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ABSTRACT
Group sequential clinical trials have become the accepted method for monitor
ing the results of an ongoing trial. These methods allows early termination of a
trial based on the results of "interim analyses" that are conducted after each of
the groups of subjects are entered on the study. Existing methods for designing
these types of trials are currently comprised of several different constructions, each
of which addresses a different clinical setting. The purpose of this dissertation is
to unify these constructions into a single framework. This is accomplished by first
proposing a general algebraic family of stopping rules for group sequential designs,
and then constructing a statistical interpretation of the family. Both Bayesian
and frequentist approaches are included in this unification. The properties of the
unified family of designs is examined, which lends insight into the similarities and
differences between existing approaches to group sequential designs. This work is
motivated by several clinical examples, and the clinical application of these de
signs is given detailed consideration. A particular example is used to illustrate the
application of these methods, and to describe how they would be implemented in
an ongoing monitoring program for a clinical trial.
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Chapter 1 Background and Setting
1.1 Introduction and Purpose
In the broadest sense, a clinical trial uses human subjects in a controlled ex
periment designed to provide insight into the future treatment and management of
disease. Clinical trials are used in a wide variety of settings including evaluation of
new treatments, prevention strategies, and diagnostic tools. In most clinical trials,
ethical considerations require an efficient trial design that cinswers the relevant
questions with as few patients as possible. The concept of design efficiency is not
unique to clinical trials, however the consequences of inefficient trials in a medical
setting might be considered more severe than in other settings. An inefficient trial
requires more subjects, thereby exposing a larger number of people to the potential
harm of an experimental treatment. Furthermore, am inefficient trial delays the
answer to the clinical question so that patients not in the study must wait to know
the best treatment. To illustrate this point, consider clinical trials for testing an
AIDS vaccine. There is tremendous interest in finding a good vaccine as quickly
as possible, and many people are willing to participate in vaccine trials. Design
efficiency is a central issue in planning these trials, especially if the vaccine were to
turn out to be ineffective or harmful. In such a situation it would be critical that
the trial stop as soon possible in order to avoid exposing additional subjects to
potential harm, or to dispel any false sense of security provided by an ineffective
vaccine. It is similarly important to stop as soon as efficacy can be determined.
Group sequential trial designs have been used to reduce the number of subjects
in a study. A group sequential design allows "interim analyses,'' which are analyses
conducted before all patients have been accrued to a study. The study may then
be terminated if the results of the interim analysis indicate that a conclusion can
be reached. This of course allows an early answer to the clinical question, and is
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accompanied by increases in trial efficiency (i.e., fewer subjects and/or less time)
when compared to an anaiogous fixed-sample trial.
To date, research in group sequential trial design has focused on developing
designs for particular categories of clinical triaJs. The presumption is that the
practitioner will select a category that best fits their clinical situation, and pro
ceed to develop a design according to the rules of the selected category. In this
dissertation we demonstrate that some clinical settings do not fit into the cur
rent categories. Through example, we also argue that the full diversity of clinical
situations is not recisonably split into any finite number of categories.
The goal of the research for this dissertation is to unify and extend previous
work in group sequential trial design to better address the clinical issues encoun
tered in practice. In this dissertation we propose a family of designs that includes
previous categorizations, but allows continuous movement between those categories
while highlighting clinically relevant design parameters. We begin the construc
tion in chapter 2 where we focus on the mathematical (or algebraic) construction
of a family of stopping boundaries that contains the common designs. We post
pone the statistical interpretation of this family until chapter 3 where we discuss
the frequentist and Bayesian interpretations of a set of stopping boundaries, and
describe statistical measures of design efficiency. The construction and interpre
tations offered in chapters 2 and 3 results in a large family of designs that both
unifies and extends previous work. Chapter 4 evaluates this family with the dual
purpose of developing clinically meaningful interpretations of the design parame
ters, and identifying members of the family that have similar properties. The first
4 chapters of the dissertation are concerned with the prospective specification of
decision rules prior to initiation of the trial. In 5 we discuss the implementation
of these prospective rules, and present an example to illustrate the application of
the proposed methods.

In the remainder of chapter 1 we lay the foimdation for the rest of the disser
tation. We begin with examples of clinical trials to illustrate the sorts of issues
that must be addressed in the construction of later chapters. We then summaxize
the historical development of group sequential clinical trials in both the frequentist
and Bayesian settings to establish their current status and to formally identify the
problem to be examined in this research.

1.2

Examples
Clinical trials are used in a wide variety of settings, and no single type of

design can adequately address all settings. Consider for example the choice of a
one- or two-sided hypothesis test in a standard fixed sample trial of two medical
treatments. A one-sided hypothesis test would allow two decisions: (1) treatment
A superior to treatment B, or (2) treatment A not superior to B (note that 'not
superior' may or may not imply that A is actually inferior to B). A two-sided
test would allow three decisions: (1) treatment A superior to treatment B, (2)
treatment A inferior to B, or (3) A and B are approximately equivalent. It has
been argued [11] that using a two-sided hypothesis test is unethical in some medical
settings because it requires proving that one treatment is worse than another.
We certainly would not want to propose a study to prove that a new treatment
is harmful when compared to a placebo; hence, placebo-controlled trials of new
treatments are commonly designed around a one-sided hypothesis test. On the
other hand, a clinical trial aimed at comparing the analgesic efficacy of tylenol
and aspirin would probably be designed using a two-sided test because proving
superiority in either direction is both of interest and ethically reasonable. Thus,
we see that in the medical setting there may be substantive ethical issues that
dictate the statistical aspects of a trial design.
The standard paradigm for evaluation of new medical treatments is usually

considered in three phases [45]. A "phase I" trial is the first clinical use of a new
therapy, and is focused on refining the treatment or examining toxicity prior to
more detailed studies. A "phase II" clinical trial is used as an eflScacy screening tool
to identify the best therapies to caxry forward into full-scale efficacy trials which
axe called "phase III" trials. Phase I and II trials are usually relatively small
(between 15 and 100 subjects) whereas a phase III study is larger and generally
has a randomized control group. As we shall see in the next section, the type
of trial (phase I, II, or III) may have some effect on the nature of the stopping
boundaries in a group sequential design.
We now consider several examples to demonstrate the diversity of issues that
are encountered in the design of clinical trials. In particular these examples illus
trate some of the issues that aiFect the choice of stopping boundaries for a group
sequential design.
1.2.1

An Efficacy Screening Trial

Hyperthermia therapy involves treatment of cancer by direct heating of the
tumor. Hyperthermia is felt to enhance the killing effects of radiation therapy, and
there is some evidence that it is effective in a wide variety of cajicers. Researchers
at the University of Arizona have developed a way to use hyperthermia to treat
malignant brain tumors. These brain tumors are a very serious, but rare form of
cancer that occurs in both young and old people.
The specific form of hyperthermia under investigation for treatment of malig
nant brain tumors is called ferromagnetic implantation (FMI). FMI treatment is
used in conjunction with a form of radiation therapy, called brachytherapy, in which
radioactive seeds are placed directly in catheters that have been inserted through
the skull into the tumor bed. FMI treatment involves placing small metallic seeds
into these same catheters, and placing the patient in a strong electromagnetic field
which causes the seeds to get hot. The metallurgical composition of the seeds de
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termines the temperature that they will reach, and for FMI treatments the seeds
reach approximately 60 degrees celcius. The goal of an FMI treatment is to raise
the intratumor temperature sensors to 42.5°C for 60 minutes. Two treatments are
given, one immediately preceding ajid one immediately following the brachytherapy treatment.
FMI treatment has undergone initial clinical testing in 25 patients to refine
treatment technique and identify acute toxicity [51]. In early 1991 a followup trial
was designed to get preliminaxy estimates of treatment efficacy. Since this type
of brain tumor is rare, it was estimated that approximately 1 patient per month
would be available for the trial, so the investigators considered designs based on
a total of not more than 50 patients. The efficacy of FMI treatment was to be
judged by patient survival since other endpoints such as tumor regression could
not be reliably meeisured. Survival with FMI treatment was to be compared to
historiccd data on a group of patients that had received brachytherapy without
FMI treatment (i.e., patients treated before FMI treatment was available). A
randomized trial of brachytherapy plus FMI treatment versus brachytherapy alone
would have been preferred if more patients had been available.
This trial is somewhat typical of other efficacy screening (phase II) trials in that
the design called for treating a small number of patients with the intent of con
ducting a larger randomized trial if some level of efficacy could be demonstrated.
.A.lthough the trial wcls designed as a fixed-sample study with all 50 patients receiv
ing FMI treatment, it would have been more efficient to incorporate a sequential
monitoring plan (i.e., a group sequential design). Given the slow accrual rate for
this study a group sequential design would have enabled dramatic improvements
in the average amount of time required to complete the trial.
In the FMI setting, we would be interested in stopping the trial as soon as
we could determine that the treatment was not sufficiently better than standard
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treatment. Early stopping in this situation is typical of phase II trials. It avoids
exposing additional patients to the potential haxms of experimented treatments
and enables researchers to move on to the study of other potentially beneficial
therapies. On the other hand, one would be reluctant to consider early stopping
for evidence of efficacy. An efficacy conclusion would lead to a large investment in
time, effort, and patient resources in a multi-institutional randomized trial. Such
a large trial should not be organized unless the preliminary efficacy evidence is
quite convincing, which usually means evidence from a large number of patients.
1.2.2

Trial of New Treatment Versus Placebo

Colorectal cancer is the second leading cause of cancer deaths in the United
States with an estimated 152,000 new cases and 53,000 deaths in 1993 [8]. Although
there are no firm causes of colon cancer, one hypothesis is that high levels of bile
acids will promote carcinogenesis. Primary bile acids are secreted by the liver to
aid in cholesterol and lipid metabolism in the small intestine. Most of these acids
become bile sedts and are reabsorbed in the small intestine. Small amounts of bile
salts (2-3%) are delivered to the colon where the activity of anaerobic bacteria
results in reformation of free bile acids. Some of these can be reabsorbed, others
pass out in the feces. Many of the bile acids that are formed in the colon are known
to promote carcinogenesis in animal studies; hence, they are hypothesized to play
a role in human colon cancer. In addition, observational data in epidemiologic
studies [27, 50, 30] have shown an association between colon cancer and levels of
fecal bile acids. Other epidemiologic studies [36, 53] have shown a lower colon
cancer incidence in populations that have diets that are high in fiber.

Possible

mechanisms by which a high fiber diet might reduce colon cancer risk include the
capacity of fiber to bind bile acids, the ability of fiber to increase stool bulk which
dilutes bile acids, the promotion effect of fiber on the growth of certain bacteria
that have anticarcinogenic effects, and fiber-induced alterations to gut pH may
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result in lower levels of caxcinogenic bile acids.
These observations have provided motivation for axi intervention trial to test
the protective effects of a high fiber diet. This trial is being conducted by the
University of Arizona in subjects that have had colon polyps, which are small wart
like growths in the colon. Colon polyps are felt to be a precursor to colon cajicer,
and are removed in an outpatient procedure that is conducted using colonoscopy.
People with a history of colon polyps axe usually given colonoscopy examinations
at regulax intervals to monitor for polyp recurrence or development of cancer.
The endpoint for the dietary fiber trial is polyp recurrence as determined with a
colonoscopy examination three years after study entry. Note that this endpoint is
really a surrogate measure of the colon cancer risk. Since colon cancer is a rare
disease, an unreasonably large trial would be necessary to have sufficient power to
detect a difference in risk. In these situations it is not uncommon to measure the
treatment effect in a select group of subjects using a surrogate endpoint.
Participants in the dietary fiber trial receive a daily dietary supplement in the
form of a breakfast cereal. Half of the subjects are randomly assigned to receive a
high fiber cereal and the other half receive a low fiber cereal. The randomization is
"double blind" which means that neither the patient nor the evaluating physician
knows the treatment assignment (this reduces potential sources of bias). The
treatments will be judged by the difference in the 3-year polyp recurrence rate
between the two groups. The study is designed around a two-sided hypothesis
test with a type I error rate of a = 0.05, and a planned sample size of 1400 (700
per group). Currently, 1250 of the 1400 subjects have been accrued. .A.t trial
completion it is estimated that a total of 1050 subjects (525 in each group) will be
evaluable for the primary analysis of polyp recurrence rates. This sample size is
such that the analysis will have approximately 80% power to detect a 25% decrease
in the polyp recurrence rate (a hypothesized reduction from a 40% recurrence rate

to a 30% recurrence rate).
Accrual to the dietary fiber trial began in 1991 and at this point subject re
cruitment is almost complete. The next few years will be spent collecting followup
colonoscopies in subjects as they finish their 3-year course of dietary supplemen
tation. At first glance, it may not seem necessaxy to consider additional interim
analyses since accrual is almost complete. On the other hand, even if all subjects
have been randomized, they must be followed and eat the assigned cereal supple
ment for three years; thus, there are still potential benefits to early termination.
The benefits include:
- Eeirly termination would shorten the treatment interval for those subjects
that had been randomized less than three years prior to study termination.
- Study costs would be reduced because on average the trial would take less
time and involve less followup.
- The trial would provide an answer more quickly, so that the better dietary
strategy could be recommended to all people with colon polyps (including
those still on study).
Thus, continued monitoring of the dietary fiber trial is still warranted.
As mentioned above, this trial was designed around a fixed-sample level 0.05
test of a two-sided hypothesis, and sample size was determined to satisfy power
requirements for a 25% decrease in the incidence of colon polyps. From the de
sign description, it is evident that the investigators are primarily interested in the
preventive effects of the high fiber diet rather than its potential negative effects.
The design test has probability 0.025 that it will incorrectly find that the high
fiber diet is beneficial. In the fixed-sample setting, a level 0.025 one-sided test is
algebraically equivalent to the level 0.05 two-sided test if one is only interested in
whether or not a high fiber diet is beneficial. The only difference between these
tests is that the two-sided test formally examines whether the high fiber diet is
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actually worse than coatrol.
In contrast to the fixed-sample trial, there can be substantive, differences be
tween a test based on a one- or two-sided hypothesis in the group sequential setting.
The common two-sided group sequential test would stop if the data demonstrate a
significant benefit with the high fiber diet or if the data demonstrate a significant
harm with the high fiber diet. In contreist, a one-sided group sequential test can
stop for benefit or for lack of benefit. Thus, the designs differ in that one includes
a formal test of treatment harm, while the other tests lack of benefit. These same
elements are present in a fixed-sample trial (i.e., one design has an inferiority crit
ical value and the other does not), but because the sample size is fixed, there is no
problem with accruing additional subjects simply to prove harm.
The dietary fiber trial is in essence a placebo-controlled trial. As explained
earlier, we tend to use a one-sided test in these situations so as to avoid accruing
subjects simply to demonstrate treatment harm. On the other hand, there are
a lot of observational studies supporting the benefits of a high fiber diet, and if
a high fiber diet actually promotes carcinogenesis, it would be very important to
have convincing evidence to that effect (i.e., proof of harm as in a two-sided test).
Ultimately, this consideration would affect the particulcir boundaries chosen in a
group sequential monitoring plan for the dietary fiber trial.
Unlike a fixed-sample test, the critical values (or stopping boundaries) in a
group sequential trial are not completely specified by the operating characteristics
of the test; hence, the boundaries can be chosen to address clinical issues in the
trial. Regardless of the conclusion, the dietary fiber trial should not be stopped
unless the results are quite convincing. In particular if the trial stops at the first
analysis with relatively few patients, then the observed difference between the high
and low fiber groups had better be substantial otherwise it might be dismissed as
a spurious occurrence due to small sample size. Tiiis is especially important since
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a large effect in this surrogate measure (polyp incidence) may not be as large
when measured according to the effect of interest (colon cajicer). Furthermore,
several secondary endpoints aire of interest in this trial ajid having more subjects
in the study would allow more power for these secondary analyses. Thus, in the
UA dietary fiber trial, we need stopping points at the early analyses that are
conservative in that they only allow stopping for extreme results.
1.2.3

Trial of New Treatment Versus Standard Treatment

Another example that has similar characteristics to the placebo-controlled trial
is a randomized study comparing standard radiation treatment (XRT) to hyper
thermia (HT) plus XRT in the treatment of recurrent breast cancer [52]. In previ
ous trials hyperthermia has been found to enhance the tumor regression rate when
compeired to historical data for women with recurrent breast cancer. This random
ized trial was designed to provide a better test of the previous observations. In
this setting a beneficial treatment caji have several effects; it can cause the tumor
to regress, it can delay or obviate the need for further treatment, and it can even
prolong life. An ineffective or harmful treatment can have the opposite effects. A
single outcome was created by defining an "adverse event" that included tumor
recurrence, retreatment of the same tumor, or patient death. Testing whether HT
-t- XRT was worse thaji XRT alone wcis ethically questionable and not of interest;
thus, the study was designed around a one-sided hypothesis test.
As in the placebo-controlled trial of dietary fiber, it is of interest to allow early
termination of the trial for differences in either direction. Specifically, if HT 4- XRT
is indeed better than XRT alone, then it is important to stop and advocate wider
use of hyperthermia. On the other hand, if HT

XRT is not better, then the trial

should be stopped to avoid exposing more women to the expense and potential
harm of hyperthermia treatment. As in the dietary fiber trial, we would not want
to stop for a positive result without sufficiently positive evidence. Thus within the
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constraints of the operating characteristics, we would want to select critical values
for the positive conclusion that were conservative at the early analyses.
The hyperthermia trial differs from the dietary fiber trial in that the clinical
concern with selecting the critical vaiues for the lack of efficacy conclusion is differ
ent from the clinical concerns governing the critical values for a positive conclusion.
A lack of efficacy conclusion in the hyperthermia trial is correct if either HT +
XRT is harmful when compared to XRT alone or if the two are equivalent. .Al
though these conclusions result in the same action (i.e., hyperthermia treatment
is rejected), they do not have the same clinical implication. In particular, if HT
4- XRT is actually harmful, then we would wajit the critical values to detect this
at the earliest possible analysis so that we do not treat too many patients with
the harmful therapy. This is opposite to the clinical concerns that motivate the
need for conservative critical values at the early analyses in the dietary fiber trial.
In fact for a negative conclusion, we actually want critical vaiues that are anticonservative at the ecirly analyses (while meeting the constraints of the operating
characteristics), so that the trial is more likely to stop if hyperthermia is harmful.
1.2.4

Equivalence Testing

The Burlington Nurse practitioner trial [49] sought to determine whether nurse
practitioner care could be considered equivalent to physician care for certain rou
tine health problems. Patients in the mediced practice that conducted the trial
were randomly assigned to see either a nurse practitioner or a physician. The
nurse practitioner diagnosed the problem and decided if it could be solved without
the services of the physician. Objective measures of the quality of care ba^ed on
indicator conditions were made for each patient, and these quality measures were
then used to compare groups. The objective of the trial was to determine if the
care could be termed equivalent.
As described later in greater detail (section 1.3.8), the usual frequentist con
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struction must be altered for an equivalence trial because in the parameter space
of the problem, equivalence is usually a single point rather than a range of values,
and a single point alternative is not detectable unless the sample size is infinite.
Thus, to construct an equivalence test we usually redefine equivalence to mean a
treatment that is neither inferior nor superior. One then reaches an equivalence
conclusion if the data allow simultaneous rejection of a superiority hypothesis and
an inferiority hypothesis.
In the nurse practitioner trial we define inferior treatment to be any difference
between physician and nurse care that is less than some minor negative value
where negative values denote inferiority of nurse care. Note that formal testing of
positive differences is not of great interest since a positive decision would have the
same effect as an equivalence decision; that is, routine patients would first be seen
by nurses. Thus, in the nurse practitioner trial the design would be similar to a
standard one-sided inferiority test in that it would choose between two conclusions:
(1) nurse care is equivalent or superior to physician care, and (2) nurse care is
inferior to physician care. The trial would differ from the standard test in that
the null and alternative hypotheses would be reversed; that is, the null hypothesis
would be inferiority and the alternative would be equivalence or superiority. In this
case we may want to define inferiority at a larger value than we might otherwise
in order to assure that an equivalence decision does not allow too much inferiority
in nurse care.
The primary motivation for sequential monitoring of the nurse trial is one of
efficiency; i.e., one might as well save the expense of continuing a study if con
clusions are possible based on early results. In contrast to a trial with toxicity
concerns (e.g., the hyperthermia trials described above), there is no compelling
reason to stop cis soon as differences are detectable. Thus, the nurse practitioner
trial would probably have relatively few interim analyses, and would use conserva
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tive stopping rules at early analyses. This would have a tendency to give a larger
expected saanple size, but would tend to produce more convincing results upon
completion.
1.2.5 Selecting Between Two Active Treatments
Acute myelogenous leukemia (AML) is a cancer of the blood forming cells in
the bone marrow. It is characterized by proliferation of white blood cells which
can affect the immune system and the ability of the bone marrow to produce red
blood cells. This form of leukemia is relatively raxe with approximately 2.2 new
cases per 100,000 people in 1986-1987 [37]. However, it has been the focus of much
research since it affects children as well as adults, and hcis a high mortality rate
(5-year survival rate is only 25% in children [37]).
A clinical trial was initiated to determine which of two drugs, idaxubicin or
daunorubicin, is more effective in treating AML [54, 19]. Standard treatment for
leukemia generally involves combinations of drugs that are aimed at killing rapidly
proliferating cells. It is stcindard practice to use a family of drugs knows as anthracyclines in combination with other drugs to induce and maintain remission in
AML patients. Idarubicin and daunorubicin are both members of the ajithracycline family, but axe potentially different in their effectiveness. The goal of the
trial is to select the most effective drug as measured by its ability to induce re
mission (remission occurs when there are no more cancerous cells found in blood
and bone marrow samples). Note that it may be possible for one drug to be better
at remission induction, but this effectiveness may not translate into better sur
vival. Patient survival would have been a better measure of efRcacy, but would
have required a larger sample size and longer study duration to detect clinically
meaningful differences.
In contrast to a trial with a placebo or standard treatment control group (ex
amples 1.2.2 and 1.2.3), the clinical context of the AML trial is such that it is
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justifiable to conduct a study to show either that idaxubicin is superior to daunoru
bicin or that daunorubicin is superior to idarubicin. Thus, a design based on a
two-sided hypothesis is waxranted. Such a design allows three decisions; superior
(e.g., idarubicin superior to daunorubicin), equivalence (no difference discerned),
or inferior (e.g., ideirubicin inferior to daunorubicin).
As in the previous examples, monitoring the AML study is important because
it improves study efficiency so that on average the best treatment is identified in
less time with fewer patients. In the AML trial the treatments are symmetric in the
sense that it is of equal interest to show the inferiority or superiority of idarubicin
when compared to daunorubicin. This symmetry also applies to the monitoring
plan; that is, it is just as important to stop the trial if idarubicin appeaxs to be
better than daunorubicin as it is to stop with the opposite conclusion.
A design based on a two-sided hypothesis also allows the possibility of stopping
for an equivalence decision at each interim analysis. If at an interim analysis, there
is very little difference between the two treatments, then perhaps the study should
stop with a conclusion that either drug is acceptable. This of course would have to
consider the precision with which the difference was estimated so that the study had
sufficient information to support the conclusion. In the example of the AML trial,
early stopping for the equivalence decision is not needed because the investigators
were interested in analyzing differences in patient survival if the two drugs did not
differ in their remission induction capabilities. To allow early stopping with an
equivalence decision would have meant a smaller sample size and less power for
the analysis of secondary endpoints such as survival.
The AML trial began accruing patients in 19S4. The original design called for
a fixed-sample trial, but as is common in many clinical settings, the data were in
formally monitored for toxicity differences between the two treatments. .At one of
the early informal analyses, there was indication that idarubicin was better at in
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ducing remission than was daunorubicin, which led the investigators to implement
a formal group sequential monitoring plan. In this retrospective implementation of
a monitoring plan it is necessju-y to account for the fact that earlier analyses were
conducted, but that the trial was not stopped. This is accomplished with stopping
boundaries that axe very conservative at the early analyses so that stopping at
one of the informal analyses would not have been likely. The chosen monitoring
plan therefore incorporated an extra analysis to account for the earlier informal
analyses. The maximal sample size was also increased to 160 patients in order to
maintain the original operating characteristics of the test. The trial was eventually
terminated after accrual of 130 patients with the conclusion that idarubicin was
superior at remission induction than was daunorubicin.
In general terms, current literature and software can be used to specify a group
sequential design for each of examples 1.2.1 - 1.2.5. As demonstrated in 1.3 the
designs in the current literature fall into several categories (one- versus two-sided
hypothesis tests with early stopping for either one or both of the hypotheses)
and each of the above examples would fit into one of those categories. The usual
strategy for developing a design would be to first select an appropriate category,
and then adjust the design parameters to fit the clinical situation. One of the
goals of this dissertation is to show that these design categories can be related
in a larger family that allows continuous movement between the categories. This
extends the design options and allows better designs for clinical situations that
are not covered by the current categories. We now describe a clinical trial that
does not fit well into current design categories. The design of this trial using the
methods developed in this dissertation will be discussed in chapter 5.
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1.2.6

Spinal Stereotactic Radiotherapy

Although it is uncommon, people with cancer sometimes develop tumors that
grow into or very close to the spinal cord. These tumors may arise as metastases
from other tumors or from primaxy cancer of the central nervous system. In either
case the disease is very serious, and these patients are usueJly described as being
terminally ill.
Spinal stereotactic radiotherapy (SSR) is a new procedure for radiation treat
ment of tumors growing close to the spine [26]. Standard radiation therapy is
not sufficiently accurate to treat these tumors without an unacceptably high risk
of radiation damage to the spine. SSR treatment was developed to increase the
accuracy of spinal radiation therapy. It requires establishing a 3-dimensional co
ordinate system and mapping the tumor boundary and spine into the coordinate
system so that radiation can be accurately used to treat the tumor without hurting
the spine. The basic steps in the procedure include attaching a frame with the co
ordinate system to the patient's spine, taking CT films showing the tumor, spine,
and frajne, reading this information into a computer which then reconstructs the
geometry and establishes the proper angles and doses for delivery of the radia
tion treatment. SSR treatment has undergone preliminary testing in animals (pig
carcasses) to establish the accuracy of the process. It is currently ready to begin
safety and efficacy tests in clinical trials on human subjects.
Designating an appropriate measure of safety and efficacy is a central issue in
the design of this trial. Perhaps the most basic measure of treatment benefit in
a cancer trial is patient survival. Most forms of cancer are worrisome precisely
because they cause death. By the same token, a treatment is certainly considered
effective if it prolongs survival. On the other hand, many cancer treatments (e.g..
SSR therapy) are directed at controlling local disease. In these situations, the
true effect of treatment may be more directly mecisured by a tumor regression

rate. The problem with using a measure of local effect is that treatment effects
on a global measure such as survival may go unnoticed.

It is not rejisonable

to assume that beneficial effects on local disease always translate into survival
benefits. Furthermore, it is not possible to measure the association between the
local outcome and survival because local effects cannot be measured after a patient
has died. This is a problem known as "competing risks," and it is the reason why
patient survival should be part of the endpoint even if therapies are directed at
local disease [24].
When designing the SSR study, clinicians and physicists were interested in the
tumor regression rate since it is a measure of the local effect of the treatment.
However, adverse treatment effects on patient survival could not be ruled out. In
particular, the treatment requires 12-14 hours of general anesthesia during attach
ment of the SSR frame, CT imaging, treatment planning, and treatment delivery.
The stress of long-duration anesthesia has substantial risk even in healthy patients,
and certainly has the potential for affecting the survival of the subjects in this trial.
Furthermore, since most of these subjects have terminal illnesses, it would not be
unusual if they die soon after treatment; thus, there is real potential to mistake
treatment-related death as death from the disease. Consequently, ignoring the sur
vived

endpoint in this study allows the possibility for SSR treatment to be labeled

as efficacious even if it increases the risk of death.
In order to address the concerns with non-local effects of SSR treatment we
consider an adverse event rate where an adverse event is defined as patient death or
a substantial decrease in neurologic function as measured by an objective numeric
score. This meaisure describes both treatment benefit and treatment harm. Thus,
if SSR treatment is successful it should prevent or delay neurologic deterioration
and/or death. Conversely, if it is harmful it may increase the risk of death or
radiation-induced neurologic deterioration.

In order to address the interest in local treatment effects, we also give secondary
consideration to radiographic measures of tumor regression. Relegating tumor
regression to a secondary endpoint means that differences in the adverse event
rate will take precedence over differences in the tumor regression rate. Thus, if
SSR treatment is associated with an elevated adverse event rate, then its ability
to shrink a tumor is no longer of interest. It is only in the absence of an effect
in the primary endpoint that the differences in the secondary endpoint become
important.
In addition to endpoint specification, it is necessary to identify a suitable control
group for the SSR trial. As discussed above, patients with spinal tumors are
relatively uncommon, but even among those patients, SSR treatment can only be
delivered to those who are healthy enough to withstcind the treatment. This is a
very select group of patients for which there are no good historic data on survival
or neurologic function. Although it is uncommon in phase I or II cancer trials, an
internal randomized control group is recommended for the SSR study even though
the planned trial represents the first clinical use of the device. Particularly in device
trials, it would be more common to first conduct a small (15-25 subjects) pilot trial
(phase I study) to determine acute toxicity and refine procedures. However, in this
case the potential device toxicities include an elevated risk of death that could not
be detected in the absence of a randomized control group.
With this as background, it is apparent that the SSR trial does not fit into
any of the classical phase 1, II, or III settings. The SSR trial has characteristics
of a phase I study in that it is the first clinical use of the device, and the toxicity
endpoint is of interest. However, the trial also hcis characteristics of a phase II or
III study because the endpoints measure efficacy and comparisons will be based on
a randomized control group. SSR therapy could in fact be evaluated in a sequence
of small independent trials, however these trials would all have the same endpoints
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and would be conducted on the same group of patients. In essence, such a sequence
of trials is really a laxger study with interim analyses, and it should be designed as
such. Note that the SSR example demonstrates how some therapies are probably
more appropriately evcduated in a single group sequential trial rather than the
usual three-phased approach.
A group sequential trial for evaluation of SSR treatment must address a number
of concerns. It must have an early analysis to cissure that the trial will stop if SSR
treatment appears to be toxic. This analysis should occur after 15 to 25 patients
have been treated since that is a common scimple size used in phase I device
evaluation trials. As in the hyperthermia trials (examples 1.2.1 and 1.2.3) this
study should stop if it can be decided that SSR treatment is not superior. It must
not be continued simply to determine if it is more toxic than control; hence, a design
based on a one-sided hypothesis test may be appropriate. On the other hand, if it
is ethically justified, the trial should continue so that SSR eflScacy can be assessed
according to the secondary endpoint of tumor regression. Thus, as in a two-sided
hypothesis test (e.g., example 1.2.5), we need boundaries that allow aji equivalence
decision, and are not excessively prone toward early termination. Note that this
goai competes with the need for early sensitivity for the toxicity conclusion; it
follows that an appropriate group sequential design must address this tradeoff,
and therefore must have elements of both a one- and two-sided hypothesis test.
Finally, if the tried shows that SSR treatment offers improvements in the adverse
event rate, then the study should stop or be expanded to include other institutions.
The next section of this chapter traces the historical development of the statis
tical methods for group sequential clinical trials, and shows that this development
has led to the implementation and availability of designs covering four general
kinds of situations. Unfortunately, the demands of the SSR trial do not fit well
into any of the four categories. At the end of this chapter we explain how this
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trial requires a design that is intermediate to the identified categories. We then
return to this exajnple in chapter 5 where the methods developed in the interven
ing chapters are applied and illustrated in the development of a design for the SSR
trial.

1.3 Frequentist Approaches to Monitoring Clinical Trials
This section focuses on frequentist approaches to monitoring or incorporating
interim analyses in a clinical trial. It begins with a description of a classical
sequential monitoring procedure in order to set the context and establish notation
for description of group sequential procedures. We then describe the difference
between the group sequential setting and cleissical sequential monitoring, and from
there present the the historical development of methods for group sequential clinical
trials.
1.3.1

Wald's Sequential Probability Ratio Test

The idea of sequential monitoring wcis formalized by Wald [55] with the devel
opment of the sequential probability ratio test (SPRT). Wald considered a test of
a simple hypothesis, and a design that computed the likelihood ratio test statistic
after accrual of each subject. In his construction, the sample path for this statistic
is tracked until it crosses a stopping boundary, at which point one or the other
of the hypotheses is rejected. Wald derived a closed form approximation for the
stopping boundaries that met pre-specified operating characteristics.
To apply Wald's test to a clinical trial, consider two treatments labeled A
and B, and an experiment in which subjects are accrued in pairs one of whom is
randomly assigned to receive treatment A and the other treatment B. Suppose
that treatment outcome is immediately observable, and that
outcome in the subject from the

and V'J,- denote the

pair receiving treatment A and 5, respectively.

For the purposes of this example, assume that for all subject pairs (z = 1,2,...)
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and Yg^ are independent with Y^i ~ N{ha-,o^^) and Kg,- ~ N{fiB,cr^), where
cr^ is known.
Now suppose that we want to test the following simple hypothesis:
H Q : FI = 0
H i : fi = f l u
where /z = Ha — y-B - Furthermore, we want a test that maintains the following
operating characteristics:
Pr(Reject H o l f i = 0 )
/'r(Reject

=a

= fii) =1—0.

Within a pair of subjects the treatment difference (/i.4 — jib) is estimated by

—

Y£i, so that after accruing k pairs, we can compute the partial sum statistic:
5;'" = E K;,. >"=1

as a measure of treatment effect. The superscript in

emphasizes that 1 pair of

subjects is accrued between analyses. Note also that in the absence of sequential
analysis,

~ N{kn,2ka^).

For convenience we commonly represent boundaxies in a standardized scale so
that we can consider their properties in general rather than for specific values of
/^Ai

and <7^. Specifically, we rescale the construction by standardizing the

partial sum statistic by the standard error of Y^- —
c-(i) _

c-(i)

In this standardized scale, treatment effects are parameterized by
and the hypotheses become Hq :

= 0 and Hi :

= (Jp' where:

= /u/v/2^.
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Thus, in the absence of sequential monitoring, Sj[^' ~ N{k6^^\k).
In this setting, Wald's SPRT calls for computing

after accrual of the

subject p a i r { k = 1 , 2 , . . . ) , a n d c o m p a r i n g i t s v a J u e t o b o u n d a r y p o i n t s a t a n d d k
where:
J
'''

and

,/i''
= *^1

logja) -

= k-

loge(l - a) -loge(l -/3)
-j
,

(1.1)

A trial using an SPRT design would then be terminated

according to the following rules:
< Ok
Cfe <

< dk
> DK

Reject Hi
Accrue additional subject pair

(1.2)

Reject HQ.

VVald derives the boundary points of equation 1.1 so that the type I and type
II error rates are maintained at approximately a and I —
Wald SPRT can be represented graphically as a plot of
1.1a). The value of the test statistic

respectively. The

and dk versus k (figure

can be plotted after each subject pair is

accrued thereby forming a "sample path." The trial is stopped with the indicated
conclusion once this sample path crosses one of the boundaries. Note that the
same graphical interpretation is possible in the sample mean scale: Sk/k (figure
Lib).
1.3.2

Characteristics of Group Sequential Monitoring

Two characteristics distinguish a group sequential trial from Wald's SPRT.
First, a group sequential trial analyzes the data after accruing a group of subjects
(or group of subject pairs) rather than after accruing each individual subject (or
subject pair). This is more practical in a clinical trial because the data cleaning

and reduction process is too time consuming to be performed after each individ
ual. Second, a maximal number of groups is prespecified when designing a group
sequential trial whereas the maximum possible sample size in the SPRT is infi
nite. The practicalities of a clinical trial require the prior specification of a finite
majcimal sample size because otherwise it would be impossible to know if enough
subjects could be found to complete the trial.
The notation for a group sequential trial is obtained through straightforward
extension of the Wald notation. Assume the Scmie setting described in 3.1, but with
analyses conducted after accrual of every n subject pairs rather than after each
subject pair. Consider the following version of the partial sum statistic computed
after accruing k groups each with n subject pairs:
nk \r*

'

k

"

As before, this is a sufficient statistic for the treatment difference /z, but in contrast
to

is focused on the average treatment effect within each group of n

subject pairs; thus,

~ N{kfj.,'2ka^/n).

Once again, the group sequential setting can be standardized, but this time
we rescale by dividing by \j2ayn which is the standard error of {Y^i — YQi)/n.
Now treatment differences axe described by <5^"^ =
become HQ :

= 0 and HI :

and the hypotheses

where:

=

In this scale the stajidardized partial sum statistic

(1-3)

cr'^ln^ which

in the absence of sequential monitoring has a distribution that is essentially the
same as that for continual monitoring:
(1.4)

From this construction it is obvious that standardization removes the difference
between sequential and group sequential trials. It therefore follows that Wald's
test should work equally well regardless of whether the basic unit of observation is
individuals or means from groups of individuals. For this reason we simplify the
notation for the partial sum statistic and refer to it as Sk instead of
By a similar argument, it is no longer necessary to distinguish between

or
and

and we will instead use S to denote an appropriately standardized value of
the treatment difference parameter.
In order to get a group sequential design one must also limit the maximal sam
ple. The fact that the stopping bounds illustrated in figure 1.1 would work equally
well for monitoring after each individual or after groups of individuals does not
remove the impracticality that the maximal sample size remains unbounded. One
way to constrain the maximal sample size is to force the Wald stopping boundaries
to meet at some point. For example, consider a design in which (ai,c?i)...(a4,£^4)
are computed by equation 1.1, but that we force termination on or before the 5th
analysis by setting
J

OS = <is =

5,

loge(S) + log=(|)

,

which is the average of the upper and lower values in equation 1.1. .A.n example of
this "truncated SPRT" design (computed with a = I — 0 = 0.05 and 61 = 3.29)
is pictured in figure 1.2a which shows that the sample path could not continue
beyond the 5th analysis. Note that in a group sequential setting, the representation
in figure 1.2a is misleading because the test statistic, Ski is not computed between
the analysis times. A representation that is preferred for group sequential designs is
shown in figure 1.2b. In this depiction, the trial slops if the sample path intersects
one of the vertical lines which can only happen at an analysis time.
There is nothing preventing investigators from using the boundaries of figure
1.2 to obtain a group sequential clinical trial, however we are usually reluctant
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to use decision rules without some idea of their statistical properties (especially
type I and II error rates). Using Monte Carlo simulation, we can estimate these
error rates, and for the particular example shown in figure 1.2 we find that the
type I and II error rates are both approximately 0.007. This is remarkably low
due to the large value of 6i that was used to construct the boundaries. It would
be possible to search for a value of

such that the operating characteristics were

at the desired levels, but this would be a lengthy process if each candidate set of
boundaries had to be checked by simulation. Armitage, McPherson, and Rowe
[1] propose methods for directly computing the sampling density of Sk for any
set of stopping boundaries thereby providing an efficient means of computing the
statistical properties of a design. The remainder of this section describes their
work and how other researchers have used their development to formulate group
sequential designs for a variety of clinical settings.
1.3.3

Armitage, McPherson, and Rowe (1969)

Armitage, McPherson, and Rowe [1] (AMR) motivate their work by describing
a debate between those with Bayesian and frequentist viewpoints [9, 2]. They
note that this debate had been remarkable for its lack of quantitative information
about the effects of interim analyses, and direct their paper at providing this
information. The difference between this work and that of VVald is that Wald
identifies stopping bounds that maintain the type I and type II error rates while
AMR develop methods to compute these rates for any set of stopping bounds.
In one of their settings, Armitage, McPherson, and Rowe consider data com
prised of a sequence of random variables (Xi.-Yo,...) that are independent and
normally distributed with mean 6 and unit variance.

Note that these may be

either suitably standardized data from individuals or from groups of individu
als. AMR then consider a monitoring scheme in which the partial sum statistic,
Sk = '£.i=iX{, at the

analysis [k = 1,2,...) is compared to the usual fixed-
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sample critical value:

(i.e.,

= 1 — a/2, where $(x) denotes the

c.d.f. for the standard normal distribution). They use the phrase 'repeated signif
icance testing' to refer to repeated application of the nominal level-a fixed-sample
test; thus, the study is stopped if:
15jki >

(1.5)

which is equivalent to the usual two-sided significance test if fc = 1. For notational
convenience, let Zk =
Armitage, McPherson, and Rowe seek methods for computing the probability
that a trial terminates at the

analysis. They proceed by defining the random

variable M to denote the analysis at which the trial is terminated; that is,
M = min{fc > 1 : |5fc| > Zk}.
They let S denote the value of the test statistic at the terminal analysis (i.e.,
5 = 5a/), and with this notation derive the joint density of (M, 5), which can then
be used to find the probability that the trial terminates at the

analysis (i.e.,

Pr{M = k), for k = 1,2,...).
The density of (M, 5") at the point (fc, .s) is determined by the sampling scheme.
In particular, for a triad to terminate at the fc"' analysis, we must have that |5fc| >
Zk aind |5y| < zj for all j < k. If we denote the density of (M, S) under a mean of
5 by p{k,s-,6), then the above conditions require that:
I••• f U
i=l

if l^l > Cfc

0

otherwise.

p{k,s;8) =

Here, 0(ii) denotes the standard normal density function, and the integration is
over the set of all sample paths that do not stop before the k^^ analysis; i.e.,
(xi,...,xfc) :

= 5 and - z j <
i=l

< Zj
1 =1

\/j < k l .
I
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In theory this integral could be computed using numerical methods, however in
practice the number of computations grows exponentially with k so that the com
puter time is excessive even when k is relatively small.
Armitage, McPherson, and Rowe, use a recursive definition of the sampling
distribution of Sk to obtain the joint density of (M, S). The recursive derivation
is computationally much more feasible, since the number of computations grows
linearly in fc as opposed to the exponential growth of the above form. The recursive
derivation is based on the idea that the density at the {k + 1)^' analysis can be
computed using the density at the k^'^ analysis. Specifically, if we let gk{s\ S) denote
the density of Sk under a mean of S, then the density at the (k + 1)®' analysis is:
gk+i(3;S)=

J

<f){s-u-8)gk{u\8)du,

(1.6)

—-fc

which holds for k = 1,2,.... Notice that this is a convolution of the density for
the next observation, X;t+i, with the density of the current observations, Sk- The
following shows that this recursion must hold:
P r { S k + i < s •, 8 ) = P r { S k + i < s and \ S k \ < Zk ; 8 )
= P r { S k + X k + i < s and \ S k \ < Zk

8)

= P r { S k + X k + i < s ; S k , 8 ) Pr(|5it| < Zk
S

~ J J

8)

— u — 8)gk{u; 8)dwdu

-=fc -OO
The last equality follows from the definition of g k { u \ 8 ) and the independence of
Xfc+i and Sk- Differentiating this expression gives the desired result. Note that
gk[s\8) is not defined if the study stops before the k'^^ analysis; thus, this is truly
a sub-density that must integrate to 1 — Pr{M < k). The joint density of (M, 5)
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at the point {k,s) can be expressed in terms of this sub-density:
<f){s — S )
p{k,s]6) = < gk{s;S)
0

if ^ = 1 and |5| >
if/: > 1 and |5| >
otherwise.

(1.7)

Thus, the AMR algorithm for computing p { k , s; S) has the following steps:
(1) Compute and store

— ^) over Ri grid points:

with —zi <

< Zi.
(2) For j = 2,..., ^ - 1:
(a) Numerically integrate equation 1.6 to get gj{u; J) (note that this requires
the grid of density points from the {j — 1)*' analysis).
(b) Store values for

over R j grid points:

with —Zj <

< Zj.

(c) Increment j and return to step (a).
The result is the sub-density, gk{s;6], which is used in equation 1.7 to obtain
Pk{k,s]6).

Armitage, McPherson, and Rowe derive equation 1.7 for use in computing the
stopping probabilities for the repeated significance testing design of equation 1.5.
They then focus on calculating the amount by which the true type I error rate
(i.e., Pr{M < k\5)) is underestimated by repeated level-a significance testing.
This underestimation is tabulated for values of k rajiging from 2 to 200. AMR also
recognize and discuss several applications of their work including the use of 1.7 to
find stopping boundaries that meet desired type I error constraints, and the use
of these methods in both the sequential and group sequential settings. We now
describe how Pocock [44] extends and illustrates the work of AMR using sequential
designs that are truly group sequential and are very applicable to clinical trials.
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1.3.4

Pocock (1977)

Pocock [44] considers clinical tricils constructed around the test of a two-sided
hypothesis. Such a design actually selects between three decisions:
H+ :

6 > 6i

(Superiority decision)

HQ :

6 =0

(Equivalence decision)

H- : 5 < —5I

(l.S)

(Inferiority decision)

where Si denotes the 100,5% power point in the standardized scale. Pocock con
strains the maocimum number of analyses (which we denote by m), and assumes
that equal sized groups of patients are accrued between each analysis. Thus, he
develops a true group sequential design, and demonstrates its clinical application.
Pocock works in the scale of the normalized test statistic, which at the A:"*
analysis {k = l,...,m) hats the form: Zk = Skl^/k- He uses decision rules of the
form:
Zk ^ cik

Stop for inferiority

Qk < Zk < dk
Zk ^ dk

Accrue additional group
=>

(1-9)

Stop for superiority.

.A.t the final analysis {k = m), the decision rules have the same form, but the
continuation decision is replaced by an equivalence conclusion (i.e., if

< Zm <

dm, we conclude equivalence). The hypotheses are symmetric, so Pocock considers
symmetric stopping boundaries by setting Ok = —dk- He also motivates his design
using arguments from repeated significcince testing, and therefore searches for a
single critical value Gp such that the bounds meet a type I error constraint (the
subscript "P" denotes a critical value for Pocock-style boundaries). Thus, Pocock
stopping boundaries have the form:
o-k

—

—Gp

dk = Gp.

(1.10)
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Note that Z k > G p implies S k > y/kGp] hence, Pocock boundaries can also
b e specified in the partial sum scale if we reject whenever |5i:| > GpVk. This
generalization is recognized and explored by Wang and Tsiatis [56] as described in
section 1.3.9.
To find G p , Pocock uses the density of (M, 5) as derived by Armitage, McPherson, and Rowe [1]. Conceptually, the algorithm guesses Gp, finds the associated
type I error rate using the AMR algorithm, and refines the guess until the type I
error rate converges to the desired value. In the normal setting, the type I error
rate is strictly decreasing in Gp] hence, Gp is easily found with a binary search.
Table 1.1a shows how Gp changes with the maximal number of analyses (m) and
the type I error rate (q).
In example 1.2.5, we describe a clinical trial to select between two drugs (idarubicin and daunorubicin) used to treat acute myelogenous leukemia. This trial is
based on the test of a two-sided hypothesis, and needs early stopping if either
treatment can be shown to be superior to the other. A Pocock design would sat
isfy these conditions, and thus could be considered for the AML trial. One would
need to specify a maximal number of analyses (m) and the type I error rate

(or)

to

determine the value for Gp which then determines the stopping rules for the trial
(eq. 1.10). A Pocock design with m = o and a = 0.05 is illustrated in figure 1.3.
We have summarized Pocock's work under an cissumption that the data are
normedly distributed. In addition to this work, Pocock also explores the properties
of stopping bounds that are computed if a normcd approximation is used on data
that are binomially or exponentially distributed. He also explores boundary prop
erties computed with normally distributed data using an estimated variance. In
all

CcLses

levels.

he finds that the operating characteristics are very similar to the stated
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Table 1.1: Comparing Pocock and OBF Designs,
a. Critical values (G.) for various designs.

m
1
2
3
5
8

a = 0.025
1.960
2.178
2.289
2.413
2.512

GP
Q = 0.05 Q = 0.1
1.645
1.282
1.875
1.527
1.992
1.650
1.787
2.122
1.896
2.225

Gn
Q = 0.025 a = 0.05
1.960
1.645
2.797
2.373
3.471
2.961
4.562
3.915
5.861
5.051

Q = 0.1
1.282
1.899
2.391
3.191
4.145

b. Pocock and OBF designs with a maximum of 5 analyses and a = 0.05.
Boundaries are for the sample mean statistic.
Interim
Analysis
1
2
3
4
5*

Pocock Design
Lower Bound
-2.413
-1.796
-1.393
-1.206
-1.079

Upper Bound
2.413
1.706
1.393
1.206
1.079

OBF Design
Lower Bound
-4.562
-2.281
-1.521
-1.141
-0.912

Upper Bound
4.562
2.281
1.521
1.141
0.912

(* Fixed-sample critical value after 5 groups in the sample mean scale is 0.877.)

1.3.5

O'Brien and Fleming (1979)

O'Brien and Fleming [38] (OBF) develop different stopping boundaries for the
same clinical setting examined by Pocock. Their development considers data that
are binomially distributed (each subject experiences a treatment success or failure),
and stopping boundaries that are based on a chi-square test statistic instead of the
normalized statistic used by Pocock. Specifically, if we denote the usual Pearson
chi-square statistic at the

interim analysis (k = I,..., m) by xl-, then an O'Brien-

Fleming trial stops when kxl > Gq (the subscript "0" denotes a critical value
for OBF-style boundaries). Note that the Pearson chi-square test is algebraically

equivalent to the square of a test for binomial proportions bcised on a normal
approximation; thus, in the above notation: xl = ^l/k, and:

kxl > G o

15jt| > G o

\ Z k \Vk> G o -

Thus, OBF boundaries have exactly the same form eis those in equation 1.10, but
with OBF bounds a/t and dk are expressed in the partial sum scale instead of the
scale of the normalized statistic as used by Pocock (i.e., substitute Sk for Zk in
equation 1.9).
The value for G o in OBF boundciries can also be found to meet type I error
constraints using a search routine based on the AMR algorithm. As might be
expected, the critical values (Go) for an OBF design are not the same as those
for a Pocock design (table 1.1a); thus, Pocock and OBF designs with the same
values for m and Q have different stopping bounds (table Lib). In general the
OBF designs have early stopping bounds that are larger auid later bounds that
are smaller that the analogous Pocock bounds. Thus when compared to Pocock
designs, OBF designs tend to be more popular because they are more conservative
at the early ajialyses and have a final critical value that is closer to the usual fixedsample critical value. Some investigators want to avoid a discrepancy between the
conclusion of a naive fixed-sajnple test and that of the appropriate group sequential
test at the end of the study. Such a discrepancy is easier to avoid with the OBF
design, and is more likely with a Pocock design.
A s with the Pocock design, the setting assumed by O'Brien and Fleming fits
that of the .AML trial described in example 1.2.5. Once again, selecting a ma.\imal
sample size and type I error rate determines the critical value Go for stopping
boundaries that could be used in the AML trial. However, as illustrated in table
1.1, the OBF stopping boundaries are not the same as the Pocock bounds. Recall
fi'om example 1.2.5 that the presence of informal interim analyses led to the need
for a design that was unlikely to stop at the early analyses. Certainly the OBF
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boundaries fit this requirement better than the Pocock bounds (table Lib), and
would be good candidates for use in this situation.
1.3.6

Group Sequential Designs For One-sided Hypothesis Tests

In contrcist to a two-sided test, a one-sided hypothesis test selects between two
decisions, which if testing superiority, have the following form:
H+ : 6 > 6I

(Superior)

Ho : (5 < 0

(Non-superior)

(1-11)

In a two-sided test an inferiority decision is reached when the data are sufficiently
negative so that the hypothesis 5 = 0 is rejected in favor of 5 < —<Si. In the one
sided test a non-superior decision is reached upon rejecting 6 > 6i with

> 0;

hence, it is easier to reach a non-superior conclusion in a one-sided test than it is
to reach an inferiority conclusion in the two-sided test. In the group sequential
setting this means that a two-sided design has the tendency to accrue additional
subjects even though superiority can be rejected.
In many clinical settings we want to stop as soon as we know a new treatment
is not superior. This is the case in the colon cancer trial (example 1.2.2) where
efficiency considerations motivate the desire to stop if high fiber diets do not re
duce colon polyp incidence. This is also the case in both the brain and breast
cancer trials (examples 1.2.1 and 1.2.3), except in these examples the potential
for treatment toxicity makes it unreasonable to continue a study unless there is a
possibility of beneficial effects. In fact, in many similar situations it may be ethi
cally questionable to continue a study once superiority can be rejected. In such a
scenario, a two-sided test is clearly inappropriate.
DeMets and Ware [11, 12] recognize the need for a one-sided group sequential
design, and propose a construction based on raising the lower boundary in a Pocock
or O'Brien-Fleming design. Since the work of DeMets and Ware, others have also
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developed one-sided designs. Whitehead and Stratton [57] consider one-sided group
sequential designs whose boundaries are linear in k. Jennison [29] constructs one
sided designs that minimize the expected sample size under the design alternative.
Emerson and Fleming [22] propose a family of designs that is symmetric in its
treatment of the type I and type II error rates. Pampallona and Tsiatis [39] extend
the Emerson and Fleming family to allow cisymmetric treatment of the type 1 and
type II error rates.
To construct a one-sided group sequential design for a superiority test we denote
the upper and lower stopping boundaries at the

analysis {k = 1, ...,m) by dk

and Uk, respectively; thus, the decision rules are of the form:
Sk < Ofc

=>

Stop for Non-superior

Ofc < Sk < dk

=»

.A.ccrue additional group

Sk ^ dk

=>

Stop for superiority.

We force the study to terminate at the m"' analysis by setting

(1-12)

= dm- Note that

an inferiority test can be transformed into a superiority test through multiplication
by -1.
Consider now the one-sided symmetric designs of Emerson and Fleming [22].
The symmetry constraint requires that at each analysis the probability of a type I
and type II error be equal. That is, for all k:
Pr{Sk <ak-,8 = 6i)

=

P r { S k > dk-,6 = 0 ) .

Under the distributional assumptions for Sk (eq. 1.4), this requirement imposes a
relationship between the upper and lower bounds: ak = kSi — dk- This relationship
in conjunction with the constraint that

= dm means that:

hence, chosing d k for k = l,...,m determines both S i and a k { k = l,...,m). To
specify a one-sided design involves choosing dk {k = l,...,m) such that the type I
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error rate (which equals the type II error rate) is at the desired level. As currentlyposed, there are an infinite number of dk {k = 1,

that meet the error con

straint; thus, the usueJ practice is to specify a relationship between the points of
the boundary so that all boundary points are specified by a single critical value.
For example, setting the upper boundary to be constant (as in an OBF design)
gives the following stopping points:
dk = G
(1.13)
Qfc = k 6 \ — G .
With such boundaries a one-parameter search is used to find the value of G that
satisfies the operating characteristics. Note that we could also have used dk = G \ f k
[k = l,...,m), in which case the relationship between boundary points would be
the same as that used by Pocock in his two-sided design. Figure 1.4 illustrates a
one-sided symmetric group sequential design with a maximum of 5 analysis and
type I (= type II) error rate of 0.05.
The asymmetric designs of Pampallona and Tsiatis [39] follow a very similar
construction to that of Emerson and Fleming (eq. 1.13). The difference between
the Pampallona and Tsiatis (P&T) boundaries and those of Emerson and Fleming
is that the type I and type II error rates do not have to be equal in P&T designs.
In a P&T design, the upper boundaries {dki k = 1, ...,m) are set to meet the type
I error constraint, and the lower boundaries (a^, k = 1, ...,m) are set to meet the
type II error constraint. Thus if we use an OBF-style boundary relationship at the
k^^ analysis (^• = 1, ...,m); i.e.,
dk

=

Gd

Q/r

—

kS\

(1.14)
Gd^

then we must perform a two-parameter search to find Gd and Ga to meet both
the type I and II error constraints. Note that in this Ccise the requirement that
Gm = dm. means that (Ji = {Ga +

This same development is possible using

Pocock-style boundaries if we set dk = GdVk and ajt = k6i — GaVk. As with
OBF boundaries, we would search for Gi and Ga to meet type I and type II error
constraints. Note that with Pocock-style bounds: Si = (Ga + Gd)ly/m.
In the above construction the value of the alternative hypothesis, <Ji, is CCLICUlated from the stopping boundaries. At first glance this is counter to standaird
statistical practice where critical values are determined by the null hypothesis and
sample size is determined by the alternative. This apparent discrepancy resolves
upon recalling that

is the alternative hypothesis in the standardized scale, and

the process of retransforming this standardized alternative back into the scale of
the original problem is what determines the sample size. Thus, in the above set
ting, we find the value of Si with power 0, then determine the group size n from
the relationship in equation 1.3:

.=

(1.15,

thereby obtaining a design with power j3 for the alternative fii.
1.3.7

Two-sided Hypothesis Tests With Two-sided Stopping

Designs for the one-sided hypothesis test allowed early termination of the trial
for evidence against either the null or alternative hypothesis (two-sided stopping).
The original Pocock or OBF designs are constructed around a two-sided alterna
tive, but only allow early stopping for evidence against the null (one-sided stop
ping). It is certainly possible to obtain a design that allows early stopping for
either the null or alternative hypothesis by adding an inner stopping boundary to
a design for a two-sided hypothesis. In terms of the previous notation, expanding
the number of stopping points at the A:"' einalysis to include Uk < bk < Ck < dk
{k = l,...,m) creates the ability to have five decisions at each interim analysis.
Thus, considering the two-sided test of equation 1.9 we have the following decision
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rules:
< Ojt

Stop for inferiority

a k < S k < bk

Accrue additional group

bk < S k < Ck

Decide treatments are equivalent

Ck < S k < dk

Accrue additional group

Sk > dk

(1.16)

Stop for superiority.

This pattern holds until k = m at which point setting

= h-m and c ^ = dm assures

that the study will stop. At the last analysis the design then selects between the
three possible decisions (superior, equivalence, and inferior). Note that it is not
always desirable to have early stopping for the equivalence decision at the earliest
interim analyses; hence, one can set bk = Ck for the smaller k which eliminates an
equivalence decision at those analyses, but allows it at the later interim analyses.
Designs for a two-sided hypothesis with two-sided stopping have been proposed
and evaluated by several authors. Whitehead and Stratton [57] construct such
a design using stopping boundaries that are linear in k. Emerson and Fleming
[22] propose boundaries that are symmetric in the type I and type II error rates.
Paxnpallona ajid Tsiatis [39] expand on the Emerson and Fleming designs to allow
asymmetric treatment of the error rates. Figure 1.5 shows a two-sided design with
two-sided stopping with a maximum of 5 analyses that has both a type 1 and type
II error rate of 0.05.
A two-sided test with two-sided stopping can be thought of as the superposi
tion of two one-sided tests with two-sided stopping. Notice that if the upper two
boundaries {ck,dk] k =

axe considered without the lower boundaries, they

would appear very similar to the one-sided superiority test illustrated in the previ
ous section (figure 1.4). In fact, this makes sense because the upper boundaries are
selecting between superiority (<5 > ^i) and non-superiority {6 < 0) just like the one
sided design. In a similar fcishion, the two lower boundaries (a/.-, 6^; k = l,...,m)
are essentially a one-sided test that selects between inferiority (S < —Sj) and non-
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inferiority (<J > 0). Thus, the two-sided test with two-sided stopping is really just
a design in which an inferiority trial and a superiority trial are conducted simul
taneously. With this analogy the equivalence decision is reached by deciding a
treatment is simultaneously non-inferior and non-superior.
To find stopping boundaries for a two-sided test with two-sided stopping we
first consider the relationships:
dk = G
Ck

—

k6i — G
(1.17)

bk = G - k 6 i
o-k = — G ,
for k =

and

= 2G/m (which forces

and d m = Cm). This

is analogous to superimposing two one-sided symmetric designs with OBF-style
boundaries (eq. 1.13). If we continue with the arguments of the one-sided trial,
we would search for the value of G > 0 which yielded boundaries with the desired
operating chaxacteristics. There axe two potential problems with this strategy:
a) For many values of G > 0 it is possible that Ck < bk for some k , which
violates the order cissumptions for the design.
b) With a single parameter, G, it is not possible to meet both the type I and
type II error constraints.
The first problem is relatively easy to solve if we adopt the convention that when
ever cjt < bk we set Ck = bk = 0. In essence this means that we do not allow
early stopping for equivalence if we cannot reject both inferiority and superiority.
The second problem is recognized by Emerson and Fleming [22] who explore the
operating characteristics of this design if G is selected to meet only the type 1
error constraint. They found that the computed (5i (i.e., Si = 2Gfm) is not far
from the true 100(1 — a)% power point. Thus, the above design behaves well for
a symmetric two-sided test with two-sided stopping.
Pampallona and Tsiatis [39] modify this design so that the computed value of
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Si is in fact the desired power point. This requires introduction of another critical
vaJue in a similar fashion to the parameter that they introduced in the one-sided
design (eq. 1.14):
dk = Gd
Cfc

—

kS\

Gc

bk

=

Gc-k6i

Ok

=

—Gd,

(LIS)

This allows boundaries with the exact type I and II error rates to be found through
appropriate choice of Gc and Gd- Note that in this construction (5i = {Gc + Gd)lm.
.A.s before the choice of the OBF-style boundaries is arbitrary, and other choices
(e.g., Pocock-style bounds) are also possible.
1.3.S

Equivalence Testing

In the nurse practitioner trial (example 1.2.4) we wanted a design that would
evaluate whether nurse care was equivalent to physician care for routine problems.
If we define equivalence as neither superior nor inferior, then a formal test could
be developed using a two-sided hypothesis (eq. 1.9) with an equivalence decision
resulting upon rejection of both superiority and inferiority. With this construc
tion, the power of the test determines the ease with which an equivalence decision
is reached. In particular, a study with low power is aimost guajcinteed to find
that two treatments are equivalent because it is very unlikely that the null (or
equivalence) hypothesis will be rejected. Thus, a true equivalence study must have
adequate power for the superiority and inferiority decisions. More formally, if /z de
notes the non-standardized treatment difference (with /z = 0 denoting no difference
between treatments), then an appropriate approach to equivalence testing would
be to identify the smallest difference that is clinically important (denote it by /ii

j.

and select the sample size to assure that the trial has adequate power to declare
superiority if

and inferiority if /i < —/^i. In this setting, an equivalence
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decision is the same as ruling out all but unimportant treatment differences.
In many equivalence testing situations, we are interested in selecting between
two decisions (equivalent or not equivalent) rather than the three decisions ad
dressed by the two-sided hypothesis test. For example, in the nurse practitioner
trial, evidence that nurse care is superior to physician care would have the same
effect (i.e., wider use of nurses in routine Ccire) eis showing that the care is equiv
alent. Thus, many clinical equivalence tests, are constructed around a one-sided
hypothesis test that selects between the equivalence and non-equivalence decisions.
The structure of this one-sided test is very important. We could use a hypoth
esis structure that is analogous to the lower part of the two-sided equivalence test
described above:
HQ:

FI < - H I

H\ :

/i > 0

Here, rejecting H\ implies inferiority of the new treatment. .As described above,
there may be ethical concerns with a test designed to prove inferiority.
As an alternative to an inferiority test, treatment equivalence could be studied
in the context of a superiority test:
HQ-.

[J. <0

Hi:

fi> fii.

Such a design would require a substantial positive effect {fxi) before a new treat
ment is likely to be called equivalent. This approach has two problems: first, it
might not be reasonable to label two treatments eis equivalent when one is superior
to the other; second, requiring a substantial positive effect for equivalence may not
recognize other benefits to a new treatment. For example, in the nurse practitioner
trial, it is not reasonable to require that nurse care be superior to physician care
before the two are considered equivalent. Nurse care is usually cheaper and more
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convenient than physician care, and this fact should be reflected in the design
criteria.
To address these issues a common equivalence testing design uses hypotheses
that lie between the one-sided inferiority and superiority tests outlined above;
Ho:

fi< -fii/2

Hi:

fi> fii/2.

(1.19)

In effect this produces a design that has adequate power for finding that small
positive benefits (/x > fJ.i/2) are equivalent and for finding that negative effects
ifJ' <

labeled as non-equivalent.

The three types of tests described above can be united in a single hypothesis
testing structure:

Ho :
Hi :

/i > 7,

(1.20)

where 7 represents a continuous shift parameter. Setting
the inferiority or superiority tests, respectively. Setting

7

7

= 0 or

7

= /ii gives

= /ii/2 gives the in

termediate equivalence test described above. The idea behind the use of a shift
parameter structure (eq. 1.20) is that

7

would be chosen to reflect the degree to

which the new treatment is preferable to the old. Smaller values of

7

mean more

power for the equivalence decision. Thus, if a new treatment has lower cost or
is more convenient for the patient, then
7

7

should be small. On the other hand.

must be chosen to be large enough so that negative treatments are correctly

identified as such. The idea that an equivalence test is a shifted one-sided test has
been explored in past equivalence testing literature [7, 14, 15, 48, 28].
In the context of group sequential trials, shifting the hypotheses by

7

causes

a corresponding shift in the boundaries of the one-sided test of section 1.3.6. The
effect of choosing

7

= /ii/2 is to shift all stopping boundaries downward; thus, the
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group sequential equivalence test based on the hypotheses in equation 1.19 looks
like that pictured in figure 1.4, but with a downward shift that places the Icist
stopping boundary at
1.3.9

= dm. = 0.

Boundary Shape

Unlike a fixed-sample test, specifying the hypotheses and operating charac
teristics for a group sequential test will not completely determine its stopping
boundaries or decision rules. It has become common practice to parameterize the
relationship between the stopping points that comprise a boundary (i.e., the shape
of the boundary) in order to facilitate boundary specification. In this section we
describe two types of boundary shape functions that have been previously pro
posed. In this description we consider shape functions in the scale of the partial
sum statistic, and we denote the upper and lower boundaries at the

analysis

[k = l,...,m) by dk and a^, respectively. For a two-boundary design we assume
that an inferiority decision is reached the first time that Sk < a.k and that supe
riority is decided the first time that Sk > dk- A two-sided test with two-sided
stopping will have four boundaries that are be defined by stopping points a^, bk,
Cki and dk as described in section 1.3.7.
Design strategies described in previous sections have assumed a boundary shape
function in which one of the function parameters is found via computer search to
meet the desired operating characteristics. For example, O'Brien and Fleming use
a stopping point function of /(/c) = G (k =

and set dk = /(k) and

Cfc = — f { k ) . Similarly, Pocock boundaries can be expressed in the partial sum
scale using dk = f{k) and ak = —f{k), but the stopping point function changes
to f{k) = y/kG. In either ca^e, G is the parameter of the stopping point function
that is found to meet the operating characteristics.
Wang and Tsiatis [56] unite the Pocock and OBF boundary shape functions by
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adding a shape parameter P :
m = k'-G,

(1.21)

Setting P = 0 and P = 0.5 gives OBF and Pocock boundary shape functions, re
spectively. The shape parameter can then be adjusted to obtain boundary shapes
other than those of Pocock or OBF. The parameter P has been widely used to
obtain stopping boundaries in clinical trials (e.g., Emerson and Fleming [22]; Pampallona and Tsiatis [39]), ajid has been described cis an adjustment for the degree
of early conservatism in the study. The term "early conservatism" refers to the
relative probability of stopping at earlier versus later analyses. Lower values of P
increase the degree of early conservatism as is evident from a comparison of designs
in table Lib.
The designs of Whitehead [60] (along with those of Whitehead and Stratton
[57], Whitehead [59], and Whitehead and Jones [58]) are, in essence, another type
of boundary shape function. The Whitehead designs axe derived from the continual
monitoring designs of Wald (equation 1.1), and thus are linear in the scale of the
partial sum statistic. The usual continual monitoring designs are modified to
guarantee a finite sample size and to adjust for the discrete nature of the group
sequential paradigm. Using our notation, the Whitehead boundary shape function
can be represented as:
f i k ) = B k -h G .

(1.22)

Whitehead proposes two strategies for selecting B and G :
(1) Fix the slope {B) and search for the intercept (G) to satisfy the operating
characteristics ("restricted procedure") .
(2) Set B = G / m and search for G to meet the operating characteristics ("tri
angular procedure").
The second option was proposed in W^hitehead's early work, the first option allows
the degree of early conservatism to be set by choosing the slope term {B).
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Note that we can use the idea of the boundary shape function to express a
more general form of the three major categories of designs discussed in previous
sections:
Two-sided test, One-sided stopping (sections 1.3.4 and 1.3.5):

4 = f{k)
ak = - f { k )

(1.23)

One-sided test, Two-sided stopping (section 1.3.6):
4 = /(^-)
ak = k6^-f{k)

(1.24)

Two-sided test, Two-sided stopping (section 1.3.7):
4=m
Ck = k6i - m
bk = - k 6 i + f{k)
ak = -m

(1.25)

In this construction f { k ) can represent either the Wang and Tsiatis [56] or White
head [60] shape functions, or amy other reasonable function. As in previous sections,
finite termination of the tests is assured if

= d^. for a one-sided test with two-

sided stopping, and if Om = bm and Cm = <fm for a two-sided test with two-sided
stopping. Either of these constraints determine (5i:
Si =
1.3.10

mk)
m

Error Spending Functions

A different approach to boundary specification is offered by Lan and DeMets
[33], who devise methods that allow greater flexibility in making changes to stop
ping rules during the course of a trial. The Lan and DeMets approach allows
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interim analyses at unplanned time points and changes in the number of interim
analyses during the course of the trial. The approach is based on an "error spend
ing function" that links the amount of information collected since the last analysis
with the "amount" of type I error that can be "spent" on the next analysis.
To develop their designs, Lan and DeMets first consider a standard Brownian
motion process, denoted by {B{t) : 0 < i < 1}, ajid a horizontal boundary d{t) =
where

—or) as in section 1.3.3. In a clinical trial B[t) represents

the sample path of the normalized test statistic, and d { t ) represents a decision
boundary. We are interested in computing the exit time, or first time that B{t)
exceeds d{t). If we denote this first exit time by T , and define a'{t) = PT[T < t),
then it is well known that:
f
0
a'(t) = {
[2-2^Z^°yVi)

for f = 0
(1.26)

forO<f<l.

Note that oc'{t) is strictly incre«Lsing and that a'(l) = a. In the clinical trial
analogy, t = 1 will represent the maximal size of the trial, and so the chance of
crossing d { t ) =

at any time before the end of the trial is bounded by a which

will be interpreted as the type I error rate.
Lan and DeMets then consider a setting in which B { t ) is observed only at dis
crete time points,

< <2 < ••• < ^m- They reason that since B{t) is not observed

between these time points, it would be recisonable to test at a level of significance
equal to the accumulated boundary-crossing probability from the unobserved in
terval. More formally, using the Brownian motion construction, we can define
stopping boundaries {di,...,dm) that maintain a type I error rate of a as follows:
Define di such that:
PriB{i^)>di) = Pr{TG[0,U]) = a i t , l
and for k = 2, ...,m define dk such that:
Pr{B{h)>dk; B{t,)<d,, j =

= Pr{T e ih-iJk])

The AMR algorithm described above (section 1.3.3) can be used to solve for dk in
these expressions. Note that finding dk depends only on the previous boundaries
(i.e., rfi,..., rffc_i), and in particular does not depend on m. Thus, once oc'{t) and
a total sample size have been been specified, it is no longer necessary to prespecify the analysis times, stopping boundaries, or maximum number of cinadyses
in order to maintain the type I error rate. Lan and DeMets generalize this approach
by considering other stochastic processes, and letting a'{t) (which they call the
"error spending function") be any strictly increeising function with Q:'(0) = 0 and
a'(l) = Q. We will use this construction £uid the extensions of Kim and DeMets
[32] when discussing the implementation of group sequential designs in chapter 5.
1.3.11

Software Implementation of Group Sequential Designs

There are two commercial software packages, PEST3 [41] and EaSt [17], whose
goal is to implement and make available the designs that have been described in the
literature. The designs available in EaSt axe largely based on those of Pampallona
and Tsiatis [39], and include as special cases the designs of Emerson and Fleming
[22], Wang and Tsiatis [56], O'Brien and Fleming [38], and Pocock [44], among
others. The designs in PEST3 are primarily based on the work of Whitehead [60].
As described by Emerson [18], PEST3 and EaSt are based on different litera
ture, but they both consider group sequential designs in four categories: One-sided
hypothesis tests with one-sided stopping, one-sided hypothesis tests with two-sided
stopping, two-sided hypothesis tests with one-sided stopping, and two-sided hy
pothesis tests with two-sided stopping. These four categories are illustrated in
figure 1.5. The inputs necessary for design specification in either of these pro
grams include:
(1) Choice of one of the four design categories.
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(2) Design alternative and null effect.
(3) Degree of early conservatism (e.g., the parameter P in equation 1.21).
(4) Type I and type II error rates.
(5) Maximal number of interim analyses, and the relative group sizes to be
accrued between analyses.
The first step specifies the number of stopping boundaries in the design (see figure
1.5). The second step maps the bounds into the outcome space for the specific
trial, and in conjunction with step (4), determines the sample size for the trial.
The last three steps determine the specific stopping rules at each analysis. The
PESTS and EaSt packages differ in that EaSt uses boundary relationships from the
power family of equation 1.21 and PEST3 uses boundaries from the linear family
of equation 1.22. We note that the last step in the above list is not technically
required for the error spending approach of Lan and DeMets [33]; however, even
for error spending designs, one must assume a maximal number of analyses and
relative group sizes if one wants to prospectively examine the power characteristics
of the design.
It should be obvious from the descriptions of sections 1.3.1 - 1.3.11 that the
design and conduct of a group sequential clinical trial cannot proceed without
computer software, and conversely, computer software must precede the imple
mentation of any design. Thus, from a pragmatic viewpoint, the design options of
PEST3 and EaSt are the only designs that are truly available for clinical applica
tion. In this sense, the general design categories illustrated in figure 1.5, and the
design steps outlined above represent the current "state of the art" in frequentist
approaches to group sequential clinical trials.
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1.4

Bayesian Approaches to Monitoring Clinical Trials

Clinical trials can also be monitored within a Bayesian framework, which
could be considered more natural than the frequentist framework just described.
Bayesian decision making is based on ccdculation of the posterior distribution of
a parameter describing treatment difference. The Bayesian argument is that the
likelihood used in that calculation depends on the data and not on the analysis
times [6, 5], therefore the posterior inference is unaffected by the number or tim
ing of interim analyses. It follows that Bayesian monitoring allows planned or
unplanned interim analyses without adjustment for the stopping rule.
In addition to the flexibility in study monitoring, Bayesian methods produce
results that are more directly interpretable thaji their frequentist counterparts.
The posterior distribution allows direct answers to relevant clinical questions by
enabling meaxiingful probability statements about the actual treatment difference.
In contrast, frequentist methods only give indirect probability statements phrased
in terms of a specific conclusion (e.g., reject equivalence) under assumed values of
the treatment difference parameter.
The primary drawback to Bayesian methods is their dependence on a prior
distribution for the treatment difference parameter. The prior distribution is an
integral part of the Bayesian construction, it materially affects the results of an
analysis, and it is rare that it can be objectively specified in a clinical setting.
These factors make it possible for two investigators to get different answers with
the same data set. .A.dvocates of frequentist approaches tend to view this as a
major disadvantage.
.A.ny attempt to unify group sequential designs would be incomplete without
consideration of the Bayesian viewpoint, and would be ignoring an entire frame
work that has many advsmtages over the frequentist construction. To establish
the framework for further discussion of Bayesian approaches, we first summarize a
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classical Bayesian approach, and then present a decision-theoretic construction.
1.4.1

ClcLSsical Bayesian Design

A classical Bayesian approach to monitoring a clinicaJ trial involves maJcing
decisions based on the posterior probability of relevant parameter values. We
carry forward the notation from the frequentist setting (see section 1.3.1), and let
S < S-, S- < S < S+, and 5 > 5+ indicate that the new treatment is, respectively,
inferior, equivalent, or superior to control treatment. In the Bayesian approach we
use the posterior distribution of S to compute the probability that the treatment
difference lies in these three intervals, which in turn provides a basis for decision
making.
To construct the posterior distribution of S , we let 7ro(5), denote the prior for
S, and as above, we assume that the data at the

analysis are summarized by

Sk ~ N{k5,k) for k = l,...,m. The posterior for S given Sk follows from Bayes
rule:
cp(^)TO{6)

where (f>{x) denotes the density for a standard normal distribution. This posterior
distribution can be used to calculate the probability that the treatment is inferior,
equivalent, or superior;
rf

=

Pr{6>6+\Sk)

=

Pr(<5_<(5<5+|5fc)

4" = Pr(<5<(5_15fc).
In the classical Bayesian framework, we define decision rules so that the trial
stops with the appropriate conclusion once one of the above probabilities reaches
some suitably large value. More formally, we define stopping probabilities,
and

with the idea that we conclude superior, equivalent, or inferior if.
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respectively,

or

These stopping probabilities

must all be greater thaji 0.5 so that the trial can only produce a single conclusion.
In most cases a common value is chosen: e.g.,

= 0.95. The

Bayesian construction does not necessarily limit the number of analyses: thus, in
contrast to a frequentist design the Bayesian construction will not necessarily stop
at ajiy pre-specified maximal sample size. It is of course possible to amend the
Bayesian framework by modifying the final decision rule to guarantee stopping at
or before a maximal sample size. The above construction considers three decisions
which is analogous to the two-sided test in a frequentist design. The same ideas
apply in a two-decision problem and produce Bayesian designs that are analogous
to a one-sided frequentist design.
Spiegelhalter, Freedman, and Parmar [46] recently completed a very thorough
and pragmatic construction of a Bayesian approach to randomized clinical trials,
which was extensively discussed in the Journal of the Royal Statistical Society
(series

by a number of respected biostatisticians. The mathematics of their

Bayesian approach are the same as those presented above, but Spiegelhalter, et.
ai, carefully develop rationale for prior specification and for monitoring criteria.
With regard to prior specification, they adopt the view that the role of a clinical
trial should be to convince medical practitioners as to the best course of treatment.
In this context, it is reasonable to consider the conclusions of a trial under a
community of prior distributions [31]. One could characterize this community
by a skeptical prior (one which makes large treatment differences unlikely), an
enthusiastic prior (one which is reluctant to stop for evidence of no treatment
effect), and a compendium of priors obtained by surveying practitioners who are
familiar with the clinical setting. They further recommend considering priors based
on the results of other clinical trials of the same agents, or priors that have minimal
effect on the posterior distribution. The idea would be to continue the trial until the
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results (regardless of direction) would be convincing under most or cdl recisonable
priors. Spiegelhalter, et. al., recognize that different priors may lead to different
conclusions, but argue that the strength of the Bayesian approach is to formalize
these differences so that they can be rigorously addressed.
With regaxd to monitoring the trial, Spiegelhalter, et. al, make full use of the
superiority, equivalence, and inferiority sets. They propose computing a 1007%
credible interval which is defined eis any interval, iL,U), in the parameter space
that has a posterior probability of

7

(i.e., Pr{L < S < C/15fc) =

7).

Decisions

are then made based on the location of the credible interval in relation to the
equivalence interval. The idea is illustrated in figure 1.6 which is taken from
Spiegelhalter, et. al.. In this figure a credible interval like AOT E would be evidence
that the trial should stop with a clear conclusion. Ccise C would indicate a clear
equivalence conclusion, but other cases may or may not be indication to stop a
trial. For example, case B would probably be considered adequate proof if the
goal of the trial was to assess whether or not a new treatment wcis superior, but
it would not be adequate if the goal was to assess equivalence or inferiority. Note
that the position of these credible intervals can also be summarized by the amount
of posterior probability that is found in each of the three intervals (i.e.,
and

~k^\

Spiegelhalter, et. al., do not advocate using these probabilities as fi.xed

rules, but rather to use them as guidelines in decision making.
Bayesian designs have not been widely used in clinical trials, although there
are several examples in which Bayesian monitoring strategies have been retrospec
tively applied to evaluate their properties in actual clinical settings. Spiegelhalter,
Freedman, and Parmar present five such examples and describe how the conclu
sions of the trial may have been different in a Bayesian framework. Other examples
include: Pocock and Hughes [42] who consider a trial comparing the efficacy of a
new treatment and placebo at reducing mortality following myocardial infarction.
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Pocock and Spiegelhalter [43] who reancilyze a triai of home thrombolytic treat
ment, Dixon and Simon [13], Freedman and Spiegelhalter [23] and Greenhouse [25],
all of whom analyze a colorectal cancer clinical trial.
1.4.2

Decision Theoretic Approaches

Decision theoretic approaches augment the classical Bayesian approach by
adding a loss and cost function describing, respectively, the loss from making a
particular decision, and the cost of accruing additional subjects. The risk of a de
cision is then defined as the expected loss, and the usual decision malcing strategy
is to choose the decision with smallest risk at each analysis. To develop the decision
theoretic framework, we consider a two-decision problem of deciding whether or
not a new treatment is superior to control. Note that chapters 2 and 3 consider the
three decision problem (superiority, equivalence, and inferiority), but that current
published examples address only the two-decision scenario.
To formcdize the decision theoretic approach, denote the per-subject cost of
accrual as

Note that "cost" is used in the broad sense to capture both the

true dollar expense of study participation and the non-monetary costs of toxicity
(if 5 < 0) or efficacy (if 6 > 0). Denote the loss function by L(5; Decision), where
there are two decisions: superior and non-superior. The loss function changes with
each decision, so Z,(^; Decision) can be rewritten as:
L^^^(S)

if decide new treatment is superior,

L{8, Decision)
if decide new treatment is not superior
The risk of a decision at the fc"* analysis (i.e., given data: Sk) is the expected loss
cLSsociated with the decision, where the expectation is with respect to the posterior
density of S:

Risk of superior decision

:

Risk of non-superior decision

:
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At each analysis there is also the option of continuing the study. The risk of this
option, which we denote by

must include the cost of accruing additional

subjects and the potential losses at the next cinaiysis. If at each analysis we choose
the decision with the smallest risk, and we denote that risk by:
PkiSk) =
then a formal definition of

(5fc) is:
OO

=J

2ntp{v) +

j

pk+i{Sk

+ u)(f){u - v)du

irk{v\Sk)dv.

(1.29)

The inner integral is the expected risk at the {k + 1)^' analysis when starting at
the fc"* analysis with data Sk and mean of v. The outer integral computes the
expectation (over the posterior density of 6) of this future risk and the cost of
accruing more subjects.
A decision theoretic trial terminates the first time (i.e., smallest k) that either
or

< R^^\Sk)- Thus for each analysis {k = 1,2,...),

we can define a superior stopping boundary, dk such that R). (dk) = Rk {dk) and a
non-superior stopping bound ajt such that R^^\ak) = R^^\ak). If the prior distri
bution and the loss and cost functions are reasonably defined, then ajt and dk will be
uniquely determined with R]f\x) < R]^\X) for all x > dk, and R\I^\X) < R^^\x)
for all X < a it. When applied to cliniccil trials, decision theoretic constructions
tend to recognize the need for a maximum number of analyses. Thus for some
analysis (denote it by m), the risk of continuing is assumed to be infinite (i.e.,
Rl^\Sm) = oo) which in turn requires that am = d^ and R^^^dm) = Rll^^dm) so
that the study must terminate at or before the m"' analysis.
Note that Uk and dk cannot be directly computed because

(C\

(5)

depends on

the risks at the {k -i- 1)*' analysis. In this setting, one can use the method of
DeGroot [10] to find the stopping boundaries that minimize the overall risk in the
trial. The following iterative algorithm implements DeGroot's method:
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(1) Find

(= a„,) such that

(2) Select

(a grid of values for the partial sum statistic at the m"'

analysis), and compute Pm('S^^) for i =
(3) For k = {m — 1),..., 1 do:
(a) Find:
dk

such that

R\^\dk) = R^^\dk)

ak

such that

Rl^\ak) = R^i^\ak)

Note that the grid of values for pk+i{Sk+i) computed in the previous
iteration are used for computation of
(b) Compute Pk(Sk^) for i =

(5fc).

and store the results for the next

iteration.
(c) Decrement k, and return to (a).
This algorithm gives bounds that minimize the expected posterior losses in the
trial under a given loss function, cost function, and prior distribution. In essence
(O
it minimizes the risk of continuing before the trial starts, (i.e., i?o (0))We now describe two examples that illustrate the application of the decision
theoretic framework in a clinical setting. The first example from Berry and Ho [4]
illustrates an application with typically Bayesian choices for the prior, loss, and
cost functions. Bales and Jennison [16] use this same construction with a particular
prior distribution, loss, and cost function to get group sequential stopping bound
aries that meet frequentist operating characteristics and have certain optimality
properties.
Berry and Ho [4] propose a decision theoretic approach for drug evaluation
programs. They posit a situation along the lines of example 1.2.1 in which the
trial should be stopped if lack of efficacy or toxicity can be shown.

We have

already described designs with a similar form in a frequentist context referred
to as one-sided tests with one-sided stopping (e.g., figure I.5d). To obtain such a
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design within the decision theoretic framework, Berry and Ho first identify the two
decisions (superior versus non-superior), and specify that a superiority decision is
available only at the last analysis. Berry and Ho use a loss function of the form:

= 0

V^.

Thus, at any analysis, the risk of the non-superiority decision is 0 so that the
trial continues as long as the risk of a superiority decision is negative. At the
final analysis, a fixed loss of amount B (with 5 > 0) is incurred if one incorrectly
concludes that the new treatment is superior. On the other hand, if we correctly
conclude that the new treatment is superior, then we incur a gain (negative loss)
which increases if the treatment is more efficacious. The per-subject paxticipation
costs are assumed to be 1 regardless of the treatment effect (i.e., '^{8) = 1 V(5).
This assumption just means that the losses, A and

are mecisured in units of

per-subject paxticipation cost.
Berry and Ho assume a normal likelihood and use the same standardizations
described above (see section 1.3.2), so that the data at the fc"* analysis can be
represented by Sk where 5jt ~ N{kS, k). Berry and Ho also assume a normal prior;
that is:

Once the values of 6, r^. A, 5, m, 2n (group size), and cr^ (variance of the data),
have been specified, then the stopping boundaries can be computed according
to the DeGroot algorithm. Berry and Ho illustrate several different boundaries
obtained for specific choices of A, B, m, n, <7^, and

as the prior mean, 9, is

varied. The purpose of the Berry and Ho paper is to construct and illustrate this
type of design rather than to present any extensive evaluation or particular clinical
application.
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Eciles and Jennison [16] build on the work of Jennison [29] and present another
approach to clinical application of decision theoretic methods. The motivation for
their work differs from that of Berry ajid Ho because they seek particular forms
of the prior, loss, and cost functions to meet frequentist operating characteristics
and to minimize the expected sample size for the triai. Eales and Jennison (E&J)
assume a group sequential design for a one-sided test with two-sided stopping
which is symmetric in its treatment of the type I and type II error rates (e.g.,
figure 1.5c). Their hypothesis test is equivalent to testing Hq : 6 < 0 against
Hi : S > 6i, with type I and type II error rates of a. Their goal is to find a set of
stopping boundaries, {{ak,dk)-,k =

so that the expected sample size:

E s , { M ) = f ^ k P r { M = k-,6 = 6 i )
k=l

is minimized for a particular choice of treatment effect, (5i. As above, M is the
random variable describing the analysis at which the trial was stopped, and m
denotes the maximum number of analyses. Although, these optimal boundaries
are not constrained to follow any particular boundary relationship (e.g., those
described in section 1.3.9), the symmetry requirement and the requirement that
= dm implies that Cfc =

— dk-

Eales and Jennison use the following prior distribution, loss, and cost functions:
Prior Distribution:
7ro(5) = 0.5/[fi=o] + 0.5/[5=fi]
Loss Function:
if'CS) = i'M

Vi
vk

Cost Function:
=

-^[5=5:]

69

In these functions, I[s=x\ is the indicator for S = x , and L is a positive constant.
In the E&J construction, the forms of the prior distribution and the loss and cost
functions allow the recursion in equation 1.29 to be solved in closed form. It
can be shown that when we apply the above algorithm to find stopping bounds
({(flfc, dk); k = 1,m}) we axe in fact minimizing:
4^)(0) =

£ (nPr(5fc6(aik,4) ; 5 =
fc=i L
|p(5fce[4,oo) ; <5 = 0)

+
+

yP(5fc € (-oo,ajt] ; S = 5i)|.
Note that for each choice of L , the first, second, and third terms in the above
expression axe, respectively, the expected sample size, the type I error, and the
type II error. These values all change with L, so E&J advocate finding L such
that the type I and type II error rates both equal a, in which ca^e the above
equation becomes:
ASN(S:) + La,
where ASN((5i) denotes the expected sample size under a mean of Si. According to
DeGroot [10], the bounds determined by the above algorithm will minimize i2o^^(0)
which in this case implies the minimization of ASN(Ji). E&J also show how to
alter the above construction to obtain boundaries that optimize other aspects of
the expected sample size (i.e., optimize ASN(5) for other choices of S or ranges of
<5).
The two examples by Berry & Ho and Bales & Jennison illustrate dramatically
different motivations and constructions for applying decision theoretic designs in
clinical trials. Certainly the work of Berry and Ho exemplifies a true Bayesian ap
proach to the problem, while that of Bales and Jennison uses a Bayesian argument
to get a frequentist design.
Although the decision theoretic framework hcis been getting more attention in
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the applied literature [3, 35, 34] there is still disagreement over its ultimate role in
cUnical trials. Even those who advocate use of classical Bayesian methods [46, 47]
have ajgued that decision theoretic approaches are ultimately too speculative to
be widely useful. The decision theoretic approach is certainly more flexible at
incorporating societal, corporate, and personal utilities into the problem, however
the process of reducing these issues to loss and cost functions is difficult at best.

1.5

Snrnmary and Conclusions
By their very nature clinical trials involve human experimentation, and there

fore must be cautiously approached with caxeful consideration of ethical concerns.
In general, clinical research is a constant tradeoff between our willingness to sub
ject individuals to potentially inferior or toxic treatments, and the need to know
the efficacy of these treatments for the good of future patients. This same trade
off is a driving concern in specifying the design for a clinical trial, and motivates
the need for designs that use the smallest number of subjects to provide the most
precise answers to the clinically relevant questions. The primary reason for the de
velopment of group sequential clinical trials is that on average a group sequential
design uses fewer subjects to answer the same question.
In this chapter we have established the clinical need for group sequential de
signs, and have illustrated some of the clinictil and ethical issues that, must be
addressed in those designs. In particular we have highlighted differences in the
demands of a phase II (efficacy screening) trial and the full scale phase III efficacy
trial. We described how caution must be exercised in order to avoid the ethically
questionable practice of accruing additional subjects to test the toxicity of a new
treatment. We described how the potential for treatment toxicity might demand
early analyses specifically designed to stop the trial with very few subjects if to.xicity is indicated. We described the issues that must be considered if the statistical
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power for analyses of secondary endpoints is important. We also discussed the mo
tivations for early stopping in an equivalence trial, and for an equivalence decision
in an efficacy trial. The intent of these examples was to illustrate the need for and
importance of the various group sequential designs that have already been devel
oped. These examples aJso demonstrate the importance of considering the clinical
issues when specifying the stopping boundaries for a group sequential design.
In this chapter we have also summarized the development of group sequential
methods for clinical trials. This development is not unlike that in other statistical
fields. Initial research addressed a specific question in a particular setting; that
is, how does one specify stopping rules that control the type I error rate when a
statistic is continually monitored [55]. As computer technology evolved, a compu
tational form of the sequentially sampled test statistic [1] allowed a more detailed
solution to an expanded form of the original problem. As these methods were de
veloped, their applicability to clinical trials was identified but not fully explored.
It took detailed exploration of the clinical implementation and benefits of these
developments [44, 38] before their use became popular. Once popular, the original
problem was refined and extended to increeise its clinical utility. These refining
developments tended to occur as incremental extensions of the original designs
with the goal of addressing other clinical settings. We summarized several of those
developments including: designs to address one-sided hypotheses instead of the
original two-sided designs, extensions to include two-sided stopping in a two-sided
test, development of designs for equivalence testing, boundary specification accord
ing to both the type I and type II error rates, and methods for increased flexibility
in setting the number and timing of analyses (error spending functions). Currently,
there are many different group sequential designs each of which addresses a some
what different aspect of the problem. Commercial software implements most of the
group sequential designs that have been developed in the frequentist setting. In
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essence these programs allow the user to first select one design from the categories
illustrated in figure 1.5, and then to select design parameters to tailor that design
to the particular clinical setting.
The frequentist methods for monitoring a clinical trial have parallel approaches
in a Bayesian framework. As described in the last section of this chapter, Bayesian
methods offer a distinct advantage in that the inference in a Bayesian construction
is not affected by the particular stopping rule used. As a result there is no need to
pre-specify the ajiaiysis times or to adjust the stopping rules to maintain the char
acteristics of the test. Bayesian approaches «ilso offer advantages in interpretation
since Bayesian results focus on the question of interest (distribution of the treat
ment effect) rather than related issues (rejection probabilities under an assumed
treatment effect). The disadvantages of a Bayesian approach center on its reliance
on parameters and distributions that axe neither easily nor objectively estimated
(e.g., prior distributions, loss functions, cost functions). In the later part of this
chapter we described and provided examples of both a classical Bayesian approach
to group sequential trials and a decision theoretic approach.
A motivating example for this work was presented in section 1.2.6 (clinical trial
for SSR therapy). In that section we proposed the idea of using group sequential
methods to obtain aji efficient design that combines the usual three-phased ap
proach to a clinical trial into a single study. We identified a number of constraints
that such a design must meet, and stated that these constraints cannot be met
within the current design categories. Those constraints included two conflicting
needs: the need to stop the trial if non-superiority is indicated, and the need to
continue the trial for analyses of secondary endpoints. The first need is typically
met in a design for a one-sided test with two-sided stopping (e.g., figure 1.5c), and
the second is met in a design for a two-sided test with one-sided stopping (e.g.,
figure 1.5b). Thus, the SSR trial requires a design that is intermediate to these
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two categories.
Note that the SSR trial is not a unique example. In fact, it typifies an entire
class of designs in which the primary endpoint measures both toxicity and efficacy.
The current approach to this class of problems is to evaluate them using the usual
three phased approach to clinical trials. In such settings it may be possible, as it is
with the SSR trial, to collapse these three phases into a single trial thereby greatly
increasing the efficiency with which new therapies are evaluated. The methods
developed in this dissertation give added flexibility to group sequential designs,
and better accommodate these kinds of needs.
We will return to the applied aspects of group sequential designs in the last
chapter, where we discuss methods developed in the dissertation, and illustrate
their use in constructing designs that are more responsive to clinical concerns. In
the intervening chapters we develop and evaluate a class of designs that includes
the four categories of figure 1.5. We begin in the next chapter by proposing an
algebraic form for stopping boundaries that includes the common group sequential
designs.
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(a) Partial Sum Scale
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Figure 1.1, Boundaxies for first 5 observations in the Wald SPRT with type I and
type II error rates of 0.05 and alternative of Si = 3.29: (a) plotted in scale of
partial sum statistic, (b) plotted in scale of sample mean statistic.
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(a) Truncated SPRT (continuous monitoring)

Reject Null Hypothesis

a.

Reject Alternative Hypothesis

Analysis

(b) Truncated SPRT (grouped monitoring)
Reject Null Hypothesis

Sa.
B

Reject Altemalive Hypothesis

Analysis

Figure 1.2, Truncated Wald boundaries for a sequential study with a mciximum
of five observations: (a) boundaries allowing termination in-between observations,
(b) boundaries that indicate termination is possible only at an analysis time.
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Figure 1.3: Pocock stopping boundaries witli a type I error rate of 0.05.
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Figure 1.4, Symmetric one-sided design (Pocock-style boundaries; type I and type
II error rates of 0.05).
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Figure 1.5, Four categories of group sequential designs using a maximum of 5
analyses and Pocock-style boundaries. Type I error rate is 0.025 for the one-sided
hypothesis tests and 0.05 for the two-sided hypothesis tests.
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Figure 1.6: Bayesian Trial Monitoring.
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Chapter 2 Boundary Structure
2.1

Introduction

Chapter 1 presented several approaches to specification of group sequential
designs for clinical trials. These included both frequentist and Bayesian strategies.
In this chapter we construct an algebraic framework which unifies many of those
designs. We begin by constructing an algebraic family of stopping boundaries that
unifies the frequentist designs, and then extend that family into the Bayesian scale
by considering transformations of the test statistic.
The overall goal of this work is to present an alternative paradigm for con
structing and evaluating group sequential trials. As explained in the first chapter,
the current approach is to select a design category that is appropriate to the clin
ical situation and then alter its parameters to refine the design characteristics.
While the current categorization of group sequential designs is convenient from a
statistical viewpoint, it is difficult to use in clinical settings. In many situations
the clinical issues are such that the design does not fit into one of the design
categories (e.g., SSR trial of example 1.2.6). Furthermore, even the statistical dif
ferences between categories are difficult to recognize. For example two experienced
statisticians who work in the design of group sequential trials recently published
a paper in JASA [34] which advocates a particular Bayesian approach to group
sequential trials because it has a smaller average sample size than a Pocock or
O'Brien-Fleming (OBF) design. Although technically correct, they fail to point
out that their Bayesian approach addresses a one-sided test with two-sided stop
ping while the Pocock or OBF designs are based on two-sided tests with one-sided
stopping. These two design categories address very different clinical issues; that
is, a two-sided test requires proof of inferiority before stopping while the one-sided
test only requires evidence of non-superiority. To compare these designs based
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only on their sample size properties leaves open the possibility that a clinically
inappropriate design will be used.
In a frequentist setting, differences between the stopping boundaries must be
carefully considered, not only because they have different clinicaJ application, but
also because the stopping rules directly aifect the inference upon trial comple
tion. This is not the case in a fixed-sample trial where the point estimate and
confidence intervals can be computed independent of the critictd values for a hy
pothesis test. Allowing early termination for extreme results in a group sequential
design means that the usual point estimates and confidence intervals are bicised
[20]. Furthermore, the sample size in a group sequential design is a random vari
able whose distribution is determined by the stopping boundaries; hence, different
designs have marked differences in their sample size characteristics and confidence
intervals widths. Thus, the particulars of the design will affect the information
available upon study completion.
In this chapter we put ciside the usual statistical framework for specifying group
sequential designs, and restrict discussion to the algebra of stopping boundaries.
Our approach is motivated by the need for a clinically meaningful framework in
which previously unrelated designs can be compared without undue influence from
statistical assumptions. We begin by examining the algebraic properties of stop
ping boundaries, and show how previous boundaries can be viewed within this
algebraic framework. We then extend the algebraic framework by considering
transformations of the usual monitoring statistics, and thereby show that both
frequentist and Bayesian constructions can be examined in the same framework.
The transformations addressed in this chapter are selected for their statistical in
terpretation, but that interpretation is postponed until chapter 3.

2.2

Setting and Notation
In this chapter we presume that the number and timing of the interim analyses

is specified in advance, and that the objective during study design is to identify
decision points or stopping rules at each of the pre-planned interim analyses. We
denote the data by

, and assume that larger values of X' indicate a

better treatment effect. We further assume that a majcimum of m analyses are
planned after accruing Ni < N2 < ... < Nm subjects so that there are Nk —
Nk-i subjects in the kth group. We will denote the sample proportion by njt =
Nk/Nm and will work with a standardized version of the data: Xi = X'/y/NmDiscussion of the distributional properties of the data and the attendant statistical
interpretation is postponed until chapter 3.
Notice that the above setting is somewhat more general than that of chapter 1
because it eillows unequal group sizes. Notice also that the above standardization
of group size is a bit different than that of chapter 1 where we standcirdized by the
average group size (see equations 1.3 and 1.4) instead of the total sample size. We
use the alternative standardization because it simplifies several expressions that
are used repeatedly in our construction. In chapter 1 the standardized scimple size
was indicated hy k = 1,..., m and actual sample size by kn where n represented the
(average) group size. In this chapter the standardized sample size is the sample
proportion (0 < ni < 712 < ... < nm = 1) and the actual sample size is rikNmAlthough in this chapter we make no particular assumptions as to the distribu
tion of the data, we still assume that treatment differences (or treatment efficacy)
is parameterized by S with large values of 6 indicating superiority of a new treat
ment. In the algebraic setting of this chapter, we use various reference values for
6 (e.g., (5+, 5_, ^o) in boundary construction, but do so without proposing formal
links (e.g., statistical hypotheses) between the parameter space and the decision
space (inferiority, equivalence, and superiority). We will construct these links in
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the next chapter as we introduce statistical interpretations.
In general a group sequential monitoring plan is comprised of a sequence of
stopping and continuation sets. These sets provide the link between the sample
space (test statistic) zind the decision space (superior, inferior, equivalence, or
continue) at an interim analysis. The continuation set at the

anaiysis is empty

thereby forcing the trial to stop. To be applicable in a clinical setting the stopping
set at any of the analyses for any given decision (e.g., superiority, or inferiority,
but not both) must form a continuous interval. If this were not the ca^e, then it
might, for example, be possible to stop for superiority if the test statistic were in
[a, 6] or [c, (f], but not if it were in [6,c]. We cannot think of am example in which
such decision sets would be clinically useful at the design stage.
With this as background, any group sequential monitoring plan can be ex
pressed according to a sequence of intervals. We will be considering several dif
ferent test statistics including the sample mean, partial sum, normalized statistic,
and Bayesian statistics. We let Tk denote any one of these statistics at the
analysis {k = 1, ...,m), and we assume that large values of Tk indicate superiority
of a new treatment. In this context any clinically re«isonabIe monitoring plan can
be constructed around the following sets:
Tk € [dtk, oo) =>

Continue

T k € (cjjt, d r k )
Tk G [brk, CTk]
Tk € (ark, brk)
Tk € {-oo^ajk])

Superiority

=>

Equivalence
Continue
Inferiority

with ark < hk < cxk < drk, arm = hm, and crm = drm- Notice that setting
arm = ^Tm and cj-m = <^rm forces termination by the m''' analysis. If —oo < ark <
b-Tk < CTk < d-Tk < oo (for k = l,...,m — 1) and hrrn < CTm, then the boundary
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structure is that of a two-sided test with two-sided stopping (equation 1.16). If we
set UTk = i>Tk ~

—00,

then we get a one-sided test with two-sided stopping. Table

2.5 shows how the above stopping eind continuation intervals can be manipulated
to give many types of group sequential designs. This table shows 4 different types
of one-sided tests with one-sided stopping: an inferiority test with early stopping
for either inferiority or lack of inferiority (designs A and B), and a superiority
test with early stopping for either superiority or lack of superiority (designs C and
D). The table also shows two types of one-sided tests with two-sided stopping:
inferiority (A) and superiority (B). We emphasize that equation 2.1 only defines
the structure of a clinically applicable group sequential design, and in particular
makes no statistical assumptions that constrain the choices of the stopping points
[o-Tkt brki CTk, dxk) that comprise the boundaries.
In the remainder of this chapter we construct an algebraic framework for speci
fying stopping boundaries that creates intervals of the form described above (equa
tion 2.1). We begin in the next section (section 2.3) by describing a set of equations
that produce boundaries in the scale of the sample mean statistic:
l^k YXk=Y:^.
i=i "fc
We denote the stopping boundaries by ajfJk? ^Xk'i ^Rk-^

d}iki instead of arjt,

CTki and d-Tk-, to emphasize that the boundaries are specified for the sample mean
scaJe. In section 2.4 we generalize this framework by considering transformations
of the sample mean statistic.

2.3

The Algebra of Stopping Boundaries
In chapter 1 we described eight different (frequentist) categories of group se

quential designs. These result from the two types of boundary relationships de
scribed in section 1.3.9 as applied to the four categories of designs summarized
graphiceilly in figure 1.5. If we transform these into the scale of the sample mean
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statistic and use the standaxdized sample size (njt) described above, then the form
of the stopping boundaries for four of the eight categories at the fc"' analysis
(t =

is as follows
One-sided test, One-sided stopping:
dxk = fW
with

(2.2)

= bxk = cxk = -oo for fc < m, and

One-sided test, Two-sided stopping:
dxk

m

=

= <^i ~ /(^)

(2.3)

with bxk = cxk = {°-Xk + ^;fJk)/2 V^:.
Two-sided test, One-sided stopping:
dxk = m
aj(k
with

= -fW

= cjck = {ajik + dxk)/^ A: < m, and

(2.4)
= b^m and c^m =

Two-sided test. Two-sided stopping;
dxk

=

m

cxk

=

Si-fik)

bxk

=

—<^i+/(^')

axfc = -fik)

(2.5)

Here, f { k ) denotes a boundary shape function. Note that the requirements for
finite termination of the test (a^m = dj^^ for a one-sided test with two-sided stop
ping; axm = ^'xm) and

= dx^ for a two-sided test with two-sided stopping)

^Although this summary does not include the designs of Pampallona and Tsiatis (equation
1.14), they are included in the general family constructed below.
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dictate the value of 5i:
= 2/(m)
The four categories summarized above become eight categories once we consider
the two boundary shape functions from chapter 1 (section 1.3.9; equations 1.21 and
1.22):
Wang and Tsiatis shape fimction:
m = n-/a
where P > 0.
Whitehead shape function:
f{k) = B+nl'G.
Recall (section 1.3.9) that the shape of Whitehead boundaries is actually deter
mined by two search strategies; one in which B is fixed and G is found to meet
operating characteristics, the second in which B is set equal to G and their common
value is found to meet operating characteristics.
In this section we seek to unify these eight categories within a single algebraic
framework. We begin by unifying the two boundaxy shape functions (section 2.3.1).
We then introduce shift parameters that aillow continuous movement between oneand two-sided hypothesis tests (section 2.3.2). We complete the unification by
constructing a continuum between one- and two-sided stopping in the final section
(2.3.3).
2.3.1

Unification of Boundary Shape Functions

Consider the function;
n k ) = ( A+ n^''(l-nt)'')G,

(2.6)

with A , G , P , R non-negative^, and n/t as defined above. This function contains the
Wang and Tsiatis boundatry shape function which is obtained by setting A = i? = 0
and using G as a search parameter. It also contains the Whitehead shape function:
Setting R = 0, P = A = I, and searching for G gives the second Whitehead shape
function (triangular procedure); setting R = 0, P = 1, A = BjG where B is set
(fixed) as desired, ajid searching for G gives the first Whitehead shape function
(restricted procedure).
The unifying shape function (eq. 2.6) is displayed graphically in figure 2.1, and
has the following properties:
(1) If i? > 0, then f { k ) > A G for A: = 1, ...,m and /(m) = A G
(2) ]i R = 0, then f { k ) > A G + G for

= 1, ...,m and /(m) = A G + G

(3) f { k ) is non-increasing in k .
(4) For fixed A, G, R , cind k: f{k) is increasing in P .
(5) For fixed A, G, P, and k: f{k) is decreeising in R .
Notice that G and A define, respectively, the scale and location of the y-axis in
figure 2.1; thus, increasing G causes a multiplicative increase in f{k) and increasing
A causes an additive increase in f[k). Note also that the parameter R in this shape
function is not necessary for unification of the Wang h Tsiatis and Whitehead
shape functions, however it creates a family of curves that will be useful when we
consider transformations of the sample mean statistic in section 2.4.
2.3.2

Unification of One- and Two-sided Tests

The algebraic framework constructed in this subsection unifies one- and twosided group sequential hypothesis tests in the sense that the parameters of the
equations that comprise the framework caxi be chosen so that the resultant bound
aries lie on top of the boundaries for either a one- or two-sided test. This construc"In one special case (applications to error spending functions) we will set /2 = 0 and P < 0
to give increasing boundaries with shapes as illustrated in figure 2.1c.
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tion is motivated by the observation that the boundaries for a one-sided test can
be obtained by an upward shift of the lower boundaries in a two-sided test. Thus,
we proceed by incorporating shift parameters into the usual two-sided test. The
focus of this section is on the algebra of the construction. Its formal statistical
interpretation is addressed in the next chapter.
We begin by considering a group sequential design constructed around a twosided test with two-sided stopping (eq. 2.5; figure 1.5a). In such a test, the upper
boundary [d^k) is referenced to the parameter 5 = 0. Similarly,

and

are referenced to <5 = ^i, 5 = —6i, and 5 = 0, respectively. We expand the design
o f e q u a t i o n 2 . 5 b y al l ow i ng e a c h b o u n d a r y t o b e r e f e r e n c e d t o i t s o w n v a l u e of 5:
^Xk

—

+ /{k)

Cxk = 6 a - f { k )
bxk

=

6b+m

a j i k

=

6a

-f{k).

(2.7)

Where f { k ) is as defined in equation 2.6.
The constraints imposed on boundary ordering (section 2.2) also constrain the
values of 6d, 6c, 6b, and 6a:
<^Xm = CjCm

6 c - 6 d = 2/(m)

a x m = b x m

6 a - 6 i , =

2/(m)

6 a - 6 i <

2/(m)

O'Xm

< d x m

(2.8)

The past approaches to design specification (e.g., Emerson and Fleming [22]; Pampallona and Tsiatis [39]) involve choosing the boundary shape functions (i.e., choos
ing the free parameters in f{k)) a n d setting 6^ = Sa = 0. W e allow both 6^ a n d 6a
to be non-zero, and reparameterize them as follows:
= 2/(m)
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8i = -7„5I
<5o =

(2.9)

Note that /(m) > 0, and therefore 6i > 0. .A.lso note that Sa —

< 2 f { m ) implies

that 8ifi + 5i7U < 5i, which since (5i > 0 implies:
7f + 7ti < 1.
With these definitions, the boundaries of equation 2.7 can be rewritten to incor
porate the order constraints of equation 2.8:
d-xk = —<^i7u + f { k )
cjtk =
bXk

=

~ /(^)

+
(2.10)

Following the example of previous authors (e.g., PampaJlona and Tsiatis [39]) we
also adopt the convention that if the parameters of the equation 2.10 are such that
cxfc <

foi" some k, then we set cj^f. =

— i^Jik +

This assures the

boundary order constraints cannot be violated.
Although it looks complex, equation 2.10 is simply an extension of the two-sided
test with two sided stopping (eq. 2.5) that allows each boundary to be referenced to
a different value of 6 and incorporates the boundary order constraints established
in section 2.2. The properties of this construction are illustrated in figure 2.2.
Setting 7u = 7/ = 0 (figure 2.2a) produces stopping boundaries for a two-sided
test with two-sided stopping (eq. 2.5). Setting 7/ -1- 7u = 1 (figure 2.2d) gives a
shifted one-sided test with two-sided stopping, a special case of which is the design
of equation 2.3 (obtained if 7/ = 1 and 7u = 0). Since

7;

and 7^ are continuous,

the movement between the one- and two-sided designs is also continuous (figures
2.2b and c).
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Note that this same construction allows continuous movement between a twosided test with one-sided stopping (eq. 2.4) and a one-sided test with two-sided
stopping (eq. 2.3). To obtain this continuum, we consider a design using only two
of the boundaries from equation 2.10:
djik = —<^i7u + f{k)

with the same definitions and constraints for
previous case, setting

7/

7/,

and 7u (eq. 2.9). As in the

= 7u = 0 gives a two-sided design with one-sided stopping.

Using 7i + 7u = 1 gives a one-sided test with two-sided stopping (figure 2.3).
Thus, the algebraic framework of this section unifies one- and two-sided group
sequential hypothesis tests and the two boundary shape functions. This leaves
only two categories of designs: those with one-sided stopping and those with twosided stopping. The next section expands the framework of equation 2.10 to aJlow
continuous movement between these remaining categories.
2.3.3

Unification of One- and Two-sided Stopping

Consider the generalization of equation 2.7 obtained by allowing each boundary
to have its own shape function:
d x k = Sd + fdik)
^Xk

=

<^c — /c(^)

h k = h + fb{k)
^Xk

=

<^o — /o(^)-

(2-11)

Here, fdik) = {Ad + nl^''{l —nk)^'^)Gd, with antilogous definitions for /c(fc), fbik),
and faik). This generalization requires generalization of equation 2.8:
<^A'm = Cxm =>

- Sd = fd{m) -|- /c(m)
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a x m = h m => 5 a - 6 b = fb{ m ) + /^(m)
axm < dxm ^

Sa-6d< /<i(m) + /a(m),

(2.12)

and of equation 2.9:
5+ =

f d { m ) + fc{ m )

=

f b { m ) + fa{ m )

So =

fd{m) + /a(m)

7u

= -SdSo

11

=

(2.13)

SJQ.

Once again, it follows that 5+ > 0, 5_ > 0, and 5o > 0 since the boundary shape
functions sire positive. It also follows that ajfjt ^

implies 7; + 7u < 1. This

yields the following generalization of the bounds in 2.10:

Cxk

=

—<^07u + /d(^)

=

—^o7u + S+ — fcik)

bxk = Soil - S - + fb{k)
ajik

=

Soii-faik).

We again incorporate the rule that if

(2.14)

< bxk then we set c^k = ^xk — (^jfjt +

d-Xk)l~-> which completes the boundary order constraints.
Since the framework of equation 2.14 is a generalization of the earlier frame
work, it also unifies one- and two-sided hypothesis tests along with the boundary
shape functions. What this generalization adds is the ability to independently
adjust the boundary shape, and in particular, the degree of early conservatism in
each of the stopping boundaries. For example, suppose we choose boundary shape
functions with fd{k) = fa{k) = f\{k) and fc[k) = fb{k) = /2(^), then it is possible
to choose P2 large enough that it is no longer possible to stop for the null hypoth
esis at any of the interim analyses. This produces a design for a two-sided test
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with oae-sided stopping. Figure 2.4a shows how adjusting the value of P2 gives a
continuum between one- and two-sided stopping in the context of a two-sided test.
This same feature holds if we set 7/ -i- 7„ = 1 to get a one-sided test, and allow Pa
to get larger while Pd is fixed (figure 2.4b).
Thus, the generalization of equation 2.14 has the desired property of combining
the eight categories of group sequential designs within a single algebraic framework
that allows continuous movement between the various categories. We also note
that in the process of allowing each boundeiry to have its own shape function,
we have incorporated the designs of Pampallona and Tsiatis [39] into the algebraic
framework since these designs allow different G's for each boundary (section 1.3.7).
Table 2.5 shows how to choose the parameters of equation 2.14 to obtain the
frequentist designs described in chapter 1.
2.3.4

Other Frequentist Approaches

Although the various categories of group sequential designs are unified in the
framework of the preceding section, there are other approaches to boundary spec
ification that are not included in the algebraic freimework of equation 2.14. Of
particular concern are the error spending functions of Lan and DeMets [33] (see
section 1.3.10). Error spending functions are widely used, and offer added flexibil
ity with regard to the number and timing of analyses. This approach is especially
useful when implementing a group sequential design as described in chapter 5. In
this section, we describe how an error spending design can be viewed as a non
linear transformation of the sample mean statistic, and how the general framework
of the preceding section can be applied to an error spending statistic.
Consider the following transformation of the sample mean statistic at the
analysis (fc = 1,..., m):
ri(Xfc;<5)= J gkiu-,6)du.
-00
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In the next chapter we assume a probability distribution for Xk, so that gk{u-S)
is interpretable as the sub-density of the partial sum statistic under a mean of 6
conditional on the trial continuing to the A:"' analysis (see section 1.3.3; equation
1.6). It then follows that TkiXic] S) is the conditional sub-c.d.f. of Xn-. At this point,
though, we postpone the probabilistic interpretation, and focus on the algebraic
structure of group sequential stopping boundaries for this alternative statistic.
In this scale, an extreme observation is one in which rfc(Xfc;^) is either very
s mall (close to 0) or very large (close to 1.0) under some reference value for S. If
we use the same reference values for S as used in the previous section, our decisions
would have the following structure:
Decide superior if

1 — VkiXk', —Ju^o)

is small.

Decide inferior if

rjt(Xfc;7;(5o)

is small.

f rfc(Xfc; —7u5o + (5+) 1
Decide equivalence if both

<
_
>
i l-ri(Xfc;7/^o-<5-) I

are small.

Defining "small" is akin to defining the shape of the sample mean boundaries, and
in an error spending framework, would be defined by the error spending function.
Let c t . ( t ) denote an error spending function, where t represents the analysis
time scaled so that f = 0 is the study stajt and i = 1 is study completion. To
be an error spending function

must be non-decreasing with Q;.(0) = 0 and

a.(l) = 13. (where l3. is some overall error rate). There are two ways to obtain
an error spending function using the boundary shape function: f.{k) — G{A -In^''(l — Tifc)^). First, consider setting P = Q, G = 3. and A = (1 — 3.)/^. (figure
2.1b). An error spending function is then obtained by setting:
a.(t) = 1-Mt)
=

/9.(1 - (1 - t)^)

0<t<l.

(2.15)
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Alternatively, we caji set R = 0 , P < 0 , A = 0 , and G = 0 . t o obtain a different
error spending function (figure 2.1c):
Q;.(i) =

f.{t)

=

0 < f < 1.

(2.16)

Note that this function is a generalization of functions considered by Kim and
DeMets [32].
In an error spending approach, the decisions at each analysis are based on the
amount of error that is yet unused (see section 1.3.10). At the design phase we
are considering fixed analysis times (0 < ni,n2,

= 1), which means that the

above decision rules should be compaxed to the amount of error that is available
to be spent at each analysis. Thus, at the fc"* analysis, we compare the conditional
tail probability [TkiXk] S)) to Q:.(njt) —Q.(nfc_i), where the error spending function,
a.(f), can take either of the above forms (equations 2.15 or 2.16). Our decision
rules then become:
Decide Superiority if:
1 — FkiXk; —7u^o) < o:j(nk) — aj(nk-i)
Decide inferiority if:
rk(Xk;jiSo) < aa(nk) - a a ( n k - i )
Decide equivalence if both:
rt(Xfc; -7u<^0 + <^+)

<

Q:c(n/t) - Qc(nfc-I)

and
FkiXklJlSo — <5_) < Q:6('^fc) — Q:6(";t-l)

("--1")

In these decision rules, the values of /3. {0a-, 0bi 0ci and l3d) represent small numbers
that in the next chapter will be interpreted a.s error probabilities.
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These boundaries can be transformed into the sample mean scale by search
ing for values of Xk so that equality holds in each of the above decision rules.
This process is described in greater detail in the next chapter once the probability
framework has been established. The search process also clarifies how the finiteness constraints can be specified and maintained in the error spending scale. The
purpose of describing error spending boundaries in this section is to demonstrate
that they can be obtained as a transform of the sample mean statistic, and that
error spending boundaries can be specified using the boundary shape function,
f.{k), used in the previous section.

2,4

Bayesian Transformatioiis
In the first part of this chapter we have unified the common categories of

frequentist group sequential designs in a single algebraic framework. Although
this framework ought to be sufficiently general to address the clinical needs from
a frequentist viewpoint, it is incomplete because it does not address Bayesian
approaches. .A.s described in the latter part of chapter 1, the Bayesian paradigm
offers many advantages in a sequential testing situation; hence, incorporating these
tools is essential to a complete understanding of group sequential designs.
In this section we look at transformations of the sample mean statistic as a way
of obtaining other types of group sequential stopping boundaries. In particular,
we examine two transformations that are presented as algebraic manipulations,
but are obviously of interest because of their Bayesian interpretation which will
be discussed in the next chapter. Our intent is to show that on an algebraic level,
frequentist and Bayesian approaches differ only in the way in which the sample
mean statistic is transformed.

96

2.4.1

Conventional Bayesian Transformation

Consider the following transformation of the sample mean statistic at the fc"'
interim analysis {k =
irk{6) = $

'5{nkT^ + l ) - { X k n k T ' + e )

(2.18)

sjT^UkT"^ + 1)
where $(u) denotes the standard normal c.d.f. In the next chapter the parameters

0 and r will be interpreted zs defining the prior distribution of 8, and 7rfc(5) will be
interpreted as the posterior distribution function. This transformation maps the
space of the sample mean statistic into the [0,1] interval. Furthermore, the statis
tic is referenced to a particular value of 8. We then consider a four-dimensional
statistic that maps the sample space into the decision space:
Decide superior if

1—

•

Decide equivalence if both

Decide inferior if

is large

.(0-)

are large

is large.

(2.19)

where:
TT

(0+)

_

n(-8o7u)

_
TT(+)
Jt
— n(-8o7u + <5+)
(-) _
TT
n(8oji - (5_)

r

(0-)

_

(2.20)

In the Bayesian interpretation of the next chapter, this corresponds to stopping
with the appropriate decision once the posterior credible interval in contained
entirely within predefined decision sets.
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As in the sample mean scale, we need aji appropriate way to specify the re
lationship between the decision points ais a function of the einalysis (i.e., how to
define "large" in equation 2.19). In this setting, we do not want to stop before
the trial starts; hence, "large" should be 1.0 at the beginning of the trial. .At the
interim analyses, "large" must be less than I.O, but would usually be larger than
0.5 to assure there is sufficient evidence for the posterior mean to be within the
indicated range. The stopping characteristics for the Bayesiaa scale are actually
similar to those of the error spending functions described above, and as in that
setting, the boundary shape function of equation 2.6 can be used. Specifically, if
we set P. = 0, and solve for A. so that /.(O) = 1.0, we get one family of stopping
rules that are useful in the Bayesian framework:
f.[k) = l - G . [ l - { l - n k f ' \ .

(2.21)

If we set R . = 0, A. = 0, eind P . < 0, then we can use 1 — f . ( k ) as einother set of
stopping rules that are useful in a Bayesian framework:
1 - f.(k) = 1 - G.r,;''.

(2.22)

We will present a construction based on equation 2.21 with the understanding thai
many other functions (such as equation 2.22) can be used to formulate Bayesian
stopping rules.
Thus, we consider a Bayesian design with decision rules:
1—

> fd{k)

=>

Decide superiority

4*' > U k ) \
and >

=>

Decide equivalence

1 - 4"' ^ fi>W

J

> faik)

Decide inferiority

(2.23)

It is possible to invert the transformation of equation 2.18, and apply this
inverse to the decision rules of equation 2.23.

In this way we can view these
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Bayesian boundaries in the scale of the sample mean statistic:
dxk

=

+ 1) - « + 0-' (/j(A))

TlkT^ L

+ 1)

*

= ;^[(<+-5o7.)(n/.T=+l)-6-»-U/=W)V^^(w^7T)

hk =

[(io7J + S-Kny + 1) - 9 + 4-' (/i(i))
TlfcT^ L

"Xk

\Soll{ni,T^ + 1) - 9 UkT* L

=

iUk))

+ 1)

)1

+1

*

J
(2.24)

After translation into the sample mean scale, we can assure finite termination of
the test by setting c/jfm = cXm,

and

(if 7/ + 7u = 1),

which in turn implies:
r2
5+ =

[$-^(/.(m))4-$-n/c(m))]i

<5. =

[^-'{Mm)) + ^-\Mm))]J

+1

njfcT^ + 1

4 = [®-'(A(m)) + 4-"(/.(m))lW—;—.
V
+1

(2.25)

Note that for the above pcirameters to be positive, we restrict attention to f . { m ) >
0.5. As in the designs of section 2.3 we retain the rule that if bx)^ > Cxf. we set
hk = cjik = (ajffc + c';?fc)/2.
2.4.2

Decision Theoretic Transformation

As a final boundary scale we consider a transformation that will be interpreted
cis a decision theoretic design in the next chapter. The decision theoretic framework
is obtained by considering a three-dimensional transformation of the partial sum
statistic at the

analysis {k =
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4"(5i) = 4"(i-4°"').
where 7rj[*^ is as defined in equation 2.20. In the next chapter

will be interpreted

cLs a loss function, and R]^\Sk) will be interpreted as the risk of a decision given the
data, 5fc. To determine the stopping and continuation intervals we also consider a
fourth statistic that is derived from the others:
oo oo
=Tik+i-

nk+

jJ

Pk +\{Sk

+ u)4){u~v)X{v)dvdu

(2.26)

— OO —oo

where pkis) = min{i2^'^^(5),

and A(u) is the derivative of

equation 2.18 (i.e., the posterior density):
A(„) = ^

In the next chapter R \

V

+1)

/

_

(2 27)

will be interpreted as the expected risk of continuing.

Unlike the conventional Bayes transformation, we do not explicitly define stopping
points for each of these statistics. Instead, at each interim analysis (A: = 1,..., m—1)
we decide superiority if pk{Sk) = H!k\Sk) (i.e., the risk of a superior decision is
smaller than other decisions). Similaxly, we decide inferiority if pk{Sk) = Rk^\Sk),
equivalence if pkiSk) = Rk {Sk), and we decide to continue accrual if pkiSk) =
R^i^\Sk)- At the final analj'sis (i.e., k = m) we again take the decision with the
smallest risk statistic, but this time continuation is not an option.
With the decision theoretic transformation the loss functions,

control the

decisions at each analysis; hence, instead of a stopping point function, we can
consider a loss function that changes with
f b { k ) ,

=

f a { k ) .

k :

= f d { k ) ,

= f c { k ) ,

=

To determine the stopping boundaries we use the algorithm of

DeGroot [10] as explained in section 1.4.2. This algorithm automatically assures
trial termination at the m''' analysis and the proper boundary ordering; thus it is
not necessary to place constraints on 60,

or (5_.
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2.5

Suminaxy and Conclusions
Group sequential clinical trials have evolved by adding interim analyses to

the statistical framework for fixed-sample designs. As demonstrated in chapter
1, this has led to categories of designs that eire rooted in particular fixed-sample
designs. This chapter studies the algebra of stopping boundaries without assuming
a statistical framework. The motivations for this approach are twofold. First,
working on an algebraic level allows many competing designs to be evaluated in the
same context. Second, and perhaps more importantly, clinical issues sometimes
need to be addressed on both an algebraic level (e.g., treatment differences for
w^hich it is unethical to continue) and a statistical level.
This chapter began by summarizing the eight categories of designs that were
identified in chapter 1. We then unified these designs within a single algebraic
framework for boundary specification. We proceeded in a stepwise fashion by
first unifying the boundary shape functions of Wang & Tsiatis axid Whitehead,
then unifying one- and two-sided hypothesis tests, and finally unifying one- and
two-sided stopping. The resultant algebraic structure allows continuous movement
between previous categories of groups sequential designs, thereby expanding the
design options and design comparability when compared to previous structures.
The unifying framework was constructed using the sample mean statistic, but we
cdso show how this can be modified to consider error spending functions which will
be important during design implementation. .
The ideas of the unified framework were extended to the Bayesian setting by
noting that Bayesian designs can be viewed as transformations of the sample mean
statistic. The result of this work is a unified framework for boundary design and
evaluation that address both frequentist and Bayesian paradigms. .Although this
chapter restricts attention to the algebraic form of stopping boundaries, and argues
for greater flexibility in considering the algebraic aspects of a boundary, we still
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advocate considering the statistical properties of a boundary when judging its
applicability. Thus, regardless of whether boundaries are constructed based solely
on statistical or algebraic arguments, we need a reasonable framework to address
their statistical properties. Construction of such a statistical evaluation framework
is the topic of the next chapter.
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Figure 2.1, Algebraic characteristics of the boundary shape function, /.(n^): (a)
with G = 0.5, -4 = 3, /? = 0, and values of P as indicated; (b) with G = 0.05,
A = 19, P = 0, and values of /? as indicated; (c) with R = 0, A = 0, G = 0.05,
and values of P as indicated.
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Figure 2.2, Unification of designs for one- and two-sided hypothesis tests with twosided stopping: (a) Two-sided test with two-sided stopping (7/ = 7u = 0); (b)
Intermediate test (7/ = 0.5, fu = 0); (c) Intermediate test (7; = 0.7, 7^ = 0); (d)
One-sided test with two-sided stopping (7/ = 1, 7^ = 0).
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Figure 2.3, Unification of designs for one- and two-sided hypothesis tests with one
sided stopping: (a) Two-sided test with one-sided stopping (7; = 7^ = 0); (b)
Intermediate test (7/ = 0.3, 7u = 0); (c) Intermediate test (7/ = 0.5, 7u = 0); (d)
One-sided test with one-sided stopping (7; = 1, 7^ = Q).
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Figure 2.4, Unification of designs with one- and two-sided stopping: (a) Continuum
between a two-sided test with two-sided stopping and a two-sided test with one
sided stopping {A. = 0, G. = 3, R. = 0, Pi = 0.5, P2 is as indicated), (b)
Continuum between a one-sided test with two-sided stopping and a one-sided test
with one-sided stopping (A. = 0, G. = 3, R. = 0, Pi = 0.5. and P2 is as indicated).
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Chapter 3 Statistical Setting
3.1

Introduction and Setting

Chapter 2 focused on the algebra of stopping boundaries in order to unify previ
ously distinct design categories, and to emphasize the need to examine boundary
structure as it relates to clinical issues. In this chapter we make distributional
assumptions about the data in order to allow statistical characterization of stop
ping boundaries. We also describe a hypothesis testing framework that enables
frequentist constructions, and then propose tin analogous Bayesian design to facil
itate comparison of these two approaches.
We begin by assuming that the data used to describe the treatment outcome
follow a normal distribution. Specifically, we denote the outcome from the z"'
treatment by X' {i =

and assume that X' ~

We note that

other distributional assumptions are possible, but that the normal assumption is
widely applicable. In particular it has been shown that data from the binomial,
exponential, or t-distributions can be approximated by the normal distribution in
the sequential setting [44]. It can also be shown that such an approximation is
appropriate with censored survival data [21].
A .S in chapter 2, we sissume that the data are collected in groups with analyses
planned after Ni < N2 < ... <

subjects are accrued. At each analysis we use

the sample mean statistic:
x : = E-'f.'M
1=1

to estimate treatment effect; thus, in the absence of interim stopping, Xj^ ~
We will also consider group sequential tests in a standardized set
ting, and use the same standardization presented in chapter 2. Specifically, we

109

standaxdize by the total sample size and define

so that the stajidardized sample mean is
Xk=ZXi/Nk.
t=i
It then follows that in the absence of interim stopping, Xk ~ N{5,lfnk), where
rik = Nk/Nm, and:
i=

(3-1)
cr/V^m

Designs can be considered in either the standardized or non-standardized scale
with equation 3.1 providing the map between scales. The above parameterization
maps fi = 0 into 5 = 0. Choosing one additional map-point, say

= S+ causes

Nm to be specified:
=

,

(3.2)

in which case equation 3.1 becomes:
« = /z (^) .

(3.3)

In the next sections, designs will be specified in the standardized scale, and a
relevant value of 5+ (e.g., the 95% power point) will determine total sample size.
Njn, which in turn determines the map between scales according to equation 3.3.
We now describe a general frequentist paradigm that is sufficiently flexible to
allow the sorts of boundaries that have been discussed in the previous chapter.
.A.S in previous work, we denote the decision rules at the

b)ik, Cjik, d^kY, ^ = 1,

rn)] where:
Xk > dxk

=>•

bxk < Xk < Cxk =>
Xk ^ O'Xk

Superiority
Equivalence
Inferiority.

interim analysis by
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We choose to present stopping boundaries in the sample mean scale since the sam
ple mean statistic is the maximum likelihood estimate of 6 (or /x), and boundaries
are commonly displayed in this scale. We demonstrated in chapter 2 that bound
aries constructed in other scales can be transformed into the sample mean scale,
and will continue this practice in the following constructions.

3.2
3.2.1

Frequentist Paradigm
Power

The frequentist paradigm focuses on describing probabilities of outcomes under
cLSSumed

values of the distribution parameters. At the analysis stage, frequentists

are interested in the probability of the data as a function of distribution parameters.
At the design stage, frequentists are interested in the probability of the relevant
decisions as a function of those same parameters (i.e., the power function). Under
the above distributional assumptions, the power curve is a function of a single
parameter (/z in the non-standardized scale; S in the standardized scale).
We define the following power functions in the standardized scale (i.e., (5-scale):
0+{S) =

Pr(superiority decision under mean S)

j3-(S) =

Pr(inferiority decision under m e a n S)

0o{S) =

Pr(equivalence decision under mean S)

In the non-standardized scale (i.e., /z-scale), we use power functions with analogous
definitions, and denote them by

and

respectively.

Two things are necessary to construct a power function: the distribution of
the data and decision rules specified in terms of the data. Thus, in the group
sequential setting under the above distributional assumptions, we need only know
the stopping boundaries to compute a power function. It follows that power curves
can be constructed for any of the designs (frequentist or Bayesian) described in
chapter 2. Power is computed using the .AMR algorithm (section 1.3.3).

Ill

3.2.2

Hypothesis Testing

In chapter 2 we examined the algebra of stopping boundaries, and constructed
a boundary parameterization that, among other things, unified group sequential
designs for one- and two-sided hypothesis tests. The construction of chapter 2 only
considered hypothesis testing in the sense that the proposed algebraic structure
unified designs that had been previously developed in a hypothesis testing frame
work. In this section we describe how the boundaries of chapter 2 can be selected
to meet power constraints, thereby enabling interpretation as a hypothesis test.
We then describe a general hypothesis testing framework in the non-standardized
scale, and show how the boundaries of chapter 2 can be modified to meet hypothesis
testing requirements.
Recall the boundaries from the algebraic framework for the sample mean scale
(equation 2.14, chapter 2):
dxk = - ^ o l u + f d i k )
Cxk =

—<^07u -I-

— /c(^)

= So-yI - 6 . + fb{k)
aXit = Soli-faik),

(3.4)

where k = l,...,m and f . { k ) = [ A . -fn^^*(l — n k ) ^ ' ) G . . .A.S in chapter 2, we
ensure finite termination of the test by setting:
5+ =

fd{m) + fcim)

8- =

faim) +

8Q =

fd{m) + faim).

(3.5)

The parameters 7/ and 7u are assumed to be specified according to clinical need.
.•\s in chapter 2, the boundaries are tied to decision rules so that A\. < axkbxk < '^k <

and Xk >

respectively, to an inferiority, equivalence.
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and superiority decision. Recall that we required

7/

+ 7u ^ 1 in order to ensure

proper boundary ordering.
If we first specify group sequential stopping boundaries, then we can use their
power curves to compute the operating characteristics for any set of hypothe
ses. In contrast, when designing a clinical trial we at times want to reverse this
approach by first specifying hypotheses and operating characteristics, and then
finding boundaries that satisfy those constraints. We now describe how to find
such boundaries in the standardized or (J-scale, and then how to apply this stan
dardized design to address hypotheses and operating characteristics as they might
be specified in a clinical situation (i.e., in the non-standardized or //-scale).
Suppose that we define the superiority and inferiority of a new treatment ac
cording to the following hypotheses:

6 > —7u^o + <^+ (Superiority)
Ho+

6 < —7u<^o

(non-superiority)

Ho-

S > 7/^0

(non-inferiority)

H-

^ < 7/^0 —

(inferiority).

(3.6)

and that equivalence is defined as neither superior nor inferior. Considered by
themselves, the first two hypotheses are a one-sided test of superiority. Similarly.
Ho- and i/_ are a one-sided test of inferiority. The role of 7/ and 7u is to shift
the inferiority and superiority hypothesis tests relative to each other; hence it is
possible to place the inferiority test on top of the superiority test to obtain a usual
one-sided hypothesis test, or to separate the superiority and inferiority tests to
obtain a classical two-sided hypothesis test. The location of these hypotheses is
partially determined by equation 3.5, and is fully determined upon specification
of 7; and 7^. In chapter

2

we constrained

7/ -1-

7u

< 1

to ensure that axm ^ ^Xm-
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Here, that constraint implies either of the following:
fiSo < —7u^o + ^0
—7u^o >

7/<^o - <^0,

which are constraints on the possible orderings of the above hypotheses.
Now suppose that, in addition to the above hypotheses, we wish to find group
sequential stopping boundaries that satisfy the following operating characteristics:
5O7U + ^+) =
/3+(-(JO7U) =
= ai
;3_((5o7/-<J-) = /?/.

(3.7)

To find such boundaries, we adopt the conventions of chapter 2, axid eissume that
most of the parameters in the boundary shape functions, /a(fc), fb{k), fc{k), and
fdik), are specified to control boundary shape characteristics, and the remaining
parameters are used as search parameters to find the desired power constraints. We
consider two search strategies that are based on the search strategies of Whitehead
and Wang iz Tsiatis (see section 2.3):
1. Choose P., i?., and A . to control boundary shape. Search for the four
values of G. (i.e., Ga, Gb, Gc, Gd) to meet the operating characteristics of
equation 3.7.
2. Set A. = B . j G . where B . is set along with P . and R . to specify boundary
shape. Find G. to meet the operating characteristics.
Note that the second method might be considered a special case of the first in
which a very specific value for A. is used.
In this setting, boundary specification reduces to an exercise in numerical meth
ods in which four unknowns (Ga, Ga, Gc, and Gd) are found to satisfy four objective

114
functions (equation 3.7). A four-dimensionai Newton's algorithm with derivatives
approximated by diiFerences can be used to find the solution. For each choice of the
four unknowns, the stopping boundaries are completely specified, and therefore the
operating characteristics can be computed using the AMR algorithm. The operat
ing characteristics for each choice of the unknowns are compared to the objective
values (a^, a;,

and 0i) as specified in equation 3.7. The resulting boundaries

satisfy requirements for a hypothesis test in the 5-scale.
Notice that in the above construction, the hypotheses (equation 3.6) change
with the values of G. according to equation 3.5. Thus, we are simultaneously
searching for both the hypotheses and the boundaries to satisfy the operating
characteristics. Clinical applications require the ability to find stopping bounds
that meet operating characteristics for pre-specified hypotheses. In the remainder
of this section we describe how to construct a hypothesis test in the standardized
scale so that its transformation into the non-standardized scale yields the desired
hypotheses and operating characteristics.
Suppose that in a clinical application we want a group sequential design to
address the following hypotheses that are specified in the non-standardized or

/i-

scale:
HI '• fJ- > /^o+ + y-Jr
:

y. < ^0+

•^0- •

^ /^o-

H'i : y. < fiQ- — [Iwith fi- > 0 ,

(superiority)
(non-superiority)
(non-inferiority)
(inferiority),

(3.S)

> 0. .Additional constraints on /xo+ and /zq- are also necessary,

and are discussed below. As in the standardized scale, this framework can be
interpreted as the simultaneous conduct of two one-side hj-^pothesis tests, one test
ing superiority and the other inferiority. Suppose that we also want the stopping

115
boundaxies to satisfy the following operating characteristics:
= /3»
0lifio+) = Qu
0'-{fio-)

=

Qi

- fi-) = /?(

(3.9)

To find boundaries satisfying these constraints, we first solve an analogous
problem in the standairdized or (J-scale. Specifically, we find boundaries of the
form of equation 2.14, but set;
11

(10-6+
=

0

= -isih,
/Z+Oo

(3,10)

The operating characteristics of equation 3.7 are set to the same levels required
by equation 3.9 (i.e., /?„, Ou, a/,

respectively). Applying the above search then

produces stopping boundaxies: {{cLxki^Xki^Xki^Xk)'! ^

that meet the

following operating characteristics:
- f-fio+6+
y+

+ (?+

— t^u

("tt) = '-('tt-'-) • »•
To transform these boundaries into the /z-scale, we invert equation 3.3 using a
sample size determined by equation 3.2. Sample size can be chosen to give proper
power for either

or /i_. We examine a design in which sample size is based on
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(as in equation 3.2) with the understanding that sample size may also be based
on /i_ (i.e., substitute /z_ for

and S- for 5+ in the following construction).

Translating the standardized stopping boundaries into the /z-scale gives the
following operating characteristics:
/?;(/io+ + /^+) = /5u
/5+(/^o+) = Qu
=

Oil

P l i H o - - 6 . 1 6 + ) = 01.
These are as desired (see equation 3.9) with the possible exception that the

leist

operating characteristic is determined at /IQ- — (^-/^+/^+) rather than /ZQ- — fJ--Note that this is not a problem if the design is symmetric, in which case /z_ =
and

= A imply that <5+ = 5_ which in turn implies that 6-fi^l8+ =

//_. In practice it is unlikely that the power constraints are so firmly fixed that
minor deviations in the power requirements will render a design useless. It is more
likely in such a situation, that boundary parameters, hypothesis definitions, and
clinical concerns would undergo minor adjustments to make the boundaries meet
the specified hypotheses and operating characteristics.
In order to maintain proper ordering of the decisions, the above approach to
boundary specification includes the constraint 7; + 7u < 1-

shown in chapter

2, this constraint ensures proper boundary ordering, and specifically avoids the
possibility of deciding that a therapy is simultaneously superior and inferior (i.e., it
ensures ax/. <

for any k). Note that this constraint translates into constraints

on the relationship between /zo- and iiQ+:
fiQ-- fio+<—z—.
<3+
A symmetric design has fa{k) = fbi^) = f d k ) = fd{k) so that SQ =
above constraint requires that /IQ- < fio+ +

(3.11)
and the

which means that a superiority
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decision is not possible without first ruling out inferiority. One can also show that
for the symmetric Ccise, /XQ- ~

^ /^o+, which means that an inferiority decision

is not possible without first ruling out superiority.
The interpretation of the ordering constraints in the asymmetric case is not
as intuitive. If we have chosen design characteristics and boundary shapes such
that the fitted design has fairn) + fb{rn) ^ fai'm) + fd{Tn) ^ fcijn) +
it is not necessarily true that /ZQ- <

then

+ (1+ or /XQ- — h- < fio+. In these

situations, the boundaries may not have a good interpretation in the hypothesis
testing framework. For e.xample it may be that all of the hypotheses in equation
3.8 are distinct, but that only two decisions are allowed (i.e., a^m =

these

cases, it may be necessary to change the hypotheses, operating characteristics, or
boundary shapes to give a more interpretable design. These issues are illustrated
in a simple fixed-sample example in section 3.2.5.
3.2.3

Error Spending Designs

The preceding discussion hcis focussed on specification of a group sequential
hypothesis test bcised on a unifying algebraic framework constructed in chapter 2
(section 2.3.3). Chapter 2 also introduced the idea that boundaries could be de
veloped for transformations of the sample mean statistic, and focused in particular
on boundaries based on an error spending function (section 2.3.3). In this section
we describe how to construct a group sequential hypothesis test with boundaries
based on error spending functions.
Recall from section 2.3.4, that the sample mean statistic can be transformed
using the group sequential sampling density { g k { u ; 6 ) ) of equation 1.6:
n-kXk
rk{Xk-,S)= j gk{u;6)du.

(3.12)

—OO

Under the distributional assumptions of this chapter, VkiXk', <5) represents the subc.d.f. (i.e., rfc(oc;5) < 1) for Xk conditional on the trial continuing to the /b"'
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analysis. rik(X;t;<^) can be interpreted eis the true tail probability. That is, if we
have stopping rules,

^ ~ l?—then if the mean is 6, the

probability that the trial terminates at the

analysis with a superiority decision

is 1 — rjk((i;fjt; 5). Similarly, the probability of an inferiority decision is r(
and the probability of an equivalence decision is rjt(c;fi;^) —

<5)-

If the number and timing of analyses is fixed (as it is during study design),
then specifying an error spending function can be thought of as specifying the
true tail probabilities at each analysis. In the framework of this chapter, the error
spending functions must be tied to the hypotheses of interest (i.e., equations 3.S
and 3.6), and have the desired operating characteristics (equations 3.9 and 3.7). In
the standardized scale described above, the error spending boundaries of chapter 2
(equation 2.17) can be used (here, a.(f) denotes one of the error spending functions
from equations 2.15 or 2.16):
Decide superiority if:
1 - rfc(Xfc;-jJo) < ad(nk) - ad{nk-i)
Decide inferiority if:
Tk{Xk]fi6o) < aaink) - aaiuk-i)
Decide equivalence if both:
rfc(Xfc; -7u(5o + <5+) < a d n k ) - Qcirik-i)
and
1 - TkiXk^'yiSo - (5_) < ab[nk) - ab{nk-i),

(3.13)

with j3a = cth 0b = 01, 0c = 0u, and 0d = Qu in order to ensure that the desired
operating characteristics are maintained. Different shapes to the error spending
function are possible depending upon the choice of R or P .
To compare these boundaries with those of the sample mean scale, and to
examine boundary ordering constraints, it is necessary to transform the above
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stopping rules from the error spending sccJe into the sample mean scale. This is
accomplished by seaxching for the values of Xk that produce equalities in each of
the above decision rules. Specifically, at each of the k analyses (^ = 1,..., m), we
find dxki

^Xk

satisfy the following:

Constraint (d):
1 - Tkidxk, -7u^o) = oidink) - ad{Tik-i)
Constraint (a):
^ k i a x k n i ^ o ) = oiairik) - aa{nk-i)
Constraint (c):
rjt(c;cfc: -7u<^o + ^+) = ctcirik) - Qc(nfc-i)
Constraint (b):
1 - ^kibxk'm^Q

- ^-)=

ocb{nk) - Qbirik-i).

For constraints (d) and (a) this is a simple one-parameter search for the value of
the sample mean that gives a specific tail probability at each of the k analyses.
Constreiints (c) and (b) affect each other and must be found with a two-parameter
search.
Notice that the values of a^k, bxk->

^xk': 3.re controlled by their re

spective boundary hypotheses (i.e., 7/^0, 7(<^o — <^-1 7u^o + <^+1 and 7u<5o). Thus,
these hypotheses control whether or not the boundary ordering constraints are met
(i.e., if

and c^m =

follow the same approach used in the

sample mean scale (equation 3.10), and set -y^So and 7/^0 to provide appropriate
referencing to no+ and /^o-- We then search for the values of 6^ and 6+ that give
axm = bjim and

respectively. The sample size can then be chosen

to provide the desired operating characteristics for the /i-scale hypotheses in the
same way described for the sample mean boundaries of section 3.3.2.

120
In summary, the sample mean scale required a search for the values of G .
to obtain boundaries that met the desired operating chaxacteristics. With the
error spending approach, the operating characteristics axe an integral peirt of the
boundary, so no such search is necessaxy. On the other hand, in the sample mean
scale, proper boundary ordering was ensured by a simple algebraic relationship
between the hypothesis definitions and the boundary parameters (equation 3.5). In
the error spending scale, proper boundary ordering is also ensured by appropriate
choice of the hypotheses, however there is no closed form relationship between the
boundary shape parameter {R. or P.) and the hypotheses. Thus, the search for
the G. that satisfy operating characteristics in the sample mean scale, is replaced
by a search for the values of 6+ and 6- that give proper boundary ordering in the
error spending scale.
3.2.4

Design Characteristics

In the fixed-sample setting, the power of the decision rules is one of the ma
jor factors by which designs are compared, and a design that is uniformly most
powerful (UMP) is generally preferred over those that are not. For any particu
lar hypothesis test and operating chciracteristics, the boundary shape parameters
in the group sequential setting cause changes in the power curve. It is possible
to find the boundary shape parameters that produce the most powerful test for
any particular value of the mean, but those shape parameters will not be most
powerful under other means. Thus, there is no UMP test in the group sequential
setting, and for this reeison, there is no clearly preferable choice for design param
eters. .A.lthough there is no UMP test, the understanding of the power functions
as they relate to design parameters is still important, and thus is the subject of
this section.
The power curve for a design should be constructed in the non-standardized
or /i-scale since it is the scale in which the hypothesis tests and operating char

121
acteristics are specified. As described above, the design itself is constructed in
the standardized or 5-scale; hence, the power curves in the (J-scale (/3+(5),
0o{S)) must be transformed into the /z-scale

/5o(/^))- From equation

3.3:
fi = 6fi+l6+,

(3.14)

so that:

0'.{Six^l6^) = ^ . { 8 )
= m.
Hence, given a design in the 5-scaie with power point 5+ (i.e., the design satisfies
;i3+(—7„5o + <^+) = 0u), we find the power in the /z-scale by rescaling the 6-scale.
Notice that two different group sequential designs, each of which is constructed
around the same hypotheses and operating chciracteristics, will have different values
for S+. This implies (equation 3.2) that they will also require different maximum
sample sizes {Nm) to meet the desired operating characteristics. We note that
maximum sample size is only one measure of the sample size properties that may
be used to evaluate a group sequential trial, .\dditional measures are described in
section 3.5.
There are two points to be made about the power functions in a group sequential
trial: First, boundary shape and the number of analyses have only minor effects
on the power functions; second, the shifting of the hypotheses (as described by
the parameters 7; and 7u in equation 3.6) results in analogous shifts in the power
curves. Figure 3.1a illustrates the first point by examining the power function for
the superiority decision in several different designs including a fixed-sample design,
designs ba^ed on one-sided tests, designs ba^ed on two-sided tests, designs with oneor two-sided stopping, and designs with various boundary shape functions. From
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that graph it is apparent that the laxgest power differences occur half way between
the two fixed points (0.0 and 3.92 in these examples). Those differences, as well a s
the specific designs in figure 3.1a, are summarized in table 3.1. The reason that
the power curve is not sensitive to differences between the group sequential designs
is that the sample size is chosen so that the operating characteristics require that
each curve pass through two points: (^o+,/?+(j"o+)), and (jUo+ +j"+, ^+iMo+ +/"+))•
The nature of the power curves and locations of these points does not leave much
opportunity for designs to have different curves once this requirement is met.
Table 3.1: Approximate power at fi =2.00 for designs in figure 3.1a
Design
OBF
OBF
Pocock
Pocock
Fixed-sample
OBF
OBF
Pocock
Pocock
Fixed-sample

Hypothesis Stopping
1-sided
1-sided
1-sided
2-sided
1-sided
1-sided
1-sided
2-sided
1-sided
N.A.
2-sided
1-sided
2-sided
2-sided
2-sided
1-sided
2-sided
2-sided
2-sided
N.A.

Power
0.51
0.52
0.49
0.52
0.52
0.51
0.52
0.49
0.51
0.52

In contrcLst to boundary shape, the location of the hypotheses (as determined by
fiQ- and /zo+) determines the location of the power curves, and is therefore a major
determinant of the power characteristics for the design. Figure 3.1b illustrates the
relationship between the three power functions for various values of /io- with /io+ =
0. Notice that choosing fio- =

(= 0) gives a classical two-sided hypothesis test,

and increasing /zq- until /^o- = /^o+ + /z+ gives a two-decision or one-sided test. In
the standardized scale, fio- = /j.o+ implies that 7/ -h 7u = 0, and //q- =

+ IJ-+

implies that 7/-f-7u = 1; thus, we can think of these designs as being {2 —(7/-l-7u)}sided tests.
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We now construct 3 interpretation sets in parameter space that focus attention
on the shifting of hypotheses, and its effect on the decision structure of the design.
The idea is that some value of the treatment parcimeter (denote it by fio) indicates
neither positive nor negative treatment effects. Thus,

> fj.o describes any positive

treatment, and fi < /iq denotes any negative treatment. The construction of the
previous section allows /io+ and /zo_ to be set separately from HQ, and we would
like to summarize the effects of setting the hypotheses different from the true null
value; thus we define the following sets:
1. False positive set: Those negative treatment effects that a design evaluates
with an elevated probability of being declared positive; that is:
False Positive : {fx < fiQ :

> a}

2. False negative set: Those positive treatment effects that a design evaluates
with an elevated probability of being declared negative; that is:
False Negative : {fi > fiQ :

> a}

3. Equivalence set: Those treatment effects with at least some (small) chance
of being declared equivalent; that is:
Equivalence : {fi :

> a}

If fiQ+ < fiQ, and a = q/, then the false positive set is (/zo+,/io)- Similarly, if
fio- > fiQ, and Q = a„, then the false negative set is (/zo,//o_). .A.lso, the equivalence
set is usually (/xo_ — /i_,;xo+ + /^+)i unless /io- is close to /zo+ +

or fj.o+ is close

to [J.0+ + /^+These interpretation sets are used to denote the effect of shifting the hypotheses.
Such shifts were first introduced in the discussion of equivalence testing (section
1.3.S), where shifting the hypotheses was used to incorporate cost or convenience
differentials between treatments. .\n example was described in section 1.2.4 in
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which the quality of nurse practitioner care was compajed to that of physician
caxe. That design used a non-empty false positive set as a reflection of the cost
and convenience savings possible with nurse Ccire. The false positive set indicates
which negative values were likely to be falsely labeled as positive in that study.
Table 3.2 illustrates the changes in the false negative, false positive, and equivalence
sets that correspond to the shifted hypotheses in figure 3.1b.
Table 3.2: Interpretation sets* for designs in figure 3.1b.

Design
Two-sided test
Intermediate test
One-sided test

False
Positive

<i>

False
Negative
<i>
(0, 1.96)
(0, 3.92)

Equivalence
(-3.92, 3.92)
(-1.96, 3.92)

{* Where "no-difference" is defined as /i = 0, and q = 0.025 for the purposes of
defining the interpretation sets.)

3.2.5

Example

Suppose that a clinical trial produces binomial data, X ' , with success proba
bility fi, and that the study hcis a sufficiently large sample size (A^m) so that we
can reasonably assume IZuTi

~

~

Suppose further that

we want to test the following hypotheses in a fixed-sample study (m = 1):
H I : f i > 0.6
Ho+ : /z<0.5
Hq_ : /z > 0.5
H'_

: II > 0.4,

with operating characteristics ,i?^(0.6) = /?1(0.4) = 0.975 and ,5^(0.5) = ;?!.(0.5) =
0.025. Such hypotheses might be useful in a phase II trial with a single treatment

125
group, or in a two-sample study with some known offset in treatment effect between
the two groups. The design corresponds to a classiccil two-sided test, and therefore
should be used when testing treatment inferiority is justifiable (see section 1.2.5).
In the paxameterization of the previous section, the above test is obtained by
setting //o+ = ^o- = 0-5, /x+ = /z_ = 0.1, and q/ =

= 1 — /?/ = 1 — /?„ = 0.025.

In the standardized scale we consider data Xi (=

^,*/(0.5\/]Vj^)), and

assume t h a t X i ~ N{6,1). We seek stopping points, a x i = 6xi ^.nd Cx^ = d x i ,
such that:
P{Xi > Jxi \S = -iJo + <5+) = 0.975
P{Xi < dxi\8 =-iJo) = 0.025
P{Xi > axx\6 = fiSo) = 0.025
P(J?i < a;fil(5 = 7u5O —

= 0.975.

Since the distribution of Xi is known, we can use the usual computations with a
normal density to find that 5+ =

= 3.92. Then from equation 3.10:

—7u<^o =

fiQ+6+/Tnu^ = 5(3.92), and 7/5o = fJ.o-S+fmu+ = 5(3.92). It also follows that
dxi = 5(3.92) -f-1.96 and a^i = 5(3.92) — 1.96, which when translated back into
the /i-scale become d'x•^ = 0.55 and

= 0.45. To obtain the desired power we

determine the sample size according to equation 3.2; thus, Nm = 0.25(3.92/0.1)^ =
384.15.
It may be that the clinical setting is such that a test for inferiority is ethically
questionable, yet some sort of inferiority decision is desired. In such a situation we
could consider an upward shift in the lower two hypotheses by setting //Q- > f^Q+This creates a non-empty false negative set, which indicates that if a treatment has
only minor benefits (i.e., fiQ^ < /^ < l^o-) t'hen the design has an elevated chance
of incorrectly finding that it is negative. This sort of design would address ethical
concerns with testing inferiority in a two-sided test.
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Continuing the above example, if we set /io+ = 0.5 and /zq- = 0.55 with /x+ =
= 0.1, then

= 0.5 rather than 0.45. Thus, using a sajnple size of Ni = 385

we would have: ^+(0.5) = ;S_(0.55) = 0.025 and /3+(0.6) = /?_(0.45) = 0.975.
It is easily seen in this fixed-sample example how it might be possible to specify
the desired properties so that they could not be met. In the above example,
setting fJL^ ^ /i_ without altering Pi or

would have such an effect. These Scime

possibilities exist in the group sequential setting. From a practical viewpoint, the
investigators would then be forced either to choose the design point that was most
important, or to reevaluate the constraints so that a consistent solution is possible.

3.3 Bayesian Approaches
Bayesian approaches to sequential trials have been proposed, but have not ex
perienced wide application. As a result, Bayesian approaches do not fall into any
distinct categories cis do the frequentist designs. In this section, we propose a
general framework for Bayesian designs (both conventional and decision-theoretic
approaches) that is based on the general framework for frequentist designs devel
oped above.
Bayesian approaches to sequential monitoring of clinical trials use the poste
rior distribution of the treatment paxeimeter [fi or S) to make decisions regarding
treatment efficacy. Calculation of the posterior distribution relies upon a prior
distribution that is usually assumed or developed as part of trial design. The
goal of this dissertation is to construct a framework that allows both Bayesian
and frequentist methods to be considered during trial design: hence, we focus on
the structure of the problem rather than on the choice of a prior distribution for
Bayesian interpretation. Since the ideas that we propose are easily extended to
include a wide variety of prior distributions, we assume a normal prior for com
putational ease. The use of a normal prior is not unrecisonable, and allows a fair
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range of prior opinion to be addressed. It also serves as a good example of how
other priors might be used and evaluated when developing Bayesian designs.
We specify the prior distribution in the standardized scale, since that is where
most computation occurs; thus, we cissume:
6~N{e,T^).

(3.15)

It follows from equation 3.1 that n = Sa-fy/Nm, so that fj. ~ N{6a/-\/Nm, r^a'^INjn).
With this prior ajid the distributional assumptions for the data, the posterior dis
tribution of S is:
^1^'~ ^

H + l/n,
analysis {k = l,...,m) for 8 and fi given

Thus, the posterior densities at the
the data {Xk and Xk) are, respectively:

V

•Jr'intT' +1)

j

and
X-M

=

\

+
•jT'{nkT'

+

+

,3.16,
)

We then denote the posterior c.d.f. for 6 and fi, respectively, as:
s
•^k{6) = J Xk{u)du

(3.17)

-00

M
= J K{'^)du

(3.IS)

—00

We now describe the classical Bayesian trial monitoring strategy in which stop
ping decisions are made using the posterior distribution of the treatment difference
parameter. We then consider loss and cost functions to explore a decision theoretic
approach to trial monitoring.
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3.3.1

ConventionaJ Bayesian Approaches

One of the more comprehensive and pragmatic descriptions of the classical
Bayesicin approach to sequentieil clinical trieils is given by Spiegelhalter, Freedmcin,
and Parmar [46] (see section 1.4.1). They describe Bayesian decision-making based
on the location of a Bayesian posterior credible interval relative to inferior and
superior points in the paxauneter space (figure 3.2a). The focus of their work is
on the multitude of issues that must be considered when deciding to terminate a
clinical trial.
The focus of this dissertation is somewhat different from that of Spiegelhalter,
Freedman, and Parmar (SEP), in that we are concerned with specification and
evaluation of group sequential decision rules rather than discussion of the issues
involved in deciding to terminate a trial. Some modification of the framework of
SEP is necessary to address our focus. Specifically, we assume a maximal sample
size so that the trial must terminate with some decision at or before enrollment of
the

subject. We also assume that the trial will result in one of three decisions

(superior, equivalent, and inferior). Spiegelhalter, Ereedman, and Paxmar are less
firm in these requirements since their purpose is to discuss the issues rather than
develop a framework for specification of decision rules.
To implement the above requirements, we follow the lead of SEP eind define
sets in parameter space that denote superior, inferior, and equivalent treatments:
[/xo++/i+, oo) =>

Superior

{fiQ-— fi.,/iQ^ + fi+)
(—00,/io-—/i-]

Equivalent
Inferior

We based decisions on the location of a posterior credible interval relative to the
above sets, and denote that interval by {y-L^ynj) where
Tfc(/^Z,) = oc,

< fiy a^nd:
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1 - K i f ^ u ) = ctuSpiegelhalter, Freedman, and Parmax, state that an inferiority decision is cer
tainly warranted if (lu < /zq- — 1^- (e-g-> interval "a" in figure 3.2a), and similarly,
a superiority decision is waxranted if

^

+ A'+ (e.g., interval "e" in figure

3.2a). They axgue that axi equivalence decision is warranted if the posterior prob
ability of both inferior and superior effects is small (e.g., figure 3.2a, interval "c").
It is evident from figure 3.2a, that these rules allow the possibility that no con
clusion would be reached (e.g., figure 3.2a, intervals "b" and "d"). Note that this
framework allows the possibility that the study would continue regardless of the
size of the credible interval; hence, specification of stopping rules according to this
framework would not guarantee finite termination of the trial.
We seek methods to specify Bayesiaxi stopping boundaries which reach a con
clusion after a finite number of subjects. To do this we retain the inferiority and
superiority points proposed by SFP, but define decision rules based on the location
of the posterior credible interval which guarantee a conclusion if the credible inter
val is sufficiently small. Specifically, we first define two additional sets: (—oo,/io-)
and (/io+, oo) which we refer to as the non-superiority and non-inferiority sets,
respectively. We then adopt the following decision rules based on the location of
the credible interval relative to these sets:
C itio+,oo)

Superior

+
(/^£,,/ic) C (-oo,/zo-)

Equivalent
=>

Inferior

The idea of these rules is that a decision is reached once the posterior credible
interval is entirely contained within one of the above sets. We argue that inferiority
implies non-superiority, and superiority implies non-inferiority; hence, fio+ > fio- —
and Ho- < ^o+ +

which means that the non-superior and non-inferior sets
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defined above, must overlap the equivalence set of SFP (see figures 3.2c-d).
Under the above construction, the posterior credible interval must fail into one
of the decision sets if it is sufficiently narrow. Figure 3.2d shows how a narrow
credible interval must be contained within one of the above decision sets. Figures
3.2b and c shows that if the credible interval is not sufficiently narrow, then it is
possible that it might not be contained entirely within any one of the intervals
(e.g., credible intervals "b", "c", and "d" in figure 3.2b; credible intervals "b" and
"d" in figure 3.2c). In this caise a conclusion is not possible, and the trial would
accrue additional subjects. The width of the interval is controlled by the sample
size; hence, this construction ensures termination of the trial after accruing a finite
number of subjects.
Note that the above construction is precisely the same ZLS that of Spiegelhalter,
Freedman, and Parmax if a finite sample size is required and decision rules are
pre-specified. The purpose of defining the non-superior and non-inferior sets is to
propose a framework in which the stopping rules can be formalized. It amounts
to specifying the particular locations at which intervals "b" and "d" in figure 3.2a
result in aji inferiority or superiority decision.
The above decision rules can be expressed in terms of the endpoints of the
intervals; i.e., we decide superiority if

> /zo+, inferiority if

and

equivalence if /X£, > //q- — fJ— and fiu < fio+ -h ii+. According to the definitions of
Hu and /i£,, these decisions can be translated into posterior probabilities:
1 — 7r^.(/io+) > 1 — a/
7!"jt(/^0+ + /"+) > 1 -

Superior

Equivalent
1 - 7rfc(//o- - y—) > 1 - a/
7rj^(/io-) ^ 1 — Qu

Inferior.

(3.19)

The similarity of these decision rules to those for the error spending functions
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(equation 3.13) suggests an alternative interpretation of the conventional Bayesian
construction that is more closely related to the frequentist constructions described
above. Specifically, if we assume that four reference parameter values: /io+, /zo+ +
fiQ-, and /io- — fi-, have been identified based on clinical issues, then using a
Bayesian monitoring strategy, we can expand the stopping rules of equation 3.19
to allow different decision criteria for each of the boundaries:
1-

1

> fd{k) ^

Tfc(;io+ + fi+) > fcik) \
>
- fi.) >fb{k) J

Superior
r. . ,
Equivalei

=»

7r^(/zo_) > fa{k)

Inferior,

(3.20)

where fk{k) = I — G . 1 — (1 — njt)^*| denotes the boundary shape function.
These boundaries can be trajisformed into the sample mean scale using the
posterior distribution of equation 3.17. If we first transform the boundaries from
the /i-scaJe into the <5-scale, we get stopping rules that are identical to those of
chapter 2 (equation 2.24):
d-Xk

=

Cjffc =

bxk

^ f-5o7u(nfcT2 + l)-6 + $-i(/,(fc))/^(;^Z^^^
rikT'
1

UkT"^

1
=

aXfc =

1

(^+ - (Jo7u)(nfcT^ + 1) - ^

' {fc{k)) y V ^ n ^ r ^ + l )

(^07/ + 5_)(nitr2 + l ) - d + ^ - ' i f . i k ) ) ^T2(nfcr2 + 1)

kliirikr'^ + 1) - 0 - $ ^ {fa{k)) yJr'^inkT'^ + 1)

TlkT

with finiteness constraints:
<5+

= [^-nMm)) + $-H/c(m))],

TlkT"^ + 1

(3.21)
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S. =

«o = [«-'(«"'))+
If the stopping boundaries are symmetric (i.e., fd{k) = h{.^)

(3.22)
fc{k) = fa{.k)),

then the finiteness constraints are equivalent to requiring that the posterior cred
ible interval in the 5-scale be just wide enough to ensure stopping at the final
analysis; that is, if the 5-scde credible interval is {8i, 5u)i then 6u — Si =• 5- = (5+.
This shows that the above stopping rules axe an extension of the credible interval
approach of Spiegelhalter, Freedman, and Parmar.
Thus, if the sample size is chosen as

resultant de

cision rules ensure study termination on or before the m"' analysis. This certainly
holds if the design is symmetric (in which case fi- = —/i+), and holds in general
as long as iJ,- = 6-fj.+/6^. If this is not the case, the design is guaranteed to select
between superior and equivalent, but may be inconclusive with regard to the infe
rior/equivalence decision. As in the frequentist paradigm, such a design would not
have desirable clinical properties, and the boundary shape parameters or reference
values for fj. should be adjusted to avoid this situation.
3.3.2

Decision Theoretic Approaches

The purpose of this section is to extend previous decision theoretic designs such
as those described in chapter 1 (section 1.4.2) to the three-decision construction
addressed in this chapter. In the process we obtain decision theoretic boundaries
that are of the form described in chapter 2 (section 2.4.2) as an algebraic transfor
mation of the sample mean statistic.
To pose the problem in a decision theoretic framework, we cissume that the data
are distributed as described in the beginning of this chapter (section 3.1), and that
the posterior distribution is of the form given by equation 3.17. \We present the
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construction in the standcirdized scsde or 5-scale, and then show that this results
in no loss of generality.
We consider a 0-1 loss function in which a loss occurs only if an incorrect
decision is made. We allow the amount of the loss to change at each analysis and
at each decision. Formally, the loss function at the
1[5<--Y„5O]

analysis has the form:

if decide superiority
if decide not superior

L{6, Decision) =

L).

l[fi<-y,5o_5_]

if decide not inferior

(3.23)

if decide inferior,
where 1[5] is an indicator function. As above, we define an equivalence decision
as both not superior and not inferior; thus, the loss for deciding equivalence is
•^fc^^'l[5>--Yufo+5+] +

boundary shape function to

specify the relationship between the losses at each analysis:

4-1 = r
4"^' = /I"
4"-' = /i"

ii" = /f'

(3.24)

The above loss function is quite arbitrary, and wa5 chosen to obtain decision
theoretic boundaries that were closely related to the frequentist and conventional
Bayesian boundaries described above. In fact, the loss function should reflect the
characteristics of the clinical setting, however such an approach does not allow
general assessment of the decision theoretic approach. We choose this standard
loss function so that the designs can be evaluated in a similar context to the other
designs described in this dissertation.
We now define the risk of a decision as the posterior expected loss from making
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the decision, which because of the 0-1 nature of the loss function becomes:

Ri'\X,) = 4'l[l - Xi(7,4„)],
where Trk{S) is the posterior c.d.f. of equation 3.17. In addition we must define the
risk of continuing to the next analysis:
00

00

= nk+i - T i k - h j J Pk-hiiXk + u)(f>[{u

-

v)y/nk+i - Tik\Xk{v)dvdu

—00 —00

where/?fc(s) is the smallest risk (i.e.,/>fc(5) = min{R!jf\s)^R]f\s),
and Ajt(t;) is the posterior density of 6 (equation 3.16). Note that this risk function
is not the most general form (see equation 1.29). In particular, we have assumed
that the cost of accruing an additional group of subjects is proportional to the
relative size of t h e group {uk+i — Uk), irrespective of the value of 8 .
The conduct of this decision theoretic study is the same as that described in
chapter 1. At each analysis the minimum risk decision is chosen. The aJgorithm of
DeGroot (section 1.4.2) can be used to find the stopping boundaries that minimize
the expected risk of the trial (i.e., the expected risk of continuing the study before
the study staxts). The basic step in that algorithm is to identify stopping points
as those values of the data {Xk) that cause the risk of two decisions to be equal.
Thus as detailed in section 1.4.2, the stopping points {dx^,
the

analysis {k = l,...,m — 1), are chosen to satisfy:
=

Rf'ldsJ

and

at
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Note that the above equality points are not changed if both sides of the equa
tion are multiplied by the same constant. In particular, the entire problem is
translated into the non-standardized sczile if we multiply by Nm, and use the pos
terior distribution of (i instead of that for 5. Thus, without loss of generality we
can restrict attention to the standardized scale if we map the reference parameters
in the standardized scale

—7U<^o +

7/^o, 7/<^o —

to their counterparts

in the ^-scale.
The construction of the above decision theoretic design is more general than
that proposed by other authors, and therefore should have more general applica
tion than previous constructions. However, in spite of this generality, a purely
decision theoretic construction would not assume any particular form for the loss
or cost function, and would instead choose those functions to reflect clinical issues.
Because these functions control the characteristics of the stopping boundaries, the
set of purely decision theoretic designs is essentially the set of all conceivable de
signs. Our restriction to a particular set of loss and cost functions is a substantial
restriction on the decision theoretic paradigm, but is required to enable some sort
of systematic treatment.

3.4

Design Evaluation
Up to this point several competing approaches to specification of group se

quential designs have been proposed. We now describe a framework for evaluating
various designs, so that their similarities and differences can be assessed. As in the
previous discussion, design evaluation can be addressed from both the frequentist
and Bayesian viewpoints. In this section we describe both approaches beginning
with a frequentist construction.
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3.4.1

Frequentist Efficiency

As described in section 3.2.1, fixed-sample group sequential designs are evalu
ated based on their power chaxacteristics. However, in the group sequential setting,
the differences between the power curves for equivalent designs are not very dis
tinctive and do not provide a good means for design evaluation. A better setting
for design evaluation is based on the efficiency or number of subjects required by
designs that have similarly power constraints. In a group sequential clinical trial
the actual sample size is a random variable that is determined by the stopping
probabilities at each analysis. It follows that the probability distribution for the
sample size contains the information about design efficiency.
The stopping probabilities at each analysis are defined and described in section
3.2.3 in the context of error spending functions. Carrying on with the notation
of this chapter, we represent the stopping rules at the A:"' analysis {k = l,...,m)
by C'Xki ^Xki ^xki 3Jid
terminating analysis.

^

random vciriable denoting the

Using the definitions of equation 3.12 and denoting the

standardized mean by 6, the probability of stopping at the /:"* (for k = l,...,m)
is:
P { M = k-,6) =

/'(Superior) + P(Equivalent) -i- /'(Inferior)

= 1 — ^kidxk'':

~ ^ki^xk'-!

+ ^ki^^Xki <^)(3.25)

Thus, under a mean of <5 = \/NZ[J./cr the probability that the study sample size
equals Nk is given by P{M = k-,6).
The sample size distribution can be characterized by several summary mea
sures. Historically, one of the primary measures has been the average sample size,
which because of concerns over the acronym, is commonly referred to as the average
sample number or ASN:
ASN{S) =

n , P { M = k; 6 ) .
Jt=i

(3.26)
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Other summary measures of interest are the percentiles of the sample size distri
bution. For example, the 90'^ percentile is a meaningful descriptor of a practical
upper limit on the study sample size. Similarly, the 25^'' percentile is a meaningful
descriptor of smallest sample size that is likely to be observed. Median sample size
has also been used to describe a likely sample size for a group sequenticd design.
Evaluating group sequential designs based on characteristics of the sample size
distribution is especially meaningful in light of the ethical concerns discussed in
chapter 1. The idea that it may not be appropriate to continue a trial to examine
treatment inferiority is neatly expressed as a characteristic of the sample size; that
is, the ASN for negative S should be small. The designs described in this chapter
(both frequentist and Bayesian constructions) will be evaluated in the next chapter
based on characteristics of the sample size distribution.
3.4.2

Bayes Efficiency

A Bayesian construction is focussed on decision making beised on the posterior
distribution of the treatment parameter. Thus, in a Bayesian design we are in
terested in the Bayesian analog of the sample size distribution; i.e., the posterior
distribution of the study sample size before the trial heis started. This distribution
is computed as the sample size distribution defined in the frequentist setting (equa
tion 3.25), weighted according to the prior distribution of the treatment parameter
(Ao(<?)):
OO

Posterior Sample Size =

j P{M = k\ u)Xo{u)du.

— OO

As in the frequentist setting, this distribution can be characterized according to
several measures including the expected posterior sample size and the quantiles of
the posterior sample size distribution. Once again, the next chapter will evaluate
the group sequential designs constructed in this chapter using several of these
Bayesian statistics.
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3.5 Smnmaxy and Conclusions
In this chapter we have established the statistical framework with which to
evaiuate and construct group sequential designs. Chapter 2 addressed the algebraic
specification (and unification) of the stopping boundaries, which together with the
statistical construction of this chapter provide the necessaxy tools for designing a
group sequential clinical trial.
Perhaps the most fundamental construct in this chapter is allowing the reference
points in parameter space (i.e., /zo+ + //+, /io+, y-o-t and /ZQ- — y—) to be shifted
so that the location of a superiority hypothesis test can be specified relative to an
inferiority test. This idea is motivated by arguments from the equivalence testing
literature that advocate for shifted hypothesis tests to address cost or convenience
differentials between treatments. This construction is also useful in the fixedsample setting where selecting between a one- and two-sided hypothesis test is
sometimes seen as an arbitrjiry choice, or a choice that ought to be made in only
one direction (e.g., reference).
The effects of shifting the design hypotheses are evident in the design power
characteristics. We showed how the shifting of the hypotheses resulted in anal
ogous shifts in the power curves, and what this means in terms of the selection
criteria established by a particular test. We defined three sets in parameter space
(false positive, false negative, and equivalence sets) to highlight how these selection
criteria, which are set according to the location of the hypotheses, will affect the
chances that a treatment is labeled effective or ineffective.
The establishment of the hypotheses identifies reference points in the parameter
space which through the operating characteristics are major determinants of the
stopping rules.

In this way the hypotheses are fundamental to the statistical

aspects of design specification, and are one of the most important clinical properties
of a design. Upon specification of the hypotheses and operating characteristics, we
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showed how group sequential designs follow through specification of a boundary
shape function, and how this is implemented in both the sample mean and error
spending scales. The resulting designs are then found from a standardized version
(J-sccde) of the design by choosing an appropriate sample size and retransforming
the standard boundciries into the ^-scale.
After discussion of frequentist paradigms, we constructed a Bayesian paxadigm
based on the same reference parameters used for frequentist designs. We applied
the same boundary shape function in the Bayesian setting, and considered both
conventional and decision-theoretic approaches. Thus, we have established a gen
eral method for locating design parameters in the underlying parameter space that
allows a continuum between one- and two-sided hypothesis tests in the frequentist
setting, and between two- and three-decision problems in the Bayesian setting.
The result of our constructions is therefore a framework in which both Bayesian
and frequentist approaches can be applied and compared within the same general
ized clinical setting. In the last section of the chapter we describe basic measures
of design efficiency from both a Bayesian and frequentist perspective, which lays
the foundation for future comparisons of these designs.
At this point we have established a broad cleiss of group sequential designs,
that unifies many previously-unrelated designs, and provides a common statistical
framework for design construction. We must now sort through this large claiss to
find the essential differences between designs. The ne.xt chapter uses the efficiency
measures described in this chapter to describe the similarities and differences be
tween the group sequential designs developed in this dissertation.
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Figure 3.1, Power of group sequential designs as a function of the mean in the y.scale using /z+ = 3.92 in equation 3.14. (a) Power for the superiority decision for a
fixed-sample design and 8 different group sequential designs (four basic categories
from figure 1.5 using either Pocock or OBF shapes). All designs have power 0.025
for /X = 0.0 and 0.975 for /z = 3.92. (b) Power characteristics for intermediate
designs. Power for superiority is the distance below the solid line, power for equiv
alence is the distance between the solid line and the dashed (or dotted) line, and
power for inferiority is the distance above the dashed (or dotted) line.
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Figure 3.2, Panel (a): Bayesian monitoring according to Spiegelhalter, et. a i .
Credible intervals "b" and "d" do not necessarily require a decision. Panels (b)-(d):
Bayesian monitoring with finite sample size. Credible intervals "a" and "e" lead,
respectively, to inferior and superior decisions. Interval "c" leads to an equivalence
decision if the credible interval is sufficiently narrow (panels (c) and (d)). Intervals
"b" and "d" cause the study to continue if the credible interval is large (panels (b)
and (c)), but lead to an equivalence decision if the interval is sufficiently narrow
(panel (d)).
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Chapter 4 Design Evaluation
4.1 Introduction
Chapter 1 illustrated the interplay between clinical issues and the stopping
rules used in a group sequential clinical triaJ. It argued that clinical ajid ethical
constraints play a major role in the identification of appropriate trial designs, and
summarized the evolution of four categories of group sequential designs that are
intended to address those constraints. Chapter 2 argued that selecting designs
from the four possible categories had the potential to be confusing and to lead
to the use of an inappropriate design. As an alternative, chapter 2 proposed an
algebraic family of stopping boundaries that unified the previously distinct design
categories and allowed continuous movement between them. Chapter 3 focused on
the statistical interpretation of the algebraic family proposed in chapter 2.
The purpose of this chapter is to evaluate the designs that have been proposed
in the earlier chapters. The designs of chapters 2 and 3 were constructed with a
goal of unifying previous designs, and in particular did not assess the uniqueness
or clinical applicability of the proposed design families. Thus, we have created a
very large family that must contain redundancies ais well as designs that have poor
clinical properties. In order to provide meaningful guidance to the practitioner,
it is important to assess the effect of the boundary shape parameters on design
characteristics in hopes of identifying parameter ranges that provide sufficiently
flexible, yet clinically meaningful designs.
This chapter examines the unified boundaries in the sample mean scale that
were developed in section 3.2. It also examines the error spending functions and
conventional Bayesian boundaries that were proposed in sections 3.2.3 and 3.3.1,
respectively. With regard to the decision theoretic designs of section 3.3.2, we
adopt the view expressed by others; that is, the consequences of a particular de
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cision regeirding termination of a clinical trial and subsequent ramifications to
individual patients, are very uncerteiin, and make specification of utility functions
rather speculative [46].
Wten evaluating group sequential designs we focus on the measures defined in
section 3.4. Specifically, we focus on the effect of boundary shape parameters and
boundary scale on the sample size properties of the design including the expectation
of the sample size or ASN. We also examine stopping probabilities at each analysis,
and assess other characteristics related to the clinical practicalities of a design.
For design evaluation we force eill designs to have equal power at the same design
power point; thus, the power characteristics of these design will be very similar (see
section 3.2.4) and therefore will not be especially useful for comparison purposes.
We begin by evaluating single boundary designs, then progress to two boundary
designs, and finally address four boundary designs. Although the purpose of this
construction has been to remove these sorts of distinctions, examining designs in
the single boundary setting will enable a simpler family of designs to be carried
forward for evaluation in the more complex settings. We begin by summarizing
the notation that will be used in this chapter.

4.2

Notation and Setting
We follow the same setting established in chapter 3. Specifically, we assume

that hypotheses are specified according to clinically meaningful levels //o+,

/^o-,

and
+ fJ-i- (superiority)
-^0+ •

— f^o+

•^0- :

M ^ Mo-

(non-superiority)
(non-inferiority)

Hi. : /X < iiQ- — fi- (inferiority),

(4.1)
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with /I+ > 0, /i_ > 0, emd /IQ- < /^o+ + fi+- We constrain the decision rules to
satisfy operating characteristics:
0lif^o+)

=

0+{f^O+ + f^+)

=

Pn

= A
- li~)

where

and

= aj,

(4.2)

represent the power for the superiority and inferiority deci

sions, respectively. Data collection is assumed to occur sequentially, and analyses
are planned after accruing Ni < N2 < ••• < Nm subjects. At the
denote the observed sample mean statistic by

{k =

analysis, we

1, ...,m), and assume that

in the absence of interim stopping, Xj^ ~ N{fi^(T^fNk).
As in previous chapters, we develop designs for the standardized statistic: Xk =
y/NmX'/cr, and discuss sample size according to the sample proportion: Uk =
In the absence of interim stopping: Xk /N/ N{S, 1/nfc), where <5 = y/N^fi/a.
In this standardized scale, the above hypotheses become:
H+ : 5 > —7u^o +

(superiority)

Hqj^ :

8 < —7„^o

(non-superiority)

Ho~ '•

8 > 7;5o

(non-inferiority)

jff_ :

6 < 'yi6o — 6-

(inferiority),

(4.3)

where 7„ and 7; axe chosen so that —7u5o/x+/5+ = /io+ and fi6ofi+/6+ = fio-.
In this chapter, for the purposes of design comparisons, we consider a scale
which we denote by 6' and define as:
«' = (/<-

(4.4)
M+

where

represents the )9„-power alternative from a fixed-sample study (i.e.,
— au) + $~^(/?u))- With this rescaJing, the hypotheses of equation 4.1
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become:
:

5' >

H'Q^ :
Ho- '•

(superiority)

(5' < 0

(non-superiority)

^ if^o- - Mo+)

(non-inferiority)

H'_: 6 ' > {fio- - fio+ - ^i_)

(inferiority)

(4.5)

This scale is interpretable in terms of a hypothesis test in the scale of the standard
normal statistic; that is, the superiority decision is a familiar vaJue from the scale
of the stajidard normal statistic (e.g., <5+^ = 3.92 for the upper 97.5% power point
in a two-sided test), and if fio- = /io+ +

then the usual inferiority test is

shifted upward by a distance equal to <5^^^ so that the inferiority and superiority
test coincide in the standard normal scale. In previous work,

(maximum

sample size) was chosen to provide the desired power at the upper power point (i.e.,
Nm =
hence, if

see equation 3.2). In the rescaled problem, we set N'^ = (S^/S^^)';
= 1, the group sequential test has the Scune maximal seimple size as

an analogous fixed-sample test.
Note that we have not lost any generality with the rescaiing of equation 4.4.
The design comparisons caxried out in this chapter, and the conclusions presented
in the (5'-scale can be applied to any general hypothesis test of the form of equation
4.1 by back-transforming the above equations using:
c/ M+ ,
fj- — 0
-f jU0+
0+
and a sample size of Nm = .'V4o'^(5^^V/'+)^- This back transformation is constant
for all group sequential designs, and therefore does not alter the conclusions of the
chapter.
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4.3 Boundaxy Shape Chaxacteristics
This section focuses on the characteristics of the boundaxy shape function in
troduced in chapter 2 and then used as the baisis for a unified family of group
sequential designs:
f{k) = G{A + n ; ' ' ( l - n k f ) .

(4.6)

The goal is to examine the effect of the three shape parameters, P, A, ajad R on
characteristics of the boundary. We examine these effects in a single boundary
design to avoid confusing the effects of multiple boundaxies and the effects of the
shape parameters. This section is split into three subsections. The first examines
the characteristics of boundaxies that are specified in the sample mean scaJe, the
second examines boundaxies specified with error spending functions, and the third
examines the generalizability of conclusions from preceding sections. The choice
of the shape for stopping boundaries in a frequentist design h«LS ramifications on
its Bayesiaxi interpretation. This is described in section 4.4.
4.3.1

Sample Mean Boundaxies

We consider a single upper boundary that can be thought of as choosing be
tween continuing subject accrual and deciding superiority. In the sample mean
scale we denote the stopping point at the

analysis by d^f. {k = l,...,m), and

following the pattern of previous chapters, consider stopping rules that are specified
by the shape function:

As before, we assume that the parameters P, P, and A axe chosen to specify
boundaxy shape, and that G is chosen to satisfy the operating characteristic:
^+(/^o+) —
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We evaluate the design characteristics in the context of a trial with a majdmum
of m = 5 analyses, and with an overall type I error rate of

= 0.025. The

generalizability of our conclusions to other settings will be discussed in section
4.3.3.
As a first step in design evaluation, we examine the Wang cind Tsiatis bound
aries to illustrate the sorts of boundary characteristics that are currently employed
for designing clinical trials. In our construction, Wang and Tsiatis boundaries have
the form: dj^f. =

The parameter P is constrained to be positive, and past

applications have primarily considered 0.5 < P < 1. Figure 4.1 shows how these
boundaxies look for various choices of P (figure 4.1a). We are also interested in
the probability of stopping at each analysis, and the degree of early conservatism
as indicated by the stopping probabilities under the null hypothesis (figure 4.1b).
Notice that the tail probabilities associated with Wang and Tsiatis type bound
aries change with the parameter P, and that larger values of P make it increasingly
more unlikely that the trial will stop at any interim analysis. With regaxd to the
sample size characteristics of a design, the ASN curve is a common measure (figure
4.1c). With Wang and Tsiatis boundaries, the ASN curves also change with P. In
particular, note that it is not possible to choose a value of P so that its ASN curve
is lower than the ASN curves for all other P over all fi. This is related to the fact
that there is no uniformly most powerful test in the group sequential setting.
One additional measure of the sampling distribution that will be used for design
evaluation is the probability of terminating before the maximum sample size is
accrued. Since the maximal sample size in a group sequential trial is somewhat
larger than its fixed-sample counterpart, it is useful to know the probability with
which this maximal sample size will be seen. Figure 4.Id shows how this probability
changes as a function of /j. for the designs in the Wang and Tsiatis family.
The characteristics in figure 4.1 illustrate the types of designs that have been
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suggested and used in the past. We will be comparing the characteristics of the
more general boimdary shape function to the characteristics displayed in figure
4.1 when evaluating the more general family of boundary shape functions. In
particular we note the following features:
(a) For any particular boundary, the stopping probabilities are tending to be
monotonic (i.e., stopping probabilities are either increasing or decreasing).
Deviations from monotonicity are relatively minor (figure 4.1b).
(b) As a function of the boimdary paraxneter ( P ) the boundaries move smoothly
toward a fixed-sample design; that is, a design that allows stopping only at
the final analysis (figure 4.1a).
We now consider characteristics of the full family of stopping boundaries

=

G{A + nl^{l — Uk)^)). When evaluating this family we take the view that addi
tional boundary complexity should not be incurred unless it offers features that are
different than those demonstrated above. Figure 4.2 shows the stopping boundaries
for a range of parameters A, P, and R. These boundaries illustrate the following
general features of these parameters:
(a) The parameter P changes the degree of early conservatism. Larger values
of P cause a boundary to rotate upward thereby making it more difficult to
stop at the early interim ajialyses.
(b) The parameter A is a scale compression factor. Notice that the final stop
ping points {d^^) are very similar for all boundaries. Furthermore,

=

AG for all boundaries; hence, small values of A cause G to be large, thereby
enhancing differences between the stopping points within a given boundary
(e.g., figure 4.2a). Conversely, large values of A cause G to be small thereby
compressing the differences between the stopping points within a boundary,
(e.g., figure 4.2g).
(c) The parameter R affects the curvature within a boundary. Values of R
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that axe large (e.g., R > 1), result in boundairies that aire concave upward,
whereas values of R that are very small can cause the boundary to be
concave downwaxd (e.g., figures 4.2a-c) with R < 0.2).
As with the Wang and Tsiatis designs (figure 4.1), we are also interested in char
acteristics other than the shape of the boundaries in the A, P, R family. Figures
4.3, 4.4, and 4.5 show the properties of this family in terms of stopping probabili
ties, ASN, and the probability that the study stops before the final analysis. One
feature apparent in these figures is that this family allows stopping probabilities
that are far from monotonic (figure 4.3). Furthermore, this family does not allow
designs that are any better in terms of ASN than those of the Wang and Tsiatis
family (figure 4.4); in fact, some of the boundaries have ASN characteristics that
are much worse than those of the Wang and Tsiatis family (e.g., boundaries with
both A and R small).
As argued throughout this dissertation, clinical concerns, in addition to statis
tical concerns, should be considered when specifying boundaries. In this regard,
we cannot rule out the clinical utility of manipulating boundaxy curvature or com
pression using R and A. As an example, consider a clinical setting in which the
investigators would like a lower stopping boundary that stopped for lack of effi
cacy once the point estimate was negative, but otherwise continued to collect more
data (e.g., a study in which analyses of secondary endpoints were of interest in the
absence of a difference in the primary endpoint). Such a boundary could be approx
imated by a boundary shape function that was conservative at the first analysis,
fairly flat at the intermediate analyses, and then was adjusted at the final analysis
to assure operating characteristics were maintained. This sort of boundary can be
derived using parameter choices: A = 1.0, P = 0.5, and R = 0.1. As an upper
boundary, these parameter choices result in a boundary that is concave downward
(see figure 4.6a). Note that this type of boundary tends to have worse efficiency
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than the Wajig and Tsiatis family if one is interested in alternatives greater than
S = 1.0 and less than S = 8.0 (see figure 4.6c). We see in section 4.5.2 that this
lack of efficiency is even more apparent in a two-boundary design. We also note
that the stopping probabilities associated with this design are non-monotonic (fig
ure 4.6b), which may or may not be an undesirable property. For these reasons,
we anticipate that boundary shapes determined by the parameters A and P (i.e.,
setting R = 0) are likely to experience greater use.
We now consider boundaries of the form; dju. = G ( A -h n^^)- As described
in chapter 2 (section 2.3.1), these boundaries unify the stopping rules proposed
by Wang and Tsiatis with stopping rules examined by Whitehead. Figure 4.7
shows the properties of this family of boundaries in terms of their relationship to
Pocock and O'Brien-Fleming designs. O'Brien-Fleming (OBF) designs are gener
ally considered to be very conservative at the first analysis while Pocock designs
are considered to be anti-conservative at early analyses. In figure 4.7, the region
labeled "(1)" denotes designs that are even more conservative than an OBF de
sign at the first analysis. Designs in "(2)" are even more anti-conservative than a
Pocock design at the first analysis, and designs in "(3)" axe intermediate to Pocock
and OBF designs. Designs in the region labeled "(0)" are also intermediate to the
Pocock and OBF designs, but their stopping probabilities are non-decreasing. This
figure is not intended to imply that certain ranges of parameter values are unac
ceptable; rather, it illustrates properties of the designs as they relate to two well
known designs.
Figure 4.1 illustrates properties of these designs if we set A = i? = 0. Figure
4.8 further explores the characteristics of these boundaries (or R = 0 but A

0.

Regardless of the choice of A, as P incresises, it becomes more difficult to stop
the trial at an interim analysis. As A increaises it seems to offset the effect of
P to some degree, although upon closer examination (figure 4.9) it is actually

151

increasing the difference between stopping probabilities at the first and second
analyses. Thus, for very large A, you get a design where the first stopping point
{d^i) is determined by the choice of P, and the remaining stopping points are
approximately equal. It follows that choosing both large A and large P will give
boundaries where it is essentially impossible to stop at the first analysis, with
constant stopping rules thereafter. This is very similar to a design with constant
dxki t>ut with a maximum of m — 1 analyses. If we choose large A and small P ,
then the boundary is essentially flat at all analyses (figure 4.8i). We note that as
A gets laxge, the stopping probabilities become increasingly less monotonic (e.g.,
figures 4.9g-i).
The efficiency properties of a design with small A (and i? = 0) are similar to
those of the Wang and Tsiatis family (figures 4.10 and 4.11). The effect of using
small positive value for A (e.g., 0.2 < A < 2) is to compress the boundary so
that they are less conservative at the earlier analyses. Thus, as A increases the
ASN curves for boundaries with large P tend to move downward (figure 4.10). As
described in the previous paragraph, when A gets large (e.g., A = 4 in figure 4.10),
the stopping points tend to be flat at all but the first analysis; thus, the ASN curve
moves closer to that of a flat boundary design (i.e., it has poor eflaciency properties).
These features tend to suggest that most applications will be interested in designs
with A relatively small (i.e., A < 2).
Of special interest in this evaluation are designs obtained by setting A = 1. If
in addition, we also set P = 1, then in a two-boundary design we obtain one of
the design types examined by Whitehead. Figure 4.11 shows the generalization of
this design as we allow P to assume different values. We see that its properties
are not unlike those of the Wang and Tsiatis family illustrated in figure 4.1. It
appears that these boundaries have minor differences in form, but that their ma
jor characteristics in terms of .A.SN curves and stopping probabilities are similar.
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It ought to be possible to find a design in the Wang and Tsiatis family that is
very close to that of a design from this extended Whitehead family. Figure 4.12
illustrates such an approximation. In this figure the solid lines are from the Wang
and Tsiatis family (with P = 0.5, P = 1.0, and P = 1.5), and the dotted lines
are from the extended Whitehead family (with P = 0.8, P = 1.4, and P = 2.0).
It does appear that the Wang and Tsiatis family (obtained with A = /? = 0) and
the extended Whitehead family (obtained with

= 0 and A = 1) will have very

similar properties, and thus axe basically interchangeable. The same conclusion
would hold for the boundaries with 0.0 < A < 1 and R = 0.
This subsection has focused on designs that are specified in the sample mean
scale, however as described in previous chapters, other design scales may also be
used. Of particular interest because of their flexibility during study conduct, are
boundaries specified as error spending functions.
4.3.2

Error Spending Functions

Specification of boundaries as error spending fimctions is described in both
chapters 2 and 3. In those descriptions we considered error spending functions of
two forms that derive from the boundary shape function used in other scales (see
section 2.3.4). In the context of the particular single boundary designs examined
in this section, those functions (denoted by a(nfc)) have the form:
Q(nfc) = a„ - Qu(l - nfc)^

(4.7)

and
Q(nfc) =

(4.S)

where R > 0, P < 0. Both of these functions satisfy the properties of an error
spending function in that a(0) = 0 and Q;(1) = a^.
Stopping rules in the sample mean scale can be derived from these error spend
ing functions, and are illustrated in figures 4.13a and 4.14a. These figures demon
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strate that both error spending functions allow the degree of early conservatism
to be adjusted. Notice that the degree of curvature in these functions is a bit
different than that of the sample mean boundaries examined above. In particu
lar, these functions do not allow close matching of the O'Brien-Fleming (OBF) or
Pocock designs. It appeaxs that the error spending function of equation 4.7 might
be better at matching a Pocock design and the error spending function of equation
4.8 contains boimds that are closer to OBF boundaries.
One advcintage of working in the error-spending scale is that the stopping prob
abilities are directly specified; thus, it is easy to restrict attention to non-decreasing
boundaries if one so desires. Figures 4.13b and 4.14b illustrate the stopping prob
abilities (i.e. Q(njt) — a(njk_i)) at each of the interim analyses. Notice that nondecreasing stopping probabilities can be obtained using either 0 <

< 1 or

P < —I. The increasing stopping probabilities obtained using the R parameter
(figure 4.13b) all seem to be flat for the first analyses and then abruptly rise at
the final analysis. Stopping probabilities obtained with the P parameter offer a
smoother transition if an increasing boundary is desired. Note that this last ob
servation is very much dependent upon the timing of the analyses, and can change
in either direction if unequally-spaced analysis times are used.
Both families of error spending function offer designs that appear to have effi
ciency properties similar to those of the Wang and Tsiatis family (figures 4.13c and
4.14c). The P-family has the added feature that it is a logical generalization of
several error spending functions examined by Kim and DeMets [32], and therefore
has some historic precedent.
The advantage of working in an error spending scale is that the implementation
of an error spending design, as described in the next chapter, is straightforward.
In spite of this advantage, we note that working in the error spending scale can
be difficult because the stopping probabilities are frequently very small (e.g., <
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0.0001), eiiid interpretation of the difference between stopping rules in terms of
these small probabilities may not adequately capture differences between designs
that are clinically important in the sample mean scale.
4.3.3

Other Issues

Throughout this section we have assumed a design with a maximum of m = 5
analyses, and a type I error rate of

= 0.025. In this section we discuss the

generalizability of our conclusions to other settings. At the end of this section
we also comment on factors affecting design eflBciency, since efficiency is often a
consideration in the statistical evaluation of a group sequential design.
At this point we have examined group sequential stopping rules that have a
type I error rate of 0.025. We have focused on this error rate because it produces
the usual level-0.05 test when using a two-sided hypothesis. Using a larger type I
error rate affects the group sequential stopping boundaries in two ways:
(a) All stopping points are closer to the null value because relcixing the type I
error constraint makes it easier to reject the null.
(b) As in a fixed-sample design, a larger type I error rate leads to greater power;
hence to maintain the power for the design alternative, the maximal sample
size decreases.
Figure 4.15a illustrates these effects on an O'Brien-Fleming design, and shows
how increases in the type I error rate result in smaller sample sizes and smaller
stopping points. In the families that we have considered, the type I error constraint
is met by searching for G which is a constant multiplier of the boundary shape
function (see equation 4.6). It follows that chemging the error constraint causes
a proportional shift in the boundary since a different value of the multiplier,
must be used. As described above, design comparisons are made in the ^'-scale
(equation 4.4) which adjusts for the differences between sample sizes of the various
designs. The conversion to the (J'-scale is also a multiplicative constant; thus, the
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relative differences between stopping boundary shape (in the sample mean scale)
should be the same regaidless of the type I error rate employed. In particular, this
means that the specialty designs such as those obtained by manipulation of R (see
figure 4.2) will have the same relative shape under a variety of type I error rates.
In contrast, figure 4.15b shows that changing the type I error rate has very
different effects on the stopping probabilities at each analysis. Notice how the
OBF boundary changes from being monotonically increasing when otu = 0.025 to
being non-monotonic when

= 0.2. This indicates that the above comments

about the monotonicity of stopping probabilities are relevant to an error rate of
= 0.025, and do not generalize to other type I error rates. Notice that this also
implies that error spending functions which are supposed to approximate an OBF
stopping rule (e.g., see Kim and DeMets [32]) are very dependent upon the error
rate that is being used. Thus, it is unlikely that a single parameter error spending
function will be sufficiently flexible to approximate the Wang and Tsiatis family of
stopping rules over the entire range of type I error rates. It therefore appears that
the implementation of a Wang and Tsiatis design should probably use regression
methods to find an approximate error spending function as described in the next
chapter.
Figures 4.15c-d reflect changes to design efficiency and power that result from
a change in the type I error rate. Specifically, the power curves must differ at the
null hypothesis (figure 4.15d), and the ASN curves will be displaced downward to
reflect the smaller maximal sample size that is required by a design with a larger
type I error rate (4.15c).
The effects of changing the maximal number of analyses are not as dramatic
as those that resulted from changing the type I error rate. Figure 4.16 shows that
changing the number of analyses to m = 10 maintains the same ba^ic shape char
acteristics, but the boundaries become smoother since more analyses are planned.
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This also means that the differences in the curvature of the various design families
will become more apparent as the number of analyses increases. Figure 4.16 illus
trates this fact, and shows that these differences are not excessive when comparing
the families obtained by setting A = 0 or A = 1. Note that as the maximal nimiber
of analyses gets smaller, the designs of the various families will become identical.
For example, in a design with four analyses, four boundary parameters should be
sufficient to approximate almost any boundary as long as it meets the type I error
constraint.
The efficiency of a design, as measured by ASN at some reference point (say
is conmionly used in the statistical literature as a basis for comparing de
signs. Although design efficiency is discussed again in section 4.5, some specific
efficiency characteristics are apparent in the single boundary designs addressed in
this section. Specifically, we can examine the the boundary shape parameters that
give most efficient designs, and the effects of the type I error rate and

on those

parameters. We first consider a design with a maximum of 2 analyses, since this en
ables simultaneous comparison of the parameters in several scales. Table 4.1 shows
the effect of the type I error rate and

on the optimal partitioning of the type I

error rate between the first and second analyses. This table also presents the value
of P from a Wang and Tsiatis boundary that corresponds to the optimal partition.
Notice that for some values of
cis Qu changes

the error partioning remains fairly consistent

4.0), while for other values of <^opt (e-g-, ^'opt = 2.0)

the error partitioning changes with a^. Further note that the choice of P that
corresponds to that optimal partitioning is fairly constant for some

but is not

at all constant for other choices (e.g., compare 8'^^ = 2.0 with 8'^^^ = 6.0). It would
be convenient if either the error partitioning or the corresponding value for P was
fairly constant as

changed. If this were the case, then one might be inclined

to use that scale to design studies since the optimality properties would then be
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fairly robust to changes in the operating characteristics. Unfortunately, table 4.1
provides the counterexample to demonstrate that neither the error spending scale
nor the sample mean scale (and implicitly, the partial sum sccde, the normalized
statistic scale, and the fixed-sample p-value scale) have this robustness property.
Table 4.1: Most efficient partitioning of a-u.

Qr„

0.025
0.05
0.10
0.20

Ootimal nartitioninff of a., with corresoondine P in parentheses *
K.. = 2.0
S L = 1-0
SLt = 6.0
SLt = 4.0
0.08:0.92 (1.05) 0.37:0.63 (0.69) 0.58:0.42 (0.50) 0.25:0.75 (0.80)
0.16:0.84 (1.02) 0.44:0.56 (0.68) 0.58:0.42 (0.53) 0.28:0.72 (0.86)
0.29:0.71 (1.00) 0.51:0.49 (0.68) 0.57:0.43 (0.59) 0.32:0.68 (0.96)
0.44:0.66 (1.00) 0.58:0.42 (0.70) 0.58:0.42 (0.71) 0.37:0.63 (1.15)
*For designs with a maximum of 2 analyses.

Although table 4.1 demonstrates that there is no robust scale for boundary
specification, if we examine the Wang and Tsiatis scale as the maximum number
of analyses in increased, it is notable that the value of P that minimizes ASN at a
reference point (^^pt) is fairly constant as the type I error rate changes (table 4.2),
at least for values of Kr,t larger than 1.0. Thus, it may be that the poor robustness
of the Wang and Tsiatis family in an design with few analyses, is not as evident if
the maximum number of analyses increases. Notably, the partitioning of the type
I error rate is very sensitive to QU in the Wang and Tsiatis scale (see figure 4.15b);
thus, it is unlikely that an error spending scde will share this robustness property
when the number of analyses increases. This may be reeison to use the Wang and
Tsiatis family if design efficiency is a concern cind the maximum number of analyses
is not small. We note that the above robustness property is dependent upon the
analysis timing. For example, a 5-analysis design with ni = 0.5, rii = 0.97,
nz = 0.98, 724 = 0.99, and ns = 1.0 will behave like a 2-analysis design, so that the
optimal value of P will not be robust to changes in
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Table 4.2: Most efficient choice of P

Ou

0.025
0.05
0.10
0.20

II

Value of P giving smallest ASN
1 S'ovt = 2 S L = 3
0.79
0.58
0.44
1.51
0.77
0.57
1.33
0.43
0.75
1.18
0.55
0.42
0.72
1.01
0.53
0.42
=

0.44
0.45
0.46
0.49

*For designs with a maximum of 5 analyses.

Design efficiency is an important motivation for group sequential clinical trials,
and is therefore a central consideration in the design process. We will see in the
evcduation of multiple boundaries (section 4.5) that decisions affecting the number
of boundaries and their relative locations have dramatic effects on the efficiency of
a design, and are much more dramatic than the sorts of efficiency differences seen
in the above tables. This would indicate that the design process should probably
first consider the gross aspects of design efficiency before finding optimal parameter
values for particular efficiency properties. Note also that design efficiency depends
upon the timing of the analyses; hence minor differences in efficiency may not be
meaningful if the planned analysis schedule is modified during the course of the
trial.

4.4 Bayesian Chaxacteristics of Frequentist Boundaries
4.4.1 Setting
In this section we examine Bayesian characteristics of the frequentist stopping
rules evaluated above. We follow the Bayesian construction of earlier chapters and
use a normal prior distribution with a normal likelihood. As above, we represent
the standardized sample mean at the

analysis by Xk, and assume that Xk ~

N((5, l/rifc). We further assume that 6 ~ IV(0,r^) so that at the

analysis, the
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posterior distribution of 8 given Xk is also normal:

*

V

+ l/"fc 'T^ + l/nfcj'

This can be rewritten as:
(4.9)

\ nk + l/r2 ' Tik +
We represent the posterior c.d.f. by Tk{S) where
,r^

^/r /—rrrr

Tk{6) = $

SJuk + l/r2

V

XkUk + o / r

(4.10)

/

VnT+l/r^

and $(u) represents the c.d.f. for the standzird normal distribution. In the Bayesian
construction of earlier chapters (sections 2.4.1 and 3.3.1) we stopped for superiority
if 1 — 7rjk(7u5o) > 'Pk^\ where

was chosen according to the function fd{k). As

argued eaxlier, we can without loss of generality assume that 7u = 0; thus, using
equation 4.10, the Bayesian stopping rule is:

(
4.
> pf).
We have thus far focused on the posterior distribution of the standardized
treatment parameter 6 rather than the untransformed parameter /x. Notice that
(1 = Sajy/Nm and 6 ~ N{d,T^) imply that fi ~ N{d(r/y/Nmi r^cr'^lNm)• Now since
XJl ~ N{fx,a^/Nk)i the posterior c.d.f. (T]J(/i)) of n given
• /

\

^

(

v^m /
^

TTTT

must be:
l^2\

+ l/r2

It follows that 7r^(/i) = iZk^pLy/Nm!<^)\ that is, the posterior distributions are the
same regardless of the scale used. This equivalence is important in the next section
since it means that we can restrict attention to decision rules in the standardized
scale without loss of generality.

160
In the next section we will be assessing consistency of frequentist decision rules
with sets of prior distributions, and therefore need to understand the scale of the
prior distribution. First consider the prior mean. Recall that the data (Xfc) are
defined in a standardized scale in which 2.80 and 3.92 represent, respectively, the
80% and 97.5% power points (see section 4.2). In most clinical trials, a minimally
important treatment effect is identified, and the trial is designed to have between
80% and 97.5% power for that effect. It follows that choosing a prior mean greater
than ±3.92 represents the prior belief that the treatment will have more than a
minimally important effect. Choosing a prior mean between 0 and -3.92 probably
represents the prior opinion of a reasonable skeptic, whereas choosing a prior mean
between 0 and 3.92 likely reflects the opinion of a reasonable optimist.
The prior variance can be interpreted as a factor that weights the importance of
prior opinion when formulating the posterior distribution. The Fisher information
in the prior and posterior distributions is, respectively, 1/r^ and

+ 1/r^. Thus,

the prior information comprises 100/(njfcr^-|-l)% of the posterior information. The
maximal information in the study is achieved if the total sample size Nm is accrued,
in which ca^e

= 1 and the prior distribution comprises 100/(r^ + 1)% of the

posterior information. If we choose

= 1, then the prior information is half of the

maximal posterior information. Similarly, choosing
mation 20% of the majcimal posterior information. As

= 4 makes the prior infor
gets large its contribution

to the posterior information becomes inconsequential. Notice that in a frequentist
design with m equally spaced interim analyses, each group contributes 1/m of the
maximal information. It follows that using

= 4 in a Bayesian construction

means that the prior distribution is contributing about as much information as
one group contributes in a frequentist design with a maximum of m = 5 analyses.
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4.4.2

Bayesicin Characteristics of Frequentist Bounds

Our goal is to evaluate the Bayesian chaxacteristics of a frequentist design.
Although it cam be argued that the Bayesian and frequentist approaches are philo
sophically different, they are pragmatically equivalent if they yield the same con
clusion. In our experience, the non-statistician investigator is primarily concerned
with whether or not a new treatment can be claimed to be superior. The philo
sophical aspects of the analysis are usually secondary to that concern. In this
context, we consider a Bayesian and frequentist

design to be equivalent if they

yield the same conclusion at each interim analysis.
From a computational viewpoint, a frequentist design in the /i-scale decides
superiority at the

interim einalysis if

> d'^f. where
A
/ C\
Bayesian design decides superiority if l—7r]J(0) >
, or equivalently, if 1—7rjt(0) >
Thus, the frequentist and Bayesian reach the same conclusion if:
(4.11)

Notice that without loss of generality,
frequentist boundaries

(S)

can be specified using the standardized

Furthermore, notice that the above stopping rule is a

function of the prior distribution parameters, 0, and r^. In particular, for fixed r^.
increases with 6. For fixed 6 with 0 < 0,

gets larger as
increases.
(C\
Although equation 4.11 can be used to calculate
for any prior distribution
(0 and r^) and frequentist stopping rules (dx^; k = 1, ...,m), the resultant stopping
probabilities may not be reasonable from the Bayesian perspective. To evaluate the
Bayesian characteristics of frequentist stopping boundaries, we identify two ways
in which a frequentist design may correspond to unreasonable Bayesian stopping
rules:
(a) Stopping rules may be unreaisonable if the stopping probabilities
either too stringent or too lax. For example

are

« 1 for some k, implies
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that superiority is decided only when it is virtually certain that the new
treatment is superior. Conversely,

w 0 implies superiority is decided

even when it is very unlikely.
(b) Stopping rules may be unreasonable if the stopping probabilities are in
creasing; that is,

< Pj^^ for some j > k. For example, it would be

unreasonable to allow a superiority decision if the posterior probability ex
ceeds 0.8 at an eaxly analysis, eind then at a later analysis decide superiority
only if the posterior probability exceeds 0.9.
When evaluating a frequentist design, we will identify the set of prior distributions
(i.e., the values of 0 and r^) that produce Bayesian stopping rules that are not
unreasonable as defined in (a) and (b). We will refer to these priors as being
"consistent" with the frequentist stopping rule. The idea is that under a consistent
prior, the frequentist stopping rules correspond to Bayesian stopping rules that
might be reasonable in a Bayesian construction. If the set of consistent priors is
empty, then we would conclude that the frequentist stopping rules do not have
good Bayesian characteristics.
In preparation for evaluating frequentist designs, we refine the ideeis behind
conditions (a) and (b) above. Condition (a) implies that consistent prior distri(S)

butions will produce P^

that are neither too large or too small; thus, we will

specify £ and W (£ < U), and require that consistent prior distributions have
£ < P^"^ < U Wk. Using equation 4.11, we can translate this requirement into a
restriction on the range of consistent 0's for each value of
-h 1/T2 - dxh^k] < 0 <

-t- l/r^ - d^krik] Vfc.

This means that 6 must be between 6c and Ou, where:
9c = m^{r^[$"^(£)^njt + l/r^ 6n =

+ l/r^ -

(4.12)
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We can also use equation 4.11 to translate the requirements of condition (b)
into restrictions on 6 and r^. Specifically, if we require that

for all

j > k, then by equation 4.11:
djik^k

+

^ dxjUj +

yjuk + l/r2

r2

r2 •
+ l/r^

This implies:
0 >

djijTij^nk+llT^ - dxknky/rij + 1/r^

(4.13)

yjrij + l/r2 - yjuk + l/r2
Thus, for fixed r^, the set of consistent 0's must satisfy both equations 4.12 and
4.13.
We now examine the Bayesian characteristics of frequentist decision rules from
the Wang and Tsiatis [56] family.
4.4.3

Characterization of Wang and Tsiatis Designs

We focus here on the Bayesian chaxacteristics of the frequentist stopping rules
of equation 4.6 with R = A = 0. We begin with O'Brien-Fleming [38] boundaries
(P = 1), and then examine the full Wang and Tsiatis [56] family. From these
examples we can then make several conclusions about the Bayesian characteristics
of other types of frequentist boundaries.
O'Brien-Fleming (OBF) boundaries are constant in the scale of the partial sum
statistic so that we can write dxk''^k =

where

is chosen to meet the

operating characteristics of the test (equation 4.2). We find that

= 2.04

for a design with a maximum of m = 5 analyses and a type I error rate of Q:„ =
0.025. Using this value in equation 4.11 produces a variety of Bayesian stopping
rules depending on the prior distribution. Severed examples are depicted in figure
4.17. Notice that the boundaries are non-increasing for larger values of 9 and are
increasing for smaller values.
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Now consider the set of consistent prior distributions for an OBF design as
specified by equations 4.12 and 4.13. Since
4.13 requires that

for aJl fc, equation

It is also apparent from both equation 4.11 and

figure 4.17 that the posterior stopping rules have different characteristics according
to whether or not 5/r^ exceeds

Specifically:

(a) If 0/r2 = -QOBF tiien pf ^ = 0.5 (Vik).
(b) If
(c) If

> -QOBF then pf >
then

^

Notice that for an OBF boundary, requiring that

> —G°^^ implies

>

0.5 Vfc. This is the same as setting £ = 0.5 in equation 4.12. This seems to
be a reasonable lower limit for the stopping probabilities in a Bayesian axialysis
since setting £ < 0.5 would allow a superiority decision even if superiority was
unlikely. We note parenthetically that in the rest of the Wang and Tsiatis family,
choosing C = 0.5 does not automatically satisfy equation 4.13. With an OBF
design there is no obvious choice for U, but we can examine the consequences of
several choices. Figure 4.18 shows the range of consistent prior means as a function
of the prior variance if we require that 0/r^ > —(i.e., £ = 0.5), and if we
use U = 0.975,0.99, or 0.999 in equation 4.12.
Figure 4.18 can be used to determine whether an OBF design has a reasonable
Bayesian interpretation. The idea is that prior means must be above the solid line
to satisfy equation 4.13. In addition, the prior meein must be above the solid line
and below one of the broken lines to satisfy equation 4.12. It is apparent from this
figure that with a positive prior mean, a Bayesian analysis would have to be very
conservative in its decision criteria (i.e., Vf.^^ > 0.99 for some k) in order to match
the decision criteria in an OBF design. This is certainly true if the prior variance
is at a reasonable level (i.e.,

> 2). .A.s an example, if

= 5, then the OBF

design is most likely not consistent with a Bayesian design unless the prior mean
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is somewhere between -10 and 0.
We now consider the Bayesian characteristics of boundaries from the full Wang
and Tsiatis (WT) family (i.e.,
stopping probabilities,
choices for

Figure 4.19 shows the Bayesian

for a variety of designs from this family using various

and vcirious prior means. As with the OBF design, a small prior

variance means that only a naxrow range of prior means axe consistent with the
frequentist design. As the prior vaxiance grows so does the range of consistent prior
means. Notice that for a Pocock design (P = 0.5) the analogous Bayesian stopping
probabilities are increasing (at leaist for the values of 9 shown in this figure). Also,
for a design that is more conservative than the OBF design (i.e., P = 1.2 rather
than P = 1.0), the stopping probabilities tend to be decreasing.
To identify the set of consistent prior distributions, we require that the Bayesicin
stopping probabilities be non-increasing (i.e., equation 4.13 is satisfied). We further
use C = 0.5 and U = 0.999 in equation 4.12 to define reference points that identify
priors which produce extreme values of 'P]f\ Since it is diiEcult to evaluate all of
the conditions implied in equation 4.13, we simplify evaluation by requiring that
•p(5) ^

Using this condition with Wang and Tsiatis boundaries in equation

4.13 gives the requirement that:
(4.14)
which is easily calculated for any value of P and T^. Note that this simplifica
tion might allow increaising stopping probabilities at intermediate analysis times,
but these increases will be very very small since, as shown below, the stopping
probabilities must usually be very large before the above condition is satisfied.
Figure 4.20 shows the three restrictions on the prior mean (0) as a function of
the prior variance (r^). In this figure, equation 4.14 requires that & lie above the
dotted line, whereas 0's between the solid and dashed lines satisfy equation 4.12.
Notice that if P > 1, then the Bayesian stopping rules are non-increasing for a
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wide range of meaningful prior means. In particular the rules are non-increasing
if we restrict attention to prior means that produce

> 0.5. In contrast, if

P < 0.5, then the prior mean must be very large before the stopping rules are nonincreasing. In fact, it is unlikely that such a large prior mean would be of interest;
furthermore even if it were, the stopping probabilities at each analysis would be
very large (i.e.,

> 0.999 VA:). It appesurs that a frequentist design with P < 0.5

may not have a reasonable Bayesian interpretation. Some of these same problems
caxry over into Wang and Tsiatis designs with 0.5 < P < 1.0. Notice that for a
likely choice of

(say

=4), the prior mean must be positive to produce non-

increasing stopping probabilities unless P > 0.7. Thus, if a reasonable Bayesian
interpretation is desired, then one should consider designs that have a greater
degree of early conservatism than a WT design with P = 0.7.
The properties of a design under a non-informative prior distribution (i.e.,
setting

= cx)) may also be of interest. A non-informative prior is sometimes

used to represent a situation where prior information exists, but is not given any
weight when judging the efficacy of a new treatment. As
reduces to

gets laxge, equation 4.11

the Weing and Tsiatis family, Pocock boundaries

are constant in the scale of the normalized statistic; thus, using P > 0.5 gives nonincreasing stopping boundaries. Unfortunately, for very large, but non-infinite
the range of consistent prior means from equation 4.14 is still restricted to positive
9.
The above conclusions are based on a particular frequentist setting. In the
next section we generalize to other types of frequentist designs. In particular, we
examine changes in the set of consistent priors as we change the type I error rate,
the number of analyses, and the analysis timing.
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4.4.4

Generalizations

The above evaluation is focused on designs with a particular type I error rate
(a„ = 0.025), a maximum of m = 5 analyses, and equally spaced em,alysis times.
Although these features are central to a frequentist design, they are irrelevant in
the Bayesian paradigm. Thus, we should examine the sensitivity of the above
Bayesian interpretations to these non-Bayesiein features. In this section we also
briefly examine the chaxacteristics of boundaries that are not in the Wang and
Tsiatis family.
The effect of frequentist design characteristics such as the maximum number of
analyses, the type I error rate, and analysis timing will aifect the range of consistent
prior distributions described in the previous section. Changes in these frequentist
characteristics cause changes in the frequentist stopping rules. For example, hav
ing fewer interim analyses, a larger type I error rate, or later analyses, all tend to
produce designs with smaller frequentist stopping rules. For any fixed prior distri
bution, equation 4.11 shows that smaller frequentist stopping niles translate into
smaller values for

Furthermore, from equation 4.12, smaller values for d^k

result in larger values for 0u (since dx^ > 0); thus, the range of consistent prior
means will expand under condition (a) in the previous section. Smaller frequentist
stopping rules could either increase or decrease the range of prior means that pro
duce non-increasing Bayesian stopping rules. If the lower limit on 9 in equation
4.14 is negative (e.g., when P > 1.0), then the smaller values of G associated with
smaller frequentist stopping rules will raise the lower bound. Conversely, if the
lower limit on 6 is positive (e.g., P < 0.5), then smaller G lowers this limit. For
0.5 < P < 1.0, the effect of smaller frequentist stopping rules will depend upon
the value of

since the lower bound in equation 4.14 could be either positive or

negative.
The evaluation of the previous section focused on designs with equally-spaced
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analysis times. The set of consistent priors also depends on the timing of the
analyses. Figure 4.21 shows how the range of consistent priors changes as we change
the analysis timing in a design with a maximum of m = 5 analyses. Delaying the
first analysis will increase the value of Ou in equation 4.12, especially for designs
with P ^ 0.5. Changes in the first amalysis time do not seem to have much effect
on the range of prior means that produces non-increasing Bayesian stopping rules.
In the Bayesian evaluation of frequentist designs, we have not examined how
the Bayesian characteristics might change as the power of a frequentist
altered. This is because power in a single-boundaxy frequentist

design is

design is adjusted

by altering the sample size as described in section 4.2. We showed eaxlier that the
values for

can be specified in either the fi-scale or the (5-scale; thus, they axe

unaffected by the sample size.
Finally we examine the Bayesian characteristics of the "chair-shaped" bound
aries illustrated in figure 4.6. Figure 4.22 shows the Bayesian stopping rules for
these types of boundaries. Notice that 0 has to be very large before the stopping
probabilities are approximately flat. This implies that this sort of design will not
have a very wide range of acceptable prior distributions.
We now consider the frequentist properties of designs with more than one
boundary.

4.5

Characteristics of Multiple-boundary Designs
In the previous sections we have restricted attention to a single boundary and

have examined the properties of the various boundary shape functions that are
possible within the general form of equation 4.6. We also examined the properties
of boundaries that have been specified using two types of error spending functions,
and have looked at the Baj'esian interpretation of a frequentist stopping rule. In
this section we examine designs with more than one boundary with the goal of
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describing the interactions between boundaries and assessing the properties of
boundaries that are intermediate to those considered by other authors.
In this section we focus on stopping rules specified in the sample mean scale
using a Wang and Tsiatis family of boundary shape functions (i.e., /I. =

= 0 in

the general family of equation 3.4). .Although we briefly examine the efficiency of
designs with non-zero A and R, the properties of multiple boundary designs using
other boundary shape functions is for the most peirt aneilogous to the properties
illustrated using the Wang aind Tsiatis boundaries. As in the previous chapters we
will denote the stopping points at the fc"' analysis (k = 1, ...,m) by;
= —7U<5O +

p

''

C^k = —7u^0 + <5+ — G CTI^
^Xk

=

fi^o +

o-Xk = liSo-S^-Gani;^',

(4.15)

with the same decision rules used in previous chapters (equation 2.1). We presume
the hypotheses of equation 4.1 and compare designs using the standardized scale
of equation 4.5. We use the operating characteristics of equation 4.2, and set
= a; = 0.025 and /?„=/?/ = 0.975 unless noted otherwise.
The next subsection examines two boundaries that are fax enough apart that
they do not interact. We then consider the properties of a two-boimdary design
where the boundaries are close together and therefore affect each other. Finally,
we describe the properties of the possible designs using the boundaries of equation
4.15.
4.5.1

Two Independent Boundaries

In the context of the four categories of designs identified in chapter 1 (figure
1.5), a design for a two-sided test with one-sided stopping hcis two boundaries.
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Crossing the upper boundary results in stopping with a superiority decision; cross
ing the lower boundary results in stopping for inferiority; reaching the maximal
sample size without crossing either boundary results in an equivalence decision. As
presented in chapter 1, the upper and lower boundaries are distanced from each
other and therefore act essentially independently.
Figure 4.23 illustrates the behavior of two-sided tests with one sided stopping as
the boundary shape parameters

{Pa

=

Pd)

are altered. The first panel shows that

these boundaries axe very close to the single boundary designs that are depicted in
figure 4.1a. The remaining panels characterize the properties of this kind of design.
The ASN curves (figure 4.23c) are essentially a reflection of the single boundary
curve about 0 so that on average the study has a smaller sample size if the mean
is either negative or positive. As with the ASN curve, the probability of stopping
before the final analysis is also reflected about 0 (figure 4.23d).
Notice that there are some minor differences between the upper boundary of
these two-boundary designs and the upper boundary of the single boundary de
signs. Simply using the mirror image of a single boundary design for a lower
boundary will not give a test with the proper size. Since a two boundary de
sign allows stopping for either large or small values of the test statistic, the single
boundaries must be shifted outwaxd in order to maintain the desired operating
chaxacteristics. As illustrated in the next section, the effect of the boundaries on
each other becomes more dramatic when the two boundaries are closer together.
4.5.2

Dependent Boundaries

In the general construction of chapter 3, the design hypotheses (equation 4.1)
are allowed to shift until they are superimposed. This provides smooth transition
between two- and one-sided hypothesis tests. Within this framework, shifting the
hypotheses causes the two boundaxies of the previous section to move closer to
each other until they meet at the final analysis. As these boundaries move closer
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together they aiFect each other to a greater and greater degree. In this section we
examine a design for a one-sided test with two-sided stopping. We consider the
case in which the lower boundary has been shifted upward until it meets the upper
boundary, so that the design selects between superiority (upper boundary) and
non-superiority (lower boundary). Specifically, stopping at the lower boundary
indicates rejection of the design alternative {6' = <J!f.), and stopping at the upper
boundary indicates rejection of the null value (5' = 0). We consider this ca^e
because it represents designs in which the two boundaxies affect each other to the
greatest extent.
We first examine a symmetric design for a one-sided test with two-sided stop
ping (figure 4.24). Notice that one of the major differences between these designs
and their single-boimdary counterpart is that the maximum sample size is larger,
particularly for two-boundary designs with Pa = Pd = 0.5. This is apparent in fig
ure 4.24a because the dotted lines that represent the single boundary design start
before the solid lines of the two-boundary design. Although these designs have a
larger maximal sample size, the ASN curve is much lower because the study may
be stopped for non-superiority rather than continuing for the purpose of showing
inferiority (figure 4.24c). Similarly, this design is much less likely to reach its max
imal sample size (figure 4.24d) than either the single boundary design (figure 4.Id)
or the two boundary design for a two-sided test with one-sided stopping (figure
4.23d). Notice that the lower ASN for negative values of the mean makes this
design appropriate for testing treatments that might have negative effects when
compared to placebo or standard treatments (e.g., section 1.2.2).
Figure 4.24c also illustrates efficiency characteristics that were not apparent
when examining single-boundary designs. Notice that for a single-boundary design
with moderate values of P (i.e., 0.5 < P < 1.0), there were no designs that have
larger .\SN curves for all values of 6' (figure 4.1). In contrast, figure 4.24c shows
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that the interaction between the upper aind lower boundaries caji result in one ASN
curve lying entirely above another, even if the values of P are not extreme (e.g.,
the ASN curve for P = 0.5 is smaller than that for P = 1.0 for most values of 6').
In section 4.3.1 we examined the efficiency of a single "chair-shaped" boundary
obtained by setting A = 1.0 , J? = 0.1 and P = 0.5 . Figure 4.6 showed that
the efficiency of the chair-shaped boundary was worse than either a Pocock or
OBF design for all but small values of 5'. Thus, in the single-boundary case, a
chair-shaped boundary had poor efficiency unless one were really concerned about
the sample size under the null hypothesis. In a two-boundary chair-shaped design,
the interaction between the upper and lower boundaxies makes for a less efficient
design for a mean anywhere between the null and alternative hj^jotheses (figure
4.25). The design does appear to have some efficiency advantages for very extreme
values of S'. We note that efficiency for extreme 5' is likely to be of secondary
interest in many clinical settings.
The unifying construction proposed in this dissertation allows asymmetric de
signs through use of different boundary shape parameters for the upper and lower
boundaries (i.e., Pa ^ Pd)- Figure 4.26 illustrates asymmetric designs using a
Pocock upper boundary (Pj = 0.5) and lower boundaries that are even more anticonservative {Pa < 0.5). As the lower boundary rotates upward, the design power
point also increases since the design would be more likely to stop for the null (i.e.,
reject the design power point). This results in an increase in the maximal sample
size for the design, which in turn cifFects the design shape (figure 4.26a) and the
ASN curves (figure 4.26b).
Pampallona and Tsiatis [39] propose asymmetric boundaries using a change in
the design power rather than by adjusting design shape. Thus, they would choose
Pa = Pd and set a/ ^

(note: with the shifted design being described here, the

lower type I error rate, Q;, equals 1 — 13^). Figure 4.27 shows designs that result
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from changing the design power. It is evident that these designs axe of the same
general form that can be obtained by changing the shape of the lower boundary
(compare figures 4.26 and 4.27). Thus, either interpretation can be used to obtain
these asymmetric designs.
At this point we have described the characteristics of single boundary designs
and of two-boundary designs that are either independent or dependent. The be
havior of two-boundary designs that are between the independent and dependent
Ceises

will be intermediate, but will otherwise display the same characteristics. As

mentioned at the beginning of this development, the goal of this work is to unify
the design categories thereby allowing continuous movement between the design
categories. The next section applies the characteristics of the above designs to the
full (four-boundary) structure of equation 4.15, and shows some of the properties
of designs that are intermediate between the above categories.
4.5.3

Unified Family of Designs

Following the development of previous chapters, a four boundary design is
obtained by allowing the possibility of an equivalence decision (i.e., both noninferior and non-superior) at some or all of the interim analyses (figure 4.28a).
This type of design can be obtained by overlaying two 2-boundaj:y designs; hence,
the properties of a four-boundary design are just the combination of the properties
of the two 2-boundary designs. These properties are reflected in the ASN curve
(figure 4.28a), which shows that allowing the possibility of an equivalence decision
at an interim analysis lowers the peak of the .\SN curve to the level of that from a
one-sided test with two-sided stopping (compare figures 4.23c, 4.28b, and 4.24c).
As mentioned earlier, this may or may not be a desirable characteristic: specificcdly,
if the study needs extra power for analysis of secondary endpoints, then it may
not be desirable to allow early termination for the equivalence decision.
The unified design structure that is based on the above four-boundary design
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has been proposed to allow movement between design categories. Figure 4.29
illustrates the types of designs that are possible as a result of this construction.
Panels (a) and (b) illustrate the continuum of designs between a one-sided test with
two-sided stopping and a one-sided test with one-sided stopping. Panel (c) and (d)
illustrate the continuum between a two-sided test with two-sided stopping and a
two-sided test with one sided-stopping. Panels (e) and (f) illustrate the continuum
between a two-sided test with two-sided stopping and a one-sided test with twosided stopping. This fi^re focuses on the ASN curves for the intermediate designs
because the ASN curves summarize the values of the meaji for which the study is
likely to continue subject accrual. As described in chapter 1, this is an important
consideration in choosing a particular group sequential design.

4.6

Conclusions

The purpose of this chapter has been to examine the general families proposed
in earlier chapters in order to identify their differences and similarities. From a
strictly mathematical viewpoint, it is not possible to show that two different designs
axe essentially similar. It is always possible that even the smallest differences
between two similar designs will be magnified to substantial levels if a very large
sample size is necessary. On the other hand, the general families constructed in
previous chapters are probably overwhelming, even for those who are very familiar
with the design of group sequential trials. Since it optimistic to think that more
than approximately 4 people will ever wade through 200-t- pages of material on the
unification of group sequential designs, it is incumbent upon the author to extract
the essential features.
In this regard we offer the following observations from the above evaluation of
the genercJ group sequential design constructed in previous chapters:
- The boundary shape parameter R is perhaps necessary for certain speciality
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designs, but otherwise does not add a wide range of clinically useful designs
to those of a smaller family. Furthermore, the efficiency of the chair-shaped
boundaries appears to be worse than that of the Wang and Tsiatis family
over a large range of meaningful 6', especially in a two-boundary design.
We therefore conclude that setting R = 0 does not result in great loss of
flexibility.
- The general form of the families obtained with A = 0 and A = 1 is not
sufficiently different to warrant the added complexity. Thus, it is probably
sufficient to fix A at either 0 or 1 and adjust boundary shape using P.
- We find the design of boundaries using error spending fimctions to be dif
ficult because major differences between stopping rules are sometimes rep
resented as very small differences in tail probabilities. We would find these
difficult to explain to clinical colleagues who must be full participants in
the design specification process.
- We examined two families of error spending functions, and prefer the family
based on P (i.e., equation 4.8) because it appears to have a better rajige of
shapes over the clinically useful parameter range, and it is a logical gener
alization of the work by Kim and DeMets [32].
- Designs obtained by changing the study power (e.g., those of Pampallona
and Tsiatis [39]) can be closely approximated by changes in the boundary
shape parameter; thus, it is necessary to have only one of these options in
order to have the same clinical flexibility.
- There are definite differences between the Bayesian properties of a design. If
we require that the Bayesian stopping probabilities be non-increasing, then
in the Wang and Tsiatis family we should probably restrict attention to
designs with P larger than approximately 0.7. Smaller values for P will have
increasing stopping probabilities unless the prior mean is well above 0, which
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may not be reasonable. If we also want to restrict attention to designs where
the largest stopping probability is not too large (e.g., maxjtT'jt^' < 0.999),
then we would want to consider boundaries with P not much larger than
1.0. Thus, it appears that requiring a reasonable Bayesian interpretation
may place a substantial restriction on the types of frequentist boundaries
that are acceptable.
- When using a single error spending function to approximate a boundary
from another scale (e.g., proposals for using a particular error spending
function to approximate an OBF design [32]), one must be aware that the
function must change if the type I error rate changes. That is, the relative
stopping probabilities for a design will change with the type I error rate if
the design is specified by something other than its tail probabilities.
- Finally, the types of designs available by allowing continuous movement
between the previous discrete design categories greatly enhances the sample
size characteristics (e.g., ASN curves) and decision possibilities that can be
applied to a clinical trial.
In consideration of the above observations, we suggest that most clinical set
tings will be quite adequately addressed using a group sequential design based on
the hypotheses of equation 4.1 with operating characteristics from equation 4.2 set
at

= ai = 0.025 and

= /?/ = 0.975. We choose these particular operating

characteristics in order to have symmetry in the criteria used to reject any of the
design hypotheses, and to provide the usual type I error rates in a two-sided hy
pothesis test. We note that this choice, when applied using a continuum between a
one- and two-sided hypothesis tests, indicates that a two-sided level-0.05 hypothe
sis test is logically compatible with a one-sided level-0.G25 hypothesis test instead
of a one-sided level-0.05 test.
Under these hypotheses and operating characteristics, we are able to obtain a
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sufficiently wide range of stopping boundaxies if we restrict attention to stopping
niles obtained by setting R. = A. — 0 in the general boundaries of chapters
2 aJid 3 (equation 3.4). Thus, most clinical situations can be addressed by the
simpler family summarized in equation 4.15. These simplifications reduce the
dimensionality of group sequential designs to a much more manageable level with
minimal sacrifice of cUnicaJ functionality.
Up to this point, we have restricted attention to the evaluation and construc
tion of an appropriate group sequential monitoring plan before the trial begins.
In this setting our construction has assumed a fixed number of ajialyses which are
conducted at specific time points during the trial. In fact, even the best prior
planning usually requires modification during the actual conduct of the trial; thus,
we must now examine methods for implementing a pcirticular design that accom
modate mid-trial alterations. In the final chapter we describe the implementation
of group sequential designs, and present an example to illustrate the application
of the general design that heis been constructed in this dissertation.

178

(b)

(a)
•

1
1

(5.0) IIfOOjI

(2.0)1

CVJ
c

(0
0)

o .

_o

00

I

\

if.o)t(ia.o)

O
CJ
O •
d

I

11

c
•Q.
Q.
2 o
CO
O •
DT d

-

"\ \
(0.7) \\ \\

o.
E CO CO

(0.5)

1 1
1I \\

NW

\ 1

\\

^ •

0.0

CVJ

•

0.0

0.4

0.8

1.2

0.0

0.4

0.8

1.2

Proportion of Fixed-Sample Size

Proportion of Fixed-Sample Size

(C)

(d)

CVJ

^

\

^1
q
•^to.0)

«

•o

(5.0)

"ffl
2,
z CO

E

d

^2.0)

0.4

CO
<

CO

<D

00
d

:^(o.i)

V

00
d

fO
d
•<r
d
CVJ

d

02

^(1.0)

o
1

1

1

1

1

0

2

4

6

8

delta'

1

1

10 12

d

1

0

2

4

6

8

1

r"

10 12

delta'

Figure 4.1, Characteristics of Wang and Tsiatis boundaries, (a) Boundaries in
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Figure 4.24, Boundary characteristics for various one-sided tests with two-sided
stopping, (a) Boundaries (solid lines) compared to the same boundaries for a one
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different power. Solid line: power = 0.95, dotted line: power = 0.90, broken
dashed line; power = 0.80, dashed line: power = 0.50. (a) Boundaries, (b) ASN
curve, (c) probability of stopping before the m''' analysis. Pa = Pd = 0.5 for all
designs.

205

(b)

(a)
CVJ

00

SS
"S
TJ
z
CO
<

d

TT

6
o
d

0.0

0.5

1.0

1.5

-10

Proportion of Fixed-sample Size

(c)

00

d

"o
•D
E
V

CO

TT

d
CM

d

o
d

Figure 4.28, Boundary characteristics for a two-sided test with two-sided stopping.
Solid line:
= Pf, =
= 0.5, dotted line: P^ = Pb = Pc = Pd = 0.7, broken
dashed line: P^ = Pb = Pc = Pd = 1-0, dcished line: P^ = Pb = Pc = Pd = 2.0.
All designs with Qu = a/ = 0.025 and
= A = 0.975. (a) Boundaries, (b) ASN
curve, (c) probability of stopping before the
analysis.

206

Figure 4.29, (a)-(b) Continuum between a one-sided test with two-sided stopping
and a one-sided test with one-sided stopping {Pd = 0.5, Pa as shown), (c)-(d)
Continuum between a two-sided test with two-sided stopping and a two-sided test
with one-sided stopping {Pd = Pa = 0.5, Pi, = Pc ss shown), (e)-(f) Continuum
between a two-sided test with two-sided stopping and a one-sided test with twosided stopping: Solid line: /io- = y-o-tr- dotted line: ^o- = ^o+ +
broken
dcLshed line: /zo- = /^o+ + /^+ {Pa. = Pb = Pc = Pd = 0.5 for all cases).
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Chapter 5 Example, Implementation, and Summary
The purpose of this chapter is threefold. First, to provide an example to illus
trate the need for and use of the designs we have proposed; second, to describe an
approach for implementing a group sequential design that allows alterations during
the course of the trial; and third, to summarize the major results and proposals
that have comprised this dissertation. The notation and setting in this chapter is
the same as that of previous chapters, and will be introduced in the context of the
example.

5.1

Example: SSR Therapy

5.1.1 Setting and Notation
The research for this dissertation grew out of a need to design a group sequential
study to evaluate a new procedure (called spinal stereotactic radiotherapy, or SSR)
for radiation treatment of tumors growing close to the spine. If these tumors are
left untreated they can cause a vaxiety of neurologic problems ranging from minor
loss of function to paralysis or death. Steindard radiation approaches are not
sufficiently accurate to enable delivery of high radiation doses close to the spine
without risking spinal cord damage. As described in chapter 1 (section 1.2.6),
SSR therapy involves placing the patient under light general anesthesia, attaching
a reference frame to the patient's spine, obtaining CT images showing both the
reference frame and tumor, then using the coordinate system of the frame to deliver
radiation to the tumor without hitting the spine.
SSR therapy has only been tested in a few patients and at the time this research
began, was ready to begin formal safety and efficacy testing. Although it is not
standard practice in this sort of setting, we proposed evaluating this treatment
using a randomized control group. The reason for this proposal is that patients
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who were eligible for this study were terminally ill, but had to be sufficiently
healthy to tolerate prolonged anesthesia. In this setting there was no suitable
control group; hence there was a risk that an unforeseen device toxicity could be
mistaken as the natural course of the disease. We were particularly concerned that
an elevated death rate under SSR therapy would go undetected unless there was
a randomized control group.
The primairy endpoint for this study was defined based on several meetings of
the study teajn which included both clinical investigators and statisticians. The
central issue in defining the primary endpoint was that it be sensitive to device
toxicity, since toxicity assessment was the goal of the first part of this trial. We were
particularly concerned that the primary endpoint detect treatment-related deaths
and/or radiation damage to the spinal cord (radiation myelitis). To capture both
of these effects, we defined an adverse event to be either patient death or a 50%
decrease in a quantitative measure of neurologic function. The goal of the study
was then to examine the adverse event rate in the treatment and control groups.
In addition to this primary endpoint, investigators were very interested in as
sessing the efHcacy of SSR therapy using several secondary endpoints. In partic
ular, the investigators felt that quality of life (QOL) and radiographic measures
were likely to be more sensitive to the beneficial effects of SSR therapy. Although
there was much interest in these endpoints, we constructed the design around sur
vival and neurologic function since ethical considerations required that we rule out
major effects on the adverse event rate before concluding that the treatment was
beneficial with respect to a secondary endpoint.
In this context, it became evident that the study design needed to incorporate
aspects of all three of the classical phases of clinical study (section 1.2). Specifically:
- The design must rule out excessive toxicity (phase I).
- The design must assess efKcacy as measured by the secondary endpoints (phase
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II).
- Although it is unexpected, the design should allow for the possibility that
SSR therapy will lower the hazard of zin adverse event (a phase III question),
thereby indicating that trials should begin in a broader patient population and
in multiple institutions.
Standard practice in clinical cancer research is to conduct separate studies for each
of these phases. However, with SSR therapy the patient population woxild be the
saxne for all phases; thus, the only reason to separate these studies is that they
would usually have different sample size requirements. Group sequential methods
address this concern by including interim analyses that allow study termination
after treatment of only a few patients, thereby enabling these separate studies to
be combined in a single study. Before examining the options for a group sequential
design to address SSR therapy, we present the notation and statistical framework
in which the design wiU be constructed.
To structure the problem we let Wi and Yj denote Bernoulli random variables
that indicate the presence of an adverse event in the i"' SSR and the j"' control
patient, respectively. We define fit =
the

f-c —

and fi = {fjc — fit). At

analysis we define the test statistic:

E 5^- - •=!
E

i=l

V-.
"

N,

'

where Nk denotes the number of SSR and control subjects that are evaluable at the
interim analysis. In the absence of interim analyses, the central limit theorem
allows the approximation: Xj^ ~ N{fj.,cr'/Nk) as long as fit and fi^ are not too close
to 0 or 1. Here

represents the variance of the difference of two binomial random

variables (cr^ = (/ij(l — fXt) + (/^c(l — Mc)), and to assure design conservatism we
set

= 0.5, its largest possible value. Note that the adverse event rate could

also be modeled using survival methods (i.e., measure the time to the event). We

210

found that working in a binomial scale was more intuitive for the investigators,
and therefore developed the design criteria in that scale. The actual data analysis
would be conducted using survival methods since they would be more efficient.
In the above construction, fi > 0, /z = 0, ajid fi < 0 denotes the superiority,
equivalence, and inferiority of SSR treatment when compared to control (with an
analogous meaning for the test statistic). Therefore we can consider the hypotheses
of the previous chapters (equation 4.1):
'•
•ffo+ •

^ f^o+

(non-superiority)

Hq- '•

^ f^o-

(non-inferiority)

ffl '•
with

> Mo+ + /^+ (superiority)

(inferiority),

> 0, fi- > 0, and no- < iiq+ + [i+. This particular example demands that

we set fio+ > 0. Recall that setting fio+ < 0 will make it more likely that negative
treatments will be falsely labeled as positive (i.e., a non-empty false positive set).
Since SSR therapy is hard on the patient and is very expensive (early estimates are
S30,000 for the procedure), it offers no inherent cost or convenience adveintages;
thus, the study should have a small risk of a false positive conclusion. In the
same vein, if SSR therapy has only a minor benefit, then we should not be too
concerned if the study has an elevated risk that the treatment would be labeled
as negative (non-empty false negative set). In this context, we set /io+ = 0 and
/zq- > 0. We will interpret a hypothesis test as a set of decision rules that choose
between the the above hypotheses, in which case the operating characteristics are
the decision criteria. We feel that these decision criteria ought to be the same
for each of the hypotheses, so using the power functions from chapter 3, we set
= Plifio-) = 0.025 (i.e., q„ = a, = 0.025) and ^;(//+) =
0,975 (i.e.,

- fi-) =

= /3; = 0.975).

It was estimated that up to 50 patients per year would be available for this
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study, so we considered designs with Nm = 100 and four equally-spaced analyses
(i.e., Ni = 25, Nz = 50, N3 = 75, N4 = 100). Note that this is a somewhat
different approach than that used in the design comparisons of previous chapters.
In those chapters we compared designs with the same power characteristics for a
pre-selected design power point. Here, we fix the sample size and then examine
the power characteristics of the resultant boundaries.
5.1.2

Candidate Designs

We begin by considering a two-sided test with one-sided stopping (e.g., figure
1.5b). Such a design meets our needs in that it allows early termination if SSR
therapy is either negative or positive. It also allows for an equivalence decision
at the end of the trial to enable assessment of differences by secondary endpoints.
Two standard designs in this context are the original designs of Pocock [44] and
O'Brien-Fleming (OBF) [38]. These standard designs using a maximum of four
analyses are shown in table 5.1. The problem with using a two-sided hypothesis
test is that the lower boundaxy denotes a true inferiority decision; that is, you are
actually able to reject

> fjLo- = 0 in favor of the alternative: n < /io- — fJ—- As

mentioned in chapter 1 (section 1.2.2), it is not generally desirable to attempt to
prove that a new treatment is worse than no treatment at all. In this particular
example, use of a two-sided hypothesis allows the trial to accrue more patients,
even if it is possible to conclude that the new treatment is not superior. Thus
using an OBF boundary, we would require 15 or more excess adverse events in
the SSR group (out of only 25 patients in each group) before the trial could be
terminated with a negative conclusion. This is clecirly excessive evidence that SSR
is dangerous. A similar property holds with Pocock boundaries, although in this
case it only requires 9 or more adverse events.
In order to make the stopping boundaries more reasonable, we could consider
a one-sided test. Such an approach would allow the trial to stop as soon as lack
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Table 5.1, Pocock and O'Brien-Fleming Designs (stopping boundairies and (in
paxentheses) number of excess events in the control group)

Analysis {k)
1
2
3
4

Pocock Desiffn
<^}tk
d-Zk
-0.334 (-9)
0.334 (9)
-0.236 (-12) 0.236 (12)
-0.193 (-15) 0.193 (15)
-0.167 (-17) 0.167 (17)

OBF Desien
dXk
0.573
(15)
-0.573 (-15)
-0.286 (-15) 0.286 (15)
-0.191 (-15) 0.191 (15)
-0.143 (-15) 0.143 (15)

of superiority could be demonstrated, however it would not allow the equivalence
decision that was desired for analysis of secondary endpoints. In order to address
this dilemma, we considered the intermediate designs obtained by shifting the lower
hypothesis (i.e., set fiQ- > 0). Such designs have a non-empty false negative set,
but still allow some chance for an equivalence decision.
In order to determine an appropriate shift of ^o- the clinical investigators
discussed the largest number of excess adverse events on the SSR portion of the
trial for which the trial could still be continued. These discussions indicated that
it would be ethically questionable to continue if there were more than 5 extra
adverse events in the SSR group at the first analysis. Thus, we sought a group
sequential design that provided a specific level of protection at the first analysis,
and yet allowed the largest possible equivalence region at the last analysis. In
general, a boundary that is relatively flat is better able to meet this criterion than
one that is steeply sloped, and so we used a Pocock boundary shape {Pa = 0.5)
for the lower boundary. In contrast, an OBF boundary shape {Pd = 1.0) was used
for the upper boundary so that the design was conservative at the early analyses
with respect to the superiority decision. After deciding on shapes for the lower
and upper boundaries, it was necessary to find the value of /xq- that shifted the
lower boundary upward until the desired level of protection was reached at the
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first analysis. Setting [Iq- = 0.1395 provided the required shift (table 5.2).
Table 5.2: Selected Design for the SSR Trial
Analysis (Ar)
1
2
3
4

5.1.3

-0.194 (-5)
-0.0976 (-5)
-0.053 (-4)
-0.027 (-3)

0.572
0.286
0.191
0.143

(15)
(15)
(15)
(15)

Design Evaluation

The necessity for an upward shift in the lower stopping boundaries is based
on ethical considerations. The basic issue is that SSR therapy has not undergone
toxicity testing so the design has to provide adequate protection against treating a
large number of patients if SSR therapy is toxic. Figure 5.1 shows the ASN curves
for the designs that were considered for the SSR trial. Notice how requiring an
upwcird shift in the lower boundary resulted in a lower ASN curve if the treatment
is negative. The need for smaller ASN for negative treatments is essentially the
same issue that motivated the upward shift in the lower stopping boundary. In
fact, the essential issues in the design of the SSR trial could all be phrased in
terms of ASN. Notice that a design with smaller ASN for negative treatments is
possible if we use a one-sided test with two-sided stopping, but as noted above,
such a design does not allow an equivalence decision for the evaluation of secondary
endpoints.
As stated above, the selected design has a non-empty false negative set. Specif
ically, the false negative set ranges from 0 to 0.1395, which indicates that if, on
average, SSR treatment has an adverse event rate that is between 0 and 14% lower
than control, then the chance of a negative study is larger than 0.025. Thus, the
design would have an increcised tendency to find that therapies with small posi
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tive effects are not beneficial. In the SSR example, the non-empty false negative
set is recLSonable, and can be interpreted as reflecting the increzised monetary and
convenience costs of this treatment.
There axe several other factors that could be considered when selecting a de
sign. One could consider some of the other evaluation measures used in chapter 4,
such as shape of the stopping probabihty function or the probability of stopping
before the 4"^ analysis. Along a somewhat different line, one can also consider
the potential conclusions that would be reached if the study stopped at one of the
boundaries. The size or location of the bias-adjusted confidence intervals, the biasadjusted meaji, or other measures may be reason for choosing one set of boundaxies
over another. Notice, for example, in the SSR trial it is possible to stop at the
final analysis with axi equivalence decision even though there is am excess of adverse
events on the SSR treatment arm (table 5.2). This may not be desirable, and it
is possible to further shift the lower boundary so that an equivalence decision is
reached only if there are no excess adverse events under SSR treatment. In fact,
there is no well defined set of criteria that should be examined when evaluating a
design, and in many respects the relevant measures will depend upon the particu
lar clinical setting. We note that input from the clinicians was essential in defining
appropriate boundaries for the SSR trial, and their input into the relevance of
competing evaluation criteria is equally important.

5.2

Implementation
In the sequential monitoring of clinical trials, it is frequently necessary to

adjust the number or timing of analyses during the course of the trial. There are
many reasons for such adjustments ranging from administrative (e.g., reporting
requirements for grants), to an urgent need to check the data because unforeseen
side effects have been observed. Thus, we require methods that allow flexibility
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during design implementation without compromising the essential design features.
5.2.1

Error Spending Functions

As described in chapter 1 (section 1.3.9), Lan and DeMets [33] proposed the
idea of using an error spending function to allow flexibility in the number and
timing of analyses in a clinical trial. As we have described in subsequent chap
ters, their approach is readily implemented and adapted to the general setting
constructed in this dissertation, and we have done so in sections 2.3.4 and 3.2.3.
The resulting designs based on an error spending function will allow the necessary
flexibility during conduct of the trial.
The problem with using the error spending families proposed in earlier chapters
is that they will not be able to approximate all of the types of boundary functions
that might be used. In particular, we have shown that some types of error spending
functions may approximate those of aji OBF or Pocock design, but if the type
I error rate is changed, the approximation is no longer very good. Thus, past
approximations to the OBF or Pocock boundaries (e.g., Kim and DeMets [32]) are
specific to a type I error rate of 0.05, and would have to change if a different error
rate is used. Generally, it will not be possible to find a particular error spending
function that provides an adequate approximation to other types of boundaries
over the wide rainge of potential clinical applications.
Rather than restricting attention to a single family of error spending functions,
we instead consider designing the study in ajiy relevaint scale, ajid use standard es
timation techniques to approximate the "empirical" error spending function of the
selected design. Every set of stopping boundaries has an empirical error spending
function that is comprised of the stopping probabilities at each of the analyses.
For example, a single boundary design with sample mean stopping rules, d^k
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{k =

has an error spending function:
•:'("/.)= Dl-r.-feiSo)).
t=l

where 1 — Tkidjn] So) is the probability that the study stops at the fc"* analysis if
the true mean is Sq (the null value). The type I error constraint is then reflected in
the value of the error spending function at the final analysis:

Q:(l) = ttu-

Note that

this empirical error spending function is only defined at the preplanned analysis
times, 0 < ni < 712 < ... < "m = 1? aJid to obtain the desired flexibility, we need
to approximate the error spending function at intermediate times.
Several methods caji be used to find an approximation to the empirical error
spending function from any set of stopping rules. Regression techniques can be
used to estimate a function to fit the points, (nfc,a(nfc)), subject to the constraint
that a(0) = 0 aind q:(1) = q„. A scatter plot smoother (e.g., the Splus function
lowess) can aJso be used. One simple method is to use linear interpolation to
approximate the error spending fimction between the pre-planned axialysis times.
Pampallona, Tsiatis, and Kim [40] suggest calculating a second empirical error
spending function using the boundary shape parameters of the first, but with a
large number of analyses (e.g., m = 10). Figure 4.16 showed how increasing the
number of analyses gives a smoother curve, and this method might provide a
good approximation of the desired empiricai error spending function. The next
subsection illustrates several approaches to finding an error spending function to
approximate the design for the SSR study.
When we implement a design using error spending functions, it is entirely
possible (if not probable) that the timing of analyses during the study will not be
the same as initially planned. Pampallona, Tsiatis, and Kim point out that changes
in the number or timing of interim ancdyses can affect the power characteristics
of the design. Maintaining the power characteristics may not be a design priority
(e.g., SSR example, above), but if it is, then methods are needed to maintain
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the power requirements while still enabling flexibility in the number and timing
of analyses. Pampallona, Tsiatis, and Kim propose recalculating the maximal
sample size to meet power requirements each time an interim analysis is conducted.
Their procedure leads to a trial with the desired power characteristics even if the
number and timing of analyses is very different from the initial plan. We note,
paxenthetically, that if the power chaxacteristics are so important as to require
adaptive determination of the maximal sample size, then one ought to also make
serious effort to determine the variance. An incorrect variance may have greater
effect on the power than the particulars of the timing or number of interim analyses.
5.2.2

Example

As in other group sequential trials, the SSR study requires flexibility in the
implementation of the monitoring pliin. In this pairticular example, the maximal
sample size is fixed, and power characteristics axe of less interest than the sample
size issues; hence, we do not incorporate methods for maintaining the power char
acteristics through adaptive alteration of the maximal sample size. The primary
issue for implementation of the selected design for the SSR trial is estimation of a
suitable error spending function.
When designing the SSR trial, a primary consideration was the nature of the
stopping rule at the first analysis; in fact, the primary determinant of the location
of the lower boundary was its sensitivity to early evidence of SSR toxicity. We
certainly cannot ignore these issues if the first analysis were to occur before the
planned first analysis, and in fact these issues ought to be reflected in the shape of
the error spending function for small sample sizes. When selecting an appropriate
error spending function for small sample sizes, we can use the design criterion that
the study should stop if there are 5 or more excess adverse events in the SSR axm.
It would seem logical that if we stop for toxicity with 5 excess adverse events in
25 SSR subjects, then we also ought to stop if we observe 5 excess adverse events
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in fewer than 25 subjects. This probability can be computed exactly^, eind could
be used as the error spending function if n < 25. In contrast, the upper boundary
was chosen for its eaxly conservatism; thus, it would be reasonable to set the error
spending function at 0 for anything less than 25 subjects (i.e., we do not allow a
superiority conclusion with any fewer than 25 subjects). For this dissertation we
will use these two functions as the small sample portion of an approximating error
spending functions for the SSR study (figure 5.2), however we would anticipate that
this decision would require substantial discussion among the study investigators.
For the large sample portion of the error spending curve, we seek to match the
empirical error spending functions that axe computed from the stopping probabil
ities associated with the selected boundciries (table 5.3). We consider four sorts
of approximations to the empirical error spending functions: (1) linear interpola
tion, (2) approximation by linear interpolation in a boundary with a maximum
of 10 analyses, and (3) approximation by an error spending function of section
2.3.4. The empirical error spending functions and these approximations are shown
in figure 5.2. In selecting an approximating error spending function, we would
like its boundaries to match those of the selected function as closely as possible
if the actual analyses take place at the planned time points; thus, we would like
the empirical and approximating error spending curves to match when n = 25,
n = 50, and n = 75. Using linear interpolation must by definition match the
selected points exactly. Approximation by an error spending function of section
2.3.4 can be made to match at least one of the interim analysis points by solving
for the paxcimeter choice that creates that match. Notice that the approximations
obtained using 10 analyses with the same boundary shape parameters are not as
close as might be desired, especially as an approximation to the lower boundary.
^Choosing the probability of an adverse event to be 0.575 and 0.435 in the SSR and control
groups, respectively, makes the e.xact computation match the selected stopping probability at
the planned first analysis (n = 25).
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This is counter to the results of Pampallona, Tsiatis, and Kim, who found that
increasing the number of analyses generally gave very good approximation to a
boundary with fewer analyses.
Table 5.3: Empirical Error Spending Function: SSR study

Analysis
{k)
1
2
3
4

Lower Boundarv
Stop Prob Error Fct
Bound (/i = fio-) (/X = ^ 0 - )
0.0091
-0.1944
0.0091
0.0067
-0.0966
0.0158
-0.0533
0.0051
0.0209
-0.0274
0.0041
0.0250

Uooer Boundarv
Stop Prob Error Fct
(^^=0)
ifi = 0)
Bound
0.5724
0.0000
0.0000
0.0021
0.0021
0.2862
0.0084
0.1908
0.0105
0.0145
0.0250
0.1431

With the SSR trial, it seems reasonable to choose approximating boundaries
based on linear interpolation between the points of the empirical error spending
functions. Using linear interpolation maintains the general spirit of the boundary
functions (i.e., early conservatism in the upper boundary; early sensitivity in the
lower boundary). In this example, the nature of the error spending function for
large sample sizes is of less concern than its characteristics for smaller sample
sizes. We addressed this concern by choosing a very particuleir form for the error
spending function for very small sample sizes.

Note that if we had restricted

attention to a particular family of error spending functions, then we should still
consider specific sorts of small sample alterations to that function in order to
address clinical concerns.

5.3 Snmmary
The purpose of this dissertation has been to take a unifying view of group
sequential designs. The topic was motivated by the observation that current lit
erature had become focused on categories of designs for specific clinical settings.
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We felt that unification of the current categories would simultaneously enhance
the flexibility of group sequential designs and make it easier to identify clinically
relevant characteristics.
The major topic of original research in this dissertation is the unification of
group sequential designs. Specifically, the unification of boundary shape functions,
unification of designs with one- eind two-sided stopping, cind unification of designs
for one- and two-sided hypotheses. Also included is the unification of Bayesian
methods (both conventional and decision theoretic) with their frequentist counter
parts, eind research into Bayesian interpretations of frequentist designs.
We have presented this research at a detailed level beginning with an extensive
description of examples to illustrate the need for flexibility in design characteris
tics in order to match the wide rzinge of potential clinical applications (chapter 1).
We described the algebra of group sequential boundaries to demonstrate how they
could be unified and to emphasize the need to consider their clinical characteristics
in addition to their statistical characteristics (chapter 2). We then constructed a
statistical interpretation of the unifying algebraic framework, and considered both
frequentist and Bayesian approaches to that interpretation (chapter 3). Within the
unifying structure of the early chapters, we were able to explore the similarities
and differences between existing group sequential designs, and make some conclu
sions about a simpler frajnework that still contained sufficient flexibility to meet
clinical needs (chapter 4). Finally, we have examined methods for implementing
a group sequential design that allow flexibility in the number and timing of the
interim analyses while maintaining the basic pre-study characteristics of the design
(chapter 5).
In the process of constructing the unifying framework and evaluating its char
acteristics, we were able to make several conclusions regarding current practice
and perceptions related to the design of group sequential trials. In particular:
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(a) The boundajy shape functions of Whitehead and those of Wang and Tsiatis axe
both able to provide the same sorts of clinical characteristics, and are therefore
more similar than they cire different.
(b) The designs of Pampallona and Tsiatis that allow for asymmetric decision rules

(i.e., different type I and type II error rates), can be closely approximated by
boundaries that are syimnetric in their decision rules, but are asjonmetric in
their shape parameters. Thus, these might be considered two different inter
pretations of the same basic design.
(c) Using a family of error spending functions to approximate a family of bound
aries in another scale will depend upon the operating characteristics (i.e., a
fajnily that provides adequate approximation under one set of operating char
acteristics may be inadequate if those characteristics are altered).
(d) The general family of designs can, without much loss of clinical flexibility, be

reduced to a family with a single parameter in each of four different boundary
shape functions (e.g., Wang and Tsiatis boundaries).
(e) Finally, there appear to be definite differences between the Bayesian prop
erties of the frequentist boundary shapes.

It appears that requiring a

reasonable Bayesian interpretation may place a substantial restriction on
the types of frequentist boundaries that are acceptable. Within the Wang
and Tsiatis family, we find that designs with P < 0.7 (and to a lesser
degree, designs with P > 1.0) are likely to correspond to unreasonable
Bayesian stopping rules for a wide range of potentially meaningful prior
distributions.
In general, this research has highlighted the need to focus the design of group
sequential trials on the issues of the particular clinical setting. The various sta
tistical characteristics of a design (e.g., the operating characteristics, the ASN
properties, or the Bayesian interpretations) are certainly of interest, but are of
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greatest relevance when they capture the essence of an important clinical concern.
In closing we note that a fixed-sample trial is really just a group sequential study
that has no interim analyses; thus, a fixed sample design should be judged the same
as a group sequential design which has a very large degree of eaxly conservatism for
each of its boundaries. On a basic level, the ethics of clinical trials revolve around
defining the number of patients that can be justifiably subjected to an experimen
tal treatment. It is therefore no surprise that the focal point for quantifying these
issues is commonly centered in the construction of a group sequential design.
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Figure o.l, ASN functions for potenticil designs for the SSR trial. Selected design
(solid line); OBF design for two-sided hypothesis with one-sided stopping (broken
dashed line); Pocock design for two-sided hypothesis with one-sided stopping (dot
ted line); Pocock design for one-sided hypothesis with two-sided stopping (dashed
line).
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Figure 5.2, Approximating the selected SSR design with various error spending
functions. Empirical error spending function is denoted by the points. All graphs
show the error spending functions for small sample sizes (solid lines). See text
for description, (a) Approximating the empirical function by linear interpola
tion. (b) Approximating the empirical function using linear interpolation with the
empirical error spending function from the same design, but with m = 10. (c)
Approximations using the error spending functions: a{t) = 0.025^°""^ (upper line)
and a{t) = 0.025Z^"° (lower line).
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