INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may be
from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand comer and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in reduced
form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6” x 9” black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly to

order.

UMI

A Bell & Howell Information Company
300 North Zeeb Road, Ann Arbor MI 48106-1346 USA
313/761-4700  800/521-0600






A COMPARISON AMONG LOCALIZED
APPROXIMATIONS IN ONE-DIMENSIONAL PROFILE
RECONSTRUCTION

by
Jacob Absolute Kwasi Adopley

A Dissertation Submitted to the Faculty of the
DEPARTMENT OF ELECTRICAL AND COMPUTER ENGINEERING

In Partial Fulfillment of the Requirements
For the Degree of

DOCTOR OF PHILOSOPHY
In the Graduate College
THE UNIVERSITY OF ARIZONA
1996



UMI Number: 9720565

UMI Microform 9720565
Copyright 1997, by UMI Company. All rights reserved.

This microform edition is protected against unauthorized
copying under Title 17, United States Code.

300 North Zeeb Road
Ann Arbor, MI 48103



THE UNIVERSITY OF ARIZONA ®
GRADUATE COLLEGE

As members of the Final Examination Committee, we certify that we have

read the dissertation prepared by Jacob Absolute Kwasi Adopley

entitled A Comparison Amopg Localized Approximations in One—
Dimensional Profile Reconstruction

and recommend that it be accepted as fulfilling the dissertation

requirement for the Degree of poctor of Philosophy

§=) q

Donald G. Dudley Date
lo]22]9¢
Andreas Cangellaris Date
J),Qs% L. Bums————— (edrag
Steven L. Dvorak Date
Date
Date

Final approval and acceptance of this dissertation is contingent upon
the candidate's submission of the final copy of the dissertation to the
Graduate College.

I hereby certify that I have read this dissertation prepared under my
direction and recommend that it be accepted as fulfilling the dissertation

r% 15[23 I‘T

Dissertation Director Date\\ \ I
Donald G. Dudley




STATEMENT BY AUTHOR

This dissertation has been submitted in partial fulfillment of requirements for an
advanced degree at The University of Arizona and is deposited in the University
Library to be made available to borrowers under rules of the library.

Brief quotations from this dissertation are allowable without special permission,
provided that accurate acknowledgment of source is made. Requests for permission
for extended quotation from or reproduction of this manuscript in whole or in part
may be granted by the head of the major department or the Dean of the Graduate
College when in his or her judgment the proposed use of the material is in the interests
of scholarship. In all other instances, however, permission must be obtained from the

author.
Ns= A
SIGNED: {




In memory of my father Akakpo B. Adopley

Dedicated to:

my mother A.A. Ametor

my wife Christine M. Adopley

and

my daughter Delali M.Y. Adopley



ACKNOWLEDGMENTS

For everything there is a beginning and an end. Maybe not! What about time?
Well but this one, this is the end. It is over. The dream is now a reality. The journey
was not easy but I met a lot of wonderful people along the way who made it possible.

First and foremost, I would like to thank my advisor, Professor D. G. Dudley, for
his confidence in my abilities and his telescopic guidance. I also want to thank him
for providing me with financial support throughout my graduate work.

I give thanks to my committee members, Professor A. Cangellaris, Professor S.
Dvorak, Professor G. Lamb of the Mathematics Department, and Professor H. Groe-
mer also of the Mathematics Department for reviewing this work. Over the years
Professor Cangellaris has become a close friend and given me the inspiration and
desire to do my best.

I cannot forget those guys at Schlumberger, Dr. Reza Taherian, Dr. Tarek
Habashy and Ray White. It was a real pleasure to work with you all. I thank
you Dr. Habashy for the interest you took in my work and for the useful comments
and suggestions that make the completion of this work possible. I am also grateful
to Schlumberger-Doll Research for providing the support for my graduate work.

I would not like to forget about the little folks. Jerry, I thank you for being a
friend. How many turkeys haven’t we devoured over these years? Now that it is over,
I think some turkeys will actually be “happy”. Give my thanks to your family for
making me part of of the family. I always felt at home whenever I was there.

I thank Bill Pinello for visiting my family in New Castle Delaware. Bill I will miss
the pizza days. Muntasir, thanks for “cracking the code” of my ways. So when I
say there is Pork in the Pizza, you know what I really mean is leave it for me. Dave
Heckmann, Pat Cicero, thanks for providing company. Jeff Seligman, thank you for
setting up the alpha machines. Most of the “old” folks have gone! Chris, Charlie,
and Justin.

Barbara Mrasak, I say thank you. Without you I don’t think I could have got
anything done with the university administration. Your grace and love have made it
possible for me to handle the “insane” regulations of this administration.

My dear wife and daughter, I lower my hat for you. It has not been easy for all
these years I was away from you. I cannot thank you enough. It is a blessing to have
you as my family. Thanks.



TABLE OF CONTENTS

LISTOF FIGURES . . . . .. . . . . ittt ittt eee e 8
ABSTRACT . . . . . e e e e e e e e e e e 11
1. Introduction . . . ... ... ... ... .. e 13
2. Integral Equation Descriptionof Slab . .. ... ... ........ 19
2.1. Physical Descriptionof Slab . . . . ... .. .. .. .. ..... ... 19
2.2. Derivation of the Integral Equation . . . . .. ... .......... 21
23. Green'sfunction . . .. .. ... . ... i 24
2.4. Sigmaformulation . ............. ... .. . ... 25

3. A Family of Localized Approximations . ... .. .......... 27
3.1. Habashy Approximation . . . . . . ... ... ... ... 28
3.2. Adopley Approximation . . . . . . ... ... o .. 29
3.3. Extended Habashy approximation ................... 30
3.4. Habashy-Trantanella approximations . . . . . ... .......... 31
3.4.1. Trantanella Approximation ... ................ 31

3.4.2. Localized Extension . .. .......... ......... 34

3.5. Generalized Local Approximation ... .. .............. 35
3.5.1. First Approximation . .. ................... 37

3.5.2. Second Approximation. . . ... ... ... ..., 38

3.6. Limitations . . . . . . . . .« . i i i i i e e e e 39

4. Piecewise Constant Profile . . . . ... ... ... ........... 42
4.1. Analytical Solution . . . . . .. .. ... ... . .. 0 44
4.2. Habashy Approximation . . . . . . ... ... .. .. .. 45
43. AdopleyModel . . . .. ... ... ... . ... . e 46
4.4. Extended Habashy Approximation ... ... ... .......... 50
4.5. Trantanella Approximation . . . .................... 50
5. LinearProfile .. .. ... ... ... ... .. .. . . .. 52
5.1. Analytical Solution . . . . . ... ... .. ... .. oL, 52

5.2. Habashy Approximation . . . . . . ... ... ... ... ... ... 56



-~

5.3. Adopley Approximation . . .. .. ... ... ... ... 56

5.4. Extended Habashy Approximation ... ................ 58

5.5. Trantanella Approximation .. ..................... 58

. Numerical Simulations . . . . .. .. ... ................ 59

6.1. Constraints on the Background Medium . . ... ... ..... ... 61

6.2. Piecewise Constant Profiles . . . ... ... ... ... ........ 62

6.2.1. Internal Electricfield ... ................... 62

6.2.2. External Scattered ElectricField . . . . ... ... ...... 79

6.3. Linear Profiles . . . ... ......... .. ... 90

6.3.1. Internal ElectricField . . . ... ... . ... ... ... ... 90

6.3.2. External Scattered ElectricField . . . . ... ... ...... 98

. Inversion Algorithm . ... ... ........ ... ... .. ..., 108

7.1. Occam’sMethod . . . . . . .. .. .. . . .. 108

72. AdopleyModel . . . . ... .. .. ... . . o 114

73. HabashyModel . ... .... ... ... . ... ... . . ..., 116

7.4. Extended Habashy Model . . . . ... ... ... ... .. ...... 117

. NumericalInversion . ... ... ..................... 119

8.1. Piecewise constant profile . . . . ... ... ... ... .. ... ... 120

8.2. Linear profile reconstruction. . . . ... .. .. ... ... ...... 139

.Fauture Work . . . . . ... ... e e 152
9.1. The Extended Born Approximation for 3-D Modeling (An Iterative

Approach) . . . . .. ... . . L e 152

9.1.1. Approximation (I):. .. .. ... ... ... ... ....... 155

9.1.2. Approximation (IT): . . .. ... .. ... ........... 156

10. Summaryand Conclusions . . . . . ... ................ 158



LIST OF FIGURES

2.1. Dielectric Slab with Complex Permittivity . . . .. .. .. ... ...
4.1. Partitioned Slab of Nonuniform Size . . ... ... ..........

6.1. Types of the Piecewise Constant Conductivity Profile of the Slab . .
6.2. Magnitude and Phase Plots of Internal Electric Field. .. ... ...
6.3. Effect of Background and Slab Loss-Tangents on Electric Field Accu-

TACIES . « v e v e e e e e e e e e e e e e
6.4. Effect of Relative Magnitude of Loss-Tangents on Electric Field Ac-
CUTACIES .« & v v v v v v vt e et e e vttt et oo e ae e e
6.5. Effect of Absolute Magnitude of Loss-Tangents on Electric Field Ac-
CUTACIES . . ¢ v v v v i v v et et v v e e et e

6.6. Effect of Relative Magnitude of Background Loss-Tangents on Electric
Field Accuracies . . . . . . . . .. o i i v it e e .
6.7. Effect of Slab Conductivity Contrast on Electric Field Accuracies .
6.8. Frequency Dependence of Accuracies of the Electric Field . . . . ..
6.9. Effect of Slab Conductivity Contrast on Frequency Dependence . . .
6.10. Effect of Measurement Boundaries on Frequency Dependence . . . .
6.11. Effect of Measurement Boundaries on Frequency Dependence . . . .
6.12. Effect of Measurement Boundaries on Frequency Dependence . .
6.13. Accuracy of Approximations . . . .. ... ... ... .. ... ..
6.14. Effect of Complex o Contrast on Electric Field Accuracy . . . . . . .
6.15. Effect of Slab Element Size on Electric Field Accuracy . ... .. ..
6.16. Effect of Slab Element Size on Electric Field Accuracy (z=0) . .
6.17. Effect of Slab Element Size on Electric Field Accuracy (z=0). . . .
6.18. Effect of Slab Element Size on Electric Field Accuracy (z=0). . . .
6.19. Effect of Relative Position of Observation Point and Slab Boundary
on Electric Field Accuracy (z=0) ................
6.20. Effect of Relative Position of Observation Point and Slab Boundary
on Electric Field Accuracy (z=d) ................
6.21. Effect of Position of Observation Point and Slab Boundary on Electric
Field Accuracy (z=d) . . . . ... ... i L.
6.22. Magnitude and Phase Plots of Internal Electric Field in Lossless Slab
with Linear Profile . . .. .. ... ... ... ... ... ...

64

66

68

69
70
72
75
76
77
78
80
81
83
85
86
87



6.23. Effect of Increasing Dielectric Constant Gradient on Internal Electric

Field . . ..... ... ... . i 94
6.24. Effect of Large Dielectric Constant Gradient on Internal Electric Field 95
6.25. Effect of Doubling Dielectric Constant Gradient on Internal Electric

Field . . .. .. .. 96
6.26. Effect of Very High Dielectric Constant Gradient on Internal Electric
Field . . . . .. ... .. 97
6.27. Relative Performance of Different Models for Conductivity Gradient
(ElectricFieldat z=0) . ..................... 99
6.28. Relative Performance of Different Models for Increasing Conductivity
Gradient (Electric Field,2=0) . ................. 100
6.29. Effect of Dielectric Constant Gradient on Electric Field (2 =0) . . . 101
6.30. Effect of Dielectric Constant Gradient on Electric Field (2 =0) . . . 102
6.31. Effect of Increasing Dielectric Constant Gradient on Electric Field
(Z=d) o o e 103

6.32. Effect of Large Dielectric Constant Gradient on Electric Field (z = 0) 104
6.33. Effect of Increasing Conductivity Gradient on Electric Field (z = 0) . 105

6.34. Effect of Large Conductivity Gradient on Electric Field (z=0) . . . 106
8.1. Constant Profile Reconstruction ... ... .............. 121
8.2. Left-Step Profile Reconstruction ... ................. 124
8.3. Right-Step Profile Reconstruction .. ................. 125
8.4. Relative Performance of Models in “Inclusion” Profile Reconstruction 126
8.5. Frequency Effect on “Inclusion” Profile Reconstruction . . . . . . .. 127
8.6. Frequency Effect on Profile Reconstruction for Habashy Model . . . 129
8.7. Uneven-Partition Element Effects on Profile Reconstruction for Habashy
Model . .. .. . .. @ i e e e 130
8.8. Frequency Effect on Profile Reconstruction for Adopley Model . . . . 132
8.9. Uneven-Partition Element Effects on Profile Reconstruction for Ado-
pleyModel. . . . ... ... ... ... . . .. 133

8.10. Frequency Effect on Profile Reconstruction for Extended-Habashy Model134
8.11. Uneven-Partition Element Effects on Profile Reconstruction for Extended-

Habashy Model . . . . ... ... ... ... ... ... 135
8.12. Complex Profile Reconstruction . .. ................. 136
8.13. Inverse Profile Reconstruction . ... ... ... ... ........ 137
8.14. Background Complex Conductivity Effects on Profile Reconstruction 138
8.15. Model Accuracies in Profile Reconstruction . . ... ... ... ... 141
8.16. Effect of Complex o-Gradient on the Accuracy of Models in Profile

Reconstruction . . .. ... ... ... ..., 142

8.17. Frequency Effects on Profile Reconstruction Using the Adopley Model 143



10

8.18. Uneven-Partition Element Effects on Profile Reconstruction Using the

Adopleymodel . ... ... ... ... ... ... ... ... 144
8.19. Frequency Effects on Profile Reconstruction Using the Habashy Model 146
8.20. Uneven-Partition Element Effects on Profile Reconstruction Using the

Habashy Model . ... .. ... ... ... ... ... 147
8.21. Frequency Effects on Profile Reconstruction Using the Extended Habashy

Model . . ... .. .. . e 148
8.22. Uneven-Partition Element Effects on Profile Reconstruction Using the

Extended Habashy Model ... ... ............... 149

8.23. Rate of Convergence at each Iteration in Profile Reconstruction Using
the Adopleymodel . . . ... ... ... ... ... .. ... ... 151



11

ABSTRACT

We use the localized approximation and some modified versions of the localized
approximation to study the electromagnetic field interaction of a plane wave with a
slab of complex permittivity. The approximation as originally proposed is based on
the localization property of the appropriate Green’s function and the smooth variation
of the internal field. In our one-dimensional case, the Green’s function singularity
degenerates into a localized peak. We apply two iterative techniques to the localized
procedure in order to better simulate the internal fields. The first technique involves
iterating the governing equation once before adopting the localized approximation,
while the second technique involves iterating the localized approximation once. A
study of other approximations based on the Born approximation is also included.
In addition we present a generalization of the localized approximation using the
Extended-Born approximation. We compare and contrast the performance of the
various approximations in simulating the internal and external fields numerically.

The localized approximation and the two modified versions are next used in one-
dimensional profile reconstruction based on a least-structured version of the least-
squares inversion method. We compare and contrast the performance of the approxi-

mations in profile reconstruction. A noticeable consequence of these modifications is
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an aggravation of the nonlinearity in the inverse problem. We investigate the conse-
quences of this aggravation. We conclude with the introduction of a three-dimensional
version of the localized approximation, the exploitation of which we leave for future

work.
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CHAPTER 1

Introduction

The task of electromagnetic profile inversion is extracting information about a
material object from electromagnetic phenomenon observed or measured outside the
material medium. The intrinsic quality that sets inversion problems apart from pa-
rameter estimation in statistics is that the unknowns are usually functions of space
and time (or frequency). The implication is that, in principle, the solution contains
an infinite number of variables and hence the problem is as underdetermined as it
possibly can be. In addition inverse problems are well known to be nonunique. The
nonuniqueness of electromagnetic inverse problems have been well documented in
the literature [1]-[9] and will not be considered here. Rather, the present work is on
the effectiveness of localized approximations as originally proposed by Habashy et.
al. [10], and extensions thereto. As a vehicle for study, we consider a one spatial
dimension problem involving scattering from a lossy dielectric slab, herein referred
to as the slab problem.

The one-dimensional integral equation that describes the functional relationship
between observed (or measurable) electromagnetic phenomena outside of the one-

dimensional slab and its constitutive electromagnetic parameters seems deceptively
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simple. The difficulty is embedded in the integrand of the integral equation. This in-
tegrand is the product of the unknown total internal electric fields, a Green’s function,
and the unknown contrast in complex conductivity (or permittivity). We emphasize
that the internal electric field is functionally dependent on the slab complex conduc-
tivity profile. This renders the problem nonlinear. The starting point in obtaining
a solution is finding an acceptable accurate approximation to the internal electric
field. The first efforts in this direction were by Born [11] and Rytov[12]. The poten-
tials and limitations of the two approximations have been reviewed extensively in the
electromagnetic literature [13, 10, 15, 16]. Beyond the well known approximations of
Born and Rytov, Habashy et. al. [10] proposed a nonlinear localized approximation
based on the recognition that the Green’s function has a singularity (in multidimen-
sional problems) when computing the total internal electric field at the source point.
Hence for internal fields that are smoothly varying, the field at the source point can
be approximated by the field at the observation point. This approximation allows
the internal electric field to be explicitly determined from the Green’s function and
the complex conductivity contrast. As pointed out by Torres-Verdin and Habashy
[17], the technique is more difficult to apply in one-dimensional problems where the
Green’s function singularity degenerates into a localized peak or maximum.

Herein, we modify the localized approximation by introducing two iterative tech-

niques in order to partially circumvent the difficulties in one-dimension. In the first
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technique we iterate the governing equation once before adopting the localized ap-
proximation in [10], while in the second case we apply the iteration once after the
localized approximation.

The first part of the present work deals with the evaluation of the effectiveness of
the localized approximation (and modifications) in improving and/or enhancing accu-
rate simulation of the total internal electric field. The second half of our work deals
with the reconstruction of the slab conductivity profiles from noise contaminated
synthetic data using the localized approximations and modifications. Most of the re-
construction techniques reported in the electromagnetic literature can be divided into
two main groups, viz; the spectral-domain method which employs Fourier transform
techniques and the weighted least-squares method. In the case of weak scatterers,
the Born approximation is an acceptable accurate approximation and spectral meth-
ods are appropriate. Indeed the scattered field is just the Fourier transform of the
conductivity profile with parameter 2k;, where k; is the propagation constant of the
homogeneous background medium. See the works of Tabbara [22]. Trantanella [19]
used the method of super resolution to reconstruct high frequency dielectric constant.

The bulk of the reconstructions reported in the literature have used the least-
squares method [23]-[31], based on minimizing the squares of the misfit between
measured data and predicted data computed using a base model. A direct mini-
mization of the least squares of the data misfit is very unstable. Hence, practical

least-squares methods adopt regularization techniques [32, 33, 34] for stability and
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for creating the illusion of obtaining a unique solution. Even though Levenberg [32]
and Marquardt [33, 34] were the first ones to develop the regularization technique,
it was not until 1977 that Tikhonov and Arsenin formalized the regularization into a
theory in their now famous book [35].

In the least-squares method, it is important to select a model that ensures that
any features exhibited by the model is required by the data [36]. Constable et. al.
proposed a “smoothest” model based on minimizing the integral of the squares of
the first or second derivative of the complex conductivity profile with respect to the
slab axis. The model is called Occam’s method. A generalization of the method
was proposed later by Smith et. al. [37). In their formulation, the derivative of the
complex conductivity profile was taken with respect to a defined function of the slab
axis, instead of just the slab axis. In that way, by changing the defined function they
were able to change the characteristics of the model.

It is important to note that the least-squares technique is L, norm dependent and
cannot estimate sharp discontinuities accurately. Rudin et. al. [38, 39] recognized
this limitation in the least-squares method and proposed the use of the L; norm for
reconstructing sharp changes in profiles accurately from noisy data. Kleinman et. al.
[40] have adopted this method to reconstruct discontinuities in complex permittivity
profiles. However, in their reported results, there was no firm basis for selecting a total
variation penalty factor crucial to the accuracy of the reconstructions. This penalty

factor was reportedly only determined after exhaustive numerical experimentation.
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In the present work we adopt Occam’s method [36] for its robustness and versa-
tility. In the formulation we use the piecewise constant and linear profiles as models.

In chapter two, we introduce the slab problem. We derive an integral equation
describing the electric field everywhere in space. For comparisons with existing lit-
erature, we include formulations in terms of both complex permittivity and complex
conductivity.

In chapter three, we present the formulation of the localized approximation. Two
extensions of the localized approximation are also formulated. In addition, we extend
the Trantenella approximation [18, 19] to include lossy profiles. (In their study Tran-
tanella et. al. [19] modified the Born approximation by including both a forward and
a reflected wave approximation to the internal fields.)

In chapter four, we specialize the family of localized approximations to piecewise
constant profiles. In chapter five, we do the same for linear profiles.

In chapter six, we perform numerical simulations using the approximations de-
veloped in chapter three. The simulations are carried out on the piecewise constant
and the linear profiles. These results are evaluated for the various approximations
against the exact solutions from transmission-line theory. We provide an exhaustive
numerical study on the influence of both displacement and conduction currents on
the accuracies of the various approximations.

In chapter seven we give a description and formalism of Occam’s method. We

compute explicit expressions of the Jacobians for all approximations.
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The reconstruction of conductivities from contaminated synthetic data are per-
formed in chapter eight. The effect of background complex conductivity profile on
reconstruction is included. We also investigate numerically the effects of frequency
and slab partition element size on reconstruction.

In chapter nine, as a basis for future work, we include a derivation (due to
Habashy) of the generalization of the localized approximation applied to the Extended-
Born approximation in three-dimensions. We present our summary and conclusions

in chapter ten.
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CHAPTER 2

Integral Equation Description of Slab

In this chapter we will give a description of the one-dimensional slab problem
and perform a detailed derivation of the integral equation that governs the wave
propagation in the slab. We will also derive the one-dimensional Green’s function of

the integral equation. The derivations will follow closely those of [18].

2.1 Physical Description of Slab

The geometry of the one-dimensional slab problem is illustrated in Figure 2.1. A
slab of width d is located within the region 0 < z < d. It extends to +oo from —oo in
both z and y directions. It has a dielectric constant of €, and conductivity of o,, which
are functions of space along the z-axis. The slab is assumed to be nonmagnetic with
permeability p,. It is excited by a plane wave with the electric field linearly polarized
along the y-axis. The wave is launched from the region z < 0 and propagates in the
positive z-direction. It is generated by a plane sheet of electric current located in the

region z < 0. The wave is time harmonic with e/** time dependence.
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X to + infinity

d

8[,9 H o 0b
e -2
slab

to — infinity

Figure 2.1: Dielectric Slab with Complex Permittivity
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The slab is embedded in a homogeneous background medium. The homogeneous
background medium has a dielectric constant of ¢, a conductivity of o, and perme-
ability of p,, which are all known quantities. In the next section we give a detailed

derivation of the integral equation that governs wave propagation in the slab.

2.2 Derivation of the Integral Equation

With the time harmonic dependence assumed above, the Maxwell’s equations that

describe the wave phenomenon are

- -

VxE = —jwpH (2.1)

VxH = jweE+J (2.2)

where E is the electric field vector in volts/meter, H is the magnetic field vector in
amperes/meter, J is the electric current density source in amperes/(square meter)
and € is the complex permittivity defined by € = € — jo/(w). The magnetic source
M in volts/(square meter) is zero in our problem. We assume no variations in the
z and y directions for both source and slab. Hence we have 3/0z = /3y = 0. The
assumption above then decouples the TE, and T M, fields. For y-polarized J, only
the T EM, mode is excited and the vector Maxwell’s equations degenerate into scalar

equations as follows:

dH,. .
d; = jJwelky, + Jy
By | juuH, (2.3)

dz
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We obtain the one-dimensional Helmholtz equation for wave propagation by taking
the z derivative of the second equation in 2.3 and substituting it into the first equation

in 2.3 to give

&*E .
?2” + kKE, = —jwJ, (2.4)

where k is the complex propagation constant, defined for homogeneous background
medium and the slab regions as follows:
k2 = wlpoles(2) — jos(2)/w] in the slab,
kK= ! (2.5)
k= wlpoles — jou/w) in the background medium,

We define the complex permittivity profile of the slab as
§(z) = €y — & (2.6)

where the subscript , refers to the relative complex permittivity constant relative to
free space. We note that §(z) # 0 only within the slab. The complex propagation

constant becomes

k? = k2 [1 + %(i—)] (2.7)

where k; is the constant complex propagation constant of the homogeneous back-
ground medium. We can then substitute for £? in equation (2.4) to obtain

d*E ) kZ _
= TRE =jwly, - iq(Z)Ey (2.8)

We now solve equation (2.8) by the Green’s function method [45]. Let us define the

linear operator L as
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We write equation (2.8) in operator form as
k2
LE, = jwJ, ~ :e_—"—q(z)E,, (2.10)
br
We next define an inner product of V and U as
(V,U) = /°° VUdz (2.11)

We take the inner product of LE, and the Green’s function g, which is yet to be

defined, to obtain
_ dE, dg|™
005 = o, E)+ [o 2 - B .12

where the expressions on the right are obtained from integration by parts. The

boundary conditions on E, are

lim E, =0 (2.13)

z—too
Imposing the same boundary conditions on g eliminates the second expression on the
right of equation (2.12). We therefore define the Green’s function problem for g as

follows:

Lg(2,2") = -6(z-2) (2.14)
zExi:nmg = 0 (2.15)

The solution for E, is then

d et I ! ! kl? d - (A / (A (]
By(2) = —jusa [ I + 2 [ G B(Na( N (2.16)

In the next section we will solve for the Green'’s function g(z, z') explicitly.
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2.3 Green’s function

In the previous section, we defined the Green’s function problem as

d?g(z,2')

dz? + kzg(z1 zl) = '-—6(Z - zl)

lim g(z,2) = 0 (2.17)

z=~too
where we have substituted the definition for the operator L. For z # 2/, we have

d?g(z,2')

T klg(z,2') =0 (2.18)

The solution of equation (2.18), subject to boundary conditions in equation (2.17) is

Aeikz 2> o,

9(z,2") = (2.19)
Beikr 7 < 2/

I

where k; is on the proper Riemann sheet with (k) < 0. Continuity of g at z = 2

gives
B = Ae~ ¥k (2.20)
From the jump condition at z = 2/, we obtain

A + Beih® = jikbei"bz’ (2.21)

Equations (2.20) and (2.21) can be solved simultaneously for A and B. Substituting

the explicit solutions of A and B into equation (2.19) yields

—iky|z—2'|

, 1
9(z,2") = ik e (2.22)
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which is the well-known one-dimensional Green’s function for the one-dimensional
Helmbholtz equation with the appropriate boundary conditions.
We next substitute for g(z, z’) in the integral equation (2.16) to obtain

Be) = —jomgg [ e la

ks
256

d ) ,
/0 (') E, (2')e~ k714! (2.23)

For a plane sheet of current located at 2 = —h, (h > 0), we have J,(z) = J,6(z + h).

Substituting for J,(z) in equation (2.23) and performing the first integration yields

. . d . ,
E,(z) =—jwyo—1—Joe""""e""°‘+ ks /0 q(2)E,(2")e~ ™7 ldy’  (2.24)

2jkb 2j€br
If we choose J, such that —jwpu,J,e~7%"/(2jk;) = 1, then equation (2.24) becomes

; k fd —_
| = e~ Tkez L =] N —ikylz—2'} 3.1
y(z) = €7 + Sian [) (2)Ey(2)e dz (2.25)

For convenience, the subscript , in €, will be dropped. Our final form of the one-

dimensional integral equation is then

. d .
Ey(z) = e7i%* 4 5% A 4(2") Ey(')e Rl 1dy! (2.26)

We wish to state that nothing is new in this derivation. We include it for the sake of

completeness and to establish notation.

2.4 Sigma formulation

We next reformulate the integral equation in terms of complex conductivity ().

We define complex conductivity (&) by & = o + jewe,. From the integral equation,
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we can write §(z) = (¢; — &) — 7(0, — 03)/(we,) and & = & — jou [(we,) as

- .1 . .1
W(2) = ~jl(0:2) — o) + jwe(e, — &)} = —j ——5(z)
& = —j—(op+ jwee) =—j L a
by = ]weo b T JWEEy) = Jweob
(2.27)
When we substitute these expressions into the integral equation we obtain
—jkpz ks d ’ N
E,(2) =™ + ——7/ a(2")g(2,2")Ey(Z")dz (2.28)
2305 Jo

which takes on the same form as the original equation with the complex permittivities
replaced by complex conductivities. Equations (2.26) and (2.28) will be the centers

of our investigation in the subsequent chapters.
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CHAPTER 3

A Family of Localized Approximations

In this chapter we formulate different approximate solutions to the one-dimensional
integral equation of the slab problem. We apply the localized approximate solution
introduced by Habashy et al. [10] to compute the electric field within the slab and the
scattered electric field. We develop two new localized approximations to the slab’s
total internal electric field based on the original Habashy approximation. These are
denoted as the Adopley and the Eztended Habashy approximations. We also develop
an approximation called the Habashy- Trantanella approximation for the total internal
electric field. The method combines the Habashy localized approximation with the
technique employed by Trantanella et. al. [19]. We include a complete derivation of
the Trantanella method which we have extended to include the complex permittivity
cases. Finally, we investigate whether the various approximations can be obtained
from a generalization of the localized approximation [20] beginning with the Extended

Born approximation.
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3.1 Habashy Approximation

In the Habashy approximation [10], the total electric field at the source point is
approximated by the total electric field at the observation point for observation points

limited to the source support. In this way we can rewrite the integral equation as

: k, 4 .
() = BP@)+5 [ 4()9(22)By(2)dz

v 2 [ e B ~ Byl (3.)
;& Jo q\%z )9\ =, v v z .

where
E;"(z) = g7z (3.2)

If we move the second term on the right to the left right and factor out the common

E,(z) term, we obtain

ks 4 ' Nt ky d_ ' ’ ' ’
B0 [t - o [(aotei 0| = e [ aater B Byl
+ EMMz) (3.3)
We then solve for E,(z) as
B =T B0+ o [ M0 B - BENE| 64
where I'(z) is defined by
[(z) = [1 - 5%/: q(2")g(z, z')dz'] i (3.5)

In the Habashy approximation, the internal electric field, E,(z) is given by

Ey(2) = T(2) - E}*(2) (3.6)
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and the error introduced in this approximation is

re)- o [ oo, /) - ol (3.7)

In order to extend the domain of validity and/or accuracy, we introduce two
iterative techniques in the Habashy approximation. In the first case, which we call
the Adopley approximation, we iterate the integral equation once before employing
the localized approximation. In the second case, which we call the Extended Habashy

approximation, we iterate the localized Habashy approximation once.

3.2 Adopley Approximation

Specifically, the internal field in the Adopley approximation is written as
’ ing_t ky 4 '
By(#) = BP() + = [ 107, ) B(E)de (33)
When this is substituted back into the integral equation, we obtain
in ky 4 ’ ' ing _f
Ey(z) = Ey (Z) + —-__ q(Z )g(z,z ) [ Ey (Z )

+ o [ 2@ B € | a2 (39)
J€b

We incorporate the Habashy approximation by substituting the repeated approxima-
tions E,(¢) = E,(2') ~ E,(z) into the second term on the right of equation (3.9) to

obtain
E(2) = B+ g [ a(ale)ER()de’

+ B (3 ) / & [ 1 O0( 0k (310)
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We then solve for E,(z) to obtain
in ks %, npring N gt
Ey(z) = |B(2) + 5= | 4(2)9(2 #) By ()dz') - T(z) (3.11)

where I'(z) is given by

-1

r(z)=[ (2]65) [ @ [ 2otz atera( )dz] (3.12)

The error introduced is then given by

w0 (i) [f@ [ a0 00O 1B - BN @19

3.3 Extended Habashy approximation

For the Extended Habashy approximation we begin with the Habashy approxima-
tion by writing FE,(2') as ['(2) - E{*(2'). When we substitute this into equation (3.4)
we obtain

in 2 pin ky r¢_ Nl
E(:) = T()- (=) N (e |5 [ a(o(z, 2)ds
+ T |2 / §(2)g(z, 2 T(2") - EM(2')d2’ (3.14)
2)&
From the definition of I'(2) in the Habashy approximation, we have
-1 k '
I(z)™ - [1-T(2)} = Q(Z )9(z,2")dz (3.13)
We incorporate this into the previous equation to obtain a more compact form as
Ey(z) = T(2)-E}(2)[2 ~T(2)]

+ ST) [ 4l AT - B (3.16)
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3.4 Habashy-Trantanella approximations

In judging our results, we shall make comparisons with the original Trantanella
method which we have extended to the case of complex conductivity. We also extend
the localized approximation to the Trantanella model. These will be used in the
numerical simulations for comparisons against the other approximations and the exact

solution from transmission-line theory.

3.4.1 Trantanella Approximation

Briefly in the Trantanella method, the internal electric field assumes the form

kb

E (z') = Ae ~jkyz’ +B Q(f) ~ike€ g~iksl2' ‘fldf (3]_7)

where A and B are constants determined from the continuity of the tangential fields

at the boundary z = 0. This expression is substituted into the integral equation to

obtain
E,(z) = e 4 L q(z) ~ikslz=21} gg=ike?’
v 2%
kb ? ) eiks€ g —ikble!~¢] :
+ Bﬁ A g(€)e™™%e dé| dz (3.18)

For z < 0 < 2/, we can rewrite equation (3.18) as

1 kb 1 d : ’
= p—Jkbz kyz = N ,—25kpz
E/ z)=e + 5% ¢’ [A/o g(z"e

' d . : ’
+ B 2kb_ §(2')e ike* dz’/‘; G(€)e Tk e=ikelz ‘Eldé] (3.19)
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In the above equation, we can express the last integration of the double integral as

/od g(E)e ibte Il dde = gk /: g(e)de — & /: g(€)e e dg

. d .
+ &R /0 g(e)e2mede (3.20)
Define Q(2ks) and g, as

Qek) = [ qe e

d
dg., = g(z)d
o = [
We use equation (3.20) to evaluate equation (3.18) as

. ky k
—  p—dkez g b _jkyz AL
EJ z) = e + 2ja’e’ [AQ(2kb) + qu“?ij Q(2ks)

+ B [ aeae ([ @ - e [ terae) | o

At this point, Trantanella made the assumption that in the double integrals the slab
profile ¢(z) can be approximated by its average value. The double integrals are then

readily evaluated to obtain

ky

i Q(2k) +x)| (3:2)

E,(z) = e ik 4 2’°_ elks [AQ(zk,,) +B (

where x is given by

X = E‘_—d-qauej"bd cos(kyd) — sin(ksd) (3.23)
2€ kyd

The constants A and B are evaluated by matching the internal and external tangential

fields at the boundary z = 0. From the expression for the internal electric field, we
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have for 2’ < ¢
E,(z) = Ae7™¥ + B ( & —— eI Q(2k; )) (3.24)

Matching the tangential electric and magnetic fields at z = 2’ = 0 yields the following

two equations:

kb _ kb kb
4+8(32000) = 1432 [400k) + B (Fdam) +x)|
ky Ky ks
B %Q(Zkb) -A = 5% AQ(W%) + B —"dqauQ(2kb) +x]| -1
(3.25)
We compute 4 and B to be
A =1 (3.26)
2k
Q(2k) (1 — dgav ) ~ x
Using expressions for A and B, we can write Ey(z) for 2 <0 as
. 2
E(z) = e 4 Fo_ ime Q" (2k,) (3.28)

Ua&  Q(2k) (1 - 3 dgw) — x
This completes the formal derivation of the Trantanella formulation. The major
approximation in the Trantanella formulation is assuming the same propagation con-

stant for the slab and background media.
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3.4.2 Localized Extension

We now combine the Habashy approximation with the Trantanella method [18].

We approximate the internal field for an incident plane wave by
Ey(z) =T(z) - [Ae™"* 4 Bei| (3.29)

where A and B are constants to be determined. The external field then becomes

. . d . . .
E,(2) = e®* 4 5’}5’;—#“ /o §(2')T(2)e7® (Ae=™* + Be) d2'  (3.30)
b

for 2 < 2z’. We next evaluate the constants A and B from the continuity of the
tangential fields at the slab boundary. Matching the tangential fields at the boundary

z =0, we obtain

1+ A-Q,(2k) + B-Q4(0) = TI(0)-(A+ B) (3.31)
—14-Q,(2k) + B-Q,(0) = T(0)-(B— A)
1 d
+ j—k;[f‘- + B] - -T(2)lz=0 (3.32)

for the electric and magnetic fields respectively. From the definition of I'(z) we

compute its derivative with respect to z and obtain

1 d _ _ kb 2 d.- N —ikpz' 3.1
jkbdz]f‘(z)|z—0 = 2j€br(0) /0 g(z"e dz

GF(q) (3.33)

where F(q), G and Q,(-) are defined by

d -
Fl) = [ a(z)e"dz
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ks
G = I(0)*—-
()2.7€b

Q,(akb) = /: q‘(zl)r(zl)e—jakbz'dzl

(3.34)
We then rewrite equation (3.32) as
r'0)-(-A+B)+GF(q)-(A+B) = —-1+A-Q2k)+ B-Q,(0) (3.35)
We can solve for A and B from the two equations above to obtain
A = — - X - (3.36)
Xa [[(0) — 3GF(q)] — 3GF(q)xs
B = — X (3.37)
%a [[(0) — 3GF(q)] - }GF(a)xs
where
1
Xe = T(0) = Qu(0) +5GF(9) (3.39)
1
Xo = Qo(2ks) — 5GF(q) (3.39)

We again note that the propagation constant for the slab region is the same as that

of the homogeneous background.

3.5 Generalized Local Approximation

It is important to know whether some of the above approximations can be ex-
tracted from a generalized local approximation of the Extended Born approximation

[20]. We shall present the generalized local approximation and then show that the
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various approximations derived above are just special cases. In the formulation, we

adopt the following generic form of the integral equation:
d
E(z2) = Ey(2) + /0 &(2')G(z, ') E(<')dz’ (3.40)

where G(z, z') is the Green function and the support of 5(z) is (0, d). In this notation,

the Green function G(z, 2} for the one-dimensional problem is

k ,
G(z,2") = Ej“;—_be-kbkq ! (3.41)

The Extended Born approximations are accomplished by repeated iteration of the

integral equation, namely,
N-1
E(z) =Y Ea(z) +en(2) (3.42)
0

where E,(z) and en(z) are

d

En(z) = /0 5(2')G(2, ') En-1(')d2" (3.43)
d d

en(z) = /0 5(21)G(z,21)dz /0 5(22)G (21, 22)dzs - - (3.44)

d d
[ #(an-1)G(an-2,2n-1)dzn-s [ 9(2n)Glan-1, 20) E(on)dzn

with Eg(z) = Ey(z). Only the first N —~1 terms in the summation are kept with en(z2)

defining the residual error. en(z), the residual error, can alternately be expressed as
d

ea(2) = /O 5(2')G(z, 2')en-1(2')dz" (3.45)

with eg(z) = E(z). We may apply the localized approximation to equation (3.44) or

equation (3.45) to derive two different results as follows:
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3.5.1 First Approximation
We apply the localized approximation repeatedly to equation (3.44) such that
E(zy) = E(zn-1) & -+ - = E(2;) = E(z1) = E(2) (3.46)
and we obtain
en(z) = An(z)- E(z) (3.47)
where An(z) is the N-tuple integral given by

AN = ‘/od a’(Zl)G(Z, zl)dzl ./od 5(22)G(Z1,Z2)d22 ‘e

d d
: /o 5(28—1)G(2N—2, 28 —1)dzN-1 /o 5(2n)Gan-1,2n)dzy  (3.48)

Substituting equation (3.47) into equation (3.42), we get for the internal electric field

N-1

E™(z) = Tn(z)- Y, En(z) (3.49)
where
Tw(z) =[1 - An(2)]" (3.50)
For N =1 we note that
d -1
Ii(z) = [1 —-[) (z")G(z, z')dz’] (3.51)

and the internal electric field becomes

E™(z) = T1(2) - Es(2) (3.52)



which is the Habashy approximation. For N = 2 we we note that
N-1 d
ZE@):&@HL&MW@&&MW’
0
Ta(z) = |1 —-/d a(z")G(z z')dz'/d a(z")G(Z, 2")d2" B
2\~ - o ) o ’
and we obtain the internal electric field as
i d
E™(z) = Ty(2) - [Eb(z) +/0 7(2"G(z, z')Eb(z')dz']

which is the Adopley approximation.

3.5.2 Second Approximation

We can effect the localized approximation on equation (3.45) as
en(2) = Q(2) - eq-1(2)
where
Q@:/%wmuﬂ@'
0 2
The residual error ey(z) becomes

en(z) = [Q(2)]" - E(z)
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(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

Again substituting equation (3.58) into equation (3.42) we obtain for the internal

electric field

N-1
E™(z) ~ Tn(2) - ; En(2)

(3.59)
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where
Tn(z) = [t~ [@(=1"] (3.60)

Once again we note that for N = 1, this approximation yields the Habashy approxi-

mation. For N = 2, we note that
2]-1
Ta(2) = [1 - [2(2)]] (3.61)

which we can write in terms of I'y(2) as

_ [Fl(z)]2
[2(z) = _——2I‘1(z) m (3.62)
? NGz 2N\’ = |LE) =1
[ o160, 14 = =1 (3.63)
The internal electric field becomes
E™(z) = [ﬁ[,%%—l—] . [Eb(z) +/0d 7(2")G(z, z')E;,(z’)dz'] (3.64)

This is not the same as the expressions in the Extended-Habashy approximation

derived above. It will therefore be left for future work.

3.6 Limitations

Before we conclude this chapter, we wish to comment on the limitations of the
approximate solutions presented above. The conditions for the use of the Habashy

approximation are; (1) the total field within the slab is smoothly varying; and (2) the
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Green function has a singularity or is sharply peaked at r = r’ [17], where r and r’
are the observation and source points, respectively. For multidimensional problems,
the Green function fulfills the singularity condition. Exclusive of extremely sharp
discontinuities in complex conductivity profiles, a smoothly varying internal field is
not an unreasonable assumption. In the one-dimensional case, the dominant part of
the Greens function e~7*l*=#'| js nonsingular at z = z/. The best we can hope for is
a localized maximum at z = 2’. This is true for e~Rl=71 if S(ks) <« 0. We can
therefore infer from the above analysis that the Habashy approximation will be most
effective for systems with very lossy homogeneous background medium.

The next approximate solution presented is the Adopley model. The iteration
before the localized approximation is the Born approximation, well known to be very
effective for electrically small systems with low complex permittivity contrast between
homogeneous background medium and scatterer. Hence we expect the Adopley model
to be more accurate for very low loss systems but with a lower frequency range than
the Habashy approximation.

In the Extended-Habashy approximation, part of the error term neglected in the
Habashy model has been included. Thus we expect the Extended-Habashy approxi-
mation to give better accuracy than the Habashy approximation under similar con-
ditions. In the case of the Habashy-Trantanella approximation, we would generally
predict better results from the more complete modeling of the wave phenomenon

within the slab.
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In the next two chapters we present complete solutions of the integral equation for
piecewise constant and linear profiles of slab complex conductivities, using the various
approximations presented above. We shall present numerical simulations after the

derivations in the following chapter.
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CHAPTER 4

Piecewise Constant Profile

In this chapter we present solutions of the integral equation for piecewise constant
profiles of the slab complex conductivity (&). The equations derived in this chapter
will be used for the numerical simulations of the internal total electric field and the
scattered external electric field at the boundaries of the slab. We first present the
exact analytical solution using transmission line theory.

For piecewise constant profile we partition the slab into N-elements not necessarily
even. This is illustrated in Figure 4.1. We define the piecewise constant complex

conductivity function of the slab to be

N
d(z) = Z Fnfn(2) (4.1)

n=1
where

1; z2€ (zZn-1,2n
falz) = ( ) (42)

0; otherwise
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=54

)
+

> Z

complex permittivity slab of size "d"

Figure 4.1: Partitioned Slab of Nonuniform Size



4.1 Analytical Solution

We present the transmission line solution of the fields inside a slab of constant
complex conductivity profile from a uniform plane wave of unit amplitude normally

incident at the boundary z = 0. The electric field is defined for each region as

[ e~k + Reiko* 1z <0
Ey(z) = T,e i + R,e?**; z € (0,d) (4.3)
Te ke, z>d

The complex characteristic impedance of the background and slab media are 7, and

ns respectively. Matching the tangential fields at the boundary z = 0 we obtain

l1+R = T,+R,

B1-R = T.-R (4.4)
M
Adding and subtracting the two equations in (4.4), we obtain

T, = 1[1+’7—’ +%R[1-21

2 un s
B, = l[1—-"—’ +-1-R[1+"—’ (4.5)
* 2 m 2 m ’

Also from matching the tangential fields at the boundary z = d, we have
T,e~ 754 4 R, eiksd = Te—iked (4.6)
from which we obtain T as

T =T, + R,e?*d (4.7)
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where the solutions for T, and R, are given in equation (4.5). In the above analysis,
the solutions are derived in terms of R. The solution for R can be derived from trans-
mission line theory as follows: The slab is taken as transmission line of length d and
characteristic impedance of 7, [21]. The load at z = d is the characteristic impedance
of the homogeneous background medium 7;. We compute the input impedance at

z=0tobe

7 + jns ta-n(ksd)

Zin =17s 3
e e + 374 ban(k,d)

(4.8)

which then becomes the load impedance for the incident region with characteristic

impedance 77,. We then compute the reflection coefficient R as

ZL~m
= ZL”h 4.9
ZL+m (49)

where Z; = Z;, which is given in equation (4.8) above. In the case of N slabs, the
above process is repeated until the desired region is reached. This then gives the exact
analytic solution for the slab problem from transmission line theory. This solution
is used as the bench-mark against which the performance of the various localized

approximations are evaluated.

4.2 Habashy Approximation

For the Habashy approximation, the internal electric field is

Ey(2) ~T(2) - E(2) (4.10)
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where for a plane wave incidence, Ei*(z) = e~/%* and

ks

210'

[(z)'=1~ a'(z')g(z, 2")d2' (4.11)

In the case of the piecewise constant profile, the expression for I'(z) depends on the
partition element in which z is located. We identify z on the m* element by denoting

I'(z) as 'm(z). Hence

1 ks ik — o ke gt
[n(z) =1 — ke e d
m(Z) 2106 { "Z_:l a1 z
+ elhez Z Fn e— ik g ! + O / "jkblz‘zlldz'} (4.12)
n=m+1 Zn—1 Zm—1

After performing the above elementary integrations, we obtain

m-l - - I3 .
Tu(s) = 14 21—,, { {Z 5y (ehn — efbomner) — amak»zm—l] emite:
n=1

N
-~ [ > Ga (7R —enibomr) 4 &me""“‘"‘] eio* 4 2am} (4.13)
n=m+1

The scattered electric field for z < 0 is therefore given by

E:(2) e"k"zZa / =2k T (51)dz’ (4.14)

2-7 ab n=1
where I';(2) is defined above and An = 2, — z,_;. We next derive the expressions

for the scattered waves of the Adopley model.

4.3 Adopley Model

In the Adopley approximation, the scattered electric field for z < 0 is given by

d .,
Ez) ~ 2;"" eIk / ge~i% E(2)I(2')dz' (4.15)
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where E(z) and I'(z) are defined as:

_ ) d ) .
E(z) = e"k"z+2j% /0 5(2")e Rl g=ikez !

T(z)" = 1-(i

215_6) 2 /0 ‘ F(2")e ela=* ldz' /0 ‘ 5(¢') e TRel='~Elge

for plane wave incidence. When we adopt the piecewise constant profile for &, we
identify z on the m® partition element by placing a subscript on E(z). Hence E..(z)
means that z is located on the m** partition element. Similarly for ['(z), [p(z) means

z is located on p** partition element. This system of subscripting will be the standard

for all quatities in the piecewise profile analysis. Thus we have

= ik kb ik, n=m-1 Zn ke z
Em(z) = e—J ad + -~ e—] b2 Z 61‘ dz, + &me—" bz/ dZ'
250y =1 Zn—1 Im—1

5 eikoz [T —2ikez gt o gikez /
+ Oone /; z + Z On

n=m+1 Zn

-2f"°=dz'} (4.16)
-1

When we evaluate the integrals in the above equation, we obtain

n=m-1
En(z) = {1 - F 2 S Guks(zn — 2n1) + Fm(2Kks[z — zaoa] — ,)]} g=iks?
n=1
+ _1- i 61; (e‘zjkbzn — e—'2jkan-l) + 6me-2jkbz'n ejkbz (4.17)
406 n=m+1

If we substitute the expression for & into the I' expression, we get

-1 ky * = [ ikelz=2'] g ul = ™ —ikslz=g|
F(z)'=1-|— Ea,,/ e ImlEFldz Zam/ e~ IRl =tde  (4.18)
n=1 Zn-1

250 2 Jama

With z on the p**-element, we can write I as

Z Fom / -kalz'-flde)

206 n=1 Zn-1 m=1 Zm-1

p-1 Zn
Tp(z)! = 1+("’") [-f"“Za e* dz’ (
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N
+ Gyeibe / IR gt (E 5 /”" e—jk.,lz'—sldf)
m=1 Zm~1
+ G, / =ik gt ( 3 om / -kalz'—eldg)
m=1 #m—1
+ ejlcbz Z &n/Zn e-J'ka’dzl Z6m/zm e—j""lz"ddf) (4.19)
n=p+1 Zn~1 =1 Zm-—1

We note that the second integration in each term is the same one evaluated for I in

the Habashy model. Thus we have for the second integration,

n—1l

Z O’m/ —kalz'-fldé‘ — { Z (ekazm ejkbzm-l) - &nejk"z"“] e~ ikez
m=1 Zm-1

N
+25, — [ Z Fm (e-kaZm — e-Jkaz.,._l) + &, e~ Tkban
m

ekoz 4.20
}ka( )

=n+1

where 2’ is on the n*t-element. In order to track the analysis, we make the following

substitutions:

n-1
Qi = E Fm (e.ikam - e.ikbzm-l) - &nejkbzn—l
m=1
N - . . .
QUn = Z Om (e—kaZm _ e-Jkazm-x) + a.ne-Jkaznekaz (4.21)

m=n+1

We can then write ['y(2) as

B = ”(213,,) (%)~

le’jk"z Z On - eikez’ g (QLne ~iket' 95 Qun e’k‘z)

n=1 Zn—-1

. z ., 0, .
+ Gpemibr / %7 d2' (Qupe™™ + 25, — Quye™)

+ g [7 e as! (Quue ™ 425, — Qupe™)

N Zn . L, .
+ eIk Z 5‘,.‘/ e~ike? 1,1 (QLne‘kaz + 26, — QUneJk"z) (4.22)

n=ptl  VEn-d
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We performed the integrations to obtain

[Co(2)]7 = 1- (i’ﬂ)z -~ 8—;,- (E FmFmi(5) + a,,F,,l) g=ikez

O m=1

1 N )
+ == Y FnFm(F) +5,Fp | &% (4.23)
80} m=p+1

where
Fri(6) = 2jkAnQLm +40m (ej""‘"‘ - ej""’"'-l)
- Qum (ezjkbzm - e2jk,,z,,,_l)
Fna(3) = 2jkAnQum + QLm (e"j"b’m - e—2jkbzm-1)
+ 46, (e‘jk"z"‘ - e"jk"z""")
Fa(@) = (1+2iklpm1) Qrp + Qupe?™ et — 45,7071

F(3) = (1+2jkA,) Qup + Qroe~ 5% 4 45,e~ k0% (4.24)

We also define the following quantities in the above expressions as

An = zZm—2zm-1

This completes the derivation of the necessary equations for the piecewise constant

profile of the Adopley model. The external electric field is then given by

- N . 7 =
E)(z) =~ %c”‘“Za‘n /A ) e~ iR B, (2')Tn(2")d2’ (4.25)

n=1

where F,(2') and I',(2’) are defined above.
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4.4 Extended Habashy Approximation

In the case of the Extended Habashy model, we only need to compute I' which is
the same for the Habashy model. The approximation for the external electric field is

therefore

E}(z) =~ 2]% 2 ik z:l Gn / e B (2)dz' for 2<0
E(z) = Ky PR Z / e B (2')dz' for z>d (4.26)
v 2]0',,

where E,(z) is given by

Ey(z) = Tu(2)- ( ~iksz[9 Ty (2)] + 2 s "”‘"‘Zaﬂ / Ta(2)dz'

kb ik N ~ 1754
+ —™ Un/ RS W T £4
2.705 n';‘i-l an ( )
+ 2;‘7; ba.p /A e-jka'e-jkblz-zllrp(z')dz’) (4.27)
P

['.(z) is the same as for the Habashy approximation.

4.5 Trantanella Approximation

In case of the Trantanella formulation, we needed to compute Q(2k;) and gq, only.

These we readily evaluate and find

1 N
Qav = EZ&nAn

- N
Q(2kb) = Lk Z ( ~2jkpn __ e—?jkbz,,_l)
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Thus for the piecewise constant complex conductivity profile the Trantanella approx-

imation for (2 < 0) is given by

kb 17%4 Q2(2kb)
Ze” Q(2ks) (1 - 32dges) — x (29

2jey

Efz) = e ™4

where Q(2k;) and g,, are defined above. This then completes the piecewise con-
stant profile derivations. These equations are used in the inversion formulations in

subsequent chapters.
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CHAPTER 5

Linear Profile

We now introduce the linear profile by the following definition:

= fz (5.1)

Q

where 3 can accept complex values. We will first compute, the 'y (2) of the Habashy
model followed by evaluation of E,(z') and ',(2’) from the Adopley model. As
was the case for the piecewise constant profile, results for the Trantanella and the

Extended Habashy formulation will be available from these computations.

5.1 Analytical Solution

In our numerical simulations conducted in the next chapter, the performance of
the various approximations will be compared against the exact solutions for piecewise
constant and linear profiles of slab complex permittivity. We therefore present a
solution of the differential equation governing wave propagation in a slab of linear
complex permittivity profile. The differential equation governing wave propagation

within the slab is given by

;i‘i:;E,,(z) = —w?poE(2) Ey(2) (5.2)
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where &(z) = & + q(z). As noted earlier, & = € ~ jou/(we,) is the homogeneous
background complex permittivity and g(z) = @z is the difference between the slab and
homogeneous background complex permittivities. We then rewrite the differential

equation as

.::_25'”(3) = —ki[é + az]E,(2) (5.3)

In the above equation, k? = w?e€,p,, & = 1 — jou/(weoes) and & = a. — ja, [(we,€s).
Here a. is the linear slope of the slab dielectric constant (e¢,) and a, is the linear
slope of the slab conductivity (a,). Let us denote ki[é; + az] by z, then from the

chain rule we have
. d d
aan =1 (5.4)
where o, = k is used for convenience. The differential equation then becomes
(aoa) y(z) —zE,(z) (5.5)

Let z = B€ where § is an unknown parameter to be determined. We can apply the

chain rule again to obtain

d 1d
and our differential equation becomes
& B
d£2 E!l(f) ( a,& )2 v(f) (57)
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We note from the above differential equation that if § = (a,&)(*/® then the differen-

tial equation becomes

%Ey(e) — ¢E,(6) (5.8)

which is one form of the Riccati equation (y' = y? + z with a transformation y(z) =

—v'(z)/v(z)) [48]. It has solutions
E,(§) = C1Ai(—€) + C3 Bi(~¢) (5.9)

where Az and B: are Airy functions of the first and second kind respectively. The
constants C; and C; will be evaluated using transmission-line theory for a plane wave
at normal incidence. We evaluate £ from the various transformations as a function

of z to be
£ = alPl&a~ + a'/3z] (5.10)

where all the other parameters are as previously defined. We define the following

quantities

k, = (ao&)/3 (5.11)
z, = alPéa? (5.12)
24 = 2o+ k,d (5.13)

The exact solution can then be expressed as

E,(z) = C1Ai(~2, — kyz) + CoBi(~2, — ks2) (5.14)
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The electric field outside the slab is given by
E(z) = e™ 4L Re!™* for 2<0 (5.15)
E(z) = Te ™ for z2>d (5.16)

where R and T are the reflection and transmission coefficients respectively. We match

the tangential fields at the boundaries to obtain

].+R = ClAi(—Zo)+CgBi(—ZO) (517)

1-R = —j (’;—) [C1Ai'(—2,) + C3Bi'(2,)] (5.18)
b

Te k4 = (C,Ai(—z4) + CaBi(—24) (5.19)

Teihd = _j (’Z—b) [C1Ad'(—24) + C,Bi'(24)] (5.20)

From the last two equations we compute C; as

Ai(—za) +j (5) Ad'(—2a)

Ca o £ . : (5.21)
Bi(—z3) +j (f:) Bi'(—zy)
Upon adding the first two equations and substituting for C3 we find C to be
Bi(—z4) + j () Bi'(—2a)
= 22
P e A,By — A4B, b=
where
. . ks o v 5 ks of
AaBd = Al(—Zo) e k_ Az (—-ZO) BZ(—Zd) =) k— B (—Zd) (5.23)
b b
(5.24)
and

AB, = [Az'(—zd)+ j (%) Az”(—zd)} [Bi(—zo)— j (%) Bi’(—zo)] (5.25)

These are the equations used in the exact simulation for the linear profile.



5.2 Habashy Approximation

Adopting the linear profile of complex conductivity, we obtain for I'(z)

1B g [ ik
I(z) =1 216 8 / dz'

which can be written as

D(s)t = 1~ o2 |emiior [ 7 dz 4 e [ * peivd gy

2j5’b 0 z

We evaluate the integrals and find

K(2)™ =1= 5B [(1+ () Qks)) €™ — 7= — 9k
where

4 ikez 1 . ~jksd
Q(lq,)=/o e~k dz=(kT)2[(1+]kbd)e hd _ 1]

The scattered external electric field for z < 0 is then

E’(Z) ~ ____ﬂekaz/ —J2kbz’11(z )

255
5.3 Adopley Approximation
In the Adopley Approximation, the external scattered electric field is

Eiz) ~ ——Beit /0 e~ B(2\[(2')d? for z <0

2]0'1,
d . —
EXz) ~ 2mﬂ gikez /0 P B()()d2 for z>d
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(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)
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where
E (z2) = eIk 4 -——-kb B / ’ 2 eIk gmikelz=2'l 1 (5.33)
v 230 Jo ’
and

I'(z) = 1+(k"ﬂ) /0 Fe IRl gy /odge-fkblz'-fldg (5.34)

20’5
Since the above integrations are similar to the ones performed in the Habashy ap-
proximation, we resist from going through the algebra and present only the results.

Performing the integrations we obtain E,(z) and I'(z) as

E(2) = [1+J Skﬂ - (1 +2jkbz-2(kbz)2)] o=iksz

- Skb‘ —— [1 + 2jkpd] e~ 27kod TR0 (5.35)

2
(2_’5‘-’—") {e_jkbz GQ(’C”) [(1 ~ 2jkyz)e¥ " — 1]

+ 27 [27 - (2koz +25 — j(ks2)?) & - —;-(Ic;,z)z)

I(z)™!

+ e (2QUk) = 25 2 + (2kud + i(lad)? - 24)
_ (kb)2Q(2kb) - i [1 -1+ 2jkbz)e‘2jkbz]

+ 27 [2 + (2hez + j(ke2)? — %) 7] — %(kbz)zQ(kb))} (5.36)
where Q(k;) and Q(2k;) are defined as

- d . .
Olks) = 1+ (ks)? /0 ze”""‘dz:(1+ jkyd)eiked (5.37)

ok
/ ze IMEdy =
o

Q(2ks) 5 [(1+ 2jksd)e 20 — 1] (5.38)

(2k,,

This then defines the Adopley approximation for the linear profile.
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As was the case in the previous profile, the expressions for the Extended Habashy

approximation can easily be extracted from the Habashy model. Hence we obtain

d
s ~ 1k z ! —jk,,z’ ] U '
E;(z) 2]abﬂe’ /0 E(2")dZ for 2< 0

d
] g —ch;,z R T ’
E;(z) 2]%,3 /0 2N E(2)d2' for z2>d
where E(z) is given by
Bz) = T(z)- [e™(2 = T(z)) + —2Be-itoe [ #r(e
270 0

ejkbz —2jk5z’ / ’
2] O'b / ['(z')dz

where I'(z) is the same for the Habashy approximation above.

5.5 Trantanella Approximation

(5.39)

(5.40)

As was the case for the piecewise constant profile, we only need to compute ¢,

and Q(2k;) for the Trantanella approximation. From the definitions of g,, and Q(2ks)

we obtain the following results:

1 d 1
Qav = Eﬂ[) ZdZ—é'ﬂd

d
ﬂ./o ze~kidy = — [(1 + 25 kyd)e2ked — 1]

Q(2kb) 4/62

(5.41)

(5.42)

We use these results for ¢,, and Q(2ks) in the expressions for the electric fields.

A major limitation to the Trantanella Approximation is that, Q(2k;) cannot be

accurately computed in multi-dimensions.
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CHAPTER 6

Numerical Simulations

In this chapter, we perform our numerical investigation on the accuracy of the
various approximations in modeling the internal electric field. The study is limited
to two complex conductivity profiles, viz; the piecewise constant profile and the
linear profile. Figure 6.1 shows the different types of piecewise constant profiles we
investigated. These are characterized as: “Constant” or “Uniform”, “Left-Step”,
“Right-Step” and “Inclusion”. The points z = 0 and z = d are referred to as the
measurement boundaries. Also the actual space occupied by the slab profile within the
measurement boundaries we refer to as the slab region. For the “Uniform” profile, the
slab region coincides with the measurement boundaries. In the “Left-Step” profile,
the slab region extends from the left measurement boundary, z = 0 to z = d/2,
while for the “Right-Step” profile, the slab region extends from z = d/2 to the right
measurement boundary at z = d. The “Inclusion” profile is located symmetrically
between the measurement boundaries. Apart from the “Uniform™ profile, all profile

sizes are d/2 where d is the distance between the measurement boundaries in meters.
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Slab Profile Types

Figure 6.1: Types of the Piecewise Constant Conductivity Profile of the Slab
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We investigate the effects of homogeneous background loss-tangent, frequency and
conductivity contrasts on model accuracies. The first part of the numerical investiga-
tions involves the uniform piecewise constant profile. The numerical simulations are
compared against exact closed-form solutions from transmission-line theory. Each
individual model has been tested at three distinct regions of loss-tangent for the
slab. The first test is for a slab of very high loss-tangent when conduction currents
dominate energy propagation. The second test is for a slab of moderate values of loss-
tangent when conduction and displacement currents are of equal strength. Finally we
tested a slab of very small loss-tangent when displacement currents dominate energy
propagation.

The numerical investigation of the linear profile is performed on both lossless and
lossy systems. In the lossless system, we an perform absolute comparison against the
exact solution from transmission-line theory as computed in the previous chapter.
For the lossy system we consider only comparative evaluations among the different
models. This is the result of our inability to locate a reliable routine to generate con-
sistent and accurate numerical values for the Airy functions of complex arguments.

Below are some of the results of our numerical investigations.

6.1 Constraints on the Background Medium

Before we present our numerical results, we digress to examine the physical impli-

cations of the complex conductivity slab profile and characteristic properties required
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of the homogeneous background medium to effectively model field propagation in a
lossy slab. From contraction theory, it can be shown that a necessary requirement is
that the homogeneous background medium must be complex for accurate simulation

of the internal electric field using iterative methods.

6.2 Piecewise Constant Profiles

The numerical simulations for the piecewise constant profiles are for the internal
total electric fields and the external scattered fields on the boundaries of the slab.

We first present results on the internal total electric fields.

6.2.1 Internal Electric field

The first set of numerical investigations is on the uniform profile. The numerical
simulation is for the total internal electric field inside the slab. The width of the
slab is 1.0 meter. The loss-tangents for both the background and the slab are given
on the individual plots. Also provided are the permittivities and conductivities of
both background and slabs. In Figure 6.2 we perform a check on all models, by
allowing the slab and the homogeneous background medium to have the same complex
permittivity profiles. As expected the results are exact. All parameters used are
defined on the figures. In Figure 6.3, the parameters are selected to obtain a loss-
tangent of 1.8 for the slab and 1.8 x 10~ for the homogeneous background medium.

The dielectric constant of both the homogeneous background medium and the slab
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Interrjol Electric Field: Uniform Profile
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Figure 6.2: Magnitude and Phase Plots of Internal Electric Field.
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is 1.0. This gives a complex conductivity contrast of 10° between the homogeneous
background medium and the slab. We note that the Habashy model provides the
least accurate results. It underpredicts both the magnitude and phase of the electric
field at the incident edge of the slab, while overpredicting at the transmission edge.
The Trantanella model gives the best result, with perfect match at z = 0. We note
also that the Extended Habashy model gives much better results than the Habashy
model. These results are consistent with the predictions. In Section 6.1 we noted
that the accuracy of the Habashy approximation for lossy systems demands that
oy > 0. This condition is violated. The Adopley model gives slightly better results
than the Habashy model. This is because of the Born approximation incorporated
into the Adopley model. However the complex conductivity contrast is beyond the
effective range of the Born approximation as given in [16]. The final trace is for the
Trantanella-Habashy model. It is observed to give very accurate predictions at the
leading edge of the slab. But the accuracy falls off as we approach the slab trailing
edge. This is because in the formulation we computed the constant parameters using
the tangential fields at the leading edge.

In Figure 6.4, we reverse the relative magnitude of the loss-tangents of the slab and
homogeneous background medium from that of Figure 6.3. The Trantanella-Habashy
model is the least accurate for the magnitude plots. In the phase plots, the Habashy
model produced the least accurate results. From careful examination of Figures 6.3

and 6.4, we note that the sign of the errors for the Habashy models in Figure 6.3 are
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the negative of those of Figure 6.4 at both the leading and trailing edges of the slab.
We see that when the homogeneous background medium is less conductive than the
slab, the Habashy model predicts lower values at the leading edge of the slab and
higher values at the trailing edge in both magnitude and phase. The exact opposite
is true if the homogeneous background medium is more conductive than the slab.
As we expect, the Extended Habashy model is consistently more accurate than the
Habashy model as predicted in Chapter 2.

In Figure 6.5 we increased the homogeneous background medium conductivity to
5.0 and that of the slab to 10.0. The frequency of simulation is also decreased from
10.0MH=z to 0.10MHz. The dielectric constants of the two media are kept at 1.0
without any change. We note the decrease in complex conductivity contrast from
103 to 2.0. In Figure 6.6, we use the same parameters as Figure 6.5, except that we
reverse the conductivity contrast. The Habashy model shows better accuracy than
the Adopley model for magnitude plots in Figure 6.5. In Figure 6.6 the magnitudes
plots are more accurate for the Adopley model than the Habashy model as we reverse
the conductivity contrast. As was noted earlier, the Extented Habashy results are
more accurate for both magnitude and phase plots in Figures 6.5 and 6.6 than the
Habashy results. In the phase plots of Figure 6.6, the Adopley model in fact gave
more accurate results than the Trantanella model. The Trantanella-Habashy model
continues to predict accurate results at the leading edge of the slab, but its predic-

tion at the trailing edge is very poor. It seems to be a general trend for the Adopley
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model to outperform the Habashy model when the homogeneous background medium
is more conductive than the slab. In Figure 6.7 we set the background conductivity to
0.10s/m and that of the slab to 1.0s/m. This increases the conductivity contrast be-
tween the slab and the background to 10.0. This is beyond the Born approximation.
This produces very poor results of the Adopley model in the magnitude plots. How-
ever, the phase information from the Adopley model is competitive with the other
models. The best results are provided by the Extended Habashy and Trantanella
models. The magnitude and phase predictions from the Trantanella-Habashy model
were consistently inferior to those of the Trantanella model for all the plots consid-
ered. Thus in subsequent investigations we have removed the Trantanella-Habashy
model.

In the next set of investigations we simulate the boundary electric field using both
the internal and the external approximate formulations. Of particular interest is the
frequency range within which the internal formulations can be used to effectively sim-
ulate the boundary electric field. This stems from our observation that, apart from
the Extended Habashy model, the expressions for the internal fields are available to
us in an exact closed-form, unlike the external formulation which requires numerical
integration. The use of the internal expression for the boundary field would therefore
cut the computation cost in our inversion algorithm. At the same time we expect

reduction in numerical noise from less computation. In Figure 6.8, we plotted the
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computed electric field at the boundary z = 0 as a function of frequency using the in-
ternal formulation. The dielectric constant and the conductivity of the homogeneous
background are 1.0 and 0.10s/m respectively. The slab profile is the uniform type,
with dielectric constant of 1.0 and conductivity of 0.25s/m. The gives a complex
conductivity contrast of 2.5. The range of the background loss-tangent is given on
the figure to be 3.6 x 10 to 1.8 x 10®. The maximum frequency of simulation is
0.5M Hz. Within acceptable numerical errors, we observe very good agreement from
all models for frequencies below 0.1 M Hz except the Habashy model. The phase in-
formation from the Habashy model is poor. It is of interest to note that apart from
the Trantanella model, the Adopley model gave the best phase information. It is also
of interest to notice that even though the Trantanella-Habashy model was derived by
matching tangential fields at the incident boundary (z = 0), the Adopley model still
gave better results. In Figure 6.9 we increased the conductivity contrast from 2.5 to
10.0 by increasing the conductivity of the slab from 0.25s/m to 1.0s/m. We observe
a drop in the frequency range for accurate simulation. The Trantanella formulation
gives the best results in field magnitude information. However we notice a rapid
degradation in phase information at frequencies above 0.317TM Hz. The magnitude
information is better for the Habashy model compared to the Adopley model. This

is in contrast to the results of Figure 6.8. Generally, we observed from our numerical
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simulations that for high conductivity contrasts, the Habashy model predicted bet-
ter results at least in the field magnitude information. This is consistent with our
expectations from Chapter 2.

In many practical situations, the exact location of the slab boundary is not avail-
able as a priori information. In the next set of investigations, we therefore placed the
slab boundary at points that are not necessarily the physical boundary of the slab;
indeed we allowed for the extension of the background media into the slab region.
In Figure 6.10, the background extends midway into the slab. This is the “Right-
Step” profile type shown in Figure 6.1. The background and the slab parameters are
the same as used in Figure 6.8. We note accurate field prediction from all models
except the Habashy model, within the frequency ranges considered. Also compar-
ing the results of Figure 6.10 against that of Figure 6.8, we note that the results of
Figure 6.10 are more accurate. This is expected from the fact that the effective slab
size is smaller in Figure 6.10. However we notice a divergence in phase information
from the Adopley model. The Habashy model showed increasing error at the higher
frequencies particularly in the magnitude plot.

Figure 6.11 shows the results of the “inclusion” slab profile where the slab is
located symmetrically within the measurement boundaries. The parameters for the
background and the slab are the same as those of Figure 6.10. The Habashy model
gave poor results with error in predicted values increasing with frequency. The rest

of the models predicted almost perfect results in the magnitude information. In the
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phase plot, the Adopley model shows some deviations for frequencies above 0.1M H .
Once again as expected, the results are better than those of the uniform profile.
The results of a “left-step” profile are shown in Figure 6.12 where the slab extends
from the incident edge (2 = 0) and ends midway in the measurement region. The
parameters used are the same as those for the previous profiles. While the Habashy
model shows a slight improvement in the magnitude plots, we notice a decrease
in accuracy for the Adopley model. The phase information from the Adopley and
Habashy models are very poor. In this particular case, we can consider the phase
information lost for the two models. It appears to be generally true from Figure 6.12
and from extensive numerical investigations that when the observation point at z = 0
coincides with the slab boundary and there is a discontinuity within the slab, the

phase information from the Adopley model is usually very poor.

6.2.2 External Scattered Electric Field

The next set of numerical simulations is for the electric field at the boundaries
z = 0 and z = d using the external formulation. We computed the integrals of the
approximations numerically using 10-point Gaussian quadrature. In Figure 6.13 we
plot the magnitude and phase of the scattered electric fields at the boundary =z = 0.
The parameters for the homogeneous background and the slab media are the same
as those employed in Figure 6.8. The maximum frequency of simulation however is

increased to 1.0M Hz. We notice much higher accuracy from the external formulation.
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All the models were very accurate in the magnitude plots except the Adopley model,
which shows some error at frequencies above 3.1623 x 10°Hz. The Adopley model
also shows phase error above the same frequency of 3.1623 x 10° Hz. The rest of the
models gave perfect phase information. In Figure 6.14 we simulated the scattered
field at z = 0 using the same parameters as in Figure 6.9. As was noted from the
internal field simulations at z = 0, the accuracy of the Adopley model decreases with
increase in complex conductivity contrast. We note from this particular plot that
the Habashy and Trantanella models gave the best information both on magnitude
and phase. It is of interest to note that the Habashy model actually performed
better than the Extended Habashy model. This is contrary to what was predicted
in Chapter 2. However we note that the Extended Habashy model is the only model
without an analytical closed-form solution for the internal fields. Thus the repeated
numerical integration in the Extended Habashy model has amplified the numerical
noise, compromising its accuracy.

Apart from uniform slab partitioning, we also used what we called “uneven ele-
ment” partitioning in addition to uniform partitioning. Contrary to uniform parti-
tioning in which each partition element is of the same size, in the “uneven element”
partitioning the (n+1)* element size is a times the n*® element size forn = 1,2--- N,
where a is a fixed constant called amplification factor. We note that when the ampli-

fication factor is 1, we recover the uniform partitioning. The effect of amplification
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factor in the “uneven element” partitioned slab is shown in Figure 6.15. The homo-
geneous background and slab parameters are the same as those of Figure 6.14. The
element amplification factor is set at 1.5. There is no noticeable difference between
the plots in Figures 6.14 and 6.15. However, from other numerical investigations the
element amplification factors tend to increase model accuracies for “uniform” profiles.
We wish to state that the uneven partitioning was restricted to “uniform” profiles
only. This is because, it was very difficult to fix the slab profile boundaries at the
same z locations as we vary the amplification factor for the other profile types. The
amplification factor used is selected from numerical experimentations. It is generally
true that very high amplification factor values tend to initial instability in the models.

All the investigations we conducted next are for the uniform element partitioning
where the element amplification factor is 1.0. Results from “Left-Step”, “Right-Step”
and “Inclusion” profiles are shown in Figures 6.16, 6.17 and 6.18, respectively. The
parameters used are the same as those for Figure 6.10 with the exception that d
in the external field investigations is twice the d used for the internal fields. The
profile size is 1/2d as shown in Figure 6.1. As shown in the plots, the accuracies are
better for both magnitude and phase information than the corresponding “Uniform”
profile. This is predicted by the theory from the effective smaller profile size. Of
particular interest are the predictions from the Trantanella and Trantanella-Habashy
model. It is surprising that even though these two approximations were formulated by

matching the tangential fields at the boundary z = 0, they were least accurate for the
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“Right-Step” profile. Our only possible explanation is the fact that the measurement
boundary at z = 0 is not the actual slab boundary which is halfway between the
measurement boundaries, z =0 and z = d.

The results from a reverse “Left-Step” profile are shown in Figure 6.19. The
homogeneous background parameters are the same as before. For this particular
profile, the background extends halfway into the measurement region and ends at
z = d[2. The measurement region from z = d/2 to z = d has conductivity of 0.05s/m
which is below the background value of 0.10s/m. Apart from the Trantanella and the
Trantanella-Habashy models, all models predicted perfect results for both magnitude
and phase information. The Trantanella model shows instability for frequencies above
3.1623 x 10° Hz. From numerical investigation, we found that, for this particular set

of parameters,

Q(2ky) (1 - 5]’%@“) -x (6.1)

in equation 3.28 of the Trantanella approximation assumes a minimum value in mag-
nitude at the frequency of 2.265Hz. This is a direct consequence of the basic assump-
tion made by Trantanella that the slab profile can be approximated by its average
values in the double integral computation. This allowed Trantanella to evaluate the
double integrals analytically. The last two plots on the piecewise constant profile are
shown in Figures 6.20 and 6.21. The parameters employed are those of Figures 6.13
and 6.14 respectively. The only difference is that the fields are computed at the

boundary z = d. In Figure 6.20 where the complex conductivity contrast is only
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2.5 all the models predicted very good results. However as the complex conductivity
contrast is increased to 10.0, all models begin to show some error at high frequen-
cies. The Habashy model, emerges as the best model, outperforming the Extended

Habashy.

6.3 Linear Profiles

The last set of plots are for the linear conductivity profile. The plots will be for the
total internal field and the scattered external field on the slab boundaries. Because
of computation difficulties in evaluating Airy functions with complex arguments,
we shall perform absolute comparisons for the approximations only for the lossless
slab. For the lossy slab, the comparisons will be limited to relative evaluation of the

approximations.

6.3.1 Internal Electric Field

In the first group of these simulation results, shown in Figures 6.22-6.26, we limit
ourselves to the lossless slab cases only. These are compared against the exact closed-
form solution. It is of no surprise to note in Figure 6.22 that the Habashy formulation
produced the least accurate results, especially in the field magnitude plots. For
¢ — slope of 0.5, all approximations except the Habashy model predict the internal
electric field very accurately both in magnitude and phase. When e—slope is increased

to 1.0 we observe a slight decrease in accuracy for the Extended Habashy model in
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the case of the magnitude plots. The phase plots show a relatively consistent degree
of accuracy. From Figure 6.24 we observe a noticeable amount of degradation in
accuracy for the phase plots of the Adopley model. However we also note a high
degree of accuracy for the magnitude plot for the Adopley model. The higher phase
error may be attributed to numerical computations since the phase is more sensitive
to noise than the magnitude. When the € — slope is further doubled to 4.0 we note
appreciable degradation in accuracy for the magnitude plots in all models except
the Trantanella model. The Adopley approximation shows the least accuracy in the
phase plots. In Figure 6.26, we increase the ¢ — slope to 10.0. We note a general
breakdown for all models except the Trantanella model which consistently predicts

relatively very accurate results for both magnitude and phase plots.

6.3.2 External Scattered Electric Field

Our next group of plots deals with the complex slope for the lossy slab. We re-
mark that we were unable to generate satisfactory results using the exact formulation
for complex arguments of the Airy functions. Also we were unsuccessful in locating
tabulated results of the Airy functions with complex argument that we could verify
our computations against. We have therefore elected to perform a relative compar-
ison between the various approximations for the lossy-slab cases. These results are
shown in Figures 6.27-6.34. In these figures the Extended Habashy model always

predicts higher values for both magnitude and phase than the Habashy model at
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External Electric Field: Linear Profile (d=1.5)
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_External Electric Field: Linear Profile (d=1.5)
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External Electric Field: Lingar Profile (d=1.5)

~ 0.25F ' T T E
£ N N
AN [ E
R - ]
W 0.15F 3
5 :
[} N -]
§o) = J
2 - ]
c g ;.
A ]
3 0.00F e . R

10" 0° 10° o/

~

[

Ext. Hab. _._._.. :
Adopley ____:
Habashy .......... : \

Tronti R

}
[

Phase(®) of E, (Rads)
o
' L LR | l T 7 T ' L) 1

_—y - e N A P

10 10° 10
(b) Frequency—(f) in Hz

}
>

=
-+~
> b

Figure 6.30: Effect of Dielectric Constant Gradient on Electric Field (z = 0)



103

External Electric Field: Linear Profile (d=1.5)
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External Electric Field: Linear Profile (d=1.5)
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External Electric Field: Linear Profile (d=1.5)
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high frequencies. One other prominent feature from these plots is that the Habashy
model consistently predicted higher magnitude and lower phase values than the Tran-
tanella model at high frequencies. We also observed that as the conductivity slope
is increased, the Habashy and the Adopley models predict the same values in the
magnitude. At high frequencies the Adopley model predicts a lower phase than the
Habashy model for conductivity slope above 0.4s/m?.

From our numerical simulations we observe that the internal field evaluation at
the boundary was most accurate in almost all cases for the Trantanella approxima-
tion. We believe this to be a direct result of specifically enforcing field continuity
between the internal and the external expressions at the boundary z = 0. It was
also noted that the Habashy approximation improves in accuracy with an increase in
conductivity contrast. This we explain by the localization of the Green’s function for
higher conductivities, thus fulfilling the conditions under which the approximation

was valid.



108

CHAPTER 7

Inversion Algorithm

In this chapter we present a formulation of the inversion algorithm. It is based on
the philosophy of obtaining the best model with minimum structure or “roughness”.
This particular inversion method, called Occam’s method [36] is described below. It
is a practical scheme which optimizes the step size at each and every iteration while
maintaining the computational efficiency of layered models. The end result is a stable

and rapidly convergent algorithm. We now present the specifics of the method.

7.1 Occam’s Method

The traditional least-squares inversion for simple layered models derives its stabil-
ity from the smoothness of the model function within the layers. Thus a two layered
model requires perfectly piecewise smooth model function with a single discontinuity.
With an increase in number of layers, this restriction is relaxed. However as the num-
ber of layers increases, the layer size at some point falls below the resolving power of
the observed data. The model then tends to exhibit features not required by the ob-
served data. Simple layered model fits then become a delicate game played between

suppressing significant structures from including too few parameters to introducing
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phantom structures from including too many parameters. One school of thought is
that, one should permit the model to be as flexible as possible while explicitly sup-
pressing complexity. In [36], this is achieved by defining a roughness parameter as

the integrated square of the first or second derivative with respect to width (size) viz:

dm)\? ’m\’>
R = / (-d-;) dz or Ry= / (-2;2-) dz (1.1)

where m(z) is the model of, in our particular case, complex conductivity. In our

inversion we employ a piecewise constant model defined by
N
m(z) = Y- mifi() (7.2)
=1

where

1; z€(zi-1,2
fi(z) = ( ) (7.3)

0; otherwise

A discrete version of the roughness parameter that utilizes difference rather than

differential operators is

N
Rl = Z(m, - m;_1)2 (74)
=2
and
N
Ry =) (miy1 ~ 2m; + m;_y)? (7.5)

=2
We denote M measured data as d; with j = 1,2,---, M. These are the observed
scattered electric field at the slab boundary for our particular problem. We assume

that each datum d; is associated with an error estimate v;. We also assume that
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the uncertainties associated with the measured data are due to zero-mean Gaussian
processes which are independent in each of the observed datum. The v; then become
the standard deviations. It is instructive to realize that this is a great deal to assume.
But in the light of very poor and often negligible information about error statistics,
it is vain to employ more refined statistics that are usually not worth the enormous
additional labor involved. Even though the zero-mean independent Gaussian process
is most pervasive in the literature, other forms of error statistics have been used
[47]. We predict the measured data through a discrete model as d; = Fj[m] and
define the acceptability of the model prediction to the actual values with a weighted

Least-square error

=3 (d—:ﬂ“]) (7.6)

i=1 Vi
where as defined earlier v; is the uncertainty in the j** datum. Here we assume
statistical independence in the error.

We may state the mathematical problem as follows: presented with a set of mea-
sured data d; with the associated uncertainties v;, find a model m that minimizes
R, or R, while X2 is kept below some predefined threshold value. This is a nonlinear
optimization problem and there is no guarantee that some m; will reduce X% to a
low enough value. However, we assume that, with some constraints on the model
parameters consistent with the physics of the problem, we can obtain a good enough
model that will provide a reasonable fit to the observed data. We now proceed to

define our cost function to be minimized. We represent R; and R, in matrix operator
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form as

Ry = ||ém|? (7.7)

R, = [|6 ém]|[? (7.8)

where § is an N x N matrix defined by

0
-1 1 0
6= -1 1 (7.9)
0 -11
Also X? is given as
X* = |Wd — WF[m]|] (7.10)
W is M x M diagonal matrix given by
W = diag{1/wn,1/va,---1[vm} (7.11)

The uncertainties v; are assumed to be zero-mean independent Gaussian processes.
Thus X? has a x? distribution with expected value of M.
From constraint theory, we apply the Lagrangian multiplier to define our cost
function U as
U = ||gml[* + 5~ {||Wd ~ WF[m]|f* ~ xZ} (7.12)
where the first term of U is the roughness and the second term is the misfit weighted

by the Lagrangian multiplier. In nonlinear analysis we compute F[m)] to the first



112

order due to a perturbation of the model m,
Flmg+ A] = Fmg] + JoA + ¢ (7.13)
where ¢ is a vector with magnitude of o||A|| and J, is s the Jacobian defined by
Jo = Vi F[m] (7.14)

and A = m; — my. The implicit assumption is that F'[my)] is diferentiable about the
base model mq. Approximating F[m,] as F[mg] + JoA and substituting into U, we

have
U = |18my][? + p7* {||(d ~ Flmo] + Jomo) — WJomy|[? - x2} (7.15)

Under this approximation, we define m; as the model that minimizes U. Then we

employ linear theory to obtain for dU/dm; =0
(4878 + W) (W,)| my = (WJo)"(Wd)

where d = W(d — F[mg] + J;mo). We then generate an iterative scheme by selecting
4 to yield the desired misfit from computation. m, is then used to compute m; until
the scheme converges, if at all. It may be shown that if the system converges, it
solves the original minimization problems with the final solution independent of the
starting values, provided the minimum is unique.

The iterative method adopted in [36] did not follow the usual straightforward

minimization. Instead, the authors employed a modified iterative scheme that proved
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to be very effective in our case. It is as follows: Suppose we have the k* iterate; then

we define the vector

-1 -
musa() = (4878 + W) (WI,)| ™ (W) (Wds)
Next a 1-D line search is employed to find g that minimizes the true misfit given by

Xer1(p) = ||Wd — WF[mg ()l

This is because any initial guess is usually far from the true model and whatever value
of u is selected, A% is always greater than x.. After a number of minimizations y is
selected for X% to match x. exactly. In our version of Occam’s inversion, we did not
implement the last procedure. Instead, we define a set of convergence criteria which
terminates the process whenever a criterion within the set is satisfied. We adopted
this modification after we found from extensive numerical experimentation that it is
not always possible to find a model vector m that will match a particular x. exactly.
The inversion has been applied to three versions of the localized approximations
developed in the previous chapters. These are the Adopley model, the Habashy
model and the Extended Habashy model.

Before presenting any results we give a derivation of the Jacobian matrix for the
Adopley, Habashy and the Extended Habashy models. In our derivation our model
parameters are o and ¢ which were denoted by m in the above derivations. All
derivations are carried out for the o formulation. The € system of equations is not
different from the o one. Indeed the € derivation can be obtained by inspection from

the o results.
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7.2 Adopley Model

From the o formulation presented earlier we have

E)(2) ~ 2;;_6611"’22 / e 7 B (2)Ta(z')dz’ for 2<0
Ej(2) =~ 2506 "’""’Z / e*? B (2)Tn(2')dz’ for z>d  (7.16)

where E,(z) and T'p(z) are given by equations (4.17) and (4.23) respectively. We
will restrict the Jacobian derivation for z < 0 only; the Jacobian for 2z > d could
be written down by inspection. (Note: d in this section represents the slab size
and not data point as in the optimization formulation.) For convenience we denote

Ej(z < 0,w) as EO(w) where w is the frequency of measurement. E0(w;) becomes

N
EO0(w) = %eﬂw S on [ e B()Ta(a)d (7.17)
n=1

where k; is computed at w;. The Jacobian Jj, is defined as

_ 6(EO0(wr))
T = ba,
We then have for the Adopley model (z < 0),

ky
20{,

Jp = -J( )e"j""‘ { A eI By )Ty ()
+ zan / eIk (E (z')TFn(z')+F (z’)——E( ))d }

n=1
where
—2kyAne~k* n<p
d - 1 . . .
F(;:Ep(z) = Z(;'{ < eikez (e—kazn - e—kazn—x) n>p
\ (7 — 2ks(z — 2p-1)) e~k 4 e~Uhzpei: = 4
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E: (Tp(2))

d -1
do, (Fp(2))

d -1
do,, »(2))

d

—

doa

d

do,
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1 {( Fa(@)+ 3 on-2 Fon(6) + 5,-2 Fou(5 ) =30
= —2=2 nl n—— Fn 5 e
805 = d 1 pd Pl

N _d i 4 ) )
Z IUmKFnd(a') + Up-d7- Pz(a) P ad n<p
m=p+ n "

1 p~1 d J o
82 Z Um; m1(T) + ”Pd_' 1(a | eI

iy

r—-1
85,2 { (mz—l O'm

d d ‘
( Zlam'a?' m2(0')+Fp2(0'+0'pd p2(&)) ekaz} n=p
m=p+ n

N

Fa(@d)+ Y

m=p+1

Om—

d :
do, '"2(0)+0Pd Pz(a)e’k"z} n>p

d .
ml(a') + FPI(& + &pd—a—Fpl(&) e—kaz

.

2jkbAmH:_ﬂQLm nm

(_) J —_ (gzjkbz,,, (Bijbzm l) d:n >m
m1l0 = -—"‘;?Lr n
{ ] b “d:n QLn + 4 (ejkbz" — ejkbz,._l)

— (62.17:52- - (erkbzn_l) ’d‘:_n'QUn} n—m

\

,

(C—zjkam - (e—ijbzm_l) a':—"'QLm n<m

2khm e Qun 1> m
m2(6') = J
{2jkbAn£:QU'n + 4 (e"jkbzn _ e-jkbzn—l)

{ + (e‘ﬁkun - e-2jkbzn—1) a_;i:QLn} n=m



116

,

(1+2/klp1) @, n<p

e2ikszp—1 dT"-QUp n>p
'&;’ pl(&) = J "
n 25kpzp—1 _d_ — 4eTkvzp—1

€ dop QUP

| H1+2k8p1) QL) n=p

4

=23k d
e=4 bzPI‘:-QLP n< P

—d—F o) = | (1+2jkAp) 2Qu, n>p
do, 2V T : :
a, {e—-hkbz, %QLP + 46-‘”‘52?

| +(1+2k8,) 5Qus} n=p

ejkbzn — ejkbzﬂ—l n < m
d -
HQam(a) =490 n>m

ejkbzn—l n=m

\

4

0 n<m

E;_QU’“(&) = { g-ikiin _ g=ikbZa1 1 > m
n

e~ikn pn=m

.

7.3 Habashy Model

For the Habashy model the scattered electric field (z < 0) is given by

N
Ej(z) =~ %ejk"‘Zcfn /A ) e~4h?T, (2')d?' (7.18)

n=1
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The Jacobian J, is therefore given by

- ks kyz ~25kp2’ Nt
Jp = 2me1 {/Ape T,(<')dz
. d
o —ZJk;,z’_I\n "dz' .
+ ;U /Ane Y (Z)Z} (7.19)
where
d 2 d -1
do‘,,rn(z) = ~[[a(2)] do, (Fa(2))
(7.20)
and
[ . . .
e—ikez (eJkazp - ekazp—x) p<n
d -1 1 . ) .
o, (Ta(2))™ = %, —eikbz (e"’"“? - e‘J""’P—l) p>n
9 — g~ikvzpikuzp—1 _ eikbzo=ikszp p=n

7.4 Extended Habashy Model

In case of the Extended Habashy model, the Jacobian Jj, for z < 0 is given by
Jp = =) (-25':—) e~ ikez { / e’jk°"E_',,(z')dz'
Th Ap
+ nzz:lo‘n/ """"g:i—p n( ')d‘-}
where using equation (4.27) we obtain

- En(2) = 2E](2)(1 - Ta(2)) 7~ F (2)

_ J2kb { 2 r.(2) Z / e=iksla=2IT (2)d!

m=1
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+ Tu(2) /A e~hl=~ID (1) d/
P

- ikale-21 4 r (s
~ ~jkp|z— ]
+ Ta(2) mE=1 Om /Am e ao, T, (z')dz } (7.21)
We note that
d
El‘n(z) (7.22)

is the same for the Habashy approximation.

This completes the inversion formulations. In the next chapter, we will present
some results of extensive numerical experiments. We wish to state here that the
formulation adopted here is simple and straightforward. There are other inversion
techniques that others have used. Kleinman [40] was able to reconstruct sharp dis-
continuities using the total variational method of [38, 39]. The Occam’s method that
we have applied here is a “smoothest” method. Hence we cannot reconstruct sharp
discontinuities. However the Occam’s method will always indicate any change in the
conductivity profile. It is a known fact that bandlimited electromagnetic radiation
cannot detect step changes in conductivity profiles. Thus our method is consistent
with the physical limitations of the experimental system. One difficulty in simul-
taneous reconstruction of dielectric constant and conductivity is that the complex
conductivity is frequency dependent. This presents numerical computational prob-
lems, particularly very difficult to handle even with the subspace technique proposed

in {30, 27].
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CHAPTER 8

Numerical Inversion

We next present some results from extensive numerical inversions performed using
the formulation developed in the Chapter 7. The inversions are performed on vari-
ous types of piecewise constant conductivity profiles, which are shown in Figure 6.1,
and the linear profile. Our most investigated profile is the “inclusion” type. This is
because we consider this particular profile as a realistic approximation to some prac-
tical situations. Quite often in geophysical prospecting where inversion techniques
are greatly utilized, the exact boundary of any discontinuity in conductivity profile
is unknown. Also in non-destructive testing, the exact location of the anomaly is
not known a priori. Hence the “inclusion” profile gives the most practical situation.
We also investigate the effects of frequency and amplification factor in uneven slab
partitioning on resolution of the reconstructed conductivity profile. These investiga-
tions are limited to the “inclusion” profile only. We will also present results for linear
conductivity profiles.

In all our inversion experiments, we employ scattered electric field at the mea-
surement boundary z = 0, which is equivalent to the reflection coefficient. For

the piecewise constant profile we generated the synthetic measured data using the
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transmission-line formulation. The data is then contaminated with Gaussian white-
noise of zero mean and 5% standard deviation. This is used for all our inversions.

We now present some of the inversion results.

8.1 Piecewise constant profile

The first conductivity reconstruction was performed on the constant profile. The
homogeneous background conductivity (o) and dielectric constant (e;) are 1.0s/m
and 1.0 respectively. These are the typical values used for most of the reconstruc-
tions presented. Data is sampled at frequencies distributed logarithmically between
a minimum frequency of 10.0Hz and a maximum frequency f,, which is selected
individually for each inversion. We select the maximum frequency based on the max-
imum frequency at which the models accurately simulate the noiseless data. The
reconstruction for the “uniform” piecewise constant profile is shown in Figure 8.1.
The maximum frequency f,, utilized in this reconstruction is 10.0K Hz. A slab-width
of 4.0m is used in all the reconstructions. We observe from the figure that the Ado-
pley model produced the best reconstruction with the Habashy model providing the
least accurate. We also note from the figure that the error in reconstruction increases
progressively from the leading edge of the slab, in case of the Adopley model. This
is not the case for the other models. In fact, the error from the Extended-Habashy

model peaks up approximately at midpoint within the slab and decreases towards
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Reconstructed Conductivity: (Max-Freq = 1e+04
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Figure 8.1: Constant Profile Reconstruction
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the edges. The Habashy model on the other hand showed nearly uniform error distri-
bution over the slab width. In the constant profile inversion, we observe greater error
in profile reconstruction with higher frequencies. Figure 8.2 shows reconstruction
of a left-step conductivity profile. The maximum frequency used in this inversion
is 0.10M Hz. We note that the Adopley model provides the best inversion results
followed by the Extended-Habashy model. The Adopley model also gave the best
indication of the jump location in the conductivity profile. In this particular recon-
struction, we have observed the Adopley model to be sensitive to initial guesses in
the inversion. It was noted that if the initial guess of the profile is not of the same
order of magnitude as the background conductivity profile, the inversion does not
always converge. This we attribute to the formulation of the model. As was noted
earlier in Chapter 2, the first iterative process in the formulation of the Adopley
model is the Born approximation. This puts a limit on the magnitude of the contrast
between the homogeneous background and slab profiles. Hence we have to be very
aware of this limitation which is inherent in the formulation. Qur observation is that,
when the initial guess is more than two orders of magnitude or less than two orders
of magnitude from the background profile, we most often experienced convergence
problems. Indeed, the minimization gets trapped in a local minimum. This is easily
detectable as the x? values are very high and oscillate erratically between iterations.
This is not the case for the Habashy and the Extended-Habashy models. These are

very insensitive to initial guesses. It is noted for these two models that if the model
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converges for a particular set of starting values, then it will converge for any set of
starting values.

The next reconstruction is that of a right-step profile shown in Figure 8.3. We
observe that the Habashy model produces the best reconstruction of the o discon-
tinuity location, followed by the Extended-Habashy model. However, the Habashy
model predicted a higher step value. The best general profile reconstruction is by
the Adopley model. One should observe that the discontinuity in conductivity of
right-step profile is greater than the one used for the left-step profile shown in Fig-
ure 8.2. In general we observed that for larger discontinuities in conductivity profile,
the Habashy model gives best prediction of its location. Also we note the overshoot
above the discontinuity is closely correlated to its magnitude.

Most of our numerical investigation of the inversion algorithm is performed on
the inclusion profile which we regard as the most realistic of any practical system.
Hence almost all of our in-depth investigations involve the inclusion profile. The
first two reconstructions of the inclusion profile are shown in Figures 8.4 and 8.5
which portray the relative performances of the different approximation models. In
Figure 8.4 the maximum frequency of reconstruction is 0.10MHz and 1.0MHz for
Figure 8.5. At the lower frequency, the Extended-Habashy model predicted the best
results. We observe also that the Habashy model produced a little better results than
the Adopley model. However, for reconstruction at the higher frequency shown in

Figure 8.5, the Adopley model seemed to have produced the overall best results. One
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should observe in these two figures that the resolution of the profile reconstruction
is sharper at the higher frequency. This is a general trend. Hence, reconstructions
should be done at the highest frequency for which convergence is possible. We also
note that, at the higher frequency, the Habashy model yields the least resolution for
the reconstructed profile. The Habashy model tends to give higher reconstructed
values at the higher frequency.

Figures 8.6 and 8.7 show the effects of maximum frequency f, and the amplifi-
cation factor in uneven slab partitioning respectively on profile reconstruction. We
have employed the “inclusion” profile in these studies. The maximum frequencies of
investigation for Figure 8.6 are 0.10M Hz, 0.50M Hz and 1.0MHZ. We observe an
increase in profile resolution for higher maximum frequencies. We also note higher
reconstructed values for higher frequencies. In Figure 8.7 we show reconstruction
using different amplification factors in the uneven element slab partitioning. In the
figure, the 1-label is for uniform element sizes, where each element is the same size.
The 1.02-label shows that the amplification factor used in the uneven element slab
partitioning is 1.02. This is true also for the 1.05-label. Our observation is that,
the element size has very little influence on the magnitude of the predicted values.
However, we note a general shift of the reconstructed profile to the right. This we
can attribute to the change in the element location due to increase in element size

towards the trailing edge of the slab. In general, the uneven elements tend to predict
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the leading edge of the slab better than the uniform elements but also give a worse
prediction of the trailing edge.

Figures 8.8 and 8.9 show plots of frequency and uneven elements effects respec-
tively for the Adopley model. The observations noted for the Habashy model also
hold for the Adopley model. In addition we note a close prediction for the 0.5M Hz
and 1.0M Hz results. The maximum overshoot above the exact profile appears to
be less for the Adopley model. The next two plots in Figures 8.10 and 8.11 show
the same frequency and uneven elements effects for the Extended-Habashy model.
The general trend observed for the Adopley and Habashy models also apply to the
Extended-Habashy model.

The last three figures presented for the piecewise constant profile are for compar-
ing the relative performance of the individual models. The profile for Figure 8.12 is
more complex than those of our previous investigation. It is a combination of right-
step, inclusion and left-step. The reconstruction is fairly accurate not withstanding
the complexity of the profile. We note a larger oscillation about the true profile
for the Extended-Habashy and Habashy models. The Adopley model predicted a
smoother profile. All models predict the general contour of the conductivity profile
fairly well. In Figure 8.13 the “inclusion” is reversed to produce a depression in the
conductivity profile. The three models were able to indicate the conductivity depres-
sion quite accurately. However we observed some distinct differences in each model

performance. The Adopley model predicts the conductivity profile at the slab leading



Reconstructed Conductivity (Adopley): (Frequency Effects)

132

T T T T T T !
1.6F -
— Exact
.\- ..... 1e+06
N AN i
1.5 RN - - 5e+05
I 4 .
4 \\ == 1e+05
o A
= 3 A
§1.4 :'/ ./.\.\’\-_'\
A ;/ K4 '\’.'\
z, / '/ '.'\\
> a7 "y
9 1.3F 1/ N -
° i/ YN
C 1‘ \ .
0 -0\
0 P! LA
¥ N
l; L
1.2F r A 1
Iy Y
1 v
N CR Y
/! PR
1.1F ;1 '-.-\\ \ 7
/ ! . \
! N
!/, \ \‘
~ e el ~_ O\
\’\/- l\\ g./{ - 1 1. S s
0.5 1 1.5 2 2.5 3 3.5

Slab-Axis (m): (Amp-Factor= 1;Bkgmd: epsilon= 1; sigma= 1)

Figure 8.8: Frequency Effect on Profile Reconstruction for Adopley Model



133

Reconstructed Conductivity (Adopley): (Element Effects)

L | 1 - 1 1§ ki
1.6 7
— Exact
S CETET 1
VA .
1.5 ESOE -=-1.02
;N ---1.05
P \
. / .
— I, S
£ 14r ; \ T
B /
. \ ‘
2 [ ! \
2 | \ \
° ! \
3 1.3F ! AR 7
3 .
c ! \. \
3 S VA
St VA
1.2 o1 I’ \ \\ 4
S LY
..' _/ ] \. \
T A
11}F o w .
. :- I. / \ \
Dy W\
N : ., / s, '\\\
///\/\ D : .I / K = . -~
1‘-—&' 71 '\.\_LJ A 1 . P |
0.5 1 1.5 2 2.5 3 3.5

Slab-Axis (m): (Max. Freq.= 1e+06;Bkgmd: epsilon= 1; sigma= 1)

Figure 8.9: Uneven-Partition Element Effects on Profile Reconstruction for Adopley
Model



1.6

1.5

=N
>

—y
W

Conductivity (s/m)

-
N

1.1

Reconstructed Conductivity (Extended Habashy): (Frequency Effects)

134

L T T 1 ] LY T A
INC
\.
S
e -. ..\ -
A
: -\
— Exact : B
| [ 1e+06 S ]
: A
-~ 5e+05 A )
A -}
A1 [
¥ 1IN
[N
/ LI
Y o
//1 S
b > '. \ -
/ ¢ A
Ik N
Ik A\ \
I: “\ \
I: ".\ '
- {: \ ]
VR . ‘\
! AN <
o~ e 7 "..\ /
L] LTS 1 L LR B
05 1 15 2 2.5 3 3.5

Slab-Axis (m): (Amp-Factor= 1;Bkgmd: epsilon= 1; sigma= 1) .

Figure 8.10: Frequency Effect on Profile Reconstruction for Extended-Habashy Model



Reconstructed Conductivity (Extended Habashy): (Element Effects)

135

1-6 ¥ T L T L 1 1
— Exact
..... 1
i -=-1.02 | |
15 ~--1.05
141 =LY i
—~ RV S J
4
g S /, X, '
. \
2 1
2 1.3+ {/ Y .
© 7 :
3 i
y
o 0y
1.2 S \ .
N \
A\
1
. .‘\.
1.1 g =N
7 , / O .
./ / \ \
...'/,// -\:.‘\ .
1 ~ .. 1 'y 1 1 1 Ny
0.5 1 1.5 2 2.5 3 3.5
Slab-Axis (m): (Max. Freq.= 1e+05;Bkgmd: epsilon= 1; sigma= 1)
Figure 8.11: Uneven-Partition Element Effects on Profile Reconstruction for

Extended-Habashy Model



136

Reconstructed Conductivity: (Max~Freq = 1e+06)
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Reconstructed Conductivity: (Max~Freq = 1e+06)
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edge better than the Habashy and the Extended-Habashy models. However, at the
slab trailing edge, the Habashy and the Extended Habashy predicted better results.
The Extended-Habashy predicts the o depression with a little shift to the left while
the Adopley and the Habashy predict with a little shift to the right. In Figure 8.14
we investigated the effect of background conductivity on model performance. The
three models predicted roughly the same results. The Habashy model predicted a
peak value a little less than the other models. However we also observe that all the
models predicted peak values less than the actual peak values at maximum frequency
of 1.0M Hz employed in the investigation. This is a general observation that for very
low conductivity background, we require higher maximum frequencies for accurate
profile reconstruction. We also note that with lower conductivity background, the
range of conductivity contrast reconstruction increases. All the observations noted
above are fundamentally governed by the maximum frequency at which each model
is capable of accurate field simulation. It was generally observed that if the model
cannot simulate the field accurately at all the sampling frequencies used, then we
experience instabilities in reconstruction. In the next section we present our results

of conductivity reconstruction for the linear profile.

8.2 Linear profile reconstruction

The linear profile reconstruction was performed on synthetic measured data, sim-

ulated using the Habashy approximation. As we recall, the exact solution of the
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linear profile was obtained in terms of Atry functions of the first and second kinds.
For complex arguments, it was impossible to generate accurate and reliable results
from the numerical routines available to us. Furthermore, we could not obtain tab-
ulated results of any kind for the Airy functions with complex arguments. Hence it
was practically impossible to attach any validity to numbers generated with complex
arguments. In the light of this we felt obliged to adopt one of the approximation rou-
tines for use in generating the measured data. Our logical choice was the Habashy
approximation which is the very basis of this work. It is therefore imperative to keep
in mind that our synthetic measured data have some inherent threshold error from
the approximate simulation.

As was the case for the piecewise constant profile, we added 5% noise to the gen-
erated measured data. This sets the minimum contamination noise-level at 5%. The
inversion was performed using all three approximate formulations. The present in-
version was limited to real conductivity profiles of the slab (e, = €). The first two
illustrations in Figures 8.15 and 8.16 show the relative performance of the individual
approximations for two different background and conductivity slopes. The homoge-
neous background has € = 1, o = 0.10 in Figure 8.15 and o = 1.0 in Figure 8.16.
The slab has € = 1 and o-slope of 0.002s/m? in Figure 8.15 and 0.1s/m? in Fig-
ure 8.16. The maximum frequencies used are 1.0M Hz for Figure 8.15 and 0.1M Hz
for Figure 8.16. All parameters used in the inversion are shown in the figures. It

is interesting to note that, even though the data are simulated using the Habashy
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Reconstructed Conductivity (Adopley): (Frequency Effects)
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Reconstructed Conductivity (Adopley): (Element Effects)
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approximation, the Adopley and the Extended Habashy approximation produced a
more accurate reconstruction in Figure 8.15. In Figure 8.16, the reconstruction is
very similar for all models. Figures 8.17 and 8.18, show the effects of frequency
and uneven partition element-size on the reconstruction respectively for the Adopley
model. In Figure 8.17, the legend has two numbers below the exact-profile label. The
first number is the maximum frequency of reconstruction, and the second number is
the amplification factor applied in the uneven element partitioning of the slab. The
amplification number signifies the minimum element amplification for which reason-
able reconstruction can be obtained. We observed that, for higher frequencies of
reconstruction, element amplification becomes important for reasonable reconstruc-
tion. From our plots, we note that the accuracy of reconstruction tends to be better
at higher frequencies when the accuracy of the simulated data is within the error
limit. In Figure 8.18, the maximum frequency of reconstruction is 0.1M Hz and we
note that the amplification factor does not make much difference in the accuracy of
reconstruction.

Frequency and partition element-size effects on reconstruction are shown for the
Habashy model in Figures 8.19 and 8.20 respectively. In Figure 8.19 we note better
reconstruction at lower frequencies. However, we also note that the amplification
factor is the same at all frequencies of reconstruction. The influence of amplification

factor is negligible at the frequency of reconstruction show in Figure 8.20.
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Reconstructed Conductivity (Habashy): (Element Effects)
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Reconstructed Conductivity (Extended Habashy): (Frequency Effects)
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Reconstructed Conductivity (Extended Habashy): (Element Effects)
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A set of plots showing the effects of frequency and partition element-size are
given in Figures 8.21 and 8.22 for the Extended Habashy model. In Figure 8.22,
the amplification factors are lower than those used for the Habashy and Adopley
models. This is due primarily to instabilities when higher amplification factors are
used. We observe that the uniform partition appears to provide better reconstruction.
We particularly note that the Extended Habashy is the most prone to numerical
error. This we attribute to the double numerical integration required. This is also
responsible for the model being the slowest.

The last plot presented in Figure 8.23 shows a typical rate of convergence using
the Adopley model. The maximum frequency of reconstruction is 0.1M Hz. The
background medium has €, = 1.0 and o, = 1.0s/m. The conductivity profile of the
slab has a slope of 0.1s/m?. The slab has a width of 4.0m. The number of elements is
8 which are of uniform size. From chi statistics, the expected value is 8.0 and one of
the conditions for convergence is chi < 8.0. We note that after the first iteration, the

x value is 11.27 and 0.06676 after the second iteration when the routine converges.
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Rate of Convergence [Adopley}]: (Max-Freq = 1e+05)
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Future Work
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Our immediate plans for the future are to extend the investigation on the localized

approximation to three dimensions. Below we present a general three-dimensional

formulation as communicated to us by Habashy [20]. Although this formulation is

not ours, we include it for future reference, with permission.

9.1 The Extended Born Approximation for 3-D Modeling (An Iterative

Approach)

The wave equation for the electric field is given by

V x V x E(F) — K*(F)E(F)i = jwpoJ(F) — V x M(F)

which can be cast as follows:

where
k*(7)

k

Jwpeo(F)

Jwpo0s

5(7)

(9.1)

(9.2)

(9.3)

(9.4)
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oF) = 39-1 9.5)
5() = ;lzf(F)—EIEVxM(F) (9.6)

J(F) and M (F) are the electric and magnetic impressed sources, respectively, o(F) is
the actual complex conductivity distribution and o} is a constant complex conduc-
tivity of a homogeneous background medium. We introduce a Dyadic Green function

governed by the following equation:
V x V x Gy(F,7) — E2Gy(F, ) = k2 I8(F, ) (9.7)
The solution of equation (9.7) can be represented in the following form:
Gi(7,¥) = [ + VY] g(F,7) (9.8)
and g(F,7) is the scalar Green's function governed by
Vig(F,#) + k2 g(F,7) = —6(F, ') (9.9)

and is given by the following expression:

Sh = =t
eikelF=7

g(F, 7)) = ppE— (9.10)

We represent the solution of equation (9.2) in terms of the dyadic Green’s function

of equation (9.7) as follows:
B() = E(M)+ [ G-, FEV
= B +EI+VV)- [ dio(r,P)EF), eV,

(9.11)
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where V, is the support of 5(7) and Ej(7) is the response in the background medium
and it the solution to the following wave equation:
V x V x Ey(F) — k2Ey(F) = k25(F) (9.12)
which can be solved in Dyadic Green’s function form as follows:
Ey(7) = / &7 G(7, 7) - 5(7) (9.13)
One of the standard approaches in solving equation (9.11) is by repeated iteration

resulting in the Born series (or the Neuman series):

N-1
E(F) = ZO E.(F) + &n(F) (9.14)

where we only keep the first N — 1 iterations with a residual error én(7), and
Eo(F) = Ey(F) (9.15)
The n*? iterate is given by
E.F) = A ‘ 47 5(7)Gs (7, 7) - Ens(7)
= [ dreG(F ) - [ do(mIG, ) -
) Far6(Ea)GolFacaFamn) - [ 45 Go(Frmrs ) - BiFa)

(9.16)

and
en(7) = /V dﬁ&(r‘l)éb(ﬁﬁ)- /V dﬁ’&(?z)éb(r"l,r"g)---
: /V 7N 15 (FN-1)Go(Fr—2, TN —1) /V dina(73)Gs(Fr-1,7n) - E(7N)

(9.17)
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An alternative representation for the residual éy(7) is given by the following recur-

rence formula:
&a(F) = /V dF'&(7)Gs(F, 7) - En-1(F) n=1,2--,N=1,N  (9.18)
with
&(F) = E(F) (9.19)

To derive an Ertended Born approzimation, we apply a localization to either equa-

tion (9.17) or equation (9.18) to obtain two different approximations:
9.1.1 Approximation (I):
Applying a repeated localization approximation to equation (9.17), where:
E(fy) = E(fn-1) = --- = E(f;) = E(7) = E(F) (9.20)
we get
en(F) = An(F) - E(F) (9.21)

where 1=\N(F) is a tensor given by the following N-tuple integral:

1]

N7 = /V . di6(71)Go(7, 1) - /V dF25(72)Go(Fr, 72) - -
. ./V dT-'N—la'(FN—l)éb(FN-z,FN-I)"/V di"Na(FN)éb(FN_l,FN) (9.22)

Substituting from equation (9.21) in equation (9.14), we obtain the following approx-

imation for the internal electric field:

_ N-1
E™(7) = Tn(F) - Y Eu(F) (9.23)

n=0
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where
Fw(F) = [T- An(®)]” (9.24)

Note that for N = 1, the localized approximation becomes:

E™(7) m T4(F) - By(F) (9.25)
where
() = [T- &)™ (9.26)
and
M) = /V . &7 5(7) Gy (7, 7) (9.27)

which gives the original Extended Born approximation of [17].

9.1.2 Approximation (II):

Applying the localized approximation to equation (9.18), we obtain
&x(F) = Q(F) - & (F), n=12-+,N=1,N (9.28)
where
Q) = /V a5 (7)Gy(F, ) (9.29)
Hence,

en(7) = QPN - B(F) (9.30)
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Substituting from equation (9.30) in equation (9.14), we obtain the following approx-

imation for the internal electric field:

- N-1 _
E™(F) ~ Tn(F) - Zo E.(F) (9.31)

where
Pn(F) = [T- @M (9.32)

we again note that for N = 1, this localized approximation gives the original Extended
Born approximation of [17]. It is important to note that the e~** sign convention
used in this derivation is the negative of the one we employed in our one-dimensional
analysis.

We also note that, for N = 2, the first approximation yields the 3-D version of
the Adopley approximation. We reiterate that the above work was communicated

to us from Habashy [20] and we do not claim any credit in its construction. We do

however plan on performing simulations in the future based on his formulation.
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CHAPTER 10

Summary and Conclusions

This works concerns the comparative performance of localized approximations in
one-dimensional complex conductivity profile reconstruction. The integral equation
(Chapter 2) that describes the one-dimensional electromagnetic wave propagation is
deceptively very simple. The hidden difficulty begins to unravel as it is realized that
the elements in the integrand of the integral equation are nonlinearly interdependent.
Specifically, the total internal field is a function of the difference between the scatterer
and background complex conductivity profiles. The localized approximation as was
originally proposed is extended herein and performances evaluated.

In Chapter 3 , we developed the equations for the localized approximation and also
for the various extensions. Also included are the Trantanella approximation and the
extension of the Trantanella approximation to incorporate the localized approxima-
tion. In the first extension, which we denote the Adopley model, we applied the Born
approximation before adopting the localized approximation. A second extension,
which we called the Extended Habashy approximation, was developed by iterating
the localized approximation once. We showed how the Adopley approximation can

be obtained as a special case from one of two generalized localized approximations
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using the extended Born approximation. However, the Extended Habashy could not
be immediately extracted from any of the two generalized localized approximations.
We concluded the chapter by investigating the implications of homogeneous complex
conductivity background. It was proved that for the inversion of a lossy media, the
background medium has to be lossy also.

In Chapter 6 we carried out simulations of the internal and external field of the slab
problem with the various approximations developed. For low contrast between the
background and slab complex conductivities, all the approximations gave excellent re-
sults. The results were compared against the exact simulations from transmission-line
solution. Generally, for very low loss systems the Adopley approximation provided
the best results. When the system becomes very lossy the Habashy and the Extented
Habashy provided the best results, with a slight edge on accuracy from the Extended
Habashy model if numerical noise is negligible. Generally, the Trantanella approx-
imation provided very good results. The chapter ended with relative comparisons
of the various approximations for lossy linear profiles. Generally, all approximations
performed well at moderate frequencies of simulations. We also found that the max-
imum frequency of accurate field simulation increases with decrease in conductivity
contrast.

We developed the smoothest (Occam’s) inversion algorithm in Chapter 7. The
algorithm involves a minimization of the model roughness functional, subject to con-

straint on the magnitude of a weighted least-squares criterion between the measured
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and predicted data. In Chapter 8 we applied the inversion algorithm to synthetic
data. Two profiles were used in the numerical inversions, viz: the piecewise constant
profile and the linear profile. The reconstructions were very promising. We note,
however, that we could not reconstruct very sharp contrasts in conductivity profiles
exactly. This is because Occam'’s inversion method is L; norm dependent. In general
for very low loss profiles the Adopley model gives the best reconstruction. For high
contrast in profile conductivities between the homogeneous background and the slab,
the best reconstruction are from the Habashy and the extended Habashy models. We
note that the Adopley model diverges when the conductivity contrast gets too large.
Also, we observed that the contrast level for accurate reconstruction for the Adop-
ley model decreases with increase in background conductivity. Concerning speed of
performance, the Habashy model was the fastest. We noted the Extended Habashy
model to be very slow when the number of unknowns exceeds 20. This we attribute
to the numerical computation of the internal field. The Adopley model performed at
moderate speed, slower than Habashy.

One limitation from the present work is that the inversion was restricted to real
conductivity profiles only. This is because of the frequency dependence of the com-
plex conductivity with subsequent high differences in orders of magnitude for the
imaginary part of the complex conductivity. One way to circumvent this may be to

adopt the subspace technique proposed in [26, 27]. This we recommend as future
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work. Also we have not investigated the performance of the second generalized lo-
calized approximation beyond the one-term approximation. This we intend to follow

up in the very near future.
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