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ABSTRACT 

The onset of electrohydrodynamic motion in a thin layer of liquid has been 

investigated for the case in which the electrical conductivity varies linearly 

across the liquid layer. It is shown that a finite conductivity gradient can 

be quiescently sustained, provided certain requirements are satisfied. 

Dimensional analysis shows, and numerical computations confirm, that the 

conditions for the onset of motion in the layer can be characterized by two 

dimensionless parameters: the electrical Rayleigh number, and the 

dimensionless conductivity gradient. 

Interest in the problem stems from experiments on isoelectric 

focusing (lEF), an electrically-driven separation process used to purify 

peptide and protein mixtures. Previous experiments had led to the 

postulate that, as conductivity gradients developed during lEF, 

electrohydrodynamic convection would arise to disrupt the separation 

process. The theory developed here supports such a postulate. 
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CHAPTER 1 : BACKGROUND AND MOTIVATION 

Background 

Developments in the area of biotechnology have created the need to isolate 

and purify large quantities of biological materials. A conmion (analytical) 

technique used to purify small quantities of biomaterials is electrophoresis. 

Electrophoresis is the single most useful technique for the analysis and 
separation of proteins and nucleic acids. Its usefulness is based on its high 
resolution and applicability to a broad range of entities, from simple ions to 
living cells. It is also an inherently gentle technique, without deleterious 
effects on such delicate biological structures as organelles, living cells or intact 
chromosomes [1]. 

Electrophoresis is based on the principle that most biological materials in 

an aqueous solution are electrically charged (due to ionization) and, 

therefore, move under the influence of an external electric field. 

Biological particulates and solutes migrate at a rate that is dependent on 

such things as their electrical charge, their size and shape, and the 

properties of the solution in which they are immersed. Biomaterials for 

which electrophoresis may be employed include macro-ions, complex 

polyelectrolytes, and colloidal particles and living cells. Analytic 

electrophoretic separations are carried out in four classical modes; moving 

boundary electrophoresis (MBE), zone electrophoresis (ZE), 

isotachophoresis (FTP), and isoelectric focusing (lEF) [2]. 

With MBE, ZE and ITP, isolation and separation of species is based 

on differences in the electrophoretic mobility of the components—that is, 

on the rate of migration of the species in solution under the influence of an 



1 2  

external electric field. In lEF, on the other hand, the separation is based 

on differences in the isoelectric points of components [3]. lEF was 

developed to fractionate amphoteric species, molecules that act either as 

acids or as bases depending on the local pH of the solution. Amphoteric 

species typically contain both carboxyl and amine groups, so lEF is used on 

mixtures of peptides and/or proteins. 

lEF depends on the formation of a stable pH gradient along which 

the components migrate until reaching their respective isoelectric points 

(pi). The pi of a charged species is the pH at which the net surface charge 

is nil [2]. An externally-applied electric field acts on the charged 

component and displaces it toward the region of isoelectric pH. Any 

movement away from this point in the pH gradient results in the ionization 

of the species, which causes the species to migrate back to its pi. Thus 

steady-state is achieved. 

Though lEF is a technique tailored for the separation and 

characterization of amphoteric materials, when carried out in free solution, 

its effectiveness is diminished by fluid motion that disrupts the pH gradient. 

Experiments were conducted at The University of Arizona Center for 

Separation Science (CSS) to examine the causes of convection in lEF. The 

goal of The University of Arizona work was to develop ways to suppress 

the deleterious effects of convection so that free-solution lEF could be 

scaled-up to the preparative level, permitting large quantities of peptides 

and proteins to be processed. The CSS experiments showed that, owing to 

concentration gradients, buoyancy-driven convection occurred when the 

solutes to be separated were localized in considerable quantity—a problem 
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termed zone over-loading. Sedimentation occurred if the biological 

particulates were too large. Furthermore, imposition of an electric field 

caused joule heating in the electrolyte and a radial temperature gradient 

developed, causing natural convection. Joule heating limited the cross-

sectional area of the device in which a quiescent lEF separation could be 

carried out to that of a capillary. Obviously such device-size limitations 

meant that free-solution lEF could not be done on a preparative scale 

unless measures were taken to either control or circumvent the problems 

associated with natural convection. 

Subsequent investigations of lEF by the CSS (under the auspices of 

NASA) made use of microgravity conditions to suppress buoyancy-driven 

flow. The microgravity experiments uncovered still another form of 

convection that disrupted the focusing process. It was postulated that the 

convection observed in the microgravity experiments was due to 

electroosmotic and electrohydrodynamic effects. These electrically-driven 

flows, though present in the terrestrial experiments, were masked by 

gravitational effects. 

Electroosmosis arises as a result of the electrical charge present on 

the surfaces of the lEF chamber. Charge on the glass vessel walls interacts 

with the ions in solution, and this causes a diffuse layer of charge to 

accumulate immediately adjacent to the chamber walls. The externally-

applied electric field acts on the accumulated charge, setting the electrolyte 

in motion. Electrohydrodynamic effects are caused by local deviations 

from electroneutrality within the volume of the solution. Free volume 

charge accumulates due to conductivity gradients that develop during lEF. 
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The presence of conductivity gradients is a characteristic feature of lEF 

and can be understood qualitatively by recognizing that zones in which 

different species concentrate will conduct current at different rates. As 

shown in Fig. 1, quantitative descriptions of the conductivity profile in an 

lEF chamber are available through the use of a simulation program 

developed at the CSS. 

One clear implication of the CSS experiments is that even if 

buoyancy-driven convection can be eliminated—either by use of space-

based platforms, or by innovative instrument design—free-solution lEF 

cannot be done on the preparative scale unless electrically-driven 

convection is also controlled. A more subtle implication of the CSS 

experiments is that producing quiescent solutions for preparative-scale lEF 

may be inherently problematic. Indeed preparative-scale lEF instruments 

developed at the CSS make use of forced convection to over-ride natural 

and electrically-driven convection; that is, preparative-scale lEF was shown 

to be quite feasible if the focusing process was carried out in solutions that 

were made to flow by design rather than by deleterious effects. 

As noted, steep electrical conductivity gradients develop along an 

lEF chamber as the focusing process proceeds. Detailed analysis of the 

flight data suggests that such conductivity gradients are the primary cause 

of the undesirable convection observed in the space experiments. A 

question that ought to be addressed, then, is the following: Suppose that a 

perfectly quiescent solution can be produced for the initial stages of an lEF 

experiment. As the conductivity gradients in the solution continue to 

sharpen, will the solution remain quiescent? It is the purpose here to 
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Fig. 1 Computer simulated concentration (a), pH (b) and conductivity 
profiles for a mixture of Arginine (Arg), Histidine (His) and 
Glutamic acid. Time points are, from bottom to top, 0,5,10, 
15, 20,50,100,150 and 400 min. Offset for concentration, 
pH and conductivity are 50 mM, 3.4 pH units and 0,07 S/m 
respectively [3]. 
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Table 1 
Computer Simulation 

General Values 

Column length 1 cm 

Segmentation 100 segments/cm 

Current density 0.001 A/cm^ 

pKa and Mobility Values 

Mobility x 104 

Component pKal pKa2 [cm^A^s] 

Glutamic acid 2.16 4.29 2.97 

Histidine 6.02 9.17 2.85 

Arginine 9.04 12.48 2.26 

H3O+ 36.27 

OH" 19.87 
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examine this very question by investigating the onset of 

electrohydrodynamic motion associated with sharp conductivity gradients. 

For the balance of this chapter, the results of the CSS space-flight 

experiments will be discussed, beginning with a summary of how an EEF 

experiment proceeds. Next, the flight results will be recounted and, 

thereafter, results from computer simulations of the flight experiments will 

be presented. Having thus established a feel for the physico-chemical 

process involved in lEF, we then proceed to Chapter 2, in which an 

analysis of the onset of electrohydrodynamic motion is performed. Note 

that data and figures pertaining to the lEF space flight experiments have 

been reproduced from articles and technical reports written at the CSS [4]. 

Analysis of Space Flight Experiments 

Summary Description of lEF 

The general mechanism of lEF may be described with the help of Fig. 2, 

where the separation mechanism for a three component mixture is shown. 

The most basic species of the mixture is component A, the most acidic is 

component C, and component B has an intermediate pi. 

Two separate phases may be identified during the process: a 

separation phase and a stabilizing phase. In the first phase, components in 

solution distribute in zones along the capillary separation length according 

to their pis. In the second phase, the system stabilizes and reaches steady-

state. 

During the separation phase, two distinct transient stages are seen. 

Fig. 2a depicts the initial distribution of components in the separation 
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capillary, before any external electric field is applied; note the components 

are distributed evenly. When the potential is applied (Fig. 2b), two moving 

boundaries are formed near each electrode. An a boundary appears 

between pure-component and mixed-component zones. Faster moving p 

boundaries appear between mixed component zones. The arrows beneath 

the boundaries indicate the direction of motion of the species; the length of 

the arrow specifies the relative speed of boundary movement. Thus, A and 

C are the fastest moving components, and they move toward opposite 

electrodes. In Fig. 2c, the faster p boundaries meet, and the original three 

component mixture has vanished. A pure B component zone then appears 

(Fig. 2d) and again there are four moving boundaries. The outer (a) 

boundaries migrate inward, reflecting motion of component B toward its 

pi. The inner (7) boundaries move toward the electrodes, indicating that 

components A and C tend to focus at the electrodes. As a and 7 

boundaries meet, a three zone solution forms, with each zone comprised of 

a pure component (Fig. 2e). In this stage, 5 boundaries form and migrate 

slowly toward the electrodes. This marks the end of the separation phase 

and the beginning of the stabilizing stage. During the interval between 

stage (e) and (f), the steady-state composition distribution is slowly 

approached. The stabilizing phase is characteristically a much slower 

process that the separation phase; typically the same time is required to pass 

from stage (a) to (e) as is then required to go from stage (e) to (f) [3]. 
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Flight Experiments 

lEF experiment were performed in microgravity conditions during two 

NASA missions: STS-11 and STS-26. 

The first space experiment was aimed at exploring the influence of 

electroosmosis on lEF. Electroosmotic effects were studied by applying an 

anti-electroosmosis coating on the inside of the chamber walls, and by 

segmenting die separation chambers so as to interrupt flow along the walls. 

lEF chambers were built from segments of glass conduit, which were 

attached end to end in three ways: (1), as a simple series of cylinders; (2), 

as a series of tubes connected by monofilament screens; and (3), as a series 

of tubes with mylar constrictors set in between (i.e., baffles of rigid mylar 

with openings half the internal diameter of the glass segments). The five 

chamber types are shown in Fig. 3. The current passing through the 

chambers was recorded to monitor conductivity changes in the solution. 

Also, photographic records of the protein focusing were obtained since 

"red" (Hemoglobin) and "blue" (Albumin) stained species were chosen as 

the compounds for separation. 

Plots of normalized current versus time follow in Figs. 4-9. The 

experimental results indicate that the columns partitioned by monofilament 

screens perform best. With monofilament screens the current decreases 

steadily as the charged species reach their pis, and the final current is about 

one tenth of the initial value. The columns with mylar baffles also 

exhibited focusing that occurred steadily and completely. However, 

columns that did not contain partitions displayed a quite different behavior; 

a sudden increase in current followed an initial decline, and the final 
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current measured close to the initial value. The same occurred when anti-

electroosmosis coatings were present. Since the current increases were not 

synchronized for these columns (Figs. 8 and 9), an external disturbance 

such as a sudden acceleration of the Shuttle does not explain the data. 

Rather the onset of electrically-driven convection within the separation 

chamber, causing mixing of the components, seems to be the most plausible 

explanation for the current increases. 

Although the chambers with baffles or screens performed well, the 

fluid velocity observed in the unsegmented chambers was ca. 1 cm/min., 

much too strong to be attributed solely to electroosmosis. Thus, the 

current increases must have involved another kind of electrically-driven 

fluid motion, which Rhodes et. al. [5] subsequently deduced must be 

electrohydrodynamic in nature. 

Another noteworthy observation was that once convection ensued, it 

continued throughout the experiment; a more intuitive, cyclic behavior of 

focusing-mixing-refocusing did not occur. 

Once all elements from the STS-11 experiments and their post-flight 

analysis were put together, a new set of experiments was devised and flown 

on STS-26. The STS-26 experiments were aimed at verifying the STS-11 

results, and at defining the relative magnitude of electroosmotic (EO) and 

electrohydrodynamic (EHD) effects. EO is a wall effect (proportional to 

the surface area of the lEF wall) that is proportional to the magnitude of 

the applied field. On the other hand, EHD is a bulk effect (proportional to 

the volume of the column), and it is proportional to the square of the 

magnitude of the applied field. Thus, varying the surface to volume ratio 
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of the lEF chamber at constant field strength varies the relative strength of 

the two flows. The chamber configurations tested on STS-26 are shown in 

Fig. 10. Note that cylindrical chambers were included to repeat the STS-

11 experiments. 

The experimental data from STS-26 are summarized in Figs. 11-16. 

The extent of the focusing, the time of first observable convection, and the 

strength of flow were comparable to the STS-11 observations for the 

cylindrical chambers. Screens and a larger surface to volume ratio 

improved the focusing performance of the columns, implying that BHD is 

the principal cause of the STS-11 current increases. Moreover, the 

performance of the rectangular cells showed a surface to volume ratio 

dependence. 

Simulation Results 

The simulation package developed at the CSS was used to estimate the 

magnitude of the conductivity gradients that developed during the STS-11 

and STS-26 flight experiments. Refer to Table 2a for data used in the 

simulation. 

The evolution of conductivity profile obtained is depicted in Fig. 17, 

and the final concentration profile in Fig. 18. The results obtained show 

evidence of numerical instabilities in the computer code and the simulation 

failed before reaching steady-state. Problems arise in the simulation 

because of the steep pH gradients that develop. Also, the complexity of the 

separation of a five component mixture adds to the numerical difficulties. 

In order to obtain a better estimate of the conductivity profile, it was 



3 0  

Cuvette 
Shape 

Column 
Number Block. 

Internal 
Dimensions 

Special 
Protein Features Buffer 

1 aluminum reclangular 0.250 X 0.040" 3-camDonent Hb • AID none 

2 - souera 0.2SO X 0.240' - -

3 acrylic round 0.250" 1 D. - . • 

4 • - - - segmentet 
5 - • 0.125" 1 0. - none 

5 • - 0.250" 1 0. none . -

7 aluminum ractangular 0.250x0.120" Kb + Alb -

a - - 0 250 X 0.060" 
- -

gless aluminum acrullc nylon screen 

Fig. 10 Cell cross-section for the STS-26 experiments. 



3 1 

*3 
0.250" !.D. 

#6 

0.250" I.D. 
No Protein 

#4 

0.250" I.D. 
Screen 

*5 
0.125" I.D. 

4 

G. 

< 3 

U 

u 

• 

• 

1 _/ \A 

i 

1 •• 1 , 

\ J-\ y 
•*. •'.'Y' *'• '• 1 JS 

•\ 

90 0 90 90 90 

Time, Minutes 

Fig. 11 Plot of current measurements versus time for 
cylindrical cells on the STS-26 mission. 
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Fig .  12  Plot of normalized current measurements versus time 
for cylindrical cells on the STS-26 mission. 
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Fig .  i 3  Plot of normalized current measurements versus time 
for cylindrical cells on the STS-26 mission. 
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Fig. 14 Plot of current measurements versus time for 
rectangular cells on the STS-26 mission. 
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Fig. 15 Plot of normalized current measurements versus time 
for rectangular cells on the STS-26 mission. 
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Table 2a 
Computer Simulation Data for Flight Experiments on STS-11 

General Values 

Column length 4.5 cm 

Segmentation 100 segments 

Current density 336.7 A/m^* 

pKg and Mobility Values 

Mobility x 10^ Cone, x lO^ 

Component pKal pKa2 [m2/V5] m 

Arginine 9.04 12.48 2.71 8.0 

Lysisl-Aspartate 4.1 7.7 2 10.0 

p-ABA 2.41 4.85 3.28 6.0 

Hemoglobin 0.0382 

Albumin 0.0110 

* This implies a constant voltage of 75.0 V. 
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Fig. 17 Simulated evolution of tlie conductivity profile for the first six minutes in the 

lEF separation process for the system in Table 2a. The simulation failed past 
the sixth minute. 



39  

e o 

s a> u B O 
U 

>> 

"o .s a 
S 

0.07 

0.06 

0.04 

0.01 

^ 1- ^ 1 ^ 1 1 1 

- -

Hemoglobin 

/ 

1 Albumin -

1 1 ^ f Arg 

^ ^ A 

1 ^ 1 1 1 1 1 

0.0007 

0.0006 n O 
0.0005 |-

n 
0.0004 § O n 
0.0003 ? fi9 

0.0002 3 

1.0 10' - 4 S  

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 

Column length, z (m) 
Fig. 18 Simulated concentration profile at 6 min into the simulation for 

the system in Table 2a. The simulation failed after the sixth minute. 
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necessary to re-run the simulation under conditions of reduced voltage. 

Furthermore, because small amounts of protein do not significantly alter 

the conductivity profile, the revised simulation was done for a three 

ampholyte solution (sans proteins). Input data for the revised simulation 

are given in Table 2b and the results are shown in Figs. 19-23. The 

evolution of the conductivity profile is depicted in Figs. 19 and 20. Here 

the rate of focusing of the components is slower than in the flight 

experiments because of the smaller current used. Notice that it is possible 

to distinguish the migrating zones at the different stages of the process. 

More importantly, recognize that at some time between 3 and 4 minutes 

into the simulation, a large conductivity gradient develops as the pure 

Lysil-Aspartate zone appears. These locahzed conductivity changes are 

accompanied by free charge accumulations, and it is at this stage that the 

conductivity gradients are postulated to favor the onset of BHD. The 

magnitude of the normalized conductivity gradient, Va/cr, is greater than 

100 m-i, as shown in Fig. 21. An estimate of the minimum conductivity 

gradient required to yield flow strengths of the order of those observed in 

the flight experiments is V<T/cr = 3m"^ (cf. Appendix 1). The simulations 

clearly show that, if the lEF solution were to remain quiescent, values for 

Vcr/cT far in excess of 3 would develop (cf. Fig. 21). Thus, the lEF process 

proceeds in such a way that the requisite conditions are manifested for 

strong BHD floor. In Chapter 2, therefore, we take up the question of the 

onset of BHD convection in liquids that contain appreciable conductivity 

gradients. Note for completeness the steady-state pH, conductivity and 

concentration profiles are shown in Figs. 22 and 23. 
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Table 2b 
Computer Simulation Data for Flight Experiments on STS-11 

General Values 

Column length 1.0 cm 

Segmentation 200 segments 

Current density 20 A/m2* 

pKa and Mobility Values 

Mobility x 10^ Cone. X 103 

Component pKal pKa2 [/kVKS] m 

Arginine 9.04 12.48 2.71 8.0 

Lysisl-Aspartate 4.1 7.7 2 10.0 

p-ABA 2.41 4.85 3.28 6.0 

* This implies a constant voltage of 11.53 V. 
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Fig. 20 Simulated conductivity profile for the first five minutes 
of the lEF separation process for the system in Table 2b. 
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Fig. 21 Development of tlie conductivity gradient for the first five minutes 
of the simulated lEF separation for the system in Table 2b. 
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Fig. 23 Simulated steady state concentration profile for 
the system in Table 2b. 
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CHAPTER 2 ; THE ONSET OF ELECTROHYDRODYNAMIC MOTION IN 

A FLUID LAYER WITH AN ELECTRICAL CONDUCTIVITY 

GRADIENT 

Introduction 

Electrohydrodynamic motion is known to occur in liquids where spatial 

gradients in the electrical properties are present. Examples of these flows 

in extremis are found in systems with step-changes in the electrical 

properties. Taylor and McEwan [1] analyzed the stability of a horizontal 

interface between two superposed liquids in the presence of a vertical 

electric field. Their analysis showed that, due to the differences in the 

electrical properties of the liquids, the interface can become unstable. 

Absent these differences, the electrohydrodynamic instabilities vanish. 

Michael and O'Neill [2] investigated the stability of a plane layer of non-

conducing fluid sandwiched between two semi-infinite conducting fluids 

when an electric field is applied perpendicular to the interfaces. Their 

results show that, without the stabilizing effect of interfacial tension, the 

fluid arrangement is disrupted. Rhodes et al. [3] demonstrated that in 

continuous flow electrophoresis, the application of an electric field 

transverse to a cylindrical sample filament flattens the filament 

electrohydrodynamically into a ribbon. Numerous other examples of 

related flows are reviewed by Melcher and Taylor [4]. 

Electrohydrodynamic motion has also been studied in systems where 

the spatial variations in the electrical properties are far less dramatic. 

Turnbull and Melcher [5] examined the stability of a perfectly insulating 
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fluid layer where density, dielectric constant and viscosity vary. Gradients 

in the dielectric constant give rise to dielectrophoretic force densities on 

the fluid and free charge accumulation in the bulk. They showed that if an 

electric field is applied to the (quiescent) fluid layer, electrohydrodynamic 

instability is incipient at zero frequency. Melcher and Firebaugh [6] 

studied fluid motion in semi-conducting liquids with thermally-induced 

conductivity gradients. They showed that, subject to a traveling potential 

wave that moves orthogonal to the temperature gradient, the liquid flows 

anti-parallel to the conductivity gradient. 

Here we consider the onset of electrohydrodynamic motion in a layer 

of liquid across which there is a continuous, gradual variation in the 

electrical conductivity; in contrast to Melcher and Firebaugh [6], we are 

concerned with conductivity variations associated with gradients in the 

concentration of charge-carrying solutes. A linear stability analysis is 

performed on the quiescent base state that exists when the conductivity 

varies linearly with position and ±ere is an electric field applied across the 

layer of liquid. The conditions for marginal stability are determined, and 

the analysis shows that the relevant dimensionless groups are: Ra^, an 

electric Rayleigh number; Ao/ob, the dimensionless conductivity gradient; 

T, the ratio of viscous to charge relaxation times; and a, the transverse 

wave number of the disturbance. Numerical calculations show that, for a 

given dimensionless conductivity gradient, the fluid layer becomes unstable 

when the electric Rayleigh number exceeds a certain value; the critical 

values for Ra^ and a depend solely on AO/CTO in the limit T»1, which are 

the relevant conditions for practical systems. 
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As explained in Chapter 1, interest in the problem stems from 

electrically-driven convection observed in experiments on isoelectric 

focusing, a separation process used to isolate and purify biological 

materials. Experimental measurements and numerical simulations show 

that appreciable conductivity gradients develop during isoelectric focusing 

(lEF) and the gradients are thought to precipitate the observed convection. 

The conditions leading to the onset of fluid motion in lEF are of concern 

because convection disrupts the separation process and the linear stability 

analysis is formulated here so as to describe these conditions. 

The presentation of the chapter is organized as follows. First, the 

balance laws that govern the electrohydrodynamics of the fluid layer are 

presented, and then, after a brief scale analysis, they are placed in 

dimensionless form. Next, a linear stability analysis—^in which a quiescent 

base state is perturbed slightly, and the perturbations are examined—^is 

performed. Finally the results of the analysis are discussed and concluding 

remarks are made. 

Balance Laws 

The electrical force acting on ionic solutes is transferred to the solvent 

through collisions at the molecular level. The free charges individually 

transfer their momentum to the solvent, so the Navier-Stokes equations, 

which govern the fluid motion, must be modified to read 

P + V-VV =-Vp +/iV^V + fe , 
\Ot 

( I )  
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where fg is the electrical force on the solvent per unit volume. Provided 

that the electric displacement D and the electric field E are co-linear, 

can be expressed in terms of the Maxwell stress tensor [7], [8], viz. 

f e = V -T, ( 2 )  

where for an incompressible linear dielectric, 

T = ED-—(D-D)l.  (3) 
2e 

Since D = eE and Pf = V • D, 

FE=PFE-|(E •£)¥£. (4) 

The first term on the right hand side of Eq. (4) is the (coulombic) 

electrical body force caused by the action of the electric field on pj, the 

free charge density in solution. The second term accounts for electric 

forces due to gradients of the dielectric constant e. When Eq. (4) is 

combined widi Eq. (1), the momentum balance becomes 

p^ = -Vp+PfE - 1(E • E)V£ + pV^v , (5) 
IT 

with V • V = 0. (6) 

t 

Analysis of Eq. (5) is often difficult because, according to the 

Maxwell's equations, the electric field is coupled to the free charge density 

pf. Moreover, the free charge density is influenced by convection, so one 
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may be not be able to specify Pf and E independently of v. As long as the 

electrical current density Jf is modest, E is quasi-static, so that 

V x E  =  0  ( 7 )  

and 

V-(eE) = Pf. (8) 

This latter relation is Gauss' law. Conservation of charge requires 

%+V. J , = 0 .  (9) 
dt  

For ohmic conductors the current density is given by [7], [8] 

Jf = (TE + P f V ,  (10) 

where a is the electrical conductivity and the second term on the right 

hand side represents convection of free charge. Combining Eqs. (9) and 

(10) yields 

^ = VcT-E + aV-E,  (11)  
Dt 

since V v = 0. 
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Because the solution is an ionic conductor, the conductivity depends 

on the local ion concentration. As a result, the conductivity may vary with 

position and time. Melcher [7], [8] has shown that the evolution of the 

conductivity profile is satisfactorily described by (cf. Appendix 2) 

^ = (12) 

where i^eff represents £in effective diffusivity. Albeit Eq. (12) appears to 

be a balance on a physical property, in ionic conductors the conductivity 

varies locally with the ion concentration and thus Eq. (12) holds. 

Scale Analysis 

As an lEF process proceeds, concentration, pH and conductivity profiles 

develop along the axis of separation until the ionic species in solution reach 

their respective isoelectric points. As the profiles reach a steady 

configuration, sharp local gradients in the concentration, pH and 

conductivity occur over a length scale on the order of 1 mm in the 

direction of focusing (cf. Chapter 1, Fig. 21). The diameter of the 

separation chamber is of the order of 1 cm and the chamber is 4.5 cm long, 

so the region over which the gradients occur is thin compared to radial and 

axial dimensions of the chamber. Thus what amounts to a thin cross-

sectional slice of the chamber is used to analyze the stability problem in 

question. 

For the situation depicted in Fig. 24, the conductivity profile or*(z*) 
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varies linearly across the domain 0 < z *  It can be readily seen that 

such a conductivity profile satisfies the conditions for a steady and 

Z* 

A 
E* o*= a*(z*)  

z * = 0  

y • X' 

Fig. 24 The conductivity profile in the base state for a thin cross-
section of the separation chamber; the domain is unbound
ed in the x-direction and y-direction. Note that the bound
aries at z*=0 and z*=d need not be rigid. 

quiescent base state. If cr* is expressed as 

•, * V CJ — (Tn * Ac • a {z ) = gp -H ^ " Z =<To +—z , 
d d 

(13) 

it follows that 

^Note that hereafter, an asterisk is used to denote variables in their dimensional form. 
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-.2 *\ 
^_£_(l2 = n 2 — U , 

dz 
(14) 

and according to Eq. (12) the conductivity profile is steady. 

The base state solution associated with Eq. (13) is: 

E (z )  = • 

1 + 
V^oy d 

EQ h; (15) 

p\z*) = ̂ e- + (16) 

| i+^^ 
< Ob ^ y 

A<T/ 
p;(z) = -e. •. (17) 

vV)^0.  (18)  

Here pi is the ambient pressure and EQGQ = JQ, i.e., there is a constant 

current JQ across the fluid layer in the base state. 

The base-state solution suggests the following reference scales, which 

are used to place the balance laws in dimensionless form: free charge 

density, eEoAcr/f/cro; electric field, EQ\ and length, d. 

The dimensionless momentum balance reads 
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where the variables are now in scaled form. A balance of the inertial and 

electrical effects requires that the velocity scale be ^[e^Aa/p^, and the 

appropriate stress scale is eEoAcfao; the time scale is . The 

dimensionless group that appears in Eq. (19) is defined by 

(20) 
V P Ob 

and can be thought of as an electric Grasshof number, since Gr^ is a 

measure of the relative strength of electrical body forces and viscous 

effects. Tlie inertial scaling chosen here is appropriate when Gr^ is 0(1) or 

more. For an lEF experiment where typical values for the 

physical constants are shown in Table 3. 

Table 3 
Physical Constants 

quantitv tvpical value 
characteristic length, d 
kinematic viscosity, v 10~^m^/5 

dielectric constant, e 80 EQ 

characteristic field strength, EQ 1700 V/m 
liquid density, p lOOOifcg^^ 

permittivity of free space, BQ g. 854 x 10"^^ C/(m x V) 
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The governing equation for the evolution of the electrical 

conductivity becomes 

— = (21) 

if an electric Schmidt number is defined as 

5c„ =• 
K, 

(22) 
eff 

Here Sc^ is roughly 10^-10^, since K^ff ranges from 10 ^ -10 

The conservation of charge relation transforms to 

£Pl = . 
Dt -yJCi 

1 

re VE 

1 1 + — a 
. ^0 . 

P f  +  E - V ( r \ ,  (23) 

where c?^cro/ve = T represents the viscous relaxation time of the liquid 

normalized to e/crg, the charge relaxation time in a liquid of conductivity 

(To and dielectric constant  e .  For electrolytic buffer solutions cr = 10"^ S/m 

and e-W^ C/{mxV), so d^a^lve is (9(l0^). 

Gauss' law in dimensionless form is 

V-E = %,. (24) 

Because the electric field is irrotational, the electric potential can be 

introduced, viz. 



5 8  

E = -V0, (25) 

and then Eq. (23) becomes 

Similarly, substituting Eqs. (24) and (25) into Eq. (19) yields 

^ = -'Vp+. 
Dt 

(27) 

Equations (26) and (27), along with Eqs. (6) and (21), are the balance laws 

used to describe the dynamic behavior of the system whose base state is 

depicted in Fig. 24. In the next section, a linear stability analysis is 

performed on this base state. Small perturbations are introduced to the 

system and their evolution is analyzed to determine if the disturbances 

grow or decay in time. 

Linear Stability Analysis 

The base state solution in dimensionless form is: 

ct(Z) = Z ; (28) 
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1 + — z  
O'o 

(29) 

1 "^0/ 
n2+P0'  

l A  
V ^0 J 

(30) 

p { { z )  =  -r . \2 ' 
14-^zl  

(31) 

V o-o 

v(z)  =  0 .  (32) 

Note that overbars are used to denote the base-state solution. 

To carry out a linear stability analysis of the base state, the following 

perturbation variables are introduced, [9]-[ll]: 

v(x,0 = v'(x,0 = M'(X,0 ix + v'(x,0 iy + W'(x,?) ; (33) 

CT(x,0 = cr(z)+cr'(x,0 ; (34) 

0(x,O = 0(z)+<^'(x,O; 

p{x , t )  =  p{z )+p'{x , t ) ;  

(35) 

(36) 

where the prime denotes the perturbation variables, and 
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Z / A \ 
^ ( z )  =  - J E i z ) d z  =  0 0  - (37) 

Formal substitution of Eqs. (33)-(37) into the balance laws yields 

dt  
- = _Vp'+-^v2v' + -2SL|^ i, V0'|, (38) 

d<T' ,da _ 1 
• +w'  

dt dz SCg^jGr^ 
^vV, (39) 

1 d^<^o 
-3 ve • 

H irW = 
dz  

, ACT-
1+—a 
. «^o . 

vV+ 

AG 

<^0 

d^^ . da d(p' d<p dcf 
V H—: ::—r • — 

dz' dz dz dz dz 
(40) 

and V - v '  =  0 ,  (41) 

upon linearization. The component forms of Eqs. (38) and (41) are: 

du' dp' 1 2 ,, gp d'<i> dr 
dt dx yjGr^ Ac dz^ dx 

(42) 

dw' _ dp' ^ 1 ^2 / I gp ^ 0 d^' 
dt dy •\]GrQ ACT dz^ dy 

(43) 

dw'_  dp'  
dt dz -sf^, 

1 vV+-^ 
ACT 

d^^ dcj)' ^ dtp y2^, 
dz^ dz dz 

(44) 
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du' dv' dw' „ —+ —+ ̂ ^ = 0 
dx By dz  

(45) 

To eliminate the pressure and the x and y components of the velocity from 

the problem, take djdx of Eq. (42) and djdy of Eq. (43), then sum the 

resulting expressions to obtain 

d ( du' d\' 

d t  dx  dy  -\/G dx dy  
+ -^^V,y, (46) 

ACT 

with 
' dx^ By'' • 

Combining Eqs. (45) and (46) eliminates the x and y components of the 

velocity, viz. 

dt slGr 
(47) 

Also, operating on Eq. (47) with d/dz  yields 

dt dz' 
(48) 

and Vj of Eq. (44) gives 

dt  
= vf(vv). (49) 



When Eqs. (48) and (49) are summed, the pressure is eliminated, viz. 

Equations (39), (40) and (50) are a coupled set of partial differential 

equations and the unknowns to be determined are: w'{x,t), the perturbation 

to the z-component of the velocity; ^'(x,r), the perturbation in the electric 

potential; and (f(x,t), the perturbation in the conductivity. 

Equations (39), (40) and (50) are linear and symmetric in x and y, 

and, so, are amenable to a normal modes analysis. Accordingly the 

solutions for the perturbation variables are assumed to have the form 

There are solutions of similar form for p'{x , t ) ,  u \x , t ) ,  and 

Formal substitution of Eq. (51) into Eqs. (39),(40) and (50) yields 

w'(z) 

(t>'{x, t )  •  =  • 0 ' ( z )  ' f {x ,y )e" .  

o ' {x , t ) \  [ (T' (z )  

(51) 

( d  1  

[d t  

4-—\=^A{^re")=~{wye"), 
^ d t  '  d z ^  '  

(53) 
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1 (TOQ 

dt -^Gr^ ve 
1 , — 1+ cr 
. <^0 . 

1 d OQ ACT 

4G, r„ ve (Tn 

<iV/y „> ^ d g a j i V ]  rfj ,  

^ ' dz dz dz dz 
(54) 

Based on Eq. (53), a form of the disturbances in the JC and 3; 

directions can be determined [11], viz. 

Vi/ = (constant)/ = -a^f 

= (xl +ay . 

Equations (52)-(54) then become. 

y[Gr^^ ' A(jdz^ ' Acrdz^ 

s ^=(D2_a2| 
SCeV^^ [ 

A .  d^ y v  .  cr =——w ,  
dz 

(56) 

s+ 
1 

ve 
1 . 1 +—a 

^0 . 

1 A(jld^^ ̂  ^ nlf # 
-y/^ ve ao\dz 

^+—D0' + ̂ D^ . (57) 
dz dz J 
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From the base state solutions, 

da 
dz 

= 1; 

d(j) _ 

dz 

1 
1 , AFF IH Z 

^^0 

d^ip ACT 

dz^ (To 
1 

1 ACT 
1  +  —z  

\2 
d^<j> 
dz^ 

Substitution of the above relations into Eqs. (55)-(57) yields 

^ 1} ' A<Tr ^ y 
iH Z 

o-o ; 
2 ACT 1 -2a 

I ; 

rf ,  (58) 

s-
Sc^^jGi mi"'-"') 

(7=-W , (59) 

U+ 
1 rf^CTn 

ve 
1 , Ac t  
1 + — z  
. ^0 . 

1 
/ . \3 

1  A c t  
1  + — z  

V ^0 J 

^ / w = 

1 CTO ACT 

^fGt^ ve CTQ 
ACT 1 

V ^0 > 

1 

1^ ACT 
1  + — z  

<^0 , 

-DC' . (60) 
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The above set of equations, Eqs. (58)-(60), is a coupled system of 

ordinary differential equations in z; two equations of the set have 

coefficients that vary with z. The set of ODEs is subject to the following 

boundary conditions: the potential, velocity and conductivity are fixed at 

their base-state values on the upper and lower boundaries; and the 

boundaries are stress free. These boundary conditions are consistent with 

the constant current imposed in the base state: J' = 0 at z = 0 and 1. The 

eigensolutions to Eqs. (58)-(60) may be determined numerically for each 

wave number a, but some prior insight into the stability problem may be 

gained by examining the equations further. 

First let rf^oo/ve-^oo, which is a reasonable approximation because 

the relaxation time of the charge e/Oo is of times faster than the 

characteristic relaxation time of the fluid. Then, for neutral stability 

(5 = 0), Eqs. (58)-(60) read 

J 
(62) 

1  + — z  
Acr ACT 1 

^0 I ^0 (^ Ac ^ 
1  + — z  

V <^0 ; 

- j o ' + D f - j — - — ( 6 3 )  



Substituting Eq. (62) into (61) yields 

Sc^Gr^ 
1 

) 

Notice Eqs. (63) and (64) can be solved for d' and without reference to 

w'; the only parameters that appear in the governing equations are AO/OQ 

and ScgGr^. Thus the conditions for marginal stability (with a fixed and 

(P-GQIVB^OO) can only depend on Acr/oo and Sc^Gr^. This is confirmed by 

the numerical results shown in the discussion of results. Moreover Eq. 

(62) shows that in order for w'0, it must be that ^. But the 

conditions that ensure 6^ 0 only depend on Scfir^ and Ao/oo (with a 

fixed and rf^Co/ve->=«). 

The product Scfir^ can be thought of as an electric Rayleigh 

number, Ra^=Sc^Gr^ = d^eEl^al^K^^aQ. If the characteristic velocity 

•^e^KaJa^ is denoted by then the physical meaning of is as 

follows: (££'oA(T/cro)/(//Mc/^) is the ratio of electrical to viscous stresses; and 

u^dlK^ff is a Peclet number that represents the relative strength of 

convective and diffusive transport of the conductivity fluctuations. So 

Ra^ = eEQA<7/(yQ u^d 
{lUc/d 

is a parameter that weighs the destabilizing effects of the electrical stresses 

against the stabilizing influence of viscosity, as well as the mechanisms that 
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govern the evolution and transport of conductivity perturbations: 

convection (destabilizing) and diffusion (stabilizing). 

Numerical Approach 

To generate the neutral stability curves for Eqs. (58)-(60), the principle of 

exchange of stabilities was applied. That is, disturbances that have a 

growth rate that is identically zero (^ = 0) were studied [12]. The 

conditions for which there are eigensolutions to Eqs. (58)-(60) (widi s = 0) 

were found by the following numerical technique. 

Equations (58)-(60) were first re-cast as a set of eight first order 

ODEs in z. The general numerical solution to the system of eight ODEs 

was constructed for specified value of Sc^, Gr^, AO/CTO and a. This was 

done by solving the system of equations for each of eight linearly 

independent sets of initial conditions (prescribed at the lower boundary, 

z = 0) and the integration was carried out using the IMSL Library routine 

DIVPAG. Let y, denote the linearly independent solution to the system 

of eight ODEs, so the general (numerical) solution to the system can be 

written as 

8 

y=X^'y' '  
/=1 

where the c, are arbitrary constants. The general solution y must satisfy 

the following set of boundary conditions: 
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^(z = 0)=a'(z = l) = 0 

0'(z = O) = 0'(z = l) = O 

w'{z = 0) = w'{z = 1) = 0 
i2 ̂  / aw 

(65) 
j2 ̂  / aw 

z=0 d£-
=  0 .  

Z=1 

The task of satisfying Eq. (65) consists, at least conceptually, of "picking" 

the appropriate values for the c,- (/ = 1,2,...,8). To determine these values, 

one must solve an 8x8 system of linear algebraic equations, which can be 

expressed in the form 

Ac = 0, c = 

Cl 

.^8. 

The elements of the matrix A depend on y,(0) and y,(l), the linearly 

independent solutions evaluated at z = 0 and 1, respectively, as well as 

Gr^, etc. Now the ODEs and the initial conditions are a set of 

homogeneous equations. As such, solutions for a'iz), i>\z) and w'{z) that 

satisfy Eqs. (58)-(60) and Eq. (65) are generally trivial, i.e. 

Ac = 0 =» c = 0 . 

However for certain combinations of Sc^, Gr^, etc., nontrivial solutions do 

exist; these are commonly known as the eigensolutions to the problem and 

they obtain when detA = 0. A search of the parameter space was 
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implemented to establish the conditions for which detA = 0; this was done 

by varying Gr^, while holding all other parameters fixed. The conditions 

thus delineated are used to plot the neural or marginal stability curves 

presented in the following section. 

Results and Discussion 

Results for the neutral stability curves are shown in the figures and tables 

that follow. Plots of the marginal stability G/g versus a, at Sc^ of 

10^-10^, and Ra^ versus a, at AO/OQ of 10 are shown in Figs, 25-28. As 

shown previously, the marginal stability curves associated with Eqs. (58)-

(60) depended on AO/O-Q and Scfir^ (with a fixed and dFoq J<=<>), and 

this is verified by the numerical results. For Figs. 25-27, increasing the 

value of Scg caused a downward shift of the Gr^ vs. a marginal stability 

curve. In Fig. 28, where Ra^ {=Scfir^) is plotted versus a, the Gr^ vs. a 

marginal stability curves of Figs. 25-27 collapse onto one universal curve 

(for a specified Act/CTO). These results are also shown in Table 4, where 

marginal stability values of Ra^ vs. a are listed for =10^, 10'* and 10^ ; 

Ra^ values agree to four digits across a two decade variation in Sc^. For 

Ao/oo = 10, the critical Ra^ is 4.119x10'* at a wave number of 2.05. 

When Ao/oo is varied, the minimum of the marginal stability curve 

shifts (Figs. 29-33). At AO/OQ of 10, the fluid is sensitive to longer 

wavelength—smaller wave number—disturbances; at larger values of 

AO/OQ, the fluid becomes unstable for shorter wavelength disturbances. 

This suggests that, at small values of ±e conductivity gradient, the base 

state, will be stabilized by the effects of the lEF chamber walls. At values 
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Table 4 
Marginal Stability Values for Ra^ versus a and Sc^ at ACT/CTQ = 10. 

a /fflg @ Scg = 10  ̂ Ra  ̂ @ Sce = 10"  ̂ Ra  ̂ @ 5ce = 10  ̂

1.0 78595 78595 78593 

1.1 68673 68673 mil 

1.2 61287 61288 61290 

1.3 55709 55709 55709 

1.4 51461 51462 51457 

1.5 48222 48222 48227 

1.6 45769 45769 45766 

1.7 43948 43948 43953 

1.8 42647 42646 42646 

1.9 41788 41788 41789 

2.0 41317 41317 41317 

2.1 41197 41196 41196 

2.2 41407 41406 41404 

2.3 41941 41941 41943 

2.4 42807 42807 42811 

2.5 44032 44032 44030 

2.6 45673 45673 45678 
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Fig. 29 Marginal stability curve for the specified values 
of the parameters. 
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of the parameters. 
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of AO/Oq ^8, numerical instabilities were encountered and a minimum was 

not obtained. The source of these instabilities is currently under 

investigation. 

Notice that the magnitude of the critical Ra^. increases when the 

magnitude of the conductivity gradient in the base state is increased. This 

is counterintuitive: the region of stability seems to widen when the ACJ/CTO 

is increased. Recall, however, that 

Hujd /sTeff' 

So, even though the critical Ra^ increases with Ao/oo, the maximum 

electric field (or alternatively, the electric current) that can be applied 

without destabilizing the fluid layer diminishes. 

The mechanism of instabihty can be described as follows. Consider 

the setup of Fig. 24, with the electric field directed parallel to the 

conductivity gradient. If a parcel of fluid is displaced upward, it moves to 

a region in which, locally, the conductivity is higher and the electric field 

is lower. Now, due to dielectrophoretic forces, a low conductivity parcel 

surrounded by higher conductivity fluid will tend to migrate toward 

regions of lower field strengths. Thus dielectrophoretic effects favor 

continued upward movement of the fluid parcel. On the other hand, 

diffusive transport of a (cf. Eqn. (12)) tends to eliminate the conductivity 

differences between the upwardly directed fluid parcel and its 

surroundings. If this diffusive transport is comparatively rapid, the 

upward motion of the parcel is arrested because the dielectrophoretic 
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forces vanish with the conductivity difference. Note the fluid viscosity also 

tends to resist continued motion of the parcel. Depending on the relative 

strengths of these competing effects, which are embodied in /?ae, the 

displaced fluid parcel may or may not continue upward—and this 

distinguishes unstable from stable base states. 

Concluding Remarks 

This analysis shows that electrically-driven convection can ensue in an 

initially quiescent fluid layer with an electrical conductivity gradient. The 

implications of the results are that, in order to maintain stability in the 

fluid layer, the magnitude of the conductivity gradient and electric field (or 

electric current) must be controlled in accordance with the relations 

depicted in Figs. 25-33. Also, in the absence of means to suppress 

convection, such as baffles or mylar screens, a process such as lEF, where 

steep conductivity gradients are unavoidable, is inherently ill-suited to 

scale-up to a preparative level. Thus no gain could be expected from 

attempting an lEF separation under conditions of microgravity without 

taking measure to control the conductivity gradients, since 

electrohydrodynamic instabilities will otherwise disrupt the process. 
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CHAPTER 3 ; IMPLICATIONS AND FUTURE WORK 

While it has been shown that a layer of fluid with steep electrical 

conductivity gradients is electrohydrodynamically unstable at large Ra^, the 

marginal stability curves have not been obtain for AO/CTO < 0(1). 

Furthermore, for ACT/(TQ = 0(10), the marginal stability curves that have 

been computed do not span a wide range of wave numbers a—though 

minima in the Ra^ vs. a curves have been found, and, thus, the critical Ra^ 

have been determined. It is not yet known why the computational approach 

fails for Ao/cro<0(l) or for a«l and a»l, and there may be several 

reasons that account for the limitations encountered. To produce the 

results presented in Chapter 2, exchange of stabilities has been assumed, 

primarily because the mechanism of instability is not suggestive of 

overstability. It may be that exchange of stabilities does not apply over the 

expanse of the parameter space. Indeed, if the base-state electric field is 

directed anti-parallel to the conductivity gradient, the mechanism of 

instability is consistent with overstability. Clearly the conditions for which 

exchange of stabilities applies need to be established, and the situation with 

Ao/cto < 0 needs to be studied. 

One important extension of this work would be to investigate the 

stability of a layer of fluid with flow imposed transverse to the electrical 

conductivity gradient and electric field. Interest in this problem arises 

from an analogous analysis for the Rayleigh-Bernard instability. There the 

presence of flow transverse to the vertical thermal gradient increased the 

magnitude of the temperature difference at which natural convection 
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ensued, i.e., the fluid layer was stabilized. This is due to the added local 

dissipation of heat provided by fluid flow. A similar behavior is expected 

with conductivity accumulation. Fluid flow transverse the conductivity and 

electric field will tend to even out the disturbances in the base state, 

widening the region of conditions for which the fluid will remain 

quiescent. A similar investigation may be carried out for the case in which 

the fluid is rotated about the direction of the electric field. One of the 

commercially available lEF instruments, the ROTOFOR, employs this very 

principle of fluid stabilization [1]. The effect is thought to be related to the 

stabilizing influence of Coriolis forces, yet a detailed analysis is still 

needed. Moreover, a stability analysis of a time-dependent base state would 

provide for a more accurate representation of the lEF process. 

Still another extension of this work would be to modify the existing 

lEF simulation package to include convective effects and higher current 

densities. Also, as noted, the ability to control the magnitude of the 

electrical conductivity gradients that arise within the fluid is of primary 

importance if a quiescent fluid is to be used for lEF. To this end, it should 

be mentioned that Dr. Milan Bier has recently developed a new lEF buffer 

system that minimizes the magnitude of the conductivity gradients [2]. This 

new buffer system will perhaps be effective for quiescent, free-fluid lEF, 

such as that originally envisioned by NASA for their space-based 

platforms. 
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APPENDIX 1 : AN ESTIMATE OF THE CONDUCTIVITY GRADIENTS 

REQUIRED TO PRODUCE THE CONVECTION OBSERVED 

IN LEF SPACE-FLIGHT EXPERIMENTS 

To obtain an estimate of the magnitude of the conductivity gradients needed 

to yield the flow strengths observed during the (STS-11 and STS-26) 

microgravity experiments, a scale analysis of the momentum balance is 

performed as follows. The Reynolds number is a measure of the relative 

magnitude of inertial and viscous effects, and it is defined as 

For the present analysis, the focusing chamber is assumed to have 

cylindrical geometry, and from experimental results, the flows encountered 

have a velocity on the order of 1 cm/min, in a capillary of 0.5 cm 

diameter. The kinematic viscosity of the buffer solution is approximately 

that of water at room temperature, 10'^ m^s~\ Thus, 

Re = 
VISCOUS 

inertial (1) 

Re 
(10 ^/n/min)(5 X10 ^/n)(^min/5) 

lO-^mys 
= 0.8-1,  (2) 

which indicates that the inertial and viscous effects are of comparable 

magnitude. 
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To asses the significance of the electrical effects, they are compared 

to the viscous effects, since the momentum generated by electrical stresses 

is transferred at the onset of motion by viscous action. From the Navier-

Stokes equations, a balance of the viscous and electrical terms requires 

liV\ - Vp = -E • EVe - p^E (3) 

where = is understood to mean that the terms are of similar magnitude. 

Substituting Eqs. (8) and (11) from chapter 2 into (3) above, one finds 

/iV^v - V p ~  —E • E Ve - -|vV(Ve-E + eV-E) + fv£-£-^|-E E. (4) 

Since for lEF the gradient in the dielectric constant is negligible. 

- V/7 = ĵ -lv • V(eV • E) - • eJe. (5) 

Also 

V(eV • E) = Ve(V • E)+eV(V • E) = eV(V • E), (6) 

which leaves 

- Vp » 
VfT 

—vV(V-E)-e—-E 
a o 

E. (7) 
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From Eq. (7), it follows that 

(8) 

or 

V(T 17, 1 (9) 

For the lEF experiments fia/{eE^f »1, so 

Vg (10"^kg/{mX5))(10'̂ ffl/niin)(^min/s) „ ̂ 
<T ~(80)(8.854xl0-'^C/(Vxm))(1667V/m)'(5xl0-'m)^ 

Equation (10) indicates that V(T/<T need only be ca. 3 m"! to produce flows 

of strength 1 cm/min in the lEF flight experiments. The simulation results 

shown n Fig. 21 of Chapter 1 indicate that gradients of this magnitude are 

realizable in lEF. 
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APPENDIX 2 : THE CHARGE CONSERVATION AND CONDUCTIVITY 

EVOLUTION EQUATIONS 

Conservation of Charge 

In systems where conduction involves more than one charged species (e.g. 

aqueous electrolytes), each of the charges is governed by a conservation 

equation 

Here b± are the mobilities and K .̂ the diffusivities of the cation (+) and 

anion (-). The net free charge density and conductivity are 

^ + V.(p±v ± Ji) = 0, (1) 

where the current density for a bipolar conductor is 

J± - b±p±E + K±Vp^, (2) 

pt=p+-p- > CT = &+p+ + fc_p_, (3) 

and 

(4) 

Substitution of Eqs. (2) and (3) into Eq. (1) and introducing Gauss' law, 

viz. 
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V-(eE)=p+-p_, 

yields for constant dielectric constant 

 ̂+ (v + 6^E) • Vp  ̂= -p^b  ̂ , (5) 

 ̂+ (v -b_E)• Vp_ = p_b_ + K_V^p_. (6) 

Equations (5) and (6) are combined to obtain 

^ + V• Vpf + E• V{b^p^ + b_p_) = +V2(/s:̂ .p  ̂-K^p_), (7) 
eft e 

and with Eq. (4) 

Dpf _ 

Dt 
= _E.VcT--^+ K+-K_ 

b++b_ ) 
?v+ ̂K+b_ + K_b+^ 

b.+b_ 
VVf. (8) 

Now for an ohmic model to hold, the time scales for diffusion and 

migration must be much longer than the charge relaxation time e/a. So 

Eq. (8) reduces to 

^ = -E-Vcr--^ = -EV<T-cyV-E. 
Dt £ 

(9) 
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Evolution of Conductivity 

Multiply Eq. (5) by b+ and Eq.(6) by b+ and add the resulting equations to 

get 

•  Vp^+b_-Vp_}+E-V{b^p^-b^p.)  = 

{-p^bl +p_i2)^^tZ£z) ++b_K.p_) (10) 

Substitute Eqs. (3) and (4) in Eq. (10) to get 

Da 
Dt 

= -E • V[(fc+ -bS)<y+ b+b.{p+ -p_)] - [{b+ - b_)a+b+b_pf]+ 

^K+b+ + K_b_^ 
b+ + b_ 

W+-^(Ar^-Ar.)vVf (11) 
b++b_ 

Using similar time scale arguments as for Eq. (9), one can show that Eq. 

(11) becomes 

^ = (12) 

when = {K+b_ + K_b+)l{b+ +ZJ_), an ambipolar diffusion coefficient. 
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APPENDIX 3 : NOMENCLATURE FOR CHAPTER 2 

Symbols 

D - derivative operator with respect to z. 

D - electric displacement, c/m^. 

d - characteristic length, m. 

EQ - characteristic field strength, Vim. 

E - electric field. Vim. 

e - trascendental number. 

f[x,y)  -  plan form of the disturbances, dimensionless. 

fe - electrical force density, . 

Gr^ - electric Grasshof number, d^eElts^o!v^pa^. 

i - imaginary number, ^pi. 

7o - base state electric current density, Ajm^. 

Jf - electrical current density, A/m^. 

isTeff - effective ion diffusivity, m^js. 

p - pressure, am. 

Ra^ - electric Rayleigh number, d^eE^Aa/fiK^ifCFo. 

s - disturbance growth rate, dimensionless. 

5ce - electric Schmidt number, vIK^i^. 

T - Maxwell stress tensor, N/m^ . 

t - time, s. 

V - velocity vector, (M,V,W), MIS. 

X - position vector, m. 



Greek letters 

a horizontal wave number. 

^x,y wave numbers in x and y directions. 

ACT change in electrical conductivity across the fluid layer, S/,  

£ dielectric constant, Cl{mxV).  

^0 permittivity of free space, 8.854 x 10"^^ C/(m x V).  

electric potential, v/m^ . 

viscosity, kg/{mxs).  

V kinematic viscosity, nt^/s. 

p mass density, kg/n?. 

pf electrical charge density, C/m^. 

a electrical conductivity, S / m .  

O-o - electrical conductivity of lower boundary, S / m .  

T ratio of viscous to charge relaxation times, ( fo^lve.  
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APPENDIX 4: COMPUTER PROGRAM 

This program searches the parameter space of the solution to Eqs. 58)-(60) for 
zeros of the determinant. Data in IOTUT.DAT specifies the value of alfa, Sc, R1 and R2, 
and the search is implemented on Gr. The search is based on changes in sign of the value 
of the determinant of the matrix of coefficients. The subroutine CALCULATION is 
called to find the independent solutions of the ODEs, and to setup the matrix of 
coefficients. The subroutine INTEGRATION uses DIVPAG an IMSL Library 
integration routine to perform the integration for the specified equations and boundary 
conditions. The subroutine REAL_DETERMINANT makes use of LFDRG an IMSL 
Library routine to take the determinant of the matrix of coefficients setup in 
CALCULATION. The output is stored in DATA.OUT, and if a detailed output is needed 
it can be retrieved from OUT.DAT. 

The University of Arizona Fabio Baldessari 8/6/1993 

PROGRAM IEF_NEUTRAL_STABILITY 

IMPLICIT NONE 

INTEGER COUNT, FILE, FIL, IN 
DOUBLE PRECISION Sc, Gr, alfa, DET, DET_OLD, R2, Rl, 
$ DETl, DET2, TOLL, Grl, Gr2, Gr_OLD 
LOGICAL FLAG/.TRUE./, BISECTION/.TRUE./ 
PARAMETER (FILE=15, FIL=14, IN=12, TOLL=l.e-4) 

COMMON alfa, Sc, Gr, Rl, R2 

OPEN(FIL,FILE='DATA.OUT',STATUS='NEW') 
OPEN(FILE, FILE='OUT.DAT', STATUS='NEW') 
OPEN(IN, FILE='INPUT.DAT', STATUS='OLD') 

* loop to investigate range of wave numbers 

DO COUNT =1,29 

* get alfa, Sc, Rl, R2 from INPUT.DAT 

READ(IN,*) alfa, Sc, Rl, R2 

* start searching at this specified Gr value 

Gr = 0.01 

* calculate the value of the determinant at the give value of alfa, 
* Sc, Gr, Rl, R2, and assign it to an "old" variable for search 

CALL CALCULATION(DET, FILE) 



DET_OLD = DET 
Gr_OLD = Gr 

write output to files and to the screen 

WRrrE(FIL, 10),Sc, Rl, R2 
WRITE(FE., 20), alfa, Gr, DET 
PRINT*;alfa=', alfa,' Gî ', Gr,' DET=',DET 

loop to find bounds for Gr 

DO WHILE (FLAG .EQ. .TRUE.) 

new value of Gr to search 

Gr= 10.*Gr_OLD 

CALL CALCULATION(DET, FILE) 

WRITE(FIL, 20), alfa, Gr, DET 
PRINT*,'alfa=', alfa,' Gr=', Gr,' DET=',DET 

if determinant has changed sign, then the bounds for a Bisection 
search have been found, thus exit loop and start the Bisection 
search 

IF ((DET*DET_OLD) .LT. 0) THEN 

FLAG = .FALSE. 

DETl =DET_OLD 
DET2 = DET 
Grl = Gr_OLD 
Gr2 = Gr 

ELSE 

if the determinant has not yet changed sign, then increment Gr 
and continue search 

DET.OLD = DETGr_OLD = Gr 

END IF 

END DO 

FLAG = .TRUE. 

search for where the determinant is zero using a Bisection method 
of search 



DO WHILE(BISECTION .EQ. .TRUE.) 

* new value of Gr to search 

Gr = .5 *(Grl+Gr2) 

CALL CALCULATION(DET, FILE) 

* if determinant has changed sign, then eliminate the right interval 
* and continue the search 

IF ((DET*DET1) .LT. 0) THEN 

DET2 = DET 
Gr2 = Gr 

ELSE 

* if determinant has not changed sign, then eliminate the left interval 
* and continue the search 

DETl = DET 
Grl = Gr 

END IF 

* if the increment in Gr is smaller than the tollerance (TOLL) then 
* the move to another set of input values 

IF (ABS(Grl-Gr2) .LT. TOLL) THEN 

BISECTION = .FALSE. 

END IF 

WRrrE(FIL,20), alfa, Gr, DET 
PRINT*,'alfa=', alfa,' Gî ', Gr,' DET=',DET 

END DO 

BISECTION = .TRUE. 

END DO 

* once aU values have been investigated, close the output files 
* and quit 

CLOSE(FILE) 
CLOSE(FIL) 

10 FORMAT(6X,7/19/93',/,6X,Tollerance = le-57,6X,'Schmidt 
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$ E15.7,/,6X,'R1 =',X,E15.7y,6X,'R2 =',X,E15.7,//,7X,'alfa', 
$ 15X,'Gr',13X,'det7) 

20 FORMAT(X,D15.7,2X,D15.7,2X,D15.7) 

END 

- ' - .1. .T. .T, -1 - - >. -I. . I - -T- -T. .1. -T- -I- -1 - A]. -T- ̂ 1* 1̂? 5J6 3JY 5JW RJ% 3̂ 5 5̂  5̂  5̂  5|> JJ* •Y* »JW 
This subroutine finds the eight eigenfunctions for the equations in FCN.FOR 

using an IMSL Library routine to perform Ae integration. 
JJC 5̂  5|C 5̂  ̂  DJC 5̂ 5 6̂ SJC ̂  5|C 5|C  ̂5JC SJC 5J€ 3̂  5JC 5JC ^C DJC D|C 5̂ 5 5JC JJC  ̂5̂  ̂ C 3̂   ̂5JC 5JC  ̂̂  JJC SJC 5|C ^C JJC 5|€ DJC 5JC 5̂  5JC ^C 5JC 3|C 5{C 5JC 3J€ 5̂ 5 5J€ 3|C SJC 5̂  JJC 5̂  ̂ 5|C 5J€ JJC ̂  3̂  5̂  €̂ 5|C ^C 3̂  

SUBROUTINE CALCULATION(DET, FILE) 

IMPLICIT NONE 

INTEGER K, N, M, I, J, FILE 

DOUBLE PRECISION a, b, DETl, DET2, DET, C(8,8), f(0:7,0:100), 
$ Yl, Y2, Y3, Y4, Y5, Y6, Y7, Y8 

PARAMETER (N = 50, M = 7) 

* integration limits 

a = 0.0 
b = 1.0 

* initial/boundary conditions (loop that changes value of the EC 
* one at a time from 0 to 1 back to 0) to obtain the independent 
* solutions to the system of ODE's. 

DOK = 0,M 

* zeroing the matrix of f s 

DO I = 0, M 
DOJ = 0,N 

fa,J) = 0.0 
END DO 

END DO 

* initializing the nonzero initial condition 

f(K,0) = 1.0 

Yl = f(0,0) 
Y2 = f(l,0) 
Y3 = f(2,0) 
Y4 = f(3,0) 
Y5 = f(4,0) 



Y6 = f(5,0) 
Y7=f(6,0) 
Y8=f(7,0) 

* subroutine which performs the integration by a Gear method 

CALL INTEGRATION(N, M, Yl, Y2, Y3, Y4, Y5, Y6, Y7, Y8, f) 

* WRrrE(FILE,10) 

DOI = 0,M 
WRITE(FILE,20),(f(I,J), J = 0, N) 

END DO 

* loop to assign values of f, ffat the boundaries to a 
* matrix of coefficients C(i,j) 

D01 = 0, M,2 

C(I+l,K+l) = f(I,0) 
C(I+2,K+l) = f(I,N) 

END DO 

END DO 

WRITE(FILE,30) 

DO I = 1, M+1 
WRITE(FILE,40),(C(I,J), J = 1, M+1) 

END DO 

* call to calculate the derminant of C 

CALL REAL_DETERMINANT(C,DET1,DET2) 

DET = DETl * 10**(DET2) 

WRITE(FILE,50),DET 

10 FORMAT(/,X,'MA'naX OF EIGENFUNC. VALUES'/) 
20 FORMAT(X,5(E12.5)y,X,5(E12.5)y,X,5(E12.5)y, 

$ X,5(E12.5)y,X,5(E12.5)y,X,5(E12.5)y, 
$ X,5(E12.5)/,X,5(E12.5)y,X,5(E12.5)/, 
$ X,5(E12.5)y,X,E12.5,/) 

30 FORMAT(/;x:,'MATRD( OF BCS'J) 
40 FORMAT(X,8(E12.5)) 
50 FORMAT(/,X,'DETERMINANT=',X,E12.5) 

END 
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This subroutine calls DIVPAG to perform the integration of the equations 
specified in FCN.FOR. 

SUBROUTINE INTEGRATION (NUM, M, Y1, Y2, Y3, Y4, 
Y5,Y6,Y7,Y8,f) 

IMPLICIT NONE 

INTEGER MXPARM, N, NUM, M, IDO, I, J 

PARAMETER (MXPARM = 50, N = 8) 

DOUBLE PRECISION PARAM(MXPARM), TOL, Yl, Y2, Y3, Y4, Y5, 
$ Y6, f(0:7,0:100), STEP, COUNT, Y7. Y8, A(1,1),Y(N), T, TEND 

EXTERNAL DIVPAG, FCN, FCNJ 

* tollerance for integration 

T0L = l.e-5 

* PARAM(3) imposes a maximum allowable step to take during the 
* integration 

PARAM(3) = 0.0002 

* PARAM(4) imposes a limit in the number of steps allowable to 
* satisfy the tollerance requirements 

PARAM(4) = 1000000 

* initial conditions 

Y(1) = Y1 
f(0,0) = Yl 
Y(2) = Y2 
f(l,0) = Y2 
Y(3) = Y3 
f(2,0) = Y3 
Y(4) = Y4 
f(3,0) = Y4 
Y(5) = Y5 
f(4,0) = Y5 
Y(6) = Y6 
f(5,0) = Y6 
Y(7) = Y7 
f(6.0) = Y7 
Y(8) = Y8 
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f(7,0) = Y8 

IDO= 1 

T = 0.0 
STEP = 1./NUM 
COUNT = STEP 

* loop to go from T=0 to T=l. 

DOJ = l,NUM+l 

TEND = COUNT 

CALL DIVPAG (IDO, N, FCN, FCNJ, A, T, TEND, TOL, 

*setup the matrix of eigenfunctions 

DO I = 1, M+1 
fa-l,J) = Y(I) 

* print* ,Y(I) 
END DO 

END IF 

IF (J .EQ. (NUM)) THEN 

IDO = 3 

END IF 

COUNT = COUNT + STEP 

END DO 

TEND = 0.0 
T = 0.0 

END 

This subroutine specifies the system of first order ODEs to be integrated. 

Variable names: 

PARAM,Y) 

IF (J .LT. (NUM+1)) THEN 

Y(l) 
Y(2) 
Y(3) 

electrical conductivity 
dY(l)/dz 
electric potential 
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Y(4) dY(3)/dz 
Y(5) z-component of velocity 
Y(6) dY(5)/dz 
Y(7) dY(6)/dz 
Y(8) dY(7)/dz 
YPRIME(l) Y(2) 
YPRIME(2) dY(2)/dz 
YPRIME(3) Y(4) 
YPR1ME(4) dY(4)/dz 
YPRIME(5) Y(6) 
YPRIME(6) Y(7) 
YPRIME(7) Y(8) 
YPRIME(8) dY(8)/dz 

SUBROUTINE FCN(N, T, Y, YPRIME) 

IMPLICIT NONE 

INTEGER N 

DOUBLE PRECISION T, Y(N), YPRIME(N), alfa, Ra, Sc, Gr, 
$ Rl, R2, Denl 

COMMON alfa, Sc, Gr, Rl, R2 

Denl = 1+ Rl * T 

* evolution of conductivity equation 

YPRIME(1) = Y(2) 
YPRIME(2) = (alfa**2) * Y(l) + Sc * Sqrt(Gr) * Y(5) 

* conservation of charge equation 

YPRIME(3) = Y(4) 
YPRIME(4) = (alfa**2) * Y(3) + Sqrt(Gr) * (Rl**2) 
$ *2/(R2*Denl**4)*Y(5) 
$ - Rl/(Denl) * (Rl * Y(l)/(Denl**2) 
$ + Y(4) - Y(2)/(Denl)) 

* conservation of momentum 

YPRIME(5) = Y(6) 
YPRIME(6) = Y(7) 
YPRIME(7) = Y(8) 
YPRIME(8) = 2 * (alfa**2) * Y(7) - (alfa**4) * Y(5) -
$ Sqrt(Gr)/Rl * (alfa**2) * (l./(Denl) 
$ * (YPRIME(4) - (alfa* *2) * Y(3)) 
$ - 2 * (Rl**2)/(Denl**3) * Y(3)) 
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END 

Auxiliary subroutine for DIVPAG. It is never called. 

SUBROUTINE FCNJ (N, X, Y, DYPDY) 

INTEGER N 

DOUBLE PRECISION X, Y(N), DYPDY(N, *) 

END 

This is an IMSL Library subroutine used to find the detrminant of a general real 
matrix, using an LU factorization. 

SUBROUTINE REAL_DETERMINANT(A,DET1 ,DET2) 

IMPLICIT NONE 

INTEGER N, LDA, LDFAC, I, J 

PARAMETER (N=8,LDA=8,LDFAC=8) 

INTEGER IPVT(N) 

DOUBLE PRECISION A(LDA,LDA), DETl, DET2, 
FAC(LDFAC,LDFAC) 

CALL DLFTRG (N, A, LDA. FAC, LDFAC, IPVT) 

CALL DLFDRG (N, FAC, LDFAC, IPVT, DETl, DET2) 

END 


