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ABSTRACT

This work focuses on three nonlinear relativistic equations: the symmetric Chiral field
equation, Einstein’s field equation for metrics with two commuting Killing vectors and
Einstein’s field equation for diagonal metrics that depend on three variables.

The symmetric Chiral field equation is studied using the Zakharov-Mikhailov
transform, with which its infinitely many local conservation laws are derived and its
solitons on diagonal backgrounds are studied. It is also proven that it is equivalent
to a novel equation that poses a fascinating similarity to the Sinh-Gordon equation.

For the 1+ 1 Einstein equation the Belinski-Zakharov transformation is explored.
It is used to derive explicit formula for N gravitational solitons on arbitrary diagonal
background. In particular, the method is used to derive gravitational solitons on the
Einstein-Rosen background. The similarities and differences between the attributes
of the solitons of the symmetric Chiral field equation and those of the 1 + 1 Einstein
equation are emphasized, and their origin is pointed out.

For the 1 + 2 Einstein equation, new equations describing diagonal metrics are
derived and their compatibility is proven. Different gravitational waves are studied
that naturally extend the class of Bondi-Pirani-Robinson waves. It is further shown
that the Bondi-Pirani-Robinson waves are stable with respect to perturbations of the
spacetime. Their stability is closely related to the stability of the Schwarzschild black
hole and the relation between the two allows to conjecture about the stability of a
wide range of gravitational phenomena. Lastly, a new set of equations that describe
weak gravitational waves is derived. This new system of equations is closely and
fundamentally connected with the nonlinear Schrodinger equation and can be properly
called the nonlinear Schrodinger-Einstein equations. A few preliminary solutions are

constructed.
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CHAPTER 1

INTRODUCTION

1.1 The special theory of relativity

Up until the end of the 19th century, the luminiferous aether was widely accepted
as the medium in which light travels. Failed attempts to detect the aether, most
notably the Michelson-Morley experiment [I], hinted the physics community that
there is something wrong with the notion of aether. Following the work of Hendrik
Lorentz, Henri Poincaré and others [2], there were several incomplete attempts to
develop new theories of aether that explain the new experimental results.

The situation changed drastically in 1905, when Albert Einstein published the pa-
per [3] on what is now called ’the Special Theory of Relativity’. The paper postulates

two fundamental principles (nowadays firmly supported by experiments):

1. The laws of nature are identical in all inertial systems of references (the principle

of relativity).

2. In empty space, light always propagates with a definite velocity ¢ which is
independent of the state of motion of the emitting body (the principle of the
constancy of the speed of light).

These two principles, together with an assumption on the isotropy and homogeneity of
space, proved that the notion of the aether was superfluous, and provided theoretical
results that are fully compatible with experiments.

In special relativity, space and time (= spacetime) are considered to be a contin-
uum composed of events, where each event occurs at a certain location (z,y, z) in

space at an instant of time ¢. Consider a ray of light emitted from the point (z1,y1, 21)
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time

(t2, T2, y2, 22)

light ray

(t17 Z1,Y1, Zl)
space

FIGURE 1.1. The path traced by a light ray emitted from the point (x,;,21) at
time t; and arriving to (z9, Yo, 22) at time ¢, (in flat spacetime)

at time t; and arriving to (x2, s, 22) at time ty (figure (1.1)). Euclidean geometry
implies that

e(dt) = \/(dz)? + (dy)? + (dz)? (1.1.1)

where dt = ty — t1, dv = 9 — 21, dy = ys — y1 and dz = 25 — 2z;. Introducing the

notation
P =ct,t =z, 2=y, 2* =2 (1.1.2)
and the matrix
-1 0 0 0
0 1 00
Ny = 0 010 (1.1.3)
0 0 01

allows one to write Eq. (1.1.1)) in the abbreviated form

ds* =0 (1.1.4)
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where ds? is the spacetime interval, defined by

ds* = ndrtde” (1.1.5)

= —AAdt* + da® + dy* + d2?

Throughout this work with the only exception of chapter 4 Einstein’s summation
convention will follow on Greek indices u, v, ..., assuming to take values 0, 1, 2, 3.
The principle of relativity and the principle of the constancy of the speed of light
reveal that Eq. must hold for all inertial observers. Thus in the theory of
relativity, the spacetime interval ds? is of crucial importance. It can be shown that
the sign of the spacetime interval divides spacetime into three parts which determine

whether two events can be causally related (see figure (|1.2))):

e Time-like: This includes all events for which ds? < 0. Time-like events are

causally related and lie inside the light-cone.

e Space-like: This includes all events for which ds? > 0. Space-like events are not

causally related and lie outside of the light-cone.

e Light-like: This includes all events for which ds*> = 0. The spatial distance
between two light-like events is exactly enough for a light-ray to connect them.
This means that light-like events are only causally related by light-rays (or other

massless particles in general).

The implications of the special theory of relativity go much further than this.
Indeed, the notions of simultaneity, absolute space, absolute time, mass and energy,
together with the Galilean transformations for velocity were all altered as a result of
the two principles in the foundations of the special theory of relativity. This is beyond
the scope of the current work and the reader should refer to [4] for a discussion of

these topics.
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AAST LIGHT CON:

FIGURE 1.2. A light-cone centered at an observer separates spacetime into three
causally disjoint subsets. The light-cone itself is the set of all light-like events with
ds®* = 0. The interior of the light-cone ds* < 0 (time-like events) corresponds to
events which can be causally related by a material body to the observer. The exterior
of the light-cone ds? > 0 are space-like events, that don’t have any causal relation to
the observer.

1.2 The general theory of relativity

The general theory of relativity was developed by Albert Einstein between 1907 and
1916, after he completed his special theory of relativity. Einstein realized that New-
ton’s theory of gravity is not consistent with special relativity since it invokes instan-
taneous influence of one body on another. This motivated him to seek a new theory
of gravity [4]. However, instead of modifying Newton’s theory of gravitation to make
it compatible with special relativity, he decided to follow a completely different path.

The key idea was that all bodies are influenced by gravity. In fact, all bodies

are influenced by gravity in precisely the same way, independently of the their com-
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position. This notion, known as the equivalence principle is manifested in Newton’s
law of universal gravitation by the statement that the gravitational force on a body
is proportional to its inertial mass, and thus as long as only gravity is involved, the
mass of a body does not affect its dynamics. Therefore, instead of describing gravity
as a force ’acting at a distance’, a notion that even Newton himself found to be un-
satisfactory, the equivalence principle suggests that gravity might have to do with the
structure of spacetime itself and for this reason influences all bodies in an equivalent
way. This led Einstein to dismiss the notion of a ’gravitational force’. Instead, his

theory of general relativity postulates that:

1. Spacetime is a four-dimensional Lorentzian manifold (A, g,,). This is a man-
ifold M equipped with a pseudo-Riemannian metric g, that is not positive-
definite, but instead has signature (— 4+ ++). The coordinates of spacetime are

V= a2, 22 =y, 23 = 2. Here and for the rest of this work,

denoted by 2 = ¢, z
the speed of light is taken to be unity ¢ = 1. The spacetime interval is then
given by

ds® = g, dxtdx” (1.2.1)

2. Spacetime curves in the presence of energy and/or matter according to Fin-
stein’s field equation

1
Ry = 59 R = (87G) T, (1.2.2)

where R, is the Ricci curvature tensor, g, is the metric of spacetime, R = R/, is
the scalar curvature, G is the gravitational constantﬂ and T}, is the stress-energy

tensor that represents the distribution of matter and energy in spacetime.

This work only investigates Einstein’s equation in empty space (7, = 0), and

in this case Eq. (1.2.2)) reduces to the Finstein vacuum equation

Ry, =0 (1.2.3)

1G = 6.67384(80) x 10~ 11 m3 kg1 s~2
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3. In the absence of any forces (remember, gravity is not considered to be a force
anymore!) matter travels along geodesics. Geodesics are the curved-space
analogs of straight lines and satisfy the geodesic equation

d*z? y\ dzt dx”
dr? Modr dr

-0 (1.2.4)

where z# = z#(7) is the four-position of the particle in spacetime, 7 is its proper
time (= time as measured by an observer traveling with the particle) and Ff;l, are

the Christoffel symbols for the Levi-Civita connection of g,,,. The four-velocity

— dxt

y satisfies
-

ut

utu, = —1 (1.2.5)

and therefore the world-line of a material particle (= the path z#(7) traces in

spacetime) is always timelike.

Rather similarly, light rays travel along null-geodesics. If z# = x#(s) is a path of
a light ray, it satisfies the same geodesic Eq. (upon substitution 7 < s,
as it is common to use a different notation for the parameterization of null-
geodesics). Null-geodesics are fundamentally different than geodesics in their

norm, as the world-line of a light ray is always null and therefore satisfies
uu, =0 (1.2.6)
instead of Eq. (1.2.5) for a material particle.

In many practical cases, the stress-energy tensor 7}, is known and one solves
Einstein’s equation for the metric tensor g,,. This is a symmetric tensor, which in
four-dimensional spacetime has ten unknown entries, and generally depends on the
four spacetime coordinates x* = (t,z,y, z). The simple form of Einstein’s Eq.
might give the impression that it is a simple equation for g,,, but this is far from

being the case. Both the Ricci curvature tensor R, and the scalar curvature R



18

depend nonlinearly on the Christoffel symbols that in turn depend nonlinearly on the

metric g,,. The Ricci curvature tensor is defined by

A A
_ar), o

o oxY

R, +T, 0%, =), T9 (1.2.7)

Ho— vA

The Christoffel symbols F,’)V depend on the metric g,, and its inverse g"”,

1 09 0G4 O
F,%Z%J”( Jov | Duo _ g“) (1.2.8)

2 OxH ox” o0x°

This reveals that actually, the Einstein’s field Eq. is a highly nonlinear set
of ten second order partial differential equations for the entries of the metric tensor
Guv- It can be shown [5] that four of the ten degrees of freedom can be dismissed by
the use of gauge symmetry, making the Einstein equation a nonlinear system of ten
partial differential equations for six unknowns depending on four variables. This is an
overdetermined system, but its compatibility is guaranteed by the Bianchi identities
[5]. We will come back to this important issue in the last chapter.

The vacuum Einstein field Eq. can also be derived using the principle of
least action. This work was done by David Hilbert himself [6] and was published

before Einstein’s work on general relativity. Define the Einstein-Hilbert action

1
S = —/ Ry/—gd'z (1.2.9)
2 Jm

where R is the scalar curvature tensor, g = det (g, ) is the determinant of the metric
tensor and the integration is taken over the whole spacetime M. The variational

derivative of the action (|1.2.9) with respect to the spacetime metric

0S
ogHv

—0 (1.2.10)

is equivalent to the Einstein vacuum Eq. (|1.2.3). This fact will be used later in this

work to find a Hamiltonian structure for Einstein’s equation.
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1.3 Integrability

In mathematics and physics various distinct notions of integrability are used. These
distinct notions are the result of a number of characteristics that certain differential
equations have in common, such as Lax pairs, Backlund transformations, infinite
number of conservation laws, existence of soliton solutions and more. However, it
is still not clear what are the precise conditions under which these characteristics
are equivalent [7]. The goal of this section is to define and differentiate the various
notions of integrability that will be used, and in this way to also clarify the title of
this work. The definitions used here are in no way sufficient to describe all the cases
of integrability discussed in the literature. They are only here to ensure that this
work will be self-contained.

Consider a nonlinear partial differential equation
Flu] =0 (1.3.1)
for the function u = u(t, x).

Definition 1.3.2. The nonlinear PDE (|1.3.1)) is called Laz-integrable, if there exists
a pair of linear PDE’s,

Li(Y;u;t,z, \) =0 (1=1,2) (1.3.3)

such that the system ([1.3.3)) is compatible for ¢ if and only if Eq. (1.3.1)) is satisfied.
In such a case the system (|1.3.3) is called a Laz pair for Eq. (1.3.1)) with Laz operators
L;. The Lax operators L; are assumed to depend on u and on an additional (spectral)

parameter \.

Given a PDE (1.3.1)) it is sometimes the case that it has certain conservation laws

or integrals of motion. A conservation law for Eq. (1.3.1]) is an equation of the form

9 9
o Tl + - X[u] = 0 (1.3.4)
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that is satisfied whenever u is a solution of Eq. (1.3.1]). An integral of motion (constant

of motion) is a quantity I[u] such that

d
A =0 (1.3.5)

whenever u is a solution of Eq. (1.3.1)). Namely, I[u] is independent of time. Every
conservation law gives rise to an integral of motion once certain boundary conditions
are met. To see this, integrate Eq. with respect to z over R. If X|[u] — 0 as
x — *£oo then one obtains the integral of motion

Iu] = /_OO T[uldx (1.3.6)

o0

satisfying Eq. (2.2.6]).

Definition 1.3.7. The nonlinear PDE ([1.3.1)) is called Liouville-integrable if it has
infinitely many conservation laws. We will further say that it is completely integrable
if its integrals of motion completely determine the evolution of the system at any time

t E| Otherwise, the system is only partially integrable.

Definition 1.3.8. Any PDE (|1.3.1)) that is either Lax-integrable or Liouville-integrable

(completely or partially) will be referred to as an integrable system.

So for example, the famous Korteweg-de-Vries equation was proven to be Lax-
integrable in the work [8]. Later, it was proven to be completely integrable in [9]. In
both cases, it deserves the title ‘an integrable system.’

One of the most important aspects of integrability of nonlinear partial differential
equations is the existence of a certain class of exact solutions called solitons. We
will not attempt to give a precise definition of solitons here, but instead, give a loose

definition that distinguishes two types of solitons:

'More precisely, if there exists a maximal set of Poisson commuting integrals of motion. The
reader may consult [7] for a broader discussion of complete integrability.
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e A (mathematical) soliton is any solution of a nonlinear PDE (|1.3.1]) using the
dressing method that corresponds to a pole of the dressing matrix (see section

for an example and a discussion of the dressing method).
e A (physical) soliton is an object that has the following properties [10]:

— It is of a permanent form
— It is localized within a region of space

— It can interact with other solitons, but emerges from the collision un-

changed (except for a phase shift)

In chapter [2| examples of mathematical and physical solitons are provided. Chapter
discusses mathematical solitons that are not physical solitons, and thus proves that

the two notions are not equivalent.

1.4 Chiral fields

In this section we take a short detour from the theory of relativity and integrability
to discuss other closely akin relativistic systems: chiral fields and in particular the
principal chiral field.

Chiral fields on Lie groups represent equivalence classes of integrable relativistic
two-dimensional systems. Zakharov and Mikhailov [I1 12] showed that classical
spinor fields (i.e. the classical analogs of fermion fields prior to quantization) are
connected with each such system. Two examples of such classical spinor fields are
the Nambu-Jona-Lasinio model [I3] and the Vaks-Larkin model [I4], both appearing
naturally in the theory of solid state physics.

Two-dimensional systems may be expressed in spacetime coordinates t and .

However, it is convenient to use light-cone variables, defined by the transformation

t=(—n r=_C+n (1.4.1)
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Consider relativistic systems in two dimensions that can be expressed as the compat-

ibility condition of the following overdetermined linear system

o) = Ui (1.4.2)
877¢ = V@Z)

where U,V are rational functions of the parameter A,

N

Us

U = U()JFZA_A (1.4.3)
s=1 S

Ny
Vo= eyt
LN E A

the poles A, are arbitrary complex constants, A\; + A\; # 0 and ¢ = ¥(X\;(,n). In
general U,V and v are complex square matrices of any dimension, but in this work

they are always assumed to be 2 X 2 matrices.

The compatibility conditions for Egs. (1.4.2)) are of the form

0,Uo — OV + [Up, Vo] = 0 (1.4.4)
8UUS+[US,<I>SU} = 0
Vi + [Vi, @] = 0

where
Yooy
U = V. m 1.4.5
s 0+;>\§+/\s ( )
N
U
oV = U, — T
: ’ ;Ang)\s

Since Egs. (1.4.4) only involve linear operations and commutators, one may assume
that the matrices U and V' belong to a Lie algebra g. Moreover, if the initial conditions
are given in some subalgebra g’ C g, then the process of evolution will keep the fields

in the same subalgebra g’. The problem of restricting an integrable system to a given
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invariant manifold is called the reduction problem, and indeed the restriction of Eqs.
(1.4.4) to a certain subalgebra is an example of such a reduction problem.

Let Q(A; ¢, n) be any non-degenerate matrix function. The change of variables
b — Q) (1.4.6)
together with

U — (000" +ua™ (1.4.7)
V - (0,00 +va!

keeps the form of Eqgs. intact. This justifies naming such a transformation a
gauge transformation. A choice of gauge matrix 2 for which Uy =V, = 0 is called a
canonical gauge.

The simplest case of a relativistic integrable system that raises from Egs.
is when U and V have a single simple pole. In this case, one may assume that the

pole is the complex unity A = 1 for simplicity, and then Eqs. (1.4.2)) in canonical

gauge are
A
oy = —/\_11/1 (1.4.8)
B
AR

where A = Uy and B = V. This is the Zakharov-Mikhailov system and its compati-

bility conditions (|1.4.4)) are
0 = 0,A+0.B+[A,DB] (1.4.9)

0 = 9,A—0.B

By setting A = 0 in Eqgs. (1.4.8) and using the compatibility conditions ([1.4.9) it

follows that the matrix g(¢,n) = 1 |x=o satisfies the matrix equation

(909 )+ (909 D=0 (1.4.10)
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where the commas represent partial differentiation g = d.g. Eq. is called the
principal chiral field equation (on the group under consideration). Various reductions
of the principal chiral field equation were studied in the literature. In particular, the
reduction on the special unitary group SU(N) was studied in [I1] and is connected
to the Nambu-Jona-Lasinio model. The reductions on the real symplectic group
Sp(2N,R) and on the special orthogonal group SO(N) were studied in [12] and are
connected to the Vaks-Larkin model. A very extensive study of the algebraic structure
of chiral models was given in [15].

Note that Eqgs. are a Lax pair for the principal chiral field Eq. .
One may thus use the powerful dressing method on the Zakharov-Mikhailov Egs.
to find soliton solutions of the principal chiral field Eq. . However, it
is shown in the next section that this is merely a special case of the Belinski-Zakharov
transform which will be studied thoroughly there. In particular, we shall see that if
one further assume that the matrix ¢ is real-valued and symmetric, Eq. is a

very special case of the Einstein vacuum Eq. (|1.2.3).

1.5 The Belinski-Zakharov transform

The Belinski-Zakharov transform is a transformation of the nonlinear vacuum Ein-
stein equation to an equivalent linear set of equations.

Due to the strong nonlinearity of the Einstein field Eq. ((1.2.2)), only few physically
relevant exact solutions are known [16]. In 1978, Belinski and Zakharov worked on this
problem [17], [I8] and developed what is now commonly called the Belinski-Zakharov
transform. The Belinski-Zakharov transform gives a practical way to generate new
solutions of Einstein’s vacuum Eq. from known solutions. This technique can
be used for fields depending on time and one spatial coordinate [I7], or alternatively
for stationary axially symmetric fields [I§]. Although these two cases are fundamen-

tally different on physical grounds, one may use a generic tensorial notation that
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treats both cases simultaneously [19]. Such a notation will be used next, although
the careful reader should note that the notation used here will be slightly different
than in [19].

Consider a spacetime interval of a block diagonal form
ds® = gijdr'da? + Gapdztda® (1.5.1)

where we use the summation convention on i,j,k,--- = 0,3; a,b,--- = 1,2; and
assume g;; and g, depend only on the coordinates z*. By using a proper change of
coordinates, one can always cast the matrix g;; to the conformally flat form g;; = fn;;
where f > 0 and

nis = {‘0‘3 ﬂ (1.5.2)
is a constant matrix with e = 1. The notation used here for n;; is consistent with the
one used in section . N is the metric of a flat Minkowski 4-dimensional spacetime,

while 7;; is the metric of its 2-dimensional subspace. 7% denotes the inverse of 7;;.

It will be convenient to denote by ¢ the 2 x 2 matrix with components g,

g11 912
= 1.5.3
g [921 9221 ( )

and for its determinant, the notation

det go, = ea? (1.5.4)
Thus in matrix form, the metric is
—ef 0 0 0
0 gn g2 O
L= 1.5.5
I 0 g1 g2 0O ( )
0 0 0 f

To keep the discussion more definite, the reader should keep two concrete physical

examples in mind:
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e Non-stationary spacetimes: These are metrics that depend on time and one
spatial coordinates [17], and are typically expressed using Cartesian coordinates

in which z* = {t, 2} and 2° = {z,y}. Here e = 1, and the spacetime interval is
ds® = f(t, 2)(—dt* + dz*) + ga(t, 2)dada® (1.5.6)

Such spacetimes describe cosmological solutions of general relativity, gravita-

tional waves and their interactions.

o Stationary and azially-symmetric spacetimes: These are metrics that depend
on two spatial coordinates [18] and can be conveniently expressed in cylindrical
coordinates z° = {p, z}, z* = {t, p} with e = —1. Then the spacetime interval
is

ds® = f(p, 2)(dp* + dz*) + gu(p, 2)dz"dz® (1.5.7)

Such spacetimes describe fields of stationary compact objects (e.g. black holes).

The forms and are of crucial importance in the general theory of rela-
tivity, as they include many important solutions of Einstein’s equation as special cases.
In particular, they include the Bondi-Pirani-Robinson plane gravitational waves [20],
cylindrical-wave solutions as the Einstein-Rosen waves [21], homogeneous cosmologi-
cal models of Bianchi types I through VII [16], the Weyl’s axially symmetric solution
[16], the Kasner cosmological solution [22] and most importantly the Schwarzschild
and Kerr solutions together with their NUT-generalizations [23, 24], 25, 26]. The
reader is encouraged to consult [I6] for a thorough discussion of all solutions that
belong to these classes.

In order to proceed and reduce Einstein’s vacuum Eq. , one needs to com-
pute the Ricci curvature tensor ((1.2.7)) in terms of f and g,,. The reader may consult
appendix for the values of the various curvature tensors of the metric , where

one can see that the complete system of Einstein’s vacuum Eq. ((1.2.3) decomposes
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into two sets of equations. The equation R,, = 0 can be written as a single tensorial
(matrix) equation

07 (acig™) ; =0 (1.5.8)

where the commas denote the (usual) partial differentiation with respect to the vari-
able in the subscript. Eq. will be used extensively in this work, and we shall
refer to it as the reduced Finstein equation. The trace of the reduced Einstein equation
is the trace equation:

na; =0 (1.5.9)

To fully comprehend the meaning of Eqs. (1.5.8)) and ([1.5.9)), it is useful to consider
again the two separate physical scenarios. When considering these equations for the

first example depicted above, of a non-stationary spacetime ¢ = 1, Eq. ((1.5.8) is

(ageg™"): — (ag.97"),. =0 (1.5.10)
and « satisfies the wave equation

a,tt — O, = 0 (1511)

)

Quite differently, for the stationary axially symmetric case ¢ = —1, Eq. is
(g9 ") o+ (agzg7") =0 (1.5.12)
and o satisfies Laplace’s equation
pp+ Qe =0 (1.5.13)

Despite the fact that the stationary metric can always be transformed to a non-
stationary metric (and vice-versa) by a simple complex transformation, the last two
pairs of equations reveal a fundamental mathematical difference between the two
cases. A non-stationary metric satisfies a hyperbolic equation with a trace that sat-

isfies the canonical example of such equation: the wave equation. On the other hand,
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a stationary metric satisfies an elliptic equation with a trace that satisfies Laplace’s
equation.
It will prove very convenient to express Eq. (1.5.8) as a system of two first-order

matrix equations. If one defines the two matrices A; by
A; = eagg ! (1.5.14)
then it is evident that the reduced Einstein Eq. (1.5.8)) is
n7 A ;=0 (1.5.15)
In appendix , we prove that the integrability condition for Eqs. (1.5.14)) is
i 1 1
The second set of equations are

g 1
n" [(ln i+ (Ina); + Zlgabgmgbc,igda,j} =0 (1.5.17)

and

'k B(ln fi(na), + %(In f)x(n Of),i:| - %5gnkz<ln Fa(na), (15.18)

1 .

—*(In @) 4, + %5?77“(111 Q) g — ﬁnjkTr(AiAk) -
Eq. is just a second-order scalar equation for the function f, while Eq.
(1.5.18) is a first-order matrix equation for f. It is easy to verify that the trace
of Eq. vanishes identically, and therefore Eq. only consists of two
independent relations for f. Eq. is not a new independent equation, as can

be proven using the Bianchi identities. In fact, one can show that Eqs. ((1.5.18]) are

compatible precisely when Eq. ((1.5.17)) is satisfied.
Since Eq. (1.5.8]) is decoupled from Egs. (1.5.17)) and (1.5.18]), we can focus our

attention on Eq. (1.5.8]). In fact, we will later see that once the matrix g is known,
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the function f can be easily computed by quadratures from Eqgs. ([1.5.18]). This
means that the real challenge in solving Einstein’s equation lies in solving the highly
nonlinear Eq. for the matrix ¢g. This is the focus of the rest of this section.

Before proceeding, note that there is one case that deserves a special attention
when treating gravitational phenomena. If the determinant of g is fixed, @ may be
canceled out from Eq. , reducing it to the known principal chiral field equation
considered in section . It follows then from the two relations in Eq. that
in this case ¢ is a constant matrix. In such a case the function f can be determined
from Eq. which reduces to the wave equation with d’Alembert solution
f = exp[fi(z® + 23) + fo(2° — 2®)]. However, a simple coordinate transformation
reduces f to a constant as well. In other words, any solution of the reduced Einstein
equation with o = constant is diffeomorphic to the trivial Minkowski (flat) spacetime.
This shows that the principal chiral field Eq. is a special case of the reduced
Einstein Eq. corresponding to @ = 1 and has no physical implications in the
theory of gravity.

We proceed to solve the reduced Einstein Eq. using the inverse scattering
(spectral) transform. This is done by representing Eqs. and as
the compatibility condition of an overdetermined linear system of matrix equations
that depends on an additional spectral parameter A. Intuitively, one can think of
this process as replacing a nonlinear equation in two variables z* with two linear
equations in three variables A\ and z*. The introduction of the new variable A (and
consequently increased dimensionality) is the price one has to pay to eliminate the
nonlinearity. With this in mind, we proceed by introducing some notation.

Let € be the 2 x 2 matrix

a y 0 1
Eap =P =gy =¥ = {_1 O} (1.5.19)

and let 0 be a ‘conjugate’ function to «, in the sense that it satisfies the following
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relation

03 = —emjsjkaka (1.5.20)

It can easily be verified that Eq. (1.5.20) implies that ( is a second independent
solution of the trace Eq. (1.5.9). We also introduce the following linear operators

D; = 0; + P;0 (1.5.21)
where
P = (2eM A/ 9;a (1.5.22)
and the matrix A is defined by
el —ad!
A =———" 1.5.23
S VR (1.5.23)
Here &/ = ny.e® and 6] is the Kronecker delta. This means that when written

explicitly, the operators under consideration are

2M(\B,; + eaa;)

A2 — eq?

Di=0;— O (1.5.24)

and it is shown in appendix [D] that these operators D; commute,
[D;,D;] =0 (1.5.25)

Consider the system of the linear Belinski-Zakharov equations
Dip = A/ Ay (1.5.26)

for the complex matrix function (\; 2%), where the matrices A4; are real and do not
depend of the parameter A. In it easy to verify that Eqs. (1.5.26|) are compatible
if and only if Egs. and are both satisfied. This means that the
Belinski-Zakharov Egs. are solvable when the matrix g satisfies the reduced
Einstein Eq. and therefore the reduced Einstein Eq. is Lax-integrable.
In fact, a solution 1(\; z¥) of Egs. automatically yields a solution g(z*) of
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Eq. (1.5.8). To see this, we notice that by Eq. (1.5.21)) and Eq. the limit
A — 0 gives D; — 0; and Aij — 5(55 . Therefore, taking the limit A — 0 in Egs.
gives

it o= g9 (1.5.27)

and the matrix ¢ has the same logarithm derivative as the matrix function v |y—o.
Therefore,

g(a®) = ¢(0;2")U (1.5.28)

where U is a constant matrix with det U = 1. The appearance of U is a remnant of
the symmetry g — gU of the reduced Einstein Eq. and for the rest of this
work U will be taken to be the identity matrix for simplicity. One should always keep
in mind however, that we can obtain more solutions by multiplying a given solution
g from the right by such a special matrix U.

We may therefore complete the integration of the reduced Einstein Eq.
by solving Egs. . Since Egs. depends on g itself through A;, one
should not hope to solve Egs. in full generality. Nevertheless, one can obtain
a solution of Egs. by assuming the knowledge of one particular solution ¢(®
of Eq. using the dressing method.

Let g (2*) be a particular solution of the reduced Einstein Eq. (1.5.8). In the
following ¢(® will be called the seed (background) metric. Using definition ,
one can compute the matrices AEO) and integrate Eqgs. to obtain the generating
function (@ (\; 2%). We substitute

Y = xyp© (1.5.29)

into Eqgs. ([1.5.26)), where y is a 2 x 2 matrix called the dressing matriz. Since ¢)(©

satisfies Eqgs. (1.5.26]), the dressing matrix y satisfies the dressing equations,

Dix = A/ (ij — XAg-O)) (1.5.30)
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Recall however, that for physical reasons the matrix g must be real and symmetric.
This can be guaranteed by imposing two additional constraints on the generating
function v and on the dressing matrix y. To ensure g is real, we require both y and

1) to be real on the \-real axis,

XA = x(), v(A) =v(N) (1.5.31)

The second condition to assure that g is symmetric is less obvious. If x satisfies Eqs.

(1.5.30) then a newly defined matrix
N\T
X' =g ((X(eaz/)\)) 1) (g1 (1.5.32)

also satisfies FEqgs. (1.5.30) when ¢ is symmetric. We can therefore guarantee that g

is symmetric if we require x’ = x, or more explicitly the symmetry constraint is

g =x(Ng X" (ea?/N) (1.5.33)

If we further require that the dressing matrix tend to the unit matrix at infinity
of the A-plane,

A—00

x —1 (1.5.34)

we obtain from Eq. (1.5.28) that the new solution is

9non-ph = X(O>g(0) (1535)

A different normalization of y at infinity is equivalent to a modification of the constant
matrix U in Eq. .

There is a caveat in the above scheme that the reader should be aware of, which
is the reason for the subscript ‘non-physical’ in Eq. . The solution g must
of course satisfy det g = ea®. We assumed that the function « is the same for both
the determinant of g and the determinant of the particular solution ¢(*). From Eq.
, we see that this means that one must impose yet another condition on the
dressing matrix,

det x(0) =1 (1.5.36)
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However, for practical reasons it is easier not to worry about this condition. Instead,
we normalize the solution to obtain the real (physical) solution g from the non-physical

solution guon-ph according to

ex

= non- 1.5.
g (6 det gnon_ph) 1/2 g ph ( 5 37)

at the end of the procedure. The matrix g again satisfies the reduced Einstein Eq.
, but this time has the right determinant det g = ea?.

To summarize, one may generate a solution of the reduced Einstein Eq.
from a given known solution ¢(® by solving the dressing Egs. for the dressing

matrix y, where y is constrained by Eqs. ((1.5.31)) and (1.5.33]).

1.6 Construction of N gravitational solitons

Soliton solutions of the reduced FEinstein’s Eq. correspond to the case in
which the determinant of the dressing matrix x has poles (see section . Therefore
a purely solitonic solution corresponds to a dressing matrix y that has the form of a
rational function in the parameter A\ with a finite number of poles N, which we take
to be simple poles. A similar analysis can be done in the more general case of poles
of arbitrary order but will not be given here.

There are three more conditions that one needs to consider to get the explicit form
of x. The first is the symmetry constraint in Eq. . Taking its determinant
and recalling that the matrices g and ¢(¥ are independent of ), one sees that there is a
certain symmetry with respect to the circle [A\|?> = a?. To guarantee the analyticity of
the right-hand side of Eq. (as the left-hand side is analytic), each pole pg of
x must have a corresponding zero of x~! at a?/u,. Therefore this shows that if x has
N poles at A = p,(2*) for k =1,2,..., N, then x~! has N poles at A\ = o?/us(z").
Moreover, from the reality constraint one sees that all poles must either lie

on the real axis, or be paired to their complex conjugate (namely, the set of poles
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{ps} satisfies {ps} C {ps}. Finally, the normalization condition (1.5.34) shows that

the dressing matrix y must tend to unity at infinity A — oo.
We therefore established the fact that for gravitational solitons, the dressing ma-

trix has the form N

Ry
=1+ (1.6.1)
s=1 A= s

where the residue matrices R, and the poles p, depend on z* only (and are inde-
pendent of \). Due to Eq. one can now obtain the NN-solitonic solution of
the reduced Einstein’s Eq. simply by evaluating x at the origin A = 0 and
multiplying it by the background matrix ¢(’). This means that all there is left to do
is to find the explicit form of the residue matrices Ry and the poles u,. This is the
focus of the rest of this section.

Consider the dressing Egs. . As long as us # «, their left-hand side
has only first order poles A\ = g, while the right-hand side have second order poles
A = ug due to the differentiation by D;. This means that equality can hold only if
the coefficient of each power (A — ;)2 vanishes, and therefore the poles must satisfy
the pole trajectory equations:

_Q,us(,us@ﬁ + ead;av)
3 — ea?

aiﬂs =P |)\:,us: (162)

In appendix [E| we show that the solutions of Eqs. (1.6.2) are precisely the roots of
the quadratic equation,

P2+ 2(8 — we)ps +ea? =0 (1.6.3)

where w, are arbitrary complex constants of integration. For a given constant w;, the
quadratic formula yields two solutions, p, and a?/u,. The second root a? /s should
not be of a surprise, as it represents the symmetry with respect to the circle [A\|? = o?
mentioned before. In fact, the symmetry constraint shows that the second

root o/, is a pole of the inverse dressing matrix y .
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The solutions of Eq. (1.6.3)) give the trajectory of the poles j as a function of a*,

s = ws — B £/ (ws — B)2 — ea? (1.6.4)

which are (by definition) the poles of the dressing matrix y and its inverse x ! re-
spectively. For readers experienced with the inverse scattering transform, we note
that here we have an atypical situation in the study of integrable systems and their
dressing matrices. The poles of the dressing matrix y depend on z*, and are there-
fore floating in the A-complex plane. Since the poles of the dressing matrix determine
the properties of the solitons, such as their amplitude, velocity and phase, the fact
that they are moving means that the solitons’ features change with 2. In particular,
gravitational solitons do not preserve their amplitude. This reveals one fundamental
difference between gravitational solitons and their classical counterparts that we will
come back to later in this work: gravitational solitons are not physical solitons (see
section .

To get a better intuition for the motion of the floating poles ps, it helps visualizing
them in the A complex plane. Since the circle |A|*> = o? plays a central role in their
geometric description, and « varies with z*, it is convenient to normalize the poles

so that the circle turns into the unit circle. Thus instead of the poles pus, consider the

normalized poles Ay = s/ defined by Eq. (1.6.4) as

)2 —e (1.6.5)

Thus a normalized floating pole depend only on the parameter z, = ”5(;5 and can be

studied as a function of this parameter alone. To understand its behavior consider

1 e
=== 1.6.6
% =g ( + /\s> ( )

Remarkably, for the case of non-stationary metrics e = 1 this is just the Joukowsky

its inverse,

transform (up to a factor of ). It is a famous function in the theory of aerodynamics
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)‘s

F1GURE 1.3. Each normalized pole A, of the dressing matrix y is given by Eq. .
When a non-stationary metric with e = 1 is considered, it is either always inside or
always outside the unit circle |A\;| = 1. For an outside pole \?“, its trajectory nearly
traces a horizontal line as z; — oo while bending near the unit circle. On the other
hand, the inside pole A" can be obtained by the relation A = (A2“)~". In this
diagram the arrows point in the direction of increased [ (or decrease of the real part
of z). It is important to realize that the behavior of the non-normalized poles pu; is
more complex, as they depend on « as well. For fixed «, the trajectory of a non-
normalized pole p; is the same as \; qualitatively, but as a varies the size of their
defining circle varies as well.

[27], as it is a conformal map that transforms a (non-unit) circle in the A;-plane to an
airfoil shape in the z,-plane. The function maps the outside of the unit circle to the

entire complex plane, and the unit circle itself to its real part, the set of real numbers
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between —1 and 1. Thus, one can interpret it as squashing the unit circle vertically.
In particular, this gives the behavior of the normalized pole A as its inverse, mapping
horizontal lines in the z;-plane to paths that are asymptotically horizontal, but curve
near the unit sphere in the A\,-plane. As mentioned earlier, the sign choice in Eq.
(1.6.5) gives one pole A2 floating outside the unit circle |A\;] = 1, while the other
sign choice corresponds to a pole A" = ()\;’"t)fl floating inside the unit circle. This
is depicted in figure .

If e = —1 and we are dealing with stationary metrics, the inverse of the normalized
pole is not the Joukowsky transform anymore. Nevertheless, it can be transformed
to the Joukowsky transform by two simple rotations: a counter clockwise rotation
by 90 degrees of the As;-plane, followed by a clockwise rotation of the z;-plane by 90

degrees. This can be seen from the transformation,

1 1o amin, @ 1
2= 50— 1) 2 SO0 1) (1.6.7)

This means that if the Joukowsky transform squashes the unit circle vertically to a
line segment, the inverse of the normalized poles for stationary metrics squashes the
unit circle horizontally. One can use a similar argument to the one given before to
understand the behavior of the normalized pole A, in this case, as is shown in figure
. In this case the sign choice in Eq. doesn’t necessarily correspond to
a pole being completely outside / inside the unit circle, as the poles of stationary

metrics might pass through the unit circle (see figure (1.4))).
We are now ready to consider the residue matrices Rs. Rewriting Eqgs. (1.5.30]) as

(D)Xt + A XA = A A (1.6.8)

makes it clear that the right-hand side is analytic at the poles A = pus. This means
that the residues at each of the poles u, of the left-hand side must vanish as well,
yielding

(O R)X " (s) + A (1) ReAV X (1) = 0 (1.6.9)
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|>‘8‘ =1

FicURE 1.4. Each normalized pole A; of the dressing matrix x is given by Eq.
(1.6.5). In this case of a stationary metric e = —1, a pole traveling from infinity
(horizontally) has its trajectory being distorted when approaching the unit circle. If
it passes through the unit circle, it finishes its motion at the origin. Alternatively, a
pole may start at the origin and travel to the left outside of the unit circle to become
an asymptotically straight line, or travel completely inside the unit circle to traverse
an oval-like shape. Here the arrows point in the direction of increased 3 (or decrease
of the real part of zy).

where we used the fact that

Rox (ps) =0 (1.6.10)
following from the identity xx~' = I at the poles X = u,. However, taking the
determinant of Eq. ((1.6.10)) shows that both R, and x~'(us) are degenerate matrices

and therefore have linearly dependent columns/rows. As two-dimensional matrices,
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we can thus write them in the form of a tensor product,
Ry = iy ® 1y X ) = 7, ® P (1.6.11)

where 775, My, ¢s and p, are two-dimensional column vectors. Substituting Eq. (1.6.11)
into Egs. ((1.6.9)) gives the evolution of the vectors my:

[aimf + A ()T A g =0 (1.6.12)

Fortunately, the solution of these equations can be given in terms of the particular
solution ¥ of Eqgs. ([1.5.26)). Since D; is a linear first-order operator, it operates on

the inverse matrix M = ((?)~! just as any other derivative operator,
D;M = —M(DypO) M (1.6.13)

Therefore the Belinski-Zakharov Egs. (1.5.26)) are equivalent to the inverse Belinski-
Zakharov equations

DM + A/ MAY =0 (1.6.14)
Fixing A = p in the inverse Belinski-Zakharov Eqs. (|1.5.26) shows that the
matrix My = M |-, satisfies

O:M, + A (n) M, AL =0 (1.6.15)

Comparing this result with Eq. (1.6.12)) proves that the matrices M provide us with
the general solution of Eq. (|1.6.12])

ms = MIG, (ml =l M) (1.6.16)

where each ¢, is an arbitrary constant two-dimensional column vectors. They must
be chosen to be real when the corresponding pole pu, is real, or pairwise-complex-
conjugate otherwise.

In order to fully determine the matrices Ry, we are therefore left to determine

the vectors 7, defined in Eq. (1.6.11]). For this purpose, we recall that the dressing
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matrix x satisfies the symmetry constraint Eq. (1.5.33)). Substituting the dressing
matrix x from Eqs. (1.6.1)) & (1.6.11)) into Eq. (1.5.33)) and evaluating this expression

at the poles i, gives a linear algebraic equation for the vectors 7. These equations

can be written in the form
N
1 ST _ ST (0)
Z —TDfi; =M, g (1.6.17)

where I' is an NV X N symmetric matrix with elements

Ty = — 5T O, (1.6.18)
HsHhs — EQX
and s,5 = 1,..., N is the number of solitons. The reader should notice that the

vector sign used for the vector 7, means that for each given soliton index s, 77, is a
two-vector. The same holds for m,, meaning that Eq. in fact gives two sets
of N linear algebraic equations for the components of 75 (as two N-vectors).

If I~ is the inverse of the matrix I', the solution of Eq. can be written
explicitly as

N
=tz ) (0L (1.6.19)
§=1
where
Ly = ¢, (1.6.20)

This completes the determination of the matrices R; and consequently of the
dressing matrix y, from which the solution of the vacuum Einstein’s equation can be
obtained by the procedure described in the previous section. Using the expression for

R, from Eqgs. (1.6.11)), (1.6.16)) and (1.6.19) in Eq. (1.5.35)) yields the matrix g(N)

non-ph*

N
Fooon =90 = (T (1.6.21)

s,5=1

iy

However, as mentioned earlier the matrix gnon.pn does not satisfy the determinant

condition and must therefore be normalized. One can easily show that after normal-
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ization by Eq. ([1.5.37)) the physical solution with determinant det g = ea? is

N
g™ =11 [g© = > (7L, ® L (1.6.22)
s,5=1
where we defined the normalization factor
i
M — ’_s 1.6.23
H - (1.6.23)

Eq. gives the N-gravitational soliton solution ¢/¥) on the background metric
¢'9. Tts form is manifestly symmetric as required by the symmetry constraint .

From a computational point of view, the evaluation of ¢g!¥) requires calculating
the inverse of the NV x N matrix [' which can be a tedious task for large number of
solitons. Next, we follow the work of Alekseev [19] to show how the computation of
the inverse can be replaced with a much simpler calculation of determinants of four
N x N matrices.

One can always write the 2 x 2 components of Eq. ([1.6.22)) in the form

gg)v) =11 [gab kokoH, ] (no summation over a, b) (1.6.24)

where
11 & L
H,, = k—k—zzj o5(Ls)a(Ls)s (1.6.25)

and k, is an arbitrary two-dimensional complex vector with non-zero components. In
fact, the components k, can depend on x*. Clearly, the metric elements g((lév) do not
depend at all of the vector k. But nevertheless, a wise choice of k, # 0 can greatly
simplify the computations involved.

Consider the last equation for fixed indices a and b. Each H,, is the sum over all

elements of an inverse matrix

=2 (Ga)ss (1.6.26)
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where each N x N matrix (G, has elements

1
(Gap)ss = kjakb(—»——»rsg (1.6.27)

s)a )b

By the matrix determinant lemma, given a non-singular N x N matrix G,

Z (G N =-1+ %@G) (1.6.28)

where in the numerator of the right-hand side, unity is added to each element G;.

In particular, one can use this lemma on each of the matrices G, to obtain H,, from

Eq. (1.6.26]). Consequently, Eq. (1.6.24) gives the determinant form of the N-soliton

solution:
gg)v) =11 [gg;) + ko Ky — kakbAab/A] (no summation over a, b) (1.6.29)
where we define A, and A to be the determinants of the N x N matrices

A = detDy; (1.6.30)
Aab = det (Fsg + k;lk}:l(f;s)a(-ﬁ§>b>

(to make the notation unambiguous, the subscripts s, § are also written explicitly, and
one should understand these formulas as computing the determinants with respect to
these indices while keeping the indices a and b fixed.)

Finally, recall that the spacetime interval in Eq. also depends on the
function f. The function f can be obtained explicitly by integration of Eq. ,

017N2/2 <Hi\7:1 ﬂs)
N
Lo st (s — p1s)?

where Cj is an arbitrary real constant and f(©) is the corresponding metric element

N-1

f™ =, AfO (1.6.31)

for the background metric.
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1.7 An algorithm for construction of N gravitational solitons

As we showed in section [I.6] the construction of the N-soliton solution of the reduced
Einstein Eq. is carried out in several simple steps. Beyond the lengthy deriva-
tion, it is convenient to state the steps required to obtain the N gravitational solitons
in an algorithmic manner, which is the purpose of this section. The construction of

N gravitational solitons is given by the following steps:
1. Take a particular solution of the Einstein vacuum Eq. (1.2.3]) of the form ((1.5.1)),
ds* = fOnyda'da’ + g((l?))dxadxb (1.7.1)

where f(© > 0 and

nis = {—06 ﬂ (1.7.2)

is a constant matrix with e = £1. This solution { fO g0 = g((l?))} will be

referred to as the seed (background) metric.

2. Denote by o the determinant det g,, = ea®. Define the function 3 to be any

solution of Eq. (|1.5.20)),
B = —enie’tay (1.7.3)

where ¢ is the 2 x 2 matrix

a i 0 1
Eap = €% = g =¢€v = {_1 O} (1.7.4)

3. Introduce a set of N real or pairwise-complex conjugate function us (here and

in the following s,35,---=1,2,..., N) according to Eq. (1.6.4):
s = ws — B £ \/(ws — ()% — ea? (1.7.5)

Here {w;} are any set of complex constants that are chosen to be either real or

appear together with their complex-conjugate (i.e. {ws} = {ws}).
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4. Determine the 2 x 2 matrix-valued function M (of z* and a complex parameter

A) by solving the inverse Belinski-Zakharov Eqs. (|1.6.14)
DiM + A/ MAP =0 (1.7.6)

where the commuting operators D; are

2A(A\B; + eaar ;)

Di == 82 - /\2 — eaQ 8)\ (177)
and the matrices A/ and AZ(»O) are
; Ae/ — ad!
A= S (1.7.8)

AP = cag? (@)

Here ¢/ = nipe™ (the order of matrices does matter) and &7 is the Kronecker

delta.
5. Define a set of N two-dimensional complex column vectors mg by Eq. (1.6.16)),
me = MIE, (1.7.9)

where each ¢ is an arbitrarily chosen constant two-dimensional column vec-
tor, and M; = M |y»—,,. The vectors ¢; must be chosen to be real when the

corresponding pole u; is real, or pairwise-complex-conjugate otherwise.

6. Compute the function II, the vectors Es and the matrix function Iy, according

to
At
m = 1;[1‘5 (1.7.10)
Es = g(o)ms
I, — Hss —»zg(())mg
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7. Compute the determinants of the N x N matrices

A = detT.; (1.7.11)

Aab = det (Psg + k;lkl)_l(is)a(i§>b>

where k, is an arbitrary two-dimensional vector with nonzero components. Note
that although k, appears explicitly in the solution below, the solution is in fact
independent of k,. However, by well-choosing the value of k, # 0 one can
greatly simplify the calculations involved (this will be demonstrated in the next

two chapters).

8. Finally, the N-soliton solution of Einstein’s vacuum Eq. (1.2.3)) is given by the

metric,
ds® = f(N)mjdxid:Uj + gc(év)da:“dxb (1.7.12)
with
g0 = |9 + kaky(1 = Ag/A)] (1.7.13)
N-1
o CoofNQ/ > (T1 1) AFO

N
Hs>§:1(:us — pz)?
where (Y is an arbitrary constant. Here, no summation is implied on the indices

a and b.

Clearly, the most crucial step in the procedure described above is step 4, in which
one must integrate a system of first order linear partial differential equations
instead of the highly nonlinear equation for the matrix g. In fact, once a seed
solution is prescribed, all steps but step 4 involve simple algebraic computations.
Later in this work we will see that in the case of a diagonal metric, step 4 can be
skipped completely to produce a closed-form expression of the N-soliton solution on

a general diagonal background.
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CHAPTER 2

THE SYMMETRIC PRINCIPAL CHIRAL FIELD EQUATION

As we saw in the previous chapter, the principal chiral field equation

(909 )+ (909 =0 (2.0.1)

is a special case of the reduced Einstein Eq. (1.5.8)) when the 2 X 2 matrix g has a

constant determinant o = 1. It is Lax-integrable through the Zakharov-Mikhailov

Egs. (L.4.8),

A B
o = m@b o = )\—+1¢ (2.0.2)
where
A=—gcg™"  B=gug' (2.0.3)

Before proceeding, we will state that the Zakharov-Mikhailov Egs. (2.0.2) are a
special case of the Belinski-Zakharov Eqgs. (1.5.26) when o = 1. It can be seen by
changing variables in Eqs. ((1.5.26)) to the light-cone coordinates

¥ =(C—n P =C+n (2.0.4)

Due to the axioms of general relativity (see section the matrix g must be real
and symmetric. Therefore we study a particular case of the reduction problem
on ‘symmetric spaces’ [I1) 12]. The symmetric space considered here is the invariant
manifold of symmetric matrices sitting in the Lie group SL(2,R). This invariant
space is not a Lie group, but we will later show that it can be identified with a
Hyperboloid in Minkowsi spacetime.

The study of Einstein’s equation in this case of a constant determinant has long
been neglected for physical reasons: this case corresponds to flat Minkowski space-

time. To see this, notice that if « is fixed, Eq. (1.5.18) implies that A? = 0 are
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traceless matrices. This can only happen when the matrix g is constant. Solving
for f then shows that in general, f = exp[fi(z° + 23) + fo(2® — 2*)] where f; and
fo are two arbitrary functions. However, a simple change of coordinates reduces the
coefficient f to a constant as well and the metric to a flat Minkowski spacetime.

Nevertheless, the structure of the soliton solutions of the symmetric principal chi-
ral field Eq. is interesting in its own right outside of gravitational phenomena.
Furthermore, even when gravity is concerned, the properties of the solitons obtained
for the symmetric principal chiral field equation assist in clarifying the meaning of
the gravitational solitons in the less trivial case a # constant. This more laborious
case will be the topic of the next chapter.

This chapter is divided to three more sections. In the first section, we show that
the symmetric principal chiral field may be casted to a form of a single scalar equation.
This equation has similar structure to the famous Sine-Gordon equation [31], and is
Lax-integrable merely from being equivalent to the symmetric principal chiral field.
In the second section, we focus on one of the most important features (or perhaps,
meanings...) of integrability, the existence of infinitely many conservation laws and
their associated integrals of motion. Finally, the last section focuses on solitons of
the symmetric principal chiral field equation. In particular, all of its soliton solutions
on diagonal backgrounds are derived explicitly, and their properties, behavior and

interactions are studied.

2.1 Reduction to a single scalar equation
By the spectral theorem, the real and symmetric matrix g can be diagonalized,
g= RDR" (2.1.1)

where D is a diagonal matrix

D= FA OA} (2.1.2)



48

and R is an orthogonal matrix

n_ [cosqb —sinﬂ (2.1.3)

sing  cos¢
Since g is a real and symmetric matrix with detg = 1, it has two degrees of
freedom. In this alternative representation the two degrees of freedom are the fields
A and ¢. These new fields can be interpreted as determining the eigenvalues of g and
measuring the deviation of g from being a diagonal matrix (respectively). Written
explicitly, g is

_|cosh A + cos 2¢ sinh A sin 2¢ sinh A (2.1.4)
9= sin 2¢ sinh A cosh A — cos2¢sinh A o

and the principal chiral field Eq. (2.0.1]) is equivalent to
0 = A¢y—2¢¢0¢,sinh2A (2.1.5)
0 = (¢csinh®A), + (¢, sinh® A) ¢
(this last fact is proven in section |3.2| by considering the more general case of arbitrary
a.)
In terms of the fields A and ¢ the 2 x 2 matrices A and B defined in (2.0.3)) have
determinants
det A = —A% —4¢% sinh® A (2.1.6)
det B = —A% —4¢2 sinh® A

Differentiating these determinants with respect to n and ( respectively and using the

field Eqgs. (2.1.5) gives

a%(detA) = 0 (2.1.7)
0

Hence the determinant of A is a function of ¢ only, and similarly det B is a function
of n only. Physically, this means that each one of the determinants is constant along

one boundary of the light-cone.
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We can therefore rescale the coordinates ¢,n by defining new coordinates (,7

according to

(= /dC\/— det A 0= /dm/— det B (2.1.8)

where the square roots are always real-valued (this can be seen from Egs. (2.1.6)).)

In these new coordinates, Eqgs. (2.1.6]) give
1= A% +4¢% sinh® A 1 =A% +4¢% sinh® A (2.1.9)

and therefore the first partial derivatives of ¢ can always be expressed in terms of A

and its first partials,

1 1
4 /1 — A2 - =4 \/1— A% 2.1.1
b 2sinh A < & 2sinh A " ( 0)

Finally, consider the first equation in (2.1.5)). The rescaling of ,n doesn’t affect

the form of the equation, which in terms of the coordinates ¢, is
Ay — 29 ¢¢ zsinh 2A = 0 (2.1.11)

Using Egs. (2.1.10) one may eliminate ¢ from this equation, resulting in a single
scalar equation for the field A

Mgy F /(1= AZ)(1 = A%) coth A = 0 (2.1.12)

Doing the same substituting on the second equation in results in exactly the
same equation.

This means that the entire content of the symmetric principal chiral field Eq.
(2.0.1) is contained in a single scalar Eq. . One question remains as to the
meaning of the choice of sign in this equation. This sign in fact has no physical sig-
nificance, as an inversion { — —( (or alternatively 77 — —1) gives the same equation

with the opposite choice of sign. We may therefore fix the choice of sign,

Ag — \/(1 — A2)(1 =A%) coth A =0 (2.1.13)

i
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This new equation may be written as a conservation law, as the second equation in

(2.1.5) shows
(/1= A%cothA)z+ (/1 — A% cothA) ¢

Since Eq. (2.1.14]) is the result of the integrable Chiral field equation, it is also

0 (2.1.14)

integrable. As an equation that is expressed as a conservation law, its first integral

of motion is obtained immediately,

Iy = / 1- A% coth Ad( (2.1.15)
with
dl
= 2.1.1
e 2.116)

This integral of motion is finite as long as the partial derivatives of the field A converge
to unity at infinity,
% oo - (2.1.17)
The reader might think that this condition is far too restrictive, as the partial deriva-
tives of A may become greater than unity, however, this is not possible due to the
rescaling process (see Egs. (2.1.9)).
It is an interesting observation that Eq. contains hyperbolic functions
and is relativistically invariant. It is clear that it has a very similar form to the

Sinh-Gordon equation [7]. Despite being an integrable equation, its Lax pair is still

unknown and the author hopes to study this equation in more depth in the future.

2.2 Conservation laws

As mentioned earlier, the symmetric principal Chiral field Eq. (2.0.1)) is Lax-integrable
through the Zakharov-Mikhailov Eqs. (2.0.2)). A key feature of integrability is the
existence of infinitely many conservation laws and integrals of motion. The goal of the

present section is to derive these conservation laws and thus prove that the symmetric

principal Chiral field Eq. (2.0.1)) is also Liouville-integrable.
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We shall assume without loss of generality that
det A =—1 (2.2.1)

This assumption amounts to using the new coordinates ¢, 7 instead of the original
(,n. However, to keep the notation concise we shall omit the bars and denote the new
coordinates with (,n just like the original coordinates. This notation will be used
throughout this section and in this section only.

Consider the Zakharov-Mikhailov Egs. operating on a vector ¥ = (¢1, )7,
so that ¢, and 1), satisfy

1

Yie = N1 (Anthr + Araya) (2.2.2)
1

Y -1 (Anthr + Agaha)

as well as

1

Yrg = S| (Bt + Biaths) (2.2.3)
1

Yoy = P (Ba11 + Bagha)

where A;; and B;; are the coefficients of the matrices A and B. Define the functions

_ Yig _ Y
P= Q=" (2.2.4)

which clearly satisfy the conservation law

oP  9Q

B =% (2.2.5)

This conservation law can be integrated with respect to ( to give the integral of

motion
I = /Pd§ (2.2.6)
such that
0
—I1=0 (2.2.7)
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Our goal is to express P in a form that does not contain any ¢ derivatives, and thus
obtain a non-trivial local conservation law of the symmetric principal chiral field Eq.
. Since the function P, as well as the quantities I and ), depend on the spectral
parameter A, this conservation law is in fact a generating function for infinitely many
local conservation laws when expanded properly in the A-plane.

Note that @) can be completely eliminated from Eq. (2.2.5)) and expressed in terms
of P only. From the first equations in (2.2.2)) and (2.2.3))

1
1 (&
QR = 1 (311 + B12E)

By inverting the first relation to express /1 in terms of P and replacing it into

the second equation, one gets

1 A1 By A— 1B
=— | By — P 2.2.9
@ A+1( A )+A+1A12 (22.9)

This equality is valid whenever A is a non-diagonal matrix. The case A5 = 0 is a
degenerated case which will be treated separately later on.
It turns out that similarly to other integrable equations [31], the function P satis-

fies a Riccati-type equation. To see this, we differentiate P with respect to ¢ in Egs.
(2.2.8) and use Egs. (2.2.2)). After some simple algebra, one gets

A det A Arae trA 5
A — — — P—-P 2.2.1
o), - (e 2210

A12 A—1
Note however that A is a traceless matrix in general (trA = 0). Furthermore and as

1
Pr=——
ST A1

commented in the introduction to this section, one can always assume det A = —1.

1 Ap 1 Ana ¢ 2
Pr=——<A —_— ~pP - P 2.2.11
€ )\_1{ 12<A12>7<+/\—1}+A12 ( )

This is a Riccati equation for the function P. Since the coefficients of the equation

This gives

contain the spectral parameter A\, when both sides of the equation are expanded
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properly in the A-plane it results in infinitely many conservation laws for each term
in the series.
We therefore proceed by expanding P in a Laurent series about its simple pole at
A=1, N
P=>Y P,(A-1)" (2.2.12)

n=-—1

and use this expansion in Eq. (2.2.11). The second and first order poles in Eq.
(2.2.11]) give the first two coefficients

P,=1 (2.2.13)
and
1| Ao Ay
= — ’ A — 2.2.14
0 5 | A + A1o (Am),g ( )

By comparing the coefficients of the non-singular terms one obtains a simple recursive

relation for P,,1 (n=0,1,2,...)

1

A
Poj1 = B 2

A12

(2.2.15)

Py = Po¢—=> PiPu
k=0

Expanding Eq. (2.2.9) in powers of (A —1) as well, shows that @ is analytic about

A = 1. If one writes

Q=) Q.A—1)" (2.2.16)

then the coefficients ,, are given by

1oy A —1 B = 1)\*
Qn = B [<—§> (Bn — A Bu) + A_12 (—5) Pk

The reader should interpret the summation in the last term as being equal to zero

(2.2.17)

whenever the upper bound of the summation is smaller than the lower bound n—1 < 0.
We will use a similar convention in the rest of this section.
When expanded about A = 1, the conservation law in Eq. (2.2.5)) decomposes into

infinitely many conservation laws for each power of (A — 1). These conservation laws
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have the form

Ob, _ 0Qn
= 2.2.18
with corresponding integrals of motion (see Eq. (2.2.6)),
I, = /Pndg (2.2.19)
satisfying
0
2I,=0 n=-101,... (2.2.20)
I

Applying Eq. (2.2.18) to the first coefficient P_; defined in Eq. ([2.2.13)) makes it

seem as if it is a trivial conservation law. Nevertheless, this is not necessarily the case.
Recall that we assume that det A = —1, namely, that we are using the rescaled version
(¢,m) of the light-cone coordinates (¢,n). In the barred coordinates this conservation
law is indeed trivial, but when restoring the original coordinates this is not longer the
case, and Eq. gives the known conservation law from the previous section
217

When using Eq. , one can obtain more integrals of motion. They are

non-trivial in both coordinate systems (¢,7) and (¢,7). The next integral of motion

1 An)
Ly==-[A — | d 2.2.21
o=y e (5) (22.21)

while the other integrals of motion can be computed recursively using Eq. (2.2.15)),

1 A n—1
Ioo== [ |-AL(Z2) P, - PP,

forn =0,1,2,.... Notice the similarity between this recursive formula, and the fa-

is,

and satisfy
dc (2.2.22)

mous recursive formula for the integrals of motion for the Korteweg-de Vries equation

[32]. Written explicitly, the next two non-trivial integrals of motion are

2
1 Ajg ¢ 2 9 Ay
[ =— —_— —A — d 2.2.2
1 8/ (Am) 12 Ap . ¢ ( 3)
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2
1 3A%2< 1 All All All
L= ———=0 4 Z A3 — A A | A | — — ) d
? 8/ 2 Ap Tgfe <A12),< Bl (Am),g C (A12>7g ‘

7 (2.2.24)
Let us remind the user that as noted earlier, Eqs. (2.2.21)), (2.2.22)), (2.2.23)) and

(2.2.24) all assume det A = —1. Namely, that we are using the rescaled coordinates
defined in Eqs. . One can easily use Eqgs. to write the conservation laws
and integrals of motion generally. This amounts to inserting factors of v/— det A and
v/— det B whenever the differentials of ¢ and 7 appear.

We are finally ready to treat the special case mentioned before. Since the coeffi-
cients P, and @), contain Aj, in their denominators, A = 0 is a degenerated case
for the conservation laws derived here. However, this is not a real issue as this case

only occurs when the matrix g is diagonal and Eqs. (2.1.5)) are in fact linear (since
¢ =0).

2.3 Solitons on diagonal backgrounds

In this section we apply the Belinski-Zakharov technique from section to find the
N-soliton solution of the symmetric principal chiral field Eq. on an arbitrary
diagonal background. To do so, we will follow the steps summarized in section [L.7]

Let ¢ be a known diagonal solution of the chiral field equation. One can always
write such a solution in the form

A0)
e 0
g = [ 0 e_Am)] (2.3.1)

since the determinant of ¢(® is unity. In this diagonal case the symmetric principal
chiral field equation is linear. In fact, it can be seen from Eq. (2.1.5) that the function
A©) satisfies the wave equation

9:0,A” =0 (2.3.2)



26

Since the determinant of the chiral matrix ¢(*) is a constant, steps 2 and 3 of the
algorithm are trivial as the poles of the dressing matrix are fixed pus = constant.
Therefore one can proceed to solve the inverse Belinski-Zakharov Eqs. (1.6.14)), which

simplify greatly to

OM + A/ MAY =0 (2.3.3)
where the matrices A;O) are
0 oll 0
41:%9% 4] (2.3.4)

Because the matrices AE-O) are diagonal, so is the inverse dressing matrix M. From
Egs. (2.3.3) one sees that the components of M satisfy a decoupled set of first order

linear equations. They can be easily integrated to yield

exp [ﬁ(eA(O) + AA(D))] 0 ( )
= - 2.3.5
0 exp [/\;_16 (eA© + AA)
where A is any function satisfying
&f\(o) = —emjajk(?kA(O) (236)

This last equation implies that A© is a ‘conjugate’ solution of the wave equation
for A(®) and plays an identical role as does the function 3 in relation to a (see Eq.
[520)).

Proceeding according to the algorithm , we choose k, = i(eA<0)/ 2 e=A"/ ) to

simplify the solution. This yields the N-soliton solution

g™ =11 (2.3.7)

A©) Agg Aoz

eA A A (0) Al
30 —A 33
AL oe A
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where
Cscg Ds§ _Ds§
A = TI2det ( i > (2.3.8)
Msits — €
CSC§ Dss sfMs ~Dss
AOO = det(e € +Iu'u€ )
Hslts — €
sH3 CSO§ Dss ~Dss
Nos = det (M s crte ) — C’seBS_Bg)
Mstls — €
S §CSC.§ Dss e Dss
A33 = det(u'u ¢ rtee )
Hsply — €
Here the functions B, are
1 -
B, = — <eA<O> + uSA(°)> (2.3.9)
ng — €
the function II is N
=] Il (2.3.10)
s=1
and D is the N x N matrix with coefficients
Dy =A%+ B, + B; (2.3.11)

Here both {C} and {us} are sets of complex constants that are chosen to be either
real or appear together with their complex-conjugate ({C,} = {Cy} and {1} = {1,}).
Since this case o = 1 plays no role in gravitational phenomena, we omit the function
f altogether. The reader can easily recognize the form of the background solution ¢(©)
of Eq. on the diagonal of . This is an explicit formula for the general
N-soliton solution on any diagonal background. To understand its physical meaning
we will consider next the two simplest cases of one and two solitons. We will only
consider these cases for non-stationary metrics e = 1.

In order to write the one and two solitons solution explicitly, it is convenient to

introduce the notation

Fs = _ln’ﬂs‘ (2312)
Vs = K5+A(0)+2Bs
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where s = 1,2,..., N, and K, = In|C,| € R in the case of real constants. Fortunately,
the one and two solitons solutions can be written in terms of hyperbolic functions,
rather similar to the one and two solitonic solutions of the famous Korteweg-de Vries
equation [31].

The one-soliton N =1 is

© N 1}
o1 eA? cosh(y1 + 1) 2/1,11 (2.3.13)
B h() 3.
cosh v, 12,;? e cosh(y1 — 1)

It is easy to verify that det ¢ = 1 as required. One may also write ; in the form

of a traveling wave

Y1 = kz + wt + Kl (2314)

but the values of the coefficients k and w depend on the background A chosen.

To understand the physical significance of this solution, let us consider two cases of
important significance. The first, is when the function A is time-like (mjAfZ»O )ASJQ) <
0). For example, if A =¢ (and then A© = z is space-like) then 7, is written in the
form ([2.3.14]) with

" potit] (2.3.15)

pi =1 pi—1

and therefore the velocity of the soliton is

w _pi+1l

k 2411

> 1 (2.3.16)

Namely, we have a traveling superluminal soliton which travels to the left if yy > 0
and to the right if gy < 0. As mentioned in the previous chapter, since @ = 1 this
solution is diffeomorphic to Minkowski spacetime, and therefore there is no violation
of Lorentz invariance. The most interesting coefficient in the matrix ¢(* is the non-
diagonal coefficient gg), from which we see that the center-of-mass of the soliton is

located at zc.oar = vt + £& for all moments of time and the soliton’s amplitude is

k
I i
A= Tt

Note that the amplitude might be negative, in which case the soliton

lies below the z-axis. The diagonal terms travel with the same velocity. Figures

show the elements the matrix ¢(\).
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F1GURE 2.1. The non-diagonal coefficient gg) for a single soliton of the symmetric
chiral field Eq. or the reduced Einstein Eq. (|1.5.8) with o = 1. The figure
was created for constants C; = 1 and p; = —2 in Eq. (2.3.13]). Here only the non-
stationary case e = 1 is demonstrated, and as time varies the soliton travels to the
right or left depending on the sign of the pole u; of the dressing matrix. If A© is
time-like, the soliton travels faster than the speed of light and if A is space-like it
travels slower than the speed of light.

t=—15 t=5
‘ ‘ ‘ ‘ ‘ - ‘ ‘ ‘ r
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t=—5 t=15
T r
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FIGURE 2.2. The diagonal coefficient gﬁ) for a single soliton of the symmetric chiral

field Eq. or the reduced Einstein Eq. with @ = 1. The figure was
created for constants C; = 1 and p; = —2 in Eq. (2.3.13). Here only the non-
stationary case e = 1 is demonstrated. One can see from the figure that the spatial
derivative of gﬁ) is a ‘physical soliton’ (see section .

The second interesting case is when the function A is space-like (mjAfZQ )AS]) > 0).

For example, if A© = z (and then A© = ¢ is time-like) then D is written in the form



60

t=—15 =5
. . . . . Coy . . . . . C o
-30 -20__-10 10 20 30 -30 -20 -10 _05¢ 10 20 30
~1.0F -1.0
~15¢F -1.5
-2.0F -
t=—5 t=15

-30 =20 -10 10 20 30 -30 -20 -10 3 10 20 30

FiGURE 2.3. The diagonal coefficient gé? for a single soliton of the symmetric chiral

field Eq. or the reduced Einstein Eq. with a = 1. The figure was
created for constants ¢, = 1 and p; = —2 in Eq. . Here only the non-
stationary case e = 1 is demonstrated. One can see from the figure that the spatial
derivative of gﬁ) deserves the title ‘physical soliton’ (see section.

(2.3.14) with
241 2
1 1

and therefore the velocity of the soliton is

W 21
V= — =
koop?+1

<1 (2.3.18)

This is a traveling subluminal soliton which may travel again to the left (u; > 0) or
to the right (11 < 0). The center-of-mass and amplitude of the soliton is the same
as in the other case of A(®) being time-like and figures demonstrate most
features of its behavior (except for its velocity).

The two soliton (N = 2) solution is given by

(2) A (1 — p2)? coshQ(WrWQﬂ) + (papis — 1) sinh%%)
e (1 — p2)? COShZ(”ﬂTm) + (papg — 1)2 Sinh%%) (2.3.19)
gg) _ (p1 — p2)(papre — 1) ) pia (15 — 12 coshyy — pp(p? — 1) C(?shny ]

211 iz (i1 — p12)? cosh®(2492) 4 (pu iy — 1)2 sinh?(25722)
g = e (11 — p2)? cosh® (RG22 4 (g g — 1) sinh? (=220

(,ul - N2)2 COShQ(L‘;V—Q) + (/“/Q _ 1)2 Sinh2(71;72)
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It is also given in terms of hyperbolic functions depending on the functions ~s, 7s.
In this case, each individual soliton preserves its original features that were studied
in the one-soliton case, including its amplitude, velocity and shape. As is usually
the case for physical solitons, the non-trivial interaction between the two solitons
results in a phase shift. The non-diagonal term gg) is shown in figure 1' while
the diagonal-term gﬂ) is depicted in figure . The other diagonal-term gé? is not
(i)

shown, as it has a rather similar form to ¢;
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’\ 0.5F
T 3 r
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t=—
25¢
2.0F
1.5¢
1.0 ¢
Sk
- T r
-30 -20 -10 10 20 30 -30 10 20 30
t=5
25¢
20¢
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1.0¢
0.5
; ) XA )
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t=10
25¢
20F
1.5¢
1.0¢
0.5¢
r - A r
-30 10 20 30 -30 -20 -10 10 20 30

FIGURE 2.4. The non-diagonal coefficient gg) for two solitons of the symmetric
chiral field Eq. . The first soliton has parameters p; = —2 and C; = 1 and the
second has parameters puy, = 3,Cy = 2. As is usually the case for physical solitons,
they interact non-trivially and finish the elastic collision process with a phase shift.

One may proceed in a similar fashion, expressing the N-soliton solution in Eq.
(2.3.7) in terms of hyperbolic functions and the functions 7, 7s. This will not be

done here, as the general features of the solitons remain the same as described earlier
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t=—10 t=0

=30 -20 -10 —1f

FiGUurE 2.5. The diagonal coefficient gﬁ) for two solitons of the symmetric chiral
field Eq. (2.0.1). The first soliton has parameters p; = —2 and C; = 1 and the
second has parameters ps = 3, Cy = 2.

and don’t deviate in any way from the expected result considering other famous soli-
tonic systems such as the Korteweg-de Vries equation and the nonlinear Schrodinger
equation.

It is the goal of the next chapter to study the reduced Einstein Eq. when
a # 1. We will discover that many of the attributes discussed here in the case o = 1
cease to hold. In particular, although we can consider solitons with o« = 1 as being
both mathematical and physical solitons, this will no longer be the case for a # 1.
Indeed, the most striking fact about gravitational solitons studied next is that they
are not physical solitons at all, but only mathematical solitons. For this reason we
differentiated between the two types of solitons (mathematical versus physical) in

section [L.3l
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CHAPTER 3

THE 1+ 1 EINSTEIN EQUATION

In this chapter, Einstein’s equation depending on two variables is studied. As ex-

plained in section [1.5] in the case of a block diagonal metric this boils down to study

the reduced Einstein Eq. (1.5.8)):
ij cb _
n (&gacﬂg )J. =0 (3.0.1)

where

det gup = ea® (3.0.2)

and e = +1.

Its solutions can be obtained using the Belinski-Zakharov transform described in
section [[.5] In particular, one may use the Belinski-Zakharov transform to obtain
new soliton-like solutions of the vacuum Einstein’s Equation from known particu-
lar solutions of Eq. (see section [L1.7)). Such solutions will be referred to as
gravitational solitons.

To keep the discussion concrete, it will be assumed that the metric is non-stationary.
Later on, an additional assumption of cylindrical symmetry will be invoked as well.
Both of these assumptions are in no way limiting, as a simple change of variable can
transform both of them into the general case of spacetimes depending on two vari-
ables as discussed in section [1.5] Thus, one may easily obtain analogous results for
stationary metrics in the same way, but they will not be given explicitly here.

The assumption of non-stationary spacetime corresponds to the choice e = 1 and

describes the propagation of gravitational waves. In particular, the spacetime interval

of such metrics has the form (see Eq. (1.5.6]))

ds? = f(t,2)(—dt* + dz*) + gap(t, 2)dadx® (3.0.3)
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where the reduced Einstein Eq. (3.0.1]) in this case is Eq. ((1.5.10):

(@997 )s — (ag.97"),. =0
and the function f satisfies Eqgs. ((1.5.18]),
(nf).Ina),+(Inf);(Ina); = (Ina),.+ (Ina)y+

(nf):(Ina),+(Inf) . (Ina); = 2(Ina), +

coupled to Eq. (1.5.17)),

1
202

(0 ) e~ (0 ) = g Tr(43 — 43— (o) .. +

Here the matrices Ay and Az were defined in Eq. (1.5.14]) to be:

Ap = ag.g" A3 =ag.g"

Alternatively, one may also use light-cone coordinates
1 1
(=5t n=g-1)
with which Eq. (3.0.4)) is
(agcg™ )+ (agyg™)c =0

and Eqgs. (1.5.18]) have the form

(Inf)(na), = (Ina)e+ F;TrAz
(Inf),(Ina), = (Ina),,+ 4%2%132

together with Eq. (1.5.17))

1
(Inf)en = @TTAB — (Ina) ¢,

Here the matrices A and B are defined to be

A= —agvcg_1 B = agﬁg_1

(3.0.4)

1
Tzl r(A + A3)(3.0.5)

T’I“(A()Ag)

(In ) 4 (3.0.6)

(3.0.7)

(3.0.8)

(3.0.9)

(3.0.10)

(3.0.11)

(3.0.12)



65

and generalize their former definition in the case of the chiral field. The
main advantage of the light-cone coordinates is their symmetric form, that treats
both coordinates on equal footing and therefore better manifests the principles of the
theory of relativity.

In the next section the Lagrangian formulation for the reduced Einstein Eq.
is derived. In section an alternative formulation of this equation is pre-
sented, based on the eigenvalues of the matrix g. Section [3.3| provides a Hamiltonian
formulation for the reduced Einstein equation. This gives an alternative definition of
the concept of energy than the one typically used in the literature. In section a
non-trivial local conservation law is obtained. The most important form of spacetime
metrics (from a physical point of view) are synchronous metrics. Such metrics and
their relation to the Belinski-Zakharov transform is presented in section [3.5 Section
discusses gravitational solitons, including their physical properties and interac-
tions on diagonal backgrounds. Finally, section contains a numerical scheme for
solving the reduced Einstein equation and compares its consequences to the results

studied in the rest of this chapter.

3.1 Lagrangian formulation

A simple computation based on the formulas in appendix [B| shows that the Einstein-
Hilbert action ([1.2.9) of general relativity can be written in this case using a La-
grangian density of a form analogous to the one given in classical Newtonian mechan-

ics. Namely, we can write the action as
5= /Edtdz (3.1.1)

where the Lagrangian density is

L=T-V (3.1.2)
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The kinetic and the potential energies T' and V' are defined to be

A®
T = —O‘%f’t—% (3.1.3)
V _ _a,zf,z o A(z)
f 2a
where
0
AD = det (a—i) = 011,6922,;t — G12,t921¢ (3-1-4)

0
A® = det (8_9) = 011,2922,2 — 912,2921,~
z

To show that this Lagrangian indeed works, one needs to compute its variation
with respect to the fields f and g,. In appendix [F] we compute the derivatives of
the different terms in the Lagrangian with respect to the matrix g,,. This allows to

easily obtain the variations of the Einstein-Hilbert action, giving

oS B —Q gt + A 2

Sf 3.1.5
5f f (3.1.5)
and
08 A® a 3 a
8 Gab = Egab + Egab(ln )+ Ck,ttgab + éa,t(g“b),t + §(gab)7tt (3.1.6)
A®) , Qo 3 N
- @ ——g?(1 y — zzab_— R abz__ ab .
A (I f)ze —zzg Sa. (g™, 2(9 ),

It is clear that the variation of the action with respect f is zero precisely when

a satisfies the wave equation (1.5.11). Moreover, setting Eq. (3.1.6) to zero and

contracting it with g, gives
A®)
1 - [— - %] (3.1.7)

202 o

A
202 «

(Inf).. —(Inf)y= {

which is equivalent to Eq. . Substituting this result back in Eq. , and
performing a few algebraic manipulations gives the matrix Eq. as one would
expect, proving the equivalence of this Lagrangian formulation to Egs. and
(13.0.6]).
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Last but not least, we remind the reader that one may also use the light-cone
coordinates introduced in Eq. (3.0.8]). In these coordinates the Lagrangian density is

symmetric with respect to interchanging the two coordinates ¢ < n:

acfo+a,f 1
L= st Tonle 7n2f LEEN To [911,¢G22.0 + G11.9G22.¢ — G12.¢921,n — G12:9921.¢] (3.1.8)

3.2 The geometric representation

The fact that the 2 x 2 matrix g is symmetric allows one to diagonalize it for fixed ¢

and z. This means that it may be written in the form

g= RDR" (3.2.1)
where R is a rotation matrix,
__|cos¢ —sing
f= [sinqﬁ oS ¢ } (3:2.2)

and D is a diagonal matrix
A0
D=« 0 A (3.2.3)
This naturally generalizes the diagonalization we performed for the symmetric prin-

cipal chiral field equation in section 2.1, Written explicitly, Eq. (3.2.1) is

__|cosh A + sinh A cos 2¢ sinh A sin 2¢
§y=a sinh A sin 2¢ cosh A — sinh A cos 2¢ (3.2.4)

Eq. clearly holds for fixed ¢t and 2. If ¢t and 2z vary, then so will ¢, «
and A. Therefore one may think of ¢, and A as three new degrees of freedom
replacing the original three degrees of freedom in the symmetric matrix g. This
gives an alternative representation of the reduced Einstein Eq. that has a
simpler geometric interpretation. For this reason, we will refer to it as the geometric
representation [33].

The eigenvalues of the matrix g are easily seen to be ae® and ae™®. Therefore

when ¢ = 0, the fields @ and A control the deformation of spacetime in the z and y



68

directions. From the form of Eq. (3.2.1), it is clear that the field ¢ is responsible for
a rotation of spacetime in the x — y plane.
Inverting Eq. (3.2.4]) gives ar, A and ¢ in terms of the matrix g in a straight-forward

manner:

a = +/detg (3.2.5)

1
hA = —T 2.
cos 50 r(g) (3.2.6)
2
tan2¢ = e (3.2.7)
g11 — g22

The last equation shows that indeed ¢ measures the deviation of the matrix g from a
diagonal matrix. Small values of ¢ correspond to gravitational waves with a (nearly)
single polarization.

Consider the Lagrangian density suggested in the previous section in Eq. .
In the geometric representation its kinetic and potential energies are

2

« fv av 1 1
T = - } - — oo+ S + 2067 sinh’(A) (3.2.8)
o2 1
vV = _@sz,z _ 2_; + 504/\,22 + 2a¢”, sinh*(A)

Computing the variation of the action with respect to the fields ¢, A, @ and f gives:

5 = —(adsihtA), + (dagsinh® A) . =0 (3.2.9)
0% = (ah)+ (aA.). + 20sih(24)(} — 62) = 0

5(?5 p oo s =0
‘;_i = Inf)u—(nf)..+(na)y— (Ina)..+ %

+%(A?t — A%) +2(¢% — ¢%)sinh® A =0

This set of four equations is equivalent to the reduced Einstein Eq. (3.0.4]) together
with the diagonal Eq. (3.0.6) for the function f. In principle, one may solve the non-
diagonal Egs. (3.0.5) for (In f), and (In f) , to eliminate the function f altogether
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from the Lagrangian. This is only possible because the reduced Einstein Eq. (3.0.4)
is decoupled from Egs. for f in the first place.

The reader might hope that the first equation in Eqs. is a new conservation
law. However, this conservation law is not independent of the matrix elements of the
reduced Einstein Eq. that form four conservation laws for their own sake.

Beyond the convenient interpretation that the geometric representation provides,
Eqgs. has another merit, as they make the study of diagonal metrics very

simple. In this case, for which ¢ = 0, the Lagrangian simplifies to

a? 1
a,zf,z+_,z__ AQ

_oafy 9% N
f 200 2 F

L= f 2a

1
+ éaA?t + (3.2.10)

Therefore the functions o and A (that completely determine the matrix g in this case)

satisfy two linear equations:

0 = At — O 4y (3211)

) )

0 = (aA,t),t — (QA,Z>,Z

3.3 Hamiltonian formulation

In this section we show that the 1 4+ 1 Einstein’s equations can also be described as
a Hamiltonian system. To do so, we will use the canonical method to obtain the
symplectic structure from the Lagrangian given in section 3.1

Let ¢ |I| and 7 be the conjugate momenta to f and g, respectively. This means

that by definition

o = oL (3.3.1)
of
w 0L
K 8gab

!Note the different symbols used for the Greek letter phi. In this section we use ¢ to denote the
the conjugate momentum to f while ¢ is the rotation field introduced in the previous section.
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where the dot denotes differentiation with respect to time ¢. To make the notation
more concise, we will write the following equations in matrix form. This means
that the matrix v will be identified with v** while g is identified with g, (notice
that as tensors, they correspond to different types of tensors). Written explicitly the

conjugate momenta are

@ = —% (3.3.2)

_ fd d 1. -1
7—[2]3 Oét+2ggg

Reversing these relations to express f and ggp in terms of ¢ and v yields

i = Liro—Trvg) (3.3.3)

a
g = é[2gv—TT(gv)—f¢]g

Therefore, the Hamiltonian density

H=of +7"u — L (3.3.4)
can be written explicitly as
1 1 1 a.f. 1.
H:af”@ww—gﬂ%m%ﬁwﬂww+§F2—@47——yﬂ) (3.3.5)

where A®) was defined in Eqs. (3.1.4)). It is a simple exercise to verify that with
this Hamiltonian density, Einstein’s equation are equivalent to the following set of

Hamilton’s equations

. O0H ; o0H
_oH ol

where the total Hamiltonian functional is

H:/ku (3.3.7)
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In order to properly interpret the Hamiltonian density, it is convenient to use Eqs.
(3.3.2)) to rewrite the Hamiltonian density only in terms of the metric components f
and g. This, of course, doesn’t contribute to the analysis of the symplectic structure

given, but will reveal that a simple interpretation of the kinetic and potential energy

can be given. Using Eqgs. (3.3.2) in Eq. (3.3.5)) gives

. Oé,tf,t A® a,zf,z A®)
H——[f +2a]_[ ¥ +2a] (3.3.8)

Comparing the Lagrangian density (3.1.2]) to the Hamiltonian density (3.3.8) allows

us to interpret the term in the first brackets (together with the minus sign) as the

kinetic energy, while the second brackets in the Hamiltonian density (again with the

minus sign) as the potential energy. In other words, the Hamiltonian density is exactly
H=T+V (3.3.9)

where the kinetic and potential energies were defined in Egs. (3.1.2). Remarkably,
both the Lagrangian and Hamiltonian structures have similar form to their classical
analogous (as the difference / sum of the kinetic and potential energy respectively).
Moreover, the kinetic energy only contains temporal derivatives as one would hope
to be the case from our knowledge of classical mechanics.

One would hope that the Hamiltonian structure provided here will give us a well-
defined notion of energy in general relativity. Nevertheless, the following theorem

shows that this is not the case:

Theorem 3.3.10. For every solution g of the reduced Einstein Eq. coupled
to a solution f of Eqgs. and (3.0.6), the Hamiltonian functional is identically
zero, namely

H=0 (3.3.11)

Proof. Using the light-cone coordinates (3.0.8) the Hamiltonian density is

o 1 acfe N A© a,f, N A
2 f 2a f 2a

(3.3.12)
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where

0
A© = det (8_g> = 011,c922,¢ — 912,c921,¢ (3.3.13)

0
A = det (3—i) = J11n922;y — G12.n921,

We may eliminate the function f from the Hamiltonian density using Eqgs. (3.0.10)).

This gives,
1 o 1 A© | A
= —— — = —Tr(A%) + — — A4+ —Tr(B* + —
H 2 A « + 4o (A7) + 2a + « + 4o r(B) + 200
(3.3.14)

Notice however, that the following identities hold
Tr(A%) = 4a’ — 241 Tr(B?%) = 402 — 2A" (3.3.15)
and therefore substituting them in Eq. (3.3.14)) gives
1
H = —§(oz,<< +a,,) (3.3.16)

Therefore the Hamiltonian density consists of total derivatives only, that vanish upon

integration over spacetime. O

The Hamiltonian introduced in this section is different than the famous ADM
Hamiltonian of general relativity [34]. The difference lies in the fact that in the
ADM formalism no particular reference frame (i.e. gauge) is chosen, and therefore
the ADM Hamiltonian requires satisfying the auxiliary Einstein constraint equations
[34] to overcome the gauge freedom. Hence the ADM Hamiltonian is a constrained
Hamiltonian, while the Hamiltonian used here is not constrained. In the context of

the ADM formalism, Theorem (3.3.10]) is a known result.

3.4 Conservation laws

The existence of infinity many local conservation laws for the symmetric principal

chiral field makes one hope that analogous conservation laws can be found for the
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reduced Einstein Eq. (3.0.4]). Nevertheless, such a result is still unknown and the
reduced Einstein Eq. might not be Liouville-integrable after all.

The most natural approach to find local conservation laws is by considering the
Lie symmetries of the Lagrangian in Eq. . However, all of its Lie symmetries,
including scaling of f, scaling or rotation of the matrix elements g,, result in trivial
conservation laws. Unfortunately, these conservation laws are either one of the matrix
elements of the reduced Einstein Eq. or a consequence of it (e.g. the wave
Eq. for a.) As we saw in the last section, even the Hamiltonian is a trivial
integral of motion as it vanishes identically.

Nevertheless, there is one non-trivial local conservation law we can derive imme-
diately. Taking the derivative of the first equation in (3.0.10)) with respect to n, and

of the second equation in (3.0.10f) with respect to ¢ and subtracting the results gives:

1 1
[% _ag + TTA2:| — |:M _ % + TrB21 (3.4.1)
Qe a  daag " ay, a  doay,

This is of course a conservation law for the matrix g. Since « satisfies the wave Eq.
(1.5.11]), the first two terms in each of the brackets give a trivial contribution and can
therefore be forfeited. Thus we are left with the conservation law,

1 1
{ TrAﬂ = { TrBQ] (3.4.2)
4o ¢ " daa, P

In the (¢, z) variables, this may be written in the canonical form of a conservation law

0 0

~T+—-2Z2=0 3.4.3
ot +6z ( )
with
o — — — —
T = ——— ot (949 900 + 920 '9:97") (3.4.4)
a —
—oatr (94971929 + 929 '9:97")]
@ — — — —
z = = 2 [O‘Jtr (97t9 1g,t9 1+9,z9 19,z9 1)
o2 — of

—atr(9:97'9.97" + 9.9 "9:97")]
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Integrating with respect to z and assuming Z vanishes as z — 400 gives the integral

of motion
E = /sz (3.4.5)

which we will associate with energy.

The definition of energy in general relativity is a complex matter, and this problem
has been given a lot of attention in the literature [5]. We shall not dwell on this issue
here, but instead only stress that the quantity E defined above is not the famous
ADM energy [34]. As mentioned at the end of the last section, the ADM notion of
energy is always zero for solutions of the vacuum Einstein equation, but this property
is not true for the energy defined in Eq. .

There is another reason why the quantity E is a ‘good’ notion of energy. In
section |3.6| we study metrics with cylindrical symmetry, in which case a = r and

the cylindrical coordinates are z# = {t,r} and z* = {¢,z}. In such a case the

conservation law (3.4.3)) is

0 0
e+ F= 3.4.6
2" o (3.4.6)
where
e(t,r) = r-tr(g9 9097 + 9,9 '9,97) (3.4.7)
Ft,r) = —r-tr(g:9 9,9 " + 9,9 '9:97")

The energy is now
E = / e(t,r)dr (3.4.8)
0

and if the matrix is diagonal (¢ = 0) it is just
<1
E = / (; + (A% + A2))dr (3.4.9)
0

where A was defined in section . Except for the logarithmic derivative % which is
independent of A, this is nothing other than the canonical notion of energy for the

wave equation in polar coordinates (see the second equation in Egs. (3.2.11]).) So the
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notion of energy defined above naturally generalizes a familiar concept of energy. We
may therefore interpret (¢, r) as the energy density of an infinitesimally thin annular
cylinder of radius r centered at the z-axis at the moment of time ¢. Similarly, one
may interpret F' as the flux of energy through such a cylinder.

We will come back to this conservation law and concept of energy where we study

gravitational solitons in section |3.6

3.5 Synchronous reference frames

The most convenient coordinate system for physical reasons is a synchronous coordi-

nate system. This is a spacetime interval of the form

3
ds? = —dt* + Z gijda’da’ (No summation convention) (3.5.1)
ij=1

The importance of such coordinate systems lies in the fact the coordinate t defines
the proper time of all comoving observers, and for that reason they are called ‘syn-
chronous’. It is an important fact in general relativity that any metric can be trans-
formed to this synchronous form (at least locally), although the synchronous form
will not be unique [5].
In this section we study the conditions under which the block diagonal metric in
Eq. (3.0.3),
ds? = f(t,2)(—dt* + d2?) + gap(t, 2)dz dz® (3.5.2)

reduces to the synchronous metric
ds® = —du® + A(u,v)dv? + gap(u, v)dzda® (3.5.3)

and suggest a simple method to accomplish this task.
By applying the chain-rule to the transformation (u,v) +— (¢, z), one notices im-

mediately that the synchronous metric (3.5.3)) originates from the metric (3.5.2)) if
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and only if the following three equations are satisfied:

uwh—Av = f (3.5.4)
u2z — Av?z = —f
uu, —Avw, = 0

If we consider transforming an arbitrary Belinski-Zakharov metric to the syn-
chronous metric , then Egs. form a system of three partial differential
equations for three unknown functions u(t, z), v(¢, z) and A(t, z). They can be sim-
plified greatly by eliminating the unknown function A.

Let us multiply the first equation with v, and the third with v, and subtract the
results. Similarly, multiply the second equation by v; and the third equation by v ,
and subtract the results. This gives two linear homogeneous equations for the partial
derivatives of the function v:

2
2 Sl )= [ 539
As a homogeneous linear system, it has a nontrivial solution if and only if this system’s

determinant vanishes, namely when
uhi—ul =f (3.5.6)
In such a case, the function v has to satisfy the linear differential equation
Uy —uv, =0 (3.5.7)

This method works for transforming any metric (3.5.2) to a synchronous reference
frame. One first needs to solve Eq. (3.5.6) for the function u, and then solve Eq.
(3.5.7)) for the function v. The solution to these equations is in no way unique.

3.6 Gravitational solitons

We are finally ready to discuss the most important consequence of the Belinski-

Zakharov transform [I.5] the existence of gravitational solitons. We start the section
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by summarizing the various seeds that were previously studied in the literature. Then
we extend the known results by considering general diagonal seeds. In particular, we

obtain and study gravitational solitons on the famous Einstein-Rosen metric [21].

3.6.A List of seeds studied in the literature

Table (3.1) contains a list of the seeds studied previously in the literature. In first
sight the list might seem too short, but this is the case for several reasons. First, it
includes only seeds from which gravitational solitons were derived analytically and
in closed form, and omits numerical solutions. Secondly, there are dozens of papers
in the literature that discuss possible interpretations of the gravitational solitons
listed here, but we omit them as well. Moreover, the table only includes seeds on
4-dimensional spacetime and excludes the more general Alekseev-Belinski-Zakharov

transform [30] that includes electromagnetic effects.

(2% 2h 2%, 2%) | « Seed Source
(t,z,y, 2) Any fO = Chaca,a? 12 1978 2
0 a1+2q 0
9( ) = { 0 a12q“ [17]
(p,t, 0, 2) p fO =1 1978 3
-1 0
0) —
=13 ] I
(r,0,t,2) r f© = arbitrary 1984-5 4
2,—¢
g0 = P E e(ﬂ’ ¢ =arbitrary | [35] [36]
(t,z,y,2) t f© depend on t only 1982 5
g =1"(2)()l(2) 137]

TABLE 3.1. List of seeds studied in the literature using the Belinski-Zakharov trans-
form. This list only includes seeds in four-dimensional spacetime. In particular, the
list only contains analytic work on such seeds and excludes (i) numerical work, and
(ii) discussion of possible interpretations.
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3.6.B Diagonal backgrounds

In this section we consider diagonal backgrounds. The goal will be to generate the
most general solitonic solution on such backgrounds, namely N gravitational solitons
independently of the (diagonal) background used. The one and two solitons on di-
agonal background were studied previously in [35] [36]. We extend this result by (i)
deriving explicit formulas for an arbitrary number of gravitational solitons, (ii) study
the properties and behavior of such gravitational solitons, (iii) explain the reason for
the discrepancy between gravitational solitons and other known solitons, (iv) find ex-
act conditions under which such gravitational solitons are physically meaningful and
(v) consider gravitational solitons on Einstein-Rosen background [21]. Unlike [35], 36],
it is not assumed that the spacetime metric is stationary.

Consider spacetime intervals of the form,
ds? = fO(=dt® + dr®) + 27 (rd¢)? + e 2" d2? (3.6.1)

where f© > 0 and Aq are functions of ¢,7. This corresponds to the choice of
coordinates % = (¢,2) and x' = (t,r) in the background metric (1.7.12)) with
¢© = diag(r2e”, 2. The functions o and 3 from Eq. (1.7.3) are

a=r B=t (3.6.2)

Taking o« = r is more than just a special case, as all other diagonal cases can be

obtained from such metrics by a simple change of coordinates [29].

2This is the famous Kasner metric [22], which is a Bianchi Type I solution. The one-soliton was
obtained for an arbitrary ¢, while the two-solitons were obtained for ¢ = 0 and ¢ = —1/2 only.

3This is just a simple flat-space time in cylindrical coordinates. They showed that two solitons
correspond in this case to the Kerr-NUT solution while 2N solitons correspond to N noninteracting
black holes remaining fixed along the z-axis

4In this work, the author studied stationary gravitational solitons on arbitrary diagonal back-
ground.

5 Any Bianchi type I-VI solution of Einstein equation can be casted to such form. In this work
they assumed that the solution is a Bianchi II solution, namely that % = C”Tel where C is symmetric
2 X 2 constant matrix. The matrix ¢ was defined in Eq. . The work focuses only on a single
soliton on such Bianchi II background and was the first example of a gravitational soliton on a
non-diagonal background.
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Due to the diagonality of the matrix ¢, Eq. (1.5.8)) reduces to the cylindrical
wave equation for the function A®) as can be seen from Egs. (3.2.9)

1
AD = Z(rA©), (3.6.3)
b /'ﬂ b
and the energy and flux densities of the system (see section are

,T

2
f(tr) = S+ 200+ [(AP)2+ (A0 (3:6.4

Ft,r) = —2AD —2rAPA©

We now prove that in the case of a diagonal background metric (3.6.1)), steps 4 and
5 of the above scheme can be skipped, by considering the derivation of Eq. ((1.7.9).

As is shown in section each vector m® satisfies Eq. (1.6.12)
(07 + A ()T AP @, = 0 (3.6.5)

where ¢*) is another undetermined vector function. Moreover, from Eq. ((1.6.10)) one
obtains yet another condition

mlqg, =0 (3.6.6)

Eqgs. , determine the vectors m, and ¢4, and one can easily verify that
the function given in Eq. indeed satisfies them. However, in the special case
of the diagonal metric (3.6.1)), Egs. , can be solved directly without the
knowledge of the matrix M in the spirit of [29] (see section 2.2). This yields

S

ms = (%eps, eps) (3.6.7)

where ps can be find by quadratures of the equations

r

Pst =

Psr S(rAQ + pAD)

T
This allows us to write the general N-soliton solution on the background metric

(3.6.1) by proceeding with the procedure described in section [I.7] In this case, the
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computation is simpler when setting k, = (reA(O)/2, e‘A(m/?). Let D be the N x N
matrix with elements

Dy = A9 4 p, + ps (3.6.9)

then the N-soliton solution on the background (3.6.1)) is given by

2-N A® 2126 Dss 1 O .Csrtelss
g((bf(;/) _r _ et (#sﬂse + 3257“ e > /A (3.6.10)
Hs:l ‘:u8| Mspls — T
N —Dgss 2 D.s
(V) 1-N pspise” P + CCsr?ePs  Cor
g Z = r /stl |:det ( _ ePs—Ps /A 1
’ g ’ Msphs — 72 s

N _D.- D.x
(N) _ N _—A0) d t (& 38 _'_ Cscge 88 A
gzz re 81_[1 |:u8| e [hsfls — 7,2 /

N _
(N) C Hs:1 |/‘LS|N ' A (0)

f 0 N2/2 N 9 f
r Hs>§:1(:u3 - ,ug)

where Cy € R and the C,’s are N arbitrary constants in the extended complex plane

Cw,

~ _Ds§ C C~ 2 D5-§
A = det (“5“86 R ) (3.6.11)
Mspts —T
and the functions p are the solutions of Eq. (1.6.4]) given by Eq. ((1.7.5)
fs = ws — L+ +/(ws — )2 — 12 (3.6.12)

In the following, we shall refer to solutions corresponding to a positive square root
in Eq. as solitons, while solutions with a negative square root will be called
anti-solitons [29).

As stated before, the functions p, have to be either real valued or pairwise-
complex-conjugate. This, in turn, means that the corresponding constants ws and
Cs have to be chosen in a similar fashion (real if the corresponding pu is real, or
pairwise-complex-conjugate if the corresponding ps has its complex conjugate).

In order to write the one and two solitons solution explicitly, it is convenient to
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introduce the notation

s — 1
3y = In = Fcosh™* (w ) (3.6.13)
‘U5| r
Vs = Ks + A(O) + 2ps + :Ys
where s = 1,2,..., N, Ky = In|Cs| € R in the case of real constants, and the minus-

plus sign in the definition of 44 corresponds to a plus-minus choice of sign in Eq.
(3.6.12). The reader should compare this notation with the similar notation used in
Egs. for the symmetric chiral field equation. Fortunately, also here the one
and two solitons solutions can be written in terms of hyperbolic functions, rather
similarly to the one and two solitonic solutions of the symmetric principal chiral field
equation (as was shown in section and the famous Korteweg-de Vries equation
[31].

The one soliton (N = 1) solution can be written explicitly as the metric

with © 2,2
L [y -
cosh vy o e A cosh(y; — 1)
and
700 = Con/r 2L cos) 0 (3615
H1—T

where Cj is an arbitrary constant and p; is given in terms of quadrature of Egs.
(13-6.8]).

The reader can easily recognize the familiar form of the one soliton of the sym-
metric principal chiral field equation written in Eq. . The main apparent
difference is the appearance of factors of @ = r in Eq. . Nonetheless, in
this case the pole p is not fixed anymore. This is the result of the existence of
derivatives with respect to the spectral parameter A in the Belinski-Zakharov Eqgs.
(1.5.26). The moving poles have great implications. We already mentioned that a
pole us determines the velocity and amplitude of the s-th soliton. However, since now

the pole varies in space and time, so will the velocity and amplitude of the soliton
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change in space and time. This will be demonstrated in two special cases below. The
trajectories of the poles were shown in figure .

Note that in this case the function p; must be real. This is guaranteed when
w1 € R and only as long as we are inside a light-cone propagating from the z-axis at
time ¢ = w; (this condition is merely |w; — ¢| > r as can be seen in Eq. (3.6.12)). As
noted in [I7] the one soliton solution can always be extended to the entire spacetime
using the background metric ¢(® outside of the light-cone. However, on the light-cone
such an extension will suffer a discontinuity in the first derivative. By transforming
K, — —K; (or C; — C{') and p; — %/, the one soliton reduces to the same
one-soliton solution, only with the opposite sign of the square root in the definition
of p11 (see Eq. (3.6.12)). This is a result of the symmetry of Egs. with respect
to the transformation u — o?/pu.

A very important term in the one- Soliton Anti-Soliton

. . . . t t
soliton solution is the denominator of f) A A

in Eq. (3.6.15]) which is the only term that

can change sign. One sees that the term

<o fP>0

Y=
Y=

u2—r? might change its sign in different re-

gions of spacetime, depending whether one /50 <o

considers a soliton solution (positive sign

in Eq. ) or an anti-soliton solution FIGURE 3.1. The spacetime diagram for
a single soliton / anti-soliton. To ensure
the positivity of (1), one must take dif-
would like to have f® > 0. We assume ferent signs for the constant Cyy on either
the future or past light-cone starting at
t = w; as noted in the figure. Outside of
take Cy < 0 inside the future light-cone the light-cone [t—w;| = 7 the solution can

be extended using the background metri
t —w > 7, and Cy < 0 in the past light- g(%)ex CHACE HSME PHE DAckgrotnd MerHe

(negative sign). For physical reasons, one

f© > 0. Then for a soliton, one must

cone t —wy; < —r. For the anti-soliton the

situation is the opposite, and one takes Cy < 0 in the past light-cone t — w; < —r

and Cy > 0 in the future light-cone ¢t — w; > r (see fig. (3.1))).
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N T G o 17 e G s WO
o P2 (j1s — p)? cosh® () (jajty — 12)2 sink?(25%)
J2 = ) - r?) pa(p3 — 1) coshyy — pa(pf — 1) cosh y
4 2 72 (1 — iz cosh(352) + (mpz — 12)2 sinh?(1522)
g® = A 12 (11 — pio)? cosh® (RN 4 (g — 1) sinh® (BRI
= 7 (1 — 112)? cosh®(252) + (pa — 12)2 sinh?(2522)
o o [ — ) oS5 & g — P sink(252)]
(13 — 12 (13 — r2) (papre — 12)* (1 — p2)?
There are two situations for this solution . e =1
depending on the nature of the functions A
11, po defined in Eq. (3.6.12). Complex N
valued w; = @y give a solution that is \\ I - 1
5 =
everywhere defined. \\
The second situation is in which N /w) I
wi,wy € R. Without loss of generality, A2 -
> 11 r
. _ B 7/ N\ IV
consider the case wy = —wy = w, and y N
\
one has W A%
/
2 2 4 e1=—1
H = w—tt/(t—w)?—r2 (3.6.17) 7/
7 V1
o = —w—tx\/(t+w)?—r2 g9 = —1

141, fio are real only inside the intersec-
tion of the light-cones |t — w| > r and
|t + w| > r. This means that outside
of that intersection the solution is non-
physical. However, also in this case one

can extend the solution outside of this re-

gion, using the one soliton solution and

FiGURE 3.2. The spacetime diagram for
two gravitational solitons. The solution is
properly defined in regions I, III and VI
only. It can be extended to either one soli-
ton / anti-soliton in regions II and V that
can be extended to the background metric
in region IV. The solution is also valid in
the grey region, although it corresponds to
a non-physical r < 0.

the background solution. This is demonstrated in fig. (3.2)). However, note that also
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in this case the function f® may change its sign, depending on the sign of the term
(13 — r*)(u3 — r?) in the denominator, and one has to take the right value for the
constant C in each region to ensure the positivity of f(2).

A very important subclass of solutions occur when the matrix g is diagonal. Phys-
ically, diagonal metrics represent a single-polarization gravitational wave. This case
deserves a special attention as we see from Eq. that Einstein’s equation lin-
earizes. This means that the linear superposition principle holds and any solitons in
the solution will not interact.

From Eq. , we see that a sufficient condition for the diagonality of the
matrix ¢ is that each one of the constants Cs belongs to the set {0, 00}. It is enough
to study the case where Cy = 0 for all s, as a soliton with Cy = oo can be obtained
by changing the sign of the square root in the definition of us (see comment above).
Nevertheless, this is not a necessary condition for diagonality. This can be seen for

example from Eq. , since in the case w; = ws € R one has p; = ps and
the diagonal term gfni)) vanishes irrespectively of the values of the constants Cy, Cj.
However, a close examination of Eq. reveals that in fact the case u; = s
reduces back to the to the background metric ¢(®.

The diagonal N-soliton solution for Cy = 0 can be written explicitly from Eq.

(13.6.10) as

2 A TN |ps]
o~y | | A 0
g = _A® N (3.6.18)
0 e A Hs:l m
N
f(N) _ COTNTQ_N ]1\;[5:1 |IL‘s|NJr1 6—NA(0)—2Z£]:1psf(0)

Hs,§=1(ﬂsﬂg —7r?)

A solution of Einstein’s equation ((1.2.3)) can describe a compact physical ob-
ject when it is asymptotically flat. It was argued in the literature that non-trivial
cylindrical metrics are not interesting physically because they are not asymptotically
flat [29]. Indeed, a careful examination of Eq. shows that they cannot be

asymptotically flat for all moments of time. However, cylindrical metrics may still
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be asymptotically flat in the distant past or future (¢ — +o0) and thus restore their
physical importance, as solutions that describe a compact object whose influence at
spatial infinity eventually vanishes. A sufficient condition for such flatness of the
diagonal metric is that it will converge to the flat metric ¢ = diag(r?,1) for
large times ¢ — +oo. It is easy to see from Eq. that the diagonal solitonic

metric is asymptotically flat when all of the following conditions hold simultaneously:
e AU S 0ast— +oo

e The number of functions ps with a positive square root is equal to the number

of functions us with a negative square root.

In fact, the same result holds true for non-diagonal solitonic metrics as well. In the
following, we shall refer to solutions corresponding to a positive square root in Eq.
(3.6.12) as solitons, while solutions with a negative square root will be called anti-
solitons. Thus the third condition in the above list says that asymptotically flatness
can only be achieved when the number of solitons is equal to the number of anti-
solitons (one may think of their interactions as canceling one another as time passes).
Therefore only solutions with N being even are of physical significant. Moreover,
one can see that the only physically significant case for N = 2 is when we have two
real functions py, g (corresponding to real Cy, Cy, wy,ws). When considering complex
functions pus, the first physically relevant case is the four-soliton solution N = 4. This

case will not be studied in this work.

Ezxample: solitons on flat background Consider the case of a flat spacetime represented

in cylindrical coordinates by the metric:
ds* = —dt* + dr® + r’d¢* + d2* (3.6.19)

This is just a special case of the metric (3.6.1) with A® = 0 being trivial.
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In this case the N-soliton solution has the non-zero components:

2—-N 202 0 0.Crt
g = ———det (”S“S TG )/A (3.6.20)
Ty lpes] Pshts — T
N 2

(V) 1-N psprs + CsCsr CST)
Gy, = T s| |det ( — A-1

v H| | { stts — 17 w )/

1+ CCs

o = NHWwM( IS )

N—-1

f(N) — CO e 12_151\1[|:u$| 2A

P2 s s (s — ps)
where Cy > 0 is a positive constant,
sHs CSC§ 2
A = det (” s T CuCar > (3.6.21)
sty —T

and the functions pus were given in Eq. (3.6.12)).

For the flat background metric (3.6.19)), it is more convenient to write the one and

two soliton solutions in a form slightly different than that of Eqs. (3.6.14}§3.6.16)) that

does not invoke hyperbolic functions. The one-soliton solution N =1 is

w _ sgn(pa) [ (ui+Crt) Cur(r? — pd)

3.6.22
B0 |Gt — i) e+ C2) (3.6-22)

and
s Co pi+Cirt
Vroopi—r?
where in this case p; that was given in Eq. must be real-valued, and the

(3.6.23)

constants C and w; have to be real as well. The sign of u; appears in the numerator,
to guarantee that the matrix g has signature (++) so that the metric has the physical
signature (— + ++).

The behavior of the soliton is different than that of the anti-soliton, and both are

demonstrated in the non-diagonal case C} = 2 in figures (3.3)), (3.5)), (3.4) and (3.4)
for the metric elements gé;), gg), g¢z and f(M respectively.
Physically, a gravitational soliton travels towards the z-axis at time ¢ < w;, com-

pletely collapses into the z-axis at time ¢ = w; and recoils a gravitational wave
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FiGURE 3.3. The diagonal term gég for a single soliton or an anti-soliton on the flat
background metric (3.6.19). The solid blue line corresponds to a soliton, while the
dashed red line is the anti-soliton. In this case the parameters in Eq. where
chosen to be C; =2, w; =0

outwards from the z-axis at times ¢ > w; that continues ad infinitum r — oo. For
the diagonal terms, the soliton has a constructive interference effect until time ¢t = w;
from which it turns to have a destructive interference effect. For the non-diagonal
term gélz) the soliton is always destructive. For the anti-soliton this effect is always
the opposite.

One can learn much by considering the diagonal one-soliton solution C; = 0. By

extending the one-soliton solution (3.6.22)) to the entire spacetime, it is:

rlp| 0
) jwi — &[> |7

r

1 _ |21
g g
r2 0

0 1

where 1 is given in Eq. (3.6.12)).

By differentiating géﬁ with respect to r we see that it has a local minimum /maximum

(3.6.24)
wi —t[ < [r|

at ro = \/g |w — t|. This can be considered as the location of our one soliton / anti-
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FiGURE 3.4. The diagonal term gé? for a single soliton or an anti-soliton on the flat
background metric (3.6.19). The solid blue line corresponds to a soliton, while the
dashed red line is the anti-soliton. In this case the parameters in Eq. where
chosen to be C; =2, w; =0

soliton. One sees that the soliton travels with subliminal speed v = (/4. At its
maximum, the soliton / anti-soliton has amplitude g;;) [— :I:%g(w —t)2. In the
non-diagonal case the position, velocity and amplitude of the one-soliton depend on
the value of the constant C; and have nontrivial forms. Unlike classical solitons, grav-
itational solitons do not preserve their shape and amplitude as they travel. Thus, in
the language of section [1.3| gravitational solitons are not physical solitons.
Another interesting fact about the diagonal one soliton can be noticed when
putting it in the form ¢V = diag(r2e2”,e2"). In this case, A1 is given by
AD(t,r) = {lanl o =1 > Ir (3.6.25)
0 lwr —t| < |r|
Indeed, a simple computation reveals that A satisfies equation as expected.
This means that in fact, this diagonal case A()(¢,7) is nothing other than the Green
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FiGURE 3.5. The non-diagonal term g((;z) for a single soliton or an anti-soliton on the
flat background metric (3.6.19). The solid blue line corresponds to a soliton, while
the dashed red line is the anti-soliton. In this case the parameters in Eq.
where chosen to be C; =2, w; =0

function for the cylindrical wave equation. Namely, it is a solution of the problem:

AD (wy, 7) = (3.6.26)

A (wy,7) = Fo(r)

where the initial time is understood in the sense that ¢ — w;", and the sign of the
delta function corresponds to a soliton / anti-soliton solution respectively. Similarly,
the diagonal N-soliton solution for the flat metric can be written in
the form ¢g®¥) = diag(r?e®, ) for which A corresponds to a superposition of N such
Green functions.

Furthermore, in the diagonal limit the energy and flux densities (3.4.7) are

1 2(wy +t)r
e = —+ 3.6.27
ro ((wr +1)2 —7?) ( )
o 272

pa((wr +1)2 =72
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FIGURE 3.6. The term f for a single soliton or an anti-soliton on the flat back-
ground metric . The solid blue line corresponds to a soliton, while the dashed
red line is the anti-soliton. In this case the parameters in Eq. where chosen
tobe C1 =2, w; =0

and it is easy verify that the conservation law (|3.4.6|) is satisfied. However, note

that in this case the energy diverges at the edge of the light-cone in the limit

r — (wy+1t)”. Even when F is renormalized with respect to the background metric’s
energy, it is ill-defined as a global quantity of spacetime.

The components of the two soliton solution on flat background can be written as

@ _ L (= ) (s + CiCor)? 4 r(pups — 1) (1iC — p3Ch)*

990 Tuagial (i1 — 12)2(papa + CrCar®)2 + (prpiz — 12)2(ui G — paChr)?
Co(p3 — r?) (i + Cfr?) — Ci(pf — r®) (3 + C3r?)

(3.6.28)

2 _ _ _ 2.
9oz (1 — p2) (pa po ) (111 — p2)2(pa g + C1Co12)2 + (papiy — 72)2 (111 Cy — paCh)?
92 = |ups| (1 — p2)?(1 4 C1C2)? + (pape — r?)?(Ch — C)?

- e (11 = p2)?(pap2 + C1C21?)2 + (papiz — 72)2 (111 Co — paCh)?

@ _ lpape| (1 — p2)?(pape + CrCor?)? + (e — r%)* (1 Ca — p2Cr)?
f = G 2 2 2Y(,,2 2 2)2
(11 — pa) (i = r2) (3 = r2)(papz — 1)

In the case where both functions puq, e are real, a similar situation to the one

soliton solution occurs and the solution is only define inside the intersection of the



91

two light-cones |w; + t| > r and |wy + t| > r. However, also in this case it can be
extended (up to a price of a jump in the first derivative) to the one-soliton solution
(with the appropriate function p; or us) outside of each light-cone. This is visualized
in figure , in which we see that region III is the interaction region of the two
solitons. The soliton-soliton interaction is demonstrated in figure .

As commented before, the most interesting case physically is when one has a pair
of a soliton and an anti-soliton. In figures and we see such a soliton-anti

soliton interaction.
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FIGURE 3.7. The diagonal term g(g for two (real) solitons on the flat back-

ground metric (3.6.19). In this figure, the parameters in Eq. (3.6.28) where cho-

sen to be ¢ = Cy = 2, w; = 0 and wy = —10. The sequence is shown for times
t =-10,-5,0,5,10,15,20,25 (starting at the top-left corner).

When considering two complex-conjugate functions p; = iz = Re' the situation

is rather different. We introduce the notation C; = Cy = Ke where R, K, 6,6, € R.
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FiGURE 3.8. The diagonal term gg) for a soliton and anti-soliton on the flat back-

ground metric (3.6.19)). In this figure, the parameters in Eq. (3.6.28) where chosen
to be ¢y = Cy = 2, w; = 0 and wy = —10. The sequence is shown for times

t =-10,-5,0,5,10,15,20,25 (starting at the top-left corner).

Then Eq. (3.6.16) can be written in the form

@ 1 (R*+ K**?sin®0 + r? R*?K?(R? — r%)?sin*(20 — 6y)

= 3.6.29

Jo0 R?  (R?2+ K%r2)2sin® § + K2(R2 — r2)2sin*(0 — 6p) ( )
@ _ KR —=r?)singd (R + K*r*)sinfy + r*R?*(1 + K?)sin(20 — b))
o = R (R2 + K2r2)2sin0 + K2(R? — r2)2sin(0 — 6p)

r?R2(1+ K?)?sin? 0 + K2(R? — r?)%sin 0,
(R?2 + K2r?)2sin? 0 + K2(R2 — r2)2sin*(0 — 6,)
(R? + K?r?)%sin?0 + K2(R? — r2)%sin*(0 — 6,)
(R2 — r2)2(R* + 14 — 2R%r2 cos 20) sin® @

g2 =

f(2) = CyR?

which is manifestly real-valued.
Figure (3.10)) shows this complex two-soliton. Since the behavior of the metric

is mostly identical for positive and negative time, we only plot the metric elements
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FiGUurE 3.9. The non-diagonal term gfz) for a soliton and anti-soliton on the flat

background metric (3.6.19). In this figure, the parameters in Eq. (3.6.28)) where
chosen to be C; = Cy = 2, w; = 0 and wy = —10. The sequence is shown for times

t =-10,-5,0,5,10,15,20,25 (starting at the top-left corner).

for positive times ¢t = 0, 5,10,15. One can see géjg develops a rapidly growing grav-

itational wave centered at the z-axis. On the other hand, gg) in figure 1) has

a destructive interference with the background metric ggg). This interference travels

to the right for positive time (and to the left for negative time) will maintaining its

destructive effect at the origin. The nondiagonal term ggz) in figure (3.12)) clearly

develops a rapidly growing solitonic formation. However, this solitonic structure is
rather different than the familiar solitons from other fields in physics, as its amplitude

increases during its motion to r — oo.

Series expansion for a diagonal background Although the N-soliton solution can be

given in terms of the functions us, A(?) and p,, an explicit integration of Eqs. (3.6.8)
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FiGURE 3.10. The diagonal term g(ﬁ for a complex two-soliton on the flat back-

ground metric (3.6.19). In this figure, the parameters in Eq. (3.6.28) where chosen
to be C; = Cy =1, wy; = ws =1 and the plot is for positive times ¢t = 0, 5, 10, 15.
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FiGure 3.11. The diagonal term gg) for a complex two-soliton on the flat back-

ground metric (3.6.19). In this figure, the parameters in Eq. (3.6.28)) where chosen
to be C; = Cy =1, wy = Wy =1 and the plot is for positive times ¢t = 0, 5, 10, 15.

might pose a problem for an arbitrary function A(®). An example for these difficulties
arise when one attempts to find solitonic solutions taking as the background metric

the famous Einstein-Rosen metric [21].
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FiGure 3.12. The non-diagonal term géi) for a complex two-soliton on the flat
background metric (3.6.19). In this figure, the parameters in Eq. (3.6.28) where
chosen to be C1 = Cy = 1, w; = Wy = ¢ and the plot is for times t = 0, 5, 10, 15, 20, 25.

From Eq. (3.6.12) for the functions us, one may write Eqgs. (3.6.8)) as

1 [ 1] e
st = — |1+ — i\ ———{ () 3.6.30
] Iy o] R (36.30)
1] 1] €
U R [ E S S I p——
S N N
where
T
€s = ; (3.6.31)
Ws —

is a function depending on ¢ and r. Here and in the following the plus-minus signs
correspond to the choice of sign of the square root of us defined in Eq. .
Clearly, |e5|] = 1 lies on the light-cone r = |ws + t|. This parameter 5 can be
interpreted as measuring the ratio between the spatial and temporal distance from
the light-cone’s vertex. Alternatively, €, is just the reciprocal of the slope of the
straight line connecting the vertex of the light-cone to a given point on the r» —¢ plane

(see figure (3.13)).
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We shall consider a series expansion for pg in the

parameter £,. Expanding the right-hand side of Eqs.
(3.6.30) in e, gives

Pot = ZQQJ e 4 ZQ23+ AP (36.32)
S

7=0
Psr = ZQ% 5? + Z Q2j+1A7(?)5§j+1
Jj=0 \
where the expansion coefficients can be written ex- \‘
plicitly as \‘
1 1
Q = —5(1£7) (3.6.33) les| < 1
Q, = 1 FIGURE 3.13. A spacetime
2 ) diagram of the e, parameter
1 -1 .
Qs = ﬂ:—(—l)j( .2) (defined in Eq. (3.6.31)) for
2 ' J real wy,. The red solid line
Qs _ (—1)7*t —% corresponds to the light-cone
A 2 J les] = 1, while smaller ¢’s lie
nd inside it, for example on the
a dashed blue.
—Ma—=2)-(a—7i+1
<9) _ala—D(a ?‘ (a=j+1) (3.6.34)
J J:

is the generalized binomial coefficients defined for arbitrary a and non-negative integer
7. Let
ps = pO + pWe, + p@e2 4 (3.6.35)

be a series expansion for p and notice that

g2 Es

P L= 3.6.36
Esit . €s, . ( )

This means, that the derivatives of p are given by the expressions

pat = p§°2+2{pst LU 1>] (es) (3.6.37)

S j
Psr = Z|:pgj7)*+ p(j):|( )

J=0
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Comparing powers of €, in Egs. (3.6.32)) and (3.6.37)) gives a recursive relation for

the coefficients pgj ) as functions of t,r and A, The first term is

1 1
PO = ——(1+2)AO (3.6.38)
2 2
The even terms satisfy the equations
: 1 [(—3 27 — 1 (o;
ol = i—(—l)”( .2)/\(3) + ey (3.6.39)
’ 2 j ’ T
, 1 " 2
A = ager( a0 - Ly
J
while the odd terms satisfy
. —1)y+ /1 25
g~ (2D ( .2>A<,9> + = p29) (3.6.40)
’ 2 yi ’ T
i+1 /1 ~
pggﬂ) _ (—12)H (_.5)A,(f) _ Méﬁﬂ)
J r

Solving Eqs. (3.6.39), (3.6.40) gives the expansion coefficients of Eq. (3.6.35))
which can be used in Eq. (3.6.10|) to find the general N-soliton solution within the
light-cones for any cylindrical diagonal metric (3.6.1]). This technique is demonstrated

next by obtaining the one and two gravitational solitons on the Einstein-Rosen back-

ground.

Finstein-Rosen solitons The Einstein-Rosen metric [21] has the cylindrical spacetime

interval (3.6.1) with

AO@#, ) = Jo(r)sin(t) (3.6.41)

f(t,r) = %exp{rjo(r)Jl(r) cos(2t) +

—i—%rQ [J5(r) = Jo(r) Jo(r) + 2J7(r)] }

Here J,, denotes the n-th order Bessel function. The Einstein-Rosen solution de-
scribes a single polarization gravitational wave propagating normally outwards from

the z-axis in the radial direction. It is one of the simplest solutions of Einstein’s
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field equation describing gravitational waves and historically was the first theoretical
evidence for their existence.

In this section, we demonstrate the method developed above to derive gravitational
solutions using the Einstein-Rosen metric as a seed. Using the definitions in
Egs. and (3.6.40) one immediately sees that the general recursive formula

for pgj ) i

11
0 = =5 (1£ ) Jo(r) sin(?) (3.6.42)
1
o = L) eos(t)
1 .
pgzj) — i%(—l)j (_,i)A(O) i 2j—1 /pg2j1)dt
r

J
i1/ 1 ,

P2 ﬂ(_.z) / AOG+ X / o2
2 7 ' r

for 7 > 1. All the integrals in this recursive relations are trivial (being integrals of
trigonometric functions). For example, up to third order in &,, we have

pa(rt) = —%(1i%),]0(r)sin(t)—%Jl(r)cos(t)as (3.6.43)

+ [:F}ljo(r) sin(t) — %JKT) Sm(t)] e +0(e})

where we remind the reader that ¢, was defined in Eq. (3.6.31)).

Figures (3.14}3.15))3.16|) display the terms gé{é), gg) and g((;z) (respectively) for a

single gravitational soliton (in solid blue) and gravitational anti-soliton (in dashed
red) on the Einstein-Rosen background. Due to the oscillations of the background
metric in both space and time it is rather difficult to comprehend the localized nature
of the soliton. Nevertheless, the reader is advised to compare these figures with the
analogous figures for which the one soliton / anti-soliton were derived
on flat spacetime. One sees immediately that gravitational solitons on flat spacetime
and Einstein-Rosen spacetime have very similar structures, as their propagation and
shapes are selfsame (up to the oscillatory motion in the case of the oscillatory Einstein-

Rosen background).
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FiGUurE 3.14. The diagonal term géﬁg for a single soliton or an anti-soliton on the
Einstein-Rosen metric (3.6.41]). The solid blue line corresponds to a soliton, while
the dashed red line is the anti-soliton. In this case the parameters where chosen
to be €7 = 2, wy = 0. The reader should compare this figure with the analogous
gravitational soliton/anti-soliton on flat spacetime in figure (3.3)).

This is not a coincidence, as the same result seems to hold in general for gravita-
tional solitons on arbitrary diagonal backgrounds. This was also studied numerically
by the scheme developed in the next section. Since gravitational solitons on diag-
onal background have similar structures, the study of two gravitational solitons on
Einstein-Rosen background will be omitted (interactions of two gravitational soli-
tons were already studied on flat spacetimes). As for applying the Einstein-Rosen
gravitational solitons to study physical phenomena, the reader should note that the
Einstein-Rosen soliton-anti-soliton solution does not satisfy the criteria described
above (A 4 0 as t — 4o00). Therefore, Einstein-Rosen solitons cannot describe a

compact object.
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Ficure 3.15. The diagonal term gi? for a single soliton or an anti-soliton on the
Einstein-Rosen metric (3.6.41]). The solid blue line corresponds to a soliton, while
the dashed red line is the anti-soliton. In this case the parameters where chosen
to be €7 = 2, wy = 0. The reader should compare this figure with the analogous
gravitational soliton/anti-soliton on flat spacetime in figure (3.4)).

3.7 Numerical study

To obtain a numerical solution of the reduced Einstein Eq. (3.0.4)), one may isolate

the second temporal derivative to write it in the form

Gt = Gz + é (29,2 — 1g.] + 9497 94 — 9207192 (3.7.1)
Consider a uniform discretization of time and space with intervals At and Az re-
spectively. We use a finite difference approximation for the second and first order
derivatives. The first order temporal derivative is approximated using a backward
difference, while the first order spatial derivative is approximated using a central
difference.

Let us denote g,,, = g(nAt,mAz). The discretization described above allows
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FIGURE 3.16. The non-diagonal term gélz) for a single soliton or an anti-soliton
on the Einstein-Rosen metric (3.6.41]). The solid blue line corresponds to a soliton,
while the dashed red line is the anti-soliton. In this case the parameters where chosen
to be C7 = 2, wy = 0. The reader should compare this figure with the analogous
gravitational soliton/anti-soliton on flat spacetime in figure (3.5)).

solving Eq. (3.7.1) for the next time step gn41.m.

In+1,m = 2gn,m — Gn—-1,m + (gn,m - gn—l,m)g;’»}n(gn,m - gn—l,m) (372)
1
——\lpm — Qp—1,m n,m — Yn—1m
~(an, 1m) (Inm = Gn—1,m)
e 2 + Gt + )( )
A n,m - n,m n,m— ——\Onm — Qpm— n,m - Ynm—
As In,m+1 Yn, In,m—1 Ay mtl ;m—=1){Gn,m+1 = Gnm—1
1 ~1
_Z<gn,m+1 - gn,m—l)gn,m(gn,m—i—l - gn,m—l)
To ensure the accuracy of the scheme, we use fourth-order Runge-Kutta method. The
scheme described here has one great merit on the ones typically used in numerical
relativity. It is restricted to a specific form of the spacetime metric that depends on
only two variables. For this reason, this scheme is extremely fast and can be easily
rendered in real-time on any modern computer (no super-computers are needed).

This is also the disadvantage of the scheme, as for the same reason it cannot be used
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to study more complex gravitational effects that lack the symmetries assumed here,
of the existence of two commuting Killing vectors.

It was demonstrated numerically that the numerical solution converges to the

analytic solution when % — 0, as the reader can see from table for the case of

the Kasner metric [22]. However, one must also impose the condition At < Az to

guarantee the stability of the scheme.

At Az | maximal error
1 1 525.42
0.5 1 184.51
0.25 1 57.65
0.0125 1 16.50
0.0625 1 4.45
0.03125 1 1.16
0.01 1 0.1222
0.001 1 0.0012
0.0005 1 3.09 x 10~
0.00025 | 1 7.74 x 107°
0.000125 | 1 1.94 x 10~°
0.00005 | 1 3.03 x 1076

TABLE 3.2. Error in the numerical solutions of the reduced Einstein Eq. (3.0.4)

We will not show here any figures of the numerical solutions of Einstein’s equation,
as they match the analytical ones shown before rather well. Instead, we would like
to focus on the actual error of the numerical solution.

It is a well-known fact in general relativity [5] that when discussing 'weak’ gravity,
Einstein’s field equation reduces to the wave equation. This suggest that the infor-
mation about the change in the metric propagates at the speed of light. The solitonic
solutions studied above are not periodic in space, although periodic boundary condi-
tions were imposed on them for the numerical scheme. Therefore, after a sufficient
amount of time the information from outside the mesh (i.e. the fictitious boundary

condition) propagates into the mesh and generates a greater error. Thus, the nu-
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FIGURE 3.17. The error in the numerical solution of the metric elements
J11, §12, 921, goo for mesh intervals At = 0.005 and Az = 0.1. Here the error is defined
t0 be (Gexact — Jnumerical )/ Jexact- L he numerical solution is very precise inside the future
light-cone (and can be made more precise by decreasing the ratio At/Az). Outside of
the future light-cone, the imposed periodic boundary conditions affect the accuracy
of the scheme.

merical solution is only valid inside a triangle of validity whose bottom side is the
mesh at the initial time. This is nothing other than the future light-cone described
in section [L.1] Figure shows the error (in percentage from the exact solution)
on a mesh with At = 0.005 and Az = 0.01 of a single soliton on the famous Kasner
background [22]. The reader can easily recognize the the triangle of validity in which
the numerical solution is nearly identical to the analytical one derived in [I7].

The author would like to add that this code was supplemented by a library that
visualizes the various types of curvatures of spaces. This was used to verify some of
the analytical properties described in the previous chapters and will not be described

here.
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CHAPTER 4

THE 1+ 2 EINSTEIN EQUATION

In this chapter metrics depending on more than two coordinates are studied.

In section 4.1}, general diagonal spacetime metrics are considered. These are diag-
onal spacetime metrics that may depend on all coordinates, and their Lagrangian and
field equations are derived explicitly. Section limits our attention to such diagonal
metrics with one Killing vector. It is shown that in this case the overdetermined Ein-
stein’s equations are compatible. A special attention is given to plane gravitational
waves, for which simple criteria for asymptotically flatness and compatibility of the
field equations are derived. Arguably, the most famous example of such plane waves
is the Bondi-Pirani-Robinson Waveﬂ [20]. It is proven that such waves are stable
with respect to perturbations that depend also on the second spatial dimension, and
the relation to the stability of the Schwarzschild black hole is emphasized. Section
[4.3] concentrates on weak gravitational waves, for which an alternative formulation
of Einstein’s equation in Fourier space is derived and a few applications are stated.
Finally, in section [4.4]it is proven that weak gravitational waves satisfy a new system
of equations. These new equations are a direct extension of the renowned nonlinear
Schrodinger equation, and are therefore quite properly referred to as the nonlinear
Schrodinger-Finstein equations. A few simple solutions of them are derived, including
a generalization of the Bondi-Pirani-Robinson waves.

Throughout this chapter and in this chapter only, Einstein’s summation conven-

tion is no longer in use unless otherwise stated in the text.

!Some authors call them ‘Robinson waves’. In the Russian literature they are typically referred
to as ‘Robinson-Bondi waves’.
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4.1 General diagonal spacetime metrics

Consider a diagonal spacetime metric
Guw = (H,,)?6, (4.1.1)

or in matrix form,
(Ho)2 0 0 0
B 0 (H))? 0 0
I =1 ¢ 0 (H)? 0
0 0 0 (H3)?

Here initially the metric does not have the proper metric signature (—+++). Instead,

(4.1.2)

it is convenient not to worry about the sign of the metric during the computations and
at the end restore the proper metric signature by substituting Hy — iHy. Diagonal
metrics describe a wide range of physical phenomena, from arbitrary single-polarized
gravitational waves [41] to the Schwarzschild black-hole [5]. As shown in the last
chapter, a certain class of gravitational solitons are also represented by this class
of diagonal metrics. When describing gravitational waves, one may interpret each
coeflicient H,, as the factor by which the temporal / spatial dimension x* stretches
due to the passing gravitational wave.
The inverse metric is
1

pro_ iz
g (Hu)25 (4.1.3)

and the Christoffel symbols are
y 1
I, =0 I, =0,(InH,) I, = —WHME)VHM (4.1.4)
where p, v, A are assumed to be mutually exclusive indices (u # v, p # A\, v # A).

Define the rotation coefficients to be

1
Quv = -0, H, (4.1.5)

with which one can write the off-diagonal Ricci curvature tensor as

R;w - — Z Z_l; (8VQ>\;L - QAVQVM) (:u 7é V) (416)

AF v



106

As for the diagonal elements, the Ricci tensor gives

H
Ruy=-Y = B (4.1.7)
vEn Y
where
E;w = aVQMV + auQuu + Z Q;MQV)\ (418)
AFEp,v

In general, Einstein’s vacuum equations R, = 0 for diagonal metrics give 4 diagonal
equations and 6 off-diagonal equations for 4 unknown functions H, (¢ = 0,1,2,3).
This is of course a highly overdetermined system and the conditions for its solvability
will be determined in the next section.

The scalar curvature is

E,
R= _2Zm (4.1.9)

pn<v
Since the determinant of the metric is det g = (HoH;HoH3)?, the Einstein-Hilbert

Lagrangian density from Eq. (1.2.9) is

L= %HOHngHgR =—i Y E.HH, (4.1.10)
HAVFENFEO

The reader should not be alarmed by the appearance of the imaginary root of unity
i = v/—1. It is there due to the signature of the metric and the transformation
Hy — 1Hy, which was mentioned earlier, reveals immediately that this Lagrangian is
manifestly real-valued as expected.

In order to simplify this Lagrangian, recall that the field equation obtained from
the action is independent of surface integrals. One may thus remove the second
order derivatives in F,, by integration by parts. This gives for all p, v, A, 0 mutually

different
E,H\H, = [—HA((“)“HV)(@HU) — Ha(@LHV)(@LH,\)] (4.1.11)

[_H)\<ajHu> (aVHU) - Ha(aVH,u) (al/H)\)]

+

g Ho(OnH) (3] + H% [HA (06 H) (0o )]
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where the symbol = denotes equality up to surface terms. Substituting this into
Eq. (4.1.10) yields a very concise formula for the Lagrangian density in terms of the

metric coefficients only,

L= }: > H(0,H))(0,H,) (4.1.12)

Hovtatotn
4.2 Diagonal spacetime metrics in 1 + 2 coordinates
4.2.A Introduction

Consider the diagonal metric in Eq. (4.1.1) with the additional assumption that it
is independent of x®. Mathematically, this means that the metric has the Killing

0 1 .2
, 2, x°. Among many

vector 03 and depends on only three of the four coordinates: x
other physical phenomena, such metrics describe gravitational waves with a single
polarization, free to vary in two out of the three spatial dimensions.

In this case, the off-diagonal terms of the Ricci curvature tensor give only
three independent equations Ry; = Rps = Ri2 = 0. Explicitly, these equations have

a very symmetry form,

0001 Ho . 0001 Hs (OoHa)(O1Hy)  (0oH3)(01Hy) — (0oH1)(01H2)

= 421
T, . Ao, | HoH, | HH, (4.2.1)
+(30H1)(31H3)
H,H;
aOaQHl + a082}13 _ (aOHl)(82HO) + <80H3)(82H0> + (80H2>(82H1) + (aOHZ)(aQH?))
H; Hs; HyH, HyH; H,H, HyH;
8182-[{0 _"_ a182}-[3 _ (alHQ)(aQHO) _"_ (81H0)(82H1) _"_ <61H3>(82H1) + (81H2>(82H3)
H, 22 HoH, HoH, H.H, H,H,
coupled to the four diagonal equations
Ry =0 (4.2.2)

The reader should recall that the general vacuum Einstein field equations are

always an overdetermined system (see section [1.2)). The symmetric metric g, has ten
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elements, four of which may be eliminated through the use of gauge transformations.
Thus the vacuum Einstein equations R,, = 0 are an overdetermined system of ten
equations for six unknowns. In normal circumstance this might raise the question
of compatibility. Nevertheless, this is not an issue, as one can prove using the four
Bianchi identities that they are indeed compatible [5].

However, in this case the situation is different. The 1 + 2 vacuum Einstein equa-
tions for diagonal metrics form an overdetermined system of seven equa-
tions for four unknown functions. Their compatibility must be proven as well sepa-
rately, as it does not follow from the argument typically used for non-diagonal metrics.
The author could not find any evidence for such a result in the literature. Whether
the 1 + 2 Einstein equations for diagonal metrics are indeed compatible is a very
natural question to ask, as such metrics have many applications in cosmology and
astronomy, some of which will be described soon. Fortunately, it turns out that the

answer is affirmative, as the next theorem proves.

Theorem 4.2.3. The 1+ 2 FEinstein equations for diagonal metrics are

compatible.

Proof. Proving the statement of this theorem using the original degrees of freedom
Hy, Hi, Hy and Hj is very difficult. Instead, it is much easier to exploit the special
role of Hj3 as the degree of freedom that corresponds to the Killing vector 0Os. DeﬁneEL

Hy=ey H =e™p Hy = e a Hs =t (4.2.4)

2The function v that is used here is not v, that was defined in Eqgs. (2.3.12)) and (3.6.13)), nor it

is the famous Lorentz factor v = ﬁ from special relativity.
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Using these new degrees of freedom, the off-diagonal Einstein Eqs. (4.2.1)) are

(90P)(91cr) | (oar)(Dr)

80Dsf = —25(00A)(32A)+(3004)a(‘925) +(3oﬁ)7(8w)
0,0y = —27(81A)(82A)+(810‘)a827) +(8w)ﬁ(82ﬁ>

As for the diagonal Eqgs. (4.2.2)), it is convenient to represent them in an equivalent
form through the variational formulation. The Einstein-Hilbert Lagrangian (4.1.12)

is now
L =2 a_ﬁ(aOA>2 _ ﬂ(alA)2 _ @(32/\)2 _ (Gor) (8o3) 1 (01) (D7) 4 (023)(927)
gl B o gl B o
(4.2.6)
The variations of the action, % = % = % = 0, give
_ _ 2 2 2 2 52’}/2 2
G005 — 100y = —GHOAY + 1O — 1 (0,0) (4.2.7)
@) - S0 + 5 @) en)
adodocr — 100y = —a(9pA)? — a;zz (D1A)? + 2 (9A)?
2 (000 (@07) + F3(010)(017) — 7 (250)(D21)
222
04818101 + ﬁ@@zﬁ = —a/’yf (80/\)2 — &2(81A)2 — 62(82/&)2
+25 (00) @08) + 2010)(@15) + 2 (220) (2:5)
¥ B o
while the last diagonal equation, % =0, 1is
o (O‘—ﬁaoA) — (ﬂag\) — O, (@82/\) ) (4.2.8)
Y B a

To prove the statement of the theorem, we differentiate each of Eqgs. (4.2.7) with
respect to x2, ! and 2 respectively. This gives three third order equations for a, 3

and . One may now eliminate each of the third order terms using the non-diagonal
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Egs. (4.2.5). After a lengthy algebra, one sees that with the aid of Eqgs. (4.2.5)) once

more, all 38 terms in each equation completely vanish. Therefore the 1 + 2 Einstein

equations for diagonal metrics are indeed compatible. O]

The coordinates used in theorem (4.2.3) will be proven to be very useful. They
provide us with an alternative way to study general diagonal spacetime metrics. In

these coordinates, the spacetime interval is
ds® = e " [—(yda®)? + (Bdx')® + (ad2?)?] + € (dz®)? (4.2.9)

and should be very familiar. Indeed, by setting 3 = v and defining f = ~2e~?* one

sees immediately that this spacetime interval is nothing other than
ds® = f [~ (dz®)? + (dz")?] + a®e M (da?)? + M (da?)? (4.2.10)

When the metric is independent of 22 this spacetime is precisely the one studied in

section [3.6.B] Furthermore, in such a case the Lagrangian is

docx) (o) N (1) (017)
7 v

L =2 |a(0A)? — a(dN)? — ( (4.2.11)

and Egs. (4.2.5][4.2.74.2.8)) are equivalent to the ones studied in chapter 3] Therefore,

this naturally generalizes the results of the previous chapter for diagonal spacetimes.

There is another merit of using the new degrees of freedom, as in the course of
the proof of theorem we just derived a conservation law. This is of course
Eq. . Whenever the metric is asymptotically flat, it also yields the integral of

motion,

P= / {O‘Tﬁaozx} dx'dx? (4.2.12)

which is the conjugate momentum of the function A, as can be easily seen from the

Lagrangian in Eq. (4.2.6]).
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4.2.B Plane gravitational waves

Waves come in many forms and shapes. The simplest of which are of course plane
waves, whose wavefronts are parallel planes extended ad infinitum. In general rela-
tivity, plane gravitational waves are typically studied as a special case of the famous
pp-waves [41]. The pp-class consists of any spacetime metric that can be casted into
the form,

ds® = H(u,z,y)du® + 2dudv + dz* + dy? (4.2.13)
For such a metric, Einstein’s vacuum equation reduces to Laplace’s equation,

O?H 0°H
5 g =0 (4.2.14)

and is therefore linear in H. A pp-wave is called a plane wave if H can be transformed
into

H(u,z,y) = a(u)(x® — y*) + 2b(u)zy (4.2.15)

where a(u) and b(u) control the waveform of the two possible polarizations.
Diagonal metrics of 1+2 coordinates with the
pp-waves
spacetime interval (4.2.9) may describe pp space-
times as well as many non-pp spacetimes (such as

the Schwarzschild black hole). Either way, they ne waves

1 + 2 diagonal spacetimes

correspond to a different class of solutions of Ein-
stein’s vacuum equations (see figure (4.1)).

The equations considered in the previous sec-
tion allow investigating diagonal metrics

with

FiGURE 4.1. There are various
classes of wave solutions of Ein-
stein’s vacuum equation. A di-

B=p0mn ~v=~(n) agonal metric is not always a pp-
spacetime (and vice versa).

A=A(n) a=a(n) (4.2.16)
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where each metric coefficient depends on all three coordinates through
1 0 1 2
n = 5(—x +pxr + qz°) (4.2.17)

The form of the parameter n corresponds to the naive definition of a plane wave
propagating with velocity v = (p? + ¢*)~!, similarly to plane waves studied in other
fields of physics. The factor 1/2 is there because then setting p = 1 and ¢ = 0 reduces
7 to its former definition from the previous chapters. But is this ‘naive’ plane wave
consistent with the canonical definition of a plane wave as a subset of the pp-class?

To answer this question, consider Einstein’s vacuum equations. For the metric

coefficients (4.2.16)), the diagonal Eq. (4.2.8) gives

(a_ﬁA,>/ — (ﬂA/>/ + (@A’)/ (4.2.18)
Y 5 o}

Integrating it and noticing that A’ must vanish at some moment of time shows that

the integration constant is trivial. Hence the following algebraic relation holds,
o’ 3 = p*aly? + ¢* 322 (4.2.19)

To ensure asymptotic flatness, one may impose the conditions «, 3,7 — 1 and A —
constant at spatial infinity. In particular, this guarantees that the metric converges

to the Minkowski metric. Taking this limit in Eq. (4.2.19) gives the relation
1=p"+¢ (4.2.20)

which has a clear physical interpretation. It shows that the gravitational wave is
asymptotically flat if it travels precisely at the speed of light, just like the plane
pp-waves [41].

Whenever p,q # 0 the off-diagonal Eqs. (4.2.5) give three nonlinear ordinary
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differential equations,

" pwpa (27
— = 2(A)+a(ﬁ+7) (4.2.21)
!/ , /6/ Oé/ ,}/)
T oAV (4L
3 2()+ﬂ(a Y
SANNEPYIVA 1’(2’ ﬁ’)
gl 2(>+’7 oz+ﬁ

where the prime denotes differentiating with respect to the variable 7. Similarly, the

diagonal Eqs. (4.2.7) are

a?(B8" —p*") = (=B +pPaPy? — ¢6%7)(N)? (4.2.22)

042 Oé2

+ <Tﬁ - p277 + q2ﬁv) ek
o3 I

Flaa” — @) = (=’ —p*a®y* + ¢?5°7°) (M) + <T + pPay — q277) o'y

2 2
’y2(p2040//+q25ﬁ”) — (—Oé2ﬁ2—p206272—q252’72)(/\,)2+ (aﬁ+p2%+q2%) O(,B/

As in the last section, Einstein’s equations in this case are an overdetermined
system. They are seven equations for four unknowns «, 3, and A. Unfortunately,
theorem (|4.2.3)) is no longer valid, as the functions sought here are of a very special

0

form, depending on the coordinates 2°, 2!, 2% through the phase n only. This means

that compatibility has to be studied once more.

Replacing then the off-diagonal Eqs. (4.2.21)) in the diagonal Eqs. (4.2.22). A
lengthy algebra that exploits the relation just derived in Eq. (4.2.19) reveals that the

plane wave Eqs. (4.2.21)) and (4.2.22) are compatible if and only if,
(@) (8%) = p*(a®) (V) + (62 (?) (4.2.23)

Indeed, this means that every gravitational wave that is diagonal and planar must
satisfy the compatibility condition (4.2.23]) and propagate at the speed of light (by
Eq. (4.2.20)). It will next be proven that one may always take p = 1 and ¢ = 0.
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Thus, without loss of generality it is sufficient to consider a wave propagating along
the positive z'-axis only.
To prove this claim, subtract each pair of consecutive off-diagonal equations

(4.2.21)) to write them as

Yy — (i Lyan Ly 2.
(1115) = (1 ﬁ)(l aﬁ) (4.2.24)
Y\ nl/ nﬁ/
<1ng> . g)(l 2
(m;)" = (hl;)'(lnﬂ—v)'

These equations can be integrated immediately to yield

(ln%)’ = Cla_’yﬁ (4.2.25)
Ty o B

(h’la) = CZOK)/
B, a

2y = Ci—

(nv) CS@’V

where C, Cy and Cj are arbitrary constants of integration. Adding Eqs. (4.2.25)) and
multiplying the result by a3y gives a compatibility condition

0172 -+ 0252 -+ 03052 =0 (4226)

Therefore, there are several possibilities.

If C; = 0 then § is proportional to . Rescaling the coordinate z! by the same
proportionality factor shows that such metric is of the form (4.2.9)) with § = «. The
second case is when either Cy = 0 or C3 = 0. Assuming without loss of generality
that it is the former C5 = 0, show that ~ is proportional to a and therefore from Eq.
(4.2.23), 0 = ta giving again the form (4.2.9) with § = «. The last case is when a,
[ and ~ are all proportional to one another.

Either way, it is clear that one may always assume that the metric is of the form

(4.2.9) with a = 3. From Eq. (4.2.20) there is an angle 6 such that p = cosf and
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g = sinf. This angle determines the direction of propagation of the gravitational
wave. But then, a simple rotation of the 2 — 22 plane by § shows that without loss of
generality, one may always consider the wave to propagate along the positive z!-axis.
This means that p = 1 and ¢ = 0, and the variable n in Eq. reduces back to
its original definition from section [I.4]

We have therefore shown that without loss of generality, the metric can can always

be written in the form (4.2.9)) with o = 3 such that all of the metric coefficients depend

only on n = %(ml — 2°). However, then Eq. (4.2.23) together with Eq. (4.2.20)) prove

that @ = v as well. Further rescaling of 7 finally yields the metric
ds® = e [—(da®)? + (da')® + (ad2?)’] + € (d2?)? (4.2.27)

This is equivalent to the spacetime interval (4.2.9) with =~ =1, p=1and ¢ =0.
For such a metric, all of Einstein’s vacuum Eqs. (4.2.5)), (4.2.7) and (4.2.8)) yield a
single equation,

"+ 2a(N)? =0 (4.2.28)

This is the famous Bondi-Pirani-Robinson waves [20]. It is a known fact that it is a

plane pp-wave [41].

4.2.C  Stability

As shown in the last section, by properly choosing the coordinate system used, one
may always describe a plane gravitational wave with a diagonal metric as propagating
along the positive x'-axis. This means that all the coefficients of the metric defined
in Eq. are functions of the light-cone coordinate n = 3(z' — 2°) alone. Fur-
thermore it was shown that one may further assume that 7 = v = 1. These waves

satisfy the Bondi-Pirani-Robinson Eq. (4.2.28]),

0 = af + 2ap(Af)? (4.2.29)
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where ap = a(n) and Ay = A(n), and the prime denotes differentiation with respect
to the variable 7.

Eq. (4.2.29) reveals a peculiar situ- N

ation where the two degrees of freedom

satisfy only one equation, which is thus J\f& "

an underdetermined system for «y and

Ag. Therefore one of these functions can

be set arbitrary. Physically, this means

FIGURE 4.2. The profile of the Bondi-
Pirani-Robinson gravitational wave can
any wave profile as determined by Ag. have arbitrary form, with the wave propa-
gating in the positive z!-direction only.

that such gravitational waves may have

As a practical example, consider the so-

lution ag = tanhn, for which Eq. (4.2.29) implies that Aj = —=L is of a soliton-like

" coshn

form.
Since «y vanishes at 7 = 0, the metric is singular at this point. Nevertheless, this
is not a physical singularity. A simple but lengthy calculation shows that all of the

components of the Weyl tensor H are proportional to either one of the two components,
00220 = (010)26_4A000330 = —(a0)26_2A0 [Ag + 3([\6)2] (4230)

and therefore the BPR spacetime is never singular when g = 0 (in fact, ag = 0
corresponds to points where the spacetime is flat). In the following it will be assumed
that A{ is of Schwarz class and that oy has polynomial behavior at infinity. This
assumption guarantees asymptotical flatness of the BPR wave. In particular, under
this assumption Eq. implies that «q is asymptotically linear as || — co. By
properly choosing the coordinates it can always be assumed that oy converges to a
constant as n — —oo.

Since the BPR waves are a solution the Einstein vacuum Eq. , the stress-

energy tensor T}, is identically zero and there is no other source of gravitational

3The Weyl tensor is another measure of the curvature of spacetime. It is the only part of the
curvature of spacetime that exists for vacuum solutions of Einstein’s equation [5].
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fields. One can therefore think of the field and its stress as in equilibrium under the
gravitational effects of the Bondi-Pirani-Robinson gravitational waves themselves.
We have an equilibrium, but is it stable? The goal of this section is to explore this
fascinating question.

The stability of plane gravitational waves is of great importance. In the past two
decades there have been serious attempts to detect gravitational waves, so far unsuc-
cessful. This includes but is not limited to the Laser Interferometer Gravitational-
Wave Observatory (LIGO), a monumental project costing several hundred million
dollars [42]. If plane gravitational waves are unstable, there is a very good reason
they are difficult to detect, as small departures from idealized waves might destroy
them.

To study this question of stability, consider a small perturbation of the Bondi-
Pirani-Robinson waves that allows them to propagate weakly in the perpendicular
x-direction and to even return in the negative z'-direction. In this approximation
the equations are linear and it is possible to separate their disturbance into proper
modes and find their frequencies, whether real (stability) or imaginary (instability).

Therefore we consider metric coefficients of the form
a =+ 0o B=1+0d3 v =1+ 0y A= Ao+ 0A (4.2.31)

where dov, 63, 8y and SA are small corrections that depend on all variables ¢, n and 2.
Here ap = ap(n) and Ay = Ao(n) depend on 1 only are the original BPR coefficients.
Linearizing Eqs. (4.2.5) with respect to the perturbation, and transforming to

Fourier modes ¢ — Q and 22 — k gives three second order differential equations for
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the perturbations of «, § and ~:

(68)" — (07)" = 4QAL(SA) + [2iQ0, + Q> — 2(A()?] (68) (4.2.32)
+[2i00, — Q% + 2(A))?] (67)
(be)" = —daghy(A) + {zman + 02— 4(N)? - %} (5cx)

2
F200(0509) + 2040, — ‘-~ 200(A?] (60

(60)" = —dagAb(6A) + (—2iQ0, + Q2 — 4(A))2 — “0)(5a)
2
2000y + o~ 200000 95) + 2000852060

where the primes denote differentiation with respect to the variable 7.
As for the diagonal equations in (4.2.7]), the first equation is a second order ordi-

nary differential equations for the function da,
(da)" = —4agAG(0A)" — [92 + 2(A6)2} (da) + ag [(68 + 6v) —iQ(68 — 67)] (4.2.33)

The second and third equations in (4.2.7)) yield two first order equations for the
perturbations 5 and 0~ provided that the frequency k is nonzero,

(68) = {Z—EMQ} (8) — 20 (5A) (4.2.34)
@ = |2 i 0n) - 20000

and are otherwise automatically satisfied. Last but not least, Eq. (4.2.8)) is a first

order equation for the difference in perturbations of 5 and ~,

2
0 = — |2iQap0, + Qo — %] (6A) — iQAL(5a) + [aoAy (88 — 67)] (4.2.35)
0

Thus, we obtained an overdetermined system of ODEs that includes seven equa-
tions for the four unknowns da, 63, 6y and dA. Quite remarkably, a very similar
situation occurs in what physically seems to be a complete different stability problem

in general relativity - the stability of the Schwarzschild singularity. In a famous work
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of Regge and Wheeler [43], they showed that the complete set of Einstein’s equation
gives only seven equations for four unknowns, just like we have here. To analyze the
equations herein obtained, it is convenient to distinguish two cases that are physically

very different.

The case k = 0 corresponds to a metric independent of 22, namely a wave that
propagates along the positive x!-axis only and may collide head-on with a weak wave
propagating in the negative z'-axis. As was already mentioned in the first chapter,
block diagonal metrics depending on n and ¢ only may be casted to a very special
form . In this case, one may therefore assume without loss of generality that
0 = 6. This reduces the stability equations to five equations for three unknowns

da, 60 and §A. Subtracting the last two equations in (4.2.32)) gives
4iQ(5ar) = 0 (4.2.36)

If Q2 = 0 then the wave is perturbed in the n-direction only. However, it was shown
in the last section that such waves can always be transformed to the BPR form, and
therefore €2 = 0 is a trivial perturbation. Otherwise, da is constant. Using this in

Eqgs. (4.2.32) and (4.2.33]) again, shows that in fact da vanishes, dav = 0.
Since the wave cannot perturb «, Eq. (4.2.35) can be simplified to

0 = 2a0(5A) + af(5A) (4.2.37)

which may be integrated immediately to give dA = \/]}4— So far, all of Einstein’s
@Q

\
equations are satisfied with the exception of the first equation in (4.2.32), which

determines 03

(68) + Ay(5A) = 0 (4.2.38)

It can be integrated immediately once Ag is known. In fact, it will be shown in section
[4.4.B] that when k = 0 the nonlinear Schrédinger-Einstein equations are integrable in

general.
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The case k # 0 describes a wave that may collide with a transverse wave propagating
in the a%-direction as well as reflect in the negative z'-direction. Here the stability
of the BPR wave and that of the Schwarzschild singularity reveal even greater sim-
ilarity. For the latter, Regge and Wheeler proved that the seven stability equations
are equivalent to three differential equations coupled to one algebraic relation, from
which the stability of the Schwarzschild black hole followed [43]. Considering the fact
that the two problems are physically quite different, it is surprising and refreshing
news that also here one may reduce the overdetermined set of seven equations to a

much simpler set of four equations for the four unknowns.

Theorem 4.2.39. If the frequency k # 0 then the seven stability equations ,
(4.2.33), (4.2.34)) and are equivalent to four equations, three of which are
first order equations for 63, v and O\,

(683) = B—Z + m} (63) — 274 (5A) (4.2.40)
B = |22 - ia] @) - 250m)
(6A) = — (éi:% + 2‘2’0) (6A)
+ {—%Ag Qk—g;ﬁ—g - %Aozﬂ (68 — 67) + A’ 1(68 + 67)
plus an algebraic relation for da,
= (0a) + (% ’ Q; ) (08 — &) (4.2.41)

Proof. Egs. (4.2.34) allow completely eliminating any derivatives of 64 and ¢~ in
each of the stability equation. In fact, differentiating them and plugging their deriva-
tives into the first off-diagonal equation in (4.2.32)) gives a trivial result. Therefore
the first off-diagonal equation in is the consequence of two of the diagonal
equations.

Similarly, the diagonal Eq. can be used to eliminate the second derivative

of dar in the two remaining off-diagonal Eqs. (4.2.32). The result can be simplified
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even more by excluding the derivatives of 3 and d~ again. This gives two first order

equations for da,

0 = 20(Q+id,)(6a) (4.2.42)

k2 /\2
] (0) — {%Qag + 4@—0 + 2ap(Af)? — (020) | (67)

/1\2
+ 20[0([\6)2— (040)
Qg

0 = 20(Q—id,)(0a)

+ _QiQag + %k: — 20(A)? + %] (00) + [QaO(A6)2 — (260>2_ (07)

Adding these equations proves that the algebraic Eq. holds. It can be used
in the last diagonal equation to eliminate da altogether, yielding an equation
for 6A. This is the last equation in (the first two equations in (4.2.40|) were
already derived in Eqgs. (4.2.34). This proves the that seven equations imply the four

equations (4.2.40f) and (4.2.41)).

Conversely, it is a straight-forward but an elaborated task to use Eqs. (4.2.40))

and (4.2.41)) in the seven Eqs. (4.2.32), (4.2.33)), (4.2.34]) and (4.2.35)) and see that

they are identically satisfied. m

The fact that Eqs. are decoupled from da, shows that one only needs to
focus on these equations. One solved, they can be immedietly used in Eq.
to give the function da.

Let 68 = 2ao(B*+B7), 0y = sao(BT — B™) and 6A = apL. From Egs. (4.2.40),
the functions BT, B~ and L satisfy

(B*)’ = QB” —4A)L (4.2.43)
(B7) = iQB*
ik? 3 1 kE? A 3, q 1
L/ - _ v _0 R v/ __0__ /_0 B— _A/B+
(Qag +2a0) +[ 200 T a0z a2 49 %qq o

One may eliminate BT from the third equation using the second equation, to get a

first order equation relating L. and B~. It is a miracle that it can be written in a very
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simple form

k2 3a
g — 4 9= 4.2.44
+ (QO{% + 2 Oéo) ( )

where ¥ = 2iQL — A B~ is a complex-valued ‘wave-function’. It may be integrated

immediately to obtain an algebraic relation between L and B~

K ik® [ dn
Uv=2%0L A B = — —— — 4.2.4
L= M8 = e"p[ o/ a%} (4.2.45)

where K is an arbitrary constant of integration.

This allows to obtain a single second order equation for B~ alone. Differentiate
the second equation in (4.2.43)). The derivative (B*)" may be eliminated through the
first equation in (4.2.43) while the function L can also be excluded using the algebraic
relation just derived. This yields a single second order equation for the function B~

only,
A ik* [ dn
—\/ 2 2\ R— 0 v A I
(B7)" + (2* +2A7)B +2K|a0|3/2 exp{ O /a%} 0 (4.2.46)
Once solved, L and BT can be easily obtained from Eq. (4.2.45) and the second
equation in (4.2.43]).

In both cases £ = 0 and k # 0 imaginary modes yield a spacetime that is not

asymptotically flat and can therefore be disregarded on physical grounds. Conse-
quently, we conclude that there are no unstable solutions for the perturbation, and

that the Bondi-Pirani-Robinson wave is stable.

As an example, let ap = tanhn and Aj = —£L be the BPR wave that was men-
1

tioned earlier. For this wave the integral in Eq. (4.2.45)) can be evaluated explicitly,
1.2

exp [—L(n — coth 77)] (4.2.47)

U(n,Q,k) q

~ | tanhy[3/2
Consider now a collision between the incident wave W (for fixed frequencies k and )
and a wave barrier. Normally, such a collision generates a reflected wave. However,

here the asymptotic behavior of ¥ is
ik?
U ~ Kexp —ﬁ(n F1l)| asn— oo (4.2.48)
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incident ¥ wave

\
no reflected wave
‘\
R transmitted ¥ wave
\

FI1GURE 4.3. The diagram shows the ‘wave-function” ¥ for g = tanh#. In this case,
Eq. shows that U represents a wave traveling to the right both before and
after hitting the wave barrier. Therefore there is no reflective wave and the barrier is
transparent for W. The only remenant of the interaction is a phase shift.

showing that the wave ¥ maintains the same asymptotic behavior except for a phase
shift and is furthermore transparent to the barrier (see figure (4.3))). This is a striking
fact and a hint of integrability.

In studying the stability of the Bondi-Pirani-Robinson wave and that of the
Schwarzschild black hole, we noticed a remarkable analogy between the problems.
It is therefore very reasonable to except that stability follows in more general circum-
stances. The fact that both the Bondi-Pirani-Robinson wave and the Schwarzschild
black hole are a special case of the block diagonal metric integrable by the
inverse scattering transform, makes it tempting to conjecture that perhaps all the so-
lutions of the Einstein vacuum equation belonging to this class of metrics are stable.

It is the author’s goal to explore this issue in future work.
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4.3 Weak gravitational waves
4.3.A The general case

The previous two sections focused on gravitational waves of arbitrary magnitude. The
goal of this section is to study weak gravitational waves. The main reason to restrict
one’s attention to weak waves is practical: one may use perturbation theory to derive
easier equations for analysis. These new equations can in many cases be solved, and
suffice in order to study gravitational waves in our solar system.

The assumption of weak gravitational waves requires the existence of a small
parameter with which perturbation theory can be used. In general relativity, there is
no such parameter in general. This issue can be overcomed by artificially introducing
a small parameter ¢ < 1. Furthermore, it is assumed that the metric is nearly flat,
in the sense that it is close to the Minkowski flat spacetime metric. This allows

expanding the diagonal coefficients H; in the metric (4.1.1]) in powers of ¢,
H, =1+ hue+ g,e’ (4.3.1)

The two leading terms for the rotation coefficients (4.1.5) are

_ Ohy,
O

O\ O9uy 2 | (2 (4.3.2)

—h,
et oxv  Oxv

Quu

and similarly, the two leading terms of the coefficients Ej;, (4.1.8]) are

0?h 0’h
E, = £ “ 4.3.3
v = |ot ] 439
d%g,, D%g 0 , Oh, 0 . Oh Oh, Oh
v , _ h v YUltp v 2 0O 3
T o T o T e e dun M Ben T 2 Dt 0 (=)
The non-diagonal Einstein vacuum equations R, = 0 are
0?hy,
=0 4.3.4
OxHozv ( )
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in the leading order, and

829,\ 82h,\ ah)\ ah,, 0 ah)\
—Ir L (h. —h — — =
2 {&v”@x“ R v il i il o “axu} !

(4.3.5)
AFp,v

in the second order. Similarly, the diagonal Einstein vacuum equations R, = 0 are

d*h,, d*h,
; {mﬂ)Q + 8(:%)2} =0 (4.3.6)
in the leading order, and
Z d%g,, N &g, 0, 0Oh, 9 h oh, Ph,  Ph, 0Oh,, Oh, 0
= o(xv)2  O(xr)2 Oxv " Oxv  Qxr MOxr U\ O(xv)2 O(a)? A#V('?xkaﬁ B

(4.3.7)

4.3.B Waves in 1 + 2 coordinates

Assume now that the spacetime metric depends on three of the four spacetime vari-

ables, namely H; = H;(2°, 2!, 2%) as in section . This reduces the off-diagonal Eqgs.

[@34) to
82
91091 (h2 +h3) = 0 (4.3.8)
82
daopga ) = 0
2

which can be easily solved. Since these are three equations for four unknowns
hg, h1, ha, hs it is convenient to denote by h = hs the auxiliary degree of freedom.

Then,

ho = —h+ep(2®,2?) + e (2’ ') (4.3.9)
hi = —h+ep(a® ") +ep(z, 2?)

hg = —h -+ 620(33'0, £E2> + 621(%1, 1'2)
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where the e,,’s are arbitrary functions of two variables and h is an arbitrary function
of 2%, xt, 2%

Consider the case e, = 0 for all u,v in which hy = hy = hy = —h. This means
that all the degrees of freedom of the leading order equation are contained in the
function h. So far only the leading order off-diagonal Eq. is satisfied. In this
case where e;; = 0, all of the diagonal equations R,, = 0 give the same equation in

the first order. Specificaly, Eq. (4.3.6)) reduces to the wave equation

Oh =0 (4.3.10)

where O = — 6(23)2 + 8(2?)2 + 8(22)2 is the d’Alembert operator in three dimensions.
This is a known result [5], which demonstrates once more the fact that the vacuum
Einstein equation reduces to Laplace’s equation in the non-relativistic limit.
Consider next the general case, when one does not impose that the functions e;;
vanish. In this case, the diagonal equation R33 = 0 gives again the wave Eq.

in the leading order, and the equations Rgy = R1; = Ry = 0 are in the leading order,

82602 (92601 82610 82620
— O — — = 4.3.11
h + (9(3:2)2 + a(xl)Q 8(1;0)2 8(.’170)2 0 ( 3 )
82612 82601 82610 82621
—0h + d(x2)? + d(z1)2 o d(x0)2 + d(x1)? =0
_Oh 1 82612 4 82621 _ 82620 _ 82602 B

(2?2 " oz 8202  O(x?)?
But the wave Eq. (4.3.10) shows that h is eliminated from these equations. Note

that these equations do have non-trivial solutions, for example

€20 — €p2 — (%0)2 + (.T2)2 (4312)
€01 = €19 = (950)2 + ($1)2
€12 = €21 = (371)2 - ($2)2

In fact, one can add any linear term and even scale them to obtain more solutions. To



127

find the general solution, we notice that Eqgs. (4.3.12) are equivalent to the equations,

0% 9%e 0%e 0% 0% 0%
01 10 02 20 12 21 (4313)
6(%1)2 6(230)2 6($2)2 6(.2170)2 6(332)2 6(3:1)2
N g NS g A >
vV Vv Vv
function of 20,21 function of z0,z2 function of z!,z2

Note that each expression (separated by equal signs) is a function of two variables
only, and that the intersection of all sets of pairs of such variables is empty. This

means that each of the expressions is a constant, and therefore

82601 82610

@y Ay - K (4.3.14)
82602 _ 82620 - K

8(x2)2 8(370)2

62612 82621 - K

O(x2)? + A(z1)?
where K is an arbitrary constant. These are three equations for six unknowns, giving
us an underdetermined system of equations. By fixing eyq, esg and es;, these equations
can be easily solved for e, ege and eqs.

It is time to consider the next order correction. This will be done for ¢;; = 0 only.

The non-diagonal Eqs. (4.3.5) yield

0? 0%h
W(go +93) = QhW (4.3.15)
0? 0%h
v — op2 "
02902 91+ 95) 0x00x?
0? 0%h
_Z — op2
0x00x! (92 + 95) 0x0x!
The correction to the diagonal equation R33 = 0 is
Ogs = (Vh)? (4.3.16)
and the other diagonal Eqs. (4.3.7)) give
o? 0%h 9
Ogo + —8(x0)2 (+90— 91 —92—g3) = _Qh—a(xO)Q +(Vh) (4.3.17)
0? 0?h 9
Ugr — W(—go +91—92—93) = th + (Vh)
0? 0’h

Oga — m(—go —g1+092—03) = th + (Vh)?
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where (Vh)? = — (%)2 + (%)2 + (%)2. Note that once h is known, the linear
equation for gs can be solved using standard techniques. In turn, this gives a coupled
set of linear equations for go, g1, g». This means that up to order €2, the function
h comprises all the information about the gravitational wave except the initial /
boundary conditions.

Surprisingly, a similar result holds true up to the fifth order in . Up to fifth order
in €, the behavior of a gravitational wave is completely determined by the amplitude

of the gravitational field in the direction of the Killing vector d3. This result is the

topic of the next section.

4.3.C Higher order analysis
As was just shown, the metric coefficients
Hy =1 — he + goe* Hy =1— he + g1 Hy=1—he+ goe®  (4.3.18)

describe a general perturbation of the Minkowski spacetime up to second order in a
small parameter €. In the last section it was assumed that gg, g1, 9> and h are all
independent of e. One may consider an alternative approach.

Instead of treating Eqs. (4.3.18) as a perturbation expansion, the four degrees
of freedom ¢g, 91,92 and h can be considered as new degrees of freedom replacing
the original Hy, Hy, Ho and H3. The only caveat is that now, the new degrees of
freedom are functions of the spacetime variables xg, x1, rs together with the auxiliary

parameter . In particular the fourth metric coefficient is now
Hs =1+ he (4.3.19)

instead of Hs = 1 + he + g3e? as it was before.
It will prove very convenient, to use once more the functions «, (3,7 and A in-

troduced in the proof of theorem (4.2.3)). The perturbation of Minkowski spacetime
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described earlier means that A is of the form
A=c¢h (4.3.20)

where h = h(z% 2!, 2% ¢). Tt is easy to see from the Lagrangian that when
expanding in powers of ¢, this automatically takes care of the first order correction
in €, as

Hy=ey = (1-he)(1+0()) (4.3.21)

and we have already seen that up to the first order Hy = 1—he. Due to the symmetry

2 coordinates, the same result holds true for H;, Hy. This means that

in the 2°, 2!, x
the leading order correction in «, 3, from a Minkowski spacetime is of second order

in €. In general then, one has

a=1+¢c%a B=1+¢ y=1+¢e% (4.3.22)

1

where a, b, ¢ are functions of 2°, z!, 2% and the auxiliary parameter e. Expanding the

Einstein-Hilbert Lagrangian (4.2.6)) in € allows us to write it as

1
2_€2£ = ‘Clinear + 52£nonlinear (4323)

where the linear term is just the Lagrangian of the wave equation,

[(h)* — (911> — (02h)?] (4.3.24)

»Clinear =

N | —

and the nonlinear term is

Enonlinear = [(a + b— C) (80h)2 - (Cl —b + C)(alh)2 - (—Cl + b + C) (82h)2 (4325)
—(0oa)(Dob) + (91a) (D) + (92)(020)] + O(")

is _ 65 _ 88

The diagonal Einstein equations §2 = 2 = &2 = 0 are now

0 = 80(9017 — 61810 + ((90h)2 — (81h>2 + (th)2 (4326)
0 = 0yOoa — Oedac + (Oph)? + (O1h)* — (Ooh)?
0 = 0101a + 0s00b + (0oh)* + (O1h)? + (92h)?
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and the non-diagonal equations are

8081a = -2 (80h) (81h) (4327)
300217 = —2 (80h) (82h>
Oidsc = —2(01h) (0sh)

This shows that the functions a,b,c are completely determined by the function h.
Moreover, their form can be easily derived by simple integration of Eqs. (4.3.27)) once
h is known. We are thus left to study the diagonal equation §S/dh = 0, which gives

a nonlinear evolution equation for the function A,
Oh = —2[0y ((a + b — ¢)Oph) — O ((a — b+ c)O1h) — Oy ((—a + b+ c)yh)] (4.3.28)

To decouple the last equation from the equations for a, b, ¢, consider the Fourier

transform (z°, !, 2%) Z (w,p,q) of Eqs. (4.3.27). After symmetrization, these are

just

- Wip2 + wWapi YA A AV
k) = — h(k1)h(k2)o(k — k1 — ko)dkydky  (4.3.29
olf) = = [ (R (R)o(F — By — By (43.29)

w1@2 + Waq1 -

bk) = — Rk (k)8 (k — Ky — ky)dkydk
F) = = [ bR — o~ R,
7 P1g2 + P2t PR TS B RN AT
) = — Rk (k)0 (k — Ky — k) iy die
(%) /@rﬂ@@+@)<ﬂ(ﬁ( 1= ko)dkadhy

where the wave vector is k = (w,p,q) and the integration is performed over a six

dimensional Fourier space. This means that our interaction terms in the Lagrangian

are very simple. They are

+ WaP1G1 ) w3y
b 9 h 2 _ 2/ (W1p2q2 X 4.3.30
(a C)( 0 ) (Wl + wz)(pl —|—p2)(ql + Q2) ( )

h(kx) (k)R (k) h(k)d(k — k1 — ks — ks — ka)dkdkadkdy
+ Pow1G1)P3Pa
a—b+c)hh)? = 2/ (Preoage
( )(O1h) (w1 + wa)(p1 + p2)(q1 + @)
h(Ey) Rk h(Es) (k)3 (K — Fy — Ky — ks — ky)diydkadisdiy
+ qow1P1)q34s
—(Z+b—|—C ahQ — 2/ (QIw2p2
( )(0:h) o1+ o)1 )@+ )
h(ky)h(Es)h(ks)h(ka)S(k — ky — ko — kg — ka)dkdkodksdk,
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and

_ (wip2 + wap1 ) (W3qs + wags3) «
(Goa)(Ood) = / TETSITETN (4.3.31)

h(ky)h(ko)h(ks)h(ka)S (K — Ky — ko — ks — ky)dkydksdksdky
(w1p2 + wap1)(P3qs + Pags)
(01a)(Ohc) = — / 1 & w2)as - a0) X
Bk h(Ry)h(ks)h(Fa)S (K — Ky — ko — s — Ky)dkydRsdkadky
(0ub)(Ba) = _/ (W1g2 + waq1) (P3gs + Pags) «
(w1 + w2)(ps + pa)
h(ky)h(ko)h(ks)h(ka)S (K — Ky — ko — ks — ky)dkydksdksdky

~— [ —

Thus one may completely eliminate a, b and ¢ from the Lagrangian (4.3.23]) and write
it in terms of the function h only. The nonlinear interaction term (4.3.25)) can now

be written in the Zakharov-Schulman form [44], as

-

Loontinear = / Tyasah(ky ) (ko) h(ks)h(k1)0 (K — ky — ko — ks — Ky ) dky dkodksdky (4.3.32)

where

Ty — (iP2F@oP)(@sts +wigs)  (@ip> + wapi) (Pads + Pads) (4.3.33)
(p1 +p2) (a3 + qu) (w1 + wa)(qs + qa)
(w1q2 + wa2q1) (P3qa + D4gs3)
(w1 + w2)(ps + pa)
(W1p2qa + wap1q1)wsws — (Prw2gs + Paw1G1)P3ps — (QWapP2 + 2w1P1)q3G4

(w1 + w2)(p1 + p2) (@1 + ¢2)

+2

The last analysis culminated in a Lagrangian for the function A only. This La-
grangian is correct up to the fifth order in ¢, and yields a nonlinear evolution equation
for h. One may proceed in a similar fashion to include higher order terms, but it will
not be done here. This formulation is very powerful and can be used to obtain a
lot of insight about Einstein’s equations. Specifically, one may use it to write the

Lagrangian and Hamiltonian in their canonical form.
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Moreover, by applying quantum lan- pr+p2+ps

— =<

>§>S>§

guage to this classical problem, this anal-
ysis can be used to examine the realiza-

tion of various processes. In particular, FIGURE 4.4. The collapse of one gravi-

tational wave to three gravitational waves

is a forbidden process in 1D. Due to the

interactions between weak gravitational time-reversal symmetry, the opposite pro-
cess is also impossible.

one may prove immediately that certain

waves can never take place in Nature.
As an example, consider the special case of waves with momentum mostly in the

z'-direction. To model this, we let ¢, = dp, (p =1,2,3,4) and take the limit § — 0
in Eq. (4.3.33]) to get

T _ (wip2 + wopr)(waps + waps)  2(wipz + wop1)p3pa (4.3.34)

1234 = — .3.
(p1 + p2)(p3 + pa) (w1 + w2)(ps + pa)

(w1P3 + wop?)wswy — (w1 + wa)P1PapP3pa

(w1 + w2)(p1 + p2)?

+2

Since the integral defining the nonlinear Lagrangian L, gninear 1S performed over a
symmetric space in El, Eg, /;3 and E4, only its symmetric part give a non-trivial con-
tribution to the integral. Let S = Symm(T}234) be the symmetrization of Tj534. Here
S = S(w1,ws, w3, ws; P1, P2, P3, P4) is independent of ¢; due to the initial assumption.

A direct but tedious computation shows that

S(=|p1 + p2 + 3|, |pal, P2l [psl; —(p1 + p2 + p3), p1,p2,p3) =0 (4.3.35)

and therefore a collapse of a single one-dimensional wave to three waves does not
happen in the weak field approximation employed here. This is not a surprising
result considering the fact that the Bondi-Pirani-Robinson waves were shown to have

arbitrary profile in section {.2.C] Similarly,

S(=lpl, =Ipl. Ipl, [pl; =p, —p,p,p) = 0 (4.3.36)

and therefore there is no two-wave to two-wave interaction (for waves with equal

momentum p).
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FI1GURE 4.5. Two gravitational waves that travel along a single axis cannot interact
and change momenta. Even if all waves share the same momentum p the process is
forbidden.

As a last example, notice that on the resonant surface |pi| + |pa| = |ps| + [pa|. If

one assumes that either py, ps, p3, ps > 0 or p1, p3 > 0, pa, ps < 0 then again

S =0 (4.3.37)

4.3.D Axial symmetry

One may use a similar treatment to the one done before to include weak waves with
other symmetries, such as weakly interacting waves with axial symmetry. This will
be done here in the leading order in € only. Weak waves with axial symmetry are
most easily represented in cylindrical coordinates z# = (¢,r, z,6) by a metric that is
independent of #. They can describe the asymptotic behavior of numerous compact
objects located and moving along the same axis, and even the head-on collision of

two Schwarzschild black holes traveling along the z-axis. Let
Hy =i(1+ €hy) Hi=1+¢h Hy =1+c¢hy Hs =r(1+e¢ehsg) (4.3.38)
be a perturbation of the Minkowski spacetime

ds® = —dt* + dr* + d2* + (rdf)? (4.3.39)
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In the leading order in ¢, the (non-trivial) non-diagonal elements of the Ricci curvature

tensor are
Ry = 5% F(hl ~hg) — W} (4.3.40)
2
R =~ | =55

Denoting h = hs as before, the simplest solution of the the second equation is h; =

—hs. This means that the equations Ry; = Ri2 = 0 reduce to

0%h, 0%h 2 0h
otor — otor r ot (4.3.41)
Pho  O*h 20k
020r 0z0r roz

which are easily solvable once the function h is known. Take a solution for which hg
and hy are equal, and denote hg = ho = f. Then f satisfies

af  oh 2
5 =" " h (4.3.42)

To determine the function h, we consider the diagonal equation R33 = 0, giving

2 2 2 _
R33 = 6’]“2 |:<a— — a_ _ %) h — 18(]10 hl + hQ + 2h3) (4343)

ot?2 022 r or
4
= 57’2 |:—|:|h + —Qh:|
r

where in the last line we used the non-diagonal equations, and the d’Alembertian in

cylindrical coordinates is [1 = —g—; + g—; + g—:z + %%. This means that the function

h satisfies a variant of the cylindrical wave equation

4
Oh = —h (4.3.44)

There are also the other diagonal equations Ry = Ry1 = Rss = 0, but one can

easily verify that they only provide one new equation,

0? 0? 9’h  30h
R00+R22:2€ - f+—+——
or?2  ror

55 9 (4.3.45)



135

Therefore the entire set of Einstein’s equations reduces to only three equations,

4
_af on 2
0= 5 Ta "

0 — <3_2_3_2)f+@+§@

ot 022 or?2  ror
for two unknowns f and h, an overdetermined system as before. Nevertheless, by
differentiating the third equation with respect to r and using the second equation the
result reduces back to the first equation for h. Therefore this overdetermined system

is in fact compatible.

Since the first wave equation in is decoupled from the rest, one may use
it to find h, which can be used to obtain the function f. Thus, here like in the last

two sections, the gravitational wave is fully determined by the value of the function

h.

4.4 The nonlinear Schrodinger-Einstein equations

The nonlinear Schrédinger (NLS) equation

0 = —%agw + |2 (4.4.1)

has been playing an ever growing role in nonlinear physics. It is considered to be
universal [45] in the sense that it can be derived in general circumstances, and is
therefore ubiquitous in applications, ranging from optics to water waves. The goal of
the present section is to show that also gravitational waves fall under the wide scope
of the NLS.

To accomplish this important task, certain assumptions on the 1 + 2 Einstein
equations must be imposed beyond the weak field approximation. In fact, there
are different assumptions on the spacetime structure that may reduce the Einstein’s

equation to NLS-like forms. However, the only case that is studied here is the one
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that best serves as a natural extension of the Bondi-Pirani-Robinson metric studied
earlier. The assumptions that will be made next are in no way the most general ones
that can be considered, and the author hopes to extend them in the future.

Throughout this section the coordinates (¢,n, z?) are used instead of (2°, z!, 2%)

(see the beginning of section |4.2.C)).

4.4.A Derivation
Consider a perturbation of the diagonal metric (4.2.9)) of the form

A = %(wem e (4.4.2)
ﬁ =1 -+ eh + €2ﬂ2

v = l+eh+ey

where all functions «, h, 82,7, and 1 are assumed to be O(1) in e. It will also be as-
sumed that the change of gravitational wave in the negative z'-direction is slower than
in the positive z!-direction and the z2-direction. To model this, rescale ¢ differently

than n and 22, through
u=en v =% w=ex (4.4.3)

and assume that all the unknown functions «, h, (35, 72 and v are functions of u, v, w ﬂ
The function ¢ (u, v, w) takes on a special role, as it is the only complez-valued function
and determines the envelope of the gravitational wave as manifested by the function
A. Since 9 depends on v and w as well as u, the amplitude of the wave may vary
weakly in directions different than the original Bondi-Pirani-Robinson wave studied
in section [£.2.C] (that depends only on u / 7).

Using these assumptions in the Lagrangian (4.2.6) allows expanding it in . This

4These are not the same u and v used in section to describe synchronous metrics.
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yields

L= Hial@)e — w0+ adlgf — Z|auP + (@0 (444)
+2(0,0) (D) + 2(0,0) () — (0,0)(0,6)}

in the leading order, where 6 = 35 — 5. Taking the variation of the action S with
respect to h,d, « and ¢* gives the four nonlinear Schrodinger-Einstein equations for

diagonal metrics:

1 1
0 = 0u(=0uh) + 50,000 (4.4.5)
0 = 00,a+alyf
) " N 2 4
0 =4 [(av¢)¢ - wav(w )] + 5|¢’2 + @Wwwﬁ - E(awhf - 4auavh + auau5

0 = 2iadyh + i(0,a)Y + adh + 28w(éf9ww)

But as before, they must be coupled to the non-diagonal equations as well. The last

3. The first equation,

two equations in (4.2.5)) are equivalent in the leading order e
however, is non-trivial in both order 2 and 3. In the order £2 it gives again the second
equation in Eqs. (4.4.4). Therefore up to order & there are two more (non-trivial)

nonlinear Schrodinger-Einstein equations:

0 = @) — v(0u)] + 20,0)(D,h) (4.4.6)
0 = ia(@u)" — $(0ut")] + 2(0u0) (Buw) — 200,0,h

The derivation used here uses similar scaling as in the derivation of the
usual NLS Eq. from the wave equation. Nevertheless, here the situation is
rather different, as the nonlinear Schrodinger-Einstein equations are a system of six
equations for four unknowns ¢, a, 6 and h (compared to a single NLS for one unknown
1). The connecting link between these two systems is the last equation in . If

one assumes it is a single equation for the wave envelope 1 with known coefficients

a=1,0=—2|y|% the NLS Eq. (4.4.1) is obtained immediately with coordinates v, w
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instead of ¢, x respectively. However, this reduction is only valid if the functions «
and ¢ are given independently of the other nonlinear Schrodinger-Einstein equations
(in fact, from the second Eq. one sees that the assumption o = 1 is only
possible for the trivial case 1 = 0). Therefore, the reader should only consider this as
a heuristic argument to show that the title ‘nonlinear Schrodinger-Einstein’ equations
is indeed appropriate here.

Since the envelope 1 is complex it has two real degrees of freedom. It is convenient
to separate them by defining 1 = Ae’® where A and ¢ are real-valued. In terms of

the real-valued functions the Lagrangian is

L = & {—204A28U¢ - 2(&014)2 - %A2(8w¢)2 + adA® — (0,0)(0,0) (4.4.7)

4
+2(0,)(0yh) + 2(0ya)(0yh) + —(8wh)2}
o
giving the real-valued nonlinear Schriodinger-FEinstein equations for diagonal metrics

1 1
0 = Qu(=0uh) + 500, (4.4.8)

0 = 9,0,a+ aA?

2

a?
A 1 A

0 = addyd+ —(0p0)* — Ow(—0u,A) — =ad

« o 2

0 — o, (Lm?) Y (1A2aw¢)
2 o

while the off-diagonal equations are

0 = —2(0,0)A2 + 54 + %(@UA)Q + 2 (9024 — %(@W 40,0,k + 0,046

0 = —a(0,0)A* + (0,a)(0,h) (4.4.9)
0 = —a(9ud)A? + (8,0)(duh) — adyduh

This reveals two important features. The first and the last nonlinear Schrédinger-
Einstein equation in Eq. (4.4.8)) are conservation laws. The latter may be interpreted

similarly to the continuity equation in the case of the usual Schrodinger equation.
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Conveniently, all but the third and fourth equations do not contain ¢. This means
that one may consider the other five equations as an overdetermined system for four
unknowns h, a, A, ¢. It is easy to see that this system is indeed compatible, by
differentiating the first two equations in u and v (respectively) and subtracting the

results.

4.4.B Solutions

The Bondi-Pirani-Robinson waves were derived by assuming that the metric depends
only on 7. In the new rescaled coordinates this is equivalent to assuming that the
metric depends on u only. By gauge invariance one may assume that h = § = 0,
showing immediately that the wave phase ¢ = constant, while all of the diagonal

nonlinear Schrodinger-Einstein equations reduce to a single equation,
0 = 0,0y + aA? (4.4.10)

It is equivalent to Eq. (4.2.29)), with the only differences being a constant factor and
the lack of derivatives on A (appearing due to the form of the function A in Eq.
(4.4.2))). The goal is to generalize this solution next and obtain new solutions.

Generalized 1D Bondi-Pirani- Robinson waves can be achieved by considering waves
that are free to move in both the negative and positive ' directions. This means that
the BPR wave travels just as before in the positive x!-direction, but its interaction
with a fellow wave traveling in the opposite direction is allowed. Now the metric
coefficients depend on u and v but not on w.

As was mentioned in section [1.5], in this case a simple change of coordinates allows

taking the metric coefficients in (4.2.9) to be 5 = . By Eqgs. (4.4.2)), these means

that 6 = 0. Then the fourth equation in (4.4.8) gives a non-trivial wave if
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Therefore the first and third equations in (4.4.8]) are just the wave equation for o and
h respectively,

0,0,0=0  0,0,h =0 (4.4.12)

with d’Alembert solutions a(u,v) = a;(u) + as(v) and h(u, v) = hy(u)+ ha(v). Using
this result in the second equation in (4.4.8)) gives the amplitude

o (u)

A(u,v) = _al(u) + s (v)

(4.4.13)

which automatically satisfies the fifth equation in (4.4.8). We are therefore left with
the two off-diagonal Eqs. (4.4.9), the second of which is trivial. The first equation in

(4.4.9) gives the phase of the wave ¢,

wm:—/ﬁfm (4.4.14)

1
and it can be easily verified that it is indeed compatible with Eq. .
Therefore this 1D wave depends on four arbitrary functions aq, as, hy and he.
In the special case where the wave is restricted to move along the positive z!-
direction only, an(v) = he(v) = 0 and one may take hi(u) = 0 by a proper choice of
coordinates. This leaves us with only one arbitrary function oy, which is the case of

the BPR waves considered before.

‘Stationary’ solutions are gravitational waves that are independent of v. This is an
appropriate language since here the coordinate v plays the role of the time coordinate
t in the NLS Eq. . This assumption is equivalent to studying the gravitational
wave in a reference frame traveling in the negative z!'-direction at the speed of light
with respect to the original frame. One may even weaken this assumption by requiring
that the derivative of only three out of the five unknown functions vanishes, namely
that

Oyax = 0, A =0,0 =0 (4.4.15)
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and it is further assumed that ¢ is a linear function in v,
1
¢ = §A(u, w)v (4.4.16)

and that
h=0 (4.4.17)

This is yet another generalization of the BPR waves. By allowing ¢ to vary and the
other coeflicients to change with w, this corresponds to a BPR wave colliding with a
transverse wave moving in the x?-direction.

The assumption h = 0 simplifies the non-diagonal Egs. greatly, which now
give

Oup = 0w =0 (4.4.18)

and therefore \(u, w) = constant. Therefore one is left to solve the diagonal nonlinear
Schrodinger-Einstein Eqs. (4.4.8)).

To do so, it is convenient to use the Lagrangian formalism once more. From the

assumptions made together with the result obtained from the non-diagonal equations,

the Lagrangian (4.4.7)) reduces to
2
L = &t {aA2(5 —A)— E(f)wA)Q — (8ua)(8u5)} (4.4.19)

Varying the action with respect to a, A and & (respectively) gives three diagonal

equations

2
0 = 0,0,0+ A%(5 —\) + ?(&,JA)2 (4.4.20)
2
0 = 8w(58wA) + aA(d — N)
0 = 0,0,a+ aA?
If ¢ is also independent of w, 0,,6 = 0, then it is a function of v only. We may therefore

differentiate the first equation by w to eliminate . This gives precisely the second

equation. Therefore, under this assumption 0,6 = 0, we obtain an overdetermined
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system of two independent equations for three unknowns «,d and A. Consider it in

the form

0 = qﬁﬂ+ﬂﬁu%¥—%é%@%Af (4.4.21)

0 = 0,0,a+ aA?

where ¢ = 0,0, and p = § — A\ will be assumed to be the known functions.
If the first of the two functions vanishes ¢(u) = 0 while the other is negative

p(u) = —2k%*(u) then the first equation may be solved easily for A to yield
A(u,w) = exp (F(u,w)) (4.4.22)
where the function F'(u,w) satisfies
0, F = ak (4.4.23)

Substituting this result in the other equation gives an ordinary differential equation

for F,
F F
mm(%ﬁ>+gﬁﬁpzo (4.4.24)
which can be integrated immediately in w to yield
F 1
k(u)0,0, (E) + §e2F = p(u) (4.4.25)

where p(u) is an arbitrary function of u. The last equation is a second order differ-
ential equation in v and therefore depends on two constants of integration. Since the
function F may depend on w as well, the constants of integration can be functions of

w. Namely, the solution is of the form
F = F(u,c(w), ca(w)) (4.4.26)

Thus, the above analysis shows that there are four arbitrary quantities k(u), p(u),

c1(w) and cz(w) defining the solution.
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Eq. (4.4.25) has many interesting solutions. As a simple example, consider the
case where kK = 1 and p = constant. Eq. (4.4.25) may now be written in the form

1
5(auFf +V(F) = E(w) (4.4.27)
where the potential V(F) is
1
V(F) = Ze2F — uF (4.4.28)

For each fixed value of w, Eq. describes the (classical) motion of a material
body with an arbitrary energy E(w) under the potential V (F') defined by Eq. (4.4.28).
This potential has only one equilibrium point Fy = %ln(2u) for which its value is
V(Fy) = sp(1 — In(2p)). By writing F' = Fy + AF and approximating the potential
about its equilibrium point Fjy, Eq. is

S@AFP 4 p(AF) = B~ V(f) (4.4.20)

Whenever i > 0, one may denote p = %(72 to obtain oscillatory solutions

E—V(F)

AF(u,w) = )

cos(C(w)u — p(w)) (4.4.30)
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APPENDIX A

NOTATIONS AND CONVENTIONS

In this work we use the ’general relativistic’ convention, in which all spacetime met-
rics have signature (— + ++). In the first three chapters, Einstein’s summation con-
vention is used unless stated otherwise. The Belinski-Zakharov transform assumes
spacetime metrics that depend on only two variables, and therefore one has to be able
to distinguish these two coordinates from the other two. For this purpose Einstein’s

summation convention is used in three different ways:

e Lower-case Greek indices i, v, . .. will be summed over all spacetime coordinates
v, =0,1,2,3.
e Lower-case Latin indices i, j,k,... will run over 4,7, k,--- = 0,3, while other

lower-case Latin indices a, b, ¢, d, e run over a,b,c,d, e =1, 2.

There will be one letter of special significance throughout this text. The letter s
will always denote a ’soliton’, and thus the symbols s and s will always run over the
number of solitons N. For this symbols we do not use the summation convention.
Note however, that there is no reason to confuse the index s with the spacetime
interval ds?.

Similarly, the symbol  will be used to denote to different things. 7,, denotes the

four-dimensional Minkowski metric

-1 0 0 0
0 100
0 001

—

It should not be confused with 7;; in which the lower-case Latin indices indicate that

this tensor operators on a lower-dimensional subspace. Namely,

= {_06 ﬂ (A.0.2)
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where e = +1 denoting the relevant subspace. Whenever it appears without indices,
7 denotes a light-cone coordinate.
As for the units, in all sections but section [1.1] we use units in which the speed

of light ¢ = 1.
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APPENDIX B

CURVATURE TENSORS FOR THE BLOCK DIAGONAL
METRIC

Consider a spacetime interval of the block diagonal form of Eq. (1.5.1]),
ds® = gijda:ida:‘j + gapdz®da® (B.0.1)

where we use the summation convention on ¢, 7, k,--- = 0,3; a,b,--- = 1,2; and as-
sume g;; and g, depend only on the coordinates z*. We will denote the determinants

of each of the 2 x 2 blocks by,

detg;, = —ef? (B.0.2)

det gy, = ea?
Their product is the determinant of the full metric tensor,
det g,, = —f?a? (B.0.3)

Computing the Christoffel symbols through Eq. (1.2.8)) gives

1
Ffj = 59“(@'9!]‘ + 0;9i — Oi9ij) (B.0.4)
1
rh, = - §gklalgab
c 1 cd
Iy = 59 0 Gbd

where the rest of the Christoffel symbols can be obtained through the symmetry

Ff;l, = Ff)w or otherwise vanish identically. The trace of the Christoffel symbols is

')\ = 0;(Inaf) =0 (B.0.5)
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The Christoffel symbols and their trace can be used in Eq. (1.2.7)) to give the

Ricci curvature tensor,

Ry = %&c (9" (Digij + 091 — Drgis)] — 9;0;In(fa) (B.0.6)
"‘%gkl(aiglj + 0594 — 019:5) 0 In(fv)
—iglmgkn(aigmk + OkGim — Om8ik) (09 + O19jn — Ongjt)
0" (0900) Oy
Ry = 0
Ray = _Lak (afg" g O19ac) gav

2a f
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ApPPENDIX C

THE INTEGRABILITY CONDITION FOR A;

Recall that in Eq. (|1.5.14]) we defined the matrices A; to be
A; = eagg (C.0.1)

The purpose of this appendix is to find a condition on the matrix A; to allow writing
it in this form of a ‘logarithmic derivative’.

Differentiate A; with respect to 27 and multiply the result by the anti-symmetric
matrix £ defined in Eq. ((1.5.19). This gives

where the term £7g,; was canceled due to the symmetry of g and anti-symmetry of

e. The last equation can be written in the homogeneous form
o o

giving the sought condition.
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APPENDIX D

THE COMMUTATION RELATION FOR D;

The matrix ¥ defined in Eq. (1.5.19) gives us an easy tensorial way to compute

commutators through the relation
[Do, Dd] == €ijDiDj (DOl)

This form is extremely convenient, because the anti-symmetry of €4 means that
tracing it with every symmetric tensor gives zero.
In our case the operators have the form D; = 0; + P;0, and most terms in the

product D;D; are symmetric and cancel out to give
€ijDiDj = Eij [&P] + R@,\Pj] 8,\ (DOQ)

Let’s compute each term separately. Eq. (|1.5.21]) defined the functions F; to be
C2M(ABi + eaay)

A2 — eq?

P, = (D.0.3)

When differentiating them with respect to 7 the numerator gives a symmetric term
and therefore cancels out upon multiplication by €. The only non-trivial contribution

is from the derivative of the denominator, yielding

4ea)? ..
m&j@ﬂ'ﬂ’j (D04)

€ij8in = —
For the second term &% P,0\P; the non-trivial contribution comes from a different
source. In this case differentiating the denominator with respect to A leaves the
numerator of P; intact, and thus we end with a symmetric term (together with the
numerator of P;) which cancels out. The only contribution is from the derivative of

the numerator then, giving

dea)®
T‘nga’iﬁ’j (DO5)

SZjPiaAPj = ()\2
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Therefore, it is now clear that Eq. (D.0.2)) cancels out to yield a big fat zero,
e9D;D; =0 (D.0.6)

Namely, the operators D; and D; commute. Note that this result actually extends

for any 7, j as if ¢ = 7 the commutator vanishes identically.



151

APPENDIX E

SOLVING THE POLE TRAJECTORY EQUATIONS

Consider the pole trajectory Eqgs. (1.6.2)

2us(1s0:8 + ead;)

O
o ¥ p; — ea®

=0 (E.0.1)

Substituting us = ajis and simplifying the expression gives

fisOicx — s

72
s

The left-hand side of these equations is a full derivative with respect to z*. Its integral
is

afis + e 428 = 2w, (E.0.3)
[

S

where wj is a complex integration constant. When restoring the original pole ps = ajis
this is equivalent to Eq. ([1.6.3]), namely the poles of the dressing matrix are given by
the quadratic equation

P2+ 2(8 — wy)ps +ea =0 (E.0.4)
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DERIVATIVES WITH RESPECT TO THE METRIC

In order to calculate the variation of the Lagrangian 1’ the derivatives of o, A®

and A®®) with respect to the matrix g, must be calculated. They are summarized in

table [E.1l

dic _ 1, _ab FINGI

9Gab 2ag 89%)) — O

[ole] 1 _ab [ ZANS 2 ab
OGap (2ag ),t Odap (Oé g )7t

TABLE F.1. Derivatives with respect to the metric coefficients g,
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