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ABSTRACT 

Dynamic programming (DP) is one of the most important mathematical pro

gramming methods. However, a major limitation in the practical application of DP 

methods to stochastic decision and control problems has been the explosive compu

tational burden. Significant amounts of research have been focused on improving the 

speed of convergence and allowing for larger state and action spaces. The principal 

methods and algorithms of DP axe surveyed in this dissertation. The rank-one correc

tion method for value iteration (ROC) recently proposed by Bertsekas was designed 

to increase the speed of convergence. In this dissertation we have extended the ROC 

method proposed by Bertsekas to problems with multiple policies. This method is 

particularly well-suited to systems with substochastic matrices, e.g., those arising in 

shortest path problems. In order to test, verify, and compare different computational 

methods we developed a FORTRAN software laboratory for Stochastic sYStems 

control and DEcision algorithms for discrete time, finite Markov decision processes 

(SYSCODE). This is a user-friendly, interactive software laboratory. SYSCODE 

provides the user with a choice of 39 combinations of DP algorithms for testing and 

comparison. SYSCODE has also been endowed with sophisticated capabilities for 

random problem data generation. We present a comprehensive computational com

parison of many of the algorithms provided by SYSCODE using well-known test 

problems as well as randomly generated problem data. 
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CHAPTER 1 

Discrete-time Sequential Decision Problems 

1.1 Introduction 

Value iteration (VI) and policy iteration (PI) are the basic computational algo

rithms for solving discrete-time stochastic optimal decision and control problems. A 

major limitation in the practical application of these methods has been the explo

sive computational burden. When the set of states at each stage is large, solving a 

stochastic decision and control problem by these methods requires considerable stor

age and computational time. Bellman recognized this difficulty early on and referred 

to it as the curse of dimensionality [Put87]. 

There has been much research directed at improving the speed of convergence of 

these methods and for allowing larger state and action spaces resulting in, e.g., vari

ants of VI [PT78], modified policy iteration (MPI) [PS78], transformations [PorSOb], 

bounds for acceleration [Mac66], non-optimal action elimination [Mac67], [PS82], 

and extrapolation [PT78]. More recently, Bertsekas [Ber95b] proposed the generic 

rank-one correction method (ROC) for VT in Markov decision processes (MDP). 

For the case of one fixed policy, i.e., a noncontrolled Markov process, Bertsekas 

[Ber95b| showed that the ROC method can lead to dramatic improvement of the VT 
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method over the standard version of VI with MacQueen-type error bounds. However, 

the applicability of the ROC method to multiple policy problems, i.e., MDP, was not 

studied in detail in [Ber95b]. The ROC method consists of two phsises with heuristic 

switching criteria between the phases. Experience with the method has demonstrated 

that the heuristics are unsatisfactory. Hence, we have expanded ROC for multiple 

policy problems and have proposed a better switching criterion. Moreover, we pro

posed new methods which modify the MPT method with ROC techniques. 

In order to test, verify, and compare computational methods, we developed a 

software laboratory for Stochastic sYStems COntrol and DEcision algorithms for 

discrete time, finite Markov decision processes (SYSCODE). SYSCODE provides 

the user with a combination of 39 algorithms which include most of the basic meth

ods and their variants (see details in Section 4.1.1). There are very few problems 

in the literature which can be considered to be standard test problems. There

fore, it is customary to test and compare algorithms using randomly generated data. 

SYSCODE has been endowed with a comprehensive random data generation mod

ule (Section 4.3.1). We comparatively tested the basic computational methods and 

the proposed methods on various problems using SYSCODE. 

The organization of this dissertation is as follows. In Chapter 1 we present the 

discrete-time sequentieil decision and control models and basic computational meth

ods. Chapter 2 summarizes the different variants of VI found in the literature. Bert-

sekas' rank-one correction method is evaluated and our modified version is proposed 
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in Chapter 3. SYSCODE is introduced in Chapter 4. Comparative computational 

studies and results are discussed in Chapter 5. Chapter 6 contains a summary of 

contributions, conclusions, and directions for further research. 

1.2 Sequential Decision Problems 

1.2.1 Models 

A system under the control of a decision maker is evolving through time. .A.t 

each point of time in which a decision can be made, the decision maker observes the 

state of the system. On the basis of this information, the decision maker chooses 

an action from a set of alternatives. The consequences of this action are two-fold; 

the decision maker incurs an immediate cost or receives an immediate reward, and 

the state that the system will occupy at the subsequent decision epoch is influenced 

either deterministically or probabilistically by this decision. The problem faced by the 

decision maker is to choose a sequence of actions that will optimize the performance 

of the system over the decision making horizon. Since the action selected at present 

affects the future evolution of the system, the decision maker cannot choose an action 

without taking into account future consequences [Put87]. 

We consider discrete-time finite and infinite horizon optimal stochastic decision 

and control problems, where the dynamic (nonlinear) stochastic system is modeled as 

a controlled Markov process (see [Put94], [Tij86], [Ber87], and [KV86]). We restrict 
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our developments to the case when the sets of states S and actions C are finite. We 

refer the reader to the above references for details, and only give the essentials in the 

sequel. 

The system equation description of these systems is as follows: the dynamics are 

described by 

X k + l =  f { X k , U k , W k ) ,  (1.1) 

where given state space (S), control space (C), and disturbance space (W), assumed 

finite, we have that, 

k = 0,1, 2,... : denotes the decision epoch, 

Xk € S : state variable at time (stage) k, 

Uk € C : control action at time k, 

Wk € W : disturbance, having a specified probability distribution P(- | Xk,Uk), 

dk : S —)• C; with dkixk) € U{xk) C C, a given action constraint, where U{xk) 

is the set of feasible actions when the system is in state Xk-

A policy is a sequence of functions tt = {rfo» - • •! A stationary policy tt = 

[ d ,  d , . . . }  uses the same rule for control selection at every stage, n is the set of poli

cies. Equivalently, for our case of a finite number of possible states and actions, the 

controlled dynamics of the system can be given in terms of a collection of controlled 

state transition matrices {P(it) = [Pu(',j)]; u £ C}, i.e., as a controlled Markov 

chain. Here is the probability of making a transition from state Xk = i to 
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X f c + i  =  j ,  under the action Uk = u. To see this equivalence, we proceed as follows. 

The system equation description (1.1) can be equivalently translated to the transi

tion probability matrix description (1.4). The distribution of the disturbance Wk is 

conditionally dependent on the current state Xk and current action Uk (1.2). Given 

Uk and a pair of current and next states (xt and arjt+i), then (1.3) .gives the set of 

disturbance values satisfjing (1.1). Then, (1.4) gives the elements of the equivalent 

controlled probability transition matrix. 

Wk ~  P{- \xk ,Uk) ,  A;  =  0 ,1 ,2 , . . . ,  (1 .2 )  

W{xk,uk,xk~i) = {wk\xk+i = f{xk,Uk,Wk)}, (1.3) 

Pufc(xik,^ifc+i) = P{W{xk,Uk,Xk^i) \ Xk,Uk}. (1.4) 

Both finite and infinite horizon cost criteria for stochastic optimal decision and control 

problems can be employed. In peurticular, the cost criteria in Section 1.3 can be used. 

The uniqueness of DP lies in the simple idea, the principle of optimality and it is 

on this principle that the whole of DP is based. The name is due to Bellman, who 

contributed a great deal to the popularization of DP and to its transformation into 

a systematic tool [Ber87], [Nor75]. The principle of optimality applied in a general 

manner leads inevitably to the curse of dimensionality in most problems. However, 

there are many classes of problems in which the special structure of the problem 

allows one to work out a fractional equation for the DP recursion to circumvent the 

curse [Tij86], [Put94], [FGJL"^95]. This dissertation proposes a general purpose DP 
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algorithm. As discussed by Sniedovich [Sni92], it is apparent that a general purpose 

algorithm, by its very nature, can never take full advantage of the special structure 

of a particular problem. This is a disadvantage if the goal is to solve a particular 

problem, but is an advantage if the goal is to provide practitioners with an accessible 

DP alternative to their optimizing problems. 

1.2.2 Applications 

Stochastic decision and control systems find important applications in many ar

eas: routing and flow control in communication networks, scheduling in production 

and manufacturing, capital investment in finance and many more: see [Ber87], [Tij86], 

[Put94], [KV86]. White surveyed many applications of MDP [WhiSS], [WhiSS]. They 

are very diverse and include: purchase of raw materials under fluctuating prices, 

mail ordering, manufacturing, repair, replacement and maintenance, hospital admis

sions, salmon harvesting, forestry operations, agriculture, pest control, health service 

claims processing, herds selection, credit control, flood response, purchase of space

craft, automobile insurance, vehicle transfer, electricity production, vehicle rental, 

airline bookings, and aircraft operations. Yakowitz reviewed DP models for water 

resources problems [Yak82]. Problem areas he surveyed include aqueduct design, irri

gation system control, project development, water quality maintenance, and reservoir 

operation analysis. 
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1.3 Cost Criteria 

Henceforth, we will use a combination of Bertsekas' and Puterman's notation 

[Ber87], [Put94] (see List of notations: pages 12-13). 

1.3.1 Finite Horizon Cost (FH) 

The cost functional is the sum of a finite number of stage costs. 

where we have that 

Xq is the initial state, 

Ejg is the expectation with respect to the probability distribution 

induced by tt and Xq, 

TT = {doi • • •, is a policy for the finite decision horizon N ,  

0 < Q < 1 is the discount rate (a = 1 : total cost), 

givix) is the expected cost at the final stage, iV, 

g { x ,  u )  is the expected one stage cost. 

VVe say that a policy TT* is optimal whenever 

v% (x) < vj^{x), for each x € S and all TT G IT. 
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The optimal value is given by 

The infinite horizon case is more involved than the finite horizon case, and a 

summary of solution techniques is given below; see [ABFG'*'93], [Ber87], [KV86], 

[CCFGar], and [Tij86]. 

1.3.2 Expected Discounted Cost (DC) 

In this case, the cost functional takes the form 

Ki^o) ••= 

where tt = {d, d,...} is a stationary policy. 

The optimal value is given by 

i;;(x) := inf u^(x). 

Dynamic Programming Operator 

Let V be the space of functions v : S —>• R, then v € V. Given a function v € V, the 

discounted cost DP operator is given by 

L(t;)(x) := ^min^ u) + a j>(j)|, (1-5) 

where 0 < a < 1, U { x )  is set of admissible actions in state x ,  and Pui^^j) is transition 

probability from x to j under action u. L is a. monotone contraction operator [FS78], 

[Den67]. 



22 

The corresponding operator for the stationary policy { d , d , . . . }  is given by 

Ld{v]{x) ••= g{x,dix)} + aJ2Pd{x,j)vij), (1.6) 
J 

where Pd{ x J )  = Pd{x) { x , j ) .  

The following are the fundamental results of discounted DP [KV86], [Ber87], 

[Put94]. 

Theorem 1.1 For any function v :S R, there holds 

v'(x) = Urn L"(u)(a:), Vx € S. 

Corollary 1.1.1 Let be the expected discounted cost under a stationary •policy 

T T  =  { d ,  d , . . T h e n  

UQ(2:) = lim U i { v ) { x ) ,  Vx € S. 

Optimality Condition 

Theorem 1.2 1. Bellman's optimality equation. The optimal cost function 

u* is given as the unique bounded solution to: 

^ a i ^ )  =  L { u ' a ) { x ) ,  Vx e S. (1.7) 

2. Let i'Q(x) be the value of the cost functional corresponding to the stationary 

policy {d,d,...}. Then, 

^iix) = Ldivi){x), VxeS. 
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in vector form, we have that 

gd + aPdvi, (1.8) 

=^{ I  -  aPd)v i  = 

where is the vector with elements g{x,d{x)}, and Pd is the matrix [p<i(x,jf)]. 

Furthermore, is the unique bounded solution of this equation. 

Proof. See [Ber87] page 184- • 

1.3.3 Long-Run Expected Average Cost (AC) 

The cost functional takes the form 

t;^(a:o) := hjm |£ 5(0:*:,d(a:fc)}|, 
•  N - l  

E 
•fc=o 

where n = (d, rf,...} is a stationary policy. The optimal value is given by 

?;*(a;) := inf t;'^(a:). 
n-en ^ ' 

Theorem 1.3 The optimality condition for the AC problem. The analogue 

to Bellman's optimality equation (1.7) for the AC case: If a scalar A and an n-

dimensional vector h satisfy 

A+ /i(x) = niin (^(x,u)+5ZP"(^'.7)/i(i)l» x = l,...,n, (1.9) 
"ecr(x) I ~ ) 

then A is the optimal AC cost for all i: 

A = mini;''(x) = u*(a:), x = l,2, 
d 

Proof. See [Ber87j page 310. • 
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Furthermore, h{i)—h{j) is interpreted as a long-term differential cost, expressing the 

long-term difference in total cost due to starting at state i rather than state j (see 

details in [Ber87]), i.e., 

Any stationary policy tt = {d*, d*,...} attaining the minimum in (1.9) is AC-optimal 

[Ber87], [KV86], [Tij86]. Let TT = {d,d,...} be a stationary policy giving rise to a 

Markov chain with a single ergodic CIEISS [Ber87]. Then there exists a constant 

and vector ha such that 

Ad + hd{ i )  = ^0', d(0} + Y .Pd{ i J )hd{ j ) ,  
j=i 

hdix) = 0 for some fixed state x : normalizing equation. 

These equations have a unique solution. 

1.3.4 Total Cost 

The infinite total cost is the following [Put94], 

In many applications, yj^^(xo) diverges for some or all policies, or lim,v-»oo v^ i ^o )  may 

not exist. 

h{i) - h{j) = lim {t;^(i) -
iv—foo 

v'^ii) = \d, z = 1,..., n, 

n 
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The optimal value is given by 

uf(x) := mf 

1.4 Computational Methods 

For finite horizon problems, the DP algorithm uses a backward induction method 

(see [Ber87], [KV86], and [Tij86]). The two main general-purpose algorithms for 

computing both optimal values and policies in problems with infinite horizon are PI 

and VI. Starting from arbitrary initial guesses, both algorithms iteratively seek to 

improve policies or values, respectively, using the optimality equations and conditions 

of DP mentioned above. Both algorithms terminate in a finite number of iterations 

due to the finiteness of S and C. However, when the number of states is large, 

these methods become impractical because of the large overhead per iteration. In 

this situation, special purpose algorithms that exploit specific problem structure may 

need to be developed. Here we include modified policy iteration (MPI), which does 

not exploit special structure, but is more efficient for large problems than VI and 

PI. We briefly describe the (general) backward DP, PI, VI, and MPI algorithms next 

[Tij86], [Put94], [FGJL+95]. 

1.4.1 Backward Dynamic Programming Algorithm 

The backward DP algorithm provides a recursion to obtain the value function for 

the problem. 
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DP Algorithm 

Viv(a:,v) = 

Vk{Xk)  =  

This algorithm chooses minimizing actions in reverse order because of the proba

bilistic nature of the MDP [Ber87]. Expectations need to be computed. It doesn't 

matter what happened before the current stage. The only important information 

for the future decisions is the current state of the system. The backward induction 

algorithm is more attractive than an enumeration procedure for solving sequential 

decision problems. To see this, suppose that there are K stages, N' states at each 

stage, and M actions that can be chosen in each state. Then there are poli

cies. Solving a deterministic problem by enumeration would require K x 

additions and comparisons. By backward induction, the solution requires at 

most K x N x  M  additions and K x M  comparisons, a potentially astronomical savings 

in work. Solving stochastic problems requires additionally N multiplications at each 

s t a t e  a t  e a c h  s t a g e  t o  e v a l u a t e  e x p e c t a t i o n s .  E n u m e r a t i o n  r e q u i r e s  N  x  K  x  

m u l t i p l i c a t i o n s ,  w h e r e a s  b a c k w a r d  i n d u c t i o n  w o u l d  r e q u i r e  a  t o t a l  o f  K  x  M  x  N  

multiplications. Clearly, backward induction is a superior method for solving any 

problem of practical significance [Put87]. 

min -f-aX]Pufe(:rjfe,J>fc+iO)L A: = 0,1,..., iV - 1. 
UkSUkixk )  I ,• )  
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Hinderer [HinZS] discussed the advantages of finite horizon models compared to 

infinite horizon problems. For problems with large state spaces, he suggested approx

imations based on changing the number of stages and the terminal function. 

1.4.2 Value Iteration 

VI is the direct extension of backward induction to infinite horizon problems. In 

the literature, it is also referred to as successive approximation. VT is attractive 

for its conceptual simplicity, ease in coding and implementation, and similarity to 

approaches used in other areas of applied mathematics. This is amenable to par

allel processing and will yield an optimal policy after a finite number of iterations 

[CCFGar]. Furthermore, this method can be substantially improved thanks to the 

availability of certain error bounds (see Section 2.1.1). 

We need the following definitions for later use. 

Definition 1.1 e-optimality: A policy tt^ is e-optimal for e > 0 if, for all i € S, 

Definition 1.2 Wt will use the following vector norms and matrix norm in this 

paper. For v :S R and an n x n matrix H: 

+ E. 

v\\ := sup|u(i)|, 

\\H\\ := supI:1//(Z,J)1. 
ieS jes 



VI Algorithm 

The follo\ving VI algorithm iteratively finds a stationary e-optimal policy and 

approximation to its value, starting from an arbitrary initial guess. 

• STEP 1: Initialization 

Select initial value vq G V, specify e > 0, set n = 0. 

• STEP 2: Value Improvement^ 

• STEP 3: Termination 

If 

- »,|| < (1. 

go to step 4. Otherwise increment n by 1 and return to step 2. 

• STEP 4: Finding An e-Optimal Policy 

For each i  € S ,  choose an e-optimal stationary policy 

4(x) e argmin{L<i(v„^i)(x)}, (1. 
d^lJ 

where D is set of decision rules and stop. 

Termination Condition 

'PI  a lgor i thm a l so  has  the  ident i ca l  s t ep  but  i t  i s  ca l l ed  policy improvement step 
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Theorem 1.4 Let vq £ V, e > 0. Then l|Un-ri - fall < whenever (1.10) holds 

[Put94]-

Proof. Suppose now that (1.10) holds for some n and d^, satisfies (1.11). Then 

lha - <11 < \[4 - Un+l|| + llt^n+l " Val (1-12) 

Since is a fixed point of Ld^, and, as a consequence of (1.11), Lci,{vn~i) = L{vn~i), 

the first expression on the right-hand side of (1.12) satisfies 

< \ \LM)  -  i(fn+l)ll + l|t(>'»+l) -"ntlll 

= \\I-M) - £4("n^l)ll + IliKt.) - £("n)|| 

< qII®^-»„^|||+a||t)„», 

where the last inequality follows because L and Ld^ are contraction mappings on V. 

Rearranging terms yields 

ll^a - " Un||-
1 — a 

Rearrangement of the second expression on the right-hand side of (1.12) results in 

the inequality 

ll^^n+l - u;|| < - U„|l. 
1 — a 

Thus when (1.10) holds, each of the expressions on the right-hand side of (1.12) is 

bounded by e/2, so that. 
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• 

There are some variants of VI (regular VI is called pre-Jacobi iteration): Jacobi, 

pre-Gauss-Seidel, Gauss-Seidel, and successive overrelaxation iterations [PT78]. We 

will discuss them in detail in Section 2.2.2. 

1.4.3 Policy Iteration 

The method of policy iteration (or "iteration in policy space") was developed by-

Bellman [Bel57]. Later, Howard [How60], [How78] independently suggested a version 

of this procedure for MDP. In several cases in which the number of policies was fi

nite, he presented a convergence proof for this procedure. This algorithm operates 

as follows. An initial stationary policy ttq = (c/q, do,...} is adopted, and the corre

sponding cost function v'^ is calculated. Then an improved policy tti = ...} is 

computed as the minimizer in the DP equation corresponding to v'^, and the process 

is repeated. 

Policy Improvement Condition 

Let TT = [d,d,...} and it = {d,d,...} he stationary policies such that L^{v'^) = L{v'^). 

Then we have v'^{x) < v'^{x), x G S. Furthermore, if TT is not optimal, strict inequality 

holds for at least one state a: € S. 

PI Algorithm 

• STEP 1: Initialization 

Select arbitrarily a stationary policy TTQ = {do, do,.. 
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• STEP 2: Policy Evaluation 

Given the stationary policy at the nth iteration 7r„ = [dn,dn,...}, compute the 

corresponding cost function v''" by solving 

(r - aPd„)v'^'' =gd„. 

• STEP 3: Policy Improvement 

Obtain a new stationary policy 7r„4.i = {dn+i,dn^i,...} such that 

• STEP 4: Termination 

If 7r„ = 7r„^i stop; else return to step 2. 

This algorithm requires the solution of the system of linear equations correspond

ing to in step 2. The dimension of this system is equal to the number 

of states, and thus when this number is very large the method is not attractive. 

Many variants £uid extensions have been suggested in the literature to circumvent 

this problem [Put94]. In the sequel, we focus on the most promising ones. 

1.4.4 Modified Policy Iteration 

Morton suggested the modified policy iteration (MPI) method in 1971 [Mor71]. 

It is often referred to as value oriented successive approximations. The evaluation 

step of the PI algorithm is usually implemented by solving the corresponding linear 
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system of equations using Gaussian elimination (see (1.8)), which requires AT^/S mul

tiplications and divisions {N is the cardinality of S, see Table 1.1). When the number 

of states is large, computing an exact solution can be computationally prohibitive. 

An alternative is to use successive approximations to obtain an approximate solution. 

This is the beisis of the MPI method. The MPI algorithm of order m is the following 

[Put87]: 

MPI Algorithm 

• STEP 1: Initialization 

Select arbitrarily an initial value Vq, specify an error bound e, and set n = 0. 

• STEP 2: Policy Improvement 

Choose dn^i to satisfy 

dn~i e &vgmin{Ld{vn)}, 
d^D 

where Ld is from (1.6). Setting dn~i = (in if possible (when n > 0). 

• STEP 3: Partial Policy Eveduation 

- STEP 3.1: Set k = 0 and define by 

a^U 

- STEP 3.2: If 

II II< e(l -  a) /2a ,  

go to step 4. Othenvise go to 3.3. 
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- STEP 3.3: Compute by 

u'rr' = L^̂ M)-

- STEP 3.4: U k = m, go to 3.5. Otherwise increment khy I and return to 

3.3. 

- STEP 3.5: Set u„4-i = increment n by 1 and go to step 2. 

• STEP 4: Termination 

Set df = dn and stop. 

This algorithm combines features of both PI and VI. Like Vl, it is an iterative 

algorithm that terminates with an e-optimal policy, however, VT avoids step 3 above. 

Like PI, the algorithm contains an improvement step (step 2), and an evaluation step 

(step 3). Taking m = 1 corresponds to a VI method where the policy evaluation 

step is skipped altogether, while taking m = oo corresponds to PI whereby the 

policy evaluation step is performed iteratively via the VI method. Analysis euid 

computational experience suggest that it is usually best to take a value for m that is 

greater than unity and is determined by trial and error [PS78], [PS82]. 

1.5 Final Remarks 

We will focus our research on infinite-horizon MDP with a DC optimality criterion. 

These models are the best understood of all the infinite-horizon MDP. Results for 
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these models provide standards for the theory of models with other optimality criteria 

and hold regardless of the chain structure which is considered in AC type problems. 

We studied basic computational methods in this chapter. Table 1.1 shows the 

number of multiplications per iteration for each algorithm. PI usually takes fewer 

iterations than other methods but its iteration requires a bigger computational burden 

than the others. We let N denote the number of states, M the number of actions, 

and m the order in MPI. PI requires the greatest computational effort per iteration 

which grows O(iV^) faster than other methods^ . 

There is little general information about the relationship between computational 

methods and characteristics of transition probability matrix (see Table 1.2). Each 

method has pros and cons. It is well known that indirect methods (VI, MPI, and 

ROC) are preferred to direct methods (PI and variants of PI) for nonsparse^ and 

sufficiently large problems [PorSl]. The advantages of indirect methods over di

rect methods are less storage requirements and the potential for fewer computations 

needed for numerical convergence [PorSOa]. Porteus also showed that indirect meth

ods are preferred to direct methods for many problems that have 200 rows or more, 

and that direct methods are preferred to indirect methods for many problems with 

^Big O function: limi_>o ||0(i)/i|| < c for some constant c 
^Sparsity: the percentage of the total number of nonzero elements of a transition probability 

matrix 
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Table 1.1: Comparisoa of Computational Effort Per Iteration 
(iV := # of states, M := # of actions, m := order of MPI) 

Algorithm Multiplications/Iteration 

Value Iteration 

Modified Policy Iteration 

Policy Iteration 

X M 

X M -i- (m -f-1) X iV 

X M -f N^/3 

as few as 50 rows [PorSl]. The direct methods will be preferable when the tran

sition probability matrLx is an upper triangular matrix because direct methods use 

Gaussian elimination process. 

Table 1.2 also shows that pre-Gauss-Seidel (PCS) and Gauss-Seidel (GS) iterations"^ 

are preferable when the transition probability matrix is upper triangular. Succes

sive over-relaxation (SOR) is preferable when the transition probability matrbc is 

symmetric [PorSOa]. The ROC method (Chapter 3) is preferred when the transition 

probability matrix is substochastic^ . 

•'PGS, GS, SOR are variants of VI. We will study them in Section 2.2.2. 
^Substochastic matrix: A matrix of non-negative elements with the property that the row sums 

are less than or equal to one. Stochastic matrix: matrix of non-negative elements whose row sums 
are equal to one [IM76]. 
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Table 1.2: Brief Taxoaomy of Computational Methods 

Factors Direct Method (PI) Indirect Method (VI, MPI, ROC) 

Sparsity Sparse Nonsparse 

Size # of rows < 50 # of rows > 200 

Transition 

Probability 

Matrix 

Upper triangular PCS, GS: Upper triangular 

SOR: Symmetric 

ROC: Substochastic 
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CHAF lER 2 

Variants of Value Iteration 

Value Iteration (VI) is the simplest algorithm to use [WP85], although it is not an 

appropriate method for large problems. There have been various efforts to improve 

the efficiency of VI since Bellman introduced it in 1957. We will discuss bounds, 

transformations, and extrapolations in this chapter. 

2.1 Bounds and Action Elimination 

MacQueen [Mac66] introduced the idea of using bounds on the optimal cost func

tion. Bounds cire useful in several ways. First, we can use them for termination tests, 

thus enabling us to stop an algorithm when it has achieved aji e-optimal value and 

policy. Second, we can use them to identify nonoptimal actions, using the criterion 

developed by MacQueen [Mac67] (see Section 2.1.2). Third, the bounds are useful 

for deriving extrapolations (see Section 2.3) [PorSOb]. 

2.1.1 Bounds 

Bounds used to accelerate convergence are given in Theorem 2.1 [Mac66], [Ber87]. 

.A.ny algorithm with a value improvement step may use the easily computable bounds 

on the optimal cost function. 
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Theorem 2.1 For every vector v, state i, and n, 

1 — a 1 — a 

< y*(i) 

n-rl / . -N/.-N ,  ^^n-rl  

where 

< mv){ i )  +  

l - Q  

abn 

l - a  

a„ = min{L"(u)(0-L"-Hu)(0}, 
ies 

6„ = m^x{L"(i;)(0 - L"~^(u)(0}, 
i€S 

and thus L^{v){i) -> v'(i), as n —>• oo. 

Proof. See [Ber87] 'pages 191-192. • 

An obvious stopping rule is to terminate VT when bn~an becomes sufficiently small. A 

reasonable final estimate of ?;*(z) is I''(u)(z) + (6„+a„)Q;/(l-a) for ali i [Ber87]. The 

convergence rate of this approach depends on how close the subdominant eigenvalue 

is to unity [Ber87]. However, unlike ROC, it applies only when the transition matrix 

is stochastic (see Chapter 5). 

Theorem 2.1 provides the bounds when a transition probability matrix is stochas

tic. Porteus [PorTl] gives the bounds in a more general setting. Let denote the 



39 

maximum row sum of for each d and a := sup^^ QJ. We can define and a anal

ogously for the minimum row sum. Then the following gives bounds on the optimal 

value v'. 

L'ivm + < v-(i) < i»(v)(i) + 
1 — Q 1 — a 

For V e V, we define a decision rule € D to be improving" if 

dv e argmin{L(/(v)} 
deD 

The termination condition of error bounded VI is different from the termination 

condition of VI (Theorem 1.4). The following termination condition guarantees an 

e-optimal value for error bounded VI. 

Theorem 2.2 Termination Condition. Suppose for u € V and e > 0 that 

max{L"(u) - - min{L"(t;) - < -^-^e (2.1) 

then, 

> a . 
< e 

(1 - a) 

and 

for any v-improving decision rule d^. 

Proof. See [Put94] page 201. • 

Thomas et al. [THL83] used the following bounds. 
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1. Loo Norm Bounds 

If IIQII < a < 1 for all possible transition matrices in the scheme 

t;„+i = max{5rf + Qd^n}, 
a 

(2.2) 

then 

lb' -Un-l|| < 
Q!||i;n+l - Z/nll 

1 -a 

2. PC Bounds (Porteus with Calculation) 

Porteus [Por71] described tighter bounds for these schemes, exploiting the non-

negativity of the elements q{i,i) of Q in (2.2). They require calculation of 

3. PNC Bounds (Porteus without Calculation) 

Thomas et al. modifies PC bounds by estimating the a" initially which avoids 

calculation at each step, but gives looser bounds. 

4. Second Order Bound 

Second order bound uses the last three iteration values to achieve a tighter 

bound than the PC bound. However, more calculations are needed. 

Thomas et al. [THL83] applied these bounds to three randomly generated data (10, 

40, and 100 states problems) with pre-Jacobi, Jacobi, pre-Gauss-Seidel, Gauss-Seidel, 

and SOR iteration methods (Section 2.2.2). The results show that PNC bounds with 

pre-Jacobi iteration performs very well. 

Qu{Uj) for the minimizing action u at each iteration. 
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2.1.2 Action Elimination 

The idea of using bounds on the optimal cost function to identify actions that 

are not part of an optimal policy was introduced by MacQueen [Mac67]. An action 

for a given state is nonoptimal if the least possible cost it can produce is more 

than the highest possible cost under some optimal policy. At each iteration of a 

VI algorithm such actions are identified and discarded from the action set for all 

subsequent iterations. Porteus [PorTl], [Por75] strengthened MacQueen's bounds 

and extended them to more general decision processes. Grinold used bounds similar 

to those of Porteus to develop an action elimination procedure for PI [PS82]. 

There has been a developing interest in procedures for eliminating non-optimal ac

tions for specified MDP as early on in the computational process as possible, thereby 

cutting down the size of the decision spaces to be se£irched at each subsequent stage 

of the computational process [Whi78]. 

These methods are guaranteed to find the optimal policy because they will stop at 

the moment when all nonoptimal policies are removed. Action elimination methods 

do not increase the rate of convergence, however, the optimal policy may be found 

prior to convergence [HY91]. 

1. MacQueen [Mac67] 

MacQueen's bounds for VT leads to the following tests to eliminate action u € 
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U{i) permanently. 

<(0 > u„(i) + —I —, 
1 — a 

where 

On = min{vn(0 - Un-i(i)}, 

6„ = m^{vn{i) - u„_i(0}. 

2. Porteus [Por71] 

Porteus' bounds for VT are similar to MacQueen's. The following tests elimi

nates action u £ U{i) permanently. 

u/ -N ^  a /  -x ^  ('^n—1 l )  
<(0 > <(i) + 7 , 

1 — a 

where a is any action. 

3. Temporary Elimination 

Hastings and van Nunen [HvN77] pointed out that one could also eliminate 

actions temporarily, i.e., actions that will not be the optimizing actions at the 

next iteration of the VI algorithm. This is based on the inequality 

S 

Vn^s ( i )  -  - <(0 
j = l 

4. Action Elimination for MPI 

Puterman and Shin [PS82] proposed bounds and action elimination procedures 

for PI and MPI. Procedures to eliminate non-optimal actions for one iteration 

and for all subsequent iterations are presented [PS82]. 
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2.2 Transformations 

The goal is to transform a given process into an equivalent one that may be easier 

to solve. For example, it is known that the convergence rate of VT depends on the 

spectral radius of a process [a{C)-. maximum absolute eigenvalue of C). Therefore, 

one may search for transformations that reduce the spectral radius of the process. 

[Por75], [PorSOb]. Norms, subradii, and sparsity are other performance factors. We 

will discuss details of the performance factors in Section 4.2. Suitable transformations 

are those for which the transformed process is a discounted process [Por75|. 

2.2.1 Types of Transformations 

1. Similarity Transformation 

gd = QOd and Pd = QPd.Q~^ for each d, 

Q is a strictly positive diagonal matrix. Norms change in this transforma

tion. Hence this transformation can be used implicitly by redefining the norm 

properly. 

2. Pre-inverse Transformation 

h  = - Qd)~^9d  and = (/ - Qd.)~^{Pd - Qd) for each cl, 

Qd is usually either diagonal or triangular. To increase Qd-, in the range 0 < 

Qd < Pd, decreases the norm of Pd if ||P</|| < 1 and decreases the radius 
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in general. Jacobi iteration and Gauss-Seidel iteration can be represented as 

special cases of this transformation (Section 2.2.2). 

3. Post-inverse Transformation 

Qd = Qd and Pd = {Pd -Q){I - Q)~^ for each d. 

We require 

{ r - Q r ' > o .  

To increase Q, in the range 0 < Q < for all d, decreases the Loo norm of P^ 

in certain cases, and decreases the radius in general. It will be useful prior to 

computation only when (/ — can be calculated easily. 

4. Pre-multiplication Transformation 

= (1 + Qd)9<i and Pd = Pd - Qd + QdPd for each d. 

To increase Qd,  in the range 0 < Qd < Pd, decreases the Leo norm of Pd if 

yPdll < 1 and decreases the radius in general. 

5. Post-multiplication Transformation 

9d = gd and P^ = Pd - Q -f PdQ for each d, 

where <5 > 0. To increase Q, in the range 0 < Q < P^ for all d, decrease the 

radius in general. In certain cases, this transformation decreases the Loo norm 

of Pd- This method applies in the case of a stochastic matrix only and is often 

referred to as column reduction. 
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6. Return Transformation 

This transformation does not change the transition probabiUty matrix. 

h  = 9d-  { I  -  Pd)v  and for each d, 

where v is any AT-vector. This method can shift the scaling by subtracting a 

fixed constant from the immediate cost. 

2.2.2 Special Cases of General Transformations 

The following are special cases of the pre-inverse transformation [PT78], [Var62]. 

These transformations provide variants of VT. For ease of exposition we will assume 

a fixed policy in this section. 

1. Pre-Jacobi and Jacobi 

Regular VT uses the pre-Jacobi iteration in the value improvement step. 

2. Pre-Gauss-Seidel and Gauss-Seidel 

• Pre-Jacobi (PJ) 

for each i. 

• Jacobi (J) 

for each i .  
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• Pre-Gauss-Seidel (PCS) 

Vn( t }  = gd( i )  + a^pa( i , j } v„ ( j )  -h  aJ2Pd( i j ) vn - i ( j )  for each i .  

Gauss-Seidel is not preferred to pre-Jacobi in general [Ber87], [PorSl]. How

ever, if the matrix is properly reordered and an extrapolation method is used 

(Section 2.3), then Gauss-Seidel is preferred. 

3. Successive Over-Relaxation and Variable Successive Over-Relaxation 

• Successive Over-Relaxation (SOR) 

Use of cj = 1 yields Gauss-Seidel. 

where u € (0,2). 

• Variable Successive Over-Relaxation (VSOR) 

VSOR is similar to SOR except that a different relaxation factor can be 

used for each row [PorSOa]. 

• Gauss-Seidel (GS) 

/{I — Pd( i ,  i )} for each i .  

/{I - pd( i ,  0} + (1 - (j)> fo'* each i ,  

/{I - Pd( i ,  f)} + (1 - uji)v" ^ for each i ,  
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where a;,- > 0. 

The attractiveness of SOR is that it works very well on problems in which 

P is symmetric and consistently ordered [Var62]. Such properties are usually 

satisfied by the matrices derived when approximating partial differential equa

tions, but they are only rarely satisfied by matrices arising in Maxkov and 

semi-Maxkov chains [PorSOaj. 

4. Relative VI 

Relative VT was first proposed by White [Whi63] in the context of undiscounted 

models with average reward criterion. It was subsequently studied by Morton 

and Wecker [Mor71], [MW77]. In the latter paper, they provide conditions 

which ensure convergence of relative VI together with a wide range of results 

on ergodicity properties of products of transition matrices [Put94]. The relative 

VI algorithm differs from VI in that it normalizes u„ by subtracting the constant 

Vni'i*), (i* is an arbitrary state) after each iteration. 

Vn~i  = Liwn)  and Wn~i  = Uri+i - i;n+i(2*)e. 

This results in enhanced norm convergence, but does not effect span conver

gence because the span is invariant to subtraction of a constant. Thus when 

using the stopping criterion (1 — a)e/a, the computational effort of these two 

algorithms is identical. [HM70], [PorSOa]. 
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2.3 Extrapolations 

2.3.1 Reordering 

When the extrapolation method is used, the transition probability matrix can be 

reordered. Porteus and other researchers [PorSOa], [PT78], [AMT93] found that the 

reordering enhanced the efficiency of the extrapolation methods. 

1. Minimum Gauss-Seidel Row Sum Ordering 

The algorithm merely iteratively computes the Gauss-Seidel row sum for each 

equation not yet selected should that equation be selected next, and picks the 

smallest of these. The algorithm requires only the effort needed for two pre-

Jacobi iterations [PT78]. 

2. Minimum Remaining Row Sum Ordering 

It requires less computation in that it simply iteratively assigns as the next 

row one whose sum of original transition probabilities over unassigned elements 

is smallest. Both the first and second methods guarantee that the maximum 

row sum of the implied Gauss-Seidel matrix is strictly less than one as long as 

P ll^ll < 1, and a{P) < 1 [Por80a]. 

3. Maximum Column Sum Ordering 

It orders the rows so that the column sums of P are decreasing [PorSOa]. 
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4. Weighted Lower Triangular (WLT) Ordering 

GS will solve a set of linear equations in one iteration if the entries above the 

diagonal of the coefficient matrix are zero. Both GS and SOR take few iterations 

if the entries above the diagonal are small compared with the remaining entries. 

Similarly GS and SOR work well for MDP where most of the transition matrices 

used are of this form. An ordering of the states which has this property is 

referred as being a WLT ordering [AMT93]. 

5. Reverse of WLT Ordering 

The entries below the diagonal are small compared with remaining entries. This 

ordering is reverse of WLT ordering [AMT93]. 

6. Random Ordering 

It randomly orders rows [AMT93]. 

7. Alternate Ordering 

A particular ordering and the reverse of this ordering are used alternately. This 

has computational advantage because one of the two summations required is 

the same as in the previous iteration and need not be recalculated [AMT93]. 

2.3.2 Types of Extrapolations 

At iteration n we have and compute H{vn) = g + Pvn- (The shape of g 

and P depends on iteration method.) Rather than setting = H{vn), we shall 



50 

extrapolate so that u„^i will be of the form H{vn) + f 7, where F is a matrix with a 

column for each "direction" considered and 7 is a vector with a component "distance" 

for each direction. As is usual in optimization theory, we shall specify given rules for 

constructing directions and consider getting optimal distances [PT78]. In Chapter 3, 

we will use these "direction and distance" concepts for ROC. 

I. Trivial Upper Bound Extrapolation 

We require that Vn~i > v' for all n. If P > 0, cr(P) < 1, and H{vn) < Vn, then 

where f3 = mint(Pe),-, e is the vector of ones and a = min,•{//"(?;„) — Un}i. 

2. Optimal Upper Bound Extrapolation 

Suppose we have and a single direction / such that Pf > 0. We 

now seek a scalar distance 7 to minimize H{vn + fj) = H{vn) + Pf'y subject to 

+ fy) < + /7- The resulting optimal distance is 7' = min,{a;t/gi|9f > 

0 } ,  w h e r e  u i  =  H { v n )  —  a n d  q  =  { I  —  P ) f .  

3. Loo Norm (Trivial Scalar) Extrapolation 

We may have many directions to consider and we seek 7 to minimize \\H{Vn + 

F7) — {vn + F7)|| for a given norm. If P > 0 and ||Pl|oo < 1) then 
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where 

a = min{H{ V n )  - b = mp{//(i;„) - u„}i, 

(3 = min(Pe)i, (3 = max(Pe)i, — I i 

,5i = ̂  if a > 0 and j3 otherwise, 

,82= P b>0 and £ otherwise. 

4. £,2 Norm Extrapolation 

In this case, at iteration n we seek a vector 7 to minimize (a; — ^7)^(0; — Q7), 

where ui = H{Vn) — and Q = {I — P)F. If the directions are linearly 

independent, then the optimal vector of distance is 7* = This 

value is similar to 7 of ROC in (3.3). If there are only one or two directions, 

then Q^Q can easily be inverted explicitly, so that 7* is readily computable. 

Suppose one of the directions is H { v n )  -  v „ .  In this case FP{vn) = H { H { v n ) }  

must effectively be computed to carry out the extrapolation. A standard ap>-

proach could lead to excessive computations. Thus, it has been suggested that 

the direction H{vn-i) — Vn-i be used and that extrapolations be carried out 

every other iteration. 

Another direction, representing a second difference in contrast to a first differ

ence represented by the previous direction, is —H'^{vn) + 2H{vn) — Vn, so that 

H^{vn) must effectively be computed to implement the extrapolation. Thus, it 
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has been suggested that the direction indicated two iterations earlier be used 

and that extrapolations be carried out every third iteration [PT78]. 

This method is the closest extrapolation method to Bertsekas' generic ROC 

method which will be discussed in Chapter 3 [Ber95b]. 

5. Row Sum Extrapolation 

The row sum extrapolation uses cf = (cn + bn),di/{2—P-P) which, like the triv

ial scalar extrapolation and the delayed scalar extrapolation to follow, reduces 

to j3(a„ + bn)/(2 — 2j9) when Note that the extrapolation constants vary 

to the extent that the row sums of P vary. This extrapolation provides a guar

anteed reduction in the norm of an appropriate difference. This extrapolation 

requires an extra multiplication per row to implement [PorSOa]. 

6. Delayed Scalar Extrapolation 

This extrapolation uses: 

{§a^ +^6„)/(2 - 0- if a„ -I- > (1 - l3){bn - a„), 

(pan + §bn)/{2 - p-^) iia„+bn < -(1 -^)(6„ - a„), 

,^(a„ 6n)/(l -I-13) otherwise. 

2.4 Final Remarks 

-Although several methods have been proposed to improve the efficiency of VI, we 

have restricted our focus to bounds, extrapolations, and transformations. The ROC 
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method and its variants proposed in this dissertation (see Chapter 3) are subset of 

extrapolations. Bounds and transformations are general, basic, simple and efficient 

ways to improve convergence. Another important method to improve convergence 

which is not discussed in this dissertation is the aggregation-disaggregation method 

[SPK85], [BC89]. 

White and Scherer [WS94] showed that the standard VI procedure for infinite 

horizon discounted MDP performs better than the usual error bound analysis sug

gests. All bounds for the performance of algorithms for discounted MDP which use 

some variants of VI are extremely unattractive because they appear to give slow con

vergence when a is close to one. For some large, specially-structured problems, it is 

clear that more effective algorithms can be developed for which standard VI would 

be inappropriate [WS94]. 

White et. al. [WTS85] presented a simple, a priori method for estimating the 

impact of the new procedure on operation counts as compared to standard VI. The 

objective of the procedure is to simultaneously construct and solve one such MDP 

that has a computationally attractive transition structure. The construction of this 

MDP requires the periodic revision of its reward structure. 
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CHAPTER 3 

Rank One Correction Method for Value Iteration 

The convergence rate of VI depends on the domineint eigenvalue of the transition 

probability matrix [Ber87], [BC89], [PorSOb]. Bertsekas [Ber93], [Ber95b] proposed a 

generic rank-one correction method (ROC) for VI. The ROC method sets aside the 

effect of the dominant eigenvalue so that the subdominant eigenvalue influences the 

convergence rate. As illustrated through ample experimentation in [Ber93], Bertsekas' 

ROC method performs very well, leading in some cases to dramatic improvements 

over other available methods. However, algorithm development and experimentation 

are restricted to the problems with one fixed control policy, i.e., noncontrolled Markov 

processes. We expand the ROC method to the multiple policy problems, i.e., MDP, 

and propose new methods which apply ROC to MPI. 

3.1 Bertsekas' Generic Rank One Correction Method 

Bertsekas' ROC method implements an acceleration of the VI method for dis

counted problems in the same spirit as MacQueen's error bounds accelerates the 

standard version [Ber87], [Put94]. Consider the Unear iteration of the form v := C{v), 

where 

C { v ) = g  +  Q v  (3.1) 



55 

Q is a givea n x n matrix with eigenvalues within the unit circle and ^ is a given 

expected one-stage cost vector in R". C of (3.1) is equivalent to of (1.6). How

ever, Q in (3.1) is a general form which is equal to aP in (1.6) when the transition 

probability matrix is stochastic. The form of the ROC transformation^ is 

V := C { v  +  yf) 

= g + Q{v + 7/) 

=  C i v )  +  Q - f f  

=  C { v ) + ^ z ,  

where 

2 =  Q f  (3.2) 

and 7 € IR is obtained by minimizing over 7 

\ \ v  +  - f f  -  {£(u) +72}||2-

The following is then obtained 

„ (/ - z n C j v )  - t;} 

11/ -J i l l  •  ' ^ •2 '  

The modified linear iteration will be written as 

V  : =  M { v ) ,  

where 

M { v )  =  C { v )  +  72. (3.4) 

V is a "direction" and 7 is a "distance" of extrapolation. See Section 2.3.2, (3.3), and (3.5). 
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ROC requires only slightly more computation than the regular iteration v  : =  C { v ) ,  

because the vector z is computed once and the computation of 7 is rather simple. 

The main observation is that if / is chosen to be an eigenvector of Q, then extrap

olation along / nullifies the effect of the corresponding eigenvalue in the convergence 

rate of the iteration v := M{v) (see Proposition 3.1 in Section 3.1.2). In particular, 

if / is an eigenvector corresponding to a dominant simple eigenvalue of Q, then this 

iteration converges at a rate governed by the subdominant eigenvalue. This method 

is quite effective when the separation between the dominant and the subdominant 

eigenvalues is large (see [Ber95b| for details). This result holds for any matrix Q 

that has a real eigenvector corresponding to a dominant eigenvalue with modulus 

less than one. Bertsekas proposed using such an eigenvector as the vector / in the 

e x t r a p o l a t i o n  s c h e m e  v  : =  C ( v )  +  ̂ i Q f .  

The dominant eigenvector can be calculated approximately by using, e.g., the 

power method (see Section 3.1.3). That is, C is applied a sufficiently large number 

of times n to some vector v to obtain JC"(U), and / is estimated as the normalized 

residual 

c { v ] - c - H v )  , , 

ROC has a two-phase approach. In the first phase, VI is applied several times to 

improve estimates of v and to obtain an estimate of /, the eigenvector corresponding 

t o  t h e  d o m i n a n t  e i g e n v a l u e .  I n  t h e  s e c o n d  p h a s e ,  t h e  m o d i f i e d  i t e r a t i o n  v  ; =  M { v )  

that involves extrapolation along / is used. It can be shown that the two-phase 



57 

method converges to v', which is a fixed point of A'/(-), provided the error in the 

estimation of / is small enough. It is shown in [Ber95b| that if the absolute value of 

the cosine of the angle between / and Qf as measured by the ratio 

||£"(t;) - C-'{v)\\2 • ||£"-Hv) - ̂"-2(i;)||2 ^ ' 

is sufficiently close to one, then we can proceed to the second phase. 

3.1.1 Algorithm 

As previously mentioned, ROC consists of two phases; the VI phase (see Sec

tion 1.4.2) and the modified VI phase. Next, we present the ROC algorithm for 

noncontrolled Markov processes as given by Bertsekas [Ber95b] which finds a station

ary e-optimal policy and an e-optimal value. 

ROC Algorithm 

• STEP 1 (Phase I; VI) 

- STEP 1.1: Initialization 

Select initial value v, specify e > 0, set n = 0. 

- STEP 1.2: Value Improvement 

V f i — l  ~  ̂ (^n); 

where £ is from (1.6). 
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- STEP 1.3: Termination 

If 

- »„i|2 < (3.7) 

go to step 3. Otherwise go to step 1.4 

- STEP 1.4: Phase Switching Criterion 

Calculate the cosine of the angle between / and Qf as given by (3.6). If 

jcosflj is "sufficiently close" to one, go to Phase II (step 2.1). Otherwise, 

increment n by 1 and return to step 1.2. 

• STEP 2 (Phase II; Modified VI) 

- STEP 2.1: Initialization 

Compute /, 2, and 7 by (3.5), (3.2), and (3.3), respectively. 

- STEP 2.2: Modified Iteration 

= M { V n )  = C { V n )  + i Z -

- STEP 2.3: Termination 

If 

(3.8) 
Za 

stop. Otherwise go to step 2.4 

- STEP 2.4: Phase Switching Criterion 

If Phase II does not result in a "substantial reduction" factor in the normed 
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residual ||fn-i-i — of the first 5 iterations, go to Phase I (step 1.2). 

Other^vise, increment n by 1 and return to step 2.2. 

Switching criteria for step 2.4 is not precise, and thus heuristics must be used in order 

to decide what is meant by "substantial reduction" and the number of iterations to 

test. 

3.1.2 Analysis of Rank One Correction Method 

The following proposition provides the basis for the efficiency of the two-phase 

method described in the preceding section. 

Proposition 3.1 Consider the iteration v := M{v) in (3-4) [Ber95b]. 

I .  M { v )  c a n  b e  w r i t t e n  a s  

M { v )  =  g  +  R v ,  

where 

£(/ - z)' 
\\f 

g =  h+ ~rc_^ 'K (3.9)  

and 

„ - f, , - ̂)'«3 -1) 

Furthermore, Rf = 0. 

2. Let Ai, . . . ,A,v  be the eigenvalues of Q, and assume that f is an eigenvector 

corresponding to \i. Then for all n and v, 

K'Piv) = M{£''-Hu)}. 
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Furthermore, the eigenvalue of R are 0,  Aa , . . . ,  

The main implication of Proposition 3.1 is that the modified iteration v  : =  M { v )  

converges to v* at the rate of the subdominant eigenvalue, provided / is a dominant 

eigenvector of Q. The proposition also implies that if there is an error in the calcula

tion of /, then the iteration v := M{v) still converges to v', provided / is sufficiently 

close to an eigenvector of Q. In particular, suppose that / is normalized so that 

II/II2 = 1, and for a dominant eigenvector /o of Q we have II/0II2 = 1 and 

l l / - /o ||2=e,  (3 .11)  

where e is a scalar. Let R j  and R f ^  be the matrices corresponding to / and /o, 

respectively, according to (3.10). Then it can be seen that [Ber95b] 

R f  = R f g  + 0(e), 

where 0(e) is a matrix with lim£_+o ||0(e)/e||2 < c for some constant c. By Propo

sition 3.1.2, the eigenvalues of Rf^ are the same as the eigenvalues of Q except that 

the dominant eigenvalue corresponding to /o is replaced by 0. By assuming /o within 

the unit circle and using (3.11), it follows that for sufficiently small e, the eigenvalues 

of /?/ are strictly within the unit circle, and the iteration v ;= M{v) converges to v'. 

The rate of convergence approaches that implied by the subdominant eigenvalue of 

Q as  e  —0.  

An interesting implication of the iteration M ^ { v )  = A/{£"~'(u)}, shown in Propo

sition 3.1.2, is that it does not matter how often we use the modified iteration 
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V  : =  M { v )  in place of the original v  : =  C { v ) ,  as long as we use it infinitely often. 

This means that we can switch from phase one to phase two and back in arbitrary 

fashion without affecting the convergence rate. The result at the end of each use 

of V := M{v) does not depend on the number of preceding substitutions of L by 

M. However, this does depend on / being an exact eigenvector of Q. If / is only 

an approximate eigenvector, the results of the computation will be affected by the 

manner in which the switch between phases is implemented. 

3.1.3 Calculation of Dominant Eigenvector 

Bertsekas used the power method in ROC in order to estimate the dominant 

eigenvector (3.5). The power method is a simple and efficient method to calculate 

the dominant eigenvalue and eigenvector of a given matrix. However, there are other 

methods which work more efficiently than the power method for certain structures. 

We briefly summarized some of the method which can be used to find the direction 

/ for the ROC method (see [GL83], [Cha93], and [Dat95]). 

1. Power Method 

The power method is useful when the gap between absolute values of dominant 

and subdominant eigenvalues is sufficient and when the matrix is large and 

sparse. The first assertation is due to the fact that the rate of convergence 

depends on the ratio of dominant and subdominant eigenvalues [GL83]. The 
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second one is due to the fact that it is unnecessary to store a matrix in an n x n 

array (see (3.5)). 

2. Simultaneous Iteration Method 

This is an extension of the power method. A straightforward generalization 

of the power method can be used to compute higher dimensional invariant 

subspace [GL83]. 

3. Inverse Iteration Method 

This method is designed to compute the eigenvector associated with those eigen

values whose approximate values are known [GL83], [Dat95]. 

4. Lanczos Method 

This method is applicable to large, sparse, and symmetric eigenvalue problems. 

The method involves tridiagonalizing the given matrix [Cha93], [GL83]. 

5. Deflation Method: Calculation of A Subdominant Eigenvector 

The ROC method is not efficient when the subdominant eigenvalue is close to 

the dominant eigenvalue. The "Deflation method" can be used to remove the 

subdominant eigenvalue in order to get better convergence [Dat95]. 

The power method is good for large and sparse matrix problems [GL83]. It is 

also well known that iterative methods (like EBVI) are preferred to direct methods, 

e.g., Gaussian elimination, for sufficient large and nonsparse problems [Por81] (Sec

tion 1.5). Direct methods will find an exact value in a finite number of iterations 



63 

while iterative methods will find an exact value in an infinite number of iterations, 

theoretically [Ber87]. Therefore direct methods are good for small and dense prob

lems. 

3.1.4 Comments 

The ROC method, as studied by Bertsekas, still has some room for improvement. 

Bertsekas applied ROC to noncontrolled Markov processes, i.e., fixed policy problems. 

Even though he suggested some ideas for MDP, i.e., multiple policy problems, he 

didn't investigate them. Thus, we extended the ROC method to the case of multiple 

policy problems (Section 3.2). 

Also, the switching criterion from phase II to phase I is vague. If phase II does 

not result in a "substantial reduction" in the normed residual ||£(l') —1;||2 of the first 

five iterations, then the algorithm switches to phase I. However, the magnitude of the 

change in v in phase II does not necessarily reflect on the accuracy of /. Therefore, 

"substantial" is not a clear concept to implement. We propose a simple and effective 

switching criterion in Section 3.2. 

3.2 Rank One Correction Method for the Multiple Policy Problem 

In the VI algorithm, we can observe policy changes until the optimal policy is 

reached. Before reaching this point, if a policy is changed, the direction / may no 

longer be effective because / is an approximate dominant eigenvector of P^. Thus, 
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/ should be recalculated if a process is in phase II (Section 3.1.1). Furthermore, the 

ROC method can be simplified when the transition probability matrix is stochastic. 

This is so because the dominant eigenvector of any stochastic matrix is always e = 

(1,1,..., 1)'. Therefore, the corresponding eigenvalue of (3.5) is ae. 

3.2.1 Method 

We have experimentally observed that typically VI algorithm can arrive at an e-

optimal policy within 2%-25% of the total number of iterations required to determine 

an e-optimal value u*. Numerical results are presented illustrating this observation 

in Table 3.1. 

Therefore, we propose the following approach: We can treat a multiple policy 

problem as a fixed policy one after the VI process has reached an e-optimal policy. 

However, the lack of prior knowledge about the optimal value and policy makes it 

impossible to calculate the toteil number of iterations needed a priori before that 

approach can be followed. Estimation of the total number of iterations remains an 

open problem in general^ [FS78], [Put94]. We know that VI does not change a policy 

at every iteration, as PI does. This motivates our idea to handle a multiple policy 

problem as a fixed policy problem as long as VI process keeps the same policy. WTien 

^The way to estimate the total number of iterations can be found in [Put94]. The following 
vaJues are required to estimate it: discount rate a, tolerance level e, max,(|fi - vo|)t and delta 
coefficient which provides aji upper bound on the modulus of the subdominant eigenvalue. 



Table 3.1: Analysis of Convergence 
(DC with a = .9, r is sparsity, N is # of states, M is # of actions, 

A is total # of iterations, B is # of iterations to obtain an e-optimal policy) 

Problem r N M Method A B B/A(%) 

Automobile Vl-PJ 208 16 7.7 

replacement 0.05 40 41 EBVI-PJ 104 16 15.4 

EBVI-PGS 168 18 10.7 

Random VI-PJ 204 4 2.0 

Data 0.1 50 30 EBVI-PJ 23 4 17.4 

EBVI-PGS 89 22 24.7 

Random \^-PJ 203 3 1.5 

Data 0.5 50 30 EBVI-PJ 12 3 25.0 

EBVI-PGS 95 17 17.9 

Random VI-PJ 203 3 1.5 

Data 0.1 500 10 EBVI-PJ 12 3 25.0 

EBVI-PGS 97 25 25.8 
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a policy is changed to a new policy after iterations, we can repeatedly treat the new 

policy as a fixed one. 

3.2.2 Algorithm 

This algorithm is identical to the fixed policy version of the ROC algorithm with 

the exceptions of step 1.2, 2.2, 2.4 and 3. The following algorithm finds a stationary 

e-optimal policy and an e-optimal value. 

ROC Algorithm for Multiple Policies 

• STEP 1 (Phase I; VI) 

- STEP 1.1: Initialization 

Select initial value v, specify e > 0, set n = 0. 

- STEP 1.2: Value Improvement 

where L is from (1.5). 

- STEP 1.3: Termination 

If 

(3.12) 

go to step 3. Otherwise go to step 1.4 

- STEP 1.4: Phase Switching Criterion 

Calculate the cosine of the angle between / and Qf as given by (3.6). If 
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|cos0| is sufficiently close to one, go to Phase II (step 2.1). Otherwise, 

increment ra by 1 and return to step 1.2. 

• STEP 2 (Phase II; Modified VI) 

- STEP 2.1: Initialization 

Compute /, 2, and 7 by (3.5), (3.2), and (3.3). 

- STEP 2.2: Modified Iteration 

V n ~ l  = M{ V „ )  = L { V n ) +  7 2 .  

- STEP 2.3: Termination 

If 

||»n« - f„||2 < (3.13) 

go to step 3. Otherwise go to step 2.4 

- STEP 2.4: Phase Switching Criterion 

Choose dn~i to satisfy 

dn~i e argmin{Ld(un)}, 
d ^ D  

If dn~\ ^ dn go to Phase I (step 1.2). Otherwise, increment n by 1 and 

return to step 2.2. 

• STEP 3: Finding Optimal Policy 

For each i 6 5, choose an e-optimal stationary policy 

de{i) € argmin{Ld(u„)}. (3.14) 
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and stop. 

3.2.3 Case of Stochastic Transition Probability Matrix 

When the transition probability matrix P is stochastic, we do not need to calculate 

the direction /. Since the dominant eigenvector of any stochastic matrix is e = 

(1,1,..., 1)', the corresponding eigenvalue of (3.5) is ae. As the dominant eigenvector 

of the stochastic transition probability matrix remains fixed, we do not require a 

switching criterion and 7 can be found as follows. 

/  =  e  =  ( l , l , . . . , l ) ' ,  

2 = Qf = aP J = aPe = ae, 

-  =  ( /  -  z ) ' { L { v )  -  v )  

_ (e — a e ) ' { L ( v )  -  v )  

| | e -ae | l i  
(1  — a ) e ' { L { v )  —  v )  

= (1 -Q)  -^(0}  
n( l  — Q:)^  

E i { L { v ) i i ) ~ v { i ) }  
n( l  -  Q) 

For the stochastic matrix case, the algorithm does not need phase I and consists 

only of phase II. 
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3.3 Modified Policy Iteration with Rank One Correction (MPI-ROC) 

We propose new methods which apply the ROC algorithm to MPI with error 

bound and without error bound. The policy evaluation step of MPI iterates m times 

under a fixed stationary policy z = {dn+i,dnj-i, • •.}. We can apply ROC for this 

step to remove the effect of the dominant eigenvalue of the fixed policy. However, it 

requires slightly more computations per iteration than regular MPI. The algorithms 

of our new methods are identiced to MPI except step 3 (partial policy evaluation). 

Vectors /, z, and scalar 7 are computed in step 3.3 of the following algorithm for the 

ROC procedure. 

MPI-ROC Algorithm of Order m 

• STEP 1: Initialization 

Select arbitrarily an initial value Vq, specify an error bound e, and set n = 0. 

• STEP 2: Policy Improvement 

Choose djiJ-i to satisfy 

dn^i e argmi^{Ld(u„)}. 

Set dn~i = dn if possible (when n > 0), i.e., resolve ties in favor of current 

policy. 

• STEP 3: Partial Policy Evaluation 
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- STEP 3.1: Set A: = 0 and define u° by 

- STEP 3.2: If 

11 -Un II< e(l -a)/2a, 

go to step 4. Otherwise go to 3.3. 

- STEP 3.3: Compute /, and 7 as (cf. (3.5), (3.2), and (3.3)) 

/ = - IJn 

K -  Vnlla '  

Z = aPJ, 

- = (/ - - ̂n) 

' 11/ - -'111 • 

- STEP 3.4: Compute by 

=  {^dn. i (Wn)}+72-

- STEP 3.5: U k = m, go to 3.6. Otherwise increment k by 1 and return to 

3.4. 

- STEP 3.6: Set Vn~i = increment n by 1 and go to step 2. 

• STEP 4: Termination 

Set dc = dn and stop. 

We do not need the switching criteria between phases as ROC does. It is because we 

use modified iteration (phase II) m times only in step 3.4. 
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3.4 Final Remarks 

We have extended the ROC method to multiple policy problems and simplified 

it for when transition probability matrix is stochastic. In addition, we revised a 

switching criterion for multiple policy problems which is simple and effective. It is 

because VI usually finds an optimal policy quite earlier than it finds its optimal value 

(see Table 3.1). The result of comparative computational study in Chapter 5 shows us 

that this method works efficiently especially when the transition probability matrix 

is substochastic. 

We also proposed the MPI-ROC method which apply ROC to the policy evaluation 

step of MPI with error bound (EBMPI-ROC) and without error bound (MPI-ROC). 

Even though this method requires slightly more calculation than MPI, it can converge 

quickly. The performance of MPI-ROC and EBROC is overall better than MPI 

(Chapter 5). 
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CHAPTER 4 

Computational Software Laboratory: SYSCODE 

4.1 SYSCODE Overview 

Although the analytical aspects, and to a lesser degree the algorithmic aspects, 

of stochastic decision and control problems are at a very high state of development, 

widely applicable and user-friendly software implementations and/or software tool 

boxes are conspicuously scarce. For example, "The Guide to Available Mathematical 

Software (GAMS)" of The National Institute of Standards and Technology (NIST) 

has classification for DP (i.e. G2g) but up to the spring of 1996, no software was 

listed under this category. "The Extended List of Control Software (ELCS) 5.0" 

[FKRvdB92] has no listings at all of software especially developed for stochastic 

decision and control problems. 

The one competitive alternative that the author is aware of is the PC-DOS-based 

software package MDPS [HL89], which although useful, has a limited scope since it 

is aimed mostly at operations research applications and is not fully transportable. 

Hazen and Morin developed general codes such as R2DP and DYNA for the discrete 

deterministic finite horizon problem [Mor78]. However, these general codes are no 

longer used. -\s far as can be determined, apart from a few codes designed for 
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some very specific DP problems (e.g. Hastings 75, Broin and Morin 83, Jensen 86, 

Pariar 86, Ho 87, Lin and Bricker 90), no general-purpose DP computer codes seem 

to be available commercially. However, this is not surprising, considering that the 

functional equation stemming from a DP formulation requires handling on a case by 

case basis. Hence, truly general-purpose DP codes can hardly be envisioned [Sni92]. 

On the other hand, the absence of a general-purpose code makes it difficult to use the 

DP approach. SYSCODE is fully transportable and composed of many subroutines 

which can be expanded to suit the individual needs of the users. Therefore, we 

believe that SYSCODE can provide one alternative method for solving optimizing 

problems. 

We have developed SYSCODE in FORTRAN & MATLAB versions^ . Our prin

cipal aims in developing SYSCODE have been to develop a user-friendly, interactive 

and transportable software laboratory for the stochastic decision and control prob

lems. We hope this package will be used for testing, verifying, and comparing new and 

established computational methods. The development environment for SYSCODE 

has been the cluster of Sun SP-A-RC stations in the Algorithmic Research Laboratory, 

in the Systems k Industrial Engineering Department at the University of .Arizona 

(Table 4.2) [CFGed], [FGCG94]. 

^.A. version of SYSCODE has been developed in MATLAB, SYSCODE.M, but at present it 
has a more limited scope than the FORTRAN version presented here [CFGG94]. 
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The FORTRAN version of SYSCODE is coded in FORTRAN 77^ using double 

precision. It is highly transportable and easy to use. Since we wanted to include 

most of the basic methods and their variemts, SYSCODE provides the user with a 

choice of 39 algorithms (see details in Section 4.1.1). 

4.1.1 SYSCODE Structure 

SYSCODE consists of a main program, "syscode", 32 subroutines, and 2 func

tions. The subroutine environment was written to implement the FH, PI, VI, MPI, 

and ROC algorithms. FH has DC case. PI has DC and AC cases. VI, MPI, and 

ROC have 5 variants of DC each, all have AC also, and both DC and AC can be 

used with and without error bounds. Thus the total number of choices to the user 

is 1 + 2 + 3 X (5 + 1) X 2 = 39. The user can execute the program interactively, 

and change options to execute different experiments. The output can be seen on the 

terminal screen, and it is saved in the output file specified by the user during the 

interactive process. 

The FORTRAN programs have been found to be able to handle problems with up 

to 1,000 states. In addition, the programs can generate input data during execution, 

which is an important feature given that the input data requires a large memory 

space allocation. 

^There are many upgraded versions of FORTRAN 77. However, we strictly follow the standard 
version of FORTRAN 77 because of transportability [NL95]. 
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4.1.2 Subroutines and Functions 

1. SYSCODE.F (main program): reads parameters, initializes arrays, and calls 

subroutines. 

2. PDC: computes the optimal policy and value of DC using PI. 

3. PAC: computes the optimal policy and value of AC using PI. 

4. VDC: computes an e-optimal policy and value of DC using VI. 

5. VAC: computes an e-optimal policy and value of AC using VI. 

6. MDC: computes an e-optimal policy and value of DC using MPI. 

7. MAC: computes an e-optimal policy and value of AC using MPI. 

8. RDC: computes an e-optimal policy and value of DC using ROC. 

9. RAC: computes an e-optimal policy and value of AC using ROC. 

10. RDCS: computes an e-optimal policy and value of DC using ROC for stochastic 

transition probability matrix. 

11. EBVDC: computes an e-optimal policy and value of DC using VI with error 

bound. 

12. EBVAC: computes an e-optimal policy and value of AC using VI with error 

bound. 
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13. EBMDC: computes an e-optimal policy and value of DC using MPI with error 

bound. 

14. EBMAC: computes an e-optimal policy £ind value of AC using MPI with error 

bound. 

15. EBRDC: computes an e-optimal policy and value of DC using ROC with error 

bound. 

16. EBRAC: computes an e-optimal policy and value of AC using ROC with error 

bound. 

17. EBRDCS: computes an e-optimal policy and value of DC using ROC with error 

bound for stochastic transition probability matrix. 

18. FIN: computes the optimal policy and value of the finite horizon problem. 

19. Value Improvement Step: the Approximation methods have 5 different ways to 

calculate the value improvement step. 

(a) PJIM: Pre-Jacobi (PJ). 

(b) JIM: Jacobi (J). 

(c) PGSIM: Pre-Gauss-Seidel (PCS). 

(d) GSIM: Gauss-Seidel (GS). 

(e) SORIM: Successive GverRelaxation (SOR). 



20. Policy Evaluation Step for MPI: the MPI methods have 5 different ways 

calculate the policy evaluation step. 

(a) PJEV: Pre-Jacobi (PJ). 

(b) JEV; Jacobi (J). 

(c) PGSEV: Pre-Gauss-Seidel (PGS). 

(d) GSEV: Gauss-Seidel (GS). 

(e) SOREV: Successive OverRelaxation (SOR). 

21. Other Subroutines 

(a) READIN: reads input data and parameters from input file. 

(b) DATAGN: reads parameters and generates random data. 

(c) PRINTO: makes the various format of the output. 

(d) PRINTF: makes the only format for the finite DP. 

(e) GAUSS: solves the linear equations. 

22. Functions 

(a) RANDU: generates the random numbers between 0 and 1. 

(b) TIMER: calculates CPU time. 
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4.1.3 Input Parameters 

ALPHA the discount rate. 

COTYPE FH, Discounted, Average or Undiscounted. 

EPS the error bound (e) used in the stopping rule, 

machine zero (tolerance) in PI. 

IMTYPE the type of value improvement: PJ, J, PGS, GS, SOR. 

METHOD FH, PI, V I ,  MPI, ROC, EBVI, EBMPI, or EBROC. 

MC the number of actions (decisions). 

NORDER the order for MPI or EBMPI. 

NS the number of states. 

NSTAGE the number of stages for FH. 

PRTYPE MIN (imization) or MAX (imization). 

SRATE the successive overreleixation rate. 

STOCHA the stochastic or substochastic matrix. 

4.1.4 Execution Procedures 

In order to execute SYSCODE, the user has to type "syscode" on UNIX machine^ 

. Then the user will be prompted for: 

1. Input Data File Name 

This file includes parameters like NS, MC, and PRTYPE, and data matrices. 

^The execution command depends on the machine and operating system 
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e.g., cost/reward value, and transition probability matrices. If one wants to 

generate random data, type "random". 

2. Transition Probability Matrix Type 

Select one option from stochastic and substochastic. 

3. Output Data File Name 

It will create a new output file. 

4. Method Type 

Select one option among FH, PI, VI, MPI, ROC, EBVT, EBMPI, and EBROC. 

The number of stages (FH), machine zero (PI), error bound (VI, MPI, ROC, 

EBVI, EBMPI, and EBROC), and number of order (MPI, EBMPI) are required 

as inputs depending on the option being used. 

5. Cost Type 

Select one option among FH, discounted cost, average cost, and undiscounted 

cost. The discount rate and IMTYPE are required in the discounted case. 

4.1.5 TrEinslation Module 

SYSCODE has the capability of handling either a system equation (e.g., inven

tory control) or a transition probability matri.x (e.g., queueing control) description 

for the stochastic controlled system of interest. The computational algorithms are 

naturally formulated in terms of vector values and policies, and transition probability 
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matrices. Therefore, a system equation description must be translated first to that 

form. This is accomplished by SYSCODE via a Translation Module "tran.f". For 

example, the user modifies a function statement, thus defining the system equation 

(4.1). With this, and the (conditionjil) disturbance probabiUty distribution (4.2), 

"tran.f" obtains an equivalent probability transition matrix description (4.3), in an 

automated fashion, which is then inputed to the computational module. This trans

lation is as follows [Ber87]. 

Given 

X k - I  = f { x k , U k , W k ) ,  fc = 0,1,2,..., (4.1) 

W k  ~ P { - \ x k , U k ) ,  /:  = 0,1 , 2 , . . . ,  (4.2) 

then compute 

= (Wfc I X k ^ l  = f { X k , U k , W k ) } ,  

P u k i X k , X k ^ l )  =  P { W { X k , U k , X k ^ l )  \  X k , U k } .  (4.3) 

4.2 Performance Measure 

In order to conduct a comparative study of different algorithms, appropriate per

formance measures must be selected. We mention below several measures of perfor

mance used in the literature. 
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1. CPU 

CPU time is an unreliable measure on the time-sharing system because com

parison of methods based on CPU times requires that each method be coded 

with comparable efficiency [PorSOa]. However CPU time is frequently used as a 

criteria of comparison because it is relatively easy to understand as a measure 

of speed. 

In our study, CPU times are in seconds and the solution time doesn't include 

the time required to obtain the data initially. 

2. Iteration 

The number of iterations is also frequently used as a measure of comparison. 

However, different methods require a different number of operations for each 

iteration. Some type of normalization may be performed. The number of nor

malized iterations could consists of the total number of multiplication/division 

operations needed by a particular approach, divided by the number of such op

erations needed for each compared iteration method [PorSOa], [PT78|. In our 

study, no normalization is used. 

3. Denardo's Criteria 

There are two key measures of the speed of a computer program. One is the 

number of computer operations (memory accesses, arithmetic operations, etc.) 

needed to execute it. The other is the number of cells of fast-access memory 
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needed to execute it without substantial compromise in speed. Both measures 

are important because they limit the size of the problem that can be solved 

efficiently on a given computer [Den82]. We found in the computer available to 

us for our study that memory constraint limited the size of problems we could 

handle to 1000 states and 10 actions. 

4. Porteus' Criteria 

Porteus suggested four measures of performance of iterative methods [PorSOb]. 

• Norms 

If there exists 0 < a < 1 such that \\Pd\\ < ot for all d, then a standard 

application of the fact that L is a contraction mapping says that given 

u, there exists K such that — v'\\ < a^K for all n. Thus, VT 

converges geometrically at the rate a in this case. K is easy to compute: 

K = \\Lv — t;||/(l — a), so bounds on v* are readily available. 

• Radii 

The radius of the controlled transition probability matrix is defined as 

a := sup(i(j(Pd) < 1, where cr(P) is the absolute value of a dominant 

eigenvalue. VI converges geometrically at nearly the rate a. Since (T{Pd) < 

IjPdII always holds, this convergence rate is better than that guaranteed 

using norms. However, the constant K is not easy to compute, so bounds 

on u' are not readily available. 
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• Subradii 

If there exists a unique optimal policy, say tt* = {d*, d*,...}, then relative 

VI (see Section 2.2.2) converges geometrically at nearly the rate ^{Pd-), 

the subradius of Pd- where a{P) is the absolute value of a subdorainant 

eigenvalue. Since the subradius of a matrix can be significantly smaller 

than the radius, this result can provide substantially better convergence 

than that guaranteed using radii. 

• Amount of Computational Effort 

The last measure is a general one consisting of the amount of computa

tional effort required for a single iteration of a given method. The main 

factor in determining this number is usually the total number of nonzero 

elements of a transition probability matrix (the sparsity of a transition 

probability matrix). 

5. Archibald et al.'s Criteria 

Archibald et al. [AMT93] looked at the following aspects which affect algorithm 

performance. 

• Closeness of the structure of the transition matrices of non-optimal policies 

to that of the optimal policy. 

• Closeness of the vectors of values of non-optimal policies to that of the 

optimal policy. 
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• Concentration of transition probabilities in the lower triangle of the tran

sition matrices. 

• Discount factor (a). Reducing a improves the convergence of all methods. 

• Tolerance (e). Reducing e increeises the number of iterations required for 

all methods. 

• Number of states. Increaising the number of states increases CPU time. 

• Number of actions. Increasing the number of actions increases CPU time. 

• Speed of mixing. Problems with rapid mixing take fewer iterations using 

VI. A problem is said to be rapidly mbcing if given any starting state the 

probability of being in any given state n iterations later converges rapidly 

to a limit as n increeises [Ald83]. 

4.3 Test Drivers 

SYSCODE.F can generate input data during execution, which is an important 

feature given that the input data may require a large memory space allocation. 

4.3.1 Random Data Generation 

The motivation behind attempting to randomly generate data for problems is that 

there are hardly any problems in the literature which can be considered as standard 

test problems. Therefore, it is customary to test and compare algorithms using 
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randomly generated data. Also, one wants to test the different algorithms in a way 

that no special advantage is given to any one in particular. SYSCODE generates 

the random expected one-stage cost matrix and transition probability matrix. The 

methods used are explained below. 

1. Random Generation Function 

The following FORTRAN program provides a random number r € [0,1) when 

user assigns a seed number IX [Sch79]. 

DOUBLE PRECISION FUNCTION RANDU(IX) 

C 

C BY LINUS SCHRAGE 

C ACM TOMS VOL. 5. NO. 2, 1979, PP132-138. 

C 

C 

C PORTABLE RANDOM NUMBER GENERATOR 

C 

C USING THE RECURSION 

C IX = IX • A MOD P 

C 

DOUBLE PRECISION A,P.IX.B15.B16.XHI,XAL0.LEFTL0,FHI.K 

C 

C 7**5, 2««15, 2««16, 2*«31-1 
DATA A/16807.DO/.B15/32768.DO/,B16/65536.DO/,P/2147483647.DO/ 

C 

C GET 15 HI ORDER BITS OF IX 

XHI = IX / 816 

XHI = XHI - DMOD(XHI,1.DO) 

C 

C GET 16 LO BITS OF IX AND FORM LO PRODUCT 

XALO = (IX - XHI • B16) * A 

C 

C GET 15 HI ORDER BITS OF LO PRODUCT 

LEFTLO = XALO / 816 

LEFTLO = LEFTLO - DMOD(LEFTLO,1.DO) 

C 

C FORM THE 31 HIGHEST BITS OF FULL PRODUCT 
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FHI = XHI » A + LEFTLO 

C 

C GET OVERFLO PAST 31ST BIT OF FULL PRODUCT 

K = FHI / B15 

K = K - DH0D(K,1-D0) 

C 

C 

C 

ASSEMBLE ALL THE PARTS AND PRESUBTRACT P 

THE PARENTHESES ARE ESSENTIAL 

IX = (((XALO - LEFTLO • B16) - P) + (FHI - K » B15) » B16) + K 

C 

C ADD P BACK IN IF NECESSARY 

IF (IX .LT. O.DO) IX = IX + P 

C 

C MULTIPLY BY 1 / (2««31 - 1) 

RANDU = IX • 4.656612875D-10 

RETURN 

END 

2. One-Stage Cost Matrix 

Using a uniform distribution on the interval [0,100], the components of the 

expected one-stage cost matrix [g{x, u)] are randomly chosen. 

3. Transition Probability Matrix 

Two types of transition probability matrices are generated by SYSCODE. The 

first one ( section (a) ) is the general random data matrix which is stochastic 

(the row sum is equal to one). Substochastic matrix ( section (b),(c),(d) ) is 

the other type, which arises in stochastic shortest path problems [Ber93]. 

Bertsekas [Ber95a], [Ber95b] studied the stochastic shortest path problem, orig

inally introduced in [EZ62]. Other relevant references in this area are [BerST], 

[Den67], [BT91]. For this class of problems, to date there are no simple and 

effective methods to accelerate the convergence of VI. 
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(a) General Random Data 

Given a sparsity factor r, each transition probability (i, j) is specified 

to be 0 or positive. Next the positive Pu[hj) are selected according to a 

uniform distribution and appropriately normalized. 

(b) Random Transition Graph (RTG) 

RTG has one more factor than general random data. This factor is escape 

probability where the probability 1 — T.'j=iPu{'id) of transition from i to 

the termination state is selected to be either a fixed positive number q < I, 

or 0, with probability r and 1 — r accordingly. 

(c) Linear Transition Graph (LTG) 

There are two possible transitions for each state i = 2,..., n — 1: a left 

transition to a fixed state randomly chosen from the set (1,..., i—1}, and a 

right transition to a fixed state randomly chosen from the set {z4-l,..., n}. 

The left and right transition probabilities are randomly chosen from the 

interval [0,1] and then are normalized to add to one. From state 1, there 

is a fixed probability q, escape probability, of moving to terminal state, 

and a probability 1 — 9 of moving to state 2. Similarly, from state n, there 

is a 9 of moving to the termination state, and 1 — <7 of moving to state 

n — I. 
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(d) Two-Action Linear Transition Graph 

Two actions are possible: the first action is when the state evolves proba

bilistically as in the LTG; the second action is when the left and the right 

t rans i t ions  occur  wi th  equa l  p robabi l i ty  1 /2  a t  a  s ta te  f  =  2 , . . . ,  n  — 1 .  

4.3.2 Inventory Control Problem (inven.dat). 

Next, to illustrate the input data file formats, we present a simple example taken 

from Bertsekas [BerST, pp. 18-22]. The problem is specified by an inventory balance 

equation. The FORTRAN input contains the problem type, the number of states and 

actions, the cost matrix, and the transition probability matrix information in a file, 

which we called, inven.dat for this example. The transition probability matrix was 

transformed from an inventory balance equation by the translation module •'tran.f" 

(see Section 4.1.5). 

Tlie inventory disturbance probability 
Problem type 
min 
NS. MC 
3 3 
G ( i . k )  
3 . 3  1 . 7  2 . 9  
0.7 2.9 le+20 
0.9 le+20 le+20 
P i j ,  k  =  1  
1 . 0  0 . 0  0 . 0  

0 . 9  0 . 1  0 . 0  
0 . 2  0 . 7  0 . 1  
P i j .  k  =  2  
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0 . 9  0 . 1  0 . 0  
0 . 2  0 . 7  0 . 1  
x.x x.x x.x"' 
P i j ,  k  =  3  
0 . 2  0 . 7  0 . 1  
x . x  x . x  x . x  
x . x  x . x  x . x  

4.3.3 Automobile Replacement Problem (auto.dat) 

We mention another test driver included in our software package. There are 

few realistic large scale problem data available in the literature. Howard presented 

an automobile replacement problem in his 1960 book [How60]. The problem data 

consists of 40 states and 41 actions. Howard's automobile replacement problem is 

one of the most frequently used benchmark problems in the literature [AMT93], 

[HY94], [PS82], [Put94]. 

The detail of the automobile replacement problem is described in Section 5.1. 

Table 4.1 shows the actual data of the automobile replacement problem [How60]. 

•^Due to state/action constraints for this example, some transitions are not allowed. This can be 
modeled by using any arbitrary probability values for the forbidden transition, and then assigning 
very high costs so that, e.g., G(3,2) = le+20. 



Table 4.1: Automobile Replacement Data 
{i: Age in Periods, Cj-: Cost, Tii Trade-in Value, 
Ef. Operating Expense, p,-: Survival Probability) 

i Ci Ti Ei Pi i Ci Ti Ei Pi 
0 2000 1600 50 1.000 
1 1840 1460 53 0.999 21 345 240 115 0.925 
2 1680 1340 56 0.998 22 330 225 118 0.919 
3 1560 1230 59 0.997 23 315 210 121 0.910 
4 1300 1050 62 0.996 24 300 200 125 0.900 
5 1220 980 65 0.994 25 290 190 129 0.890 
6 1150 910 68 0.991 26 280 180 133 0.880 
7 1080 840 71 0.988 27 265 170 137 0.865 
8 900 710 75 0.985 28 250 160 141 0.850 
9 840 650 78 0.983 29 240 150 145 0.820 

10 780 600 81 0.980 30 230 145 150 0.790 
11 730 550 84 0.975 31 220 140 155 0.760 
12 600 480 87 0.970 32 210 135 160 0.730 
13 560 430 90 0.965 33 200 130 167 0.660 
14 520 390 93 0.960 34 190 120 175 0.590 
15 480 360 96 0.955 35 180 115 182 0.510 
16 440 330 100 0.950 36 170 110 190 0.430 
17 420 310 103 0.945 37 160 105 205 0.300 
18 400 290 106 0.940 38 150 95 220 0.200 
19 380 270 109 0.935 39 140 87 235 0.100 
20 360 255 112 0.930 40 130 80 250 0.000 
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Table 4.2: Development Environment of SYSCODE 

Process Machine Operating System FORTRAN Compiler 

Develop Sun SPARC20 SunOS UNIX 5.4 Sun FORTRAN 3.0.1 

Test IBM RS/6000 AIX 3.2.5 AIX XL FORTRAN 3.2.2.0 

Test VAX 4000/300 VMS 6.1 DEC FORTRAN 6.2 

4.4 Final Remarks 

SYSCODE has been developed on the Sun SPARC20 station. The operating 

system and FORTRAN compiler are SunOS UNIX 5.4 and Sun FORTRAN 3.0.1 re

spectively. SYSCODE has been tested on IBM RS/6000 and VAX 4000/300 in or

der to prove its transportability (see Table 4.2). The transportability of SYSCODE 

makes it easy to use. 

SYSCODE provides several DP computational methods and test drivers which 

enable easy comparison with other methods based on CPU time and the number 

of iterations. We will use SYSCODE for the comparative computational study in 

Chapter 5. 
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CHAPTER 5 

Comparative Computational Study 

We have studied various computational methods. Each method has pros and cons 

(Section 1.5). Therefore, there is no overall best method. We solved various problems 

in order to test the efficiency of the proposed methods. 

Nine computational methods of 3 types are compared. Basic methods (Section 1.4) 

are PI, VI, MPI, VI with error bound (EBVT), and MPI with error bound (EBMPI). 

Extended ROCs (Section 3.2) are ROC for multiple policy and ROC with error bound 

for multiple policy (EBROC). Altered MPI (Section 3.3) are MPI with ROC (MPI-

ROC) and MPI with ROC and error bound (EBMPI-ROC). All methods except 

PI have 5 variants which are pre-Jacobi (PJ), Jacobi (J), pre-Gauss-Seidel (PCS), 

Gauss-Seidel (GS), and successive overrelaxation (SOR) (Section 2.2.2). 

We use three different types of problems in this chapter: automobile replacement, 

shortest path, and general random data. The automobile replacement problem was 

selected because it is one of the most frequently used problems in the literature. The 

shortest path problems were selected because they are used by Bertsekas to show the 

efficiency of the ROC method. General random data problems were used to compare 

algorithms in various parameter settings. 
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There are many parameters for each problem [AMT95] (Section 4.2). Though some 

parameters are useful to generate various types of problems such as the closeness of 

non-optimal policies to the optimal policy, they are not applicable to the analysis of 

real world problems. The parameters applicable to our problem are size (number of 

states, number of actions), sparsity, and discount factor. These are the basic features 

of the problems and are also frequently used in the literature [Ber95b], [SPK85], 

[PorSOa], [PT78], [PS78]. 

CPU time in second and the number of iterations are used as performance criteria 

(see Section4.2). CPU times given in the tables in this chapter are the average of 5 

test results. 

5.1 Automobile Replacement Problem 

Howard introduced the automobile replacement problem in [How60] (see Table 4.1). 

In this problem one has to choose the proper time of replacement for an automobile 

which deteriorates with time. The life span of an automobile is 10 years and the 

review process occurs every three months. The state of the system, i, is described 

by the age of the car in three-month periods, hence the number of states is 40. The 

available actions in each state are to keep the current car or to buy a car ranging 

from 0 to 39 periods old. There are 41 actions in each state, to give 41''° possible 

policies. 
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The transition probability matrix of this problem is sparse. Each row has at most 

two nonzero elements out of 40 elements: the age of the car can increase by one 

additional period (3 months), or the car can break down. Therefore, the sparsity is 

0.05 (= 2/40). The shape of this matrix is upper triangular because a car can not 

become newer with time. 

We compared 9 methods for the case of DC with a = .9 in Table 5.1. All iterative 

methods used pre-Jacobi (PJ) iteration which is the standard form of the value/policy 

improvement step. PI emerges as the best alternative. This is to be expected because 

PI is known as the best method for problems with upper triangular matrbc structure 

and fewer than 50 rows (see Section 1.5). For small problems, VI is expected to 

be slower than most methods. MPI usually performs somewhere between PI and 

VI because the partial policy eveiluation step (Section 1.4) cannot fully exhibit its 

strength for small problems. EBMPI, MPI-ROC, and EBMPI-ROC, which are the 

modified versions of MPI, are the second best options. We can observe that EBVI, 

ROC, and EBROC perform similarly. The reason for this is that error bound and 

ROC simultaneously remove the effect of the dominant eigenvalue when the transition 

probability matrix is stochastic. The convergence rate of these methods depends on 

the subdominant eigenvalue. 



Table 5.1: Automobile Replacement Problem 
(m := order of MPI) 

Method # of iterations CPU time (sec) 

PI 4 0.62 

VT-PJ 208 17.63 

MPI-PJ m = 5 36 3.31 

ROC-PJ 104 8.81 

EBVI-PJ 104 8.81 

EBMPI-PJ m = 5 20 1.84 

EBROC-PJ 104 8.81 

MPI-ROC-PJ m = 5 20 1.83 

EBMPI-ROC-PJ m = 5 20 1.83 
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5.2 Shortest Path Problems 

Bertsekas used the shortest path problems whose transition probability matrices 

are substochastic [Ber93]. Bertsekas' ROC method works efficiently for these prob

lems. We wanted to see if the ROC method for multiple policy problems also works 

efficiently. We randomly generated fixed policy and multiple policy problems for 

RTG and LTG (see Section 4.3.1). The number of actions varies from 1 to 5 while 

the number of states is fixed at 100. The sparsity of LTG problems is 0.02 since they 

have only two nonzero elements out of 100. We set the sparsity of RTG problems 

as 0.1. The escape probability of both problems is assigned as 0.1. We compared 9 

methods for the case of DC with a = 0.9 in Table 5.2 and 5.3. .\ll iterative methods 

used pre-Jacobi iteration. 

In Table 5.2, the overall best methods are ROC and EBROC. These results are 

similar to Bertsekas' [Ber93|. PI also shows good performance because the number of 

states is relatively small. As the number of actions increases, the CPU times of ROC 

and EBROC increase, whereas the CPU time of PI remains fairly constant. EBVT 

and EBMPI are not much better than VI and MPI because error bounds do not work 

well for problems with substochastic transition probability matrices. 

In Table 5.3, we can observe quite different results from those in Table 5.2. .-Vs 

the number of actions is increased, CPU time and number of iterations dramatically 

increase. The differences between RTG of Table 5.2 and LTG of Table 5.3 are sparsity 



Table 5.2: Shortest Path Problem: RTG 
(DC with a = 0.9, sparsity = 0.1, escape prob. = 0.1, 

m ;= order of MPI, #I:=# of iterations) 

# of States 

# of Actions 

100 100 100 # of States 

# of Actions 1 3 5 

Method CPU #I CPU #I CPU 

PI 1 1.02 1 1.06 1 1.07 

VI-PJ 1655 15.65 2337 68.23 1657 83.71 

MPI-PJ m = 5 277 16.28 391 30.80 278 27.81 

ROC-PJ 25 0.26 28 0.84 24 1.23 

EB VI-PJ 1476 14.07 2063 60.47 1471 74.43 

EBMPI-PJ m = 5 247 14.53 346 27.35 247 24.74 

EBROC-PJ 25 0.26 28 0.84 25 1.29 

MPI-ROC-PJ m = 5 93 6.45 134 12.12 92 10.20 

EBMPI-ROC-PJ m = 5 87 6.04 138 12.42 86 9.53 
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Table 5.3: Shortest Path Problem: LTG 
(DC with a = 0.9, escape prob. = 0.1, m := order of MPI, #!:=# of iterations) 

# of States 

# of Actions 

100 100 100 # of States 

# of Actions 1 3 5 

Method #I CPU #I CPU CPU 

PI 1 1.04 6 6.31 10 10.74 

VI-PJ 184 1.76 1428 41.79 26153 1317.50 

MPI-PJ m = 5 32 1.86 240 19.64 4360 462.06 

ROC-PJ 121 1.19 117 3.51 3500 177.54 

EBVI-PJ 184 1.77 1406 41.29 25300 1276.46 

EBMPI-PJ m = 5 32 1.86 236 19.32 4218 448.31 

EBROC-PJ 124 1.24 120 3.59 3411 173.74 

MPI-ROC-PJ m = 5 29 1.99 149 13.83 3602 424.78 

EBMPI-ROC-PJ m = 5 30 2.05 147 13.65 3488 593.62 

(0.1 and 0.02 respectively) and structure. We can also notice that error bound in 

Table 5.3 does not work like error bound of RTG of Table 5.2. The overall best 

methods are PI, ROC and EBROC. .\s the number of actions increases, the CPU 

time of all methods increases. However the CPU time increases more slowly for PI. 
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5.3 General Analysis 

We tested various sets of problems to find out the characteristics of the compu

tational methods. General random data with stochsistic transition matrices are also 

used. 

5.3.1 Problem Size 

The first parameter we will look at is the size of the problem. In Table 5.4 data 

is generated randomly with a sparsity of 0.1. The transition probability matrix of 

this general random data set is stochastic (Section 4.3.1). The number of actions 

is fixed and the number of states is increased. Notice that the number of iterations 

either stays constant or decreases because it depends on discount rate, tolerance, and 

structure (Section 3.2.1). However, the CPU time of all methods increases with the 

number of states. EBMPI and EBMPI-ROC perform the best overall. ROC, EBVT, 

EBROC, and MPI-ROC are second best. We can also observe that the CPU time of 

PI increased more dramatically than EBVI as the number of states is increased (see 

Section 1.5, Table 1.1). 

In Table 5.5 data is generated randomly with a sparsity of 0.1 and a stochastic 

transition probability matrix. In this case we fix the number of states and increase 

the number of actions. Notice that the number of iterations stays constant or de

creases slightly, yet the CPU time of all methods increases as do those of Table 5.4 



Table 5.4: Random Data: Size - Number of Actions Fixed 
(DC with a = 0.9, sparsity = 0.1, m := order of MPI, #!:=# of iterations) 

# of States 

# of Actions 

50 100 300 # of States 

# of Actions 30 30 30 

Method CPU #I CPU CPU 

PI 6 1.35 6 8.36 5 166.07 

VI-PJ 203 18.91 203 75.22 203 692.48 

MPI-PJ m = 5 35 3.77 35 15.23 35 145.33 

ROC-PJ 24 2.23 18 6.67 13 45.27 

EBVI-PJ 23 2.17 10 6.75 13 45.28 

EBMPI-PJ m = 5 7 0.74 6 2.56 5 19.60 

EBROC-PJ 23 2.15 18 6.68 13 44.31 

MPI-ROC-PJ m = 5 13 1.40 13 5.62 13 52.00 

EBMPI-ROC-PJ m = 5 7 0.75 6 2.56 5 19.61 
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Table 5.5: Random Data: Size - Number of States Fixed 
(DC with a = 0.9, sparsity = 0.1, m := order of MPI, #!:=# of iterations) 

# of States 

# of Actions 

100 100 100 # of States 

# of Actions 15 30 50 

Method CPU CPU #I CPU 

PI 5 5.92 6 8.36 5 8.46 

VI-PJ 203 32.44 203 75.22 204 132.78 

MPI-PJ m = 5 35 7.33 35 15.23 35 25.07 

ROC-PJ 20 3.20 18 6.67 18 11.63 

EBVI-PJ 20 3.19 10 6.75 18 11.63 

EBMPI-PJ m = 5 5 1.05 6 2.56 5 3.50 

EBROC-PJ 20 3.20 18 6.68 18 11.67 

MPI-ROC-PJ m = 5 13 2.89 13 5.62 13 9.34 

EBMPI-ROC-PJ m = 5 5 1.07 6 2.56 5 3.56 

(Section 3.2.1). EBMPI and EBMPI-ROC perform the best. ROC, EBVI, EBROC, 

and MPI-ROC are second best. PI performs well when the number of actions is 50 

because the number of states is relatively small. 

We use general random data again in Table 5.6 with a sparsity of 0.1. The number 

of states and the number of actions are increased simultaneously. Notice that the 

number of iterations stays constant or decreases, yet the CPU time of all methods 
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Table 5.6: Random Data: Size - Number of States and Actions Varied 
(DC with a = 0.9, sparsity = 0.1, m := order of MPI, #I:=# of iterations) 

# of States 

# of Actions 

50 100 300 # of States 

# of Actions 15 30 50 

Method #I CPU CPU #I CPU 

PI 5 0.86 6 8.36 6 207.14 

VI-PJ 203 7.99 203 75.22 204 1272.15 

MPI-PJ m = 5 35 1.85 35 15.23 35 239.35 

ROC-PJ 27 1.07 18 6.67 12 74.52 

EBVI-PJ 27 1.06 10 6.75 12 74.56 

EBMPI-PJ m = 5 7 0.36 6 2.56 5 33.68 

EBROC-PJ 27 1.07 18 6.68 12 74.95 

MPI-ROC-PJ m = 5 13 0.68 13 5.62 13 88.61 

EBMPI-ROC-PJ m = 5 7 0.37 6 2.56 5 33.67 

increases, the same as in Table 5.4 and 5.5. EBMPI and EBMPI-ROC are the overall 

best methods. ROC, EBVI, EBROC, and MPI-ROC are second best. PI, VI, and 

MPI do not perform well when the number of states and actions are 300 and 50, 

respectively. The results of Table 5.6 are similar to those of Table 5.4. We notice 

that the number of states affects the convergence rate more than the number of 

actions. These results are explained by Table 1.1. 
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5.3.2 Sparsity 

Data is generated randomly in order to study the impact of the sparsity of the 

transition probability matrix on the performance of different algorithms. The results 

are summarized in Table 5.7. The number of states and the number of actions are 

fixed, and the sparsity is increased from 0.05 to 1.0. Notice that the number of 

iterations and the CPU time of PI, ROC, and error bounded methods decrease with 

increasing sparsity while VT, MPI, and MPI-ROC remain constant. 

Even though the CPU time of PI decreases as sparsity is increased, its trend 

is slower than other indirect methods like ROC, EBVT, and EBROC. This agrees 

with the fact that indirect methods are preferred to direct methods for nonsparse 

and sufficiently large problems (Section 1.5). However, it does not apply to indirect 

methods without error bound like VI, MPI, and MPI-ROC. 

5.3.3 Discount Rate 

To compare the effect of discount rate on the performance of algorithms, the 

automobile replacement problem was used with results summarized in Table 5.8. 

The discount rate varies from 0.8 to 0.99. Notice that both the number of iterations 

and the CPU time for all methods increases with discount rate. PI increases least 

while VI and MPI change dramatically. 

Table 5.9 summarizes the results for general random data with sparsity of 0.1 and 

discount rates varying from 0.8 to 0.99. Notice that the number of iterations and 



Table 5.7: Random Data: Sparsity 
(DC with a = 0.9, # of states=100, # of actions=30, sparsity = 0.1, 

m := order of MPI, #I:=# of iterations) 

Sparsity 0.05 0.2 0.5 1.0 

Method #I CPU #I CPU #I CPU #I CPU 

PI 6 8.44 5 6.98 4 5.61 4 5.60 

VI-PJ 203 75.56 203 75.85 203 75.20 203 75.22 

MPI-PJ m = 5 35 15.41 35 15.46 35 15.25 35 15.25 

ROC-PJ 26 9.71 14 5.21 10 3.70 8 2.97 

EBVT-PJ 26 9.75 14 5.21 10 3.71 8 2.96 

EBMPI-PJ m = 5 7 3.00 5 2.12 4 1.68 3 1.25 

EBROC-PJ 26 9.75 14 5.20 10 3.71 8 2.97 

MPI-ROC-PJ 13 5.69 13 5.62 13 5.62 13 5.62 

EBMPI-ROC-PJ 7 3.00 5 2.13 4 1.68 3 1.25 



Table 5.8: Automobile Replacement Problem: Discount Rate 
(m := order of MPI, #!:=# of iterations) 

Discount Rate 0.8 0.9 0.95 0.99 

Method CPU #I CPU #I CPU CPU 

PI 4 0.62 4 0.62 5 0.77 6 0.92 

Vl-PJ 96 8.18 208 17.63 440 37.32 2402 203.52 

MPI-PJ m = 5 17 1.56 36 3.31 74 6.81 401 36.77 

ROC-PJ 57 4.84 104 8.81 160 13.59 304 25.72 

EBVT-PJ 56 4.75 104 8.81 155 13.16 300 25.42 

EBMPI-PJ m = 5 12 1.10 20 1.84 30 2.76 56 5.15 

EBROC-PJ 56 4.76 104 8.81 155 13.16 300 25.43 

MPI-ROC-PJ 12 1.10 20 1.83 31 2.86 56 5.16 

EBMPI-ROC-PJ 12 1.10 20 1.83 30 2.77 56 5.16 
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Table 5.9: Random Data: Discount Rate 
(# of states=100, # of actions=30, sparsity = 0.1, 

m := order of MPI, #I:=# of iterations) 

Discount Rate 0.8 0.9 0.95 0.99 

Method #I CPU #I CPU #1 CPU #I CPU 

PI 5 6.98 6 8.36 6 8.36 6 8.37 

VI-PJ 93 34.52 203 75.22 431 159.74 2358 854.57 

MPI-PJ m = 5 17 7.38 35 15.23 73 32.07 394 172.22 

ROC-PJ 16 5.95 18 6.67 20 7.42 23 8.53 

EBVI-PJ 16 5.93 10 6.75 20 7.42 23 8.53 

EBMPI-PJ m = 5 5 2.12 6 2.56 6 2.55 6 2.56 

EBROC-PJ 16 5.94 18 6.68 20 7.42 23 8.54 

MPI-ROC-PJ 6 2.56 13 5.62 20 8.72 32 13.95 

EBMPI-ROC-PJ 5 2.13 6 2.56 6 2.56 6 2.57 

the CPU time of most methods increases with discount rate while PI, EBMPI and 

EBMPI-ROC remain constant. The results of VI and MPI show trends similar to 

Table 5.8. 

5.3.4 Value Improvement Step 

In this section we compare variants of V7 which are pre-Jacobi, Jacobi, pre-Gauss-

Seidel, Gauss-Seidel, and SOR. Tables 5.10, 5.11, and 5.12 summarize the results for 
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the automobile replacement problem, RTG, and general random data. For the pur

pose of comparison, the methods were chosen randomly. However, any combination 

of methods are valid to prove our finding. 

The discount rates are 0.8, 0.9, and 0.95. We observe that the pre-type methods, 

PJ and PCS, are always better than Jacobi and Gauss-Seidel with respect to CPU 

time, though pre-type methods sometimes take more iterations. It is not easy to say 

which one is best among the Jacobi, Gauss-Seidel, and SOR types. Results are found 

in Table 5.10, 5.11, cind 5.12. For example, in Table 5.10 PJ performs better than 

PGS in the automobile replacement problem while PGS outperforms PJ in the RTG 

problem. 

5.3.5 Error Bound 

We use the automobile replacement problem and general random data with a 

discount rate of 0.9. As can be seen from Table 5.13, applying error bounds improves 

convergence for VI and MPI in both problems, and for MPI-ROC in random data 

problems. However, there is no improvement between ROC and EBROC. The reason 

for this is that both the error bound and the ROC method remove the influence of 

the dominant eigenvalue on the convergence rate simultaneously (Sections 2.1.1 and 

3.1). 



Table 5.10: Value Improvement: Discount rate = 0.9 
(m := order of MPI, of iterations, u := SOR rate) 

Problem Auto Repl RTG Random Data 

Sparsity 0.05 0.1 0.1 

# of States 40 100 100 

# of Actions 41 3 30 

Cost Type DC 0.9 Escape 0.1 DC 0.9 

Method EBVT EBMPI m=5 EBROC 

Improv. Type #I CPU CPU CPU 

Pre-Jacobi 104 8.81 346 27.35 18 6.68 

Jacobi 154 17.72 341 41.08 20 10.29 

Pre-Gauss-Seidel 168 14.31 188 14.92 29 11.36 

Gauss-Seidel 167 19.26 183 22.03 31 15.98 

SOR u;=1.05 159 18.41 167 20.10 41 21.13 



Table 5.11; Value Improvement; Discount rate = 0.8 
(m := order of MPI, #I:=# of iterations, u := SOR rate) 

Problem Auto Repl RTG Random Data 

Sparsity 0.05 0.1 0.1 

# of States 40 100 100 

# of Actions 41 3 30 

Cost Type DC 0.8 Escape 0.2 DC 0.8 

Method EBVI EBMPI m=5 EBROC 

Improvement Type #I CPU #I CPU #I CPU 

Pre-Jacobi 56 4.75 180 14.19 16 5.94 

Jacobi 75 8.64 177 21.28 17 8.76 

Pre-Gauss-Seidel 79 6.74 98 7.72 24 9.40 

Gauss-Seidel 79 9.10 96 11.52 25 12.89 

SOR a;=1.05 74 8.60 80 9.62 32 16.50 



Table 5.12: Value Improvement: Discount rate = 0.95 
(m := order of MPI, #I:=# of iterations, u := SOR rate) 

Problem Auto Repl RTG Random Data 

Sparsity 0.05 0.1 0.1 

# of States 40 100 100 

# of Actions 41 3 30 

Cost Type DC 0.95 Escape 0.05 DC 0.95 

Method EBVI EBMPI m=5 EBROC 

Improvement Type CPU #I CPU CPU 

Pre-Jacobi 155 13.16 662 52.32 20 7.42 

Jacobi 315 36.29 652 78.85 22 11.33 

Pre-Gauss-Seidel 341 29.10 359 28.48 32 12.62 

Gauss-Seidel 340 39.17 350 42.32 34 17.66 

SOR a;=1.05 374 43.38 292 35.33 45 23.28 
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Table 5.13: Error Bound 
(N:=:j^ of states, M:=# of actions, m := order of MPI, #!:=# of iterations) 

Error Bound No Error Bound Error Bound 

Problem Method CPU #I CPU 

Automobile VI-PJ 208 17.63 104 8.81 

Replacement MPI-PJ m=5 36 4.53 20 1.84 

DC 0.9 ROC-PJ 104 8.81 104 8.81 

N=40, M=41 MPI-ROC-PJ 20 1.83 20 1.83 

Random Data VI-PJ 203 75.22 10 6.75 

DC 0.9 MPI-PJ 35 15.23 6 2.56 

N=100, M=30 ROC-PJ 18 6.67 18 6.68 

Sparsity 0.1 MPI-ROC-PJ 13 5.62 6 2.56 

The termination conditions of "without" and "with" error bound are (1.10) and 

(2.1) respectively. The computational difference between the two equations is negligi

ble. Therefore, the error bounded methods can be preferred to the methods without 

error bound. 

5.4 Final Remarks 

We made several experiments to see if our proposed methods perform better than 

the other methods. The findings in this chapter are summarized in Table 5.14. 



112 

Our findings, in addition to Table 1.2, are as follows: 

1. ROC for multiple policy performs best in the shortest path problems (RTG, 

LTG) whose transition probability matrices are substochastic. This is because 

ROC removes the effect of the dominant eigenvalue while the other methods, 

e.g., error bound, cannot remove it efficiently. 

2. EB^'IPI-ROC performs best in large problems, as does EBMPI. Although EBMPI-

ROC performs better in the RTG problem than EBMPI, it is not better than 

EBMPI for the other problems. 

3. The error bound improves the convergence rate but it does not bring any ad

ditional improvement with ROC. The reason for this is that both error bound 

and ROC remove the effect of the dominant eigenvalue simultaneously. 

4. Pre-Jacobi and Pre-Gauss-Seidel methods, pre-type in the value improvement 

step, perform better than Jacobi and Gauss-Seidel methods. 

The order of MPI, m (Section 1.4.4), and the overrelaxation rate of SOR, a; (Sec

tion 2.2.2), were assigned as fixed values, 5 and 1.05 respectively. The optimal values 

of these can be found by the trial and error method. However, we did not pursue 

their optimal values because that is not a primary concern of this dissertation. 



Table 5.14: Summary of Comparative Experiments 
(N:=# of states, M:=# of actions) 

Factors Table Best Worst 
Auto Replacement 5.1 PI VI 
N=40,M=41 EBVI 
RTG 5.2 ROC PI VI 
N=100 M=l,3,5 EBROC EBVI 
LTG 5.3 ROC PI VI 
N=100 M=l,3,5 EBROC EBVI 
Random: State 5.4 EBMPI VI 
N=50,100,300 M=30 EBMPI-ROC PI 
Random: Action 5.5 EBMPI VI 
N=100 M=15,30,50 EBMPI-ROC 
Random: Size 5.6 EBMPI VI 
N=50,100,300 M=15,30,50 EBMPI-ROC PI 
Random: Sparsity 5.7 EB-methods VI MPI 
N=100 M=30 ROC MPI-ROC 
Auto,Random: Discount Rate 5.8,9 PI EBMPI VI 
a =.8 .9 .95 EBMPI-ROC MPI 

Value Improvement 5.10,11,12 Pre-type 

Error Bound 5.13 EBVI EBMPI EBROC 
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Conclusion and Further Research Directions 

In this dissertation, we have presented a comprehensive overview of the computa

tional methods and algorithms for discrete-time finite MDP, based on DP. The most 

important computational methods and their variants are discussed in Chapters 1 and 

2. 

In Chapter 3, we reviewed Bertsekas' ROC method and proposed an extended 

ROC method for multiple policy problems. The new method works more efficiently 

than any other available method for the stochastic shortest path problem, where the 

transition probability matrix is substochastic. However, it is not better than the error 

bounded VI method for problems with a stochastic transition probability matrix. We 

have also proposed and tested variants of MPI with the ROC method. Although these 

new algorithms are more efficient for problems with a stochastic transition matrix 

than MPI and EBMPI, they do not appear to be the most efficient overall. 

SYSCODE, a tool for computational studies, was introduced in Chapter 4. 

SYSCODE is a portable FORTRAN software laboratory for DP with a total of 

39 combinations of computational methods and comprehensive random data gener

ation facilities. This package can be used for testing, verifying, and comparing new 
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and established computational methods. The criteria of performance used in this 

study were CPU time and number of iterations. 

We suggest the following for further research: 

1. There is general agreement that a computational method carmot solve all prob

lems efficiently [PSS92]. Therefore, overall research of special structure prob

lems and solutions are still wide open areas of research [WS94], [PT78|, [Hin78], 

[ABFG-^93], [FGJL-95]. 

2. It is not easy to select an appropriate method for a specific problem. Expert 

system techniques may be helpful with this selection problem. 

3. Parallel computers often solve problems efficiently which are otherwise compu

tationally unmanageable on serial computers. Parallel algorithms can become 

a solution for large problems [TT91], [AMT93]. 

4. The deflation method (Section 3.1.3) is an algorithm to calculate the subdomi-

nant eigenvalue. It can be used to get better convergence when the subdominant 

eigenvalue is close to the dominant eigenvalue. 

5. SYSCODE is written in FORTRAN and MATLAB. There is still room for 

more efficient coding. 
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