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ABSTRACT 

A non-scanning imaging spectrometer simultaneously captures spatial and spectral 

information via multiple diffractive orders. Optics image a color scene in a field stop. A 

collimating lens converts the scene's spatial information into propagation angles. A 

diffractive disperser multiplexes the scene's spectral information into the propagation 

angles. A lens focused at inHnity images multiple diffiractive orders onto a large sensor 

array, which cannot distinguish the wavelength of incident light within the specU'al 

bandpass of the instrument. The pixels of the sensor array collapse the two-spatial, one-

spectral dimensions into a discrete, two-dimensional array. This collapsing of three 

dimensions into two is a mathematical projection. Computed tomography uses projections 

to reconstruct a three-dimensional object. Hence, this non-scanning imaging spectrometer 

has become known as the Computed-Tomography Imaging Spectrometer, or CTIS. 

The results imply nominal spatial and spectral resolution limits. When each projection 

is considered separately, the Nyquist spatial-sampling criterion provides a resolution limit. 

The limit cannot be achieved for an arbitrary scene. The highest spectral resolution can be 

obtained only if the highest spatial frequency is present. The formula that defines what 

each diffractive order measures is 

where ^ ̂  Fourier decomposition of the wavelength spectrum across the CTIS spectral 

bandwidth, and^ are the horizontal and vertical spatial frequencies, and Hy are the 

diffiractive-order numbers as would be obtained by crossed diffraction gratings, and and 
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Ay are established by the optical design. Derived from a simple model of scalar diffraction, 

the formula is shown to be consistent with CTIS calibrations using a technique from 

computed tomography known as the Fourier-crosstalk matrix. The formula extends the 

defmition of what CTIS projections measure to include cross-orders (n^ and riy can both 

be non-zero) and anamorphic dispersion (A ^ A ). y 
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CHAPTER 1: INTRODUCTION 

Color-television cameras were developed to capture dynamic scenes for 

presentation to a human viewer. The spatial resolution of color-television cameras is low 

compared to 3Smm film but high compared to the resolution of the spectral dimension. As 

in the human eye, a color-television camera captures only three spectral bands. 

Imaging spectrometers resemble color-television cameras in that they capture both 

spatial and spectral information about a scene. Because a color-television camera captures 

scenes for presentation to a human, its capturing of the three spectral bands of human 

perception is apt. Imaging spectrometers serve a scientific role of quantifying the radiation 

within many spectral bands. If the electromagnetic wavelength X is considered the third 

dimension of a 2-d spatial scene, imaging spectrometers seek to characterize a 3-d object. 

Most imaging spectrometers scan through time to synthesize a 3-d set of 

measurements from the 2-d measurements. Scanning permits trading time for spectral 

resolution. However, a changing scene thwarts scanning spectrometers. Both the eye and a 

camera blur responses to a rapidly changing scene. 

An alternative to scanning was developed by Descour. [Descour, 1994] Descour 

argued that k could be treated as a pseudoniepdi when passing though a diCftactive 

disperser, thus pennitting conventional computed-tomography theory to be applied to 

retrieve the spectrum as the third dimension. A large sensor array captures multiple 

diffractive orders without scanning through time. Because of its inspiration from 

computed tomography, this non-scanning imaging spectrometer has become toiown as the 

Computed-Tomography Imaging Spectrometer, or CTIS. 
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This dissertation exploits a technique arising from computed tomography: the 

Fourier-crosstalk matrix. Introduced by Barrett and Gifford [Barrett, 1994], the Fourier-

crosstalk matrix is a mathematical design technique. The question addressed by Barrett 

and Gifford was how discretizing the process of collecting projections affected the ability 

to reconstruct the 3-d scene. 

This dissertation uses the Fourier-crosstalk matrix and CTIS calibration data to 

estabh'sh what CTIS measures in the projections created by diffi-action orders. Simple 

patterns are discovered. Small-angle scalar diffraction theory and a simple CTIS optical 

model produce a formula that explains the simple patterns. The formula is interpreted to 

imply that for each diffractive order, a 2-d spatial frequency is preserved by a frequency of 

a Fourier-transform decomposition of the spectrum of the scene. This interpretation is 

supported by data from computer simulations of CTIS and die Fourier-crosstalk-matrix 

results. The interpretation includes relating the simple patterns to the span in pixels of the 

diffractive orders captured on the sensor array. 

Subsequent chapters of this dissertation are as follows. Chapter 2 introduces 

concepts essential to understanding the need for, and nature of, this dissertation. Chapter 3 

uses the Fourier-crosstalk matrix to reveal the simple patterns of maximal CTIS response. 

Chapter 4 uses the physics of CTIS and diffraction to derive a formula that describes what 

each diffractive order measures. Chapter 4 also shows that predictions ffom the formula 

are consistent with various CTIS measurements. Chapter S combines sampling theory 

with the formula to establish CTIS measurement limits and locates the central slices 

within these limits. Chapter 5 refutes the approximation that the null space in CTIS is a 
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cone in Fourier space. Chapter 6 outlines the implications of the dissertation and suggests 

how the research could be continued. 

Five appendices support the dissertation. With the exception of Appendix E, each 

appendix relies on material in Chapter 2. Both Appendices A and B address the problem 

of using a discrete calibration and a computer to simulate the Fourier-crosstalk matrix. 

Appendix A describes how the various CTIS designs were synthesized from actual 

calibration data for a CTIS system. Appendix B outlines computer programs that compute 

part of the Fourier-crosstalk matrix. The program that produces a Hgure summarizing the 

computed part is also described. Appendix C supports contentions in Chapter 3 that the 

simple patterns hold for various CTIS designs. Appendix D explains some of the 

conventions that permit mapping from a figure in this dissertation to a particular CTIS 

model and computer run. Appendix E is a stand-alone paper that summarizes Chapter 4. 

All of the parts work toward answering a simple question: 

What are the spatial and spectral resolution limits of CTIS, and how are 

they achieved? 
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CHAPTER 2: ESSENTIAL CONCEPTS 

The chapter first presents an overview of CTIS optical design. Special emphasis is 

placed upon how diffraction of light multiplexes spectral information with spatial. The 

mechanism by which multiplexing creates ambiguity is key to this dissertation. 

The central-slice theorem of computed tomography is introduced. The sensing of the 

multiplexed spatial and spectral information is a mathematical projection. This central-

slice theorem states that projections have a simple form when the data being projected is 

described in the continuous Fourier-transform domain, which in this dissertation is called 

reciprocal space. 

A section defines the Fourier-crosstalk matrix. The Fourier-crosstalk matrix defmes 

a linear operator via the response of pixels in a sensor array to Fourier-series basis 

functions. The Fourier-crosstalk matrix is an exact representation of the continuous-to-

discrete linear operator for physically-realizable objects imaged in the system's field stop. 

The final section maps the Fourier-crosstalk matrix onto CTIS specifically. The 

color scene in the field stop of CTIS is represented by a Fourier-series expansion. By 

analogy with crystallography, this representation of the color scene is called the 

reciprocal lattice, which are considered points within the reciprocal space. As suggested 

by the introduction of both the central-slice theorem and the Fourier-crosstalk matrix, the 

Fourier domain is essential in understanding what CTIS measures. 
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Computed Tomographic Imaging Spectrometer (CHS) 

An optical layout of CTIS is shown in Figure 2.K Zoom lens 0 forms an image of a 

color scene within the field stop. Subsequently, this color scene is considered the input to 

the ens system itself. 

Disperser 

Zoom lens 0 Zoom lens 1 / z„„„,e„5 2 
 ̂ Stop 1 T 

l ) ( J )  . _ M  1  '  j  Ltir-\j-' 1 

Hatched box defines a region ^ 
detailed in subsequent figures. 

/ 
Sensor array 

FIGURE 2.1: A CTIS optical layout. 

Zoom lens 0 forms the image in the Held stop. The zoom lenses 1 and 2 allow 

manipulation of the number of diffractive orders captured. In this layout only zeroth 

diffractive order is shown. See Figure 2.3 on page 19 for details of the actions of the 

disperser. 

The essential component of CTIS is die disperser, which resides in collimated space 

between the field stop and the sensor array. To minimize its size, the disperser is the 

system stop. Zoom lens 1 coUimates the light from the field stop, and zoom lens 2 captures 

some number of diffractive orders from the disperser and images them onto the sensor 

array. Zoom lenses facilitate experimentally changing CTIS design parameters. 

Figure 2.2 and Figure 2.3 depict the effects of the disperser. Both flgures use broad 

arrows in lieu of the bounding rays of the same two Held positions depicted in Figure 2.1. 

Labels and subscripts are used to indicate color, diffractive order, and field position. 
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Collimated white light System Aperture 

white light ^ 
along opticai axis (oa) 

Full FOV 

Full FOV 

X into paper T 

FIGURE 2.2: An alternate depiction of collimated light at the system aperture. 

The two bundles of rays shown in Figure 2.1 have been replaced with broad arrows 

denoted here with the subscripts oa and fs. The arrows can be considered the boundary of 

sections of planar waves propagating through the system aperture. 

Dispersed F0> 

Collimated white light Disperser at 

System Apettur^ 

white light 
along optical axis (oa) 

^ Full FOV 

X mto paper ^ 

!-Aoa 
noa 

^IfS 

Mfi 

white, oa 

-lot 

P 
loa 

FIGURE 2 :̂ Ambiguity introduced at dispersive grating. 

Propagation angles after the grating no longer encode only spatial information. Both 

incoming angles and dispersed spectral beams ate continuous ranges, but depicted are 

only three colors (B, G, and R) being dispersed into difiractive orders -1,0, and 1. 
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In projection terminology, the irradiance of each Hnal angle in the diagram is a line 

integral through (y,A.) space, bi three dimensions, the irradiance of each final angle is a line 

integral through (x,y,'K) space. AmbiguiQ^ is induced by the disperser because angles 

encode both spatial and spectral information. In collimated space the source of the light is 

encoded by the angle of propagation of the plane wave. For non-zero diffractive orders, 

the disperser modifies the direction of propagation according to the wavelength of the 

plane wave. A continuous range of incoming angles multiplexed with a continuous range 

of wavelengths creates a continuous range of ambiguiQr. 

An equation describes this ambiguity in the x direction more precisely; y is 

analogous. Angles will eventually be required to be small, making distinction between 

angles and direction cosines irrelevant to the discussion. Let and be the 

propagation angles just before and just after the disperser. Let be a function that 

deviates wavelengths for the n"* diffractive order in the x direction. The ambiguity is then 

Equation (2.1) states that at the disperser, the plane wave keeps going in the direction it 

was going (a^^) except by the amount it was deviated )• 

If the only the final angle is known, (2.1) is an equation in two unknowns: the 

incoming angle and wavelength-dependent angle change • Except for edge 

effects, every incoming angle has a wavelength A. whose deviation „A^(^) causes it 

to sum to the final angle a'jf. A lens focused at infinity converts propagation angles to 

image locations, so in Equation (2.1) a'^ is the quantity measurable by the sensor array. 
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The sensor array introduces a second type of ambiguity: finite sampling of the 

propagation angles in coUimated space by a 2-d array of pixels. Even if the point-spread 

function of the optical system were inHnitesimal, the finite size of each pixel on the sensor 

array implies uncertainty in the propagation angle detected by the pixel. The actual point-

spread function increases this uncertainty. Because spectral information has been 

multiplexed onto spatial, the finite spectral bandpass is another aspect of this uncertainty. 

A third type of ambiguity is imposed by the pixel pitch, which is the period of the 

pixels on the sensor array. A spatial frequency that is sampled at less than two samples per 

cycle aliases with a lower frequency. This dissertation follows the convention of calling 

the frequency that corresponds to exactly two samples per cycle Nyquist. [Gaskill, 1978] 

In keeping with the idea of the spectrum as the third dimension, the field stop is 

conceptually decomposed into small 2-d areas, each of which has a spectrum divided into 

contiguous bands. Any of the small 2-d areas and some spectral band is called a voxel 

after the phrase volume element. This dissertation reserves the term pixel to refer to the 

physically distinct measuring units of the sensor array. The phrase spatial voxel extracts 

the 2-d spatial aspect of the voxel. Voxels are one form of expansion functions for the Held 

stop. 

Each voxel in CTIS has a distinct pattern on the sensor array, which is the voxel-

response Amction for that voxel. The calibration process consists of measuring the voxel-

response function for a collection of voxels that is in some sense adequate to characterize 

them all. The calibration used in this dissertation routed the output of a monochromator to 

a spatial voxel in the field stop. By stepping through lOnm spectral bands, a series of 
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voxel-response functions were collected for the entire spectral range from 450 to 720nm. 

Every other spatial-voxel position was assumed to have the same voxel-response function 

when that voxel-response function was shifted by some integral number of pixel positions. 

Under this assumption, the pitch of spatial voxels is implicitly defined by the pixel pitch. 

The approximation has been characterized as typically 98% accurate. [Volin, 1998] 

Any single voxel can be unambiguously inferred firom its voxel-response function. 

Figure 2.4 on page 23 shows the voxel-response function from the calibration of the lOnm 

spectral band centered at 4S0nm. Figure 2.5 on page 24 shows the voxel-response 

function for the lOnm spectral band centered at 720nm. The spatial extent of the 75x75 

pixels of the zeroth diffractive order are outlined in both Figure 2.4 and Figure 2.5. Shifts 

are limited to the range of the field stop, and the spatial position can be ascertained by the 

location of the pattern with respect to the field. The spectral band of the voxel can be 

ascertained by the spacing between diffractive orders. Within this dissertation, the image 

of the ^eld stop for some diffractive order is called its footprint. The units associated with 

the footprint are pixel pitch, which in this dissertation is the same in the horizontal (r) and 

vertical (y) directions. The term blur refers to the image of the end of the fiber optic in 

each diffractive order. Because the blur is much smaller than the footprint, the dissertation 

ignores the contribution of the size of the blur in computing the size of the footprint. 
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FIGURE 2.4: Thresholded voxel-response function for center wavelength 4S0nm. 

To highlight the diffiactive orders, ail pixels above a calibration threshold are shown as 

fiilly black. The Held position is the lower left comer of the field stop, using the 

orientation of the pixel plane as displayed to define left and lower. The extent of the Held 

is outlined around the zeroth diffiractive order. Each diffiractive order forms a blurry image 

of the end of the fiberoptic. A madiematical model of this diffraction pattern is discussed 

in Appendix A, where the lower-left and center blurs of this voxel-response function are 

shown in greater detail. 
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FIGURE 2.5: Thresholded voxel-response function for center wavelength 720nm. 

The extent of the field is outlined around the zeroth diffractive order. 7x7 diffractive 

orders form blurry images of the end of the fiber optic. The field position is the same as 

Figure 2.4. 

CnS's difficulty in inferring the color scene arises when multiple voxels are 

illuminated within the fteld stop. Color scenes are approximated by a vast number voxels, 

and any one pixel is illuminated by many voxels. The pattern produced when the field stop 

is flood illuminated with white light is shown in Figure 2.6. Unlike Figure 2.4 and 

Figure 2.S, Figure 2.6 uses a gray scale to depict intensity variations. 



25 

DC for voxels/side = [75,75,28] onto 1024x1024 pixels. 
XfqOl -ityTSwyZa^eombos 

FIGURE 2.6: Pixel pattern produced by 75x75x28 equally-intense voxels. 

The Hgure is produced using the calibration used in this dissertation. Equally-intense 

voxels corresponds to broad-band illumination of the Held-stop. Unequal diffraction 

efficiencies contribute to the variation in the gray scale. 

The ens design producing Figure 2.6 has yet another source of ambiguiQr: the 

overlap of diffractive orders. When multiple diffractive orders land on a pixel, multiple 

collections of line integrals through (x.y,A.) space are measured by that pixel. Overlap 

permits the ci^turing of more diffractive orders and the illuminating of more pixels. 
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Diffiractive-order overlap is more easily discussed when Equation (2.1) is 

approximated via the small-angle formula for diffraction: 

and similarly for y. The approximation is that the deviation imposed by the disperser is 

proportional to the wavelength A, times the diffiractive-order number The constant of 

proportionality is and includes the unit conversion from the units of wavelength (e.g., 

microns or nanometers) to propagation angles (e.g., pure if direction cosines). Both the x 

and y directions follow the approximation to the precision of the CTIS calibration. 

Figure 2.7 relates the horizontal diffiractive order rij^ to overlap using some 

definitions. Define horizontal span in pixels of the zeroth diffractive order SpoVx 

define the spectral range as Because converts from wavelengths to 

propagation angles, define A'j^ to include the conversion to pixel-pitch units in the first 

horizontal diffractive order. In the idealized figure, an infinitesimally narrow spectral line 

creates the same size field-stop image in any difftactive order. The figure treats the 

extreme wavelengths as infinitesimal and arbitrarily selects as Blue and as Green. 

Just one color (Turquoise) is used as a reminder that a continuum of colors intervene 

between the extreme wavelengths. 
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FIGURE 2.7: Orders n and n+1 shown touching on one side of array (in 1-d). 

The spectral range goes from Blue to Green, and SpoVx width of the zeroth 

diffiractive order. As a reminder than the color span is continuous, one intermediate color 

(Turquoise) is shown. 

From Figure 2.7, orders and exactly touch when 

^FOVx - ("x 

= ^'xho ~ ^FOVx 

= \o ^FOVx 

Note that overlap occurs even for inHnitesimal spatial fields when 

(2.3) 

(2.4) 

a relationship not unique to CTIS's method of spectroscopy. In CTIS, overlap between 

diffiactive orders occurs even sooner because of the finite field of view. The finite spectral 

range causes increasing diffractive orders to increase their spread on the sensor array, 

overlap occurs at some lower diifiractive-order number, the overlap becomes worse at 

higher diffractive orders. 
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Details on modeling the voxel-response function are discussed in Appendix A. The 

model is used to produce CTIS diffractive-order layouts that vary in the number of 

diffractive orders captured but not in the size of the sensor array or the footprint of the 

zeroth diffractive order. Figure A.4 on page 132 conveys a sense of how overlap varies 

with the number of diffractive order captured. 

Sometimes overlooked is that for a fixed set of design assumptions, the footprint of 

the outermost diffractive order is independent of the number of diffractive orders captured. 

The quick argument for this observation assumes that one diffractive order is being 

captured, but the design is to be changed to capture two. The second diffractive order 

lands twice as far away, so the proportionality constant A must be halved. The second 

diffractive order is then captured, but it has twice the spectral spreading of the first. The 

outer diffractive order is hence unchanged in size. 

The argument and design assumptions can be applied to an arbitrary number of 

orders n and n'. In horizontal direction (vertical is analogous), the design invariants are 

1. the field-of-view footprint 5po\^x O" pixels), 

2. spectral range 5X, and 

3. sensor size. 

The conversion factors A'^ and A'^n' ^ adjusted to fill the sensor with n and n' 

di^active orders, respectively. To fill the sensor array firom one direction starting at the 

center of the field-of-view. 

^FOVx 

2 
(2.5) 
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Hence 

(2.6) 

The number of pixels subtended by the outermost diffractive order is 

~ h ' O W x ' ^ x n \  

and hence is SpQVx design. Substituting Equation (2.6) into the 

last line of Equation (2.7) yields the equality 

Each side of Equation (2.8) is the number of pixels subtended by the design's outermost 

diffractive order. 

Part of the simplicity of the conclusions of this dissertation arise from the invariance 

of the pixel span of the outermost diffractive order under typical CTIS design constraints. 

Notice that obtaining a larger sensor array, or tilting the sensor anay, does permit more 

spectral spreading in the outermost diffractive order. 

^FOVx + nAjf„5j^ = 5pQYjj + n (2.8) 
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The central-slice theorem 

The central-slice theorem of computed tomography describes what a projection 

captures. Projections reduce the number of dimensions; in CTIS, this reduction is from 

three dimensions (two spatial, one spectral) to two dimensions (a 2-d sensor array). The 

central-slice theorem relates the Fourier transform of the projection to the Fourier 

transform of the actual data being projected. 

Operator notation facilitates deHning the central-slice theorem. Let the projection 

operator from 3-d to 2-d be for Radon, who was the first to develop projection theory. 

[Bracewell, 1995] The projection from 3 spatial dimensions to 2 spatial dimensions is 

known under the more specific term X-ray projection. [Descour, 1994] Denote the 2-d 

Fourier transform as §2 Fourier transform as Every plane in 3-d space has 

a point of closest approach to the origin; the vector from the origin to that point of closest 

approach is normal to the plane. These facts permit defining the plane as being at distance 

p from the origin in the direction 6. Using {p, i^) to denote this plane, the central-slice 

theorem for a projection at 6 from 3-d to 2-d is then 

= §2^ (2.9) ^3 
(0,9) 

where the left-hand side indicates that the 2-d data on the right-hand side corresponds to 

the plane in 3-d Fourier space. The term central-slice arises by associating slice with 

"plane" and central with passing through the origin of Fourier space. 

The central-slice theorem exists for various dimensions, and the figures of diis 

section illustrate the concept of the central-slice theorem via projections through 2-d onto 
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1-d. Restncting the original number of dimensions to two facilitates depicting projections 

on a 2-d sheet of paper. For example, the direction in 2-d space is just a scalar angle 6. 

The concept of the central slice theorem can be made concrete by an analogy with a 

large agricultural field. Figure 2.8 shows a large field has been plowed into cosinusoidal 

surface profile running in one direction that is tilted with respect to the sides of the field. 

Most straight paths across the field cut across many hills and furrows; the average height 

along the path is almost the average level before plowing. Only when the straight path is 

almost parallel to the hills and furrows does the average height of the path depart from the 

original ground height. The point is that projections wash out contrast except for waves 

running nearly perpendicular to the direction of the projections. As the size of the field 

increases, the ampUtude of the response increases and the angle of signiHcant response 

decreases. The response of the projection becomes more impulsive, selecting exactly the 

spatial frequency that runs perpendicularly to the projection. In accordance with the 

central-slice theorem, the projection has captured firequencies perpendicular to the 

projection. 
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îth 

slice has 

ffte 

^OlBj 

"lift squaig 

field 

'"^""ly^kc, 

Slice 

P'̂ jcctii 
^Vflve. 

on 

^0 (fte 
theoi 

m. 
spatial 

^oaii 'ain 
tfte 

<^auses a 
®«/tip/j 

*^O0Vo/| 
watfon 

<^ej«ra/ 

utfon 
of a 
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is used with rect as defined by Gasicill. [Gaskill, 1978] Note that the sinusoid has IS 

horizontal cycles and 7 vertical cycles, and is depicted as a gray-scale picture in 

Figure 2.9. An actual intensity would be accompanied by a DC offset to preclude negative 

intensities. The projection of DC square is always a trapezoid, provided that both a square 

and triangle are interpreted as special cases of a trapezoid. 
/ 

y 

0 . 4  

0 . 2  

0 

- 0 . 2  

- 0 . 4  

- 0 . 4  - 0 . 2  0  0 . 2  0 . 4  

FIGURE 2.9: IS horizontal cycles and 7 vertical cycles across a unit square. 

In subsequent illustrations of the effect of the finite field, the object square is tilted 

by the projection angle and the projection is taken vertically. This technique permits a 

graph showing the intensity integrated by the projection to appear just below the tilted 

square. The projection for 1° is shown in Figure 2.10. When its projections pass through 

opposite sides of the square, the line integral integrates at least 6 full cycles. 
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FIGURE 2.10: A projection of 1° from the vertical. 

The projection is depicted by tilting the sinusoidal pattern into new coordinates (x', yO and 

projecting vertically. The sloping sides cause a change in the length of the projection. On 

either side of the graph, the steep slopes of this projection induce a high ftequency 

component In the center region of the graph, at least six fiill sinusoidal cycles are 

integrated, which diminishes the maximum possible integral. 
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Figure 2.11 shows how the amplitude of the projections increase as the projection 

angle approaches the angle tan*'(7/lS), which is die angle of the sinusoid's lines of 

constant amplitude. The left-hand side of Figure 2.11 shows the projection angle 

tan'kl-S/lS) and the right-hand side shows the projection angle tan*'(6.S/lS). 

tan'^d^/lS) tan'V6^/15) 

0T2 0.4 X 

/(/) @ ian-'(I3/15) 

0 . 2  0  0 . 2  0 . 4  O l E  

• /(JC') @ Un-'(6.5/15) 

FIGURE 2.11: Projections at tan~'(l.S/lS) and tan''(6.S/lS). 

As the angle of projection approaches that of the tilted sine wave (tan*'(7/1S)) 

The change in the angle of projection changes the footprint of the field and the 

dominant frequency of the projected sinusoid. At tan*kl.S/15), the tilt is relatively small, 

and the projected frequency is close to the original IS horizontal cycles. As the tilt 

approaches that of the sinusoid, the fluency increases because the projected period 
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decreases towards the perpendicular distance between the sinusoidal periods. The 

dominant frequency persists even when the sloping sides of the trapezoidal envelop 

induce an additional frequency at either end of the range of projections. Figure 2.12 

highlights these features for the projection angles of tan*'(1.5/lS) and tan''(6.5/lS). 

FIGURE 2.12: Comparison of the frequencies for tan*'(I.S/lS) and tan''(6.5/lS). 

For tan''(1-5/15), approximately 3 periods fall between 0.0 and 0.2 so the frequency is 

approximately 3/0.2 = IS. For tan*'(l.S/lS), approximately 3 and 1/4 periods fall 

between 0.0 and 0.2 so the frequency is approximately 3.25/0.2 = 16.25. 

The central slice theorem states that a projection system best preserves frequencies 

that are perpendicular to the projection. The frequency of the projection is not exactly 

equal to the frequency of the tilted wave unless the projection is exactly perpendicular to 

the direction in which the wave is running. The central slice has width, a conclusion that 

can also be reached by sampling theory. [Harris, 1978] bitegrating an integral number of 

sinusoidal cycles limits the maximum amplitude of the projection. Lower frequencies 

hence have greater width in their central slice. 
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Definition of the Fourier-crosstalk matrix 

As defined by Barrett and Gifford [Barrett, 1994], the Fourier-crosstalk matrix is an 

exact representation of the effects of a linear operator ff on an object bounded in space. 

This discussion follows that of Barrett and Gifford in using z as the third dimension; the 

final section of this chapter maps the definition of the Fourier-crosstalk matrix onto the 

ens application. The H in this section is general other than the requirements that it be 

linear and that its action need only be defined on objects with compact support. 

Any finite 3-d object / can be described by a Fourier-like series. Let r be a 

continuous 3-d variable that spans the object space. A countably infinite (denumerable) 

set of complex numbers exists such that 
X y z 

00 oe oo oo 

/w = S I I = X w) 
where the single index k renumbers the denumerable number of spatially-truncated 

Fourier-basis fiinctions defined by 

IniiPtk t • *•) 
(2.12) 

where Pkjtjc, the wavevector and S(r) is the 0-1 function for the support region for 

object/frj. bi Equation (2.12) S(r) performs the spatial truncation of the complex Fourier-

series-basis functions exp(2Jti(pt 11. •'•))-
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This dissertation uses a support region defined by 

Sir) = rect\ (2.13) 

where rect(a) is defined as in [Gaskill, 1978]. The use of the rectangular support region 

ensures that the truncated Fourier-basis functions are orthogonal in the support region. 

The subscripted indices ky, and in Equation (2.12) are then the integral number of 

cycles across the support region. Negative indices correspond to negative frequencies. The 

form ikjpkyk^) designates a point in a reciprocal lattice. The reciprocal-lattice shorthand 

for a Fourier-series expansion function is used extensively in this dissertation. Figure 2.8 

on page 32 depicts the 2-d spatial pattern corresponding to the 2-d reciprocal-lattice point 

Any linear measuring system H with M pixels can have each measurement on the 

pixel m described by a sensitivity equation 

where hjir) is the sensitivity function that incorporates the point-spread function of the 

imaging system, the extent of the measuring pixel, and the integration time for maldng the 

measurement. The integral notation is shorthand for integrating over the entire multi

dimensional region of support 5. 

In operator notation, the imaging system can be written as 

(31,8). 

(2.14) 

S 

g = Bfir) (2.15) 
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where g is a continuous, M-dimensional vector whose m* component is given by the 

Equation (2.14). The definition of a set of matrix elements 

is inspired by inserting the expansion off(r) given by Equation (2.11) into Equation (2.15) 

and then using the assumed linearity of the operator U. is the efTect of the 

spatially truncated Fourier-basis function on the pixel. 

The idea of defining H by its effect on the Fourier-basis functions on the pixels m is 

essential to the concept of the Fourier-crosstalk matrix, whose elements are defined 

by 

M 

Ptf = I 

m= 1 

or using matrix notation, 

B = 4't^ (2.18) 

where the dagger denotes the adjoint (complex conjugate of the transpose) and is a 

capital p. An interpretation of Equation (2.17) is that is the sum of the pixel-by-pixel 

product of the measured response of B. to the two Fourier-basis functions indexed by k and 

kf. The number of pixels M is finite. 

Reasonable alternatives exist for the indices of B. When the indices of the Fourier 

series are renumbered into the single index k (as in the right-hand side of Equation (2.11)), 

can be thought of as a 2-d matrix indexed by k and k'. Alternatively, ^ can be thought of 

as a complex array indexed by k^kyk^ k/, ky', and k^. Written as a 2-d matrix, B is the 
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matnx for the linear operator H^H for the support region S(r) written in the Fourier-

series basis. For a given support region, B is unique up to the ordering k of the Fourier-

series basis functions. Note B is denumerable. 

This dissertation utilizes a finite subset of indices called a run. A run selects one of 

the three dimensions and cycles that dimension's index from 0 to some upper limit beyond 

the response of the system. The term run is suggestive of a consecutive sequence (e.g., of 

playing cards) or a batch session on a computer. The latter connotation is apt, as described 

in Appendix B. Because a run covers only a subset the denumerable indices, only a 

portion of the Fourier-crosstalk matrix is computed for a run. Equation (2.17) is applied 

with k and if simply spanning the cases computed within the run. 

The reciprocal-lattice notation {k^kyk}) can be expanded. Because two of the three 

frequencies are fixed for a run, a run uses an asterisk for the frequency being increased. 

For example, the run (7,0,*) would fix and kysO and cycle k)^ up from 0. A plane 

whose normal is parallel to some coordinate axis in reciprocal space is designated with 

two asterisks. For example, (*,0,*) indicates the plane in frequency space in which i^sO. 

The elements of B are usefully subdivided into diagonal elements and non-

diagonal elements A diagonal element has Jlcsif, hence Equation (2.17) becomes 

M 

hk = I 

OT = I 

are just the squared norm of the contribution of the k*** basis function as measured by the 

pixel. is a measure of the orthogonality of the two otthonormal basis functions 0)^(r) 
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and In particular, we can define a generalized angle 6|^' between the two vectors 

OTjjCr) and H^'ir) 

cos^kk' = 

If 0yj' is 90°, then the vectors H^(r) and are orthogonal. If is 0°, then the 

vectors //0|^(r) and are parallel; that is, each has exactly the same pattern in the 

sensor array and hence we cannot distinguish between them solely by looldng at the 

measurements made by the pixels. The pixels form an M-dimensional vector space. 

A general object will have different weights on the 0|((r) than any other object, but 

these weights do not affect the generalized angle. The weights affect the magnitude (and 

phase) of the response in the M-dimensional vector space, but not die direction of the 

response in that vector space. 
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Representing the field stop in the Fourier series 

To apply the Fourier-crosstalk model to CTIS, the support region must be deflned. 

The spatial extents are the rectangular field stop defined to have extent &c and By. The 

spectral region of support is That is, Equation (2.13) becomes for CTIS 

Ideally, the system spectral responsivity would be flat over this spectral range of colors in 

the field stop. From the viewpoint of the Fourier-crosstalk matrix, CTIS recovers the 

shape of the spectrum over the spectral range; that is, the spectrum of the spectrum. 

Although the three dimensions of the definition of the Fourier-crosstalk matrix are 

completely symmetrical, the spectral dimension of CTIS is unique. Descour denotes the 

spectral dimension as a, pseudo-depth, which exists for any particular grating's diffractive 

order. [Descour, 1994] The differences between response of CTIS to cycles across the 

respective range of the support region are illustrated by displaying the response of a CTIS 

to four reciprocal lattice frequencies; (0,0,0), (3,0,0), (0,3,0), and (0,0,3). To avoid 

confusion arising from overlap of diffractive orders, a SxS CTIS design is used in 

Figure 2.13 to show the response to these four reciprocal lattice frequencies. As discussed 

in Appendix A, the SxS design differs from the calibrated CTIS in the amount of spectral 

dispersion. All CTIS designs studied in this dissertation are derived from the same 

calibration. This ensures that disperser manufacturing differences do not complicate 

interpreting results; moreover, it avoided the expensive manufacturing of dispersers. 

(2.21) 
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FIGURE 2.13: SXS-CTIS-desigii response to (0,0,0), (3,0,0), (0,3,0), and (0,0,3). 

(0,0,0) for the 5X5 CTIS design should be contrasted with Figure 2.6 on page 25, which is 

the response of the calibrated CTIS to (0,0,0). The 5x5 CTIS design retains the diffraction 

efficiencies of the inner 5X5 diffraction orders of the calibrated CTIS. The finite size of 

die field stop is visible on these depictions of the CTIS sensor array. Note that spectral 

smearing in non-zero diffractive orders tends to wash out contrast in (3,0,0) and (0,3,0) 

unless the smearing is parallel to the crests and troughs of the frequency. Spectral detail 

for (0,0,3) only arises firom the finite size of the field stop itself. 
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Appendix A also deals with the necessity of using discrete sampling of the Fourier-

series expansion functions. The necessity arises because this dissertation adopts the view 

first presented in Descour's dissertation; the calibration deHnes how CTIS works. Without 

a discrete representation of the Fourier-series basis function. Equation (2.16) on page 39 

cannot be implemented using the CTIS calibration. The discretization of the Fourier-series 

basis functions in the field stop is distinct from the discretization of the output, which is 

imposed by the pixels (see Equation (2.14)). As discussed in Appendix A (see page 138), 

the strategy for coping with the discretization of the input functions is to subdivide the 

calibration voxels such that the representation error in the input space is not significant. 

Although the CTIS calibration is often called the H matrix, the implementation 

actually uses an ensemble of convolution vectors, one for each center wavelength of the 

spectral calibration steps. The convolution vector is a vector form of the voxel-response 

function (see Figure 2.4 on page 23 and Figure 2.S on page 24). This implementation 

enables storing and applying the H matrix in a personal computer. [Volin, 1998] The 

convolution process converts each band-limited voxel-response function from the 

calibration model into a color plane in a 3-d model of the color scene; that is, the algorithm 

completes the model by adding the spatial aspect to the calibration measurement. The 

implementation models CTIS as being spatially shift invariant within each diftactive 

order. 
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CHAPTER 3: SURVEYING THE RECIPROCAL LATTICE 

The Fourier-crosstalk matrix provides a means of assessing both the width and the 

location of CnS central slices. Although the flniteness of the support region suffices to 

create width in the central slice, Volin has noted from the pseudo-depth model that 

unequal diffiraction efficiencies also contribute to the width of the central slice. [Voiin, 

2000] Descour's pseudo-depth model does not specify the role of cross-diffiactive orders; 

that is, where a non-zero diffiactive order is taken for more than one crossed grating (or 

the equivalent path in a computer-generated hologram controlling the diffiraction 

efficiencies). Neither does the model consider diffiactive order overlap. By capturing as 

many as 25 diffiactive orders, Volin assumed that the width of the central slices was such 

that only a cone around the axis in Fourier space did not contribute to OTIS 

measurements. Object space not measured is called null space, [Barrett, 2001] and Volin's 

contention is that the null space of CTIS is approximated by the interior of a cone. 

A survey of reciprocal-lattice space establishes that a 5x5 CTIS design with 25 

diffractive orders has separation between the central slices. The separation of the central-

slices is greater than the width of the slices; that is, the area around the axis in Fourier 

space is not the only null space of CTIS. The results hold even for the CTIS system 

calibrated, which has as many as three diffiractive orders sharing pixels. That is, overlap 

does not affect the locations of the central slices, nor does it eliminate the null space 

between slices. 

Rather than using any particular physical model such as pseudo-depth, the survey 

relies upon the CTIS calibration matrix. This reliance continues the view of Descour's 



46 

dissertation that the calibration of CTIS is its defining quantity, not the pseudo-depth 

model. [Descour, 1994, p.42] 

To apply the Fourier-crosstalk matrix, two impediments must be overcome: 

1. The Fourier-series basis functions are continuous, but the CTIS calibration is 

discrete. 

2. The Fourier-crosstalk matrix is too large to be exhaustively computed. 

The next two section address these two problems. 

For the purposes of locating the central slices and assessing their width, the MTF-

like aspect of the Fourier-crosstalk matrix sufHces. Non-diagonal elements of the Fourier-

crosstalk matrix also provide information about CTIS, but understanding their 

contribution is easier after the theory of CTIS operation is developed Chapter 4. 
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Overcoming the discreteness of the calibration 

The caUbration for CTIS is discrete in a number of fashions: 

1. A discrete number (28) of spectral bands were collected, each generated by a 

monochromator set to a 10 nm spectral bandwidth. 

2. The sensor array recorded a discrete number of pixels (1024x1024). 

3. A Hber optic routed the spectral band to one position in the Held stop, and the 

resulting sensor array pattern was assumed to apply to shifts in the field stop 

corresponding to integral shifts of pixel pitch on the sensor array. This 

assumption defines spatial-voxel pitch and pixel pitch to be the same. 

The strategy for overcoming the discrete nature of the calibration was to synthesize 

an analytic model for the CTIS voxel-response function. Voxel-response functions 

themselves are amenable to use in computer simulations. The analytic model permits 

generating voxel-response functions corresponding to a higher resolution (finer voxel 

grid). When further increases in resolution do not appreciably change the simulated 

response, the resolution is adequate. The analytic model does not change the size of the 

pixels on the sensor array. These pixels, and the physics of imaging, limit the resolution of 

the system independently of the resolution of the voxel grid. 

Although the CTIS calibration is often called the H matrix, the implementation 

actually uses an ensemble of convolution vectors, one for each center wavelength of the 

spectral calibration steps (see page 44). The convolution vector is a vector form of the 

voxel-response function (see Figure 2.4 on page 23 and Figure 2.5 on page 24). The 
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convolution process completes the model by adding the spatial aspect to the calibration 

measurement. 

Steps to increase the resolution of the voxel grid can be cast in terms of their effect 

on the convolution-vector model of CTIS. The assumption of shift-invariance underlies 

the convolution-vector model and is essential to implementation of the CITS model on a 

personal computer. An increase in the number of spectral bands was implemented with an 

increase in the number of convolution vectors. To account for sub-voxel shifts, a separate 

collection of convolution vectors was used for each non-integral shift. The idea is that the 

fiber optic need not be positioned exactly in the center of each voxel. Conceptually, it can 

be positioned on a subvoxel grid as in Figure B.2 on page 148. Shift-invariance at the 

pixel level for each subvoxel location completes the model over the spatial fleld-of-view. 

Within each diffi-active order for each calibration spectral band, the blur was 

modeled as a general 2-d Gaussian. The outermost diffiractive order manifested a spectral 

spreading over about five pixels. This spreading was removed by interpolating 3 or S new 

convolution vectors between each of the original spectral bands as shown in 

Figure A.FIGURE A.9: on page 138. The original 28 spectral bands thus increased to 109 

or 163. To increase the spatial resolution, each Gaussian blur was replaced by 16 

Gaussians on a 4x4 bed-of-nails; that is. one spatial voxel became 16 subvoxels. Details 

on both the production of the analytical model and the synthesis of the higher resolution 

ens calibration are given in Appendix A. 

Given the Nyquist criterion, the spatial resolution of the voxel grid may seem 

excessive. Increasing the (x,y) spatial resolution of the voxel grid each by a factor of four 
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makes the Nyquist frequency in the model of the field stop four times the Nyquist 

frequency of the sensor array. Nevertheless: 

1. Because of its spectral characteristics, CTIS is not a shift-invariant system. One 

firequency can produce a response at multiple frequencies. This multiplicity 

thwarts any naive equating of pixels and spatial voxels with regards to the 

Nyquist criterion. 

2. The input is still a series of ascending and descending stair-steps, not the 

continuous sinusoids of the Fourier-crosstalk matrix. 

3. Excessive is an assurance that CTIS is limiting the response. 

The spatial and spectral resolution increases differed in their intent. Adding 

convolution vectors to increase the number of spectral bands removed the spectral 

spreading in the outermost diffractive orders. As such, it corresponds to smaller spectral 

bands. The spatial analogy would be a smaller fiber optic, where the original fiber optic 

niled the spatial voxel. The calibration data did not manifest evidence that the size of the 

fiber optic was limiting measurements of CTIS response. The intent of the increase in 

spectral resolution was to overcome a calibration feature (the Hnite extent of the 

monochromator's bandpass). The intent of the increase in spatial resolution was to 

overcome the assumption that shifts in the Hber optic corresponding to integral shifts on 

the sensor array sufficed to characterize CTIS spatially. 

The analytical model also permitted studying the effect of overlap. In particular, the 

model permitted synthesizing CTIS designs whose spectral dispersion and Ay was 

greater than the calibration. In one alternative, A^^ and Ay were each increased by 1.6 so 
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that 5x5 full dif^tion orders Ht on the array. In another alternative, and Ay were each 

increased by 3.0 so that 3x3 full diffractive orders Ot on the array. 

Both of these synthesized designs use an approximation tested with the aid of yet 

another CTIS design. The CTIS calibrated uses a computer-generated hologram that 

maximized efficiency into the lowest 7x7 diffractive orders. The full 7x7 diffractive 

pattern fit on the sensor array for the reddest wavelength, but 11x11 diffractive orders fit 

for the bluest wavelengths. The 3x3 and 5x5 designs zeroed the diffraction efficiencies of 

all higher diffractive orders. The zeroing elinunated any overlap arising from these higher 

orders. The zeroing is an approximation, and its validity was tested by creating a design 

with exactly 7x7 diffractive orders. This 7x7 design eliminates the overlap from the orders 

higher than 7. Appendix C compares the 7x7 with the design having overlap from higher 

orders and shows no difference between the two designs at the level of detail of this 

chapter. 

The analytical model allows precise control over what is changed in each CTIS 

model. If a new disperser were built for each design, comparisons between designs would 

face manufacturing variations. Because the analytical model preserves diffi^tion 

efficiencies, the model corresponds to systems that could actually be built. In particular, 

except for overlap at the edge of the sensor array, the final two zoom lenses of Figure 2.1 

on page 18 could use the calibrated disperser to produce the design variations. 
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Overcoming the size of the Fourier-crosstali( matrix 

Size impedes computing ttie entire Fourier-crosstalk matrix. Pending the 

development of the resolution limits of CTIS, the calibration can be used to estimate a size 

of the Fourier-crosstalk matrix useful for probing the resolution limits of CTIS. The 

calibration was conducted for a Held stop with 75x75 spatial positions and 28 spectral 

bands. Suppose that one frequency is to be computed for each voxel; that is, 75x75x28 or 

157,000 frequencies. Each of these frequencies produces a pattern on the 1024x1024 

sensor array. Using a 4-byte floating point number for each pixel produces 157,000 x 

4Mbytes ~ 660Gbytes. Storing all the pixel patterns is impractical on a current personal 

computer. Moreover, the portion of Fourier-crosstalk matrix we would be computing has 

157,000 X (l57,OOOfl)/2 - 12.4G entries (exploiting Hermicity to save almost half the 

computations). Appendix B describes a system of computer programs and storage that 

permits the Fourier-crosstalk matrix to be computed piecewise so that time and space 

trade-offs can be adjusted to suit available computing resources. 

The technique used in this chapter reveals the locations of central slices with few 

computations. The technique is inspired by typical MTF usage. Although one often talks 

about the MTF for an optical system, lens design programs typically produce two MTF's 

for any field position; a sagittal and tangential. The sagittal and tangential MTF's are the 

response in two orthogonal directions in frequency space. Each is computed from zero 

cycles to some upper limit, which is typically Shannon notes that the MTF is 

defined for each 2-d combination of frequencies. [Shannon, 1997, p. 269] Thus although 
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the MTF is defined for all combinations of spatial frequencies, typical optical system 

design uses at most two 1-d paths through two orthogonal directions. 

Similarly, the central slices for CTIS are manifested by 1-d paths through 3-d 

reciprocal space; that is, a run as deHned in Chapter 2. As for a classical MTF, the run 

commences at 0 cycles and continues as long as a response can be measured. Carefully 

placed runs suffice to locate central slices, which are constrained to run through the origin 

of frequency space. 

A complete characterization of CTIS via the Fourier-crosstalk matrix is not required 

to gain insight from a Fourier-crosstalk approach. Sagittal and tangential MTF's for a 

traditional optical system can be considered the Fourier transform of two orthogonal 

projections of the 2-d blur. Two projections cannot reconstruct an arbitrary 2-d blur. 

Similarly, 1-d paths through the 3-d reciprocal lattice do not fully characterize CTIS, but 

they provide information about the location and width of the central slices as well as the 

influence of overlap on the central slices. 
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Runs in the plane (*,0,*) 

This section surveys horizontally-running waves whose spectrum can also vary. In 

reciprocal-lattice space, all of these runs are in the plane (*,0,*); that is, with zero vertical 

cycles in the field stop. The investigation is conducted in the positive quadrant; symmetry 

implies the other quadrants. Runs are presented for the 5x5 CTIS design, which sufHces to 

manifest the simple patterns common to CTIS desips. The paths through the reciprocal 

lattice are shown in Figure 3.1, which depicts the positive quadrant of the plane (*,0,*). 

The ky axis is not shown. Reciprocal lattice points are darkened if they are surveyed in a 

run of this section. Arrows indicate that the run continues in the direction indicated. 

(0,0, 

t 
(7,0,*) (11,0,*) 

t t 

*̂.0.0) 

FIGURE 3.1: Four runs in reciprocal lattice space 

Each run is conducted in the positive octant of (*,0,*) so the ky dimension is not shown. 

Dots are shown at a horizontal spacing unit is 1/Sx and a vertical spacing unit is 1/8X for 

= -A, • .Darkened dots are included in a run included in this section; arrows 
max tnin 

indicate the runs continue in the direction indicated beyond the number of cycles depicted. 



Within this section, the results of the run are restricted to the square root of the 

diagonal of the Fourier-crosstalk matrix. By using normalized input frequencies and 

normalizing the sensor array response by the DC response, the square root of the diagonal 

of the Fourier-crosstalk matrix is an MTF-like quantity. Figures displaying off-diagonal 

values are introduced in the next chapter but also used in Appendix C. 

Because central slices are constrained to run through the point (0,0,0), only a few 

runs are needed to isolate the central slices. Two planes generally intersect in a line, and 

that line must be through (0,0,0). The run (*,0,0) corresponds cycling horizontal 

frequencies in the Held stop, and the MTF-like results are shown in Figure 3.2. Except for 

the use of white light (0 cycles across the spectral range), the run (*,0,0) corresponds to a 

classical MTF in that only spatial frequencies are cycled. The run (0,0,*) corresponds to a 

field stop devoid of spatial cycles; the cycling is across the spectral range from to 

See Figure 3.3. The run (0,0,*) passes through the center of the area of Fourier space 

described by Descour as the missing cone. [Descour, 1994] CTIS can only collect 

diffractive orders within the field angles of the reimaging lens (zoom lens 2 in Figure 2.1 

on page 18), and this limitation excludes central slices from being parallel to the axis. 

The runs (7,0,*) and (11,0,*) are parallel to the axis and hence must intersect any 

central slice running within the positive octant of the plane (0,*,0). The tuns (7,0,*) and 

(11,0,*) are sufficiently offset from (0,0,0) that the central slices have clearly separated yet 

not at such high frequencies that the central slices have passed beyond CTTS's Fourier-

space bandpass. See Figure 3.4 for the run (7,0,*) and Figure 3.5 for (11,0,*). 
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FIGURE 3.2: The run (*,0,0): Horizontal frequency is increased for white light. 

The square root of the diagonal of the Fourier crosstalk matrix (0,0, k^, 0,0) 

for is plotted for horizontally running waves in the field stop. In each case the 

wavelength spectrum is flat (white). Abscissa 0 corresponds to 0 cycles (DC) and 

normalizes the sensor array responses. The name assigned to the run is given above the 

graph; see Appendix D for naming conventions. The discretization parameters for the run 

are given below the graph. The sole peak is at (0,0,0) and marked with its abscissa of 0. 
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[ 75x1 . 75*1 . 109x1 ] onto [1024,1024] 

FIGURE 33: The run (0,0,*): Spectrum cycled for field stop devoid of spatial detail. 
The square root of the diagonal of the Fourier crosstalk matrix is plotted for an increasing 

number of cycles across the spectral range (X„rin ^max)- ^ ® spatial 

cycles both horizontally and vertically. The tun (0,0,*) corresponds to the center of the 

missing cone, described by Descour as the region of Fourier space that cannot be 

measured by CTIS instruments. Pescour, 1994, p. 36] The sole peak is at (0,0,0). 
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HGURE 3.4: The ran (7.0,*). 
The spatial pattern in the fleld stop is Hxed at seven horizontal cycles, and the number of 

cycles across the spectral range of the CTIS instrament is cycled from 0 to 59 cycles 

across that spectral range. The MTF-like plot shows three peaks; (7,0,0), (7,0,8), and 

(7,0,16), which represent the intersections of central slices within the positive quadrant of 

the plane (*,0,*) with the 1-d path (7,0,*), 

c3_n 11 itOywv60-v75iiv 1 fi3wv»c3:-mvi \ t ^ t.63 
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[ 75x4 ,75x1 ,163x1 ] onto [1024.1024] 

nCURE 35: The ran (11,0,»). 
The spatial pattern in the Held stop is fixed at eleven horizontal cycles, and the number of 

cycles across the spectral range of the CTIS instrument is cycled firom 0 to 59 cycles 

across that spectral range. The MTF-like plot shows three peaks: (7,0,0), (7,0,12), and 

(7,0,24), which represent the intersections of central slices within the positive quadrant of 

the plane (*,0,*) with the l-d path (11,0,*). 
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Some basic patterns emerge from ttie four runs Figure 3.2, Figure 3.3, Figure 3.4, 

and Figure 3.5. The run in Figure 3.2 is the most like a classical MTF plot, resembling an 

MTF plot except for a spike near (0,0,0) (DC). Figure 3.2 is constructed in a manner most 

like an MTF; namely, the abscissa represents horizontal cycles across the Held stop. The 

difference is that a white (flat across CTIS's spectral range) spectrum is used, and classical 

MTF plots use monochromatic light. The horizontal cycles vary from 0 to 75 cycles across 

the field stop. The sensor pattern for three horizontal cycles across the Held stop (3,0,0) 

was shown in Figure 2.13 on page 43. In a Fourier decomposition of the color scene in the 

field stop, these are the first 76 horizontal spatial expansion functions. The run in 

Figure 3.3 differs in that the Fourier decomposition of the spectrum that varies, in this case 

from 0 to 59 cycles across the spectral range of to spatial pattern is held 

constant at 0 spatial cycles. The sensor pattern for three spectral cycles (0,0,3) was shown 

in Figure 2.13. Figure 3.3 is composed only of a spike at DC. The runs in Figures 3.4 and 

3.5 manifest three peaks, which are equally spaced in units of cycles across the spectral 

range (kj). Abscissa 0 on Figure 3.4 corresponds to the reciprocal lattice point (7,0,0), 

which also appears as abscissa 7 on the run (*,0,0) in Figure 3.2. Similarly, abscissa 0 on 

Figure 3.5 corresponds to the reciprocal lattice point (11,0,0), which is abscissa 11 in 

Figure 3.2. As such, the peak at abscissa 0 for runs (7,0,*) and (11,0,*) is associated with 

cutting across a central slice lying along (*,0,0). 
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Peaks as central slices for a diffractive order 

This section summarizes the peaks in the square root of the diagonal of the Fourier-

crosstalk matrix. The summary is restricted to the plane ky^O; that is, (*,0,*)- The section 

shows that the peak responses lie in lines radiating from the origin, (0,0,0). The summary 

includes runs in Appendix C, although the format of the Hgures used there is more 

elaborate than in the previous section. Appendix C includes runs from CTIS designs 

differing in the number of diffractive orders captured. Additional runs for the 5x5 design 

are included on Figure 3.6; those runs are (*,0,7), (*,0,I4), and (*,0,28). The runs for the 

3x3 ens design are summarized in Figure 3.7 on page 60. The runs for the 7x7 CTIS 

design are sununarized in Figure 3.8 on page 61. 

Each summary of the run assigns a diffiractive order number with the line that 

connects the peak responses in the runs. The association with diffractive-order number is 

made assigning 0 to the order with no spectral dispersion; that is, the run along (*,0,0). 

Lines ate assigned ascending diffi:active>order numbers as the slope ascends toward the kx 

axis. Within a given CTIS design, each higher-numbered diffractive order has more 

spectral dispersion. 

Table 3.1 on page 62 quantifies the relationship between spectral dispersion A and 

the slope of the central slice in the plane (*,0,*). 
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FIGURE 3.6: Peaks located for 5x5 within positive octant of ky^. 

The number of horizontal cycles across the field stop is given by the horizontal axis of the 

plot, kx- The number of cycles across the spectral range is given by the vertical axis of the 

plot, k^. Each peak from a generalized-MTF plot for the 5x5 is marked by a bar whose 

size varies with the area under the peak. The bar is oriented in the direction the run was 

made; e.g., vertically if the spectral cycles were varied for a fixed number of cycles across 

the field stop. Horizontally oriented bars are from runs included within Appendix C. The 

arrows on the plot correspond to the central slices, and the labels for the arrows associate 

diffractive orders with those central slices. 
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FIGURE 3.7: Summary of runs from Appendix C for the 3x3. 

The survey of the positive quadrant of the plane for the 3x3 shows just two orders. 

A horizontal bar indicates a run in which kj^ was cycled; a vertical bar indicates a run in 

which kx was cycled. The length of a bar is indicative of the area associated with the peak 
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FIGURE 3.8: Summary of runs from Appendix C for the 7x7. 
The survey of the positive quadrant of the plane (*,0,*) for the 7x7 shows four orders. A 

horizontal bar indicates a run in which was cycled: a vertical bar indicates a run in 

which ki was cycled. The length of a bar is indicative of the area associated with the peak 

Table 3.1 shows that the slope of the lines in Figure 3.6 through Figure 3.8 is 

predictable from the amount of spectral dispersion, which was designated and Ay in 

Chapter 2. The disperser on which this dissertation is based has A^^Ay^. The line 

associated with diffractive-order 1 is used for the computation in Table 3.1. The lines 

associated with other diffractive orders are evenly spaced along any vertical line; that is, 

their slope is directly proportional to the difinictive-order number. the table columns 

(7,0,*) and (11,0,*), the slope is computed by using peak location {kjJ as the numerator 

and 7 or 11 for the denominator. This computation corresponds to the vertical orientation 

of the runs (7,0,*) and (11,0,*); see Figure 3.1 on page S3. As discussed in Appendix A, 
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the different CITS designs weie constructed by varying the spectral dispersion. The 

spectral dispersion for the three designs is given in the column Disperskm ratio versus 

calibration matrix.When the dispersion of the design and the slope are nomialized so that 

the 7x7 design is 1.0 for both quantities, the normalized slope for each design is predicted 

by the normalized dispersion. Both the 7x7 and SxS have diffractive orders numbered 2; 

the slope of that line is just twice the normalized quantity. Similarly, the slope for 

diffractive order 3 for the 7x7 is thrice the normalized quantity. 

TABLE 3.1. Effect of dispersion on the slope of the central slice 

Dispersion Apeak/fx for 1** diffractive order 

ratio versus Normalizing 
CTIS calibration slope of 7x7 
design matrix (W) (U,0,*) to 1.0 

3x3 3.0 14A7s2 23/11 s2.09 3.05 
5x5 1.6 8A7=1.14 12/11=1.09 1.66 
7x7 1.0 0.65 0.69 1.0 

From Table 3.1, the location within the positive quadrant of (*,0,*) of every central 

slice can be predicted for every design from its spectral dispersion and knowledge of one 

slope. That is, diffi'action determines the location of the central slices once the ratio of 

dispersion to field angles is determined. 
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Effect of combining 2-d spatial frequencies 

Determining the location of the central slices in just the plane ky-0 does not fiiUy 

determine their position in 3-d reciprocal space. From the last section, the intersection of 

the central slices with the plane ky=0 are lines through the origin of reciprocal space. This 

section seeks the pattern of peaks in the plane ky^kj^; that is, spatial frequencies tilted 45° 

in the Held stop. 

The 5x5 design's results for the spatial wave with seven cycles both vertically and 

horizontally across the Held stop are given in Figure 3.9. 

p7»7ywv6<U60-v75yyt09wv..via,>iq33 
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[ 75x1 . 75x1 , 109x1 ] onto [1024,1024] 

FIGURE 3.9: Run (7,7,*) for the 5x5. 

The MTF has 5 peaks, each 7 or 8 spectral cycles apart. Contrast this pattern with the 

pattern from Figure 3.4 on page 56, which had only three peaks separated by 8 spectral 

cycles. Because the reciprocal lattice is constrained integral numbers of cycles but 

continuous planes can be at arbitrary spacing apart, the pattern of peak spacing suggests 

the planes are just under 8 spectral cycles apart 

The tilted spatial wave has more peaks than spatial waves running solely in the 

horizontal direction; e.g.. Figure 3.4 on page 56. The difference can be reconciled by a 

degeneracy for the plane kysO. That is, multiple central slices coalesce in the plane ^=0. 
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Unraveling the pattern of central slices is easier with the 3x3 design. Each quadrant 

of the sensor array only has one diffraction order not on the x or y axis. Any new peak in 

the MTF must arise from this diffi^tion order. 

Exactly one new peak arises for the 3x3 design by tilting the spatial wave. The case 

of seven horizontal and no vertical cycles across the Held stop is shown in Figure 3.10. 

The case of seven horizontal and seven vertical cycles across the Held stop is shown in 

Figure 3.11. Both cases show peaks evenly spaced at 14 spectral cycles apart. 

p7<Qywv60»60_v75yy 109wv-v>g,[q34 t.O 
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[ 75x1 . 75x1 . 109x1 ] onto [1024.T024] 

nCURE 3.10: Run (7,0,*) for the 3x3. 
Note the two peaks are 14 apart in units of cycles per spectral range. Recall that the 3x3 

and the 5x5 differ in dieir amount of spectral dispersion, and from Table 3.1 the spectral 

dispersion determines the slope of the central slices. The ratio of peaks between and 

is 2 for the only non-zero diffiractive order since i(:x-14 there and for the entire run. 
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nCURE 3.11: Run (7,7,*) for the 3x3. 
Note the three peaks are 14 apart in units of cycles per spectral range. As in Figure 3.10, 

the ratio between and is 2 at the non-zero peaks. 

The spacing is suggestive of the absolute-value norm (Li), not a Euclidean distance 

norm (L^. That is, 28=14+14. A Euclidean-distance norm would be 20 = J14' + 14^. 

An alternate name for the absolute-value norm is Manhattan distance. The term 

arises because it is the distance between two places in a city with streets laid out on a grid. 

If each diffractive order is a city block laid out along spatial frequencies, the Manhattan 

distance predicts the spectral frequency that produces a peak in the MTF. For example, the 

3x3 Manhattan-distance grid in Figure 3.12 on page 66 need only be multiplied by 14 to 

predict the spectral frequency for the peaks of Figure 3.11. From Table 3.1 on page 62, the 

distance between the peaks in space scales as the underlying spatial frequency and 

in Figure 3.11. This suggests that the spectral-dispersion induced factor for 

computing peaks of the 3x3 is 2 (14/7=2). As shown in Figure 3.13, the Manhattan-

distance grid for the 5x5 manifests 5 distinct distances, which matches the number of 

peaks for the 5x5 with a tilted wave figure 3.9 on page 63). 
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FIGURE 3.12: Manhattan distance to dififiractive orders for 3x3. 
Manhattan distances, not Euclidean, are useful in predicting the spacing of MTF peaks. 
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FIGURE 3.13: Manhattan distance to diffractive orders for SxS. 
Note that five distinct Manhattan distances exist when one is free to walk in two 

directions. Figure 3.9 on page 63 has five distinct peaks, constrained to walk in 

horizontally ftom the origin, only three distinct distances are available. Figure 3.4 on 

page 56 has three distinct peaks as if when the vertical number of spatial cycles is 0, the 

vertical effect of Manhattan distance is eliminated. 
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Detemiiiiing the slope by counting pixels 

The critical CTIS design parameter in locating central slices is the spectral 

dispersion, and this section shows that the diffractive order footprints can be used to infer 

the value of this parameter. In Qiapter 2, when the spectral dispersion was cast in terms of 

pixels on the sensor array, the notation A'^ or was used, where the prime indicated that 

the conversion factor to pixels was included. Equation 2.8 on page 29 noted that the 

outermost diffractive order spanned SpQVx outermost diffractive-

order number for the 3x3 is I. 

1.0*10^ 

5.0*10® 

0 
0 300 400 600 800 1000 

FIGURE 3.14: Span of the diffractive order footprints for 3x3. 
The center order is approximately 7S pixels in extent. The non-zero diffractive orders are 

225 pixels in extent; that is, 75 + 2x75 pixels. The spreading of the spectral range of CTIS 

is about 2.0 times the spatial spreading, in terms of pixels at the sensor array. 

Figure 3.9 shows the diffiractive-order footprints for 3x3 by taking a slice across the 

sensor-array response to (0,0,0); that is, when every voxel is 1. The center order is 75 

pixels in extent, plus a few pixels because the optical blur in the zeroth dif&active order. 

The non-zero diffractive orders are 225 pixels in extent, counting the few extra pixels 
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arising from the optical blur in the non-zero diffractive orders. Subtracting the field-of-

view footprint of 75 pixels leaves 150 pixels. That is, the amount of spectral spreading in 

the outermost diffractive order of the 3x3 is twice that of the spatial spreading in the 

zeroth footprint. As noted in Figure 3.10 and Figure 3.11, cycles across the spectral range 

and cycles across the spatial range are related by the factor of 2.0 in the 3x3 design. 

Because counting pixels for diffractive-order footprints proves useful in assigning 

meanings to CTIS central slices, the procedure for counting pixels for footprints 

corresponding to cross-orders should be understood. Consider a white-light point source 

within a diffractive order spread at a 45° angle with respect to the pixel orientation, as 

shown in Figure 3.15. The blur has some finite width perpendicular to the spectral 

spreading and is shown in gray. Both pixels along the diagonal and adjacent to the 

diagonal sample the blur. The result is that the number of samples made of the spectral 

spreading is the sum of the spread in the horizontal and vertical directions. As with 

interiaced sampling, the shape of the pixels, and the spacing of the samplings for angles 

other than 45°, are not ideal; but those considerations affect the signal-to-noise ratio, not 

the frequency resolution implied by the sampling. [Bracewell, 1986] 

7 7 -fb 
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> > > 4 

4  ̂4 

FIGURE 3.15: The number of samples for a spectrum spread in two directions. 

Except for an edge effect, the total number of samples of the spectrum is the sum of the 

number of pixels in the horizontal direction plus the number in the vertical. 
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CHAPTER 4: SPATIAL-CONTRAST PRESERVATION 

This chapter presents a derivation of the formula for what each CTIS diffractive 

order measures and justifies for formula in terms of the utility of its predictions. In 

accordance with the central-slice theorem, each diffractive order preserves the contrast of 

3-d waves running perpendicular to the direction of projection. Unlike conventional 

tomographic systems, in CTIS the direction of a projection is determined by diffraction. 

As shown in Figure 2.3 on page 19, diffraction does not affect the relationship among 

spatial-propagation angles. Instead, spectral information is multiplexed into propagation 

angles, as can be seen Figure 2.13 on page 43 by the sensor-array response to three 

spectral cycles, (0,0,3). 

Derivation of the formula is inspired by the properties of waves. Complex 3-d waves 

can be formed by the outer product of complex 1-d frequencies (see Appendix B). 

Multiplication of exponentials corresponds to addition of their frequencies in the 

exponent. Addition of frequencies is the property suggested by the association of 

Manhattan distance to the location of central slices. 

The result is that particular spectral frequencies serve to preserve the contrast of the 

2-d spatial frequencies. Multiplication by spectral firequency is interpreted as a 

wavelength-dependent phase shift. In each diffractive order, a phase shift exists that 

balances the amount of spectral spreading in that diffractive order. This balancing process 

is shown for a 2-d wave with the second dimension interpreted as spectral. The process is 

confirmed in CTIS by showing that the formula predicts the diffiractive order that 

preserves spatial contrast 
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Formula derivation 

The derivation requires a number of simpIiHcations. Justification of these 

simplifications comes from the usefiilness of the formula's predictions, as demonstrated in 

subsequent sections in this chapter. Simplifications ate 

1. Diffractive orders overlap is ignored. The amount of overlap in the CTIS designs 

does not keep the Fourier-crosstalk approach from confinning the results. 

2. Phases can be disregarded. Phase changes at the disperser correspond to shifts in 

pixels at the sensor array. If overlap and sensor size are not a problem, then 

neither are phase shifts. 

3. The system is linear. 

4. The sensor responds equally to equal intervals of the spectral range. 

5. The small-angle diffraction formula holds. 

6. Except for the disperser, the system is achromatic. 

The strategy for deriving the formula is to track an arbitrary 3-d Fourier-series 

expansion function through CTIS. Definitions from the Fourier-crosstalk development in 

Chapter 2 (see page 37) can be adapted for CTIS to become 

- X V X (4.1) 

(4.2) 

S( r )  -  tect(jc/&c)rect(y/5y)rect(X./8A.) (4.3) 
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with SIX and 5Y being the horizontal and vertical extents of the field stop and 

5X. = - Xjq being the spectral range. In this formulation, CTIS seeks to recover the 

Fourier decomposition of the color scene; that is, the shape of the color spectrum. 

Figure 4.1 gives an overview of the steps through CTIS, with special emphasis how the 

optical elements of CTIS transform the variables used in the derivation. 

Field stop 
(y-only) 

Lens 1 Disperser 
Lens 2 

A 

< > 

Sensor array 

1/ 
(x^y^k) (xpypX) => (a^ O y X )  =>(a'„a' y X )  

FIGURE 4.1: CTIS variable transformations using singlet thin lenses. 
The transformation to and from propagation angles in collimated optical space follows 

from the placement of the lenses with respect to their focal points. The spatial-spectral 

coordinates (xpypX) are used in the field stop to describe an expansion function of the 

Fourier-crosstalk matrix. Lens 1 converts spatial positions to propagation angles 

The disperser creates (a^^a'yX) by modifying the propagation angles according to 

wavelength and diffractive-order number (Equation 2.2 on page 26). Lens 2 converts the 

resulting propagation angles into positions (x^.y^.k) on the sensor array. Except for its role 

in the 3-d Fourier-expansion function, the wavelength A. participates only in the change in 

propagation angle at the disperser. 

Note that the transition fix)m spatial position to propagation angles is performed by 

the lens. The spatial aspect of Fourier-crosstalk basis functions are the spatial aspect of the 
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plane wave spectrom. [Goodman, 1996] Diffraction problems can become easier using the 

angular spectrum. The utility of the Fourier-crosstalk matrix for analyzing projection 

systems and the utility of the angular spectrum for analyzing diffraction systems combine 

in ens to result in a simple formula. 

The derivation treats frequencies as continuous radier than merely existing at points 

of the reciprocal lattice. For example, the central slices themselves are not constrained to 

the reciprocal lattice. A notation more suggestive of continuous frequencies is 

Using 

r (Xy) X.) (4.5) 

permits the rewriting of an expansion function as 

2tii(x/, + y/+Vx) 

• m a ' - ' '  ̂ *  

where the support condition is now implicit. The spatial variables are subscripted with/to 

be suggestive of fleld. 

The effect of the coUimaung lens (Lens 1 in Figure 4.1) is to convert the spatial 

variable x^and y^-to propagation angles, and Oy, which are best thought of as direction 

cosmes. 

2)ti(x/,+y/, + XA) ^ 
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The achromatic lens has not affected the spectral part of the Fourier decomposition. For 

convenience in applying the next step, the exponent in Equation (4.7) has been split into a 

spatial and a spectral factor. 

Recall from Equation 2.2 on page 26 that the action of the disperser for the 

horizontal direction is 

<"-8) 

with a similar small-angle approximation for the vertical direction. Solving (4.8) and its 

vertical equivalent for the incoming angle: 

(4.10) 

The actions of the disperser are then in the small angle approximation 

exp(27ti|/^(a_^' - A^A)])exp(2jii/;^A.) 

= exp(27tjl/^a^' +/yay'])exp(2jti[/j^>.-/^n^A^A,-/ynyAyX]) 

where all the wavelength-dependent phase factors are grouped into one factor in the final 

line. The spatial frequency of the original Fourier-series expansion function is preserved 

in the factor exp(2lti|/ a ' +/„a ']) . The imaging lens for the sensor array 
X X  y  y  

converts the propagation angles ol\ and (X'y into sensor array locations Xg and y^. 
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exp(27C/|/^a^' +fyay])expi2ni\fj}, 

=> exp(2jci[/;a^' +/5ay'])exp(27Ci[4A.-/^n^A^A.-/yny A^X]) 

The key to understanding how CTIS measures spectral information is to regard the 

second term of the last line of (4.12) as an amplitude modulation (AM) factor for the 

spatial frequency If CTIS responses equally to equal wavelength intervals, then the 

amplitude is maximal when the exponent of the AM factor is zero. As in the central slice 

theorem, integrating over multiple cycles reduces the contrast of the spatial frequency 

represented by exp(27lil/ a ' • Thus the projection represented by 
X X  y  y  

diffiractive order [n^pn^] corresponds to when 

-fj'x = 0 

Recognizing that A. is never equal to zero and rewriting, the fundamental result of this 

dissertation is 

fx''fx"x\+fy''y^y 

This result is consistent with the results of the previous chapter but has implications 

that go beyond them. There is no geometrical term such as Jnl + nj defining the spectral 

frequency to which CTIS is sensitive. The relationship (4.14) suggests that Manhattan 

distance is too simple; instead, positive and negative fluencies should interplay with 

positive and negative diffractive orders to determine what spectral firequency preserves a 
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particular spatial frequency. The result agrees with Descour's normal for the central slice 

obtained with a pseudo^epth model [Descour, 1994, Eqn. (2.20)] except 

1. Descour permits dispersion directions to be arbitrary, but precludes anamorphic 

dispersion; that is, Descour considers only A^=Ay. 

2. Descour's uses one diffractive order number for any number of crossed gratings; 

(4.14) is explicit as to the role of diffractive orders (nj^ and riy separately u-eated). 

The rest of this chapter explains and justifies (4.14). 
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Phases and slippage 

The meaning of ~fx^x^x "^fy^y^y ^ *" impact of a 

phase variation in the spectral direction. Ease of depiction dictates using just one spatial 

dimension but holds for 2 spatial and 1 spectral dimensions. 

Both the math and a picture show that a 2-d reciprocal-lattice frequency can be 

interpreted as a series of phase shifts of a 1-d pattern stacked into a new dimension. 

Figure 4.2 shows the 2-d reciprocal-lattice frequency (2,7). 

FIGURE 42i The 2-d reciprocal-lattice frequency (^p4)=(2,7). 
Any horizontal slice cuts across 2 fiiU periods; any vertical slice cuts across 7 full periods. 

For subsequent maitipulations. Figure 4.2 has been discretized to 7Sx7S square 

units. The 75 horizontal units will be interpreted as corresponding to 75 spatial positions x 

across the width of the field stop. The 75 vertical positions will be interpreted as 75 

spectral bands X. Any blurring imposed by the optics will be ignored, and the 75 spatial 

positions jc will be interpreted as corresponding to 75 pixels when imaged. 
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Figure 4.2 can be interpreted as the pattern of light falling onto a J.-d sensor array for 

the zeroth diffractive order of CTIS. That is, if the color scene in the 1-d Held stop were 

the reciprocal-lattice frequency (2,7), the 75 pixels would integrate the colors above them. 

Every such integral is zero. 

For any non-zero diffractive order, the interpretation of the vertical dimension as 

spectral requires the figure to be redrawn. Suppose the first diffractive order spreads the 

spectral range over 75 pixels. Because the field of view is also 75 pixels in extent, the 

footprint of the first diffractive order becomes 150 pixels. A discrete approximation of the 

spreading of the spectrum over 75 pixels is to move each of the 75 rows over by one more 

pixel. This approximation is shown in Figure 4.3. 

FIGURE 4 J: Reciprocal-lattice frequency spectrally dispersed. 
Dispersal is to the right so as to double the footprint of the field stop. The band below the 

spread object square shows the effect of integration into 150 pixels. The pixels are 

artificially vertically elongated to facilitate viewing their relative gray scale. The vertical 

line is at one field stop width (75 pixels). 

X 

I Pixel bins 
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At the bottom of Figure 4.3 is a gray-scale interpretation of the integration of the 

wavelengths falling onto the ISO pixels spanned by the figure. The pattern formed by the 

pixel bins is hard to interpret. 

The important realization from contrasting Figure 4.2 and Figure 4.3 is that the 

angle of the 2-d tilted wave has changed. If each row were pushed more to the right, the 

black and white bars forming the tilted waves would become more nearly vertical. At that 

point, the pixel bin pattern would no longer be confusing. Since the hypothetical CTIS had 

a first diffractive order in which the spectral range was spread over one Held-of-view 

width, the third diffiractive order would spread the spectral range over three Held-of-view 

widths. The discrete approximation would then push each row three pixels to the right. 

Such an approximation is shown as Figure 4.4. 

FIGURE 4.4: Frequency spectrally dispersed 3x to the right. 
The spectrum of each pixel is spread over three times the width of the fleld stop in the 

zeroth dif&active order. The band below the spread object square shows the effect of 

integration into 300 pixels. Vertical lines indicate the width of the Held stop in the zeroth 

diffiractive order. 
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Notice that spreading the pattern to the left does not create vertical bars. Instead, the 

waves are washed out, as can be seen in Figure 4.5. Spreading occurs in the opposite 

direction for the diffractive order that is on the opposite side of the zeroth diffractive order. 

FIGURE 4^: Frequency spectrally dispersed 3 times to the left. 
The spectrum of each pixel is spread over three times the width of the field stop in the 

zeroth diffi^tive order but to the left. The band below the spread object square shows the 

effect of integration into 300 pixels. Vertical lines indicate the width of the field stop in the 

zeroth diffractive order. The gray scale for pixel bins is the same as for Figure 4.4. 

A negative frequency shifts the patterns in the opposite direction. The pattern (2,-7) 

would be preserved when dispersed in the direction of Figure 4.5. 

FIGURE 4.6:2-d reciprocal-lattice frequencies and 
The dispersion direction in which a particular phase shift preserves waves differs 

according to the sign of the reciprocal-lattice frequency. 
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Width in the central slice 

This section shows that width in the central slice is consistent with the idea of a 

spectrally induced phase slippage. Although the approximately sign » in 

was introduced because of approximations used in its 

derivation, width justifies retaining the Chapter 3 notes that the peaks in response 

correspond to what a diffractive order measures. Those peaks had width. The computer 

simulation that produced Figure 4.4 on page 78 can be used to show that contrast is 

preserved for a series of contiguous reciprocal-lattice frequencies. 

Such a series is shown in Figure 4.7. The spatial pattern is again two cycles 

horizontally across the field stop. To create the series, the spatial frequency was cycled 

from 0 to 10 cycles across the spectral range. Unlike the previous figures, the depiction of 

the sliding of the object cube is not shown. Instead, only the 11 sets of pixel bins are 

shown. 
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Controst prtftrvotiOA for 75 pntH spreod ovtr 4«75 » 300 piKis 

( 2 . 10 ) 

( 2 . 9 )  

( 2 . 8 )  

( 2 . 6  

( 2 . 4 )  

( 2 . 3 )  

( 2 . 2 )  

( 2 . 0 )  

FIGURE 4.7: Contrast preservation for 112-d frequencies. 
Each pattern is integrated into 4 x 75 s 300 pixels. The 2-d reciprocal-lattice frequencies 

span from (2,0) to (2,10). Figure 4.4 on page 78 gives the case (2,7) in more detail. The 

results of the MTF-like Fourier-crosstalk-matrix computation quantizing the contrast of 

the patterns is given to the left. That is, in a 2-d analog of a run, the square root of the 

diagonal of the Fourier-crosstalk matrix detects a peak at the spectral phase slippage that 

preserves the contrast of the underlying spatial frequency. That peak has width, as 

indicated. The analogy in the plane (*,0,*) would be the run (2,0,*). Note because only 

one diffractive order footprint is modeled in this simulation, only one central slice is 

detected. In particular, the diffractive order without any spectral spreading (the zeroth) 

would detect a peak at (2,0,0). 
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Fourier crosstalk and width in the central slice 

Crosstalk, as measured by the Fourier-crosstalk matrix, can be related to width in 

the central slice. The square root of the diagonal of the Fourier-crosstalk matrix can be 

likened to an MTF. Chapter 3 used this MTF-like quantity to establish the pattern of CTIS 

central slices. The diagonal of the Fourier-crosstalk matrix answers the question, "Does a 

particular frequency produce a measurable response on the sensor array?" If the 

answer is yes, the next question should be "Can the response be distinguished (h>m the 

response of other frequencies?" Crosstalk quantiHes the answer to the second question, 

and this section introduces the crosstalk aspect of the Fourier-crosstalk computations for 

ens by observing how width in the central slice is accompanied by ambiguity in the 

frequency producing the response. 

To present crosstalk, a run's MTF-like Hgures such as Figure 3.4 on page 56 are 

augmented with a gray-scale picture and additional plot lines to quantify the gray-scale 

picture. The augmented figure is dubbed a generallzed-MTF figure, an example of which 

is Figure 4.8 on page 85. The adjective generalized suggests both that the Fourier-

crosstalk matrix is a generalization of the MTF and that the figure includes more 

information than a typical MTF plot. 

For consistency, the figures always present the square root of the Fourier-crosstalk 

matrix. The diagonal elements can be interpreted as the squared norm of vector with each 

pixel measuring a dimension. The squared norm is non-negative, so taking a square root 

presents no difficulties. The off-diagonal elements in the Fourier-crosstalk matrix can be 

negative, indicating that the response to the two frequencies have an anti-parallel 
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component. If the off-diagonal element is zero, the response to the two frequencies is 

orthogonal. To capture the non-zeroness of the off-diagonal elements, the generalized-

MTF figure squares the components and takes an additional square root. 

Just as the Fourier-crosstalk matrix has multiple interpretations, so does the 

generalized-MTF figure. From Chapter 2 (see page 39), Fourier crosstalk is a 2-d matrix 

when considered as the inner product between all combinations of the 3-d frequencies, 

which being denumerable can be ordered into a I-d set. Alternatively, Fourier crosstalk is 

a 6-d array whose indices are all combinations of the 3-d frequencies taken twice. Either 

interpretation can be applied to the gray-scale picture in the generalized-MTF figure. That 

is, the gray-scale picture is the inner product between all combinations of the 1-d run, or it 

is a small portion of the 6-d array with four of the indices being held constant. That small 

portion is then 2-d, making it natural to display as a gray-scale picture. 

Two quantities are plotted to quantify the gray-scale picture. By the symmetry of the 

inner product, the magnitude of Fourier-crosstalk-matrix elements is symmetric across its 

diagonal. As such, the row is identical to the ifc"* column. The generalized-MTF figure 

associates the row and/or column with the diagonal element for that row and column. The 

maximum crosstalk magnitude on the row and/or column is plotted with a plus sign, and 

the square root of the root mean square (RMS) average of the non-diagonal row and/or 

colunm elements is plotted via a diamond. The RMS average for the row and/or 

column is 
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1̂ '  ̂

S (4,15) 

. = 0 

1 ifejtjfc' 

where is the Fourier-crosstalk matrix element (k,k^ and K is the number of 

reciprocal-lattice frequencies in the run. 

To stretch the gray-scale dynamic range available for displaying crosstalk, the 

diagonal is removed from the gray-scale picture and replaced with white. In the graphics 

package used to produce the generalized-MTF Hgure (IDL), this white diagonal runs from 

the lower left to the upper right. Larger magnitude crosstalk are shown in darker grays, 

with die maximum crosstalk within the entire run shown as pure black. 

Augmented by the o^-diagonal elements, the results for the run (7,0,*) for the SxS 

ens design are repeated as Figure 4.8. As for Figure 4.7, Figure 4.8 cycles the spectral 

frequency up from 0. Unlike Figure 4.7, Figure 4.8 includes the effects of multiple 

diffractive orders, which in Chapter 3 were suggested to be the source of the multiple 

peaks in the MTF. This section supports that suggestion, as does the next section. 

Within the gray-scale picture, the near-diagonal regions associated with the three 

peaks have been circled. Darkness in these regions indicates that the maximum crosstalk is 

associated with a nearby frequency in the run. The central slice not only has width, but the 

response to frequencies within the width of the central sHce resemble each odier. A 

downside of width in the central slice is that inferring which frequency (or frequencies) 

produced the response is complicated by crosstalk. 
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9qrt(abs(orr.dto9onai)) 

L«g«»d: 
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, , 111 I, • 
0 to 20 30 40 50 i(*fUt-iomMo • k»tub< 40 50 60 k-fUt-lomMo • k»tub«l0fntxl0*prlme 

[ 75x1 . 75x1 , 109x1 ] onto [1024,1024] 

FIGURE 4.8: Generalized MTF-Hgure (7,0,*) for the 5x5, annotated with circles. 
The gray-scale picture at the left depicts the square root of the Fourier crosstalk among the 

fi«quencies of the run. Near-diagonal regions in the gray-scale picture associated with the 

three peaks are circled. The diagonal has been lifted from that square and replaced with 

white. The darker squares denote more crosstalk with the largest crosstalk as pure black. 

The magnitude of the darkest square for the column and/or row associated with each 

diagonal element is plotted with the plot symbol plus. The highest plus sign on the plot 

quantiHes the gray scale; that is, black in the gray-scale figure is -0.15 for this particular 

figure. The RMS average of the column and/or row is plotted with the plot symbol 

diamond and hence is an indication of the gray level of the column and/or row. 

According to the height of the plus signs on the plot, there are two pairs of very 

nearly maximal crosstalk. One pair are the two frequencies (7,0,0) and (7,0,1), which are 

associated with the peak at abscissa 0. The other pair are (7,0,15) and (7,0,16), which are 

the two frequencies whose MTF is almost at the peak associated with abscissa 16. That 

these pairs have large crosstalk is also inferable ftom the gray-scale picture by carefiilly 

locating the darkest small squares. The pixel patterns for (7,0,0) and (7,0,1) are shown 

side-by-side in Figure 4.9. The pixel patterns for (7,0,15) and (7,0,16) are shown side-by-

side in Figure 4.10. 
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FIGURE 4.9: Sensor array patterns for (7,0,0) and (7,04) 
Fourier crosstalk (paired plus signs in peak at abscissa 0 of Figure 4.8 as well as dark 

squares within the gray-scale picture) suggests these two patterns are similar. 

FIGURE 4.10:Sensor array patterns for (7,0,15) and (7,0,16). 
Fourier crosstalk (paired plus signs in peak at abscissa 16 of Figure 4.8 as well as dark 

squares within the gray-scale picture) suggests these two patterns ate similar. 

The pixel patterns also confirm an implication of /-^ 

fysO, the particular value of rty is irrelevant The entire column associated with n^=0 has 

its contrast preserved in Figure 4.9, and the entire column associated with has its 

contrast preserved in Figure 4.10. 
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Contrast preservation for the 3x3 

This section revises the Manhattan distance tableau (see page 66) to incorporate the 

role of negative frequencies and diffractive orders as is implied by 

For simplicity, the 3x3 CTIS design is used. By the 

observation in the caption of Figure 3.11 on page 65, and ^ are 2 for the 3x3 CTTS 

design. 

A, ® relationship among three frequencies; given any two, 

we can predict the third frequency required for any particular diffi'active order [/ix,/ty] and 

ens design and A^). This section selects fy^7 and computes the spectral 

frequency /x required for each diffractive order to preserve the contrast of the 2-d spatial 

pattern (2,7). 

For example, when n^-l and n^=0, direct substitution yields 

4=/i''A+/y''A 

r i y - O  

4 = 2(1)2 + 7(0)2 = 4 (4.16) 

Thus the diffractive order with n^-I and riy^O will produce a peak at (2,7,4) for the 3x3 

ens design.-

The other computations are similar and summarized in Figure 4.11. Figure 4.11 

presents the pixel patterns for two of the nine cases summarized in Figure 4.11. 

Figure 4.11 confirms that the 2-d spatial pattern is preserved in the predicted dif&active 

order. 
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ny=l 

ny=0 (2.7.-4) (2.7.0) {VIA) 

II >. a
 {2.7.-I8) (2.7rI0) 

iijj=-l 11,^=0 %=! 

FIGURE 4.11:PFedicted diffractive order sensitivities for the 3x3. 
The pixel patterns for bold reciprocal-lattice frequencies are shown in Figure 4.12. 

(2,7,10) (2.7.14) (2.7.18) 

FIGURE 4.12:Pixel patterns for (2,7,10) (a) and (2,7,4) (b) for the 3x3. 
Note diffractive order with the most contrast is as predicted by the tableau in Figure 4.11. 
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Anamorphic dispersion 

A number of points are illustrated by including the two runs (2,7,*) and (7,7,*) on 

the same generalized-MTF figure: 

1. The location of the non-negative peaks predicted in Figure 4.11 are conHrmed 

by use of the use of the Fourier-crosstalk matrix approach. 

2. Asymmetrical spatial frequencies breaks some degeneracy in the role of 

diffiractive orders; that is, (2,7,*) manifests more peaks than (7,7,*). 

3. ens crosstalk is greatest among nearby reciprocal-lattice frequencies. 

The two runs (2,7,*) and (7,7,*) are shown in Figure 4.13. 

sqrt FCTM 
Legend: 
squares » MTF _ 
diomond f SflrtlRMS off-diga) + - fnoi((sqn(oB3(off-dioq)J) 
• = stort-siop of peek above SNR 

sqrt(abs(off-dlagonaO) 

0.70 f 
p,27^7y*(v^0—'120-v75ity 109wv-yi'o^)'q34 

6(>M) 
A 0.599 W4 
Q 

K 2.314 W24 
} 

60^14 
A 0.621 W10 

% 10 18 

60f28 
0.367 W12 

20 40 60 80 100 120 

r 75*1 . 75*1 . 109*1 T ottfo Areo > SNR 2 

'k' ^ 

FIGURE 4.13:(2,7,») on left and (7,7,*) on right for the 3x3. 
The gray-scale picture includes a block for the off-diagonal terms between the two runs. 

Except for the diagonal of the off-diagonal block, the ofif-diagonal block is Ughter than the 

two on-diagonal blocks. Lighter implies less cross-talk. 
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Although the CTIS designer may lack control over the spatial frequencies present in 

the scene, "fx^x^x ^"SSests the similar effect could be achieved by 

anamorphic dispersion in which If a scene had power isotropically distributed, then 

differing \ and Ay would provide the asymmetry to permit more spectral frequencies fx to 

be recovered. Alternatively, the same scene reveals different information when the CTIS 

system is rotated with respect to it. Because diffraction dictates the location of central 

slices, anamorphic dispersion is a means of using diffiraction to increase the design 

options. 
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CHAPTER 5: BOUNDED CENTRAL SLICES 

This chapter aids visualizing CTIS central slices in reciprocal space. The standard 

approximation [Descour, 1994, p.36] and [Volin, 2000, p. 31] is that only a two-sided cone 

about the axis is not measured by CTIS. The Fourier-crosstalk runs presented in in this 

dissertation show that the central slices have gaps between them. 

Presented within this chapter is the view that the Nyquist-sampling criterion limits 

the spatial frequencies that can be inferred. The Nyquist limit is known more aptly as the 

folding frequency because frequencies beyond it are aliased. Nyquist is not a hard 

resolution limit, but rather a limit on easy retrieval of information. Simple models of the 

color scene enable information inferred from one central slice to relate to another central 

slice. This chapter both ignores potential synergy from multiple diffractive orders and 

ignores complications in actually conducting sampling when multiple diffractive orders 

overlap. Because CTIS detects spectral frequencies by means of preserving the contrast of 

spatial frequencies, spatial Nyquist limits imply spectral Nyquist limits. 

To present carefully the location of the central slices, 2-d slices of the form {*,*/}) 

for various values ofare used. The formula (4.14), ^y 

locate the centers of the central slices. The rational for presenting 2-d slices is indicated by 

Figure S.l, which attempts to show the central slices as planes in 3-d space for the 

simplest (3x3) design in just one octant of frequency space. Simplici^ gained by 

presentation of frequency space by 2-d slices permits the greater complexity of the SxS 

design to be emphasized in the presentations of 2-d slices. 
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(0.0.1), 

(1/2.1/2,1) 
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(1/2,1/2,0) 

(1/2,0,0) 
fx 

FIGURE 5.1: Positive octant with comer (1/2,1/2,1) for the 3x3. 
Six central slices bound or Ue partially within an octant of reciprocal (Fourier) space for 

the 3x3 design. The exterior bounds on the octant are as implied by the spatial Nyquist-

folding frequencies. Central slices have 8-fold symmetry, so the other 7 octants are 

similar. This chapter presents an alternative means of visualizing the central slices. In 

particular, planes parallel to the (fjy) floor are depicted for various values offy. Central 

slices intersect these planes at line segments. The chapter emphasizes the SxS design, 

which has 13 central slices within or on the positive octant with comer (1/2,1/2,1) with 

units of cycles per pixel (see page 93). 
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Cycles per pixel 

The units of cycles per pixel ate used to explore CTIS resolution. Cycles per pixel 

are a sensor-based measure, whereas the Fourier decomposition of the color scene occurs 

in the field stop. The transferring of frequencies from the object space to the image space 

has precedence: the MTF typically uses lines per millimeter. [Shannon, 1997] In lens 

design the image-space viewpoint permits diffiraction to impose a fundamental limitation, 

and this limitation is what the designer seeks to approach. For current CTIS technology, 

pixel pitch imposes a limitation sooner than difftaction. Approaching (or exceeding, in the 

case of super-resolution) Nyquist Umitations can be a goal of the CTIS designer. 

Cycles per pixel can be made more meaningful with some examples. 1/2 cycles per 

pixel is the Nyquist-folding frequency, and it can be re-expressed as the sampling criterion 

of two pixels per cycle. Every CTIS design in this dissertation has a nominal zeroth-

diffractive-order footprint of 75x75 pixels, so a run with it(=7 such as shown in Figure 4.8 

on page 85 corresponds to 7/75 cycles per pixel, or about 1/11 cycles per pixel. 

A, spectral and spatial frequencies, and and Ay 

convert between them./;^ is a spectral frequency, whereasand^ are spatial frequencies. 

For the color scene in the field stop,^ is in cycles per spectral range (e.g., microns) and/^ 

and^ are in cycles across the field stop. The diffractive-order numbers and riy are pure 

integers. Hence the role of um't conversion falls on and Ay, the design parameters. 

The zeroth diffractive order is used to measure f^^dfy in cycles per pixel, but two 

choices exist for measuring fy. Either choice translates^ as cycles across the spectral 
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range into cycles per pixel using the span of the spectral range in a particular diffractive 

order: 

1. The first diffractive ordier {n^-l for horizontal frequencies, riy-1 for vertical). 

2. The outermost diffractive order (which is the same as the first diffractive order 

for the 3x3 design). 

The appeal of spectral cycles per pixel in the first di^active order is that ^ 

then 1.0. The notation A7)^, ^5^5, and A3X3 is used in this chapter to indicate the 

conversion factor required when the first diffractive order defmes the pixel span. 

Otherwise, this chapter uses the outermost diffiractive order and designates it as A. As 

noted in Chapter 2, that diffractive order has a span in pixels which can be considered 

invariant. That is, 

— (1/3)A (5.1) 

= (1/2) A (5.2) 

^x3 ~ ^ 

where each A can additionally be subscripted by x or y when a distinction between the 

horizontal and vertical direction is required. 

The idealized DC footprint of the zeroth and Hrst diffractive order permits rapid 

determination of the dispersion constant A. As in Chapter 2 (page 26), the discussion uses 

the horizontal dimension x, y is similar. Define 5^^ as the idealized horizontal width in 

pixels of the first diffiractive order, where by idealized the slight increase imposed by the 
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optical blur is ignored. As in Qiapter 2,5po\/x is defined as the idealized width in pixels 

of the first diffractive order. To be specific in notation, assume the design is 3x3, whose 

first order is also its outermost. As indicated in the 1-d horizontal sketch Figure 5.2, the 

dispersion constant A3X3 is then 

^lx"^FOVx 
^3x3x (5.4) 

because the numerator of the right-hand side is the distance in pixels that the CTIS 

design's spectrum is spread and the denominator is the distance in pixels of the spatial 

range. Equation (5.4) defines A (via Equation (5.3)) as a pure number, and is appropriate 

when both the spatial frequencies (^,/y) and spectral frequency fx are defined in cycles per 

pixel. See page 67, where Equation (5.4) explains the observation about the footprints of 

the 3x3 design and their relationship to A3X3. 

^ > 

Spovx 
> 

^FOVx Six 

^ > 

Spovx 
SpoVx 

> 

^FOVx Six 

Sensor array (1-d shown) 

FIGURE 5.2: Spectral spreading computed from difiiractive order footprints. 
For concreteness, the horizontal direction and the 3x3 CTIS design are assumed. By 

Equation (5.3), A defined by the 3x3 design is A for the outermost diffractive order for any 

ens design. The support region (Equation 2.21 on page 42) that defines the bounds of 

Fourier decomposition of the color scene has been cast in terms of pixels, which permits 

casting 
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Mathematical observations 

Central slices for CTIS have some useful mathematical properties that can be 

exploited to understand the meaning of "fx^x^x example, that it is a 

central slice can be made explicit by ignoring its approximate nature and writing it as the 

inner product 

{fx'fyA^ • ("A' "y^f -1) = 0 (5.5) 

The vector (nj^^riy^-I) is normal to the slice, which is central because the right-hand 

side of Equation (5.5) is zero. 

Depicting any particular central slice is easy, but depicting them all can be 

confusing. A central slice exists for each combination of and riy The number of 

combinations is just the number of diffractive orders; e.g., 25 for the 5x5. A 2-d depiction 

of 25 planes in 3-d space is difficult; see Figure 5.1, which just shows some of the 3x3's 

planes. 

One technique of visualizing the location of the central slices is to consider planes in 

which/x, is a constant. Unless two planes are parallel, their intersection is a line. No two 

separate central slices are parallel, so they must intersect in a line if they are distinct. By 

assuming the Nyquist limit, the intersections are bounded so as to become line segments. 

If/^ is equal to zero, the plane itself is the central slice for the zeroth diffractive order. ]ffx 

is not equal to zero, then by dividing both sides of f\-fx^x'^x'^fy^y^y 

produces 
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/ / 

If both rij^ and riy are not equal to zero, (5.6) can be rewritten in the two-intercept form of a 

line 

fx f 
^ +__;3L_, «1 (5.7) 

which makes explicit that the line crosses the x axis at/^/fn^^AJ and crosses the y axis at 

fi/(ny^,). If then the line is parallel to the x axis and has no x-intercept. Similarly, if 

ny=0, then the line is parallel to the y axis and has no y-intercept. 
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Intercept choices for three CTIS designs 

A Chinese menu is one in wbich an item from each column is selected, and such a 

menu helps using Formula (5.7). Table 5.1 gives a Chinese menu of the and riy choices 

for the 7x7. Of more interest is the translation of the diffractive-order number into the 

intercepts as given by Formula (5.7), which is done in Table 5.2 for 7x7,5x5, and 3x3. 

TABLE 5.1. Chinese menu for 7x7 diffractive-order numbers 

3 3 

2 2 

1 1 

0 0 

-I -I 

-2 -2 

-3 -3 

TABLE 5.2. DiffractiveM>rder intercepts 

7x7 5x5 3x3 

^j^s(l/3)A A5^(1/2)A A3x3=A 

3 m 2 m I m 

2 3A/2A 

• 
I 2m 

I 3A/A 

0 parallel 0 parallel 0 parallel 

-I -m 

-I -2A/A 

-2 -3A/2A 

-3 -m -2 -A/A -1 •m 
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Table 5.2 is constructed to convey much information. Within the body of the table, A 

is used to mean cycles per pixel in die outermost diffractive order. The pixel span of the 

outermost diffractive order does not vary among the designs, so entries using A can be 

directly compared. Column subheadings in Table 5.2 are a reminder of how the design of 

ens must be modified to create a 5x5 or 7x7 from a 3x3 design. It is this rescaling, along 

with the arithmetic progression of diffiractive orders in frequency space, that creates the 

complexity of the locations of central sUces. Within the body of Table 5.2, a row has 

entries for multiple designs if and only if the central slice is in the same location for those 

designs. The top (and bottom) line corresponds to the outermost dif^ctive order and 

hence shared among the designs. Differences between the 7x7 and 5x5 may be a 

surprising aspect of Table 5.2. 

Constructing a sketch in a plane for which ̂  is some zero constant is easy given the 

basic idea of a Chinese menu and Table 5.2. If ^ is zero, then the only solution of 

the choices of and riy is diat n^~0 and riy^O. fx is 

not zero, then every combination of choices of and tiy from a Chinese menu of 

diffiractive-order numbers is a possible solution. Table 5.2 gives the x-intercept and the y-

intercept for the line that deHnes the central slice in the plane fi^onstant. Nyquist defines 

a square with sides at +/-I/2 in which the central slice's intercept with the plane can be 

drawn. Key to using cycles per pixel is counting the number of pixels in dif&active-order 

footprints. Note that when +/-1/2 cycles per pixel is taken to be the spatial-resolution 

bounds, then the spectral-resolution bounds is -t-Z-l cycles per pixel. 
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Central slice locations for the 5x5 CTIS 

This section shows the locations of the central slices for the SxS CTIS design via a 

series of flgures. Each Hgure exploits formula (5.1) and Table 5.2 to show the intersection 

of the central slices with the plane/x.=con5ianr. The planes surveyed in this section are 

/x=0 (Figure 53\f}~l/32 (Figure 5A),fysI/8 figure 5.5),/x,=3/8 (Figure 5.6), and 

(Figure 5.7). Bracketed number near each line segment show the di^ractive order 

that produces the central slice. 

ens has a missing pyramid. In classical limited-angle computed tomography, the 

angular limit forms a cone within which projections cannot be taken. The analogy in CTIS 

is a missing pyramid around the fx axis. The sides of the pyramid are formed by the 

outermost cross order. The order in which the slices are presented helps visualize the 

missing pyramid. Adding extra orders fills in outside the missing pyramid. The next 

section contrasts the filling outside the missing pyramid produced by the 3x3 and 7x7 

with the nUing outside the missing pyramid produced by the 5x5. 
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W^plifefe^NlSfcafe 

FIGURE S3: The plane fijsO cycles/pixel is itself a central slice. 
The central slice corresponds to n^-0, n^sO; that is, the zeroth diffractive order. Not 

shown are the other 24 central slices, which degenerately intersect the plane^s0. 
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f„=-l/2 

FIGURE S.4: Central slices at f\~I/32 cycles/pixel for the SxS. 
The plant fx-I/32 intersects the central slices for the SxS near to the plane^x^O. The 

diamond at the center is very near the tip of missing pyramid in Fourier space. Atfx-I/32, 

calUng the center diamond missing misdirects attention from larger gaps in Fourier space. 



103 

FIGURE 5.5: Central slices in the plans cycles/pixel for the 5x5. 
The plane^s//s intersects the central slices for the 5x5 somewhat further from the plane 

The diamond D at the center is part of missing pyramid in Fourier space. Some 

regions in the Nyquist square are comparable in size to the missing diamond. For example, 

ignoring width in the central slices, each isosceles triangle marked with an I has the same 

area as the diamond D, as can be seen by comparing their dashed perimeters. 
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FIGURE 5.6: Central slices in the plans fx-3/8 for the 5x5. 
The central slices for some of innermost diffinctive orders are now beyond the spatial 

Nyquist square. 
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A 

-1/8 = -l/2 

—1/8 

fy=-l/2 

FIGURE 5.7: The high spectral frequency plane fijs7/8 cycles/pixel. 
Only the edges of the missing pyramid intercept the spatial Nyquist square in the plane 

fx^7/8. These edges are always arise from the outermost dif&active cross orders, which 

share the same pixel span under the assumed design criteria. For the 5x5, these orders are 

labeled [+/-2,+/-2]. 



106 

Comparison with the 3x3 and 7x7 designs 

This section dwells on one of the potential surprises in "fx^x^x "^fy^y^y • 

Although the outermost diffractive order spans the same number of pixels and hence has 

the same location in cycles per pixel space, extra central slices do not fill in Fourier space 

evenly. The small-angle approximation spaces diffractive orders evenly. In reciprocal 

space, the central slices hence form an arithmetic progression; 1/1, 1/2, 1/3, etc. This 

section illustrates that the central slices tend to bunch up around the missing pyramid. 

The plane fx-I/8 is used to depict this progression. Note that 1/8 corresponds to 4 

times Nyquist sampling; that is, each cycle would be sampled 8 times. At this particular 

sampling, all of the central slices for the three designs 7x7,5x5, and 3x3 fit in the Nyquist 

square. The progression is most easily visualized by examining the 3x3 (Figure 5.8), the 

5x5 (Figure 5.5 on page 103), and the 7x7 (Figure 5.9), in that order. 

The planes(Figure 5.3) and fx-7/8 (Figure 5.7) are shown with the 5x5 but 

also apply to the 3x3 and 7x7 designs (if the diffractive-order labels in Figure 5.7 are 

changed to be the outer diffractive order for the design). 
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FIGURE 5.8: Central slices in the plane cycles/pixel for the 3x3. 
Note the large voids outside the nussing pyramid. To see how adding one more diffractive 

order fills in some of these voids, see the 5x5 design on Figure 5.5 on page 103 for the 

plaot fx-I/8 cycles/pixel. Note the region of the missing pyramid has the same-sized 

diamond-shaped region D as for the 5x5 (fepicted in Figure 5.5. Many regions outside the 

diamond are larger in area than the diamond for the 3x3 design. 
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FIGURE 5.9: Central slices in the plane fi^-I/8 cycles/pixel for the 7x7. 
The diffiractive orders corresponding to the central slices of 3x3 are labeled and at the 

same location as Figure S.8; most diffiractive orders ate not labeled. Note diffractive order 

[1,0] intercepts x axis at 3/8; [2,0], at 3/16; and [3,0], at 1/8. The hatch mark at +/• 1/2 was 

obscured by the central slices in the Sx5 (Figure 5.5 on page 103). An interpretation is that 

when an order was added, the former slices moved closer to the boundary of the missing 

pyramid. Frustratingly, adding more diffractive orders to fill in outside the missing 

pyramid causes clustering of central slices around the missing pyramid. This reduces the 

effectiveness of adding more dif&active orders to span Fourier space. Nevertheless, the 

diamond D corresponding to the missing pyramid is now the largest region. 
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CHAPTER 6: SUMMARY AND IMPLICATIONS 

This chapter sununarizes results and presents various implications of the results. 

The implications share the idea of exploiting what CTIS measures. Standard CTIS designs 

share the same resolution limit; and a section describes a procedure that commences with 

the simplest standard CTIS difinictive-order layout, the 3x3 design. The results establish 

that not all scenes have the spectrum equally well estimated by CTIS, and a section 

describes a technique for improving CTIS's ability to estimate the spectrum of an 

important class of transient events. Moreover, a simple modification to CTIS increases the 

spectral resolution for this class of events; and a section describes this modification. 

Although the modified CTIS is inferior at estimating complex scenes, a section suggests 

scanning techniques to measure complex scenes. A section notes that anamorphic 

dispersion gives the CTIS designer and CTIS operator options not obtained with a 

standard CTIS design. Although disperser design is outside the scope of this dissertation, a 

section suggests how results herein have interesting implications for disperser design. A 

section notes that calibrations similar to Descour's original calibration technique would 

increase the fidelity of CTIS measurements. The concluding section emphasizes some of 

the results. 



Summary 

This dissertation establishes a number of results. When a result has an implication 

described more fiilly in a subsequent section, a forward reference is included. 

1. The fundamental result is locates the center of the 

cenU-al slices for CTIS. The result is a formula for each combination of and riy, 

where is the horizontal diffractive-order number and riy is the vertical diffractive-

order number. The spatial fl«quencies (fx,fy) can be considered the vertical and 

horizontal cycles across the Held stop, and the spectral frequency /;^ can be 

considered cycles across the speco^ range of the CTIS insurument. The result 

invites anamorphic dispersion; that is Aj^Ay where A represents the dispersion in 

the horizontal or vertical direction. To date, CTIS systems have used a common A 

for Aj( and A^ The simplest means of obtaining anamorphic dispersion is to cross 

two gratings whose fundamental period differs. A^^i^Ay breaks the symmetry 

between horizontal and vertical finequencies. The implications of this breaking of 

symmetry are discussed in a subsequent section (page 118). 

2. By assuming shift-invariance within a diffractive-order footprint, the results of this 

dissertation have been shown to apply to an actual CTIS by means of applying a 

technique firom computed tomography called the Fourier-crosstalk matrix. [Barrett, 

1994]. Each central slice located by ^fx'^x^x "^fy^y^y width, and this 

width can be considered to correspond to ambiguity as to the exact frequency 

measured. A subsequent section suggests how a retreat to Descour's original 

calibration technique can be made computationally feasible for current technology 
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ens instruments and computing resources (page 122). This retreat weakens the 

need for the shift-invariance assumption in CTIS reconstructions. 

3. With the shift-invariant-within-a-diffractive-order assumption, Nyquist-sampling 

theory can be applied at the sensor array to establish bounds on the easy retrieval of 

the 3-d spatial-spectral frequencies fy fi). In particular, CTIS can be considered 

to measure spectral frequencies through the preservation of the contrast of spatial-

carrier waves, as shown in 2-d in Figure 4.4 on page 78. Importantly, the spectral 

spreading introduced by the disperser does not inherently increase the spatial 

resolution. The spatial-sampling rate of the spatial-carrier wave is the same in every 

diffractive order, and the sampling rate determines the Nyquist bounds. The 

maximum/x is measurable for the maximally numbered diffractive order [n^ n^], a 

conclusion that is consistent with the fact that the outermost diffractive order has the 

maximal spectral spreading. 

4. For a reasonable set of design constraints, the resolution limits of CTIS are not a 

function of the number of diffractive orders captured. In a conventional CTIS 

design, the number of pixels spanned by the outermost diffractive order is a constant 

for a Hxed-sized zeroth diffractive order, Hxed-size spectral range, and fixed-size 

sensor array. A non-conventional CTIS design, described in a subsequent section 

(page 117), violates these design constraints and extends CTIS's spectral resolution 

in cases where the non-conventionai design can be applied. 

5. The dispersion constants and Ay can be considered as converting between the 

units of spatial frequency {fx,fy) and spectral frequencies^. When the frequencies 

are transferred to the sensor array, the dispersion constants can be ascertained by 

counting the span in pixels of the footprints of the diffractive orders. See page 95. 
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6. For every spatial ftequcncy fy) that can be measured, CTIS makes one spectral 

frequency measurement^ per diffractive order. Increasing the number of diffractive 

orders captured increases the number of spectral frequencies measured. As 

dictated by diffraction and shown in Figure 5.1 on page 92, the spacing of the 

spectral frequencies fx measured is a function of the spatial frequencies (fjpfy). The 

spacing of frequency sampling is uneven in the spatial frequency direction. 

Diffraction causes diffractive-order footprints to overlap as more orders are added 

(Equation 2.3 on page 27). 
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A CTIS first-order design procedure 

Several results of this dissertation can be combined to suggest a Hrst-order CTIS 

diffractive-order-layout procedure. As noted on page 111, spectral spreading does not 

increase the spatial resolution within a dififractive order. The zeroth diffractive order is 

thus sized to meet a spatial resolution criterion for CTIS. When the zeroth order is 

centered (as in standard CTIS designs), this centering and the maximum wavelength 

combine with the sensor array size to establish the spectral resolution. The minimum 

wavelength then establishes the spacing (or overlap) between di^active orders. The 

procedure suggests starting with the simplest standard CTIS design (the 3x3) and then 

adding inner orders to utilize pixels on the sensor array. Details follow. 

1. Detennine field-of-view footprint 8pQ^ The Nyquist criterion is used to establish 

the required size of the zeroth diffractive order. This dissertation calls the size of a 

diffractive order in pixels its footprint SpoVx ^OVv first-order design 

ignores the spreading of the optical blur in computing the footprint. 

2. Detennine dispersion for a 3x3 design. Defining Xa,- as the longest wavelength, 

the dispersion is determined by the zeroth-diffractive-order footprint and the size of 

the sensor array. From Figure 6.1, the amount of dispersion A3X3 can be adjusted so 

that 

^^3x3^Ai"''^FOV ~ Anay_size_m_pixels (6.1) 

where the distinction between the x and y directions is not needed for a square 

sensor array a symmetrical task. 
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5fov/2 ^^.^3X3 hAiia 

Sensor array (1-d shown) 
FIGURE 6.1: Tentative dispersion can be assigned knowing X|,i and Spov 
The dispersion is called ^2x3 ^i"ce three diffiractive orders can be added to the sketch 

when knowledge of is added. See Figure 6.2. 

3. Insert knowledge of The spectral range is defined as which means 

that Equation (6.1) and deHne the spectral spreading for the highest diffractive 

order, whose number is not yet determined. The wider the spectral range, the less 

room that is available for diffractive orders without overlap. The threshold for no 

overlap was given by Equation (2.3) on page 27. The tentative layout when 

knowledge of X/,, is inserted is shown as Figure 6.2. 

outer-diffractive- "KhA^iH ^ diffracUve- outer-diffractivc-
order footprint order^ff"'" ^ order fwtprint 

Sensor array (1-d shown) 
FIGURE 6.2: Assessment of unused pixels after assignment of spectral range. 
In the figure, the footprints are conceptual and shown above the sensor array, which is 1-d 

for simplicity of presentation. Each footprint has a Spov^ ^ region of spectral 

spreading of the footprint in the center, and a 5pov/2 on the right. The region of spectral 

spreading for the zeroth footprint is zero. Note the footprint on the left shows the distance 

to X(,|-, and the footprint on the right shows the distance to X(o. 

4. Add inner diffractive orders. Although Figure 6.2 is labeled with A3x3» the sensor-

array layout for the center and outermost diffractive order is the same as for any 

number of diffractive orders. Extra orders can be considered to add footprints 

between the center and outermost dif&active orders. 
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Background removal for transient events 

As argued subsequently in this chapter (page 117), some CTIS design constraints 

need not apply to some simple scenes. This section argues that a background removal 

technique can produce appropriately simple scenes for an important class of transient 

events. In particular, CTIS can be operated as a staring sensor to estimate the background 

for those transient events. A CTIS field-of-view subtends a mere fraction of the pixels of 

the sensor array, which makes it more likely that a transient event is small enough in 

spatial extent to be a point source. The spectrum of a single, isolated point source is spread 

over a span of pixels and is easily recovered. 

A non-scanning sensor is well-suited for estimating a slowly changing background 

which, if subtracted, can yield the transient point source. The background can be removed 

in image space via pixels or in the field stop via an estimate of the color scene. Performing 

the background removal in pixel space is easier. Performing the background removal in 

the color scene is potentially more robust to problems such as sub-pixel shifts between 

measurements. Although seemingly computationally expensive, in a slowly changing 

scene the previously reconstructed color scene is typically a very good estimate for the 

next color scene. When that previous scene is not a good initial estimate, a transient event 

may have occurred. 

The essential idea is that estimation of the values of all voxels is not requited to 

perform the task of estimating the spectrum of a transient spatial-point source, bstead, 

sometimes all that is required is to estimate the change in the spectrum associated with a 
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point source. The fact that CTIS does not scan implies that changes arise from the color 

scene being viewed, not from some scanning process. 
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Resolution limits 

Negative and positive diffractive orders differ in the phase information they convey, 

but that information may not be necessary. Sometimes, a signal to be estimated is as small 

as one pixel in at least one of the directions of spectral spreading. If the signal is transient, 

background removal may yield such a spatially simple scene. The zeroth difTractive order 

then will provide the location of the signal. The location defines all needed phases. 

Discarding negative diffractive orders can improve spectral resolution. Versus 

traditional CTIS design and in the limit of small fields-of-view, discarding negative (or 

positive) diffractive order can increase the spectral resolution by almost a factor of two. 

The increase violates Chapter 2 observation that the number of pixels spanned in the 

outermost diffRu:tive order is a constant. The design constraints have changed to pennit an 

increased spectral resolution for scenes of simple spatial structure. 

Figure 6.3 depicts a design using just four non-negative diffractive orders. 

LUl 

[0.01 [1,01 

FIGURE 6^: CTIS with non>negative diffiractive orders. 
If the background can be removed, phase information obtained by using both negative and 

positive diffractive orders may be unnecessary. For example, the spectrum for a vertical 

bar is amenable to estimation in the diffiractive order [1,0]. 
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Anamorphic dispersion 

As suggested by the first-order design procedure (page 113), the CTIS designer can 

have few choices except to the number of diffiractive orders captured. Anamorphic 

dispersion permits two choices of the number of diffiractive orders to be captured; that is, 

so the fundamental result /j^»fx^x^x "^fy^y^y selects a different frequency 

to preserve a 2-d spatial frequency (f,0) than to preserve a 2-d spatial frequency (OJ). 

Anamorphic dispersion ^ helpful for a prototype CTIS. In particular, 

differing dispersion implies that differing amounts of overlap can be field-tested 

with one design. In particular, the prototype system need only be rotated 90° and the 

experiment repeated. This rotation interchanges the role of and fy When Aj^^A^ this 

interchanging of roles of ^ and fy selects a different For the case anamorphic 

dispersion serves the role of breaking synunetry (see discussion on page 90). 
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Scanning techniques 

Although ens captures partial information about the color scene without scanning, 

ens can also scan to more fully recover a non-changing scene. Unlike the staring 

strategy to remove background, scanning permits better estimation of the non-transient 

portion of the color scene. 

1. In what might be called a Mooney-Descour imaging spectrometer, an anamorphic-

dispersive design with positive-only diffractive orders could be rotated. [Mooney, 

1997] Each central slice could be designed to have a different angle with respect to 

fx axis. Every complete rotation sweeps every central slice through part of Fourier 

space. When a discrete number of rotation angles are captured in a complete 

rotation, differ discrete positions in Fourier space are captured by the different 

central slices. Anamorphic dispersion is not essential to the idea of rotating the 

system. 

2. In the formulation of the role of diffractive orders, 

spatial frequencies refer to the field stop, or to the image of the field stop in a 

diffractive order. Typically, a zoom lens (zoom lens 0 in Figure 2.1 on page 18) 

creates the image in the field stop. Zoom lenses have a continuous range of 

magnification, allowing continuous adjustment of the spatial frequencies ^). 

Hence different combinations of if^fy, /x)'s can be recovered. For example, one 

might zoom in on a transient event that lasts multiple frame times. 
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Disperser design 

Understanding developed by this dissertation has implications for CTIS disperser 

design. 

1. The ideal diffraction efficiencies for a CTIS disperser are those that route Fourier-

crosstalk expansion functions to the diffractive order that preserves their contrast. 

Otherwise, they get washed out and hence principally serve to increase the 

background photon count. Discarding photons is better than routing them to a 

diffractive order in which their spatial-spectral frequency is being washed out. 

2. If a cross-order and an order preserve the same frequency combinations, they should 

not be collocated. For example, crossing three symmetric gratings separated by 60° 

places the diffi^u've order [-1,-1,0] on top of [0,0,1]. Similar combinations of the 

60° design produce nominally the same sensor location for the footprints. 

Although the idea of routing frequencies may seem fanciful, a CTIS can be designed 

that places the disperser at the Fourier transform plane. See Figure 4.1 on page 71, which 

places the disperser very close to the Fourier transform plane of Lens I. A computer-

generated hologram placed there then uses each unit cell to control the diffraction 

efficiencies of ( f j /Kf/K)-  That is ,  for each wavelength X, each spatial  frequency ( fx , fy)  

gets routed to a particular physical location on the disperser. The ideal situation would be 

to have control over at each unit cell. The disperser can still inject artifacts to 

guide reconstructions. For example, a narrow spectral-blocking filter placed in front of a 

unit ceil would introduce a spatial-frequency-dependent absorption line on the sensor 

array. 
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Overlap cases must be distinguished to understand the second point. When two 

footprints that preserve two different sets of spatial-spectral frequency, overlap contributes 

only to Fourier crosstalk. The MTF-like aspect of the Fourier-crosstalk matrix is not 

affected. When two footprints preserve the same spatial-spectral frequencies, the 

frequency patterns can be constructively or destructively reinforced. The ability to control 

which type of reinforcement occurs has not been demonstrated by an actual CTIS system. 

Crossing three gratings at 60° angles risks decreasing the contrast of a frequency since two 

negative di^ractive orders reach the same footprint as one positive diffractive order. 
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More sophisticated calibrations 

At the heart of the computer code used in simulations is the assumption of spatial-

shift invariance of the optical blur in every diffractive order, but this constant blur model 

can be feasibly replaced with a piece-wise-linear model. Descour used a piece-wise-linear 

blur model to calibrate the first CTIS [Descour, 1994], and the beauty of a piece-wise 

model that the number of pieces can be increased, thereby increasing the accuracy of the 

model. The spectral spreading of the calibrated CTIS is about one-hundred fifty pixels in 

each of two directions (page 68), i.e., about three hundred spectral bands. The calibration 

used 28 spectral bands, so the shift-invariant approximation must hold to ten-times greater 

accuracy for the spectral limits implied by this dissertation to hold. 

Fortunately, the current convolution-vector implementation (see page 44) of the 

voxel-based H matrix can be extended to weaken the shift-invariance requirements. The 

essential idea is that currently personal-computer-based estimation techniques are 

bounded in time by accesses to main memory. The central-processing units operate 

somewhere between four and eight times faster than main memory. This processing speed 

advantage permits multiple computations to be performed while waiting for data. 

A better calibration would measure the system response at all four comers of the 

field stop. For a 1024x1024 sensor array and a 7Sx7S zeroth diffractive-order footprint, 

the voxel-response function is modeled over 1024+75 x 1024+7S synthetic pixels. This 

extension of the range of measurements not only permits measurements at the edge of the 

array to participate, but also permits bi-linearly interpolating the voxel response at the 

75x75 positions. The spate processing power of the personal computer is thus applied to 
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updating an H matrix model while it is being applied. The scheme requires that four voxel-

response functions for a spectral band be accessed rather than just one, but those four 

voxel-response functions can be applied to 7S>c7S positions making the extra main 

memory accesses negligible. 

Calibrating all four comers of the field stop and bi-linear interpolation may not 

suffice to model the actual voxel-response function at each spatial position. Interior points 

can also be calibrated and used to create regions whose comers are the calibration points. 

[Descour, 1994] The limit of storing the calibration at every point is not currently a 

practical means of applying the H matrix. Performing the calibration at more points than 

used for interpolation invites quantification of the quality of the model. 
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Conclusion 

This dissertation has shown 

1. The interrelationship of spatial and spectral frequencies via 

A, diffractive order [n^.ny]. 

The dissertation has noted that 

2. Background removal can simplify the process of identifying transient events and 

permit a simplified CTIS design with higher spectral resolution (page 117). 

3. Anamorphic dispersion (that is, permits one CTIS instrument to perform 

differing spectral measurements (page 118). 

4. The strategy of overlapping orders does not affect = fx^x'^x "^fy^y^y ' 

for the amount of overlap in the calibrated CTIS system, null space between the 

central slices defined by f-^ 'fx^x^x "^fy^y^y eliminated. 

The suitability of CTIS can only be judged in the context of what task is to be 

performed. The generic task of measuring a continuous 3-d space with a finite set of 2-d 

measurements is a fool's errand. The number of pixels in CTIS diffiractive-order footprints 

gives nonunal spatial and spectral resolution limits. Those resolution limits give guidance 

as to what specific tasks might be further investigated as a candidate task for CTIS. In 

general, some a priori knowledge must be combined with CTIS measurements to solve 

any particular problem. 
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APPENDIX A: VOXEL•RESPO î̂ E-FUNCnON MODELS 

This appendix describes the construction and use of a model of the CTIS voxel-

response function. The voxel-response functions for the shortest (450nm) and longest 

(720nm) spectral bands are depicted in Chapter 2 in Figure 2.4 on page 23 and Figure 2.5 

on page 24. The construction substitutes a Gaussian blur for measured images of a CTIS 

calibration. One use of the model is to decrease the number of diffractive orders captured. 

This decrease permits the ratio of dispersion to the Held-of-view to be increased. Another 

use of the model is to synthesize more voxel-response functions. These additional voxel-

response functions are used to ensure that coarseness of the calibration does not limit the 

frequency response that can be measured with the Fourier-crosstalk matrix. 
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Modeling the voxel-response function 

The voxel-response function is modeled as a set of independently-estimated 

Gaussian blurs. The fiber optic used for the CTIS calibration produces an image in each 

diffractive order. Each diffractive order for each calibration spectral band has a blur, which 

is fit with the following six parameters; 

1. Amplitude (A) 

2. Center in x direction ix„) 

3. Center in y direction (y^) 

4. Variance in x direction (o/) 

5. Variance in y direction (a^) 

6. Covariance (a^ay) 

These six parameters are sufHcient to define a general 2-d Gaussian. When needed, the 

covariance matrix is constructed and converted to the alternative form of a tilted ellipse. 

The tilted-ellipse form makes explicit the lengths of the semi-major and semi-minor axes. 

Similarly, by converting x„ and y„ to coordinates whose origin is the optical axis, the 

dispersion and A,, can be changed by a simple scalar multiplication. 

A sense of the amplitude variation of the blurs is given by Figure A. 1 and Table A. 1. 

Variation in the amplitudes of the blurs is a manifestation of the diffraction efficiency of 

the disperser. Figure A.1 partitions the diffiraction pattern into a set of square rings. The 

partition is on the quantity majc(|nj, |ny|), which is the Chebyshev norm of the 

diffiractive order number (see Table S.l on page 98). Figure A.1 shows the partitions, 
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dubbed Chebyshev rings. Figure A.1 gives vertically the total of the amplitudes of the 

blurs within the ring as a percentage of the total of all amplitudes of all blurs. As such, the 

percentage is indicative of the diffraction efficiency of sending energy into the ring. 

Because the number of diffractive orders varies with the Chebyshev ring number and 

because an optical blur is associated with each diffiractive order, the figure also gives 

horizontally a ratio of the amplitude of a typical blur in the ring versus the blur for 

diffractive order [0,0]. The disperser was designed for a 7x7 diffractive-order pattern, so 

the rings beyond 3 are intentionally faint. Table A.1 gives more extensive statistics, 

including an entry for fractional orders, which includes the intensity of any pixel not 

included in some blur. Fractional orders were not modeled. 
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FIGURE A.1: A partitioning of blurs within voxel-response functions 

The sum of the amplitudes of all blurs within a ring is given vertically as a percentage of 

the total of all amplitudes. Horizontally, the typical blur amplitude is expressed as a 

fraction of the average blur for [0,01. The rings are a partition on the Chebyshev norm of 

the diffractive order number. The goal of the disperser design was to make the outer two 

rings have 0 diffraction efficiencies to produce a 7x7 dif^tive pattern. 

TABLE A.I. Amplitude statistics by Chebysliev ring 
Chebyshev 

Ring (smaUest 
square) 

Number in 
ring (28 
colors) 

Number in 
calibration 

Average of 
non-zero 

Ring's% 
of total 

5(11x11) 1120 226 19,490.9 2.5% 
4(9x9) 896 516 19,548.7 5.6% 
3(7x7) 672 672 129,867.8 48.8% 
2(5x5) 448 448 124,228.3 31.1% 
1(3x3) 224 224 70,638.3 8.9% 
0(1x1) 28 28 134,045.4 2.1% 

Fractional 1% 
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Because of scale, the detailed nature of the Gaussian-blur model cannot be judged 

by Figure 2.4 (page 23) or Figure 2.5 (page 24). Use of 2-d Gaussians is illustrated by 

Hgures on page 130. Figure A.2(a) and Figure A.2(b) zoom in on two of the blurs of 

Figure 2.4: [n;j,/iyl=[0,0] and [«jt,ny]=[-5,-5], respectively. Figure A.2 zooms in on data; 

below it Figure A.3 zooms in on the model of the data. Elliptical contour lines are placed 

in each at integral standard deviations (O); those contour lines facilitate comparing the 

data with the model. Both figures on page 130 uses darker grays for more intense 

irradiance with each pixel a distinct square. The Ht assumes all energy falls at the center of 

the pixel, an assumption that affects computation of the variances. To match the 

thresholding of the measured blurs, the model blurs were thresholded between 3 and 4 

standard deviations. Each pixel of the model blur integrates the continuous Gaussian 

distribution, and the result establishes the gray scale of the square pixel. 
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FIGURE A.2: Measurements fordiffractive orders (a) [0,0] and (b) [-5,-5]. 

(See Figure 2.4 page 23.) Both measurements were taken at 450nm. Contour lines shown 

in integral sigmas. 

FIGURE A J: Pixel values for 2-<l Gaussian models of blurs in Figure A.2. 

By construction, contour lines are identically placed. Each square would agree in grayness 

with corresponding square in Figure A.2 if the Gaussian model were exact. 
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Four diffractive-order layouts 

To examine the role of difiractive orders in CTIS, four difftactive-order layouts 

were synthesized from the model of voxel-spread functions. The footprint of the zeroth 

diffractive order was kept constant at 75x75 pixels. The layouts differ in the number of 

difftactive orders captured. When diffractive-order deletion freed sensor-array space, the 

amount of dispersion and Ay was increased. Increasing and A^ shifts the centers of 

the blurs away ftom the center of the blur for diffractive order [0,0] but does not affect the 

four other parameters of the fit (see page 126). Table A.2 notes the design parameters. 

Table A.3 quantifies the pixel usage of the four designs; the designation cal refers to the 

measured, not modeled, system.. 

TABLE A.2. Design parameters 

Designation 
Orders 

captured Dispersion ratio A versus calibration matrix 
9x9+ 11x11 to 7x7 1.0 
7x7 7x7 l.O 
5x5 5x5 1.6 
3x3 3x3 3.0 

TABLE A J. 1024x1024 pixel usage for CTIS designs 
Pixel usage (vs. 75x75x28 s 

157,500 voxels) 
Unused Used 

Designation count count % used 
cal 23,849 1,024,727 98% 

9x9+ 29,427 1,019,149 97% 
7x7 310,137 738,439 70% 
5x5 504,456 544,030 52% 
3x3 842,433 206,143 20% 
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Figure A.4 summarizes tiie differences between the four CTIS designs. To highlight 

pixel-usage differences, Figure A.4 depicts as white any pixel illuminated by any voxel-

response function 

r 
f 1 

i 
9x9+ i 

r 

1 

r. 

! 

. . 1 

\ I / 
^[^1/1 \ 

FIGURE A.4: Field-of-view footprints for four diffnctive-order layouts. 

Any illuminated pixel is shown in white. Only the 3x3 has no overlap. 

Figures A.S through A.7 present each design's response to four sample reciprocal-

lattice points: (0,0,0), (3,0,0), (0,3,0), and (0,0,3). (0,0,0) is DC response and highlights 

the effect of diffraction efficiencies on the diffractive-ORler footprints. As suggested by 

Figure A.l and Table A.1 on page 128, the extra two dif^tive-order rings of the 9x9+ 
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design are very faint in Figure A.S. The other three reciprocal-lattice points correspond the 

frequencies that have exactly three cycles along each of the three support-region 

dimensions jc, y, and X. Their figures include the effect of diffiraction efHciencies and the 

effect of cycling the intensities in the field stop. In terms of the Fourier-crosstalk quantity 

^mk (Equation 2.16 on page 39), each figure is a gray-scale depiction of 1024x1024 

values of m. The linear index k is the arbitrary renumbering of the frequencies designated 

with ik^kyk^ for the cases (0,0,0), (3,0,0), (0,3,0), and (0,0,3). The commutivity of 

addition in Equation 2.17 makes the Fourier-crosstalk matrix invariant of the renumbering 

k. This invariance also implies that permuting the pixels on the sensor array would not 

affect the numerical value of the Fourier-crosstalk matrix. 

The figures in all four designs share some features. Spectral-spreading parallel to the 

crests and valleys of the Fourier-series basts function does not wash out the contrast of the 

spatial wave. Although the case (0,0,3) is devoid of spatial detail within the Held stop, the 

fmite spatial extent of the square field stop itself is manifested in the figure for (0,0,3). 



FIGURE A^: 9x9-t- sensor response to (0,0,0), (3,0,0), (0,3,0), and (0,0,3). 



FIGURE A.6: 7X7 sensor response to (0,0,0), (3,0,0), (03«0), and (0,0,3). 



FIGURE A.7: SxS sensor response to (0,0,0), (3,0,0), (0,3,0), and (0,0,3). 
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FIGURE A^: 3X3 sensor response to (0,0,0), (3,0,0), (0,3,0), and (0,0,3). 
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Variations to probe resolution 

To probe the resolution limits of CTIS, the blur model was reHned to synthesize 

smaller voxels than assumed in the calibration. Each of the four CTIS designs uses the 

same blur for the same diffractive order, so the refinements applied to all four designs. The 

spatial reHnements were applied after the spectral reHnements. 

The strategy for refining CTIS's spectral calibration was to synthesize smaller 

spectral bands. The general pattern of elliptical spreading in a radial direction can be seen 

in a particular voxel-response function such as Figure 2.4 on page 23. Note that higher-

numbered difftactive orders showed greater spreading, again consistent with spectral 

spreading. The spreading is shown in greater detail in Figure A.2 on page 130, which 

shows the blur for diffractive order [-5,-5]. The refinement strategy replaces one 

elliptically blurred voxel-response function a senes of voxel-response functions consisting 

solely of circular blurs, as sketched in Figure A.FIGURE A.9:. The sum of the circular 

blurs approximates the elliptical blur. 

FIGURE A.9: An elliptical blur approximated with circular blurs. 
The optical axis is to the left, and the elliptical blur at the shorter center wavelength is 

shown with a dashed 1-G contour. Three circular blurs are shown inserted between the 

centers of the two elliptical blurs. The amplihide, center, and a are interpolated for each 

inserted blur. Each elliptical blur was also replaced with a circular blur, retaining its 

amplitude, center, and semi-minor axis (as its G). In the CTIS calibration, the area of the 

1-a circles are slightly less than the area of a pixel. See Figure A.2. 
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To avoid extrapolation, each new voxel-response function corresponds to a spectral 

band between two existing elliptically blurred voxel-response functions. The circular 

diameter of each was linearly interpolated between the circular diameters of the voxel-

response functions whose center wavelengths bound the inserted spectral bands. The 

centers and the amplitudes were also Unearly interpolated since the center spacing implies 

the wavelength and the amplitudes imply the diffhu;tion efficiency. The circular diameter 

for calibration's center wavelengths used the 1-G semi-minor axis of the Gaussian ellipse 

as the (7 of the circular Gaussian. Either 3 or S voxel-response functions were inserted 

between each of the original 28, yielding a total of 109 or 163 voxel-response functions. 

The strategy for probing the spatial resolution was similar; that is, replacing one blur 

with a small set of smaller blurs. The sum of the smaller blurs approximates the replaced 

blur. The spatial strategy used a 16 subvoxels on a 4x4 grid within each spatial voxel. As a 

first approximation, the standard deviation of die calibration blur was assumed to be the 

sum of the standard deviation of the Gaussian plus the standard deviation of the 4x4 

impulse train (bed-of-nails). Some blurs had a standard deviation smaller than the bed-of-

nails. This complication caused adjustments to the first approximation. Details are 

deferred to Appendix B. 

The strategy for applying the 16 new spatial positions differed from the spectral. In 

the spatial-shift-invariance CTIS model, inserting new colors merely required inserting 

new convolution vectors. The convolution-applying code only knows how to shift integral 

numbers of pixels, SO each of the 16 positions became its own set of convolution vectors. 
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The convolution-applying code had its roots in additive iterative algorithms and so each 

successive subvoxel location was treated as an additive update. 

A practical difficulty arose in the time required to apply convolution vectors. One 

strategy was to apply the least-needed number of convolution vectors. This strategy 

prompted retaining the various variations in the number of convolution vectors. Another 

strategy was to reduce the number of spatial subvoxels from 16 to 4 by adding the 

subvoxels sharing the same sub-column. This reduction produced another design variation 

that was applied only to horizontally-mnning waves. Variations are summarized in 

Appendix D. 
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APPENDIX B: COMPUTING PART OF THE CROSSTALK MATRIX 

This appendix summarizes the programs used to compute part of the Fourier-

crosstalk matrix for the CTIS. Terminology is used from Chapter 2, especially the 

mathematical formulation of the Fourier-crosstalk matrix. Pseudocode is given for the 

critical routines, the last of which sununarizes each partial computation of the Fourier-

crosstalk matrix. The diagonal of this part of the Fourier-crosstalk matrix is presented in 

an MTF-like Hgure in Chapter 3 (e.g., Figure 3.2 on page 55). Off-diagonal terms are 

summarized in a figure introduced in Chapter 4 (Figure 4.8 on page 85). Appendix C 

contains full summaries, which augment the format of Chapter 4 with an estimate of the 

area of a peak in the MTF-like aspect of the Fourier-crosstalk matrix. 

The sections of this appendix first apply the Fourier-crosstalk definitions to CTIS 

and then describe the computational steps required to produce, and then to summarize, 

part of the Fourier-crosstalk matrix. A block diagram (Figure B.l on page 145) is included 

in an overview section for the computational steps. Those computational steps are 

1. Synthesizing a finer voxel grid for the discrete approximation of the continuous 

part of the continuous-to-discrete linear operator H and discretizing the Fourier-

series basis functions to that discrete grid, 

2. Outlining the strategy for storing the pixel patterns that result from applying the 

approximation of H, 

3. Noting how part of the Fourier-crosstalk matrix is computed from the stored 

pixel patterns, and 

4. Detailing the steps in computing the generalized-MTF figure. 
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A real application of the Fourier-crosstalk matrix 

Although the Fourier-crosstalk matrix is a complete characterization of a linear 

operator H on continuous but finite objects [Barrett, 1994], this dissertation does not 

compute the Fourier-crosstalk matrix in its entirety. Even the low-frequency portion of 

Fourier-crosstalk matrix is too large to be stored on a personal computer (see page SI). An 

early attempt to compute this low-frequency part of the Fourier-crosstalk was running at a 

rate that would require three-years to complete for a single design. As such, an 

accomplishment of this dissertation is determining a way of using the Fourier-crosstalk 

matrix approach to assess what each CTIS design actually measures. This section outlines 

the shortcuts enabling the using of a Fourier-crosstalk approach. 

The principal shortcut of this dissertation are the use of 1-d paths through the 

reciprocal lattice (runs). As noted in Chapter 3 (page 51), an analogy is the use of the 

sagittal and tangential MTFs in optical design. Those two MTFs do not fully characterize 

the optical blur, but are useful in guiding the optical design. Runs analogously are not a 

complete characterization of the operator ff. Runs correspond to changing one of the three 

indices of the reciprocal lattice: ky, or Consolidating expressions in Chapter 2 

(Equation 2.12 on page 37 and Equation 2.16 on page 39) that use these indices. 

where has replaced the of conventional computed tomography. ^ is the response that 

the reciprocal lattice pattern (kx^y) in the field stop produces at the sensor array, k^ ky, 

(B.l) 
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and kx are the integral number of cycles across the support region S. The support region is 

a rectangular parallelepiped whose spatial extents are defined by the field stop and 

spectral extent is the spectral bandpass of CTIS. The rectangular shape of the support 

region ensures the truncated basis functions kyk^^ orthogonal in the 3-d 

continuous object space spanned by the vector r. The index for the l-d path goes from zero 

to beyond where CITS responds. 

Since H is known by a calibration, its effect on complex exponentials is available 

via Euler's equation, exp(i8) = cosO + i sin 6 .That is, as a model for a real system, 

H only responds to real functions, producing real measurements via the sensor array. The 

complex notation is a shorthand for capturing the phase information of the response of 

ens. Thus define 

with the extra c subscript for cosine and 

with the extra s subscript for sine. Linearity and superposition can be used to construct the 

complex ^ . As part of the effort to reduce the number of computations, the work 

reported in this dissertation used just one of the two definitions, (B.3). Full phase 

information about H is available by computing its response to both the sine and the cosine, 

but full phase information was not requited to locate the central slices or assess their 

width. In this appendix, (f) and its real variations are called 3^1 waves. 
jt y X 
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A few more defmitions enable precisely defining what part of the Fourier-crosstalk 

matrix was computed in a run. For concreteness, suppose the index being varied is and 

that it runs from 0 to K^-1. The other two indices are fixed at two particular values and 

kyo. Using kandk'as two choices of for the index being varied, the portion of the crosstalk 

matrix computed is 

Some runs vary rather than k^-

Equation (B.4) is nuraculous; Restricting computation of the Fourier-crosstalk 

matrix B to a run dramatically reduces the storage requirements. For the CITS studied, K 

is on the order of a hundred. M is 1024x1024 or one million. The run hence produces 

about one hundred million numbers which Equation (B.4) reduces to about five thousand 

numbers. (By symmetry of the matrix, only {K(K + I ))/2 numbers are needed.) 

The miracle is incomplete. To study the crosstalk between two runs, the pixel 

patterns ^ for both runs would have to be retained or recomputed. Also, treatment of 

noise requires access to the pixel values that comprise 4^. 

M - 1  

(B.4) 

m = 0 
^ k € [ 0 , K O  

^ k ' e [ 0 , K O  



145 

Computational steps 
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FIGURE B.1: Computing a generalized-MTF figure. 

Steps depicted by black arrows are repeated for each run through reciprocal-lattice space. 

The basic process of decreasing the voxel grid is given in Appendix A. 

The basic steps for computing part of the Fourier-crosstalk matrix are shown in 

Figure B.l. For simplicity, the single index k is used to index the reciprocal-lattice points 

changed in the run. Important data representations are the 3-d waves (0|((r)), the pixel 

values produced for each such 3-d wave for all pixels m), and entries of the Fourier-

crosstalk matrix The computed Fourier-crosstalk-matrix entries are stored as a text 

file and hence amenable for display or additional processing by other computer programs. 

When compressed (as via [WinZip, 1998]), all of the text files for runs presented in this 

dissertation fit on a 1.44Mbyte floppy diskette. 
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Computing the 3-d waves 

In principle, computing a 3-d wave 0|^(r) is easy. The 3-d wave, a continuous 

object, is to be presented in the CTIS field stop as a color scene. Subsequent steps estimate 

the response of CTIS to this color scene. Both the field stop and the spectral range of CTIS 

are bounded. Using complex math, exp(2jli(f^a^ separates along 

the three dimensions into exp(27C/(/" a )) , txpilniif OL )) , and XX y y 

. For a 3-d grid, the separability enables computing by 

multiplication every exponential on the interior from just the exponentials on the exterior. 

The integral is a function of the exponential on its boundary, so it sufHces to compute the 

exponential on a fine grid along the bounds of the support region. Pseudocode outlining 

the algorithm is given in Table B.l on page 147. Not included is the code for the function 

EXP.INTEGRAL, which returns the difference of the complex exponential at two 

endpoints divided by the interval. 

The pseudocode uses a FORTRAN-like notation inspired by Interactive Data 

Language, IDL. [Research Systems, Inc., 1998] The actual code was written in IDL and 

uses vector and matrix operations liberally for efficiency. The pseudocode is not meant to 

be actually compiled or run. The pseudocode and IDL have some styb'stic differences 

from FORTRAN. Most importantly, blanks are used by the parser, eliminating the need for 

periods around comparisons operators such as EQ. Statements are continued with a $ on 

the line to be continued. A semicolon makes the rest of the line a conmient 
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TABLE B.I. Pseudocode to compute a wave with Inum x Jnum x Knum 
voxels. 

function. cosine_for ( Icycles, Jcycles, Kcycles, /cosine ) 
; Input: reciprocal lattice coordinates aka cycles 
; Inum, Jn\im, cuid Knum are grid divisions 
Is = complex_array (Inum); Define its length and type 
Js = complex_array (Jnum); Define its length and type 
Ks = complex_array (Knum); Define its length and type 
complex_grid = complex_array (Inum, Jn\im, Kn\im);3-d 
if Icycles EQ 0 then Is = replicate ([1.0,0.0], Inum) 
else for i = 0, Inxm do ; Definite integral 

Is[i] = EXP_INTEGRAL ( [i, i+1] *2* !pi/Icycles ) 
if Jcycles EQ 0 then Js = replicate (1.0, Inum) 
else for i = 0, Jnum do ? Definite integral 

Js[i] = EXP_INTEGRAL ([j,j+1]*2*Ipi/Jcycles) 
if Kcycles EQ 0 then Ks = replicate (1.0, Knum) 
else for i = 0, Knum do ; Definite integral 

Ks[i] = exp(i*2*Ipi/Kcycles) 
; Outer product is all combinations 

for k = 0, Knum-1 do begin 
for j = 0, Jn\im-1 do begin 

for i = 0, Inum-1 do begin 
complex_eurray[i,j,kl = Isti] * Js[j] * KsCk] 

endfor ; i 
endfor ; j 

endfor ; k 
if keyword_set(cosine) then return, RE(complex_array) 
else return, -IM(complex_array) 

end ; cosine_for 

To increase the spatial resolution of the voxel grid, voxels needed a smaller pitch 

than pixels (see page 47). As defined by the calibration process, the voxel pitch is 

whatever shift in the field stop is required to produce a one-pixel shift on the sensor array. 

To ensure that physical realities and not the voxel pitch limited the resolution measured 

via the Fourier-crosstalk matrix, a 4x4 subvoxel grid was defined for each spatial voxel. 

See Figure B.2. A fine voxel grid helps model the continuous nature of the linear operator 

H. 
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FIGURE B J: Centers of 4x4 subvoxels. 

The centers are at -I-/-1/8 and •t-/-3/8 from the center of the original voxel, where 1.0 is the 

voxel pitch. The calibration deHnes the voxel pitch as whatever translation in the field stop 

is required to produce a shift of exactly one pixel on the sensor array. Figure B.2 depicts 

the 4x4 impulse train. 

Even after removing the spectral spreading described in Appendix A, the size of the 

blur varied across the array. Hence each blur retains a separate blur model. 

The code uses a smooth fiinction to adjust the blur size to accommodate subvoxels. 

If the blur was very much larger than a pixel, the algorithm performed the full reduction 

implied by the 4x4-subvoxel pattern. When the blur was on the order of the size of the 

pixel, half of the 4x4-subvoxel spreading was removed. If the blur was already smaller 

than a pixel, almost no reduction was performed. The algorithm tends to make the image 

of a voxel of the original spatial extent about a pixel in extent for ail difiractive orders for 

all wavelengths. 

The reduction factor g^h) is computed by a sigmoid function 
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(B.5) 

with the selected value of ^ = l.S. This selection causes the action of the sigmoid 

occurred over a range of about -¥1- one-half unit of h with h defined as 

/is 
^blur ^imptrain 

^imptrain 
(B.6) 

where is the standard deviation of the blur and is the standard 

deviation of a 4x4-subvoxel impulse train, /t can be interpreted as the difference in 

standard deviations of the blur and the 4x4 impulse train in units of the 4x4 impulse train. 

From Figure is 

imptrain (B.7) 

-1.0 

nCUREBJ: 

Sigmoid with beto»1.5 

-0.5 OJl 0.5 
Oeviotton of blur siqma from impUse Iroin sigmo 

In imouwc train sldmo units 
Sigmoid function for betasLS 
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Pseudocode is presented as Table B.2. The < in the return statement is "lesser of ; 

that is, if the impulse train has a larger sigma than the blur itself, the smaller number scales 

the sigmoid function. 

TABLE B.2. Pseudocode to spatial blur via subvoxels. 
case subvoxels_per_side_of_a_voxel of 

1; return, sigina_in. ; Noop if no subvoxels 
2: sigina_pixel = 0.3536 ; sqrt ((-1/4) ̂̂ 2 + (1/4)^2) 
3: sigina_pixel = 0.4714 ; sqrt{ (-1/3) "2 +0'^2+ (1/3)^2) 
4: sigma_pixel = 0.5560 ; etc. 
else: stop ; Add code to handle your case 

endcase 
; ASSERTION: sigina_pixel is std deviation of impulse train 
; for number of subvoxels in one direction 
return, sigma_in - ( sigma_in < sigma_pixel ) / $ 

{ 1 + exp(-2*1.5* (sigma_in-sigma_pixel)/sigma_pixel) ) 
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Computing pixel values for each k 

When 0|((r) is discretized to some voxel grid, the apt collection of convolution 

vectors is applied to compute the pixel patterns for all pixels m). For speed, the 

simulations always used the method of storing and applying the approximation of H 

developed and implemented by Curtis E. Volin. His two key concepts are that a voxel's 

response on the sensor array is sparse and that spatial shift invariance implies that only 

one convolution vector need be stored for each spectral band. The for all pixels m is 

merely the 1024x1024 array of pixel values that represents a frame of data captured by the 

ens sensor array. These pixel values are stored in a disk Hie. 

Pseudocode is shown in Table B.3. coinbo_in£o_£or_nuinber is an abstract 

data type that returns particular tequency combinations of a run given their 0-origined 

ordinal. 

TABLE B3. Pseudocode to store pixel patterns to disk. 
for i = 0, nuinber_in_run-l do begin 

combo_info_£or_nuinber, i, $ ; in 
Icycles, Jcycles, Kcycles ; out 

voxel_pattem = cosine_for ( Icycles, Jcycles, Kcycles ) 
pixel_pattem = fltarr(1024*1024L) ; Init to all zeros 
for j = 0, nuinber_o£_subvoxels-l do begin 
call_C_routine , 'sprstxone', $ ; From CEV 

pixel_pattem , $ ; In-out 
voxel_pattem, $ ; in 
H(j) ; in 

endfor ; j each subvoxel 
writeu, i, Icycles, Jcycles, Kcycles, $; Neatness cotints 

pixel_pattem 
endfor ; i each different frequency of our nan 
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Computing entries of the Fourier-crosstalk matrix 

An interpretation of the Fourier-crosstalk matrix is that the Fourier-series basis 

functions (3-(l waves) are analyzed via their sensor response. To show how CTIS crosstalk 

arises from the sensor response, Figure B.4 shows the pixel patterns for two reciprocal-

lattice points with unusually large crosstalk. The responses were calculated for the 9x9-1-

Cns design (see Appendix A). 

(a): (3,0,0) (b): (3.0,4) 
FIGURE B.4: Sensor patterns for the frequencies (3,0,0) and (3,0,4). 

Sensor patterns were produced via the 9x9+ CTIS design. 

The pixel-by-pixel multiplication of Figure B.4(a) and (b) is shown in Figure B.5. 

Auto-stretchhig of die gray scale highlights the crosstalk. That auto-stretching is required 

to manifest unusually large crosstalk suggests that crosstalk in CTIS is not severe. 



153 

FIGURE B.S: The product of pixel patterns for (3,0,0) and (3,0,4). 

Gray-scale has been stretched versus Figure B.4 on page 152. The crosstalk between 

(3,0,0) and (3,0,4) is unusually large, especially for non-contiguous reciprocal-lattice 

frequencies. 

Pseudocode is shown in Table B.4 that computes the crosstalk among the 

ficequencies of the run (see Equation (B.4)). For simplicity, code that computes the off-

diagonal block for two different disk files is omitted. 
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TABLE B.4. Pseudocode to produce part of Fourier-crosstalk matrix. 
left_naine = dialog_pickfile ( "Left (or only) file?" ) 
open, left_name 
nxjinber_in_rtin = file_si2e_in_records (left_name) 
for i = 0, nvunber_in_nin-l do begin 

<point file to record i> 
readu, old_i, Icycles, Jcycles, Kcycles, $ 

left_pixel_pattem 
if old_i NE i then stop ; Somebody is confused 
if old_i EQ 0 then begin 

if (Icycles EQ 0.0) smd ( Jcycles EQ 0.0) and $ 
(Kcycles EQ 0.0) then begin 
DC = total ( left_pixel_pattern * $ 

left_pixel_pattem , /double ) 
endif else 

DC = <Ask user for file with DC in it; get there> 
endelse 

endif ; Zeroth record? 
<point file to record i> 
for j = i, nuinber_in_run-l do begin 
readu, old_i, ricycles, r Jcycles, rKcycles, $ 

right_pixel_pattem 
if old_i NE j then stop ; Somebody is confused 
FCTM_Entry = total ( leftjpixel_pattem * $ . 

right_pixel_pattem , /double ) * 2 
; * 2 since we use sines and cosines, not exponentials 
FCTM_Entry = single_precision ( FCTM_Entry / DC ) 
print, i, j, $ ; Print converts to text 

Icycles, Jcycles, Kcycles, $ 
ricycles, rJcycles, rKcycles, $ 
FCTM_Entry 

endfor ; j 
endfor ; i (Code above resets file to next left record) 
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Producing a generalized-MTF figure 

Producing the generalized-MTF figure from the text Hie of Fourier-crosstalk-matrix 

(FCTM) entries is straight-forward. See Pseudocode in Table B.5 on page 156. The 

pseudocode omits some details of the algorithm: 

1. Scaling the parts of the figures in accordance with the number of frequencies in 

the run. 

2. Finding contiguous peaks within the MTF. 

3. Reordering the lexicographical order for clarity when other than a simple 1-d 

run is plotted. 
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TABLE B.5. Pseudocode for generalized-MTF figure. 
name = dialog_pickfile { "FCTM file?" ) 
open, name 
about_half = file_size_in_records(name) 
number_in_run = <approximately sqrt{about_half)> 
FCTM = fltarr (number_in_nin, number_in_nin) 
for i = 0, number_in_run-l do begin 

for j = i, number_in_run-l do begin 
read, old_i, old_j, $ ; Reads text 

Icycles, Jcycles, Kcycles, $ 
ricycles, rJcycles, rKcycles, $ 
FCTM_Entry 

if old_i NE i then stop ; Somebody is confused 
if old_j NE j then stop ; Somebody is confused 
FCTM[i,j] = FCTM_Entry 
FCTM[j,i] = FCTM_Entry 

endfor ; 
box = fltarr(nvimber_in_run); Declares 1-d array w. 0.0's 
dia = fltarr (number_in_rxxn) 
plu = fltarr (number_in_nm) 
for i = 0, number_in_run-l do begin 
squared_value = O.OD 
biggest_so_far = -13.0? Any negative nxanber is okay here 
boxti] = sqrt(FCTMti,i]) 
FCTM[i,i] =0.0 ; So it does not affect avgs etc. 
for j = 0, number_in_rvin do begin 
squared_value = squeured_value + FCTM[i, j] *FCTM[i, j] 
if abs(FCTM) GT biggest_so_far then $ 
biggest_so_far = abs(FCTM) 

endfor ; 
PMS = sqrt ( squared_value / (number_in_rxm-l) ) 
dia[i] = sqrt ( RMS ) ; To make comparable to MTF 
pluti] = sqrt ( biggest_so_fcir ) 

endfor ; 
<plot box as squares> 
<plot dia as diamonds> 
<plot plu as plus signs> 
<Draw gray-scale of sqrt (abs (FCTM)) in lower left comer> 
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APPENDIX C: SUPPORT FOR ASSERTIONS IN CHAPTER 3 

This appendix supports Chapter 3 through the use of a generalized-MTF figure, 

which was introduced in Chapter 4 (page 82). As in Chapter 4, each generalized-MTF 

figure summarizes the Fourier-crosstalk matrix along a 1-d path through the reciprocal 

lattice space. In Chapter 2 (page 40), such a path was defined to be a run. Unlike the more 

MTF-like figures in Chapter 3 such as Figure 3.2 page 55, the generalized-MTF figures 

presented here include off-diagonal terms from the Fourier-crosstalk matrix. And unlike 

the generalized-MTF figures presented in Chapter 4, those in this section include an 

annotation of the area under a peak in the diagonal of the Fourier-crosstalk matrix. This 

computation is carried into Chapter 3 as the width of the line segment associated with the 

peaks in Figures 3.6 through 3.8 (page 59 through page 61). Insight as to the origin of 

Fourier crosstalk within CTIS is developed as a part of Chapter 4. Pseudocode for the 

computation of the generalized-MTF figure is included at the end of Appendix B. 

For the purposes of the summary in Chapter 3, the area under the peak is taken as a 

summation of the differences between two of the quantities plotted in the generalized-

MTF figures of this chapter. As in Chapter 3, the square root of the diagonal of the 

Fourier-crosstalk matrix is plotted using a square as the plotting symbol. A dot is plotted at 

twice the height of the square root of the RMS average of the off-diagonal terms (see 

Equation (4.14) on page 74). The area of a peak is the sum of the difference in these two 

quantities over the contiguous span in which the difference is positive. An asterisk is 

placed over the dots corresponding to the start and end of the peak, and a straight line 
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connects the two asterisks. (If the peak is only one reciprocal-lattice-position long, the line 

is omitted since the same asterisk is the start and the end of the peak.) 

The computation is merely a convenient means of identifying and quantifying the 

peaks in the diagonal of the Fourier-crosstalk matrix. As can be seen in Figure C.8 on 

page 162, some of the peaks are faint. A human observer (e.g., the author) might not see 

these peaks, or imagine peaks to be where the theoretical results of this dissertation 

predict. Each peak is annotated with the area and its width in terms of reciprocal-lattice 

points. 

This appendix also supports Chapter 3 by support the contention that the overlap 

removed from the 9x9-f design to produce the strictly 7x7 design does not affect the 

results of the Fourier-crosstalk matrix to the level-of-detail sununarized in Chapter 3. In 

particular, any extra peaks in the generalized-MTF figures are faint and at the location 

predicted in Chapter 4 by the formula /j^ ^fx^x^x ' ̂ 'SU^s supporting that 

contention are grouped in the section that immediately follows. The Hnal section of this 

appendix presents the rest of the Hgures summarized in Figures 3.6 through 3.8. 

Three sets of runs increase the spatial detail for particular non-zero values of and 

hence can be compared to figures in Chapter S. These runs correspond to a path along the 

positive axis for the planes/x=7,/x=l4, and/x,=28. In terms of cycles per pixel as used 

in Chapter 5, the runs (»,0,7), (»,0,14), and (*,0,28) are roughly at/;^ values of 1/21,1/11, 

and 1/6 cycles per pixel. Chapter S sketches the center of the central slices for 1/32,1/8, 

3/8, and 7/8 cycles per pixel. 



159 

Neglecting outer orders. 
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FIGURE C.1; (*,0,0) for the 7x7 
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FIGURE C.2: (•,0,0) for the 9x9+ 

The run (*,0,0) corresponds to increasing the number of horizontal cycles across the field 

stop for a white spectrum. That is, except for the use of white rather than monochromatic 

light. Figure C. 1 and Figure C.2 correspond to a classical MTF. The extra orders of the 

9x9+ have little effect. The area between the squares and the dots in the range spanned by 

the two asterisks decreased by 0.03% with the addition of the extra partial orders in the 

9x9+. The extra orders exist at the edge of the sensor array, and only for the bluer light. 

The dark anti-diagonal corresponds to Nyquist aliasing imposed by pixel sampling on the 

sensor array. Note the plus signs cross the squares at the Nyquist folding frequency. 
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nCURE C3: (0,0,*) for the 7x7 
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nCURE C.4; (0,0.») for the 9x9+ 

The run (0,0,*) is exactly up the/x axis, which is center of Descour's missing cone. 

[Descour, 1994] Cycling the spectrum with no spatial detail in the field stop does not 

manifest Nyquist aliasing (as in Figure C.1 and Figure C.2). For the run (0,0,*), the 

difference between the two designs is in the area computed under the peaks. The 

reciprocal lattice frequency (0,0,4) resembles DC (0,0,0), which raised the RMS average 

and splits the peak at (0,0,0). Note (0,0,1) also resembles (0,0,0). 
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FIGURE C.5; (7,0,*) for the 7x7. 

Peaks are evenly spaced at 5 cycles per spectral range apart. 
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nCURE C.6: (7,0,») for the 9x9+ 

One extra peak beyond those for the 7x7 is faint and runs from (7,0,22) to (7,0,26). Precise 

continuation of the pattern would be two peaks, one at (7,0,20) and (7,0,25). These 

reciprocal lattice frequencies would being the region known as the missing cone for the 

7x7; see Figure 3.1 on page S3. Adding extra diffractive orders to a larger sensor array 

does decrease the size of the region known as the nussing cone, as adding these partial 

orders to the very edge of the 1024x1024 sensor array demonstrates. 
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nCURE C.7; (11,0 •) for 7x7 (c2) 
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FIGURE C.8: (11,0,*) for IIxiI to 7x7 (cl) 

The 7x7 and 9x9+ share the locations for the first four peaks, which are 7 or 8 cycles 

across the spectral range apart. Extra peaks for the 9x9+ are very faint, only one of which 

met the peak-Hnding criterion. Except for faintness, the pattern remains that a peak is 

formed every 7 or 9 cycles across the spectral range. 
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FIGURE C.9: (*,0,0) for the 3x3 
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FIGURE C.10: (*,0,0) for the SxS 

The anti-diagonal Is white in Figure C.9 versus the more typical black (Figure C.l and 

Figure C.2) because of a phase shift between a frequency and its Nyquist alias in 

diffiractive orders [0,1] and [0,-1]. Diffractive orders do not lie in exact columns (see 

Figure 4.9 on page 86). From Table A.1 on page 128, the two diffractive orders [0,1] and 

[0,-1] average about halve the amplitude of the order [0,0]. The phase shift and match in 

amplitude cauMS almost perf(%t cancelliation. 
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FIGURE C.12: (0,0,*) for 5x5. 
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FIGURE C.13; (7,0,*) for 3x3 
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FIGURE C.17: Generalized-MTF figures for (*,0,7). 

From top to bottom, the designs are the 3x3, the 5x5, and the 9x9+. Note the pattern of 

one peak for the 3x3, two peaks for the 5x5, and three peaks for 9x9+. 



168 

sqrt FCTM 
Legend: 

m UTr (Homond • sqttCMS.jjff.rdri r^sqnfaMtdf^di -atop of p«ok • • alorl-

A «|ft(obi(a(f..(llaqonol)) 

sqrt FCTM 

• Mir 

**1109 of p«Ok 

(.tqcnd: 
squom • MTr domond • ---^ 
* m. mo«{« 
• « aiort' 

-4? A 9Qtt(aDt(off.dlo9onai)) 

sqrt FCTM 
Leqtnd; 

• • alon-«op of ptck 

^ ^ sqrt(dbt(0fCdl090n0i)) 

1.0 

0.8 

^ 0.6 
S 

la. 
s 

0.2 

0.0 

P«76wv1^~v75»y163wv»vfo.jny41 t^c163u.c4 

- 3x3 : 

r 7 
-

- A 0J07 *4 

• 1 

0 20 40 60 kx=kx' 
[ 75x4 . 75x1 . 163x1 ] onto [1024,1024] Area > RMS 2 

px76*^ 14-v75ity 163«( v_vjo_mv411 163-.c3 

s 0.6 

k 0857 W12 

A 
0 20 40 60 

[ 75*4 . 75x1 . 163x1 ] onto [1024,1024] Areo > RMS 2 

p*76wvl 4^v75Ky 163»iv_vio_jnv411 .c 163.C 1 

9x9+ . 

 ̂0.6 

.439 «r2^ 
0.4 

[ 75x4 . 75*1 , 163x1 ] onto [1024,1024] Areo > RMS 2 
kxsskx' 

FIGURE C.18: Generalized-MTF figures for (»,0,14). 

From top to bottom, the designs are the 3x3, the 5x5, and the 9x9+. Note the pattern of 

one peak for the 3x3, two peaks for the 5x5, and three peaks for 9x9+. 
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FIGURE C.19: Generalized MTF runs for (*,0,28). 

From top to bottom, the designs are the 3x3, the 5x5, and the 9x9+. Note the pattern of 

one peak for the 3x3, two peaks for the 5x5, and three peaks for 9x9+. 
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APPENDIX D: TEXTUAL ANNOTATIONS ON HGURES 

This i^pendix explains the role of textual annotations within Hgures that summarize 

part of the Fourier-crosstalk matrix. This text is automatically generated by the programs 

producing the Hgures. The motivation for the text is that many different CTIS simulations 

produce similar-looking results. This similarity is especially true for changes in the 

Oneness of the voxel grid. The simulation that produced the Hgure is traceable via the 

automatically generated text. This appendix documents the conventions that permit 

tracing the figure back to the simulation. Figures following these conventions are the 

MTF-like plots in Chapter 3 (e.g., Figure 3.2 on page 55) and all generalized MTF Hgures 

(e.g., Figure 4.8 on page 85 or any figure in Appendix C). 

The two aspects of variability are the number of captured diffractive orders and die 

voxel-grid resolution. The number of captured diffractive order is conveyed by a digit 

sufRxed to an abbreviation. The abbreviation is contained within the Hie name containing 

die simulation results, and the file name itself is printed on the figure. See Table D. 1. 

TABLE D.l. FUe-name-abbceviatioii key 

SulBxiiig 
disit 

«or 
dilfraclive 

orders 28 colors' 
109 

colors'' 109 colors' 163 colors' 
1 9x9+ jgOl ig3i cl_?v4?l_col3 cl_?v4?l_cl63 

2 7x7 ig02 Jg32 c2_?v4?Lcol3 c2_?v4?l_cl63 

3 5x5 jgW Jg33 dL?v4?l_col3 c3_?v4?l_cl63 

4 3x3 ig04 ig34 c4_?v4?l_col3 c4Jv4?l_cI63 

a. Nosubvoxels. 

b. No spatial subvoxels. 

c. The two ?'s are s and 4 for the 4x4 subvoxel scheme and m and 1 for the 1x4 subvoxel scheme 
used for horizontally ninning waves. Occasionally, the c? is moved to the end of the filename. 

d. Same ? convention as for 109 colors. Occasionally, the c? is moved to the end of the filename. 
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Text for the figures that summarize part of the Fourier-crosstalk matrix is in three 

1. The upper left serves as a reminder of the plotting-symbol conventions necessary 

to understand the figure. These conventions are explained when the generalized-

MTF figure is introduced in Chapter 4. 

2. Above the plot is the file name containing the simulation results. See Table D.l. 

Generally within the file name, text adjacent to x, y, or wv is the constant value or 

run length for their reciprocal-lattice variables, wv supplants the Greek symbol X, 

which is not used in file names. 

3. The bottom of the figure makes explicit the subvoxel grid. Within the 3-tuple, 

"4x75" indicates that four spatial subvoxels were used for 75 voxels. "1x75" 

indicates that one spatial subvoxels were used for 75 voxels. The number of 

spectral bands is in the final position. In this dissertation, the sensor array is 

always "[1024x1024]". In this dissertation peaks are taken to be where the 

plotting symbol square exceeds twice the plotting symbol diamond; that is. 

regions; 

(D.l) 

jt = 0 

k¥^k! 

where use of the 2 squared saves square-roots on the left<hand side. 
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APPENDIX E: Nyqiiist-Imposed Resolution Limits 
for a Non-Scanning Imaging Spectrometer 

James D. George, Jr. 

Optical Sciences Center, University of Arizona, Tucson Arizona 

A non-scanning imaging spectrometer uses a 2-d fieid-of-view and a difiractive 
disperser to capture multiple diffiractive orders of the 2-d field-of-view. Through 
computed tomographic techniques, a 3-d spatial-spectral image is reconstruct^. 
By considering the number of pixels spanned by difiractive o^rs, we derive the 
Nyquist bounds on the spatial and spectral information measured. This style of 
imaging spectrometer only detects ^ctral frequencies that are accompanied by 
spatial frequencies given by a formula derived herein. 
OCIS codes: 1203630,120.6200 

A non-scanning imaging spectrometer has a 2-d field stop with an image of a color scene. 
The image is coilimated and dispersed in multiple directions by crossed diffraction grat
ings or a computer-generated hologram. Before the disperser, propagation angles encode 
only spatial information; after the disperser, propagation angles also encode the wave
length of the propagating light. Thus each diffractive order is a projection through a 
pseudo-3-d space, so the techm'ques of computed tomography can reconstruct the color 
scene from the information captured on a large sensor array. 

Instruments constructed using this non-scanning technique have been called Computed 
Tomography Imaging Spectrometer (CTIS).' A schematic CTIS is shown.in Figure E.l 
via its upper and lower rim rays, and a footprint of the square field stop after dispersion in 
two directions is shown in Figure E.2. 

Square 
Field 
Stop 

Crossed Grating 
at Aperture Stop 

Sensor 
Array 

(OtpOty,>.) 
iXfiyfiX) (Xpy5,X) 

Figure E.I. Schematic CTIS shown capturing difiitactive orders from 2 to -2 in y direction. The collimating 
lens converts spatial variables in the field stop iXfyj) into propagation angles (0^0^). The disperser modifies 
propagation angles according to diffiactive order and wavelength. The reimaging lens converts the modified 
propagation angles into sensor array locations The wavelength is carried along as a third dimension 
but only affects the modified propagation angles (o'̂ oc'y). 

1. Mil. Descour, PhD dissertation, Universi^ of Arizona, 1994. 
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Figure E.2. Sensor anay pixels illuminated by a square CTIS field stop dispersed into a SxS diffhu:tive 
pattern. Diffiactive orders are numbered from [n^iny] = [-2,-2] in the lower left comer to [nx,nyl = [2,2] in 
the upper right comer. Spreading in the non-zero diffhctive orders is determined by the spectral spread; 

~ 0-62. 

Both the central slice theorem of computed tomography^ and the Nyquist sampling cri
terion^ use a frequency-space representation, and these are related to the basic spatial-
spectral trade-ofT in CTIS design. Nyquist imposes upper bounds on the spatial and spec

tral frequencies measurable by CTIS. 

One method for deriving the central slices for CTIS combines a Fourier decomposition 

of the color scene with the actions of the difiiractive disperser, which we assume disperses 

in two directions aligned with a square field stop and square sensor array. We use and 
tty for the propagation angles in collimated space just before the disperser with and fy 
their frequency counterparts. Similarly, we use for the spectral decomposition with X 
for the pseudo-depth and so can write a Fourier component just before the disperser as 

/ = exp(2jt/[/'̂ a^+/yOy+/;^X]) (I) 
= exp(2jci[4a^ +/yayl)exp(2ici(4A.l) 

where the wavelength-dependence has been made a separate factor. The disperser deviates 
propagation imgles according both to the wavelength X and diffiractive order [n^ n^], 

which can be approximated as 

a'y^oty+nyAyX, (3) 

2. R.N. Bracewell, Two'Dimensional Imaging (Prentice-Hall, Englewood Cliffs NJ, 199S), p.240. 
3. ILN. Bracewell, op. cit., p. 499. 
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Thus after the disperser 

/ s exp(2ici (4) 

X +/y(a'y-nyAyA.)l) 

X exp(2iii|/;(^X]) 

= exp(27ti[4a'̂ +/ya'y]) 

X exp(2jtj|/;^X - +/ynyAyX.)l) 

The final expression can be interpreted as a 2-d spatial wave of frequency (f^fy) with a 
wavelength-dependent envelop. Because in Fourier decomposition only the 0-frequency 
has a non-zero value, the criterion for preservation of the 2-d spatial frequency in diffrac-

tive order [n^riy] is 

(5) 

where equation (5) strictly holds only for a sensor array whose spectral response is flat 
across the spectral range of the instrument. 

Note that equation (S) is an equation for a plane through the origin of frequency space; 
that is, a central slice. Note that by detecting a particular 2-d frequency in some par> 
ticular diffractive order [n^, n^], we can infer that power exists in the Fourier decomposi

tion of the color scene at {fx/yf}). 

An interpretation of equation (5) is provided by viewing the color scene as a large num

ber of quasi-monochromatic color planes. The spectral variable \ imparts a phase shift to 
the 2-d frequency for each plane. The 2-d analogy would be that the spectral vari

able X imparts a phase shift to the 1-d frequency 4 for each line. The 2-d spatial-spectral 
tequency of 2 cycles across the field stop in the x direction and 6 cycles across the 

spectral range of the instrument is shown as Figure E.3. 
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^ Integrates into pixels ^ 

Figure E.4. The spatial-spectral pattern = (2,6) widened by three field-of-view widths by spectral 

spreading. The bottom band shows the integral of the spectral intensity falling on the pixels. 

In equation (5) the dispersive constants and define the amount of dispersion. If 
we measure and in units of cycles per pixel pitch within the zeroth diffractive order 
and if we measure f-^ in units of cycles per pixel pitch within the first diffractive order, 

then both and A^ are 1.0. 

The limits of spectral resolution are independent of the number of diffiractive orders 
captured. Without loss of generality we use the x direction. Let be the width in pixels 

of the field oif view in the zeroth dif&active order. Let and be the maximum and 
minimum wavelengths of the instruments spectral bandpass. Suppose we want to capmre a 
different number n' of diffractive orders on a given sensor array. If both the original design 

and the new design fill the sensor array with the same field-of-view width, we have the 

constraint on the new dispersion amount A '̂ 

(6) 

and hence 
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Mx = (7) 

The number of pixels subtended by the outermost order is 

Sfov+wA^ri-^A^o (8) 

= Sfov + "x ~ ^lo) 

where we inserted equation (7) to form the last line. Equation (8) shows that varying the 
number of captured diffiractive orders does not vary the number of pixels subtended by the 
highest diffractive order. This invariance is true provided only that the two designs share 
the same field-of-view, spectral range, and sensor array. 

An important property of CTIS is that in the absence of distortion any quasi-monochro
matic scene is imaged in all difftactive orders at the same size. Although dispersion has 
the effect of spatially dithering a quasi-monochromatic image among the various orders, 
ens does not increase the spatial resolution by spreading a poly-chromatic scene over 
more pixels than required for the zeroth diffractive order. As shown in Fig. 4, the spatial 

frequency remains at the same number of cycles per field-of-view width. Thus spectral 
spreading has no innate tendency to increase spatial resolution. 

If we measure frequencies in cycles per pixel, then Nyquist bounds on CTIS resolution 
are simply expressed. Spatially, Nyquist is 1/2 cycle per pixel. The highest spectral resolu
tion ens can measure comes when the highest spatial frequency is preserved for 
the outermost diffractive order. Because the number of pixels spanned by the outermost 

diffractive order is a constant under reasonable design constraints, we can decide to define 
spectral resolution in terms of cycles per pixel in the outermost dif^tive order. (We have 

= l/n^ for any choice of difftactive orders captured n^^.) Spectral Nyquist is thus •»•/-
I instead of +/- 1/2. That is, the spectral Nyquist resolution limit for CTIS is ascertained 
by counting the number of pixels spanned spectrally in the outermost diffractive cross-
order, where each direction is counted and added. That spectral resolution is achieved only 
if the color scene has spatial power at the highest resolvable spatial frequency. Impor
tantly, an isolated point source has power at all spatial frequencies and hence achieves the 
maximum CTIS spectral resolution. 
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