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ABSTRACT 

The possibility that some portion of the infrared (IR) radiation emanating from 

Active Galactic Nuclei (AGN's) may arise from disklike structures of ionized plasma 

accreting onto massive or supermassive black holes motivates the investigation of 

the effects on the observed radiation of the strong gravitational fields in the ^ncinity 

of the emitting particles. Numerous previous studies have been incomplete in sev

eral respects: (a) they have neglected to take into account the contribution to the 

observed specific power flux of radiation emitted from the underside of the disk and 

gravitationally lensed into the upper half-hemisphere; (b) they have considered only 

a limited range of observing positions and hole spins: (c) many have been restricted 

to examination of the steady state flux arising from homogeneous disks: (d) they 

have employed a methodology not readily extendible to the analysis of gravitational 

effects on radiation arising from more comphcated physical systems (e.g.. nonpla-

nar ensembles of gaseous clouds). The present study develops, within the context 

of the optically thick, geometrically thin accretion disk model, a new method of 

complementary images. Fully taking into account the so-called first-orbit disk im

ages. including the effects of disk self-occlusion, for the entire range of observing 

positions and hole spins, and for both homogeneous cind thermally inhomogeneous 

disks, it applies this method to both steady state and time-dependent analyses 

in the paradigm case of the Galactic Center black hole candidate Sagittarius A''. 

Completely general results apphcable to any similar black hole-accretion disk sys

tem are presented. An illustration is given of how the basic method, along with 

ancillary analytical de^^ces such as that of extended images and computationally 

efficient techniques based on their properties, may be extended to the analysis of 

considerably more comphcated physical systems, and tentative results for the case 

of the Broad Line Region (BLR) of quasar spectra axe presented. 
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1. Introduction 

A complete theoretical investigation of the problem of the accretion, via for

mation of a disklike structure, of ionized plasma onto a mcissive, or supermassive. 

and possibly rapidly spinning black hole, and of the characteristics of the observed 

radiant spectra to which this process gives rise, may be broken down into four 

fundamental parts. 

First of cdl, there is the question of the structure of the disk itself. Making some 

cissumptions. most likely inferred from whatever observational data might be avail

able. regarding the mass and spin of the central body, and such characteristics of the 

infilling matter as its density, composition, kinetic energy, and angular momentmn. 

and ignoring such comphcations (e.g.. the effect on the local gravitational field of 

the mass of the infalling matter itself) as might render the attainment of a useful 

analytic solution an impossible, or at least highly intractable, task, the dynamical 

equations for massive particles in the vicinity of the black hole then dictate, up to 

the limitations or uncertainties imposed by the underlying cissiimptions adopted, 

the details of the accretion process, as well as the nature of its end product. In 

addition to purely mechanical considerations, the effects of electromagnetic phe

nomena, such as the presence of strong magnetic fields within, or in the vicinity of. 

the accreting plasma, ought properly to be taken into account. Presumably, when 

all this has- been done, one will have a more or less well-defined physical model 

that, in addition to setting forth such features of the disk structure as its size and 

geometry, will also furnish a rule for the release of radiant energy, based on such 

conclusions regarding, for example, the optical thickness or thinness of the disk, as 

have been reached as a coroUary to the analysis of the mechajoical, electromagnetic. 

<md possibly other factors contributing to its formation and final structure. 

Secondly, in addressing the question of the spectral characteristics of this radiant 

energy as observed at infinity, it is imperative to take into accotmt the effects 



on that radiation of the strong gravitational fields in the vicinity of the luminous 

emitting particles. A theoretical analysis of such effects may be. and indeed is. 

quite complicated, and for that reason, if for no other, may properly form the basis 

of a study separate from the consideration of the disk structxire per se, as well as 

from the consideration of other factors, such as electron scattering, that may play a 

role in determining the final character of the observed radiation, although nothing 

here should be construed as suggesting that such effects are relatively negligible or 

otherwise unworthy of examination. The analysis of such factors, in fact, would 

constitute the third of the fundamental parts of our hj'pothetical complete and 

definitive theoretical investigation. 

Finally, no such investigation can be complete imtil its results are juxtaposed 

against those observational data that prompted its undertaking, and critiqued ac

cording to the degree of agreement, or disagreement, between the two. In the end. it 

may be decided that the physical model is too na'ive. or perhaps completely wrong; 

or. alternatively, that while the physical model is probably satisfactory, the analy

sis that predicts the nature of the observed radiation, given the character of that 

emitted at the source, is flawed in its mathematics, or perhaps gives undue weight 

to some factors, while ignoring others of equal or greater importance: or it may be 

that such observationcd data as one has turn out to be insufficient to say one way 

or another as to whether or not the theoretical side of things is up to the mark. In 

the last instance, until such time as more decisive observations are forthcoming, the 

best criterion one has for deciding the merit of the theoretical investigation is that 

of self-consistency. 

Of the four fundamentcil aspects sketched out above of what we view as a com

plete examination of the accretion disk scenario, the present treatise is concerned 

almost exclusively with the second. The physical model adopted as a basis for the 

analysis of gravitational effects on radiation emitted by limiinous particles in stable 
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circular orbits in the equatorial plane of a black hole is the simplest one possible. 

PhysicELl processes such as electron scattering that may well have an important ef

fect on the observed radiation have been excluded from consideration, cind for that 

recison the compeixisons we do maJce between our results and the available observa

tional data could not be completely satisfactory even if there were perfect agreement 

between the two (which is not to say that there is no agreement at all). It shoxild be 

clear from the sheer bulk of the results presented here. cLS well as from the complex

ity of the ancdysis required to obtain them, that such exclusiveness is not merely 

well-justified but in fact absolutely essential in order to reduce the scope of this 

study to manageable proportions. Its limitations are immediately acknowledged in 

order to insure it is judged on the basis of what it is. rather than on the basis of 

what it is not. and does not purport to be. 

Given the foregoing in the way of an apologia, we may now proceed to set forth a 

brief outline of what follows, and to point out some idiosjmcrasies of the particular 

approach that ha^ been taken here. 

Section 1.1 provides a brief re-v-iew of those seminal investigations upon whose 

foundation the present treatise is erected, as well as some discussion of more recent 

studies of a type similar—nominally, at least—to this one. along with an indication 

of why it is believed the latter are in some important respects less than completely 

satisfactory. It may be noted that outside of this section relatively few references 

are cited, and those that are tend to be derived from the "older" literature. There 

are two reasons for this. First of all. it appears to be a common defect of pub

lished studies of the present type that the description of the calculational procedure 

employed to obtain the results presented is somewhat obscure (and it is partly on 

account of this that the presentation of procedural matters here is quite explicit, 

as it was felt more desirable to err. possibly, on the side of tedium, thzui to re

peat the sins of others in another direction): consequently, very little in the way of 
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method or technique was borrowed from previous authors, and so their work is not 

cited—while we do not belittle their contributions, we ourselves were not able to 

make very much use of them. Secondly, despite the foregoing remarks, it ought to 

be acknowledged that there are indeed a number of studies in which the calcula-

tional procedures are set forth in considerable detail. In those instances, however, 

it invariably seemed that the methods presented were too limited (e.g.. to the time-

independent case only, to the Schwarzschild metric or the extreme Kerr metric only) 

for our purposes; therefore, we made no use of them. In any case, almost everything 

here in the way of procedure is completely original. Ultimately, we cannot, and we 

do not, say that whatever methods previous authors chose to employ are erroneous 

or inherently inadequate: we merely say that we chose to proceed in a different way. 

Section 1.2 describes the physical model of the accretion disk we have chosen 

to adopt as the basis for our study of the gra\-itationaI effects on the radiation it 

emits. Nothing there is original. A number of authors have elected to investigate 

the implications of more complicated physical models; as many, or more, have 

bcised their investigations on the same simplistic model we ourselves have fotmd it 

convenient to take up eis a "first appro.ximation." Be that as it may. it should be 

pointed out that everything developed here in the way of method is readily adaptable 

to more complicated physical configurations (and. in fact, as wiU be described in the 

Summary and Conclusion, these methods have already been successfully adapted 

to a study of the radiation emitted by ensembles of luminous bodies with arbitrary' 

geometrical distributions and in arbitrary states of motion). 

Given the physiccd model of Section 1.2. the scope of the problem we intend to 

investigate and solve is then set forth in Section 1.3. 

Section 1.4 on the Minkowski solution is pivotal in that it introduces the fun

damental concept of the complementary image plane. It is not in the slightest an 

overstatement to say that everything that follows is based on the method of com
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plementary images to which this concept gives rise. Another key notion set forth in 

this section is that of a canonical partition of the disk images, or their complements. 

While it may seem that the explication of this notion receives an unwarranted em

phasis, it must be recognized that in czirrying out, within the context of the general 

Kerr metric, certain types of calculations that in the Minkowski metric are almost 

trivial, "normal" methods simply do not apply. A new and perhaps somewhat un

usual approach is demanded, and because it is somewhat unusucd it may require 

imusual justification. 

Chapter 2 corresponds roughly to the "ccdculational procedure"' portion of a 

tj'pical journal article. Recognizing that studies of the present type are by nature 

highly specialized, eind that on that account certcdn fundamental conventions and 

terms may be unfamiliar to the nonspeciaJist. we have, in Section 2.1. initiated our 

exposition at the most basic level by beginning with the Boyer-Lindquist form of 

the Kerr metric equation. The orbital equations for the Kerr metric axe set forth 

in Section 2.2. where also the opportunity is taken to present some new results 

connected with the problem of circular motion not constrained to reside in the 

equatorial plane, partly because the matter is inherently interesting, but primarily 

to illustrate the algebraic difficulties one may encoimter in pursuing even relatively 

simple appUcations in the Kerr metric, as well as to introduce a general feature of 

our approach, namely, the recasting of physical problems in terms of the beha\aor of 

simple geometrical cur^'es in two-dimensioned momentima spaces. A discussion of the 

trajectory equations for photons is taken up in Section 2.3, and severed special cases 

of interest are examined. The fully general relativistic frequency shift function for 

photons in the Kerr metric is derived in Section 2.4 and thrown into a form directly 

comparable to the corresponding frequency shift function in the Minkowski metric 

(Section 1.4). Section 2.5 describes in detail how the locations of the complementary 

ring images may be restricted to certain well-defined regions in the complementary 
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image plane bounded by sets of critical loci, and Section 2.6 shows how these regions 

may be di'v'ided up to construct the complete emission matrix, thus insuring that the 

numerical search for the complementaxj' image points is carried out in a systematic 

and highly efficient maxmer. A solution to the problem of disk self-occlusion, also in 

terms of critical curves in the complementary image plane, is set forth in Section 2.7. 

Section 2.8 on the metacomplementarj- image plane is concerned almost exclusively 

with highly specialized details of the numerical calculations and is probably of little 

interest to the general reader: it is included for the sake of completeness, and as a 

guide to some aspects of ntunerical technique that may prove of use to anyone so 

unfortimate as to be tasked with calculations of the type on which the results of this 

treatise are based. Whatever else may need to be said regarding the calculational 

procedure has been thrown into Section 2.9. 

Chapter 3 presents a set of general results that are completely unrestricted 

in their apphcabihty. depending not at all on such characteristics of a particiilar 

black hole-accretion disk system as the mass of the centred body, the mass accretion 

rate, the thermal or structural homogeneity of the disk, or the nature of the source 

intensity function (Jind thus not on the optical thickness or thinness of the accreting 

plasma). Section 3.1 provides some general remarks on the optical appearance of 

the accretion disk. The canonical flux function defined in Section 3.2 is cui example 

of what is known as a transfer function: in that section we also confirm that the 

procedure based on a canonical partition of the disk images gives results equivalent 

to what in the case of the Minkowski metric would be the more usual method 

of doing business. Some general results bearing on what may be expected when 

the steady state flux is finally calculated axe presented in Section 3.3 (and borne 

out by the specific results of Section 4.1. just as the predictions of Section 3.5 for 

the time-dependent flux are confirmed by the specific results presented in Section 

4.2). Section 3.4 introduces the simple but extremely useful notion of extended 



images, which, is employed in Section 3.5 to identify the phenomenon of multijile 

and extraoTdinary azimuthal imaging and the existence of abnormally isochronal 

rays, which combine to result in a marked enhaxicement of the time-dependent flux 

amplitude over what would be expected in the nonrelativistic case. 

Chapter 4 presents specific applications of these general results to the Galactic 

Center black hole candidate Sagittarius A*. Section 4;1 on the steady state flux, 

and Section 4.2 on the time-dependent flux, indicate the range of general relativistic 

effects that might be expected to appear in the observed IR spectrum of a "tvpical" 

black hole-accretion disk system: effects in the broadband frequency range 10'--

10Hz are also examined. Both prograde and retrograde disk configurations are 

considered. Comparisons are constructed between the predictions of a fully general 

relativistic model and a set of "hybrid" models from which gravitational lensing 

effects zmd the individual frequency shift factors have been successively removed. All 

parameters characterizing our ignorance of the putative Galactic Center accretion 

disk and our observational orientation with respect to it have been varied in a 

systematic way to construct a "catalog" of possible effects. Finally, in Section 4.3 

the specific results of our investigations are compared directly to the observational 

data relevant to the case of Sagittarius A*. 

The concluding Chapter 5 indicates how the method of complementary images 

may be adapted to more comphcated physical systems and presents some tentative 

results that have been obtained within the context of a study of general relati%"istic 

effects on the quasar BLR spectrum. 

The Appendices contain a representative sampling of composite—i.e.. direct-

orbit and \'isible first-orbit—disk images for both a homogeneous (Appendix A) 

and inhomogeneous (Appendix B) disk. 

Before proceeding, we note two matters that may merit a brief comment. First 

of all. it will undoubtedly be noted that quite a number of original technical terms 
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are introduced. Partly this is merely a matter of convenience—it is considerably 

less burdensome when one can refer to "the circularity node" than when one has to 

keep repeating the phrase "that point in the complementary image plane common 

to the locus of points that satisfies the simultaneous vanishing of the effective radial 

potential function and its first derivative independently of any and to the locus 

of points that satisfies the vanishing of the effective radial potential function for a 

specified r^"! Over and above such considerations of convenience, however, it is a 

simple psychological fact that the act of aissigning to a particuleir concept a definite 

name invests it ipso facto with a certain specific energj", or reifies it. so that it is 

easier to "get a handle on it."' so to speak. Consequently, we regard the eissigning 

of appropriate nomenclature as an important aspect of sound expository practice. 

Secondly, it will also undoubtedly be noted in what follows that there is a 

mcirked emphasis on various tj'pes of representations—e.g.. in discussing the com

plete polar array in Section 2.6 it is given both a linear and a polar representation, 

and the same is done for the polar impact loci; the equatorial impact criteria in the 

Schwarzschild metric (Section 2.7), which axe "rezdly" and "only" relations between 

elliptic integrals, are given representations in the complementary image plane, and 

then in the metacomplementary image plane: and so on. It should be clesir that not 

every such representation may be useful as a calculational device (although some 

of them are), but it will hopefully be recognized with equal clarity that it may 

nonetheless be of great utihty cis a conceptual tool. Furthermore, even relatively 

simple mathematical entities, even if they are completely artificial (e.g., an array 

of numbers constructed in accordance with a set of somewhat arbitrary rules) may 

have multifaceted properties that are most conveniently explored by constructing 

a multiplicity of pictorial representations. For example, the simultaneous solution 

set of two algebraic equations may be represented as a single curve in some space 

or as the intersection points of two curves in another—it may be useful to look at 
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it both ways. The proper manner in which to view an irregular three-dimensional 

object is to walk around it in a circle: consequently, in more than one place we have 

tried to look at some matter of interest from a number of different perspectives. 

By this point, however, we have almost certainly said enough about what we cire 

going to do and so should buckle down to actually getting it done. First, however, it 

is desirable—and. indeed, mandatory-—that we place the present study in its proper 

context; and this we proceed to do in the following section. 
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1.1. Background to the Present Treatise 

The Kerr solution to the Einstein field equations wcis announced in 1963 (Kerr 

1963). The orbital equations were first obtained by Caxter (1968), who employed 

the Hamilton-Jacobi formalism to obtain a set of first integrals of the motion "by 

quadratures." The first investigator to address the problem of general orbital motion 

in the Kerr metric was Wilkins (1972), and since that time not much progress 

appears to have been made in this area, as almost all subsequent authors have 

specialized to the case of stable circular orbits in the equatorial plane (i.e.. to the 

simplest and most mathematcially tractable scenario); however, we shall have quite 

a bit to say about the case of general circular orbits in Section 2.2. 

Seminal early studies of the properties of ntdl geodesies in the Kerr metric in

clude Cunningham & Bardeen (1972), Cimningham &: Bardeen (1973). and Bardeen 

(1973): but these are limited to an examination of restricted sets of photon trajec

tories, or to the problem of calculating the optical appearance of a star (i.e., a single 

emitting particle) in orbit around a black hole, and have nothing to say about ac

cretion disks per se. The most valuable early study is that by Bardeen. Press, and 

Teukolsky (1972), which presents aU the dynamical results for the case of stable 

circular orbits in the equatorial plane in an explicit form, and as well introduces 

the formcilism of "Locally NonRotating Frames" (LNRF, also known as ZAMO, for 

"Zero Angulcir Momentum Observer"), employed here in Section 2.4 to obtain the 

fully genercd relati\nstic frequency shift function for photons in the Kerr metric. 

A list of studies undertaken emd pubUshed in the twenty years intervening be

tween those mentioned above and the present one, and related, directly or periph

erally. to the matters taken under consideration here, would fiU many pages. If we 

do not cite them, that circimistance should not be construed to indicate either a 

lack of familiarity or a lack of appreciation; it is merely the case that nothing was 

taken from them. 



29 

The notion of an accretion disk within the context of phenomena associated with 

the existence of black holes seems to have been suggested first by Shvaxtsman (1971). 

although, as pointed out in the comprehensive review paper by Pringle (1981). this 

notion within an earher, nonrelativistic context, that of the formation and evolution 

of the early solar nebula, goes back at least to the time of Laplace. Basing himself 

on the Newtonian disk accretion models developed by Lynden-Bell & Rees (1971), 

Pringle &: Rees (1972), and Shakura &: Sunyaev (1973), and on the relati-vnstic 

extensions of such models in the anzilyses of Novikov & Thome (1973) and Page 

Thome (1974), it was Cunninghzim (1975) who first completely solved the problem 

of calculating the effects of gravitational redshifts and focusing on the steady state 

spectrum of an accretion disk circtilating about a Kerr black hole. Cunningham, 

however—as. it appears, do all subsequent authors—fails to take into account the 

contribution to the observed flux of radiation cirising from the underside of the 

accretion disk and lensed upwards to an observer in the upper half-hemisphere: that 

defect in the literature is rectified here. [Wliile Bao. Hadrava. .i: Ostgaaxd (1994a. 

19946). acknowledge the importance of the first- and higher-orbit polar images, the 

results they actueilly present are limited to the case of a single luminous emitter in 

orbit around a black hole. These two studies are cited again below and will hereafter 

be referred to as BH0 I and BH0 11. respectively.] Also, as noted by Laor (1991). 

Cimningham's description of the method ("transfer function") employed to obtain 

his results is insufficiently detailed to permit its being taken over en bloc and applied 

in a different context, such as the ccdculation of line emission. (Cunningham did. 

however, record his transfer function and related quantities on magnetic tape, which 

could be obtained by writing to the author.) Fvirthermore. it does not appear that 

Cunningham's methods could readily be extended to the problem of calculating the 

time-dependent flux arising from an inhomogeneous accretion disk. Recent studies, 

which deserve mention, of relativistic effects on the observed steady state flux in 
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(1990) and HoUyvvood & Melia (1995), the latter being undertaken in the context 

of the Galactic Center black hole candidate Sagittzirius A*: but both these works 

share the defect that the contribution to the obser\-ed flux of the first-orbit disk 

images is again neglected. 

Representations of the direct-orbit disk images axe by no means new (but the 

composite direct- and first-orbit disk images presented here have appeared nowhere 

else, cis nearly as can be made out). Evidently the first such representations were 

obtained and pubUshed in a well-known article by Liuninet (1979), whose meth

ods appear to have been almost universally adopted by subsequent investigators 

(with the present one being an exception). It would be unconscionable to omit 

a mention of the remarkable paper by Fukue Yokoyama (19SS). which presents 

"color photographs" of "the Lady" (as. judging from the editorial note appended 

to the text, the authors referred to the accretion disk in the original Japanese); 

Fukue Yokoyama also employ the method of Limainet. [By what appears to be a 

quite different method, Bromley. Chen i: Miller (1996) obtain and present a "color 

photograph"' virtually identical to that displayed by Fukue ^ Yokoyama: curiously 

enough, however, the latter"s work is not acknowledged.] As noted above. BH0 II 

presents some composite direct- and first-orbit ring images—or orbital images, the 

two being identical—for the ca^e of the Schwarzschild metric, as well as some time-

dependent results: these authors appear also to have used a variant or extension of 

the method of Limiinet [although the latter is not cited, either there, or in BH0 I. 

or in the related study by Bao Stuchlik (1991)]. (We note that in BH0 I the 

problem of disk "self-echpse" is discussed in the context of the blocking from \-iew 

of inner portions of the disk by a thickened outer portion: what we refer to here 

as disk "self-occlusion" is the blocking from view by a geometrically thin disk of 

the first-orbit polar image, which is a completely different matter.) The aforemen
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article by Chen, Haipem &: FUippenko (1989), also employ (and acknowledge) Lu-

minet's method. While the results presented in Hollywood & Melia (1995) appear 

to agree with similar results obtained by other investigators in other contexts, the 

description of the caiculationai procedure given there is sketched out too briefly to 

allow its being made out exactly what was done: in fact, their results are based on 

the method of complementary images described here. 

Of time-dependent studies based on the notion of "hot spots" arising from stand

ing shocks on an accretion disk, the three most noteworthy axe Chakrabarti & Wiita 

(1994), Hollywood et al. (1995). and the aforementioned Bromley, Chen Miller 

(1996). The first also employs the method of Luminet: the second for the first time 

makes explicit reference to the method of complementary images: the Icist appeajs 

to be bcised on new techniques which, imfortunately. axe not presented in as much 

detail as one might like, and appear to be implementable only on "supercomputers"' 

capable of massive parallel processing. 

It should be evident from the number of citations given above, which represent 

only a fraction of the published studies similax to the present one. that cJready 

a great deal hcis been done in the way of investigating the effects of gravitational 

redshifts and focusing on radiation arising from a black hole-accretion disk system. 

It is natural, therefore, to inquire as to what in the present treatise is new. 

First of all, there is the innovative methodolgy. Aside from considerations of 

mere novelty, the method of complementaxy images is quite systematic axid can be 

precisely formulated in terms of the geometric and algebraic properties of simple 

curves in two-dimensional momentum planes. It is flexible, being smtable for both 

steady state and time-dependent studies, and is readily adaptable to more compli

cated. three-dimensional physical configurations, as will be described in the Sum-

mciry and Conclusion. It may be implemented by highly efficient numerical routines 



32 

that give excellent and timely results without the need for massive parallel process

ing. In conjunction with corollary notions such as that of image point numbers and 

the related extended images, it lends itself to simple graphical representations that 

are highly revealing of general relativistic lensing effects cind their role in modu

lating the time-dependent flux arising from inhomogeneous accretion disks, as well 

as to equally simple interpolative techniques that permit detailed modelling of disk 

structure with minimal program execution times and data storage requirements. 

Secondly, the long-neglected problem of the contribution of the first-orbit disk 

images to the observed specific power flux is here finally addressed and definitively 

solved for both the steady state eind time-dependent cases. 

Third, the results presented here are comprehensive in that they consider the 

entire range of obser^nng positions as well as the entire reinge of possible hole spin 

values in both prograde and retrograde configurations. 

Finally, there are specific applications to the Galactic Center with expHcit com

parisons to the observational data. 

Moreover, there are given here some additional results—such as the expressions 

derived in Section 2.2 for the case of general circular motion in the Kerr metric— 

that, while not immediately relevant in an accretion disk context, are nonetheless 

interesting and important cind appear here for the first time. 

All the foregoing should be sufficient to indicate where the present treatise fits 

into the overall scheme of things: and so we now proceed to describe the accretion 

disk model we have adopted as the physical backdrop to our investigations. 
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1.2. The Physical Model 

When it becomes necessary to choose specific values for such critical quantities 

as hole mass, mass accretion rate, and observation distaince, to obtain definite results 

for the observed specific power flux arising from an accretion disk, we will select 

those values that at present appear to hold in the case of the Galactic Center black 

hole candidate Sagittarius A* (hereafter Sgr A*); cind to motivate these choices 

we will here sxinmiarize briefly the observational data that prompt us to select the 

particular values that we do. However, it ought to be emphasized that merely 

because—out of considerations of practicadity—we limit our detailed examination 

of particular cases to the single one of Sgr A*, that circumstance shoiild by no 

means be taken to indicate that our results are valid for that case alone. Any 

comparable AGN—that, for example of M31—for which observations indicate that a 

black hole-accretion disk scenario may reasonably be invoked as a hkely explanation 

for certain features of the observed radiant spectra is equally amenable to a detailed 

analysis, within the context of oiir geometrically thick, optically thin accretion disk 

model, conducted according to the concepts and techniques that are here set forth. 

Indeed, the method of complementary images developed in Chapter 2 is really quite 

general and may be readily extended to modelling any physical system in which one 

hv'pothesizes a massive, centred black hole and an ensemble of Imninous bodies in 

its vicinity and seeks to determine the effects of the local gra\'itational field on the 

radiation they emit. 

The dynamictl center of the Galaxy appears to be coincident within about 

1" (% 0.04 pc) with Sagittarius A*, a unique, compact, nonthermal radio source, 

whose properties indicate a close kinship with the nuclei of such nearby galaxies 

as M31. MSI. and M104 (e.g.. Meha 1992a, 19926). As do those of the more 

powerful AGN's. Sgr A*'s spectral characteristics suggest that it may be a massive 

(M % 1 — 2 X 10® Mq ) black hole, as first anticipated by Lvuden-Bell Sc Rees (1971). 
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Furthermore, complementary kinematic studies of the very dense stellar cluster at 

the Galactic Center (e.g., SeUgren et al. 1987; Rieke Rieke 19SS; McGiim et al. 

1989) and the gas motions in the Sgr A West spiral pattern (Lacy, AchtermcLnn &: 

SerabvTi 1991) seem to support the view that a meissive object is positioned within 

about 1" of Sgr A*. 

Sgr A* is luminous across more than 10 decades in frequency. Numerous ob

servations with the Very Large Array (VLA) and radio Very Long Baseline Array 

(VLBA) have provided a wealth of spectral and temporal variability data (e.g., Lo 

1989; Backer 1993), and several high-energy instruments have detected X-ray (and 

possibly 7-ray) emission from its direction (Watson et al. 19S1; Skinner et al. 19S7: 

Predehl Triimper 1994). From recent Graraaf observations. Sunyaev et al. (1990) 

report a variable 4-20 keV source of luminosity 10^® ergs s~' located within 1' of 

Sgr A*, and of potential interest is the more recent detection, by EGRET aboard 

the Compton GRO, of a centred (< 1°) % 100 MeV continuum source with lumi

nosity « 10^® ergs s~^ (Mattox 1995). At IR wavelengths, Sgr A* appears to be an 

rrik ^ IS sotuce (Eckart et al. 1992; Close et al. 1992), although a measurement of 

its flux over several years indicates that the emission at this wavelength may also 

be variable on a timescale ~ 1 yr (c/. Herbst, Beckwith. &: Shure 1993). There is 

even a hint of more rapid variability on a timescale ~ 10 minutes (Close, McCarthy. 

1- MeUa 1995). 

A pictxire has been developing in which most, perhaps all, of Sgr A*'s radiative 

properties may be due to the energy liberated by a captured Gzdactic Center wind as 

it accretes down, the deep potential well of a massive black hole (Melia 1992a: Melia. 

Jokipii Narayanan 1992: Melia 1994). Melia, Jokipii Narayaman (1992) in 

particular have shown that considerations of spectral and source size characteristics 

complement more traditional dynamical arguments (e.g.. Genzel Sz. Townes 1987; 

Serabyn et al. 1988) in indicating the existence in the vicinity of Sgr A* of a very 



massive body of mass M ~ lO''iV/0, although, on this last point there is far from 

universal agreement (e.g., Allen & Sanders 19S6: Ozemoy 1979). 

Whereas the radio and high-energy radiation appears to originate within a large-

scale (~ 10^® cm) Bondi-Hoyle inflow via bremsstrahlimg and cyclotron/synchrotron 

emission (Melia 1992o, 1994), the IR luminosity may arise from a small, radiating 

disk that forms from angular momenttmi fluctuations ^sociated with the shifting 

accretion patterns. Detailed, three-dimensional hydrodjTiamical simulations of this 

process (Ruffert & Melia 1993) are now confirming that the gas is e-vidently cap

tured with a mass-dependent accretion rate M ~ MhLi where Mhl = is 

the classical Hoyle-Lyttleton value in terms of the accretion radius Ra = 'iGMIi'l, 

and the Galactic Center wind density and velocity Vw At the Galactic Cen

ter. M ~ 1 X 10" Mq' g S~^ (where iV/g = JV//10® Mq). Although on average the 

accreted angular momentxmi is zero (for an assumed uniform ambient medium), fluc

tuations in the accretion pattern produce an infaJl with a finite, though variable, 

specific angular momentimi I = Acr^. where fg ~ '2GM/c- is the Schwarzschild 

radius and (A) « 2 — 3. Since M is well below the Eddington value, the gas is es

sentially in radial free-fall starting at Ra ~ 10^ 3 x 10^® A/e cm. and extending 

down to ~ bOvg. or less. However, since on balance I ^ 0. the gas must circularize 

before reaching the event horizon, at a ciTcularization radius given by 

zo^2 : \ . - rg ,  (1 .2 .1 )  

which Ccm lead to the formation of a small disk. Although the inclination of this 

disk relative to the black hole's spin axis can be arbitrary, the Lense-Thirring effect 

("dragging of inertia! frames'') forces relaxation of the disk into the equatorial plane 

as far out as ~ 50 — 5000 Vg (Bardeen & Petterson 1975), well beyond —. The disk 

is expected to be luminous at intermediate frequencies (10^^ Hz 1/ lO^"^ Hz), 

with a flux that appears to be consistent with more recent IR observations of the 

Galactic Center (Eckart et al. 1992: Close et al. 1992). 
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Early work on the possibility that Sgr A* may be accreting from a disk in the 

context of its restricted IR emission hcis been reported by Ozemoy (1979). Sanders 

& van Oosterom (1984), Allen Saxiders (1986), Rieke, Rieke &: Paul (1989) ajid 

paxticulaxly Lacy, Townes & HoUenbach (1982), who argued that the accretion disk, 

if present, must be quite faint and probably has a large polar cmgle of inclination. 

A crucial step in the continued development of the wind accretion model is that the 

disk is not a component independent of the quasi-spherical infall but is rather the 

end product of this large-scale accretion. Thus, for example, M through the disk 

matches (in steady state) that through a sphere at large radii. In addition. — is 

specified by /, which eilso determines the deviation from a purely radial flow much 

further out. Observationally, this is critical in that the IR flux expected from this 

source is then necessarily constrained by its radio and X-ray spectrsd components, 

as discussed at length in Melia (1994). 

With the increasingly accurate measurements of Sgr A*'s IR flux (e.g., Close et 

al. 1992), and a strong indication of a ~ 10-minute period in its K- and H-band 

intensities (Close tt al. 1994). corresponding roughly to the Keplerian period near 

the inner edge of an accretion disk in the case of a ~ 10® Mit) object, it is crucial to 

model the disk in Sgr A* more precisely. In the wind accretion scenario, the fluctu

ations in I lead not only to a variable IR flux on a timescale of years or less (RuiFert 

Sc Melia 1993), but w^th / changing sign as well as magnitude, there is the real 

possibility that the disk fluctuates between prograde and retrograde configurations, 

which produce distinctly different IR signatures (e.g., when comparing intensity to 

temporal variations). The disk appears to be relatively small (— ~ 5-10 Vg), so we 

expect relativistic effects, such as the transverse and longitudinal Doppler shifts, 

the gravitational redshift, and especially the focusing effects arising from "light 

bending" to be significant over the entire disk's surface. 
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Given the foregoing as observational background, we will now assume, in accor

dance with the standard relativistic model of Page &c Thome (1974), a stable, but 

possibly thermally inhomogeneous, geometrically thin disk located in the equatorial 

plane of the black hole. Since, a^ noted above, the accretion rate M in Sgr A* is 

~ 10"^ g s~^, any reasonable value of the viscosity parameter a(< 1) (Shakura &: 

Simyaev 1973) corresponds to a perpendicular optical depth >• 1. We therefore as-

siimp that the disk is everyTvhere optically thick, cind that the radiation emitted in 

the rest frame of each emitting surface element is given by the Planckian blackbody 

function for the specific intensity 

I,, = - 1)-^ . (1.2.2) 

where c denotes the speed of electromagnetic radiation in vacuuo. h the Planck 

constant, k the Boltzmann constant, i/^ the frequency of emission, and T the tem

perature of the emitting surface element. T being given by the Page-Thome radial 

tempeTature function. We wiU defer unriting down this function imtil Chapter 2. 

because it depends on a couple of quantities it hcis not yet been convenient to de

fine, namely, the signed zingular momentxmi parameter a. (Section 2.1) and the 

radius of the minimum (or marginally) stable orbit (Section 2.2). Here we 

merely note that it also depends on the mass M of the black hole, and on the mass 

accretion rate M. We have seen above that the observational data indicate that 

M ~ 10® Mm and M ~ 10" g s~^, and the specific values to be used in Chapter 

4 are Af = 1 x 10® .VZt) and M = 0.4 x 10^" g s~^, as these values appear to be 

consistent with the broadband spectrum of Sgr A* across roughly 10 decades in 

frequency (Melia 1994). 

The estimate given above for (A) corresponds to an outer disk radius of 8-18 r^. 

Comparison with the observational data indicates that the lower value is somewhat 

closer to the mark: however, given the simplicity of the model, no firm value for 

the size of the disk—which may change over time, anyway, with fluctuations in 



the specific angtilax moraentum of the infalling matter—can be given with any 

great assurance. In any case, in Chapters 3 and 4 we will consider two disk sizes, 

both relatively small, with outer radii 5 and 10 r^, as this range of values gives a 

reasonable fit to the observational data, provided the metric is Schwarzschild or the 

disk is in retrograde motion. 

Finally, when we calculate the specific power flux, we will need to specify an 

observation distance, which will be taken as 8.5 kpc, or 2.6 x 10"" cm. 
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1.3. Statement of the Problem 

The model of the preceding section defines the geometric distribution of the 

source emitters and as well provides a rule for the release of radiant energj- in 

the rest frame of the emitting particles. The general nature of the problem whose 

solution we seek is then set forth rather simply: What are the characteristics of 

the radiation observed at infinity after modulation by the gravitational field in the 

vicinity of the sources? In particular we would like to calcxilate the specific power 

flux Fu„{fJ.o) observed at r,, -+ oo and polar observation cosine fig = cos^o, where 

9o is the polar angle of observation. 

If the general nature of the problem is easily stated, then the general nature of 

the solution is forthcoming with equal ease. One need only invoke the relati\*istic 

generalization of Liouville's theorem, according to which the ratio of the specific 

intensity to the cube of firequency i/ is a. relativistic invciriant: and so. with 

subscript ^ referring to the sources, and subscript o referring to the observer (here 

and everj-where below), we have: 

IuJvl = I,Jv]. (1.3.1) 

On the left we may write 

(1.3.2) 

where is the specific power flux arising from a luminous patch (on our optically 

thick, geometrically thin accretion disk in this context) hanng apparent surface area 

subtending solid angle AQo at infinity. 

A brief digression is in order to explain what is meant by the "apparent area." 

Our hypothetical limiinous patch has a proper surface area A.4.J. When the image 

of the patch is projected—backwards, along the line of sight—onto the plane of the 

celestial sphere at infinity, the apparent area of the patch is the area occupied on 
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this plane by the projected image. (In the coordinate system employed here, the 

origin of coordinates is at the center of the black hole, the positive r-aods coincides 

with the black hole's spin vector, and the observer is on the x-axis in asymptotically 

flat space. Then the "plane of the celestial sphere at infinity" is effectively a plane 

containing the origin of coordinates and perpendicular to the observer's line of sight. 

We will refer to representations of this plane as the image plane with abscissa a 

and ordinate ,5.) So, for example, in the "flat" space of the Minkowski metric, the 

apparent eirea A-4.0 is related to the proper area by AA,, = /Zq A.-ij. 

The projected image subtends a solid angle Af2o at infinity given by 

AQo = AAo-f/r;^, . (1.3.3) 

where AAo is the vector surface area of the apparent image, f the usuaJ imit radizd 

vector of spherical coordinates, cind is the sovurce-to-observer distance. In the 

limit To cc. where Vo is the radial distance of the observer from the origin of 

coordinates, we have and the angle between AA,, and f approaches zero, 

so that in that limit 

Afio ^ A--L„/r; . (1.3.4) 

Given all this, we may combine (1.3.1) with (1.3.2) and (1.3.4) cind shuffle things 

around a bit to obtain 

= \ I,, g'AAo . (1.3.5) 

where the frequency shift function g is defined by 

g = Uolvs- (1.3.6) 

Then, passing to the differential limit A.4.0 -+ dAo, AFj,^ —» dF^^. we may 

integrate over both sides of (1.3.5) to obtain the observed specific power flux at 

polar observation cosine ijlo arising from the entire accretion disk 

= \ [ lu.g^dAo. (1.3.7) 
J Ac 
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with the integration on the right to be carried out over the entire apparent area of 

the accretion disk. 

Unfortvinately. while this result is correct for the "'flat" spacetime of special 

relativity, it is not quite so for the general relativistic Kerr metric because it fails 

to taJce into account the fact that an emitting patch on the surface of the accretion 

disk may give rise to moTe than one ay-parent image. In fact, there are an infinite 

number of such images, although only a few are of observational importance. In 

any case. (1.3.7) is easily amended by writing 

which is correct in ail cases. 

Did we seek a merely formal solution to our problem, our labors would already 

be at an end. Since, however, what we desire is a mechanism for evaluating the 

right-hand side of (1.3.8) in detail, they are only at a beginning. It is clear that of 

paramount importance is finding some means of determining the apparent images of 

the disk; and. in contrast to the felicitous circumstances prevailing in the Minkowski 

metric, what will be required is considerably more than a straightedge and a parsing 

famiharity with elementary trigonometr^^ 

Before commencing to formulate a solution of the problem in the general Kerr 

metric, however, it is worthwhile to take a brief look at some aspects of the solution 

in the much simpler Minkowski case: and we will do so in the following section. 

°  [ m a g e s  

(1.3.S) 



1.4. The ^'linlcowski Solution 

A brief examination of the Minkowski solution will serve three purposes. First, 

it wiU permit us to see more clearly, once the general relativistic solution is obtained, 

those aspects of that solution which are unique to it (e.g., the effects of gravitationcil 

lensing) and precisely how they aifect the observed radiation. Secondly, it will 

provide a convenient means of introducing a discussion of certain difficulties that 

arise when the simple geometrical relations between soiirce and image coordinates 

that hold in the Minkowski metric no longer apply. Finally, it will allow us to present 

some simple analytical tools that are useful in getting around these difficulties. 

Since in the Minkowski case there cire no multiple images to worry about, we 

will drop the svmmiation over images in (1.3.S) so that it reverts to the form of its 

simpler predecessor (1.3.7). In general the specific intensity lu, may be a function 

of all the source spacetime coordinates (r^, ̂ 3, Oj, <3). For our geometrically thin 

accretion disk in the equatorial plane of the black hole, of course, 9^ has a fixed 

value of r/2, so we need say no more about it. Later we will let depend on Os 

and ts, but for the purposes of this section we will assume it to be a fimction of 

the source radius only. As stated in the preceding section, the apparent image 

of the accretion disk is projected onto a plane, the image plane, where by custom 

the abscissa is designated a and the ordinate ^ (Figure 1.4.1), and we may ceirry 

out the evaluation of (1.3.7) by integrating directly over the apparent image of the 

disk in the image plane, where the differential apparent area is just dAo = da d3— 

provided, of course, we are able to express zJl quantities appearing in the integrand 

in terms of the image coordinates a and 3: but this is easily done, as it is a simple 

matter to show that in the limit r,, —v oc (that is. the limit in which geometric optics 

is valid), these two quantities are related to the source radius and the azimuthal 

source cingle 0s of an emitting particle, and to the polcir angle of observation do, by 

a = r^sinOa , (1.4.1) 
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3 = —r^ cos Os COS 9c, . (1-4.2) 

from which it follows that 

r s  =  { a ' +  3 ~  s e c ~  9 o ) ^ ^ '  ,  (1.4.3) 

©3 = tan~^[—(Q/,i3)cos^o] . (1-4.4) 

The frequency shift function may be \\Titten 

g = folva = hhh ̂ (1.4.5) 

where 

^1 = 1. (1.4.6) 

go = [l-{vs/c)-f- , (1.4.7) 

^3 = [1 - (v^/c)-nj~^ . (1.4.S) 

Here the trivial factor gi is defined for purely formal rezisons—a placeholder, so 

to speak, for the nontrivial lapse fimction that appears in the general relati\^stic 

case: the other two factors axe, of course, the special relati\-istic transverse Doppler 

shift §2 = where 7 is the usucd Lorentz factor, and the classical longitudinal 

Doppler shift §3, with a being a imit vector in the direction of emission of a given 

photon. For the case we are considering, the particle velocity of an emitting particle 

at source radius is just 

V, =(G-V//r,)i/2^ , ^ 4 

where G is the gravitational constant and M the mass of the black hole, and it is 

readily shown that 

(Vj/c). a = —(T;3/c)(sin (pa sin^o) • (1.4.10) 

Now it is clear that given the foregoing relations we may express ail quantities 

appearing in the integrand of (1.3.7) in terms of a and 3 and carry out the indicated 
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integration directly over the apparent area .-lo of the disk image. However, these 

relations also give us a simpler alternative, najnely, to leave 1^, expressed eis a 

function of the source coordinates and evaluate the integral of (1.3.7) over the 

actual surface area of the disk. One merely puts 

d{a.J) 
dAo = da dl3 dAs = 

d { r g , 0 s )  
dr^dos . (1.4.11) 

where d i a j )  
d{r,,Os] 

too surprisingly, to be simply 

is the usual Jacobian determinant, which in this case tiims out. not 

d ( a ,  3 )  

d { r ^ . O s )  
= r3cos0o. (1.4.12) 

It would appear there is nothing more to be said. Unless the soiirce intensity 

function has some peculiarly convenient form (e.g.. I^,, = we wiU probably 

have to carry out the integration in (1.3.T) mmaericcdly. by dividing the apparent im

age of the disk, or the actual surface of the disk, into "cells'' and approximating the 

integral by a siim. choosing for each cell appearing in the summation a convenient 

interior point at which to evaluate the integrand; we wiU refer to any such point as 

the optical center of the cell, whose coordinates will be denoted by \; = (,Yi. .\:2)-

where \i ajid \'2 may be a and 3. or and o^, or such other appropriate quantities 

as may smt oiu: convenience, or may. perhaps, be imposed upon us by the force of 

circumstance. 

However, if we set out to do this, there may arise, upon reflection, a rather 

subtle question of procedure, namely, what is the "correct" way to divide up the 

disk image, or the disk surface itself, into cells? Normally one would not even 

worry about such a thing. Probably what would be done is to divide the disk 

into circular annuli spaced at uniform intervais — r^.,. and further 

subdivide the annuh by radial lines with equal angular spacing Aoj = Oaj+i — 

to obtain cells of equal area AA, = (Aos/2)(r^ taking the optical centers 



at X r ,  = { T s . i  + r3,,+i)/2, X o ,  =  (<?aj +  0 3 j + i ) f 2 .  Such, a scheme, which we will 

refer to as a standard partition, seems logical, and is probably okay, provided the 

cells are siifficiently small, especially as in the ^'linkowski case there is a one-to-one 

mapping of disk surface cell to disk apparent image cell, and surface cells of equal 

area map into image cells of equal apparent area. 

In the case of the Kerr metric, however, matters are not nearly so simple. There 

is not a one-to-one mapping of disk surface cell to disk appeurent image cell, and 

surface cells of equal area do not map into image ceils of equal apparent area. There 

are no simple geometrical relations between the source and image coordinates, so 

that the integration over the appairent disk images is not easily transformed into an 

equivalent integration over the actual surface cirea of the disk. Furthermore, except 

in the special case of an observer at one of the poles, the disk images themselves 

are aot geometrically simple: they possess neither longitudinal nor (except in the 

special case of the Schwarzschild metric) bilateral symmetry; one cannot, except 

in a purely formal way, write down an equation that describes the shape of the 

images—essentially, they are instead defined by tables of numbers. 

Let us suppose, for purposes of illustration, that for some reason we were com

pelled. in the case of the Minkowski metric, to carry out the integration of (1.3.7) 

directly over the apparent disk image. We may consider the disk itself to be com

posed of more or less closely spaced rings of emitting particles at source radii r^. 

and it is clear from (1.4.3) that the corresponding ring images are ellipses centered 

on the origin with foci at ± sindg- Given this type of symmetry, we would almost 

certainly not want to carry out the integration in terms of the rectangular coordi

nates (a. 3). and instead we might introduce the polar coordinates (r.o) defined 

by 

a = rsind . (1.-4.13) 

J=—rcoso, (1.4.14) 
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with <t) being measured counterclockwise from the negative J-axis. (With this choice 

of coordinates, the image point at d = 0 corresponds to the emitting particle at 

Os = 0.) 

Now we would probably hke to divide up the disk image into annuli eind az

imuthal slices in such a way that the resulting image ceUs have equal area—but can 

we do this by constructing radial lines at equal azimuthal intervals Ao? No. we 

cainnot. The apparent area A-4o of a cell lying between ri and ro. ro > ri, and Oi 

and 02. 02 > is 

AAo = J [ [r2{o)]'d0 f [ri(o)]'Jo. (1.4.15) 
J Ol ^ Ox 

From (1.4.1), (1.4.2), (1.4.13), and (1.4.14), we get 

r(o) = cos6o(l — sin" sin'o) . (1.4.16) 

and (1.4.15) then works out to be 

AAo = ^(r^o — r3i)cos^o |tan~'-(cos^o tano)|^^ . (1.4.17) 

with r^i and r^2 being the source radii corresponding, respectively, to ri and r2. 

Now if we wnrite di = 0, 00 = 0 + Ao. and require that all the A-4o have equal 

area AAg = ["(r^., ~ ''ai) cos 0o]/^V. where N is some "large"' integer (e.g., 360) to 

be specified, we find that the azimuthal spacing between adjacent radial lines must 

conform to the rule 

tan(Ad) = [tan(27r/iV)(l — sin" sin" 0)]/[cos^(, + tan(27r/iV)sin" 0osinc>coso] . 

(1.4.1S) 

which can be shown to correspond to an azimuthal spacing at constant intervcils 

AOj, on the surface of the disk (as should be obvious an\"way, since, cis previously 

noted, equal areas on the disk map mto equal areas in its image, and vice versa). 

Here refer to Figure 1.4.2. 
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Hopefully the point is well made that evaluating the integral of (1.3.7) directly 

over the apparent disk image is not necessarily a trivial procedure merely because 

the disk itself has a simple circular symmetry. While things axe not too bad in the 

Mink-nwsk-i metric, in the genered Kerr metric matters are considerably more vexing. 

Furthermore, even in the Minkowski case we still have no answer to the question 

of what is the correct way to divide up the apparent disk image into cells. We say 

that it "seems logical" to make regidar radial and azimuthal partitions of the disk, 

or similar partitions of the disk image, so that all the image cells have equal area: 

and certainly it does seem so. 

However, consider the following. Suppose the surface area of the disk to have 

been divided up into regular annuli and equally spaced azimuthal slices in the usual 

manner, i.e.. in accordance with what we have chosen to call a "standard peirtition." 

and that  a  corresponding part i t ion of  the disk image has been made as well  into R 

annuli with inde.x r = 0...., — 1, and S azimuthal cells with index = 0,..., 5 — 1. 

so that each of the latter has an angular wndth conforming to the nile of (1.4.IS), 

and thus equal apparent area AAq. Then we may write 

. ff-i S-i 
/ [^^{a.3)gHa.^)dAo ,iXa^X^)9^{Xc..X3)^Ao . (1.4.19) 

r=:0 J=0 

Now each annulus on the disk surface is boimded by some r^i and rj,2. ^"32 > • 

these two values, of course, being fixed for each stma over azimuthal cells. We could, 

and probably would, stipulate that any quantity dependent on is to be evzduated 

at = (r^i -\-r30)12. Now by hypothesis is a function of r, alone: however, 

we must not overlook the fact that the usual way of proceeding (because what is 

desired is ) is to specify Vo and then calculate the corresponding values of 1/3 that 

figvire into the source intensity function at each optical center in the summation over 

azimuthal cells. K this procedure is followed, then even with r, fixed. may not 

be constant in this summation—a typical situation might be the case where I„^ is 
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a blackbody function depending explicitly on via a radial temperature function 

and implicitly on its azimuthal position in the apparent disk image via the manner 

in which that position enters into the frequency shift function. Taking ail this into 

accoimt. and inspecting (1.4.1), and (1.4.5) through (1.4.10), we see that the values 

of are irrelevant, so that to indicate the functional dependence of the source 

intensity function we may write ^s)r this particxilar notation being 

intended to indicate that in the simimation over azimuthal cells 1^, is a function of 

a alone (\-ia the position of the optical centers of the image cells), while is a mere 

fixed parameter: and, similarly, we may write g = g{Xa'-^s)- Then we may re\\Tite 

the right-hcind side of (1.4.19) as 

Now clearly the siun over azimuthal cells may be viewed as a procedure in 

which a function f{\a) of a alone [i.e., the expression in brackets in (1.4.20)j is 

to be weighted by the quantity ilAo. which has the same value for each \a taken 

under consideration: but note from Figure 1.4.2 that the image cells are "Svider" in 

the middle and "narrower' towards the lateral limits—or. to put matters another 

way, adjacent values of Xa are more closely spaced when they have a larger value 

(Figure 1.4.3): and since in this scheme each value of fiXa) is equally weighted by 

the same A.-io. the net effect is to give greater weight to fiXa) towards the sides of 

the apparent disk image. It would appear, then, that in some sense, and to some 

degree, this procedure in which each annulus is divided into azimuthal cells of equal 

apparent Eirea is. strictly speaking, not quite correct. 

As it tmms out, though, it is indeed possible to determine a "correct" procedure 

for dividing the disk image into cells and assigning the position of the corresponding 

optical centers, albeit (perhaps necessarily) in a somewhat roundabout way. 

In the following chapter we will introduce two angular momentum parameters 

A and q which, in both the Minkowski and Schwarzschild metrics, are related to the 

R-i s-i 
(1.4.20) 
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image coordinates a and f3 by 

Q = — A/sin^o , (1.4.21) 

5 = ±(g- - A- cot- 9ot^' . (1.4.22) 

where the sign in (1.4.22) is taken as positive (negative) if a ray observed at cos do 

is descending (ascending) towards the observer. It follows from inversion of (1.4.21) 

and (1.4.22) that for every point (a. 3) in the image plane, there is a corresponding 

point in another plane in which A is the abscissa and q the ordinate: we shcill call 

this plane the complementaTy image -plane. Then for every ring image in the image 

plane, there is a complementary ring image in the complementary image plane: and 

for every disk image, there is a complementary image of the disk: and. if we u-ish. 

instead of evaluating (1.3.7) over the disk, or over its image, we may evaluate it 

over the comvlementary disk image. We need only express gixo'-^s) 

as /u,(XA ; fs) and gixx; r^). and put 

dAo = da d3dAc = iq'sin" 9o — X'cos^ do) qdXdq , (1.4.23) 

where the extra factors in dAc come from the standard Jacobian determinant relat

ing <i.4.c to dAo-

Now consider the cinnulus lying between two disk rings of radii r^i and r^o-

^32 > ''jii- ^^'*hat is the complementary' image of a ring of emitting particles at 

source radius r^? From (1.4.1), (1.4.2), (1.4.21), and (1.4.22) we get 

A = — sinOs sin^o ? (1.4.24) 

which defines the lateral limits of the complementary image at ± sin^o (the foci 

of the projected disk image), and 

q = cos Oo (1.4.25) 



which is the equation of a straight, horizontal line. (We will see in the following 

chapter that q must be positive: consequently, in the Minkowski case, the top and 

bottom halves of an elliptical ring image map into a single Une in the complementary* 

image plane.) Then the region of integration in the complementarj* image plane 

corresponding to the annulus lying between Tji and r32 is a trapezoid having height 

h •= [r32 — r3i)cosdo, parallel horizontal sides of lengths a  = 2r^i sin^o and b  =  

2rj2sin^oi and total surface area -4.c = ^ { a  +  b ) h  (Figure 1.4.4). That being the 

case, we then have for the right-hand side of (1.4.20) 

R-i s- i  
2 ^ ̂  AAc[IuAX\'- ^s) . (1.4.26) 

r=0 d=0 

where the summations axe to be Ccirried out over the appropriate trapezoidal regions, 

and the factor of 2 appears because the cop and bottom halves of the disk image 

are mapped into the same region in the complementary image plane, with the sums 

over the lower halves being equal to the sums over the upper halves. 

We now divide the interval from A = —Tjisin^o to A = -rr^isin^o along the 

line qi = cos do into M parts of equal wHdth AAi = '2rji sin^o/-^-^- and we do 

the same for the interval from A = —r^^sin^o to A = -rr^osin^o along the line 

qo = rjocosOo- wth AAo = 2r32sm9o/M. By connecting every point on qi \\ath 

the corresponding point on qo, we construct M trapezoids having equal area AAr 

given by 

A.-ic = -(?2 — 1i )(^Ai -r AAo) . (1.4.27) 

We may label the points so connected as Am, m = —.V//2 0 ,+M/'2. 

where Am on is mAAj. and A^ on qo is rrnWo. In each cell King between Am 

and Am+i, we place the complementary optical center at the point where the line 

connecting ^(Am 4- Am+i) on qi and ^(Am 4- Am+i) on qo intersects the horizontal 

line q =• +52 )• which works out to give 

YA =-^(2m + l)fj sin^o . (1.4.2S! 



51 

X q  =  f a  cos 9o. (1.4.29) 

We may then evziluate the extra factors in (1.4.23) at xx Xq^ noting that 

the latter is independent of m, and define 

fiXx-^fs) = IuAx\\ra)g^{xx;fa) x,(xJsin-0^ - XaCos^;)"^^" . (1.4.30) 

which may be reduced to 

fixx-,rs) = L,(Xx;rs)g^{xx;ra) [sin^; - (xx/rsf]''^^' • (1.4.31) 

Then (1.4.26) becomes 

R_1 m=+M/2-l 

E ^-^cf(xx;rs). (1.4.32) 
r=0 m= —:Vf/2 

with XA implicitly a function of m. 

Now the procedure indicated by the stimmation over m in (1.4.32) is one in 

which a function of XA alone (r^ being a mere fixed parameter) is to be weighted 

by an appropriate area after being evaluated at a specified interior point: and since 

we have arranged for all these areas to be equal, and for all the interior points to 

be equally spaced, neither larger nor smadler values of XA receive an undue weight. 

Consequently, this procedure, strictly speaking, must be more correct than one in 

which the summation over the apparent disk image is carried out by summing over 

image ceils of equal area! 

It is easy enough to show that a trapezoidal area AAc given by (1.4.27) in the 

complementary image plane corresponds to an apparent area AAo in the image 

plane given by 

A.4.0 = ~ r^Jcos^o {sin~^[2(m + l ) / M ]  -  sin~^[2m/jV/]} . (1.4.33) 

(Note that if the first term in (1.4.33) is evcduated at m = +iV//2 — 1 and the second 

at m = —:V//2. we get half the apparent surface area of the disk, just as we should.) 



In terms of a and 3, the coordinates of the optical centers are given by 

= ± COS 9o [M- - (2m + 1)"]' , (1.4.35) 

(1.4.34) 

(the latter value being irrelevant for our piirposes), so that the optical centers in 

the image plane axe equcilly spaced, just as they axe in the complementaxy image 

plane. Given these Icist three results, it is now just as convenient to carry out the 

flux simimations over the disk image as it is over the complementaxy disk image, 

and how one chooses to proceed is strictly a matter of ta^te. 

Since it is hardly fair to play the role of aivocatus diaboli in other cases but not 

in our own. however, we are compelled to point out that while in the Minkowski 

ca£e equal axeeis on the disk surface map into equal areas on the apparent disk 

image, equal areas on the apparent disk image do not map into equal arezis on the 

complementary' disk image, or vice versa, and in fact the image cell axeeis given 

by (1.4.33) are greater for larger values of a\ A careful inspection of Figure 1.4.1 

may suggest after some reflection that this is as it should be. If it is. then perhaps 

one would not go too far wrong after all by proceeding in accordance with what 

we have chosen to call a "standard partition"; some diligent numerical checking 

indicates that this is indeed the case. 

There is a point to all this nitpicking, however superfluous it may seem. In 

the case of the general Kerr metric, it wiU be impossible, or at least exceedingly 

difficult, to proceed in accordance with the usual scheme of making a standard 

partition, and instead it will be necessaxy, or at least of compelling convenience, 

to make a canonical partition in A. which means (since equal intervals in A give 

equal intervals in a. and vice versa) that the left-hand sides of the apparent disk 

images will be divided, ring by ring, into equal intervals in a. and similarly for the 

right-hEind sides, and the image cells will be formed by connecting, ring by ring. 
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corresponding values of a, and the locations of the optical centers will be assigned, 

as nearly as possible, in accordance with the appropriate analogs of (1.4.34) ajid 

(1.4.35). If we axe to pursue such a scheme, however, given that it is at such a 

variance with the usual way of doing business, it has seemed desirable to mount a 

demonstration, within the fajniliar territory of the Minkowski metric, that there is 

indeed a reasonable justification for proceeding as we dp. 

By this point we have briefly reviewed some of the seminal antecedents of the 

present treatise, we have established the physical model we wish to investigate, we 

have stated the general nature of the problem whose solution we wish to obtain, 

and we have examined certain aspects of that solution in the Minkowski metric of 

specicJ relativity. All this seems enough, and perhaps more than enough, in the way 

of introductory- remarks: and so we will now turn our attention to the Kerr metric. 
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FIGURE 1.4.1. Minkowski apparent image of a ^eoraetrically thin accretion disk 
projected into the image plane. The polcir observation cosine in this case is = 0.7. 
In the Minkowski metric, the apparent image coordinates a and 3 (with the units 
indicated here being appairent gravitational radii) are simply related to the source 
coordinates and 63 and to the polar angle of observation by a = sin 6, 
and 0 = —r^ cos 03 cos 60, and consequently the apparent ring images are just the 
ellipses -f /?" sec- 9o = rj. 

OS. 0 
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FIGURE 1.4.2. Standaxd partition of the apparent disk image. This figtire corre
sponds to the one preceding. In a standaxd partition, image cells in a given annulus 
have equal apparent area AAo- Of course, in practice the number of image cells in 
the partition is taken to be considerably larger than the 18 shown here. 

12 —I—I—I—j—\—1—I—[—1—I—I——I—1—I—I—I—1—I—I—1—I—r 

.12 ' I I ' I I I I I—' ' I I ' I I I I I I I I 
-12 -8 0 4 8 12 

a 



56 

FIGURE 1.4.3. Lateral spacing of opticzil centers in the standard partition. The 
soTirce radius in this Ccise is r, = 3 rg ajid the polar observation cosine is pLa = 0.7; 
the units indicated on the ordinate are apparent gravitational radii. Because a = 
r^sincj^, the lateral spacing Axa (solid curve) between the optical center coordi
nates Xa (heavy dots) is smaller towards the sides of the apparent image (ciround 
cell numbers IS atnd 54) and greater towards the middle (around cell numbers 0, 36, 
and 72). In the standard partition, however, ail the image cells have equal apparent 
cirea, so larger values of Xa more heavily weighted than smaller values. Provided 
the apparent Eirea of the image cells is sufficiently smail, however, the resulting error 
is completely negligible. 

4 —I—I—I—I—I—[—I—I—I—I—I—I—\—I—^—I—I—I—I—I—I—I—r 
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FIGURE 1.4.4. Canonical partition of the complementary disk image in the 
Minkowski metric. The large trapezoid is the complementary image of a circu
lar annulus lying between source radii = 3 and r, = 4 r^, as viewed from polar 
observation cosine = 0-" (but the top and bottom halves of the appeirent image 
of the annulus are mapped into the same region in the complementary image plane). 
The notion of the canonical partition is simple: the upper and lower boundaries of 
the complementary image are divided into the same nimiber of equal parts, so that 
each of the image cells (small trapezoids) has equal area, and then the positions of 
the optical centers are assigned so that they are all equcilly spaced. 
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In constructing, within the context of the general Kerr metric, a solution to 

the problem stated in Section 1.3, it will be wise, for purposes of orientation, to 

begin at a fairly basic level, particularly since we will almost immediately begin 

to diverge from the usual way of looking at things, and would like to be assured 

that our innovations axe erected upon a solid foundation. Consequently, as noted 

in the Introduction, we will begin with the standard Boyer-Lindqmst form of the 

Kerr metric equation and proceed from there to a brief review of the dj-namiccd 

equations, touching upon, as we go along, other elementary topics as required to 

give us a working famiharity with fundamental concepts and terminology. Certain 

complications (e.g.. the singularity of the Boyer-Lindquist coordinates at the event 

horizon and the coincidence in these coordinates of physically distinct radii in the 

case of the extreme Kerr metric) will be avoided, as they are irrelevant to the 

matters that are our main concern. 

The material presented in Sections 2.1 through 2.4 is fairly standard, except 

that the semi-analytic solution to the problem of nonplanar circular motion pre

sented in Section 2.2 appears to be new, a5 does the derivation of the fully general 

relati\'istic frequency shift function in Section 2.4. Beginning with Section 2.5 on 

critical loci in the complementary image plane, we will begin to develop the method 

of complementary images, which may be tziken to include such anciUarj* notions 

cis the metacomplementary image plane of Section 2.8 and the extended images of 

Chapter 3. It will be seen in the end that despite, possibly, an initially suspicious 

aura of the unweirrantably exotic, this method yields aU the results desired cind is 

really quite straighforward. Unfortunately, however, it involves a lot of rather nasty 

algebra. Wherever possible we have derived, and will display, explicit analytical ex

pressions for critical points and loci, but on occasion it will be necessziry to make 

an appeal to numerical demonstrations. 



We ought to note that the existence of the circtilaxity locus (Section 2.5) was 

recognized and discussed by Bardeen (1973), who, however, was evidently unable 

to obtain an explicit expression for it, and did not relate its point of intersection 

with the principal radial locus (of which he makes no mention) to the capture of 

radial positive and negative photons. Bardeen did point out the relation of what 

we have called the circularity locus to the apparent shape of the black hole and 

displays a pictorial representation for the equatorial observer. He also notes that 

the loci calcxilated eeirlier by Godfrey (1970) were, unfortunately, invalidated by a 

mathematical error. 

Nine topics are discussed in this chapter: (1) the Kerr metric equation. (2) the 

orbital equations for both massive and massless particles, (3) the orbital equations 

for photons. (4) the fully general relativistic frequency shift function. (5) criticed 

loci in the complementciry image plane. (6) the complete emission matrix. (7) the 

problem of disk self-occlusion, (8) the metacomplementary image plane, and (9) 

additional aspects of the ccjculational procedure as may merit some comment. An 

attempt has been made here to provide, for reference purposes, a fairly complete 

description of procedural matters, not all of which may be of interest to the general 

reader. In particular, a perusal of Section 2.S on the metacomplementary image 

plane may almost certainly be omitted without prejudice to an understanding of 

the results presented in Chapters 3 and 4. 
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2.1. The Kerr Metric 

Here and hereafter we will follow the common convention of emploj-ing ge-

ometrized units in which G = c = 1. Rather than tajdng the mass of the black 

hole as the definition of miit mass (as many authors do), we will instead define imit 

length as the gravitational or Schwarzschild radius Vg given by 

from which it follows that M = 1/2. (For M = 10® iV/0, 1 3 x 10^^ cm. or about 

4 solar radii). We shall find it convenient later to suppress M by substituting for it 

everywhere it appears its numerical value of 1/2. Although this practice leads to the 

loss of the appearance of dimensional consistency in some expressions, this sacrifice 

is more than adequately compensated by the resulting simplification. In any case, 

fi-om a mathematical point of view we are free to regard zdl the quantities involved 

in our manipulations as pure numbers; cheir appropriate physical interpretations 

are easily restored when such becomes necessary or desirable. 

The standard form for any stationary, axisymmetric, asymptotically flat space-

time metric is 

l r g =2GMfc'' , (2.1.1) 

dr- = —e'^dt' + e~'^'{d6 — ajdif + e~^dr~ -r , (2.1.2) 

cind the metric is Kerr if 

(2.1.3) 

-•1 sin" 9 
(2.1.4) g v 

V 
(2.1.5) 

(2 .1 .6)  

where 

A = r" — 2Mr a" . (2.1.7) 
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v — 2 I 2  2 /3  L = r + a cos u , 

A = (r" + a")^ — Aa" sin" 9 , 

'IMar 
(2.1.10) 

(2.1.9) 

(2.1.S) 

Equation (2.1.2) will be referred to as the Boyer-Lindquist solution (Boyer 

Lindquist 1967). 

The spin angular momentum J of the black hole is characterized by the paraxa-

eter a = J/M. In geometrized units a varies from zero (Schwarzschild metric) to 

M (extreme Kerr metric). We shcdl also find it convenient to introduce the signed 

parameter a. = ±a/M, with the +( —) sign corresponding to prograde (retrograde) 

motion of the accretion disk. (In expressions that follow and refer to prograde or 

retrograde motion of the disk, the upper sign will always apply to the former, and 

the lower sign to the latter.) Then a, Ues on [—1, +1]. 

Note that the coefficient of the radial term in the metric expression (2.1.2) 

becomes singular at the roots of A = 0. The more positive root at 

is the radius of the event horizon: its value varies from '2M to M as a varies from 

0 to M. 

The Kerr metric may also be written in the equivalent form 

d T ~  = —(e"" — ui~e'^)dt' —2u;e'^dtd0 + e~^dr' +e'^d6^ +e~'^d(i)' . (2.1.12) 

For a stationary physical observer at fixed coordinates (to, do), the invariant 

interval dr" is negative (i.e.. "timelike") provided that 

be "dragged" in the positive o direction. The outer root obtained, after some 

r  =  T f t  =  M  +  [ M '  —  a '  (2.1.11) 

e — u; e > 0 . (2.1.13) 

Otherwise, for dr- to remain negative, do must be positive—the observer must 
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tedious algebra, by requiring that the left-hand side of (2.1.13) vanish, namely. 

r = Verg = M + {M' — C" COS" , (2.1.14) 

defines the static limit or boundary of the so-called ergosphere (region of negative 

energy states). In the Schwarzschild metric, the static limit lies on the sinface of a 

sphere of unit radius and coincides with the event horizon. For nonzero values of 

a. the static limit and event horizon coincide only at the poles. 

A cross-sectional view of these two boundaries in the extreme Kerr metric is 

displayed in Figure 2.1.1. By introducing the variable 77 defined by 

q = cos~^[(a/-V/)cos^] , (2.1.15) 

the expression for r^rg can be made to assume the form 

Terj =-V/(l ± sinr/) , (2.1.16) 

which is formally the equation of a pair of limagons of the cardiod t}-pe. and actually 

so pro-vided rj can be assigned a suitable domain (Figvure 2.1.2). 



63 

FIGURE 2.1.1. Cross-sectional view of the event horizon and boundary of the 
ergosphere in the extreme Kerr metric. The former is the solid line and che latter 
the dotted line. 

Z 
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FIGURE 2.1.2. Cross-sectional view of the bounda^ of the ergosphere in the 
extreme Kerr metric, depicted as the envelope of two interlocking cardiods. 

Z 



2.2. The Orbital Equations 

As noted in Chapter 1. it was Carter (1968) who first obtained the djTiciniical 

equations governing orbital motion in the Kerr metric. Here and in the following 

two sections, however, we will adopt the notation of Baxdeen, Press, and Teukolsky 

(1972). Carter showed that the Hamilton-Jacobi equation obtained from the Boyer-

L i n d q u i s t  s o l u t i o n  ( 2 . 1 . 2 )  i s  s e p a r a b l e  i n  t h e  h y p e r s p h e r i c a i  c o o r d i n a t e s  { r . d . o . t )  

and that the general orbits of particles, both massive and massless. may be charac

terized by three constants of the motion expressible in terms of the components of 

t h e  p a r t i c l e  4 - m o m e n t u m  { P r - P e - P o - P t ) ' -  t h e  p a r t i c l e  e n e r g y  a t  i n f i n i t y .  E  =  — p t :  

the azimuthal component of the particle angular momentum. L = po- and the polar 

momentum constant Q given by 

where p. a tri\'ial fourth constcint of the motion, is the particle's rest mass. The 

latter quantity may. without loss of generaJity. be taken as unity for massive particles 

and zero for photons. For the types of particle orbits and photon trajectories that 

will be considered here, Q \\nll always be real and nonnegative. Note that while 

we will refer to Q as "the polcir momentum constant" on account of its intimate 

association with the polar motion, the polar momentum pg is not itself a constant 

of the motion. 

Introducing the variable X  =  r j p  (which becomes an affine parameter in the 

limit p —>• 0), the orbital equations may be written as 

Q = P I  +  c o s ' -  9 [ a - ( p ' -  -  p?)  +  PI/ sin2 9 ]  . (2.2.1)  

(2.2.2) 

(2.2.3) 

E— =  — { a E  —  L j  sin" 6 )  -I- aT/A . (2.2.4) 
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= -a{aE sin-9-L)-h{r- + a-)TjA . (2.2.5) 
dX 

where 

T  =  E { r ^ + a - ) - L a ,  (2.2.6) 

V; =  T - -  A [ i x - r -  +  (I - aE)- + Q] , (2.2.7) 

Vg =  Q — COS" 9[a- { f j , -  — E")  +  L'  j sin" Q\ . (2.2.S) 

Vr and Vg will be referred to as the effective radial and polar potential functions. 

respectively. Note that if ^ = ~/2 in (2.2.8) when Q is zero, then Vg vanishes, and 

consequently the polar component of the 3-velocity 9 = Il{d6/dX)/'£{dt/dX) is also 

zero: thus Q = 0 is a necessary and sufficient condition for motion initially in the 

equatorial plane to remain there. 

With regard to the motion of the massive particles which form our idealized, 

geometrically thin accretion disk, we ^vill be concerned only with the special case of 

circular motion in the equatorial plane of the black hole. However, it is instructive, 

in two respects, to consider first the more general case of boimded. stable, circular 

orbits not necessarily confined to that pleme. First of all. such consideration will 

illmninate the algebraic difficulties one encounters in attempting to analyse even 

fairly simple dynamiccd cases in the Kerr metric: secondly, it will provide an oppor-

timity to introduce some general techniques which, in a modified form, will prove to 

be of enormous utility in the study of photon trajectories and the process of image 

formation. 

The type of motion in which we Jire interested must satisf}' four conditions: (1) 

the circularity conditions, which demand that the effective radial potential func

tion and its first derivative vanish simultaneously; (2) the energetic boundedness 

condition, which requires that Elfx < I (Wilkins 1972): (3) the polar boundedness 

condition, which somewhat tautologicaUy states that the effective polar potential 

function must vanish at the turning point in the radial motion (the turning point 
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being defined as that value of 6 for -which Ve vanishes!); and (4) the radial stability 

condition, V" < 0. Note from inspection of (2.2.1) that condition (2) guarantees 

the  nonnega t iv i ty  o f  Q.  

To apply the circularity conditions, we first set 

V; = AiL-  +  BxEL 4- CxE-  +  DiQ +  Fi f i '  =  0 , (2.2.9) 

where 

A i  =  - r - + 2 M r .  (2.2.10) 

B i = - 4 : M a r ,  (2.2.11) 

+ a-r- + 2Ma-r . (2.2.12) 

D i = - r -  - r2Mr - a -  ,  (2.2.13) 

Fi = -r^ ^ 2Mr^ - a-r- . (2.2.14) 

Simultaneously we must have 

F; = AoL- + B2EL ~ CoE- + D2Q + F2/Z- = 0 . (2.2.15) 

where 

.-L2 =-2r + 2-V/. (2.2.16) 

Bo = -4-V/a , (2.2.17) 

C2 =  4r^ + 2 a - r  +  2 M a '  ,  (2.2.18) 

D2=-2r + 2M, (2.2.19) 

Fo = -4r^ 4- 6Mr- - 2 a ^ r  .  (2.2.20) 

Now of the motional constants I. Q.  E .  and /z, we may. as  previously stated, 

take // = 1. and between (2.2.9) and (2.2.15) we may eliminate one of the other 

three. Then by specifying the polar inclination of the orbit, we may invoke the polar 
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boundedness condition, ajid between that and the circulcirity conditions obtain for 

one of the constants an explicit expression giving its functional dependence on r; and 

so, by "working backwards", we Ccin, in principle, eventually obtain such expUcit 

expressions for all of the nontrivial constants of the motion. 

In practice, however, this task is so nearly hopeless that at present, insofar as 

can be made out, there are no published analyses of the general problem of three-

dimensional circular motion which provide the sort of explicit expressions described 

in the preceding paragraph, not excepting the notable paper by Wilkins (1972). 

although it is clear from some of the figures presented there that Wilkins must have 

obtained at least some of the resiilts given below. 

Consequently, it appears we have two choices: we can attempt to push through 

the analysis by brute force; or else we can seek an alternative formulation of the 

problem that somehow gets us around the formidable algebraic difficulties entailed 

by the first course of action, and in particxilar we would like such a formulation to 

be conceptucilly simple and amenable to equally simple numerical techniques. 

We may begin by considering the mathematical relations expressing all the 

conditions that must be satisfied to insiure stable, bounded, circular orbits, and 

noting that up to this point we have regarded them as a means by which we should 

somehow be able to relate the motional constants, individually, to their functional 

dependence-on r. However, there is no reason we cannot regard them instead as 

relations among the motional constants themselves, with r being merely a parameter 

we cire free to specify as we please rather them the independent variable of interest. 

If we make this shift in perspective, we see that for a designated orbited radius 

there is a set of triplets (L,Q,E) that satisfy the necessary conditions, and that 

each such triplet may be taken cis the coordinates of a point in a three-dimensional 

momentum space, such points taken collectively defining a surface there for each 

specified source radius. Fiurthermore. while it is a nearly insurmountable task to 



obtain explicit expressions for L{r ) .  Q{r ) ,  and E{r )  (except in the special cases 

a = 0 cind Q = 0), it is not nearly so difficult to obtain such expressions that 

relate the motional constants in peurs—geometrically, the equivalent of projecting 

the orbital surface in LQE-s-pa.ce onto one of the planes defined by the couplets 

(L.Q) ,  ( ! ,£ ; ) ,  or (g ,^) .  

In what follows we shall find it necessary to work out the following combinations 

of the coefficients appearing in (2.2.9) and (2.2.15): 

A1B2 - A2B1 = -Uiar^ . (2.2.21) 

A1C2 - A2C1 = -2r-(r3 _ . (2.2.22) 

A1D2 - A2D1 = -2a-{r - M) , (2.2.23) 

A1F2 - A2F1 = 2r-(r^ - 4.V/r- + 4iW-r - A/a") . (2.2.24) 

B1C2 - B2C1 = -AMar-{Zr- +a-) . (2.2.25) 

Si£>2 - B2D1 = 4iV/a(r- - a-) . (2.2.26) 

B1F2 ~ B2F1 = \Mar-{Zr- - + a") , (2.2.27) 

C1D2 — C2D1 = 2(r^ — ZMr* + 2a"r^ — 'IMa'r' -f- a'^r -j- Ma'^) = 2d . (2.2.2S) 

CiFo - C2F1 = -2Mr-{r^ + 2a-r^ - AMa'r + a^) . (2.2.29) 

D1F2 ~ D2F1 = 2rA- . (2.2.30) 

Then, by combinining (2.2.9) and (2.2.15) in such a way as to eliminate E.  we 

obtain 

AzL^  -r B^L 'Q + CzQ^  + + F^f i 'Q  + = 0 . (2.2.31) 

where 

.•I3 = ( .4.1 C2 ~  A2C1) '  ~  (AiB2 — A2B1  ) {B \C2 — B2O1)  . (2.2.32) 



B z  = (5IC2 -  SoCiX^iDo -  B o D i ) -  2(AiC2 - A2Ci){CiD-i ~ Col*!) . 

(2.2.33) 

C3 = (CiDo - CoDi)- , (2.2.34) 

Dj = (B1C2 - B2CX){BIF2 - BoFi) - 2{AiCn - AtCi]{CiF2 - C2F1) . (2.2.35) 

Fz = 2{CiD2 ~ C2DX){CIF2 - C2F1) , (2.2.36) 

G3 = (C1F2-C2F1)-. (2.2.37) 

Alternatively, combining (2.2.9) cind. (2.2.15) in such a way as to eliminate Q,  

we obtain 

A^L- + B^EL + + £>4Ai- = 0 , 

where 

.•I4 = A1D2 — A2D\ . 

B4 = BiDo — B2D1 . 

C4 = CiDo — ^2^1 = 25 

D\ — —(D1F2 ~ DoFi) 

Then from (2.2.31) we may write down the solution for Q ( L )  as 

Q { L )  =  
2C, 

(2.2.38) 

(2.2.39) 

(2.2.40) 

(2.2.41) 

(2.2.42) 

(2.2.43) 

where 

B 3  = 8r"{Q:[r"(r — Z M )  —  2 M a ' ]  —  2 M ' a ~ { 3 r ~  + a")(r" — a")} . (2.2.44) 

C3 = 4q- . 

F3 = —8Mr"d[(r" 4-a")" — iMa'r] , 

A3 = (JB| — A:AzCZ)L'^ + 2(BzFz — 2C3JD3)n'L~ + {F^ — 4C3G3)^"' . 

— 4.43C3 = [(16iV/a"r^A)(3r' +a")]' , 

(2.2.45) 

(2.2.46) 

(2.2.47) 

(2.2.48) 
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2(^3^3 - 2C3l>3) = ar[(16iV/ar-A)(3r- + a")]" . (2.2.49) 

Fj - 4C3G3 = 0 . (2.2.50) 

From (2.2.38), we have the considerably simpler solution for E ( L )  

E { L )  = , (2-2.51) 

where 

2C4 

B4 = 4iV/a(r--a-) , (2.2.52) 

A4 = {AarAfL- + (4A)-Qr/z- ; (2.2.53) 

or, more explicitly. 

d 

Now. of course, in order to obtain L { r )  explicitly, one need "merely" insert these 

solutions for Q(L) and E{L) into the polar boundedness condition 

V e { 9 t )  =  Q -  c o s -  -  E ' )  -f- L'/sin- 0t]=O. (2.2.55) 

where Ot is one of the turning points in the polar motion, and solve for L. It 

should be clear from the appearance of (2.2.43) eind (2.2.51), and of the ancillary 

equations required to define all the quantities that appear there, why one would like 

to avoid doing this if at all possible (especially eis the result, once obtained, proves 

so cumbersome as to be essentially useless). 

Instead, then, of pursuing any further algebraic maxupulations, let us consider 

the geometric representation of Q(L), for some specified orbital radius r. in the 

two-dimensional momentum space in which L is the abscissa and Q the ordinate, 

restricting our attention to that region of the plane about L = 0 for which Q 

is nonnegative. If we do this (Figure 2.2.1). we see that Q(L) is really a rather 

simple curve: in fact, in the alternate independent variable the locus Q{L-) is 
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just a conic section; and, in the Schwaxzschild metric, the locus Q { L )  itself, given 

implicitly by (2.2.31) with a = 0 as 

(r - 3M)(X- + Q) - Mn-r- = 0 , (2.2.56) 

is—provided r > 3M,  which will be so for ail cases considered here—just the 

pcirabola with vertex at (0,Qmoi). where Qmaz = Mfj.-r-/{r — 3M), and direc

trix Q — Qmax "i" 

Although these axe very nice resiilts, the important point is that given the 

geometric simplicity of Q{L). and the restriction Q > 0, we find that for a specified 

r the allowed values of L are constrained to lie within a definite domain, and we can 

now determine explicitly the limits of that domain. This fact may seem rather trivial; 

but from a calculationai point of view it is ail-important, as it is what provides an 

entree to the formulation of a successful numerical solution: for any time we can 

put limits on the values that a quantity of interest may assume, we can then divide 

the interval of allowed values into parts, and by fashioning some iterative routine 

for evaluating the functions of that quantity within the parts specified, eventually 

find the part within which the desired solution resides; and by further subdivision of 

that part, we may determine the desired solution to an arbitrary degree of precision. 

Here, for example, we wish to specify an orbital radius r and the inclination 

of the orbit with respect to the equatorial plane—which is equivalent to specifying 

the polar turning point angles ±9t—and then to find the corresponding triplet 

{L,Q,E). Given the result (2.2.43), and the restriction Q > 0, we find the limits 

on Z. which occur for Q = 0. namely, 

_ ± y L M ^ I - [ r -
maz.mxn - ̂3/4^^3/2 _ 3,V/rl/2 ± 2aMl/2)l/2 " ) 

We will specify values Lj of L  on the interval { L m i n -  L m a i )  in equal positive 

s t e p s  A L ,  a n d ,  h a n n g  d o n e  s o ,  w e  w i l l  e v a l u a t e  Q i L g ) ,  E i L ^ ) ,  a n d  V g { L s . 9 t ) .  

Plotting the last ftmction. for some designated 9t on the interval [0.-/2]. in the 
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LQ-plaxie (Figure 2.2.2), we see not only that it too is a well-behaved locus, but 

also that if we proceed from left to right along the £-axis from Lmin to zero, then 

we need only find some La for which QiLg) — Vg^La, dt) < 0, while QiLa -f AI) — 

VeiLa + AL.dt) > 0 at the adjacent value La + AX: and simileirly in proceeding 

right to left from Lmax to zero. This procediire localizes the value of L{r,dt) we 

seek for a prograde (retrograde) orbit on the right (left) cm.d may be repeated 

within increasingly narrower Umits of evaluation imtil the desired degree of precision 

is achieved. With L{r,Ot) determined, the corresponding values of Q{r.9t) and 

E{r,9t) are given by (2.2.43) and (2.2.51). respectively. Similar schemes based 

on geometric representations in various momentum planes, coupled with simple 

iterative nimiericcd techniques, are equally effective in insuring that the energetic 

boundedness cind radial stabihty conditions are satisfied: but there is no need to 

describe them here. 

Before concluding this section, we should examine the two special cases previ

ously mentioned, namely, a = 0 (Schwarzschild metric) and Q = 0 (circular motion 

in the equatorial plane). 

In the former case. expUcit expressions for L, Q. and E can be obtained with 

relative ease: 

«• • 
L i i r - 2 M )  

E = !— . (2.2.60) 
[ r ( r  -3 iV/)]^ / -

In the latter czise. however, it is only after a good deal of tedious algebra that 

one arrives at 

^ _ ^{r^r- _ 2Mr^^- ± ^ 
t. = — . (2.2.61,1 

^3/4(^3/2  _3.V/r i /2  ±2aiV/ i /2)^ ' -

while the only values of L allowed are the extrema given by (2.2.57). We may also 



calculate the angular paxticle velocity; 

±M'r-

dt E-# r3/2 ± alvP/^ ' 
dX 

(2.2.62) 

Also, while above we did not pursue the condition of radial stability in detail, we 

will need the result that for the special case Q = 0 the stability condition requires 

r > where, with 

Zi = 1 -{- 1 -
a-

Ir-
)' 

^2 = 

we have 

r s .m.n = -V/{3 + Zo T [(3 - Z i ) ( 3  + Zi + 2Zo)]^/-} . 

(2.2.63) 

(2.2.64) 

(2.2.65) 

The radius r^^min of the marginally stable orbit is obtained by calculating the 

outermost real root of V" = 0, which, with ^ = 1. Z replaced via (2.2.57). ajid E 

replaced via (2.2.61), can be made to assxune the form 

r" — 6 M r  ± — 3a" = 0 (2.2.66) 

thus leading to the results given in (2.2.63) through (2.2.65). For the Schwarzschild 

metric. (2.2.66) has the real, positive root fa^rnin = 61/. and for the extreme Kerr 

metric it has the real, positive roots r^ jnin = -V/ = a for the prograde case and 

''a.min = 9-V = 9a for retrograde motion. Here one may wish to refer to Figure 

2.2.3. 

It is not completely inappropriate to mention here briefly the special case of 

radial infall from rest at infinity, although this tj'pe of motion will concern us not 

at all hereafter. From (2.2.4) through (2.2.6). with E = = 1 and Z = 0. one gets 

'2Mar 
0 

( r2  -+-a2)2 — a^Asin"^  " 
(2.2.67) 
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which is just the quantity u; of (2.1.10). so that for nonzero a. 0 is also nonzero— 

the infalling particle circulates about the postive z-ajds in a coimterclockwise sense, 

even though it has no angular momentum about that ajds. This result is an example 

of so-called "frame dragging." 

Finally, by this point we have defined all the quantities that appear in the 

temperature function of Page h Thome, given (in cgs imits) by 

T{r,) = To[f{x)Y'^ , (2.2.6S) 

where the chaTacteristic temperature To is given by 

T o  =  [ Z M c ^ ,  ( 2 . 2 . 6 9 )  

a being, of course, the Stefan-Boltzmeinn constcint amd 

/(x) = /o(x)[x -  Xo -  /i(x) -  /2(x) -  f z { x )  - /4(x)] , (2.2.70) 

/o(x) = l/[x"^(x^ - 3x -f 2a,)] (2.2.71) 

/i(x) = (3/2)a.hi(x/xo) , (2.2.72) 

/ 2 ( X )  = {[3(xi -  a , ) ^ ] / [ X i ( X i  - X 2 ) ( X i  - x 3 )]}ki[(x -X l ) / ( X o  -  X l ) ]  .  (2.2.73) 

/3(x) = {[3( X 2  -  a . ) - ] / [ x 2 ( X 2  - X 3 ) ( X 2  - xi)]}hi[(x - X 2 ) / ( X 0  -  X 2 ) ]  .  (2.2.74) 

= {[3(13 -  a .)-]/[x3(x3 -  X i )(X3 -  x2 ) ] } l n [ ( x  - X3)/(xo -  X s ) ]  .  (2.2.75) 

X  =  (r^/.V/)^/- .  (2.2.76) 

xo = (ra.mmA/)^^^ , (2.2.77) 

xi = 2cos{[cos~\a.) — ~]/3} (2.2.7S) 

X 2  = 2cos{[cos~^(a,) + "J/S} (2.2.79) 

X 3  = -2cos{[cos~ n a «)|/3} . (2.2.S0) 



with the last three quantities being the roots of 

- 3x-f2a. = 0 . (2.2.S1) 

It is worthwhile to write down the terms in /(x) for the special cases a, = 0 

and a, = +1. 

In the former case, xq = 6^/^. Xi = 3^/". xo = 0. and X3 = —3^/-. so that 

/o(x)  =  l / [x=(x--3)] .  (2 .2 .S2)  

/ i (x)=0.  (2.2 .S3)  

/2(x)  =  (3^/V2)hi[ (x-3^/- ) / (6^/ -  -3^/ - ) j  .  (2 .2 .S4)  

/six) = 0 . (2.2.S5) 

M x )  = -(3^/^ /2) ln[(x-f3 ' / - ) / (6 ' / -+3 ' / - ) ]  .  (2 .2 .S6)  

Then with 

Co = hi[(6^/- - 3^^-)/(6^/- + 3^/-)] - 6^/- . (2.2.S7) 

we have 

/ (x)  =  [x^(x-  -3)] - '{x  +  Co+(3^/V2)hi[ (x  +  3^/- ) / (x-3 ' / - ) ]}  .  (2 .2 .SS)  

The maximum temperatvire occurs at the root of d f { x ) / d x  = 0. a transcendental 

equat ion wi th  the  solut ion x  % 3.1  ( r^  ~  4.8r^) .  

In the latter case, xo = xi = xt = I ajid X3 = —2. wi th  the  resul t  tha t  

/o(x)  =  l / [x- ' (x^  -  3x +  2)]  .  (2 .2 .S9)  

/ i (x)  =  (3/2)hi (x)  ,  (2 .2 .90)  

/2(x)=0.  (2 .2 .91)  

/3(^)=0.  (2 .2 .92)  



Then 

/4(x) = -(3/2)ki[(x + 2)/3| (2.2.93) 

f i x )  = -3i+2)]-n-r - l -h(3/2)hi [ (x  +  2) /3x]}  .  (2 .2 .94)  

The maximum temperatixre occurs at x = 1 (r^ = = 1/2). For that value of x. 

(2.2.93) is an indeterminate form of type 0/0: L'Hopital's rule gives /(I) = 2/9. so 

that the maximiim temperature is about 70% of Tq. The Page-Thome temperature 

function is actually somewhat unphysiccd in this instance, reflecting the fact that 

the Boyer-Lindquist coordinates become singular at the event horizon. Since we axe 

not concerned with any portion of the accretion disk inside the ergosphere. however, 

we need not firet over this circumstance. 

Both (2.2.SS) and (2.2.94) may be simplified somewhat by replacing x w-ith r, 

and M with 1 /2—but not sufficiently so to make it particularly worth the trouble. 

It is more useful simply to construct a plot of Tir^), which we have done in Figure 

2.2.4 for several values of a,, with M and M eis given in Section 1.2. With these 

values {M = 10® and M = 0.4 x 10-- g s"^). the characteristic temperature is 

To ^ 7.7 X 10^ K. Note that the dependence of the characteristic temperature on 

the ratio M/M- is relatively weak—if this ratio is changed by a factor of two (one 

half). To chzmges by a factor of only 1.2 (0.S4). 
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FIGURE 2.2.1. The circulaxity conditions for mzissive particles represented as a 
locus of points in the XQ-plane. The function Q(L) plotted here for r = Zvg is 
that given by (2.2.-i3) for the solid curve (extreme Kerr metric) or by (2.2.59) for 
the dotted curve (Schwarzschild metric). The units indicated on the abscissa are 
geometrized units of momentxmi, amd those on the ordinate geometrized units of 
momentum squared. Every point on Q(L) corresponds to a circular orbit at the 
specified orbital radius. Particles with L = 0 will pass over the poles, while those 
with L corresponding to Q = 0 are constrained to reside in the equatorial plane. 
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PIGURE 2.2.2. The polax turning point condition for massive particles represented 
as the intersection of two loci in the iQ-plane. Here the solid curve is the sapie 
as that in the preceding figure, while the dotted curve is the plot of the effective 
polar potential function (2.2.8) evaulated for r = and 9% = 45°. The values of 
L at which the curves intersect correspond to prograde (positive L) and retrograde 
(negative L) circvdar orbits at the specified orbital radius, inclined from the polar 
axis by the turning point angle df 
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FIGURE 2.2.3. Critical radii in the Kerr metric. The radius of the minimum stable 
orbit (solid line) for circular motion in the equatorial plane varies from 4.5 Vg in the 
extreme Kerr retrograde case to 0.5 Vg in the extreme Kerr prograde case, where 
it coincides (in Boyer-Lindquist coordinates, but not physically) with the event 
horizon (dotted line) and hes inside the boundary of the ergosphere (dashed line). 
The portion of the accretion disk Ijnng inside the boundary of the ergosphere cannot 
be observed at infinity. 
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FIGURE 2.2.4. The Page-Thome radial temperature function. The curves corre
spond to a, = -1-1 on the left to a, = —1 on the right in steps of Aa, = 0.25. 
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2.3. The Photon Trajectory Equations 

We shall find it convenient at this point to introduce the new momentum pa

rameters 

A = L I E  (2.3.1) 

and 

q s Q^'VB . (2.3.2) 

[The quajitity A introduced here is not to be confused with the quantity \ = r j yL 

appearing in (2.2.2) through (2.2.5).] We shall introduce as well two new functions, 

the effective radial and polar potential functions for photons, given, respectively, by 

R { r )  =  [V;/£'%=O..V/=I/2 = - \- -q-)r- + [{a - A)' + q - ] r - a - q -  (2.3.3) 

and 

0(^) = [Vg/E%=o.M=ir- = r + a- cos- 9-X- cot- 9  . (2.3.4) 

Now if we form the ratio of (2.2.2) to (2.2.3), separate the variables, and 

integrate both sides from source coordinates (r^.^j) to observation coordinates 

(Tq —> oc.do). we obtain the principal trajectory equation for photons, specifically 

r dr/iR(r}]"^ = [ dene(e}]''-. (2.3.5) 
J r .  J e ,  

In a similar way. by forming suitable combinations of (2.2.2) through (2.2.5), 

we arrive at the auxiliary trajectory equations for the photon azimuthal angular 

displacement Ao,o and the photon propagation time Atao-

Aojo = [ <ir {r[a-f-A(r — 1)]}/A[i?(r)]^''-A f  d d  c o t ' 6 / [ Q { 9 ) \ ^ ^ -  .  (2.3.6) 
Jr.  Je,  

Atso= [ <ir [(r--i-a")" — — aAr]/A[i2(r)]^''--i-a" / cos" 0/[0(f^)]''''^ . 
J r .  J e .  

(2.3.7) 
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Collectively, equations (2.3.5) through (2.3.7) will be referred to as "the trajec

tory equations" or "the photon propagation equations." These integrals are to be 

eveduated over the radial and polar parts of the photon trajectory, and the signs of 

[i2(r)]^''- and dr, or [0(^)]^/^ an.d dd^ are chosen to match so that the ratio of the 

differential to the signed square root of its corresponding effective potential function 

is always a positive quantity. 

All authors note that the photon propagation equations may be thrown into 

the form of standard elliptic integrals. None, however, mentions that for all prac

tical purposes it is utterly pointless to do so. Consequently, we have taicen this 

opportimity to remedy the oversight. 

Provided the photon has momentum parameters (A. 5) such that it can prop

agate to infinity, the radial integrals are evaluated straightforwardly from to 

if the photon has initially positive radial momentum, and from to r^. rt to rg 

if its initicd radial momentum is negative, where the radial turning point rt is the 

root of i2(r) =0 closest to r^. We wiU refer to photons with initicdly positive radial 

momentimi and to their trajectories as being radial -positive, and to photons with 

initially negative radial momentiun and to their trajectories as being radial negative. 

The polar integrals are evaluated between the polar turning points 9t. which 

occtur for Q{0) = 0. Here and in what follows it will be convenient to express the 

polar quantities in terms of the polar cosine n = cos 6 (not to be confused with the 

rest mass n of the previous section, which will not again appear). Then 

dy.l[M{iJ.)\ (2.3.S) 

where 

i\/(/x) s g" -1- (a" — A" — q')yr — (2.3.9) 

has the two real roots 

= ±(2a-) { { a -  -  -  q - )  +  [ ( a -  -  -  q ^ y  +  A a ^ q - ] ' ^ ' y ^ -  .  (2.3.10) 



the corresponding values of 9t being sjTmnetrically located above an.d below the 

equatorial plane. We will refer to photons with initially positive polar momentum 

and to their trajectories as being polar positive, and to photons with initicilly neg

ative polar momentmn and to their trajectories as being polar negative. Note that 

for source emitters in the equatorieJ plane of the black hole, the polar positive rays 

are emitted into the lower half-hemisphere with decreasing poleir cosine while the 

polar negative rays are emitted into the upper half-hemisphere with increasing polar 

cosine. Photons having q = Q and their trajectories will be referred to as polar null: 

for soiurce emitters in the equatorial plane, the polar null trajectories remeun in the 

plane. 

We shall also find it necessary to determine the root rt corresponding to each pair 

oi(\.q) taken imder consideration. Since R{r) = 0 is "merely" an algebraic equation 

of the fourth degree, we can, in principle (and in practice, but only with great 

difficulty) obtain an analytic expression for its roots. However, for our purposes 

the result is useless, and the desired root may be more or less easily obtained by 

invoking a relatively simple numerical algorithm. We shall have quite a bit more to 

say later on about the roots of the effective radial potential function: but for the 

moment the matter may be set aside. 

Notice that nowhere in the trajectory equations does the a^imuthal source angle 

Oj appear (reflecting the fact that the Kerr metric possesses azimuthai symmetry). 

What (2.3.6) gives us is the azimuthai displacement of the photon as it propagates 

from source to obser\*er. We are free to specify the polar and azimuthai angles of 

observation, and it is convenient to take Og = 0: consequently, we do so. Then very 

simple considerations show that 

6, = i'^<55oimo(fu/o2x ' -^ < 0 • (2.3.11) 

03 — (27r — so) modulo > 0 (2.3.12) 
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the '^modulo 2t" being required because a given photon may circulate completely 

about the z-axis one or more times as it propagates from source to observer. 

It is instructive to consider the photon trajectory equations in three special 

cases. First of all, in the Schwarzschild metric, where a = 0. the principal trajectory 

equation (2.3.5) is formally unchemged, but the effective radial potential function 

(2.3.3) simpUfies somewhat to 

R{r: a = 0) = r[r^ - p-(r - 1)] , (2.3.13) 

where 

p - = \ - + q - .  (2.3.14) 

In this case it is worthwhile to set down the roots {ri, ro, ra. r4} explicitly. One 

root is obviously ri = 0. The discriminant D of the cubic equation obtained by 

setting the expression within the brackets of (2.3.13) equed to zero is 

D=/[(1/4)-(PV27)]. (2.3.15) 

Note, ciside from the negative root and the four trivial roots p = 0 of I? = 0. the 

remaining real root at p = (27/4)^/". The values of {\,q) that satisfy this result 

lie on a semicircle in the complementary image plcine (Section 1.4): we shall see in 

Section 2.5 that this locus of points has an important physical interpretation. For 

the set of {X.q) that lie above this semicircle (and below the principal radial locus 

that will be defined in Section 2.5), D is negative, so that the three roots of the 

cubic part of i?(r) = 0 are real and distinct, and given by 

r2 = 3(/j/po)cos[77/3] , (2.3.16) 

r3 = 3(P/PO)COS[(77 + 2-)/3] . 

r4 = 3(p//9O)cos[(77 4-4-)/3] . 

(2.3.17) 

(2.3.18) 
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where 

T] = cos~^[-(/j<,/p)] . (2.3.19) 

The root is negative (or zero) and so physically irrelevant. Of the two roots 

remaining, ro > r^. so that r2 is the root lying between and that is closer 

to Ta- (It is easily shown by invoking a method based on Descartes' Rule of Signs 

that for a = 0 all allowed source radii r, are greater than the upper bound on the 

roots of the effective radial potential function.) These two physical roots become 

degenerate at r = 3/2 when p =• po. 

The effective polar potential function in the Schwaxzschild metric simpUfies to 

Q { e )  =  q - -  c o t - O o  .  (2.3.20) 

so that 

M{fx)^q'--p'-p^- . (2.3.21) 

with roots fit = ^llp-

J = p~'^ sm~^[fi/{q/p)] . (2.3.22) 

How the antiderivative in (2.3.22) is to be evaluated depends on how many turning 

points in the polar motion lie on the trajectory under consideration. 

The auxiUary trajectory equations in the SchwEirzschild metric are 

Ad.o = A / "  d r / [ R ( r ) ] ^ ^ - + X  [  ^ 9 c o t - 8 / [ 0 ( 9 ) ] ' ^ ^  .  (2.3.23) 
J r .  J e ,  

Atso= j drr^l[R{r)Yf'^. (2.3.24) 
J r ,  

By means of the identity provided by the principal trajectory equation. (2.3.23) 

can be thrown into the form 

l-do 
Adso = X d9csc-d/[ei9)]'^'' . (2.3.25) 

JB ,  
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The second special case we ought to consider is that of the polar null rays in 

the plane, for which q = 0 and d6 = 0. These rays contribute to the disk image 

observed in the plane, but they do not contribute to the flux because they subtend 

no apparent area at infinity. For rays in the plane, the principal trajectory equation 

is not needed—for every value of A allowed by the rules which well be set forth in 

Section 2.5. there are one or more photon trajectories having g = 0 which appear 

in the apparent disk image (or would appear if they were not absorbed in treinsit of 

the disk). These rays Eire not at all importcint observationaJly. so we will say very 

little about them. The modified auxiliary trajectory equations for this case may be 

obtained simply by discarding the polar integrals in (2.3.6) and (2.3.7). 

Finally, we need to consider the case of the observer at the pole. Only those 

rays having A = 0 can ascend to the pole, in which case (2.3.6) becomes 

AOjo =  a f  d r r / A [ R { r ) ] ^ ^ -  :  (2.3.26) 
•J r, 

or, in the case of the SchwcLrzschild metric, we have just Aojo = 0- Equation (2.3.7) 

becomes 

=  /  d r  [ ( r "  +  a " ) ^  — a 'A ] /A [ i ? ( r ) ] ^ / ' - i - a '  [  d d  c o s ' d / [ Q { d ) Y ^ '  .  
J r .  J e ,  

(2.3.271 

or. again invoking (2.3.5), we have 

!\t3o = [ dr -\-ar)^I— a' f (i0sin" 0/(0(0)]^''" . (2.3.2S) 
J r .  Je.  

A little later we will need, briefly, one additional result. Cunningham & Bardeen 

(1973) show that the momentum parameters A and q may be related to the photon 

emission angles ((^, i?) in the loccil rest frame of an emitting particle in the accretion 

disk. Let fii be a imit vector parallel to the orbit of an emitting particle, and let 

n2 be a unit vector in the direction of emission of a photon: then ^ is the angle, 

measured counterclockwise, from iii to the projection of into the equatorial 
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is the angle, measiired counterclockwise, from fii to the projection of a2 into the 

equatorial plane (0 < (^ < 2^). Then let z be a unit vector coincident with the spin 

cLxis of the black hole eind directed according to the right-hand rule, and let as be a 

imit vector normal to the equatorial plane at the position of the emittiag particle, 

parallel to z for polar negative rays, and antiparallel to it for polar positive rays: 

then d is the angle, mecisured down from (or up from, .as the case may be) ns to 

the projection of n.2 into the plane containing fis and z (0 < i? < ~/2). Given all 

this, it Ccin be shown that 

where a; is given by (2.1.10), and is the radius of the emitting particle, with 

angular velocity given by (2.2.62) and Hnear velocity Vg given by (2.4.31) below. 

For a specified r^, A zissimies its minimum value ) for ^ = k and its ma^mum 

value Amoi(''3) for ^  =  0 .  while q  assumes its maximum value q m a x i ^ n )  for A = 

^minifs) and. li = 0 [its minimmn value, of course, being qmini^a) = 0 for any 

r^j. The pairs (A„i.„ qmin)- i^max'qmaz)': and. qmai) define 

the vertices of a rectangle in the complementary' image plane, and we wiU refer 

to this rectangle cis the complementary emission rectangle. Every point inside this 

rectangle corresponds to a photon emitted at some but not necessarily to a 

physically realizable photon trajectorj* or one that may extend to infinity. In any 

case, we will refer to the coordinates of the points inside this rectangle as trajectory 

coordinates. 

The momentimi parcimeters (A,g) are related to the image coordinates (a,/3) 

"(cosi^ + ^j) 
(2.3.29) 

1 + e'^~''(fi3 cos-1-tjUs) 

q = r^e~''(l — j;^)~^''"(l —?L3\)cosd , (2.3.30) 

by 

a = —A/ sin^o : (2.3.31) 

3  =  ± ( q '  i -  a ~  cos" Qq  — cot" . (2.3.32) 



where the sign of ,3 is determined as described following (1.4.22), to which 2.3.32 

reduces for a = 0—a consequence of the rather surprising fact, as pointed out 

by Carter (1968), that the effective polax potential function in the Kerr metric is 

identiccil to the corresponding function in field-free flat space. Note that (2.3.31) 

and (1.4.21) are identical. 

Now we arrive at the fundamental question: What are the values of A and q that 

satisfy the principal trajectory equation for a specified and At present all we 

know is that A and q are real, and that in addition q must be nonnegative. It is clecir 

that in general we will have to pick some values for these momentum parameters 

and insert them into the principal trajectory equation, and presiunably from the 

results that emerge from that operation we shciU somehow be able to determine 

what values we ought to have put in. 

Of course we may begin by picking any nimibers we wish out of thin air and 

cramming them higgledy-piggledy into our nimaerical evaluation routine, hoping 

that with both eyes firmly shut and one foot heavy on the acclerator we may even

tually run into something solid; and in principle there is nothing wrong with that 

approach. However, there is a better way to proceed. For one thing, it is imme

diately clear that the limits of the complementary emission rectangle place some 

restrictions on the values that A and q may assume for a given r^. We will find 

in Section 2.5 that we can deduce a set of even more restrictive roles that in all 

cases tells us where in the complementary image plane we should look for the de

sired (A, 5). Finally, in Sections 2.6 and 2.S. we will develop a numerical algorithm 

that finds these desired values automatically after evaluating only a relatively small 

nimiber of trajectory integrals. 

First, however, having introduced the orbital equations for massive particles 

and the trajectory- equations for photons, we will combine some results of this and 

the preceding section to derive the fully general relativistic frequency shift function. 
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2.4. The GenercJ Relativistic Frequency Shift Function 

At this point it is convenient to invoke the formalism of locally nonrotating 

frames (LNRF) developed by Baxdeen, Press, and Teukolsky (1972). The motiva

tion is simple: the mathematical description of physical processes is simplest in such 

frames. For an observer whose coordinates axe = constaint, 9o = constant, and 

©o = + constant, the "cross term" in (2.1.2) vanishes so that the metric is diago-

nalized. Each locally nonrotating observer establishes a set of locally Minkowskian 

coordinate basis vectors ("orthonormal tetrad of 4-vectors"), and physical quanti

ties are to be described in terms of their projections onto these vectors. One of 

the nicest featixres of this scheme is that at ciny instant of time the locally nonro

tating frame and any other physical observer's frame are connected by a Lorentz 

transformation. 

We will not reqmre the entire LNRF mathematical appciratus: we will only 

employ what is necessary to obtain the general relati\'istic frequency shift function 

g given by 

where pt = —E. E being the photon energy at infinity, p is the photon 4-momentum 

at the instant of emission, and u the emitting particle's 4-velocity at the same 

instant, the latter two quantities to be expressed according to their projections 

onto the LNRF basis vectors. The denominator of (2.4.1) is just —Ea, where Eg is 

the photon energy in the rest frame of the emitting particle, according to the LNRF 

observer; and since E = hu. g is the ratio of frequencies defined in (1.3.6). 

The contravariant basis vectors in the LNRF axe given by 

g  = p t / i p  •  u )  .  (2.4.1) 

(2.4.2) 

(2.4.3) 
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- . d  
^(6) = e r ('--4.4) 

and the covariant basis vectors by 

= e^dt , (2.4.6) 

gCr) _ ^ (2.4.7) 

= t^de , (2.4.S) 

= —uje^dt 4- e^do . (2.4.9) 

where e". e"^. e®, and are as given in (2.1.13) through (2.1.16). 

As it turns out. the best way to proceed here is to calculate first the emitting 

particle's 3-velocity relative to the LNRF observer, given by 

. (2.4.10) 

where the Einstein summation convention is implied, with fj., u = r. 9. o, t. and 

j = r. Q. o. The notation indicates the jth term in the basis vectors of 

(2.4.6) through (2.4.9), and the xi^, as noted after (2.4.1). are the Boyer-Lindquist 

components of the particle velocity 4-vector. which may be obtained by inspection 

of (2.2.2) through (2.2.5). 

Although all this may appear a bit cryptic, an. exphcit example should serve to 

dispel the aura of hocus-pocus. Let j = r. Then 

-f f9 4 11^ 
-1- u®ec>0 -1-

Referring to (2.4.6) through (2.4.9), we see that in the numerator er'""' = e*^. 

while = 0: and. in the denominator. Cf''' = e". while Cp''' = 

= 0. Then, noting that r = u'"/u'. we have the quite simple result 

V'""^ = re^"" , (2.4.12) 
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for the radial component of the particle 3-velocity, where 

via +V^^' 
r = — (2.4.13) 

[-a(a^:sin-0-I) + (r2+a2)r/A| ' 

with the sign of Vr in (2.4.13) being determined by the sense of the particle's radial 

motion at the instant of emission. 

Similarly, we find that 

, (2.4.14) 

= [6 - , (2.4.15) 

where 
vii +T/-1/2 

a _ d\ _ ^ 9 ic) ^ 
l - a ( a E s i n - 0  -  L ) - h  ( r ^ + a ^ ) T / A ]  '  

E g  _  [ - ( a £ - £ / s i n - f f )  +  a T / A ]  
(2.4.17) 

[-a(af:sin- 0-1) + (r^ + a^jT/A] ' 

For the LNRF observer, the emitter velocity 4-vector has the Minkowski form 

u = 7(1.F^'"'.V(®'.V"(®') . (2.4.1S) 

where 7 is the usual Lorentiz factor 

7 = (1-V-V)-^/2 _ (2.4.19) 

and the "1" in the time slot of (2.4.IS) is, of course, c in geometrized units. Then 

(u">.u(''\u(''\u''") = 7(1,F^'">,V'^®\ (2.4.20) 

cind 

u = + u^'"'e(r) + , (2.4.21) 

along with (2.4.2) through (2.4.5) and (2.4.12), (2.4.14). and (2.4.15) give 
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We need not—indeed, we cannot at this point—calculate explicitly the photon 4-

momentum: we need only the general form p = {pttpr,pe-,p<f>)- When the operation 

p • u is performed, the "partials"' in u "pick out" the coefficients of the conjugate 

momentum components, with the result 

p • u = je'^lipt -f uipo) + rpr 4- he + (9 - u;)po] ; (2.4.23) 

or, cancelling two terms, and defining 

g  =  -pr/ p t  , (2.4.24) 

=  - p e / p t  , (2.4.25) 

A = - p o / p t  •  (2.4.26) 

with the A of (2.4.26) being identical to the A of (2.3.1). we may write the general 

relativistic frequency shift as 

g  =  P t / { p  •  n )  =  9 1 0 2 9 3  .  (2.4.27) 

where 

51=6". (2.4.2S) 

92='-'. (2.4.29) 

9z={l-rg-ei)-6X)-^ . (2.4.30) 

The gravitational redshift factor gi is often referred to as the lapse function. 

The emitter velocity in the local Boyer-Lindqmst frame is v = ( r . Q . o ) .  Re-

calUng that for photons E = p (m geometrized vmits), we also see that the vector 

n = (o, i?.A) is a unit vector in the direction of photon propagation, according to 

an observer in the same frame. Then ^3 = [1 — (v/c) • n]~^. formally identical to 

the Minkowski result. 

Of course, for our purposes we need concern ourselves only with emitters in sta

ble. bounded, circular orbits in the equatoried plane of the black hole, so that r and 
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9 vanish, leaving ELS the only nonzero velocity component which, simplifying 

(2.4.17), may be written as 

T.'(o) ^ + Q - )  f 0  4  3 n  
Ai/2(r3/2 ±aiV/i/2) • I- - ) 

Then, with Q. = 6, as given by (2.2.62). we have just 

g = ' (2.4.32) 

for the genercd relativistic frequency shift function for photons emitted by luminous 

particles in stable circular motion in the equatorial plane of the black hole. 
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2.5. Critical Loci in the Complementary Image Plane 

We saw in Section 2.2 that even though we did not obtain a set of analytic 

solutions for L{r), Q{r), and E{r), we were able to establish a simple numericzd 

algorithm to produce the desired results once we devised a rule setting definite limits 

on the values X(r) could assume for a specified orbital radius. In this section we 

will proceed pretty much in the same spirit, only at a somewhat more sophisticated 

level of analysis, to derive a set of rules putting limits on the values A may assimae 

for a specified source radius r, and polar observation cosine /ioi as well as on the 

values q may assume for a specified A. 

We will begin by considering the effective radial potential function of (2.3.3). 

Since it is the square root of this function that appears in the trajectorj- equations, 

it is clear that for ciny physically realizable photon trajectory the ftmction i?(r) must 

be nonnegative everjTvhere along the radial path of integration, vanishing only at 

the turning point rt in the radial motion; eind, in particular, we must have 

R { r , ) > Q .  (2.5.1) 

It is fairly evident from considering the terms in (2.3.3) that axe. or may be. 

negative, that, treating r, as a fixed parameter, i?(rs) itself will be negative if the 

values of A and q are "too big." Consequently, there must be some region about the 

origin of the complementeiry image plane in which Rirg) is positive, and the line 

of demarcation between this region axid those pcirts of the plane in which Rir^) is 

negative must be defined by equality in (2.5.1), from which we obtedn the locus of 

points 

?max(A;rJ = + (a" - A-)r; + (a - A)-r^]^^' . (2.5.2) 

which we shall refer to as the principal radial locus in the complementary image 

plane. [The notation As here and elsewhere denotes the expression of (2.1.7) evalu

ated at rj.j The points where the principal radial locus intersects the axis q = 0 will 
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be designated the radial null points. All physically realizable photon trajectories 

must have trajectory coordinates (A, 5) corresponding to points in the complemen

tary image plane that he between the axis q = 0 and the principal radial locus. 

It is interesting to note that (2.5.2) may be thrown into the form 

(A-AR)2 52 
5 + = (2.0.3) 

Or OR 

which is the equation of an ellipse with center at (AR, 0). semi-major axis qr, and 

semi-minor ELxis bn, where 

Ar = ^ . (2.5.4) 
- 1 

OR = ^ ^ . (2.0.0) 

in general; but in the Schwaxzschild metric we have just the circle 

P- = , (2.5.7) 
r-s - 1 

with p- as in (2.3.14). It is also interesting to note that the principal radial locus is 

tangent to the complementary emission rectangle at its intersections with the Hne 

5 = 0 (Figures 2.5.1 and 2.5.2). 

Now in addition to the longitudinal hmits imposed by 2.5.2 (along with the 

condition q > 0), we also have a pair of lateral limits on A. namely, the vcilues of A 

at the radial null points, given by 

^min.maxv 31 — , • (_.0.o) 
ra ~ I 

provided, of course, that 7^ 1. In that case, which may occur only for the prograde 

disk configuration in the extreme Kerr metric, the limiting value of Amax(^j) is 3/2: 

but ^rnini^s) ^ 
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This last result must prompt us to consider in what sense the values of A defined 

by (2.5.8) axe limits on the complementaxy ring image. Suppose the actual limits to 

be Xl on the left-hand side of the complementary image plane and Xr on the right-

hand side. Then the values given by (2.5.8) are limits in the sense that we must 

always have Xl > Xminirg) and < A„iai(rj); but in general the values of Xl,r are 

not equal to Xmin.max (although they may be) and must be determined numerically, 

using, perhaps, the values given by (2.5.8) ELS an initial "guess." Of course we can 

always make a better guess if we can derive more restrictive conditions on the lateral 

limits; and, in the case pointed out above where = 1 in the extreme Kerr metric, 

we will definitely need some additional rules to guide the numerical determination 

of Ai,, as it is not very helpful at all to know only that it lies somewhere between 

zero and negative infinity! 

Consequently, we now consider the effective polar potential function of (2.3.4). 

Again, since it is the square root of this function that appears in the trajectory 

equations, 0(ff) must be nonnegative ever\-where cdong the polar path of integration, 

vanishing only at the turning points 6t in the polar motion: and. in particular, we 

must have 

Clearly, the line—or Unes, rather, as it turns out—of demarcation between the 

regions of the complementary image pleine in which (2.5.9) is or is not satisfied 

corresponds to equality in that expression, from which we obtain 

Q(do) > 0 . (2.5.9) 

qmin(X : 6 o )  = (A^ cot" 9 o  -  a-  cos' ^o)'^" , (2.5.10) 

a result we wiU immediately throw into the form 

(2.5.11) 

where 

C0 = (al + 4)^^" = a ' (2.5.12) 
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oq = asinOo •; (2.5.13) 

6e = a cos 9q . (2.5.14) 

In general (2.5.11) is the equation of a hyperbola with center at (0.0) and foci 

at ±c©; but in the Schwaxzschild metric we have just the straight lines 

^ = |A|cot0o- - (2.5.15) 

We will refer to the curves defined by (2.5.10), or (2.5.11), as the complemen

tary polar loci: some graphical representations axe presented in Figures 2.5.3 and 

2.5.4. All physically readizable photon trajectories that may ziscend to polar obser

vation cosine Ho = cos 6o must have trajectory' coordinates in the complementary 

image plane that he within the region bounded by the principal radied locus, the 

appropriate complementary polar loci, and the eixis 3 = 0. 

We will have no use for (2.5.10) insofar as it establishes a minimum value of q 

for each A and 6^. WTiat we are really after here is the more restrictive lateral limits 

on A defined by the intersections of (2.5.2) and (2.5.10) and given by 

^ ^  - [ar^ s in- i  (r;-H a-cos-0o)  s in 00 A^"] 
3  •  " o )  — o  , • }  1  a  * (-.O-IO) 

r; - 4- cos^ do 

or. in the Schwarzschild metric, we have the considerably simpler result 

( r ^  -  1 ) 1 / 2  

The points where the complementary- polar loci intersect the principal radial 

locus will be referred to as the polar nodes. In the Schwarzschild metric, the polar 

nodes are the exact lateral limits of the direct-orbit complementary ring images; and 

to a very good approximation this is also true in the general Kerr metric, provided 

that a is less than the critical spin value <2c defined below. 

By now it should begin to become fairly clezu: how we will ultimately proceed. 

We want to perform the integrations of (1.3.S) over the apparent images of the 
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accretion disk. We saw in Section 1.4 that for every projected ring image in the 

image plane there is a complementary ring image in the complementary image 

plane, and vice versa. Consequently, the task of determining the apparent disk 

images, which we may undertake on a ring-by-ring basis, is equivalent to finding 

the complementarj' ring images. We have in (2.5.2) and (2.5.16), or (2.5.17), a pair 

of rules that tells us where in the complementziry image plane the complementary 

images must be located for a specified source raditis and a designated polar angle of 

observation. By maJdng a partition in A and q of the complementary image plane, 

we can systematically evaluate the principal trajectory equation on a point-by-point 

basis, and if we vary the input in a systematic way, we can. expect the output to 

vary in an equally systematic fashion, and we fancy ourselves sufficiently clever to 

determine from this output what the actual image points are. 

However, at this point a complication arises. WTiile ever\* photon trajectory-

corresponds to a unique point in the complementary image plane, in the reverse 

mapping, every' point in the complementary image plane corresponds to four distinct 

photon trajectories. That this is so may be seen by inspection of (2.3.29) and 

(2.3.30). For every emission atngle corresponding to a radial positive ray. there 

is a second angle '^2 that returns the same value of A in (2.3.29) but corresponds to 

a radial negative ray. and so the radial portion of the trajectory equations must be 

evaluated along different radial paths. Then for every A, corresponding to two such 

rays, that appears in (2.3.30), the emission angle d is the same for one polar positive 

and one polcu- negative ray, and so the polar part of the trajectory equations must 

be evaluated aiong different polar paths. Consequently, for every A. with q fixed, 

we will, in principle, have to evaluate two radial integrals, one from r, to —f oo, 

and the other from to r^, and then from to Vg —00: and for every q. with A 

fixed, we will, again in principle, have to evaluate two sets of polar integrals, with 

the members of the polar negative set differing from one another by having either 



100 

none or exactly one polar turning point, if they cire to appear in the direct-orbit 

disk image, and the members of the polar positive set differing from one another 

by having at least one and not more thaxi two polar turning points, if they are to 

appecu: in the first-orbit image. Given the restriction that we will concern ourselves 

only with physiccdly realizable photon trajectories that may extend to infinity, we 

will say that for zmy given ring of emitting particles in the disk, the set of all radial 

positive and radial negative rays, in imion with the set of ail polar positive and 

polar negative rays, forms a complete set of rays for the emitting ring; and since 

there is no way we can know beforehand which members of this set we "ought" to 

insert into the trajectory equations, we %vill have to consider them all. 

However de\nHshly convoluted the foregoing may sound, as it tmns out we can 

de\'ise a rather simple means of "considering" all members of a complete set of rays 

in such a way that we can determine which ones give rise to the observed direct-

and first-orbit images at a designated polar axigle of observation and yet perform 

relatively few evaluations of the photon trajectory equations. This scheme wiU 

be laid out in Sections 2.6 and 2.S. However, it is first necessary to discuss the 

important matter of photon capture. 

Consider the radial part of the principal trajectory equation. As we said above, 

for each allowed pair (A, q) we must evaluate the radial integral for a radial positive 

ray from to rg —*• x: but we can do this only if there is no turning point in the 

radial motion on this interval of integration—that is, R{r) =0 must have no real 

roots on (r^j.cc). For the same pair {X.q) we must also evaluate the radial integral 

for a radial negative ray from to rt, and then from to Tj, —»• 3c; but we can 

do this only if there is a turning point in the radial motion outside of the event 

horizon at —that is. R(r) = 0 must have at least one real root on (r^.r^). If we 

know that a pair (A.(j) is such that R{r) = 0 hcis a real root on (tj.cc). then not 

only do we not need to know the value of the root, we can in fact exclude this pair 



LOl 

of momentura parameters from consideratioa altogether, as it camiot possibly give 

rise to an observed image point. Similarly, if we know that a pair (A, q) is such that 

R(r) = 0 hcLS no real root on (r^, r^), then once again we do not need to know the 

value of the root, and we need not consider the ca^e of radial negative rays for that 

pciir. Clearly the problem oi finding the roots of R{t) = 0, which is an almost tri\-ial 

numerical matter, is quite distinct from the problem of determining when the real 

roots exist on specified radial intervals. 

Let us first take up the question: When does R ( r )  =  0 have real roots on 

(r^. cc)? It can be easily shown that the answer to this question depends on the 

value of a: for let a = 0. and select a pair (A,5) in accordance with (2.5.1) so that 

•^('*3) ^ 0- aJid then suppose there is some r > r, such that R{r) < 0. Then 

r"* — (A- -r q-)r- + (A" + ?")r < 0, or. taking into accoimt the fact that r is certainly 

not zero, and shuffling things around a bit, we get 

A" + > : (2.5.IS) 
r — 1 

but this is impossible, for since by hypothesis r > r^,, it follows that the left-hand 

side of (2.5.IS) is bigger than any value allowed by (2.5.1), since the nia>dmum 

value allowed is given by the right-hand side of (2.5.7); and so we conclude: In the 

S c h w a r z s c h i l d  m e t r i c ,  f o r  a l l  a l l o w e d  >  T j . t h e r e  a r e  n o  r e a l  r o o t s  o f  R ( r )  =  0  

on (r^, oc). provided the pair (A.g) is chosen in accordance with iZ(rj) > 0. 

If we try- this sort of demonstration in the general Kerr metric, where a == 0. 

we do not get an unambiguous resiilt: and there is a good reason for this—for some 

values of a. and some correspondingly allowed r^, there axe pairs (\,q) that satisfy 

(2.5.1) for which i?(r) = 0 does have real roots on (rs,cc). To prove that this is 

so. we need adduce only a single example. Let a = 1/2. and let = 3/2. as in 

the e.xtreme Kerr metric r^^rnin may be as small as a. Then by (2.5.S) Xmini''a = 

3/2) = —4. and so the pair (\.q) = (—7/2.0) is certainly allowed. Then 

R { r ,  =3/2;A = -7/2.g = 0) = 33/16 > 0 . (2.5.19) 
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in agreement with (2.5.1); but 

ii:(r = 2:A =-7/2,9 = 0)=0, (2.5.20) 

so that i2(r) = 0 in that case has a rezd root on (ra.oc). Evidently there is some 

critical vedue Oc of a on (0.1/2) such that R{r) — 0 has no real roots on (r^. co) for 

any allowed > Ts^min, provided a < ac, while R{r) = 0 does have a real root on 

(r,, CX3) for some jdlowed provided a > From a physically intutive perspective, 

it is clear that this must be so: for as the value of a increases (in a prograde sense), 

the value of r^.tnin decreeises, and the motion of photons emitted near the inner 

edge of the disk is subjected to an increeisingly strong gravitational field, as well 

as an enhanced degree of frame dragging. At some point the combination of these 

effects is sufficient to turn some outwardly directed photons completely around and 

either trap them in the vicinity of the black hole or else drag them through the 

event horizon. 

However, let us put this matter a^ide for the moment and consider the compan

ion question: When does R{r) =0 have at least one real root on (r^.r^)? As we 

shall presently see. the ajiswer to both this question and the previous one is in a 

sense the same. 

In discussing the classical problem of orbital motion in a centred force field, one 

also defines an effective radial potential function. It is customary then to plot the 

function and strike across it a horizontal line of constant energy £<,. and then to 

fantasize about the body in orbit shding back and forth along the Une E = Eq. like 

a bead on a wire, and "boimcing off" the sides of the effective potential "Svell" at 

the turning points in the radial motion. As it turns out, we can employ a plot of 

the effective radiad potential function in the Kerr metric in a similar way. 

In Figure 2.5.5 we imagine a photon with initially negative radial momentum to 

be travelling along the r-axis in the direction of r = 0. If the plot of R(r] intersects 

the r-axis at some then the photon, upon "colliding" with the potential 
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"wall" wiU "bounce off the wall" and commence moving in the opposite direction. 

Now suppose A to be fixed and q to be varied from its maximtun allowed vsilue to 

zero: then for some A there may be a critical value qc of q for which the effective 

radial potential function is tangent to the r-axis (Figiure 2.5.6) and then no longer 

in contact with it for any q < qc (Figure 2.5.7), so that there is then no longer a 

"wall" outside of rh for the photon to "boimce off of." 

Mathematically speaking, we would say that two formerly distinct real roots 

becajne degenerate, and then imaginary, and that qc satisfies the iiscriminantal 

conditions that i?(r) and its first derivative vanish simultaneoiisly; but these condi

tions for photons are just the scime as the circiilarity conditions for massive particles 

we so laboriously considered in Section 2.2. and the physical interpretation is ex

actly the same: when q = qc for some A. the corresponding photon is trapped in 

a circular orbit in the ncinity of the black hole. Consequently, by writing down 

Ji[r) = 0, and R'{r) = 0. between this pair eliminating r. and casting the final 

result as a relation between q = q^ and A. we obtain the ciTcularity locus, given by 

oo -r- aiq -r aoq' + a^q^ + O-iq*' + ̂ 5?^ = 0 . (2.5.21) 

where, with b = A/a. we have 

ao = -aHb - 1)'[27(6 - 1) - 4a-(6 -I-1)^] . (2.5.22) 

ax = -4a\b - l)-'[27(6 - 1)" - a-(6- - 1)(56- -f 46 + 35) + 4a-^(6 + l)"^] . (2.5.23) 

02 = -2a-^(6-l)-[Sl(6-l)--4a-(6-l)(56^+36-4-5l6 + 17) - i-32a-^(6-Hl)^(6--fl)] . 

(2.5.24) 

as = -4a-[27(6-l)--2a-(6-l)(56^-36-+516-17) + Sa-*(36-»+26-H-3)] . (2.5.25) 

04 = -27 + 4a-(56- - 46 + 35) - 64a-'(6- + 1) . (2.5.26) 

as =4(1-4a-). (2.5.27) 
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in general; but in the Schwarzschild metric we have just the circle 

= 27/4 , (2.5.28) 

with the right-hand side of (2.5.28) being the square of the po of (2.3.15) through 

(2.3.18). Another specicil case of interest is that of the extreme Kerr metric, where 

ao = 4(A - 1)2(A - 1/2)'(A + 7/2) , (2.5.29) 

d = 16(A - 1)-(A - 1/2)-^(A2 + 2A - 9/4) , (2.5.30) 

ao = 24(A - l)-(A - 1/2)2(A- + A - 25/12) . (2.5.31) 

aj = 16(A - 1)-(A- - 5/4) . (2.5.32) 

a 4 = 4 ( A - l ) 2 .  ( 2 . 5 . 3 3 )  

Go = 0 . (2.5.34) 

(Here refer to Figures 2.5.S and 2.5.9.) 

Now suppose a  < a ^ .  Then any radial positive photon whose trajectory coor

dinates lie between the 9-axis and the principal radial locus in the complementeiry 

image plane may propagate to infinity: and any radial negative ray whose trajec

tory coordinates lie in the same region may also propagate to infinity, provided 

these coordinates also lie outside the circxilarity locus. 

We would like to determine now the critical value and, for axiy a  >  a ^ .  the 

critical value of the allowed at which capture of radial positive rays becomes 

possible; and. as it turns out. it is not too hard to do so. It should be rather 

obv-ious that the intermediate case between R{T) =0 having all real roots rj < Tj 

and R(r) = 0 having at least one real root rj > is R(r^) = 0. It is probably not 

quite so obvious that if we consider only those values of (A.5) that satisfy* (2.5.1). 

t h e  c a ^ e  o f  i ? ( )  =  0  i n  w h i c h  w e  a r e  i n t e r e s t e d  i s  a l s o  t h e  c a s e  f o r  w h i c h  R ' i r , )  = 0 :  

nonetheless, it is so. Futhermore. in the critical Ccise that defines Cc. these circularity 
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conditions must be satisfied for and (A,g) = (A,n,„(ra),0). (The proof 

of these assertions may, if we wish, be by numerical demonstration.) 

Anyhow, assuming all the foregoing, we write down 

R{r: g = 0) = r"^ + (a' — A^)r" + (a — A)^r = 0 (2.5.35) 

and 

R ' { r : q  =  Q )  +  2 { a - -  X ' ^ ) r  +  { a  -  X f  =  0  ,  (2.5.36) 

with the understanding that we are to take r = A = Xmini^^.Tnin)- and 

a = Oc. Since rs,min is certEiinly not zero, we may multiply (2.5.35) by (4/r) and 

subtract (2.5.36) from the result to obtain 

2 ( a - -  A - ) r  +  3 ( a - A ) - = 0  :  ( 2 . 5 . 3 7 )  

or. presuming Xmini^a.min) T- o-c (and. in fact, it is not) we have the even simpler 

result 

2(a -f A)r -f 3(a — A) = 0 . (2.5.38) 

Inserting Xmmirs.min) from (2.5.S), and assuming # 1 for a = Qc (which 

also proves vaHd), we then have, after shuflBing things ciroimd a bit, the somewhat 

ominous 

4r'* — 16r^ -i- 21r' — Sa'r — 9r -r Sa" = 0 . (2.5.39) 

which is, however, more or less readily thrown into the form 

( r - l ) [ r ( 2 r - 3 ) - - S a 2 ] = 0 .  ( 2 . 5 . 4 0 )  

Now one need "merely"' insert into (2.5.40) the result for given by (2.2.63) 

through (2.2.65) and solve for ad but to obtain a general analytical solution is a 

task everj" bit as hopeless as it appears. We must be satisfied here, as elsewhere, 

with a numerical solution, which gives 

acs:0.32 (2.5.41) 
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and 

rc(a = Oc) = r3,,nin(a = Oc) ^ 1.83 . (2.5.42) 

For a > Oc, we may insert a into (2.5.40) and solve for which will be the 

most positive root of that equation. As it turns out, we may write down the roots 

{j"! ? ''2 r ''s! '*4 } explicitly with very little trouble. One of the roots, of course, is ri = 1 

(which is never the most positive root and so can never be r^, as wcis asserted above). 

The cubic equation in brackets in (2.5.40) has the simple discriminant 

D =a\a- -1/4} . (2.5.43) 

which is negative—i.e.. all the roots are real and distinct—except in the case of 

the extreme Kerr metric (in which case two of the real roots become degenerate). 

Defining 

ry = cos"'(Sa* — 1) . (2.5.44) 

we may write the remaining roots as 

r-i = cosfTj/Sj + 1 . (2.5.45) 

r3 = cos[(;7 + 2~)/3] + 1 . (2.5.46) 

= cos[(r7 T-47r)/3]-h 1 . (2.5.47) 

The most positive root is that given by (2.5.45). 

By constructing plots of the circularity locus and the principal radial locus in the 

complementary image plane, these resiilts for Cc and may be given a simple and 

conceptually useful geometrical interpretation. However, to speak sensibly about 

the matter, we will, unfortunately, require some additional terminology. 

First of all, note that the circularity locus is independent of r^. as it must be. 

since the discriminant of a polynomial equation depends only on the coefficents of 

the independent variable and not at all on that variable itself. 
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Secondly, we would like to find the points (of physical interest) at which the 

circularity locus intersects the axis q = 0. For this task, (2.5.21) is not in a useful 

form: but we may pick up the intermediate form of (2.5.38) (here in a different 

context than that in which it appears above) cind use it to eliminate r in (2.5.36), 

with the result 

+3aA2 +(3a- -27/4)A + a(a- +27/4) = 0 . (2.5.4S) 

(provided A ^ a). 

The discriminant D of (2.5.48) is 

D  = - ( 3 / 2 f { l - i a - )  .  (2.5.49) 

and negative for all a < 4- Then with rj — cos"'(—2a). the roots may be written 

Ai = 3cos[r7/3] — a . (2.5.50) 

Ao = 3 cos[(r/-r 2;r)/3] — a . (2.5.51) 

A3 =  3cos [ (77 - i-47r)/3] — a . (2.5.52) 

It is the first fwo roots that concern us. (The third root has a physical meaning, but 

one that for our piuposes is irrelevant.) The points given by (2.5.50) and (2.5.51) at 

which the circidarity locus intersects the axis 5 = 0 will be designated the circularity 

null points. -

Finally, it can be shown by direct calculation that for a < Cc, the principal 

radial locus and the circTilarity locus have no points in common: for a = and 

''n = they have exactly one point in common at A = \min(^3,min}i as given 

by (2.5.8); and for a > Oc and < Tc, they have exactly one point in common at 

that (X.q) that simultaneously satisfies (2.5.2) and (2.5.21): and the location of this 

point, which wiU be referred to as the circularity node, can always, of course, be 

numerically determined. 
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Now consider Figvire 2.5.10. which displays sets of critical loci in the comple

mentary image plane for a = 1/2 (prograde configuration) and several values of 

Tj < Tc. (Note in the last panel of the figure that the principal radial locus, which is 

a circle in the Schwarzschild metric and an ellipse in the general Kerr metric, is in 

this particular instance a parabola.) It can be shown that the following rules apply 

for a > Gc and r < Pc'. 

(1) No photon having trajectory coordinates lying to the left of the negative 

circularity null point may propagate to infinity [because it has a radial tximing 

point on (tj, cc)]; 

(2) No radial negative photon having trajectory- coordinates lying to the left 

of the circularity node may propagate to infinity [because it has no radial turning 

point on (r/i, r^)]; 

(3) A radial positive photon ha\ang trajectory coordinates lying between the 

negative circularity ntill point and the circularity node may propagate to infinity 

pro^vided those coordinates lie also beneath the circiilarity locus [otherwise, it has 

a radial turning point on (r^. cc)]: 

( 4 )  I n  t h e  r e g i o n  o f  t h e  c o m p l e m e n t a r y  i m a g e  p l a n e  l \ - i n g  t o  t h e  r i g h t  o f  t h e  

circularity node, the "usual rules" apply—i.e., all radial positive photons with tra

jectory coordinates hang beneath the principal radial locus may propagate to in

finity, and all radial negative photons with such coordinates may also propagate to 

infinity, provided those coordinates lie also outside the circularity locus. 

For a  >  G c  and r  <  V c ,  then, the region of the complementary image plane 

inside the complementary emission rectangle may be di\-ided (from right to left) 

into a normal zone lying between the positive radial null point amd the circulcirity 

node, an intermediate zone lying between the circularity node and the negative cir

cularity null point, and am absolutely forbidden zone lying to the left of the negative 

circularity null point. For a < a^. or a > but r > Tc, there is only a normal zone. 
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which can be further subdivided into a restricted zone lying between the circularity 

null points cind two free zones lying outside the circidEirity null points and inside 

the radial null points. 

Now in all cases we have definite limits on the values A may assume for any 

allowed r^, and using these as guides we can always find, numerically, very precise 

values for \l and A^. In addition, we have identified that region of the complemen

tary image plane for which both the radial positive and radial negative rays may 

contribute to the observed ring images (the normal zone), as well as that region for 

which only the radial positive rays may so contribute (the intermediate zone). In 

the normal zone, the majdmum allowed value of q is given by (2.5.2) for anj* per

missible A. emd the minimiun vedue of q allowed for radial negative rays is defined 

by the circularity locus, the latter also defining the maximum allowed value of q for 

radial positive rays in the intermediate zone. 

In short, we are now prepeired to set forth a definite procedure for constructing 

the complete emission matrix K. presented and discussed in the next section. 
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FIGURE 2.5.1. The complementary emission rectangle and the principal radial 
locus in the Schwarzschild metric. The source radius in this case is = Sr^. The 
pairs (A, q) corresponding to points inside the rectangle cire referred to as tTajectory 
coordinates, and the points where the principaJ radiai locus intersects the axis q = 0 
cLS the radial null points. Only those pairs lyin^ between 5 = 0 and the principal 
radial locus correspond to physically realizable photon trajectories, and not all such 
trajectories may extend to infinity. 
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FIGURE 2.5.2. The complementaxy emission rectangle ajid the principal radieil 
locus in the extreme Kerr metric. The source radius in this case is = Zvg. 
Compare with the preceding figure, where the complementaxy emission rectangle is 
symmetric about A = 0. 
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FIGURE 2.5.3. Complementary polar loci in the Schwarzschild metric. The source 
radius in this case is r, = 3 r^, so that this figure corresponds to Figure 2.5.1. The 
polar loci in the Schwarzschild metric are just straight lines intersecting the origin 
of the complementary image plane. The points where the polar loci intersect the 
principal radial locus' are the polar nodes. In the Schwarzschild metric, the polar 
nodes define the lateral Umits of the direct-orbit complementary ring images. 
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FIGURE 2.5.4. Complementajy polar loci in the extreme Kerr metric. The source 
radius in this case is = 3 so that this figure corresponds to Figure 2.5.2. The 
polar loci in the general Kerr metric are portions of the branches of hyperbolae. 
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FIGURE 2.0.5. Photon "colliding" with potential "wall." The radial motion of 
a photon mav be pictorially represented as one-dimensional motion along the line 
R{r) = 0. Here a radial negative photon is enutted (open circle \yith arrow) from 
source radius Tj in the direction of r =0. Upon ' colliding' with the potenti^ 
"wall" where R{r) crosses the horizontal axis, the photon "boimces off the w^ 
and commences to move in the opposite direction, so that later (closed circle with 
arrow) it is headed out to r -+ oo. This figure and the two following are for the 
case a = 0, A = 0. 
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FIGURE 2.5.6. Photoa "stuck" in a circular orbit when the effective radial potential 
function and its first derivative simultaneously vanish. 
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FIGURE 2.5.7. Photon captiired by a black hole. Here R[r) =Q has no real roots 
for r > 0: there is no potential for the photon to "bounce off of." and so it 
continues to move in the direction of r = 0. eventually passing through the event 
horizon at r^. 
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FIGURE 2.5.S. The circularity locus in the Schwaxzschild metric. The comple
mentary emission recteingle and the principal radial locus have been constructed for 

= 3 Tj, for which case the latter is a semicircle of radius (27/2)^/-. The circularity 
locus (soUd ctirve) is a semicircle of radius (27/4)^/^, a value independent of r^. 
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FIGURE 2.5.9. The circularity locus in the extreme Kerr metric. The comple
mentary emission rectangle and the principal radial locus have been constructed for 
Ta = 3 r^: the latter is the upper half of an ellipse. The circularity locus (solid curve) 
is in general a segment of a polynomial curve of degree 5 in 5". In the extreme Kerr 
m e t r i c ,  t h e  p r i n c i p a l  r a d i c i l  l o c u s  a n d  t h e  c i r c u l a r i t y  l o c u s  a r e  d i s t i n c t  f o r  >  2  r g ;  
for Tj < 2 Tj, they have exactly one point in common at the ciTcularity node (Figure 
2.5.10). 
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FIGURE 2.5.10. The circularity node in the extreme Kerr metric. Here the principal 
radial loci have been constructed for (a) = 1.75 Vg, (b) = 1.5 rg, (c) = 1.25 r^, 
and (d) r, = Ivg, the last value being that of the boundary of the ergosphere in 
the equatorial plane. The ciTculariiy node (heavy dot) is the point common to the 
principal radial locus and the circularity locus and moves progressively towards the 
right-nand side of the complementary' image plane as decreases. 
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2.6. The Complete Emission Matrix H 

Without any preamble we now introduce the complete polar emission array 

13(5), constructed as described below. The motivation for introducing this device is 

simply that by trial and error one finds it to be useful to do so. 

To start, we will for illustrative piurposes consider the special czise A = 0, since 

for that value of A the range of observation cosines Ho is maximized. We also need 

to pick a source radius and here we will let it be rstrain for some a, (unless 

a, happens to be +1, in which case we will take = Ir^). In accordance with 

the rules set forth in the preceding section, we calculate the maximum value qmax 

of q allowed for both the radial positive and radisd negative rays, and we aiso 

calculate the minimum value q^in of q allowed for the radial negative rays [q = 0. 

of course, being the minirmim value allowed for the radial positive rays, while for the 

radial negative rays (2.5.21) applies]. We may di'vide up the intervals [0. ̂ mar] and 

[?mzn. ?mar] in a^y way we please [cind in practice, as it turns out. in certain special 

Ccises it becomes necessary, or at least highly desirable, to de-viate considerably 

from the standeird construction of 11(g) given here]; so we %vill partition the inter"val 

[0. qmaz] into N uniform parts of width Ag.v = qmax I ̂  and the inter-val [qmin, ?mar] 

into P uniform paxts of width Aqp = {qmaz — qmin)!P, taking P — X if it suits us 

(and usually it will). We then construct the cirray of 2(iV + P) + 1 elements 

• whose first .V elements are the q values [Agiv/2.gmaz — •'^9.v/2], loaded in 

ascending order at intervals of zlq.v; 

• whose next P elements are the q values [qmax — ^qpl--qmin + A9p/2], loaded 

in descending order at intervals of A^p; 

• whose next P elements are the q values + ̂ qpl-- qmax — •^?p/2]- loaded 

in ascending order at intervals of 

• whose ne.xt .V elements are the q values [?mar — Ag^v/S. Ag,v/2!. loaded in 

descending order at intervals of Ag.v; and 
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• whose final element is identical to the first. 

The axray that results is defined to be n(g). Schematic representations of this 

array axe displayed in Figure 2.6.1. 

We now insert A = 0 (or some other designated value of A) along with the 

first element in 11(9) i^^to the radial part of the principzil trajectory equation eind 

evaluate the integral numerically from to —>• oo. We then insert the same pair 

{\.q) into the polar part of the principal trajectory equation and. assuming that 

the sign of dfj. is initially positive, we evaluate the integral numerically, stepwise, in 

small increments Afi. until equality with the radial part is achieved, carrying the 

integration through as many tvuming points in the polar motion as are required. 

The final value of ft is recorded as the polar impact cosine Then we repeat this 

procedure for every q in n(g), proceeding linearly through the axray. and recording 

the values of as we go along; except that for the 2P elements in the middle of the 

array we evaluate the radial integral from to r^, to Tq —)• cc. and for the second 

set of P-f-V elements in the array we asstune that the sign of dfi is initially negative: 

the last element is treated exactly as the first. Then the first N trajectories in the 

array axe radial positive and polar negative (Group I), the second P trajectories 

are radial negative and polar negative (Group II), the next P trajectories are radial 

negative and polar positive (Group III), and the next N trajectories ai'e radicd 

positive and polar positive (Group IV). The effect of this procedure is to hold the 

azimuthal angle of emission fixed while allo wing the polar angle of emission to vary 

through all possible values: consequently, we have evaluated a representative sample 

of all possible rays (in the limit N.P —+ oc, strictly speaking) that may propagate 

to infinity for the designated value of A. axid it is in this sense that n(g) is complete. 

Of cotirse we must immediately enunciate an important exception to the fore

going rules, as it is in the nature of things that nothing should be simple. In the 

case a > Gc, r < r^, and for those values of A lying to the left of the circularity 
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node, no radial negative rays at all may propagate to infinity, and so the complete 

polar arrays c£in contain rays belonging to Groups I and IV only. The alternative 

scheme of constructing n(g) in cases of this sort is illustrated in the Icist panel of 

Figure 2.6.1. 

There would be no justification whatsoever for introducing all this complexity 

if it did not in the end lead to some simple and useful-results. Consequently, we 

refer now to the results plotted in Figure 2.6.2; plots such as the one shown there 

will be referred to as •polar impact loci. The quantity on the abscissa is the array 

number k = 0,1,..., '2{N + P), and we have tziken N = P = ISO. It will be noted 

that a horizontal line struck across the plot at some polar observation cosine 

fio strikes the curve in exactly four places. It can be shown that these points of 

intersection correspond to image points in. respectively, proceeding left to right, the 

bottom of the direct-orbit ring image, the top of the direct-orbit ring image, the 

top of the first-orbit ring image, and the bottom of the first-orbit ring image. If the 

values of .V and P are made sufficiently large, it will be seen that the plot ;U,(k) 

oscillates an infinite number of times between /i, = —1 and = -i-l in the region 

around k = .V -f P. The points of intersection of the line m = fig the locus 

fiiiic) in this region correspond to image points in the second- and higher-orbit polar 

images. 

For A ^ 0. the range of the polar impact loci must be less them ± 1. so as the 

magnitude of A increases, the polar impact loci flatten out (Figure 2.6.3). W'Tien 

a horizontal Hne drawn across the plot of \ii{K) at a specified ^o- aJid for some 

negative value of A, is tangent to the direct-orbit (first-orbit) "htmip." that value 

of A is the left-hand Umit A^, of the direct-orbit (first-orbit) complementary im

age; and similarly for the right-hand Umit at A/?. Of course, in practice no such 

crude graphical methods axe employed, everj-thing being handled munerically; the 

principle remains the same. 



123 

Once \l,R have been determined, one may then maJce a canonical paxtion of the 

edlo wed interval in A into M subintervals of equal width AX = and form 

the complete azimuthal array A(A), whose elements are A = A^, A£, + AA,.... A^. 

However, it is preferable, and no less legitimate, to partition the left- and right-

hand parts of the allowed interval in A separately; that is, with AA^ = |A£,| /(M/2). 

and AAfi = Afi/(iV//2), one forms the complete azimuthal array so that its M -r 1 

elements are A^, + AA^,. 0, AAr, ..., Xr. 

The rectangular [M -f 1) x [2(iV -f- P) + 1] matrix obtained by combining A(A) 

and all the 11(5) corresponds to a representative sampling of all physically realizable 

photon trajectories originating at the designated and e.xtending to infinity. For 

that reason, we designate this matrix the complete emission matrix K. Proceeding 

linearly through n(g) for any A in A(A), and evaluating the principal trajectory 

equation, one need only watch for some fii{K) < Ho and an adjacent ^,f/c + 1) > //q 

(or vice versa); the desired value of q for the specified /Xo lies between q( k) and ?( k -r 

1) and may be obtcdned by a simple linear interpolation. Repeating the procedure 

for every A in A(A) generates the entire direct- and first-orbit ring images, a^ well. 

in principle, as the higher-order ring images, provided M, N, and P are stifficiently 

large. Furthermore, one need not evcJuate the trajectory equations for every q in 

R(q). Having found some pair (A. q) that satisfies the principal trajectory equation 

for a specified emd fio, one need search n(5) at the adjacent value of A only 

"in the vicinity"' of the previously determined value of q. The numerical routines 

developed to determine the ring images on which the results of the following two 

chapters are based are designed to "lock on"' to the complementary ring image loci 

and follow them across the complementaxy image plane. The program instructions 

are carried out in terms of integer variables in an artificial "metacomplementan,-" 

image plane, which is discussed briefly in Section 2.8. 
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It will be noted that while A(A) is a true linear array in that its elements progress 

monotonically from to Xr. the polar array 11(3) is constructed in such a way that 

its elements form a sort of "loop." winding up, as it does, exactly where it starts out. 

As a result of this, 11(5) can be given a rather interesting polar representation. For 

simpUcity we let P = N and define the array angle xb = {~/2N)k. We then define 

r = qjqmai (so that 0 < r < 1), and for every k in IL{q) we plot the corresponding 

pair (r, ip). The result is shown in Figure 2.6.4, which corresponds to the linear 

plots displayed in Figure 2.6.1. This construction can be used in conjuction mth 

the second polar plot described below as a means of determining graphically the 

values of q that, for a given A, satisfy the principal trajectory equation for a specified 

Mo-

The polar representation of the polar impact loci is obtained eis follows. With 

li' defined as above, we let r = |/i,l (so that again 0 < r < 1) for every q in 11(9) 

and plot the pairs {r.iv) as shown in Figure 2.6.5. The lobes lying above the x-

axis correspond to image points observed in the upper half-hemisphere, and those 

below it to image points observed in the lower hedf-hemisphere. A circle of radius 

fXo- centered on the origin, intersects these lobes at eight points, corresponding to 

the bottom of the direct-orbit image as observed in the upper half-hemisphere, and 

so on. at intersection angles xui~ipi,..., Then the points of intersection of the 

lines li' = li'i, when constructed in the polar representation of the complete polar 

array, return the desired veJues of q (with the presiunption, of course, that qmaz is 

known). 
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FIGURE 2.6.1. Linear representations of the complete polax array. The arrays 
shown here have been constructed for A = 0. The quantity k on the abscissa is 
the array counter; although actually an integer subscript, in some applications it 
may be treated as a continuous real variable. The individual plots correspond to 
(a) a, = 0 (Schwarzschild metric), (b) a. = +1/3 (intermediate Kerr metric), (c) 
a, = +2/3 (intermediate Kerr metric), and (d) a« = +1 (extreme Kerr metric), 
each at the appropriate (except in the last case, where r, = Ir^). Group I 
rays are radial positive and polar negative, Group II rays are radial negative and 
polar negative, Group III rays are radial negative and polar positive, and Group 
rV rays are radizil positive and polar positive. Rays of Groups I and II originate 
from the upper side of the accretion disk and give rise to the direct-orbit images: 
rays of Groups III and IV* originate from the underside of the disk and give rise 
to the first-orbit images. The construction of the complete polcu* array depicted 
here is more or less standard, but alternate constructions are possible (and many 
variations have been used in the actual calculations). 
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FIGURE 2.6.2. Linear representations of the polax impact loci. The individual plots 
shown here correspond to the plots in the preceding figure. An indication of polar 
orbital images higher than the first may be observed as oscillations of the impact 
locus in the centrS. region of (d); even at the fairly fine resolution obtained by taldng 
Kmai = 720, these oscillations are minimally observable in (d) and completely absent 
from the other three plots. Ignoring such oscillations, a horizontal line struck across 
the plot of at = Uo intersects it at four points, corresponding, from left to 
right, to image points in the bottom of the direct-orbit image, top of the direct-orbit 

top or the first-orbit image, and bottom of the first-orbit image. image 
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FIGURE 2.6.3. Linear representations of the polar impact loci for increasing values 
of 1A|. These plots are for the Schwarzschild metric at = 3 with A approaching 
AmmlrJ as given by (2.5.S). 
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FIGURE 2.6.4. PoIcir representatons of the complete polar ajrray. The polar plots 
shown here correspond to the linear plots in Figure 2.6.1. The quantities x and y are 
n o t  p h y s i c a l  c o o r d i n a t e s ;  r a t h e r ,  x  =  r c o s z / ?  a n d  y  =  r s i n 0 ,  w h e r e  r  =  q { K ) / q m a x -
and is the array angle defined in Section 2.6. Although such representations are 
interesting and not totally lacking in aesthetic merit, they possess relatively little 
utility except as representational devices. 
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FIGURE 2.6.5. Polar representations of the polar impact loci. Here r = gmd 
X eind y axe then defined as in the preceding figure (to which the plots sho\vn here 
correspond). Lobes lying above the x-axis correspond to image points observed in 
the upper half-hemisphere, and lobes lying below it to image points observed in 
the lower half-hemisphere. As is the case tor the poleir representations in the pre
ceding figure, these remarkable curves axe of no paxticuiar use from a calculational 
standpoint; they are, however, rather striking representational devices. 
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2.7. Disk Self-Occlusion 

The problem of determining which portion of the first-orbit disk image is oc

cluded by the disk is in principle quite simple. Consider a complete polar array n(g) 

for some A in A(A) corresponding to a specified and /^o = 0. (We take = 0 

because in that case the limits Xl,r have the greatest magnitude; whether or not a 

given photon trajectory intersects the accretion disk when it transits the equatorial 

plane cannot, of course, depend on the location of the observer.) It should be fairly 

obvious (and can be shown by direct calculation to be in fact the case) that in every 

such polar array there are two critical values of q, call them qd and qc2. such that if 

q < qc\ ov q > qc2-. the corresponding photon trajectory transits the equatorial plane 

at some r < r3_min ov some r > rj.^ar- respectively, whereas if qci < q < qc2- the 

corresponding trajectory intersects the disk. The set of such criticcd values of q for 

all A in A(A) defines two equatorial impact loci in the complementary image plane 

(Figures 2.7.1 through 2.7.3). and these curves may be found using calculational 

techniques similar to those employed to find the complementary image loci. One 

merely calcvJates first the plane-to-plane polar integral Ip. where 

One then inserts the same pair (A. q) into the radial part of the principal trajectory 

equation and evaluates the integral numerically, stepwise, in small increments Ar 

until equality with Jp is attained, and then looks to see whether the final value of 

r is less than or greater than or somewhere in between. Once the 

values of qc have been determined for any A. the computer code that handles this 

task locks onto the impact loci aind tracks them across the complementary image 

plane. With the desired loci ha\-ing been so obtained for some r^, it is then a simple 

matter to determine for any Hc which first-orbit image points are occluded by a 

numerical superposition of the complementary ring image for that and fio onto 

I p s 2  [ " '  d f i / l M M ]  
Jo 

(2.7.1) 
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the corresponding equatorial impact loci. (Figure 2.7.4). There is not a great deal 

more to be said. 

It is worthwhile to note that in the Schwarzschild metric Ip may be evaluated 

explicitly to give 

r p  =  x/ ( A 2 - i - 5 2 ) i / 2 _  ( 2 . 7 . 2 )  

Then if we define the equatorial impact radii pc by 

p l = \ '  +  q l ,  ( 2 . 7 . 3 )  

where qc is either qci or qc2- and write down the corresponding equatorial impact 

criteria cis 

- / P c i = [  dr/ [ f - ^  - pl^rir . (2.7.4) 
J r ,  

^ / p c 2 = [  d r / [ r ^  ~  p l o r i r - 1 ) ] ^ ^ - .  (2.7.5) 

it is immediately apparent that the p^ are constcint for a given —that is. in 

the Schwarzschild metric, the impact loci cire semicircles of radius pc. centered on 

the origin of the complementary image plane; but that result should not be too 

surprising, given the circular sjTnmetry of the accretion disk, and the spherical 

sjTnmetry of the metric. Needless to say, in the general Kerr metric we have no 

such simple result. 

It might be noted in concluding this section that while the method of finding 

the equatorial impact loci is the strictly correct procedure for determining which 

portion of the first-orbit disk image is occluded, it Ccin be shown (again, as so 

often must be the case, by direct calculation) that one will not go too far wrong 

at ail in employing the considerably simpler ocular method—that is. one merely 

superimposes the direct-orbit disk image over the first-orbit image and takes as 

occluded that portion of the latter that appears occluded "to the eyeball" (so to 

speak, although naturally all the superimposing and eyebaUing is accomplished 
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niiraerically). Here, however, must be inserted one caveat visor—for spin values 

sufficiently laxge that the inner edge of the disk extends into the ergosphere, it may 

appear that some portion of the first-orbit disk image is visible inside the apparent 

direct-orbit image of the disk's inner ring when in fact it is not. The portion of the 

disk inside the ergosphere caxinot be observed, so it is "invisible"—but by no means 

transparent! To keep in mind eind correct for this simple complication is. however, 

trivial. 
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FIGURE 2.7.1. Equatorial impact loci in the Schwarzschild metric. Here the com-
plementaxy emission rectangle, principal radial locus (upper dotted curve), and 
equatorial impact loci (solid curves) have been plotted for an emitting particle hav
ing Tj, =3rg. The equatorial impact loci may be regarded as functions of emitter 
source radius r^, disk inner radius r^.^in (here the same as r,), and disk outer 
radius (here and in the following three figures taken to be r^,max = 10 r^). 
In the Schwaxzschild metric, the equatoriEil impact loci are semicircles, as are the 
principal radial loci and the circulcirity locus (lower dotted curve). 
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FIGURE 2.7.2. Equatorial impact loci in the intermediate Kerr metric. Here the 
complementary emission rectangle, principal radial locus (upper dotted curve), and 
equatorial impact loci (solid curves) have been plotted for an emitting peirticle 
having = Zrg. The hole spin is a. = +1/2. so that r^^min ^ 2.1 r^. The lower 
dotted curve is again the circularity locus. 
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FIGURE 2.7.3. Equatorial impact loci in the extreme Kerr metric. Here the com
plementary' emission rectamgle, principal radial locus (upper dotted curve), and the 
upper equatorial impact locus (solid curve) have been plotted for an emitting parti
cle having = 3 r^; in this case, = 1/2 in Boyer-Lindquist coordinates, 
but and r/, are physically distinct. The lower equatorial impact locus has 
"collapsed" onto the circularity locus. Note the circularity null points at A = —7/2 
and A = 1. in agreement with (2.5.29). One may wonder about the apparent third 
null point at A = 1/2; but that root of (2.5.29) corresponds to the circularity con
ditions being satisfied at r = 0—we have not concerned ourselves with the behavior 
of i2(r) inside the event horizon. 
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FIGURE 2.7.4. Disk self-occlusion in the Schwarzschild metric represented in the 
complementciry image plane. The dotted curves axe the equatori^ impact loci of 
Figure 2.7.1; the solid curves are the first-orbit complementaxy ring images of a ring 
of emitting particles at = 3 Fg for (a) /Uo = 0. where the ring image lies outside 
the region bounded by the equatorial impact loci; (b) fio = 0.3 and (c) jio = 0.6. 
where partied occlusion of the ring image occurs; and (d) n = 0.9, where in the 
image plane (Figure 3.1.6) the first-orbit disk image heis moved inside the inner 
ring of the direct-orbit disk image. In (a) both halves of the true direct-orbit ring 
image, one appearing above the equatorial plane, and the other below, are mapped 
into the single soUd curve shown—in accordance with common usage, we refer to 
that part of the image appearing below the equatorial plane as the first-orbit image, 
even though, strictly speaking, it is not. 
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2.8. The Metacomplementaxy Image Plane 

The metacomplementary image plane is a completely sirtificial construction 

which is introduced for several reasons. First of all, the numerical algorithms that 

calculate the complementary ring images must ail be controlled in terms of integer 

array Vciriables, so if we formalize the concept and use it to malce various representa

tions of interest, we seek merely to exploit to the fullest advaxitage a scheme forced 

upon us by the inherent characteristics of digitcd logic devices. Secondly, we wiU ar

range matters so that in the metacomplementary image plane there is a one-to-one 

correspondence between points in the plane and individual photon trajectories, as 

opposed to the one-to-four correspondence that holds in the complementary image 

plane, and because of this we wiU be able to establish something very much Like a 

functional relationship between a predetermined set of array numbers and the com-

plementax}' image points that contribute to the ring images for some specified 

and 9o. Third, we have, from a representational point of view, the very convenient 

circumstance-by-construction that the metacomplentaxy image plane is always the 

•'same size" (e.g., ISl x 721): and. cus should be clear from the rules set forth so 

tediously in the preceding section for constructing the complete emission array K. 

as well as from what is set forth below, the metacomplementary- image plane will 

always be "full." and in addition its appearance is marred neither by the various 

crisscrossing radial eind polar loci that appear in the complementary image plane, 

nor by null points or nodes or other imsightly Imnps and bumps. 

In the way of motivation, we may recall that when excimining the Minkowski 

solution in Section 1.4, we saw that while the ring images were ellipses in the image 

plane, we could, via (2.3.31) and (2.3.32). pa^s to the complementary image plane, 

where the complementciry ring images have the very nice property that they are 

just the straight lines q = cos do. It is clear from the ring images and comple

mentary ring images presented in Appendix A that in the ca^e of the general Kerr 
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metric neither the ring images nor their complements can be described by simple 

geometrical relations—because, of course, the momementtmi parameters (X.q) that 

define these images must satisfy the elliptic integrals of the principal trajectory 

equation. It seems natural, however, to raise the question: Is it possible to find 

a trcinsformation (A, g) —»• {u{\.q), v{\,q)) that maps the complementary ring im

ages into another plane—a "metacomplementary" plane^, so to speak—in which the 

metacomplementary images formed by plotting u{v) can be described by simple 

geometrical relations and may perhaps even assimie the form of straight lines? If 

we could find such a transformation, it would then be necessary to find only a single 

image point by evaluating the principal trajectory integrals; the rest would be given 

automatically by the rules of our hj-pothetical transformation. 

Of course at first it seems imlikely that such a transformation might exist: for 

in the complementary ring images in the general Kerr metric, it is clear that q is 

some function of A a^ A varies from \i to AR; so what sort of trcinsformation could 

it be that takes two functionally related variables and somehow converts them into 

two new variables that are independent? A little reflection, however, reveals that 

in the Minkowski ca^e we had a transformation that did exactly that; for in the 

Minkowski ring images, ^ is obviously a function of a. but in the complementary 

ring images, q has a constant value independent of A. This comes about, of course, 

because a. 3. A. and q are all related to another quantity, namely, the azimuthal 

source angle O3, whose explicit appearance can be eliminated by invoking the fact 

that the sum of the squares of the sine and cosine functions is unity. Then, as we 

saw in the preceding section, because the complete polar arrays, by construction, 

form "loops." the array number k can be related to an array angle w. and this 

circumstance suggests that perhaps we can juggle things around in such a way as 

to constTuct—i.e., as opposed to "find"—the sort of transformation we would like 

to have. 
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As it happens, we can do just that; but this "transformation," if it may be so 

regarded, would be of no value whatsoever if it were not the case that it leads to 

the discovery of a very simple relation (albeit only an approximate one) between 

the pairs (A, q) that define the complementary ring images for a specified and 60, 

and so provides a very efficient means for finding edl such pairs when an initiaJ one 

is known. 

We may consider the direct- and first-orbit complementary ring images sepa

rately, and within a given polar image we may consider the top and bottom of the 

complementary ring images separately. The simplest case is that of the bottom of 

the direct-orbit image, so we will consider that. This set of complementary image 

points always arises from Group I rays, except possibly at the exact lateral limits 

of the complementary image. 

Consider two adjacent values of A, Ai and A2 > Aj. and the corresponding 

complete polar arrays Ili(q) and Iloiq)- Each g in ni(g) corresponds to some polar 

impact cosine and has an airray nimiber k, which we will let assume the values 

0 JV in integral units steps, while q varies accordingly from 0 to q^ar in uniform 

increments Aq,\- = qmax/^^\ the same holds for the array IloCg)- Now if we wish we 

may assign nonintegral array numbers to values of q that Eire not actuallj- in the 

polar array but might be if we took n to be sufficiently large. So. for excimple, if 

for some specified polar observation cosine fio there is a g(«) at array number k in 

Ili(q) with polar impact cosine ^tf«) < Mo- and an adjacent value q(fc + 1) with 

polar impact cosine -|- 1) > /^o, then we may assign to that value, denoted qoj. 

between q(K) and q(fc + 1), which has polar impact cosine /ZQ. an array number KQ.I. 

as given by a linear interpolation in /i,. or according to any other legitimate scheme 

as may be appropriate. Similarly, we may assign an array number Kgj to that value 

qo.2 in 112(5) which corresponds to the same ^o-
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Now there is no reason at all that :V must have the same value for both polar 

arrays; so we may let n equal some ni for 111(5), zind. let n equal some n2 for 

112(5), ^th iV'i and iVo being the same or different as may suit our purposes. Let us 

say we specify Ho and Ni and then evaluate trajectory integrals for the elements of 

111(5) until we find the value qo,i at array number Kq^i. We then specify N2 in such 

a way that the coTresponding value qo,2 110(5) has an array number Ko,2 = ^0,1 • 

If we do this, then we have 

5o,2 — (-^1/-^2)(?max.2/51101,1 )5o,l • (2.S.1) 

Of course this result tells us nothing new and is in fact completely useless, 

because we can't know how to pick -Vo unless we first know qo.2- which is the ver\' 

quantity we are trying to find! However, what if it turned out that we could arrange 

for Ko,2 to equal Kq.i just by tzddng As = A'l? Then we would have just 

5o.2 ~ i^maX.2/^maI,l)qi • (2.S.2) 

and. since we are free to set N equal to any value we please, and since the 5mai 

given by a known rule, then by determining a single value of 5 by solving the princi

pal trajectory equation we could obtain, via (2.S.2), all the other 5-values that define 

the complementziry ring image without performing any additional integrationsl 

As it turns out, away from the lateral endpoints of the complementary ring 

images, the result of (2.S.2) holds, to a verj* good approximation, between the 

desired values of 5 in adjacent polar arrays. Consequently, given a known value 50(A) 

for some specified (2.8.2) pro\'ides a very good initial guess for the corresponding 

value of 5 at the adjacent value of A in the complete azimuthcd array. 

It is most convenient from a calculational standpoint to define the metacomple-

mentary image plane strictly in terms of array numbers. Let ki denote the array 

numbers 0 M of the elements in -\.(A) and K2 the array numbers 0 4^' of 

the elements in each 11(5) (where we have taken p  =  n  and n  = constant). Then 
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we define the metacomplentary image plane to be that plztne in which k i  is the ab

scissa and AC2 the ordinate (or, as often turns out to the the case in practice, any part 

of that plane—such as the part containing only the metacomplementaxy fixst-orbit 

ring images—to which we may temporarily wish to restrict our attention). 

Some representations of metacomplementary ring images are given in Figxires 

(2.8.1) and (2.8.2); and, as should be obvious, the equatorial impact loci may cdso 

be respresented in this plane (Figure 2.8.3). 

In this cormection, it must be noted that while successful prototype numerical 

routines incorporated the exact scheme of constructing the complete emission matrix 

laid out in Section 2.6. their considerably more sophisticated offspring employ one or 

more variations of the basic construction that in their details may differ considerably 

from what was presented there—for there, as elsewhere, many such details have been 

glossed over for the saJ^e of brevity and clarity. A careful study of the representations 

in the metacomplementary image plane presented in Figures 2.8.1 through 2.S.3 may 

reveal apparent inconsistencies in the manner of assigning the array numbers on the 

vertical axes. These apparent inconsistencies merely reflect the use of some variation 

in constructing the complete emission matrix that from the standpoint of program 

organization and execution time seemed to be justified by the circumstances. 

Given some sets of metacomplementary- ring images, for fixed Hor and several r^. 

it is possible to obtain, by interpolation, the metacomplementary ring images—and 

thus the complementary images, and so the actual images—at other nearby values 

of Tj. to a very good approximation, by treating as cm independent variable 

and the array numbers Ko(\) corresponding to fio as the dependent variable: and 

similarly, for fixed given some metacomplementary ring images for several Ho-

As it turns out. however, the interpolative scheme described in Section 3.4 proves 

to be a superior method. 
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FIGURE 2.S.I. Some metacomplementary direct-orbit ring images in the 
Schwarzschild metric. The somrce radius is this case is = Sr^. and the po
lar observation cosines are — 0.1 (solid curve), = 0-5 (dotted curve), and 
fj.0 = 0.9 (dashed cur\'e). Note that towards the middle of the plot the metacom-
plementarv* image loci are relatively flat (and this will be much more so for the 
first-orbit images in the following figure). 
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FIGURE 2.S.2. Some metacomplementaxy first-orbit ring images in the 
Schwarzschild metric. All parameters here are the same as in the preceding fig
ure. Note the flatness of the metacomplementaxy loci away from the lateral 
limits, especially the lower portions of the curves. This flatness reflects the fact 
that for a specified /Zo the ratio of the 5-vaIue of an image point for some A to 
the maximum value of q allowed for that A is, away from the lateral limits of the 
complementary image, essentially a constant. This figure may be related co the 
one preceding by adding 720 to every value of ko on the ordinate. In practice, the 
direct- and first-orbit images are calculated separately using polar arrays that have 
been truncated at the top or bottom, or otherwise constructed in accordance with 
some variation, possibly major, on the basic scheme. It is by no means impossible, 
nor even especially diflBicult. to employ the full-blown complete emission matrix for
malism laid out in Section 2.6—it is. however, usually more convenient not to do 
so. 
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FIGURE 2.S.3. A representation, in the metacomplementaxy image plane of equato
rial impact loci in the Schwaxzschild metric. For a. > Oc and r < rc, representations 
of the equatorial impact loci in the complementaxy image plane cease to be useful 
for taking into account disk self-occlusion. An alternative scheme employing the 
corresponding representations in the metacomplementaxy image plane may then 
be brought into play. However, in all cases the ocular method (Section 2.7) gives 
essentiafly equiv^ent results and is considerably easier to use. 
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2.9. Additional Remarks on the Calculational Procedure 

Variations of the nimierical schemes described in this chapter will in general 

work in aJl cases, for all spin values, all allowed source radii, and all observation 

cosines, up to the limits imposed by FORTRAN double-precision arithmetic. In 

the case of the first-orbit images for large spin values and small source radii, there 

arise a host of numerical problems that demand exceptional treatment. In some 

instances, for example, the desired image points lie so close to the principal radial 

locus or the circularity locus that special interactive programs that must be exe

cuted on a point-by-point basis are required. In a few cases, these image points 

cannot be resolved by any means, simply because the hardware is inadequate to 

the task. Fortunately, these latter cases are rare: and. when they occur, one Ccin 

always determine approximately the "missing" values of q by means of a simple 

linear interpolation in A beised on known values of q in the vicinity of the unresolv-

able points. However, these complications and numerous others which had to be 

addressed to obtain the results presented in the following two chapters will not be 

discussed in detail, as there is no intent to set forth here every jot and tittle of the 

calculational procedure, whatever the possible seeming to the contrary. 

The disk images are calculated on a ring-by-ring basis with /Xo fixed at Ho = 

0.0.1 .1. Using the relations derived in Section 2.5 for Xmin.max as guides, the 

actual lateral limits X l ,r  of the complementary ring images are determined nu

merically to a high degree of precision, the error being on average about 1 part in 

10®, by one of a set of programs collectively designated PREVIEW. The complete 

azimuthal arrays A(A) are formed, with m conveniently chosen to have a value 

M = ISO. For each A in A(A), the corresponding values of qmin.mai are obtained, 

again using the relations of Section 2.5. and the complete polar arrays are con

structed in accordance with the scheme laid out in Section 2.6. or some variation 

thereof, typically with n = p = m. ginng, in conjunction with the A(A). the 
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complete emission matrices K. For each, specified spin value ciad each polar image 

considered, an integral evaluation program, belonging to a set of such programs 

collectively designated RINGMASTER, is initialized by data generated by PRE

VIEW. and thus locked onto the complementary image loci (two per ring, a top 

and a bottom) in the complementary image plane (or, more strictly speaking, onto 

the metacomplementary image loci in the metacomplementary image plane). A 

simple pictorial representation of typical program operation is presented in Figures 

2.9.1 and 2.9.2. 

RINGMASTER continuously monitors its own operation so that if its contact 

with the complementary image loci is temporarily severed by sudden changes in the 

slope of these curves (such as may occur in the vicirdty of the lateral limits) it can 

reinitialize and reorient itself. Thus of the (here) 130,501 elements in K for each 

ring image to be computed, typically less than 2% of these elements need ever be 

evaulated in the trajectory equations. 

The integrations of the auxiliary trajectory equations are carried out simulta

neously with the evaluation of the principal trajectory integrals, so that when a 

given image point is found, its corresponding azimuthal displacement and propaga

tion time axe also determined. For each radius and each polcir obser\'ation cosine, 

the smedlest member of the set of iiijo is determined and designated 

and for each image point a relative photon •propagation time t is defined by r = 

iliso — ^tso.min- [Times in geometrized units may be converted to time§ in cgs 

units via multiplication by 2GMfc^ (s: 10 seconds for M = 10" Mj).] The pro

gram output is a five-coliman file with a. d.AOaorT, respectively, in the first four 

columns; the fifth column is occupied by a special code number whose significance 

need not concern us here. 

The output files are organized somewhat differently for the direct- and first-

orbit ring images, the reason for this perhaps being best explained in the context of 



147 

the Schwaxzschild metric. In that case, in the direct-orbit ring images the emitter 

at = 0 is imaged into the point (a = 0, ,5 = ^min) the emitter at = TT into 

the point (a = 0,,3 = ^max)\ in the first-orbit images, it is exactly the other way 

aroimd. In both Ccises, however, progressing axotmd the ring in a coiinterclockwise 

sense from ©3 = 0 corresponds—to some degree; the situation is complicated by the 

extraordinary azimuthed imaging described in Section 3.4—to progressing aroimd 

the ring image, in the same sense. 

Consequently, for the direct-orbit ring images, the first row in the file corre

sponds to (a = 0.,;3 = Smin)-, while for the first-orbit images, the first row in the 

file corresponds to (q = 0./3 = Smai:)- In both cases the first and last rows of the 

output file are identical, with the first row being assigned an image point number 

^ = 0 and the last row being eissigned 5 = 360 (for M = ISO). The manner in which 

the remaining image point numbers are cissigned is depicted in Figures 2.9.3 and 

2.9.4. 

The reason for formatting the ring image output files as described above is that if 

this procedure is followed then the image point ntunber 5 assumes, mathematically 

speaking, the character of an independent variable of which the four queintities 

a-. J. Adjo (or Os), and r are well-behaved functions. Furthermore, the functional 

dependence of these four quemtities on 5 in the Kerr metric mimics to some degree 

their dependence on O3 in the Minkowski metric—that is, 5 assumes the character of 

a pseudoazimuthal coordinate. This really rather remarkable circumstance prompts 

the introduction of the notion of extended images, which is discussed in Section 3.4. 

With the end of this section all discussion of a preUminar\- nature is complete, 

and we may now proceed to examine some of the general results obtained by im

plementing the scheme laid out here for a systematic evaulation of the trajectory 

equations. 
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FIGURE 2.9.1. A representation in the metacomplementary image plane of RING
MASTER proCTam operation. The smooth locus is the metacomplementarj' ring 
image in the bchwarzschild metric of a ring of emitting pai^icles at source^ radius 
Tj = Zvg, as viewed from polar observation cosine y.o = 0.7. The "zigzag" curve 
represents the path in the metacomplementary plane of the numerical integration 
routine that finds, for each A, the v^ue of q that satisfies the principal trajectory-
equation for the specified Ho- Note that away from the lateral limits, the pro
gram is fixmlv locked to the metacomplementary image locus. Consequently, of 
the ISl X 720 = 130.320 elements in this paxticiilar metacomplementary matrix. 
RINGMASTER needs to evaluate the trajectory equations for only about 1.2% 
to determine the complementary cind actual ring images. The azimuthal angular 
displacements axid photon propagation times are calculated simultaneously. An en
largement of the upper curve inside the dotted box is shown in the following figure. 
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FIGURE 2.9.2. A representation in the metacompIementeLry image plane of RING
MASTER progtcim operation. The upper and lower halves of the metacomple-
mentary ring image are calculated separately (but simultaneously); only the upper 
portion (dotted curve) for ki < 15 is shown here, enlarged from the previous figure. 
RINGMASTER employs a vciriety of seaxch routines, with the details of the pro
gram instructions depending on the source radius and polar observation cosine. In 
this case, the program is pre-initialized at ki = 1 (although it can be pre-initiliazed 
at any value of ki, and need not be pre-initialized at all). It searches a "window"' 
of a predetermined width at ko = 2; when it finds the appropria.te value of g. it de
termines whether the slope of the curve is increasing or decreasing and adjusts the 
width of the next search interval accordingly. In this particular case, the width of 
the search interval has been self-adjusted to an optimum value at about ki = 7. In 
cases where the metacomplementary ring image has "horns" or "bumps" (e.g., for 
[lo = 0.1 in Figures 2.S.1 and 2.8.2), RINGMASTER's contact wth the metacom
plementary locus may be severed. E so. special program instructions come into pla.y. 
causing RINGMASTER to search backwards and forwards simult^eously, first in 
the vicinity of last contact, and then progressively farther away. No portion of the 
current ki array is searched twice; if the lower portion of the ring locus is being 
sought, the search routine will not stray into the region where the upper portion 
resides, and vice versa. 
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FIGURE 2.9.3. Assignment of the image point ntmiber .s for the direct-orbit ring 
images. The particular ring image sho^vn here is for the Schwarzschild metric with 

= 3 Tj and /ZQ = 0.1. For the direct-orbit ring images in the Schwarzschild metric. 
5 = 0 corresponds to 03 = 0, and 5 = ISO corresponds to O3 = but this simple 
relation does not hold in the general Kerr metric. 
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FIGURE 2.9.4. Assignment of the image point number 5 for the first-orbit ring 
images. The particulax ring image shown here is for the Schwaxzschild metric with 

= 3 Tg and fio = 0.1, and so corresponds to the preceding figure. For the first-
orbit ring images in the Schwaxzschild metric, S = 0 corresponds to <p3 = TT, axid 
5 = ISO corresponds to 63 = 0; but this simple relation does not hold in the 
general Kerr metric. There is no compelling reason to assign the first-orbit image 
point numbers differently from the direct-orbit image point nimibers—the practice 
is merely a convention we are free to violate if it becomes desirable to do so. 
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3. General Results 

Up to this point we have avoided the use of any "real" numbers for physical 

quantities. Where we can, we have preferred instead to "geometrize" such quantities 

cLS length, mass, and time; and. where we cannot—e.g., with respect to the values 

for M and M that must eventucdly be inserted into the Page-Thome temperature 

function—we have tacitly deferred matters until a later time (which wiU arrive with 

the opening of the following chapter). In order to keep as many of our results 

as possible as genered as possible, we will continue throughout the course of this 

chapter to put off introducing any quajitities that have to be specified in terms of 

so many poimds or feet or what have you. 

In the way of general results, five topics wiU be presented £md discussed: (1) the 

optical appearance of the accretion disk: (2) the canonical flux function that results 

from making a canonical partition of the apparent disk images: (3) general results 

bearing on the steady state flux: (4) the extended images obtained by plotting 

various quantities of interest as functions of the image point number .s: and (5) 

general results bearing on the time-dependent flux. 
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3.1. The Optical Appearance of the Accretion Disk 

Appendix A provides a number of representations of the apparent disk images, 

as well as some examples of complementary ring images. It might be noted that 

of the individual ring images comprising each disk image, only a relative few have 

been constructed by solving the principal trajectory equation, the remainder having 

been obtained by means of the interpolation routine described in Section 3.4 infra. 

As noted in Section 1.4, the longitudinal symmetry of the apparent disk images 

in the Minkowski metric has been lost in the general Kerr metric (except for the 

polar observer), as well as the bilateral sj-mmetry (except. agEiin, for the polar 

observer, or in the Schwarzschild metric for any observer). Furthermore, not only 

are the complementary ring images no longer straight lines, but the "degeneracy" 

of the Minkowski metric, in which the top and bottom halves of the complementary 

ring images are mapped into the same line, has been removed—in general, that is. 

an important exception being noted below. 

With regard to the complementary ring images, note that in the special case 

a = 0. /Jo = 0. they are identical to the ring images themselves. (Strictly speaking, 

they axe mirror-reversed, left for right: but since in the Schwarzschild metric there 

is bilateral image sj-mmetry. this reversal has no effect on the optical appearance.) 

Also, since, as noted in Section 2.3, the signs of [0(^)]^/" and dd are to be chosen 

to match in- the trajectory- equations, it follows that 

This result probably seems tri'vial. However, suppose there to be a ring of 

luminous particles at some (rj,^^), and suppose also that we have found a set of 

{ X . q )  t h a t  s a t i s f i e s  t h e  p r i n c i p a l  t r a j e c t o r y  e q u a t i o n  f o r  s o m e  s p e c i f i e d  ( T o  — +  o c . Q o ) -

Then this set of (A.5) defines the appeirent image of the ring at as observed 

at {rg-do) (and a Oo we are always free to take equad to zero); but by virtue of (3.1.1). 

f ° de/[Q{d)Y^'- = f ' de/[Q(e)] 
Je, Jbo  

(3.1.1) 
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nothing changes, mathematically speaking, upon the interchange of the polar angles 

of the source and observer. Consequently, the same set of (A, q) defines the apparent 

image of a ring at as observed at In particular, suppose da to be 

a/2 and dg to be any 6 on [0,7r|, and then suppose 63 and Oo to be exchanged; 

then from (2.3.31) and (2.3.32), it follows that the "new" a's are just the "old" A's. 

mirror-reversed left for right, while the "new" 0's are just the "old" q's. up to a 

possible minus sign—that is, aside from factors of minus one, the complementary 

ring images of rings in the equatorial plane, observed from out of the plane, are 

the actual images of rings out of the equatorial plane observed from in the plane 

(Figures 3.1.1 and 3.1.2). 

It is clear from considering the optical appearance of the accretion disk that one 

of the principal general relativistic effects—and one which must ultimately have a 

significant impact on the observed steady state flux—is an enhancement of the 

appcirent surface area of the disk as viewed from infinity over the apparent surface 

area that would be observed in Minkowski space. This effect is most dramatic for 

an observer in the equatorial plane of the black hole, for which, in the Minkowski 

case, the apparent disk image at infinity would be just a straight, luminous Une. 

and the apparent area, as well as the observed flux, zero: but. as it turns out. the 

apparent siirface area in the Kerr metric is greater than the corresponding area in 

the Minkowski metric for all polar observation cosines ^o- Not only is the apparent 

area of the direct-orbit disk image increased by gravitational lensing, but the total 

apparent area of the disk at small polar observation cosines is further enhanced by 

inclusion of the unoccluded portion of the first-orbit disk image (Figure 3.1.3). In 

all cases the total apparent area of the disk is maximum for the polar observer, just 

as it is in Minkowski space. 

It is useful to give a name to this phenomenon of enhancement of the apparent 

disk area—we \\"ill call it global gravitational magnification. As will be seen in Section 
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3.4, gravitational leasing effects also give rise to a second and somewhat different 

type of magnification which we will call differential g-ravitational magnification. 

In considering the enhancement of the total apparent disk axea, and the total 

observed specific power flux, that arises from the visible portion of the first-orbit 

disk image, it is necessary to deal with something of a technicality. It is sometimes 

stated that for cin observer in the equatoried. plane of"the black hole there is no 

distinction between the direct- and first-orbit disk images; but that statement is 

not quite correct. As illustrated in Figure 3.1.4, as an observer at infinity moves 

from sUghtly above the equatorial plane exactly into the plane, a portion of the first-

orbit image becomes direct-orbit, and a portion of the second-orbit image becomes 

first-orbit: in the end what is observed is a complete direct-orbit image. haJf above 

the equatorial plane and half below, as well as a complete first-orbit image (which 

has been so compressed by gravitational lensing that it contributes only negligibly 

to the total observed flux). In discussing the case of the observer exactly in the 

equatoricd plane of the black hole, we will refer to that portion of the direct-orbit 

disk image that appears to lie below the equatorial plane as the "first-orbit" image, 

even though, strictly speaking, it is not. 

Now it should be clear from symmetry considerations that the set of (A.  5)  that 

satisfies the principal trajectory equation for that portion of the direct-orbit disk 

image observed above the equatorial plane by an observer in the plane is exactly the 

same as that for the portion of this image observed below the plane, and this is so not 

just in the Schwarzschild metric but in the general Kerr metric as well. Therefore, 

for the special caise of the equatorial observer, the top and bottom halves of the true 

direct-orbit image map into the same region in the complementary image plane, 

just as is the case for all observers in the Minkowski metric. Furthermore, it might 

be pointed out that in principle one need never evaluate the photon propagation 

equations for cmy rays of Groups III and r\', pro'vided these equations have been 
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solved for the corresponding members of Groups II and I, respectively. Rays of 

Groups I and IV differ only in that the former are polar negative while the latter 

axe polcir positive, and similarly for rays of Groups II and III; but the trajectory-

equations take no cognizance of such differences, as. again, the signs of [0(0)]^/- and 

d9 are chosen to match. Consequently, if a ray of Group I (II), having trajectory 

coordinates (A.5), corresponds, via equality in the principal trajectory- equation, 

to some polar impact cosine then the polar impact cosine for its correlate in 

Group rV' (III) is merely —^JLi, and the values of Ao^o and are identical for 

both rays. Thus while in the Ccise of a rotating black hole there is physically a 

definite difference between "up"' and "down," the former being defined, via the rule 

of the right-handed screw-, by the spin of the hole, as far as the images of the disk 

axe concerned there is perfect "top-bottom" symmetry. 

As a perhaps somewhat tri-vial corollary, it might also be pointed out that the 

quantity a appearing in the trajectory equations is the unsigned magnitude of the 

hole spin and so the image of a ring of luminous particles is independent of whether 

the orbit of the particles is prograde or retrograde. However, even though the ring 

images do not differ, the frequency shifts cire "reversed." in a manner of speaking, 

via the change in sign of 0,^ in the factor gz-

In the reference ring files for the equatorial observ'er. the accretion disk images 

have been "reduced" by removing the portion of the appeirent image hang along the 

ELxis i = 0 as well as the very small first-orbit images. [These components of the 

equatorial image aire shown in panel (d) of Figure 3.1.4.] The first-orbit disk images 

for the equatorial observer are rather difficult to calctilate because they are formed 

by rays whose trajectory coordinates lie very close to the circularity locus in the 

complementary image plane. The usual scheme of constructing the complete emis

sion matrix. cLS described in Section 2.6. does not. in general, lead to satisfactory 

results unless the number of elements in each complete polar array is increased from 
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its usual value (e.g., 721) by a factor of anvTvliere from 2 to 10° or so. depending 

on the values of a and in question. It is obvious from considerations of timeli

ness that evaluating the trajectory equations for even just 2% of the elements in a 

ISl X 7.21 X 10" rectangular array is somewhat impractical! Unreduced images such 

eis the ones displayed in Figure 3.1.4 axe calculated by introducing special program 

instructions that direct the numerical evaluation routine to load each indi\ndual 

polar array in a slightly different way. according to the results of the previous itera

tion. Furthermore, the "wings" in the plane lead to compUcations in employing the 

interpolation scheme described in Section 3.4. Consequently, since for the equato

rial observer the true first-orbit disk image and the portion of the direct-orbit image 

along the axis J = 0 contribute essentially nothing to the observed flux, they are 

simply removed from the reference image files. 

For an observer exactly in the equatorial plane, the total apparent disk area 

(and thus the total observed flux) is always exactly twice that arising from the 

upper side of the disk. .A.s the observer moves out of the equatorial plane, the 

contribution of the first-orbit disk image to the total apparent area fails off quite 

rapidly, partly because the first-orbit image is increasingly occluded by the presence 

of the disk. Eind partly because the size of the unoccluded first-orbit image decreases 

with increeising polar observation cosine (Figure 3.1.5). Typically. a5 the observer 

moves from the plane to the pole, at some point the first-orbit image is completely 

or almost completely blocked from view. When it reemerges inside the apparent 

position of the inner ring of the direct-orbit image, it is so highly compressed it 

makes no signficant contribution to the total apparent surface area (Figm'e 3.1.6). 
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FIGURE 3.1.1. Optical appearance of a ring of liiminous particles in the equatorial 
plane of a Schwarzschild black hole as \aewed from various observation cosines in 
the upper half-hemisphere. The image %vhose lower half is the straight hne 3 = 0 
is the reduced ring image seen by the equatorizd observer; the other observation 
cosines axe fig ~ 0-l« 0.2,..., 1. The source radius in this case is r, = 3 r^. 
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FIGURE 3.1.2. Optical appearance of rings of luminous particles along the r-a.xis 
of a Sciiwarzschiia black hole at various source polar cosines as v^iewed from the 
equatorial plane. The image whose lower half is the straight Une J = 0 is identical 
to the corresponding image in the preceding figure; here we also show its "twin 
image"' that appears below the equatorial plane of the black hole. The other source 
polar cosines are jj-o = —1, —0.9,...,+1, %vith the first being the point imaee in 
the lower half-hemisphere and the laist being the point image in the upper Tialf-
hemisphere. Both this figure and the preceding one were generated from the same 
sets of (A, q). 
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FIGURE 3.1.3. Kerr metric direct-orbit and total apparent area ratios. Solid 
lines are for the extreme Kerr metric, prograde; dotted fines for the Schwaxzschild 
metric: dashed lines for the extreme Kerr metric, retrograde: and dash-dotted lines 
for the Minkowski metric. The inner radius of the disk is the appropriate value 
of rstrain fo^ tb-C spin values indicated (except that = Ir^ for a. = -t-1), while 
Ts,max = 5 Vg in the left-hand panels and r^ j^ax = 10 rg in the right-hand panels. 
The quantity Ars/ = 7r(r; is the Minkowski polar apparent aiea. (and 
so the dash-dotted line is just the polar observation cosine /io). Note that in aU cases 
the apparent area in the Kerr metric is evervwhere larger than in the Minkowski 
metric; we refer to this phenomenon as global gravitational magnification. 

1.25 . 1  I  I  I  i  I  I  I  M  I  I  I  I  I  I  1  M .  

' (a) 

"•'"'i I I I I I I I I I I I I I I '  I  I  

0 .2 .4 .6 .8 1 

1.25 

1.25 

1-25 I  I  I  I  [  1 1  I  I  I  i  1  I  I  1 1  I  i  1  I .  

- (d) 

•I ' I i I I I I I I I I I I ' I I r I 
0 .2 .4 .6 .8 1 

1̂ 0 



161 

FIGURE 3.1.4. The changing optical appearance of the accretion disk as the ob
server moves into the equatoricd plane. These plots are for the Schwarzschild metric 
with rj.min = 3rj. rs^rnar = 10 Pj, and the observer at (a) = 0.3. (b) = 0.2. 
(c) fio = 0.1, and (c) fj,o = 0. The filled circle in the center of the plot represents 
the event horizon. The direct-orbit smd unoccluded portion of the first-orbit disk 
images are displayed; the units indicated on the axes axe apparent CTa\'itational 
radii. Note the dramatic change in the optical appearance of the disk as the ob
server moves from Ho = 0.1 (about 5.7° out of the equatorial plane) exactly into the 
equatorial plane. The "wings" of the direct-orbit image collapse, while the bottom 
of the first-orbit im^e emerges into fuU view, becoming the new lower haLE of the 
direct-orbit image. The top naif of the first-orbit image remains and is completed 
below by a set of rays that for observers out of the plane forms part of the second-
orbit image. Of the 29 sets of ring images shown here (spaced at radial intervals 
Afg = 0.25 rg). only 10 were obtained by solving the principal trajectory equation: 
the others were generated by a special interpolation routine based on properties of 
the extended images (Section 3.4). 

15 

10 

5 

<a. 0 

-5 

-10 

-15 

I I t 

- (a) 

I  •  I  .  I r  I  I  I  
-15 -10 -5 0 5 10 15 

a  

15 

10 

5 

<a. 0 

-5 

-10 

-15 

(b) 
I . I .  

-15 -10 -5 0 5 10 15 

a  

I S  

10 

5 

>50. 0 

-5 

-10 

-15 

1 '  I '  t 

^ (c) 

_i I . i  I I I t I I 

15 

10 

5 

"a. 0 

-5 

-10 

-15 -10 -5 0 5 10 15 

a  

-15 

- (d) 

-15 -10 -5 0 5 10 15 

a 



162 

FIGURE 3.1.5. Kerr metric first-orbit apparent area ratios. Spin values and disk 
geometry here are as in Figure 3.1.3 (but of course there is no Minkowski curve, 
eis there is no Minkowski first-orbit disk image). In the top peunels is plotted the 

ratio of the visible portion of the first-orbit disk image apparent apparent area ApQ 
to the total appairent area Afo that would be observed at that if the image 
were unoccluded. In the bottom panels is plotted the ratio of the total apparent 
first-orbit disk image (unoccluded) to that area according to an observer in 
the equatorial plane. Between the two sets of panels it is cleeir that the first-orbit 
disk image is rapidly blocked from view as the observer moves even sHghtly out of 
the equatorial plane: and, if it reemerges into full or partial view at higher polar 
observation cosines, its apparent area is drastically diminished. Consequently, the 
contribution of the first-orbit disk image to the total observed specific power flux is 
significant only for observers close to tne equatorial plane (but disk self-blocking is 
only partly responsible for this effect). 
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FIGURE 3.1.6. The changing optical appearance of the accretion disk as the ob
server moves up to the pole. These plots are for the Schwarzschild metric with 
7-3,mm = 3rj, r^^max = 10Tj, and the observer at (a) Ho = 0.7, (b) = O.S, (c) 
Ho = 0.9, and (d) ^lo = 1- The filled circle in the center of the plot represents the 
event horizon. Note that for the polar observer the first-orbit disk image is merely 
a thin annulus only about 0.25 in width. As in Figure 3.1.4. about two thirds of 
the ring images displayed were obtedned by interpolation. 
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3.2. The Canonical Flux Function 

Having obtained the apparent images of the disk, we are now in a position to 

calculate the observed steady state flux. We will begin by reconsidering (1.3.S) 

and noting that the simis over the various polar images are completely indepen

dent; so we will introduce the notations Fi^\ where p = 0,1,... oc, to denote the 

specific power flux arising from the pth-orbit polar image, eind Ao''' to denote the 

corresponding apparent area. It can be shown by direct calciilation that 

^ ̂(P>2) ~ 0 ^ (3 2.1) 

because the apparent areas the second- and higher-orbit polar images subtend at 

infinity are essentially zero. We wiU also woite 

= 4 (3.2.2) 

where the notation indicates that the integration is to be carried out over 

the visible portion of the apparent first-orbit disk image—i.e., that portion of the 

apparent first-orbit image not self-occluded by the disk. Aside from this last detail, 

there is no difference between the procedures to be followed for the direct- and 

first-orbit disk images; so we \vill describe what is to be done in the former case, 

with the understanding that it applies equally as well to the latter. 

We now assume the convenient fiction that we may assign some definite value 

J'a.max to the outermost disk ring; r^.mznr of course, is fixed, via (2.2.63) through 

(2.2.65), by the value of a,. We divide the intervcil {rs^min-: ^a.max) into R equal parts 

of annidar width Ar^ = {vg^maz ~ ^s,min)/Ri and we stipulate that any quantity 

that must be evaluated at some will, in the rth term of the summation over index 

r = 0 i?—1. be evaluated at 

rs  =  rs ,min +  +  {r  +  l)Ar] = rs^rnm + (r -f ^)Ar . (3.2.3) 
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Each, interval in r^, then corresponds to axi cinnulus, whose direct-orbit image 

is to be di^^ded, in accordance with the notion of a canoniccd partition that was 

introduced in Section 1.4, into 5 image cells, where 5 is the number of image points 

per ring, per polcir observation cosine, in the ring reference files (360 in our case: 

here refer to Figure 3.2.1). The intervals (O.amax) corresponding to — (iira/2) 

and Pj + (Ar3/2) are di'V'ided into 5/4 equed parts of vndth Aa/i = Qmar/('S'/4). 

and the intervals (Q:m,n,0) are likewise divided into equal parts of width Aq:£, = 

Ickmtnl/(•S'/4). Beginning at a = 0,/? = Jmin (for the direct-orbit images, or at 

a = 0. /? = Jmai for the first-orbit images), and proceeding counterclockwise around 

the ring image, each image point ha'ving image point number 5 = 0 S. assigned 

as described in Section 2.9. is assigned the same number s as an image cell number. 

Then the optical center of each image cell is taken to reside at 

Va = (l/2)(ar,_(Ar,/2) "T -H(Ar,/2)) (3.2.4) 

(the value of being immaterial, as it does not enter into the frequency shift 

f u n c t i o n  g ) .  

Now ever\' optical center so assigned on the ring image corresponding to some 

is bracketed by six image points (Figure 3.2.2). three on the ring image correspond

ing to — (Arj,/2). and three on the ring image corresponding to -l-(Ar^/2). and 

the optical center so bracketed is to be weighted by the area that is one half the 

area inclosed by connecting these image points with nonintersecting straight lines, 

that area to be calculated by computing the cross products of vectors spanning the 

area and having as endpoints the bracketing image points. Specifically, with 

AAi = — |Q;ii ( 322 ~ ^21 ) -|- Q:21 ( i^li ~ ^22 ) + 0:22(,^21 ~ ^11 )| • (3.2.5) 

A-4.2 = - ( ^22 ~ •^12 ) ••" Q'12(.'^11 ~ ^^22 ) "f" 0:22(,^12 ~ 1 )| • (3.2.6) 

A--I3 = — |Q:12( »^23 ~ ,<^22 ) "1" Q:22(/^12 ~ f^23 ) + 0:22(,^22 ~ *^12 )1 . (3.2./) 
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A.-Li = — \0-l2{l^2Z ~ ,^13) + 0;i3(,^12 ~ ,^23) + Q:23(,^13 ~ ,^12)| • (3.2.S) 

we have 

AAo = (l/2)(AAi + AAo + AA3 + AAi) • (3.2.9) 

[The subscripted q's and ,5's in (3.2.5) through (3.2.8) correspond to the identically 

subscripted image points in Figure 3.2.2.] 

Given all this, we may now write 

. R-i s-i 

= ;? E E , (3.2.10) 
° r=0 a=0 

where the canonical flux function 

^(Xai^s) =g^(\;Q:rJ AA(xa:rJ , (3.2.11) 

is independent of the source intensity function and may be conveniently calculated 

on a one-time basis and tabulated for repeated use. Note that $ does not differ 

between the time-independent and time-dependent cases—the temporal dependence 

resides in the source intensity function, as determined by whatever time-dependent 

model we adopt. 

Some representations of the canonical flux function axe displayed in Figures 3.2.3 

and 3.2.4. The peaking of $ in the regions of the image cells at the lateral limits 

of the apparent disk image results partly from the circumstance, noted in Section 

1.4 for the Minkowski case, that a canonical partition of the complementary image 

plane results in these image cells being assigned a larger apparent area than those 

cells closer to the middle of the image plane, a resiilt that holds in the Kerr metric 

as well (Figures 3.2.5 zind 3.2.6): however, the maximizing of the frequency shift 

function g at the left-hand lateral hmit of the apparent images is also a factor 

(Figures 3.2.7 and 3.2.S). 

The function $ is "canonical" in the sense that of all similar such fimctions that 

might be formed in analogy with (3.2,11) it is that particular function that results 
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from a canonical partition of the complementary image plane (and the corresponding 

partition of the apparent ring images). In the \'Iinkowski case we were able to 

axgue that such a partition was preferred because it led to a certain function of Xx 

being evaluated at equally spaced values of xx a^d then being weighted by equal 

areas in the complementary image plane; but in general that argument fails in the 

Kerr metric—the values of x\ still, by construction, equally spaced to the left 

and right of A = 0, but the complementary image cells that result no longer have 

equal area. Consequently, aside from some highly nonnegUgible considerations of 

convenience, in the Kerr metric the canonical partition loses its putative preferred 

status—it cannot be shown that it is in any sense more (or less) correct than some 

other equivalent procedure. 

In coimection with such considerations, it is natural to raise the question as to 

whether the particular manner in which the apparent disk images are div-ided up in 

order to carry out the numerical evaluation of the terms in (1.3.S) might somehow 

skew the final results for the observed specific power flux. This matter was caken 

under investigation in some detail. As a check on the steady state calculations whose 

results are presented in Section 4.1, these calculations were repeated in accordance 

with an alternate scheme completely different firom the one described here. The 

ring reference files generated and formatted as described in Section 2.9 were recast 

in terms of the polar coordinates r and o defined by (1.4.13) and (1.4.14), and the 

apparent disk images were divided according to a standard partition (Section 1.4 

again). The corresponding standard flux function is considerably different from the 

one we have chosen to call canonical (Figures 3.2.9 and 3.2.10). Even so. the results 

for the frequency-integrated steady state flux computed according to this alternate 

scheme were in verj* good agreement with those obtained by employing the canonical 

flux function, the difference in the results produced by the two methods being only 

a few parts in 10"^ or 10^. 
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FIGURE 3.2.1. Canonical partition of disk annuli in the Kerr metric, (a) Com
plementary image in the Schwarzschild metric of part of a circtilar annulus lying 
between = 3 Vg and = org. with the observer at fig = 0.7, pcirtitioned into 
equal intervals in A. In the Kerr metric the complementary ring images overlap 
and are not "nested"; consequently it is awkward to carry out the flux integrations 
over the complementary disk images. Here, for simplicity, only part of the com
plementary- image of the annulus is displayed, (b) Effect of a canonical partition 
in the complementary image plane on the assignment of image cells in the image 
plane. This panel corresponds to the one on its left, (c) Complementary image 
in the extreme Kerr metric of peirt of a circuleir annulus lying between = 1 
and Ta = 3 Tg, with the observer at Ho = 0.7, partitioned into equal intervals in A. 
Note that the scale is not the same for the top and bottom panels, (d) Effect of a 
canonical partition in the complementary image plane on the assignment of image 
cells in the image plane. This panel corresponds to the one on its left. 
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FIGURE 3.2.2. Optical center of a t\-picai image cell. The six points bracketing 
the optical center, as described in the text, are shown, but the actual boundaries of 
the cell are not—as long as the optical center is weighted by the appropriate cirea 
(half that of the sum of the areas of the regions indicated on the left and right of 

it is not necessary to calculate the cell boundaries. 
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FIGURE 3.2.3. Representations of the canonical flux function in the 
Schwarzschild metric. The function has been calculated for an aimulus lying be
tween Ta =Zrg and r, = 4 Vg in (a) and (c) and between r, =9rg and = 10 
in (b) and (d). In (a) and (b) the polar observation cosine is fig = 0.1. while in (c) 
and (d) [lo = 0.9. Solid curves are for the direct-orbit image of the annulus, dotted 
curves for the first-orbit image (here cmd through Figure 3.2.S); the reversal (in 5) 
of the first- and direct-orbit majdma is physically meaningless—it merely reflects, 
as described in Section 2.9, a difference in the scheme of assigning 5 between these 
two polar images. The reason for the "bumps" around = 135 and = 225 in (b) 
is not known—they may arise firom numerical irregularities in the reference image 
files; but their position in ^ suggests they are somehow connected with differential 
gravitational magnification (Section 3.5). 
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FIGURE 3.2.4. Representations of the canonical flux function in the extreme Kerr 
metric. Aside from the hole spin, this figure differs from the preceding one only in 
that in panels (a) and (c) the annulus lies between = 1 and = 2 r^. 
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FIGURE 3.2.5. Effect of the ccinorucal partition on image cell areas in the 
Schwaxzschild metric. This plot corresponds to the parameters of Figure 3.2.3. 
Note here and in the following figure that, just as in the case of the N'linkowsld met
ric, the canonical partition results in Icirger image cells toweirds the lateral Umits of 
the apparent image. The results presented in this chapter and in Chapter 4 were 
checked by performing calculations based on a standard partition of the apparent 
disk images. Both partitions give essentially equivalent results—but the ccinonical 
partition is considerably easier to implement. 
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FIGURE 3.2.6. Effect of the caxLonical partition on image cell areas in the extreme 
Kerr metric. This plot corresponds to the parameters or Figure 3.2.4. 
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FIGURE 3.2.7. Frequency shift plotted as a function of image cell number in the 
Schwaxzschild metric. This plot corresponds to the pEirameters of Figures 3.2.3 and 
3.2.5. Here and in the following figure it is clear that frequency shifts towards the 
blue end of the spectrum predominate over those towards the red end (but this is 
not a strictly general relativistic effect). 



FIGURE 3.2.S. Frequency shift plotted as a function of image cell number in the 
extreme Kerr metric. This plot corresponds to the parameters of Figxires 3.2.4 and 
3.2.6. 
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FIGURE 3.2.9. Comparison of the standard and canonical flux functions in the 
Schwarzschild metric. This plot corresponds to the parameters of Figures 3.2.3. 
3.2.5, and 3.2.7: but the solid curve is now the direct-orbit standard flux function 
while the dotted curve is the direct-orbit canonical flux function. It should be clear 
from this and the following figure why such a "big deal" is made of canonical versus 
standard partitions—in their representations as flux functions they are strikingly 
different in appearance, and there is every reason to suspect that selecting one 
partition over the other might very well skew the final results. Fortunately, it can 
be shown by direct numerical calculation that this is not the case: both partitions 
give equivalent results. 
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FIGURE 3.2.10. Comparison of the standard and canonical flux functions in the 
extreme Kerr metric. This plot corresponds to the parameters of Figures 3.2.4. 
3.2.6, and 3.2.S; but the solid curve is now the direct-orbit standard flux function 
while the dotted ctu~ve is the direct-orbit canonical flux function. 
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3.3. General Results Bearing on the Steady State Flux 

The principal general relativistic effects on the observed steady state flux are 

twofold. First of all, the total observed energy—that is, the energy received by 

each observer in cLsymptoticaUy flat space, simuned over ail observing positions— 

is always less in the fully general relativistic model than in the Minkowski case, 

partly because the energy of each photon observed is gfavitationally redshifted by 

the nontrivial factor g\ of (2.4.28), and partly because some of the photons are 

trapped in the vicinity of the black hole and so axe observed nowhere. Secondly, 

the radiation that does escape the vicinity of the black hole is redistributed by 

gravitational lensing in such a way that more is detected at small polar observation 

cosines than would be the case in the Minkowski metric. Both of these effects will be 

illustrated quantitatively in Section 4.1. as it is relatively easy to do so. numerically, 

cifter one has chosen a definite source intensity function and flxed the temperature 

function by speci^-ing definite values for a.. M. and M. A nonnumerical analysis 

for the general case in which these quantities are left as unspecified parameters is 

not totally out of the question but would be quite complicated and ought properly 

to form the basis for a separate study. 

Here, with regard to the redistribution of the observed radiation, we will note 

only that it is effected primarily, but not solely, through the enhancement of the 

apparent area of the disk as viewed from asymptotically flat space, as described 

in Section 3.1. However, cdthough, as was mentioned there, the total apparent 

area of the disk is maximized for the polcir observer, regardless of whether the ray 

optics are Minkowskian or Kerr, we wiU see in Section 4.1 that in neither case is it 

true (except in restricted frequency ranges such as the K-band) that the observed 

radiation is maximized for the polar observer; and. for this to be so. it must be that 

the frequency Vmaz at which the observed flux is most intense is higher at smaller 

observation cosines thaji it is for observers closer to the pole. 
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We may say, somewhat simplistically. that this latter effect is mediated through 

the presence in the frequency shift function of the factor A, since the maximum value 

of this quantity is restricted in such a way that it decreases with increasing polar 

observation cosines and must vanish for an observer exactly at the pole, resulting in 

that extreme in a net redshift for all photons that comprise the disk images. How

ever, it must be noted that as the maximum value of A increases with decreasing 

polax observation cosine, so does the magnitude of its minimima value, so that while 

the maximally blueshifted photons at ^ = 0 have a higher frequency that the cor

responding photons at any > Or it is equally true that the maximally redshifted 

photons have a lower frequency for an observer in the equatorial plane than they do 

aii\-where else. Consequently, (again, with the exception of a rapidly spinning black 

hole with a prograde disk configuration), the change in frequency at which the most 

intense radiation is observed is only weakly coupled to the polar obser%-ation cosine: 

but we mtist wait until Section 4.1 for a quantitative demonstration. 

In cmy case, the observed flux at a specified polar angle must be -viewed as the 

outcome of two competing effects, namely, the increasing value of u^az versus the 

decreasing size of the apparent disk image as the polar observation cosine decreases. 

In the extreme Kerr prograde case, if the disk is sufficiently small, the former effect 

predominates to the extent that the observed flux is maximized for an observer 

in the plane, even though the apparent area of the disk image is smallest there. 

This phenomenon is intimately connected with the spin of the black hole as it 

relates to the geometry, as well as the particle dynamics and thermal behavior, 

of the accretion disk: again, however, we must consider competing effects. As 

a. approaches -f-1. the inner ring radius decreases and the linear particle velocity 

increases, both of these leading to an enhanced redshift through the lapse function 

and the transverse Doppler shift, respectively. Furthermore, the allowed range of 

A values for rj,mm decresises and becomes more asymmetric, in accordance with 
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(2.5.16), with the magnitude of the minimum value of A significantly greater than 

that of the majdmum value. (For the innermost observable ring at = 1 in the 

extreme Kerr prograde case. Xmax = l-o for an observer in the equatorial plane, 

while Xmin = —3.5.) At the same time, however, the temperature of the innermost 

rings increases, so that more of the radiation originating from that region of the 

disk is emitted at higher firequencies. Furthermore, even though the allowed values 

for Xmaz become smaller with decreasing source radius, this diroinishment is more 

than compensated by the rapidly increasing value of the cingular particle speed, 

with the result that the classical Doppler blueshifts become quite large. 

In considering the frequency shifts alone, without regard to the firequency of 

emission, it is useful to define the maximum frequency shift deviations ^gB.maz = 

QB,TnaL l-i and B-^TTiax — ^ QR^max^ where gB,TncLx and Qft.max are the maximum 

frequency shifts towards the blue and red. respectively, for a specified axid Ho-

(For example, in a Kerr prograde configuration, gs.max is just 53 evaluated at A/?, 

gs.m tn  is just g with gz evaluated at A^,.) Then, as shown in Figure 3.3.1 for 

the direct-orbit disk image, the ratio F = ^gB.max!^gR.max- with jj-o fixed at 0. 

is maximum at (or = 1 for a, = -rl) and monotonicELlly decrecising to 

unity in the limit —)• cc. while with fixed at (or = 1 for a. = -i-1), 

this ratio is majdmum at = 0 and monotonically decreasing to zero at = 1 

(Figiure 3.3.2). 

We cannot properly infer from these two figures alone that just because shifts 

towards the blue dominate those towards the red in the quantity F that such will 

be the case when we consider not just the extremal shifts but the net frequency 

shifts for an entire ring of emitters, or for the entire disk. Nonetheless, as we shall 

see in Section 4.1, that does turn out to be the case. We shall also find that while 

the general relativistic flux displays, as must be so, a net redshift relative to the 

Minkowski case, when comparing the Kerr metrics among themselves, there is a net 
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blueshift, monotonically increasing with increasing values of a«, which arises from, 

the increasing angtilar particle speed, and increasing temperature, of emitters in 

circular orbits of progressively decreasing radii. 

Aside from the foregoing, not much more can be said in a general way about 

the observed steady state flux without considering a specific, but typical case. As 

for the observed time-dependent flux, we cannot say anything at all without first 

introducing a very useful analytical tool, whose description is the subject of the 

following section. 
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FIGURE 3.3.1. Ratio of the maxirauin frequency shift deviations cis a function of 
source radius. Here = 0 while ranges urom (or = 1 in the extreme 
Kerr prograde case) to 10 Vg for the extreme Kerr metric (solid line, prograde: dashed 
line, retrograde), the Schwarzschild metric (dotted line), and a true Minkowski 
metric (as opposed to the "hybrid" special relativistic metric described in Chapter 
4) with Ts extending down to 1 Vg (dash-dotted line). T is always greater than unity, 
so that extremal shifts towards the blue end of the spectrum always predominate 
over the corresponding shifts towards the red—but that alone does not prove that 
this will be a net effect for an entire ring (edthough that does turn out to be the 
case). 
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FIGURE 3.3.2. Ratio of the maximum frequency shift deviations as a function 
of polar observation cosine. Here r, = (or extreme Kerr 
prograde case). The curves displayed here correspond to those of the previous 
ngure. 
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3.4. Extended Images 

Before proceeding to a discussion of general results bearing on the time-

dependent flux, it is at this point convenient to introduce the notion of the ex

tended images obtained when quantities of interest such as a and 3 axe plotted as 

functions of the image point number 5. assigned as described in Section 2.9. Con

ceptually and graphically simple, the extended images are quite useful for displacing 

certain aspects of image formation in the Kerr metric and contrasting it with the 

analogous Minkowski processes, eind it is possible to ascertain from their properties 

certcdn features of the time-dependent flux arising from em inhomogeneous accretion 

disk before the actual flux calculations are carried out. The extended images are 

independent of such specifics as hole mass, mass accretion rate, cmd source intensity 

function. Furthermore, their structural regularities provide the basis for generat

ing. via a simple nonlinear interpolation algorithm, a large number of closely spaced 

ring images without having to solve the photon propagation equations for each and 

every such image. 

In order to motivate the introduction of this de\*ice. let us first consider the 

projected image of a ring of emitting particles in the Minkowski case. Given the 

set of (a. J) that defines this image, we might for some reason wish to construct a 

function or 3[Q, where C is some independent variable we are free to choose 

in such a way that the resulting function hais "nice"' properties, such as continuity 

and differentiabiUty, or perhaps merely because it leads to representations that are 

useful in illustrating some aspects of the process of image formation. The ring image 

itself, which we may consider to be a representation of q(,^), or .i(a), does not have 

the proper functional form, since, except at the lateral and longitudinal limits of 

the image, these relations are bivalued. However, along with the image coordinates 

we have two associated quantities, namely, the azimuthal source angles O3 and the 

relative photon propagation times r. and there is no recison we cannot regard a 
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and 3 separately as functions of one of these quantities; and so we will choose to 

treat ©3 as em independent variable and construct the functions aioa) and eis 

well as and if we wish. Whatever our motivation, if we foUow this 

prescription, we obtain four functions of the a^imuthal source angle on the closed 

interval [0.2-], which [except, at the midpoint, for AoaoC^s)] continuous and 

(except at the endpoints) differentiable there (Figure 3.4.1). The pairs of (a, 3) that 

formerly in combination formed a closed ring image cire now, separately, "extended" 

along the interval [0,2-]. and so we will refer to the plots of <1(03) and 3{o^) as 

the extended images of the ring and to O3 as the extensive variable or variable of 

extension. By analogy, we wiU refer to any quantity treated as a function of the 

extensive variable—e.g., riOg)—as sin "extended image." even though that function 

was not constructed from one of the image coordinates proper. 

Now consider the ca^e of a ring image in the general Kerr metric. If we again 

choose Oj, cis the extensive variable and construct the plots 0(0^). ^(Os). "(Oj). and 

AOaolpa), we find that the first three cvurves at first appear to be "pathological" 

(Figure 3.4.2). If. however, instead of "connecting the dots" we just plot discrete 

data points (Figure 3.4.3), we see that the Kerr extended images in O3 for a. 3. 

and T are actually two ciirves superimposed. Whatever the case, it is cleax that 

for the Kerr images 03 is not a suitable choice for the veiriable of extension. Since, 

however, the choice of extensive variable is completely arbitrary-, we cire free to cast 

about for some other such variable that may prove more amenable to the dictates of 

our convenience. For example, instead of the azimuthal source angle 03. we might 

choose the image plane angle 0 defined by (1.4.13) and (1.4.14) (just as we could 

have done in the Minkowski ca^e): but this choice has the disadvantage that o is 

not everywhere well-defined for the equatorial observer. .A.s an cJtemative. then, 

we shall choose as the extensive vetriable the image point number os; and we find, 

when we do so. that if we then plot (Figure 3.4.4) Q:(^). i(^). ^(•s). and Ao5o(^) 



IS6 

(considering 5. if we wish, to be a continuous VEiriable), the resulting curves again 

have "nice" properties and mimic the forms of the curves obtained in the Minkowski 

metric when O3 is taken as the variable of extension. We may, and so we do, say 

that 5 functions eis a pseudoazimutkal coordinate. 

For comparative ptirposes, we wiU also recast the Minkowski extended images 

with as the extensive variable after making a canonical partition in a (Figxire 

3.4.5). Kerr extended images in 5 for a first-orbit ring image are displayed in Figure 

3.4.6. 

It is sometimes worthwhile to point out the obvious. Note that the precise 

shape of a given extended image is not in and of itself significant because it is 

conditioned by the choice of extensive variable (e.g.. Figure 3.4.1 versus Figure 

3.4.5). It also depends on whether one di\ades up a ring image, or its complement, 

in accordance with a canonical partition or some other scheme. WTiat is significant 

is a comparision between two extended images of the same type—a plot. say. of 

Oj(o>) for the Minkowski metric, and a second for the Schwarzschild metric, both 

having been constructed within the context of a canonical partition, for the same 

r, and ^o-

Now let us return for a moment to a consideration of the Minkowski extended 

images in O3. Suppose we did not have the simple geometrical relations of Section 

1.4 but that instead all we had were tables of nmnbers obtained by numerically 

sohang trajectory equations or employing whatever other mathematical apparatus 

might be at oiu: disposal. By trial and error we might find that plots of. say, a{r3). 

for fixed and do. appeared to be linear in or that plots of, say. ,J(^o), for fixed 

O3 and Tj. appeared to be linear in cos 9o. Then while we might not be able to prove 

that such relations were strictly linear, we could certainly assume that they were 

approximately linear, that assumption being justified by the empirical fact that the 

relevant plots, as nearly as could be made out. had pretty nearly a Unear structure 
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over all intervals in and 9o that had been investigated. If all this were the case, 

then it would be necessary to generate, via trajectory equations or whatever, only 

two extended images of, say, a{0s). for fixed 60, at reference vcdues r^i and 

bracketing all of interest, eind then the extended images for all lying between 

cind rs2 could be obtained by invoking a simple linear interpolation. 

Now consider the analogous case in the general Kerr metric. There we truly 

have no simple geometric formulae relating the source and observation coordinates 

to quantities of interest such as a. 3. r. cind A030. Instead what we have are 

relations among elliptic integrals which e^ddently must be solved numerically over 

and over again for everj' and 60 taicen under consideration. However, since, as we 

have seen, the image point number s functions as a pseudoa^imuthal coordinate in 

its role as an independent variable for which plots of the extended images assume 

simple functional forms, it is natural to inquire as to what sorts of results we get 

when. say. a. for fixed 5 and 9o, is plotted as a function of r^. It is really rather 

remarkable that for fixed .s all the quantities of interest—a. 3. r. and Ao^o— 

display striking regularities both when they are treated as functions of r^. with 60 

fixed (Figures 3.4.7 and 3.4.S), as well as when they cire treated as functions of 60. 

with Ta fixed (Figures 3.4.9 and 3.4.10). In fact, a little experimentation leads to 

the qxiite useful result that for fijxed 3. assimiing the relation 

y  =  A x ^ B x ' C x  +  D  .  (3.4.1) 

where y is any one of Q. 3. r. or Aoso- a^d x is either one of or 60. with the other 

fixed, gives excellent interpolative results. (See. for example, any of the disk images 

in Appendices A and B.) As a rule of thumb, for any < 10 Vg one needs a set of ref

erence files, calculated by solving the trajectory equations, at intervals Ar^ = 1 r^. 

(For example, to obtain the results presented in Chapter 4 for the extreme Kerr 

metric, prograde case, reference files were calculated only for = 1.2 10 r^. 

Because of the rapid variation of the Page-Thorne temperature function at small 
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values of r^, sets of image coordinates were needed at intervals no larger than 

about 0.1 Tj. All the extra data required to perform the flux calculations—which 

would have taken months to generate by solving the trajectory equations and would 

have occupied several hundred megabytes of hcird drive memory—were generated 

in program memory by the flux program itself, utilized cis required, and then dis

carded.) For 10 Tj < Ts < 100 Tj, one need taJce tg be no smaller than 10 r^; 

for 100 Tj < Tj < 1000 Tj, no smaller than 100 r^; and so on. (Detailed calculations 

of quasar BLR emission Une profiles have cdready been carried out using this inter-

polative scheme for source radii as large as 10"^ r^.) Consequently, one may perform 

really rather fine-scale modelling of very leirge accretion disk structures with ver\' 

economical use both of cpu time and data storage facilities. 

(Of course, with respect to the quantity a one need only interpolate the ap

propriate values of amin and amax- ttie intermediate values of a are determined 

automatically by the rules governing the canonical partition—an advantage pecu-

har to that scheme.) 

It is quite interesting that this concept of extended images turns out to be 

so useful, considering that on the one hand it is completely artificial, and on the 

other hand rather ob\'ious once it has been introduced. There is still more to be 

learned from an examination of the extended images with regard to the expected 

characteristics of the observed time-dependent flux: and it is to this matter we now 

tvmi oiur attention. 



189 

FIGURE 3.4.1. Minkowski extended images in 03. Here and elsewhere, no imits 
are given on the axes to avoid cluttering the figures. The units for source angles 
and angular displacements are degrees; for the image coordinates a and 5. appeireat 
gravitational radii; for the relative photon propagation times r. geometrized time 
units. (To convert to cgs units, multiply by 2GM/c^.) The plots displayed in each 
panel correspond to a ring of emitting particles at source radius r, = 3 and viewed 
from polar observation cosine fj.o =0.1. In the Minkowski metric, all these curves 
are simply related to the source and observation coordinates: (a) q:(Oj) = sino^: 
(b) 3(03) = —rj cos<PsCOsdo\ (c) t{03) = sin0o(l — cos(pa) (in the limit To —^ oc): 
(d) A03O = —03, for 0 < Oj < tt; A03O =2~ — 63, for ~ < < 27r. 
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FIGURE 3.4.2. Kerr extended images in 63. This figure is the SchwarzscHld analog 
of the one preceding. The choice of 03 as the variable of extension in the Kerr metric 
gives "pathologiccd results in (a), (b). and (c). 
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FIGURE 3.4.3. Decomposition of Kerr extended images in 63. This figure is iden
tical to the one preceding, except that discrete data points (two for each value of 
A in the canonical partition of the complementary image space) have been plotted 
as such without connecting Une segments. It is cleax that a, and r are bivalued 
functions of tpa; consequently, in the Kerr metric 0^ is not a suitable choice for the 
variable of extension. This bivaluedness is a result of multiple azimuthal imaging, 
as discussed cind illustrated in Section 3.5. 
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FIGURE 3.4.4. Kerr direct-orbit extended images in s. This figtire is the analog 
of Figure 3.4.2 with 6^ replaced by the pseudoazimuthal coordinate s; a, ,8, and 
r are now monovalued functions of the extensive variable. The precise shapes of 
the cxirves [e.g., the piecewise linezirity of a(<?3)] are to some extent artifacts of the 
canoniczil partition and not necesscirily significant (just as the precise shapes of the 
curves in Figure 3.4.1 are to some extent eirtifacts of calculating the image points 
at equal intervals in ©3). 
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FIGURE 3.4.5. Minkowski extended images in s. This figure is the analog of 
Figure 3.4.1 with O3 replaced by the pseudoazimuthal coordinate 3. after a canonical 
paxtition of the complementary image: a. 3. and r are monovalued functions of 
both 5 and 03. Although the precise shapes of the curves are not significant per se, 
they are significant in comparison to corresponding plots in the Kerr metric. For 
exaxnple, the "blockiness"' of r(3) in panel (c) of the preceding figure indicates that 
the time-dependent flux maximum in the Kerr metric will be enhcinced over that 
observed in the Minkowski case (Section 3.5). 



194 

FIGURE 3.4.6. Kerr first-orbit extended images in 5. This figure is the analog of 
Figure 3.4.4. The fact that the curves in (b) and (c) are "upside down" in relation to 
the corresponding panels of Figure 3.4.4 is in some sense an artifact of the manner 
in which 3 is differently assigned for the direct- and first-orbit ring images (Section 
2.9); but not completely, as in both cases 5 is assigned in such a way that in the 
Schwarzschild metric ^ = 0 corresponds to (p, = 0 and 5 = 180 to o = <r. Note the 
greater range in AOso as compzired to the direct-orbit case. As the left-hand part 
of the cur\-e displayed in (d) (corresponding to photons with positive azimuthal 
angulcir momentum) approaches the vertical acds to its left, it abruptly plunges 
down to ildso ~ 7S0°—physically, a beam of photons originating at Oj % 300° has 
been emitted almost directly at the black hole, whipped t%vice around the ^-axis. 
and then flung out to infinity. The right-hand part of the cvirve in (d) indicates a 
similar behavior for photons with sm^ negative azimuthal angular momentum. 
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FIGURE 3.4.7. The behavior of a ,  3 .  r .  and Ao^o for fixed /j .o  and cs in the 
Schwarzschild metric. The straight line a{rs) = 0 corresponds to oj = 0 zmd is 
strictly Unear by construction: the other curves axe for various values of ^ chosen 
more or less at random. 
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FIGURE 3.4.S. The behavior of a, ,5, r, and Acpao for fixed Ho and 5 in the extreme 
Kerr metric. The values of ^ for which curves are displayed here are the same as in 
the preceding figure; but their exact value is immaterial—because of the mcinner in 
which s has been cissigned, such curves axe remarkably well-behaved for any value 
of 
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FIGURE 3.4.9. The beha\dor of a. l3, r, and AOjo for fixed r, and c> in the 
Sch\varzschild metric. Here = Sr^. 
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FIGURE 3.4.10. The behavior of a .  3 .  r, and ad jo  for fixed and 5 in the extreme 
Kerr metric. Here = 1 r^. 
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3.5. General Resxilts Bearing on the Time-Dependent Flux 

Now suppose we go a little further in our examination of the Kerr extended 

images and from the A630 calculate the corresponding azimuthal source angles 

according to the simple rules set forth in (2.3.11) and (2.3.12). E we then construct a 

plot of ©3(5) (Figures 3.5.1 and 3.5.2. for example), it becomes immediately apparent 

why in the Kerr metric the choice of Os as the extensive variable leads to the peculiar 

results displayed in Figures 3.4.2 and 3.4.3—a horizontal line struck across the plot 

of ©3(5) in genercd intersects that curve at more than one point: while in the "flat" 

space of the Minkowski metric there is a one-to-one mapping between each Os and 

a unique pair of image coordinates {a. 3). in the Kerr metric there is a one-to-n 

mapping, with n = 1 (as in the Minkowski metric) for the polEir observer, but n —> >c 

elsewhere, as the curve 03(3) oscillates between 0 and 2~ an infinite number of times 

in a small region around i = ISO, which corresponds to the region around A = 0 

in the complementary- image plane (or, to put matters somewhat more physically, 

to those radied negative rays having such small azimuthal angiilar momentum that 

they effectively skim the surface of the event horizon, circulating one or more times 

about the r-axis. before being ultimately flung out to infinity). 

Consequently, we see that we have identified the phenomenon of multiple az

imuthal imaging. Just as there are multiple polar images formed by sets of rays 

that do not.transit the equatorial plane or transit it once, twice, and so on as they 

propagate from source to observer, there are multiple azimuthal images formed by 

sets of rays that do not circiilate completely about the r-axis. or circle it once. t%\ace. 

et cetera. We will refer to such sets of rays as being of the zeroth order, first order, 

and so on. 

Of the infinite number of azimuthal images within a given polar image, it is rays 

of the zeroth order that are most important, for the same reason that of the infinite 

number of polar images the direct- and first-orbit images are most important—the 
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azimuthal images of the first emd higher order are so compressed by gravitational 

lensing that they subtend Uttle apparent area at infinity and so contribute negligibly 

to the observed flux. 

Ignoring, then, these higher-order images, it is evident from an examination of 

Figures 3.5.1 and 3.5.2 that within the zeroth order of direct-orbit rays there are. 

for a certain range of azimuthal source angles, exactly two correlated image points, 

one with positive A (s < ISO) and a second with negative A (5 > 180). In general, 

one of these rays is more dei-iated than the other from the straight-liae Minkowski 

path (Figures 3.5.3 eind 3.5.4). Whenever there axe two such rays originating from 

the same source position, we will refer to the less deviated ray as the ordinary ray 

and to its more deviated "correlate as the extraordinary ray. If at the instant of 

emission an emitter lies on the right-hand side of the xj/-plane (in the coordinate 

system in which the black hole lies at the origin of coordinates and the observer is 

on the x-axis), then the image point which appears on its "proper side" (i.e.. the 

right-hand side of the image plane) arises from the ordinary ray. while the image 

point which appears on the left-hand ("improper") side of the image plane arises 

from the extraordineiry ray; and similarly for those emitters on the left-hajid side of 

the xc-plane. It is convenient from the standpoint of terminology, then, to define 

as "ordinaxy" any ray that is imaged onto its proper side and as "extraordinary" 

any ray imaged onto its improper side, even when such rays axe not paired with a 

second ray of the opposite type: and to the imaging of emitters onto their improper 

sides in the image plane we will assign the term extraordinary azimuthal imaging. 

It is instructive to construct some plots of -(5) that reflect the extent of ex

traordinary azimutheil imaging as a function of source radius, polar observation 

cosine, and hole spin. Figure (3.5.5) displays a set of extended images of r for some 

Schwarzschild and extreme Kerr direct-orbit ring images. With fixed at 

the polar observation cosine jj-o is varied in the top panels: with jXo fixed at zero. 
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the source radius ra is allowed to vary in the bottom, panels. If, in the Ccise of the 

Schwarzschild metric, we construct such a plot for the observer in the equatorial 

plane, we find that the only ordinzury rays in the projected disk image are those in 

the plane: if the extraordinary rays did not e.xist. then the disk image would be 

just the straight line J = 0, and the observed flux would vanish, just as it does in 

the Minkowski case. (That this is so is not cleax in the left-hand panels of Figvire 

3.5.5 because several plots are superimposed.) As soon as the observer moves even 

slightly out of the equatorial plane, however, the ordineiry rays begin to reassert 

themselves until, for the polar observer, all the observed rays are ordinary—in the 

Schwarzschild metric, that is: in the general Kerr metric, there remains a set of 

e.xtraordinar\- rays even for the observer at the pole. [No cur%-es corresponding to 

the polar observer are shown in Figure 3.5.5: because all rays reaching the pole have 

A = 0 (and. as a consequence, the same value oi q), they all have equal propagation 

times Aiso and thus all have equal relative propagation times r = 0—that is. in 

the Minkowski. Schwarzschild. and general Kerr metrics (because they all possess 

azimuthal symmetry), the polar rays are isochTonai] 

The situation is quite different in the extreme Kerr metric—for the equatorial 

observer, almost aU rays with small source radii and A < 0 appear on their proper 

sides and axe ordinary, and vice versa for the rays with A > 0. (This phenomenon is 

a result of frame dragging.) For larger sotuce radii (i.e.. > 5-6 Vg). the situations 

in the Schwarzschild and extreme Kerr metrics are almost identical. 

Figure 3.5.6 displays analogous plots for some first-orbit ring images. The 

Schwarzschild results axe quite simple—none of the rays are observed on their proper 

sides; they are aU e.xtraordinary. Again the case is quite different for the extreme 

Kerr metric when is small. 

Also note in Figures 3.5.5 and 3.5.6 that at each nonpolar observation cosine 

there remains a subset of observed rays with equal, or very nearly equal, relative 
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propagation times; these rays will be described ELS abnormally isochronal (i.e.. it is 

"normal" that only the rays ascending to the pole should be isochronal). 

Evidence of another important phenomenon can be obtedned from the extended 

images. First consider the plot <2)3(5) for a ring of emitting particles in the ̂ linkowski 

metric for which the corresponding ring image has been obtcuned by making a canon

ical pcirtition in A (Figure 3.5.7). Because equal divisions in A in the complementary 

image plane do not result in image cells with equal area in the image plane, in the 

regions around s = 90 and s = 270 this curve is distorted from the strictly linear 

form it eissumes in the case of a standard partition—azimuthal source angles in the 

regions around O3 = -/2 Eind 03 = z~/2 map into a somewhat smaller spread of 

image point niunbers than is the case for azimuthal source angles elsewhere. This 

effect is strictly an artifact of the canonical partition. If, for example, we plot the 

differential lensing factor p{s) defined by 

/)(s) = AAo/A.-i, , (3.5.1) 

where A.-io is the apparent surface area and A.-ij the actual surface area corre

s p o n d i n g  t o  t h e  i m a g e  c e l l  h a v i n g  i n d e x  5 .  w e  g e t  j u s t  t h e  s t r a i g h t  l i n e  p ( s )  =  H o -

Now if we examine the plot ds{s) for the same ring of emitting particles in the Kerr 

metric (Figures 3.5.1 and 3.5.2), we observe the same sort of distortion of the curve 

as we saw in the Minkowski case; however, this distortion is greatly exaggerated, 

suggesting that perhaps some real physicsd effect is involved. Thus we are prompted 

to construct the corresponding plot o£ p(s) for the Kerr case; and. when we do (Fig

ure 3.5.S), it is e\'ident that we have the important result that equal surface areas do 

not map into equal apparent areas, and in fact there are regions on the disk behind 

the black hole and somewhat to the left and right of its position whose apparent 

area is greatly magnified by gravitational lensing. This phenomenon will be referred 

to as differential gravitational magnification. 
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Figiires 3.5.9 through 3.5.12 display the projection into the equatorial plane of 

sets of photon trajectories originating from, a relatively smaU remge of azimuthal 

source angles and yet mapped into the entire lateral extent of the image plane. 

By compaxing Figure 3-5.9 for the Schwarzschild metric cind Figure 3.5.10 for the 

extreme Kerr metric, both for = 3 jmd fio — 0^ it is clear that there is a set 

of rays having equal values of A that are improperly irnaged in the Schwarzschild 

metric and properly imaged in the extreme Kerr metric, in agreement with what we 

saw in Figure 3.5.5 (generated, we might note, by a numerical routine independent 

of the one used to prepare Figures 3.5.9 through 3.5.12). Figure 3.5.11 (r^ = 'Ivg. 

fj,o = 0) and Figure 3.5.12 (r^ = Ir^, fig = 0) have aJso been plotted for the 

case of the extreme Kerr metric, prograde configuration. The critical source radius 

Tc for which capture of radial positive rays sets in is = 2 Vg for the extreme 

Kerr prograde case (such capture being "marginal." occurring only for rays having 

the nm'nimnm value of A allowed for that source radius). All the rays depicted in 

Figure 3.5.12 are radial positive: to some extent the turnabout of radial positive 

rays initially headed away from the observer can be observed in this plot. 

Figure 3.5.13 displays a set of plots of ©3(5) that correspond to Figures 3.5.9 

through 3.5.12. Note in that figure the range of image point numbers that corre

sponds to the spread of rays depicted in Figures 3.5.9 through 3.5.12—it is. roughly. 

5 = 90-270.- If we then compare that range with what is shown in the plots of Fig

ure 3.5.5, we discover something quite significant—it is the rays emanating from 

the differentially magnified region of the disk that are abnormally isochronal. This 

circumstance suggests that when we plot the time-dependent flux for an inhomoge-

neous accretion disk w4th a "hot patch" (Section 4.2), we will find that the ampUtude 

of this flux is significantly enhanced over its corresponding Minkwoski value: and 

this will indeed turn out to be the case. Of course, these rays are isochronal be

cause they have equal propagation times, which is insufficient by itself to guarantee 
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that they cdso have equal arrival times. However, they will also have equal arrivgd 

times if they originate from approximately the same region of the disk—which, as is 

plainly evident from Figures 3.5.9 through 3.5.13, they indeed do. Thus we further 

expect that the sharpness of the relative fliix maximum will be correlated with the 

compactness of the "hot patch": and we will find this to be the case cdso. More

over, the degree of differenticd gravitational magnification is dependent on both the 

source radius of an emitting annulus as well as on the polar angle of observation 

(Figures 3.5.14 and 3.5.15). Consequently, we expect the sharpness of the relative 

flux maximiun to depend both on the radial position of the hot patch and the polcir 

observation cosine. We wiU not explore this first implication except in a negative 

way (i.e.. we will show that as long as the hot patch spans the disk from its inner to 

its outer radius, its exact shape is not very important); we will, however, consider 

the time-dependent flux as observed from a number of polar positions and find that 

the height and width of its maximum are correlated rather strongly -w^th the polar 

angle from which the disk is viewed. 

Nonetheless, we must note that none of these phenomena are strictly general rel-

ativistic effects. In general, the time-dependent featiures of the frequency-integrated 

flux axe qualitatively similar in both the Minkowski and general relati\'istic contexts: 

but these features are quantitatively enhanced in the latter case, and the mechanism 

by which this enhcincement is effected ("light bending," specifically) is peculiar to 

the general relativistic case. 

By this point we have said just about all that can be said regarding general 

results; and so we wiU now proceed to examine the specific case of the Galactic 

Center black hole candidate Sgr A*. 
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FIGURE 3.5.1. Azimuthal source angle plotted as a function of image point num
ber in the Schwarzschild metric. Here the source radius is r, = Sr^. cind the polar 
observation cosine is Uq = 0.1. Note the flattening of the curve for 5 on, approxi
mately, (105,165) ana (195,255)—emitters with (ps on. approximately. (165°. 195°) 
are imaged (twice, within the zeroth order of azimuthal rays) into a Icirge spread of 
image points. 
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FIGURE 3.5.2. Azimuthal source angle plocted as a function of image point number 
in the extreme Kerr metric. Here the source radius is r, = Ir^. and the polar 
observation cosine is /Xo = 0.1. Note that the Ught rays corresponding to 3 = 0 
have zero angular momentum about the z-eods of the black hole yet imdergo an 
axigular displacement of about 30" as they propagate from source to observer—an 
example of frame dragging. Also note how the flattened portion of the curve now 
cooresponds to azimuthal source angles on, approximately, (105°, 135°). 
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FIGURE 3.5.3. A pair of ordinary and extraordinary rays in the equatorial pl^e 
of a Schwarzschild black hole. The source radius in this case is = 3 Vg (radius 
of the dotted circle, representing the particle orbit); the filled circle represents the 
bovindary of the event horizon. Both rays originate at (f>a = 135° and converge 
to 6o = 0° at infinity. In an accretion disk context, neigher of these rays would 
actu^ly be obser^-ed. as they would be absorbed in transit through the disk. 
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FIGURE 3.5.4. A pair of ordinary and extraordinary rays out of the equatorial 
plane of a Schwarzschild black hole. The photon trajectories have been projected 
down into the xy-plane; the "kink" in the trajectory of the extraordinary ray is an 
artifact of this projection. The source radius in tliis case is r, = Sr^: the open 
dotted circle represents the boundary of the event horizon. Both rays originate at 
63 = 135° and converge to Oo = 0" at infinity. 
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FIGURE 3.5.5. Extraordinary eizimuthal imaging and direct-orbit relative photon 
propagation times. In the upper panels (Schwarzschild metric on the left, extreme 
Kerr prograde case on the right), the source radius is held fixed (at = 3 in the 
Schwarzschild ca^e, = Ivg in the extreme Kerr csise) while the polar observation 
cosine is \-aried from f^o = ^ (topmost curve) to fia = 0.9 (bottommost curve) in 
steps Afio = 0.1; for /Zo = 1, is zero for all .s. In the lower panels (with spin values 
corresponding to the top panels), jXo is held fixed at /io = 0 while is allowed to 
vary from the fixed value of the top panels (bottommost curve) to r^ rnaz = 10 
(topmost curve) in steps = Ir^. The smEill dots correspond to ordinary- rays, 
and the large dots to extraodinary rays, all within the zeroth eizimuthal order. (The 
first- and higher-order rays have been excluded from this and the following figure; 
but here their absence is uruioticeable.) Lines of constant r are isochrones. 
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FIGURE 3.5.6. Extraordinary azimuthal imaging and first-orbit relative photon 
propagation times. The panels here correspond to the panels in the preceding figiire. 
The "missing" points in the right-hand panels correspond to first-and higher-order 
rays that have been excluded. 
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FIGURE 3.5.7. Azimuthal source angle plotted ELS a function of image point number 
in the Minkowski metric. The source radius in this case is = 3 and the polar 
observation cosine is fio =0.1. The nonlinearity of the curve is solely an artifact of 
the canonical partition. Of course, the linearity of the curve in Figure 3-5.1 may be 
regarded as an artifact of the standard partition. 
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FIGURE 3.O.S. The differential lensing factor in the Schwarzschild metric. The 
curve has been calculated for a source annulus in the equatorial plane between 
Tj = 3r^ and = 4rp, as viewed from, polar observation cosine {Iq = 0.1. Note 
that for 5 on, approximately. (0,90) and (270,360), the lensing factor is about (Xo-
just as it would be in the Nlinkowski metric. 
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FIGURE 3.5.9. Gra\'itation£Ll lensing in the Schwarzschild metric. The outer dotted 
circle represents the particle orbit at 3 and the inner dotted circle the boundary 
of the event horizon at 1 . A bundle of rays having a spread in A on the interval 
[—3.0, +3.0] originates from a relatively small range of Oa and converges at infinity 
to 00 = 0° (and, for the rays depicted here, Ho = 0). All the rays shown are 
extraordinary. 
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FIGURE 3.5.10. Gravitational lensing in the extreme Kerr metric in the case of 
weak frame dragging. Except for the hole spin (and, consequently, the radius of 
the event horizon), all parameters here are the same as in the preceding figure. As 
a result of frame dragging, the rays with negative azimuthal angular momentmn, 
which were extraordinary in the Schwarzschild metric, are now ordinary. 
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FIGURE 3.5.11. Gravitational lensin^ in the extreme Kerr metric in the case of 
moderate frame dragging. The orbit^ radius here is '2rg and the spread in A is 
[—1.5,4-1.5]. For smaller source radii, capture of radial positive rays sets in. 
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FIGURE 3.5.12. Gravitational lensing in the extreme Kerr metric in the case of 
stron^ frsjne dragging. Although, it is not paxticulaxly cle3x from the figure, all the 
rays skown here are radial positive. 
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FIGURE 3.5.13. Azimuthal source angle plotted as a function of image point num
ber, corresponding to Figures 3.5.9 through 3.5.12. The rays shown in Figures 3.5.9 
through 3.5.12 are observed in the equatorial plane ajid correspond to the flattened 
regions of the solid curves shown in these plots (roughly, on 5=90-270). It is just 
these rays that are also abnormally isochronal (Figure 3.5.5). The dotted curves 
here are plotted for y-o — 0.9 to give em indication of how the shapes of the cun.-es 
change as the observer moves up to the pole—at the same time as the flattened 
regions in these aaimuthal curves become less pronounced, the isochrones of Figure 
3.5.5 become rounder on the edges and completely flat for fio = 1. 
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FIGURE 3.5.14. The differential lensing factor plotted as a function of 3 for several 
disk annuli at small source radii. These plots are for the Schwarzschild metric. £md 
the source annnli all lie between = 3 and r3 = 4 . The polar obser^'ation 
cosines are (a) fj,o = 0, (b) fJ^o = 0.3. (c) fio = 0-6. and (d) fio = 0-9 
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FIGURE 3.0.15. The differential lensing factor plotted as a function of s for several 
disk anrrnli at Icirge source radii. This plot is icientical to the one preceding except 
that here the source anmili all lie between = 9 and = 10 r^. 
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4. Applications to Sagittarius A* 

The division of our results into a set that is completely general and a second set 

that is specific to Sgr A* is, of course, somewhat artificial. All the results presented 

in this chapter are to some degree as general as those in the preceding chapter, 

excep t  t ha t  t hey  have  been  ob t a ined  by  in se r t i ng  a  de f in i t e  cho ice  o f  va lues  fo r  m 

and M into the Page-Thome temperature function, by selecting a particular source 

intensity function , and by specifying a particular observation distance To, these 

values and related detcdls having been set forth in Sections 1.2 and 2.2. Insofar 

35 our own GeJactic Center is typical of active galactic nuclei, and insofar as our 

ideahzed optically thick, geometrically thin accretion disk model is representative of 

the actual physical processes taking place there, the results given here are generally 

applicable. 

In order to highlight the effects of gravitational redshifts and focusing, it will 

be useful to construct comparisons between a fully general relativistic model and 

several "hybrid" models in which the particle djmamics, disk dimensions, and tem

perature behavior remain as they are in the Kerr metric but from which grantational 

lensing effects or one or more of the factors in the general relativistic frequency shift 

function have been removed. It should be clear that these models are introduced 

for strictly heuristic purposes and are not intended to represent actual physical 

configurations that might arise in a weak field limit or otherwise. 

We will first remove the gravitational lensing effects to obtain the p^eudorela-

tivistic model (PR). This model is essentially the same as what many investigators 

call a "weak field approximation"—the gravitational lapse function (usually the 

Schwarzschild form) is retained while gra\ntational lensing effects are ignored. In 

some contexts such weak field appro.ximations may be valid: in the accretion disk 

context under examination here, we will find that the validity of the PR model is 

questionable. 
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We will next remove, in addition to the gravitational lensing, the gra\*itational 

lapse function to obtain the special relativiatic model (SR). Sometimes we will refer 

to this model as "the Minkowski model"; but it ought to be borne ia mind that 

the SR model is not folly i'linkowskian—it is only Minkowskian with respect to its 

optics and its frequency shift function. 

Then, in addition, we will remove the transverse or special relativistic Doppler 

shift to obtain the classical Doppler model (CD). This model, of course, is of a type 

often called "Newtoniaxi."' 

We will finally remove even the classical Doppler shift to obtain the Galilean 

model (G). Equality of the source and observation frequencies for light-emitting 

sources in motion implies that the propagation of light is instantaneous: thus, in 

this model, there are no time-dependent flux modulations. 

This discussion is divided into three parts: (1) steady state results. (2) time-

dependent results, and (3) a comparison with the observational data relevant to the 

case of Sgr A*. 
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4.1. The Steady State Flux 

With the mass and mass accretion rate, as well as the source intensity function, 

already specified, there are then three "free" parameters we may vary as we please, 

hopefully to find that some unique combination among all those possible provides a 

best fit to the available observationeil data. The first such parameter is the signed 

angular momentum parameter a, defined in Section 2.1. Assigning a value to a. 

completes the specification of the temperature function ajid fi^es as well the radius 

''j.min of the inner disk ring. Secondly, we may vary the radius rg^rnai of the outer 

disk, using the estimate given in Section 1.2 for the specific angular momentum of 

the infalling matter as a rough guideline. Finally, we may vary the polar observation 

cosine yio-

Figures 4.1.1 through 4.1.4 summarize results for 19S specific general relati\-istic 

cases that cover the whole spectrum allowed by variations in these three parame

ters. [It might be noted that the data base from which these exemplary results have 

been prepared permits detailed calculations of the type presented here for arbitrary 

values of a,, (up to 10"'r^). and (i-e.. via the interpolation scheme set 

forth in Section 3.4, which may be extended to include the qucm.tity a, as an inde

pendent variable).] Figures 4.1.5 through 4.1.8 display anaiogous results for the four 

"hybrid" models described above. Two frequency ranges are considered: the broad

band frequency range 10^"-10^' Hz and the K-band, whose limits are here taken 

to be be 1.24 x 10^"*-l.o0 x 10^"* Hz. In this section only the frequency-integrated 

fluxes are presented: some plots of the specific power fiux Ft,^ will be displayed in 

Section 4.3. 

Figure 4.1.1 displays plots of the fi-equency-integrated specific power flux Foo 

arising from the direct-orbit disk images. N'ote that in the K-band (top panels) 

FDO is monotonically increasing with increasing polar observation cosine, and in 

this respect its behavior is qualitatively identical to that of the observed radia
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tion in all four of the hybrid cases considered. In the broadbajid frequency reinge 

(lower panels), however, the polar observation cosine at which FDO is maximized 

is shifted in the direction of = 0 with increzising values of a,. This result may 

be attributed partly to the effects of differential gra-vitational magnification, which 

axe most pronoimced. as we saw in Section 3.5, for observers close to the equatorial 

plane and emitters at small source radii, where the disk is hotter ajid thus emitting 

more radiation at higher frequencies. A second factor involved is the large angular 

particle speeds for such emitters, as noted in Section 3.3. 

For the sake of completeness. Figure 4.1.2 presents results analogous to those 

of the preceding figure for the unoccluded first-orbit disk images. Here in both 

frequency bands considered the observed specific power flux Ffo is more or less 

monotonicaHy decreasing with increasing polar obser^'ation cosine, a none too sur

prising reflection of the fact that the apparent area of the first-orbit disk images 

becomes progressively smaller as the observer moves up to the pole (Section 3.1). 

The effects of disk self-occlusion are taken into accoimt in the results displayed 

in Figure 4.1.3. It is somewhat remarkable that the polar observation cosine at 

which the observed first-orbit specific power flux Fpo plummets to zero, or near-

zero. for the larger disk ^^^th r^^rnax = 10 rg is essentially independent of the value of 

a. (and thus of —until, that is. one observes (from inspection of the figures 

in Appendix A. for example) that the most prominent portion of the first-orbit disk 

images is exactly that portion eventually occluded by the outer forward region of 

the disk, whose dimensions do not depend at all on a. but are. rather, something 

we have to some extent put in "by hand." 

Figure 4.1.4 combines the results of Figures 4.1.1 and 4.1.3 to present the total 

observed specific power flux Frotai- The qualitative behavior of Fxatal is essentially 

the same as that of Fgo- Quantitatively, the value of Frotai at small fio is enhanced 
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over the corresponding value of Fgo by inclusion of the observed portion of the 

first-orbit flux. Aside from that, there is not a great deal more to be said. 

The plots of the hybrid fluxes in Figures 4.1.5 through 4.1.8 have been truncated 

for Ho < 0.1, simply because all the curves begin to plunge abruptly to zero there, 

and the graphical result is somewhat unaesthetic. As noted in the remarks intro

ductory to this chapter, the pseudorelativistic flux Fpr (Figure 4.1.5) is obtained 

by integrating the blackbody source intensity function, with ail the general rela-

tivistic frequency shifts included, over the Minkowski apparent disk images. The 

result is a decrease in the flux observed near the equatorial plane, while toward the 

poles the observed pseudorelativistic flux is about the same as in the fully general 

relativistic case, reflecting the fact that one of the principal general relativistic ef

fects is to redistribute the flux in the direction of the equatorial plane. When the 

general relativistic lapse function of (2.4.32) is replaced by the trivial factor gi = 1 

to obtain the special relativistic flux FSR (Figure 4.1.6). there is a net increeise in 

the radiation observed at ail fig', again, it is ob\'ious this must be the case. 8LS the 

transverse Doppler shift is always cowards the red end of the spectrima. Removing 

the transverse Doppler shift to obtain the classical Doppler flux FCD (Figure 4.1.7) 

has very little additional effect except at large values of a., since, of course, it is 

only in such instances that the linear particle speed is an appreciable fraction of the 

speed of hght. The Gahlean flux FQ (Figure 4.1.S) in the K-bztnd is about the same 

as FCD- in the broadband frequency range, FCD > FC for smaller values of ^o, an 

indication of the significance of the classical Doppler shifts and the predominance 

of such shifts towards the blue end of the spectrum. 

It may be pointed out that the foregoing results illustrate quite clearly that 

general relativistic effects are not nearly as significeoit in the K-band as they are 

in higher or broader frequency ranges. This is only to be expected, as the K-

band radiation is emitted most intensely from relatively cooler regions of the disk 



farther from the singularity and thus less susceptible to gravitational effects: but it 

is certainly regrettable in the context of observations of our own Galactic Center, 

which axe somewhat restricted to lower frequency ranges such as the K-band as a 

result of the qucintity of intervening "dust." 

It was noted in Section 3.3 that the total observed flux—that is, the observed 

specific power flux integrated over edl frequencies amd then over all observing po

sitions, a quantity we will designate the global flux—must be less in the general 

relati\'istic case than in any other on accoimt of the gravitational redshift and the 

capture of radiation by the black hole. Now suppose we take the broadban.d results 

presented above (considering the observed radiation outside its limits to be essen

tially zero, which it is), calculate the toted observed flux by integrating over the 

observed frequencies and then over the surface of a sphere, centered on the black 

hole, of radius rg. and then form the ratios Ro of this quantity in the general rela-

tivistic case to those values obtained from each of our hybrid models. The results 

are displayed in Figure 4.1.9. Note that these ratios axe all less than unity except in 

the case of the pseudorelativistic model, where we get the absurd resiilt that /?„ > 1 

for all a.. The conclusion is ob\-ious: A weak field approximation, in the sense that 

one retains the general relativistic lapse function but ignores gra\'itational lensing. 

may give erroneous restilts. 

We also previously aoted (Section 3.3 agcdn) that the frequency Umai at which 

the observed radiation is most intense should be greater for observers closer to 

the equatorial plane than for observers in the vicinity of the pole, and in Figures 

4.1.10 (for Vg^rnax = OTg) and 4.1.11 (for = 10r^) we have a quantitative 

demonstration that this is indeed the case. However, except for an extreme Kerr 

prograde disk, the dependence of i/mm on /Zq is quite wealc. This last circumstance 

again points up the predominance of the Doppler blueshifts. which are most extreme 

for those emitters which are also radiating at higher frequencies. 
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FIGURE 4.1.1. Direct-orbit, frequency-integrated fluxes, plotted as a function of 

golar observation cosine for a series of Kerr metrics. This and the following seven 
gures are all orgajiized in the sajne manner. The curves plotted in each panel 

correspond to a, = —1 on the bottom up to a, = -fl on the top. with the curves 
spaced at uniform spin intervals Aa, = 0.25. In each case, the inner radius of 
the isk is as given by (2.2.63) through (2.2.65), except for the extreme 
Kerr prograde case, where the inner (visible) disk radius has Tj = Ir^. In the 
left-hand panels, in the right-hand panels, = 10r^. The two 
upper panels have been plotted for the K-baaid (1.24 x 10^'*-1.50 x 10^"* Hz) and 
the two lower panels for the broadband frequency range 10^--10^' Hz. With the 
disk dimensions assigned as described, the trequency-inteCTated observed specific 
power flux is a monotonically increasing function of the hme spin. In the K-band, 
its direct-orbit constitutent FQO is maximum for the polar observer; but this is not 
the case in the broadband frequency range for large values of a,. 



FIGURE 4.1.2. First-orbit (unoccluded), frequencv-integrated fluxes, plotted as a 
function of polar observation cosine for a series of Kerr metrics. The decrease in 
apparent area of the &st-orbit disk images with increasing poleir observation cosine 
is clecirly reflected in these plots of Fpo-



FIGURE 4.1.3. First-orbit (occluded), frequency-integrated fliixes.^ plotted as a 
function of polar observation cosine for a series of Kerr metrics. Note that disk 
self-blocking is considerably more severe for the larger vadue of r^^max-
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FIGURE 4.1.4. Total observed frequency-integrated fliixes, plotted as a function of 
polar observation cosine for a series of Kerr metrics. The quantity Frotai is simply 
the sum of FDO a^d the unoccluded portion of FFQ. The latter is quite 
significaxit for aji observer whose polar observation cosine is less than, roughly, 
about Ho = 0.3 (about 20° out of the equatorial plane); for larger vgilues of y.o, it 
is completely negligible. [Note: The quantity Frotai which appears in some of the 
following figure captions wiU always refer to the fully genereu relativistic quantity 
plotted here.] 
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FIGURE 4.1.5. Frequency-integrated fluxes, plotted as a function of polar observa
tion cosine for a series of pseudorelativistic metrics. In the pseudorelativistic model 
(PR), the general relativistic lapse function is retained as part of the frequency shift 
function, as well as the transverse Doppler shift (which, because the ^enercd rela-
ti\-istic particle dynamics are also retained, is identical to that in the fully general 
relativistic model). The ray optics, however, are Minkowskian, which affects both 
the apparent cirea of the disk (e.g., there is no first-orbit disk image) as well CLS 
the classical Doppler shift (through its dependence on A). The net effect is that 
Fpft < FTotai at small values of fZg, while Fpft > Fxotai at intermediate and higher 
v^ues of an indication that one of the principal effects of gravitationad lensing 
is to redistribute the observed radiation towards smaller observation cosines. 
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FIGURE 4.1.6. Frequency-integrated fluxes, plotted as a function of polar observa
tion cosine for a series of special relativistic metrics. The special relativiscic (SR) 
model differs from the pseudorelativistic (PR) model in that the gravitational red-
shift is dropped from the frequency shift function. The net effect, as it obviously 
must be, is that FSR > FPR everywhere. 
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FIGURE 4.1.7. Frequency-integrated fluxes, plotted as a function of polar obser
vation cosine for a series of classical Doppler raetrics. The classical Doppler (CD) 
model differs firom che special relativistic model in that the transverse Doppler shift 
has been dropped from the frequency shift function. While the net effect is that 
Fcd > ^SR everywhere, this efiect is nearly neghgible except for large spin values 
and the broadbaxid frequency range—for large spins, the linear particle speeds in 
the inner orbits attain an appreciable fraction of the speed of light, and it is. of 
course, these hot, inner regions of the disk that emit most of their radiation at high 
frequencies. 
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FIGURE 4.I.S. Frequency-inteCTated fluxes, plotted as a functioa of polar obser
vation cosine for a series of Galilean metrics. In the Galilean (G) model, the speed 
of light is infinite so that the frequencies of the emitted and observed radiation are 
identical. The effects of removing the classical Doppler shift are slight in the K-
bcind. In the broadband frequency range, however, Fc < -FcD everywhere (except 
exactly at the poles, where Fq = Fcd)^ especially for larger values of a,, indicating 
that Doppler frequency shifts towards the blue end of the spectrum predominate 
over those towards the red end. 
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FIGURE 4.1.9. Ratio of the fully general relativistic global flux to the global flux 
in four hybrid metrics, plotted as a function of spin. The global flux is obtained 
by integrating Fu, fixst over all frequencies and then over all observing positions— 
i.e.. over the surface of a sphere of radius Tq centered on the black hole. The four 
ratios plotted here are (a) Rq = F-Totai/FpR (solid line), (b) Ro = FtoioliIFsr 
(dotted line), (c) Ro = FrotaifFcD (dashed line), and (d) Ro = FrotailFa (dash-
dotted line). [Note that the plots of (c) and (d) nearly coincide.] In this plot, we 
have integrated over the broadband frequency range and taken ra^rnax = 10 r^,. Ro 
should always be less than unity—and is, except for the pseudorelativistic model, 
an indication that this model may not give valid results. 

3 

2.5 

2 

.5 

1 

.5 

0 
.5 .25 .75 0 .25 .5 .75 1 1 



235 

FIGURE 4.1.10. Frequency of most intense radiation observed plotted as a function 
of obser^'ation cosine. These plots axe for a disk having r^^ax = org for the extreme 
Kerr metric (solid line, prograde; dashed line, retrograde), the Schwarzschild metric 
(dotted line), and a special relativistic metric (dash-dotted line) corresponding to 
a = 0. Panel (a) is for the direct-orbit case, (b) for the unoccluded first-orbit ceise. 
(c) for the occluded first-orbit case, and (d) for the total observed specific power 
flux (direct-orbit plus occluded first-orbit). Note that the dependence of i/max on 
IJ.0 is quite weak except for the extreme Kerr prograde configuration. 
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FIGURE 4.1.11. Frequency of most intense radiation observed plotted as a function 
of observation cosine. This" figture is the analog of the one precechng for a disk having 
^a.mar ~ 10 ̂g-
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4.2. The Time-Dependent Flux 

In an accretion disk context, it is natural to attempt to model a time-dependent 

flux modulation as arising from a standing shock that results in some portion of 

the disk having a temperature elevated above the "backgroimd" Page-Thome tem

perature given by (2.2.6S). It is assvmied for computational convenience that the 

thermaJly inhomogeneous region of the disk has a georhetricaUy regular shape. It 

is further assumed that the "hot patch" propagates as a fixed pattern around the 

accretion disk with an angular velocity and a temperature T+ir^). enhanced 

over its normcd radial Page-Thome value Tir^) by a constant factor f+. Such a 

simpHstic model, although admittedly somewhat crude, is not completely incon

sistent with the observational data, as wiU be seen in Section 4.3. In any case, 

the reference data and numericai techniques on which the results presented in this 

section cire based are ecisily adaptable to the anedysis of more complex models. 

Initially three specific disk inhomogeneities were considered: (1) a hot "spot" 

inclosed within a circle tangent to the inner and outer rings of the disk: (2) a portion 

of a wedge bounded by the inner and outer rings of the disk and two radial lines 

intersecting at the origin of coordinates; and (3) a region bounded by the outer 

ring of the disk and sections of two quasi-Archimedean spirals. The geometric 

parameters of the wedge and spiral were adjusted so that the total surface area of 

the inhomogeneity was the same in all three cases. It was found, however, that the 

pattern type is relatively unimportant, provided the hot patch is compact and spans 

the disk from its inner to its outer radius (Figures 4.2.1 and 4.2.2). Consequently, all 

subsequent time-dependent calculations were carried out using the wedge pattern. 

Note that Figures 4.2.1 and 4.2.2 are directly comparable in terms of disk size 

and of geometry and size of the hot patch. The relative flux maxima in the former 

case cire approximately 20-25% and occtir at an observational phase of about 0.9: in 

the latter case they range between approximately 25-40%, axe somewhat narrower 



than in the ^linkowski case, and occur at a slightly earlier phase of about O.So. The 

phase difference is simply explained by noting that corresponding rays in the two 

metrics travel different proper distances, where the proper distance is defined by 

In the Minkowski metric R { r )  is just whereas in the Kerr metric it is. of course, 

the considerably more complicated expression given in (2.3.3). Time dilation and 

frame dragging effects also play a role, entering via the presence of A cind a in 

the auxiliciry trajectory equation (2.3.7). In an absolute sense the relative flux 

maximum occurs "later" in the general relativistic case: but between emission and 

receipt of a given photon, many observational periods elapse, so that whether one 

relative maximum occurs "before" or "after" the other is not significant. Within 

the uncertainty of the distance to an cistrophysical system of interest such as the 

Galactic Center, one can always adjust the nomincd observation distance so that 

the phases of the two maxima coincide: hence the relation between the phases is 

unimportant, and nothing more need be said about it. 

Only the K-band frequency range wiU be considered in deteiiL as it is of the most 

observational relevance in the case of Sgr A*. With regard to the time-dependent 

broadband flux, we will display only a single example (Figure 4.2.3) and merely 

note that the relative flux maximtun in that case is considerably greater than it is 

in the K-band. 

AU flux curves have been calculated in accordance with the following time con

ventions. The zero of source time is chosen so that at that instant, according to an 

observer fixed in the reference frame of the black hole, the point midway between 

the intersections of the hot patch's leading and lagging edges with the outer disk 

ring has Os = 0- The azimuthal source cm.gle of the emitting position whose photon 

propagation time is least for the entire disk is designated Ore/- a^d the ray emitted 

at (t^ = 0. = r^_rnar-^3 = ~l'2.0a = ©re/) is then taken as a reference ray. (In 

(4.2.1) 
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the Schwarzschild and Minkowski metrics, pre/ = 0; in the general Kerr metric, 

this may not be the case—but the exact vjilue of Ore/ is immaterial.) Arrival of 

the reference ray at (to,ro,0o,Oo) defines the zero of the observer's time. Then 

the "observational phase" P is defined to be the time elapsed, according to the 

observer, since = 0. divided by the period -+ = 2rr/a;+. modulo imity. Since ail 

the photon propagation times are known, it ccm be determined, given a specified 

emitting position and a designated time of observation, at what source time photons 

originating at that position were emitted. It is then a simple matter to calculate the 

position of the hot patch at that time and assign either a normal or enhanced tem

perature to the emitter in question, depending on whether it was located inside or 

outside of the patch. One may then integrate the source intensity function, along 

with the appropriate frequency shift factors, over a series of "snapshots" of the 

apparent disk images and thus obtain the time-dependent flux. The instantaneous 

frequency-integrated flux F(tg) is eveduated at 360 observational times to. uniformly 

spaced throughout r+ at equal intervals A^o• and the average frequency-integrated 

K-band flux Favg is calculated according to Favg = Then the 

instantaeous. frequency-integrated value of the relative flux Ffiei(P) is defined by 

FRel(P) = [F{ to)  -  Favg]/Favg. 

Most of the results presented in the figures prepared for this section have been 

calculated for the direct-orbit images alone, as inclusion of the contribution of the 

observed portion of the first-orbit flux has very little effect, either qualitative or 

quantitative, on the behavior of F^ei (Figure 4.2.4). 

Furthermore, of the hybrid models considered in the previous section, their time-

dependent behavior is essentially identical (Figure 4.2.5)—except, of course, for the 

Galilean model, in which the speed of light is infinite, with the rather uninteresting 

result that Fr^i is constant. Consequently, when we vary the hot patch size, speed, 

cind so on. we will retain only the special relativistic model for comparative purposes. 
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The qualitative behavior of the relative flux is not strongly correlated wath the 

hole spin (Figures 4.2.6 and 4.2.7). Although the flux maximum does tend to have 

a somewhat broader bcise in the case of prograde configurations, this effect is almost 

certainly an artifact of the wedge model and physically meaningless. 

The effects on the observed K-Band flux of varying the size of the hot patch. 

as well as of the values of u;+ and /+, aire displayed in Figures 4.2.8 through 4.2.12. 

The results shown in Figures 4.2.8 through 4.2.10 have been calcxilated for /+ = 2.0 

and UJ+ = 0.1 (in geometrized units), the latter value corresponding to the observed 

period of the short-term variability timescale 10.4 minutes) in the case of the 

hypothesized accretion disk in Sgr A* (Close. McCarthy. Meha 1995). [We might 

note that = (0.1)(2-/624)(2G.V//c^) ~ 0.01 rad s~^. and. for comparative 

purposes, that the angular speed of a particle in a circular orbit at = 3 in 

the Schwaxzschild metric is % 0.14.] 

The temporal evolution of the optical appearance of an inhomogeneous accre

tion disk is presented for the Schwarzschild metric cind the extreme Kerr metric at 

equal intervals throughout one observational period in the figures of Appendix B. 

where the contribution of multiple azimuthzd imaging to the enhancement of the 

relative flux maximum is brought out quite clearly. Note that when the relative flux 

maximiun occurs at P 0.S5 (Figure B.9 for the Schwarzschild metric cind Figure 

B.19 for the extreme Kerr prograde case) two distinct direct-orbit images of the hot 

patch are visible, one of which is smeared out over almost the entire left-hand side 

of the direct-orbit disk image. At the same time two prominent first-orbit hot patch 

images are also visible and occupy essentiedly the entire "uncompressed*' portion of 

the first-orbit disk image. It is also interesting to note the multiple tiny hot patch 

images arising from rays of the first and higher azimuthal order. (There is. for 

example, one at the top of the direct-orbit disk image that persists throughout the 
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entire observational period, although at the time of the relative flux maximum it is 

merged with the more prominent direct-orbit hot patch, images.) 

Although we wUl not pursue the matter in any great detail here, we do note 

that our numerical codes quite readily permit detailed modelling of accretion disks 

having geometrically or thermally irregular hot patches whose shape, size, or tem

perature may evolve over time. For example. Figure 4.2.13 shows the result one gets 

in the case where a hot wedge, rather than rotating with a constant angular speed, 

instead has each of its elements rotating at the angular speed of the emitters in 

stable circulcu: orbits at the appropriate values of r^. The result is not particularly 

interesting—the hot patch quickly loses coherence and by the time two observa

tional periods have elapsed has completely dissipated. Transient phenomena of this 

particular tj-pe could conceivably occur, but over such a short time frame that it 

would indeed be a happy accident if they were ever observed. Other transient phe

nomena that might occur in the case where a hot. standing shock is slowly cooling 

and expanding in size are certainly possible: but Figures 4.2.S through 4.2.12 al

ready give a fairly clear pictvire of what one might expect to observe under those 

circumstances. 



FIGURE 4.2.1. Hot patch geometry and the relative K-band flux in the special 
relativistic metric. Three geometrically regular patterns for the hot patch were 
considered: a hot "spot" (soUd Une), a hot wedge (dotted line), and a hot spiral 
(dashed line). The plots shown here are for a special relativistic (hybrid) disk with 
a = 0 and r^.mar = 10 r^: the pattern speed is Q+ = 0.1, the temperature factor is 
f+ = 2.0, and the polar observation cosine is Ho = 0.1. Qualitatively, and to a good 
measure quantitively, the three patterns give the same results for pRei. 
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FIGURE 4.2.2. Hot patch geometry and the relative K-band flux in the 
Schwarzschild metric. AH parameters here cire the same eis in the preceding fig
ure. Although, cLS was predicted in Section 3.5, the general relativistic maxima for 
Fr^i exceed those in the hybrid models, the relative independence of the maxima 
on the precise geometrical shape of the hot patch is a common result. 
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FIGURE 4.2.3. Comparison of relative K-band and broadband fluxes in the 
Schwarzschild metric. The two plots shown here (solid Une for the K-band. dotted 
line for the broadband frequency range) have been generated using a hot wedge 
having = 60°. Otherwise, all parameters are the same as in the two figures 
preceding. 
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FIGURE 4.2.4. Direct- and first-orbit relative K-band fluxes in the Schwarzschild 
metric. All curves have been generated using a hot wedge with = 60°, Q-(- = 
0.1, and /+ = 2.0; the polar observation cosines are = 0 (soUd cur^'e), = 0.3 
(dotted curve), = 0.6 (dashed cxurve), and fio = 0.9 (dash-dotted ctirve). The 
individual panels are for (a) the direct-orbit flux, (b) the fixst-orbit unoccluded flux, 
(c) the first-orbit occluded flux, and (d) the total observed flux [sum of (a) and (c)]. 
In (b) and (c), Frsi is referenced to the average value of the flux component under 
consideration rather than to the total observed flux; then, because except very 
near the equatorial plane the visible portion of the first-orbit flux is considerably 
weaker than the direct-orbit flux, the addition of (a) and (c) effectively obscures 
all the structural features observed in the latter plot. There are sUght quantitative 
differences between the plots in (a) and (c); but on this scale they are essentially 
undetectable. 
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FIGURE 4.2.5. Relative K-band fluxes in the Schwaxzschild and three hybrid met
rics. All curves have been generated using a hot wedge with AOw = 60°. Q.+ = 0.1. 
and /+ = 2.0; the polar observation cosines are fio = 0.1 (soUd curv-e), = 0.5 
(dotted curve), and [Xo = 0.9 (dashed curve). The individual panels are for (a) the 
Schwaxzschild metric, (b) the PR model, (c) the SR model, and (d) the CD model 
(aJl hybrid models having a = 0). Since in the Galilecin model the speed of light 
is infiiite, FrsI in that case is just a constant, thus not shown. The results for 
Ffiei differ har^y at all among the three hybrid models: so in the figures that fol
low only the SR model will be retained for comparative purposes. Clearly, general 
relati\'istic lensing effects—specifically, extraordinary azimuthal imaging amd its re
lation to the abnormally isochronal rays—predominate in modulating the observed 
time-dependent flux; the frequency shift function itself [identical in (a) and (b), for 
example] is essentially irrelevant in deteinnining the behavior of FrcI as it has been 
defined here. 
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FIGUHE 4.2.6. Relative K-band fluxes in the general Kerr metric for a series of 
retrograde disks. The hot patch parameters sire again A©u, = 60°. Q+ = 0.1. and 
/+ = 2.0: the polar observation cosines are Ho = 0 (solid ciurve), = 0.3 (dotted 
curve), /^o = 0.6 (dashed curve), and /Zo = 0.9 (dash-dotted curve), and the spin 
values are (a) a, = —1 (extreme Kerr metric), (b) a, = —0.75, (c) a« = —0.5. em.d 
(c) a, = —0.25. Individual plots differ shghtly because the surface area of the hot 
patch is difFerent in each case. Grossly, however, all the plots are remarkably similar 
in the K-band. 
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FIGURE 4.2.7. Relative K-band fluxes in the general Kerr metric for a series of 
prograde disks. All parameters here are identical to those of the previous figure 
except that the spin values are (a) a. = +0.25, (b) a« = +0.5, (c) a. = +0.75. (c) 
a, = +1 (extreme Kerr metric). Because the spin value is not particularly critical 
in determining the beha\aor of FrcI, plots for a, = — 1, a, = 0, and a. = +1 only 
(alon^ -with plots for the special relativistic model) will be displayed in the figures 
that follow. 
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FIGURE 4.2.S. Hot patch size and relative K-band fliixes in the general Kerr 
and special relativistic metrics. W'ith f2+ = 0.1, f+ = 2.0, and, fio — 0.1, Aou, 
assumes the values 30° (solid line), 60° (dotted line), and 90° (dashed line) for (a) 
the special relativistic model, (b) the Schwarzschild metric, (c) the extreme Kerr 
metric, retrograde, and (d) the extreme Kerr metric, prograde. The amplitude of 
FrsI increcises because the surface area of the hot patch is larger; for the same 
reason the wdth of the maximtun also increases. 
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FIGURE 4.2.9. Hot patch, size and relative K-band fluxes in the general Kerr and 
special relativistic metrics. All parameters here are the same as in the precedins 
figure, except that now AOw = 120° (solid hne). = 150° (dotted Une). an^ 
^0^. 120" (dashed line). 
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FIGURE 4.2.10. Hot patch size and relative K-band fluxes in the general Kerr and 
special relatiiistic metrics. All parameters here are the same as m the precedins 
figure, except that now A<pu; = 270° (solid line), = 300° (dotted line). an3 
AcJu, = 330° (dashed line). If the surface eirea of the hot patch is greater than haJf 
the total surface area of the disk, the qualitative behavior of Fr^i is like that arising 
from a "'cold patch." 
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FIGURE 4.2.11. Hot patch angular speed and relative K-band fluxes in the general 
Kerr and special relativistic metrics. With = 60°, f+ = 2.0. and Ho = 0.1. 
Q+ assumes the values 0.05 (solid line), 0.1 (dotted line), and 0.2 (dashed line) 
for (a) the SR metric, (b) the Schwarzschild metric, (c) the extreme Kerr metric, 
retrograde, and (d) the extreme Kerr metric, prograde. The shift in the phase of 
the maximum of Fr^i is of no particular significance; the increase in its ampUtude 
in the Kerr metrics is rather mild, but quite marked in the SR model, indicating 
that the behavior of Fpiei arises from different mechanisms in the two cases—in the 
SR model, it is the "bunching up" of photons as the hot patch is in motion towards 
the observer that enhances tne flux; in the Kerr metric, this enhancement occurs 
on account of gravitational lensing effects. 
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FIGURE 4.2.12. Hot patch, temperatiire factor and relative K-band fliixes in the 
general Kerr and specieil relativistic metrics. With Aciu, = 60°, = 0.1. and 
(J.0 = 0.1, /+ assumes the values 2.0 (solid line), 3.0 (dotted line), 4.0 (dashed line), 
for (a) the special relativistic model, (b) the Schwaxzschild metric, (c) the extreme 
Kerr metric, retroCTade, and (d) the extreme Kerr metric, prograde. As might be 
expected, the amplitude of Fr^i is enhanced in aU cases. 
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FIGURE 4.2.13. Relative K-band flux for a dissipating hot patch. The hot patch 
in this case is again a wedge (initially) with AOu, = 60° cind f+ = 2.0: the polcir 
obsei-vation cosine is Ho = 0.1. The observational period is teiken to be equal to 
the period of revolution of an emitter in the outer disk ring at = 10 (about 
46 minutes). Each element in the hot patch is allowed to revolve at the angular 
speed of an emitting particle in a stable circular orbit at the appropriate value of 
Tj. The flux maximiun is already weak during the first period (solid Une) and has 
completely disappeared during the second period (dotted Une). 
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4.3. Comparison to the Observational Data 

In the way of observational data relevant to Sgr A*, we have, for the steady 

state case, some upper limits in the far-IR (Gezaxi & Yusef-Zadeh 1990) axid L"V' 

(Lacy tt al. 1982), as well as some fcdrly restrictive Umits in the K- and H-bands 

(Eckart et al. 1992: Close et al. 1992), although all these values may change over 

time if random fluctuations in the specific angulcir momentum result in an increase 

(or decrease) in size of the putative accretion disk in Sgr A*, or possibly even a 

reversal between prograde and retrograde configurations. In addition, for the time-

dependent case, we have the short-timescale variability data of Close et al. (1995) 

which, unfortunately, are not significant beyond the 2a level. 

We %viU find that our geometrically thin, optically thick accretion disk model 

gives some quite respectable fits to these observational data in both the steady state 

and time-dependent cases (e.g.. see Figures 4.3.1 and 4.3.2): however, given both the 

uncertainties in the observations, as well as our lack of precise knowledge about such 

quantities as the mass and mass accretion rate, this agreement between observation 

and theory at best suggests that we are on the right track. One would really rather 

expect, once we have more definitive observations, such as those expected from 

NICMOS on est. that the present model would prove less satisfactory, simply on 

accoimt of its simplistic aature. which can mirror only crudely the actual physical 

processes taking place in the Galactic Center. It hardly needs to be pointed out. 

however, that more precise observation almost invariably reveals inadequacies on 

the theoretical side of things, so it should scarcely come as either a surprise or a 

disappointment that increasingly more sophisticated models will be demanded; it 

would be considerably more surprising—and disappointing—if that did not turn out 

to be the Ccise! 

Note that the value of j^ai used to construct the fits displayed in Figures 4.3.1 

and 4.3.2 is rather small (% org)—somewhat smaller, in fact, than the estimate 
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given in Section 1.2 of r^.^ax ~ 8-18 r^. In the Schwarzschild case, other fits to 

the observational data can be obtained at larger values of iio'- however, since, as we 

saw in Section 4.1, the observed specific power flux is a monotonically increasing 

function of fio in restricted frequency ranges such as the K-band for a fixed value 

of Tj.niaxi follows that if we let fio increase while demanding that the IR flux 

remain roughly the same, then the value of must decrease proportionately: 

but values of r^.^or less than 5 rg are not very reasonable, or at least they do not 

seem to square very well with obser\-ation£d estimates of the angular momentum 

of the infalUng matter in the case of Sgr A*. In this connection, though, it ought 

to be borne in mind that it is hardly the case that Sgr A* is under continuous 

scrutiny: for example, the obser\'ational data cited in the caption to Figure 4.3.1 

were collected—or published, at least—on only four occastions over a period of ten 

yeaxs. and the two sets of IR data were published in a single year. Although all 

these data appear to be consistent among themselves, as well as with the additional 

observations cited in Section 1.2. they are certainly not definitive enough to put very 

stringent limits on the size of the putative accretion disk in Sgr A*. A Schwarzschild 

disk with ~ 10 Vg will satisfy the upper Hmits in the UV. for example, while 

exeeding what we think to be the current upper Hmits in the K- and H-bands: or. 

conversely, a smaller disk will satisfy the latter, while falling short of the former by 

an entire order of magnitude. We note that the two sets of data were pubUshed ten 

years apart. All this tells us nothing for sure. Unquestionably, however, it suggests 

that the size of the accretion disk, as we have noted before, may change o%'er time: 

it cdso indicates that additioned and more precise observations axe highly desirable. 

In any case, unlike pre\-ious investigators, we are not limited to examining only 

Schwarzschild or extreme Kerr prograde disks. As noted in the Introduction, the 

present study introduces at least two new innovations, namely, we have finally taken 

into account the contribution to the observed specific power flux of the first-orbit 
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disk images, and we have calculated this quantity, for both steady state and time-

dependent cases, over the entire range of hole spin vzdues. The last circumstaxice 

allows us to set up a verv' useful graphical device, the prs diagrams (P for Polar 

observation cosine: r for iZadius of the outermost disk ring; and s for 5pin of the 

black hole). We suppose we have some fiducial value for at some i/q—from 

Figure 4.3.1, for example, we might take logjQ 22 at Vo % 3.1 x lO^"* 

Hz as such a value. Of P. r. and 5, all are now imder our command to vaxy as we 

please: and, when we do. we find that, given the blackbody intensity rule, and the 

Page-Thome radiaJ temperature function, the shape of the observed specific power 

flux, plotted in the logarithm against the corresponding frequency of observation, is 

pretty nearly the same in aU cases, being merely shifted up and down, or forwards 

and backwards, as we vary these three parameters at our disposal. Specifically, we 

find that if we can determine some triplet prs that matches the fiducial value of 

Fu„, then the other constraints imposed by the avciilable observational data will in 

most ccLses be satisfied equally as well (the extreme Kerr prograde case being an 

exception). 

Now we have some latitude as to exactly how we proceed: and so. as usual, 

we will do what seems to be most conx'enient. Specifically, we will hold P and 

s fixed, and we wiU allow r to vary in equal increments of. say. Ai? = 0.1 r^. 

from Ai? out to some mELximum value beyond which we have no hope 

of attaining a match to our fiducial value of Ft,, because the flux becomes too 

large, and which in practice turns out to be ~ 10 r^. When we do find a match, 

we record the corresponding value of r, cind we may plot our results on a pr 

diagram (Figxire 4.3.3). where P is the abscissa, and r the ordinate, along loci of 

constant a, {isogyres). [We may also construct rs diagrams (Figure 4.3.4) with 

loci of constcint iJ.„ (isogones). as well as sp diagrams (Figure 4.3.5) with loci of 

constant r (isobathms).] Then, given, some estimate rmai for the value r^^max- i^he 
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intersection of the line r = rmar with a given isogyre will, at the corresponding 

value of fio indicated on the pr diagram, give a respectable fit to the steady state 

observationcd data. In this way we have constructed four retrograde fits to the IR 

data with values of Vs^rnax up to about Svg (Figure 4.3.6). 

We should point out that an extreme Kerr prograde configuration for the pu

tative accretion disk in Sgr A* can almost definitely be ruled out, at least within 

the context of our optically thick, geometrically thin model. Figure 4.3.7 displays 

a fit to the IR data for this case. However, the vcdue of r^.^ax required to obtain 

such a fit is ridiculously small (« 1.5 rj); furthermore, the upper limit on the UV 

radiation is violated. Figure 4.3.S displays a second fit to the IR data for which 

the upper UV hmit is not violated: but to get this last fit we had to taJce the mass 

accretion rate to be three orders of magnitude less than the best current estimate 

given in Section 1.2! 

The problem of constructing a fit to the time-dependent data is somewhat trick

ier. as one has not only to match the shape of the modulated flux profile but also 

to insure that the average flux—which, for a given disk size and polar observation 

cosine will, of course, be greater for a thermally inhomogeneous disk %\4th a hot 

patch than for a thermally homogeneous one—is consistent with the steady state 

observations. That a recisonable fit can nonetheless be had is. of course, evidenced 

by the result displayed in Figure 4.3.2; but. again, more than one such reasonable 

fit can be constructed, although the one given in Figure 4.3.2 happens to be the 

best, for the Schwarzschild metric, among severed himdred considered, with a \-

value of about 0.956. It might be possible to obtain a fit just as good or better 

for a retrograde disk configuration: given the imcertainty in the time-dependent 

data currently available, and the gross similarity, as we saw in Section 4.2. in the 

time-dependent profiles for different values of a. (all other parameters being equal), 

it does not seem worthwhile to pursue the matter at present. 
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As a matter of interest to the specialist in numericzd. modelling, we will derive 

a simple relation that provides a convenient basis for searching for an optimum fit. 

within the context of the wedge model, for some pair of wedge angular size and 

temperatiire enhancement factor (A^u;2r/-r2)r provided some pair /j-i) is 

known that satisfies the constraints on the average flux, but not necessarily on the 

time-dependent parameters at all. 

We first define an average ring temperature Tavg by 

where N is the number of emitters in the disk model (360 per ring, in our case), .V,, 

the nrmiber of such emitters being assigned the ordinary Page-Thome temperature 

To for a given wedge size, and N+ the nimiber of such emitters being assigned 

an enhanced temperatxire = f+To in the same case, so that .Yq -r -V4. = -V. 

Now since in our paxticulax model we have ever so thoughtfully arranged for the 

number of emitters per ring to be exactly equal to the niunber of degrees in a 

circle, we may substitue the wedge angxilar size Ad^, in degrees for -V+- and putting 

jV'o = N — .V+ = -Y — A^u; and = /j-To in (4.3.1), we get. upon shaking things 

up a bit 

Now we cirgue—and it can be shown by direct nimiericai calculation to be pretty 

nearly so—that the mean flux for some pair {Adu,i. f+i) will equal that for some 

other pair (A^uro,/j-o)• provided that 

T a r , g = { N o T , + y + T + ) / N  ,  (4.3.1) 

Tavg = {To/N)[N + AeM+ - 1)1 • (4.3.2) 

T a v g i ^ ^ w l -  f + l )  —  T a v g i ^ d j j j O -  f + 2 )  •  (4.3.3) 

from which we obtain 

A ^ a . 2 / A ^ , . i  =  i U ,  -  l ) / { f + 2  -  1) (4.3.4) 
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Given this very useful relation, one may set up an iterative routine that varies 

A6to and /+ systematically in attempting to match the time-dependent peLrameters 

[e.g., the maximima and minimum values of provided they are varied in 

such a way as to satisfy (4.3.4), the constraints on the average flux imposed by the 

steady state data will automatically be satisfied. 

Within the context of the present model, there is nothing more to be said. 

Consequently, we will now sum up and indicate how the methods presented in this 

study may—indeed, have been—extended to more compUcated physical situations. 
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FIGURE 4.3.1. A Schw'axzsdiild fit to the steady state IR observational data for 
Sgr A*. For the plot shown, r^^max ~ oTj eind fj.o = 0 (equatorial observer). The 
observational data (here and in Figiires 4.3.6. 4.3.7, and 4.3.S) are taken from (1) 
Lacy et al. (19S2), (2) Eckaxt et al. (1992) and Close et al. (1992). (3) Close et al. 
(1992), and (4) Gezairi Sz Yusef-Zadeh (1990). 
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FIGURE 4.3.2. A Schwarzschild fit to the time-dependent K-band observational 
data for S°T A*. The observational phase on the abscissa is the quantity p defined 
in Section 4.2^ tlie quantity on th.e ordinate is uot but ratiier th.e actual 
K-band flux in cgs units. The observational data are from Close et al. (1995). 
The parameters used to obtain the fit are rg^max ^ [lo — 0-4. AOu; = 50 , 
/+ Si 3. Despite the 2cr uncertainty in the observational data, within the conte:rt of 
the wedge model it is surprisingly restrictive—several hundred cases were examined 
in detail to obtain this best fit with — 0.956. 

8 

7 

6 

5 

4 

3 

2 

1 

0 
0 .6 .9 .8 1 

Observational Phase 



263 

FIGURE 4.3.3. A family of isogyres plotted on a pr diagram. The isogyTes (Greek 
-fvpid^Lj, "to spin") are loci of constant a., with the ciirves running from a, = -1 
on the top to a. = -f-l on the bottom in increments Aa, = 0.25. 
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FIGURE 4.3.4. A family of isogones plotted on an rs diagram. The isogones 
(Greek 'fun'ta, "ajigle") are loci of constant polar observation cosine, with the curves 
running from pto = 0 on the right to pto = 1 on the left in increments A;j.o = 0.1. 
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FIGURE 4.3.5. A family of isobathms plotted on an. sp diagram. The isobathms 
(Greek 3a6fj.6<;, "extent") eire loci of constcm.t rg^maz-, with the ciirves running from 
^3.max = 3 Tj on the left to r^^rnax = TPg on the right in increments = 0-5 r^. 
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FIGURE 4.3.6. A set of retrograde fits to the steady state IR observational data 
for Sgr A*. La each case the obser\-er is in the equatorial plane with ^s.max ~ S Tj 
in (a), r^^rnar % "Tg in (b) and (c). and « Gr^ in (d). 
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FIGURE 4.3.7. An extreme Kerr pro^ade fit to the steady state IR observational 
d a t a  f o r  S g r  A * .  T h e  o b s e r v ' e r  i s  a g e i i n  i n  t h e  e q u a t o r i a l  p l a n e ,  w h i l e  ~  1 - 5  ' ~ g -
The disk is unreasonably small, and while the IR constraints are satisfied, the upper 
limit in the UV is \'iolated. 
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FIGURE 4.3.S. An extreme Kerr prograde fit to the steady state IR observational 
data for Sgr A*. The observer is again in the equatorial plane, while rj^max ~ S r^. 
In order to satisfy the IR constreunts and the upper UV linoit simultaneously, the 
mass accretion rate had to be reduced by three orders of magnitude from the ctirrent 
estimate. 
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5. Summary and Conclusion 

As acted in Section 1.2, there exists a wealth of observational data related to our 

paradigm case of the Galactic Center black hole candidate Sgr A*. While these data 

are far from unambiguous, they are certainly suggestive of a scenario in which the 

radiation emitted from the vicinity of Sgr A* arises from the release of gravitational 

potentiai energy by a captured Galactic Center wind as it accretes onto a massive 

black hole, this process leading to the formation of an accretion disk as its end 

result. The upcoming deployment of NICMOS on SST promises to provide new 

observational data that may well be conclusive in confirming this hypothesis. If it 

does, then our ability to infer from those data such characteristics of the black hole-

accretion disk system as the mass and spin of the central body, the mass accretion 

rate, the size and sense of rotation of the disk, and our observational orientation 

with respect to this system, is critically dependent on the quaUty of the theoretical 

models we have constructed to maie sense out of what we have observed, as well 

as on the ancillary analytical tools developed to explore the implications of a given 

model. 

In this investigation we have taken over as our basic physical model the very 

simplest one. that of the geometrically thin, optically thick disk, composed of lumi

nous particles in stable circidar orbits in the equatorial plane of a black hole. Then, 

beginning with the Kerr metric in Boyer-Lindquist coordinates, and the fundamen

tal orbital equations derived by Carter, we obtained the trajectory equations for 

photons and the fully general relativistic frequency shift function. Having previ

ously noted in our excimination of the Minkowski solution that calculations involving 

images in the image plane could be recast in terms of eqmvalent ccilculations in the 

complementary image plane, we set up a method based on that notion. By rep

resenting the effective potential functions and related expressions as curv'es in this 

complementary plane, and by studying their algebraic properties, we obtained a set 
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of rules that defined the region of that plane in which the trajectory* coordinates 

corresponding to a given ring image must reside. Given these rules, we divided up 

the allowed region in a systematic way to construct the complete emission matrix K 

and showed that a systematic evaluation of the elements in one of its polar arrays 

resulted in our obtaining the polar impact loci, and we found that similar techniques 

could be employed to calculate the equatorial impact loci as well. We then pointed 

out that if one point on a complementary image locus were lal0^vn for a given A. 

then the desired image point at an adjacent value of A must be in the vicinity of the 

first, and we obtained an approximate quantitative rule to guide us in our nimiericcd. 

search. As an illustration of ccdculational technique, we set up some representations 

in the metacomplementary image plane and displayed an example of how numerical 

evaluation routines could be programmed to "lock on" to the metacomplementary 

image loci, thus drastically reducing the number of iterations required to determine 

a given ring image. Putting all these concepts and techniques together, we obtained 

representations of the optical appearance of the accretion disk for a number of polar 

observation cosines. By organizing our data files and the corresponding ring images 

according to a particular scheme, and defining the image point number 3. we set 

up yet another representation, that of the extended images, and showed how use

ful information could be extracted from such plots, as well as how this manner of 

organizing the data lent itself to a simple but very effective interpolation routine, 

so that we could generate (and dispose of without storing) a large number of image 

points, azimuthal angular displacements, and photon propagation times, allowing 

detailed modelling of the disk structure, given only a relative few reference images 

obtained by solving the trajectory equations. These additionEil techniques were then 

put to use to calculate steady state and time-dependent specific power fluxes with 

parameters such as disk size, hole spin, polar observation cosine, and type of disk 

inhomogeneity varied through appropriate ranges. Moreover, we obtained these re-
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suits not only for the incomplete case of the direct-orbit apparent disk images, we 

also took accoxint of the first-orbit images, including the effects of disk self-blocking. 

Finally, we juxtaposed our results against the observational data in a specific case, 

that of Sgr -A.*, finding a reasonable if not superlative degree of agreement between 

the two for both the steady state and the time-dependent cases, and in the process 

we set up yet another useful representational device, that of the PES diagrams. 

It seems as if nothing more could be desired in the case of the •particular physical 

model taken under consideration. 

It is natural, then, to raise the question: Is ovir method of complementary 

images, and its associated techniques, suitable for the analysis of general reiati\"istic 

effects in the case of more complicated physical systems? The answer is: Yes. they 

cire. and one specific appUcation. as described below, has already been successfvdly 

Ccirried out. 

It is beUeved that the qucisar Broad Line Region (BLR) spectrum may arise from 

luminous, gaseous clouds, circulating about a central, supermassive black hole, and 

excited to line emission by radiation given off by ionized plcisma. perhaps in the 

form of an accretion disk, in a region somewhat closer to the black hole than that 

occupied by the BLR emitters. Because nothing is known for certain regarding 

either the space or velocity distribution of the putative BLR clouds, a model that 

allows the \'ariation of these parameters with considerable latitude is desired. How

ever. the fuUy general relativistic analysis of even a single such system presents 

formidable difficulties if gravitational lensing effects axe to be talcen into account. 

Consequently, in tj-pical studies published up to this point (e.g., Popovic et al. 

1995), what is done is to retain the general relativistic lapse function while the 

gravitational lensing is ignored. As we saw in examining the results presented in 

Section 4.1. models of this type, which we have chosen to label "pseudorelativistic." 

may yield results of questionable vjdidity. Furthermore, general relativistic particle 



dynaxaics axe typically neglected also (e.g., Robinson et al. 1990). (It should be 

noted, however, that it may very well be the case that the region in which the BLR 

emitters reside is sufficiently distant from the central massive body to justify an ap

proximate treatment, via Newtonian mechanics, of the gravity-dominated aspects 

of their motion.) 

In a straightforward approach to the construction of a fully general relatiWstic 

model of the BLR region, one might first specify a particular mjiss-velocity dis

tribution. cis well as a designated point of observation, and then solve the photon 

trajectory equations for this system, consisting perhaps of 10^ or 10® discrete par

ticles. pro\'ided it were know,Ti how to do so in practice. (In principle it is known 

how to do so as soon as the photon trajectory' equations are written down: but the 

road from principle to practice may prove, as we have seen here, to be a long and 

arduous route.) Of course the solution would then have to be repeated for each 

new mass-velocity distribution tciken under consideration. Such an approach is not 

totally out of the question, assuming unlimited lime and resources. Given, how

ever, that in general these last two quantities cire usually somewhat constrained, the 

straightforward approach sketched out here would certainly seem to be somewhat 

impractical. 

Before outUning our alternative scheme, we note that in Section 2.2 we have 

described a'seminimierical technique for determining the trajectories, in the case of 

the general Kerr metric, of particles in circular, nonplanar oribts in the vicinity of a 

rotating black hole. We will assert without exphcit demonstration that the same or 

similar techniques, based on an analysis of critical loci in LQ- and LE-spaces. will 

furnish equally satisfactory results for any tj'pe of orbit. (In fact, the case of circular 

orbits turns out to be the most mathematicaUv difficvdt ca^e to investigate.) We V O ' 

note further that in Section 2.4 we derived the fully general relativistic frequency 

shift function for emitters in arbitrary states of motion. All that remains is "merely" 



to set up some practical procedure for obtciining the momentum components that 

figure into the n whose components are given by (2.4.24) through (2.4.26). We 

would like such a procedure to be one that leads to results that can be tabulated 

and used in the analysis of a number of different BLR mass-velocity distributions. 

We would further like the data storage requirements of the overall scheme to be 

relatively modest (e.g., on the order of 10 megabytes or so): and. when calctilating 

hne profiles, we would Uke program execution times to be on the order of. say. a few-

minutes. However, we also insist the model be fully general relativistic. else there 

would be nothing new in it. 

.\11 these requirements and preferences may be satisfied by proceeding in the 

following manner. We first define a voliome of space around the central massive body 

sufficiently large to contain all possible matter distributions of interest—a sphere, 

say. centered on the black hole and having an outer radius on the order of 10"^ or so 

gra\'itational radii. We then partition the space into cells by making regular radial 

and polar di\'isions. For each reference radius there is a corresponding principal 

radial locus whose properties, which we know from the zmalysis described in Section 

2.5. depend not at all on whether a given emitting body is in or out of the equatorial 

plane. For each observer there is a pair of polar nodes given by (2.5.16). or (2.5.17). 

and for each polar source angle 63 ihere is a second pair of polcir nodes given by 

0(^.) = O. (5.1) 

Of (2.5.16). or (2.5.17), and their analogs for equation (5.1). the more restrictive 

condition appUes in determining our initial "guess" for the lateral limits of the com

plementary reference ring image, and this first approximation may be numerically 

refined using the very same routines employed in the case of the geometrically thin 

accretion disk in the equatorial plane. Having foimd the desired values of Xi and 

Aft for a designated (r^.^j.^g). we then make a canonical partition of the allowed 

interval in A—which, as should by now be clear, is equivalent in some sense to 
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maidng an azimuthal partition of the reference space—and construct the complete 

emission matrix. Then the very same nimaerical routines used to determine the com

plementary ring images for emtters in the equatorial plane may also be employed 

to determine the complementary' reference ring images for emitting particles out of 

the plane. Of coxirse, in the BLR context, the emitters may not be in circular orbits 

and they are almost certainly not arranged in nice concentric rings! Consequently, 

we will forget about the emitting particles—which we deal with later—and con

sider only emitting positions. We may, if necessary, consider multiple polar images 

classified according to how many times, if at all, a given photon trajectory* transits 

a plane rotated out of the equatorial plane by an angle d = n/'I — 60. We carry 

out this procedure for a sufficient nimiber of source radii (4 being an acceptable 

minimum), source polar cosines (21 per source radius being more than sufficient ), 

and polar observing positions (5 equally spaced in the upper half-hemisphere, say ) 

and tabulate the results, organizing them in e.^actly the same way as we did our 

accretion disk data, so that we can plot up extended images (actually or just nu

merically) and use them a^ the basis for an interpolation routine which we know to 

be valid from the very nice results we obtained in the accretion disk case. We may, 

if we wish, plot up the reference ring images (Figures 5.1 through 5.6). even though 

these are not images of emitting particles—"virtual" particles, perhaps, if one needs 

to think about particles; but there is no compelHng reason to do so. In this way. 

without reference to any particular mass-velocity distribution, we in a sense map 

out the optical properties of the reference space. 

Xow an emitter in any particular matter distribution scheme, regardless of the 

geometry of the overall ensemble, resides \vithin one of the cells defined by the 

partition of the reference space: and from the image points—or. equivalently. the 

photon momentum parameters—calculated for the points delimiting the cells at the 

intersections of the reference space dividing lines, the corresponding image points 
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(or momentum pajameters) caxi be determined to a very good approximation by 

interpolation. Then, since these parameters depend only on the instantaneous po

sition of the emitting body and not at edl on its instantaneous velocity components, 

ajiy desired velocity field cein be independently coupled with a specified matter dis

tribution scheme. By this means one can thus calculate the fully general relativistic 

frequency shifts, including effects of multiple polar aiud, azimuthal imaging, for an 

axbitraxy three-dimensional configuration of emitting particles, in arbitrary states 

of motion, without having to solve the photon trajectory equations for any partic

ular mass-velocity distribution. A few results axe displayed in Figures 5.7 through 

5.10. About 750 individucd cases (5 observing positions x 5 velocity fields x 5 

polax distributions x 6 radial distributions) have been examined so far using the 

same reference data bcise (about 13 Mb in size): program execution times are quite 

reasonable. It should be clear that some relatively minor variation of the BLR 

techniques described here could be successfully apphed to the case of geometrically 

thick accretion disks, or of thin disks that are "wauled" out of the equatorial plane. 

In the context of radiative spectra arising from ensembles of discrete luminous 

emitters, a couple of problems still remcun to be addressed. The apparent area of a 

star, or of a luminous, externally heated, gaseous cloud, is enhanced or diminished 

by the effects of gravitational lensing, and a prescription for cailculating the first-

order corrections for this effect is set forth in detciil in Cunningham &: Baxdeen 

(1973). Consideration of these effects is invariably neglected in current quaseir BLR 

studies (and, up to this point, have been neglected in our own investigations as 

well, undoubtedly for the same reason—the evident impracticaiity of calculating 

the myriad correction factors reqmred: but the matter is being looked into). One 

sometimes hears the argiunent that corrections of this t\-pe are negligible because 

the emitters in question are (in some sense) "small" and thus may be properly 

regarded as "'point" emitters. However, assuming this argument to be sound, one 
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then faces the equally difficult problem of how to take into account the contribution 

to the observed radiation of the multiple polar images (a problem we ourselves ha\-e 

been only partly successful in addressing in the BLR czise). After all, in an accretion 

disk context, it is disk self-occlusion that (up to the present study) has been invoked 

(quite unwcirrantably) to justify the neglect of the first-orbit polar images, and the 

phenomenon of diminishment of apparent area that (truly) justifies neglecting the 

second- and higher-orbit polgir images. In the BLR context, however, it is a common, 

ajid evidently quite reasonable, assumption that there is negligible ""cloud-on-cloud 

shadowing" (as the current jargon has it); and. furthermore, it really seems rather 

inconsistent to argue on the one hand that a gaseous cloud is sufficiently "'pointlike" 

to waxTcmt neglecting the diminishment. or enhaxicement, of its apparent area, while 

maintaining on the other hand that it is at the same time sufficently "unpointUke" 

to justify ignoring its higher-orbit polar images because their apparent size must 

be diminished into insignificance! Any fully general relativistic investigation of the 

BLR scenario must tackle these two related issues. Of course not every exotic 

general relati-vistic effect is observationaUy relevant: on the other hand, no such 

effects should be labelled irrelevant merely because they are computationally vexing. 

A final judgment can properly be made only on a quantitative basis. 



FIGURE 5.1. The optical appearance of a set of direct-orbit reference rings in 
the extreme Kerr metric. The rings have source radius = 10 r^, the observer 
is in the equatorial plane, and the polar source cosines, from bottom to top. axe 
fj.3 = —0.9, —O.S,..., +0.9; the images of the "point rings'' at the poles have been 
calculated but are not shown here. The dotted circle represents the boundary of 
the event horizon. 
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FIGURE 5.2. The opticai appearance of a set of first-orbit reference rings in the 
extreme Kerr metric. All parameters here are the same as in the preceding figure. 
Reference rings that appear to be located in the upper half-hemisphere are actually 
located in the lower half-hemisphere, cind vice versa. Provided the observer is 
in the equatorial plane, the first-orbit reference ring images are not too difficult 
to calculate; once, however, the observer moves 20" or so out of the equatorial 
plane, they are virtually impossible to resolve—an indication that they are highly 
compressed and ver\' likely not obser\^ationally relevant. 
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FIGURE 5.3. The optic^ appeaxance of a set of composite reference rings in the 
extreme Kerr metric. This figure is just a combination of the two preceding. Note 
how the nrst-orbit images are "nested" inside the dual reference ring image for 
Ma = 0. 
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FIGURE 5.4. The opticed appearance of a set of direct-orbit reference rings in 
the extreme Kerr metric. The reference rings have source radius = 10" Vg. the 
observer is located at fio — ^os 22.5°, and the source polar cosines are asjn the 
three figures preceding (and the two following). Here and in Figx^es 5.5 and 5.6 the 
reference images are plotted as solid lines if jis > y-o- 3^ dotted lines if and 
i/isl < Mo, deished lines if < fJ-o !/^sl > Mo-



FIGURE 5.5. The optical appearance of a set of direct-orbit reference rings in 
extreme Kerr metric. The reference rings have source radius = 10^ and 
observer is located at fio = cos 45°. 
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FIGURE 0.6. The optical appearance of a set of direct-orbit reference rings in the 
extreme Kerr metric. The reference rings have source radius = 10"* r,,. and the 
observer is located at /io = cos 67.5°. 
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FIGURE 5.7. BLR emission line profiles for a circxilar velocity field and 
Ho = cos 90°. This figxire and the three following aire ciU organized in the same 
fashion: (a) 10 < 10-rg, 0 < < cos 22.5°; (b) 10^ < 10^ r^, 
0 < /is < cos 22.5°; (c) 10 < 10" r^, 0  <  H s  <  cos 67.5°; (d) 10^ < 
10^ Tj. 0 < /is < cos 67.5°. The solid curve is the general relativistic profile (based 
on direct-orbit images only) and the dotted curve the classical Doppler profile. The 
line-of-sight velocity vi^ has been calculated in accordance with the ''astronomi-
czd convention" (po'sitive vis corresponds to motion away from the observer). The 
velocity resolution is fair (~ 10"^ c). It has been asstuned that the line emission 
is stimulated by an isotropic radiation field so that the intensity I of emission is 
proportional to r~-. The sample size is ~ 10®; samples may be taken at fixed or 
random intervals—given the large sample size, the method of sampling has no effect 
on the result. 



284 

FIGURE 5.S. BLR emission line profiles for a circvilar velocity field and 
and fio = cos 22.5°. 
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FIGURE 5.9. BLR emission line profiles for a Gaussian random velocity field and 
Ho = cos 45°. 
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FIGURE 5.10. BLR emission line profiles for a Gaussian random velocity field and 
= cos 67.5°. 
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APPENDIX A: 

Opticeil Appeaxaxice of Homogeneous Disk 

This Appendix displays a few composite accretion disk images for the 

Schwarzschild and extreme Kerr (prograde) cases along with some correspond

ing complementary ring images. The spacing of the source rings is in each case 

Avg = 0.25 fg, this particular spacing having been chosen for purely aesthetic rea

sons. Because most of the ring images axe generated by the interpolation routine 

described in Section 3.4, any ring spacing is as convenient as ajiy other—one need 

merely specify and r^.max a^d the number of ring images desired: as it turns 

out. generating the ring images by interpolation out of the reference ring files takes 

less time than would reading the ring image coordinates out of a pre-existing data 

file. 

In the views that follow—both in this Appendix and in Appendix B—the inner 

ring radius is r^.rnin = 3 in the Schwarzschild case and = 1 r^ in the extreme 

Kerr case, and these values are the for which the complementary ring images 

have been calculated: r^^max has been taken to be 10 in both cases. The filled 

circle in the center of the plot represents the event horizon. In the complementary 

image plots, the solid cm^'es correspond to direct-orbit ring images and the dotted 

curves to first-orbit ring images. 



FIGURE A.l. Composite disk image for a, = 0 and fig = 0.1. 
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FIGURE A.2. Complementary ring images for inner ring of Figure A.l. 



FIGURE A.3. Composite disk image for a. = 0 and Ho = 0.3. 
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FIGURE A.4. Complementary ring images for inner ring of Figure A.3. 



FIGURE A.5. Composite disk image for a, = 0 and Ho = 0.5. 
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FIGURE A.6. Complementary ring images for inner ring of Figtire A.5. 



FIGURE A.7. Composite disk image for a. = 0 and Ho = 0.7. 
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FIGURE A.S. Complementary ring images for inner ring of Figure A.7. 



FIGURE A.9. Composite disk image for a, = 0 and /ZQ = 0.9. 
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FIGURE A. 10. Complementarj' ring images for inner ring of Figure 
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FIGURE A.ll. Composite disk image for a. = +1 and /Zo = 0.1. 

•298 



•299 

FIGURE A. 12. Complementaxy ring images for inner ring of Figure A.ll. 
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FIGURE A.13. Composite disk image for a. = +1 and Ho = 0.3. 
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FIGURE A.14. Complementaxy ring images for inner ring of Figure A.13. 



FIGURE A. 15. Composite disk image for a. = -i-l and fio = 0.5. 
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FIGURE A.16. Complementary ring images for inner ring of Figure A.lo. 



FIGURE A.17. Composite disk image for a. = -rl and H o  = 0.7. 
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FIGURE A. IS. Complementary ring images for inner ring of Figiire A. 17. 



FIGURE A.19. Composite disk image for a. = -f 1 and fio = 0.9. 
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FIGURE A.20. Complementaxy ring images for inner ring of Figure A.19. 
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APPENDIX B: 

Optical Appearajice of Iniioniogeneous Disk 

The composite views presented, in this Appendix axe again for the Schwarzschild 

and extreme Kerr (prograde) cases, and the values of ''s.marr and Ar^ are 

as noted at the begiiming of Appendix A. In each figure the polar observation 

cosine is Ho = 0.1. The thermal inhomogeneity is a wedge-shaped hot patch having 

= 60° and period = 10.4 minutes: for black-and-white representations, the 

value of the temperature enhcincement factor /+ is irrelevant. The observational 

phase p varies from p = 0.05 to P = 0.95 in equal invervals AP = 0.1; its value is 

noted in each figure caption. 



FIGURE B.l. Composite disk image for a. = 0 and P = 0.05. 
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FIGURE B.2. Composite disk image for a. = 0 and P = 0.15. 
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FIGURE B.3. Composite disk image for a. = 0 and P = 0.25. 
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FIGURE B.4. Composite disk image for a, — 0 and P — 0.35. 
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FIGURE B.o. Composite disk image for a. = 0 eind P = 0.45. 
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FIGURE B.6. Composite disk image for a. = 0 and P = 0.55. 
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FIGURE B.7. Composite disk image for a, = 0 and P = 0.65. 
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FIGURE B.S. Composite disk image for a. = 0 and P = 0.75. 
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FIGURE B.9. Composite disk image for a, = 0 and P = 0.85. 
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FIGURE B.IO. Composite disk image for a, = 0 and P = 0.95. 
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FIGURE B.ll. Composite disk image for a. = +1 and P = 0.05. 
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FIGURE B.12. Composite disk image for a, = +1 and P = 0.15. 
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FIGURE B.13. Composite disk image for a, = +1 and P = 0.25. 
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FIGURE B.14. Composite disk image for a. = 4-1 and P = 0.35. 
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FIGURE B.15. Composite disk image for a. = -f-l and P = 0.45. 
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FIGURE B.16. Composite disk image for a. = -fl and P = 0.55. 
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FIGURE B.l7. Composite disk image for a. = +1 and P = 0.65. 
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FIGURE B.IS. Composite disk image for a. = -{-1 and P = 0.75. 
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FIGURE B.19. Composite disk image for a. = +1 and P = O.So. 
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FIGURE B.20. Composite disk image for a, = +1 and P — 0.95. 
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