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ABSTRACT 

An integral equation formulation for the calculation of the capacitance of 

three-dimensional VLSI geometries is presented. A proper combination of 2D and 

3D methods is used for efficient numerical computations. The method of moments 

is used for the solution of the integral equation. In addition, Green's functions 

that satisfy the boundary conditions at the dielectric interfaces are implemented 

in order to minimize the number of unknowns involved in the numerical solution. 

The mathematical formulation presented here and the associated computer program 

are appropriate for obtaining the capacitance matrix of complex three-dimensional 

multi-conductor configurations of the microstrip and the stripline type. Finally, 

numerical results for the per-unit- length capacitance and total capacitance of sev­

eral intercoinnections are provided and compared with known results. Applications 

include the extraction of lumped capacitive elements used in the equivalent cir­

cuit representations of coupled conductor bends, vias and crossovers. In addition, 

calculations of per-unit-length capacitance of coupled flaring lines are performed. 
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CHAPTER 1 

INTRODUCTION 

Packaging of VLSI electronic circuits is the science and art of establish­

ing interconnections and a suitable operating environment for electronic circuits to 

process or store information. Electronic packages contain many— in the case of 

computers many millions— electronic circuit components, including, resistors, ca­

pacitors, diodes, and transistors. To form circuits, these components need to be 

interconnected. Individual circuit blocks must also be connected with each other to 

form functional units. 

With such interconnections, three electrical parameters— resistance, ca­

pacitance, and inductance— are always present and cause signal delays and many 

forms of signal distortion, including the unwanted appearance of signals on sup­

posedly quiescent lines. It is these unwanted noise signals that cause the biggest 

problems. Since they are hard to eliminate from a finished design, they must be 

addressed during the initial design phase. 

Proper packaging design (geometries and materials) can be used to con­

trol the signal line capacitance to the reference plane, the line resistance, its self-

inductance, and the interline capacitances and inductances. Consequently, good 

designs minimize signal distortion, and the appearance of unwanted interference 

[Tumala and Rymaszewski, 1989]. 

Actually, the resistance may be neglected in some cases, since conductors 

used in VLSI interconnections axe highly conductive. In addition, in most cases, 
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the materials used in packaging are non-magnetic; therefore, the inductances can 

be calculated from the capacitances as we shall show later. 

As the switching of logic gates becomes faster, the coupling effect between 

densely spaced interconnections plays an ever increasing role in the timing analysis 

of the whole system. The capacitance between these sometimes complicated inter­

connections then becomes a crucial element in the modeling and computer-aided 

electrical analysis of high-perfomance systems [Wu, 1988]. 

Prom a computer-aided analysis point of view, interconnection structures 

are modeled as a network of multiple, coupled transmission lines. Once the per-

unit-length (p.u.l.) capacitance and inductance matrices for each section of the 

multicondutor transmission line (MTL) network are found, the transmission line 

equations are implemented to analyze the transient behavior of the interconnec­

tions. For an N-conductor MTL embedded in a homogeneous dielectric, there are N 

distinct dominant transverse electric and magnetic (TEM) modes that can indepen­

dently propagate along its axis. Since the TEM waves do not have any longitudinal 

field components, the field distribution in the transverse plane is the same as in the 

static case and the analysis can be carried out using static potentials. On the other 

hand, for an N-conductor MTL embedded in an inhomogeneous dielectric media, 

there are N distinct dominant hybrid electric and magnetic (HEM) modes which 

can propagate along its axis and have zero cutoff frequencies analogous to the TEM 

modes. However, at low frequencies the longitudinal components of the fields Eire 

negligibly small and the dominant HEM modes become almost TEM or quasi-TEM; 

therefore, they axe analyzed as such. 
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Moreover, considering each MTL section as a set of parallel conductors 

supporting quasi-TEM fields along its axis, it will be assumed that discontinuities 

occur at the junctions between two or more sections. Examples of such discontinu­

ities include bends, stubs, and vias. Under certain conditions that will be discussed 

later, the electromagnetic characterization of such discontinuities leads to an equiv­

alent circuit representation of lumped capacitances and inductances that allows us 

to model the effect of the discontinuities on the fundamental quasi-TEM mode of 

propagation [Cangellaris et al, 1990]. 

In the last two decades, a large amount of work has been devoted to the 

calculation of capacitance and inductance matrices for MTL embedded in a mul-

tilayered dielectric medium. However, the majority of the work has been of a 

two-dimensional (2-D) type, where the assumption is made that the conductors 

are infinitely long and of invariant cross-section along the direction of propaga­

tion. Even though the 2-D methods save both computer storage and time, they 

axe useless when the MTL conductors contain discontinuities or their cross-section 

varies along the direction of propagation. For such cases, a three-dimensional (3-D) 

analysis is necessary. In this work, capacitance calculations are made for general 

interconnection geometries using proper combinations of 2-D and 3-D approaches. 

For finite-length conductors and at the vicinity of discontinuities, 3-D analysis is 

employed. However, those parts of the MTL structure that extend uniformly to 

infinity and are distant from discontinuities Eire treated using 2-D methods. 

Several methods have been proposed to deal with the capacitance calcula­

tions for 3-D multiconductor systems including the finite element method (FEM) 

and the integral equation method (IEM). Both methods employ a large number of 
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unknowns to approximate, for FEM, the potential distribution in the space sur­

rounding the conductors or, for IEM, the charge distribution on the conductor sur­

faces. The FEM is advantageous when the interconnect geometry is very complex or 

media is highly inhomogeneous. However, for most practical packaging structures, 

the environment is homogeneous or at most has a layered inhomogeneity. In such 

cases, the IEM is much more efficient [Wu and Wu, 1988]. This is the approach 

taken in this work. 

In Chapter 2, the specific problem of interest is described. Also, the TEM 

approximation and its validity for multiconductor multidielectric waveguides is dis­

cussed. Because we calculate the capacitance from the charges on the conductor 

surfaces, the relations between these two quantities is discussed. Starting from the 

electrostatic equations, we define the boundary value problem that is to solved. As a 

matter of fact, the boundary value problem turns out to be Laplace's equation with 

Dirichlet boundrary conditions. Next, an integral equation is formulated that can 

be solved for the unknown surface charge densities. Finally, the Green's functions 

associated with the specific geometry are presented. 

The solution of the integral equation is discussed in Chapter 3. The method 

of moments is used to reduce the integral equation into a system of linear equations. 

The solution procedure for both the 2-D and 3-D problems axe described in this 

chapter. In addition, the procedure used to discretize the conductor surfaces is 

explained. Discussion on the numerical evaluation of the integrals involved is also 

included. In order to determine number of discrete elements for efficient capacitance 

calculation, a study of this sort is given at the end of this chapter. 
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Capacitance calculations of several structures are given in Chapter 4. The 

capacitance of a simple rectangular conductor box is given. Other applications 

include the computation of the excess capacitances of a cross-over stripline, a via, 

single and coupled bends, and per-unit-lenght capacitances of single and coupled 

flaring lines. 
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CHAPTER 2 

PROBLEM STATEMENT AND MATHEMATICAL FORMULATION 

Our aim in this chapter is to formally define the problem of interest. That 

is, to describe the physical geometry, explain the underlying approximations and 

assumptions, state the boundary-value problem, and formulate an appropriate in­

tegral equation that can be used for its solution. Along the way, we will discuss 

how transmission line theory can be applied to interconnection systems under the 

quasi-TEM propagation assumption, and thus justify the need for obtaining the ca­

pacitance matrices associated with the interconnect conductor geometry. Also, we 

will discuss how the capacitances can be computed from the charge distribution on 

conductors, which in turn can be obtained from the solution of Laplace's equation 

with Dirichlet boundary conditions on the surfaces of the conductors. Finally, the 

formulation of the integral equation and the associated Green's functions will be 

described. 

2.1 The TEM Approximation 

A waveguide system consisting of conductors embedded in an inhomoge-

neous medium supports only hybrid modes. However, at sufficiently low frequen­

cies the propagating hybrid modes have small longitudinal field components relative 

to the transverse fields [Carin and Webb, 1989], By low frequencies we mean fre­

quencies such that the corresponding wavelength in the dielectric medium is large 

compared to the cross-sectional dimensions of the multiconductor system. Under 
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this condition, the hybrid modes look almost like TEM modes; therefore, they are 

commonly called quasi-TEM modes. 

Actually, for multi-conductor, multi-dielectric interconnections with perfect 

conductors of constant cross section along the direction of energy propagation, the 

TEM approximation has been shown to be valid for slowly varying signals and lines 

with small transverse inhomogeneity [Lindell and Gu, 1987]. Since the longitudinal 

field components Sxe assumed negligible in the TEM approximation, the generalized 

transmission-line theory is usually used for simulation of signal propagation on such 

systems. 

For a lossless system, the transmission line parameters are found in terms 

of per-unit-length (p.u.l.) capacitance and inductance matrices. To calculate the 

p.u.l. capacitance matrix an electrostatic problem is solved. Furthermore, if the 

media are non-magnetic, it is not necessary to solve the magnetostatic problem to 

calculate the p.u.l. inductance matrix. Instead, the p.u.l. capacitance matrix [Cj/] 

for the specific conductor geometry embedded in a homogeneous dielectric medium 

e is calculated first and then the inductance matrix [L] is found as [Wei et al, 1984] 

[£] = (W«)[Cff]"1- (2.1) 

In addition, at sufficiently low frequencies, discontinuities aire modeled by 

equivalent lumped capacitive and inductive elements. In this work, we will also 

consider the computation of these capacitive elements for single and coupled dis­

continuities. Figure 2-1 provides examples of the type of conductor configurations 

that will be considered in this work. As a matter of fact, these are representative 

of interconnections used in VLSI electronic packages. 
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Figure 2-1 Examples of three-dimensional packaging interconnections. 



A typical cross section of the geometries under coiimdoration In nhowu in 

Figure 2-2. An arbitrary number of finite-length and infinitely-long conductor!) mo 

embedded in a two-layer dielectric medium above a perfectly conducting ground 

plane of infinite extent located at y — 0. The dielectric interface lit parallel to Mm 

ground plane and separates the dielectric layer of Miicknctm h and permittivity 

from the homogeneous dielectric region of pemittivity ci extending to Infinity lit 

the +y direction. The conductor sidea can be of arbitrary planar uluipeti; however, 

any conductor cross-section perpendicular to the xz piano will bo umuuuod to bo 

rectangular. 

We shall assume that the conductors have infinite conductivity. TIIUM, tlio 

charge will accumulate on the surface of the conductoru and tlio elect ric Hold will 

be zero inside the conductors. Also, the potential on uuy given conductor will bo 

constant in the transverse plane. 

2.2 Capacitance and Charge RolatioiiH 

With the perfect ground as reference, let Vj bo tlio coimtant eloctrotitatle 

potential on the jth conductor. The total charge on tlio ith conductor In then 

where Nc is the total number of conductors, Cij, t j, it) tlio mutual capacltanco 

between the ith and j th conductors, and C,,' ia the aolf capacltanco of tlio till 

conductor. Letting V* = 1 and Vj = 0 for j ^ k, (2.2) beconict) 

(2.2) 
j=i 

Cik = Q[l), i = l,2 No (2.11) 
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Figure 2-2 Cross section of a typical packaging geometry. 
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where the superscript (fc) is used to indicate that all conductors except conductor 

k are grounded. This last equation indicates that the self and mutual capacitances 

can be obtained in terms of the induced charges on the conductors calculated from 

the solution of Nc electrostatic boundary-value problems, where the boundary con­

ditions for the fcth problem are V* = 1, and Vj = 0 for j ^ k. 

For the case of a multiconductor waveguiding structure, the desirable quan­

tity is the p.u.l. capacitance matrix of the structure. With the assumption of a 

smoothly varying cross section of the multi-conductor system along the direction of 

propagation, the p.u.l. capacitance matrix can be obtained in the following manner. 

Let L be the length of the interconnection structure along its axis of propagation 

w. Equation (2.3) can be written as 

fL 

Cit = Qlik)= «r(.u>)dw, i = l,2 Nc (2.4) 
Jo 

where is the per-unit-length charge on the ith conductor with boundary 

conditions Vjt = 1 and Vj = 0, j ^ k. This last equation suggests that the elements 

of the p.u.l. capacitance matrix of the interconnection structure are given by 

ciJfcO) = * = 1,2,...,JVC, k = 1,2,...,JVC (2.5) 

For the fcth boundary value problem with boundary conditions Vk = 1, Vj = 0, 

j / fc, an integral equation will be solved for the unknown charge distributions 

on the surfaces of the conductors. But first we need to discuss how to obtain this 

integral equation for the specific conductor/dielectric geometry. 
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2.3 The Electrostatic Case and Laplace's Equation 

For the electrostatic case, two of Maxwell's equation are employed: 

V X E(r) = 0 (2.6) 

V. D(r) = p{ r) (2.7) 

where E is the electric field, D is the electric displacement, and p is the charge 

density at point r. Equation (2.6) suggests that the electric field must be the 

gradient of a scalar potential. Thus, 

E(r) = -V<£(r) (2.8) 

where ^(r) is the electric potential. The negative sign is chosen according to the 

traditional convention. Since a linear, isotropic media is assumed, D(r) = e(r)E(r), 

and we can rewrite (2.7) as 

-V • (e(r)E(r)) = p(r). (2.9) 

Noting that there are not any imposed free charges (p — 0) and combining (2.8) 

and (2.9) we obtain 

V • (e(r)V0(r)) = 0 (2.10) 

which is Laplace's equation for the electrical potential. However, for the specific 

two-layer geometry, c(r) suffers a jump at the dielectric interface. Furthermore, 

each layer is homogeneous. Thus, the appropriate statement of (2.10) is 

e»V2^(r) = 0 (2.11) 

where 

Cn 
_ f ei, y>h] 

\ £2, o < y < h. 
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Assuming that an electic charge distribution of finite extent exists in a 3-D region 

ofspace, (2.11) is subject to the following boundary conditions : 

^(r)U»+
=<-2-i2a) 

d<f> | _ d<j> 
eidy\v=h+ 62 dy 

r—>oo 

(2.12 b) 
y=h~ 

<£(r)| = 0 (2.13a) 
I i/=o 

lim 0(r) = 0 (2.136) 

For the given boundary value problem defined, our task is to formulate 

an integral equation which can be solved for the unknown charge density on the 

conductor surfaces. 

2.4 The Integral Equation 

In order to solve the nonhomogeneous partial differential equation (2.11) 

subject to boundary conditions (2.12) and (2.13), we introduce the Green's function 

C7(r,r') for Poisson's equation: 

V • (e(r)V(7(r, r')) = — 5(r — r') (2.14) 

subject to the same boundary conditions as ^(r) in (2.12) and (2.13). Here, r and 

r' are position vectors for a field point and a source point, respectively. In fact, in 

what follows, we shall use the convention that the primed coordinates refer to the 
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source, while the unprimed coordinates are used to refer to the field. Using Green's 

second identity for <j> and G [Haberman, 1987] 

L (^G -GVH) iv=L - Gi)ds (2-i5a) 

L  { ^ G  - G V V )  d v = L  - G S ( 2 - l 5 t )  

where n is the outward pointing normal vector, is the volume bounded by the 

dielectric interface (y — h) and the surface at infinity (r —*• oo), and is the 

surface boundary of V^1) as shown in Figure 2-3. Similarly, is the volume of 

the region between the dielectric interface and the ground plane y — 0 and the 

surface at infinity (i.e. x —*• ±oo and z —y ±oo), and is the bounding surface 

of y(2). We define = sty + + Sjf and 5<2) = sg5 + S^2) + Sj", where sg* 

and are the conductor surfaces in regions 1 and 2, respectively, and S^ is the 

surface at y = h±. Then (2.15a,b) become 

L (*v2G -GvV)-L (*d£ -'°9i)* •+L Mr - Gi) 
D Cr 

(2.16a) 

L {^G -GVV)-L (*£ - °di)ds+L» - g9 * 
D C 

(2.166) 
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Figure 2-3 Cross section of the geometry showing the various regions and their 
surface boundaries. 
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According to the boundary conditions in (2.13), the surface integrals on 

and vanish. Thus, 

L {̂ G -GvV) =4> (4£ - gI) ̂ +4 * 
(2.17a) 

L -GvV) =4 (*fr - G°i) d°+4 (*fr - Gi) 
(2.176) 

Adding (2.17a) and (2.17b) and noting that 

ez 4 ="£* 4 ~G^) *s (2-18) 

we obtain 

£i J ^ (<f>V2G -  GV2<t>) dv + €2  - GV2<f) dv = 

•7*. 
(2.19) 

Substituting (2.11) and (2.14) into (2.19), and rearranging the equation, we obtain 

- Jv #(r - r')dv = t^ds - eG^ds (2.20) 

where V = and Sc — + S^\ Assume N q  conductors are present. 

Q± 
Recognizing the surface charge density , a = and the fact that the potential 
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on the conductors is constant, e.g. on the ith conductor ^(r) = 4>ii (2.20) becomes 

^r') = -!> {jSi 
£^)+E (£t "'Gds) (2-21) 

where Si is the surface of the ith conductor and a,• the surface charge distribution 

on that conductor. The integral represents the electric flux through the 

closed surface Si due to an exterior charge. By Gauss' law, it is identically zero. 

Hence, 

AT , , 
^(R') = ̂ 2 [ f  O"I(R)G(R,R')DS 

1=1 

In view of the reciprocal character of G(r, r'), we can interchange r and r'. 

^(r) = 5Z ^iW)G(r,r')ds'^ . (2.23) 

In general, the conductors can be infinitely long or of finite length. Without 

loss of generality, let us consider the case of Nc infinitely long conductors possessing 

local discontinuities like bends or vias. We wish to use a 3-D analysis at the vicinity 

of the discontinuities, and a 2-D analysis for the remaining of the conductor surfaces 

that extend to infinity. For this reason, (2.23) can be split into three integrals 

#r) = I-°°(r) + I3d(r) +1+0°( r) (2.24a) 

where 

Nc NSi / . 
I~°°W = E E / ^(r')G-"(r, <r')dl' 

.=1 j—1 

(2.22) 

(2.246) 
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I*c N*i / -'mM = EE/„ 
i=l j=1 \JWi} 

AFC / , \ 
J+°°(r) = EE L ^(r')G+~ (r,r')etf'J (2.24d) 

1=1 j=i \Jwv ) 

Here, G3d  is the potential due to a unit line charge of finite length. G~°° and G+0° 

are potentials due to semi-infinitely long unit line charges extending to —oo and 

-}-oo, respectively. &ij is the surface charge density obtained from the 2-D problem. 

In addition, the conductor sides are dealt as separate surfaces as i3 apparent from 

the introduction of the second summation. JVj. is the number of sides of the zth 

conductor, and cry, Wij represent the surface charge density and the surface of the 

jth side of the zth conductor, respectively. If we make the approximation that at 

distances sufficiently far from the discontinuties the charge distribution is mainly 

that of an infinitely long conductor of the same cross section, &ij can be found from 

the solution of the 2-D problem. The following equation is used to form the integral 

equation for the 2-D case 

NC NSi / 
#(r) = E E / (OGM(r, 

FEJTJ \M, 

where G2d  is the potential due to an infinitely long line of unit charge. 

For the fcth boundary value problem, when the potential is evaluated for 

points on the conductor surfaces (r = rB) one has 

<Kr„) = Vi = {j; jj|~* (2.26) 

(r')G3<*(r, v')di (2.24c) 

• 

(2.25) 
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Therefore, the integral equation for the 2-D problem is 

IsU."""0""""")-'1 
<W 

I = 

Likewise, the equation for the 3-D case is 

NC 
N*i ( r \ 

E E /  "0(r')G3l,(r., r')ds' Uv,- /""(r.) - /+~(r.) 
FE J3 \>TF J (2.28) 

/  =  1 , • •  • ,  N(J .  

The above two equations form the required integral equations for the solu­

tion of the boundry value problem described by (2.11), (2.12), and (2.13). In order 

to solve these equations the method of moments will be implemented in the next 

chapter. The Green's functions used in these integral equations are presented next. 

2.5 Green's Functions 

The derivation of the Green's functions used in the above equations is given 

in Appendix A. There are four sets of these functions: a set for a finite length 

line, two sets for semi-infinitely long lines, one extending to —oo and the other 

to +oo, and one set for an infinitely long line that extends from — oo to +oo. 

Actually, the Green's function for the infinitely long line is the Green's function for 

the 2-D problem. Each of these sets includes four expressions for the four different 

source/observation point locations. We will use two subscripts to identify each 

of these functions. The first subscipt refers to the source point and the second 
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subscript refers to the field point. Subscript a means above the interface, while b 

stands for below the interface. 

For all these Green's functions Az\ = z\ — 2, A22 — %2 — Ax = x — a:', 

and Ay — y — yr. We define z\ to be the left endpoint of a line source, while 22 is 

the right endpoint on the z axis. 

2.5.1 Finite-length line source 

The following is the Green's function for a unit line source that extends 

from z\ to 22* 

'  y'y 1 *2), y' >h, y>h 

03d(x ty,z\ x\t/,21,z2) ~ i 
G3

ai(x,y,zix',y',zuz2)> y' > h, y < h 
(2.29) 

Gli(x,y,z;x',y',z1 ,z2) )  y' < hy  y > h 

> <*jj(s,y,2;x',yr,zi,z2), y' < h, y < h 

G3d _ _J_ L M'2 + y/AzS + As2 + Ay2 &Z1 + y/+ Ax2 + (y + y')2\ 

4?rei [  \&Zl  +  y/a2 i
2  + Ax2  + Ay2  &Z2  +  ̂ Az2

2  + Ax2  + (y + y')2 '  

(2.30) 
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1 ^ r/fi - e2\k  
t_ f &Z2 + yjAzj2  + Ax2 + (y - y' - 2kh)2  

2N{E1 + E2)^Q[\E1 + E2) "I+ JA*!2 + AX2 + (Y _ Y'_2FC/I)2 

A?i + A^i2 + Ax2 + (y + y' + 2kh)2  Y] 

&Z2 + yjA222  + Ax2  + (y + y' + 2kh)2  ^ * 

(2.31) 

1  Y *  f  (€ l  ~  6 2  V  In f  A Z 2  +  ̂ +  A x 2  +  ( y ~ y '  +  2 k h ^  
2ir(ei + €2) k_Q 1 \€i 4- £2) \ A^i + yjAzi2  4- Ax2  4- (y — y' + 2kh)2  

Azi + Azi2 4- Ax2 + (y 4- y' 4- 2kh)2  V*1 

AZ2 4- \/A222  + Ax2  4- (y 4- y' + 2kh)2  '  * 

(2.32) 
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qU_ 1 U f Az2  + y/Az2
2  4- Ax2  + Ay2 + \f&z\2  + Ax2  + (y + y')2 | 

4JT£2 [ I Az\ 4- Azi1 4- Ax2 4- Ay2 ^Z2 yjAz 2 4- Ax2 + (y 4- y')2 ^ 

~ /ei - €2\ * lri f A:g2 + )/AZ2
2 + As2 + (y - y' + 2fc/t)^ 

Jt=i ^Cl  62  '  *• Az\ + \jAz2  + Ax2  + (y — y' + 2kh)2  

Az\ + \j  Az\2  + Ax2  + (y + y' + 2kh)2  

Az2  + yjAZ22  + Ax2  + (y + y' + 2 kh)2  

x 
Az 2 + yjAZ22  4- Ax2  4- (y — y' — 2kh)2  

Azi + yjAz2  4- Ax2  + (y — y' — 2kh)2  

Azi 4- yj Az2  + As2 + (y + y' - 2kh)2  "^"l 

Az2 4- yjAz22  4- Aa;2  4- (y 4- y' — 2kh)2  ^ * 

(2.33) 

2.5.2 Semi-infinite line source extending to —oo 

The following is the Green's function for a unit line source that extends 

from —oo to Z2. 

G~°°(x,y tz-,x ,y,z2)=< 

' Gaa
oc(x,y,z;x , ,y',z2), y' > h, y > h 

< ? J j ° ° ( * , y , 2 ; ® ' , y ' , 2 2 ) ,  y '  > K y < h  
(2.34) 

Gh^°{x,y,z\x',y',z2), y' < h, y > h 

. G^{x,y,z\x',y\z2), y' < h, y < h 
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/T ~ I O . • ! 7^2 
1 -A z2 + \/ AZ2

2 4 Ax2 + (y + y')7 

IN — G"~00 = 
00 47rei —Az2 4- y/Az22 4- Ax2 4 Ay2 

^ ^  /e i  _ C2\ k  ^ -&Z2 + yfAz2
2  4 Ax2 + (y 4- y' 4- 2khf 

f^Vi +e2) n  _Az2  +  ̂ Az22 + Ax2 + (y  +  y ,  + 2(k -  2 )h) 

(2.35) 

1 ^ r/ ei - 62 \ \ —A^2 + yf&z2
2 + Ax2 4 (y + y' 4 2kh)2-

ab  n  —AZ2  + y/&z2
2  4 Ax2 + (y-y>- 2kh)2-

(2.36) 

^7° = 
1 ^[•^ € l _ e 2 ^ i  -Az 2  + \[A^2 2  + Ax 2  4 (y 4  y f  + 2kh)2 '  

2ir(ei+€2)^{LU + «2y ^ —A22 + V^2
2 4 Ax2 + (y -  y' + 2kh) 

(2.37) 

GR5°° = —UN 
1 r —Az 2 4 yf A z2

2 4- Ax2 4 (y + y'Y 

47TC2 L —A^2 + y/Az22 4- Ax2 4 Ay2 

E I_ E 2\* R-A^2 +  ̂/AZ^-AX^ ŷT^T+SFC^ 00 
+ 

/gj _ ^2\ j J — A^2 + y 2 + Ax 4* (y 4* y 4 2 k h )  

k=1 ^e i  €2 '  ^ — A^2 4 yfA222 4- Ax2 4 (y — y' 4- 2khf 

—Az 2 + yf Az22  + Ax2  4- (y + y' — 2kh)2  "H 

—A22 4 yfAZ22 4- Ax2 4- (y — y' — 2kh)2  

(2.38) 
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2.5.3 Semi-infinite line source extending to +00 

The following is the Green's function for a unit line source that extends 

from z\ to +00. 

'  Gt^°(xiy t
zix ' ty'i zi)> y' >h, y>h 

y' > h t  y < h 

G £ ° °  y '  < K  y > h  

^G^{x,y,z\x',y\z\\ y' < h, y < h 

G+0°(x,y,z]x',y',zi) = < (2.39) 

G%° 
1 Azi + J Azi2 + Ax2 + (y + y') 

In 1—. . -
A^i + v Azi + A®2 -f Ay2 47T£I 

+ 
^ V£1 H- £2/ 

IN' 
Azi -f \J&zi2  + Arc2 -f (y + y' + 2khf 

£1 +£2 J £Z1  ^ z2,  ̂  ̂ x2 _|_(y + yi + 2(fc -  2)h) 

(2.40) 

<?a
+~ 

_ E 2^ T
J  AN + ̂ 21' +AI2 + (Y+!/1 +2FCFE) 

+ " Az, + y^A*,2 + Ax2 + (!/-!/'- 2jfcft)2J 

(2.41) 

<?r 
2;R(£I + £2) 

e , _ £ , \ *  A z i  +  J A ; r  +  A x 2  +  ( y  +  y1  + 2kh)2 '  
1 JN V SICKS) Azi + \JAzi2  + As2  + (y — y' + 2khf 

(2.42) 
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Gtr 47TC2 

^ Azi + yjAz\2  + Ax2  + (y + y'f 

Azi + \IAz2 4- Ax2 + Ay2 

(  ^ /61  _ C2\ * f Azi + y/&zi2  + Ax2 +(y + y' + 2kh) 

k=1\£l+£2) \  Az i  +  ̂ Az i2 + Ax2 +(y-y'+ 2kh) 

Azi + yjAzi2 + Ax2 + (y + y' -  2kh)2  y1 

Azi -f Azi2  + Ax2  + (y-y' — 2kh)2  ̂  

(2.43) 

2.5.4 Infinite line source 

The following is the Green's function for a unit line source that extends 

from —oo to +oo. 

G2d(x,y\x' ,y') = < 

' G2d
a{x, y\x', y '), y '  >  h ,  y > h  

Glb(xiy>x ' ,y'),  y'>h,y<h 

G2bt(x> y; y')> y' <h, y>h 

>GIb(x> y; ®'i y')i y' < ̂ » y < h 

(2.44) 

/"I2D 
"AO 47TC1 

' AX2 + (Y + Y;)2 
n As2 4- Ay2 

CO / „ \ / 
. v-^ (ei-e2\ Ax2  + (y + y'+ 2khf 

(il d 
ab -

^ \€i + €2/ Ax2 4- (y + y' + 2{k — 2)hf 

1  Y ^ [ f € i  ~  C 2 Vln + ( y  +  y ' +  2 k h ) 2 '  
2ir(ei +e2) nnd\ei +c2/ Ax2 + (y — y' — 2kh)2 .  

(2.45) 

(2.46) 



£1 - £2 C 2 d _  I f*\(-
ba 27r(ei +C2) \ei + ez) Ax2 + (y - y' + 2kh)2 .  ) k ^ Ax2 + (y + y' + 2khy 

s~r2d t*bb = 

A2 

47T62 
In 

Ax2 + (y + y') 
Ax2 + Ay2 

+ 
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(2.47) 

( € l ~  6 2  V lnf ^a2  * 2^)2  + (y + y' "  2kh)211 
^ \ei + £2/ i Ax2 + (y — y' + 2kh)2  Ax2 + (y — y' — 2fc/i)2 J J 

(2.48) 

It is worth noting that by letting e\ —> 00 the homogeneous stripline config­

uration with ground plane separation h and permittivity e2 is recovered. 
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CHAPTER 3 

THE METHOD OP MOMENTS AND NUMERICAL SOLUTION 

In this chapter, the numerical solution of the integral equations formed in 

Chapter 2 is discussed. The method of moments is used to reduce the integral equa­

tions into a linear system of equations. Specifically, the point-matching method in 

conjuction with the subsectional method is utilized [Harrington, 1968]. This pro­

cedure is applied to both 2-D and 3-D problems. In addition, the discretization 

procedure along with relevant approximations axe discused. Finally, the construc­

tion of the final matrix and the numerical computation of its entries are discussed. 

3.1 The Method of Moments 

The method of moments (MoM) is used for solving the integral equations 

(2.27) and (2.28). We define the following inner product 

where D is the domain of interest, and tp is a weight function. 

It is assumed here that a suitable discretization has been performed. The 

details of this discretization will be discussed in the next section. A point matching 

procedure is chosen in order to reduce the integral equation into a linear system of 

equations. That is, Dirac delta functions located at the midpoint of each element 

(3.1) 
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(line segment for 2-D case or sub-area for 3-D case) on the conductor surfaces are 

used as weight functions 

where MT is the total number of elements on all conductor surfaces. Pulse functions 

(subsectional method) are chosen as expansion functions. These functions have a 

value of unity on a particular subsection (element) and vanish on all other elements. 

We carry out the implementation of MoM for the 2-D and 3-D cases separately. 

3.1.1 2-D Problem 

Using the weighting functions of (3.2), the inner product of (3.1) is per­

formed for both sides of (2.27). For instance, let rn be the the position vector for 

the midpoint of the nth element on the surface of /th conductor. The weighting 

procedure with S(r — rn) yields 

Let the unknown surface charge density on the j>'th side of the z'th conductor be 

approximated as 

ip(r) = S(r - rn), n = 1, • • •, MT. (3.2) 

(3.3) 

Mij 
(3.4) 

Jk=l 

where Mij is the number of elements on the j th side of the ith conductor, Eire 

unknown constants, and 

1, IFR'EALL 
0, otherwise. 

(3.5) 
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In the above is the length of the fcth segment on the jth side of the zth 

conductor. Substituting (3.4) and (3.5) into (3.3), we have 

Nc Mi, / \ 

EEE4"' =v" t3-6' 

For simplicity, (3.6) is rewritten in the more compact form 

£ ZnJ>m = vn (3.7a) 
m=l 

where 

z„m= f G2J(r„,r')M', (3.76) 
J&Lm 

and the single summation is over all the elements on all conductors. bm is the 

unknown constant surface charge density on the mth element, and Vn — V\ is the 

contant potential of the nth element that is on the Ith conductor. Repeating the 

above procedure for all Mt elements on the conducting surfaces of the geometry 
A A 

we obtain a linear system of MT equations of the form (3.7a) for the MT unknowns 

A 
6m. Ina matrix form we can write 

[z] {5} = {v} (3.8) 

The inversion of this linear system of equations completes the solution. 
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3.1.2 3-D Problem 

The procedure in this case is similar to that for the 2-D case. The inner 

product is applied on both sides of (2.28) using the weighting functions of (3.2). 

The resulting equation for the nth element on the surface of the /th conductor is 

Nc N* ( , \ 
EE <Tii^)Gu(r„, = V, - I-~(r„) - /+»(r.) (3.9) 

where again r„ is the position vector for the center of th nth element. Let the un­

known surface charge density on the jth side of the ith conductor be approximated 

by 

Ma 
"nW) = E <WV) (a-"") 

k=l 

where M,-j is the number of elements on the jth side of the ith conductor, are 

unknown constants to be determined, and 

(3.n) 

1,0, otherwise. 

In (3.11), denotes the surface of the fcth element on the jth side of the ith 

conductor. Substituting (3.10) and (3.11) into (3.9), we have 

Nc ŝi Mij "c nsi / p \ 
/-°°(rn) - I+00(rn). (3.12) 

For simplicity, (3.12) is rewritten in the compact form 

Mr 
]T Znmbm = Vn (3.13a) 

rn=l 
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where 

and 

znm = / Gw(r„,r')^, (3.136) 
J AWM 

V„ = V,~ - /+°°(r„) (3.14a) 

Mr r 

r^(r„)=Ytbm G-~(r„,r')rf«', (3.146) 
m=l J&Lm 

&r .  
I*"(rn) =Y,bm G+0°(rIJ,r')d£', (3.14c) 

The summation in (3.13a) is over all elements MT of the conductors. Vi is the 

constant potential of the /th conductor which contains the nth element, and bm is the 

unknown constant surface charge density on the mth element. The summations in 

(3.14b,c) are the contribution from the semi-infinite lines which have known charge 

distributions. As already mentioned, these charge distributions are calculated using 

the 2-D procedure of Section 3.1.1. Repeating the testing procedure for all the 

elements, we obtain a linear system of Mt equations of the form (3.13a), which in 

matrix form is 

[z]{6} = {v} (3.15) 

The inversion of this system of equations completes the solution. 
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3.2 Discretization Procedure 

Both (3.7a) and (3,13a) demand appropriate discretization of the conductor 

surfaces. In this section, the discretization procedure for the 2-D and 3-D cases will 

be discussed. All of the conductor contours are divided into straight line segments 

(2-D case) or rectangular sub-areas (3-D case). 

3.2.1 2-D Discretization 

In the 2-D case, all structures must be of rectangular shape and the sides 

must be either parallel or perpendicular to the dielectric interface (see Figure 2-

2). Assuming that the four vertices of each conductor (ith conductor in this case) 

and the number of subsections (M,-j) on each side (j) are known, each conductor is 

discretized in the following manner. 

Starting from lower left corner and counting counter clockwise, we assign 

numbers 1 through 4 to the vertices and sides, each side having the same number 

as the preceeding vertex as shown in Figure 3-1. Then, for the ifch conductor each 

segment on side 1 (j=l) is characterized by the following variables 

AR(«'L) _ X 2 - X I  
Ma 

(3.16a) 

xCm = xi + m (3.166) 
2 

ycm = yi (3.16c) 
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(X4,y4) 

AL 
i4 
M 

(xi.yi) 

Figure 3-1 Two-dimensional discretization scheme. 
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for m = 1, • • *, Mn • For segments on side 2 (j=2) 

Al£2) = (3.17a) 
M,2 

= Z2 (3.176) 

A 7" 
ycm=y2+m^p- (3.17c) 

for m = 1, • • •, M%2. Similarly, the subsections on side 3 0=3) are characterized by 

AzSP - (3.18a) 
Miz 

A R('3) 
^cro = a?3 + m—(3.186) 

!/cm = V3 (3.18c) 

where m = 1, • • •, M,;j. Finally, for the fourth side (j =4) we have 

AL&4) = (3.19a) 
M,'4 

= X4 (3.196) 

A r('4) 
yCm = V4 +  m— ( 3 . 1 9 c )  

for m = In all the above equations (arCm,j/Cm) is the midpoint of the 

mth subsection. The above data and the orientation (parallel to x axis or y axis) 

of each segment suffice for the numerical computation. 
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3.2.2 3-D Discretization 

The discretization of the conductor surfaces was performed in the following 

manner. With each conductor side assumed to be an arbitrary quadrilateral with 

all four vertices on the same plane, a local cartesian coordinate system (p,q) is 

defined with its q axis parallel to the longest side of the quadrilateral that is not 

parallel with the y axis (see Figure 3-2). The relationship between the global and 

local coordinates is given by 

q = (z — ZQ)COS9 (x — xo)sind (3.20a) 

p = (s — XQ)COS9 — (z — za)sin9 (3.206) 

where 

XQ =  ̂ (®i 4* X2 4- £3 + Z4) (3.21a) 

zo = |(£i + Z2 + 23 + 24) (3.216) 

and 9 is angle between the longest side and the z axis. In addition, a generic local 

coordinate system (u,v) is defined the following way. 

If the conductor side is parallel to the dielectric interface (xz plane), then 

u = p (3.22 a) 

v = q (3.226) 

otherwise when the conductor side is perpendicular to the interface, we define 

u = y (3.23a) 

v = q (3.236) 
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X 

z 

(a) 

<X3,Y3,Z3) 

(X4 ,Yi, 

Vt^ 
Z 

(X^Y^ZI) 

(b) 

Figure 3-2 An illustration of the (p, q) coordinate system: (a) surface parallel 
to the xz plane; (b) surface perpendicular to the xz plane. 
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It is well-known that a local, non-orthogonal coordinate system (£,*7), cen­

tered at the barycenter of the quadrilateral, can be defined in such a way that one 

particular coordinate has value ±1 at one node of the quadrilateral and zero value 

at the other nodes, while its variation between nodes is linear [Huebner, 1975], The 

mapping from (£,77) to (u,u) is given in terms of the coordinates of the four vertices 

of the quadrilateral u,), t = 1,..., 4, as 

The above equations suggest the following discretization procedure. First, a rect­

angular grid is generated over the map of the quadrilateral under study as shown in 

Figure 3-3b. Then, (3.24a) and (3.24b) are used to map the nodes of the rectangu­

lar grid to the (u,v) plane as shown in Figure 3-3a. Finally, each element generated 

from the above procedure is approximated by the rectangule obtained from the in­

tersection of the four lines drawn through the center points of the four sides of 

the element parallel to the coordinate axes as illustrated in Figure 3-4. This way, 

the line charge Green's functions introduced earlier can be utilized to reduce the 

two-dimensional element integrations to one-dimensional. This geometry approxi­

mation is expected to be adequate for quadrilaterals with inner angles within the 

range [7r/4, 37T/4]. The accuracy of this approximatin is discussed in Section 3.4. 

(3.24a) 

(3.246) 

3.3 Numerical Evaluation of the Integrals 

In this section we will discuss the numerical calculation of the integrals 

involved in the MoM solution. 
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V I I 

(ui,vi) (U2,V2) U 

(a) 

C-IJ I) 

_ J 

NT| 

(1,1) 
—H> 

L _ J 
" I 

-• 

§ 

(-1.-D (1.-1) 

(b) 

Figure 3-3 (a) Conductor sides can be of arbitrary quadrilateral shapes; (b) 
the map of the quadrilateral on the ^-plane. 
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V 

u 

Figure 3-4 Element approximation for numerical calculations. Original ele­
ment in solid lines and approximating element in dashed lines. 
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A 
3.3.1 Evaluation of Znm 

If the discretization is fine enough, then the integration in the expressions 

for Znm can be approximated by the product of the integrand calculated at the 

midpoint of the mth element and the length ALm, provided that n ^ m. 

Znm = G^(xCn,yCn,XCm,yCm) ' ALm, U ^ 171 (3.25) 

For the selfterm case (n = m), a numerical integration is performed. For example, 

if the mth element is on a surface parallel to the x axis 

(3.26a) 

= J ̂ G2d(xCm, yCm, A;'(C), yCm MC 

where 

*'(C) = + 1) + (3.266) 

where is the smaller end point of the mth segment. There is a singularity in 

(3.26a) at x' = xCm or £ = 0. In order to effectively account for the singularity, 

the non-linear transformation given in [Telles, 1987] is employed. This transforma­

tion concentrates more integration points at the vicinity of the singularity. In this 

particular case, the transformation is ( — 7s. Thus, 

Zmm = |Axm j G^ycm^\ycm)l^. (3.27) 
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The numerical evaluation of the integral in (3.27) is accomplished by applying ten-

point Guassian quadrature as. shown below 

where the 7/ are the tranformed coordinates of the quadrature points in the interval 

—1 5: 7 < 1; and the tuj are the associated weights. Even number of quadrature 

points must be chosen so that none of the quadrature points coincides with the 

singularity. The coordinates of the quadrature points and associated weights are 

tabulated in [Abramowitz and Stegun, 1972]. When the mth element is on a surface 

that is parallel to the y axis, y' is used as the variable of integration and the above 

procedure is followed. 

3.3.2 Evaluation of Znm 

With the assumption that the discretization is fine enough, the integral of 

Znmi n 7^ m, can be approximated by the product of the integrand calculated at 

the midpoint of the 771th element and the width AWm. The Green's function G3d 

corresponds to the potential due to a line charge of length A£m, which is the length 

of the rectangle approximating the mth element as shown on Figure 3-5. In the 

following computations, the local coordinate system (p, q) of the side on which the 

mth element resides is used. Let the mth rectangular element extend from q°m to 

mm 

(3.28) 

then 

A£m — Aqm — q^m — <7em. (3.29a) 
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However, in order to conserve the area ASm of the original element and hence the 

total surface area of the conductor, we calculate the width as 

A <? 
AWM = (3.296) 

Thus, Znm is approximated by 

Znm = G3<*{pcn ? Vcn J Qcn ) Pcm J Vcm > Qem ' 5CM ) * 71 ^ 171 (3.30) 

where (pCn, yCn, qCn ) is the center point of the nth element and and q\m are the 

end points of the line source centered at (pcm,i/cm)-

When n = m, a singularity occurs at the center of the element. In this 

case, a numerical integration is performed in a manner similar to that for Zmm. 

Let the mth element be on a surface parallel to the dielectric interface and let the 

approximating rectangle extending from pto pb
m. Then 

Zmm = i G (pcm > ycm»Qcm i P j Vcm, </em > 9em }^P 
J AH'ni 

(3.31a) 

~ ATm / ! G3d(p°m ' Vcm' ' P'(0» !/cm » Qem > <lcm MC 

where 

p ' ( 0  =  — + 1 ) + ( 3 - 3 1 6 >  

= P m - P m  (3.31c) 

A singularity occurs at p' = pCm or £ = 0. For efficient numerical computation, we 

use the non-linear transformation £ = 7s, thus 

3 f' 
= -Apm j ^ G3d(pCm, 3/cm, 9cm, p'(73), yCm> ffcm » )72^7 (3.32) 
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Figure 3-5 The rectangular element used for numerical calculations. The thick 
solid line represents the line charge. 



Applying ten-point Gaussian quadrature, we obtain 
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mm 

(3.33) 

+ GU(Pcm, Vcm, qCm, p'(-7i3). ycm, ?e°m' <&m )] 7/2Wf} 

where 7/,tu/ are abscissas and weights of the Gaussian integration, respectively. If 

3.3.3 Evaluation oil 00 and I+°° 

Evaluation of the two integrals appearing in (3.14b,c) is essentially the same; 

the only difference is that a different Green's function is used. Since rn is the 

center point of an element at some distance away from the contour of integration 

along the discrete line segments, there is no singularity present. Using a linear 

coordinate transformation onto the natural coordinate 7, —1 < 7 < 1, we use ten-

point Gaussian quadrature for the numerical integration. For example, I~°°(rn) is 

calculated as 

the mth element is on a surface that is parallel to the y axis, then y' is the variable 

of integration and we obtain 

(3.34) 

% at 5 
*""(*.) = £ {Sm-^E[Gr~(r„,x+,!,+,*2) 

m—1 /=1 (3.35) 
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where x+ = x'fjjj), x~ = x'(—7/), and y~ — y+ = yCm for the case the mth line 

segment is parallel with the x axis; for the other case, ALm is parallel with the y 

axis y+ = V~ = y'(—7l)j and x~ = x+ = xCm• And of course, J+0°(rn) is 

approximated similarly. 

3.4 Computational Aspects 

3.4.1 Element approximations 

The accuracy and validity of the element approximation procedure discussed 

in Section 3-2 will be evaluated in this section. Consider a plane disk of area A and 

radius r (A = 7rr2), which has a uniform charge density of a unit amplitude and is 

located at a height h above a ground plane. This situation is shown on Figure 3-6. 

The electrostatic potential at its center is given by 

-1 d"L 0 JFT (2fc)2 
(3.36) 

Analytical evaluation of the above integral gives 

$center — 
2e 

(3.37) 

We compare this potential to the potential obtained at the center of various rectan­

gles of different aspect ratios a/b (see Figure 3-7), associated with uniform charge 

densities of unit amplitude over the rectangle. All rectangles are at height h above 
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Figure 3-6 A uniformly charged disk, with area A and radius r, located above 
a ground plane . 
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the ground plane and have the same area A equal to that of the circular disk. Con­

sidering the rectangle as one element and utilizing formulations developed in the 

previous sections, we have 

^'center = %mm (3.38) 

where Zmm is given in (3.33) and m = 1. 

Let the plates be in free space (e=eo) and A=h=l, then <f>center = 2.74528 x 

1010 for the circular disk. On the other hand, ^'center = 2.73832 x 1010 for a square 

(a = b = 1); Reenter = 2.34593 x 1010 for a rectangle with a = |, 6 — 2; and 

Reenter ~ 1-61365 x 1010 for a rectangle with a = b — 4. Prom these results it is 

evident that the <f>Center is approximated best by using the square element (0.25% 

difference). 

From Figure 3-7, we note that the narrower the rectangle the smaller the 

overlap between the rectangle and the disk. In fact, we may say that as the in­

tersection between the two elements decreases, the approximation of one by the 

other gets worse even if they have the same center and area. This argument can be 

extended to the approximation of a general quadrilateral by a rectangle. As shown 

in Figure 3-8, it is clear that the quadrilateral with inner angles outside the range 

[7T/4, 37r/4] can not be adequately approximated by a rectangle. 

Nevertheless, we expect not to encounter such quadrilaterals in the geome­

tries under consideration in this work. 
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(a) 

(b) 

(c) 

Figure 3-7 Approximations of the disk with: (a) a square; (b) a rectagle with 
( c )  a  r e c t a g l e  w i t h  f = ^ .  
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Figure 3-8 An ill-posed approximation of an arbitrary quadrilateral by a rect 
angle. 
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3.4.2 Number of elements 

Consider a square conducting plate in free space above a ground plane, with 

dimensions /i=iu=lcm, as shown in Figure 3-9. We wish to determine how many 

elements are necessary to efficiently compute the capacitance of this geometry by 

using the previously developed formulation. Let Ny and Ny he the number of 

elements along the u and v axes, respectively. Since we choose the line charges to 

be parallel with the v axis, the numerical integration is carried out with respect to 

u. 

We plot the capacitance as a function of Nu (1< Nu <15) for severed values 

of Ny (iVy=l,3,5,8,10). The plot is shown in Figure 3-10. From these curves we 

can deduce that 3 < Ny < 8 and 7 < Nu < 12 are good discretization values for 

efficient computation of the capacitance. We also notice that rectangles with their 

longer side parallel to the v axis (i.e. Ny < Nu) give more accurate results. 

In order to validate the formulation, we used another 3-D capacitance cal­

culator, MOM3D [Scheinfein and Palusinski, 1987]. For Nu = Ny — 5, the capac­

itance obtained from MOM3D is 0.458pf. And for Nu = Ny — 10, we obtained 

a capacitance value of 0.475pf. We see that these results are consistant with our 

results in Figure 3-10. 

3.4.3 Approximation of a non-rectangular surface 

A good test for the accuracy of our method of approximation for non-

rectangular surfaces is discussed here. We calculate the capacitance of a square 

microstrip patch above a substrate of thickness 0.5mm and er = 4 as shown in 

Figure 3-lla. We obtained a capacitance of 0.28193pf for the square when Ny = 5 
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Figure 3-9 The square that is used for the discretization study. 
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Figure 3-10 Graph of capacitance vs. number of elements per side. 
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and N(j — 10. We then split the square into two non-rectangular quadrilaterals 

as shown in Figure 3-1 lb and computed the capacitance of the combination of the 

two quadrilaterals with Nv ~ Nu = 5 for each quadrilateral. A capacitance of 

0.27832pf was obtained in this case. Comparing this capacitance with the previous 

one, we obtained a difference of ~1.28%. From these results it is evident that this 

method of approximation is reliable. 

3.4.4 Capacitance of an infinitely long line 

The usage of semi-infinite lines for the regions of conductors extending to 

infinity is now examined. An infinitely long microstrip of rectangular cross section, 

width of 2.5cm and thickness of 1cm, is the subject of our evaluation (see Figure 3-

12a). The capacitance of this strip can be calculated using a two-dimensional anal­

ysis. For the geometry shown in Figure 3-12a, p.u.l. capacitance of 8.1936pf/cm 

is obtained. Next, the long strip is split into three sections: a finite length sec­

tion, a section extending to —oo, and a section extending to +00 as shown in 

Figure 3-12b. Let L be the length of the finite section. We then calculate the 

p.u.l. capacitance Cpui of the finite section for three different lengths (L). For 

X=20cm, Cpuj=8.1899pf/cm is obtained. Moreover, for L values of 10cm and 2cm, 

CpUj=8.1743pf/cm and Cpui=8.1596pf/cm are obtained, respectively. As a matter 

fact, when L—2cm the length of the section is smaller than the width of the con­

ductor and still only a ~0.42% error is made compared with the two-dimensional 

result. 
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Figure 3-11 (a) Complete square; (b) devided square consisting of two non-
rectangular quadrilterals. 
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Figure 3-12 (a) Infinitely long line; (b) combination of two semi-infinite lines 
. a finite line. 
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CHAPTER 4 

APPLICATIONS 

A FORTRAN computer program (called UA3DC) was developed based on 

the algorithm discussed in the previous chapters. This program is designed to cal­

culate the capacitance and/or the p.u.l. capacitance of arbitrary three-dimensional 

multi-conductor configurations of the microstrip and the stripline type. This pro­

gram will be applied to several problems in this chapter. Some of these are simple 

examples and are used to test the validity of the formulation and the program. 

Other more complicated applications include computation of p.u.l. capacitance of 

coupled, flaring microstrip lines, and the extraction of the excess capacitances for a 

via, coupled conductor bends, and conductor crossovers. 

4.1 The Capacitance of a Rectangular Conducting Box 

In order to test the mathematical formulation and the validity of the pro­

gram, the simple rectangular geometry of Figure 4-1 was analyzed. The perfectly 

conducting rectangular box was placed at a distance h=lem from a ground plane 

of infinite extent. The cross-sectional dimensions were chosen as a=6=lcm, while 

the length I was varied between the values of 1cm and 50cm. The values for the 

capacitance of the box obtained using this approach, C, were compared with the 

capacitances calculated using the free space Green's function approach, C*, [Sche-

infein and Palusinski, 1987], and excellent agreement was observed as shown below. 
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I (cm) 

1.0 

5.0 

20.0 

C ( p f )  C* (Pf) 

0.93 

2.38 

0.86 

2.28 

7.62 7.36 

50.0 18.04 17.45 

It is interesting to notice that the maximum difference between the two 

methods, (~7%), is obtained for / = 1 cm. This is due to the fact that the singularity 

of the charge density at the conductor edges (edge effect) has a more profound 

effect on the capacitance of the box for lengths I comparable to the cross-sectional 

dimensions. The two methods use different schemes for the discrete approximations 

of the charge distributions on the conductors; hence, the discrepancy in their results 

is expected to be larger for such values of /. However, as the length I increases, the 

effect of the singularity of the charge density at the edges on the total charge is not 

as significant, and the results of the two methods are in better agreement (~3%). 

Interconnections are usually modeled as transmission lines so that the sim­

plistic transmission line theory can be applied. Each transmission line is characta-

rized by a p.u.l capacitance and a p.u.l. inductance which is found from the p.u.l. 

capacitance as discussed in Section 2.1. The interconnection conductor shown in 

Figure 4-2a is represented by the equivalent circuit shown in Figure 4-2b. The dis­

continuity located between the planes PP' and QQ' is represented by the lumped 

elements Cex and Lez. The two uniform sections, one between AA' and PP' and the 

other between QQ' and BBare represented by uniform transmission lines with the 

4.2 Lumped Circuit Representation of Discontinuities 
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Figure 4-1 Single conductor above infinite ground plane. 
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same p.u.l. capacitance and inductance as the sections they represent. The excess 

capacitance Cex and inductance Lex Eire 

Cex — CT — C\h - C2I2 (4.1) 

Lex — Lt — L\l\ — L2I2 (4.2) 

where CT and LT are the total capacitance and inductance of the conductor between 

the planes A A' and BB'. CT is obtained from the 3D analysis developed in this 

work, where LT is found from a magnetostatic problem as discussed in [Cangellaris 

et al, 1990]. (Ci, L\) and (Ci, L\) are the p.u.l. capacitance and inductance 

obtained from 2-D analysis for lines (1) and (2), respectively. Here, we are only 

concerned with obtaining Cex. In the following examples we will calculate Cex for 

several discontinuities. 

4.2.1 A Via 

A via of finite length is depicted in Figure 4-3a. For the case A=B=T= lcm 

and -Hi=if2=lcm, the p.u.l. capacitance (Cpu{) of this structure is given in [Schein-

fein and Palusinski, 1987] and reproduced in Figure 4-3b. A similar calculation is 

carried out here and a plot of Cpui in the z direction is shown in Figure 4-4. As seen 

from these plots there is very good agreement between the two results. As expected 

the capacitance reaches a relative maximum value at the via (12cm< z <13cm). 

The area under the curve is the so called excess capacitance (Cex) which can be 

found by (4.1). Let us define the discontinuity to be between 12cm and 13cm. For 

this case, ?i=/2=12cm, Cr=8.11788pf, Ci=0.34885pf/cm, and C2=0.24841pf/cm. 

Hence, Cex=0.95076pf. 
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Figure 4-2 (a) Interconnection conductor with discontinuity; (b) equivalent 
circuit representation. 
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Figure 4-3 Structure depicting via connection; (a) geometry, (b) p.u.l capaci­
tance. 
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Figure 4-4 The p.u.l. capacitance of a via connection to compare to Figure 
4-3b. 



On the other hand, when the vertical via is located between semi-infinite 

strips and all the other dimensions are left unchanged we found that Ccx=0.31613pf. 

This difference is due to the contribution of the charge at the ends of the lines 

to the total capacitance. This illustrates why it is necessary to use semi-infinite 

transmission lines if an accurate representation of the capacitance associated with 

the discontinuity is to be obtained. 

4.2.2 A stipline bend 

The stripline bend shown in Figure 4-5 is considered next. To simulate a 

top ground plane we let ei=100. With parameters, £2=9eo, <=8/zm, /i—75/im, and 

w=25/xm, Cex is calculated for two cases. For the case when the bend is located 

between finite length strips, fi=/2=0.1mm, we obtained Cex=8.291 x 10-15f. For 

the second case, where the bend is between two semi-infinitly long strips, the Cex 

is found to be 2.8462 X 10~15f. Again, the explanation for the dramatic difference 

of the two capacitances is the contributions of the ends to the total capacitance for 

the finite length strip case. Therefore, infinitely long lines (or very long lines) are 

necessary to reduce this effect. 

4.2.3 Coupled microstrip bends 

In another example, we calculate the capacitance matrix of two coupled mi­

crostrip bends. The geometry is shown on Figure 4-6a. These bends are located 

between semi-infinite long strips. The strips are located above a substrate with 

permittivity of 4co and thickness of 25/im. The thickness and width of each strip is 

the same as the bend discussed above, i.e. t=8/rni and iu=25/zm. The separation 
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Figure 4-5 Stripline bend; (a) top view of the bend, (b) cross-sectional 
of the stripline. 
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between the two bends is 25/zm. From the 3-D capacitance calculator, we obtain 

the total capacitance matrix, Crn=1.89 x 10-14f, C;r12=C:r21=—2.91 X 10-15f, and 

Ct22=2.67 X 10_14f. We note that the cross sectional views at AA' and at BB' are 

identical, thus resulting identical p.u.l. capacitance matrix. From the 2-D capac­

itance calculator, we obtain a p.u.l. capacitance matrix of Cpuin=Cpui22=S.31 x 

10"*nf/m, and CpUi1:=CpUi3l=—1.08 x 10~15f. Then, applying (4.1) for each ele­

ment of the capacitance matrix, the following excess capacitance matrix is obtained, 

Cii=2.64 x 10~15f, C12 = C21=-7.50 X 10"16f, and C22=1.04 X 10~Hf. Figure 4-7 

shows the equivalent circuit representation. 

4.2.4 Coupled double-bend microstrips 

Here, interconnections with bends other than 90 degrees are considered. 

A top view of the geometry under consideration is shown in Figure 4-8a, while 

a cross sectional view is shown in Figure 4-8b. Each interconnection consists of 

three uniform sections; two semi-infinite strips and one connecting transition strip 

at a 45 degree slope. Since the middle section of each interconnection is a short 

transition, it considered as a discontinuity; and therefore, is represented by lumped 

elements. If the transition was gradual and long then we would have modeled it 

as a non-uniform transmission-line and characterized it by its p.u.l. capacitance 

and inductance. An equivalent circuit representation is given in Figure 4-7, where 

Cn=(?22=0'01pf and Ci2=C2i=-0.003pf. These results were obtained in a similar 

fashion to those of the previous example. 
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Figure 4-6 Microstrip bends; (a) top view of the bends, (b) cross-sectional 
view of the microstrips. 
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Figure 4-7 Equivalent circuit representation of two coupled interconnections 
with discontinuities. 
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Figure 4-8 Coupled double-bend microstips; (a) top view of the strips, (b) 
cross-sectional view of the microstrips. 
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4.2.5 Cross-over stripline 

In this section, cross-over stripline is considered. In particular, the effect 

of the separation d between the conductors and the width w of conductors on the 

excess capacitance is investigated. The geometry under consideration is shown in 

Figure 4-9. We consider the case were the separation between the ground planes is 

50/im and the relative dielectric permittivity is 5. Moreover, the separation between 

one ground plane and the active conductor is fixed at 12/rni. A graph of Cex as a 

function of w and d is shown in Figure 4-10. This graph shows that Cex is more 

sensitive to changes in d than changes in w. This is expected since a change in d 

more strongly effects the electric fields between the cross-over conductors and the 

ground planes. 

4.3 The P.U.L. Capacitance of Flaring Microstrip Lines 

Flaring interconnections appear commonly in high speed VLSI packages. 

Under TEM assumptions, their transmission-line representation is based on position 

dependent p.u.l capacitance and inductance, C(z) and L(z)., obtained using two-

dimensional parameter extractors. To assess the accuracy of this approach and its 

limitations, it is necessary to study the three-dimentional problem. 

4.3.1 Coupled flaring lines of finite length 

First, the geometry of two coupled, flaring microstrip lines is considered. 

Figure 4-1 la shows the top view of the geometry, while Figure 4-1 lb shows its 

variable cross section. The thickness of each strip was 8fim. The thickness of the 

substrate was h=25fim and its permittivity e2=4eo. The upper dielectric medium 
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Figure 4-9 Geometry of a cross-over. 
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Figure 4-10 Excess capacitance for cross-over stripline vs. width and separa­
tion. 
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was air with ei=eo> The solid curve in Figure 4-12 shows the p.u.l. capacitances 

Cn and C22 for the two lines. The fact that the two are indistinct is due to the very 

smooth variation of the cross section from one end of the line to the other. Indeed, 

the two conductors start with the same width w—25/xm, and undergo a change of 

width by a factor of two over a distance equal to forty times their initial width. The 

edge effect is apparent, resulting in an increased value of the p.u.l. capacitance at 

the two ends of the conductors. The variation of the mutual capacitance is depicted 

by the solid curve in Figure 4-13. 

The dotted curves in Figures 4-12 and 4-13 depict the p.u.l. self and mutual 

capacitances, respectively, obtained using a two-dimensional capacitance calculator 

in the following manner. The end values (at 0.0mm and 1.0mm) correspond to 

the self and mutual capacitances for the coupled microstrip lines of infinite extent 

with cross sections identical to the end cross sections of the non-uniform geometry. 

Then, the per-unit-length variation is obtained by interpolating between these end 

values. This corresponds to a very fine approximation of the non-uniform structure 

by a large number of uniform transmission line sections. While the values for the 

mutual capacitance predicted by the two approaches are in very good agreement, 

the two-dimensional approximation underestimates the value of the self capacitance. 

Undoubtedly, the two-dimensional result is dependent on the way the non-uniform 

structure is approximated. For example, instead of using cross sections parallel 

to the end planes of the non-uniform structure, cross sections could be defined by 

planes perpendicular to an effective interconnect axis qq' as shown in Figure 11a. 

For very smooth structures, such different choices in the uniform-section approxima­

tion of the interconnection are expected to lead to almost identical results. How­

ever, if the non-uniformity of the structure is significant, the p.u.l. capacitances 
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Figure 4-11 The geometry of flaring coupled microstrip line of finite extent, 
(a) top view; (b) cross section. 
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Figure 4-12 The p.u.l. self-capacitance (Cn = C22) for the geometry of Figure 
4-11. 
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Figure 4-13 The p.u.l. mutual capacitance (C12 = C21) for the geometry of 
Figure 4-11. 
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predicted by the different uniform-section approximations may differ considerably. 

In such cases, the three-dimensional modeling comes to the rescue since the total 

capacitance is calculated accurately, and thus an accurate prediction of the overall 

signal delay is ensured. 

4.3.2 A flaring transition between two semi-infinite strips 

Next, a single microstrip interconnection is considered. The interconnection 

consists of a flaring transition between two semi-infinite strips with thickness of 8/xm 

as shown in Figure 4~14a. Its variable cross section is shown in Figure 4-14b. The 

thickness of the substrate was h=25fim and its permittivity e2 = 4eo- The upper 

dielectric medium was air with ej = eo- A plot of the p.u.l. capacitance in the z 

direction of this structure is given in Figure 4-15. As expected the p.u.l capacitance 

of the uniform sections is constant. Moreover, the p.u.l. capacitance of the flaring 

section increases as the width of the conductor increases. It is very intresting to 

observe how this plot resembles the structure itself. 

The impedance of this structure gradually decreases from about 70f2 at z—0 

to 25fi at z=1875/^m. It is worthwhile to examine how many discrete sections of 

constant impedences, (Zi, £2, • * *, £//), is required to approximate the exact contin­

uous position dependent impedence Z(z) (see Figure 16). The number of discrete 

sections can be obtained by comparing the exact reflection coefficient T with the ap­

proximate one TJV. The exact reflection coefficient is calculated from the following 

[Pozar, 1990] 

(4.3) 
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Figure 4-14 The geometry of a flaring microstrip line of infinite extent, (a) 
top view; (b) cross section. 
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Figure 4-15 The p.u.l. capacitance for the geometry of Figure 4-14. 
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where Xg  is the guide wavelength. For microstrip, Xg  = c/(fy/e^fj). Figure 17 

shows a comparison of the two. Notice that 6 sections result in an acceptable 

approximation. 



88 

I 

Z(z) 

(a) 

Zo ^  Zl Z2 Z3 n 
Tn ' 

ZL 

(b) 

Figure 4-16 Discritizing Z(z) for waveform simulation; (a) exact Z(z), (b) 
approximating discrete Zf s. 
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CHAPTER 5 

CONCLUSIONS 

A three-dimensional capacitance calculator, based on an integral equation 

formulation for the electrostatic charge distribution on the conductors, has been 

developed. The primary objective was to develop a computer program for the cal­

culation of the capacitance matrix and/or the p.u.l. capacitance matrix of frequently 

used structures in today's VLSI packaging interconnections. Operating under quasi-

TEM conditions, the program can be used to extract capacitive elements used in 

the lumped equivalent circuit representations of interconnection discontiniuties. 

The mathematical formulation uses Green's functions pertinent to single-

substrate microstrip, homogeneous stripline geometries and strip conductors em­

bedded in a homogenous medium above ground plane. For these geometries, the 

p.u.l. inductance matrix can be obtained in a straightforward manner by means dis­

cussed in chapter 2. For three-dimensional computations, finite-length line Green's 

functions have been used in order to reduce the two-dimensional integrals to one-

dimensional integrals. Thus, computer labor is significantly reduced. When in­

finitely long conductors are encountered, a two-dimensional capacitance calculator 

is utilized for the uniform sections away from any discontinuities. Consequently, 

both computer memory and time are saved. In this case, Green's functions for 

semi-infinite lines are required in order to include the results of the two dimensional 

calculator into the overall formulation. All the above mentioned Green's functions 

are appropriatly chosen to satisfy the boundary conditions at the dielectric inter­

faces and the infinite ground plane in order to minimize the number of unknowns. 
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An appropriate discretization scheme, for best approximation, has been pro­

posed. In this scheme, all non-rectangular discrete elements are approximated with 

the best fitting rectangular. In addition, it has been shown that this approxima­

tion is adequate for the conductor geometries under consideration. The method 

of moments is used for the numerical approximation and solution of the integral 

equation. 

Several applications of the computer program have been presented. The 

validity of this program was tested by calculating the capacitance of finite-length, 

uniform conductors of rectangular cross sections and comparing the results with 

others available in the literature and obtained by other means. Also, the p.u.l. 

capacitance and the excess capacitance of a vertical via was presented. The lumped 

capacitive element matrix was obtained for a stripline bend, two coupled microstrip 

bends, a stripline cross-over, and coupled double bend microstrips. The equivelent 

circuit representation of these geometries was also presented. Numerical results 

for the capacitance matrix of a flaring, coupled microstrip geometry of finite length 

have been presented and comparisons have been made with results obtained using an 

approximate model of the structure created by cascading uniform sections of coupled 

transmission lines. The cross-sectional dimensions of each of these uniform sections 

are obtained on the basis of its position along the non-uniform line under study, 

and its capacitance matrix is calculated using a two-dimensional program. The 

use of the rigorous three-dimensional capacitance extractor presented here becomes 

essential for those non-uniform structures where different segmentation schemes 

lead to significant discrepancies in the calculated p.u.l. capacitance matrices. It is 

important to notice that for interconnection discontinuities such as bends and vias, 

or short nonuniform transitions like the twice-bent microstrips, the best modeling is 
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to use the lumped circuit representation. While uniform lines and long nonuniform 

lines are best characterized by the p.u.l. capacitance and p.u.l inductance. 

The applications and examples provided in this work were chosen to illus­

trate some of the issues involved in the analysis of VLSI packaging interconnections. 

However, there are other issues that need to be investigated in the future. For ex­

ample, an investigation should be carried out to determine how far away form a 

discontinuity one needs to be before a uniform charge distribution can be assumed. 

Ideally, one could relate this distance to the physical parameters of the structure. 

Also, studies can carried out to determine how the capacitance depends on the var­

ious parameters, such as the angle between crossover conductors and the angle of a 

bend. Other applications may include coupling effects of multiple discontinuities. 
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DERIVATION OF THE GREEN'S FUNCTIONS 

The derivation of the Green's functions used in the formulation of the in­

tegral equations is given in this Appendix. First, we derive expressions for a point 

charge, and then obtain the proper expressions for the line charges. The following 

is a revision of derivation carried out by Mechiak, [1989]. 

Consider the two layer media above a ground plane of infinite extent as 

shown in Figure 2-2 (other conductors excluded). Let V be an open bounded region 

in three-dimensional space and let S be its boundaries. Imagine a point charge of 

unit magnitude located at some point (x',y', z') in V. Then, the Green's function 

C?(r, r') is the electrostatic potential at some other point (ar,y,z) due to the unit 

point source. This Green's function is the solution to the Poisson's equation 

V • (e(r)V<7(r, r')) = -6(r - r') (A.l) 

subject to the following boundary conditions 

(A.2a) 

dG dG 
61  dy y=h+ 62 dy y=h~ 

(A.2b) 

(A.3a) 

lim G(r, r') = 0 
r-*oo (A.3b) 

where r2 = x2  + y2  + z2  and r'2 = x'2  + y'2  -f- z'2 .  
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The solution of (A.l) can be written as a superposition of the primary 

potential Gp and a secondary potential Ga which is due to the induced charges at 

the interface and the ground plane [Wait,1985]. Thus, 

G = GP + G3  (A. 4) 

It is well known that 

or in cylindrical coordinates 

G* = * A ,  (A.Sb) 
47T Cy/Q* + A Y£ 

where g2  — Ax2  -f Az2 ,  Ax = x — x',  Az — z — z',  and Ay = y — y'. Using Weber's 

Integra] we can rewrite (A.5b) as 

Gp  = r JQ{\Q)e-xh-v'\d\ (A5c) 
47re Jo 

where Jo is Bessel function of first kind and zero order, and the negative sign in the 

exponential is chosen so that (A.3b) is satisfied. Likewise, Ga can be expressed in 

terms of similar integrals. If the source is located in the region above the interface 

(i.e. y' > h), then the Green's function, Gaa, for field points above the interface 

(y > h) is 

Gaa = 7— r \e-xb-rt + JQ(Xe)d\ (A.6a) 
47TCI J0 L J 

Similarly, the Green's function for the region below the interface (0 < y > h) can 

be written as 

Gab = 4^ /°° [^)e~Ay + *(A)eA»] J0(Xe)dX (A.66) 



95 

where R, A, and B are unknowns yet to be determined. Application of the boundary 

conditions at y = 0 and y = h leads to the solution of the unknowns 

R = 
(1 + Ee2»>) 2A„, 

(1 -f Ee~2Xh) 
(.A.7a) 

A — -B — 
-2ei •-V 

(ei+c2)(l + -Be-2^) 
(A.7b) 

where E = Since \Ee 2**| < 1, we utilize the following series expansion 

1 \  V i \k 2k\h (l+Ee-^)-y~1)Ee (A.8) 

After substituting (A.7a,b) and (A.8) into (A.6a,b), the resulting integrals can be 

evaluated using (A.5c). After algebric manupilations we obtain 

Gaa — 
47T€l 

CO 
, +y;(-i )kEk 

I i/Aa:2 4- Az2  + Ay2 + Az2  + (y + y>f Jt=i 

}] { 
yjAx2 + Az2  + (y + y' + 2{k -  2)h)2  yjAx2  + Az2 + (y + y' + 2khf 

(A.9) 

- OO 

*=0 yjAx2  + Az2  + (y — y' — 2 khf 
{A. 10) 

yjAx2  + Az2  + (y + y' + 2khf 

Following a formulation similar to the above one, the Green's functions due 

to a point charge which is located below the interface can be obtained. For y > h 
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the function is denoted by Gba, and for y < h, it is denoted by Git,. The expressions 

for these Green's functions are found to be 

Ax2  -f A z2  + (y — y' + 2 kKf 
(All) 

y] Ax2  + A z2  + (y + y' + 2kh)2 '  

Ghh = 

1 r. + £(-!)<£* 
4:re2 L y/Ax2  + Az2  + Ay2 y/Ax2  + Az2  + (y + y')2  k=i 

[ 1 1 

^ yjAx2  + Az2  + (y — y' -f 2kh)2  yjAx2  + Az2  -f (y + y' -f 2kh)2  

)] 
yjAx2  -+• Az2  + (y + y' — 2kh)' 

(A. 12) 

After obtaining the Green's functions for a point charge, we are then able 

to obtain expressions for the Green's functions of line charges. First, let us find the 

Green's function for a finite length line charge that extends from z\ to zi and is 

located at (x',y'). Let G3t* denote this Green's function. 

G3d= I** G(r,r')dz' 
Jzi 

(A13) 

We note that all the previous Green's functions for the point charge involve ex­

pressions of the form t 1 ; thus, let us consider the integration of this generic 
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expression. Here, the positive root of the square root is chosen. 

dz' 
= / 

Jzi 

fZ 2 

Jzi 

y/Az2  + c 

dz' 

•sj\z — z'\2  + c 

(AM) 

where we have assumed that z\ < zi. Let Azi — z\ ~ z and Az2 = Z2~ z. There 

are three cases to consider when evaluating this integral. When z < z\, we obtain 

r , Azi + VAzi +c 
1 = LN "I I (J4.15A) 

A21 + V Az\ + c 

In the case where z\ < z < Z2,1 is evaluated to be 

(AZ2 + \/ Az22  + c)(—Az\ + \j  Az2  + c) 
i = in 

c 

Finally, when z > Z2, we have 

(A.156) 

f. (j4.15c) 
—A22 4- V Az2 + c 

Actually, all the above expressions for J can be shown to be the same, except when 

c = 0. Substituting the appropriate value of c in the expressions in (A.9) through 

(A.12), we obtain (2.30) through (2.33) where we used the expression in (A.15a). 

However, one must be careful about the case c approaches zero when carrying out 

any calculations. 
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Next, we consider the cases of the semi-infinite lines. When z\ —• — oo, 

(A. 15c) is the appropriate form to use. We notice that the functions for the finite 

lines consist of expressions of the form 

where 

J^n = —A z\ + \jA z\2  + c\ (A. 166) 

F12 = -Azi + \j Azi2  -f- C2 (A16c) 

F21 = —AZ2 + yj AZ 2
2  + c\ (A.16e) 

F22 = —AZ2 + ^Az-i + C2 (A.16/) 

As z\ becomes a large negative number, both Fn and F12 become very large and 

cancel out. Thus, 

lim = ln~ (A.17) 
*1—00 F2I V ' 

Using this evaluation for all the terms of G3d> we obtain the results for G~°° given 

by (2.35) through (2.38). Understandably, the expressions for G+0° are obtained 

in an analagous manner. Letting Z2 —• +00 and utilizing the form in (A. 15a), we 

obtain the results given in (2.40) through (2.43). 

Lastly, we consider the case of an infinitely long line. Since z\ —\ — 00 and 

22 —*• +00, (A.15b) must be used. Then 

Ir=lnF2 'Fn  'I  (A.lSa) 
CI FUF22 k  ;  
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where 

Jii — —Azi + yjAzi2  + c\ (A 186) 

i7I2 = —A z\ + yjAzi2 + C2 (J4.18C) 

F21 = A22 + yjAZ22  + c\ (A.18e) 

F22 = Az2 4* yjAZ2^ •+• C2 (A.18/) 

As z\ —> —00 and 22 ~+ +00, .Fn and F\i cancell out as do F21 and ^22-

lim If = In — (A.19) 
*1—-00 c\ 

The results obtained for G2ct are given by (2.45) through (2.48). 
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