ,  and (x { 3  — x j 3 ) 3  

is not usually a mesh point. Since we are calculating the integral in a finite manner, 

we only know the values of n(r,t) at mesh points. This problem is solved by using 

linear interpolation of the function n(i\t) at the point (x{3 — a^j3)5. This approx

imation is accurate for n in the form of arb for any a, b. Another obstacle in the 

computation of the first integral is the upper limit 2~ar. To ensure that is a 

mesh point, we used X{ = 2 

With the integrals in Eq. (3.17) calculated using trapezoidal rule, we can now 

express the differential equation in Eq. (3.17) by 

df i '  \ f  ( j *  
-jj- = Qi(ri,ni) - niQ2{runi) + s(riini) > (3-27) 

where Qi(r,-,n,-) and Q2(?\',«,) represent the calculated values of the two integrals. 

This is an initial value problem with the initial condition as n.;(0) = n(7',-,o). Using 

the  forward scheme,  we can discre t ize  the  equat ion and calcula te  the  values  of  n(r , t )  

for various radii at different times. This calculation will describe the evolution of 

particle size distributions in consideration of particle coagulation and gravitational 

sedimentation. 
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3.7 Tests of the model 

Before we use the model to simulate the evolution of particle size distributions, an 

evaluation of the model performance is warranted. As it is shown in the model 

equation (3.17), the computation of the last two terms on the right hand side is 

quite straightforward. The first two terms, namely the coagulation terms, involve 

integrals, are complex, and need careful evaluation. In general, there is no analytical 

solution to Equation (3.17). However, under some simple circumstances, a solution 

does exist. Twomey (1977) discussed such a solution when the kernel is a constant. 

In this case, Twomey (1977) demonstrated that the solution can be expressed in the 

form 

where n(v ) is the number density for particles with volume v ,  N 0  is the initial total 

concentration, Vo is the total volume of particles at the initial time, K is the constant 

kernel, and t is time. 

A sketch of the analytical solution of the particle coagulation equation for a 

constant kernel function is shown in Fig. 25(a). In the figure, solutions to the co

agulation equation at different time steps are shown for the particle radius range 

of 0.1^ to 10/z. The top curve is the initial size distribution; the curve immedi

ately below is the size distribution at time step 1. Size distributions at later time 

steps are shown by the curves beneath them. We can see that the coagulation of 

particles reduces the number density of smaller particles and increases those of the 

larger particles. The pace of this conversion from smaller to larger particles is de

pendent  on the  non-dimensional  combinat ion of  the  var iables  K ,  A^o,  and t \  i . e . ,  

V 0 {1+  ±I<N 0 t ) \  '  

—v  
(3.28) 
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the \KNot  term in the solution. For the typical values of K = 10-losec-1 and 

N0 = 10^particles cm~3, the time interval for the curves in the figure is in the order 

of tens of days. 

Numerical solutions to the same particle coagulation equation were obtained to 

evaluate the performance of the aerosol model. In the numerical simulations, the 

analytical solution at t = 0 is used as the initial condition, and the model with only 

the coagulation terms was integrated forward. The sketch of the numerical solutions 

of the equation for the same times as in Fig. 25(a) is shown in Fig. 25(b). 

As we can see in the figure, the basic characteristics of the changes in the particle 

size distributions due to particle coagulation for the numerical solutions are similar 

to the analytical solutions in that smaller particle concentrations are reduced almost 

uniformly and at roughly the same magnitude at each time step. But it is also 

noticeable that the model underestimates the growth term due to coagulations, 

that is, the increase in number density of the particles greater than 0.7/im in the 

model output is too small compared to in the analytical solutions. At least some of 

these discrepancies are explainable by the formulation of the numerical simulation. 

Twomey's analytical solution is based on a continuous spectrum of the particles from 

zero radius to infinity with a maximum number density for the particles near the 

zero radius. However, in the model simulations, the spectrum of the particle radius 

has to be truncated to some range. This truncation causes an underestimation of 

the coagulation processes. 

Although the model simulations can not produce a perfect duplication of the 

analytical solutions, the results from the model simulation still can provide useful 

information within a certain accuracy. To estimate the accuracy, we established a 

parameter to evaluate the performance of the model. It is defined by 
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Figure 25: (a) Analytical solutions to the coagulation equation in Appendix B (top 
figure), (b) Numerical solutions to the same equation (bottom figure). 
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.  ,  ,  ,  ,  max \n {ana ly t i ca l )  — n (mode led ) \  
r e la t i v e  e r ror  o j  the  mode l  =  L -  p— : —£ — 

n 0 (ana ly t i ca l )  

where n  represents the number density of the particles. 

The relative error of the model simulation defined this way increases with time 

as shown in Fig. 26. The error increases most rapidly in the beginning. When the 

number density of small particles is reduced, the rate of increase slows. The error 

is about 65% after 1000 time steps of integration. This time is dependent of the 

concentra t ion of  the  par t ic les .  For  an  average of  concentra t ion of  10 5 par t i c l e s  cm~ 3 ,  

the time is on the order of one year. This means the results of the model simulations 

still bears certain significance on the time scale of a year. 

The test on the accuracy of the model results against Twomey's theoretical solu

tions provides a quantitative measure of the model performance under the condition 

that the kernel function is a constant. In the real world, the kernel function is sel

dom a constant, but demonstrates high degree nonlinearity because the tendency 

of particles to coagulate depends on their sizes (e.g. Twomey, 1977). In order to 

furnish a test on the model output under conditions when the kernel function is 

nonlinear, we carried out a comparison between the results of this model with those 

obtained by Junge (1955a,b). 

Junge (1955a) studied the natural particle size distributions obtained in Frank

furt, Germany through electrical and optical measurements. He then used a co

agulation model to study the evolution of the size distribution with time (Junge, 

1955b). His simulation results demonstrate a fast decrease in the number density of 

the Aitken particles, a small gain in the number density of the particles within the 

size range of 0.2-0.8fim, and little change in the giant particle domain (Fig. 27(a)). 

Junge (1955b) pointed out that his simulation results were in agreement with the 
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observations. 

In order to compare our model simulation results with those given by Junge 

(1955b), we carried out simulations with the initial particle size distribution speci

fied in Junge's paper (Junge, 1955a). Because the simulation is intended to model 

conditions near the ground, we adjusted the parameters in the model such as the 

temperature as well as the mean free path of air molecules, to to have values repre

sentative of near ground conditions. The integration results of our model are shown 

in Fig. 27(b); these results correspond to one hour, four hours, one day, three days, 

and seven days after the initial time. These times were chosen for the reason of 

comparison with the results given by Junge (1955b). 

It is clearly shown in Fig. 27 that our model has produced the results that 

well resemble those given by Junge (1955b). Both results are characterized by a 

reduction in the concentration of particles and an increase in the average radius. 

Quantitatively, the two results agree well with each other. This suggests that our 

model is an accurate description of coagulation of a polydisperse aerosol. This is 

confirmed by the following simulation. 

I  
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Figure 27: (a) Numerical solutions of the coagulation equation given by Junge 
(1955b). (b) Numerical solutions of the same equation using the model in this 
study. 
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Chapter 4 

Model simulations 

4.1 Selection of model parameters 

In the previous chapter, we discussed a simple aerosol coagulation and sedimentation 

model. This model was constructed following Burgmeier and Blifford (1975). In 

this chapter, we will discuss the results when we use this model to simulate the 

coagulation and sedimentation processes in the Pinatubo aerosol cloud. We will 

also compare the results from the model simulations with particle size distributions 

derived from optical depths obtained in Tucson. 

The intrusion of the Pinatubo aerosol cloud over Tucson resulted in a fast in

crease in the aerosol optical depths between June 1991 and April 1992. After April 

1992, the aerosol optical depths at the nine observed wavelengths started a gradual 

decrease. The appearance of a net decrease in the optical depth signaled the be

ginning of the time when aerosol particle coagulation and sedimentation processes 

began to dominate the transport and formation of new particles. Since our model 

mainly concerns the coagulation and sedimentation processes, simulations at this 

time are more appropriate. The assumptions associated with the construction of 

the model were briefly discussed in Section 3. In this application of the model, we 

considered the stage at which the stratospheric aerosol due to the eruption had dis
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persed to the extent that horizontal homogeneity could be assumed. At this stage, 

the coagulation and sedimentation of aerosol particles play a more important role 

in the evolution of aerosol particle size distribution than the horizontal transport. 

For this reason, we simulated the coagulation and sedimentation processes without 

the source term. 

The model simulations are aimed at the physical processes which took place in 

the stratosphere. Therefore, some model parameters such as the ambient temper

ature and the mean free path of air molecules should be adjusted to the values in 

the stratosphere. We have selected the values of the parameters according to those 

given in the U.S. Standard Atmosphere. These and some other parameter values 

are listed below: 

ambient temperature T = 218°fc 

mean free path of air molecules A = 1.06 x 10 - 4  cm 

air viscosity coefficient n = 1.53 x 10~A  gmjcmjsec 

aerosol particle density p e  = 1.0 gm/cm 3  

air column height II = 10 km = 105 cm 

lower limit of aerosol size spectrum ra = 0.08 /zm = 8 x 10-6cm 

upper limit of aerosol size spectrum = 2 fim = 2 X 10-4 cm 

integration time step At = 1000 sec = 16.6 mm 

4.2 Results 

With the aerosol particle size distribution inferred from the data around April 27, 

1991 as the initial value, and the model parameters as described in the previous sec

tion, we simulated the evolution of the particle size distribution with time. In order 

to emphasize the aerosol coagulation and sedimentation processes, we ignored the 
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source term in Eq. (3.17) and studied the effect of the coagulation and sedimentation 

processes. The results of the simulation are given in Fig. 28. 

As is shown in Fig. 28, the initial size distribution indicates a maximum number 

density near 0.3fim. Particle concentration between 0.2 and 0.3firn radius is greater 

than 107 particles cm~2, which suggests that the stratospheric aerosol due to the 

Pinatubo eruption was still relatively rich in small particles. The total concentration 

calculated from the size distribution in April 1992 is 8.78xl06 particles cm~2 and 

the mean aerosol radius 0.34nm for particles in the size range of 0.2 to 0.7 \ im.  

The integration of the coagulation and sedimentation equation is carried out for 

the time period of April 1992 to May 1994. By the time of March 1993, particle 

concentration around 0.1 fim has been reduced by an order of magnitude. Parti

cle concentration between 0.4/im and 0.7fim radius experienced less reduction from 

April 1992 to March 1993. The relatively faster disappearance of small particles 

shifted the maximum concentration to large particle side. The maximum concen

tration was more than 2xl07 particles cm~2 at 0.3\im in April 1992, and it be

came 107 particles cm~2 close to 0.4/im in March 1993. The total concentration of 

the particles in March 1993 was 3.33xl06 particles cm~2, reduced from S.78xl06 

particles cm~2 in April 1992. The mean radius increased from 0.34/xm in April 1992 

to 0.37fim in March 1993. Further integration from March 1993 to May 1994 pro

duces a peak column density of 6.0 xlO6 particles cm~2 near the radius of 0.4/fm, 

the total concentration is further reduced to 1.56x10s particles cm~2, and the mean 

radius was 0.38fim. 

The effect of the coagulation and sedimentation processes on the evolution of 

stratospheric particle concentration after the Pinatubo eruption is clearly shown in 

Fig. 28. The coagulation process is responsible for the disappearance of the Aitken 
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P a r t i c l e  S i z e  ( m i c r o n )  

Figure 28: Model simulation results of the evolution of the Pinatubo aerosol size 
distributions with time. The solid curve is the size distribution in April 1992. The 
short dashed curve is the distribution in March 1993, and the long dashed line is 
the distribution in May 1994. 
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particles, and the gravitational sedimentation produces the fallout of the particles 

greater than OAfim. These characteristics in the model simulation results agree 

fairly well with those derived from the observational data. 

The size distributions inverted from the residual aerosol optical depths were 

given earlier in Fig. 23. The inversions indicate that the evolution of the particle 

size distribution from April 1992 to May 1994 yielded a reduction in the concen

tration of the particles smaller than 0.4/xm, while concentration of particles around 

0.6firn remained the same magnitude. From March 1993 to April 1994, there was 

further reduction in the concentration of small particles. Concentration of particles 

between 0.5 and 0.7iim also decreased. Quantitatively, the total concentration of 

particles was 8.78 xlO6 particlescm~2 and the mean radius was 0.34/im in April 

1992, they became 3.3x10° particlescm~2 and 0.39/tm respectively in March 1993. 

The concentration was reduced to 9.28x10s particlescm~2 and the mean radius 

increased to OAifim.  

The simulation results agree fairly well with the size distributions derived from 

the observed optical depth. Comparing Figs. 23 and 28, we can see that the 

simulated results and the results derived from inverting the optical depths are all 

characterized by a removal of small particles and maintenance of the concentration 

of medium-sized particles. Although the model seems to overestimate the fallout of 

large particles, the model nevertheless suggests that coagulation and gravitational 

sedimentation processes are the two which determine the lifetime of stratospheric 

aerosol after the Pinatubo eruption. 
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Chapter 5 

Conclusions 

5.1 Summary of results 

The eruption of Mount Pinatubo in June 1991 brought profound changes in the 

optical depths observed in Tucson, Arizona. These changes included a relatively fast 

increase in the optical depth from July 1991 to April 1992 and a gradual decrease 

after April 1992. In this study, the optical depths before and after the eruption 

were used to study the characteristics of the Pinatubo aerosol cloud, and a simple 

polydisperse model was used to simulate the aerosol coagulation and gravitational 

sedimentation processes in the Pinatubo aerosol cloud. The major results of this 

study are summarized below. 

The first intrusion of the stratospheric Pinatubo aerosol over Tucson occurred 

on July 26, 1991. From July 25 to July 26, the optical depths in the wavelength 

range of 0.3733/zm to 1.0305\im increased by a factor of 2-4. Between July 1991 and 

April 1992, an overall pattern of increase is evident in the optical depth. This is 

interpreted as the time when (1) formation of fresh aerosol particles occurred from 

the nucleation of sulfate vapor produced by the oxidation of sulfur gases erupted into 

the stratosphere, and (2) transport of aerosol particles occurred from the tropics to 

the mid-latitudes. A characteristic e-folding increase time was found to be 151 days 
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at the wavelength of 1.0305/im, which is close to the 130 days found by Tratt and 

Menzies (1995) using lidar data obtained in Pasadena, California. 

After April 1992, the optical depths at the observed nine wavelengths began a 

gradual decrease with time. The decrease is faster at shorter wavelengths than at 

longer wavelengths. This is suggestive of the reduction in concentration of small 

particles due to the coagulation processes. In general, the characteristic e-folding 

time was found to be between 300 and 320 days, which is in good agreement with 

the 330 days found by Rosen and Hofmann (1986) and Rosen et al. (1994). 

Superposed on this general decrease, there is a significant seasonal variation in 

the optical depth. The optical depth is higher in winter and lower in summer. 

Similar seasonal variations have been found by Rosen et al. (1994) at observation 

sites in both northern and southern hemispheres, and by Hitchman et al. (1994) in 

the study of stratospheric aerosol using SAGE II data. A plausible explanation of 

the seasonal variation is the existence of the reservoir of stratospheric aerosol in the 

tropics and the difference in the transport of these aerosol particles in the summer 

and winter. 

In this study, we have used an algorithm developed by King and Byrne (1976) 

to estimate the total ozone amount over Tucson from June 1991 to May 1994. A 

reduction in the total ozone content has been observed after the Pinatubo eruption 

until June 1993. This result seems to confirm the report by Grant et al. (1992) and 

the model simulation results of Tie et al. (1994). The reduction in ozone is more 

profound in the summer than in the winter. 

In order to determine the stratospheric aerosol optical depth due to the Pinatubo 

eruption, we obtained the residual optical depth due to the eruption by subtracting 

the average pre-eruption optical depth values from the values obtained after the 
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eruption. The residual optical depth was used to invert the particle size distributions 

with the algorithm developed by King et al. (1978). The inverted particle size 

distributions show a total concentration of 8.78 xlO6 particles cm~2 and an average 

particle radius of 0.34jim in April 1992 for the particles in the size range of 0.2 to 

0.7[im radius. The total concentration was reduced to 3.3xlO6 particles cm~2 in 

March 1993, and the average radius increased to 0.39fim. By the time of April 1994, 

the total concentration became 9.28 x 10s particles cm~2, and the average radius was 

0.44/im. These numbers indicate faster disappearance of smaller particles from the 

Pinatubo eruption and the gradual fallout of all particles. 

The fallout of stratospheric particles depends on the coagulation and the grav

itational sedimentation processes. A rough estimate of the terminal velocity of 

medium-sized particles shows that these particles only fall  a distance of about 1.4 km 

in a year. The coagulation process, assuming monodisperse population, reduces the 

total concentration by half in four months. Thus, coagulation plays an important 

role in the disappearance of the Pinatubo aerosol. 

In order to better understand the coagulation and gravitational sedimentation 

processes in the Pinatubo aerosol cloud, we constructed a simple polydisperse model 

to simulate the two processes. The model was built according to the algorithm given 

by Burgmeier and Blifford (1975), and it contains a diffusive coagulation term, a 

gravitational sedimentation term, and a source term. Using the model, we simulated 

the evolution of the Pinatubo aerosol particle size distribution from April 1992 to 

April 1994. Results from the simulations show fairly good agreement with the values 

derived from observations. 
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5.2 Conclusions 

Although this study has been carried out with a limited data set and a simple 

model of limited capability, the study, nevertheless, helps us better understand 

the characteristics of stratospheric aerosols in the mid-latitudes after the Pinatubo 

eruption. There are a number of conclusions we can draw from this study. These 

are as follows: 

Coagulation plays a very important role in the disappearance of the stratospheric 

aerosol particles due to the Pinatubo eruption. Although the sedimentation process 

is ultimately responsible for the fallout of the particles, coagulation of small particles 

is important, especially in the initial Pinatubo aerosol cloud which is rich in small 

particles. The coagulation and ensuing growth of the particles accelerate the fallout 

process. 

Transport of particles from the reservoir in the tropics is the source of the 

increased concentration of stratospheric aerosol in the higher latitudes after the 

Pinatubo eruption. An important characteristic of the transport process is that it 

demonstrates a strong seasonal dependence. The transport process is much more 

efficient in the winter than in the summer. This dependence is currently explained 

by the difference in the winter and summer circulation patterns. 

Another interesting conclusion is reduced ozone content in the presence of the 

Pinatubo aerosol. The reduction in the total ozone content sometimes exceeded 

20% in the spring and summer, the two seasons with significant ozone reduction. 

The reduction in ozone amount started immediately after the Pinatubo eruption 

and continued until August 1993. 
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5.3 Suggestions for future research 

Since this study was carried out with a limited data set and a very simple model, 

the results obtained in this study could be improved by future studies. For a bet

ter description of the coagulation and sedimentation processes of the stratospheric 

aerosol, more sophisticated models are desirable. The new models should include 

dynamic processes to better describe the transport process and sufficient vertical 

resolution to distinguish different environmental conditions of the aerosol particles. 

For models with dynamic processes and sufficient vertical resolution, observa

tional data from ground-based sunphotometers will not be enough. Satellite obser

vations such as those provided by SAGE II and ground-based lidar measurements 

should be used to provide vertical distribution of aerosol particles. The dynamic 

part of the model can be handled the same way as in the global circulation models. 

Future model simulations of the coagulation and sedimentation processes which in

clude more data and improved models should provide more insight about the role of 

these two processes in the evolution of particle size distributions in the stratosphere. 
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Appendix A: Derivation of the coagulation equation 

Derivation of the aerosol coagulation equation has be discussed in a number of 

sources (e.g. Twomey, 1977). A brief discussion is given here for the completeness 

of the description of the coagulation equation in Chapter Three. 

The physics behind the coagulation equation is the classic diffusion equation. 

This equation is expressed as 

^ = fcv2n, (al) 

where n(r, t) is the number density of aerosol particles, t  is time, k is the kinetic 

diffusion coefficient, V2 = ^ and x, y, and 2 are the coordinates of 

the physical space. This equation describes the change in aerosol number density in 

existence of spatial inhomogeneity. 

Twomey has proven that in discussing the coagulation process of aerosol parti

cles, it is sufficient to consider the steady-state case (Twomey, 1977). That is, 

V2n = 0 ( A 2 ) .  

To solve this equation in the vicinity of an aerosol particle, we assume that 

the aerosol particle has a spherical shape with a as its radius. Using a spherical 

coordinate and assuming the zenithal and azimuthal symmetry of n, Eq. A2 can be 

rewritten as 
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1 d  f  0dn\  ,  t .  

r^dr (r J  ̂  ̂
Considering an isolated sphere of radius a immersed in an environment contain

ing at large distance from the sphere particles per unit volume, the problem 

turn into solving the differential equation 

d_ / _ 2  d n \  _  r i  
dr \ '  dr J ~  U  

n(oo, t )  =  rioo ( t  >  0) 
n(a,  t )  — 0 ( t  > 0) 

The solution to this equation can be easily found by simple integration. The 

solution is 

n(r)  -  72^(1 - -) (a5) 
r  

From this solution we can obtain the flux of particles to the sphere at the origin. 

The flux is 

flux = 4:irr 2DAn = 47raZ)n00 (-^6) 

where D is the diffusion coefficient. 

Now consider a cluster of particles with different sizes. Denote the probability 

that a given particle of size ri will encounter a particle of size r2 is K(ri, r2)n(7,2)Ar2. 

The density of the particles with size r\ is n{r\) Ari. Thus the rate of occurrence 

of encounters between ri-particles and r2-particles is 

rate = K(ri ,  r2)n(ri)rc(r2)AriAr2 (A7)  

per unit volume per unit time. From the discussion of the diffusion equation, we 

can deduce the flux of particles of size r2 and diffusion coefficient D2 on the surface 
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of a particle of size r\ as in 

flux = 47rri.D2n(7'2) (A8) 

At the same time, there is flux of particles of size rx on the surface of particles of 

size r2. Therefore, the total rate of encounter between the particles of and r2 is 

rate = 47r(ri + r 2 ) (D\  +  D 2 )n(ri )Ari  n(r 2 )Ar 2  (A9) 

Equating this rate with the rate in Eq. A7, we find 

I<(r 1 , r 2 )  =  47r(ri  +  r 2 ){D 1  + D 2 )  (A10)  

In simple cases such as both particles are in Stokes' law size region, the diffusion 

coefficients are 

ft- kT 

Qnrjri  

kT 

^2 67T7/r2 

where k is the Boltzmann constant, T is temperature, and 77 is the air viscosity. 

Thus, 

kT 1 1 
%r2) = -(r1 + r2)(- + -) (A12) 

07? 71 r2 

In an environment of a continuous spectrum of aerosol size, the coagulation 

process should be considered in integral equations. Suppose the aerosol in question 

has a size distribution function n(r) in the size range of ra < r < For aerosol 

particles of size r, change in number density is caused by two processes. One process 
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is the loss of particles due to coagulation with particles of any other size. According 

to Eq. A7, the loss term can be expressed as 

r?b m 
loss  =  / K(p,r)n(p)dpn(r)Ar = n(r)Ar / K(p,r)n(p)dp 

jra jra 

where p is the size of aerosol particles in the range of r a  < p < ?•{, .  

At the same time, there is production of aerosol particles of the size r by coagu

lations of smaller particles. For two particles of the sizes p and r' to form a particle 

of thesize r, the volumes of the two particles should add up to the volume of the 

particle of the size r. That implies p3 + r'3 = r3. Therefore the gain term can be 

formulated as in 

1 f r  r  
gain — -  / K(p,  r f )n(p)  dpn(r f )Ar'  

2 jra 

= / K (r3 - />3)3] n(p)  n [(r3 - —Z-^L—dp 
jra 

1  j  l  j  (ra — pa) 3 

where the factor | accounts for the fact that two aerosol particles make up one new 

particle by coagulation. This integral is also equivalent to 

gain =  £  I< [p,  (r3 — /?3)^] n(p)  n [(r3 - p 3 )*  
r 2Ar 

dp 
>ra 

J ' (r3 — /93)3 

Putting both the loss and gain terms together, we obtain the coagulation equa

tion as 

dn(r , t )  & t r  

dt  Jr a  

= / 
jra 

I< (•r 3 -p 3 ) ' 3 ,P n (r 3 -p 3 )* , t  n(p, t )  V  
zdp 

(r3 — p 3 )  

rn 
-n{r , t )  /  I<(r ,p)n(p, t )dp 

Jra  



106 

which is the equation shown in Chapter Three. 
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Appendix B: Theorectical solution to the coagulation equation 

Before we use the model to study aerosol particle physics, it is important that 

we make sure that the model produces results within satisfactory accuracy. To this 

end, we tested the model results against some analytic solutions. As we can see 

from Eq. (3.17), the complex part in the model is the coagulation terms and the 

growth term. These terms involve integrations. Other terms in the equation, such 

as the sedimentation, are very much straightforward. 

Analytical solutions for coagulation terms are usually not available because of 

the complexity of kernel functions. Under certain circumstances, such as a constant 

kernel function, an analytic solution is possible (Twomey, 1977). 

Considering the following coagulation equation, 

where n(v) is the number density of particles with volume v,  K is the constant 

kernel function, and N is the total number density of particles. Note the difference 

in the formulation of the coagulation terms between Eq. (Bl) and Eq. (3.17). The 

auto-variable in Eq. (Bl) is the volume v instead of the radius r in Eq. (3.17). 
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Integration of Eq. (Bl) over all the possible volumes of particles yields the 

change of total number density of particles with time as expressed as: 

dN d 

dt  

rl r°° 1 
= — / n(v)dv =  - -KN 2  

dtJo v ; 2 

The analytical solution to the equation produces 

N-^N^ + ' ia .  

which is equivalent to 

N = Nn 

1 + \KNot  

where N 0  is the initial value of N. 

The substitution of N in Eq. (Bl) gives 

d / n , kn°  ( \ F ,  \  ( \  1 
+  1 +  iKN„t a { v )  = 2KI  " (" ~ u ) n { u ) i u  •  +  \I<NQ t  

This differential equation has a integral factor, 

exp 
r l  KNodt  

Jo 1 + \K N 0  

= (1 + l-KN0 t )  

Multiply the equation with this factor, the terms on the left hand side can be 

expressed as a complete integral as in the following equation, 

d 

dt  
(1  +  -I<N 0 t ) 2n(v)  =  -K(l  + -KN 0 t )  f  n(v  — u)n{u)du 

2 2 «-»o 

To solve this equation, a change of variables simplifies it. Let us define a new 

auto-variable 0 and a variable </>(u), 
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6 =  No 1 ( l  +  ±KN 0 t )  1  

#«) = (1 + ±I<N 0 t ) 2n(v)  

The change of variables yields a new equation as 

~~df~ = ~ Jo V̂ ~ u)̂ u>du 

This equation implies a solution in the form of <j)(v)  =  Aexp(-bv)  where A and 

b are constants to be determined. Substituting the function with the exponential 

form, we obtain a particular solution to the equation as 

<pv(n)  =  Aexp(AOv),  

or in the original variables n, v ,  and t ,  

1 2 

(1  — -KN 0 t )  n(v)  =  Aexp 
& 

—Av 

N 0{1 +  ±KN 0 t \  

Assuming the initial condition that the total volume of the aerosol particles at t  =  0 

is VQ, we can obtain the final form of the solution as 

2 ( v )  =  
Nn 

Vo(l + \K N 0 t f e X P  LVo(l + IK Not)  

—v 
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