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Abstract 

The ab initio treatments of molecular vibrational motion often invoke only the 

harmonic oscillator approximation. For vibrational modes whose amplitudes access 

anharmonic regions of the potential energy surface, the harmonic oscillator approx

imation fails. Low-frequency large-amplitude vibrations, in particular, can access 

anharmonic regions in addition to other minima of the potential energy surface. Ah 

initio harmonic frequencies are often scaled to lower values by empirical factors which 

presumably account for anharmonicity effects as well as an incomplete basis set and 

account of electron correlation. However, the scaling of those ab initio harmonic fre

quencies corresponding to low-frequency large-amplitude vibrations results in theoret

ical values that are still typically several times larger than the experimental values. It 

is demonstrated in this dissertation that transforming the nuclear motion Hamiltonian 

to internal coordinates facilitates construction of ab initio potential energy- curves, or 

surfaces, pertaining to low-frequency large-amplitude molecular vibrational modes. 

The use of internal coordinates complicates the expression of the kinetic energy* in 

the Hamiltonian, and makes it difficult to obtain. Six different methods for determin

ing the kinetic energ}' expression in internal coordinates are presented and reviewed. 

The computational implementation of these six methods was performed to allow their 

critique. Several example calculations of the presented methodologj- are given. The 
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solution for the vibrational expectation values of the modes expressed by the devel

oped Hamiltonian was also computationally implemented. The resultant theoretical 

transition frequencies of the molecular systems of 2-sulphoIene and 2-aminopyrimidine 

are combined with experimental studies, and demonstrate the practical usefulness of 

the presented methodology. 
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Introduction 

Modern man's conceptualization of the structure of matter was seeded by the 

ideas of the Greek philosopher Democritus. As early as 400 B.C., Democritus taught 

that the World consisted of empty space and small "atomos". These atomic ideas 

were put into verse by the Roman poet, Titus Lucretius Carus'. 

. . .  I  w i l l  r e v e a l  t h o s e  a t o m s  f r o m  w h i c h  n a t u r e  c r e a t e s  a l l  t h i n g s  a n d  
increases amd feeds them and into which, when thej- perish, nature again 
resolves them ... 

Lucretius, De Rerum Natura 

[circa 75 B.C.) 

This Atomic Theory was not generally accepted through antiquity, however. Aris

totle considered matter as being a continuous substance which could be classified by 

the "elements" of fire, water, earth, and air, and by the "qualities" of warmth, cold, 

wetness, and dryness. His theory superseded the previous one, and was widely be

lieved even through the Middle Ages. However, the atomic hypothesis was never 

completely dismissed, though sometimes discouraged: Nicholas of .^utrucia. who at

tributed all natural activity to the union and disunion of atoms, was forced to retract 

this heretical view in 1348'^. Robert Boyle^ (1627-1691) was largely responsible for 

dismissing the Aristotlean concept of the "elements" of fire, earth, water, and air. 
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Boyle re-expressed Democritus' idea of elements being a substance which could not 

be subdivided into other substances. 

In 1808, John Dalton presented a set of hypotheses regarding the nature of atoms'^. 

These hypotheses are the basis of Dalton's atomic theory, and are specifically signifi

cant for the introduction of the concept of a "compound atom," or molecule. Empiri

cal evidence supporting this atomic theory was collected throughout the 19"^ century, 

and soon the idea of the atom and molecule became one of the cornerstones of a 

developing modern science. 

As the growing body of experimental data soon revealed, however, the atom was 

not the indivisible unit of matter the ancient philosophers originally conceived. Joseph 

John Thomson is credited for the discovery of the electron in 1897. Soon thereafter, 

Thomson's former student, Ernest Rutherford, probed the structure of atoms by 

bombardment with a particles, and firmly established the existence of a "nucleus" in 

which all the positive charge of the atom is confined in a small volume. The search 

for the most elementary particles of matter has not ended. However, for the purpose 

of describing chemical phenomena, the division of matter into nuclei and electrons 

currently suffices. 

It became apparent after the turn of the century that the deterministic theory of 

what is now called "classical" mechanics failed at describing atomic structure. The 

theoretical derivation of the distribution law for black-body radiation by X'lax Planck'' 

signifies the beginning of the emergence of a "quantum" mechanics. The resultant 

Planck equation, E = hu, related the energy of a photon to its frequency, u. by the 

number h which is constant for all frequencies. 

Xiels Bohr in 1913® published a phenomenological model for hydrogen that en

visaged spectral transitions between "stationary states," and successfully matched 
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hydrogen's atomic emission line spectra. The atom's structure in Bohr's model con

sists of a central nucleus around which the electrons orbit at discrete intervals. This 

model, in spite of, yet due in part to, its simplicity, constitutes one of the most im

portant steps in the formation of the modern conceptualization of atomic structure. 

However, Bohr's and Planck's theories were singularly unsatisfying in their need for 

the a priori introduction of quantization. 

Erwin Schrodinger, inspired by the wave-particle theory of matter by de Broglie". 

formulated his wave equation in a series of papers® published in 1926. Simply ex

pressed in its time-independent formulation, the "Schrodinger" equation is: = 

E^. The or wave function, is interpreted as a probability amplitude, and its square 

is interpreted as a probability distribution®. The H represents the Hamiltonian oper

ator form of the energv-, and the E is the energy of a stationary state. The Schrodinger 

equation together with some axiomatic postulates describes the dynamics of chemical 

compounds, and represents the culmination of the previous two millennia of chemical 

and physical theory. 

The solution of the Schrodinger equation, reveals the interplay between the 

positively charged nuclei and the negatively charged electrons. From this equation, 

the properties of atoms and molecules and how they interact with other atoms and 

molecules can theoretically be obtained. Unfortunately, analytical solutions to the 

Schrodinger equation are only possible for the hydrogen atom and one-electron ions 

of the heavier elements. All solutions of the Schrodinger equation for multi-electron 

and molecular systems are necessarily approximations to the exact solutions. 

The limited number of analytically solvable systems for the Schrodinger equa

tion does not diminish the importance of understanding molecular motion. Quantum 

mechanical systems, as understood via the Heisenberg Uncertainty Principle'®, pos
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sess finite kinetic energy even in their ground, or lowest, energj- state. Indeed, the 

movement of atoms has long been conceived: 

. . .  S i n c e  t h e  a t o m s  a r e  m o v i n g  f r e e l y  t h r o u g h  t h e  v o i d ,  t h e y  m u s t  a l l  
be kept in motion by their own weight or on occasion by the impact of 
another atom ... 

Lucretius, De Rerum Natura 

{circa 75 B.C.) 

Studies of electronic emission spectra of molecules in the visible and near ultraviolet 

regions of the electromagnetic spectrum began in the latter half of the 19''' century. 

The resultant spectra for the molecules aroused much interest: The term band spectra 

was used to describe the spectral patterns which were distinct from the line spectra of 

atoms. The bands arose from the superposition of energy-state transitions involving 

motion of the constituent atoms. Band structure in molecular absorption and emission 

spectroscopy also occurs in the infrared portion of the electromagnetic spectrum. 

Infrared (IR) absorption of gases and liquids was developed in the early years of 

this century by Coblentz^^. The discovery of the Raman effect in 1928" provided a 

complementary investigative tool to IR spectroscopy. 

IR spectroscopy has now become commonplace for molecular structure identifica

tion, and/or elucidation. If possible, the information derived from an IR spectrum is 

used as a complementary source of information to other sources such as from XMR 

and mass spectroscopy to enable the firm elucidation of molecular structure and for

mula in terms of connectivity. However, not every compound of chemical interest 

is amenable to testing by all spectroscopies; in structural studies of otherwise un

stable compounds isolated in low temperature matrices, or compounds existing in 

interstellar clouds. IR spectroscopy is often the sole spectroscopic method applied. 

The identification of the structure becomes trivial if the compound of interest has 
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already been "fingerprinted," but when unknown compounds are encountered, no 

clear protocol exists. One procedure that leads to the determination of the struc

ture of polyatomic molecules is based on comparison between IR spectra obtained 

experimentally and spectra simulated theoretically. This procedure also creates the 

opportunity to develop insight into the nature of molecular vibrational motion that 

occurs in the experimental transitions. 

The theoretical treatment of the motion of atoms in a molecule has always lagged 

behind experimental investigation, however. Quantum chemistry, or the application 

of quantum mechanics to chemical problems, has evolved as a science of approxi

mation, given that practically all chemical systems of interest are not exactly solv

able by the Schrodinger equation. Within months of the publishing of Schrodinger's 

works, a protocol for the application of quantum mechanics to molecular systems was 

established'^'^"'. The complete calculation of the energ\' of a molecular system was 

done in a stepwise fashion: In the first step, nuclear positions are treated as parame

ters in an electronic energj- calculation; in the second step, the electronic energies are 

used to generate a potential energj- surface in which the nuclear motion calculation 

is then performed. This is referred to as the ''clamped-nuclei" approximation, or as 

the "Born-Oppenheimer" approximation after the authors to whom the justification 

for the approach is often attributed'^. 

The Born-Oppenheimer approximation can be theoretically derived with the use of 

perturbation theory where nuclear kinetic energy- is the perturbation parameter. The 

resultant equation accounts for the different orders of magnitude often encountered 

in molecular spectroscopy. The motivation for the expansion stems from a classical 

interpretation of nuclear motion. Classically, a single atom can move in each of the 

three directions of an imposed cartesian coordinate frame. The atom is said to have 
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three degrees of freedom. For a system of N atoms in a molecule, there are 3N degrees 

of freedom (dof). Three of the dofeLve interpreted as translational motion, and another 

three dof are interpreted as rotational motion of the whole molecule. The remaining 

3N — 6 dof are ascribed to vibrational motion. Based on this partitioning, the orders 

of magnitude for the respective electronic and nuclear energies are approximately as 

follows: 

motion-type energ}' (cm 

electronic 

vibrational 

rotational 

10^ 10"^ 

10^ -> 10^ 

10' 102 

The Schrodinger equation can be solved exactly for systems that model harmonic-

oscillator vibration and rigid-rotor rotation. Harmonic-oscillator vibration refers to 

point masses moving relative to each other under a Hooke's Law force: rigid-rotor 

rotation refers to overall rotation of a model molecule in which distances between 

atoms do not change. In 1931, Weizel^' modeled a diatomic molecule as behaving 

similarly to a harmonic-oscillator and rigid-rotor; the resultant eigenvalues differed 

slightly from empirical energies derived from IR spectra. In 1932. Dunham''^^ de

veloped a connection between the force constants in the potential energy function 

and the empirical ro-vibrational spectra of diatomic molecules. Dunham utilized the 

Wentzel-Brillouin-Kramers method^^ to calculate correction terms to the solution of 

the harmonic-oscillator and rigid-rotor energies for the diatomic systems of H-z and 

NaH. The simulation of polyatomic systems as harmonic-oscillators and rigid-rotors 

was soon thereafter applied®". To this day, this continues to be the only easily applied 

method to simulate IR spectra. 
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Extension of the quantum-mechanical methodology to triatomic, and larger molec

ular systems, did not occur until the 1970s. Carney and Porter^^ performed varia

tional calculations on the vibrational band origins of the triatomic hydrogen cation, 

Their work, which preceded experiment^, demonstrated that ab initio potential 

energy surfaces could be constructed of spectroscopic quality. Great advances in the 

solution of the molecular electronic structure problem were also achieved through 

the 1970s. These were jointly driven by advances in computing technology and by 

improved techniques of treating electron correlation. 

The decrease in the unit cost per computing power during the 1980s facilitated 

calculation of a large number of reliable ab initio and semi-empirical potential energy 

surfaces. This provided a strong stimulus for improving methods of treating nuclear 

motion quantum mechanically. In particular, variational techniques demonstrably 

proved very powerful for obtaining nuclear motion energ}* states. However, triatomic 

and diatomic molecules comprised most of the systems investigated. Even now, full-

dimensioned solutions of the Schrodinger equation are not commonplace for molecules 

containing four, or more, atoms. 

At present, harmonic oscillator frequency and transition intensity calculations rep

resent the only commonly available computational tools for determining theoretical 

IR spectra for large molecules though the theoretical determination of spectroscopic 

constants using higher order derivatives of the Potential Energy- Surface is possible 

(e.^. with the SPECTRO^^ program). High-frequency \dbrations are often adequately 

depicted by the harmonic-oscillator approximation, but the low-frequency vibrations 

are not. This represents a severe limitation for the theoretical study of unstable 

compounds which are subject to low-frequency large-amplitude vibrations and/or 

those vibrational frequencies whose amplitudes encompass anharmonic portions of 
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the potential energy surface. Calculated harmonic-oscillator frequencies can be sev

eral times higher than the experimental frequencies for a molecule's floppy vibrations, 

and assignment of structure by comparison with harmonic-oscillator spectra becomes 

nebulous. More rigorous theoretical treatments of vibrational motion are too compli

cated to be applicable to all of a large molecule's vibrations; rarely has a complete 

vibrational analysis been done for molecules with more than three or four atoms. 

However, the time-scale difference between high- and low-frequency vibrations can 

be exploited to justify their separation, or uncoupling to reduce the dimension of 

the problem. The high-frequency vibrations are often adequately depicted with the 

harmonic-oscillator approximation while more rigorous calculations only need to be 

applied to a few low-frequency vibrational modes. 

The purpose of this dissertation is to outline the methodology for theoretically 

studying low-frequency, large-amplitude, and/or anharmonic vibrations. The fol

lowing chapters discuss the methodolog}- for quantum mechanically computing low-

frequency large-amplitude vibrational states occurring in floppy molecules. The intent 

is to establish a firmer theoretical base on which to build an understanding of molecu

lar vibrational distortions, and to enable a more complete interpretation of empirical 

IR spectra of large and/or loosely bonded molecular systems. The background theory 

relevant to the study of nuclear motion energies is covered first. The clamped-nuclei 

approximation, normal coordinates, molecule-fixed coordinates, internal coordinates, 

and Energ}- Distribution analyses methods for evaluating internal coordinates are 

reviewed in Chapter 1. Chapter 2 presents the methodology for determining the 

Hamiltonian operator appropriate to internal coordinates for calculating nuclear mo

tion energies corresponding to ro-vibrational, or vibrational, motion. These nuclear 

motions are best modeled, at least in part, with internal coordinates used to describe 

the relative positions of the constituent atoms of a molecule. Internal coordinate 
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systems unfortunately complicate the nuclear motion kinetic energy operator: matrix 

quantities appear that relate distance in cartesian coordinates to distance in internal 

coordinates. Six methods for calculating the requisite matrix quantities are pre

sented in Chapter 2, as well. These six methods have been integrated into computer 

algorithms for their determination as has the variational solution of the expectation 

values for a one-, or two-dimensionaJ, nuclear vibrational motion Schrodinger equa

tion. Chapter 3 presents example calculations which utilize these computer programs 

for the theoretical investigation of the bending vibrational mode of HaO, the inversion 

vibrational mode of NH3, and the internal rotation vibration of CH3NH2; the results 

of these calculations illustrate the differences of the six methods for calculating the 

matrix quantities which appear in the nuclear motion kinetic energy operator. The 

ab initio methods which have been developed for this Dissertation have been success

fully utilized in combined theoretical-experimental studies of more complicated, and 

less understood, molecular systems than those presented in Chapter 3. Appendices 

C, D, and E consist of published and submitted journal articles in which the pre

sented methodology is applied in joint theoretical-experimental studies investigating 

the low-frequency large-amplitude vibrations molecular systems of 2-sulpholene^' and 

2-aminopyrimidine'^^^^^. Conclusions based on the work presented in this Dissertation 

are given in Chapter 4. 
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Chapter 1 

Background Theory 

Tlie Law of Conservation of Energy concisely summarizes the energy of a molecular 

system as £" = T + V. where E is the total energy, T is the kinetic energy, and 

V is the potential energy-. The operator form of the total energy needed for the 

Schrodinger equation is termed the Hamiltonian. The full, non-relativistic, spin-free 

Hamiltonian in cartesian coordinates for M electrons and N nuclei interacting under 

purely coulombic forces expressed in atomic units (^ = 1, mg = 1, etc.) is given by: 

1 A/—jV ^2 A/—A" 7 7 
= (1.1) 

^ i i,j>i 'U 

The is the Laplacian operator for the particle, m, is the mass of the /''' particle, 

and Z, is its charge. The symbol rij represents the distance between the centers of 

particles i and j. 

The above form of the Hamiltonian does not allow the analytical solution of the 

Schrodinger equation for multi-electron and/or multi-nuclei systems. However, use of 

the clamped-nuclei, or Born-Oppenheimer. approximation makes the full molecular 

problem tractable. 
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In the following Section 1.1, the clamped-nuclei approximation is reviewed. The 

clamped-nuclei approximation allows formulation of the concept of a Potential Energy 

Surface (PES) which describes the potential within which the constituent nuclei of 

a molecule move. The PES also introduces a topologj^- upon which the idea of an 

equilibrium geometry is based. Different coordinate systems can be utilized to express 

the PES. In Sections 1.2, 1.3, and 1.4 normal coordinate, molecule-fixed coordinate, 

and internal coordinate systems are reviewed in turn. The internal coordinate system 

provides the most compact frame within which to model vibrations theoretically. 

However, there is no unique definition of internal coordinates for a given molecule. 

Section 1.5 reviews Energy- Distribution analysis methods which allow for evaluation 

of the appropriateness of an internal coordinate selection. Chapter 2 covers how the 

kinetic energy is expressed in internal coordinates. 

1.1 Clamped-Nuclei Approximation 

The clamped-nuclei approximation refers to a stepwise method of calculating the 

complete energj- of a molecular system. This approximation treats the nuclear kinetic 

energ}- as being uncoupled from the electronic energ\- so that they may be calculated 

separately as the "T" and components of the total energ\-. Reference to work 

presented in a paper by Born and Oppenheimer^^ published in 1927 is widely believed 

to justify this approach. In the framework of the Born-Oppenheimer (BO) approxi

mation. the motions of the electrons and the nuclei are separated. The uncoupling of 

the nuclear kinetic energy from the electronic energy can be written symbolically as. 

H{r., R] = T{R) + H,i{r.R)., (1 .2)  
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where R denotes position of the nuclei, and r denotes position of electrons. The elec

tronic energy Hamiltonian in atomic units^^ is then written in a cartesian coordinate 

frame as: 

1 W M 1 M,N y ^77 

^ t ij>i ' V i,A ' A,B>A 

The separation is based on the smallness of the ratio of electronic mass (mg) to nuclear 

mass (•^) ̂  10"^. It is assumed that the nuclear potential depends only on 

nuclear position, and not on any momenta associated with nuclear motion. 

The main results of the original article by Born and Oppenheimer'"^ can be sum

marized as follows: 

1. The Schrodinger equation for the total molecular system can be substituted by 

an equation for the nuclei only. 

2. In the nuclear Schrodinger equation, the electrons give rise to an effective po

tential. 

3. The formula for the molecular energies can be expanded in k = as: 

E { k )  =  E o  +  K ' ' u i v  +  h  +  K ' ^ ! ^ ^  +  . . .  (1.4) 
2 rg 

The first term in the above equation represents the electronic energ}- calcu

lated in the clamped-nuclei approximation. The second term represents energy 

arising from harmonic vibration about the minimum tq of the effective poten

tial of the nuclei with frequency v. The third term represents energy from the 

rigid rotation of the molecular system with angular momentum C. In practical 

applications, very little use of the analytical apparatus presented in the paper 

by Born and Oppenheimer is actually made. .A.n approach to the separation of 

nuclear and electronic energies which offered more help in practical calculations 
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was published by Born and Huang^® in 1954. Their book is more generally 

accessible than the original paper by Born and Oppenheimer, and is usually 

assumed to supersede the older one. 

The separation of nuclear and electronic energies implies that the total wavefunc-

tion can be written as a product of nuclear and electronic wavefunctions: 

^tciaiir, R) = ̂ ivuc(/?)^e/(r; R). (1.5) 

The first factor describes the nuclear motion and the second factor shows 
that during the nuclear motion the electrons move as though the nuclei 
were fixed in their instantaneous positions. We say that the electrons fol
low the nuclear motion adiabatically. In an adiabatic motion, an electron 
does not make transitions from one state to others: instead, an electronic 
state itself is deformed progressively by the nuclear displacements ... thus 
we shall call the above approximation the adiabatic approximation. 

Born and Huang, Dynamical Theory of Crystal Lattices 

There is a distinction between the clamped-nuclei and the adiabatic Hamiltonian. 

though. The adiabatic Hamiltonian includes a term representing electronic-nuclear 

coupling, and wont lead to the same eigenvalues as the clamped-nuclei Hamiltonian. 

The electronic energy Hamiltonian. Hei{r: R), describes the potential within which 

the nuclei move. Its eigenvalues mapped onto a coordinate space of nuclear position 

describe a set of potential energv' surfaces (PES) associated with the ground and 

excited electronic energy states. For the ground states of all stable molecules, it 

is assumed that there exists a deep minimum on the PES at a particular nuclear 

configuration referred to as the equilibrium geometry. The equilibrium geometry 

defines the shape of the molecule. 

Anytime in which the spacings between electronic eigenvalues become comparable 

to the differences between nuclear energies, the adiabatic approximation becomes 
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invalid, and the nuclear kinetic energy operator then significantly couples electronic 

states. This can occur especially between degenerate, or near-degenerate electronic 

states. For simplicity, it will be assumed in this work that the adiabatic approximation 

is valid. 

The concept of an equilibrium geometry provided by the clamped-nuclei approx

imation can be utilized to re-build the expression for the nuclear motion energy. A 

mass-weighted cartesian nuclear displacement coordinate measuring distortion from 

the equilibrium geometry is defined as: 

where {aj are elements of a vector representing the equilibrium geometry. The 

potential energy can be expanded in a Taylor series in these ma.ss-\veighted cartesian 

displacement coordinates: 

The second term in the above equation represents the gradient of the PES. and is 

valued zero at the equilibrium geometry. 

The above Taylor series expansion can be truncated to second order which is 

equivalent to the harmonic approximation. By adjusting the lowest potential energy 

value to zero, the truncated Taylor series expansion becomes: 

The k is the hessian. or force constant, matrix in cartesian displacement coordinates 

with elements given by: 

Qi = - Qi)  =  (1.6) 

, ,  ^ ( d v \  c P v  \  

(1-8) 

dV dEet 
(1-9) 
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In a similar manner, the force constant matrix, k', in mass-weighted cartesian dis

placement coordinates can be defined as: 

S 
The k- and k'-matrices in general are not diagonal, and cannot be broken down into 

37V distinct and separate problems involving one coordinate each. This makes the 

quantum mechanical problem in terms of the {^j} difficult, even with the truncation 

of the Taylor series expansion to second-order, since the Schrodinger equation can 

only be readily solved if the kinetic and potential energies are written as a sum of 

separate terms, each a function of one coordinate. A different coordinate system can 

cause the Hamiltonian operator to take on a form more amenable to solution of the 

Schrodinger equation for the desired nuclear motion states. One of three different 

coordinate systems is typically used to study nuclear motion: 

1. normal coordinates which provide a frame for evaluation of harmonic vibrational 

frequencies: 

2. molecule-fixed coordinates which can be used to study rotational and vibrational 

energies: 

3. internal coordinates which enable study of only vibrational motion, and are the 

best choice for the evaluation of vibrations for which the harmonic approxima

tion fails. 

Normal, molecule-fixed, and internal coordinates are reviewed in the following Sec

tions 1.2, 1.3, and 1.4. 
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1.2 Normal Coordinates 

"Normal coordinates" were introduced by Wigner^® and Brester^^, and are defined 

as a cartesian frame in which the nuclear kinetic energy* and quadratic, harmonic oscil

lator potential energy assume diagonal form. Normal coordinates are determined by 

finding the unitary (or more accurately, the orthogonal) C matrix which diagonalizes 

the mass-weighted force constant matrix, k' 

A = = £A/-^kiVr^£ = £k'£. (1.11) 

The M is a diagonal matrix of atomic masses. The A is a diagonal 3iY by ZN matrix 

representing the harmonic force constants in the normal coordinate frame. The A 

has elements given by = qq%'q • Six of the A diagonal elements are zero, and 

represent motion associated with translations and overall rotations of the molecular 

skeleton. The remaining (3.V — 6) A diagonal elements are associated with molecular 

vibrations, and the a,- are the harmonic vibrational frequencies. 

The normal coordinates, represented by a column vector Q, are found by a rotation 

of the mass-weighted cartesian displacement coordinates, q: 

Q = £A-/^Aj = £q. (1.12) 

Six of the normal coordinates correspond to translations and rotations of the whole 

molecule, and correspond to eigenvalues of zero. The reason these eigenvalues are zero 

stems from the fact that the nuclear motion kinetic energ}^ operator in normal coordi

nates corresponds to vibrational motion only yet has ZN components: the eigenvectors 

of translation and rotation in the normal coordinate frame are dependent. The phys

ical interpretation of the eigenvalues of zero is that is takes no energy to translate, 

or rotate, a molecule in the normal coordinate frame if there is no external source of 

the potential. The remaining 3A' — 6 normal coordinates depict vibrational motion. 
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The classical energy expression with a quadratic potential in normal coordinates 

is: 
1 Zl^ 1 3A' 

E = = 2 E ef + 2 ̂  

In matrix notation, the energj'- is: 

£ = i^Q + iQAQ. (1.14) 

If vibrational amplitudes go beyond the region in which a second-order Taylor series is 

adequate, the expansion for the potential term, Vnormai, should be summed to higher 

orders: 

1 3;V , 3A- 1 3A' 
^•'normal = ̂ 'o + ^ Aj/Qf + 51 -^ijkQiQjQk + 77 '^ijklQiQjQkQl + ••• (1-15) 

' i,J,k i.j,k,l 

The operator expression for the Hamiltonian in normal coordinates becomes: 

1 9^ 
H ^ dQ'^ ^normal- (1-16) 

Xote the prime (') on the "normal" coordinate within the kinetic energ}- operator. Q f \  

the linear transformation from cartesian displacement coordinates given in equation 

(1.12) becomes inaccurate for the description of vibrations that access regions of 

the PES beyond where the harmonic approximation is valid. The Qf indicates a 

non-linear transformation from cartesian displacement coordinates, and represents 

something other than a normal coordinate. 

Normal coordinates are unknown until the hessian matrix has been diagonalized. 

and do not provide a frame in which molecular motion can be easily visualized. The 

normal-coordinate displacements can be referred to a set of cartesian coordinates, but. 

in general, the normal coordinates are not linear functions of cartesian coordinates. 

However, the normal coordinates can be defined as linear functions of the cartesian 

coordinates in a molecule-fixed coordinate frame. Molecule-fixed coordinates can also 

be used to depict overall rotational motion of a molecule. 
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1.3 Molecule-Fixed Coordinates 

Molecule-fixed coordinates utilize axis-embedding to create a form of the Hamil-

tonian in which the classical division of molecular energy into translation, rotation, 

vibration, and electronic contributions is more readily recognizable. A "molecule-

fixed" cartesian coordinate system which translates and rotates with the molecule is 

embedded into a "space-fixed" cartesian coordinate frame. The atom's position 

is denoted by Vi = {xi,yi,Zi) in the molecule-fixed cartesian coordinate system. It 

requires six coordinates to define the position and orientation of the molecule-fixed 

cartesian frame relative to the space-fixed frame: A vector of three components. 

R = [X.Y.Z), denotes the location of the orgin of the molecule-fixed frame in the 

space-fixed frame. Three Eulerian angles. {Ox-.dy.Qz)^ then are used to measure the 

angles between the respective axes of the tw'o coordinate systems and define the ori

entation of the molecule-fixed frame with respect to the space-fixed frame. Angular 

velocity is then given by u; = th® total kinetic energ}- is: 

2 r=A/R2  ^  

iV 
X Ti) • (io- X Tj) + 

i 

i 
A' 

2R • ^ rriiii 
i 

2R • Yi ^ii^' X Tj) + 
i 
A' 

X fi) . (1.17) 
i  

The first three terms correspond to translational, rotational, and vibrational energies, 

respectively. The last three terms denote contributions to the kinetic energy from the 
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coupling of translation, rotation, and vibration. Disregarding the translational motion 

of the molecule and utilizing the identity (A x B) • C = A • {B x C) results in the 

kinetic energy becoming; 

tV jv w 
27 = ̂  rriiiu} x Ti) • {u x rj) +  ̂  m j f ?  +  2 ̂  mi{uj x Ti) • r,- . (1-18) 

i i i 

A derivation of this form of the kinetic energy is supplied in Appendix A. 

The six extra coordinates used to define the position and orientation of the 

molecule-fixed cartesian frame relative to the space-fixed frame are eliminated by 

imposing six "conditions." Three of the conditions position the orgin of the molecule-

fixed frame at the center of mass (COM) of the molecule: 

jV A' iV 
Y, rriiXi = 0 , 51  ̂ = 0 • 

i  i  i  

The remaining three conditions establish the orientation of the molecule-fixed carte

sian frame in relation to the molecule itself. There are three choices for imposing 

these final three conditions: 

1. The molecule-fixed frame axes can be set to coincide with the principal moments 

of inertia. 

2. The molecule-fixed frame axes are made to satisfy the Eckart, or Sayvetz. con

ditions. 

3. The molecule-fixed frame axes are oriented with reference to three co-planar 

atoms of the molecule. 

The definitions of the first two types of molecule-fixed frames are discussed in the 

following sub-sections. 
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1.3.1 Principal Moments of Inertia Frame 

The moments of inertia for a rigid molecule can be arranged into a 3 x 3 matrix 

[i.e. a tensor of order 2). The moment of inertia tensor has elements defined by: 

/a/3 = - 53 . /aa = 53 + "/f) " 
t 1 

The cti, 3i, and 7, refer to x, y, or z values of atom i. The resultemt array, 

(1.20) 

1 = 

f I J / ^ ^ x x  ^ x y  * x z  

lyx lyy lyz 

\ ̂ zx ^zy ^zz / 

(1 .21)  

can be diagonalized by an orthogonal transformation to define the principal moments 

of inertia frame: UIU = IpA//- The original cartesian coordinates of the constituent 

atoms of the molecule are then rotated to the PMI frame: = r,-. The moment 

of inertia tensor in the PMI frame is represented by 

^ laa 0 0 

IpA// = 

\ 

0 Ibb 0 

0 0 /•„ 

(1.2-2) 

where the order in values is typically chosen to be laa < hb < 

The rotation to the PMI can be accomplished by an iterative technique such as 

the Jacobi method^®. Successive 2x2 rotations can also affect the rotation to the 

PMI. For example a blocked matrix can be defined that diagonalizes the first 2 x 2 

sub-block of the moment of inertia tensor: 

U' = 

' cose SIN0 0 ^ 

-SIN0 COSO 0 

0 0 1 

(1.23) 
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e = TAN"^ ( ) • (1.24) 
\Ixx ~ lyyj 

This would be followed by diagonalizations on other sub-blocks until the PMI condi

tions were met. 

The one perhaps significant problem with the use of the PMI coordinate frame for 

the modeling of vibrations is that large amplitude motions might cause the molecule 

to explore configurations very different from the equilibrium geometry, or change the 

relative ordering of its moments of inertia, or switch the orientation of the auxes. 

1.3.2 Eckart, or Sayvetz, Frame 

The Eckart^S or Sayvetz^"^, frame is chosen to help separate rotational and vibra

tional motion of the molecule. Three additional conditions are chosen to effect this 

separation: 
A" 

T j )  =  0  .  (1 .25)  
t 

The aj = (Qi,aj,,Cj)i is the equilibrium position vector of the i"' atom, and the 

Ti = (x. y. z)i is its displacement from the equilibrium position. These conditions 

ensure that 
S' 

X Tj )  =0  .  (1 .26)  
i  

The effectiveness of this criterion for minimizing rotation-vibration coupling is 

made clear by expanding their coupling term from Equation 1.18. The position of 

the nucleus is a sum of its equilibrium position and the displacement from it: 

Tj = Cj + di. Then = di, and by utilizing the identity [A x B) • C = A • {B x C) 

the rotation-vibration coupling term is written 

2 ̂  rriiiuj X n) • r, = 2u! ̂  m,(ri x rj = 2uj ̂  mi(a, x di] + 2 u !  ̂  mi{di x di) . (1.27) 
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The first term vanishes due to the Eckart conditions, and the coupling of rotation 

and vibration is therefore minimized, but not eliminated (See Appendix A for a 

derivation). The vibrational motions of nuclei create angular momentum that couples 

with the overall rotational angular momentum. In fact, 

... the general problem of separation and characterization of the overall 
rotation in any iV-body system is eimong the few still unsolved problems 
of classical [and quantum] mechanics. 

Jellinek^^ 

The Eckart frame is found by finding the rotation that symmetrizes the (3 x 3) A 

matrix whose elements are given by: 

jV 
•-lij = ^kiak)i{rk]j • (1-28) 

k 

The effectiveness of a symmetric A matrix in satisfying the Eckart conditions can be 

seen by expanding one term of the above cross-product: 

O i 

= iiayi\ - a,ry) - jioxr, - a^ri) + kioxVy - ayV^^) : (1.29) Oil U l y  U u  

\  rix  r i y  r i ,  J  

if the A matrix is symmetric, then for example Gj,rj = (a, x r,) =0, and the 

Eckart conditions are met. 

The symmetrization of the A matrix can most easily be accomplished by applying 

a Jacobi-like Singular Value Decomposition (S\''D) method"® in which the rotation is 

defined by: UAR = >/D where both U and R are orthogonal matrices. Successive 

2x2 rotations of the Jacobi-like S\'D method ensure that a solution will be found 

even if the determinant of A is zero. The values for the blocked U and R matrices 
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are given by 

Un = COS01 Rn = COS^a 

Ui2 = -SIN01 Ri2 = -SIN^2 
(1.30) 

t/21 = SIN^i R21 = SIN^2 

U22 — COS^i R22 — 008^2 

The two 9 angles are found by solution of the following two simultaneous equations: 

(0^ + 02) = TAN-^4^2±^ , _ 02) = . (1.31) 
Al l  — A22 -^11  +  A22 

A matrix defined by T = RU is used to rotate the original position vector of each 

atom: T = r,. 

The historical significance of referencing the equilibrium geometry in the Hamil-

tonian should be emphasized here. For decades, spectroscopists regarded nuclear 

motion in terms of small displacements from a vibrationalh'-averaged, or equilibrium, 

geometry structure. In 1935, Eckart formulated a ro-vibrational Hamiltonian'^' based 

on this premise. Eckart developed a coordinate system for non-linear molecules based 

on molecule-fixed axes designed to reduce the coupling terms in the expression for the 

kinetic energy-. In 1939 Sayvetz^^ generalized the theory to apply to molecules of all 

geometries. Subsequent extensions of this methodology^"'"^® have been useful in mod

eling and interpreting molecular spectra. The success of the method in variational 

calculations and in perturbative treatments^"* on diatomic and triatomic systems has 

resulted in its entrenchment. Unfortunately, molecule-fixed cartesian coordinates are 

not the best choice for depicting vibrational motions in which the harmonic approxi

mation is invalid. Internal coordinate systems constitute a better choice for modeling 

low-frequency large-amplitude and/or anharmonic molecular vibrations. 
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1.4 Internal Coordinates 

Normal and Eckart-frame coordinates are rectilinear -the axes are straight lines, 

and the base vectors are orthonormal. They are useful only in modeling small am

plitude vibrations in which the nuclei move little from their equilibrium positions. In 

such situations, straight lines well describe the motion of the nuclei during vibration. 

However, for larger amplitudes of vibration, curvilinear coordinates better describe 

the molecular skeleton's distortion. The internal coordinates provide the most phys

ically meaningful set of coordinates for the description of the potential energy. They 

refer to a system of ZN — 6 coordinates for an N atom molecule which define the 

relative positions of the nuclei^"*, and typically consist of: 

1. bond lengths, 

2. bond angles. 

3. torsion angles, and 

4. out-of-plane angles. 

The internal coordinates are characteristic of the molecule, and represent parameters 

directly related to its structure. These three types of internal coordinates can also 

be defined between atoms and "dummy atoms" (a dummy atom refers to a nucleus 

center with no mass, or charge, that is utilized as a reference point). Additionally, 

the variable values of the internal coordinates can occur multiple times. This allows 

for descriptions of collective motion of the atoms of a molecule with only these three 

types of internal coordinates. The internal coordinates also happen to be curvilinear 

coordinates -the intersection of constant surfaces form curves- and the base vectors 

are not orthonormal. 
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In the limit of infinitesimal changes in nuclear position, the internal coordinates, 

s = (si, S2,..., ssN-e)^! have a linear relationship to the cartesian coordinates, x = 

( x i , X 2 , . . . . a n d  t o  t h e  n o r m a l  c o o r d i n a t e s ,  Q  =  ( Q i , Q 2 , . . . , Q z n V ' -

d s  =  B d x ,  (1.32) 

ds = LdQ. (1.33) 

The B is a 3N — 6 by 3N matrix with elements given by Bij = and the L 

is a ZN - 6 by 3iV matrix with elements given by Lij — For small amplitude 

vibrations, the classical kinetic energj' can be written as^'^: 

2T = 4q = iMx=iB-^MB~^s = iG-4 , (1.34) 

where 

G"'= B-^MB-^ orG = BM-^B . (1.35) 

In general and specifically for low frequency, large amplitude vibrations, the in

ternal coordinates are non-linear functions of the cartesian displacement coordinates. 

The {sj} can be expanded in a Taylor series in terms of {x,} from a reference molec

ular configuration defined by s = 0: 

3.\ J 3.V ^ 3A' 

Sf — ^ " BirXj- -|- — ^ ' B^fBigXyXg -I" ^ ' Bij-BjgBitlrXgXt, -|- ... / = 1,..., 3A 6 . 
r r,s r,5,/ 

(1.36) 

The {5,} are therefore non-linear functions of the normal coordinates as well; 

3A' 2 3A' 2 3A* 

S i  =  ̂  Li rQr  + ̂  ^ i r ^ i s Q r Q s  "I" ^ ̂  Li rL igLuQrQsQt  + • . • / = 1 3iV — 6 . 
r r.s r.s.t 

(1.37) 

The Taylor expansion for the potential energy in terms of the curvilinear internal 

coordinates is given as: 

^ 3iV-6 2 3jV-6 2 3A-6 

^ val ~ ^ 0 ^ ^ ^ "f" "I" "Tj ••• (1.38) 
i , j  i .J .k  i , j ,k . l  
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For a comparably accurate depiction of the potential in cartesian, or normal coordi

nates, the Taylor expansion is necessarily much longer since the {sj} are non-linear 

functions of the Also, the inaccuracy of the linear transformation of Equations 

1.31 and 1.32 complicates the kinetic energy operator. For those molecules whose PES 

contains multiple minima, the use of cartesian displacement, or normal, coordinates 

which reference a single equilibrium geometry for expansion of the potential energy 

operator is untenable. Internal coordinates allow the potential energy function to be 

written in compact form even in those circumstances of multiple minima on the PES. 

During large amplitude vibrations, the molecular skeleton significantly alters its 

shape. The B matrix, which linearly relates the infinitesimal displacements of carte

sian coordinates to internal coordinates, changes value throughout the vibrational 

motion of the molecule. The B matrix, and hence the G matrix, are therefore arrays 

of functions for large amplitude vibrations. There are several methods in which the 

functional form of the B and or G matrices can be evaluated. These methods are 

discussed in more detail in the next chapter. 

1.5 Choice of Internal Coordinates 

Internal coordinates eire a natural choice for use in describing the distortion of the 

molecular skeleton during vibration. However, there is no unique definition for them 

since the number of internal coordinates needed to describe the relative positions 

of the atoms is less than 3iV. .A. criterion can be made to select a set of internal 

coordinates. The goal being to define the set of internal coordinates such that a 

change in one of their values results in a distortion of the molecular skeleton as 

would be caused by a normal mode vibration. Beyond physical intuition, there is 
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no a priori method to guide this choice of internal coordinates. However, there are 

three o posteriori methods of checking the validity of a particular choice of internal 

coordinates: 

• Potential Energy Distribution"^^ (PED), 

• Kinetic Energy Distribution'^^ (KED), 

• Total Energy- Distribution'^'^ (TED). 

These methods arose out of a desire to improve upon an older method of classifying 

IR spectral signals as arising from stretching, bending, etc., based on their wavenum-

bers according to empirical rules'^^ .\\\ three of these methods examine the normal 

mode vibrational energ\- as expressed in the set of defined internal coordinates. The 

results of a PED, KED, or TED analysis reflect how the curvature of the potential 

energy- surface around the equilibrium geometry in the normal coordinate frame is 

transformed to the internal coordinate frame. It should be mentioned that for large 

amplitude vibrations, regions of the PES much further from the equilibrium geome

try are sampled. In such a case, the energy distribution analysis may then no longer 

be accurate. The accuracy in describing the distortion of a vibration may well be 

specified by one internal coordinate around the equilibrium geometry. However, the 

contributions from other internal coordinates may be significant when the molecular 

skeleton is displaced far from the equilibrium geometry. 

The classical potential and kinetic energies for the normal modes of vibration in 

normal coordinates can be recast into internal coordinates: 

1 3 A' 1 1 3 A*—6 I 
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1 3Af _ •, ZIV-6 -1 , 

^ ^ ^ -J 

The Kij and G~/ are the force constant and mass (also a constant for normal modes 

of vibration) associated with internal coordinates Sj and Sj, respectively. The K and 

G matrices have elements given by Kij = and G~' = Eq 

Potential Energy Distribution (PEP) 

The A,i can be considered as a measure of the potential energj^- for a unit displace

ment of the Qi normal coordinate. Each of the A,i is calculated from the diagonal-

ization of the force constant matrix, k or k', and is given by; 

3'V K 3,V 
= Y. = Y. CjiCkik'jk , A = £k £ . (1.41) 

j ,k  mjm^ j,k  

The sub-block of the A matrix that refers to \ibrational energies can also be deter

mined by diagonalization of the force constant matrix expressed in internal coordi

nates: 
3 A'—6 

.\„ = Y ^jiLkiKjk: A = LKL. (1.42) 
j^k  

Dividing this equation by yields: 

3 \' 0 

1 = Y LjiLkiKjk/\ii . (1.43) 
J.k  

A PED matrix can be defined with elements given by: 

3;V-6 
PED,, = Y LjiLkiKj,/Au , (1.44) 

k 

SO that the sum of the j''' row is 1. 

The PED matrix is interpreted row by row. If the element of the row is 

the largest valued, the distortion involved in the Q, normal mode vibration is then 

classified by the corresponding Si internal coordinate. The Qi would be defined as a 
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stretching mode if s, was a bond length, or as a bending mode if Sj was a bond angle, 

etc. 

Kinetic Energy Distribution (KED) 

The distribution of kinetic energy among a defined set of internal coordinates for a 

normal mode vibration is dependent on the elements of the G~' matrix. The kinetic 

energ}' matrix for the Qa's is LG = I, where I is the identity matrix. The mass 

for Qfc is 1 = LikLjkG'j^. The quantities Li^LjkGjj indicate the distribution 

of kinetic energ}' when Qk is excited. A KED matrix can be defined with elements 

given by: 
3/V-6 

KED,, = LjiLkiG-;^ . (1.45) 
k 

The KED matrix is interpreted analogously to the PED matrix. 

Total Energy Distribution (TED) 

The TED matrix is simply a sum of the PED and KED matrices. 

The sum of a row of PED, KED, or TED equals 1. However, it is incorrect 

to interpret these matrices' elements as measuring the fractional contribution of the 

internal coordinates in describing the distortion involved in a normal mode vibration 

because the L matrix elements are not invariant to the units used for the internal 

coordinates. The scale of the units of the different types of internal coordinates leads 

to spurious ''fractions." 

The TED provides a more complete fundamental basis for the classification of 

normal modes of vibration that do the PED, or KED. However, all three methods 

have been shown to yield the same qualitative results"'^. 
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Chapter 2 

Methodology 

t 

Molecular vibrational distortions, particularly those of large-amplitude vibrations, 

are best described with the use of internal coordinates. Internal coordinates greatly fa

cilitate the rendering of the Potential Energy- Surface. The Taylor expansion in inter

nal coordinates is much shorter than is a comparably accurate depiction in cartesian, 

or normal, coordinates, and the depiction of a PES with multiple minima is feasi

ble. However, the kinetic energy operator takes on a more complicated form since 

the internal coordinates are curvilinear. The following Section 2.1 covers how the 

Hamiltonian operator is transformed into curvilinear coordinates. Sections 2.2 and 

2.3 discuss reduction of the dimension of the Hamiltonian to reflect ro-vibrational 

and vibrational energies, respectively. The transformation of the kinetic energ}- oper

ator part of the Hamiltonian into curvilinear coordinates requires the calculation of 

matrix quantities relating distances in the different coordinate systems. Sections 2.4, 

2.5, and 2.6 review the methodology- of analytically and numerically determining the 

matrix quantities that appear in the kinetic energ}' operator as expressed in internal 

coordinates. 
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2.1 Conversion of the Hamiltonian Operator 

The nuclear motion Schrodinger equation for an N atom molecule in cartesian 

coordinates, (ri,r2, = (xi,Z2) is given by 

The squared momentum operator within the kinetic energy expression is represented 

in terms of the cartesian coordinates. The potential energy- can readily be expressed in 

terms of internal coordinates once an appropriate system has been defined. However, 

the differential form of the kinetic energy- operator is not as easily transformed into 

internal coordinates. 

There are essentially three methods of transforming, or deriving, the form of the 

kinetic energy operator from the cartesian coordinate frame to another coordinate 

system. Two methods utilize either tensor analysis, or the chain-rule to directly 

convert the Laplacian operator of the kinetic energj-. The third method converts 

the momenta operator in order to satisfy the commutation relation. [u/,p/] = ih: the 

momenta operator in the position representation is created by differentiation with 

respect to its conjugate position operator, pi —> These three methods are 

not equivalent when transforming into a non-rectilinear coordinate system. This last 

method of converting the expression of kinetic energy to include momenta followed 

by a conversion to operator form is not reliable for curvilinear coordinate systems^"^. 

The form of the kinetic energy operator takes on a much more complicated form in 

internal coordinates. In 1939. Podolsky^® utilized methods of tensor analysis to find 

the form of the kinetic energ>' operator in general curvilinear coordinates. Podolsky's 

paper supplied neither derivation nor proof. {A derivation of the above formula 

(2.1) 

by the Laplacian, Vf = ^ . The Vx is the potential energj' expressed 
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is provided in Appendix B). In general, the form of the Hamiltonian in another 

coordinate system, (ui,u2, ...,^3;^)^. is 

1 ZN Ci / ZN ft \ 

The V'u is the potential energy expressed in terms of the u coordinates. In the above 

expression g is the determinant of a matrix whose elements axe defined as Qij, 

' ' d u i '  d u j  ' ^  

and is the Jacobian of the cartesian coordinates with respect to the {tij} coordi

nates. 

The g matrix is referred to as the metric tensor^^, and preserves the arc length 

between coordinate systems: dx^ = dr • dr = g du^. The elements, gtj, are covariant 

components of the metric tensor, consequently, the g is also referred to as the covari

ant metric tensor. In a rectangular coordinate system, Qij = dij, but the g matrix is 

dense in a curvilinear coordinate system. The g'^ is referred to as the contravariant 

metric tensor, and has elements defined as 

s" = t —^ ^ • (2.4) 
^ rria OTa OTa 

The units of are proportional to ( m a s s ) ,  and the units of are proportional 

to (mass''). The g matrix is equivalent to the G~' matrix introduced in the last 

Chapter, and the contravariant metric tensor is equivalent to the G matrix. The 

notation of Wilson^'', which utilizes the uppercase "G'\ has superseded the usual 

denotation for the co- and contra-variant metric tensors within the chemical literature. 

In the remainder of this dissertation, the two notations will be used interchangeably. 

The normalization condition for the wavefunction expressed in terms of the u 

coordinates. 'I'u, is 

/  J J  ^ U i d u 2 - - - d u z ^ - =  1  .  (2.5) 
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The two normalized wavefunctions are related to each other as = g~7^u- Sub

stitution of g~<^u for iJi (1) and multiplication from the left by g"*"^ yields the 

following form of the nuclear motion Schrodinger equation"'^: 

LT T ^  ^ a - ^ T  T '  T  

-I |(k - 5^)(s; -
The I g I represents the determinant of the g matrix. 

2.2 Ro-Vibrational Energy 

The nuclear energ\- of a molecule includes translational, rotational, and vibra

tional components. However, the translational energy' of a molecular system is con

tinuous. The corresponding eigenfunctions are not square integrable, which renders 

the Schrodinger equation unsolvable. Ro-vibrational energj' states can be solved for 

once the dimension of the problem is reduced by three degrees of freedom in the 

elimination of translational motion. 

The reduction of the ZN number of degrees of freedom introduces constraints to 

the system. Imposition of constraints needs to be carefully considered. The con

straints should be introduced into the classical Lagrangian expression for energy be

fore transforming to the Hamiltonian form. The reason for this is to avoid affecting the 

definitions of the conjugate unconstrained momenta. .A. constraint introduced into the 

Lagrangian form of energy is termed holonomic because it is a geometrical constraint. 

-A. constraint introduced into the classical Hamiltonian form of energy represents a 

non-holonomic constraint. Altering the number of constraints in the Hamiltonian 
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form of the energy changes the definitions of the remaining unconstrained coordi

nates, and changes how the system behaves. A holonomic system will return to its 

original system position upon reversal of its movements, but a non-holonomic system 

will not. That is, the system outcome for a non-holonomic system is path-dependent. 

Also, holonomic kinematics can be expressed in terms of algebraic relationships while 

non-holonomic kinematics are expressible by differential relationships only. Intro

ducing non-holonomic constraints into a system profoundly affects how the system 

moves. 

The introduction of holonomic constraints such that the number of new coor

dinates no longer equals the ZN number of cartesian coordinates occurs by, and 

is reflected in, a contraction of the metric tensor. The resultant form of the con

strained system's Hamiltonian utilizes the contracted metric tensor directly. Elim

ination of the three degrees of freedom corresponding to translational motion is 

accomplished by transforming to another 3:V — 3 dimensioned coordinate system, 

(ui, u-2, i/3,..., U3A-_3)^. The most straightforward way of accomplishing this is to use 

a  molecu le - f ixed  ca r t e s i an  coord ina te  f r ame  tha t  t r ans la t e s  wi th ,  o r  co inc ides  to .  t he  

center-of-mass of the molecule in combination with an internal coordinate system. 

Three of the {uj} coordinates refer to moments of inertia, and the remaining 3.V — 6 

degrees of freedom are internal coordinates. The following form of the Hamiltonian 

operator results from this transformation; 

The energies of this Hamiltonian correspond to ro-vibrational motion. Finding the 

elements of the contracted g matrix is simplified if the matrix is blocked into the 
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g = (2.8) 

following form^^: 

' I X 

X Y 

I is the 3x3 instantaneous inertial tensor referenced to a molecule-fixed cartesian 

coordinate frame. X is a 3 x ZN — 6 matrix with elements defined as: 

N  

X i j  — y  ' TTIq r„ X 
dTg 

d s j  
(2.9) 

Y is a (3iV — 6 X ZN - 6) matrix with elements defined analogously to the general 

form of the g matrix: 

The {sj are elements of a 3N — 6 column vector of internal coordinates. 

2.3 Vibrational Energy 

If only vibrational eigenvalues are sought, the dimension of the problem can be 

reduced by six upon elimination of the rotational and translational degrees of freedom. 

This reduction requires the assumption that the coupling between the rotational 

and vibrational motions is negligible. Elimination of the three degrees of freedom 

associated with overall rotation precludes the possibility of the coupling of vibrational 

angular momenta: angular momenta generated by one vibrational motion cannot 

transfer kinetic energy- to another vibrational mode by their respective coupling to 

overall rotational angular momenta. It is assumed that since in the vibrational angular 

momenta will be smallest in the low-lying states, the coupling of vibrational angular 

momenta will be small as well. 

Internal coordinates are a natural choice for describing molecular vibrational 

motion since only (3^V — 6) of them are needed to define the relative positions of 
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the N atoms. If an internal coordinate system is denoted by the column vector 

(si,S2,SsN-sV, the vibrational Hamiltonian becomes: 

Eigenvalues of this vibrational energ>' Hamiltonian will not include effects of rotation-

vibration coupling. The dimension of the g matrLx is now (ZN — 6 x 3N — 6) with 

elements given by: 

The term denoted by V arises from the dependence of the g matrix on the internal 

coordinates and has been called the "'psuedo-potentiar because some of its terms 

resemble the potential energy function: 

1 d ,,a(ln| g I) _ 1 d{\n\ g |) 1 g(ln| g |) ,.,a(ln| g |)" 

4^5, dsj 4 dSi ^ dsi 16 5s, ^ dSj 

3 A - 6  

ij 
(2.13) 

The above equation for V differs from previously reported expressions"*^''^® by a factor 

of —I for the coefficient of the third term. The psuedo-potential, is slowly 

varying, and has been shown to be negligibly small"*®. 

In the limit of infinitesimal motion from a reference geometry, the metric tensor 

elements are constant valued. However, some vibrational modes create motion of the 

molecular skeleton resulting in significant movement of the constituent atoms. The 

elements of the covariant and contravariant metric tensors therefore have a functional 

dependence on the coordinates defining the atomic positions within the molecular 

skeleton. In general, the dependence of the and gij values on the Sk vibrational 

coordinate can be quite accurately fit to a polynomial expansion, or Fourier series: 

9'^ = Y. ^k- 9ij = H Cl'-' s[. or 
/=0 1=0 
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Y i A Y C Q S { l s k ) +  B i ' S l N { l s k )  
L/=0 

9ij = Y,A'i^COS{lsk) + B'i^S\N{lsk) 
L/=0 

(2.14) 

The and axe linear coefficients. The functional dependence of the matrix 

elements can be found by analytical, or numerical means. Sections 2.4, 2.5, and 2.6 

review the methodology of analytically and numerically determining the contravariant 

and covariant matrices that appear in the kinetic energy operator as expressed in 

internal coordinates. 

2.4 Analytical Evaluation of the G Matrix 

.•Analytical determination of the contravariant metric tensor, G, is typically achieved 

by calculating the B matrix from which it can be derived: 

G = BM-^B . 

Recall that the elements of B are given by B,j = Analytical determination of 

the necessary derivatives is straightforward if the expression of the internal coordi

nates in terms of the cartesian coordinates is known. For large molecules undergo

ing large amplitude vibrational distortion, the complicated interdependence of the 

atom's positions relative to each other precludes the determination of accurate ex

plicit transformation formulae. .Approximation schemes can be employed to enable 

the determination of explicit formulae. 

-Assuming that all vibrational motion is limited to infinitesimally small displace

ments greatly simplifies the task of finding explicit transformations since the G matrix 

elements are constant valued. Wilson"^'' used this simplification in the development 

of the "s-vector" method which incorporates vector diagrams to model the atomic 



55 

displacements that occur during molecular vibrations. He further employed the strat

egy of dividing the molecule into subsystems to circumvent the need to derive new 

formulae for every new molecule studied. The molecule is regarded as a collection of 

subunits for which explicit formula are known. Four types of internal coordinates are 

utilized by Wilson: 

1. a bond stretching coordinate defined as the variation of the length of a chemical 

bond: 

2. an in-plane bending coordinate defined as the variation of the angle between 

two chemical bonds having one atom in common: 

3. a torsion coordinate defined as the variation in the dihedral angle between the 

planes determined by three consecutive bonds connecting four atoms: 

4. and an out-of-plane bending coordinate defined as the variation of the angle 

between the plane encompassing two bonds with one atom in common and a 

third bond connected to the common atom. 

As defined by Wilson, changes in these types of internal coordinates result in alter

ation only in the positions of the atoms between which the coordinates are defined. 

For example, a change in a bond angle would result only in the displacement of the 

three atoms between which the angle is defined. No effect on the positions of the 

other atoms of the molecule occurs in the model. Wilson's formulae for B matrix 

elements have been published^^-^®. These formulae are utilized in the next Chapter 

within a computer program to determine Wilson's G matrix for comparison to other 

values. 

\\'ilson"s G matrix is valid when the full vibrational problem is examined. The 

resultant [(3.V — 6 x 3N — 6)] dimensioned G matrix contains information about all 
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of the molecular distortions that comprise normal mode vibrations. However, any 

reduction of the dimension of a vibrational problem to less than {3N — 6) would 

possibly result in the elimination of necessary internal coordinate definitions needed 

to describe vibrational distortions of the molecular skeleton. Additionally, many 

vibrational motions of interest are not readily represented by the limited definition of 

these internal coordinates. In particular, vibrational modes which involve collective 

movement of groups of atoms -such as internal rotation- are not accurately depicted. 

Wilson assumed that vibrational amplitudes are small, so the calculated elements 

of G are constant. However, the G matrix elements corresponding to large ampli

tude motions vary in value with the internal coordinate. The functional form of the 

<7'-' elements can be found by determining the value of the G matrix for a variety 

of molecular configurations pertaining to different locations on the potential energy 

surface: a least-squares fit to a polynomial, or Fourier, expansion can then be made. 

Perhaps the most conceptually significant contribution of Wilson's s-vector method 

is the utilization of vector diagrams to model the molecular distortion that occurs with 

vibration. This has been extended by several researchers to the study of large ampli

tude vibrations where additional internal coordinates that allow collective movement 

of groups of atoms were defined for each molecule studied"^®'®^'"*®. The constraint of 

frozen bond stretching, bending, etc., is imposed on the geometrj- of groups of atoms 

within the molecule to simplify the derivation. These methods all neglect variations 

in the other internal coordinates which will all contribute to the final value of each 

g^-'. Simplifications incorporated to allow derivation of explicit transformation formu

lae for large molecules undergoing large amplitude vibrations will necessarily provide 

inaccurate G matrix elements values. .-Mso, if the dimension of the vibrational prob

lem is to be reduced, it becomes necessary to invert the G matrix before introducing 
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constraints and then re-invert the reduced dimension G~^ matrix: this movement 

of floating-point values within a computer program will always produce additional 

inaccuracy. 

2.5 Numerical Evaluation of the G~^ Matrix 

Determination of the covariant metric tensor, G~^ or g. as a means of determining 

the kinetic energy operator was historically viewed as an unnecessarily difficult task 

due to the need to invert it to get the G matrix'^^-^°. However, finding cartesian 

coordinates for a molecule from a defined set of internal coordinates, {s,}, is more 

easily accomplished than determining the reverse relation; therefore the derivatives 

that occur in the expressions of the G~' matrix elements can be more readily obtained 

than those that occur in the G matrix. Additionally, the g. or G~', matrix appears 

in the Lagrangian form of the nuclear motion energy, and a reduction in the (3A' - 6) 

degrees of freedom without introducing non-holonomic constraints is accomplished by 

its contraction; this would be done by eliminating rows and columns of the g matrix 

corresponding to those coordinates being eliminated. Calculating the B~^ matrix 

allows the G~' matrix to be determined from G~' = Recall that 

and that the elements of are given by = |^. 

A molecule's structure can be defined by utilizing three types of Internal coordi

nates describing the relative positions of the constituent atoms: 

1. bond length defined as the distance between two atomic centers: 
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2. bond angle defined as the angle between two chemical bonds having one atom 

in common; 

3. dihedral angle defined as the angle between the planes determined by three 

consecutive bonds connecting four atoms. 

These three types of internal coordinates can also be defined between atoms and 

"dummy atoms" (a dummy atom refers to a center with no mass, or charge, that 

is utilized as a reference point). Additionally, the variable values of the internal 

coordinates can occur multiple times. This allows for descriptions of collective motion 

of the atoms of a molecule with only these three types of internal coordinates. Dummy 

atoms and redundant veiriables can also be used when utilizing Wilson's B matrix 

formulae. However, the vector sum of the individual motions of the Wilson-type 

coordinates is not the same distortion as that caused by collective movement of atoms 

resulting from simultaneous change in the variable value. 

Once the values for the internal coordinates are given for a defined molecule, 

cartesian coordinates can be found by aligning the orgin and axes in reference to 

the first three atoms, then by using geometrical relationships to locate the remaining 

atoms in the oriented cartesian frame. Molecule-fixed cartesian coordinates are then 

achieved by moving the orgin so that it coincides with the center-of-mass, and by 

allowing its axes to rotate with the molecule. The alignment of the molecule-fixed 

frame axes can be made to correspond with the Principal Moments of Inertia, or 

to satisfy the Eckart conditions. The PMI frame would be the most appropriate 

choice for examining ro-vibrational energies since the moment of inertia tensor I is 

then diagonal. The Eckart frame is the better choice for determining states within the 

vibrational energ}- manifold since the coupling of rotation and vibration is minimized. 

Once the molecule-fixed cartesian frame is chosen, the elements of the column 
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of the B ^ matrix are found in the following way: 

1. The defined internal coordinates, (5i,S2,..., are used to find a refer

ence cartesian coordinates, (2:1,0:2,..., in a center-of-mass frame: 

2. the internal coordinate's value is changed by a small amount, Asj: 

3. the new internal coordinates, (si,S2,. . . S j  +  A s j  . . . . a r e  u s e d  t o  f i n d  

new cartesian coordinates in an Eckart, PMI, or other frame, (j',. .4,.... x'3_v)^: 

4. the column's element is then, 

B - i , 2 1 5 ,  
- as, As, • 

This prescription for the numerical determination of the B~' matri.\ has been imple

mented into a computer algorithm. 

It should be mentioned that the above algorithm for determining B matrix ele

ments does not fully take into account the interdependence of the internal coordinates 

with each other. This is not a concern when the full (3N — 6) dimensional vibration 

problem is addressed because the presence of all of the coordinate definitions will 

allow accurate depiction of the vibrational motion. However, when the dimension of 

the vibrational problem is reduced, the interdependence of the internal coordinates 

might be significant -particularly in those vibrational modes leading to chemical bond 

breaking, or making. .Altering the value of one internal coordinate. Sj. without al

lowing the other (3A' - 7) coordinates to relax results in a molecular structure that 

is stepped away from the location on the PES associated with it. .An alternative 

method for determining the column of the B~' matrix would allow rela.xation of 

the other (3iV —7) internal coordinates during an optimization of electronic energy for 
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a molecular structure where the one internal coordinate is slightly changed in value, 

Sj + Asj. 

1. The defined internal coordinates, (5i, S2,..., Saw-e)^! are used to find a refer

ence cartesian coordinates, (xi,x2,.• in a center-of-mass frame; 

2. the internal coordinate's value is changed by a small amount, Asj, and con

strained while the other i3N~7) coordinates are releixed during an optimization 

of the electronic energy: 

3. the new internal coordinates from the electronic energ}- calculation, (s'l, Sj,... 

Asj..., S3yv-_g)^, are used to find new cartesian coordinates in an Eckart, PMI, 

or other frame, (xj. x^, - •., y)^: 

4. the column's element is then, 

This algorithm will be regarded as producing "relaxed" g matrix values while the 

previous algorithm will be referred to as producing "unrelaxed" values. The disad

vantage of this relaxed procedure is that the points on the PES must be calculated in 

pairs for a one-dimensional model, or in multiplicate for a multidimensional model: 

this can significantly increase the cost and time for the study of a large-amplitude 

vibrational motion. 

It should also be mentioned that these numerical methods for determining the g. 

or G~', matrix take advantage of how the nuclei move relative to each other on the 

potential energ\- surface (PES) -the relaxed method more so than the unrelaxed. The 

analytical form of the PES in any coordinate system can be found by performing a 

least-squares fit to a set of calculated electronic energ}- points. The PES can also be 
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found by fitting a perturbative expansions coefficients to a set of empirically derived 

parameters. The electronic energy points can be found by ab initio, or semi-empirical 

calculations. A grid of points is found by constraining one or more coordinates for the 

calculations, and allowing the remmning coordinates to relax during the optimization 

of the electronic energy. Knowing the PES allows the structure of the molecule 

to be known during the entire distortion its skeleton endures with large amplitude 

vibrations. Utilizing this information in the evaluation of the B"' matrix comprises 

an advantage over analytical methods of finding the B matrix since no rigidity within 

groups of atoms within the molecule are imposed. However, it must be conceded that 

numerical inaccuracy always results in estimation of differential quantities. 

2.6 Effective Vibrational G~^ Matrix Values 

Another method has been established"^^ to evaluate the diagonal elements of the 

(3iV — 6 X 3.V — 6) dimensioned G~S or g, matrix associated with the vibrational 

motion of an .V atom molecule. This method, which will be referred to as the "ef

fective" method, utilizes normal mode frequencies and the curvature of the potential 

energy surface (PES) as expressed in internal coordinates. 

Each vibrational mode studied is considered uncoupled from all other nuclear mo

tions. The large amplitude vibration is modeled in one dimension by an appropriate 

internal coordinate, s. PES points are found by constraining the vibrational coordi

nate to a value, s,, and simultaneously relaxing the other 3iV — 7 internal coordinates' 

values in an optimization of electronic energ}\ At these same points, normal mode 

frequencies are calculated. The mass associated with the s internal coordinate at the 

s^ location on the PES is found from the solution of the equation for the classical 
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harmonic oscillator: 

d^x k 1 
Force = ma = = —kx x-= A SIN[(—)2i] = A SIN'(27ri/t). 

at^ m 

For a large amplitude vibration, the associated mass as modeled by the internal 

coordinate s and the model potential Vg is given by: 

The value for k is approximated by Ksg which is the force constant for the 5''' internal 

coordinate. Kss = U • The u is the normal mode frequency determined at a point 

along the Ij curve. 

There are problems with determining the mass value of a vibration by correlat

ing the potential energy as modeled by with the normal mode frequency. Normal 

mode frequencies and distortions are defined for infinitesimal atomic movements from 

a reference geometry, and the curvature of the PES is reflected in their values. For 

a PES of constant curvature, the normal modes will be everywhere the same. How

ever, if the curvature along the 11 potential energy- curve is not constant, neither 

will be the normal mode frequency, nor the associated distortions. The PED values 

may therefore also change along the Vg curve indicating an alteration in how much 

the s coordinate describes the normal mode distortion. The effective method depicts 

normal mode distortion by variation in only the one coordinate, s. However, other 

internal coordinates may also be needed to completely describe normal mode distor

tions. Additionally, the contribution of an internal coordinate to the description of 

the normal mode may change along the \ j curve. Since the masses calculated in this 

manner reflect values for normal modes as interpreted, or modeled, by the s coordi

nate, any inaccuracy in either the least-squares fit to create Ij, or in the electronic 

energ\- values themselves will be magnified by the differential quantities within the 
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Ksa and u terms that appear in the above equation for the Qsh. Accuracy can be 

improved by calculating more energy points for the least-squares fit of the curve, 

which ensures that the selected internal coordinate, s, retains an equal contribution 

of everj* normal mode analysis performed along the V3, and by treating electron cor

relation appropriately over the portion of the PES modeled. The shortcomings of the 

effective method are outlined in the excimple calculations of the next chapter in which 

the six methods of determining g matrix quantities are compared. 
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Chapter 3 

Example Calculations 

In the previous chapter, six different methods of determining g matrix values were 

presented: 

1. Wilson's analytical method: 

2. a numerical method with the Eckart frame as the reference: 

• unrelcLxed internal coordinates 

• relaxed internal coordinates 

3. a numerical method with the PMI frame as the reference; 

• unrelaxed internal coordinates 

• relaxed internal coordinates 

4. and the effective method. 

To illustrate the similarities and differences among these six methods, the bending 

vibration of H2O, the inversion vibration of NH3, and the internal rotation vibra
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tion of CH3NH2 are examined in the following three sections. For each of the three 

molecules, a single internal coordinate parameterizes the vibrational motion. An ab 

initio potential energy curve is then determined by a least squares fit to a set of cal

culated electronic energies in which the the single internal coordinate is constrained 

while the other internal coordinates are optimized, or relaxed. At each of the calcu

lated electronic energy "points," the g matrix diagonal element corresponding to the 

single internal coordinate is calculated by each of the six methods. 

The H2O molecule is used as an example system to enable direct comparison of the 

numerically determined g matrix values to those analytically calculated from Wilson's 

B matrix formulae: for a three atom molecule, Wilson's internal coordinate defini

tions are equivalent to those utilized in the numerical methods. The NH3 and CH3NH2 

molecular systems illustrate the shortcomings of Wilson's internal coordinate defini

tions in molecules with four, or more, atoms in which dummy centers and redundant 

varibles are used. The large amplitude vibrational modes of NH3 and CH3XH2 are 

examined in one-dimensional ab initio models to demonstrate the increased accuracy 

of such methodology over harmonic oscillator treatments. In addition to the one-

dimensional ab initio potential energy curves calculated for NH3 and CH3NH2, the 

internal coordinate dependencies of the g matrix values associated with their large 

amplitude motions, and the resultant kinetic energy expressions, are also determined. 

The analyses utilized the g, or G~\ matrix calculated numerically with the Eckart 

frame as the reference for the cartesian coordinates of the molecules with the other 

internal coordinates unrelaxed. The solutions of one dimensional Schrodinger equa

tions modeling the respective low-frequency large-amplitude vibrations of XH3 and 

CH3XH2 are compared to the calculated harmonic frequencies and to experimental 

transition frequencies. 
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The electronic energies and normal mode frequencies presented in the following 

Sections were calculated with the GAUSSIAN92^'' computer program. The second 

order Many Body Perturbation Theory (MBPT2=MP2), with only valence electrons 

correlated, was used with the 6-31G* basis to compute the electronic energies. The 

frequencies were found from analytical second-derivatives of the electronic energies. 

The MP2 frequencies were also scaled by an empirical factor of 0.96 to compensate 

for an incomplete basis set, neglect of some electron correlation, and anharmonicity^®. 

The calculated lowest frequencies were confirmed to correspond to the large amplitude 

motions by animating the GAUSSIAN92 normal coordinate displacements with the 

X-MOL^' program. PED analyses were also performed to allow the assessment of the 

quantitative contribution of the selected internal coordinate to the calculated normal 

modes. 

The difference in time-scales between the high-frequency and low-frequency vi

brations is exploited to allow the one vibrational motion examined for the NH3 and 

CH3NH2 molecules to be considered uncoupled from all other nuclear motions. Un

coupling the vibrational mode of interest from the other {3N — 7) vibrations reduces 

the 3N — 6 dimensioned \abrational problem to one dimension. Expectation values 

for the large-amplitude motions of NH3 and CHsNH-i are found with the following 

Hamiltonian for uncoupled vibration: 

The VXci/') is the potential found from a least-squares fit to the ab initio electronic 

energA' values. The uj represents the internal coordinate selected to model the low-

frequency large-amplitude vibrational motion. The one-dimensional, anharmonic os

cillator Schrodinger equation is given as 

(3.1) 

-f l'(a;) ^(u.-) = E^iuj] . (3.2) 
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3.1 Water's Bending Vibration 

The internal coordinates chosen to define the relative positions of the nuclei of 

H2O are two 0-H bond lengths (rl and r2) and the bond angle H-O-H (al). The 

calculated equilibrium geometry occurs at rl = r2 = 0.9686A, and al = 103.959°, 

and is depicted in Figure 3.1. 

Table 3.1 lists the MP2/6-31G* electronic energies, force constants in internal co

ordinates, MP2/6-31G* harmonic frequencies, and the effective method's vibrational 

mass values at selected displacements of al from the equilibrium geometry. The elec

tronic energies were fit with a quartic potential in terms of the bending coordinate 

al: Vbend = —76.1968 + 2.89499 x 10~'ol^ — 6.72447 x I0~®al''. The electronic en

ergy points and the fitted curve are depicted in Figure 3.2. The units of the force 

constant were converted to units of radians by multiplication by (•^) • The effective 

vibrational mass was found by applying the following formula: 

k 
mass = r — X factor , 

(27ri/)2 

factor = ( 4.3598 x 10 
hartree 

AMU 

1.66054 X Kg 

A 
10~^°m 

C2 

Table 3.2 lists the vibrational mass associated with the bending vibration of H2O 

as calculated by the six methods presented in the last Chapter. The numerically 

estimated Eckart and PMI gn matrix values agree well since the Eckart and PMI 

frames coincide in this example. These numerically estimated values also agree well 

with the gii values determined from the inversion of the analytically calculated Wilson 

G matrix. This is not surprising since neither redundant use of variables defining the 

internal coordinate values occurs, nor are dummy atoms used, and therefore the 

Wilson model and the numerical models refer to the same molecular distortion. The 
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close agreement between the numerically estimated gu values and the analytically 

calculated gn values demonstrates the accuracy of the numerical methods. 

The effective values differ from those calculated by other means. The results of 

PED analyses are summarized in Table 3.3. Examination reveals that the contribu

tion of the al bending coordinate changes as the angle changes. The effective mass 

value does not directly correspond to distortion of the al coordinate: rather, it corre

sponds to normal-mode distortion as depicted by the one al coordinate. The effective 

mass value changes unevenly compared to any of the other three methods since the 

contribution of al to the description of the normal-mode distortion changes as H2O 

bends. 

Figure 3.3 displays the variation of the value with change in the al bond 

angle value. The next Figure 3.4 displays variation of the rl and r2 O-H bond length 

values with change in the al bond angle value. This plot of how the O-H bond lengths 

change with change in the bond angle yields insight into the source of the dependence 

of g matrix values on vibrational coordinates: the g matrix value for the bending of 

H2O reflects the changing angular momentum of the vibration. 
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Figure 3.1: Equilibrium geometry of water calculated at the MP2/6-31G* level. 

Figure 3.2: Ah initio energy plot for the bending vibration of H2O. Angles are refer

enced to the equilibrium geometry's value. 
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Figure 3.3: The pn value versus bond angle for the bending vibration of H2O. Angles 

are referenced to the equilibrium geometry. 
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Figure 3.4: The rl = r2 bond length value versus bond angle for the bending vibration 

of H2O. Angles are referenced to the equilibrium geometrv. 
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Table 3.1: MP2/6-31G* electronic energies and harmonic frequencies for H2O. The 

force constants in internal coordinates, k, and the harmonic frequencies, u, are used 

to determine the values. Angles are referenced to the equilibrium geometry. 

al angle 

[degree) 

energy 

(hartree) [hartree Irad^) 

V 

(cm-^) 

e f fec t i ve  
9n 

(AMU k^fracP) 

-4.959 -76.19615 0.12493 1783.9 0.290 

-1.959 -76.19674 0.17991 1756.5 0.431 

0 -76.19684 0.19007 1735.6 0.467 

2.041 -76.19673 0.17904 1711.6 0.452 

5.041 -76.19618 0.12276 1671.5 0.325 

Table 3.2: Comparison of the gn values for H-iO's bending vibration calculated by six 

different methods. The close agreement between the Eckart. P\II, and Wilson values 

is indicative of the accuracy of the numerical methods for determining g matrices. The 

uneven fluctuation in the effective values stems in part from its varying contribution 

to normal mode descriptions. 

ol angle Eckart PMI Wilson Effective 

unrelaxed relaxed unrelaxed relaxed 

-4.959 0.445 0.442 0.445 0.442 0.444 0.290 

-1.959 0.442 0.439 0.442 0.439 0.441 0.431 

0 0.440 0.437 0.440 0.437 0.439 0.467 

2.041 0.438 0.435 0.438 0.435 0.437 0.452 

5.041 0.436 0.433 0.436 0.433 0.435 0.325 
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Table 3.3: FED analysis for HjO's bending vibration using the B~^ matrix calculated 

with the numerical method with the Eckart frame as the reference with unrelaxed 

internal coordinates. The varying contribution of internal coordinate al to the de

scription of normal mode distortion is partly responsible for the inaccuracy of the 

^effective listed in Tables 3.1 and 3.2. 

al angle frequency PEDn PED,2 PEDai 

-4.959 1784.2 .0017 .0017 .9965 

-1.959 1756.7 .0009 .0009 .9981 

0. 1725.9 .0005 .0005 .9989 

2.041 1711.8 .0002 .0002 .9996 

5.041 1671.8 -.0001 -.0001 1.0002 
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3.2 Ammonia's Inversion Vibration 

The internal coordinates chosen to define the structure of NH3 throughout its 

inversion vibration utilize one dummy atom, X. The X dummy atom is located at 

a fixed distance of 1.0A from the central nitrogen atom. Three N-H bond lengths 

are defined with values rl, r2, and r3. One bond angle variable, ui, is used to set 

the values of the three X-N-H bond angles. The remaining two interned coordinates 

correspond to dihedral angles. The equilibrium geometry occurs at the bond angles 

of a; = 112.467°, and is depicted in Figure 3.5. 

Table 3.4 lists the electronic energy, force constant in internal coordinates, un

sealed and scaled harmonic frequenc}-, and the effective method's vibrational mass. 

The electronic energies were fit with a quartic potential in terms of the inversion coor

dinate ij: Vincersion = —56.3444 — 3.39946 x 10~^u;^-f-3.11608 x lO'^u/'"*. The electronic 

energ>- points and the fitted curve are depicted in Figure 3.6. 

Table 3.5 lists the vibrational mass associated with the inversion vibration of XH3 

as calculated by the sbc methods presented in the last Chapter. The numerically 

estimated Eckart and PMI gn matrix values agree well since the Eckart and PMI 

frames coincide in this example. These numerically estimated values do not match 

well with the gn values determined from the inversion of the analytically calculated 

Wilson G matrix. The redundant use of variables defining the value of the three 

X-X-H bond angles is handled by vector summing the distortions as if they occur 

separately. The vector sum does not result in an accurate depiction of the inversion 

vibration motion. The effective values also differ significantly from the Wilson values, 

but show the same trend as the Eckart and PMI values. The results of PED analyses 

are summarized in Table 3.6. As in the case of HaO's bending vibration reviewed 

in the last Section, the contribution of the u: coordinate in describing normal-mode 
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distortion changes as NH3 inverts. Additionally, it is clear from examining Figure 

3.6 that the potential energy curve does not fit the calculated data well. Fits to 

higher order polynomial series resulted in the coefficient of the highest order term 

being negative which represented an unbound potential. Therefore the resultant force 

constant from the quartic fit, fc,-,- = la;^, as well as the vibrational mass value, ^n, 

will be inaccurate. 

Figure 3.7 displays the variation of the value with change in the uj bond angle 
\ 

value. Figure 3.8 displays variation of the N-H bond lengths with change in the uj 

bond angle value. This plot of the dependence of the N-H bond lengths on the u; bond 

angle yields similar insight into the source of the dependence of g matrix values on 

vibrational coordinates as did the analogous plot for the bending of H2O; the radial 

arm length (i.e. the X-H bond length) changes, so the angular momentum of the 

vibration also changes. 

To solve the one dimensional Schrodinger equation for NHs's inversion vibration, 

the wavefunctions corresponding to various vibrational levels were approximated as a 

linear combination of 56 harmonic oscillator-type basis functions which are equivaletu 

to Hermite polynomials, 

56 

, (piiu) = uj^exp{—nau;'^) . (3.3) 
( 

The integer values for p covered the range (0, 1, 2, ..., 10) for each value of n = 

1,2,4,8.16,5,-J, 5,1^, As a starting point to build the basis set, the solutions 

of the Schrodinger equation with a harmonic potential approximating the minimum 

region of the FES were used. The a is equal to the exponent of the ground state 

wavefunction from the harmonic-oscillator approximation, and is given by 

27rt/ ^n(i^'o) 
" = n • 
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The 511 (wo) = and A: = ̂  . 

The potential energy and operators were fitted to a polynomial series: Vin^grsion = 

-56.3444 - 3.39946 x + 3.11608 x iQ-^o;'^. 

= 0.40274 - 0.000050653a;2 + 5.5976 x 10~®a;^ . (3.4) 

Another set of expectation values was found using a constant valued evaluated at 

one of the equilibrium geometries. 

The linear coefficients of 'i'o(u;) were optimized by applying the variation theorem. 

sc„ /QjV" ~ 

This leads to an expression of the Schrodinger equation In matrix form 

HC = ESC . (3.6) 

To arrive at the secular equation, 

(H' -  E )  a  =  0. (3.7) 

a canonical orthogonalization'" was used to transform the nonorthogonal basis set. 

{(?,}, to an orthogonal one, {<?„}• In this method, the transformation matrix is 

X = Ud~2 where U is the unitary matrix which diagonalizes the overlap matrix. 

USU = d. Linear dependencies within the basis set lead to very small values for 

some dj diagonal elements, and cause numerical precision errors in the calculation. 

In order to alleviate this problem, the smallest dj and their corresponding vectors 

in the U matrix are eliminated (in this example problems for NH3, dj under 10"'" 

were eliminated). The transformation matrix X is therefore truncated to X'. and If 

there were m original ©,• basis set functions and n of the vectors were eliminated, the 
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transformed basis set has m — n of the 0^ functions where 

m 
4>u = H 1/ = 1,2,(m - n) . 

/i=i 

The C = X'~^C —> C = XC, multiply (3.5) on the left by X', then define 

H' = X'HX to arrive at (H' - E)C' = 0. Diagonalization of H' yields upper limits 

for the energies of the vibrational levels. 

The expectation values for the first six calculated vibrational states are summa

rized in Table 3.7. These values are superimposed upon the potential curve for NHs's 

inversion vibration in Figure 3.9, and the inversion doubling'^ phenomenon is evident. 

Inversion doubling refers to the near-degeneracy of the eigenstates with eigenvalues 

below the inversion barrier height. In fact, it is the finite value of the inversion barrier 

height that leads to the doubling effiect which can be thought of as occurring due to 

a mixing of states centered in either of the two minima. 
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Figure 3.5: Equilibrium geometry of N'Ha calculated at the MP2/6-31G* level. XI 

indicates the position of the dummy center. The u.- are defined as the bond angles of 

Xl-N2-Hi  /  =  3,4 .5 .  

/ 
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Figure 3.6: Ab initio energy plot for the inversion vibration of NH3. Angles are 

referenced to the planar geometry. 
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Figure 3.7: The value versus bond angle for the inversion vibration of XH3. Angles 
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Figure 3.8: The rl = r2 = r3 bond length value versus bond angle for the inversion 

vibration of NH3. Angles are referenced to the planar geometry. 
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Figure 3.9: Ab initio energy plot for the inversion vibration of XH3 with calculated 

vibrational state energies superimposed. 
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Table 3.4: \IP2/6-3lG* electronic energies and harmonic frequencies for NH3. The 

force constants in internal coordinates, k, and the harmonic frequencies, p, are used 

to determine the values. Angles are referenced to the planar geometry. 

Lo- angle energy Vi,3.vv'i«n unsealed u scaled u e f fec t i ve  
9n 

(deg.) (hartree) {hartree f deg}] (cm-^) (cm"') (AMU k^/rad^) 

0. -56.34368 -6.7989x10--' 932.3i -895.0 1.90 

3. -56.34408 -6.58012x10-^ 900.7i -864.6 1.97 

7. -56.34574 -4.9666x10-^ 752.5i -722.6 2.10 

14. -56.35046 5.3009x10-^ 463.4 444.6 0.599 

22.467 -56.35421 1.2076x10--^ 1162.2 1115.7 2 .17 

30. -56.34900 2.6855x10-' 1474.1 1415.1 3.00 

40. -56.31910 5.3030x10-' 1642.1 1576.4 4.77 
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Table 3.5; Comparison of the values for NHa's inversion vibration calculated 

by six different methods. The poor agreement between the numerically determined 

Eckart and PMI values and the Wilson values is indicative of the failure of Wilson's 

internal coordinate definitions to include dummy centers. The uneven fluctuation 

in the effective values stems in part from its varying contribution to normal mode 

descriptions. 

u! angle Eckart PMI Wilson Effective 

unrelaxed relaxed unrelaxed relaxed 

0 2.48 2.47 2.48 2.47 0.426 1.90 

7 2.49 2.49 2.49 2.49 0.425 2.10 

14 2.54 2.54 2.54 2.54 0.429 0.599 

22.47 2.64 2.64 2.64 2.64 0.437 2.17 

30 2.76 2.76 2.76 2.76 0.448 3.00 

40 2.97 2.99 2.97 2.99 0.470 4.77 
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Table 3.6: PED analysis for NHa's inversion vibration using the matrix calcu

lated with the numerical method with the Eckart frame as the reference with unre-

laxed internal coordinates. The varying contribution of internal coordinate u to the 

description of normal mode distortion is partly responsible for the inaccuracy of the 

g^Uective ygjygg listed in Tables 3.4 and 3.5. 

ui angle unsealed u PEDH FED,. PEDu 

0 932.41 .000 1.00 .000 

7. 752.6i .000 1.00 .000 

14. 463.4 .0001 .999 .000 

22.467 1162.4 .001 .998 .000 

30. 1474.4 .005 .994 .000 

40. 1642.4 .039 .960 .000 

Table 3.7: Calculated vibrational state energies for NHa's inversion vibration. Both 

the absolute energies (hartree) and energies (cm~') relative the v = 0 state are given. 

state absolute energy relative energy 

V {hartree) (cm~^) 

0 -56.351207 0.0 

1 -56.351174 7.2 

2 -56.346638 1002.7 

3 -56.346570 1017.6 

4 -56.343551 1680.1 

5 -56.341939 2034.0 
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3.3 Methylamine's Internal Rotation Vibration 

The iaternal coordinates chosen to define the structure of CH3NH2 utilize three 

dummy atoms, X2, X3, and X4. These three dummy atoms are arranged in a line 

perpendicular to the C-N bond located at a fixed distance of l.OA from the carbon 

atom. The rotational orientation of the -NH2 group is referenced to the dummy atoms 

only so it can be rotated relative to the CH3- group. The structure of CH3NH2 is 

depicted in Figure 3.10. 

Table 3.8 lists the electronic energ\-, force constant in internal coordinates, un

sealed and scaled harmonic frequency, and the effective method's vibrational mass. 

The electronic energies were fit with a periodic potential in terms of the internal 

rotation coordinate u;: Vint-Rot = —94.7167 — 1.70419 x 10~^COS(3u;) + 7.36326 x 

10~'^COS(6a;). The electronic energy- points and the fitted curve are depicted in Figure 

3.11.  

Table 3.9 lists the vibrational mass associated with the internal rotation vibration 

of CH3XH2 as calculated by the six methods presented in the last Chapter. The nu

merically estimated Eckart and PMI pn matrix values do not agree well because the 

Eckart and PMI frames do not coincide in this example: the PMI coordinate frame 

orientation has to readjust more than the Eckart frame after alteration of one of the 

internal coordinate's values, and hence the derivative values within the B~^ matrix 

elements are estimated as being larger. Also with regard to the numerically deter

mined g matrix values, the unrelaxed and relaxed values are in slight disagreement. 

This is indicative of non-trivial adjustment of atomic positions with change in the 

u-' internal coordinate. It is not surprising that the disagreement between the unre

laxed and relaxed values increases as the molecular structure of methylamine nears 

eclipsed configurations [u = 60°, 180°, 300°). The numerically estimated Eckart and 



84 

PMI ^11 matrix values also do not agree well with the pn values determined from 

the inversion of the analytically calculated Wilson G matrix. The redundant use of 

variables defining the internal coordinate values occurs as well as the use of dummy 

atoms, and therefore the Wilson model and the numerical models do not represent the 

same molecular distortions. The effective values differ only slightly from the Eckart 

values. The agreement of the effective and Eckart values is a reflection of the good 

least-squares fit of the calculated electronic energy points with the cosine functions. 

The best agreement occurs when the ui coordinate exactly coincides with the normal 

mode distortion. The results of PED analyses are summarized in Table 3.10. 

Figure 3.12 displays the variation of the gn value, and Figure 3.13 displays vari

ation of the X-H bond lengths with change in the uj dihedral angle value. In an 

analogous manner to the phenomena exhibited in the plots for the bending of H^O 

and the inversion of XH3, the radial arm length {i.e. the X-H bond length) changes, 

so the angular momentum of the vibration also changes. 

To solve the one dimensional Schrodinger equation for CH3NH2's internal rotation 

vibration, the potential energy and operators were fit to a Fourier series: 

yint-Rot = -94.7167- 1.70419 x 10-^COS(3-.-) + 7.36326 x 10-^COSC6u.-) , 

= 0.88990 - 0.0046456COS(3u;) + 0.000073306COS(6u-') . (3.8) 

Another set of expectation values was found using a constant valued evaluated at 

one of the equilibrium geometries. 

For the internal rotation vibration, the wavefunctions corresponding to various 

vibrational levels were approximated as a linear combination of 30 sine and cosine 

basis functions. 
15 

iu;) = Yi ̂ jiSIX(2u.O -(- BjiCOS{L-) . (3.9) 



Since all the sine and cosine functions are orthogonal to each other in the Fourier 

series, the secular equation is arrived at by normalization of the basis, 

(H' - £;S') C = (H' - £) C = 0 . (3.10) 

The m = -4^, and S',. = Sij. Diagonalization of H' yields upper limits 

for the energies of the vibrational levels. 

The expectation values for the first six calculated vibrational states are summa

rized in Table 3.11. These values are superimposed upon the potential curve for 

CHaNHa's internal rotation vibration in Figure 3.14, and a phenomenon akin to in

version doubling^^ is evident. The vibrational states appear paired, but actually occur 

The boundary condition of invariance under [u; -» u; + 27r] is satisfied by 
two types of periodic Mathieu functions. The first type has period 27r/3 in 
[u/-] and transforms according to the .4 species of the symmetry group C^: 
the second type has period 2-k and belong to the E species. Consequently, 
each torsional level v consists of two sublevels, a non-degenerate level 
... and a doubly degenerate level. 

in triples. 

D.R.  Herschbach^® 

The sine and cosine terms of the basis represent combinations of the Mathieu functions 

in which the imaginary part vanishes resulting in real valued basis set; the sine and 

cosine functions are eigenfunctions of the kinetic energ}' operators. 
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Figure 3.10: Equilibrium geometrj- of CH3NH2 calculated at the MP2/6-31G* level. 

The rotational orientation of the -NH2 group is referenced to the dummy centers of 

X2, X3, and X4 by one internal coordinate, a;. 

Figure 3.11: Ab initio energy- plot for the internal rotation vibration of CH3XH2. 
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Figure 3.12: The gu value versus bond angle for the internal rotation vibration of 

CH3NH2. Angles are referenced to the equilibrium geometry. 
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Figure 3.13: The rl = r'2 = r3 bond length value versus bond angle for the internal 

rotation vibration of CH3NH2. Angles are referenced to the equilibrium geometry. 
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Table 3.8: MP2/6-31G* electronic energies and harmonic frequencies for CH3NH2. 

The force constants in internal coordinates, k, and the harmonic frequencies, u, are 

used to determine the values. Angles are referenced to the planar geometry. 

(jj angle 

{cleg.) 

energ\-

{hartree) 

dui-

{hartree/racP) 

unsealed 

(cm"') 

scaled u 

(cm"') 

ef  fec t ive  
yii 

(AMU k ^ / r a d ^ )  

0. -95.50653 0.0177 343.2 329.4 1.112 

10. -95.50627 0.0156 325.0 312.0 1.096 

20. -95.50555 0.00972 261.5 251.0 1.052 

30. -95.50453 0.000873 102.2 98.1 0.6184 

40. -95.50346 -0.00885 233.0i 223.6i 1.206 

50. -95.50268 -0.0165 325.4i 3l2.4i 1.154 

60. -95.50245 -0.0194 348.4i 334.4i 1.185 
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Table 3.9: Comparison of the values for CHsNHa's internal rotation vibration 

calculated by six different methods. The poor agreement between the Eckart and 

PMI values reflects the differences in the orientation of their coordinate frame axes, 

indicative of the failure of Wilson's internal coordinate definitions. 

u.' angle Eckart PMI Wilson Effective 

unrelaxed relaxed unrelaxed relaxed 

0. 1.129 1.030 3.338 2.685 4.570 1.112 

10. 1.128 1.054 3.478 2.986 4.512 1.096 

20. 1.127 1.101 3.602 3.268 4.449 1.052 

30. 1.123 1.183 3.559 3.822 4.379 0.6184 

40. 1.120 1.261 3.390 3.530 4.327 1.206 

50. 1.119 1.370 3.233 3.396 4.294 1.154 

60. 1.117 1.410 3.204 3.344 4.292 1.185 
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Table 3.10: PED analysis for CHsNHj's internal rotation vibration using the B~' 

matrix calculated with the numerical method with the Eckart frame as the reference 

with unrelaxed internal coordinates. Only those internal coordinates with at least 

0.01 PED values are shown. 

u! angle unsealed v PED^. PED,2 PED,3 

0 343.2 1.00 .000010 -.00887 

10 325.0 .998 .00479 -.00562 

20 261.5 .984 .01063 .000949 

30 102.2 .964 .0170 .00924 

40 -233.0 .950 .0227 .0173 

50 -325.4 .938 .0260 .0233 

60 -348.4 .935 .0257 .0262 



internal rotation 

relat ive  the  v •• 

state energj- relative energ\' 

V {hartree) (cm~^) 

0 -95.50579 0.0 

1 -95.50579 R; 0.0 

2 -95.50440 306.0 

3 -95.50440 306.0 

4 -95.50439 308.4 

5 -95.50437 312.6 

6 -95.50317 576.5 

7 -95.50317 576.5 

Table 3.11: Calculated vibrational state energies for CHsNHa's 

bration. Both the absolute energies {hartree) and energies (cm~ 

state are given. 



Figure 3.14: Ab initio energj* plot for the internal rotation vibration of CH3NH2 w 

calculated vibrational states superimposed. 
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3.4 Summary 

The bending vibration of H2O, the inversion vibration of NH3, and the internal 

rotation vibration of CH3NH2 are relatively simple examples of vibrational motions. 

However, they are diverse enough to allow comparison of the six different methods 

for determining g matrix values presented in Chapter 2. The six methods used for 

determining g matrix elements are: 

1. Wilson's analytical method: 

2. a numerical method with the Eckart frame as the reference: 

• unrelaxed internal coordinates 

• relaxed internal coordinates 

3. a numerical method with the PMI frame as the reference: 

• unrelaxed internal coordinates 

• relaxed internal coordinates 

4. and the effective method. 

The example of HaO's bending vibration demonstrated that the numerical meth

ods implemented in this dissertation provide g matrix values comparable to those 

calculated analytically: thus, the derivative quantities that occur in the matrix 

can be estimated numerically with reasonable accuracy. The examples of NHa's in

version and CH3NH2 s internal rotation vibrations allow additional critique of the 

six methods of determining g matrices. It is clear from these three examples that 

the effective method is unreliable, and that Wilson's method yields spurious values 
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due to its inability to describe collective motion of atoms via the use of dummy cen

ters and/or redundant variables in the internal coordinate definitions. The effective 

method is only useful for the study of uncoupled vibrational motions, and the accu

racy of the resultant g matrix values is unpredictable. The numerical methods with 

either the Eckart or the PMI frame as the reference enable collective motion of atoms, 

and provide a computationally accurate and efficient means of calculating g matri

ces. For the study of vibrational motion, the numerical method with the Eckart frame 

as the reference is preferred since the coupling of overall rotations and vibrations is 

minimized. For the study of ro-\abrational motion, the numerical method with the 

PMI frame as the reference is the better choice since the form of the Hamiltonian is 

somewhat simplified by a diagonal moment of inertia tensor. 

The numerical methods also provide a means of accounting for the interdepen-

dency of the internal coordinates. The choice of whether to allow the other (3A* — 7) 

internal coordinates to remain unrelaxed, or to be relaxed, for the determination of 

the g matrix is weighed by how little, or much, the molecular structure is affected by 

change in the internal coordinate of interest. Ultimately, the shape of the Potential 

Energy Surface itself affects whether the internal coordinates should be relaxed, or 

not. Regions of high curvature and/or gradient on the PES indicate that electronic 

energ}', and therefore the atomic positions, vary substantially with change in the in

ternal coordinate values. It would be advisable in any vibrational motion study that 

both unrelaxed and relaxed methods of determining g matrix elements be examined. 

Variational solution of a one-dimensional \abrational Schrodinger equation for 

the inversion vibration of NH3 and the internal rotation vibration of CH3XH2 were 

also presented in the preceding Sections. The theoretical transition frequency of 

1002/995cm~' for NHs's inversion vibration is low-er than the scaled MP2/6-.31G* 
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harmonic frequency of 1115cm~^, and compares favorably with the experimental 

value®® of 968/932cm~^ (the two frequency values result from inversion doubling). For 

CHaNHa's internal rotation vibration, the theoretical transition frequency of 306cm"^ 

is lower than the scaled MP2/6-31G* harmonic frequency of 329cmand also com

pares favorably with the experimental value®° of 264cm~'. 

The methodology presented thus far has been successfully applied to problems of 

chemical interest. Appendices C, D, and E present combined theoretical-experimental 

studies investigating the low-frequency large-amplitude vibrations experienced by the 

molecular systems of 2-sulpholene^' and 2-aminopjTimidine'^'^^. 
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Chapter 4 

Conclusions 

The last two millennia have been witness to incredible strides in the evolution of 

Man's conceptualization of the nature of matter. The development of spectroscopic 

techniques fostered the realization that molecules absorb and emit energy from states 

dissimilar to those of gaseous atoms. Spectroscopic methods have allowed the em

pirical classification of molecules and their constituent functional groups, but the de

velopment and utilization of theoretical models allows Man to begin to envision "the 

atoms moving ... through the void"'. Interest in the motion of molecules was stirred 

by experimentally obtained absorption band spectra. The experimentally observed 

band spectra arise from transitions between energy states created by the complicated 

interplay of electronic and nuclear motions. The Schrodinger equation provides the 

mechanism through which all information about an atomic, or molecular, system can 

be obtained, but defies analytical solution for all except the simplest atomic systems. 

However, Schrodinger's equation can be solved for model systems which, hopefully, 

mimic nature and enable human insight. Unfortunately, the theoretical treatment of 

molecular motion has always lagged behind the experimental investigations. Theo
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retically obtained nuclear motion transition energies differ from the empirical values 

due to the multitude of assumptions which build the theoretical model. In particular, 

the harmonic oscillator approximation fails to describe low-frequency large-amplitude 

molecular vibrations. The goal of this dissertation has been to develop computational 

infrastructure to support further investigation of the dynamics of low-frequency large-

amplitude molecular vibrational motion. 

The preceding Chapters 1-3 covered the relevant background theory and method-

olog\- for the ab initio investigation of low-frequency large-amplitude molecular vi

brations. Studies in which the presented methodology was implemented appear in 

Appendices C-E. 

The first course of action in a theoretical study of nuclear motion is to invoke 

the Born-Oppenheimer approximation''^ to separate electronic and nuclear energies. 

The next steps involve separation of the nuclear motion into translational and ro-

vibrational components. The theoretical study of pure vibrational motion requires 

the further separation of the overall rotational motion of the molecule. Rigorous treat

ment of the full vibrational problem is too complicated to be practically applicable 

to all of a large molecule's vibrations. For studies of low-frequency molecular vibra

tions. the difference in time-scales justifies the further separation of the low-frequency 

vibrations from the high-frequency vibrations. 

Molecular vibrational distortions are most easily described with the use of internal 

coordinates. Internal coordinates provide a set of physically meaningful coordinates 

in which the Potential Energy Surface (PES) can readily be rendered. A perturbative 

expansion of the potential energy- will be in compact form in internal coordinates, or 

a functional fit of a multiple minima PES in internal coordinates can be achieved. 

However, there is no unique definition of internal coordinates for a molecule. Several 
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Energy Distribution methods were presented in Chapter 2 that enable a check of the 

validity of a particular choice of internal coordinates after their selection. Potential 

Energy^^ (PED), Kinetic Energy"^ (KED), and Total Energy Distribution'*^ methods 

can be used, all of which yield the same qualitative information. 

Though the potential energy is readily expressed in internal coordinates, the ki

netic energy is not. The transformation of the squared momentum operator which 

appears in the nuclear kinetic energy operator requires the determination of the co-

variant metric tensor g, or The elements of the covariant metric tensor have 

a functional dependence on the vibrational coordinates. The functional form of the 

covariant metric tensor can be found by a least-squares fit to a series of g matrices 

whose values are determined from molecular structure information pertaining to dif

ferent locations on the PES. Six methods for determining the values of the covariant 

metric tensor were shown and evaluated in Chapters 2 and 3. These methods are: 

1. Wilson's analytical method: 

2. a numerical method with the Eckart frame as the reference: 

• unrelaxed internal coordinates 

• relaxed internal coordinates 

3. a numerical method with the Principal Moment of Inertia (PMI) frame as the 

reference; 

• unrelaxed internal coordinates 

• relaxed internal coordinates 

4. and the effective method. 
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For the study of vibrational motion, the numerical method with the Eckart frame 

as the reference produces the most reliable g matrix values, and without introduc

ing further assumptions regarding the collective motion of groups of atoms in the 

molecular system as does analytical methods. Wilson's analytical method works well 

for the study of vibrational motion only when neither the use of dummy atoms, nor 

the use of redundant variables is made in the definition of the internal coordinates. 

The effective method is only useful for the study of uncoupled vibrational motions, 

and the accuracy of the resultant g matrix values is unpredictable. Ro-vibrational 

energies are more easily found utilizing the numerical method with the PMI frame as 

the reference since the form of the Hamiltonian is somewhat simplified by a diagonal 

moment of inertia tensor. 

Appendix C presented the study of "Microwave Measurements and Ab-initio Dy

namics on the Large Amplitude Motion of the Ring Puckering in 2-Sulpholene." 

This study demonstrated that an ab initio theoretical treatment using a potential 

energy curve calculated at the SCF/3-21G* level of theory (which accounts for no 

electron correlation) and g matrix values calculated with the effective method is able 

to provide a phenomenological account of an experimentally obtained microwave ab

sorption spectrum. The effect of the double-minima potential energy curve of the 

ring-puckering vibration was near degenerate i' = 0 and v = 1 levels which were both 

significantly populated in the environmental conditions of the experiment. The an-

harmonicity of the potential created states with slightly different averaged geometries 

with different moments of inertia and different rotational absorption energies. 

The study of the "'.Anharmonic Contributions to the Inversion \'ibration in 2-

Aminopyrimidine." presented in .Appendix D, utilized the MP2/6-31G** level of the

ory and a constant valued g matrix element calculated with the effective method. 



100 

Two differently dimensioned internal coordinate systems with differently defined co

ordinates were studied. The theoretically calculated transition frequencies of the 

inversion vibration of the amino group of 2-aminopyrimidine provided estimates of 

u = 130.1 cm~^ and u = 206.7 cm"' reasonably matching the experimental value of 

« 200 cm"'. Most probably a fortunate cancellation of error in the second calculation 

yielded the close match of the calculated transition frequency of i/ = 206.7 cm"' with 

the observed result of a 200 cm"'. 

Appendix E followed up on the previous study with an account of both of the 

"Out-of-Plane Vibrations of NHa in 2-aminopyrimidine." A PED analysis of the 

internal coordinate provided quantitative reassurement that the two newly selected 

internal coordinates, uj and r, well described the two out-of-plane vibrations of the 

amino group. Both of the two out-of-plane vibrations were sepEirately examined in 

one-dimensional models, and also in a two-dimensional model in which the vibrations 

were allowed to couple. The calculation of expectation values of the two-dimensional 

vibrational Schrodinger equation resulted in prediction of the v = 0 —> r = 1 tran

sition energies of u = 140.6 cm^'and u = 440.3 cm"'for the inversion and internal 

rotation vibrations, respectively, reasonably matching the experimental quantities of 

1/ ^ 200 cm~'and u % 500 cm"'. More importantly, the theoretical results allowed 

the firm assignment of the low frequency experimental infrared spectral bands arising 

predominantly from the out-of-plane \ibrations of the amino group. The incomplete 

accounting of electron correlation in the calculated MP2/6-311G** Potential Energy 

Surface seems to comprise the most significant source of error. The basis set analysis 

performed for ammonia's inversion vibration indicated that the MP2/6-311G** level 

of theory provides excellent molecular geometrj- values, but poorer electronic energ}-

values in comparison to the more rigorous MP4/cc-pYQZ(full)//MP2/cc-p\'QZ level 

of theory. The effect of an incomplete basis set and lack of a full account for electron 
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correlation in the electronic energies as well as the uncoupling of the low-frequency 

vibrations from the others probably introduces more error into the theoretical deter

mination of transition frequencies than any other assumption made. Only after the 

limit of computationally accurate eigenstates has been reached will the significance of 

the preceding assumptions made in the development of a theoretical model become 

clear. 

For the molecular systems studied thus far, the functional values of the g matrix 

elements have been slowly varying, and the use of a constant g matrix value has 

been found to introduce little error into the calculated transition frequencies. Future 

studies will examine molecular processes involving bond making and breaking. These 

are processes in which the correct expression of the kinetic energj^ in the chosen co

ordinate system will be vital since the g matrix values will vary significantly over 

the geometries spanned by the FES. It is hoped that the methodology presented in 

this dissertation will aid in the development of an accepted protocol for the theo-

reticgil treatment of large amplitude and/or anharmonic molecular vibrations, and 

engender an understanding of what molecular motions are of most importance in de

scribing low-frequency vibrational energj' states. Only by persistently developing new 

methodologies and re-evaluating old ones can Man's conceptualization of the nature 

of matter become more refined. 
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Appendix A 

Eckart Conditions 

To minimize the coupling of overall rotation with vibration, a cartesian coordi

nate frame is "molecule-fixed;" its orgin coincides with the molecular center of mass 

(COM), and its axes rotate with the molecule. They're often chosen to be aligned 

with the Principle Moments of Inertia, or satisfy the Eckart conditions, but this is not 

a prerequisite. By letting lowercase, r = {x,y,z), indicate the molecule-fixed frame, 

and uppercase. R = (X.Y'.Z). indicate the laboratory-fixed frame, the orientation 

relative to each other is 

i x , y , z f  =  S i X . Y . Z f . .  (.4.1) 

where 5 is an orthogonal matrix of cosine dififerences C-®- = S~'). The position 

of the orgin of the molecule-fixed frame within the laboratory-fixed frame is given by 

Rq. The position of particle i displaced in the molecule-fixed frame by ds from its 

equilibrium position Os is then given: 

/?5 = Rq + 5" '(qs-I-C/S) = RQ S ^ r g . (-4.2) 

The left-hand side of the above equation contains 3 coordinates while the right-hand 

side contains 3 + 6. To eliminate the dependent coordinates, two "conditions" are 
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imposed: 
N 

Yi mar a = 0 , (>1.3) 
5 

N 
^ TUsias X c?s) = 0 . (/1.4) 

S 

The particle has velocity, 

Rs = Ro + S'hs + S'^fs . (^.5) 

The kinetic energ}- in Lagrangian form is then: 

A' AT 
2T = 53 msRjRs = E nisK^S'^SRs •. (-4.6) 

S S 

since S = 1. The kinetic energj^- can then be written as, 

2 T  =  R ' ^ R o ^ m . , + 2 { S R o ) ^ { S S - ^ Y l m s r s  + ^ " 1 5 / - ^ )  
s  s  s  

N . . 

+ II"^s(5'S'-^rs)^5S-irs+ 25I"^s(5S-^rs)'^r3 + 53'^s'"r'*'s • 
s  s  s  

By consideration of SS^ = 1, the derivative SS^ + 55^ = 0. Therefore (55^) = 

—(5S^)^ is an antisymmetric matrix. The matrix SS^ contains the radial frequen

cies, therefore SS^Vs are components of uj x Tj. 

The kinetic energy can be rewritten as; 

.V X 

2 T  =  Y 1  X r s )  •  (u.- X rj + 2 53 ̂ s i u j  x r,) • • ''"s • (-4.8) 
5 S S 

The first term is overall rotation, the third is vibration, and the second represents 

coupling between the two. Let's examine the coupling term; since r, = Ug + ds, then 

r's = els'- and by utilizing the identity {A x B) • C = A • {B x C) the term is written 

A" S K i\ 
2'^msiii!xrs)-rs = 2a;53"^s(''s^''s) = 2ufYi^s{as^ds)+2uj'Yms{dsXds) • (.4.9) 

5 s  s  s  

From the second condition, ms(as x ds) = 0, the first term vanishes. The coupling 

of rotation and vibration is minimized, but is not eliminated. 
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Appendix B 

Podolsky's Formula 

In a 3-dimensional curvilinear frame (w\ u^), three sets of coordinate surfaces 

are defined by u' = constant, = constant, and = constant. At a point P the 

surfaces intersections form curves. Tangent vectors, {e,}, form a local basis that is 

not orthonormal. A position vector R is given by R = u^e-i +u''^e2 + so e, = |^. 

A reciprocal basis, {e'}, is defined by Cj • e' =51, where 61 is a Kronecker delta. 

From the definition, the reciprocal basis represent normal vectors to the coordinate 

surfaces. 

A vector .4 can be expanded in either basis: 

.4 = e'fli + e^c[2 + = eio' + 620^ + 630^ • (5.1) 

The subscripts and superscripts indicate the transformation properties. A "convari-

ant" transformation is: 

< = 
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A "contravariant" transformation is: 

(B.3) 

(The Einstein summation convention is utilized above, and throughout the remaining 

equations). "Covariant" means to vary in the same way as the local basis. "Con

travariant" means to var\* in the opposite way as the local basis. 

B.l The Metric Tensor 

Small displacements is cartesian coordinates are 

ds = iidxi + iidx-i + izdx-^ . (5--1) 

The metric is defined by 

ds^ = ds • ds = ̂  dx^ . (5.5) 
i  

The metric in curvilinear coordinates, u = u(xi,i2,-r3)), is found by applying the 

chain rule: 

d x i  
dx, = -^du' . (5.6) 

The metric is then. 

FAt ri^r rfi-r 
ds- = ^ du'du^ + —j—du'du^ + ^ du'du-> 

ou'ouJ av}ou^ uu^au^ 

= Qijdu^du-' , (B.T) 

where gij is an element of the "metric tensor." 

dR dR ^ d'^ik ^ ia I 
gii = • 6, = > - an au^ 

du' duJ u du^duJ 
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B.2 Gradient of a Scalar Field 

The gradient of a scalar field. in cartesian coordinates is defined by, 

grad(j) = V(t> = 
. d(p . d(p . d(t> 
' I t  —  uxi 0x2 dxz 

{ B . 8 )  

In curvilinear coordinates, the gradient is found by applying the chain rule, 

d<f> du^ . 

du^ dxi 

dd> du^ 
gradct) = . (B.9) 

Xote that 

• | ; ) = W = e ^ .  

The gradient is then simply expressed as 

du-> 
(B.IO) 

It is also deduced that 

U = 
du-j 

V = A,. . (S.ll) 

B.3 Divergence of a Vector Field 

The divergence of a vector field .4 in curvilinear coordinates is 

dA 
divA = V • .4 = ^ . (B.12] 

duJ 

It becomes necessary to investigate the term ^ more closely. Since .4 = a^e-' = 

a^ej, its derivative becomes 

dA da, , de^A 
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The following sjnnbols are then defined, 

dA doi de? /d i ,\ 

dA da} .. dcj , 

Thus. 
dA 

du^ 
= aV • Ci = ai^k • e 

(B.lo) 

(S.16) 

And further define ''Christoffel symbols of the first kind" as , 

and "Christoffel svmbols of the second kind" as . 

(5.17) 

r 

jk ^ 
= /•(;,.^=s"(e,.0) = e-^ (B.18) 

(Note that g'^ indicates an element of the inverse of the metric tensor whose elements 

are gij, and that g^^Qik = Therefore the divergence is 

r\ I 

divA = V • -4 = e' • ::r^ = e' • (o'^.e,) = d'a-^: = a' 
du' ^ J' J •' 

9a' , / 9eA c)a' / 

(B.19) 

In order to actually use the above equation for the divergence of A. it is neces

sary to evaluate the Christoffel symbols in terms of the metric tensor. Since /? is a 

continuous function, the order of differentiation doesn't matter, 

du'^ du'^ V dn-i j du^ I du'' 

dck 

du^ 
iB:20)  
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And therefore, 

=5 

\ f d d d \ 

The metric tensor and its inverse are symmetric, so 

(S.21) 

5r"'[r, /A:] = ̂ "[i, r k ]  .  (5.22) 

(5.23) 

Adding these equations together yields. 

2g'''[r, ik] = g irdgir 
dn^ 

=  2 <  

( \ 
i  

ik 
V / 

Therefore. 
/ S 

i  

ik 2^ 
} = n9 . .k  •  

(B.24) 

(5.25) 

(B.26) 

Now it's necessary to evaluate a derivative of the metric tensor. 

^9 ^ ^ = .7%J 
9u* dgij du'' du^ 

And. 

99 du^ ik 

I 

ik 

I I  d g  _  _ i  d g ^  

2 g du^ ^ du'^ 

(B-27) 

(5.28) 
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And finally, 

, da} 
divA = 7^ + 

dv} 

t 

ik 

. ^ , i5a' d { g ^ )  ^  

du' 

For the penultimate formula, it is noted that a' = g^^aj, 

divA = g--^~[g^-g'^aj) . 

(S.29) 

(S.30) 

By utilizing the formulae for the gradient and the divergence, the formula for the 

Laplacian in curvilinear coordinates is 

d 
V O = V • V0 = div{grad( i))  = g ^-r— ( g^g^^-

do 

9u' du^ 
(5.31) 
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Appendix C 

Microwave Measurements and 

Ab-initio Dynamics on the Lgirge 

Amplitude Motion of the Ring 

Puckering in 2-Sulpholene 

W.J. \FCarthy, M.A. Roehrig, Qi-Qi Chen. G.L. Hendersonf. 

L. Adamowicz, and S.G. Kukolich 

Department of Chemistry, University of Arizona, Tucson, Arizona 85721 

f Department of Chemistry, Eastern Rlinois University, Charleston, IL 61920 

Microwave measurements were made on the rotational spectrum of 2-
sulpholene using a modified Flygare-Balle pulsed beam Fourier transform 
spectrometer. Analysis and calculations provided information on the large 
amplitude ring puckering vibration of this system. Twelve and six rota
tional transitions were measured for the u = 0 and v = 1 states of the 
ring puckering vibration, respectively. The transitions for each vibra
tional state were fitted to a Watson's A reduced Hamiltonian including 
terms for quartic distortion yielding for f = 0 the values 6=2125.96(6), 
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C=1983.28(8), A jk=0.664(4), A k=-0.34(4) MHz, and for u = 1 the val
ues A=3995(26), 8=2128.3(1), 0=1984.6(1), A jk=-0.8(l), A k=-32(6) 
MHz. Subsequently, ab initio calculations were performed at the SCF/3-
21G*, MP2/6-31G*, and MP4/6-31G* levels of theory to determine the 
barrier to inversion. The MP4/6-31G* barrier was AE=116 cm"', and 
can be considered to be the most accurate barrier value calculated in 
this study. An ab initio potential energy curve was calculated at the 
SCF/3-21G* level in terms of a single parameter (a;) describing the large 
amplitude motion of the ring puckering. Vibration-coordinate dependence 
of the effective reduced mass associated with this large amplitude motion 
and the resultant kinetic energy expression was determined. The solutions 
of a one dimensional Schrodinger equation solved within this double well 
potential yield a separation between the v = 0 and f = 1 large amplitude 
motion vibrational states of 8 cm"' when the effective reduced mass was 
assumed constant, and a separation of 9 cm"' when the effective reduced 
mass was expressed as a function of the uj coordinate. The u = 0 and 
t; = 1 eigenfunctions for the SCF ring puckering potential were found to 
give \ibrationally averaged rotational constants in good agreement with 
those obtained from the microwave spectrum. 

C.l Introduction 

Small ring compounds exhibit out-of-plane deformations which are induced by 

two primary factors; ring strain, and the substituents on the ring preferring staggered 

rather than eclipsed conformations. In five membered rings, these factors influence the 

two out-of-plane deformations corresponding to the ring-twisting and ring-puckering 

vibration modes. The two out-of-plane vibrations are nearly degenerate in saturated 

five-membered rings such as cyclopentane®'. However, in unsaturated five membered 

rings such as 2,5-dihydrofuran®^, cyclopentene®^, and the sulphur containing com

pound 3-sulpholene (or equivalently, butadiene sulphone)®"*, the energy associated 

with the torsional mode about the double bond is significantly higher than the ring-

puckering mode. Because of the removal of this near degeneracy, it is possible to treat 
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the low energy dynamics of such small ring molecules with a simple one dimensional 

potential energy function describing the ring puckering. From such a treatment one 

can then calculate vibrational energy- levels and the effect of the low energy dynamics 

on observed quantities such as the rotational constants. 

The effective barrier to inversion of small ring molecules resulting from this puck

ering motion is sensitive to the structure and conformation of the ring itself. The 

presence of a double bond in small ring molecules can affect the dynamics consider

ably as can the introduction of a sulphone group (SO2) into the ring. For example, the 

barrier to inversion of 232 cm~' in cyclopentene®^ drops to 50 cm"' in S-sulpholene®"". 

One would also e.xpect that the location of the double bond within a heterocyclic com

pound also has an effect on the barrier. The molecule 2-sulpholene, a five membered 

ring similar to 3-sulpholene with the location of the double bond shifted by one atom 

(see Figure 4.1), demonstrates this effect. 

During the microwave study of 2-sulpholene it was noted that there were two sets 

of rotational transitions with one set being more intense than the other. It was deter

mined that the weaker set arose not from an isotopomer, but rather was attributable 

to an excitation of the large amplitude motion (LAM) of the ring puckering. Rota

tional spectra of only the lowest two LAM vibrational states were measured due to 

rotational temperature limitations, and therefore a barrier for the inversion could not 

be determined from experiments alone. To supplement the experimental investiga

tion, ab initio calculations were performed to estimate the barrier and to calculate 

a one dimensional potential energj- function for the ring puckering vibration. The 

ab initio calculations also provided data to determine the dependence on u! of the 

effective reduced mass associated with the ring-puckering motion. Expansions of the 

ab initio potential and kinetic energies were then used to calculate a set of L.A.\I 
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vibrational eigenfunctions and eigenvalues by solving a one dimensional Schrodinger 

equation. The eigenfunctions were used in conjunction with expansions for the oper

ators of the rotational constants to examine vibrational state dependence, and were 

used for comparison with the experimentally determined quantities. 

C.2 Microwave Measurements 

The sample of 2-sulpholene was prepared according to the procedure outlined by 

Goethals®"' Microwave measurements were made using a modified Flygare-Balle®® type 

pulsed-beam Fourier transform microwave spectrometer operating in the 4-18GHz 

range. A total of 12 and 6 rotational transitions were assigned to the t- = 0 and t.- = 1 

LAM vibrational states respectively, and are shown in Table 4.1. The transitions listed 

in Table 4.1 were fit to a near-prolate, asymmetric rotor using Watson's A-reduced 

Hamiltonian^® including terms for quartic distortion. The results of these fits are 

shown in Table 4.2. The spectra contained only tz-dipole 'R-branch' type transitions 

since the dipole components along the b and c inertial axes are very small. The lack 

of determination of .4 rotational constant for v = 0 and the large uncertainty in .4 

for V = 1 are primarily due to the limited data set and the inability to measure 6 and 

c dipole transitions. Aj could not be determined from the present data set and A 

and A/t show the variability noted®'' between vibrational states associated with these 

parameters due to the slight Coriolis interaction of the LAM. However, reasonable 

rotational fits were obtained using a rigid rotor Hamiltonian because of the relatively 

large energ}- separation between the v = 0 and t' = 1 LAM vibrational states. The 

difference between vibrational energy levels is several orders of magnitude larger than 

the rotational energy diff"erences that were measured, therefore rotation-vibration 

coupling contributions to the Hamiltonian were assumed to be negligible. 
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C.3 Theoretical Methodology 

C.3.1 Equilibrium Geometry and Vibrational Analysis 

Several calculations were made on 2-sulpholene in order to study the internal dy

namics of this ring-puckering motion. A complete optimized structure was calculated 

at the SCF/3-21G* and MP2/6-31G* levels of theory using the GAUSSIAN92®"' pro

gram. The cartesian coordinates of the atoms from these calculations are given in 

Tables 4.3-4.6. The SCF/3-21G* optimized structure showed a significant deviation 

from planarity with the equilibrium dihedral angle between C2-S1-C1-C3 (defined as 

a;) equal to 16.8°. The MP2/6-31G* calculation confirmed that a similar deviation 

from planarity persisted at a higher level of theory. The MP2/6-31G* equilibrium 

geometry is presented in Figure 4.1. 

The GAUSSIAN 92 program assumes a harmonic force field at an optimized ge

ometry to perform a normal coordinate analysis of the vibrational modes. The lowest 

frequency mode calculated at the SCF/3-21G* level was confirmed to be the large 

amplitude ring-puckering motion by animating the GAUSSIAN 92 normal coordi

nates with the X-MOL"" program. Selected frames of this animation are depicted in 

Figure 4.2. 

C.3.2 Barrier to Inversion, Heimiltonian and Reduced Mass 

We defined a single structural parameter, the dihedral angle u;, to parameterize 

the ring puckering motion. By changing the dihedral angle uj (see Figure 4.2) the 

molecule can be inverted between two equivalent equilibrium geometries through a 

planar transition state where u; = 0°. We employed the GAUSSIAN 92 software on a 
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CONVEX C-220 computer to compute the ab initio energy, normal-modes, and the 

reduced masses and frequencies associated with each normal mode for the equilibrium 

geometry of 2-sulpholene as well as for other geometries corresponding to u;'s different 

from the equilibrium value (see Table 4.7). Although a few selected calculations at the 

MP2/6-31G* level were achieved, the computational resources necessary for energy 

and frequency analyses at several u values proved too time consuming. However, these 

calculations are feasible at the SCF/3-21G* level and may be compared directly with 

work doue earlier with a similar SCF program on 3-sulpholene®"' (see Table 4.8). The 

results of the SCF calculations are listed in Table 4.7, and give a barrier height of 48.3 

cm"' for inversion of the ring. Calculations at the MP4/6-31G* level of theory for 

the equilibrium and transition state geometries give an energy difference of 116 cm"' 

and suggest that the SCF calculations probably underestimate the barrier height. 

Finding an appropriate Hamiltonian for a system undergoing a LAM becomes 

difficult due to the dependence of the effective reduced masses on the vibrational 

coordinates, and the need to transform the kinetic energv- operator from cartesian 

coordinates to another coordinate system which explicitly includes coordinates for 

the LAM vibrations. 

The nuclear motion Schrodinger equation for an N atom molecule in cartesian 

coordinates. (ri,r2, ....ry) = (ii,X2, ...,X3A')- is given by 

:  iC . l )  
2n 

where + ̂  + ... + ^i is the potential energy expressed in terms 

of the cartesian coordinates. 

The form of the Hamiltonian in another, general, coordinate system, { v \ ,  u - 2  «3.v)-
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1 3N a / 3.V Q \ 
(C.2) 

where 14 is the potential energy expressed in terms of the u coordinates. In the above 

e x p r e s s i o n  g  i s  t h e  d e t e r m i n a n t  o f  a  m a t r i x  w h o s e  e l e m e n t s  a r e  d e f i n e d  a s  g i j ,  

_ ^ dva dTa . 

and is the Jacobian of the cartesian coordinates with respect to the u coordinates. 

g^^ is defined as 

= (C-4) 

(Note: We have used notation for g described by Kemble^® which is the inverse of 

Wilson's^'' g The units of gij are proportional to {mass), and the units of g^^ are 

proportional to (mass)"'.) 

The normalization condition for the wavefunction expressed in terms of the u 

coordinates, is 

J J — J 9^ duidu2...dti3\- = 1 . 

= 5r~^ ̂ u- Substitution of for in (1) and multiplication from the left by 

g"^ yields the following form of the nuclear motion Schrodinger equation"*®: 

tr T ^ t2 -i ̂  ^ f ' ^ i? ' ^ i ̂  T T - T 
• j * .  +  

4 du, [dUj 4 d u j  + 

(C.o) 

Since we are interested only in vibrational eigenvalues, the dimension of the prol)-

lem can be reduced by 6 upon elimination of the rotational and translational degrees 
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of freedom. This reduction requires the assumption that the coupling between the ro

tational and vibrational motions is negligible. If we denote an internal coordinate sys

tem by (91,92! •••iQzn-s) with the first coordinate, qi, representing the ring-puckering 

vibration (a; in our case), the vibrational Hamiltonian becomes: 

fpii- a ia(in|s|)\ , „ 

Eigenvalues of this internal, vibrational Hamiltonian will not include effects of rotation-

vibration coupling. The dimension of the g matrix is now {3N — 6) x (3.^ — 6), and is 

ordered in such a way that the first element corresponds to the ring-puckering coor

dinate uj. (Note: our p'' is equivalent to the of a rotational-vibrational G matrix 

as defined in 45. 46. and 40 V arises from the dependence of the g determinant on 

the vibrational coordinates, and has been called the "psuedopotential" because some 

of its terms resemble the potential energy function: 

•I 3A'—6 

i.j=i 

1 d  i j d j l n  I g  |) _ 1 d j l n  |  g  | )  d  

Adqi dqj 4 % ^ dqi 

_ 1 d j l n  I  g  \ )  d j l n  |  g  | )  

16 dqi dqj 

Note that the above equation for V differs from previously reported expressions'^' 

by a factor of —^ for the coefficient of the third term. The psuedopotential, V''(u;). is 

slowly varying, and has been shown to be negligible for similar psuedo-four-membered 

ring compounds'*®. For this reason it was ignored in our treatment. 

For practical purposes, it is not possible to use a complete vibrational Hamilto

nian for a molecule the size of 2-sulpholene. However, the ring-puckering mode can 

be treated as being uncoupled from the other 3N-7 vibrations since its vibrational 

frequency (in cm"is at least one order of magnitude lower than any of the other 
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normal mode frequencies including the ring-twisting mode since the double bond on 

the ring of 2-sulpholene sufficiently increases the torque constant to the extent that 

it removes what would otherwise be a near degeneracy of the two out-of-plane ring 

deformations. We use this simplification to reduce the 3N-6 dimensioned vibrational 

problem to one dimension as has been done previously on many other psuedo-four-

membered ring compounds (see 45 for references), and which has been shown to 

reproduce observed energy eigenvalues within experimental error®^. 

The Hamiiltonian we used for the uncoupled ring-puckering vibration is 

= -T (s) [ i ]  + 
where T'(u.') is the ring puckering potential, and m is our ring-puckering coordinate. 

It is necessary to determine the expressions for the potential energy, and 

the effective reduced mass, order to solve the one-dimensional, anharmonic 

oscillator Schrodinger equation given in atomic units as 

(-K£)te) + '•(-))*(-> = «(.). (C.8) 

.A.n analytical expression for V'(a;) was obtained by a least squares fitting of the 

values in Table 4.7 to a quartic polynomial in u; (as predicted by Bell®®) where only 

even powers were retained: 

1 ( u j )  ~  c i u ! ^  "t" biJ^ 4- c . (C.9) 

(a = 2.642 X 10~®, b = -1.512 x 10~®, c = 0.5921 for V'(a.') expressed in hartrees and 

u,' in degrees). A hexic term was found to give insignificant improvements to the fit. 

Figure 4.3 shows X'(u;) as a function of the ring-puckering coordinate u;. 
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In general, the dependence of the inverse reduced-mass values, on vibrational 

coordinates, qk, can be quite accurately fit to a polynomial expansion: 

= (C.IO) 
<=0 

where the Cl^ are linear coefficients. In order to find a polynomial fit for the 

required in our calculations, we utilized the reduced masses and frequencies from 

the GAUSSIAN 92 normal mode analyses for 2-sulpholene performed at various ^.-'s 

(see Table 4.7). Ring-puckering was the lowest frequency vibrational mode in each 

analysis. The normal mode corresponding to this vibration, qp, is approximately 

equivalent to the distortion of the molecule created by change in u;. We scaled the 

reduced mass gn{%) values from the normal mode analysis to values corresponding 

to ^11 (u/-) in order to generate data points from which a polynomial expansion like 

equation (10) can be fit for the inverse reduced mass, = (pu)~^- This is a deviation 

from previously reported methods'^^,"^® of determining the g^^'s as a function of the 

vibrational coordinates, qk- Previously, the derivatives of gtj in equation (3) were 

evaluated numerically, g^-' was subsequently calculated via inversion of the g matrix. 

To find the scaling factor between ^ii(9p) and 9ii(u;), w-e analyzed the curvature of 

the potential at one of the two minima. We assumed the minimum could be reasonably 

well described with a parabola and fit with a quadratic function, l'(:t;) = + b, 

with the data points from Table 4.7. We obtained a fit with a = 3.0375 x 10~®, h = 

-0.56145 for l'(^) expressed in hartrees and u; in degrees. The harmonic oscillator 

force constant is then 

A harmonic frequency analysis of the equilibrium geometry for 2-sulpholene supplied 

a value of u =76 cm"' for the ring-puckering mode. The effective reduced mass of the 

ring-puckering mode in the a; coordinate system at, or near the equilibrium geometry 



120 

is therefore fiioJeq) = The scaling factor is a ratio of the reduced mass for the 

Qp normal mode from the GAUSSIAN 92 analysis at the equilibrium geometry and 

9ll\Qp)eq 

The functional form of was obtained by a least squares fitting of seeded values 

from Table 4.7 to a fourth order polynomial in ui where only even powers were retained: 

, (C.12) 

= 0.02162. C\^ = -6.8246 x 10"^ C\^ = 1.600 x IQ-^ for oc (AMU)"' and 

u; in degrees). Figure 4.4 shows g^^ as a function of the ring-puckering coordinate u-'. 

C.3.3 Solution of Schrodinger Equation, Hamiltonian Ma

trix and Vibrational Energies 

To solve the Schrodinger equation, the wavefunctions corresponding to various 

vibrational levels were approximated as a linear combination of harmonic oscillator-

type basis functions (which are equivalent to Hermite polynomials), 

m 

, (C.13) 
t=i 

with 

0i{uj) = uu^exp{—na'J^) 
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The integer values for p covered the range (0, 1, 2, ...,6) for each value of n = 

1,2,4,8,16, J, As a starting point to build the basis set, we used the solu

tions of the Schrodinger equation with a harmonic potential approximating one of the 

double-well minima (see above reduced mass of harmonic oscillator analysis). The a is 

equal to the exponent of the ground state wavefunction from the harmonic-oscillator 

approximation, and is given by a = 

The linear coefficients of were optimized by applying the variation theorem, 

= (C.U) 
dCi 

This leads to an expression of the Schrodinger equation in matrix form 

HC = ESC . (C.lo) 

To arrive at the secular equation, 

(H' - E) C = 0. (C.16) 

a canonical orthogonalization^' was used to transform the nonorthogonal basis set, 

{(pi\, to an orthogonal one, In this method, the transformation matrix is 

X = Ud~= where U is the unitary matrix which diagonalizes the overlap matrix. 

U^SU = d. Linear dependencies within the basis set lead to very small values for 

some rfj diagonal elements, and cause numerical precision errors in the calculation. In 

order to alleviate this problem, the smallest dj and their corresponding vectors in the 

U matrix are eliminated (in this problem, we chose to eliminate dj under 10~"). The 

transformation matrix X is therefore truncated to X, and if there were m original d, 

basis set functions and n of the vectors were eliminated, the transformed basis set 

has m — n of the 0'^ functions where 

m 
K = = 1,2,..., (m - n) . 

/i=i 
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We define C = X —>• C = XC, multiply (15) on the left by X^, then define 

H' = xtHX to arrive at (H' — E)C' = 0. Diagonalization of H' yields upper limits 

for the energies of the vibrational levels. The calculated ground and first four excited 

\abrational energj- level values relative to the minimum energy are given in Table 4.9. 

We found that the set of sixty basis functions produced convergence of energy 

eigenvalues for the five vibrational states studied to 10~® hartrees. 

C.3.4 Calculation of Vibrationally Averaged Rotational Con

stants 

The lowest five eigenfunctions, where (v = 0,1,2,3,4), were used to ol> 

tain vibrationally averaged rotational constants .4i,, Bl-. and Ct,- for comparison with 

the experimentally determined rotational constants. The .4^. expectation value, for 

example, is found by evaluating 

< .4,^. >= j ^ • (C.17) 

< Bv > and < Cf > were found analogously. Operators .4(u;), B{u!). and C(u;) for the 

rotational constants were found by a least squares fitting of the rotational constant 

values calculated by GAUSSIAN 92 listed in Table 4.7 to a fourth order polynomial 

expansion in uj where only even powers were retained. For example, 

,4(a/') = • (C.18) 

(a.4 = 5.300 X 10~®, 6.4 = 4.039 x 10"'', C4 =4.118 for .4 expressed in MHz and a,' 

in degrees) (see Figure 4.5). Expressions similar to (18) were obtained for B{u;) and 

C{^). The expectation value results are given in Tables 4.2 and 4.9. The non-linear 

dependence of the calculated expectation values on vibrational state is evident from 
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the values in Table 4.9. In Figure 4.6, the dependence of < >!« > on vibrational state 

V is shown. In general, a LAM vibration of a molecule causes non-linear dependence 

of the rotational constants on the LAM vibrational state. 

C.4 Results and Discussion 

From the limited experimental data alone we cannot directly obtain a value for the 

barrier to inversion of 2-sulpholene. We can, however, calculate the energy- barrier to 

inversion, vibrational states, and corresponding rotational constants using ab initio 

methods. The experimental and calculated B and C rotational constants in Table 

4.2 compare favorably (the .4 rotational constants were not compared because of 

the incomplete experimental fit results). The difference between rotational constants 

corresponding to the ground and first excited \dbrational states from experimental fits 

are (Bi — Bo)exp = 2.4MHz and (Ci - Co)exp = 1.3MHz while the theoretical model 

predicts differences of {Bi - Bo)t/ieory = 3.7MHz and (Ci -CQ)theory = 4.4MHz. Some 

of these small discrepancies between theory and experiment can be attributed to the 

level of theory used to obtain potential energy, kinetic energy, and rotational constant 

expansions in addition to the oversimplification of the problem to one dimension. 

Obviously, the complex displacements of the atoms that occur during the LAM can 

only be approximately accounted for with a one dimensional model. However, our 

model does correctly predict an increase in rotational constants on going from v = 0 

to f = 1 states as was observed in the experiment. Attempts to measure higher LAM 

vibrational states were made, however due to the effects of cooling in the pulsed beam 

these higher levels were not sufficiently populated to obtain spectra. 

The assignment of the microwave spectra with a rigid rotor Hamiltonian and the 
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large calculated separation between v = 0 and f = 1 states of 9 cm~^ (270GHz) [and 

8 cm~^ when only the constant term was retained in equation (10)] suggested very 

little rotational coupling with the ring-puckering vibration. Therefore the barrier to 

inversion cannot be much higher than what our SCF/3-21G* calculations suggest 

since a significantly higher barrier would result in near degeneracy of the = 0 and 

i; = 1 states in addition to a noticeable perturbation of the rigid rotor spectra. 

It is apparent upon comparison of previous results®^ with our own that moving 

the location of the double bond around the ring in 3-sulpholene to the location in 

the 2-sulpholene isomer affects the barrier to inversion significantly. Barrier heights 

from our calculations on 2-sulpholene and the results of Alonso et al on 3-sulpholene 

are listed in Table 4.8. The difference in energies from the SCF/3-21G* calculations 

between equilibrium and planar geometries of 48 cm"' for 2-sulpholene and of 88 

cm"' for 3-sulpholene demonstrate that moving the double bond closer to the sulphur 

atom in the heterocyclic supholene lowers the the barrier to ring inversion. 

We should note that use of basis sets with more diffuse functions, application of a 

higher level of theory, and/or use of a more realistic, higher dimensioned model would 

certainly change our results. Nevertheless, we feel that the SCF/3-21G* level of theory 

was an adequate match for the simple one-dimensional model, and that our efforts 

provided useful insights into the ring-puckering LAM of sulpholenes. We believe that 

the experimental averaged rotational constants and the basic characteristics of the 

kinetic and potential energy expressions presented here are correct, and that the 

method used to calculate vibrational energies and rotational constant expectation 

values is reliable. 
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Figure C.l: Equilibrium geometry of 2-sulpholene calculated at the SCF/3-21G* level 

of theory using GAUSSIAN 92. The uj can be defined as the angle of the C2-S1 bond 

from the plane of atoms S1-C1-C3. 
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Figure C.2: A frame by frame "picture' of the LAM starting from the transition 

state (t.s.) moving through the equilibrium (e.q.) to a geometry corresponding to 

relatively large values of a.'. Atoms C2. H3 and H4 shown in Figure 4.1. are seen here 

undergoing the LAM. 
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Figure C.3: Potential energy curve and vibrational energy levels for the 2-suIpholene 

LAM. The calculated values are shown by dots (•) and the solid line represents the 

best fit to the calculated values. 
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Figure C.5: Operator for the A rotational constant of 2-sulpholene which was fit with 

a fourth order polynomial expansion in w. The calculated values are shown by dots 

(•) and the solid line represents the best fit to the calculated values. 
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Table C.l: Measured transition frequencies for the f = 0 and t; = 1 LAM vibrational 
states of 2-sulpholene. Transitions were fit with a rigid rotor Watson Hamiltonian 
with quartic distortion. The small difference between measured and fitted frequencies 
listed in column 4 indicates little ro-vibration interaction. 

JA'p/CO Measured(MHz) Meas.-fitted(MHz) 
v = 0 

111 2i2 8071.740 -0.0105 
loi 2o2 8210.507 -0.0666 
lio 2ii 8359.981 0.1143 
212 3i3 12102.539 0.0029 
2o2 3o3 12296.138 -0.0708 
2ii 3i2 12534.503 0.0704 
3i3 4i4 16127.599 0.0503 
3o3 16358.917 -0.0047 
331 ^32 16405.044 -0.0313 
330 ^31 16406.776 0.0044 
322 423 16408.597 0.0423 
3i2 4l3 16702.001 -0.0843 

r = 1 

111 2I2 8085.276 -0.0001 
loi 2o2 8218.318 0.0125 
lio 2ii 8372.095 -0.0011 
2i2 3i3 12123.761 -0.0001 
2o2 3o3 12309.016 -0.0144 
3o3 4o4 16378.635 0.0037 
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Table C.2: Rotational constants from a fit of a rigid-rotor Watson Hamiltonian with 

quartic distortion to the experimental results compared to the theoretically derived 

expectation values (in MHz) for the v = 0 and f = 1 LAM vibrational states. 

Experimental Calculated 

Parameter f = 0  F =1 F =0 I- =1 

A(MHz) 3995(26) 4125.25 4128.21 

B(MHz) 2125.95(6) 2128.3(1) 2124.41 2128.02 

C(MHz) 1983.28(8) 1984.6(1) 1972.15 1976.86 

AYA-(MHz) 0.664(4) -0.8(1) 

A A-(MHz) -0.34(4) -32(6) 
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Table C.3: Cartesian coordinates (in A) for the equilibrium geometry of 2-sulphoIene 

calculated by GAUSSIAN 92 at the SCF/3-21G* level. 

atom X y z 

S 0.730571 0.004623 0.015847 

01 1.637946 0.069809 -1.097063 

02 1.277409 -0.101885 1.342003 

CI -0.428941 1.303249 -0.053424 

C2 -0.493416 -1.261976 -0.240502 

C3 -1.675878 0.886361 -0.023630 

C4 -1.877397 -0.622079 0.050534 

HI -0.097936 2.318893 -0.083653 

H2 -2.230150 -0.892428 1.038362 

H3 -0.426035 -1.576062 -1.271717 

H4 -0.273092 -2.094496 0.410452 

H5 -2.520803 1.543805 -0.030908 

H6 -2.610241 -0.950400 -0.673475 
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Table C.4: Cartesian coordinates (in A) for the transition state geometry (a; = 0°) of 

2-sulpholene calculated by GAUSSIAN 92 at the SCF/3-21G* level. 

atom X y z 

S -0.733510 0.004589 0.000012 

01 -1.469742 -0.008308 1.235189 

02 -1.470141 -0.009808 -1.234912 

CI 0.426637 1.301009 -0.000845 

C2 0.500118 -1.285482 0.000546 

C3 -1.675628 0.892331 0.000022 

C4 1.901470 -0.611840 -0.000007 

HI 0.091657 2.315988 -0.001293 

H2 -2.514528 1.557706 0.000219 

H3 0.345766 -1.888034 0.882876 

H4 0.345882 -1.888000 -0.881840 

H5 2.467610 -0.901193 -0.030908 

H6 2.466663 -0.901069 -0.876507 
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Table C.5: Cartesian coordinates (in A) for the equilibrium geometry of 2-sulpholene 

calculated by GAUSSIAN 92 at the MP2/6-31G* level. 

atom X y z 

S 0.737185 0.001731 0.022417 

01 1.707865 0.081407 -1.075378 

02 1.200718 -0.132867 1.410223 

CI -0.428112 1.325994 -0.074379 

C2 -0.515807 -1.252929 -0.318897 

C3 -1.685162 0.876516 -0.038082 

C4 -1.857397 -0.621120 0.058206 

HI -0.080058 2.351740 -0.101152 

H2 -2.144663 -0.890316 1.080919 

H3 -0.456461 -1.467518 -1.388028 

H4 -0.259979 -2.144904 0.255812 

H5 -2.549207 1.535046 -0.042111 

H6 -2.654383 -0.970836 -0.604285 
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Table C.6: Cartesizin coordinates (in A) for the transition state geometry (w = 0°) of 

2-sulpholene calculated by GAUSSIAN 92 at the MP2/6-31G* level. 

atom X y z 

S 0.742094 0.001204 -0.000001 

01 1.476828 -0.014532 -1.271365 

02 1.476820 -0.014445 1.271372 

CI -0.422703 1.322947 -0.000028 

C2 -0.529652 -1.293526 0.000027 

C3 -1.683770 0.888754 -0.000019 

04 -1.899925 -0.603637 0.000014 

HI -0.067584 2.346705 -0.000063 

H2 -2.537248 1.561360 -0.000027 

H3 -0.355406 -1.897891 -0.891646 

H4 -0.355406 -1.897891 0.891711 

H5 -2.485354 -0.893501 -0.878703 

H6 -2.485375 -0.893477 0.878722 
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Table C.7: Energies (hartrees), reduced masses (AMU), and rotational constants 

calculated as a function of uj which were used to obtain polynomial expressions for 

V'(u;), (;^'(a;), A(u;), B{uj), and C{uj). 

Energ}' 9n{Qp) .4(MHz) S(MHz) C(MHz) 

0.0 -698.59209 2.3348 4117.911 2115.821 1960.660 

4.8 -698.59213 2.3522 4118.758 2116.796 1962.027 

8.8 -698.59220 2.3914 4121.072 2119.246 1965.432 

12.8 -698.59228 2.4563 4124.519 2123-106 1970.722 

16.8 -698.59232 2.5415 4128.758 2128.363 1977.691 

20.8 -698.59226 2.6624 4134.519 2135.823 1986.892 

24.8 -698.59203 2.8048 4140.630 2144.971 1997.535 

28.8 -698.59153 2.9581 4147.684 2155.952 2009.696 

30.8 -698.59115 3.0455 4151.538 2162.460 2016.368 
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Table C.8: Energies from SCF/3-21G*, MP2/6-31G* and MP4/6-31G* calculations 

using GAUSSIAN 92 for the equilibrium (eq.) and transition state (t.s.) geometries. 

All energies in hartrees. 

2-sulpholene 

method E(eq.) E(t.s.) AE=E(t.s.)-E(eq.) 

SCF/321G* -698.5923186 -698.5920996 0.0002190 

\rP2/63lG* -703.1503384 -703.1496288 0.0007096 

MP4/631G* -703.1946307 -703.1941005 0.0005302 

3-sulpholene®'' 

method E(eq.) E(t.s.) AE=E(t.s.)-E(eq.) 

SCF/321G* -698.5916130 -698.5912124 0.0004006 

Table C.9: Calculated vibrational levels relative to minimum energ\-, and rotational 

constant expectation values for 2-sulpholene. 

level energy ( cm A (MHz) B(MHz) C(MHz) 

v=0 29.41 4125.25 2124.41 1972.15 

V=1 38.41 4128.21 2128.02 1976.86 

v=2 82.08 4126.43 2126.21 1974.17 

v=3 122.25 4129.63 2130.34 1979.37 

v=4 172.73 4131.05 2132.41 1981.75 
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Appendix D 

Anharmonic Contributions to the 

Inversion Vibration in 

2-Aminopyrimidine 

W.J. XFCarthy, L. Lapinskif, M.J. Nowakf, L. Adamowicz 

Department of Chemistry. University of Arizona. Tucson, Arizona 85721 

^Institute of Physics, Polish Academy of Sciences. 

Al. Lotnikow 32/46, 02-668, Warsaw, Poland 

The out-of-plane vibrations of the amino group in 2-aminopvTimidine have 
large amplitudes, and cannot be properly described within the harmonic 
approximation. The normal mode analysis carried out at this level of ap
proximation at the Restricted Hartree-Fock level and at the second-order 
Moller-Plesset perturbation theory level failed to match the experimen
tal transition frequency of i/ % 200 cm~'of the inversion vibration in 
this compound. In an effort to better understand this vibration motion, 
we went beyond the harmonic approximation. The inversion vibration 
was treated as being uncoupled from all other nuclear degrees of freedom. 
.A.n internal coordinate, (a.-), was chosen whose displacement mimicked 
the out-of-plane distortion of the amino group during the inversion vibra



139 

tion. Electronic energy was calculated at the second-order Moller-Plesset 
perturbation theory level at selected values of u to form a double-well 
curve describing a model potential within which the nuclei move during 
the vibration. This potential was incorporated into a one-dimensional 
Hamiltonian, and vibrational energj- expectation values were variation-
ally determined by utilizing the harmonic wavefunctions as the basis set. 
Two sets of calculations were performed: one in which the mirror plane of 
sjTnmetry was preserved throughout the vibrational deformation limiting 
the internal coordinates to seventeen, and another in which the symmetry 
was unconstrained permitting description by 3iV — 6 = 30 internal coor
dinates. These calculations resulted in prediction of the t' = 0 -> i; = 1 
transition energj- oi v = 130.1 cm~^and u = 206.7 cm~^ respectively, 
reasonably matching the experimental value of » 200 cm~^ 

D.l Introduction 

In the majority of cases the interpretations of the infrared spectra of the nucleic 

acid bases and their analogs isolated in low-temperature matrices are performed by 

comparing the experimental spectra with the spectra predicted theoretically. For 

uracil®®. o-azauracil'°, 6-azauracir°. purine"', 2-pyridinone^^, and 4-pyrimidinone"^ 

the reliable assignment of the IR bands observed experimentally has been obtained 

on the basis of the spectra calculated theoretically within the harmonic approximation 

at the Self Consistent Field (SCF) level of theory with a 6-31G** basis set. We have 

demonstrated that for these compounds the spectra predicted theoretically with the 

harmonic approximation reproduce the experimental results quite accurately. This 

was not the case for compounds containing an amino group. 

For compounds like cytosine'"' isocytosine'®, adenine"^ 2-thiocytosine'®. and 2-

thio.o-fluorocytosine^®, the general agreement between the theoretical prediction and 

the experimental result was noticeably worse and the assignment of the experimental 

bands in some regions of the IR spectrum was less reliable, or. in some cases im
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possible to perform in a reasonable manner. Most difficult to assign were the bands 

corresponding to the normal modes with contributions from internal coordinates de

scribing out-of-plane vibrations of the amino group. The theoretical studies done so 

far show that in the compounds listed above, the amino group is not planar. The 

distortion of this group from the ring plane differs from case to case. The barrier be

tween two equivalent positions of the amino group on each side of the ring seems in all 

the cases to be relatively low, and the potential wells to be shallow. As a comparison, 

the barrier height for inversion of ammonia by the second-order Moller-Plesset per

turbation theory (MP2) with a 6-31G** basis set using the GAL'SSIAN92"^'' program 

is 2259 cm~'while that of 2-aminopyrimidine is 177 cm~^: the respective calcu

lated harmonic frequencies of ammonia and 2-aminopyrimidine are 1125 cm"'and 

484 cm~'. 

The analysis of the experimental and theoretical results obtained so far suggests 

that the out-of-plane vibrations of the amino group's hydrogens contribute in the 

majority of cases in two low frequency normal modes involving inversion and internal 

rotation of the amino group. The spectral positions of the respective IR bands were 

generally about 500 and 200 cm"'. The two above mentioned vibrations are low-

frequency and large amplitude, and cannot be well described theoretically within the 

harmonic appro.ximation. 

To better understand the out-of-plane vibrations of 2-aminopyrimidine (see Figure 

5.1), we decided to go beyond the harmonic approximation. We calculated, at the 

MP2/6-31G** level of theory, the electronic energy for several values of the internal 

coordinate u; whose displacement mimicked the motion affected during the amino 

group inversion mode. A one-dimensional potential curve was fitted to calculated 

energy points, and variational solutions to vibrational energ}- expectation values were 
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then obtained. 

D.2 Experimental Observations 

The general procedure of niatrix preparation was the same as that described 

elsewhere^^ Matrices were deposited on the Csl window mounted on the cold fin

ger of a continuous flow helium cryostat. The temperature of the cold window was 

6-7 K, and the temperature of the oven, from which the sample sublimated, was 325 

K. The sample of 2-aminopyrimidine was obtained from Aldrich Chemical Company. 

Inc.. N'eon, argon, and nitrogen of spectral grade were purchased from Technische 

Case, Leipzig. Germany. Infrared spectra were recorded on the Perkin-Elmer o80B 

spectrometer. Band intensities were obtained by means of numerical integration. 

The infrared spectra of 2-aminopyrimidine isolated in Ne, Ar, and X2 matrices are 

presented in Figure 5.2. The spectral positions of the observed IR bands together with 

their relative intensities are given in Table 5.1. In the low frequency region of these 

spectra, two relatively strong bands (at 517 and s: 200 cm~^) are observed, which may 

be assigned to the out-of-plane vibrations of the amino group. The considerable shift 

towards higher frequencies and band broadening in the N2 matrix is a characteristic 

feature of those bands. A supposition that the lower frequency (r; 200 cm"^) band 

corresponds to the inversion mode i' = 0 u = 1 transition will be theoretically 

tested in this work. 
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D.3 Theoretical Methodology 

The harmonic approximation provides vibrational frequencies that match well 

with experimental quantities only for vibrational modes for which the intial premise 

holds: the nuclei move little from their equilibrium positions. For relatively large 

amplitude vibrations such as the inversion of the amino group on 2-aminopyrimidine, 

the harmonic approximation is invalid. The compeirison of the experimental spectra 

with those calculated within the harmonic approximation at the SCF and MP2 levels 

of theory is presented in Figure 5.3. The calculated frequencies, absolute intensities 

and potential energy- distribution (FED) of the absorption bands are given in Tables 

5.6-5.8. Internal coordinates used in the normal mode analysis are given in Table 

5.5 (Tables 5.5-5.8 in supplementary material). From the presented comparison, it 

can be concluded that the calculation done within the harmonic approximation fails 

to reproduce the experimental spectra to sufficient accuracy. In an attempt to get 

a better agreement between the calculated frequency of the inversion vibration in 

2-aminopyrimidine and the experimental observation we wished to develop a func

tional form for the associated potential energ>- that went further than the harmonic 

approximation. 

The task of choosing the proper coordinate, along which the nuclei should be dis

placed to mimic the real movement during the inversion vibration, becomes somewhat 

confused by the fact that no one normal coordinate can well describe large amplitude 

vibration deformations. Rather, the "path" of the vibration along the potential en

ergy surface is a function of normal coordinates. Electronic energ\- was calculated 

for a series of nuclear positions thought to mimic the deformations the molecule en

dured by 2-aminopyrimidine during the mainly inversion-type vibration. To better 

accomplish this, a transformation from the cartesian coordinate frame to an internal 
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coordinate frame was made. 

It should be noted at this point that in both of the two sets of calculations per

formed (one in which the mirror plane of symmetry was preserved throughout the 

vibrational deformation, and another in which the symmetry was unconstrained) the 

equilibrium and transition structures were essentially the same as can be verified by 

examination of Tables 5.2 and 5.3. The equilibrium geometries occurred at a sta

tionary point of order zero on the potential energ}' surface for a dihedral angle, u, of 

about 21 The transition geometry for the inversion of the amino group occurred at 

a stationary point of order one on the potential energ}- surface for a dihedral angle, 

u;, of about 0 In both sets of calculations, the hydrogens of the amino group were 

in the plane of the pyrimidine ring at the transition geometry. 

D.3.1 Selection of the Coordinate System 

WTien vibrational amplitudes go beyond the region in which a second-order Taylor 

series can be trusted, the expansion for the potential term, Vnormai- should be summed 

to higher orders: 

Y 3A-6 3A'-6 1 3iV-6 

^normal  = -X XI ^ ̂ i jkQiQjQk + 51 ^i jk lQiQjQkQl + ---  (^1) 
i  i j .k  i . j ,k , l  

Normal coordinates are rectilinear -the axes are straight lines- and the base vec

tors are orthonormal. They are useful only in the limit of infinitesimal displacements 

of the nuclei from their equilibrium positions^^. In such situations, straight lines well 

describe the nuclei's motion during vibrations. However, for larger amplitudes of 

vibration, curvilinear coordinates better describe nuclear motion. 

Internal coordinates (or "'internal valence coordinates") refers to a system of 3 A'-6 

coordinates^'' consisting of changes in: 1) bond lengths, 2) bond angles. 3) torsion 



144 

angles, and 4) out-of-plane angles These are curvilinear coordinates -the intersection 

of constant surfaces form curves- and the base vectors are not orthonormal. 

For infinitesimal changes in nuclear position, the internal coordinates, {s,}, are 

linearly related to the cartesian displacements: 

S  =  B A x .  (D.2) 

The S is a 3N — 6 by 3N matrix of cosine differences between the cartesian axes 

and the internal coordinate base vectors. The internal coordinates are also linearly 

related to the normal coordinates in the limit of infinitesimal displacements^^. 

S = L Q .  (D.3) 

The i is a 3 A'' —6 b}- 3 A' —6 matrix of cosine differences between the normal cartesian 

axes and the internal coordinate base vectors. 

In general and specifically for low frequency, large amplitude vibrations, the in

ternal coordinates are non-linear functions of the cartesian displacement coordinates. 

The {s,} can be expanded in a Taylor series in terms of Ax from the equilibrium 

configuration defined by 5 = 0: 

3A 2 3A' 

Si —  ̂" Bij-AXJ- -I- —  ̂' Bi^BigAxrAxg + — ^ ] BirBigBitAxj-AxgAxf + ... (DA) 
r  ^  r ,s  " r,s,< 

The {s,} are therefore non-linecir functions of the normal coordinates as well: 

3A' 3A' ^ 3A* 

Si — LirQr X LirLxsQrQs ^irLisLnQrQsQt ")"••• [D.o) 
r  ^  r ,s  "  r,s , t  

The internal coordinates provide the most physically meaningful set of coordinates 

for the description of the potential energ}-. They're a characteristic of the molecule, 

and represent parameters directly related to its structure. The Taylor expansion for 
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the potential energy in terras of the curvilinear internal coordinates is given as: 

3N-6  2 3Ar-6 J 3N-6  

^val ~ n 53  ̂ fijk îSjSk + ~ fijklSiSjSigSl + . . . {D.6) 
^ ij ° ij,k 

It should be noted that for a comparably accurate depiction of the potential in normal 

coordinates, the Taylor expansion is necessarily much longer since the {sj are non

linear functions of the {Q,} (see equation 5). 

Rather than determine the non-linear transformation between the internal and 

normal coordinates explicitly, we assumed that each vibration distortion could be 

reasonably described by only one of the internal coordinates, uj, within a judiciously 

chosen coordinate frame. An internal coordinate labeled u; was chosen to represent 

the distortion endured by 2-aminop5Timidine during the mainly inversion-type vi

bration. Electronic energies were calculated by MP2 with the 6-31G** basis using 

GAUSSIAX92'''' program for set values of j; while the other internal coordinates were 

allowed to relax (the electronic energj- was optimized with respect to the other geo

metrical parameters): this helps insure that the desired vibration-distortion is more 

precisely followed. 

W'e opted to construct the one-dimensional potential in two different internal 

coordinate frames: 

1. In the first (which will be termed "constrained"), the mirror plane of symmetry 

was preserved throughout the vibration distortion. This constraint significantly 

reduces the number of degrees of freedom. The four nuclei in the mirror plane 

require two degrees of freedom each. There are four types of unique off-plane 

nuclei with three degrees of freedom each. An additional three coordinates are 

needed to define a dummy atom which together with two of the in-plane nuclei 

describe the mirror plane. Thus there are 2(4) -i- 3(4) -I- 3 = 23 total degrees of 
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freedom, or 17 vibrational degrees of freedom. The dihedral angle formed by 

nuclei H11-N10-C2-N1 was constrained to match the negative of the dihedral 

H12-N'10-C2-N3 angle (see Figure 5.1) which was defined as uj. 

2. in the second (which will be termed "unconstrained"), SAT — 6 = 30 vibrational 

degrees of were retained. The dihedral angle formed by nuclei H12-N10-C2-X3 

(see Figure 5.1) was again defined as uj. 

Energies and a; values for the "constrained" and "unconstrained" models are tal> 

ulated in Tables 5.2 and 5.3, respectively. The energies of the equilibrium geometries 

and planar transition geometries for both models are the same to 10"^ hartrees. Fig

ure 5.4 shows the double minima potential resulting from both sets of calculations: 

the "constrained" and "unconstrained" curves were fitted with a 10*'' and a 12''' order 

polynomial in jj, respectively. 

D.3.2 Transformation of the Hamiltonian 

For practical purposes, it is not possible to use a complete vibrational Hamiltonian 

for a molecule the size of 2-aminopyrimidine. The inversion mode is treated as being 

uncoupled from the other 3N'-7 vibrations. This assumption is not necessarily valid 

since the vibrational frequency of the inversion is of the same order of magnitude 

of other frequencies (in units of cm~^). However, this simplification reduces the 

3N-6 dimensioned vibrational problem to one dimension thus allowing computational 

feasibility. 

The Hamiltonian we used, presented in an earlier paper'* for the uncoupled in-
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version vibration is 

+ V{U) ,  (D.7) 

where V{u j )  is the inversion potential, and u is our inversion coordinate defined as 

the dihedral angle H12-N10-C2-N3. The is an element of the contravariant, 

second-order tensor which is the inverse of the covariant metric tensor; it has units 

(a mass~^). 

It is necessary to determine the expressions for the potential energy, V'(u;), and 

the value of the effective reduced mass, pii(u;), in order to solve the one-dimensional, 

anharmonic oscillator Schrodinger equation given in atomic units as 

An analytical expression for was obtained by a least squares fitting of the 

values in Table 5.2 to a lO'^^-order polynomial in u; in the case of the "constrained" 

molecule, and the values of Table 5.3 to a r2^'^-order polynomial in a? in the case of 

the "unconstrained" molecule (only even powers were retained): 

Figure 5.5 shows as a function of the inversion coordinate uj for the "constrained" 

molecule, and Figure 5,6 shows for the "unconstrained" molecule. Figure 5.4 

shows both 

In general, the dependence of the inverse reduced-mass values, on vibrational 

coordinates, qk, can be accurately fit to a polynomial expansion: 

(D.8) 

V  ( c j )  —  +  b u i ^ ^  - h  C U / ' ^  +  d u / ^  - l -  +  f  - f "  g  .  {D.9) 

(D.IO) 
1=0 
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where the C/-' are linear coefficients. However, we assumed that the effective reduced-

mass remained constant throughout the vibration deformation. This assumption is 

strictly invalid since an analysis of the effective reduced-mass of the "constrained" 

model at its planar geometry yielded n « 5.23; in consideration of the assumption 

that the inversion vibration mode is uncoupled from all other vibrations and rota

tions, a constant reduced-mass contributes insignificant error. For the "constrained" 

molecule, fi = 2.8609, and for the "unconstrained" molecule, [j = 1.5666 where the 

units of 1.1 are appropriate to the uj coordinate. The following few paragraphs describe 

the derivation of these values. 

The normal mode corresponding to this vibration, qp, is approximately equivalent 

to the distortion of the molecule created by small change in u;. The reduced mass 

value appropriate to the coordinate u;. Quiu;), was found as follows: We analyzed 

the curvature of the potential at one of the two minima. We assumed the mini

mum could be reasonably well described with a parabola and fit with a quadratic 

function. r(u;) = ajj'^ + bu; + c, to the three lowest energy points. We then ob

tained a least-squares fit (for the "constrained" molecule a = 7.060200 x 10~®. b = 

—3.011282 X 10""^. c = —318.757354, and for the "unconstrained" molecule a = 

3.826700 X 10~®, b = —1.452660 x lO""*, c = —318.759186 for V(u/') expressed in 

hartrees and ij in degree). The harmonic oscillator force constant is then: 

dui^ 

A harmonic frequency analysis at the MP2/6-31G** level of theory for the equilil)-

rium geometry in the "constrained" model of 2-aminopyrimidine supplied a value of 

f =487.2658 cm"'for the inversion mode: in the "'unconstrained" model the harmonic 

frequency is u =484.7783 cm^'for the inversion mode: 
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The frequency is converted to atomic units by multiplication by a factor 

Be 

4.3598 X 10-'8' 

The effective reduced meiss of the inversion mode in units appropriate to the u! 

coordinate system at, or neeir the equilibrium geometry is therefore /liuieq) = 

This value of /j when evaluated with the harmonic potential reproduces the calculated 

harmonic frequencies in both sets of calculations. 

D.3.3 Solution of Schrodinger Equation, Hamiltonian Ma

trix and Vibrational Energies 

To solve the Schrodinger equation, the wavefunctions corresponding to various vi

brational levels were approximated as a linear combination of fifty harmonic oscillator-

type basis functions. This basis set is equivalent to Hermite polynomial basis. 

•iO 
^  ( D . l l )  

i=l 

with 

0i{uj) = (jLi^exp{—nau!^) . 

The integer values for p covered the range (0, 1. 2, ..., 5) for each value of n = 

1,2,4,8,16, J, i, As a starting point to build the basis set, we used the solu

tions of the Schrodinger equation with a harmonic potential approximating one of the 

double-well minima (see above reduced mass of harmonic oscillator analysis). The a is 

equal to the exponent of the ground state wavefunction from the harmonic-oscillator 

approximation, and is given by: a = ( for the "'constrained" molecule. 

Q = 6.355 X lO"^, and for the "unconstrained" molecule, q = 3.4626 x 10"^). 
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We found that fifty basis functions gave convergence of energy eigenvalues for the 

four vibrational states studied to 10~® hartrees. 

D.4 Results and Discussion 

Calculated vibrational states for both the "constrained" and "unconstrained" 

models are depicted in Figures 5.5 and 5.6, respectively. The difference in energy 

between the ground and first excited states for the "constrained" model is u = 131.7 

cm"', and for the "unconstrained" model is u = 206.7 cm~^ These values match 

well with the observed frequency of i/ « 200 cm"'. Both model's frequencies are 

substantially lower than the harmonic frequencies of 500 cm"'calculated at the 

MP2/6-31G** level of theory; this is a direct result of the description of anharmonicity 

of the potential energy curve within the models. 

Examination of Table 5.3 for the "unconstrained" model reveals that the second 

hydrogen of the amino group (labeled 11 in Figure 5.3) did not move in concert with 

the first hydrogen (labeled 12) during the deformation of u;: hence, the "inversion" in 

this model is not necessarily well depicted. However, what is seen is that the inversion 

mode and internal rotation of the amino group relative to the pvTimidine are strongly 

coupled vibrations. 

Most probably a fortunate cancellation of error in the calculations yielded the 

close match in "unconstrained" transition frequency and the observed result. The 

most grievous error is the assumption that the a? internal coordinate is uncoupled 

from the other internal coordinates and rotations. Also contributing to error is the 

unlikelyhood that the one u; coordinate completely describes the distortion endured 

during the inversion vibration. Additionally, the shortcomings of the MP2 potential 
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energy surface in depicting the "true" adiabatic surface along with the imperfect 

least-squares fit of the potential and possible sensitivity problems caused by the finite 

set of calculated energies generates inaccuracy. 

Due to the much larger number of constraints imposed in the "constrained" model, 

its electronic energy rose more quickly with change in ui than in the "unconstrained" 

model. However, the large value for the reduced mass of the "constrained" is signifi

cantly larger than the "unconstrained" reduced mass value, and results in the lower 

frequency, u = 130.1 cm"'. The results from the "constrained" calculations can be 

interpreted as representing a possible lower limit of transition frequency within the 

one-dimensional model, and support the correctness of the "unconstrained" results. 

We conclude that the experimentally observed transition at « 200 cm~Ms asso

ciated with a large amplitude vibration mainly described by inversion of the amino 

group, but also involving internal rotation deformation. Future theoretical work will 

incorporate a two dimensional model for description of anharmonic, large amplitude, 

out-of-plane vibration of the amino group. .A.n effort will also be made to theoretically 

predict the intensities of not only the fundamental f = 0 v = 1 transition, but 

also the v = Q u = i {/ = 2,3...) transitions due to internal rotation and inversion 

vibrations. 
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Figure D.l: Atom numbering in 2-aminopyrimidine. The dihedral angle formed by 

H11-X10-C2-N1 is defined as uj. 
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Figure D.2: The experimental IR spectra of 2-aminopyrimidine isolated in: A -neon. 
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Figure D.3: The comparison of the experimental spectrum of 2-aminop}Timidine 

isolated in the Ar matrix (A) with the spectra predicted within the harmonic approx

imation calculated ab initio at the HF/6-31G** level (B) and MP2/6-31G** level 

(C). The theoretical frequencies were scaled down by a uniform scale factor equal 0.9 

for the HF calculation and equal 0.96 for the MP2 calculation. Asterisks denote the 

normal modes in which the inversion of the amino group is involved. 
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Table D.l: List of experimental IR absorption bands of 2-aminopyrimidine isolated 
in low-temperature matrices. 

Ne matrix Ar matrix Ni matrix 
u (cm~^) I (rel.) u (cm'^) I (rel.) u (cm~^) I (rel.) 

3585 88 3569/3576sh 94 3571 156 
3469 115 3452/3458sh 119 3454 207 
1647 11 1637 23 
1630 48 1628 36 1621 21 
1612 136 1608 115 161 124 
1606 413 1602/1588 359 1608 379 
1571 155 1567 110 156 121 
1560 vw 
1487 vw 
1470 80 1467 58 1469 163 
1454 246 1451 268 1451 164 
1431 3 1428 4 1430 4 
1356 3 1355 4 1357 13 
1318 2 1317 3 1329 2 
1287 1299 1306 2 
1219 17 1219 16 1222 16 
1204 1202 1206 

1177/ll84sh 18 1174 15 1185 19 
1123 3 1125 2 

u - wavenumber of the maximum absorbence. 
I - relative integral intensity. 
sh - shoulder, str - strong, 
v\v - very weak, br - broad. 
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Figure D.4: Potential energy curve for the inversion vibration of the amino group in 

2-aminopyrimidine. Both the "constrained," and "unconstrained" models are shown. 
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Figure D.5: Potential energy curve for the inversion vibration of the amino group in 2-

aminopyrimidine for the "constrained" model. V'(u;) = buj^°+aj^+duj^+eu!*+fuj^+g . 

( b = 1.2843851 x 10-^^ c = -6.761753 x 10"'®, d = 1.0204751 x lO'^^ g ^ 

3.3000 X 10~®, / = —3.4362 x 10~®, g = —318.75975891 for expressed in 

hartrees and u in degree). 
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Figure D.6: Potential energy curve for the inversion vibration of the amino group in 

2-aminopyrimidine for the "unconstrained" model. V{UJ) = +BUI^°+ +DU;^ + 

euj^ + + g . {a = 1.4106591 x b = -8.844080 x 10"^®, c = 2.1787369 x 

lD-^^ d = -2.7170329 x lO'^S e = 1.900130 x 10-^ / = -6.3550062 x 10"®, g = 

-318.7597838 for V{UJ) expressed in hartrees and U in degree). 
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Table D.l: Experimental IR absorption bands of 2-aminopyrimidine isolated in low-

temperature matrices continued. 

Ne matrix Ar matrix N2 matrix 

u (cm I (rel.) 

1 0
 I (rel.) u (cm"^) I (rel.) 

991 2 990 1 993 2 

979 1 977 1 

954 3 

908 4 908 6 

872 4 870 3 871 1 

805 36 803 34 807 35 

786 33 784 25 783sh/790 27 

732 2 

642 14 642 22 641 8 

613 10 

593 9 592 7 584 12 

517 145 517sh 135 524 10 

521sh 145 521sh 135 663br 112 

407 24 406 29 414 27 

i200 str i200 str 292br 173 

u - wavenumber of the maximum absorbence. 

I - relative integral intensity. 

sh - shoulder, str - strong, 

v\v - very weak, br - broad. 
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Table D.2: Energies (hartree) calculated as a function of uj (the dihedral angle H12-

N10-C2-N3) which were used to obtain polynomial expressions for V{UJ) for the "con

strained" molecule. 

Energj' 

0.0 -318.7597589 

4.0 -318.7598131 

8.0 -318.7599650 

12.0 -318.7601820 

16.0 -318.7604066 

20.0 -318.7605527 

21.2891 -318.7605651 

22.0 -318.7605619 

26.0 -318.7603718 

30.0 -318.7597850 

34.0 -318.7586585 

38.0 -318.7568560 
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Table D.3; Energies (hartree) calculated as a function of w (the dihedral angle H12-

N10-C2-N3) which were used to obtain polynomial expressions for V{uj) for the "un

constrained" molecule. Values of u', the dihedral angle H11-N10-C2-N1, are listed in 

column 3. 

Energy Uj' 

0.0 -318.7597589 0.017 

4.0 -318.7598918 13.075 

8.0 -318.7601524 19.204 

12.0 -318.7603864 21.352 

16.0 -318.7605312 21.728 

18.8182 -318.7605651 21.193 

24.0 -318.7604688 20.025 

28.0 -318.7602510 18.475 

32.0 -318.7599102 16.669 

36.0 -318.7594514 14.676 

40.0 -318.7588811 12.583 

44.0 -318.7582072 10.324 
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Table D.4: Calculated vibrational levels ( cm relative to the zero point energ\-. 

level energ}' (constrained) energy- (unconstrained) 

f = 0 150.6 150.8 

V = 1 280.8 357.9 

v = 2 598.5 763.6 

f = 3 953.7 1240.7 
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The out-of-plane vibrations of the amino group in 2-aminopyrimidine in
volve its inversion and rotation relative to the pyrimidine ring, and are 
investigated with the combined use of matrix-isolation IR spectroscopy 
and ab initio quantum mechanical methodology. These two vibrations 
have large amplitudes and cannot be properly described within the har
monic approximation. The normal mode analysis based on the harmonic 
approximation at the Restricted Hartree-Fock level and at the second-
order Meller-Plesset perturbation theory level failed to match the exper
imental transition frequencies of « 200 cm"' and u fa 500 cm~S and 
gave contradictory results regarding the relative frequency values for the 
inversion and internal rotation vibrations of the amino group. In an effort 
to better understand these vibrational motions and their coupling, an ab 
initio potential energy surface was calculated in internal coordinates for 
the cases in which the two vibrations are uncoupled from all other nuclear 
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motions and when they are allowed to couple with each other. An internal 
coordinate, (a;), was chosen whose displacement mimicked the inversion 
distortion and another internal coordinate, (r), was chosen whose dis
placement mimicked the internal rotation distortion of the amino group. 
Electronic energy was calculated at the second-order Moller-Plesset per
turbation theory level at selected vsilues of lj and r to allow a least-squares 
fitting of an analytical depiction of the potential energy curves and surface. 
A numerical procedure for determining the form of the kinetic energj' op
erator in internal coordinates was also implemented. Vibrational energy 
expectation values were variationally determined by utilizing products of 
harmonic oscillator solutions and sine and cosine functions as the basis set. 
The calculation of expectation values of the two-dimensional vibrational 
Schrodinger equation resulted in prediction of the fundamental transition 
energies of i/ = 140.6 cm"^ and u = 440.3 cm~^ for the inversion and 
internal rotation vibrations, respectively. These theoretical values reason
ably match the experimental quantities, and allow firm assignment of the 
two experimental infrared spectral bands of the out-of-plane vibrations of 
the amino group in 2-aminopyrimidine. 

E.l Introduction 

The combination of experimentally measured and theoretically simulated vibra

tional level transitions has allowed interpretation of the infrared spectra of a number 

of nucleic acid bases. The reliable assignment of the empirical IR bands based on com

parison with theoretically obtained harmonic frequencies has been made for uracil®^, 

5-azauracil'°, 6-azauraciF°, purine'^ 2-pyridinone^^, and 4-pyrimidinone^^. However, 

the theoretical spectra obtained with the use of the harmonic approximation did 

not agree well with the experimental results for cytosine^"*, isocytosine^^, adenine"'. 

2-thiocytosine^®, and 2-thio,5-fluorocytosine"® which contain an amino group. The 

bands associated with normal mode^^ distortions involving the out-of-plane vibra

tions of the amino group were the most difficult to assign. 

The theoretical studies performed on some of the above compounds show that the 
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amino group is not coplanar with the rest of the molecule. The amount of distortion 

of the amino group's hydrogens above the ring-plane varies from case to case, but the 

barrier between equivalent configurations on each side of the ring is relatively low in 

all cases. As a comparison, the theoretical barrier height for inversion of ammonia by 

the second-order Moller-Plesset perturbation theory (MP2) with all orbital's electrons 

correlated using the 6-311G** basis set is 2310 cm~^ while that of 2-aminop3n:imidine 

is 273 cm'^ The lower barrier causes a greater splitting of the states which would 

otherwise be degenerate with an infinite potential barrier separating the two minima. 

The analysis of the experimental and theoretical results obtained so far suggests 

that the out-of-plane vibrations of the amino group's hydrogens contribute in the 

majority of cases in two low frequency normal modes involving inversion and internal 

rotation of the amino group. The spectral positions of the IR bands were generally 

about 500 and 200 cm~^ However, assignment of the experimental bands to calcu

lated normal mode distortions is impossible. The harmonic approximation utterly 

fails at predicting the experimental transition frequencies for the two out-of-plane vi

brations of the amino group. Generally, ab initio harmonic frequencies of out-of-plane 

vibrational modes are highly overestimated, and need to be scaled by empirical factors 

to match the experimental frequencies. For low-frequency vibrations, ab initio fre

quencies are typically still several times larger than the experimental quantities. .Ad

ditionally, for the model nucleic acid base system of 2-aminopyrimidine, the harmonic 

frequencies calculated at the MP2/6-31G** and SCF/6-31G** levels of theory have a 

reversed order for the two out-of-plane vibrational frequencies®^. 2-aminopyrimidine 

was chosen as a model system in order to better understand the failure of the theoret

ical harmonic frequencies corresponding to the out-of-plane vibrations of the amino 

group to match the experimental quantities in the above nucleic acid bases. 
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An earlier study®^ of 2-aminopyrimidine examined the inversion vibration in a 

manner extending beyond the harmonic approximation; a one-dimensional Hamilto-

nian expressed in internal coordinates was used in a variational calculation of the vi

brational transition frequencies. A further study of both of 2-aminopyrimidine's two 

low-frequency vibrations associated with the out-of-plane distortions of the amino 

group is presented in this paper. Both the internal rotation and inversion vibrations 

are examined with one-dimensional models in which they are treated as being un

coupled from all other nuclear motions. The coupling between these two vibrations 

is then examined in a two-dimensional model. An internal coordinate system was 

selected so that two of the coordinate's displacements, oj and r, mimicked the motion 

affected by the amino group during its inversion emd internal rotation, respectively. 

The electronic energy was calculated at the MP2/6-311G** level of theory at selected 

values of uj and r. One-dimensional potential energj-' curves in both uj and r were fit 

to calculated electronic energies to model the potential within which the atoms move 

during inversion and internal rotation vibrations, k two-dimensional potential energy 

surface was also determined to examine vibrational coupling. The dependence of the 

kinetic energy operator on u and r was evaluated utilizing a numerical procedure to 

estimate the requisite derivatives. Variational solutions to the vibrational equations 

for the one-dimensional and two-dimensional models were then found. 

E.2 Experimental Observations 

The general procedure of matrix preparation was the same as that described 

else where Matrices were deposited on the Csl window mounted on the cold finger 

of a continuous flow helium cryostat. The temperature of the cold window was 6-7 

K° ,  and  the  t empera ture  o f  the  oven ,  f rom which  the  sample  sub l imated ,  was  325  K° .  
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The sample of 2-aminopyrimidine was obtained from Aldrich Chemical Company, 

Inc.. Neon, argon, and nitrogen of spectral grade were purchased from Technische 

Gase, Leipzig, Germany. Infrared spectra were recorded on a Perkin-Elmer 580B 

spectrometer. Band intensities were obtained by means of numerical integration. 

The infrared spectra of 2-aminopyrimidine isolated in Ne, Ar, and N2 matrices are 

presented in Figure 2. The spectral positions of the observed IR bands together with 

their relative intensities are given in Table 1. In the low frequency region of these 

spectra, two relatively strong bands (at 517 and 200 cm~^) are observed, which may 

be assigned to the out-of-plane vibrations of the amino group. The considerable shift 

towards higher frequencies and band broadening in the N2 matrix is a characteristic 

feature of those bands^®~®°. 

E.3 Theoretical Methodology 

All of the following energj' calculations were performed within the clamped-nuclei 

approximationIn this approximation, the large difference in mass between elec

trons and nuclei is used to justify the uncoupling of the nuclear kinetic energy and 

the electronic energ\-. The electronic energy parametrically depends on the positions 

of the nuclei, and defines the potential within which the nuclei move. It is assumed 

that the nuclear potential depends only on nuclear position, and not on any momenta 

associated with nuclear motion. Further, it is assumed in this work that the spacings 

between electronic eigenvalues are much larger than the differences between nuclear 

energies, and therefore that the clamped-nuclei approximation is valid. 

Theoretical vibrational frequencies are typically calculated by utilizing the har

monic approximation. The harmonic approximation is essentially a truncation of the 
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Taylor series expansion of the potential energy to second-order. Diagonalizing the 

mass-weighted force constant matrix in cartesian displacement coordinates 3aelds the 

harmonic frequency values: 

A = (27ri/)2 = C M - ^ k M - ^ C  = Ck'C. (£.1) 

A mass-weighted cartesian displacement coordinate measures distortion from the equi-

librium geometry, {oj}, and is defined as: g,- = m?(x, - Ci) = m/Axj. The k is 

the force constant matrix in cartesian displacement coordinates, and the k' denotes 

that the cartesian displacement coordinates are mass-weighted. The M is a diagonal 

matrix of atomic masses. The A is a diagonal 3iV by SAT matrix representing the 

harmonic force constants in the normal coordinate frame. Normal coordinates, {Qj}, 

refer to a set of 3A* coordinates in which the mass weighted force constant matrix is 

diagonal^^. The C is an orthogonal matrix which transforms the normal coordinates 

to mass-weighted cartesian displacement coordinates: 

q = £Q, Q = £q. (E.2) 

The u are the harmonic frequencies. 

The harmonic approximation provides vibrational frequencies that match well 

with experimental quantities only for those modes in which the nuclei move little from 

their equilibrium positions. Even for those vibrational modes well described within 

the harmonic approximation, ab initio harmonic frequencies are typically scaled by an 

empirical factor that presumably accounts for errors due to an incomplete basis set. 

account of electron correlation, and anharmonicity effects®®. The harmonic frequen

cies calculated with the SCF method are typically scaled by a factor at, or near. 0.9 

while those determined with the MP2 method are scaled by a factor at. or near. 0.96. 

Even with scaling, the relatively large amplitude vibrations of inversion and internal 
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rotation of the amino group on 2-aminopyrimidine are not described well within the 

harmonic approximation, and further expansion to higher order of the Taylor series 

of the potential energy to include anharmonic effects fails to account for the presence 

of other minima on the potential energy surface, such as in 2-aminopyrimidine. 

To achieve better agreement between the calculated and the experimental fre

quency for the inversion and internal rotation vibrations in 2-aminopyrimidine re

quires finding an explicit functional form of the associated potential energ\- surface. 

However, there exists a wide variety of coordinate systems within which the problem 

can be posed: cartesian, normal, and internal coordinates systems are all possible 

choices. The task of choosing the proper coordinate system, along which the nuclei 

should be displaced to mimic the real movement during the inversion and internal 

rotation vibrations, becomes somewhat confused by the fact that no one cartesian, or 

normal, coordinate can well describe large amplitude vibration deformations. Rather, 

the path of the vibration along the potential energ\- surface is a complicated func

tion of cartesian, or normal, coordinates. An internal coordinate system provides the 

most physically meaningful set of coordinates for the description of the nuclear vibra

tional potential energy, and considerably uncomplicates the rendering of the Potential 

Energy Surface. 

E.3.1 Selection of the Internal Coordinate System 

Internal coordinates refers to a system of ( 3 N  —  6) non-redundant coordinates 

for an N atom molecule which define the relative positions of the nuclei. In this 

study, the internal coordinates utilized consist of bond lengths, bond angles, and 

torsion angles. There are 3A^ degrees of freedom in an N atom molecule, and there 

is no unique definition of the (3A'' — 6) independent internal coordinates. In addition 
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to this dilemma, an internal coordinate system was needed in which inversion and 

internal rotation vibration distortions were mimicked by displacement of only one 

coordinate each. 

Dummy centers between which coordinates can be defined, as well as the use 

of redundant variables, allow for a reasonable definition of the system of internal 

coordinates for 2-aminopyrimidine. Three dummy atoms lying in a line between the 

amino group's nitrogen and the C2 carbon were set perpendicular to the CN bond. 

The orientations of the amino group and the pyrimidine ring were defined in relation 

to the dummy atoms. The atom and dummy center numbering are depicted in the 

illustration appearing in Figure 1 of the equiHbrium geometry of 2-aminopyrimidine 

calculated at the MP2/6-311G** level of theory. The defined internal coordinates 

appear in Table 2 in the form of a "Z-matrix''®^ 

Internal coordinates are curvilinear -the intersection of constant surfaces form 

curves- and the base vectors are not orthonormal. In general, internal coordinates are 

non-linear functions of cartesian, or normal, coordinates. However, for infinitesimal 

changes in nuclear position the internal coordinates, s = (si,S2,...,S3jv_6)^, are 

linearly related to the cartesian coordinates, x = (xi, xj...., and to the normal 

coordinates. Q = (Qi, <32. • • •, Qsiv)^-

ds = Bdx, (£^-3) 

ds = LdQ. {EA) 

The B is a 3N — 6 by 3N matrix with elements given by and the L is a 

3jV — 6 by 3A' matrix with elements given by Ly = 

A Potential Energj- Distribution (FED)"'^ analysis was performed to check the 

validity of the choice of internal coordinates. A FED analysis allows identification 
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of which internal coordinates are needed to describe the distortion of the molecular 

skeleton affected by a normal mode vibration. The analysis is essentially a measure 

of how diagonal the force constant matrix is in the internal coordinate frame. 

The eigenvalues of the force constant matrix, An, can be considered as a measure 

of the potential energy for a unit displacement of the Qi normal coordinate. Each of 

the A„ are calculated from the diagonalization of the force constant matrix, k or k', 

and are given by: 

3A' f,.. , 
Au = Yl CjiCki-^ = Yl , A = CkC. (E.b) 

j ,k mj m| },k 

The sub-block of the A matrix that refers to vibrational energies can also be deter

mined by diagonalization of the force constant matrix expressed in internal coordi

nates: 
3iV-6 

A,, = LjiLkiKjk , A = LKL . (E.6) 
j .k 

The elements of K are given by Kij = Dividing this equation by Xu yields: 

3 A'-6 

1 = Y ljiLkiKjk/-\n - {E-) 
hk 

A PED matrix can be defined with elements given by: 

3A"-6 

PED,J = ^ LjiLiciRjk/Aii , (£^-8) 
k 

so that the sum of the row is 1. 

The PED matrix is interpreted row by row. If the element of the row 

is the largest valued, the distortion involved in the Qi normal mode vibration is 

then classified by the corresponding s, internal coordinate: the Q, would be defined 

as a stretching mode if s,- was a bond length, or as a bending mode if Si was a 

bond angle, etc. The PED analysis results for the two lowest frequency normal 
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modes of 2-aminopyrimidine calculated at the SCF/6-21G** level indicate that the 

fractional contribution of internal coordinate u is 0.975 to the normal coordinate 

describing inversion while the fractional contribution of internal coordinate r is 0.998 

to the normal coordinate describing internal rotation. It is assumed in this work that 

these two coordinates, u and r, similarly act as the major contributors in describing 

inversion and internal rotation of the amino group of 2-aminopyrimidine, respectively, 

at the MP2/6-311G** equilibrium geometry- and over the whole of the Potential 

Energy Surface (PES) sampled. 

E.3.2 Transformation of the Hamiltonian 

The nuclear motion Schrodinger equation for an N atom molecule in cartesian 

coordinates, (ri, r2,.... r,v)^ = --r , is given by 

f'*. = (E + li) • (i'-S) 

The squared momentum operator within the kinetic energy expression is represented 

by the Laplacian, ^ -• + . The is the potential energy ex

pressed in terms of the cartesian coordinates. The potential energj- can readily be 

expressed in terms of internal coordinates once an appropriate system has been de

fined. However, the differential form of the kinetic energj- operator is not as easily 

transformed into internal coordinates. 

The method of converting the momenta operator by differentiation with respect 

to its conjugate position operator, pi -> in order to satisfy the commutation 

relation, [x/, p/] = ih, is unreliable when transforming into a non-rectilinear coordinate 

system"'"'. The correct form of the Hamiltonian in a general coordinate system was 

presented by Podolsky^® in 1929 who utilized tensor analysis for its derivation. 



173 

Reduction of the dimension of the coordinate system by six during trcmsformation 

of the Hamiltonian can be used to eliminate translational and rotational motion of 

the molecule. If a {ZN — 6) dimensioned internal coordinate system is denoted by the 

column vector (5i,Sj,Sa^v-e)^, the vibrational Hamiltonian becomes: 

fP«- = -i "v (± + 'g ( ' ° l g l ) \  M  _  ia ( ln |g | ) \  
2 ^ 4 DSI ) 4 DSJ J ® 

Eigenvalues of this vibrational energy Hamiltonian will not include effects of rotation-

vibration coupling. In the above expression. | g 1 is the determinant of a matrix 

referred to as the covariant metric tensor. The elements of the gij and p'-* metric 

tensors are given by: 

t j  S '"a Q g .  Q g .  ' 3  ^  

The Vg is the potential energv' expressed in terms of the s coordinates. The term 

denoted by V arises from the dependence of the g matrix on the internal coordinates, 

and has been called the ''psuedo-potential" because some of its terms resemble the 

potential energ\- function: 

1  3 X - <  
V' = -- V 

2 ^ 

3A- 6 r| d , , g ( ln |  g  I)  _  l<9 ( ln |g  I )  d 1 ^Qnl g I) g |) 

4 dsi dsj 4 dSi dSi 16 dsi dsj '•J 
(E.12) 

The psuedo-potential is slowly varying, has been shown to be negligibly small"'®, and 

is ignored in this work. 

The contravariant metric tensor is equivalent to Wilson's^^ G matrix, and the 

covariant metric tensor is equivalent to its inverse: g = G~'. The notation of Wilson 

which utilizes the uppercase "G" has superseded the usual denotation for the co-

and contra-variant metric tensors within the chemical literature: both notations are 
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used in this paper. The co- and contra-variant metric tensors can be represented as 

a product of matrices: 

g = G"^ = and G = EM'^B (E.13) 

(The denotes transpostion of the matrix). The elements of B and B~^ are given as: 

= and B5'=g. (£.14) 

The next subsection details calculation of the B matrix. 

In the limit of infinitesimal motion from a reference geometry, the metric tensor 

elements are constant valued. However, some vibrational modes create motion of the 

molecular skeleton resulting in significant movement of the constituent atoms. The 

elements of the covariant and contravariant metric tensors therefore have a functional 

dependence on the coordinates defining the atomic positions within the molecular 

skeleton. In general, the dependence of the and gij values on the Sk vibrational 

coordinate can be quite accurately fit to a polynomial expansion, or Fourier series: 

giJ = 53 , g i j  = 52 C,"-' s [ ,  or 
1=0 1=0 

s" = E UfCOS((s,) + B,"SIX((st)l , 
1=0 

So = E W"cos((sj) + B;''sin(/S»)] . (£.15) 
1=0 

The A'i'.By, and are linear coefficients. The functional dependence of the matrix 

elements can be found by a least-squares fit to a series of matrix values determined 

from the molecular geometries at which electronic energies were calculated. 

The (3iY - 6) dimensioned molecular vibrational problem is too complicated and 

too large to solve. However, the difference in time-scales between the high and low 

frequency vibrations can be exploited to justify their uncoupling. Often, the high-

frequency vibrations are well described within the harmonic approximation. The 
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low-frequency vibrations are better modeled with more sophisticated means. For 2-

aminopyrimidine, the two out-of-plane vibrations of the amino group were examined 

separately, and together in a model where they were allowed to couple. There are 

other vibrations in the lower frequency range (< 500 cm~^) mainly due to movement of 

the atoms forming the pyrimidine ring. The possible coupling of these low-frequency 

vibrations with the out-of-plane vibrations of the amino group is not considered in this 

work. The reduction in the dimension of the vibrational problem is best accomplished 

by contracting the covariant metric tensor, g. The elements are then found by 

inversion of the g matrix. This procedure ensures that the only constraints introduced 

during the reduction of dimension are holonomic"'®. 

E.3.3 Calculation of the B matrix 

The transformation of the nuclear motion problem from cartesian to internal co

ordinates entails the determination of differential quantities appearing in the B and 

B~^ matrices. Knowing the ecpHcit functional dependence of the internal coordinates 

on the cartesian coordinates would allow the trivial determination of the B matrix. 

However, for large molecules, the complicated interdependence of the atom's positions 

relative to each other does not allow finding explicit formulae. Wilson's formula^"' for 

B matrix elements suffices when the full molecular problem is addressed. However, 

when the dimension is reduced below (3iV — 6) Wilson's internal coordinates inade

quately describe collective motion of nuclei since change in their value affects only the 

positions of the atoms between which they're defined. Also, Wilson's formulae for the 

B matrix elements yield spurious results when dummy centers and the redundant use 

of variables appear in the description of internal coordinates. The dependence of the 

cartesian coordinate on the internal coordinates is more easily found than the reverse 
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relationship: the elements of the B~^ matrix are therefore more readily obtained. 

The differential quantities that appear in the matrix were estimated numeri

cally in this work at each point on the PES where energy values were determined by 

utilizing the following algorithm: 

1. The defined internal coordinates, (si, S2,. •., saw-e)^, corresponding to a geom

etry on the ground electronic state PES are used to find reference cartesian 

coordinates, (ri,rj, •.., r]v) = (xi, Xa,..., Xsa*)^, in a center-of-mass frame: 

2. The internal coordinate's value is changed by a small amount, Asji 

3. The new internal coordinates, (si, S2,.. .Sj + Asj..., are used to find 

new cartesian coordinates in a center-of-mass frame in which the Eckart condi

tions are satisfied"^^, (rj, r2 ,rj»j) = ..... The Eckart conditions 

are Ef m,ri = m.-r'; = 0 and mjr; x (r'j - rj)] = 0: 

4. The column's element is then. 

This prescription for the numerical determination of the matrix has been Imple

mented with a computer program written in FORTRAN that uses GAUSSIAX94's''^ 

output as its input. The metric tensor quantities, g and G, can then be found at each 

geometry for which an electronic energy was calculated with GAUSSIAN94. Knowing 

values for the g and G matrices as a function of the u! and r coordinates allows the 

linear coefficients of equation 18 to be determined by a least-squares fitting procedure. 

It should be mentioned that the above algorithm for determining B matrix ele

ments does not fully take into account the interdependence of the internal coordinates 
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with each other. This is not a concern when the full ( 3 N  — 6) dimensional vibration 

problem is addressed because the presence of all of the coordinate definitions will 

allow accurate depiction of the vibrational motion. However, when the dimension of 

the vibrational problem is reduced, the interdependence of the internal coordinates 

should be accounted for -particularly in those vibrational modes leading to chemical 

bond breaking, or making. That is, unless the re-adjustment of the internal coor

dinates upon alteration in one of their values is taken into account, incorrect values 

for g matrix elements can result. .Additionally, the alteration in the value of one 

internal coordinate, si, without allowing the other (3iV — 7) coordinates to relax re

sults in a molecular structure that is stepped away from the location on the PES 

assoc ia ted  w i th  i t .  .A .n  a l t ernat ive  method  for  de termin ing  the  co lumn o f  the  B~ '  

matrix would be to allow relaxation of the other (3iV — 7) internal coordinates during 

an optimization of electronic energj^ for a molecular structure where the one inter

nal coordinate is slightly changed in value, si -f- Asi. This would entail computing 

points on the PES in pairs which would dramatically increase the time and cost of 

evaluating B matrix elements. The increased cost would not be a real considera

tion if this alternative procedure produced different, more accurate, B matrix values. 

However, in test calculations performed for the inversion \ibration of ammonia, the 

resultant g matrix elements differed little from those values determined by the first 

method. The results of the test calculations are summarized in Table 3. It is as

sumed in this work that since the inversion, or internal rotation, of the amino group 

in 2-aminopyrimidine from one of the equilibrium geometries to the other does not 

involve any bond-breaking, or -making, and is analogous to the ammonia inversion, 

there would be negligible error arising from determination of the B~^ matrix by the 

first method with unrelaxed internal coordinates. 
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E.3.4 Solution of the Vibrational Schrodinger Equation 

The Hamiltonian used for the uncoupled inversion and internal rotation vibrations 

is 

The Hamiltonian used for the coupled inversion and internal rotation vibrations is 

It is necessary to determine the expressions for the potential energy and the con-

travariant metric tensor elements and find an appropriate basis set in order to solve 

the one- and two-dimensional anharmonic oscillator Schrodinger equations. 

E.3.5 Inversion of 2-aminopyrimidine 

The inversion of the amino group of 2-aminopyrimidine was examined with a 

one-dimensional model. The potential energy expression for the inversion vibrational 

motion. was found by calculating a series of electronic energy values in which 

u! was constrained while the other {3N — 7) internal coordinates were allowed to 

relax. At these same points, values were determined with the algorithm described 

earlier. The calculated electronic energj- and <7^' values are summarized in Table 5. 

The potential energy and operator in atomic units were then fit by a least squares 

procedure to polynomial series. The fitted curves for the V{uj) and g^^ are illustrated 

in Figures 4 and 5. 

-f V(s) , s = u;, r and 1 = 1,2. {E.17) 

V'(a;) = -318.867721 - 6.910590 x lO'V + 7.570146 x lO-^o;"' [hartree], 
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= 2362.842 - 0.5748152a;^ + 1.225074 x 10" V [ 
AMU 

radian^ 

To solve the one dimensional Schrodinger equation for 2-aniinopyrimidine's in

version vibration, the wavefunctions corresponding to various vibrational levels were 

approximated as a linear combination of 12 harmonic oscillator-type basis functions 

which are equivalent to Hermite polynomials, 

The integer values for p and the values of a are listed in Table 4. These basis functions 

were arrived at by a type of distillation of a larger set of 100 functions. .A. canonical 

orthogonalization'^ scheme was used to allow eveiluation of which functions contribute 

to the lowest two vibrational energ\- eigenstates. The original 100 functions consisted 

of n = (1.2,4,8,16,5, i, |, for each value of p = (0,1,2,..., 9). The severe 

dependence of these functions on each other precludes accurate diagonalization of 

the Hamiltonian matrix of the secular equation by the Jacobi method^® which was 

employed in this work. Therefore, if the sum of the absolute values of the coefficients 

of a basis function in the expansion of the lowest two eigenstates was less than 10"^, 

the function was eliminated from the set. It was also desirable to limit the number of 

basis set functions in order to reduce the dimension of the matrices of the secular 

equation. After the reduction in the basis set size, a Schmidt orthogonalization 

procedure^" was used to orthognalize the remaining functions. The eigenvalues of 

the resultant Hamiltonian matrix are listed in Table 9. The calculated expectation 

values are superimposed on the fitted potential energy function in Figure 4: The 

"Inversion doubling" effect®® is clearly seen as well. 

12 
(E.19) 
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£.3.6 Internal Rotation Vibration of 2-aminopyrimidine 

The internal rotation of the amino group of 2-aminopyrimidine was also examined 

with a one-dimensional model. The potential energy expression, V{T), was found 

by calculating a series of electronic energy values in which r was constrained while 

the other (SAT — 7) internal coordinates were allowed to relax. At these same points, 

5^^ values were determined with the algorithm described earlier. The calculated 

electronic energy and values are summarized in Table 6. The potential energy 

and operators were fit to Fourier series. The fitted curves for the V'(r) and g^^ 

are illustrated in Figures 6 and 7. 

V'(r) = -318.8595156 - 0.00975754lC05(2r)+ 

3.929999 x 10-^C(95(4r) + 5.724177 x 10-5COS(6r) [hartree].. 

g'^ = 0.5808444 + 0.02525997COS(2r) 

-2.748671 X lO-'^COSi4T) + 7.952864 x IQ-'COSiir) [ J. 
AMU A 

To solve the one dimensional Schrodinger equation for 2-aminopyrimidine's the 

internal rotation vibration wavefunction was approximated as a linear combination 

of 34 sine and cosine functions, 

18 

^j(r)  =  Y,  ^4j iSIN(2r)  +  Bj iCOSi ir)  .  (E.20)  

A similar procedure as was used for the investigation of the inversion vibration was 

used to reduce the number of these periodic basis functions. Dependence within the 

basis set was not a problem with the sine and cosine functions since they are already 

orthogonal. However, it was desirable to retain only those functions with significant 

contributions to the lowest two eigenstates to keep the dimension of the matrices of the 

secular equation small. Variational optimization of the wavefunction provided internal 
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rotation vibration expectation values. The expectation values are summarized in 

Table 9 and are superimposed on the fitted potential energy function in Figure 6. 

The vibrational states for the internal rotation occur in pairs due to cm inverison-

doubling effect''®. The sine and cosine terms of the basis represent combinations of 

Mathieu functions in which the imaginary part vanishes resulting in a real valued 

basis set. The resultant sine and cosine functions remain eigenfunctions of the kinetic 

energ}' operators. 

E.3.7 Coupled Inversion and Internal Rotation 

A two-dimensional model was used to examine the coupling of the two out-of-plane 

vibrations of the amino group in 2-aminopyrimidine. To solve the two dimensional 

Schrodinger equation for 2-aminopyrimidine's coupled inversion and internal rotation 

vibrations, the wavefunction was approximated as a product of the basis functions 

used in the one-dimensional models to produce 408 functions. The functional forms for 

the potential energy operator, V{io, r), and the contravariant metric tensor elements 

were found by a least squares fitting to the values listed in Table 7. The linear 

coefficients are listed in Table 8. The fitted PES and g^^{u,T], and g-^iuj.r) 

surfaces are illustrated in Figures 8-11. 

A Schmidt orthogonalization affected the orthogonalization of the basis set. The 

vibrational equation expectation values are summarized in Table 9, and are superim

posed on the PES depicted in Figure 8. 
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E.4 Results and Discussion 

Experimentally observed for 2-aminopyrimidine in the low frequency region of the 

matrix isolation IR spectra in neon and argon are two strong bands at 517 cm~^ 

and »: 200 cm~^ These two bands broaden and shift towards higher frequency when 

isolated in a nitrogen matrix. This is a characteristic feature of the inversion and 

internal rotation out-of-plane vibrations of the amino group^®~®°. However, neither 

experimental data, nor calculated harmonic frequency calculations provide means of 

identifying which of these two experimental bands are associated with the inversion, 

or the internal rotation, vibrations. Potential Energy Distribution (PED) analyses of 

the normal modes calculated at the SCF/6-31G** and MP2/6-31G** reveal that the 

frequencies of the modes corresponding to inversion and internal rotation vibrations 

are listed in opposite order in these two methods^^. 

In an earlier study^^ of 2-aminopyrimidine, the lower experimental transition fre

quency was presumed to result from the excitation of the inversion mode. This 

previous study utilized an ab initio model potential within a one-dimensional vi

brational motion Schrodinger equation to arrive at inversion vibration energy ex

pectation values. In this current study, one-dimensional models for both the inver

sion and internal rotation vibrations were examined as well as a two-dimensional 

model in which the out-of-plane vibrations of the amino group were allowed to 

couple. For the one-dimensional models of inversion and internal rotation vibra

tions in 2-aminopyrimidine, the calculated energies corresponding to the transition 

t' = 0 -> V = 1 are 151.1 cm"' and 396.9 cm~^ respectively. In the two-dimensional 

model in which the out-of-plane vibrations of the amino group were allowed to couple, 

the calculated energies corresponding to the inversion and internal rotation vibra

tional transitions are (f = 0 —> v = 1) 140.6 cm"' and (r = 0 —>• t- = 2) 440.3 cm"'. 



183 

respectively. The assignment of the calculated transition frequencies to the inversion 

and internal rotation vibrations on the two-dimensional model was made by exami

nation of the eigenvectors. 

In the theoretical model presented in this paper, the transition energies of the 

inversion vibration decreases while the transition energy of the internal rotation vi

bration increases when they are allowed to couple. This can be understood by ex

amining the underlying cause of the inversion-doubling effect®®. Inversion-doubling 

can be modeled as occuring due to a mixing of the probability amplitudes centered 

at each of the two minima. Both constructive and destructive interference results in 

the splitting of what would otherwise be completely degenerate nuclear energy states 

in the presence of a infinite barrier to inversion. The barrier to inversion in the one-

dimensional model for 2-aminopyrimidine is % 270 cm~S and the barrier to internal 

rotation is a; 4250 cm~'. The coupling of these out-of-plane vibrations of the amino 

group in 2-aminopyrimidine raises the average barrier to inversion and lowers the aver

age barrier to internal rotation. The near-degeneracy of the predominantly inversion 

states is increased while the the near-degeneracy of the predominantly internal rota

tion states is decreased: therefore, the transition energy corresponding to inversion 

vibration mode excitation is decreased, and the the transition energ\' corresponding 

to internal rotation vibration mode excitation is increased. 

Because the basis sets for the one-dimensional models were reduced in number 

to provide accurate expectation values for only the two lowest states, it is possi

ble that despite precautions otherwise, the basis set formed by the product of the 

functions used in the one-dimensional models provided inadequate flexibility in the 

description of the coupled vibrational energy states. However, any inaccuracy in 

the theoretical transition frequencies resulting from an incomplete basis set does not 
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preclude their interpretation. The results of this combined experimental and theoret

ical study unequivocally identify the molecular motion of the empirical absorbence 

peak at 500 cm~^ as being due to excitation of predominantly the internal ro

tation vibrational mode: The empirical absorbence peak at a 200 cm~^ is due to 

excitation of predominantly the inversion vibrational mode. It is also clear from the 

theoretical work presented in this paper that the harmonic approximation failed to 

match the experimental values for the out-of-plane vibrations of the amino group in 

2-aniinopyrimidine due to: 

1. anharmonicity: 

2. near degeneracy of vibrational states caused by inversion doubling^® and similar 

effects: 

3. coupling of the vibrations with each other. 

Interestingly, the theoretical transition energv* values are both about 60 cm~^ be

low the experimental values. This consistent difference between the theoretical and 

experimental values prompted an investigation of the effect of electron correlation 

on the calculated Potential Energy Surface. Figure 12 illustrates the differences be

tween electronic energies and geometries calculated at several levels of theory with 

the two basis sets of 6-311G** and cc-pVQZ. The differences illustrated in Figure 12 

indicate that the MP2/6-31lG**//MP2/6-311G** level of theory pro\ides excellent 

molecular geometries compared to the more rigorous MP4/cc-pVQZ(full)//MP2/cc-

pV'QZ level of theory. However, the MP2/6-31lG**//MP2/6-31lG** level of theory 

does not seem to account for electron correlation as evenly over the molecular geome

tries examined as does the MP4/cc-pVQZ(full)//MP2/cc-pV'QZ level of theory. The 

MP2/cc-pVQZ//MP2/6-31lG** level of theory constitutes the method which pro
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vides the best geometries and electronic energies at the lowest computational cost. 

It can be reasonably speculated that a more complete basis set for determination of 

electronic energies will effectively lower the potential energy barriers of inversion and 

internal rotation in 2-aminopyrimidine. The lower barriers will help diminish near-

degeneracy effects of the nuclear states, and will therefore increase the transition 

energies. Unfortunately, the time necessary to complete a MP2/cc-pVQZ//MP2/6-

311G** calculation for 2-aminopyrimidine prohibits the determination of a PES with 

the computer hardware currently available to us. 
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Table E.l: List of experimental IR absorption bands of 2-aminopyrimidine isolated 
in low-temperature matrices. 

Ne matrix Ar matrix N2 matrix 
u (cm I (rel.) 1/ (cm~^) I (rel.) ly (cm~^) I (rel.) 

3585 88 3569/3576sh 94 3571 156 
3469 115 3452/3458sh 119 3454 207 
1647 11 1637 23 
1630 48 1628 36 1621 21 
1612 136 1608 115 161 124 
1606 413 1602/1588 359 1608 379 
1571 155 1567 110 156 121 
1560 vw 
1487 v\v 
1470 80 1467 58 1469 163 
1454 246 1451 268 1451 164 
1431 3 1428 4 1430 4 
1356 3 1355 4 1357 13 
1318 2 1317 3 1329 2 
1287 1299 1306 2 
1219 17 1219 16 1222 16 
1204 1202 1206 

1177/1184sh 18 1174 15 1185 19 
1123 3 1125 2 

u - wavenumber of the maximum absorbence. 
I - relative integral intensity. 
sh - shoulder, str - strong, 
v\v - very weak, br - broad. 
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Table E.l: Experimental IR absorption bcinds of 2-aminopyrimidine isolated in low-

temperature matrices continued. 

Ne matrix AT matrix matrix 

V (cm"^) I (rel.) V (cm I (rel.) V (cm~^) I (rel.) 

991 2 990 1 993 2 

979 1 977 1 

954 3 

908 4 908 6 

872 4 870 3 871 1 

805 36 803 34 807 35 

786 33 784 25 783sh/790 27 

732 2 

642 14 642 22 641 8 

613 10 

593 9 592 7 584 12 

517 145 517sh 135 524 10 

52lsh 145 521sh 135 663br 112 

407 24 406 29 414 27 

<200 str <200 str 292br 173 

V - wavenumber of the maximum absorbence. 

I - relative integral intensity. 

sh - shoulder, str - strong, 

v\v - very weak, br - broad. 
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Table E.2: The Z-matrix defining the internal coordinates used for describing the rel

ative positions of the atoms in 2-aminopyTimidine. The "X" denotes dummy centers. 

c 

X 1 0.5 

X 2 1. 1 90. 

X 2 1. 1 90. 3 180. 

X 1 rl 2 al 3 T 

N 1 r2 2 a2 5 t2 

c 5 r3 1 a3 6 tS 

c 6 r4 1 a4 5 t4 

H 7 r5 5 a5 1 to 

H 8 r6 6 a6 1 t6 

C 8 r7 6 a7 1 t7 

H 11 r8 8 a8 6 t8 

N 2 r9 3 90. 1 180. 

H 13 rlO 2 a9 4 -U: 

H 13 rll 2 alO 3 
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Table E.3: The g matrix element corresponding to the inversion vibration of ammonia 

calculated by two different methods. Method one moves the internal coordinate 

associated with the inversion vibration mechanically while the other allows the other 

internal coordinates to relax. 

angle from planarity 

(degree) 

relaxed gu 

f amu ^ 

^ radian^ J 

unrelaxed gn 

(amu a- ̂  

I radian'^ J 

0. 2.48 2.48 

7. 2.50 2.49 

14. 2.55 2.54 

22.4672 2.65 2.64 

30. 2.77 2.76 

40. 3.00 2.97 

Table E.4: Basis functions used for the inversion vibration wavefunction expansion. 

Recall that 0i(u;) = cj''exp(—nauj^). The a = 

function P net function P na 

1 0 a 7 1 4a 

2 0 a/2 8 2 a 

3 0 a/4 9 2 2a 

4 1 0! 10 3 a/4 

5 1 a/4 11 3 4a 

6 1 2a 12 3 8a 
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Table E.5: Calculated electronic energy and values for the inversion vibration of 

2-aminopyrimidine 

inversion angle u 

(degree) 

energy 

(hartree) 

9^^ 

1 Todian^ | 
V amu a2 / 

0. -318.8679234 .7245 

15. -318.8688405 .6811 

21.311 -318.869168 .6445 

35. -318.8649426 .5641 

45. -318.8506372 .5173 

Table E.6: Calculated electronic energy- and g^"^ values for the internal rotation vi

bration of 2-aminopyrimidine 

rotation angle r energy 

(degree) (hartree) f radian- \ 

va.mu a^J 

0. -318.8691680 .6067 

22.5 -318.8664686 .5979 

45. -318.8595420 .5813 

67.5 -318.8525884 .5633 

90. -318.8497631 .5547 
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Table E.7: MP2/6-311G** electronic energies and calculated and g^^ at 
selected values of UJ and r. 

torsion angle inversion angle energy g^ 

{degree) {degree) {hartree) [ radian^ \ 

VAMII a J 
^ radian} \ 

VAMI; AV 
I radian^ \ 

\AMi; A / 

0. 0. -318.8679234 .6602047 -.0004764 .7245669 
0. 15. -318.8688405 .6314853 -.0003512 .6811913 
0. 21.3112 -318.8691680 .6067699 -.0009574 .6445962 
0. 35. -318.8649426 .5537527 -.0004942 .5641380 
0. 45. -318.8506372 .5243828 -.0005412 .5173452 

22.0 0. -318.8643252 .6628709 -.0024673 .7252034 
22.5 15. -318.8657122 .6337488 -.0144679 .6816354 
22.5 23.8088 -318.8664686 .5979260 -.0133440 .6290139 
22.5 35. -318.8631968 .5542608 -.0083519 .5631573 
22.5 45. -318.8497695 .5249023 -.0046460 .5165404 
45. 0. -318.8550306 .6706547 -.0066333 .7275433 
45. 15. -318.8571862 .6409018 -.0253103 .6837752 
45. 28.3791 -318.859542 .5813369 -.0186345 .5984650 
45. 35. -318.8581023 .5545785 -.0119837 .5590216 
45. 45. -318.8471339 .5246419 -.0062281 .5122350 

67.5 0. -318.8444764 .6778887 -.0075975 .7277122 
67.5 15. -318.847343 .6454109 -.0230600 .6815627 
67.5 32.4859 -318.8525884 .5633277 -.0109157 .5669077 
67.5 35. -318.852330 .5531842 -.0090152 .5522794 
67.5 45. -318.844178 .5244677 -.0039722 .5074622 
90. 0. -318.8394815 .6814351 .0008827 .7275715 
90. 15. -318.8425999 .6454748 -.0007323 .6778083 
90. 34.1635 -318.8497631 .5547319 -.0007514 .5525798 
90. 35. -318.8497306 .5516483 -.0007686 .5480851 
90. 45. -318.842896 .5242219 -.0007513 .5051365 
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Table E.8: The fitted functions of the two-dimensional potential energy- and kinetic 
energy components. The potential energy is in hartree, and the g matrix elements 

are in units of ( . 
\AMU A / 

function V{U,T) 

1 -318.8541720 0.7231967 
-1.259871 X 10"® -0.0001872637 

u;"' 7.972726 x IQ-^ 4.108495 X 10-® 
C0S{2r) -0.01423272 -0.002290213 
u,'2C05(2r) 5.845601 X 10"® 1.188430 X 10-5 
UJ^C0S{2T) -3.696497 x 10"^° -3.706572 X 10-^ 
C0S{4r) 7.592789 x lO"^ -1.751959 X 10-3 
UJ'^C0S(4T) -3.468402 X 10"^ 1.867201 X 10-7 
u^COSi^r) 2.996032 X lO'^^ 2.180164 X 10-^° 
COSidr) -8.915913 X 10-" 0.0005246702 x lO"* 
uj^C0S{6T) 1.697688 X 10-7 3.045802 X 10-7 
u^COSiGr) -5.176886 X 10-" -3.413043 X 10-'° 

function 9^ 
22 

r 
1 -0.01082879 0.6685544 

-2.95809 X 10-® -1.317914 X 10--^ 
3.334052 X 10"^ 3.006422 X 10-® 

C0S{2T) 0.00284530 0.01110250 
uj^C0S{2r) -3.538108 X 10-® 1.448665 X 10-5 
uj^C0Si2T) 1.018946 X 10-® -4.345437 x lO"® 
C05(4r) 0.008757855 -7.194398 X 10-" 
UJ^C0S{4T) 2.016704 X 10-® 5.280302 X 10-7 
uj'^C0S{4r) -2.556681 X 10-3 3.984181 X 10-1° 
C0S{6r) -0.002377860 3.569463 x 10-* 
UJ^C0S{6T) 3.397796 x 10"® 3.519211 X 10-7 
Lj^COSier) -1.058944 X 10-® -3.083486 X 10"'° 
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Table E.9: Absolute energy expectation values (-318 hartree) and the energy relative 

to the lowest respective vibrational eigenvalues for the inversion, internal rotation, 

and coupled vibrations of 2-aminopyrimidine. 

level inversion internal rotation coupled vibrations 

{hartree) cm ' (hartree) cm ^ (hartree) cm"' 

u = 0 -.8682742 0 -.8687991 0 -.8672419 0 

v= 1 -.8675857 151.1 -.8686133 40.8 -.8666012 140.6 

r = 2 -.8662217 450.4 -.8673848 310.4 -.8652358 440.3 

f = 3 -.8636226 1020.4 -.8666953 461.7 -.8652356 440.3 

u = 4 -.8630020 1157.1 -.8652148 786.6 -.8651487 459.4 

V = b -.8588572 2066.8 -.8638382 1088.8 -.8650908 472.3 
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Figure E.l: MP2/6-311G** equilibrium geometry for 2-aminopyrimidine. 
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Figure E.2: The experimental IR spectra of 2-aminopyrimidine isolated in: A -neon. 

B -argon, C -nitrogen low temperature matrices (10 k °). 
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Figure E.3: The comparison of the experimental spectrum of 2-aminop}Timidine iso

lated in the Ar matrix (A) with the spectra predicted within the harmonic approx

imation calculated ab initio at the HF/6-31G** level (B) and MP2/6-31G** level 

(C). The theoretical frequencies were scaled down by a uniform scale factor equal 0.9 

for the HF calculation and equal 0.96 for the MP2 calculation. Asterisks denote the 

normal modes in which the inversion of the amino group is involved. 
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Figure E.4: Ab initio energy curve for the uncoupled inversion vibration of 2-

aminopyrimidine. 
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Figure E.6: Ah initio energy curve for the uncoupled internal rotation vibration of 

2-aminopyrimidine. 
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Figure E.8: Ab initio energy surface plot for the coupled inversion and internal rota

tion vibrations of 2-aminopyrimidine. 
2*AminopyTlmidine's Internal Rotation and Inveiston PES 

Electronic Energy (hartree) 

FfQed Surface 

•318J35 • 
•318.84 

•316.845 
318.85 

-318^55 

•318.88 

•318^85 

318.87 

•10 Inversion Angle (degree) 

Torsion Angle (degree) 300 
350 

Figure E.9: Ab initio surface plot for the term for the coupled inversion and 

internal rotation vibrations of 2-aminopyrimidine. 
g^22)'s Oependencs on Internal Rotatlsn and Inversion 

Fined Cun/e 

Elearanic Energy (hanree) 



200 

Figure E.IO: Ab initio surface plot for the term for the coupled inversion and 

internal rotation vibrations of 2-aminopyrimidine. 
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Figure E.ll: Ab initio surface plot for the term coupled inversion and internal 
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Figure E.12: Basis Set Comparison for Ammonia's Inversion \'ibration 
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