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ABSTRACT

The Kuiper belt is a population of small bodies located outside Neptune’s orbit. The
observed Kuiper belt objects (KBOs) can be divided into several subclasses based on
their dynamical structure. I construct models for these subclasses and use numerical
integrations to investigate their long-term evolution. I use these models to quantify
the connection between the Kuiper belt and the Centaurs (objects whose orbits
cross the orbits of the giant planets) and the short-period comets in the inner solar
system. I discuss how these connections could be used to determine the physical
properties of KBOs and what future observations could conclusively link the comets
and Centaurs to specific Kuiper belt subclasses.
The Kuiper belt’s structure is determined by a combination of long-term evolution and its formation history. The large eccentricities and inclinations of some
KBOs and the prevalence of KBOs in mean motion resonances with Neptune are
evidence that much of the Kuiper belt’s structure originated during the solar system’s epoch of giant planet migration; planet migration can sculpt the Kuiper belt’s
scattered disk, capture objects into mean motion resonances, and dynamically excite
KBOs. Different models for planet migration predict different formation locations
for the subclasses of the Kuiper belt, which might result in different size distributions and compositions between the subclasses; the high-inclination portion of the
classical Kuiper belt is hypothesized to have formed closer to the Sun than the
low-inclination classical Kuiper belt. I use my model of the classical Kuiper belt
to show that these two populations remain largely dynamically separate over long
timescales, so primordial physical differences could be maintained until the present
day.
The current Kuiper belt is much less massive than the total mass required to
form its largest members. It must have undergone a mass depletion event, which
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is likely related to planet migration. The Haumea collisional family dates from
the end of this process. I apply long-term evolution to family formation models
and determine how they can be observationally tested. Understanding the Haumea
family’s formation could shed light on the nature of the mass depletion event.
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CHAPTER 1
OVERVIEW OF THE STRUCTURE AND DYNAMICS OF THE KUIPER BELT

1.1

Introduction

The Kuiper belt is a population of small bodies residing on orbits with semimajor
axes larger than 30 AU (the location of Neptune’s orbit). Their observed sizes range
from a few tens of kilometers to more than 1000 km, and their orbits display a large
range of eccentricities, inclinations, and semimajor axes. The orbital structure of
the Kuiper belt has been sculpted by many processes, but the dominant dynamical
mechanisms acting on the belt today are mean motion resonances (MMRs) and direct gravitational encounters with Neptune. We see connections between the Kuiper
belt and various other small body populations in the solar system: the Kuiper belt
is the most likely source of the planet-crossing Centaur population, which in turn
supplies the inner solar system’s short-period comets (see review by Lowry et al.
(2008)). Kuiper belt objects (KBOs) might share an origin with the trojan populations around the outer planets (see review by Dotto et al. (2008)); it has also been
suggested that there might be KBOs in the main asteroid belt (Levison et al. 2009).
The probable existence of a disk of icy bodies past the location of Neptune’s
orbit was proposed by both Edgeworth and Kuiper (Edgeworth 1943, 1949; Kuiper
1951, 1956); later dynamical studies of the origin of short-period comets supported
this hypothesis. Early studies to identify a source region for the short-period comets
suggested that the long-period comets from the nearly isotropic Oort cloud could
be captured onto short-period orbits by means of planetary perturbations, and that
the higher capture probabilities at low inclinations could explain the low, prograde
inclinations of the short-period comets (Everhart 1972). Later work by Fernandez
(1980) and Duncan et al. (1988) showed that Everhart’s mechanism is a very inefficient way to produce short-period comets from Oort cloud comets, suggesting
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that a more proximate, lower-inclination population just beyond Neptune would be
a more likely source region.
The existence of this population was confirmed by the discovery of 1992 QB1
(Jewitt et al. 1992; Jewitt and Luu 1993), the first known Kuiper belt object besides Pluto. This discovery was accompanied by the realization that the Kuiper
belt retains a memory of the dynamical processes that shaped the architecture of
the outer solar system, including the orbital migration history of the giant planets
(Malhotra 1993, 1995). More than 1000 Kuiper belt objects are now known, and
their complex orbital distribution has prompted new theoretical ideas and numerous
investigations attempting to explain the Kuiper belt’s detailed dynamical structure
(see reviews by Morbidelli et al. (2008) and Davies et al. (2008)). Our current view
of the Kuiper belt is shown in Figures 1.1 and 1.2, which show the eccentricity (e)
and inclination (i) vs. semimajor axis (a) distributions of the ∼ 1000 KBOs listed
on the Minor Planet Center website1 .
In this chapter I outline the prominent features of the observed Kuiper belt
and the primary dynamical processes acting in the Kuiper belt today; I use these
features and dynamical processes to divide the Kuiper belt into distinct subclasses
in Section 1.2. In Section 1.3 I describe the Centaurs and Jupiter family comets and
their dynamical links to the Kuiper belt. The dynamical classification scheme used
throughout this dissertation for all of these populations is summarized in Table 1.1.
Section 1.4 gives a brief overview of how the observed properties of the Kuiper
belt are related to its dynamical history. Finally, Section 1.5 outlines the studies
presented in the rest of this work.
1.2

Subclasses of the Kuiper belt

Figures 1.1 and 1.2 can be used to break the Kuiper belt into dynamical subclasses.
There are many possible classification schemes (see review by Gladman et al. (2008)),
but here I outline the scheme used throughout this dissertation. The first major
1

www.minorplanetcenter.net/iau/lists/t tnos.html
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Figure 1.1 Eccentricity vs. semimajor axis for the known KBOs listed on the Minor
Planet Center website. The orange lines indicate perihelion distances of 30 and
40 AU.
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Figure 1.2 Inclination vs. semimajor axis for the known KBOs listed on the Minor
Planet Center website.
distinction I make is between the inner part of the Kuiper belt, referred to as the
classical Kuiper belt (CKB), and the outer part, referred to as the scattered disk
(SD). The modeling of these two major subclasses is the subject of Chapter 2.
The scattered disk is named for the mechanism that sculpts its dynamical structure: gravitational scattering due to close encounters with Neptune. The name
originates from the work of Duncan and Levison (1997) who described the ‘scattered comet disk’ that resulted from their numerical simulations of massless test
particles encountering Neptune. Figure 1.1 shows that the observed set of KBOs
with semimajor axes larger than ∼ 50 AU mostly have perihelion distances (q) between 30 and 40 AU; this is the range of perihelia where scattering events between a
KBO and Neptune can significantly alter the KBO’s orbital energy, and therefore its
semimajor axis, generating a disk of objects with semimajor axes extending out to
several hundred AU. Figure 1.3 shows an example of this type of scattering evolution
taken from a numerical simulation of a known scattered disk object (SDO).
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The choice of a = 50 AU for the inner boundary of the scattered disk is somewhat
arbitrary, because objects with smaller semimajor axes can actively scatter off of
Neptune; however, the choice is motivated by the distinct lack of low-eccentricity
orbits outside of the 2:1 MMR with Neptune (located at a ∼ 48 AU) compared
to the classical Kuiper belt inside the 2:1 (Trujillo and Brown 2001; Allen et al.
2001). Most observed KBOs outside of this edge are well explained by scattering
dynamics, so the 50 AU cutoff is a useful tool for separating the observed KBOs.
The outer edge of the scattered disk is somewhat fuzzy. Objects scattered out to
very large heliocentric distances become subject to significant orbital torques caused
by galactic tides and the gravitational influence of passing stars. These external
perturbations can increase the perihelion distance of an object thereby stopping
the scattering process. Objects whose dynamics are strongly affected in this way
are better described as being part of the Oort cloud. The transition between the
scattered disk and the Oort cloud occurs in the semimajor axis range of a few
thousand AU; Duncan (2009) provides a useful overview of Oort cloud dynamics.
In practice, the observed set of KBOs fall well inside this outer edge of the scattered
disk due to the inherent faintness of KBOs at large heliocentric distances and the
relatively small amount of time objects with very large a spend near perihelion.
In addition to the requirement of a > 50 AU, an object must have a perihelion
distance greater than 33 AU to be classified as a member of the scattered disk. The
use of q > 33 AU rather than q > 30 AU (the semimajor axis of Neptune’s orbit)
to define SDOs is suggested by the results of Tiscareno and Malhotra (2003); their
simulations of the planet-crossing Centaur population indicate that there is some
overlap between the phase spaces of the Centaurs and the SDOs, but the relatively
short-lived Centaurs rarely cross the q ≈ 33 AU boundary. This classification possibly excludes a few SDOs with 30 < q < 33 AU, but it ensures that the dynamically
distinct Centaurs, which I discuss in Section 1.3, are not included in my scattered
disk population.
I separate KBOs with a < 50 AU into two categories: resonant and nonresonant. The non-resonant KBOs inside 50 AU are classical Kuiper belt objects
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Figure 1.3 Semimajor axis (orange line) and perihelion distance (black line) vs. time
for a typical scattered disk object in a numerical simulation. Repeated gravitational
interactions with Neptune when the KBO is at perihelion (in the range 32-34 AU)
cause the object’s semimajor axis to increase in a random walk fashion from its
initial value of a ∼ 100 AU to a > 500 AU over the course of several hundred Myr.
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(CKBOs). The classical Kuiper belt is a population of relatively low-eccentricity
objects (e . 0.3), most of which are not actively undergoing strong gravitational
encounters with Neptune. I impose an inner semimajor axis cutoff for the CKB of
33 AU (so the definition of a CKBO is 33 < a < 50 AU), but most of the members
of the classical Kuiper belt have 40 < a < 47 AU; this can be seen in Figures 1.4
and 1.5 which show e vs. a and i vs. a for the observed resonant and classical
Kuiper belt objects. The inner boundary of ∼ 40 AU is largely due to the fact
that non-resonant objects interior to this must have very low eccentricities to avoid
having destabilizing close encounters with the Neptune (Levison and Duncan 1993;
Morbidelli et al. 1995). From a = 35–36 AU there are a series of interacting secular
resonances that act to raise the eccentricities of KBOs, making them unstable over
Gyr timescales (Knezevic et al. 1991; Morbidelli et al. 1995). At 41 AU, near the
inner boundary of the classical Kuiper belt, there is also the secular ν8 resonance.
The ν8 resonance destabilizes low-inclination orbits on very short timescales (Morbidelli et al. 1995; Kuchner et al. 2002); Figure 1.5 shows that there are no KBOs
with i . 10◦ with semimajor axes in the range 40-42 AU. The outer boundary of
the CKB is set by the location of the 2:1 MMR with Neptune at 47.78 AU; objects
near but not in the 2:1 tend to be perturbed onto unstable orbits, and there is
an observationally confirmed dearth of objects on low-eccentricity, non-scattering
orbits exterior to this resonance (Trujillo and Brown 2001; Allen et al. 2001).
What I define as the resonant Kuiper belt objects (RKBOs) have semimajor axes
in the same range as the CKBOs (33 < a < 50 AU), but are librating in a mean
motion resonance with Neptune; the process of identifying the RKBOs is explained
in Chapter 2. The RKBOs make up a substantial portion of the Kuiper belt. Some
estimates put the population of just the 3:2 MMR at 10-15% of the classical Kuiper
belt’s population (Kavelaars et al. 2009; Gladman et al. 2012). Neptune’s resonances
extend into the scattered disk, beyond the semimajor axis range I define here, but I
do not include these more distant resonances in my RKBO population. This semimajor axis cutoff for the RKB population is partly because resonant identification is
more difficult in the scattered disk due to the larger orbital uncertainties. It is also
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Figure 1.4 Eccentricity vs. semimajor axis for the known resonant and classical
Kuiper belt objects. The orange lines indicate perihelion distances of 30 and 40 AU.
40
35

inclination (deg)

30
25
20
15
10
5
0
30

35

40

45

50

semimajor axis (AU)

Figure 1.5 Inclination vs. semimajor axis for the known resonant and classical
Kuiper belt objects.
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motivated by the fact that resonances in the scattered disk are ‘sticky’, resulting
in a lot of temporary resonant occupation by SDOs (Lykawka and Mukai 2007b).
Most of the resonant objects in the classical Kuiper belt region are thought to have
been captured in those resonances during giant planet migration, so the RKBOs
as I have defined them here represent a primordial population of resonant objects
rather than a transient one. As I discuss in Chapter 2, it is exceedingly challenging
to use the observed RKBOs to model the intrinsic orbital distributions of Neptune’s
resonances, but I discuss the dynamics of the observed RKBOs in Chapters 3 and 5.
1.3

Dynamically related solar system populations

There are two main solar system populations that are dynamically related to the
Kuiper belt: the short-period Jupiter family comets (JFCs) and the Centaurs. Both
of these populations have dynamical lifetimes that are very short compared to the
age of the solar system, indicating that an influx of objects from a source reservoir is
required to resupply them (see review by Lowry et al. (2008)); it is widely accepted
that the Kuiper belt is this source reservoir. The current picture of the link is as
follows: KBOs occasionally suffer strong gravitational interactions with Neptune,
and some of these KBOs will leak into the planet-crossing Centaur population.
The Centaurs’ orbits evolve through many more planetary encounters, and some
Centaurs evolve inward to become JFCs. The dynamical pathways from the Kuiper
belt to these two populations are well understood, but establishing quantitatively
the link between specific subclasses of the Kuiper belt and these populations is
challenging; we do not have strong constraints on the population of comet-sized
(1–10 km) KBOs because they are too dim to be observed directly. However, in
Chapter 3 I use models of the CKB and the SD to calculate the rate at which
CKBOs and SDOs are transferred to the Centaur and JFC populations. I then
estimate the required number of SDOs and/or CKBOs required to account for the
number of observed JFCs, and I compare these theoretical estimates to the best
observational estimates of the number of comet-sized SDOs and CKBOs. It is
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currently unclear which part of the Kuiper belt dominates the influx of new Centaurs
and JFCs, but there are observational tests that could help resolve the question;
these tests are discussed in Chapters 3 and 4. Quantitatively determining the source
of the Centaurs and JFCs would allow us to use our knowledge of the physical
properties of the observationally more accessible comets and Centaurs to learn about
the physical properties of the observationally challenging KBOs; differences in the
observed properties of KBOs and JFCs (such as differences in their size distributions)
could also highlight important physical processes that occur during the transition
between these populations.
As outlined above, the Centaurs are the transition population between KBOs and
JFCs. The dynamical evolution of a Centaur is dominated by repeated close encounters with the four giant planets; Figure 1.6 shows a typical example of this evolution
from a numerical simulation. Because of these planetary encounters, Centaurs are
dynamically short-lived. Tiscareno and Malhotra (2003) numerically integrated the
orbits of 53 observed Centaurs and found that their median dynamical lifetime was
only 9 Myr.
The exact dynamical definition of a Centaur varies in the literature. They are
sometimes defined as objects with semimajor axes between Jupiter and Neptune
(5 < a < 30 AU) (Horner et al. 2004; Tegler et al. 2008), but I prefer to use a
perihelion distance definition of 5 < q < 30 AU. This definition is preferable to
the semimajor axis definition because the perihelion definition captures all objects
that are likely to be having close encounters with the giant planets, and these close
encounters are the dynamically most important characteristic of Centaurs. When
I defined the scattered disk, I used a perihelion cutoff of 33 AU because objects
with q < 33 AU are likely to be Centaurs. To define Centaurs, I use an outer
q cutoff of 30 AU instead of 33 AU to guarantee that there are no SDOs in the
Centaur sample. This gap between my definitions leaves observed, non-resonant
objects with 30 < q < 33 unclassified using only my strict definitions. In practice
there are relatively few objects that fall between these two definitions; objects that
do fall in this q range can be numerically integrated to determine whether they are
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Figure 1.6 Semimajor axis (top panel) and perihelion distance (bottom panel) vs.
time for a numerically simulated Centaur. The dashed gray lines in the bottom
panel indicate the locations of Jupiter, Saturn, Uranus, and Neptune.
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better classified as SDOs or Centaurs. Figures 1.7 and 1.8 show e vs. a and i vs. a
for the observed set of Centaurs taken from the Minor Planet Center website.
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Figure 1.7 Eccentricity vs. semimajor axis for the known Centaurs listed on the
Minor Planet Center website.
Some Centaurs will evolve into the inner solar system (q < 5 AU) to become
short-period comets. Short-period comets are defined as having orbital periods less
than 200 years. The short-period comets themselves are then divided into two
categories: Jupiter family comets (JFCs) and Halley-type comets (HTCs). These
two types of short-period comets are separated using the Tisserand parameter with
respect to Jupiter,
aJ
TJ =
+2
a

r

a
(1 − e2 ) cos i,
aJ

(1.1)

where aJ is Jupiter’s semimajor axis, and the comet’s orbital elements are given by
a, e, and i. In the circular, restricted, three-body problem, the Tisserand parameter
is a conserved quantity that describes whether an object’s orbit can evolve to cross
the planet’s orbit; TJ > 3 would prohibit a comet from crossing Jupiter’s orbit.
TJ is also related to the relative velocity of the comet and the planet at a close
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Figure 1.8 Inclination vs. semimajor axis for the known Centaurs listed on the
Minor Planet Center website.
approach. JFCs are defined as having TJ = 2–3, while HTCs have TJ < 2 (Levison
1996). The result of this definition is that JFCs tend to have smaller semimajor
axes than HTCs. Figures 1.9 and 1.10 show the e vs. a and i vs. a of the observed
JFCs and HTCs. In addition to having typically smaller semimajor axes than the
HTCs, the JFCs have much lower inclinations; a significant fraction of the HTCs
have retrograde inclinations, which suggests that they come from a different source
region than the JFCs. The low inclinations of the JFCs led to the early conclusion
that they originate in the disk-like Kuiper belt rather than the nearly isotropic Oort
cloud which is thought to be the source of most other comets (Duncan et al. 1988;
Quinn et al. 1990). The source of the HTCs is thought to be a mixture of the Oort
cloud and the inner Oort cloud (Levison et al. 2001), although it is possible that
galactic tides could alter the orbits of very large-a SDOs to produce HTCs (Levison
et al. 2006).

27

1.0

eccentricity

0.8

0.6
Jupiter family comets
Halley-type comets
0.4

0.2

0
0

5

10

15

20

25

30

35

semimajor axis (AU)

Figure 1.9 Eccentricity vs. semimajor axis for known short-period comets. Jupiter
family comets are shown in black and Halley-type comets are shown in orange.
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Figure 1.10 Inclination vs. semimajor axis for known short-period comets. Jupiter
family comets are shown in black and Halley-type comets are shown in orange.
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Table 1.1. Summary of dynamical classifications used in this work
scattered disk object (SDO)

a > 50 AU
q > 33 AU

classical Kuiper belt object (CKBO)

33 < a < 50 AU
non-resonant

resonant Kuiper belt object (RKBO)

33 < a < 50 AU
librating in a mean motion resonance

Centaur

5 < q < 30 AU

Centaur or scattered disk object∗∗

30 < q < 33 AU
non-resonant

Jupiter family comet (JFC)

orbital period less than 200 years
2 < TJ < 3

∗∗

numerical integrations have to be used to distinguish between the two clas-

sifications
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1.4

Relating the observed features of the Kuiper belt to its dynamical
history

The observed orbital structure of the Kuiper belt is a reflection of its formation
as well as its subsequent evolution under the current solar system architecture.
The effect of the latter on the Kuiper belt must be well understood in order to
determine how planetary formation and migration sculpted the orbital distribution
of the primordial Kuiper belt. There are many observed properties of the Kuiper
belt that can be used to understand its formation and dynamical history (see review
article by Morbidelli et al. (2008)); here I will outline the properties most relevant
to the studies presented in this work.
One property of the observed Kuiper belt that is relevant here is the division
of the classical Kuiper belt into two categories, the ‘hot’ CKBOs and the ‘cold’
CKBOs, on the basis of dynamical properties and, potentially, physical properties.
Originally this subdivision was motivated by the classical Kuiper belt’s bimodal
inclination distribution, first measured by Brown (2001). The fact that there are
two distinct peaks in the inclination distribution of the CKBOs (discussed further
in Chapters 2 and 5) indicates that the CKBOs might actually be comprised of two
overlapping populations: a primordial low-i, low-e population (the ‘cold’ CKBOs),
and a dynamically excited, high-e, high-i population (the ‘hot’ CKBOs) (Kavelaars
et al. 2008); hints of this dynamical division can be seen in Figures 1.4 and 1.5.
Several studies have attempted to explain the origin of the bimodal inclination distribution. Kuchner et al. (2002) investigated the inclination-dependence of
the long-term dynamical stability of Kuiper belt objects by performing numerical
integrations of test particles with semimajor axes spread from 41 to 47 AU and
uniform inclinations up to ∼ 30◦ . They found that in the inner part of the Kuiper
belt, secular resonances systematically destabilize low-i test particles, resulting in
an inclination distribution skewed toward higher i; however, they did not find any
mechanisms that could raise the inclinations of an initially low-i population to values
as large as 30◦ , which have been observed in the classical Kuiper belt. Gomes (2003)
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investigated how the outward migration of Neptune proposed by Malhotra (1993,
1995) could scatter objects from ∼ 25 AU onto high-i orbits in what is now the
classical Kuiper belt region. This study suggests that the high-i population formed
closer to the Sun and was emplaced in the classical Kuiper belt during planetary
migration, whereas the low-e, low-i part of the classical Kuiper belt represents a
primordial, relatively undisturbed population. Levison et al. (2008a) suggest that
the entire Kuiper belt was emplaced during planet migration and that the ‘cold’
and ‘hot’ CKBOs represent populations captured at different times in the migration
process and from different locations in the original disk (with the ‘cold’ CKBOs
coming from larger heliocentric distances than the ‘hot’ CKBOs).
The idea that the ‘hot’ and ‘cold’ CKBOs originated in different parts of the
planetesimal disk has gained popularity because the observed physical properties of
the ‘hot’ and ‘cold’ CKBOs appear to be different. There has been speculation that
observations of a correlation between inclination and color in the classical Kuiper
belt (Jewitt and Luu 2001; Trujillo and Brown 2002; Doressoundiram et al. 2002;
Peixinho et al. 2008) might be due to different origins for the objects rather than
environmental effects (see review article by Doressoundiram et al. (2008)); interestingly, the Centaurs have a bimodal color distribution (Tegler et al. 2008) that shows
hints of an inclination dependence, although new studies indicate that this could instead just be a size-dependent effect (Fraser and Brown 2012; Peixinho et al. 2012).
There have also been correlations proposed between inclination and other physical properties such as size, albedo, and binarity (Levison and Stern 2001; Brucker
et al. 2009; Noll et al. 2008). In Chapter 5 I explore the long-term evolution of the
classical Kuiper belt’s inclination distribution. This has implications for determining whether the proposed correlations between physical properties and inclination
are statistically significant and whether primordial differences between the low- and
high-i populations could have been preserved over ∼ 4 Gyr, which is required by
the above explanations for the physical properties of the ‘hot’ and ‘cold’ CKBOs. In
Chapters 3 and 4 I calculate the rate at which ‘hot’ and ‘cold’ CKBOs leak into the
Centaur population and how well their inclinations are preserved in doing so; this
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has implications for how the colors of the Centaurs, and any correlations between
color and inclination in the Centaur population, can be reasonably interpreted.
Another relevant observed feature of the Kuiper belt is its relatively small mass.
Estimates of the current mass of the classical Kuiper belt range from ∼ 0.01 M⊕ to
∼ 0.1 M⊕ (Gladman et al. 2001; Bernstein et al. 2004; Morbidelli et al. 2008). This
mass is several orders of magnitude smaller than the 10–30 M⊕ of material that
is estimated to have been necessary to grow the largest KBOs in situ (Stern and
Colwell 1997; Kenyon and Bromley 2004; Kenyon et al. 2008). This means that since
its formation, the classical Kuiper belt has lost at least ∼ 99% of its initial mass. The
dynamical model for the classical Kuiper belt that I present in Chapter 3 confirms
that dynamical erosion under the current solar system architecture is insufficient to
account for this mass loss. Several solutions have been proposed for the low mass of
the observed Kuiper belt. Collisional grinding appears to be a problematic solution
to the problem (see discussions in Morbidelli et al. (2008) and Kenyon et al. (2008)),
but a dynamical excitation event that destabilized a large fraction of the primordial
Kuiper belt is another possibility (see Morbidelli et al. (2008) and references therein).
The formation of the entire Kuiper belt closer to the Sun, followed by an event that
pushes it out to its current location, has also been suggested (Levison and Morbidelli
2003; Levison et al. 2008a). These scenarios potentially occur at different times in
the Kuiper belt’s history, and the different formation locations suggested for the
KBOs could also imply different initial size distributions and collisional histories for
the Kuiper belt. Understanding the types of collisions that occurred in the Kuiper
belt before and after its mass was depleted could potentially reveal the nature of
the mass depletion event.
Several of the largest KBOs show evidence of their collisional past (see review
by Brown (2008)). In the current Kuiper belt, collisions between large KBOs are
extremely unlikely, but depending on the initial mass of the Kuiper belt and its size
distribution, they may have been much more likely in the primordial Kuiper belt.
There is currently one known collisional family in the Kuiper belt, the Haumea
family (Brown et al. 2007); its age of 3.5 ± 2 Gyr (Ragozzine and Brown 2007)
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suggests that it formed very early in the Kuiper belt’s history. The dynamical
coherence of the family suggests that it could not have formed prior to the Kuiper
belt’s mass depletion event, although it most likely formed when the Kuiper belt was
still considerably more massive than it is today because current collision probabilities
are very low (Levison et al. 2008b). This means that the Haumea family is likely to
be an excellent probe of the collisional environment in the Kuiper belt immediately
following the excitation and mass depletion event; understanding the type of collision
that created the family (especially the relative sizes and speeds of the impactor and
target) would provide valuable insight into the size and orbital distributions of the
Kuiper belt at the time of the collision (see discussions of this in Marcus et al. (2011)
and Levison et al. (2008b)). In Chapter 6 I show how the long-term orbital evolution
of the Haumea family can be combined with models of its collisional formation to
produce observationally testable predictions that will help constrain the nature of
its formation.
1.5

Overview of present work

The work presented here is an exploration of the dynamics of the Kuiper belt under
the current solar system architecture. Quantifying the effects of the past ∼ 4 Gyr of
evolution is necessary to determine what properties of the Kuiper belt best reflect
its primordial state and to constrain its dynamical past. Understanding the Kuiper
belt’s connections with the inner solar system will determine how observations of
other solar system populations can be used to understand the observationally challenging Kuiper belt.
In Chapter 2 I apply the dynamical classification scheme presented in Section 1.2
to the current set of observed KBOs. I then use these KBOs to construct debiased
orbital distributions representative of the current, intrinsic classical Kuiper belt and
scattered disk. In Chapter 3 I use these models to determine the long-term stability of these populations and to quantify their connections to the Centaurs and the
Jupiter family comets. I estimate the total SD and CKB populations required to
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account for the current population of JFCs, and I compare these theoretical population estimates to the current best observational estimates of the Kuiper belt’s total
population. In Chapter 4 I examine how the orbital properties of the Centaurs,
specifically their inclination distribution, might be used to further explore the dynamical connection between the Centaurs and the different subclasses of the Kuiper
belt. In Chapter 5 I examine the long-term dynamics of inclinations in the classical
Kuiper belt and the implications for preserving primordial differences between the
‘hot’ and ‘cold’ CKBOs. Chapter 6 shows how long-term dynamical sculpting of
the Haumea collisional family affects the observable outcomes of different collisional
formation models. Chapter 7 provides a summary of the work presented.
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Table 1.2. Frequently used symbols and abbreviations
orbital parameters
a

semimajor axis

e

eccentricity

i

inclination

$

longitude of perihelion

ω

argument of perihelion

Ω

longitude of ascending node

λ

mean longitude

M

mean anomaly

φ

resonance angle

Aφ

libration amplitude of the resonance angle
abbreviations

KB(O)

Kuiper belt (object)

CKB(O)

classical Kuiper belt (object)

RKB(O)

resonant Kuiper belt (object)

SD(O)

scattered disk (object)

JFC

Jupiter family comet

MMR

mean motion resonance
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CHAPTER 2
MODELING KUIPER BELT POPULATIONS FROM OBSERVATIONS

Portions of this chapter have been previously published as Volk and Malhotra (2008)
and Volk and Malhotra (2011).
2.1

Background

Studying the detailed orbital dynamics of the Kuiper belt and its subpopulations
requires a model of each population’s intrinsic orbital distribution. Because observations of KBOs are far from being complete or unbiased, their intrinsic orbital
distribution differs greatly from their observed orbital distribution. In order to
construct models of the true, underlying distribution, observational biases must be
considered and accounted for. The probability of detecting an object in the Kuiper
belt is largely dependent on how bright that object is and on where it is in the sky
compared to a survey’s pointing history. These two factors are fairly straightforward
to account for because they are influenced only by the object’s orbit and intrinsic
brightness (absolute magnitude), but other, more subtle biases are also present in
the observed data set. One such bias occurs when an incorrect or poorly determined
orbit leads to an inability to track and recover a newly discovered object; if orbit
fitting procedures preferentially yield poor fits for certain types of orbits, those types
of orbits will be under-represented in the set of recovered objects (Jones et al. 2010).
It is not really feasible to remove such biases after the fact (Jones et al. 2010), so
the debiasing procedures I outline below only account for biases based on brightness
and sky position.
Observational biases are a common problem in the study of small solar system
bodies, and there are several strategies for dealing with biases: (1) use a cutoff in
absolute magnitude to model the population with a fairly observationally complete
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subset of the known objects; (2) do forward modeling of the population by constructing a theoretical orbital distribution, running it through a survey simulator,
comparing the survey simulator results to the actual detections of the survey, and
repeating until you find a good match; or (3) use a debiasing procedure based on
detection probabilities for the known objects to construct a debiased orbital distribution based on the known objects.
The first strategy is problematic for the Kuiper belt because the available sample
size for a fairly observationally complete set of KBOs is very small. One of the
deeper wide-area Kuiper belt surveys was performed by Schwamb et al. (2010);
they covered ∼ 50% of the sky within 30◦ of the ecliptic plane down to a limiting
magnitude of m ≈ 21.3 and detected 52 KBOs and Centaurs. This sample size
is inadequate to construct a detailed orbital distribution, especially once those 52
detections are divided into dynamical subclasses. Further complicating this strategy
is the fact that the size distributions and albedos of KBOs might depend on orbital
parameters (Fraser et al. 2010; Brucker et al. 2009), so an observationally complete
subset of bright KBOs might not be very representative of the whole Kuiper belt
population.
The second strategy, using a survey simulator, has the advantage of being
straightforward and easy to apply to any constructed orbital distribution; the disadvantage is that it is limited by the size and scope of the simulated observational
survey. If the simulated survey has a relatively small number of detections, then
there are likely to be many theoretical orbital distributions that can sufficiently reproduce the observations. Similarly, if a survey is heavily focused in one area of
orbital phase space, the survey simulator will not have much power to distinguish
between models that differ primarily in a different area of phase space; a survey
focused near the ecliptic plane will heavily favor the detection of low-inclination objects and might not provide strong constraints on the population of high-inclination
KBOs.
For the models presented in this work, I use the third strategy of calculating detection probabilities and appropriately weighting the existing observations to create
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a debiased Kuiper belt model. This method has the advantage of allowing me to
combine the results of many surveys to create debiased orbital distributions; combining multiple surveys helps mitigate some of the phase space limitations of individual
surveys, although there is still a limited set of observed objects at very large inclinations and/or large perihelion distances. In the following sections I outline how
observational biases can be quantified, and I describe my procedure for modeling
the relevant subclasses of the Kuiper belt.
2.2

Quantifying observational detection biases

Whether or not an object is detectable in an observation survey is determined largely
by an object’s apparent magnitude (m) and its position in the sky relative to the area
covered by the survey. An object’s apparent magnitude is determined by its absolute
magnitude (H) and its heliocentric distance (rh ). Most Kuiper belt observations are
done at opposition, so the relationship between m, H, and rh is given by

 2
rh (rh − 1)2
.
m = H + 2.5 log10
AU 4

(2.1)

An object’s instantaneous heliocentric distance is determined simply by where it is
in its orbit,

a (1 − e2 )
,
(2.2)
1 + e cos f
where f is the object’s true anomaly. From these two equations it is clear that a
rh =

survey’s limiting magnitude will introduce biases in the observed distributions that
depend on H (which can be considered a rough proxy for size), a, and e.
Most Kuiper belt surveys are performed near the ecliptic plane, so, in addition
to the brightness limitations above, an object is only detectable if it has an ecliptic
latitude (β) smaller than the survey’s maximum ecliptic latitude. An object’s orbital
inclination controls the range of β experienced by the object (β must be less than i),
so the ecliptic latitude range of an observational survey will introduce biases based
on i.
These two biases (brightness and ecliptic latitude) can be treated separately for
the non-resonant Kuiper belt population because the orientations of their orbits
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relative to the ecliptic plane are such that there is no correlation between rH or m
and β in the population as a whole; this is equivalent to assuming that the objects’
longitudes of ascending node (Ω) and arguments of perihelion (ω) are randomly
distributed. The random orbit orientations also mean that the ecliptic longitude of
the survey does not introduce any biases in the observations of the non-resonant
population. For the resonant population, the biases are not so easily separated,
and there are additional biases based on ecliptic longitude; this is discussed further
in Section 2.3.1. For the non-resonant populations, I can proceed to quantify the
observational biases as follows in the next sections.
2.2.1

Quantifying the bias in a and e

The observational bias in semimajor axis and eccentricity can be quantified by calculating the fraction of an object’s orbital period that is spent within the limiting
magnitude range of the observational campaign that discovered it. For objects
found in large surveys, the limiting magnitudes of the surveys are generally well determined; these surveys usually report a value of m for which the detection efficiency
was nearly 100% as well as a value of m with a 50% detection efficiency. Given these
detection limits, I can estimate an object’s probability of being bright enough to
detect by calculating how much time the object spends within heliocentric distance
ranges corresponding to the detection limits (using Equations 2.1 and 2.2). The
first rh range corresponds to values of rh for which the object has effectively a 100%
chance of discovery because it would be brighter than the 100% detection limit of
its discovery group. The second range corresponds to distances for which the object
is dimmer than the 100% detection limit, but brighter than the 50% detection limit;
for all the time spent in this range, I consider the object to have a 50% detection
probability. The fraction of the object’s time spent outside both these ranges (dimmer than the 50% detection limit) is assigned a 0% chance of discovery. I use this
simplified scheme because (a) the detection efficiency for any given survey tends to
drop off very rapidly with magnitude past the 50% detection limit (see for example Bernstein et al. (2004)’s Figure 2 or Fuentes et al. (2009)’s Figure 1), and (b)
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the uncertainties in the photometry used to determine the apparent and absolute
magnitudes of the discovered objects are large, and thus a more elaborate scheme
is not warranted. The probability of discovery for any object is then the fraction of
an orbital period the object spends in the first range plus half the fractional time
spent in the second range. This probability is used to appropriately weight each of
the known objects to produce the model population.
2.2.2

Quantifying the bias in i

The probability of detecting an object on a circular orbit with an inclination i at or
below ecliptic latitude β is given by



sin β
2
−1
,1
min
P = sin
π
sin i

(2.3)

(Brown 2001). The orbits I wish to calculate this for are not circular, but the
eccentricities are fairly low, and as long as the longitude of ascending node and
argument of perihelion are randomly distributed (which, as discussed above, is a
fair assumption for non-resonant objects) the effects of non-zero eccentricity should
not change the resulting orbital distributions. For objects discovered by surveys
that cover a well-defined range of ecliptic latitude, Equation 2.3 can be used directly in conjunction with the probability described in Section 2.2.1 to debias the
observations.
For some data sets (like the set of observed scattered disk objects described
in Section 2.3.2), using only objects discovered by surveys with well-characterized
ecliptic latitude ranges is too restrictive. In such cases, instead of using the individual inclinations to calculate a detection probability for individual objects, the
inclinations of objects in the model population can be selected from a debiased inclination distribution calculated using the method of Brown (2001). This method of
modeling the inclinations is justified only if there is no correlation between inclination and combinations of a and e. If there are no correlations, then the inclinations
of the objects discovered near the ecliptic plane can be fit to a half-Gaussian,
 2
−i
fe (i) = C exp
,
i > 0,
(2.4)
2σ 2
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where C and σ are fit parameters. Because the probability of finding an object
with inclination i near β = 0 is proportional to 1/ sin i (see Equation 2.3), the total
inclination distribution is then given by the ecliptic distribution (Equation 2.4)
multiplied by sin(i). This is then the debiased inclination distribution.
2.3

Modeling the dynamical subclasses

As described in Chapter 1, I divide the Kuiper belt into three main categories for
modeling: the classical Kuiper belt (non resonant KBOs with 33 < a < 50 AU), the
resonant objects (KBOs with 33 < a < 50 AU and are in mean motion resonance
with Neptune), and the scattered disk (KBOs with a > 50 AU and q > 33 AU). Below I describe the process of identifying, classifying, and debiasing the observations
used for each subclass.
2.3.1

Classical and resonant Kuiper belt

The classical Kuiper belt and the resonant population overlap in semimajor axis,
so the first step in the modeling process is to separate the observed KBOs with
33 < a < 50 AU into resonant and non-resonant categories. The only reliable
way to do this is by integrating the orbits of the observed KBOs and testing for
membership in various resonances. I start with the observed set of KBOs with
semimajor axes in the range 33 < a < 50 AU and that have been observed at three
or more oppositions (these objects have more accurate orbit determinations than
objects with fewer observations). Orbital elements and observational data for all
objects listed in this chapter were obtained from the Minor Planet Center website1
on May 15, 2008; 598 objects from this database met the above criteria. For each
object, I generated ten clones by varying the object’s nominal determined orbit by
small amounts (about one part in 104 , comparable to the observational uncertainties
in the orbital elements) in a, e, ω, and mean anomaly.
With the initial conditions obtained above, I performed a 10 Myr numerical
1

http://www.cfa.harvard.edu/iau/mpc.html
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integration of the orbital evolution of these clones under the current architecture of
the solar system. The integrations were performed with a mixed variable symplectic
integrator based on the algorithm of Wisdom and Holman (1991). The KBOs were
treated as massless test particles moving under the gravitational field of the Sun
and the four outer planets; the mass of the Sun was augmented with the total mass
of the terrestrial planets. Initial conditions for the planets were taken from the JPL
Horizons service2 (Giorgini et al. 1996) for the same epoch as the orbits of the KBOs.
The orbital elements were output every 5000 yr and used to check for stability and
for membership in mean motion resonances with Neptune; I also calculated the
average values and rms variations of the orbital elements a, e, and i over this time
period. Any KBOs for which the majority of the clones approach within a Hill radius
of any planet during this 10 Myr period are discarded from the model population
because objects will generally leave the Kuiper belt on short timescales after such
an encounter; objects with dynamical lifetimes less than 10 Myr are best classified
as Centaurs (Tiscareno and Malhotra 2003) and are therefore not part of the Kuiper
belt. Only five of the observed objects were found to be unstable on Myr timescales.
The membership in MMRs with Neptune is determined as follows. An object
is deemed resonant if its clones collectively spend more than 50% of the 10 Myr
simulation with a librating resonance angle. While 50% is an arbitrary choice, in
practice most objects are very obviously resonant (almost all of the clones librate for
the entire 10 Myr simulation). The MMRs with Neptune (labeled as q : p MMRs)
are characterized by resonant angles of the form
φ = qλkbo − pλN − rkbo $kbo − rN $N − skbo Ωkbo − sN ΩN

(2.5)

where λ, $, and Ω refer to the mean longitude, longitude of perihelion and longitude of ascending node, respectively, the subscripts kbo and N refer to the elements of a KBO and to Neptune, respectively, and p, q, rkbo , rN , skbo , sN are integers.
Rotational invariance imposes the constraint q − p − rkbo − rN − skbo − sN = 0.
For objects with semimajor axes greater than Neptune’s, the MMRs of interest
2

http://ssd.jpl.nasa.gov/?horizons
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have q > p > 0, and the order of the resonance is defined as |q − p|. For small
e and i, perturbation theory informs that the strength of an MMR is propor|r

|

kbo |rN |
tional to ekbo
e (sin ikbo )|skbo | (sin iN )|sN | (Murray and Dermott 1999). Because

rkbo + rN + skbo + sN = q − p, the latter value is referred to as the order of a resonance; for small or moderate values of e and sin i, the lower order resonances are
the stronger resonances. To simplify the process of checking for membership in the
q : p MMRs, I check only resonance angles of the form
φ = qλkbo − pλN − (q − p)$kbo .

(2.6)

Previous works (Chiang et al. 2003; Elliot et al. 2005) have found no examples of
resonant KBOs where some other allowed combination of rkbo , rN , skbo , and sN in
Equation 2.5 showed libration and the above angle did not; a spot check of different
resonance angles from my simulations supports this simplifying assumption. There
are an infinite number of q : p MMRs that any given KBO could be tested for
membership in, but not every q : p MMR is a strong enough resonance to be relevant
to that KBO’s dynamics; however, even fairly high-order MMRs can be relevant.
To determine which MMRs to test for, I use the Farey tree which is an ordering of
all the rational numbers p/q in the interval (0,1). The Farey tree and its apparent
usefulness in determining which MMRs are important in the classical Kuiper belt is
described in Appendix A.
Using the criterion of libration in φ (Equation 2.6), I identify 194 resonant objects
including 108 objects in the 3:2 MMR, 28 in the 7:4 MMR, 16 in the 2:1 MMR,
and 42 among numerous other resonances; the highest order resonance identified is
7th order in the KBO’s eccentricity. The locations of the MMRs identified in this
population, as well as the numbers of objects in each MMR, are shown in Figure 2.1.
Table 2.1 lists the designations of all the objects found in resonances, noting objects
not previously identified as resonant by Gladman et al. (2008), Lykawka and Mukai
(2007a), or Chiang et al. (2003).
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Figure 2.1 Locations of the mean motion resonances in the classical Kuiper belt
that have observed members. The vertical height associated with each resonance
is arbitrarily scaled to the order of the resonance with high-order resonances being
shorter than low-order resonances. The numbers above the lines indicate how many
objects I have identified in each resonance.
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Table 2.1. Observed resonant objects

MMR
3:2

7:4

Designations of Members
1993 RO

1993 SB

1993 SC

1994 JR1

1994 TB

1995 HM5

1995 QY9 (r)

1995 QZ9

1996 RR20

1996 SZ4

1996 TP66

1996 TQ66

1997 QJ4

1998 HH151

1998 HK151

1998 HQ151

1998 UR43

1998 US43 (r)

1998 VG44

1998 WS31

1998 WU31

1998 WV31

1998 WW24

1998 WZ31

1999 CE119

1999 CM158 (r)

1999 RK215

1999 TC36

1999 TR11

2000 CK105

2000 EB173

2000 FB8

2000 FV53 (r)

2000 GE147

2000 GN171

2000 YH2

2001 FL194

2001 FR185

2001 FU172

2001 KB77

2001 KD77

2001 KN77 (r)

2001 KQ77

2001 KX76

2001 KY76

2001 QF298

2001 QG298

2001 QH298

2001 RU143

2001 RX143

2001 UO18 (r)

2001 VN71

2001 YJ140

2002 CE251 (r)

2002 CW224

2002 GE32

2002 GF32

2002 GL32

2002 GV32

2002 GW31

2002 GY32

2002 VD138

2002 VE95

2002 VR128

2002 VU130

2002 VX130

2002 XV93

2003 AZ84

2003 FB128

2003 FF128

2003 FL127

2003 HA57

2003 HD57

2003 HF57

2003 QB91

2003 QH91

2003 QX111

2003 SO317

2003 SR317

2003 TH58 (r)

2003 UT292

2003 UV292

2003 UZ413

2003 VS2

2003 WA191

2003 WU172 (r)

2004 DW

2004 EH96

2004 EJ96

2004 EV95

2004 EW95 (r)

2004 FU148

2004 FW164

2004 US10

2004 VT75

2004 VZ75

2005 EZ296

2005 EZ300 (r)

2005 GA187

2005 GB187

2005 GE187

2005 GF187

2005 GV210

2005 TV189

2006 HJ123

2007 JF43

2007 JH43 (r)

Pluto

(1994 GV9 )

1999 CD158 (r)

1999 CO153

1999 HG12

(1999 HR11 )

1999 HT11

1999 KR18

1999 RH215
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Table 2.1 – continued
MMR

Designations of Members

(7:4

2000 FD8 (r)

(2000 FX53 )

2000 OP67

2000 OY51 (r)

contd.)

2000 YU1 (r)

2001 HA59 (r)

2001 KJ76

2001 KO76

2001 KP76 (r)

2001 KP77 (r)

2001 QE298

2002 PA149 (r)

2002 PB171

2003 QW111

2003 QX91

(2003 YJ179 )

2004 OK14 (r)

2004 PW107 (r)

2004 VU75 (r)

2005 SF278 (r)

1996TR66 (r)

1997SZ10 (r)

1998SM165 (r)

1999RB215 (r)

1999RB216 (r)

2000JG81 (r)

2000QL251

2001FQ185

2001UP18

2002PU170 (r)

2002WC19

2002VD130

2003FE128 (r)

2004TV357

2005CA79

2005RS43

1994 JS (r)

1997 CV29

1999 CX131 (r)

2000 PL30 (r)

2000 QN251 (r)

2001 XP254 (r)

2001 YH140 (r)

2002 GS32

2002 VA131

2002 VV130

2003 US292 (r)

2003 YW179

2005 SE278

2005 TN74 (r)

2006 QQ180

1999 CS153 (r)

2000 CN105 (r)

(2000 FR53 )

2000 YZ1 (r)

2001 KL76

2002 GD32

(2004 VS75 )

(2005 JH177 )

1995 DA2

1998 UU43

1999 RW215

2002 FW6

2003 SS317 (r)

2004 TX357 (r)

2005 ER318 (r)

1999 CP133

2001 XH255

2002 GW32 (r)

2003 QB92

2005 SC278

11:6

1999 CP153 (r)

2001 KU76

8:5

2005 VZ122 (r)

11:8

2001 XS254 (r)

16:9

2005 GC187 (r)

2:1

5:3

9:5
4:3
5:4

2003 FC128

2005 EB318 (r)

Note. — Entries in boldface indicate objects not previously identified as resonant by
Gladman et al. (2008), Lykawka and Mukai (2007a), or Chiang et al. (2003). Entries
followed by (r) indicate objects whose test particles have close encounters with Neptune
during the 4 Gyr simulation described in Chapter 3. Entries in parentheses are objects
whose test particles exit the resonance by the end of the 4 Gyr simulation without
being removed from the classical Kuiper belt region.
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As noted in Section 2.2, the observational biases affecting the observed distribution of resonant objects are not easily determined. The primary assumption of my
debiasing calculations is that an object’s detectability only depends on the limiting
magnitude and ecliptic latitude ranges of the observational survey. This is a fair
assumption for non-resonant objects but not for the resonant ones. The probability
of detecting a resonant object also depends on the longitude of the observations with
respect to Neptune; the libration of the resonant angle (Equation 2.6) restricts the
object’s longitude of perihelion relative to Neptune, therefore the detection probability varies with longitude (Kavelaars et al. 2008). This is further complicated
by the possibility of the Kozai resonance within a mean motion resonance, which
restricts where the location of the KBO’s perihelion will occur relative to its longitude of ascending node and, therefore, relative to the ecliptic plane (Kavelaars
et al. 2009). For example, Pluto is in both the 3:2 mean motion resonance and the
Kozai resonance. The latter causes Pluto’s argument of perihelion to librate around
90 degrees. Physically, this means that the location of Pluto’s perihelion librates
around its maximum excursion above the ecliptic plane. This phenomenon adds to
the bias against detecting such objects because they are furthest from the ecliptic
plane when they are brightest. Without knowledge of all the details of an object’s
resonant behavior and a very specific pointing history for the observational survey,
it is impossible to correctly calculate a discovery probability; see, for example, Chiang and Jordan (2002) for a discussion of how discovery probabilities for objects in
the 3:2 and 2:1 MMRs depend on resonant behavior. This makes an accurate debiased model of the intrinsic orbital distributions of Neptune’s resonances beyond the
scope of this work; instead, I will separately consider the resonant objects and the
non-resonant objects and only apply the debiasing procedure to the non-resonant
objects. Figures 2.2 through 2.5 show the observed e, i, and libration amplitude
(Aφ ) distributions for the four most observationally populated resonances in the
classical Kuiper belt region.
From the non-resonant objects, I can attempt to build an orbital distribution
that represents the intrinsic distribution for the classical Kuiper belt by accounting
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Figure 2.2 Distributions of e, i, and Aφ for the observed members of the 3:2 MMR
from the 10 Myr simulation.
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Figure 2.3 Distributions of e, i, and Aφ for the observed members of the 7:4 MMR
from the 10 Myr simulation.
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Figure 2.4 Distributions of e, i, and Aφ for the observed members of the 2:1 MMR
from the 10 Myr simulation.
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Figure 2.5 Distributions of e, i, and Aφ the observed members of the 5:3 MMR from
the 10 Myr simulation.
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for biases in the set of observed objects; I use the debiasing calculations described
in Sections 2.2.1 and 2.2.2. Debiasing the observations requires knowledge of the
discovery circumstances for each object, so in the non-resonant case I use only
objects discovered by well-characterized surveys; Table 2.2 gives a complete list
of the surveys used in modeling the classical Kuiper belt. Eliminating both the
resonant KBOs and the KBOs not discovered by major surveys leaves 278 CKBOs
for the debiasing procedure; Table 2.3 lists the designations of these objects. To
create debiased distributions in a, e, and i, I assign each observed CKBO a weighting
factor that is determined by the inverse of the product of the probability that the
object is bright enough to be detected (the probability described in Section 2.2.1) and
the probability that the object will be found in the survey’s ecliptic latitude range
(Equation 2.3). KBOs with orbits that make them difficult to detect are thus given
large weights because observations thus far have a high probability of having missed
many similar objects. KBOs with orbits that keep them nearly always within the
observational range of telescopic surveys are given small weights because it is likely
that almost all similar objects are within the observational data set. The observed
and debiased distributions of a, e, and i for the CKB are shown in Figure 2.6.

52

Table 2.2. Kuiper belt surveys

Number

Survey

Reference(s)

of Objects
171

Deep Ecliptic Survey

Elliot et al. (2005)

34

Canada-France Ecliptic Plane Survey

Jones et al. (2006)
Kavelaars et al. (2009)

33

Canada-France-Hawaii Telescope Survey

Trujillo et al. (2001)

8

Spacewatch

Larsen et al. (2001)
Larsen et al. (2007)

7

Mauna Kea

Jewitt et al. (1998)

6

Distant Disk Survey

Allen et al. (2002)

19

miscellaneous

Irwin et al. (1995)
Jewitt and Luu (1995)
Jewitt et al. (1996)
Gladman et al. (1998)
Luu and Jewitt (1998)
Trujillo and Jewitt (1998)
Gladman et al. (2001)
Trujillo et al. (2001b)
Trujillo and Brown (2003)

Note. — Surveys used to construct my debiased model of the classical Kuiper belt.
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Table 2.3. Classical Kuiper belt objects

designations of objects
1992 QB1

1993 FW

1994 ES2

1994 EV3

1994 JQ1

1995 DB2

1995 DC2

1995 SM55

1995 WY2

1996 KV1

1996 TO66

1996 TS66

1997 CQ29

1997 CR29

1997 CS29

1997 CT29

1997 CU29

1997 RT5

1997 RX9

1998 KG62

1998 KR65

1998 KS65

1998 KY61

1998 SN165

1998 WA25

1998 WG24

1998 WH24

1998 WT31

1998 WV24

1998 WW31

1998 WX24

1998 WX31

1998 WY24

1998 WY31

1999 CB119

1999 CC119

1999 CG119

1999 CG154

1999 CH119

1999 CH154

1999 CJ119

1999 CK158

1999 CL119

1999 CL158

1999 CM119

1999 CM153

1999 CN119

1999 CQ133

1999 CU153

1999 CW131

1999 DA

1999 DF9

1999 DH8

1999 HC12

1999 HH12

1999 HJ12

1999 HS11

1999 HU11

1999 HV11

1999 JD132

1999 KR16

1999 RA216

1999 RC215

1999 RE215

1999 RG215

1999 RN215

1999 RR215

1999 RT214

1999 RU215

1999 RV215

1999 RW214

1999 RX214

1999 RX215

1999 RY214

1999 RY215

1999 RZ253

2000 CE105

2000 CF105

2000 CG105

2000 CH105

2000 CJ105

2000 CL104

2000 CL105

2000 CM105

2000 CN114

2000 CO105

2000 CP104

2000 CQ114

2000 GX146

2000 GY146

2000 KK4

2000 OH67

2000 OJ67

2000 OK67

2000 OL67

2000 ON67

2000 OU69

2000 QM251

2000 WR106

2001 DD106

2001 FE193

2001 FK185

2001 FK193

2001 FL185

2001 FM185

2001 FN185

2001 FO185

2001 FT185

2001 KA77

2001 KE76

2001 KE77

2001 KF76

2001 KH76

2001 KK76

2001 KN76

2001 KO77

2001 KT76

2001 KW76

2001 OQ108

2001 QA298

2001 QB298

2001 QC298

2001 QD298

2001 QJ298

2001 QO297

2001 QP297

2001 QQ297

2001 QQ322

2001 QR297

2001 QS322

2001 QT297

2001 QT322

2001 QX297

2001 QY297

2001 QZ297

2001 RW143

2001 RZ143

2001 UN18

2001 UQ18

2002 AW197

2002 CB225

2002 CC249

2002 CD251

2002 CS154

2002 CT154
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Table 2.3 – continued
designations of objects
2002 CU154

2002 CX224

2002 CY154

2002 CY248

2002 CZ154

2002 CZ224

2002 FW36

2002 FX36

2002 GH32

2002 GJ32

2002 GV31

2002 KW14

2002 LM60

2002 MS4

2002 PA171

2002 PC171

2002 PD149

2002 PD155

2002 PO149

2002 PP149

2002 PQ145

2002 PT170

2002 PV170

2002 PW170

2002 PX170

2002 UX25

2002 VB131

2002 VD131

2002 VE130

2002 VF130

2002 VF131

2002 VS130

2002 VT130

2002 XH91

2003 FA130

2003 FD128

2003 FJ127

2003 FK127

2003 FM127

2003 FY128

2003 GF55

2003 GH55

2003 HC57

2003 HE57

2003 HG57

2003 HH57

2003 HX56

2003 HY56

2003 HZ56

2003 KO20

2003 LB7

2003 LD9

2003 MW12

2003 QA91

2003 QA92

2003 QB112

2003 QD91

2003 QE112

2003 QE91

2003 QF113

2003 QF91

2003 QG91

2003 QJ91

2003 QL91

2003 QN91

2003 QQ91

2003 QR91

2003 QS91

2003 QT91

2003 QV90

2003 QW90

2003 QX113

2003 QX90

2003 QY111

2003 QY90

2003 QZ111

2003 SN317

2003 SP317

2003 SQ317

2003 TG58

2003 TJ58

2003 TK58

2003 TL58

2003 UB292

2003 UN284

2003 UN292

2003 UT291

2003 UY291

2003 UZ117

2003 UZ291

2003 WU188

2003 YK179

2003 YL179

2003 YM179

2003 YN179

2003 YO179

2003 YP179

2003 YR179

2003 YS179

2003 YT179

2003 YU179

2003 YV179

2003 YX179

2004 DG77

2004 DH64

2004 DJ64

2004 DM71

2004 ES95

2004 EU95

2004 OL14

2004 PA112

2004 PB108

2004 PS107

2004 PT107

2004 PX107

2004 PY107

2004 PZ107

2004 UD10

2005 CB79

2005 EC318

2005 EE296

2005 EF298

2005 EM303

2005 EN302

2005 EO302

2005 EO304

2005 EX297

2005 GD187

2005 GX186

2005 JA175

2005 JP179

2005 JR179

2005 JZ174
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As a test of the debiasing procedure, I compare my debiased inclination distribution to the debiased inclination distribution reported for the classical Kuiper belt
from the Deep Ecliptic Survey (DES) by Gulbis et al. (2010). Because the DES
classification scheme differs significantly from mine, only the subset of CKBOs that
overlap with their definition is used for the comparison. Under the DES classification scheme (Elliot et al. 2005), CKBOs are non-resonant KBOs with eccentricities
less than 0.2 and Tisserand parameters with respect to Neptune greater then 3. Using this definition, Gulbis et al. (2010) include 150 objects in their debiased CKB i
distribution that are also included within my CKB dataset; the debiased inclination
distribution for these 150 CKBOs is shown in Figure 2.7. Following Gulbis et al.
(2010), I smooth the debiased i distribution at higher inclinations (where there are
fewer observations on which to base the debiased distribution) by using variable bin
sizes: 1◦ for i ≤ 4◦ , 2◦ for 4 < i ≤ 10◦ , and 5◦ for i > 10◦ . The entire distribution is
normalized to one and reported in Figure 2.7 as the fraction of CKBOs per degree in
inclination. I performed a Kolmogorov-Smirnov (K-S) test to quantify the similarity
of the two debiased inclination distributions. The K-S test measures the maximum
difference between the cumulative distributions of two data sets and then evaluates
the probability that the two data sets are drawn from the same parent distribution
(Press et al. 1992). The K-S test comparing the debiased CKB i distribution from
Gulbis et al. (2010) to my debiased i distribution for the 150 overlapping CKBOs
yields a 65% probability that the two distributions are the same. Compared to the
DES debiased distribution, my distribution is slightly systematically skewed toward
lower inclinations. This difference is due to some simplifying assumptions in my
debiasing procedure: whereas Gulbis et al. (2010) use the complete details of each
discovery image, such as limiting magnitude on the night it was taken and a specific
ecliptic latitude for the image, to calculate debiasing factors, I used the DES survey
averages described by Elliot et al. (2005). Given this limitation, my debiased distribution is close enough to that of Gulbis et al. (2010) to give me confidence in the
debiasing procedure.
Figure 2.8 gives a more detailed look at the debiased inclination distribution I
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Figure 2.6 The observed (dashed black lines) and debiased (solid orange lines) orbital
element distributions for the 278 CKBOs included in this study. The designations
of the 278 objects are listed in Table 2.3.
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Figure 2.7 Comparison of my debiasing procedure to that from the Deep Ecliptic
Survey (DES) (Gulbis et al. 2010). The distributions contain 150 DES KBOs that
meet the DES definition of a CKBO and are present in my data set as well as that
of Gulbis et al. (2010). The black line shows the debiased i distribution for these
KBOs from Gulbis et al. (2010) and the purple line shows my debiased distribution
for the same objects. The debiased i distribution resulting from the definition of
CKBOs used in this work is shown in Figure 2.8.
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find for the CKB; it shows a distinct peak at low inclinations (i < 5◦ ) with a substantial part of the population spread over a wide range of higher inclinations. It
is notable that this distribution is significantly different from the i distribution for
the DES CKBOs found by Gulbis et al. (2010) (Figure 2.7): the notable paucity of
high-i CKBOs in Figure 2.7 compared to Figure 2.8 is owed entirely to the differing
definitions for CKBOs. The cutoff in the Tisserand parameter with respect to Neptune (TN > 3) in the DES definition restricts the inclinations allowed for CKBOs.
For example, a KBO with e = 0.1 and a = 40 AU must have an inclination less
than ∼ 12◦ to meet the TN > 3 criterion; a KBO with a = 45 AU and e = 0.1 must
have an inclination less than ∼ 16◦ to qualify as a CKBO using the DES definition.
Additionally, the eccentricity cutoff (e < 0.2) adopted by the DES excludes a few of
my high-i CKBOs. Brown (2001) use a CKBO definition much more similar to mine
than that of the DES; the only differences are his adoption of a slightly narrower
range in semimajor axis (40 < a < 48 AU) and the exclusion of a few of the highereccentricity KBOs in that semimajor axis range for having perihelion distances very
similar to those of scattered disk objects. Following Brown (2001), I fit my debiased
inclination distribution to a sum of two Gaussians multiplied by sin i,
 2 

 2
−i
−i
f (i) = sin i A exp
+ (1 − A) exp
.
2
2σ1
2σ22

(2.7)

I find the following best-fit parameters: A = 0.95 ± 0.02, σ1 = 1.4 ± 0.3◦ , and
σ2 = 15 ± 3◦ . These may be compared with A = 0.93 ± 0.03, σ1 = 2.2+0.2
−0.6 , and
σ2 = 17 ± 3◦ from Table 1 of Brown (2001). The largest difference between the
two best fits is in the width of the narrow component. This difference is mainly
owed to the differing reference planes; Brown (2001) used the ecliptic plane as the
reference plane for the inclinations, while I use the invariable plane (see Chapter 5).
I find that 83% of the CKBOs are in the wide Gaussian and 17% in the narrow
Gaussian, similar to the 81% and 19% found by Brown (2001). The inclination at
which the narrow and wide components have equal numbers of objects is i = 5◦ in
my model and i = 7◦ in Brown (2001). Both fits are plotted as smooth curves in
Figure 2.8. While the data appear to support the existence of both a low-i and a

59
high-i component in the inclination distribution, Figure 2.8 shows that the model
curves do not fit the data very well. This poor fit is at least partially due to the noisy
nature of the high-i portion of my debiased distribution: there are still relatively few
observed objects at large inclinations. The poor fit could also be an indication that a
double Gaussian is not a very good model for the intrinsic distribution. Gulbis et al.
(2010) try various other functional forms for fitting the debiased DES inclination
distribution and find that a Gaussian plus a generalized Lorentzian provides an
improved fit; however, the improvement over the double Gaussian is small, so for
ease of comparison with the Brown (2001) results I only report a fit to the double
Gaussian form of the inclination distribution.
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Figure 2.8 The debiased inclination distribution for the CKBOs (black line). Note
that the i distribution depends heavily on the definition used for CKBOs. The
differences between this figure and Figure 2.7 are entirely owed to the differences
between my classification scheme and that used by (Gulbis et al. 2010). The two
smooth curves represent model fits of the CKBO inclination distribution to the sum
of two Gaussians multiplied by sin i (Equation 2.7). The solid purple line is my
best-fit model to the debiased distribution and the dashed grey line is the model of
Brown (2001) for comparison.
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2.3.2

Scattered disk

As of February 2007, the Minor Planet Center listed 80 multi-opposition objects that
meet my definition of SDOs (q > 33 AU and a > 50 AU)3 ; the designations of these
objects are listed in Table 2.4. These objects are subject to the same observational
biases as the classical Kuiper belt objects: objects that spend most of their time
at large heliocentric distances are fainter and therefore less likely to be detected,
and high-inclination objects are less likely than low-inclination objects to be found
by ecliptic surveys. Using the procedures outlined in Sections 2.2.1 and 2.2.2, I use
these observations to construct a debiased model for the scattered disk.
Of the 80 SDOs, 31 were discovered by the Deep Ecliptic Survey (Elliot et al.
2005) and 11 were discovered by the Canada-France-Hawaii Telescope Survey (Trujillo et al. 2001). Limiting magnitudes for the Deep Ecliptic Survey and the CanadaFrance-Hawaii Telescope Survey are well determined; the remaining 38 objects were
not found by dedicated, well-characterized Kuiper belt surveys. Unlike in the case
of the CKBOs, there are simply too few observed SDOs to construct a model using
only those SDOs detected by well-characterized surveys. In order to utilize all the
observations, I infer an effective limiting magnitude for the 38 objects not found by
Kuiper belt surveys from the distribution of the objects’ visual magnitudes upon
discovery. This limiting magnitude might not be accurate for any individual object,
but because the goal of the debiasing procedure is to gain insight into the bulk
orbital characteristics of the objects, it is a reasonable approximation. Of these 38
objects, 6 were analyzed separately using the same method because they all used
data from the Sloan Digital Sky Survey. Because detecting moving solar system
objects was not the primary objective of this survey, characteristics for this use of
the survey have not been published, but analyzing the objects separately yields a
better estimate of their associated limiting magnitude because they all come from
3

Approximately 20 additional SDOs have been observed at multiple oppositions since I gathered

the original list, but the orbital distribution of the new SDOs does not differ in any significant way
from the set presented here; their inclusion in the data set would not significantly alter the SDO
model.
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Table 2.4. Scattered disk objects

designations of objects
1995 TL8

1996 GQ21

1996 TL66

1998 XY95

1999 CC158

1999 CF119

1999 CV118

1999 CY118

1999 CZ118

1999 DG8

1999 DP8

1999 HW11

1999 RD215

1999 RJ215

1999 RU214

1999 RZ214

2000 CM114

2000 CP105

2000 CQ105

2000 CR105

2000 FE8

2000 OM67

2000 PE30

2000 PF30

2000 PH30

2000 PS30

2000 QK226

2000 YC2

2000 YW134

2001 FJ194

2001 FM194

2001 FN194

2001 FP185

2001 KC77

2001 KG76

2001 KG77

2001 KV76

2001 KZ76

2001 OM109

2001 QW297

2001 QX322

2001 UR163

2001 XT254

2002 CX154

2002 CY224

2002 CZ248

2002 GA32

2002 GB32

2002 GG32

2002 GX32

2002 GZ31

2002 TC302

2003 FZ129

2003 HB57

2003 LA7

2003 QK91

2003 UB313

2003 YQ179

2004 OJ14

2004 PB112

2004 PD112

2004 TF282

2004 XR190

2005 EF304

2005 EO297

2005 PQ21

2005 PT21

2005 RM43

2005 RP43

2005 SA278

2005 SD278

2005 TB190

2006 HO122

2006 HQ122

2006 HR122

2006 HV122

2006 HX122

2006 QH181

2006 QJ181

2006 SF369
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data taken with the same instrument under similar conditions. These limiting magnitudes were used for each group of SDOs to calculate a detection probability based
on a, e, and H (see Section 2.2.1); the inverse of this probability is used to weight
each of the observed SDOs to create the a and e distributions shown in Figure 2.9.
For the inclination debiasing, I use the second approach outlined in Section 2.2.2
to construct a debiased inclination distribution. This is because so few of the SDOs
were discovered by surveys with a well-defined ecliptic latitude range. Of the 80
observed SDOs, 28 were discovered within 1◦ of the ecliptic plane. The inclinations
of these 28 objects were fit to Equation 2.4, then multiplied by sin i, yielding a
debiased distribution described by

f (i) = sin(i) exp

−i2
2σ 2



, σ = 17 ± 3◦ .

(2.8)

This distribution is shown in the lower right panel of Figure 2.9. For the SDOs,
inclination appears to be fairly independent of a and e, so completely separating
the inclination and a − e debiasing should not skew the debiased distribution.
My debiased population can be compared to the debiased population of Di Sisto
and Brunini (2007) who modeled the scattered disk and Centaur populations. Those
authors employ a similar debiasing procedure to mine for the semimajor axis distribution with the addition that they superimpose a power law distribution of semimajor axes after applying the correction factor for heliocentric distance. Their result
is a semimajor axis distribution that is peaked in the 40 − 70 AU region, whereas
mine starts at 50 AU and is relatively flat in the 50 − 90 AU range. While the classical Kuiper belt distribution does seem to follow a power law in heliocentric distance,
there are indications that the scattered disk’s heliocentric distance distribution is
much more flat in the range of 40 − 60 AU (Kavelaars et al. 2008). Di Sisto and
Brunini (2007) also calculate a debiased inclination distribution; their distribution
has a peak that is sharper than my distribution and located at a lower inclination,
but it is consistent within my 1-σ error bars.
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Figure 2.9 The observed distributions of a, e, q, and i (black dotted lines) for
the scattered disk compared to the distributions for the debiased model population
(solid orange lines).
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2.4

Summary

I generate models for the classical Kuiper belt and the scattered disk by applying a
debiasing procedure to the set of observed objects in each population. These debiased models are an improvement upon models already in the literature because they
include more observations than previous models. The inclination distributions for
these populations are the most easily measured orbital distribution, and my debiased models produce inclination distributions that agree well with other measures of
the inclination distributions (Brown 2001; Gulbis et al. 2010; Di Sisto and Brunini
2007); this gives me confidence that my debiased models are reasonable reflections
of the intrinsic orbital distributions for the classical Kuiper belt and the scattered
disk. It is not currently feasible to debias the observed distribution of resonant
objects, but I have identified new members in several resonances and can report
more complete observed distributions than previous works. These models for the
Kuiper belt subclasses are used as the basis for numerical simulations exploring the
long-term dynamics of the Kuiper belt in Chapters 3 through 5.
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CHAPTER 3
LONG-TERM DYNAMICAL STABILITY OF THE KUIPER BELT’S
SUBCLASSES: LINKS TO THE CENTAURS AND JUPITER FAMILY
COMETS

Portions of this chapter have been previously published as Volk and Malhotra (2008)
and Volk and Malhotra (2011).
3.1

Background

The general picture of how Kuiper belt objects evolve from the trans-Neptunian
region into the Centaur population and then into the Jupiter family comet population is well accepted, but it remains unclear which dynamical subclass of the Kuiper
belt is the predominant source for the Centaurs and JFCs. Dynamical studies have
made quantitative theoretical predictions of the populations of various KBO subclasses required to supply the observed population of JFCs in steady state (Holman
and Wisdom 1993; Duncan et al. 1995; Levison and Duncan 1997; Duncan and Levison 1997; Morbidelli 1997; Emel’yanenko et al. 2004; Fernández et al. 2004). One
motivation for producing new models of the long-term stability of the Kuiper belt
subclasses is that there is now a larger observational sample of SDOs and CKBOs
with improved orbital parameters (as discussed in Chapter 2). Our understanding
of the orbital distribution and the dynamical stability of the Kuiper belt’s subclasses
has evolved since the previous modeling work.
The classical Kuiper belt was originally thought to be a population that had undergone very little dynamical sculpting, with eccentricities around or below e ∼ 0.1
and low inclinations (Trujillo et al. 2000; Levison and Duncan 1997; Duncan and
Levison 1997; Jewitt et al. 1996; Jewitt and Luu 1995). The early studies of Holman
and Wisdom (1993) and Duncan et al. (1995) examined the role of a population of

66
hypothetical low-inclination and relatively low-eccentricity objects with semimajor
axes between about 30 and 50 AU in resupplying the JFCs. These pioneering studies
discovered that weak orbital chaos generated by the long-term gravitational perturbations of the giant planets provided dynamical pathways to make such a scenario
for the origin of the JFCs quantitatively viable. Holman and Wisdom (1993) estimated that a population of 5 × 109 comet-sized KBOs in the 30–50 AU heliocentric
distance range would be required to account for the observed population of JFCs.
A more detailed calculation based on the same low-e, low-i model of the Kuiper
belt by Levison and Duncan (1997) revised the Kuiper belt population estimate to
7 × 109 comet-sized objects.
These models were based on what is now described as the ‘cold’ classical Kuiper
belt. In a continuation of the Levison and Duncan (1997) studies, Duncan and
Levison (1997) found that a small fraction of the CKBOs could be excited to higher
inclinations and eccentricities by close encounters with Neptune to form a persistent
population of objects dubbed the ‘scattered disk’; they reported that this population
was a more efficient supplier of JFCs, requiring only 6 × 108 objects to be the sole
source. In another model, Morbidelli (1997) suggested that Plutinos (KBOs in the
3:2 mean motion resonance with Neptune) are also subject to weak orbital chaos and
instabilities on Gyr timescales and, thus, could also be a viable source of the JFCs;
he estimated a comet-sized Plutino population of 4.5 × 108 objects could account
for the JFCs.
Traditional observational surveys to test these predictions are exceedingly challenging due to the small (sub–10 km) sizes of known JFCs, hence faint visual magnitudes, m & 29, for their Kuiper belt precursors. Several large ground-based surveys
have found that the brightness distribution of KBOs brighter than m ' 23 is described well by a single power law function where the cumulative number of objects,
N , in the population that are brighter than magnitude m is given by
N (< m) = Cm−q ,

(3.1)

where q is the slope of the cumulative distribution and C is a normalization factor
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(Trujillo et al. 2001; Sheppard et al. 2000; Jewitt et al. 1998). Upon extrapolating
this function to fainter magnitudes, the theory of the JFC–KB link seemed to be
secure. Indeed, according to the extrapolations, several dynamical classes within the
Kuiper belt – the CKBOs, the Plutinos, or the scattered disk – could potentially be
viable sources of the JFCs. In a detailed review of the problem, Duncan et al. (2004)
concluded that the scattered disk was likely the dominant source of the JFCs, based
on then–current theoretical models and observations.
Since the review of Duncan et al. (2004) that identified the SDOs as the most
likely source region for the JFCs, there have been several new measurements of
the Kuiper belt’s size distribution that motivate a re-examination of this conclusion. The deepest observational survey of the Kuiper belt to date was reported by
Bernstein et al. (2004) who used the Hubble Space Telescope (HST) to look for faint
KBOs down to m ' 29. Their results show that the brightness distribution of KBOs
flattens significantly at magnitudes fainter than m ' 24. The implication is that the
population of small KBOs, down in the size regime of JFCs, is far smaller than that
estimated from the extrapolation of the size distribution of larger KBOs. Recent
ground-based surveys down to limiting magnitudes m = 25 − 27 have confirmed
that the KBO size distribution does break to a shallower slope somewhere between
diameters D ∼ 50 km and D ∼ 100 km (Fuentes et al. 2009; Fraser and Kavelaars
2009). This observed break in the size distribution occurs at sizes several to ten
times larger than comet-sized KBOs, so we still must rely on extrapolations of the
data to estimate how many comet precursors are in each dynamical subclass. Stellar
occultations, which can be used to detect very small KBOs (down to ∼100 m in
size), can help test the extrapolated size distributions. To date there have been only
two detections using this method (Schlichting et al. 2009, 2012); these two detections, combined with the lack of detections by other occultation searches (Bickerton
et al. 2008; Bianco et al. 2009), have placed an estimate on the ecliptic sky density
of KBOs larger than D ∼ 0.5 km of ∼ (0.2–2) × 107 deg −2 . However, it is difficult
to dynamically classify the occultation detections because there are no follow-up
observations from which an orbit can be estimated. Population estimates for the
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various Kuiper belt subclasses have not yet been made for small-enough sized KBOs
to securely identify the source region for the Centaurs and JFCs.
The identification of a dominant source population for the JFCs has implications
for not only the orbital evolution of the Kuiper belt’s subclasses, the Centaurs, and
the JFCs, but also for their likely formation scenarios and subsequent physical evolution. Establishing quantitative links between these populations would allow us to
use our knowledge of the physical properties of the observationally more accessible
comets and Centaurs to learn about the physical properties of observationally challenging KBOs (Fink 2009; Lowry et al. 2008). As discussed in Section 1.4, there
are indications among the KBO observations that there are physical differences between the different subclasses; these differences potentially include size distributions,
colors, and geometric albedos (see Morbidelli et al. (2008) and references therein).
However, properties such as color and albedo are difficult to interpret in terms of
chemical composition for the Kuiper belt because follow-up observations with spectroscopy can only be done for the largest KBOs; there are many hypotheses linking
the observed properties of KBOs to inferred physical and chemical properties (Brown
et al. 2011; Fraser and Brown 2012; Cooper et al. 2003), but the observations required to test these hypothesis are challenging (see Brown (2012) for a thorough
review of the subject of Kuiper belt compositions). It has been suggested that
the differences in the sizes, colors, and albedos between the different subclasses of
the Kuiper belt indicate different formation regions (Fraser and Brown 2012); some
planetary migration scenarios predict that the classical Kuiper belt may have originated in a different region of the solar nebula than the scattered disk (Levison et al.
2008a; Gomes 2003). Establishing the specific source region for the JFCs and Centaurs would allow us to more firmly connect the observed compositions of comets
with Kuiper belt observables such as color and albedo; these connections could then
help test various hypotheses about the origins and compositions of KBOs.
The models of the Kuiper belt’s major subclasses that I presented in Chapter 2
can be used to re-examine the link between the Kuiper belt and the Centaurs and
JFCs. This re-examination is motivated by the new measurements of the Kuiper
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belt’s size distribution combined with the larger catalog of observed and dynamically
classified KBOs presented in Chapter 2. In this chapter I present the results of longterm numerical simulations of the Kuiper belt. I use these simulations to calculate
the supply rate of Centaurs and JFCs from each of the Kuiper belt’s subclasses; I
compare these results to the observational estimates of each subclass’s population
and discuss the remaining uncertainties.
3.2

Numerical simulations of long-term dynamical evolution

The debiased models for the CKB and SD presented in Chapter 2 serve as the
starting point for long-term numerical simulations of these populations. As discussed
in Chapter 2, the resonant objects cannot be easily debiased, but I can examine the
long-term behavior of the observed resonant objects. In all the models presented
below, the KBOs were treated as massless test particles and integrated under the
gravitational influence of the Sun and the four outer planets; the total mass of
the terrestrial planets was added to the mass of the Sun. To integrate the orbits,
I used a mixed variable symplectic integrator based on the algorithm of Wisdom
and Holman (1991); I carried out the orbital integrations for 4 Gyr using a step
size of 1 year, and the orbital elements of the test particles and the planets were
output every 106 years. The initial conditions for the test particles are specified
for each subclass in the following sections, and the initial conditions for the planets
were taken from the JPL Horizons service1 (Giorgini et al. 1996) for February 9,
20072 . Individual test particles were discarded from the integration if they reached
a heliocentric distance of 10,000 AU or if they approached within a Hill radius of
one of the planets. The outer boundary was chosen because objects at such large
heliocentric distances are better classified as Oort cloud objects; additionally, such
distant objects in the real solar system are subject to additional forces, such as
perturbations from nearby stars and galactic tides, that are not accounted for in my
1
2

http://ssd.jpl.nasa.gov/?horizons
The exact initial conditions for the simulations presented in this chapter are available upon

request via email (kat.volk@gmail.com)
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numerical simulations. The Hill radius planetary encounter criterion for removal is
due to a limitation of the numerical method, which becomes inaccurate when the
gravitational effect of a planet on a test particle becomes comparable in strength to
the gravitational effect of the Sun on the test particle. Duncan and Levison (1997)
found that very few test particles will remain stable in the Kuiper belt after their
first close encounter with a planet; for the purposes of the stability calculations
here, I can assume that approaching within one Hill sphere of any of the planets
will remove test particles from the Kuiper belt (see Sections 3.3 and 3.4 for further
discussion of this).
3.2.1

Initial conditions for the CKB

To determine the probable evolution of each observed CKBO, ten clones for each
object were generated from the best-fit orbits with small random variations (about
one part in 104 ) in a, e, i, longitude of ascending node, and argument of perihelion;
these variations roughly correspond to the uncertainty of the orbit fits. The mean
anomaly was chosen randomly between 0 and 2π for each clone. For the analysis of
the simulation output, each test particle was weighted according to the debiasing
procedure explained in Section 2.3.1; in this way the simulation results tell us about
the long-term evolution of the debiased classical Kuiper belt.
3.2.2

Initial conditions for the RKBOs

Test particles representing the observed resonant objects were generated from the
best-fit orbits with small random variations (about one part in 104 ) in a, e, i,
longitude of ascending node, argument of perihelion, and mean anomaly. The orbital
position of each RKBO was taken from the JPL Horizons service for the same epoch
as the giant planets to preserve the resonant objects’ orbital positions relative to
Neptune. Ten clones of each resonant object were generated.
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3.2.3

Initial conditions for the SD

Test particles representing the observed scattered disk objects were generated in
a slightly different manner than the classical and resonant clones. This is partly
because the orbital uncertainties are generally larger for these objects than for the
CKBOs and RKBOs (the orbital periods of SDOs are much longer than for CKBOs,
meaning the observational arcs are much shorter relative to the orbital period);
a different method is also required because the debiasing in inclination was not
achieved via a simple weighting factor. Instead of cloning each SDO a set number
of times, the number of clones was determined from the weighting factor calculated
for a − e as described in Section 2.2.1; the weighting factors were normalized to
create a total of 1849 test particles. Each clone was given the same eccentricity,
longitude of ascending node, and argument of perihelion as the original object, but
the semimajor axes of the clones were randomly selected from a uniform 5% interval
around the observed value. This spread is similar to the observational uncertainties
in this orbital parameter. The inclination for each clone was randomly selected from
the best-fit inclination distribution (Equation 2.8), and the mean anomaly for each
test particle was randomly selected from 0 to 2π.
3.3

Simulation results

The primary result I obtain from the simulations is the escape rate of test particles
from each of the dynamical subclasses. I consider an object to have escaped if it
has come within a Hill sphere of any of the four giant planets; previous dynamical modeling has shown that test particles that encounter a planet within its Hill
sphere either evolve into the Centaur region or are removed from the Kuiper belt
on ∼ 10 Myr timescales (Levison and Duncan 1997). The average fractional rate of
escape for each subpopulation can then be estimated as the fraction of the simulated
population that have a close encounter with a planet divided by the length of the
simulation. This yields a fractional escape rate of 0.55 × 10−10 yr−1 for the debiased
classical Kuiper belt and 1.05×10−10 yr−1 for the debiased scattered disk. I will dis-
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cuss the loss rates for the observed resonant populations separately in Section 3.3.3.
These loss rates are the average loss rates over the 4 Gyr simulations, but the loss
rates vary with time; Figures 3.2 and 3.1 show the fraction of the SD and CKB
remaining over time as well as the distribution of escape times for the populations.
I will use the time-varying escape rate to estimate the uncertainty in the fractional
escape rates of the CKB and the SD in Sections 3.3.1 and 3.3.2.
3.3.1

Analysis of the CKB simulation

There are several checks I can perform within my classical Kuiper belt model to
test the reliability of the calculated escape rate. The first is to test how stable my
debiased orbital element distributions are for the CKBOs. A simple property that
is desirable for the debiased distribution is that it be nearly stationary in time, i.e.,
that the model distribution not favor a special time; this provides basic confidence
in the debiasing procedure. To determine if the model distribution satisfies this,
I perform a Kolmogorov-Smirnov (K-S) test (adapted from Press et al. (1992)) to
compare the distributions of the orbital elements a, e, and i, at various times in the
simulation. As mentioned in Section 2.3.1, the test measures the absolute difference
in the cumulative distributions of two samples of any given orbital element and
translates this into a probability, which I will call the ‘KS probability’, that the
two samples are drawn from the same parent distribution. This is accomplished by
comparing the absolute difference between the samples’ cumulative distributions to
the distribution of differences expected for two samples that are drawn from one
parent distribution.
If the debiasing procedure does create a model distribution that is representative
of the classical Kuiper belt, the K-S test should yield a high KS probability for the
distributions of each orbital element compared at different times in the simulation.
For the semimajor axis distribution, I calculate a KS probability of only 33% when
comparing the distribution at the beginning of the simulation to that at 4 Gyr,
but the probability increases to 73% if I compare the distributions at 250 Myr
and 4 Gyr and is above 99% when comparing times later than 500 Myr into the
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Figure 3.1 Top panel: fraction of the debiased classical Kuiper belt population
remaining as a function of time. Bottom panel: histogram of the times at which
particles in the simulation were removed, either due to a planetary encounter or by
evolving to heliocentric distance greater than 10, 000 AU.
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Figure 3.2 Top panel: fraction of the debiased scattered disk population remaining
as a function of time. Bottom panel: histogram of the times at which particles in
the simulation were removed, either due to a planetary encounter or by evolving to
heliocentric distance greater than 10, 000 AU.
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simulation. This indicates that my initial distribution of a contains some unstable
subset, but that this instability quickly vanishes, leaving a stable distribution in
semimajor axis. I get a similar result when I look at the inclination distribution
over time. Excluding the first 250 Myr of the simulation, the KS probabilities are
greater than 90% when comparing any two simulation epochs. The results of the
K-S test for the eccentricity distribution indicate that the e distribution is less stable
than the a and i distributions. The KS probabilities are very small when comparing
the e distribution at 250 Myr to the distribution at 4 Gyr; the KS probability
does not reach 10% until 750 Myr. Comparing later times in the simulation to the
t = 4 Gyr distribution, the KS probabilities range from 30–90%. The change in the
eccentricity distribution over time in the simulation is due to the fact that the loss
rate for objects in the CKB is dependent on e; the fraction of particles remaining
as a function of eccentricity decreases with increasing eccentricity. By the end of
the 4 Gyr simulation, the high-e tail of the debiased distribution has been removed;
this can be seen in Figure 3.3 which shows the e distribution at three times in the
simulation. Overall, however, the results of the K-S tests indicate that the debiased
orbital distribution for the CKB is physically reasonable, as it does not show very
large changes over time.
The K-S tests indicate that the debiased CKB model from times later than
t = 250 Myr in the simulation represents a stationary CKB distribution. I can
use this to refine my estimate of the fractional escape rate for the CKB. Figure 3.1
shows that the fractional escape rate is time variable, with the highest escape rate
occurring early in the simulation. The fractional escape rate between t = 250 Myr
and t = 1 Gyr is 8.6 × 10−11 yr−1 , while the escape rate from t = 3 Gyr to t = 4 Gyr
is 4.3 × 10−11 yr−1 . These two endpoints serve as upper and lower bounds on the
fractional escape rate of CKBOs.
To make sure the use of multiple observational surveys in my debiasing method
(described in Chapter 2) does not alter the stability calculation, I also calculate
the escape rate for just the CKBOs discovered by the Deep Ecliptic Survey (Elliot
et al. 2005); this survey accounts for 171 of the 278 CKBOs used to construct my
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Figure 3.3 The debiased CKB eccentricity distribution at three times in the simulation.
debiased model. The fractional escape rate over the entire simulation for just the
DES CKBOs is 0.7 × 10−10 yr−1 ; this is higher than my overall CKB escape rate of
0.55 × 10−10 yr−1 , but falls between the upper and lower bounds calculated above.
The upper bound of the escape rate for my model of the CKB is twice as large as
the escape rate estimated by Levison and Duncan (1997). This difference is likely due
to the inclusion of higher-eccentricity KBOs in my model; previous models, which
were based more on theory than observations, considered a much more dynamically
cold population. Much of the escape from the CKB in my model is due to CKBOs
with eccentricities in excess of 0.1, so an increase in the escape rate is to be expected
compared to lower-eccentricity models.
As I explained above, the high-eccentricity CKBOs have a higher probability
of removal from the CKB than the low-eccentricity CKBOs. Because there is a
correlation between eccentricity and inclination in the CKB (the CKBOs in the
low-inclination peak of the double peaked i distribution tend to have systematically
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Figure 3.4 The initial i distribution for the CKB model (black line) compared to the
initial i distribution of escaped particles (orange dashed line). Both distributions
are normalized to the total simulated CKB population.

lower eccentricities than the CKBOs in the high-i peak), the escape rate of CKBOs
is also dependent on inclination. Figure 3.4 shows the inclination distribution of
the debiased CKB compared to the i distribution of just the particles that escape
the CKB; in my simulation, CKBOs with i < 5◦ have a fractional escape rate ∼ 4
times lower than that of the total CKB. The evolution of inclinations in the classical
Kuiper belt is the subject of Chapter 5.
3.3.2

Analysis of the SD simulation

Just as in the CKB simulation, I perform K-S tests on my scattered disk distribution at different times in the simulation to check the overall stability of my debiased
orbital distribution. The KS probability is nearly 100% for the inclination distribution compared at the beginning and the end of the simulation, indicating that
the inclination distribution obtained from the debiasing procedure is stationary on
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4 Gyr timescales. The eccentricity distributions at 0 Gyr and at 4 Gyr give a KS
probability of 80%, which increases to nearly 100% when comparing times later than
t = 250 Myr to t = 4 Gyr. Similarly, the KS probability for the semimajor axis
distributions at 0 Gyr and at 4 Gyr is only 40%, but rises to 98% when comparing
t = 250 Myr to t = 4 Gyr. The changes in the e and a distributions between 0 and
250 Myr is an indication that the debiased distributions were unstable, but the similarity of the t = 250 Myr and t = 4 Gyr distributions suggests that these instabilities
disappear quickly. Figure 3.5 shows the distributions of a and e at t = 0, 250 Myr,
and 4 Gyr in the simulation. The large change in the a distribution between t = 0
and 250 Myr is a result of the test particles representing the very small number of
observed large-semimajor axis SDOs spreading out in semimajor axis; the change in
the e distribution is mostly due to some of the test particles being excited to large
eccentricities (e > 0.9) that are not seen in the observed SDOs.
The perihelion distance distribution of the debiased SD model shows the most
time variability. Comparing the initial q distribution to the t = 4 Gyr distribution
yields a KS probability of ∼ 5%; the KS probability increases to 56% when I consider
the distributions at 1 Gyr and 4 Gyr, and it is nearly 100% for the comparison
between 2 Gyr and 4 Gyr. The evolution of the q distribution is shown in Figure 3.6;
objects with a very low probability of discovery that initially dominate the lowerq part of the distribution due to the debiasing procedure are either lost from the
scattered disk or evolve to more stable regions of phase space during the first Gyr.
The K-S test results indicate that the debiasing procedure does introduce some
instabilities into the SD distribution, but that the distributions in a and e reach
steady state after 250 Myr and the distribution of q reaches steady state after
1 Gyr. This is similar to the results of the K-S test for the CKB distribution in
Section 3.3.1.
With the above consideration of the debiased model’s accuracy, I estimate the
fractional escape rate of SDOs to be (0.8 − 1.8) × 10−10 yr−1 where the former
is the average over the last 1 Gyr of the simulation and the latter is the average
from t = 250 Myr to t = 1 Gyr. For comparison, my estimate of the SDO outflux
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Figure 3.5 Snapshots of the distributions of a (top panel) and e (bottom panel) for
the debiased SD at several times during the simulation.
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Figure 3.6 Snapshots of the distribution of perihelion distances for the debiased SD at
several epochs during the simulation. The distribution at 0 Gyr differs significantly
from the distribution at 4 Gyr, but the distributions at 2 and 4 Gyr are statistically
similar.
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rate is about twice what I found for the CKB in Section 3.3.1, confirming that the
scattered disk is a less stable population than the classical Kuiper belt. The rate
for the scattered disk that I find here is an order of magnitude smaller than the
rate found by Emel’yanenko et al. (2004); a likely explanation for this difference is
that those authors considered only initial orbits with perihelia interior to 37 AU, a
sample that is overall less stable than one that includes the full range of perihelia
representative of the scattered disk. When only objects with initial q < 37 AU in my
simulation are considered, the fractional escape rate is (1.6−3.5)×10−10 yr−1 , which
is still a factor of ∼ 3 smaller than the Emel’yanenko et al. (2004) estimate. The rest
of the discrepancy might be explained by the difference in the number of observed
SDOs contributing to each model; Emel’yanenko et al. (2004) based their population
on 7 real SDOs, while my sample of real SDOs with q < 37 AU is 43. My estimate is
also smaller than that of Di Sisto and Brunini (2007), who report that SDOs enter
the Centaur population at a fractional rate of 5 × 10−10 yr−1 ; the discrepancy here
is likely due to the difference between their debiased semimajor axis distribution,
which is sharply peaked at smaller semimajor axes, and mine, which is more flat.
My estimate is closer in agreement to the rate 2.7 × 10−10 yr−1 obtained from the
simulations of Duncan and Levison (1997) (as reported by Levison et al. (2006));
the latter was based on only 33 scattered disk–type particles, compared with my
sample of 80. My estimate also agrees with the estimate of Fernández et al. (2004);
however, their work was based on 76 observed objects, only 49 of which meet my
criteria for SDOs.
Unlike in the classical Kuiper belt, there does not appear to be a correlation
between the initial inclination of a test particle and the probability that it will leave
the scattered disk on Gyr timescales. Figure 3.7 shows the i distribution of test
particles upon removal from the simulation compared to the overall i distribution
from the simulation; there is no preference for removal at any particular inclination,
and the inclinations of the test particles encountering Neptune have the same distribution as the stable test particles. There also appears to be no correlation between
the removal probability and either a or e. There is, however, a tendency for objects
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Figure 3.7 The initial i distribution for the debiased SD model (black line) compared
to the i distribution of escaped particles upon encountering Neptune’s Hill sphere
(orange dashed line). Both distributions are normalized to the total simulated SD
population.

with smaller initial perihelia to escape preferentially compared to objects with large
initial perihelia. This is shown in Figure 3.8 which plots the initial perihelion distance distribution for all the SDOs compared to the initial q distribution of SDOs
that are removed from the simulation. I find that few objects with initial perihelion
distances larger than 40 AU escape, although several of the objects that did escape
evolved to perihelia as large as 50 − 60 AU before escaping.
3.3.3

Analysis of the simulated RKBOs

Figures 3.9 through 3.12 show the fraction of observed objects in the four most
observationally populated resonances (3:2, 5:3, 7:4, 2:1) remaining over time along
with the distribution of escape times for those resonances. The 5:3, 7:4, and the
2:1 show similar overall escape rates of nearly half the observed population over the
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Figure 3.8 The initial q distribution for the debiased SD model (black line) compared to the initial q distribution of escaped particles (orange dashed line). Both
distributions are normalized to the total simulated SD population.
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4 Gyr simulation, while the 3:2 only loses ∼ 15% of its observed population over
4 Gyr. These results are difficult to interpret because of the unknown observational
biases present in the sample.
The escape rate from my simulations of the 3:2 and 2:1 MMRs can be compared
to the results of Tiscareno and Malhotra (2009) who explore the long-term dynamics
of these resonances. Tiscareno and Malhotra (2009)’s simulations start with test
particles that fill all the available phase space within each resonance and integrate
forward in time for 1 Gyr. They calculate the fraction remaining in the resonance
over this 1 Gyr integration, then fit a power law loss function (fres ∝ tb ) to the
last half of the simulation; they found a best fit of b = −0.55 for the 3:2 MMR
and b = −0.77 for the 2:1 MMR. This loss function is then used to extrapolate the
simulation results to 4 Gyr. Using their numerical results and the power law fits, I
can calculate the fractional loss rate in each of the resonances at different points in
time. The range of rates for the 3:2 resonance is (1.4 − 6.0) × 10−10 yr−1 , where the
upper limit is the rate during the first 1 Gyr and the lower limit is the rate between
3 and 4 Gyr. The same range for the 2:1 resonance is (2.0 − 7.5) × 10−10 yr−1 .
The initial conditions in my model are based solely in the observed set of resonant KBOs, not on any possible primordial distributions, so my escape rates should
be compared to Tiscareno and Malhotra (2009)’s extrapolated escape rates from between 3 and 4 Gyr. For the Plutinos, I calculate an escape rate of (3−7) × 10−11 yr−1
(where the high estimate is from the first Gyr of the simulation and the low estimate
is from 1-4 Gyr). This is a factor of at least two lower than the escape rate estimated
by Tiscareno and Malhotra (2009). For the 2:1 resonance, I calculate an escape rate
of (1 − 2) × 10−10 yr−1 (where again the high estimate is from the first Gyr of the
simulation and the low estimate is from 1-4 Gyr); this is closer to agreement with
the Tiscareno and Malhotra (2009) rate. The fact that the rates do not completely
agree is not surprising because the loss rate from any mean motion resonance will
depend heavily on the distribution within the resonance; objects with large libration
amplitudes will tend to be lost more quickly than those with small libration amplitudes because objects with large libration amplitudes are not as well protected from
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Figure 3.9 Top panel: fraction of observed 3:2 MMR members remaining as a function of time. Bottom panel: histogram of the times at which particles in the simulation were removed, either due to a planetary encounter or by evolving to heliocentric
distance greater than 10, 000 AU.
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Figure 3.10 Top panel: fraction of observed 7:4 MMR members remaining as a
function of time. Bottom panel: histogram of the times at which particles in the
simulation were removed, either due to a planetary encounter or by evolving to
heliocentric distance greater than 10, 000 AU.

87

Observed 2:1 MMR
fraction of population remaining

1
0.95
0.90
0.85
0.80
0.75
0.70
0.65
0.60
0.55
0.50
1e+07

1e+08

1e+09

time (yr)

0.09
0.08

fraction per bin

0.07
0.06
0.05
0.04
0.03
0.02
0.01
0
0

0.5

1

1.5

2

2.5

3

3.5

4

time of removal (Gyr)

Figure 3.11 Top panel: fraction of observed 2:1 MMR members remaining as a
function of time. Bottom panel: histogram of the times at which particles in the
simulation were removed, either due to a planetary encounter or by evolving to
heliocentric distance greater than 10, 000 AU.
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Figure 3.12 Top panel: fraction of observed 5:3 MMR members remaining as a
function of time. Bottom panel: histogram of the times at which particles in the
simulation were removed, either due to a planetary encounter or by evolving to
heliocentric distance greater than 10, 000 AU.
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Neptune encounters. The libration amplitudes of the test particles in Tiscareno and
Malhotra (2009) are based on the initial conditions filling all available phase space
within the resonance, so their loss rate will reflect that initial condition. If only
relatively small-amplitude librators are considered, Tiscareno and Malhotra (2009)
report that the total loss rate over 4 Gyr would be about half of the total loss in
the case where all of phase space is filled. Because of the unknown observational
biases present in my RKBO samples, the escape rates of the observed resonant objects cannot be used to infer anything about the primordial distributions in those
resonances.
3.4

Quantitative links to the Centaurs and JFCs

The rate at which objects leave the scattered disk and the classical Kuiper belt can
be used to estimate the total number of comet-sized CKBOs or SDOs that would
need to exist for either of these populations to be in steady state with the JFC
population. Previous studies (Levison and Duncan 1997; Fernández et al. 2004)
have consistently shown that 30% of objects will evolve to JFC orbits after their
first encounter with Neptune. This means that the fractional rate at which SDOs
enter the JFC population is (2.4 − 5.4) × 10−11 yr−1 ; the fractional rate at which
CKBOs enter the JFC population is (1.3 − 2.6) × 10−11 yr−1 . In steady state, this
influx of objects into the JFC population must balance the outflux of JFCs. In order
to estimate the latter, I need to know about the current visible JFC population, the
visible lifetime of the comets, and the dynamical lifetimes of JFC orbits. I will define
a visible JFC as one with q < 2.5 AU, following Levison and Duncan (1997), because
such comets are usually bright and come close enough to the Earth that they should
represent a fairly observationally complete population. There are currently about
315 JFCs that satisfy this criterion. Next, the population of non-active cometary
nuclei (so-called ‘dormant’ comets) must be accounted for. Based on simple physical
models of volatile depletion in comets, Jewitt (2004) estimates the ratio of dormant
to active comets to be ∼ 2 for JFC–sized objects. This brings the total number
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of JFCs with q < 2.5 AU up to ∼ 950. To then estimate the intrinsic total JFC
population, I need to know how much time a typical JFC spends with q < 2.5 AU.
In a dynamical study of known comets, Levison and Duncan (1994) found that JFCs
spend about 7% of their time in this visible range. The final estimate of the JFC
population is then ∼13,500 objects. Levison and Duncan (1994) also found that
JFCs have a median dynamical lifetime of 3 × 105 years. Therefore, the loss rate
of the JFC population is ∼ 4.5 × 10−2 comets per year. For the scattered disk to
entirely balance this loss, there must be a total of (0.8 − 1.9) × 109 comet-sized
SDOs; the classical Kuiper belt would need (1.7 − 3.5) × 109 comet-sized CKBOs to
entirely balance the loss of JFCs.
In the following, I refer to these estimates of the SD and CKB populations as the
‘theoretical estimates’ because they are based on my theoretical calculation of the
escape rate of SDOs and CKBOs as well as theoretical estimates of the dynamical
properties of JFCs; of course, I also used observations of the total number of JFCs
in obtaining the actual numbers. A small source of error in the theoretical estimates
is introduced by my assumption that all the test particles that had a close encounter
with Neptune will leave the Kuiper belt after their first such encounter. To estimate the magnitude of this error, I note that Duncan and Levison (1997) found
that only ∼ 5% of KBOs will persist on stable orbits after their first close encounter
with Neptune; therefore, the error in my estimate due to this assumption is ∼ 5%,
well within the uncertainty ranges I adopt for the loss rates. A much larger source
of uncertainty in the theoretical estimates of the SD and CKB populations is the
adopted value of the total JFC population. If I assume that the observed population
of active JFCs larger than 1 km diameter is reasonably complete for objects with
q < 2.5 AU, the uncertainty in the total population is primarily in the estimate of
the dormant JFC population and in the estimate of the JFC dynamical lifetime.
I adopted a value of 2 for the ratio of dormant to active comets based on simple
physical models by Jewitt (2004). However, dynamical considerations led Levison
and Duncan (1997) to conclude that the ratio could be as high as 7. Resolving these
conflicting estimates will require a detailed understanding of the physical processes
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that cause comets to become dormant and/or better observational constraints on
the population of dormant comets. Preliminary studies of what are thought to be
dormant JFCs in the near Earth object population suggest that the ratio is between
1 and 3 (Fernández and Morbidelli 2006), supporting my adopted value. The dynamical lifetime of JFCs is the other major source of uncertainty because of the
limitations of the Levison and Duncan (1994) models; their numerical integrations
were too short to sample the full range of JFC lifetimes, and the integrated population was based on the known, observationally biased sample of JFCs. The error
introduced by this estimate is unknown; the dynamical lifetimes of the JFCs should
be reassessed in future work.
3.4.1

Comparisons to observations of the Kuiper belt

When comparing the theoretical population estimates to direct observations of
KBOs, it is necessary to define the relevant size range for the comparison. I make
the reasonable assumption that the source population for the JFCs must consist of
objects at least as large as the JFCs themselves. Snodgrass et al. (2011) report on
the size distribution of JFC nuclei, finding that a power law function,
N (> D) ∝ D−q ,

(3.2)

with q = 1.92 ± 0.2 best describes the cumulative size distribution of the JFC
population larger than D = 2.5 km; they find that there is a break in the JFC size
distribution to a shallower slope at D = 2.5 km. Given the results of Snodgrass
et al. (2011), a reasonable size range for the source of the JFCs is 1–10 km. When
comparing the population estimates, I am therefore considering objects of this size
range and larger.
Early measurements of the number densities and size distributions of the classical
Kuiper belt and the scattered disk found that the two populations contain comparable numbers of objects larger than ∼ 100 km in diameter and that the slope of
the cumulative distribution is q ∼ 3 for the D > 100 km population (Jewitt et al.
1998; Trujillo et al. 2000). Extrapolating these distributions to smaller sizes implies
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that the CKBOs and the SDOs larger than 1 km in diameter would each number
∼ 4 × 109 . Because the numerical simulations show the SDOs to be a more efficient
source than the CKBOs (i.e., the influx of JFCs per unit source population is higher
from the SDOs than from the CKBOs), the extrapolations of these early groundbased observations suggest that the SDOs should be the overwhelmingly dominant
contributor to the JFC population, as argued in Duncan et al. (2004).
However, we now know that the extrapolation of the large-end size distribution
to diameters below 100 km is not valid. The deepest successful survey of the Kuiper
belt thus far was conducted by Bernstein et al. (2004) who used the HST to probe
∼ 0.02 deg2 of the sky for KBOs down to a limiting magnitude m ' 29. (For
reference, a brightness magnitude m ∼ 29 corresponds to diameter D ∼ 10–15 km
if we assume a 6% albedo and a nominal 40 AU heliocentric distance.) This survey
detected only three new faint objects with m ≈ 28 (equivalent to D ∼ 25 km), none
of which fall into the category of SDOs; in contrast, the extrapolation from groundbased surveys predicted the detection of ∼ 90 objects given the survey’s limiting
magnitude and detection efficiency. This paucity of faint objects indicates that the
brightness distribution of KBOs flattens greatly at faint magnitudes.
Using the HST survey data along with data from previous ground-based surveys,
Bernstein et al. (2004) constructed double power law fits to the luminosity functions
of a ‘classical’ KBO population and an ‘excited’ KBO population; their definitions of
these two classes were based on only two orbital parameters, the ecliptic inclination
and the heliocentric distance (rh ) at discovery. The ‘classical’ KBOs were those
objects with 38 AU < rh < 55 AU and i ≤ 5◦ ; this definition was adopted to
exclude most resonant and scattered objects. The ‘excited’ KBOs were defined as
all other objects with rh > 25 AU. These definitions of the ‘classical’ and ‘excited’
dynamical classes are similar, but not identical, to the definitions of CKBOs and
SDOs adopted here and in most of the theoretical literature. The Bernstein et al.
(2004) definition of ‘excited’ is close enough to my SDO definition that I will assume
the ‘excited’ population is the same as my SDO population. The ‘excited’ population
includes some resonant KBOs, but because there are many more SDOs than RKBOs,
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the error introduced is small. The Bernstein et al. (2004) ‘classical’ population
only encompasses the low-i part of what I consider to be the CKB, so this will
be accounted for when I compare my theoretical CKB population to the Bernstein
et al. (2004) ‘classical’ population.
For all the observed KBOs in the 30–50 AU heliocentric distance range, Bernstein
et al. (2004) found different power law indices at the faint end and the bright end
of the luminosity functions, which they described with the following function:
Σ(m) = Σ23 c[10−α1 (m−meq ) + c10−α2 (m−meq ) ]−1

(3.3)

where Σ23 is the sky density at magnitude m = 23, meq is the magnitude at
which both terms contribute equally to the sky density, c is a constant equal to
10(α2 −α1 )(meq −23) , and α1 and α2 are fit parameters.
The fit parameters to Equation 3.3 found by Bernstein et al. (2004) for the
‘excited’ and ‘classical’ populations are listed in Table 3.1. Bernstein et al. (2004)
find that the power law index of the cumulative distribution (given by q = 5α)
for the ‘excited’ class has a best-fit value of q = −2.5 at faint magnitudes and a
95% confidence lower limit of q = 1.8; even the 95% confidence limit is significantly
shallower than the q ∼ 3 slope for the bright end of the size distribution. The
‘classical’ population also exhibits a break at faint magnitudes to a shallower slope
of between q = 1.3 and q = 2.5. Ground-based surveys have confirmed that the KBO
size distribution does break to a shallower slope somewhere between D ∼ 50 km and
D ∼ 100 km (Fuentes et al. 2009; Fraser and Kavelaars 2009). Fraser and Kavelaars
(2009) use a similar classification scheme as Bernstein et al. (2004), so I include their
measurement of the ‘excited’ population’s magnitude distribution in Table 3.1.
To compare my theoretical population estimates to the Bernstein et al. (2004)
magnitude distributions for the ‘excited’ and ‘classical’ populations, I must account
for the heliocentric distance and ecliptic latitude range of the observations; in the
case of Bernstein et al. (2004)’s ‘classical’ population, I must also account for the
difference in the definition of a classical KBO. The reported distributions are for
objects in the 30–50 AU zone observed within ±3◦ of the ecliptic. For my simulated
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Table 3.1. Kuiper belt magnitude distributions

dynamical class

magnitude distribution and fit parameters

Bernstein et al. (2004)

Σ(m) = Σ23 c[10−α1 (m−meq ) + c10−α2 (m−meq ) ]−1

‘excited’ KBOs

c = 10(α2 −α1 )(meq −23)

(i > 5◦ )

α1 = 0.66+0.14
−0.08
α2 = −0.5 (95% confidence level α2 < 0.36)
Σ23 = 0.39
meq = 26.0
2

Fraser and Kavelaars (2009)

Σ(m) = Σ23 10α1 (m−23)+α2 (m−23)

‘excited’ KBOs

Σ23 = 0.46

◦

(i > 5 )

α1 = 0.74
α2 = −0.06

Bernstein et al. (2004)

Σ(m) = Σ23 c[10−α1 (m−meq ) + c10−α2 (m−meq ) ]−1

‘classical’ KBOs

c = 10(α2 −α1 )(meq −23)

(i < 5◦ )

α1 = 1.36 (95% confidence level α1 > 0.97)

(38 < rh < 55 AU)

α2 = 0.38 ± 0.12
Σ23 = 0.68
meq = 22.8

Note. — Reported visual magnitude distributions for ‘excited’ and ‘classical’
KBOs from Bernstein et al. (2004) and the ‘excited’ KBO magnitude distribution
from the ground-based survey of Fraser and Kavelaars (2009). In each case, Σ(m)
is the number of objects per square degree per magnitude. The limiting magnitude of Bernstein et al. (2004) was m ∼ 29 and the limiting magnitude of Fraser
and Kavelaars (2009) was m ∼ 27. These distributions can be converted to size
distributions by making assumptions about heliocentric distances and albedos.
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SDO population, I calculated the test particles’ heliocentric distance distribution
averaged over the last 100 Myr of the integration. The result is shown in Figure 3.13:
on average, 15% of my SDOs can be found in the 30–50 AU heliocentric distance
range. This corresponds to a population of (1.2 − 2.9) × 108 SDOs. The ecliptic
latitudes of the objects were also calculated over the last 100 Myr and, on average,
15% of the simulated SDOs are within ±3◦ of the ecliptic, further reducing the
observable SDO population to (1.8 − 4.3) × 107 .
Figure 3.14 shows the resulting ecliptic sky density for my theoretical SD population estimate compared to both the Bernstein et al. (2004) and Fraser and Kavelaars
(2009) cumulative magnitude distributions for the ‘excited’ KB population. The objects in the source population for the JFCs must be at least as large as the JFCs
themselves, so the observed distribution needs to overlap with the theoretical population estimate in the 1–10 km diameter range; assuming a 6% geometric albedo and
a 40 AU heliocentric distance, this corresponds to a magnitude range m = 29.5–34.5.
From Figure 3.14, it is clear that for the most favorable extrapolation of the observations, the theoretical estimate from my SD simulation just barely agrees in this
range. If I assume that the SD population estimate should overlap at D > 2.5 km
instead of D > 1km, as suggested by the flattening of the JFC cumulative size distribution at sizes smaller than D ∼ 2.5 km (Snodgrass et al. 2011), the theoretical
estimate is a factor of ∼ 2 larger than the 95% confidence upper limit of Bernstein
et al. (2004)’s extrapolated size distribution. For the best-fit size distribution from
Bernstein et al. (2004), the discrepancy with theory is more than two orders of
magnitude.
To compare my classical Kuiper belt theoretical population estimate to the Bernstein et al. (2004) results, I must adjust my population estimate for heliocentric
distance, ecliptic latitude, and dynamical classification. Bernstein et al. (2004) considered only detected objects with i < 5◦ to belong in their ‘classical’ population,
which corresponds to ∼ 20% of my modeled CKB population. The 20% of my
CKBOs that would be part of Bernstein et al. (2004)’s ‘classical’ population spend
85% of their time within the 30–50 AU heliocentric distance range and ±3◦ of the
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Figure 3.13 The heliocentric distance distribution of the debiased SD averaged over
the last 100 Myr of the 4 Gyr integration. Note the relatively flat distribution in the
40–90 AU range in our model. This is in agreement with the observationally-derived
distribution in Kavelaars et al. (2008).
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Figure 3.14 The cumulative apparent magnitude distribution of scattered disk objects near the ecliptic plane. The distribution is reported as the number of SDOs
per square degree near the ecliptic plane. The top axis of the plot shows the approximate diameters corresponding to the apparent magnitudes on the bottom axis
(assuming a 6% albedo and a heliocentric distance of 40 AU). The solid black line is
the sky density for Bernstein et al. (2004)’s ‘excited’ population; the 95% confidence
limits are indicated by the shaded grey area, and the limiting magnitude of m = 29
is indicated by the black vertical line. The blue dashed line is the sky density for
Fraser and Kavelaars (2009)’s high-inclination population; the vertical blue line indicates their limiting magnitude. The purple dashed line indicates the upper limit
on the sky density of KBOs near the ecliptic based on the lack of events recorded
by the TAOS occultation survey (Bianco et al. 2009). The red bar is the ecliptic
sky density of Kuiper belt objects larger than 0.5 km based on the two occultation
events reported by Schlichting et al. (2009) and Schlichting et al. (2012). The dashed
green lines show the sky density of SDOs required to resupply the JFCs (the two
lines represent the upper and lower bounds from my SD loss rate calculation). The
solid green lines are the required SD population estimates scaled to Snodgrass et al.
(2011)’s JFC size distribution.
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ecliptic. This corresponds to an observable population of (2.9 − 6) × 108 ‘classical’
objects. Figure 3.15 shows the resulting ecliptic sky density for my theoretical CKB
population estimate compared to the Bernstein et al. (2004)’s extrapolated cumulative size distributions for the ‘classical’ population. Making the same assumptions
for albedos and heliocentric distances as in the scattered disk case, the lower bound
of my theoretical CKB estimate just barely agrees with the upper bound of the
Bernstein et al. (2004) size distribution at D ∼ 1 km. At D ∼ 2.5 km, the discrepancy between my theoretical estimate and the best-fit size distribution is slightly
more than an order of magnitude.
3.4.2

Sources of uncertainty in comparing observations to theoretical
estimates

For the scattered disk and the classical Kuiper belt, my theoretical population estimates are just barely in agreement with the 95% confidence limit upper bound of
the Bernstein et al. (2004) estimates for the population of objects with D > 1 km.
In both cases the best-fit size distributions indicate that there are a few to a hundred times too few comet-sized objects in the CKB and the SD for either population to completely resupply the JFCs. Below I consider how the uncertainties in
the observations and the assumptions in my population estimates might affect this
comparison.
Incompleteness of the observed JFC population
In obtaining my theoretical estimate of the scattered disk population, I used the
current observational estimate of the JFC population, I assumed a value of the ratio
of dormant to active comets, and I used the current estimate of JFC dynamical
lifetimes. I have used conservative assumptions for the observational population
estimate and the ratio of dormant to active comets; any revisions to either of these
factors would cause the theoretical estimate to increase, not decrease, thus worsening the discrepancy. This has, in fact, been the case since my original theoretical
estimate of the scattered disk population (Volk and Malhotra 2008): the number of
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Figure 3.15 The cumulative apparent magnitude distribution of classical Kuiper
belt objects near the ecliptic plane. The distribution is reported as the number of
CKBOs per square degree near the ecliptic plane. The top axis of the plot shows the
approximate diameters corresponding to the apparent magnitudes on the bottom
axis (assuming a 6% albedo and a heliocentric distance of 40 AU). The solid black
line is the sky density for Bernstein et al. (2004)’s ‘classical’ population; the 95%
confidence limits are indicated by the shaded grey area, and the limiting magnitude
of m = 29 is indicated by the black vertical line. The purple dashed line indicates
the upper limit on the sky density of KBOs near the ecliptic based on the lack of
events recorded by the TAOS occultation survey (Bianco et al. 2009). The red bar
is the ecliptic sky density of Kuiper belt objects larger than 0.5 km based on the
two occultation events reported by Schlichting et al. (2009) and Schlichting et al.
(2012). The dashed green lines show the sky density of CKBOs required to resupply
the JFCs (the two lines represent the upper and lower bounds from my CKB loss
rate calculation). The solid green lines are the required CKB population estimates
scaled to Snodgrass et al. (2011)’s JFC size distribution.
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JFCs with q < 2.5 AU increased from 250 to 315 between 2008 and 2013, slightly
increasing the theoretical estimate of the SD population required to resupply the
JFCs.
The dynamical lifetime estimate is based on numerical modeling and its error
is undetermined, so it is unclear if this would increase or decrease the discrepancy;
however, the estimate would need to be too short by an order of magnitude or more
to erase the gap between my theoretical prediction for the scattered disk and the
current observations. Therefore, other explanations for the discrepancy must be
sought.
Cometary albedos
A source of uncertainty that might contribute to the discrepancy is the conversion of
magnitude to size when comparing population estimates because doing so requires
an assumption about the geometric albedos of KBOs. The albedo measured for
many short- and long-period comets is ∼ 0.04 (Lamy et al. 2004); however, this
albedo might not apply uniformly to objects in the Kuiper belt because comets have
experienced very different thermal and physical processing than KBOs. Grundy
et al. (2005) report on the wide range of albedos measured for KBOs and suggest
that 0.1 would be a more reasonable assumption than the canonical 0.04. Stansberry
et al. (2008) and Brucker et al. (2009) similarly report a wide spread of albedos for
KBOs and Centaurs. Stansberry et al. (2008) report that larger objects have a
tendency toward higher albedos and that there are hints of a trend among the
Centaurs for objects with smaller perihelia to have lower albedos (although these
are still mostly higher than 0.04). However, most of the KBOs and Centaurs with
measured albedos are a few hundred kilometers in diameter or larger, so there are
no good constraints on the albedos of 1-10 km KBOs.
I assume a geometric albedo of 6% when converting between magnitude and
size; this albedo falls within the range of albedos reported for comets and KBOs
in the literature, although it is still at the low end of typical albedos for larger
KBOs. If higher albedos were used to convert between magnitude and sizes, my
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definition of JFC-sized KBOs would be shifted toward brighter magnitudes. In
Figures 3.14 and 3.15, the theoretical estimates would likewise shift to brighter
magnitudes. This increases the range of magnitudes over which the theoretical
estimates and the observations could overlap. It also makes the discrepancies larger.
So I must conclude that the discrepancy between my theoretical estimates and the
extrapolations of the observed SD and CKB size distributions are in fact lower limits
and that there are no reasonable assumptions about albedos that can reconcile the
best-fit observations with the theoretical estimates.
Changes in the size distributions beyond the observational limit
The current limiting magnitude of the deepest observational survey is m ' 29
(Bernstein et al. 2004), but JFC-sized objects at heliocentric distances of ∼ 40 AU
have magnitudes in the range 30–35. A steepening of the power law slope past
the observational limit might offer a possible resolution to the discrepancy between
the observations and my theoretical estimates. The detection of two sub-kilometer
KBOs by occultation (Schlichting et al. 2009, 2012) does, in fact, suggest that
the size distribution of KBOs must steepen past the limiting magnitude of current
optical surveys. Using the two detections, Schlichting et al. (2012) estimate that
there are ∼ 2 × 106 − ∼ 2 × 107 KBOs per square degree near the ecliptic that
are larger than D ∼ 0.5 km (this estimate is shown in Figures 3.14 and 3.15); I
am taking their full range of reported uncertainties, which depend on the assumed
ecliptic latitude distribution of KBOs. While it is not possible to obtain orbit
fits for these two KBOs, both events are consistent with heliocentric distances of
∼ 40 AU, and the ecliptic latitudes of the occultation events place a lower limit
on each KBO’s inclination; both events occurred at ecliptic latitudes greater than
5◦ , which would place both detections into Bernstein et al. (2004)’s ‘excited’ KBO
sample. If I take the 95% upper and lower confidence limits on the cumulative sky
density of ‘excited’ KBOs at Bernstein et al. (2004)’s limiting magnitude of m = 29
and calculate the required cumulative size distribution slope to connect these points
with the Schlichting et al. (2012) upper and lower limits at D ∼ 0.5 km, I get
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Figure 3.16 The same as Figure 3.14 but with dashed blue lines representing the
estimated upturn in the size distribution required to connect the Bernstein et al.
(2004) size distribution (black line) at m = 29 to the Schlichting et al. (2012)
occultation results (red bar). The solid green lines are the theoretical SD population
estimates scaled to Snodgrass et al. (2011)’s JFC size distribution, which has a
cumulative power law index q = 1.72–2.12. The cumulative power law index required
to connect the Bernstein et al. (2004) results to the occultation results is q = 2.6–4.

a slope in the range q = 2.6–4; this is very roughly consistent with the slope of
q = 3.6–3.8 calculated by Schlichting et al. (2012) to connect the KBO sky density
at D > 100 km to their density at D > 0.5 km. I show the size distribution
between m = 29 and m = 36 required to match the occultation detections in
Figure 3.16. A similar upturn in the classical Kuiper belt size distribution could also
reconcile the theoretical CKB population estimate with the observed population.
But because the only two occultation detections so far are better classified as part
of the ‘excited’ population, it is unclear what sky density of i < 5◦ KBOs is implied
by the occultation measurements.
Figure 3.16 shows that the upturn in the size distribution of SDOs required
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to match the occultation detections does pass through my theoretical estimate of
the required SD population; however, the resulting slope of the size distribution is
significantly steeper than the slope for the JFCs found by Snodgrass et al. (2011).
The discrepancy between the slope of the SD size distribution and the JFC size
distribution is even worse at sizes smaller than D = 2.5 km, where Snodgrass et al.
(2011) find that the JFC size distribution breaks to a slope even shallower than the
q ∼ 2 found for larger JFCs.
It is possible that the size distribution of the JFCs does not match that of the
source population; as KBOs enter the Centaur population, they experience thermal
stresses that could cause smaller objects to disintegrate before having a chance to
enter the JFC population (Fernández and Morbidelli 2006). One problem with this
scenario is that size-dependent disintegration might not extend to large-enough sizes
(D > 1 km) to sufficiently flatten the steeper Kuiper belt size distribution. Another
way to reconcile the size distribution would be if small JFCs fade more quickly
than large JFCs, creating a shallower size distribution in the active JFC population;
however, several studies of the size distribution of dormant JFCs find that they
have a size distribution identical to the active JFCs; this suggests that fading is a
size-independent process (Whitman et al. 2006; Fernández and Morbidelli 2006).
A physical mechanism that could alter both the number and size distribution of
JFCs is the breakup of KBOs into multiple fragments at some point during their
transport from the Kuiper belt to the inner solar system. The splitting of comets is
not uncommon; there is observational evidence for at least 40 such events in recent
history (see review by Boehnhardt (2004)). Some of the observed splitting events
occurred near perihelion for sungrazing comets, indicating tidal breakup into many
large fragments, and other splitting events have occurred at larger heliocentric distances in non-tidal events. In the latter cases, the splitting is more akin to peeling
off outer layers that became unstable due to thermal or rotational stresses (Sekanina 1997). The breakup of comet Shoemaker-Levy 9 after a close encounter with
Jupiter showed that comets can also be tidally split as a result of planetary encounters. Splitting could perhaps remove moderate to small comets by making them
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even smaller and more prone to disintegration by thermal processes. On the other
hand, splitting of larger objects into many moderate-sized comets could enhance the
total number of JFCs. Tidal splitting events in which the parent comet splits into
several large fragments definitely happen, but their frequency and nature will determine whether they can account for any of the discrepancy between the theoretical
population estimates and the Kuiper belt observations and whether they would be
consistent with the JFC size distribution.
There are plausible physical processes that could alter the size distribution of
the JFCs compared to their source population, but it is currently unclear exactly
how much the slope could be expected to change and how these processes might
affect the overall number of JFCs. I can say, though, that any physical process that
results in a shallower size distribution for the JFCs compared to the KBO source
region would have to preferentially remove small KBOs as they become JFCs; this
means that the required total source population at the small end of the JFC size
distribution would need to be even larger than the estimates presented here. If I
scale my source population estimate for the scattered disk to the Snodgrass et al.
(2011) JFC size distribution at D > 2.5 km (shown in Figure 3.16), then there must
be at least ∼ 750 D > 10 km SDOs per square degree near the ecliptic to resupply
the JFCs from the scattered disk. Using a single sloped power law, it is just barely
possible to achieve this sky density of D > 10 km SDOs if I connect the upper limit
of the Bernstein et al. (2004) ‘excited’ population sky density at m = 29 to the
upper limit of the sky density at D > 0.5 km from the occultations; the slope of
this power law is q = 3.4. To then match the JFC observations, this q = 3.4 size
distribution would have to be eroded in a size dependent manner to a slope of q ∼ 2
without removing any of the D = 10 km objects. The slope required to connect
Bernstein et al. (2004)’s best-fit sky density to the occultation sky density is closer
to q ∼ 4, which might be more difficult to physically process to a slope of q ∼ 2;
eroding it to q ∼ 2 would also leave too few D > 10 JFCs compared the current
JFC population.
Although the occultation observations indicate that an upturn of the size distri-
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bution beyond current observational limits is likely, it is a potentially problematic
way to resolve the discrepancy between the observational population estimates and
my theoretical population estimates. The size distribution of the Centaurs would
be a very helpful data point because the Centaurs are the transition population
between the KBOs and JFCs; the power law index of their size distribution is estimated to be ∼ 3 for objects larger than D ∼ 100 km (similar to KBOs), but the
small-end size distribution has not been constrained (Sheppard et al. 2000).
Non-steady state
My theoretical population estimates assume that the JFC population is in steady
state with its source, but perhaps the presently observed JFC population is a large
fluctuation above its long-term average. The assumption of steady state is reasonable for the present solar system because any very unstable populations in the outer
solar system have likely long been depleted, making any unusual increase in the flux
of objects into the JFC population unlikely near the present epoch. Still, this unlikely possibility can be tested by considering what it would mean for the observable
population of Centaurs.
Centaurs represent an intermediate dynamical stage between the JFCs and their
Kuiper belt precursors. If the JFCs are in steady state with the Kuiper belt, then
the Centaurs should be as well, and I can predict the Centaur sky density in this
case. A D = 50 km Centaur has brightness m ' 24 assuming a nominal heliocentric
distance 30 AU (the maximum perihelion distance for what I classify as a Centaur)
and a 10% albedo (based on the measured albedos of D ∼ 100 km KBOs); this
magnitude is bright enough that large, upcoming surveys such as the Large Synoptic
Sky Survey3 with a limiting magnitude of ∼ 24.5 should be able to provide an
observational constraint on the total Centaur population larger than D ∼ 50 km.
At this size, the CKB and the SD have very roughly equal numbers of observed
objects; because the SD is a much more efficient source of Neptune-crossing objects
than the CKB, I will use the observed SD population estimates to calculate the
3

http://www.lsst.org/lsst/
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number of D ∼ 50 Centaurs there should be assuming the two populations are in
steady state. Adopting the fractional escape rate of SDOs found in my simulations,
a median dynamical lifetime of 9 Myr for Centaurs (Tiscareno and Malhotra 2003),
and the observed scattered disk size distribution from Bernstein et al. (2004), I
calculate that the total population of Centaurs (q < 30 AU) larger than D ∼ 50 km
should be ∼ 700–3000 (assuming the full rage of uncertainties in the observed SD size
distribution and my calculated SD escape rate). In the simulations of Tiscareno and
Malhotra (2003), the known Centaurs were found to spend ∼ 15% of their time at
heliocentric distances less than 30 AU; this corresponds to an observable population
of ∼ 150–400 D > 50 km Centaurs with heliocentric distances less than 30 AU. A
Centaur population larger than this would be indicative of a large fluctuation above
the steady state production rate from the SDOs.
I can also calculate the population of JFC-sized Centaurs that would be in steady
state with the observed JFCs. As discussed in Section 3.4, the JFCs need to be
replaced at a rate of 4.5 × 10−2 yr−1 to maintain the current population. Tiscareno
and Malhotra (2003) find that approximately one-third of Centaurs enter the JFC
population. Taking these together, approximately 0.13 Centaurs per year must
enter the JFC population. Using the Centaur median dynamical lifetime of 9 Myr,
this means that ∼ 1.2 × 106 Centaurs larger than D ∼ 1 km must exist in order
to balance the loss of JFCs. This estimate is two orders of magnitude smaller
than Di Sisto and Brunini (2007)’s estimate of the Centaur population, but their
estimate relies on a steady state assumption with SDOs based on a single power
law size distribution for the SDOs down to 1 km sizes. As discussed previously,
there is evidence for at least one, likely two, breaks in the KBO size distribution at
sizes larger than this (Bernstein et al. 2004; Fuentes et al. 2009; Lowry et al. 2008;
Schlichting et al. 2012), so the Di Sisto and Brunini (2007) Centaur estimate is likely
too large. Horner et al. (2004) also make an estimate of the Centaur population
based on dynamical considerations, finding that there should be 4.4 × 104 Centaurs
larger than D ∼ 1 km. However, those authors used now-outdated estimates of
the required influx of new JFCs to calculate the number of Centaurs required to
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maintain steady state; this likely accounts for the discrepancy with my estimate.
Sheppard et al. (2000) estimate the total Centaur population larger than D ∼ 1 km
to be ∼ 107 based on the then-current population of observed Centaurs. This is
closer in agreement with my estimate, but the small number of observed objects
and the large uncertainties in the assumed size distribution make the Sheppard
et al. (2000) estimate quite uncertain.
These predictions for the Centaur population based on a Centaur-SDO steadystate or a JFC-Centaur steady state cannot be tested at present because there are no
observational estimates of the Centaur population from a well-characterized survey.
However, they should be testable with future wide-area surveys.
Contributions from other sources
Another possible resolution of the discrepancy would be a different or additional
source for the JFCs beyond the classical Kuiper belt and/or the scattered disk.
Several other solar system populations have been modeled as potential source regions: Di Sisto et al. (2010) and Morbidelli (1997) modeled the Plutinos (objects in
the 3:2 mean motion resonance with Neptune) as a source of the short-period comets,
and the Trojan populations of Neptune and Jupiter (objects in the 1:1 mean motion
resonance with Neptune or Jupiter) were studied by Horner and Lykawka (2010)
and Horner and Wyn Evans (2006). The Oort cloud has also been revisited as a
possible source (Emel’yanenko et al. 2005; Brasser et al. 2012). However, the observational estimates for the total populations of these other source regions are not
very well constrained. In the case of the Plutinos, the orbital distribution is also not
well determined (see Chapter 2 and Section 3.3.3), making the stability estimates
very uncertain.
3.5

Summary

I have used my models of the scattered disk and the classical Kuiper belt from Chapter 2 to quantitatively asses their viability as source reservoirs for the short-period
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Jupiter family comets. Using fractional escape rates for the SD and CKB together
with the results of previous studies on (i) the dynamics of ecliptic comets (Levison
and Duncan 1994), (ii) the physical evolution of short-period comets (Jewitt 2004),
and (iii) data on the observed JFCs (Snodgrass et al. 2011), I estimate the SDO and
CKBO populations required to supply the JFCs in steady state. I compare these
estimates with the results of observational and occultation surveys of the SD and
CKB. My results and conclusions are as follows.
1. The classical Kuiper belt has a fractional escape rate of (4.3−8.6)×10−11 yr−1 ,
and the scattered disk has a fractional escape rate of (0.8 − 1.8) × 10−10 yr−1 .
These loss rates imply that the current CKB and SD represent 65-80% and
30-70%, respectively, of their populations from 4 Gyr ago.
2. For the scattered disk to completely supply the population of JFCs, the number of comet-sized (D > 1 km) SDOs must be (0.8 − 1.9) × 109 . This SD
population would have an ecliptic sky density of (0.83 − 2) × 104 deg−2 .
3. For the classical Kuiper belt to completely supply the population of JFCs, the
number of comet-sized (D > 1 km) CKBOs must be (1.7 − 3.5) × 109 . This
corresponds to an ecliptic sky density of (1.4 − 2.8) × 104 deg−2 .
4. Extrapolations of the best-fit size distributions for the SD and CKB from
the deepest observational survey (Bernstein et al. 2004) fall short of these
population estimates by a factor of a few to a hundred. In both cases the 95%
upper limits on the observational estimates are just barely consistent with my
theoretical population estimates.
5. Consideration of many of the uncertainties in the theoretical estimates makes
the discrepancy worse. My theoretical estimate of the total SD and CKB
populations depend on observational estimates of the current total JFC population; uncertainties in the latter imply that my population estimates are
lower limits. Errors associated with the uncertain values of cometary albedos
(used to convert size to magnitude) would also increase the discrepancy.

109
6. Alternative sources — such as the the resonant KBOs, the Jupiter and/or
Neptune Trojans, or the Oort cloud — may contribute to the JFC population,
as there are dynamical pathways available. Limits on the number of objects in
these populations and the rate at which they contribute to the JFC population
are not well determined.
7. Recent detections of sub-km KBOs via occultation (Schlichting et al. 2009,
2012) indicate that the size distribution of the Kuiper belt must steepen at sizes
smaller than the limiting magnitude of Bernstein et al. (2004). A steeper size
distribution for either the CKB or the SD at sizes below ∼ 25 km could resolve
the discrepancy with my theoretical estimates. This solution would, however,
cause the source of the JFCs to have a much steeper size distribution slope than
the JFCs themselves. Small KBOs would have to be preferentially destroyed
before becoming JFCs in order to match the JFC size distribution, therefore
requiring a larger number of KBOs with D > 1 km than estimated above to
supply the JFCs. It is just barely possible to connect the observed scattered
disk size distribution to the occultation measurements at the extremes of the
uncertainties on both population estimates to provide a sufficient influx of
large SDOs into the JFC population such that the smaller SDOs could be
eroded in some a size-dependent manner to match the JFC size distribution;
if this is the case, then some physical mechanism must erode a q = 3.4 size
distribution to a q ∼ 2 size distribution while removing none of the 10 km
comets.
8. Observations of the number and size distribution of the Centaurs would be very
useful in determining the source of the discrepancy between the theoretical and
observational population estimates.
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CHAPTER 4
DO CENTAURS PRESERVE THEIR SOURCE INCLINATIONS?

Much of the content of this chapter has been previously published as Volk and
Malhotra (2013).
4.1

Background

In Chapter 3 I modeled the classical Kuiper belt and the scattered disk to quantify
the link between the Kuiper belt and the Centaurs and Jupiter family comets.
These models, along with models of other possible source populations discussed in
Chapter 3, have identified dynamical pathways as well as the flux per unit source
population from each potential source, but it remains unclear which, if any, source
population dominates the flux of new Centaurs; we do not yet have strong enough
observational estimates of the number of small, comet-sized (1–10 km) bodies in
each of the proposed source regions to be able to estimate the absolute number of
new Centaurs and Jupiter family comets from each region (see Section 3.4).
Another approach to this problem is to examine the dynamical and/or physical
properties of the observed Centaurs and compare them to the same properties in
the source region. Because the Centaurs have orbits that are much more favorable
for observations than the orbits of Kuiper belt objects, they have been the subject
of several spectroscopic and photometric studies (Tegler et al. (2008) and references
therein, Barucci et al. (2011)). Interestingly, the Centaurs have a bimodal color
distribution (Tegler et al. 2008) which was not seen in the early studies of (brighter,
larger) KBOs. New studies indicate that the color distribution of KBOs is size
dependent and that a bimodal color distribution occurs in the population of smaller,
dynamically excited KBOs (Fraser and Brown 2012; Peixinho et al. 2012). These
observations give us some clues about the origins of the Centaurs, but there are not
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yet large enough sample sizes to draw any firm conclusions. Furthermore, due to
the inherent faintness of KBOs as observed from Earth, it is unclear that we will be
able to observe sufficient numbers of smaller, comet-sized KBOs in the near future
to improve this state.
The dynamical properties of the Centaurs might be a possible way of identifying their source. The dynamics of the observed Centaurs have been modeled by
Tiscareno and Malhotra (2003) and Bailey and Malhotra (2009); their orbital evolution is dominated by chaotic diffusion and frequent close encounters with the outer
planets which cause their orbital elements to evolve rapidly. It has been suggested
(e.g. Gulbis et al. (2010)) that, despite their strongly chaotic evolution, the orbital
inclinations of the Centaurs might preserve some memory of their source regions.
There are currently sufficient numbers of observed KBOs to calculate inclination
distributions separately for the classical Kuiper belt, the scattered disk, and the
resonant populations (Brown 2001; Elliot et al. 2005; Gulbis et al. 2010). The inclination distribution of the Centaurs is less well defined due to the relatively small
number, 108, of observed Centaurs1 . The observed inclination distribution of these
objects is shown in Figure 4.1 along with the debiased inclination distribution for
the Centaurs from the Deep Ecliptic Survey (Gulbis et al. 2010). If the inclination
distribution of the Centaurs does retain some memory of the source region’s inclination distribution, that could be an important means for linking the Centaurs to
a particular dynamical subclass of the Kuiper belt or to the Oort cloud.
Here I investigate the extent to which inclinations of Centaurs may preserve the
inclination distribution of their sources. I present the results of numerical simulations of hypothetical Centaurs generated from the Kuiper belt subclasses. I follow
the orbital evolution of these hypothetical Centaurs until they either transition onto
inner solar system orbits or they are ejected from the giant planet region. During
this evolution, my simulated Centaurs experience many close encounters with the
four outer planets, each of which induces some change in the orbital elements of the
Centaurs. I use these simulations to calculate the average outcomes of planetary
1

www.minorplanetcenter.net/iau/lists/t centaurs.html
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Figure 4.1 The inclination distribution of the observed Centaurs (data from the Minor Planet Center website) and the debiased inclination distribution for the Centaurs
from the Deep Ecliptic Survey (Gulbis et al. 2010).
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encounters, including the average change in a Centaur’s inclination as a function
of close encounter distance. Using these average encounter outcomes along with
statistics about close encounter frequency as a function of encounter distance and
the dynamical lifetimes of Centaurs, I compute the dynamically evolved inclination
distribution expected of Centaurs as a function of the inclination distribution of the
source population. I then discuss the implications of these results for identifying the
dominant Centaur source(s).
4.2

Numerical simulations

To explore the evolution of inclinations in the Centaur region, I performed a numerical integration of test particles entering the planet-crossing region from a Kuiper belt
source population. I chose source region parameters based on the classical Kuiper
belt and the scattered disk models presented in Chapter 2 because these dynamical
classes are widely regarded as the most likely sources of the Centaurs (Levison and
Duncan 1997; Di Sisto and Brunini 2007; Volk and Malhotra 2008; Lowry et al.
2008). This numerical simulation is not meant to be exactly representative of either
the CKB or the SD, but is rather an exploration of the parameter space of these
populations. To that end, my test particles uniformly cover the following ranges
in semimajor axis, perihelion distance, mean anomaly (M ), argument of perihelion
(ω), and longitude of ascending node (Ω):
• 40 AU ≤ a ≤ 80 AU
• 30 AU ≤ q ≤ 32 AU
• 0 ≤ M, Ω, ω < 2π.
To explore a large range in inclination, the test particles were divided into 24 inclination bins (200 test particles per bin) with the following bin widths:
• 1◦ for 0◦ ≤ i < 10◦
• 2◦ for 10◦ ≤ i < 30◦
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• 5◦ for 30◦ ≤ i < 50◦ ,
and inclinations were assigned uniformly within each bin. The choice to limit perihelion distances to the 30 − 32 AU range was made to manage computational time.
Test particles with these q values will either enter the Centaur population (which
I define as 5 < q < 30 AU) or be ejected from the solar system early in the simulation, minimizing the necessary total length of the simulation. In the scattered
disk simulations presented in Chapter 3, I found that the inclination distribution
is preserved as test particles evolve from q > 33 AU to q ∼ 30 AU where they
start to have close encounters with Neptune; the test particles’ inclinations on my
initially nearly Neptune-crossing orbits are a good representation of their larger-q
source region inclinations. I limit the initial semimajor axes to less than 80 AU to
conserve computational time because test particles starting at larger values of a will
take longer to evolve onto Centaur-like orbits. I show later in this section that the
dynamical properties I am interested in do not depend on this limit in a.
The integration was performed using the swift rmvs3 code in the SWIFT software package2 , which is capable of integrating test particles through arbitrarily close
encounters with the massive planets. For each simulation I include the four outer
planets and the Sun, whose mass is augmented with the mass of the terrestrial
planets, as massive bodies and the hypothetical Centaurs are included as massless
test particles. I use a step size of one year, and I remove test particles if they
achieve a heliocentric distance inside Jupiter’s orbit or beyond 1000 AU or if they
impact one of the giant planets. The inner boundary of the simulation was chosen
to reduce computational time; following test particles into the inner solar system
would require the inclusion of the terrestrial planets and the use of a much shorter
integration step size. This choice means that I am not including in my fictitious
Centaur population those objects that enter the inner solar system, become Jupiter
family comets, and then evolve back onto Centaur orbits. Previous work has shown
that once test particles evolve to Jupiter-crossing orbits they are either ejected from
the solar system or they become short-period comets which are then ejected from
2

http://www.boulder.swri.edu/∼hal/swift.html (Levison and Duncan 1994)
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the solar system on very short timescales (∼ 105 yr) (Tiscareno and Malhotra 2003;
Di Sisto and Brunini 2007; Bailey and Malhotra 2009); this means that for timeweighted distributions in the Centaur region, my inner boundary will have almost no
effect on the results of my simulations. The simulation was run for 300 Myr because
this is many times longer than the expected dynamical lifetime (∼ 10 Myr) for most
Centaurs and longer than even the very long-lived Centaurs simulated by Tiscareno
and Malhotra (2003), Di Sisto and Brunini (2007), and Bailey and Malhotra (2009).
In the analysis of my simulations, I am interested in the dynamical lifetimes of the
Centaurs produced from my source population, the close encounters they have with
the four outer planets, and the resulting evolution of the inclinations of the test
particles. In Section 4.3 I discuss how I use the results of this simulation to map
arbitrary source inclination distributions to their Centaur inclination distribution
without the need for additional numerical simulations.
4.2.1

Planetary encounter statistics

The output of my simulation includes the orbital histories of all the test particles
as well as the detailed outcomes of more than 1.8 million close encounters with
Neptune, Uranus, Saturn, and Jupiter. A close encounter is defined as approaching
within one Hill radius, RH , of a planet,

RH = ap

Mp
3M

1/3
,

where ap is the planet’s semimajor axis, Mp is its mass, and M

(4.1)
is the mass of

the Sun. During its lifetime as a Centaur, each test particle has an average of
420 planetary encounters before it either enters the inner solar system or is ejected
from the solar system to distances greater than 1000 AU. Figure 4.2 shows the
distribution of closest approach distances, rce , scaled to the encountered planet’s
Hill radius. I find that 50% of the encounters in the simulation occur at separations
larger than 0.7RH . The distribution of closest approach distances follows a power
law ∼ (RH /rce )2 . This is consistent with expectations from geometrical arguments
that neglect gravitational focusing due to the planet.

fraction of encounters closer than rce / RH
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Figure 4.2 Cumulative fraction of encounters (solid line) occurring at closest approach distances less than rce /RH . The dashed lines indicate the approach distance
outside of which 50% of encounters occur.
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I also examine the change in a test particle’s heliocentric velocity, ∆v = |v~f − v~i |,
and the change in inclination, |∆i|, imparted by each planetary encounter. These
are plotted as a function of rce /RH for each planet in Figure 4.3. The error bars
indicate the rms variations for each bin in rce /RH . The majority of encounters have
only very small effects on the test particles’ orbits because they occur at relatively
large separations. For rce /RH & 0.1, the average changes, h|∆v|i and h|∆i|i, as
a function of encounter distance can be fit to a power law in the scaled closest
approach distance, the mass of the planet, and the semimajor axis of the planet:
0.18 

−2

Mp
ap −2.1 rce
3
−1
,
(4.2)
h|∆v|i = 6.24 × 10 (ms )
M
AU
RH
and
◦

h|∆i|i = 9.7



Mp
M

0.17 

ap −1.6
AU



rce
RH

−2
.

(4.3)

The best-fit parameters in the above equations are based on the simulated close
encounters with Saturn, Uranus, and Neptune; Jupiter encounters were excluded
from the fits because the inner boundary of the simulation does not allow me to
follow a sufficient number of test particles through Jupiter encounters. I also note
that the range of planet mass is quite small: I have only three planets in my fit,
Saturn, Uranus, and Neptune, and the latter two have very similar masses; this
means that the planet mass dependence of my best fit, Equation 4.2, is not very
well determined.
It is interesting to compare these scalings with analytic estimates of ∆v. In
the limit of nearly circular, coplanar orbits very close to a planet, let the particle’s
semimajor axis be a = ap (1 + x). Then, the closest approach distance is given by
rce = xap , and the relative angular speed is n−np = np (1+x)−2/3 −np ≈ −(2/3)xnp ,
where n and np are the mean motions of the test particle and planet respectively.
I can define the encounter time, tenc , as the time it takes to move an azimuthal
angular distance 2x relative to the planet; then the encounter time is given by
tenc =

2x
4
.
≈
n − np
3np

(4.4)
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Figure 4.3 Average |∆v| per encounter (top panel) and average |∆i| per encounter
(bottom panel) vs. the scaled closest approach distance for the simulated Centaurs.
Results for encounters with Jupiter are shown in purple (largest |∆v|, |∆i|), Saturn
in grey, Uranus in orange, and Neptune in black. The error bars in the top panel
are the rms variations in |∆v|.
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The velocity kick from a planetary encounter can then be estimated as
|∆v| ≈ −

GMp
4 Mp
−2
(GM )1/2 ap3/2 rce
.
tenc =
2
(xap )
3M

(4.5)

Scaling the encounter distance to the planet’s Hill radius, I find that nearly circular
test particles would experience a velocity kick that scales with planet mass and
semimajor axis in the following way:

∆v ∝

Mp
M

1/3 

ap −1/2
AU



rce
RH

−2
.

(4.6)

The orbits of the Centaurs are neither circular nor coplanar, but this serves as a
useful comparison for the simulation results. The simulation results are consistent
with the analytic estimate (Equation 4.6) for the scaling of ∆v with rce , but not for
the scaling in planet mass and semimajor axis. These differences are partially due
to the substantial eccentricities and inclinations of the Centaurs in my simulation;
this affects their encounter velocities and encounter times. The planet mass and
semimajor axis scalings could also be dependent on the architecture of the giant
planets in our solar system; a different planet configuration may yield a different
scaling.
4.2.2

Dynamical lifetimes and inclination changes

I also examine the dynamical lifetimes of the Centaurs in my simulation. I define the dynamical lifetime as the total time spent in the perihelion distance range
5 < q < 30 AU during the simulation3 . Figure 4.4 shows the median dynamical lifetimes, τ , of my simulated Centaurs as a function of their initial inclination
in the source region; the binning scheme is the same as that for the initial conditions. Only test particles that entered the Centaur region (5 < q < 30 AU) and
were subsequently removed from the simulation are included in the calculation of
3

Some test particles evolve out of the defined Centaur perihelion range and then back in.

However, these excursions are generally short compared to the total dynamical lifetime, so their
inclusion or exclusion from the computation of the dynamical lifetime does not change the results
reported here.
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the dynamical lifetimes. Even with my initial, near-Neptune perihelion distances,
some test particles don’t enter the Centaur population until late in the simulation;
because these test particles are still evolving as Centaurs when the simulation was
stopped, I do not have accurate values of τ for them so they are excluded.
The time spent as a Centaur increases with initial inclination, with the highest
inclination test particles spending about 4 to 5 times longer as Centaurs than the
lowest inclination test particles. This is consistent with previous work by Di Sisto
and Brunini (2007) (see their Figure 5), although the values of τ are slightly different
because they use the mean value of τ while I use the median. I prefer to use the
median value for the dynamical lifetime because the distribution of τ for any bin
in initial inclination has a very long tail, which tends to skew the mean toward
larger τ . Figure 4.4 shows the distribution of τ for three different ranges in initial
inclination. The increase in τ with increasing initial i is simply due to a decrease in
the rate of planetary encounters because high-i test particles spend little time near
the plane of the planets. The number of planetary encounters required to either
transfer a test particle onto an orbit that enters the inner solar system or to eject
it does not depend on initial inclination (for the range of inclinations I tested), so a
lower frequency of encounters corresponds to a longer dynamical lifetime.
The net result of all these planetary encounters can be seen in Figure 4.5 which
shows the average inclinations of the Centaurs in my simulation as a function of
their initial inclinations. Test particles that start with inclinations below ∼ 10◦ have
their inclinations nearly uniformly raised to ∼ 10◦ . At higher initial inclinations, the
planetary encounters have a net effect of slightly lowering the average inclinations.
To see how dependent these results are on the semimajor axis distribution of my
source region, I performed an additional simulation with 800 test particles spread
uniformly in semimajor axis from 100 − 500 AU with the same inclination and
perihelion distance distributions outlined in Section 4.2. I calculated the average inclinations and median dynamical lifetimes for the resulting Centaurs and performed
a Spearman rank correlation test to see how these two parameters depend on initial
semimajor axis. This test yields a number in the range [−1, 1]; values near 0 indicate
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Figure 4.4 Top panel: median dynamical lifetime as a Centaur vs. initial inclination. The bin sizes vary such that there are roughly equal numbers of test particles
contributing to each bin. The solid line shows the simulation results described in
Section 4.2.2 and the orange dots show the lifetimes of Centaurs originating in the
3:2 resonance with Neptune (see Section 4.5). Bottom panel: distribution of Centaur
lifetimes for three different initial inclination ranges.
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Figure 4.5 Average inclination as a Centaur vs. initial inclination in the source
region (black line). The error bars are the rms variation in i within each initial
inclination bin and the dashed line shows a one to one correlation for reference.
The orange dots show the average inclination vs. initial inclination for Centaurs
originating in the 3:2 resonance with Neptune (see Section 4.5).
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that the two variables being compared are not correlated (changes in one variable
do not predictably result in changes to the other). Comparing initial semimajor
axis with Centaur lifetimes and with the average change in inclination during that
lifetime, I find Spearman rank correlation coefficients of ∼ 10−2 ; this is consistent
with no correlation between initial a and either dynamical lifetime or ∆i. This result
may appear surprising, but can be understood as follows. The evolution of Centaurs
is nearly insensitive to their initial semimajor axis (for a & 100 AU) because such
test particles on just-barely Neptune-crossing orbits will exhibit a random walk behavior in a while maintaining q > 30 AU as they undergo many distant encounters
with Neptune; in general, I have found that test particles do not enter the Centaur
region (5 < q < 30 AU) until they have random walked to a . 100 AU and that
the inclinations of these test particles are maintained during this random walk (an
example of this type of evolution is shown in Figure 4.6). This means that the
averaged results from my initial 2400 test particle simulation should be applicable
to Kuiper belt source regions with semimajor axis distributions that differ from the
uniform 40 ≤ a ≤ 80 AU test simulation.
4.3

Mapping the source inclination distribution to the Centaur region

The results of the simulation in Section 4.2 tell us, on average, how the inclination
and dynamical lifetime of a Centaur is related to its initial inclination. As discussed
in Section 4.2, these two key parameters are not much affected by the initial semimajor axis distribution of the test particles, at least within the range of semimajor
axes typical for the classical Kuiper belt and the scattered disk. This means that
without worrying about the distributions of the other orbital elements, I can take an
arbitrary source region inclination distribution and calculate what the i distribution
would be for the resulting Centaurs. I divide the range of initial inclinations into
bins (using the same scheme as in Section 4.2), and I model the inclinations of the
Centaurs in each bin as a Gaussian multiplied by sin(i),


−(i − µ)2
g(i, µ, σ) = C sin(i) exp
,
2σ 2

(4.7)
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Figure 4.6 Example of the random walk from a0 > 100 AU to a < 100 AU before
evolving into the Centaur region (q < 30 AU).
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where µ and σ are fit parameters determined from the simulation results and C
is a normalization constant; the values of these parameters are listed in Table 4.1.
Using these fits to the simulation results and the median dynamical lifetime for each
inclination bin, τn , as a weighting factor (also listed in Table 4.1), I calculate the
time-averaged Centaur inclination distribution as follows:
fcentaur (i) = C

nX
bins
n=1



1
gn (i, µ, σ)τn
(in+1 − in )

Z

in+1


fsource (i)di ,

(4.8)

in

where in is the lower bound on the initial inclinations in bin n, C is a normalization
factor, and fsource is the source region inclination distribution. Figure 4.7 shows the
results of this mapping procedure for two trial source region inclination distributions;
both source distributions take the form of a Gaussian multiplied by sin(i) with the
top panel representing a very low-i source region and the bottom panel representing
a higher-i source region. For a very low-i source region, the resulting Centaur
i distribution has a much larger spread and a larger mean i than the source; the
planetary encounters systematically raise the inclinations of the Centaurs. Centaurs
from a high-i source region will have an inclination distribution similar to the source
region but skewed slightly toward lower i.
4.4

Comparing the mapping procedure to the results of numerical simulations

To test the accuracy of the mapping procedure, I performed two additional numerical
simulations: one of a CKB-like source region and one of a SD-like source region.
The CKB-like source consisted of 2400 test particles with semimajor axes spread
evenly over the range 40 < a < 50 AU and an inclination distribution given by
Brown (2001)’s debiased best fit to the observed classical Kuiper belt objects:

 2
 2 
−i
−i
f (i) = sin(i) 0.93 exp
+ 0.07 exp
, σ1 = 1.4◦ , σ2 = 17.0◦ . (4.9)
2
2σ1
2σ22
As with the initial simulation in Section 4.2, the perihelion distances were evenly
spread in the range 30 < q < 32 AU. This distribution of test particles is by no
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Table 4.1. Fits to the Centaur simulation results
i0

µ

σ

τ (Myr)

0 − 1◦

0◦

10.1◦

23.8

1 − 2◦

0◦

9.1◦

10.2

2−3

◦

◦

◦

3−4

◦

4−5

◦

5−6

◦

0

9.2

◦

10.8

◦

◦

0

0

14.1
◦

9.3

13.6
12.0

◦

0

10.0

6 − 7◦

0◦

9.7◦

17.1

7−8

◦

◦

◦

15.0

8−9

◦

0

9.5

◦

◦

0

9.7

14.4

23.6

◦

10.2

10 − 12

◦

0

◦

9.4

22.5

12 − 14◦

3.1◦

9.3◦

26.7

14 − 16◦

7.4◦

6.5◦

33.7

◦

◦

◦

30.0

◦

46.6

◦

44.1

◦

9 − 10

◦

◦

0
◦

16 − 18

◦

18 − 20

◦

20 − 22

◦

9.7

6.6
◦

12.0

◦

13.6

◦

6.0
6.4

◦

24.6

22 − 24

16.6

5.7

41.6

24 − 26◦

20.2◦

4.0◦

54.4

◦

◦

◦

53.9

◦

50.2

◦

57.7

◦

26 − 28

◦

28 − 30

◦

30 − 35

◦

20.3

◦

23.8

◦

27.5

◦

5.4
4.6
5.5

35 − 40

32.9

4.9

80.7

40 − 45◦

38.0◦

5.0◦

101.4

45 − 50◦

42.4◦

5.1◦

86.5

Note. — Fit parameters for Equation 4.7 applied to the simulation results and median dynamical lifetimes
(τ ) for each bin in i0 (see Section 4.2).
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Figure 4.7 Inclination distributions for a trial source population with an inclination
distribution given by Equation 4.7 with µ = 2◦ and σ = 2◦ (top panel) and µ = 19◦
and σ = 7◦ (bottom panel) compared to the Centaur distributions given by the
mapping procedure (Equation 4.8).
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means meant to be a representation of the true CKB orbital distribution; instead
it is merely a test of the applicability of my initial simulation results to CKB-like
orbital parameters and a realistic CKB inclination distribution.
The SD-like source region consists of 2400 test particles spread over a semimajor
axis range 50 < a < 250 AU, perihelion range 30 < q < 32 AU, and with an
inclination distribution given by

f (i) = sin(i) exp

−i2
2σ 2



, σ = 17◦ ,

(4.10)

which is my debiased best-fit inclination distribution for the observed set of scattered
disk objects (see Chapter 2). Again, this SD-like source population is merely a test of
the mapping procedure not an accurate portrayal of the scattered disk distribution.
Both sets of source region test particles were integrated using the same simulation
parameters described in Section 4.2. Figure 4.8 shows the initial i distributions for
these simulations, the Centaur distributions predicted by the mapping procedure,
and the time-averaged i distributions for the Centaurs from the simulation. The
mapping procedure is quite successful in both cases, giving confidence that the
mapping procedure can be used in lieu of detailed simulations to predict the Centaur
i distribution that would result from an arbitrary source region distribution.
4.5
4.5.1

Results
Inclination as a discriminator of Centaur sources

It is apparent from the simulations that repeated encounters with the planets will
significantly alter the inclination distribution of the Centaurs. If there are any peaks
in the source region’s inclination distribution at i < 10◦ , these will generally not be
preserved as the inclinations of the new Centaurs are raised by planetary encounters.
This is particularly relevant for the subset of Centaurs that might originate in the
classical Kuiper belt, which has been shown to have a double peaked inclination
distribution. Even if Centaurs leak out of the CKB independently of their original
inclinations, the double peaked nature of the inclination distribution will not persist
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Figure 4.8 Initial inclination distributions, the predicted Centaur distribution calculated from Equation 4.8, and the time averaged Centaur distribution from a simulation for a SD-like source population with an inclination distribution given by
Equation 4.10 (top panel) and a CKB-like source population with an inclination
distribution given by Equation 4.9 (bottom panel).

130
in the Centaur region. The reality is even less favorable for preserving any hints of
the double peaked distribution, however. In my model of the CKB from Chapter 3,
I found that CKBOs from the high-i portion of the inclination distribution were
∼ 4 times more likely to evolve onto Neptune-crossing orbits than CKBOs from
the low-i peak. Consequently, the i distribution of the Centaurs originating in the
classical Kuiper belt is nearly indistinguishable from the i distribution of Centaurs
originating in the scattered disk because the high-i CKBOs and the SDOs have very
similar inclination distributions; in the case of my test simulations in Section 4.4,
the Centaurs from the SD-like source region are nearly identical to those from the
CKB-like source region.
The best chance to be able to identify source regions using the Centaur inclination distribution is if the proposed source regions have well separated highinclination features, as these are better preserved than low-i features. Taking the
debiased i distributions from Gulbis et al. (2010) for several subclasses of KBOs as
examples, the difference between the i distribution of the scattered objects (µ = 19◦ ,
σ = 7◦ ) and the resonant objects (µ = 6◦ , σ = 9◦ ) might be large enough to be observationally distinguishable in the Centaurs supplied by these sources. To examine
the inclinations of Centaurs originating in the resonant Kuiper belt population, I
integrated 600 test particles initially in the 3:2 mean motion resonance with Neptune; the test particles were given uniform distributions of e and i in the ranges
0 < e < 0.3 and 0 < i < 30◦ , consistent with the observed ranges of e and i for
this resonance (see Chapter 2). For the Centaurs generated in this simulation, I
calculated their median dynamical lifetimes and average inclinations as a function
of initial inclination in the resonance; the results are shown in Figures 4.4 and 4.5.
The simulated Centaurs from initially resonant orbits have lifetimes and inclinations
that depend on initial inclination in the same way as the Centaurs originating from
non-resonant orbits. This allows me to apply the mapping procedure described in
Section 4.3 to Gulbis et al. (2010)’s debiased inclination distribution of the resonant
population to predict the inclination distribution of Centaurs originating from that
population. The result is shown in Figure 4.9, in which I also plot the predicted
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Figure 4.9 Predicted Centaur inclination distributions calculated from Equation 4.8,
for a scattered disk source (solid line) and a resonant Kuiper belt source (dashed
line). The inclination distributions for the sources are taken from the debiased
distributions published in Gulbis et al. (2010).
distribution of Centaurs originating in the scattered disk population. Note that
the resonant source population yields Centaurs with a significantly lower peak inclination, ∼ 11◦ , compared with that of the scattered disk source, ∼ 18◦ . Present
observational data are insufficient to distinguish between these two distributions
(see Figure 4.1). I estimate that the two predicted distributions in Figure 4.9 would
be distinguishable given an observationally complete sample of approximately 100
Centaurs with 0 < i < 30◦ ; this estimate is based on binning the distributions into
5◦ bins, assuming Poisson noise statistics, and requiring that the 1σ error bars in
the resulting histograms overlap in fewer than half the inclination bins.
4.5.2

Retrograde and very high-inclination Centaurs

I mined my simulation results to identify cases where individual test particles evolved
to very high inclinations in the Centaur region. This is motivated by the discoveries
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of several Centaurs with very large inclinations, such as 2002 XU93 with i ∼ 78◦
(Elliot et al. 2005) and 2008 KV42 , with i ∼ 104◦ (Gladman et al. 2009). I examined
my simulation results to see if test particles with lower i0 (typical of KBOs) could
be excited to such large inclinations. My simulated Centaurs almost all started with
i < 50◦ , and although some achieved inclinations as large as 80 − 90◦ within the
Centaur region, they did so only very briefly (timescales < 1 Myr) before being
ejected on hyperbolic orbits. These also tended to have very large semimajor axes,
a > 1000 AU, when they were at large inclinations, which is inconsistent with the
value a ∼ 40 AU found for 2008 KV42 . I numerically integrated nearly 10,000 KBOlike test particles in the simulations presented in this chapter, and after following
them all through many encounters with the planets, I find no Centaurs with orbits
similar to the two previously mentioned high-i Centaurs. This is consistent with the
results of Brasser et al. (2012) who find that the probability of evolving from a Kuiper
belt-like orbit to a nearly retrograde Centaur orbit is ∼ 10−5 . Therefore, it appears
unlikely that these relatively stable (stable on ∼ 10 Myr timescales) observed high-i
Centaurs can be satisfactorily explained merely by typical orbital evolution of KBOs
due to close encounters with the planets. This can be understood quantitatively
given that planetary encounters roughly preserve the Tisserand parameter,

1/2
a
ap
2
+2
(1 − e )
cos i.
(4.11)
T =
a
ap
Large changes in cos i (or a change in the sign of cos i as in the case of prograde to
retrograde orbits) will tend to be associated with changes in a, possibly removing
the objects from the Centaur region. An alternate, very high-i source region, as
discussed by Gladman et al. (2009), might be more likely.
I performed an additional numerical simulation of test particles with very large
initial inclinations, 50 < i < 180◦ , semimajor axes in the range 50 < a < 250 AU,
and perihelion distances in the range 30 < q < 32 AU; the simulation was run to
t = 1 Gyr. I found that initially prograde test particles with i0 & 70◦ and q > 30 AU
were able to evolve into Centaurs (5 < q < 30 AU) with i ∼ 100◦ . As in my other
simulations, most of these high values of i were achieved only briefly while at very
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large values of a. But I did find one case where a test particle with i0 = 75◦ spent
∼ 10 Myr with an orbit very similar to that of 2008 KV42 (a ∼ 25 AU, i ∼ 105◦ ,
q ∼ 20 AU); this case is shown in Figure 4.10. This simulation demonstrates that
there is a dynamical pathway from prograde, very high-i, scattered disk-like orbits
to quasi-stable retrograde Centaur orbits. Based on the 237 initially prograde test
particles that completed their evolution as Centaurs during this simulation, the
probability of evolving from 50 < i < 90◦ onto an orbit similar to 2008 KV42 is
∼ 4 × 10−3 . For the test particles with initially retrograde orbits (90 < i < 180◦ ), I
find that the resulting Centaurs have average inclinations very similar to their initial
inclinations; the median dynamical lifetime of my initially retrograde Centaurs is
∼ 250 Myr compared to a median lifetime of ∼ 145 Myr for Centaurs originating
from prograde, i > 50◦ orbits. A potential source for such very high-inclination
and retrograde Centaurs is the Oort cloud, as recently suggested by Brasser et al.
(2012). My initial conditions for this simulation are consistent with the orbits of
test particles that have entered the planet-crossing region from the Oort cloud (see
for example Figure 2 in Brasser et al. (2012)). The long dynamical lifetimes I find
for these test particles in the Centaur region suggest that any contribution to the
Centaur population from the Oort cloud (or any other source region with retrograde
inclinations) should be long-lived compared to Centaurs originating from a prograde
source region.
4.6

Summary

In summary, I have performed numerical simulations of the dynamical evolution of
Centaurs originating from the Kuiper belt and the scattered disk and have found
that:
• Multiple planetary encounters can significantly alter the inclination distribution of Centaurs relative to their source region’s inclination distribution.
– Test particles with i0 . 10◦ tend to have their inclinations raised to values
near 10◦ .
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Figure 4.10 Evolution of a test particle with i0 = 75◦ onto a quasi-stable orbit
(shaded region) similar to the observed retrograde Centaur 2008 KV42 . The values
of a, q, and i for 2008 KV42 are shown by the dashed lines while the evolution of
the test particle is shown in solid lines.
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– Test particles with i0 & 10◦ tend to have their inclinations lowered by a
small amount that still preserves the correlation between average inclination and initial inclination.
– High-inclination features of the source region are better preserved than
low-inclination features.
• The inclination distribution of the Centaurs cannot be used to distinguish
whether the classical Kuiper belt or the scattered disk dominate the flux of
new Centaurs. However, the inclination distribution of Centaurs originating
from the resonant Kuiper belt may be distinguishable from the i distribution
of Centaurs originating in the the CKB and/or the SD.
• The median dynamical lifetimes of Centaurs increase nearly linearly with initial inclination.
• The average absolute change in velocity of Centaurs due to planetary encounters can be represented as a power law,
Mp 0.18 ap −2.1 rce −2
) ( AU ) ( RH ) .
|∆v| = 6.24 × 103 (ms−1 )( M

• Planetary encounters are not an efficient way to produce extremely highinclination Centaurs. However, there is a dynamical pathway from the scattered disk at i0 ∼ 70◦ to retrograde Centaur orbits that remain retrograde for
several tens of millions of years.
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CHAPTER 5
INCLINATION MIXING IN THE CLASSICAL KUIPER BELT

Much of the content of this chapter has been previously published as Volk and
Malhotra (2011).
5.1

Background

In Chapters 1 and 2 I discussed the bimodal nature of the classical Kuiper belt’s
inclination distribution as well as the proposed correlations between inclinations
and observed physical properties (such as color, size, albedo, and binarity) of classical Kuiper belt objects. Some of these correlations have also been reported in
the resonant populations (see review by Doressoundiram et al. (2008)). Here I investigate the degree to which planetary perturbations may have caused dynamical
changes in the inclinations of both the resonant KBOs and the CKBOs over gigayear timescales. If the inclination-physical property correlations are real and are
primordial, then the observed low- and high-i CKBOs cannot have undergone much
dynamical change in inclination, otherwise the correlations would be erased. If the
differing physical properties are due to environmental effects (such as space weathering or collisions), the effect that changes in i could have on the correlations is less
clear because it would depend on the timescale of the change in i and how quickly
these environmental effects operate to change the properties of an object. In either
case, the goal here is to quantify how much mixing there is likely to be between
the currently observed low- and high-i populations solely as a result of dynamical
evolution under the current architecture of the solar system and to quantify how this
might affect the observed correlations between physical properties and inclination.
To do this I use the numerical simulations of the observed RKBOs and debiased
CKBOs from Chapter 3. Section 5.2 outlines the main results of these numerical
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simulations for the changes in i over time. In Section 5.3 I describe the dynamical
mechanisms responsible for the changes in inclination for both the resonant and
non-resonant populations, and in Section 5.4 I apply the results of my simulations
to assess the correlations between physical properties and inclination. Section 5.5
gives a summary of my results.
5.2

Simulation results

To analyze the inclination evolution of my CKBO and RKBO test particles, it is
important to consider the reference plane for the inclinations. The standard outputs
for the numerical integrations are heliocentric orbital elements; in my case these are
referenced to the J2000 coordinate system, meaning all inclinations are measured
relative to the ecliptic plane of the epoch. Because I am interested in changes in
the inclinations of the test particles, it is preferable to measure those inclinations
relative to a more physically meaningful reference plane; the best reference plane for
determining changes in the inclinations of the KBOs would be the mean plane of
the Kuiper belt. Several works have calculated the Kuiper belt’s mean plane based
on observations and secular perturbation theory (Elliot et al. 2005; Brown and Pan
2004; Chiang and Choi 2008). In general, the average plane varies with semimajor
axis (Chiang and Choi 2008); this is not a desirable feature for a reference plane
for my numerical simulations. A more convenient and easily calculated reference
plane is the invariable plane of the solar system. Both Chiang and Choi (2008) and
Elliot et al. (2005) find only small deviations between the invariable plane and the
average Kuiper belt plane; Brown and Pan (2004) found a larger difference between
these planes, but the difference was still less than 1◦ . I will therefore reference all
CKBO and RKBO inclinations to the invariable plane. To do this, I calculate the
location of the barycenter for the Sun and the four outer planets and then calculate
the total angular momentum vector for the Sun and outer planets relative to the
barycenter; the plane normal to this vector becomes the reference plane for the
orbital inclinations. Appendix B gives the parameters for my calculated invariable
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plane and shows the evolution of the planets’ inclinations in this plane.
Adopting the invariable reference plane diminishes the amplitude of the shortterm oscillations in my test particles’ inclinations compared to when the ecliptic
plane is used. This is because their short-term inclination evolution is driven by
the short-term inclination evolution of the planets. If the ecliptic plane is used as
the reference plane, the planets’ inclinations average 1.5 − 2◦ over Myr timescales;
if the invariable plane is used instead, this average is 0.3 − 1◦ (see Appendix B).
The reduced amplitudes of the corresponding changes in the test particles’ inclinations is illustrated in Figure 5.1, which plots the rms variation of each test particle’s
inclination vs. the mean inclination for the 10 Myr simulation described in Chapter 2. This reduction in the ‘typical’ spread in the inclinations expected over Myr
timescales makes it easier to distinguish the test particles with larger inclination
changes in the 4 Gyr simulation from Chapter 3. Unless noted otherwise, all inclinations throughout this chapter are referenced to the invariable plane.
I use several measures to determine the mobility of the KBOs in inclination
space. Figures 5.2 and 5.3 show the rms variation in inclination over the initial
10 Myr simulation and over the 4 Gyr simulation, respectively, for all the test
particles as a function of average semimajor axis over the same time period (note
the different scales on the y-axes of Figures 5.2 and 5.3). The stable test particles
(those that survive the entire 4 Gyr simulation) are shown separately from the
particles that have close encounters with Neptune. The inclination variations in the
4 Gyr simulation are generally larger than in the 10 Myr simulation, especially for
the resonant objects. The maximum changes in any one particle’s inclination over
the entire simulation can be many times these rms values. Figure 5.4 shows the
maximum ∆i for objects that survive the entire simulation and those that do not,
where both groups are separated into CKBOs and RKBOs. Not surprisingly, the
unstable objects undergo the largest changes in i, but several of the stable CKBOs
(less than 1%) and quite a few of the stable RKBOs (8%) show changes of more
than 10◦ . Of the total debiased CKBO population, 10% of objects deviate from
their initial 10 Myr average i by more than 5◦ at some point during the simulation
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Figure 5.1 Variation in inclination vs. average inclination for the initial 10 Myr
integration (see Chapter 2). The black dots indicate inclinations measured relative
to the ecliptic plane and the gray dots indicated inclinations measured relative to
the invariable plane.
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(2% of the stable CKBOs and 84% of the unstable CKBOs), and 4% deviate by
more than 10◦ (<1% of the stable CKBOs and 40% of the unstable CKBOs). For
the observed population of resonant objects, these percentages are 51% (38% of the
stable RKBOs and 87% of the unstable RKBOs) and 23% (8% of the stable RKBOs
and 64% of the unstable RKBOs), respectively.
Given that some objects’ inclinations are quite changeable over time due to
planetary perturbations, it is important to examine the stability of the overall inclination distribution. Figure 5.5 shows snapshots of the inclination distribution for
the debiased classical Kuiper belt at the beginning of the simulation, 500 Myr into
the simulation, and at 4 Gyr. The results of a K-S test show that there is a 52%
probability that the initial and final snapshots are drawn from the same inclination
distribution, and there is a greater than 90% probability of similarity between all
snapshots taken after 250 Myr. As discussed in Section 3.3.1, the lower KS probability for the early snapshots compared to the final snapshot is most likely due to
the debiasing procedure: if an object on an unstable orbit is heavily weighted in
the initial distribution and is then either removed from the simulation or evolves
onto a more stable orbit, the resulting change in the overall distribution can be
statistically large. The difference between the initial and final distributions is not
large, and a KS probability of ∼ 50% is not so small as to rule out the possibility
that the distributions are the same; the 90% KS probability after the first 250 Myr
shows that, even if some objects undergo large changes in inclination, the overall
distribution is quite stationary.
From the 4 Gyr simulation I want to quantify how well an object’s current inclination correlates with its past or future inclination; i.e. what is the probability that
a currently ‘low’ inclination object has always been in the ‘low’ inclination group?
The answer to this question depends on how ‘low’ inclination is defined. I adopted
various values for the cutoff inclination and examined how the degree of mixing
between the high- and low-inclination populations depends on the choice of cutoff
inclination. Figure 5.6 shows the time-averaged fraction of the debiased CKBOs
and the observed RKBOs that can be found at inclinations that are inconsistent
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Figure 5.2 Variation in inclination as a function of average semimajor axis for the
classical Kuiper belt objects (black) and resonant Kuiper belt objects (gray) over
the 10 Myr integration. The top panel shows test particles that survive the 4 Gyr
simulation without a close encounter with Neptune and the bottom panel shows
those that are removed from the simulation by a close encounter.
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unstable test particles, 4 Gyr simulation
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Figure 5.3 Variation in inclination as a function of average semimajor axis for the
classical Kuiper belt objects (black) and resonant Kuiper belt objects (gray) over
the 4 Gyr integration. The top panel shows test particles that survive the 4 Gyr
simulation without a close encounter with Neptune and the bottom panel shows
those that are removed from the simulation by a close encounter. The 50 Myr time
period prior to particle removal is excluded from the calculation of the average and
rms variation for the unstable test particles.
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unstable test particles, 4 Gyr simulation
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Figure 5.4 Maximum range in inclination as a function of average semimajor axis
for the classical Kuiper belt objects (black) and resonant Kuiper belt objects (gray)
over the 4 Gyr integration. The top panel shows test particles that survive the
4 Gyr simulation without a close encounter with Neptune and the bottom panel
shows those that are removed from the simulation after a close encounter. The
50 Myr time period prior to particle removal is excluded from the calculation of the
average and maximum range for the unstable test particles.
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Figure 5.5 Snapshots of the debiased inclination distribution for the classical Kuiper
belt taken at the beginning of the simulation, at 500 Myr, and at 4 Gyr. The two
smooth curves represent fits of the CKB inclination distribution to the sum of two
Gaussians multiplied by sin i (Equation 2.7). The solid purple line is my best-fit
model to the initial distribution, and the dashed grey line is the best-fit model of
Brown (2001) for comparison.
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with their initial (i.e. current epoch, 10 Myr average inclination) classification into
either the high- or low-i populations as a function of the i cutoff that defines the
low- and high-inclination populations. For example, for a cutoff of 5◦1 one would
expect 1.5% of CKBOs and 11% of RKBOs to currently be at inclinations inconsistent with their primordial inclinations because the populations as a whole spend
1.5% and 11% of their time at inclinations inconsistent with their current classifications2 . Figure 5.6 shows that an inclination of ∼ 5◦ is justified as a division between
the ‘hot’ and ‘cold’ populations because it corresponds to a local minimum in the
‘misclassification’ distribution.
I note that if the ecliptic plane were used for this calculation instead of the
invariable plane, the result is more mixing between the two inclination classes (and
therefore a fuzzier distinction between ‘hot’ and ‘cold’ CKBOs), as shown in the
bottom panel of Figure 5.6. For both the CKBOs and the RKBOs, the percentage
of objects I expect to find at inclinations inconsistent with their initial classification
is smaller than the percentage of objects found to have deviated from their initial
inclinations by large amounts at some point in our simulation. This is because
objects that experience large deviations in i do not spend a large fraction of time at
the extreme values. So even though half of the RKBOs will at some point have an
excursion more than 5◦ away from their initial i, only 12% of these objects spend
more than 10% of their dynamical lifetimes in one of these excursions. Similarly,
only 6% of CKBOs spend more than 10% of their time at values of i more than 5◦
away from their initial i.
1

which is sometimes used to distinguish the ‘hot’ and ‘cold’ CKBOs (Doressoundiram et al.

2002; Brucker et al. 2009)
2
If instead of using the average inclination from the 10 Myr simulation, I use the instantaneous
inclination with respect to the invariable plane, the percentage of misclassified objects using a 5◦
cutoff between low- and high-i populations is still 1.5% for the CKBOs, but for the RKBOs the
percentage increases to 13%.
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Figure 5.6 Time-averaged fraction of the total observed resonant Kuiper belt (dashed
line) and of the total debiased classical Kuiper belt (solid line) that is misclassified
(i.e. currently at an inclination that is inconsistent with its original inclination).
This fraction is plotted as a function of the cutoff between the low- and highinclination populations. Top panel: inclinations referred to the invariable plane;
bottom panel: inclinations referred to the ecliptic plane.
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5.3

What drives the changes in inclination?

5.3.1

CKBOs

Approximately 10% of the total debiased CKBO population experiences a change
in i of more than 5◦ during my 4 Gyr simulation. Here I analyze the causes of
these relatively large changes in inclination to better understand how the inclinations of CKBOs evolve over time. To do this I examined the time histories of the
test particles exhibiting the largest overall changes in inclination as well as those
exhibiting small changes. Objects with stable orbits and inclinations tend to undergo variations in i of ∼ 1◦ that occur on timescales comparable to or shorter than
my output resolution of 1 Myr (an example of this is shown in Figure 5.7). This is
consistent with what is expected from the secular perturbations of the planets on a
massless test particle; near Neptune, the plane of a KBO’s orbit will wobble about
the invariable plane with an amplitude similar to Neptune’s proper inclination; the
latter is ∼ 0.7◦ inclined to the invariable plane (Brown and Pan 2004; Chiang and
Choi 2008).
Most (∼ 80%) of the classical Kuiper belt test particles with large ∆i have
changes in i that can be attributed to distant encounters with Neptune. The time
resolution of my 4 Gyr simulation output is not fine enough to detect the encounters,
but I can diagnose such encounters with Neptune because they manifest as discrete
jumps in the semimajor axis, eccentricity, and inclination of the test particles and
occur when the particle is at a local minimum in the time history of the perihelion
distance. An example is shown in Figure 5.8, where an ∼ 8◦ increase in i occurs
at q ∼ 32 AU. These moderately distant encounters with Neptune certainly explain
the large changes in i for the unstable subset of CKBOs. The values for the typical
spread in i and the maximum ∆i reported here exclude the 50 Myr period prior
to the closest approach with Neptune (within one Hill radius) that removes a test
particle from the simulation, so the variations in i shown in Figures 5.3 and 5.4 represent changes that are occurring due to more distant encounters. Test particles on
unstable orbits can wander substantially in inclination over timescales much longer
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Figure 5.7 Semimajor axis, perihelion distance, eccentricity, and inclination evolution over 4 Gyr for a test particle that maintains a low i throughout the entire
simulation.
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than 50 Myr before having an encounter close enough to be completely removed
from the classical Kuiper belt region. Approximately one-third of the test particles
experiencing large ∆i as a result of a distant encounter with Neptune persist in the
classical Kuiper belt for timescales longer than 250 Myr after the encounter. A small
subset of the stable CKBOs will also experience distant encounters with Neptune
that lead to significant changes in i without leading to a close-enough encounter to
completely remove the test particle (at least not within the 4 Gyr of my simulation).
Approximately 20% of all test particles with large maximum ∆i values in the
classical Kuiper belt owe their inclination variability to brief stints of libration within
an MMR. Careful examination of Figures 5.3 and 5.4 shows that some of the CKBO
test particles in close proximity to resonant test particles (as measured by their
average semimajor axis values) also have large rms variations in i and/or maximum
∆i, similar in magnitude to the nearby resonant particles. Some test particles are
captured for long enough in MMRs that I detect libration of the resonance angle in
the simulation output; I have identified temporary capture in most of the occupied
resonances and a few very high-order MMRs with Neptune such as the 19:10 and
21:11. Short-lived resonance libration is difficult to ascertain for test particles that
spend less than a few tens of millions of years in resonance due to the low time
resolution of my simulation output. Temporary capture into various resonances in
the classical Kuiper belt region was also noted by Lykawka and Mukai (2006) in a
long-term simulation of test particles near the 7:4 MMR. From my simulated resonant Kuiper belt test particles, I find that some test particles start in a resonance,
persist in that resonance for at least 10 Myr, and then exit the resonance without
being removed from the classical Kuiper belt region. Some of the resonant test particles also experience only intermittent libration (see Section 5.3.2), so it is possible
that objects I classify as non-resonant are close enough to a resonance boundary to
experience occasional librations. Such chaotic diffusion across resonance boundaries
is the cause of many of the cases of large inclination variability of CKBOs.
A few percent of the stable CKBOs with large ∆i in the 4 Gyr simulation cannot
be explained with either of the above two mechanisms – distant Neptune encounters
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or temporary resonance capture. There is a secular resonance at ∼ 41 AU that
has been shown to raise the inclinations of initially low-i test particles (Knezevic
et al. 1991), and there are also many currently occupied MMRs in the 40 to 45 AU
range which might be expected to influence the orbital evolution of nearby test
particles. Because these dynamical mechanisms work mainly in the inner part of
the classical belt region (a < 45 AU), I expect the amplitude of changes in i to
decrease in the outer region with the exception of test particles near the 2:1 MMR.
In the 10 Myr simulation, this is indeed what I find; the typical spread of i for the
stable CKBOs (as seen in the top panel of Figure 5.2) is small in the outer region,
and it increases moving inward toward both the 5:3 MMR at ∼ 42.3 AU and the
secular resonances at 41–42 AU. However, in the longer simulation (Figures 5.3 and
5.4) I see some particles with surprisingly large rms variations in i and maximum
changes of 5 − 10◦ in the semimajor axis range of 45–47 AU where there are no
strong MMRs with Neptune and no known secular resonances. This zone does have
several higher-order MMRs, such as Neptune’s 11:6 and 7:19, as well as a three-body
resonance involving both Neptune and Uranus (Nesvorný and Roig 2001). I looked
for libration of candidate resonance angles, but my output cadence of 1 Myr (for
the 4 Gyr simulation) can only detect libration behavior on timescales greater than
∼ 10 Myr; I did not detect any such long-lived librations. For my test particles
between 45 and 47 AU, the effects of chaos arising from the overlap of these highorder interactions may be the cause of the larger variability in i that I find in
the 4 Gyr simulation (but do not find in the 10 Myr simulation). This conjecture
is supported by Nesvorný and Roig (2001)’s finding of a small positive Lyapunov
exponent in this semimajor axis range, although their analysis was confined to very
low-inclination, low-eccentricity orbits. A deeper analysis of the dynamics of objects
in this zone is left for a future investigation.
There still remain a few CKBO test particles notable for their peculiar longertimescale large inclination variations for which I have not identified any causative
dynamical mechanism. A typical example is shown in Figure 5.9: i varies from 2◦
to 9◦ with a periodicity of about 0.5 Gyr (with a corresponding synchronized vari-
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ation in eccentricity from 0.06 to 0.15). Test particle clones of four other CKBOs
show similar orbital element time histories but with shorter periodicities ranging
from ∼ 50 Myr to ∼ 250 Myr. These timescales are much longer than the libration
timescales of MMRs, which are typically 104 –105 yr (Malhotra 1996; Tiscareno and
Malhotra 2009), or the timescale of the Kozai resonance within MMRs, which is
typically 106 –107 yr (Chiang et al. 2003). The semimajor axis of the test particle
in Figure 5.9 is also inconsistent with the location of the ν8 , ν18 and ν17 secular
resonances which are all located at 40–42 AU (Knezevic et al. 1991). I performed
additional numerical simulations with the test particles exhibiting this peculiar behavior and was able to rule out numerical artifacts as a potential cause3 . I also
tested for membership in all of the nearby resonances with Neptune, Uranus, and
combinations of both planets that were identified by Nesvorný and Roig (2001),
but I found no librating resonance angles. I speculate that the cause may be some
other very high-order MMR that I did not consider, or possibly a super-resonance
such as identified for Pluto by Williams and Benson (1971) and Milani et al. (1989);
verification of this is left for future work.
5.3.2

RKBOs

The resonant objects in my simulation generally show more variation in i than
do the CKBOs; changes in i greater than 5◦ occur for 51% of the RKBOs over
4 Gyr compared to only 10% of CKBOs (see Section 5.2). The variations in i for
the RKBOs occur on multiple timescales, with larger changes occurring on longer
timescales; this can be seen by comparing Figures 5.2 and 5.3. Libration within
an MMR causes variations in the orbital elements over timescales similar to the
libration period of the resonance, which is typically 104 –105 yr for the resonances
in this study. Resonant particles also experience the same secular variations in i
on Myr timescales that I describe above for the CKBOs. Over longer timescales
(> 10 Myr), the Kozai resonance (Kozai 1962) accounts for many of the resonant
3

I varied the integration time step and integrated in both the ecliptic and invariable coordinate

frames
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Figure 5.9 Semimajor axis, perihelion distance, eccentricity, and inclination evolution over 4 Gyr for a test particle with anomalously long-period variations in i and
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test particles having maximum inclination excursions ∆i ≥ 5◦ . The Kozai resonance
is characterized by the libration of the argument of perihelion and the preservation
of the Kozai integral,
Θ=

p
(1 − e2 ) cos i.

(5.1)

The effect of this resonance is large anti-correlated oscillations in eccentricity and
inclination. I find that many test particles do not librate in the Kozai resonance
for the entire simulation, but instead experience intermittent libration which results
in coupled large changes in e and i. I also find that the resonance angle φ (as
defined by Equation 2.6) can exhibit intermittent changes in amplitude (correlated
with intermittent Kozai libration) which also affects the inclination evolution. A
typical example of this evolution is shown in Figure 5.10. This type of intermittent
libration of both φ and the argument of perihelion has been found in previous work
exploring the dynamics of the 7:4 MMR in the classical Kuiper belt region (Lykawka
and Mukai 2005). This behavior is responsible for the stable RKBOs having much
larger maximum values of ∆i than the stable CKBOs.
I also note that some members of the 7:4 and 9:5 MMRs diffuse out of resonance
and evolve onto stable orbits in the classical Kuiper belt (these objects are indicated
in Table 2.1). This phenomenon likely contributes to the population of CKBOs
that exhibit larger changes in i (as discussed in Section 5.3.1). Objects like these
‘resonance escapees’, whose dynamics at early times were dominated by the effects
of MMRs, but later cease to librate in the resonance, are probably present in the
observed sample of currently non-resonant objects.
5.4

Reassessing correlations between inclination and physical properties

Here I examine the proposed correlations between physical properties and inclination
using the results from my numerical simulations to represent the time-variability of
the inclinations of the observed objects. I use the Spearman rank correlation test
(Press et al. 1992) as a quantitative measure of the correlations between i and
each physical property. This test has been used in previous studies of this problem
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Figure 5.10 Eccentricity, inclination, resonance angle (φ = 7λkbo −4λN −3$kbo ), and
argument of perihelion evolution over 4 Gyr for a test particle exhibiting intermittent
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(see Doressoundiram et al. (2008) and references therein); it is chosen because the
results of the test do not depend on any assumed form for the correlation (i.e. the
relationship need not be linear). Values of the Spearman rank correlation coefficient
(Rs ) close to ±1 indicate a strong correlation or anti-correlation between the two
parameters tested. The significance level of the correlation is reported as the number
of standard deviations above or below zero the value of Rs lies compared to the null
hypothesis that the two variables are uncorrelated. For each physical property, I
perform the correlation test using the average value of i for the objects from my
10 Myr simulation, which is a better representation of their proper inclinations than
the instantaneous observed value of i; I use the rms ∆i from the 10 Myr simulation as
a measure of the current time variability of i (using the average i and rms ∆i values
from the 4 Gyr simulation does not alter the conclusions that I describe below). The
physical properties I consider for the correlation test are the spectral gradient and
absolute magnitude; I do not consider albedo because only ∼ 30 CKBOs have wellmeasured albedos (Brucker et al. 2009). I compare the inclination distribution of the
binary CKBOs to that of the apparently single KBOs, as well as the i distribution
of large CKBOs to the i distribution determined by Brown (2001) for the classical
Kuiper belt as a whole. These comparisons are done using the K-S test to measure
the probability that the inclination distributions being compared are the same.
5.4.1

Spectral gradient

The colors of KBOs are assigned by photometric characterization of their reflectance
spectra in various broadband filters (BVRI for the visible wavelengths). The commonly used color indices (B-V, V-R, etc) represent the differences in the observed
magnitude of the KBO in the two filters. An additional color parameter that is
determined from these broadband filter measurements is the spectral gradient, S;
this is a measurement of the reddening of the KBO’s reflectance spectrum over the
wavelength range considered, usually expressed as percent reddening per 100 nm. I
use the spectral gradient in my color-i correlation tests because S can be calculated
for any KBO that has been observed in at least two visible broadband filters, and
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it has been shown to correlate with the commonly measured V-R color for KBOs
(see Doressoundiram et al. (2008) for a full discussion of this). The results of my
statistical tests do not depend on this choice4 , but using the spectral gradient provides the largest possible observational data set. Figure 5.11 shows the spectral
gradient vs. 10 Myr average inclinations for 80 CKBOs. All values for S are taken
from the MBOSS database5 maintained by O. Hainaut of the European Southern
Observatory and described by Hainaut and Delsanti (2002).
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Figure 5.11 Spectral gradient (percent reddening per 100 nm) vs. average inclination
over the 10 Myr simulation. The error bars for the inclination are the rms variation
in i over 10 Myr. The 6 objects enclosed in the ellipse are all members of the Haumea
collisional family.
In my calculation of the correlation coefficient using the Spearman rank test, I
include information about the observational uncertainties for the spectral gradient
and the time variability of the inclinations, as represented by the rms variations in i
from my numerical simulations. Including the uncertainties for S and i is achieved
4
5

results for B-V, V-R, and B-R color indices are very similar to those for S
http://www.eso.org/∼ohainaut/MBOSS/
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by randomly assigning each objects a values for S and i assuming that each variable
has a normal distribution; this is repeated 1000 times, and Rs is calculated for each
permutation of the data set. The resulting range and significance of the values
of Rs yields a measure of how the observational errors in S and the dynamical
evolution of i affect the correlation. Using the average i and its rms value from the
10 Myr simulations as well as the observational errors in S, this procedure yields
Rs = −0.46 ± 0.07 (4 ± 0.5σ significance). This can be compared to Rs = −0.52
(4.6σ significance) for the test when I use only the best-estimate values of S and the
average values of i. Most of the reduction of |Rs | and its associated significance is
due to the observational errors in S. When I account for the uncertainties in S but
do not take account of the time-variability of i, I find Rs = −0.47 ± 0.05 (4.2 ± 0.5σ
significance). This is consistent with the fact that most of the observed sample
of CKBOs with measured values of S are stable and have fairly low variations in
inclination.
Another factor that could affect the correlation between spectral gradient and
inclination is the existence of the Haumea (2003 EL61 ) collisional family discovered
by Brown et al. (2007). Haumea family members share a distinctive water ice
absorption feature, and they are clustered in orbital element space with i ∼ 25◦ ;
the family members also tend to have neutral colors (Schaller and Brown 2008;
Ragozzine and Brown 2007). There are six Haumea family members (as defined by
Brown et al. (2007) and Ragozzine and Brown (2007)) in my set of CKBOs that
have measured spectral gradients: Haumea (2003 EL61 ), 1995 SM55 , 1996 TO66 ,
1999 OY3 , 2002 TX300 , and 2003 UZ117 . These six objects comprise one-third of the
CKBOs with i > 25◦ that have observed spectral gradients and all six have neutral
spectral gradients, creating a cluster in the plot of S vs. i (see Figure 5.11). To test
how this cluster of related objects affects the correlation coefficient for S and i, I
calculated Rs for the CKBOs without these six objects in the data set. Removing
the Haumea family members, but not taking the uncertainty in S, or the timevariability of i into account, I find Rs = −0.42 with a 3.6σ significance (compared to
Rs = −0.52 with a 4.6σ significance with the Haumea family included). If I remove
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the family members and account for the time-variability of i and uncertainties in S,
I find Rs = −0.36 ± 0.07 (3.1 ± 0.6σ significance). I conclude that the neutrallycolored, high-inclination Haumea family is partially responsible for the reported
correlation between color and inclination in previous studies.
The degree of correlation I find between color and inclination for the classical
Kuiper belt objects is smaller and less statistically significant than previously reported in the literature. Several previous studies have found Rs between −0.6 and
−0.7 (Jewitt and Luu 2001; Doressoundiram et al. 2002; Trujillo and Brown 2002;
Peixinho et al. 2008); the most recent of these analyzed the colors of 69 CKBOs and
reported Rs = −0.7 with greater than 8σ significance. In my analysis, even without
accounting for the time-variability of i or the observational errors in S, the inclusion
of 11 newly observed CKBOs, most of which have large inclinations, lowers the value
and significance of the correlation coefficient to Rs = −0.52 with 4.6σ significance.
This is a strong indication that the previously reported correlation, Rs = −0.7 with
8σ significance, did not reflect the true correlation value and its significance for the
intrinsic population; if the significance level of the correlation were truly that high,
it would have been extremely unlikely for additional observations to change the
measured value of Rs by such a large amount. The large change in the significance
of the correlation is likely a result of the observational incompleteness of the available sample of CKBOs, especially at higher inclinations. Likewise, the inclusion or
exclusion of the Haumea family members has a large effect on the significance of
the correlation (4σ significance with the family, 3σ without). Therefore, while the
trend of less spectral reddening with increasing inclination appears to be significant
at the 3σ level in the CKBO dataset, this result should be interpreted with caution.
In Appendix C I show how the observational incompleteness of the high-i portion
of the classical Kuiper belt can skew such correlation tests.
I also tested the RKBOs for correlations between S and i, but I found no statistically significant correlation (Rs = −0.2 ± 0.1 significant at a < 1σ level), which
is consistent with previous work on the color-i relationship (Doressoundiram et al.
2008). Unlike the case for the CKBOs, for the resonant objects the errors in S
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contribute equally with the time-variability of i to decrease both the value and significance of Rs when compared to the use of only the best-estimate values of S and
i. This is consistent with my numerical simulations, in which RKBOs undergo much
larger changes in i than CKBOs. Even if there were initial differences in spectral
gradient between the low-i and high-i resonant populations, subsequent dynamical
evolution would tend to erase the trend through the significant inclination variability
of resonant KBOs that I found in my dynamical simulations.
5.4.2

Absolute magnitude

Here I examine the relationship between inclination and absolute magnitude6 . The
question of how these two properties might be related can be framed in several
different ways: (1) Do the low-i and high-i populations have different size distributions? (2) Do the large and small KBOs have different inclination distributions?
(3) What is the degree of correlation between the two parameters? These are different questions, the answers to which have different implications. Bernstein et al.
(2004) addressed the first question and detected a difference between the size distributions of the low-i and high-i KBO populations; the implications this has for the
accretional histories of these two populations have been explored in several works,
most recently by Fraser et al. (2010). In the present work, I focus on the latter two
questions; the differences in the inclination distributions of the population of large
and small KBOs might tell us if the two groups experienced different dynamical
histories.
There are some indications that the largest objects in the classical belt have an
inclination distribution that is different from that of the smaller objects; Levison
and Stern (2001) report a statistically significant difference (97% confidence level)
between objects with absolute magnitudes H ≤ 6.5 and those with H > 6.5. Levison
and Stern (2001) dismissed observational biases as the source of the difference in
inclination distributions for large and small objects because the set of observed
6

In the absence of albedo measurements for most of the KBOs, their sizes remain uncertain, so

absolute magnitude is used as a proxy for size
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objects at that time did not show any correlations between size and ecliptic latitude
at the time of discovery. Discoveries of new KBOs at that time were dominated by
ecliptic surveys. This is no longer the case; off-ecliptic surveys now account for many
KBO discoveries, especially at brighter magnitudes. The observational surveys most
capable of detecting faint objects have been performed near the ecliptic where there
is a strong preference for finding low-inclination objects; the wider-latitude surveys
have brighter limiting magnitudes and are therefore not as likely to detect small
objects. The result is that observations of the brightest objects have fairly evenly
sampled the inclination distribution of the brighter objects, but the observations
of the fainter objects are much more heavily sampled at low inclinations. Any
test I use to compare the two distributions (one complete, one biased) will show
a difference between the distributions because of this sampling bias. A better way
to test whether the largest objects have the same inclination distribution as the
smaller objects is to compare the i distribution of the largest CKBOs to a debiased
i distribution for all CKBOs. Here I will make the comparison using both the bestfit model to my debiased inclination distribution (the initial distribution shown in
Figure 5.5) and the best-fit model distribution calculated by Brown (2001) for the
classical Kuiper belt.
To minimize the effect of observational biases on the correlation analysis, I define
the group of large CKBOs by adopting an absolute magnitude cutoff that yields
a set of objects that is observationally fairly complete. Wide-area surveys have
detected most objects with apparent magnitudes m < 21 within 30◦ of the ecliptic
(Trujillo and Brown 2003; Schwamb et al. 2009). The apparent magnitude m ≈ 21
corresponds to an absolute magnitude of H ≈ 5 at 40 AU, so I use this as the
cutoff for observational completeness. At this absolute magnitude there is a sharp
drop-off in the fraction of objects detected at large ecliptic latitudes: 60% of objects
with H < 5 were detected at ecliptic latitudes between 5 and 30◦ while only 15% of
objects with 5 < H < 6 were found at similar latitudes. Levison and Stern (2001)
reported that CKBO’s with H < 6.5 tend to have higher inclinations; if that trend
is real, then the conclusion should hold for my smaller H cutoff (larger minimum
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size). There are 26 objects with H ≤ 5 in my CKBO sample (even with a more
strict size cutoff, this is a significant improvement over the 8 objects with H ≤ 6.5
available to Levison and Stern (2001) for their analysis). A natural cutoff inclination
between the low- and high-inclination populations is i = 5◦ for my best-fit double
gaussian model, and i = 7◦ for Brown (2001)’s model. Of the 26 large CKBOS,
only one has i ≤ 5◦ and three have i ≤ 7◦ . I can compare these observed numbers
of objects to the expected number of low-i CKBOs. Using my best-fit parameters
and 1σ uncertainties, I expect between 4 and 8 objects with i ≤ 5◦ in a set of 26
observations. The probability of observing only one such object is 4+2
−3.6 %. Using
the Brown (2001) best-fit parameters and 1σ uncertainties, I would expect between
5 and 8 CKBOs with i ≤ 7◦ compared to the 3 observed. The probability of this
happening by chance is 7+12
−4 %. As noted in Section 2.3.1, neither of these two model
fits is a very good description of the debiased inclination distribution, but they do
offer some description of the expected ratios of high- to low-inclination CKBOs.
The subset of CKBOs with H ≤ 5 contains fewer low-i objects than expected if the
true inclination distribution for this brightness range contains both high- and low-i
Gaussian components; from the above analysis, I can estimate that there is a 4 − 7%
probability (0.4 − 19% when I account for the uncertainties in the model fits) that
this observation arises by chance. Considering my full range of uncertainties, this
result is consistent with the 3% reported by Levison and Stern (2001).
If the inclination distribution varies with size, there also might be a correlation
between H and i. For the smaller CKBOs (H > 5), the correlation coefficient
between H and average i from the 10 Myr simulations is Rs = −0.07 (1.3σ significance); when I include the effect of inclination variability from the 10 Myr simulations (as described in the previous section), I find Rs = 0.07 ± 0.01 (1.3 ± 0.3σ significance). This result is consistent with no correlation between H and i for H > 5.
For the entire set of CKBOs, the correlation coefficient drops to Rs = 0.04 ± 0.09,
which is also consistent with no correlation.
For the larger CKBOs (H ≤ 5), the correlation coefficient between H and average
i from the 10 Myr simulations is Rs = −0.3 (1.5σ significance); including the time
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variability of i, I find Rs = −0.29 ± 0.02 (1.5 ± 0.1σ significance). These relatively
low values of |Rs |, together with the low ∼ 1.5σ significance level means that I do
not have a definitive answer to whether H and i are correlated such that there is a
different inclination distribution at different sizes. The anti-correlation between H
and i is not highly significant for the large objects. There are fewer large objects
than expected at small i, but there is a non-negligible ∼ 4 − 7% probability that
the discrepancy is a result of the relatively small number of H ≤ 5 objects rather
than a true difference in the inclination distributions. Future wide-area surveys with
deeper limiting magnitudes will allow us to compare the i distribution for a larger
observationally complete set of bright objects to the classical Kuiper belt inclination
distribution, at which time a more definitive judgement can be made.
For the RKBOs, I find no significant correlation between H and i for the 194
observed objects. Employing the same method for including the time-variability
of i into the calculation of the correlation coefficient as in Section 5.4.1, I find
Rs = (−2 ± 2) × 10−2 , consistent with the two parameters being unrelated.
5.4.3

Fraction of binary objects

Noll et al. (2008) searched 101 known CKBOs with inclinations ranging from 0.6−34◦
for binary companions and found a binary fraction of ∼ 30% for objects at i < 5.5◦
compared to a binary fraction of ∼ 10% at higher inclinations; if the comparison
is restricted to the fraction of objects that are same-size binaries, the binary fractions are ∼ 30% and ∼ 2% respectively. They used a K-S test to evaluate the
significance of the differences between the i distributions of binary and (apparently)
non-binary objects, finding a 4.7% probability that the two populations were drawn
from the same distribution. Here I repeat the K-S test, taking into account the
time-variability of the inclinations. Of the 101 objects in Noll et al. (2008), 93 are
in my sample of CKBOs; 21 of these are binary. I ran the K-S test 1000 times,
each time randomly assigning values of the inclinations from a normal distribution
having average and standard deviations in i found in my 10 Myr simulation. I find
that there is a 6.5 ± 3% probability that the binary and non-binary CKBOs are
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derived from the same overall inclination distribution. This result is consistent with
Noll et al. (2008)’s results. I conclude that the time-variability of inclinations in the
classical Kuiper belt does not have a strong effect on the inclination dependency of
the binary fraction.
5.5

Summary

I studied the long-term evolution of inclinations in the debiased classical Kuiper belt
and presently observed resonant Kuiper belt and found the following:
1. Planetary perturbations over Gyr timescales produce inclination changes in the
orbits of Kuiper belt objects. I find that large changes in inclination (∆i ≥ 5◦ )
are confined to a small fraction of parameter space, and they typically last only
a relatively small fraction of the time over ∼ 4 Gyr. 90% of debiased CKBOs
and 77% of the observed RKBOs remain within 5◦ of their current inclinations
and have short-term variations of typically < 2◦ relative to the invariable
plane. Overall, the debiased inclination distribution of the classical Kuiper
belt is nearly stationary under planetary perturbations over Gyr timescales.
2. Considering the inclination distribution of classical Kuiper belt objects, I find
that there is some transfer between the high- and low-i populations, but at any
given time, relatively few CKBOs (< 5%) will be found at inclinations inconsistent with their original inclination classification; this implies that physical
differences between the low- and high-i CKBOs could be preserved on Gyr
timescales. Most CKBOs that experience changes in i larger than 5◦ are
ejected from the classical Kuiper belt by close encounters with Neptune, but
some objects (mostly in the outer half of the classical Kuiper belt) can undergo large inclination changes while maintaining fairly low eccentricities thus
avoiding close encounters with Neptune.
3. Of the identified resonant KBOs (listed in Chapter 2), I find that some current members of the 7:4 and 9:5 MMRs escape from these resonances into
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the non-resonant classical Kuiper belt population without having destabilizing close encounters with Neptune. Many of the CKBOs in my simulation
that experience large changes in i are located near (but not in) resonances.
Temporary capture into high-order MMRs could explain the CKBOs with the
most changeable inclinations.
4. The resonant KBOs are more likely to undergo large changes in inclination
(∆i > 5◦ ) than non-resonant objects. The largest variations in i can be attributed to the Kozai mechanism operating in conjunction with a mean motion
resonance. I estimate that, at any given epoch, 5 to 10% of observed RKBOs
will be at inclinations inconsistent with their original inclination classification.
5. I reassessed the previously proposed correlations between inclination and the
binarity, sizes, and colors of classical Kuiper belt objects using updated observations and taking account of the time-variability of the inclinations.
(a) The inclination time variability does not greatly affect Noll et al. (2008)’s
finding that the binary and non-binary CKBOs have different inclination
distributions; I find a 6.5±3% probability that the binary and non-binary
CKBOs are derived from the same inclination distribution, very similar
to the ∼ 5% probability found by Noll et al. (2008).
(b) For the observationally near-complete population of bright objects (absolute magnitudes H ≤ 5), I find a 4 − 7% probability that the large
objects are drawn from the same inclination distribution as the rest of
the CKBOs. This is a slightly higher probability than the previously
reported 3% chance of similarity (Levison and Stern 2001), although the
two results are consistent within my error estimates for the probability;
most of the difference is due to the larger data set available since the
previous study. Using the Spearman rank test, I find no significant correlation between i and H for the CKBOs as a whole or for the bright
(H ≤ 5) CKBOs considered separately.
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(c) I find a decreased significance of the correlation between spectral gradient, or color, and inclination of CKBOs; previous estimates reported a
correlation coefficient Rs = −(0.6 − 0.7) (8σ significance) while my analysis yields Rs = −0.46 ± 0.07 (4 ± 0.5σ significance). A large part of
the difference between my result and the previous results is due to the
larger data set of observed objects, with a small but significant contribution from taking account of the observational uncertainty in the measured
spectra gradients and the time-variability of i. There is also evidence that
the Haumea collisional family is responsible for at least part of the apparent correlation; removing this high-inclination, neutrally-colored group of
objects lowers the correlation and its significance to Rs = −0.36 ± 0.07
(3.1 ± 0.6σ significance).
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CHAPTER 6
THE EFFECT OF ORBITAL EVOLUTION ON THE HAUMEA COLLISIONAL
FAMILY

Much of the content of this chapter has been published as Volk and Malhotra (2012).
6.1

Background

The Haumea (2003 EL61 ) collisional family was discovered by Brown et al. (2007)
who noted that Haumea and five other KBOs share a spectral feature that is indicative of nearly pure water ice on the surfaces of the bodies. These five KBOs,
along with four additional family members identified by Schaller and Brown (2008),
Snodgrass et al. (2010), and Ragozzine and Brown (2007), can all be dynamically
linked to Haumea, and there do not appear to be any dynamically unrelated KBOs
that share this spectral feature. Aside from being spectrally linked to these other
KBOs, Haumea itself shows signs of its collisional past. Despite having a nearly
pure water ice surface, Haumea’s density is ∼ 2.6 g cm−3 (Rabinowitz et al. 2006),
which is higher than expected for typical assumed ice/rock ratios in the Kuiper
belt (Brown 2008); one way to achieve this higher density is to have a catastrophic
collision between a differentiated proto-Haumea and another KBO in which protoHaumea loses a substantial fraction of its water ice mantle (Brown et al. 2007). This
scenario is supported by the presence of at least two water ice satellites (Barkume
et al. 2006; Ragozzine and Brown 2009). Haumea also has an elongated shape and
a very short spin period of ∼ 4 hours that is unlikely to be primordial (Rabinowitz
et al. 2006; Lacerda and Jewitt 2007).
Ragozzine and Brown (2007) examined the dynamical connections between the
identified Haumea family members. These connections are made by first estimating
the orbit of the center of mass of the colliding bodies and then estimating the ejection
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velocity of each family member relative to the collision’s center of mass. The ejection
velocity is given by
∆~v = ~v − ~vcm ,

(6.1)

where ~vcm is the estimated collision’s center-of-mass velocity. Because Haumea is by
far the largest remnant from the collision, its orbit immediately after the collision
should have nearly coincided with the center-of-mass orbit. However, Haumea is
currently located at the boundary of the 12:7 mean motion resonance with Neptune;
over long timescales, the chaotic zone of this resonance causes a random walk of
the proper orbital elements such that Haumea’s current orbit may be significantly
distant from its post-collision orbit. Ragozzine and Brown (2007) estimate the
center-of-mass collision orbit by minimizing the sum of the relative speeds of all
the known family members assuming that Haumea’s semimajor axis and Tisserand
parameter with respect to Neptune are both conserved during its chaotic evolution;
they then use Haumea’s present distance from the collision’s center-of-mass orbit
together with a calculation of its chaotic diffusion rate to estimate the age of the
collisional family to be 3.5 ± 2 Gyr. Given the exceedingly low collision probabilities
for objects large enough to form the Haumea family in the current Kuiper belt, the
family is likely to be old. However, the family probably cannot have formed in the
primordial, much more massive Kuiper belt, because whatever caused the mass of
the Kuiper belt to be depleted (by an estimated 2 or 3 orders of magnitude, see
discussion in Section 1.4) would have also destroyed the dynamical coherence of the
family (Levison et al. 2008b). The high inclination (∼ 27◦ ) of the family also argues
against a primordial origin because such large inclinations are probably products
of the excitation and mass depletion of the Kuiper belt. Thus, it appears that the
Haumea family-forming collision occurred near the end of the primordial, high-mass
phase of the Kuiper belt.
Several other large KBOs show evidence of past collisions (see review by Brown
(2008)), but the Haumea family is the only known collisional family in the Kuiper
belt. The dynamical connections between the members of the family allow us to
place some constraints on the type of collision that formed the family and also
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constrain the age of the family as being old, but probably not primordial. These
characteristics mean that the collision that formed the Haumea family could yield
insights into the conditions of the Kuiper belt following the excitation and mass
depletion event (Marcus et al. 2011; Levison et al. 2008b).
Proposed models for the formation of the Haumea family have attempted to
reproduce the family’s relatively small velocity dispersion (∼ 150 ms−1 ) and to
explain the compositional and orbital characteristics of the family. However, the
orbits of the family members have been sculpted by several gigayears of dynamical
evolution. Here I use numerical simulations to determine how this orbital evolution
affects the dynamical coherence of the family. In Section 6.2 I determine the loss
rates for the family, which depend on the initial velocity dispersion from the collision,
and I determine how the velocity dispersion of the surviving family members is
altered over time; from these simulations, I also obtain a hard lower limit for the age
of the family. In Section 6.3 I apply these results to the family formation models of
Leinhardt et al. (2010) (a graze-and-merge type collision between two similarly-sized,
differentiated KBOs) and Schlichting and Sari (2009) (the collisional disruption of a
satellite orbiting Haumea), and I compare the predictions from these two formation
models to the current observations of the family. Section 6.4 provides a discussion
of my results; Section 6.5 gives a summary of my conclusions.
6.2

Orbital evolution of the Haumea family

Even though the identified Haumea family members have a fairly low velocity dispersion (∆v ∼ 150 ms−1 ), their proper orbital elements span a relatively large range
in semimajor axis and eccentricity (a range that is typical of classical KBOs), and
they have atypically large inclinations of i ∼ 27◦ . Using the data for their best-fit
orbits1 , I did a 10 Myr numerical simulation to obtain the average values of a, e
and i for each family member over that time span; I calculated the corresponding
values of ∆v (Equation 6.1) relative to the center-of-mass collision orbit determined
1

orbit information was taken from the AstDyS website (http://hamilton.dm.unipi.it/astdys)
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Table 6.1. Known Haumea family members

i (deg)

∆v1 (ms−1 )

∆v2 (ms−1 )

absolute magnitude

0.19

26.8

320

342

0.27

41.85

0.10

26.7

158

174

6.3

1996 TO66

43.34

0.12

28.0

25

46

4.5

1999 OY3

43.92

0.17

25.8

293

272

6.76

2002 TX300

43.30

0.13

27.0

107

97

3.09

2003 OP32

43.25

0.10

27.0

120

138

4.2

2003 UZ117

44.28

0.13

28.0

67

60

5.2

2005 CB79

43.40

0.13

27.2

111

94

5.4

2005 RR43

43.28

0.13

27.1

113

98

4.0

2003 SQ317

42.68

0.09

28.1

144

172

6.3

Designation

a (AU)

Haumea

43.10

1995 SM55

e

Note. — ∆v1 is calculated using the Ragozzine and Brown (2007) center-of-mass orbit
and ∆v2 is calculated using my updated center-of-mass orbit (see Section 6.2.1). The listed
values of a, e, and i are averages form a 10 Myr integration of the objects’ current orbits.
When calculating ∆v, the values of a, e, and i for the family members are fixed at their
current values but the orbital angles are allowed to vary freely.

by Ragozzine and Brown (2007). These values of ∆v along with the 10 Myr averages for a, e, and i are listed in Table 6.1 for the family members identified by
Brown et al. (2007), Schaller and Brown (2008), Ragozzine and Brown (2007), and
Snodgrass et al. (2010). Below, I examine the orbital distribution of the known family members to refine the center-of-mass orbit in light of the additional identified
family members since Ragozzine and Brown (2007). I use the results of long-term
numerical simulations to estimate how much the family’s orbits have evolved since
its formation, and I obtain a hard lower limit on the age of the family.

171
6.2.1

Collision center-of-mass orbit and a lower limit on the family’s age

I use the average values of a, e, and i for the nine identified family members (Table 6.1) to re-calculate the center-of-mass collision orbit using the method described
by Ragozzine and Brown (2007): I minimize the sum of ∆v for the nine family members while fixing the semimajor axis of the center-of-mass orbit at that of Haumea’s
current orbit and allowing its eccentricity and inclination to vary such that Haumea’s
current Tisserand parameter with respect to Neptune (TN = 2.83) is maintained.
The mean anomaly and argument of perihelion for the center-of-mass orbit are free
parameters in the minimization scheme, as are the orbital angles of all the known
family members; the longitude of ascending node for the center-of-mass orbit is set
to zero because it does not have any effect on the ∆v calculation2 .
Figure 6.1 shows the results of this calculation for a range of eccentricity and
inclination combinations for the collision center-of-mass orbit. The lower limit of
the shaded region in the figure is the value of the family’s average ∆v found by
selecting values of the mean anomaly and argument of perihelion for the centerof-mass orbit that minimize ∆v; the shaded area shows the range in ∆v obtained
by allowing the center-of-mass ω to vary but still selecting the value of M that
minimizes ∆v for each value of ω. Parameters along the lower boundary of the
shaded regions represent collisions occurring very near to the ecliptic plane, while
parameters along the upper boundary represent collisions at the extreme, off-ecliptic
points in the orbit (∼ 15 − 20 AU above the ecliptic plane). The difference in average ∆v for the different values of ω is a factor of ∼ 2, as noted by Ragozzine
and Brown (2007); this increase in average ∆v for off-ecliptic collision points is due
to the fact that producing the observed family’s spread in inclination requires a
larger ∆v at these locations. Because collisions near the ecliptic are much more
probable than off-ecliptic collisions, I choose the center-of-mass orbit that minimizes the lower portion of the filled curve in Figure 6.1. The resulting center-ofmass orbit is (a, e, i, ω, M ) = (43.1 AU, 0.124, 28.2◦ , 270◦ , 76◦ ). This is very similar
2

The Fortran code I wrote to calculate the center-of-mass orbit is available upon request via

email (kat.volk@gmail.com)
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to the collision center-of-mass orbit determined by Ragozzine and Brown (2007),
(a, e, i, ω, M ) = (43.1 AU, 0.118, 28.2◦ , 270.8◦ , 75.7◦ ), indicating that the newer family members do not significantly affect the estimate of the collision center-of-mass
orbit. The small difference in the eccentricity does not much affect the values of
∆v for the family members (both values of ∆v are listed in Table 6.1) because the
calculated ∆v is a fairly flat function of eccentricity within ± ∼ 10% of its minimum.
In the above calculations, as in Ragozzine and Brown (2007), I assumed a constant semimajor axis and conservation of the Tisserand parameter during the chaotic
evolution of Haumea’s orbit. To test the validity of this assumption, I performed
numerical simulations of resonant diffusion within the 12:7 MMR3 , and I find that
Haumea’s Tisserand parameter can vary by ±0.5%. This is a small variation, but it
does affect the allowable combinations of e and i for the best-fit center-of-mass orbit.
I performed the minimization of the sum of ∆v for the identified family members
while allowing the center-of-mass orbit’s e and i to vary independently, and I find
a slightly revised best-fit orbit: (a, e, i, ω, M ) = (43.1 AU, 0.124, 27.3◦ , 276◦ , 70◦ ).
This orbit has a Tisserand parameter TN = 2.84, which is within the range of
TN found in my simulations of Haumea’s diffusion. If I additionally relax the
constraints to allow the semimajor axis of the orbit to vary by ±0.15 AU (the
approximate range of variation in the 12:7 MMR), I find very similar results:
(a, e, i, ω, M ) = (43.1 ± 0.15 AU, 0.121, 27.3◦ , 278◦ , 68◦ ). These alternate minimum
∆v center-of-mass orbit fits yield an estimate of the uncertainties in the orbital
parameters:
(a, e, i, ω, M )cm = (43.1AU, 0.115 − 0.132, 27 − 28.3◦ , 270 − 278◦ , 68 − 76◦ ).
These orbits all represent collisions near the ecliptic plane, and the Ragozzine and
Brown (2007) estimate falls within the uncertainties.
I can use the collision center-of-mass orbit to set a lower limit on the age of the
Haumea family by determining the minimum time necessary for such an orbit to
3

To do this, I numerically integrated the orbits of test particles started near Ragozzine and

Brown (2007)’s center-of-mass orbit, but with randomized mean anomalies, and I followed their
evolution, which is largely affected by the 12:7 MMR.
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Figure 6.1 Average ∆v for the nine identified Haumea family members as a function
of the eccentricity (top panel) and inclination (bottom panel) of the collision centerof-mass orbit. The shaded regions show the range of ∆v over all values of the
argument of perihelion (ω) for the center-of-mass orbit (assuming the value of the
mean anomaly that minimizes ∆v for each value of ω).
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diffuse to Haumea’s current eccentricity (e = 0.19) in the 12:7 MMR with Neptune.
I generated 800 test particles with initial conditions within the uncertainties of the
collision center-of-mass orbit above, randomized their initial mean anomalies, and
integrated them for 1 Gyr. I find from this simulation that ∼ 3% and ∼ 6% of the
test particles reach Haumea’s eccentricity by 500 Myr and 1 Gyr, respectively; this
is a slightly lower efficiency than Ragozzine and Brown (2007) found from similar
simulations (10% had diffused by 1 Gyr), but the two results are consistent given
that the number of test particles in their simulation was only 78. These results allow
me to conclude with ∼ 95% confidence that the Haumea family is older than 1 Gyr.
The fastest that any test particle in my simulation diffused to Haumea’s eccentricity
was ∼ 100 Myr (Figure 6.2); this indicates that 100 Myr is a strong lower limit on
the age of the family.
0.35
0.30

eccentricity

0.25
Haumea’s current eccentricity
0.20
0.15
0.10
0.05
0
1e+07

1e+08

1e+09

time (yr)

Figure 6.2 Eccentricity evolution for 800 clones of the best-fit collision center-of-mass
orbit. The grey dots are for particles which have not evolved to Haumea’s current
eccentricity by the end of the 1 Gyr simulation (94% of the cloned orbits). The
black dots are the orbits which do reach Haumea’s eccentricity (6% of the cloned
orbits). The minimum time required to diffuse to Haumea’s eccentricity is just over
100 Myr.
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Another way to place a lower limit on the family’s age is to examine the precession
of the orbital planes of the identified family members. The current values of the
longitudes of ascending node of the known family members are indistinguishable
from a random distribution. Immediately after the family-forming collision, the
family members will share a common line of nodes on the collision center-of-mass
orbit plane but will have different values of the other orbital elements. After the
collision, the differences in semimajor axes among the family members cause their
orbit planes to precess at slightly different rates. The nodal precession rates range
from 64◦ Myr−1 to 81◦ Myr−1 for the family members strongly affected by MMRs
with Neptune and 69◦ Myr−1 to 72◦ Myr−1 for the non-resonant family members
(as determined from my numerical simulations of their best-fit orbits). Considering
the differences in these rates, I expect the nodes to be randomized on a 20 Myr
timescale for the resonant family members and a 100 Myr timescale for the nonresonant family members. Both this estimate and the resonant diffusion timescale
of Haumea’s eccentricity within the 12:7 MMR indicate that 100 Myr is a hard lower
limit on the age of the family.
6.2.2

Long-term orbital evolution

The Haumea family members’ range in semimajor axis includes regions affected by
various MMRs with Neptune. This means that since the time of the collision (at
least 100 Myr ago, but most likely several Gyr ago), the orbital distribution of the
family has been modified by dynamical evolution, and some family members have
probably been removed by orbital instabilities. Comparisons of formation models to
the current set of observed family members must account for this orbital modification
and the decay of the total population.
To determine the effects of long-term orbital evolution on the family, I performed
eight numerical simulations; each simulation consisted of 800 test particles representing family members generated from an isotropic distribution of initial ejection
velocity vectors about the collision center-of-mass orbit determined by Ragozzine
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and Brown (2007): (a, e, i, ω, M ) = (42.1 AU, 0.118, 28.2◦ , 270.8◦ , 75.7◦ )4 . In each of
the eight simulations, I adopted different values of the magnitude, ∆v, of the initial
ejection velocity for the test particles: ∆v = 50, 100, 150, ..., 400 ms−1 , respectively.
I then integrated these test particles forward in time for 4 Gyr under the influence of
the Sun and the four outer planets in their current configuration using the symplectic orbital integration method of Wisdom and Holman (1991). Any test particles
that approached within a Hill sphere of Neptune were considered lost because such
orbits are unstable on very short timescales (see Chapter 3).
Figures 6.3, 6.4, and 6.5 plot the a − e and a − i distributions for three of my
simulations; both the initial distributions and a snapshot at 3.5 Gyr are shown. In
these plots the test particles are color coded according to their stability (a particle
is considered to be unstable if it approaches within a Hill sphere of Neptune at any
point in the simulation); most of the test particles that are unstable are located
either near the inner edge of the family (where their initial perihelion distances are
nearly Neptune-crossing) or near the labeled MMRs with Neptune. Previous studies
have found that this region of the Kuiper belt is strongly affected by even fairly highorder MMRs (Chiang et al. 2003; Lykawka and Mukai 2007a; Volk and Malhotra
2011), so it is not surprising that the family is strongly affected as well. The effect
of the resonances on the unstable test particles is to increase their eccentricities
until they become Neptune crossers. A few percent of the test particles survive in
resonance until the end of the simulation; this result is consistent with the resonant
fraction found by Lykawka et al. (2012) in a similar study of the evolution of the
Haumea family. The stable resonant test particles are mostly found in the 3:2 and
7:4 MMRs; in these cases, the long-lived test particles are additionally stabilized due
to the Kozai resonance (Kozai 1962). The Kozai resonance causes a test particle’s
argument of perihelion to librate about 90◦ which ensures that perihelion occurs
well away from the ecliptic plane, protecting the test particle from close encounters
4

As discussed in Section 6.2.1, there is some uncertainty in this collision center-of-mass orbit,

but the simulation results do not strongly depend on the exact values chosen; all of the allowed
center-of-mass orbits result in test particles spread over very similar ranges in a, e, and i
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with Neptune.

∆v = 150 m/s
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Figure 6.3 Eccentricity and inclination vs. semimajor axis for the observed family
members (green circles) and for sets of test particles with an isotropic ∆v = 150 ms−1
from the collision center-of-mass orbit (red triangle). Black points indicate test
particles that are stable over 3.5 Gyr; blue points indicate test particles that are
removed via close encounters with Neptune within 3.5 Gyr. The locations of various
MMRs with Neptune are indicated.
The fraction of test particles that survive as family members up to 1.5 and
3.5 Gyr are listed in Table 6.2 for each value of ∆v; for initial ∆v of 50 − 200 ms−1
(typical of the observed family), 20 − 25% of the family is lost by 3.5 Gyr; this
is consistent with the Lykawka et al. (2012) results. In addition to the erosion of
the population, I also find that the dynamical clustering in proper elements grows
weaker (and the apparent ∆v of the test particles increases) over the course of the
simulations. I determined the ∆v for each test particle by calculating its proper a, e
and i (taking the average over the last 50 Myr of the simulation) and then allowing
the values of the orbital angles to vary until I found the smallest difference between
the test particle’s orbital velocity and the orbital velocity of the collision’s center-ofmass orbit. I find that the chaotic diffusion in orbital elements induces a spread of
50 − 100 ms−1 among the test particles’ ∆v and shifts the average to values slightly
higher than their initial ∆v. Figure 6.6 shows the distribution of ∆v at 3.5 Gyr
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∆v = 250 m/s
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Figure 6.4 Eccentricity and inclination vs. semimajor axis for the observed family
members (green circles) and for sets of test particles with an isotropic ∆v = 250 ms−1
from the collision center-of-mass orbit (red triangle). Black points indicate test
particles that are stable over 3.5 Gyr; blue points indicate test particles that are
removed via close encounters with Neptune within 3.5 Gyr. The locations of various
MMRs with Neptune are indicated.
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∆v = 350 m/s
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Figure 6.5 Eccentricity and inclination vs. semimajor axis for the observed family
members (green circles) and for sets of test particles with an isotropic ∆v = 350 ms−1
from the collision center-of-mass orbit (red triangle). Black points indicate test
particles that are stable over 3.5 Gyr; blue points indicate test particles that are
removed via close encounters with Neptune within 3.5 Gyr. The locations of various
MMRs with Neptune are indicated.
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Table 6.2. Fraction of simulated test particles that survive to 1.5 and 3.5 Gyr
∆v (ms−1 )

t = 1.5 Gyr

t = 3.5 Gyr

50

0.89

0.81

100

0.87

0.77

150

0.88

0.80

200

0.79

0.74

250

0.75

0.67

300

0.70

0.64

350

0.65

0.61

400

0.63

0.57

for three simulations in which the initial ∆v had values of 50 ms−1 , 150 ms−1 , and
350 ms−1 . While some individual test particles are strongly affected by MMRs with
Neptune and experience larger changes in ∆v, I conclude that the current values of
∆v for the non-resonant Haumea family members are likely within ±50 − 100 ms−1
of the value they acquired at the time of the collision.
6.3

Implications for family formation

The numerical simulations described above show how long-term orbital evolution
will affect the Haumea family’s dynamical clustering. In this section, I examine the
implications of those results for the proposed family formation models of Leinhardt
et al. (2010) and Schlichting and Sari (2009). These models make specific predictions
for the total mass and the velocity distribution of the family members immediately
following the formation of the family. I use my simulations of the family’s orbital
evolution to evolve the models’ predicted distributions to the current epoch so I can
compare the predictions to the currently observed family.
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Figure 6.6 The distribution of velocity relative to the center-of-mass orbit (∆v)
for the surviving test particles at 3.5 Gyr in three numerical simulations; in each
simulation I started with test particles that had a single magnitude of ∆v (50, 150,
and 350 ms−1 ) isotropically distributed in direction relative to the velocity of the
collision center-of-mass orbit.
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6.3.1

Overview of proposed formation models

Brown et al. (2007) estimated that the Haumea collisional family was created in a
catastrophic collision between a proto-Haumea of radius R ∼ 830 km and another
KBO with a radius of ∼ 500 km. However, the low velocity dispersion among the
observed family members is problematic for such a model. In a catastrophic collision
between two large KBOs, the velocity dispersion of the family members should be
close to the escape velocity of the largest remnant: ∆v ∼ vesc,Haumea ∼ 900 ms−1 (see
discussion in Leinhardt et al. (2010) and Schlichting and Sari (2009)). In contrast,
the observed family has ∆v = 50–300 ms−1 .
To explain the low velocity dispersion of the observed family, Schlichting and
Sari (2009) propose that the family originates from the catastrophic disruption of
a satellite orbiting Haumea rather than the disruption of a proto-Haumea. This
actually requires two different collisions: a collision between a proto-Haumea and
another large KBO that creates a large, icy satellite and gives Haumea its unusual
shape and fast spin, then a subsequent collision between the satellite and another
KBO. The latter would create a collisional family with values of ∆v close to the
escape speed of the satellite rather than of Haumea. Assuming a primarily water ice
composition, these authors estimate that the disrupted satellite would have had a
radius R ∼ 260 km to account for the mass of Haumea’s remaining satellites and the
rest of the collisional family; the expected ∆v would be ∼ 200 ms−1 for a satellite
of this size. For a collisional family formed in this way, Schlichting and Sari (2009)
estimate that the total mass of the family at formation would be no more than ∼ 5%
of the mass of Haumea (MH ≈ 4.2 × 1021 kg).
Leinhardt et al. (2010) propose an alternative formation mechanism for the family: a graze and merge collision event between two similarly-sized, R ∼ 850 km,
differentiated KBOs. In this scenario, the two impacting bodies merge after the
collision resulting in a very fast-rotating object. The family members and satellites
are a result of mass shedding due to the high spin rate of the merged body (Haumea)
rather than being direct impact ejecta; this accounts for the low velocity dispersion
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of the family members. Leinhardt et al. (2010) ran several collision simulations and
found that the resulting family would have a mass of ∼ 4 − 7% MH , most of which
would be found within ∼ 300 ms−1 of the collision orbit.
6.3.2

Dynamical evolution of the family

To determine how the dynamical evolution of the family will affect the mass and ∆v
estimates from these formation scenarios, I generate synthetic families for the two
models. I detail the assumptions for each step below, but the overall procedure is
as follows: I first sample the size distribution predicted for the collisional model to
generate a list of family members and their sizes. I then assign these members an
initial ∆v according to the distribution of velocities from the model. This creates
a snapshot of the family immediately after formation. To account for 3.5 Gyr of
orbital evolution, I randomly assign an orbital history from one of my eight simulations (Section 6.2) to each of the synthetic family members (assigning it from the
appropriate simulation based on initial ∆v). Having assigned each family member
an orbital history, I then take a snapshot of the surviving family members’ orbital
element and mass distributions at 3.5 Gyr. From this I can calculate the expected
current mass vs. ∆v distribution of the family for each model.
For the graze-and-merge collisional model, Leinhardt et al. (2010) provide plots
of the cumulative number of collisional fragments as a function of fragment mass
and the cumulative mass of fragments as a function of ∆v from each of their highresolution collision simulations (their Figure 3). I use the given total mass of collisional fragments to convert the normalized number of fragments presented in their
Figure 3a to an absolute number of fragments. To convert the cumulative mass
distribution to a cumulative size distribution, I assume that all the fragments have
a uniform density of 1.15 g cm−3 , which is consistent with the family being composed of 80% water ice by mass (see their Table 2). I construct a set of synthetic
family members from this size distribution and assign each fragment an initial ∆v
based on the mass vs. velocity distribution (their Figure 3b); each bin in ∆v is
filled with randomly selected family members until the specified mass in that bin
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is reached. Based on its initial value of ∆v, each family member is then randomly
assigned a 3.5 Gyr orbital history from my numerical simulations; in this way, some
family members are removed from the population and others diffuse in orbital elements and apparent ∆v. Leinhardt et al. (2010) detail four different successful
graze-and-merge collision simulations with slightly varying initial conditions (their
simulations 1 through 4). For each of these family-forming simulations, I generate
1500 synthetic, evolved families using the procedure above.
Schlichting and Sari (2009) did not perform collision simulations for the satellitebreakup model, so I have to make some assumptions about the size and velocity
distribution of the resulting family. I assume a differential size distribution for the
family,
N (R)dR ∝ R1−β dR,

(6.2)

where R is the radius of the collision fragments; I adopt values of β in the range
4.5-5.5, consistent with typical catastrophic collision simulations (Leinhardt and
Stewart 2012; Marcus et al. 2011). Assuming a total family mass of 0.04 − 0.05 MH ,
I generate a synthetic family from this size distribution with fragments in the size
range 50 < R < 50 km (the same size range as the graze-and-merge simulations).
I use the same density for the family members as for the graze-and-merge formation
scenario to convert radius to mass. For the ejection velocity of the fragments, I
adopt a normal distribution with mean 200 ms−1 and standard deviation 50 ms−1 . I
generate 1500 synthetic families using these assumptions, and I dynamically evolve
the family members for 3.5 Gyr in the same way as described for the graze-and-merge
model.
Figures 6.7 and 6.8 show my results for the Leinhardt et al. (2010) and Schlichting and Sari (2009) formation models, respectively: I plot the average cumulative
mass of the synthetic families as a function of their apparent ∆v at t = 3.5 Gyr with
the 1σ uncertainties indicated. I find that in the graze-and-merge model, the current evolved Haumea family should have a total mass of 0.045 ± 0.01 MH , of which
∼ 0.02 MH should be found at ∆v < 150 ms−1 . The currently observed family (including Haumea’s satellites) is estimated to have a mass of ∼ 0.017 MH (Cook et al.
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2011), which accounts for ∼ 85% of the mass that is expected to be found within
150 ms−1 of the collision center for the Leinhardt et al. (2010) formation model.
The model predicts that there should be twice as much mass (0.035 ± 0.01 MH ) in
family members at larger velocities. The satellite-breakup model predicts a surviving family of ∼ 0.035 MH , mostly in the ∆v = 100–300 ms−1 range, indicating that
the known family members account for ∼ 50% of the expected mass of the family.
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Figure 6.7 Average cumulative mass of family members (in units of Haumea’s mass)
as a function of apparent ∆v at t = 3.5Gyr (solid line) with 1σ variations (dashed
lines) for 6000 synthetic graze-and-merge families (see Section 6.3.2). For comparison, the total mass of the known Haumea family is estimated to be ∼ 0.017 MH
and is located mostly with ∆v < 150 ms−1 .

6.3.3

Comparison with observations

The known Haumea family members are not an observationally complete population; to compare the evolved synthetic families from Section 6.3.2 to the observed
family, I must estimate how many of my synthetic family members would be within
the observable apparent magnitude and ecliptic latitude range of the observational
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Figure 6.8 Average cumulative mass of family members (in units of Haumea’s mass)
as a function of apparent ∆v at t = 3.5Gyr (solid line) with 1σ variations (dashed
lines) for 1500 synthetic satellite-breakup families families (see Section 6.3.2).
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surveys that have detected the Haumea family members. For each of my synthetic
families (obtained in Section 6.3.2), I take a snapshot of the instantaneous orbital
elements of the family members at t = 3.5 Gyr from their assigned orbital histories.
This snapshot allows me to calculate the heliocentric distance and ecliptic latitude
for each synthetic family member. To calculate the apparent magnitude, I use the
heliocentric distance and the assigned size (as described in Section 6.3.2), but I also
need to make some assumptions about the geometric albedos of the family members. Haumea’s albedo is 0.8 (Lacerda and Jewitt 2007), and Elliot et al. (2010)
have measured an albedo of 0.88 for the next brightest family member (2003 TX300 ),
but albedos have not been measured for the other family members. Based on the
light curves obtained for five of the known family members and the light curves of
other icy solar system bodies with known albedos, Rabinowitz et al. (2008) argue
that the Haumea family members’ albedos are likely in the range 0.3 − 1.4. For my
synthetic family, I adopt an albedo distribution with an average of 0.8 (Haumea’s
albedo) and a uniform spread of ±0.2 (I discuss below how this assumption might
affect the results of my comparison). Given this albedo assumption, I calculate the
apparent magnitudes and ecliptic latitudes for each synthetic family; I use the resulting distributions to calculate the number of objects as a function of ∆v for each
synthetic family that would be detectable by an observational survey.
For the observational comparison, I use the results of the Palomar distant solar
system survey conducted by Schwamb et al. (2010). This was a wide-field survey of
∼ 12000 deg 2 down to a limiting magnitude of m ' 21.3; they detected 52 KBOs
and Centaurs (27 previously known objects, and 25 new ones), including 4 of the
previously identified Haumea family members. The presence of so many known
KBOs in their survey fields allowed Schwamb et al. (2010) to estimate that their
detection efficiency was ∼ 65% down to m ' 21.3 for the known population (see
their Figure 3). They also provide a plot of the survey’s fractional sky coverage as a
function of ecliptic latitude (see their Figure 4); they covered approximately 50% of
the sky ±30◦ from the ecliptic. From this information, I can estimate the detection
probability for each object in my synthetic families based on its apparent magnitude
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and ecliptic latitude. I use this detection probability to determine how many of my
synthetic collisional family members could have been detected in this survey.
An important note here is that the Schwamb et al. (2010) survey was not capable
of spectrally identifying family members. They can only say that there are four
previously identified Haumea family members within their detections (listed in their
Table 2), but it is possible that additional, unidentified Haumea family members are
present within their survey detections. To examine this possibility, I calculated ∆v
for each of their listed detections; I found two additional objects within 500 ms−1 of
the collision center-of-mass orbit. One of these objects, 2004 SB60 (∆v ≈ 350 ms−1 ),
was observed by Schaller and Brown (2008) and found not to have the water ice
spectral feature characteristic of all the other identified Haumea family members
(its surface spectrum is consistent with no water ice being present). The other
object, 2008 AP129 , has a ∆v ≈ 140 ms−1 , suggestive of a dynamical association
with the Haumea family, but the object shows only a moderate amount of water
ice absorption in its surface spectrum (Brown et al. 2012); the inferred water ice
fraction is substantially lower than those measured for the known family members.
If I allow for the possibility that 2008 AP129 is a water ice poor family member, this
means that it is possible that the Schwamb et al. (2010) survey detected as many
as five Haumea family members, but this number is not likely to be larger.
Figures 6.9 and 6.10 show the number of synthetic family members as a function
of ∆v for each of the two formation scenarios that would have been detected by
the Schwamb et al. (2010) survey; also shown for reference are the Haumea family
members actually detected in that survey.
For the satellite-breakup model (Figure 6.10), the actual number of family members detected falls within the 1σ range of total detections predicted by the model,
but the observed values of ∆v are lower than the predicted values. Almost none
of the synthetic families match the observations by producing 4 or 5 detections all
with ∆v < 150 ms−1 . The values of ∆v for some of the observed family members
could be larger than the values in Table 6.1 because of the uncertainty in the orbital
angles of the collision orbit. To constrain the collision orbit and calculate the min-

189

observed
average of synthetic families
1 σ variation

number of objects with v > ∆ v

16
14
12
10
8
6
4
2
0
0

100

200

300

400

500

-1

∆ v (ms )

Figure 6.9 Cumulative velocity distribution of synthetic graze-and-merge family
members observable by the Schwamb et al. (2010) distant solar system survey compared to the distribution of Haumea family members actually detected (see Section 6.3.3).
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Figure 6.10 The same as for Figure 6.9 but for the satellite-breakup formation model.
imum ∆v for the known family members, I assumed that the collision took place
near the ecliptic plane where collision probabilities are highest; the family members’
ejection velocities from the collision could be larger than this minimum value, although Ragozzine and Brown (2007) argue that the correction factor is likely to be
∼ 2 or lower unless the ejection of fragments was highly anisotropic (see also my
discussion of this in Section 6.2.1). If I allow for a factor of two correction to the ∆v
estimates for the real family members, I can extend the ∆v of the survey’s detected
family members out to ∼ 250 ms−1 . Using this increased allowable range of ∆v,
18% of the synthetic families satisfactorily reproduce the observations, making the
satellite-breakup model statistically consistent with the observations.
The graze-and-merge model predicts that, on average, the survey should have
detected 8 family members. This is larger than the 4 or 5 real detections, but the
actual detections fall within the 1σ uncertainties of the synthetic families. Just as
in the satellite-breakup model, the real detections fall at significantly lower ∆v than
predicted by the graze-and-merge model. Very few of the synthetic families result
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in all the detectable family members falling below 150 ms−1 , and all of these cases
result in too few detections to be consistent with the observations. If I increase the
allowed maximum ∆v to 250 ms−1 and require the synthetic families to match the
4 or 5 real detections, I find that only 4% of the synthetic families reproduce the
observations, indicating that the observations are not a typical outcome of the grazeand-merge model. I did, however, make a number of assumptions when generating
my synthetic families, so I examine how these might be altered to bring the model
into closer agreement with the observations.
One assumption I made in the creation of the families in Section 6.3.2 was that
there was no relationship between a fragment’s mass and its ∆v from the collision
center. My only constraint was that the binned mass vs. ∆v matched the outcome
of the Leinhardt et al. (2010) simulations. If there is a correlation between fragment
mass and ∆v such that the higher ∆v family members are, on average, smaller than
the lower ∆v members, this might account for the lack of observed family members
at large ∆v. To test this, I impose a relationship between fragment mass, m, and
∆v such that, averaged over all the family members,
∆v(m) ∝ m−k .

(6.3)

The total mass of all fragments within a given range of ∆v is still constrained by
the Leinhardt et al. (2010) simulation results. This power law relationship has been
seen in some laboratory impact experiments, with the exponent typically being
k < 1/6 (Nakamura and Fujiwara 1991; Holsapple et al. 2002; Giblin et al. 2004).
Taking k = 1/6 and generating a new set of synthetic families for the graze-andmerge collision, the percentage of synthetic families with 4 or 5 detections all with
∆v < 250 ms−1 increases to 8%. The percentage of synthetic families with 4 or 5
detections and ∆v < 150 ms−1 is still negligible; even if I increase the value of k to
1/4 (which is not a likely value), I still see < 1% of the synthetic families resulting
in 4 or 5 detections below 150 ms−1 .
Another easily altered assumption is that of the geometric albedos for the family
members. I assumed albedos in the range 0.6 − 1.0, but if I assume systematically
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lower albedos, in the range 0.4 − 0.6 (still consistent with their icy composition), I
decrease the average predicted number of detections for the graze-and-merge model
from ∼ 8 to ∼ 4; this also decreases the number of predicted detections at large ∆v.
With this albedo assumption, nearly half of the synthetic families result in no detections at ∆v > 250 ms−1 , and the percentage of families with 4 or 5 detections and
∆v < 250 ms−1 is 11%. Lowering the albedos further does not increase the percentage of families that agree with the observations. If I assume the above albedo range
in combination with the k = 1/6 mass-∆v relationship, the percentage of matching
families is ∼ 12%. Given that at least one family member besides Haumea has been
shown to have a very bright albedo (Elliot et al. 2010), assuming systematically
lower albedos for most of the family members might not be the most likely solution
to the discrepancy between the observations and the models. However, it cannot
be ruled out until the albedos of some of the smaller family members have been
measured.
Depending on the assumptions about albedos and mass-velocity relationships,
and allowing for the uncertainty in the known family’s ∆v, I find that 4 − 12% of
the synthetic families generated from the graze-and-merge collision model reproduce
the Haumea family as observed by the Schwamb et al. (2010) survey. The actual
observed family is at systematically lower ∆v than the model predicts, but given
the relatively small set of observed family members, the model is still consistent the
observations.
6.4

Discussion

After accounting for 3.5 Gyr of dynamical evolution and accounting for the observational incompleteness of the known family, both of the proposed Haumea family
formation models I have examined here (Leinhardt et al. 2010; Schlichting and Sari
2009) are consistent with the total number of observed family members. There
is, however, a significant difference between the observed values of ∆v and those
predicted in the formation models; almost none ( 1%) of the synthetic families I
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generated for either formation scenario account for the fact that the observed family members all fall within 150 ms−1 of the collision center. The only way I find
to make the velocity distributions for the formation scenarios consistent with the
observations is to allow that the actual ejection velocities of some of the known family members are a factor of ∼ 2 larger than the calculated minimum values. This
adjustment of the observed ∆v falls within the uncertainties for the calculation of
the collision center-of-mass orbit (see my discussion in Section 6.2.1). Even with
this adjustment, only 10−20% of the synthetic families reproduce the observed family. This is a reasonable level of agreement given the uncertainties in the collision
models and the small number of observed family members, but it is still interesting
that so few family members have been identified at large ∆v. In Section 6.3.3 I
explored how the assumptions I made about the albedos of the family members and
possible correlations between fragment mass and ejection velocity could change the
predictions of the graze-and-merge collision model. I find that it is difficult to alter
these assumptions enough to obtain a better than 10–15% agreement with the observations. For either formation scenario, I find that there should be an additional
∼ 0.01 − 0.03 MH of family members that have yet to be identified, i.e., at least as
many as those already detected. If, as these additional family members are discovered, the distribution of ∆v remains too heavily weighted toward the low end, the
formation models will have to be reconsidered.
Recent spectroscopic and photometric surveys of the Kuiper belt designed to
detect water ice have not identified any large ∆v, ice-rich Haumea family members.
Fraser and Brown (2012) performed a photometric study of 120 objects from the
major dynamical classes of the Kuiper belt using the Hubble Space Telescope (HST)
and did not find any additional Haumea family members. Benecchi et al. (2011)
also performed HST photometry of a large sample of Kuiper belt objects and failed
to identify any new ice-rich family members. Ground based studies searching for
water ice in the Kuiper belt have also failed to detect higher ∆v family members;
Brown et al. (2012) detected no additional family members, and Trujillo et al.
(2011) found only one new member, located near the dynamical core of the family.
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The extent of these surveys suggests that if there were ice-rich Haumea family
members spread at large ∆v throughout the Kuiper belt, we likely should have
already identified some of them. This is consistent with my comparisons of the
proposed collisional models to the observed Haumea family; Figure 6.11 shows the
distribution of simulated detections for a subset of my dynamically evolved grazeand-merge collisional families (see Section 6.3.3) compared to the known Haumea
family. The simulated detections span a larger parameter range of the Kuiper belt
(due to the presence of higher ∆v family members) than the actual detections;
Lykawka et al. (2012) also found that simulated Haumea families with ∆v consistent
with existing collisional formation models would occupy a larger portion of the
Kuiper belt than currently observed. In contrast to the expected ∆v distributions
from the collisional models, I find that after accounting for the time evolution of the
a-e-i and ∆v distributions in my simulations, all of the known family members are
consistent with initial ∆v < 100 ms−1 .
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Figure 6.11 Eccentricity vs. semimajor axis for the simulated detections (black dots)
from a representative subset of the synthetic graze-and-merge collisional families.
The observed family is shown in grey.
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One possible way to modify the collision models was suggested by Cook et al.
(2011), who argue that perhaps the proto-Haumea was only partially differentiated.
This would allow for some of the collisional fragments to be rocky rather than primarily composed of water ice, which would mean that they might not show the water
ice spectral feature that has thus far been used as the only secure way to identify
a family member; perhaps the dynamically nearby KBO 2008 AP129 , which has a
∆v of only 140 ms−1 but shows less water ice absorption than the accepted family
members (see Section 6.3.3), represents a new class of rockier family members. A
rockier composition could also make the fragments darker and therefore more difficult to detect at all. It has been similarly suggested that surface inhomogeneities
on the proto-Haumea could result in collisional fragments with different compositional characteristics from those of the known family members (Schaller and Brown
2008). It is unclear why, in either of these situations, there would be a preference
for the less icy fragments to be dispersed at large ∆v, but if the composition of the
target and impactor are substantially different from those assumed in the collision
simulations, that could affect the entire ∆v distribution. Another possibility is that
the formation models have not adequately accounted for collisional evolution among
the ejected fragments themselves; this could alter the family’s size and/or velocity
distribution in a significant way. Collision simulations like the ones in Leinhardt
et al. (2010) are computationally very expensive and they follow the family’s evolution for only a few thousand spin periods of the primary (a few hundred days in
total), so the model’s final size and velocity distributions are not fully evolved.
The presence or absence of higher ∆v family members with future additions to
the set of observed Haumea family members will determine if any of these modified
scenarios should be considered or if there is another collisional model that could
better explain the family. For either the Leinhardt et al. (2010) or the Schlichting
and Sari (2009) models to be consistent with observations, there should be several
higher ∆v family members among any new identifications.
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6.5

Summary

In summary, my study of the long-term dynamical evolution of the Haumea family
leads to the followings conclusions:
1. The Haumea family is at least 100 Myr old. This estimate is based on the
timescale to randomize the nodal longitudes of the family members’ orbital
planes as well the timescale for chaotic evolution of Haumea’s eccentricity
in the 12:7 MMR with Neptune. From the chaotic diffusion of Haumea’s
eccentricity, I can conclude with 95% confidence that the family is older than
1 Gyr.
2. For initial ejection velocities in the range 50−400 ms−1 , 20−45% of the original
Haumea family members are lost due to close encounters with Neptune over
3.5 Gyr. Most of this loss occurs at the inner edge of the family (interior to
∼ 41 AU) and near the locations of MMRs with Neptune. A few percent of
the surviving Haumea family members are expected to be found in MMRs
with Neptune. The 3:2 and 7:4 MMRs are the most likely of the resonances
to contain surviving members.
3. Within the population of surviving and potentially recognizable family
members, chaotic diffusion in orbital elements over 3.5 Gyr introduces a
50 − 100 ms−1 spread in the apparent velocities of the family relative to
the collision center-of-mass orbit, with the average ∆v increasing slightly over
time.
4. Accounting for long-term dynamical evolution of the graze-and-merge collision
model from Leinhardt et al. (2010), I find that the currently observed family
represents > 85% of the expected family mass within 150 ms−1 of the collision center, but an additional 0.035 ± 0.01 MH (about twice the mass of the
known family) remains to be identified at larger ∆v. Accounting for observational incompleteness, the Leinhardt et al. (2010) model is consistent with the
observations at the ∼ 10% confidence level.
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5. For the satellite-breakup model of Schlichting and Sari (2009), I find that
the currently observed family accounts for ∼ 50% of the expected mass of
the family. Most of the remaining mass should be found at ∆v > 150 ms−1 .
Accounting for observational incompleteness, the satellite-breakup model is
consistent with the observations at the ∼ 20% confidence level.
6. Both formation models predict more family members at large ∆v than are
currently observed (even allowing for a factor of ∼ 2 increase in ∆v for the
known family members due to the uncertainty in estimates of the collision
center-of-mass orbit). If additional Haumea family members are identified and
continue to have low ∆v (. 200 ms−1 ), new formation models (or modifications
to the existing models) will have to be considered.
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CHAPTER 7
SUMMARY AND CONCLUSIONS

I have examined the orbital structure of the presently observed Kuiper belt and
produced models of its major subclasses. I explored the long-term dynamics that
have shaped the Kuiper belt under the solar system’s current architecture, and I
have quantified the Kuiper belt’s relationship to the Centaurs and Jupiter family
comets. I used my models of the long-term evolution of the Kuiper belt to determine
what properties can be used to test theories about the Kuiper belt’s formation and
early evolution. Here I discuss my main conclusions and make suggestions for future
areas of study.
7.1

The Kuiper belt’s observed structure (and implications for its origin)

In Chapter 1 I outlined my definitions for the three main categories of Kuiper belt
objects: classical KBOs, resonant KBOs, and scattered disk objects. Chapter 2 describes how I used these definitions to build debiased models of the classical Kuiper
belt and the scattered disk. Our understanding of these populations has improved
greatly in recent years; however, the current set of observations still leaves much to
be desired. The primary weakness of our current picture of the Kuiper belt is our
incomplete understanding of the resonant populations. As I discussed in Chapter 2,
the resonant populations are particularly challenging to debias because their observability depends heavily on the resonant nature of their orbits. Surveys have been
able to place some limits on the total populations and orbital distributions within
the more populated resonances (see Gladman et al. (2012)); but these limits are not
so well determined that we can say anything with certainty about the resonances’
current leakage rates or their original population ratios. The study of the Kuiper
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belt’s resonances will be greatly improved by future large-scale surveys that will
more uniformly sample the Kuiper belt’s resonant structure.
Our current picture of the scattered disk and classical Kuiper belt are much
more complete than that of the resonant populations. Even with only ∼ 80 welldetermined scattered disk orbits, the dynamics and formation of this population
is relatively well understood as a general outcome of planetesimal scattering by
Neptune during planetary migration and subsequent planetary evolution (Gomes
et al. 2008). Observations of the orbital structure of the classical Kuiper belt are
more complete than for the scattered disk (because CKBOs spend much more time
within observable ranges than SDOs), but the origin of this structure is less well
understood. The dynamically cold part of the CKB might have formed in situ, but
this leaves the problem of depleting its mass by a few orders of magnitude while
still leaving it dynamically unexcited (Morbidelli et al. 2008). The results presented
in Chapter 3 confirm that the current escape rate from the classical Kuiper belt
(especially the cold part) is not large enough to account for the Kuiper belt’s very
small current mass relative to its expected primordial mass. However, attempts to
solve this problem by modeling the formation of the cold population closer to the
Sun and then moving it out to its current location during planet migration (Levison
et al. 2008b) yield a cold population that is too dynamically excited to be consistent
with observations.
The classical Kuiper belt’s hot population is equally problematic due to the very
high inclinations (i ∼ 30◦ ) of some of the CKBOs. It appears difficult to have the hot
population form in situ and then be excited to such large inclinations (Morbidelli
et al. 2008); this has led to the idea of scattering the hot population out to its current
location from closer to the Sun. Simulations of planet migration scenarios where
this occurs (such as those in Levison et al. (2008b) and Gomes (2003)) were able to
produce some very high-i CKBOs, but Levison et al. (2008a) were not able to also
produce the cold population, and Gomes (2003) produced a hot population that
was far too small compared to the cold population. Additionally, the inclination
distributions of these hot populations (especially those produced by Levison et al.
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(2008a)) might still be too weighted toward low i compared to the observations.
I showed in Chapter 5 that the hot and cold populations do not mix very much
under the current solar system’s dynamics, so models predicting different physical
properties for these two populations are testable. The relatively small observed population of high-i CKBOs means that the data set for comparisons between the hot
and cold populations are biased, but there is evidence for real physical differences
between these two populations. There has been much discussion in the literature
about the apparent correlation between inclination and color and its meaning (Jewitt and Luu 2001; Trujillo and Brown 2002; Doressoundiram et al. 2002; Peixinho
et al. 2008; Doressoundiram et al. 2008; Morbidelli et al. 2008), but the evidence
for this correlation is particularly murky because of observational biases (see Chapter 5 and Appendix C). Additionally, interpreting differences in color as differences
in composition is not straightforward (Brown 2012), and it is possible that color is
affected by environmental factors as well as composition (Cooper et al. 2003; Stern
2002). The evidence that the size distributions of the low- and high-i populations
differ (Bernstein et al. 2004; Fraser et al. 2010) and that the low-inclination population has a much higher binary fraction than the-high inclination population (Noll
et al. 2008) is much more compelling for arguing that these populations have had
distinct dynamical and/or formation histories.
How the classical Kuiper belt’s two overlapping populations formed and evolved
to their current state is still an open question. The functional form of the high-i
population’s inclination distribution is not very well determined (see Chapter 2);
more complete observations of the high-i population would be useful in constraining
the inclination distribution. It would also be helpful to have a larger observational
sample of the physical properties of the high-i population to further explore how
they differ from the low-i population. These types of observations could provide
better insight into the formation of the hot and cold populations.
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7.2

Linking the Kuiper belt to the inner solar system

The results of my long-term numerical integrations of the debiased classical Kuiper
belt and scattered disk populations confirm that the fractional escape rate for the
scattered disk is higher than that of the classical Kuiper belt (by a factor of two).
When I use the escape rates from the CKB and SD to estimate the number of objects
required in these populations to account for the observed Jupiter family comets,
I find that these estimates can only just barely be reconciled with observational
population estimates for the CKB and SD; it is still not possible to use the dynamical
escape rates from the SD and CKB to determine which is the dominant source for
new Centaurs and JFCs. The Centaur inclination distribution cannot be used to
distinguish between a CKB or SD source either; however, it might be possible to
distinguish a primarily resonant source from a non-resonant one (see Chapter 4).
The significant alteration of Centaur inclinations relative to their source region also
tells us that the possible correlations between inclination and color in the Centaur
population (as suggested by Tegler et al. (2008)’s data) are unlikely to be related to
potential color-inclination correlations in the Kuiper belt.
In Chapter 3 I discussed how an upturn in the Kuiper belt’s size distribution at
sizes smaller than a few tens of km is indicated by new occultation studies (Schlichting et al. 2009, 2012) and would bring the Kuiper belt’s total population of cometsized objects into better agreement with my dynamical models for resupplying the
JFCs. However, a new puzzle arises in reconciling the observational and theoretical
estimates in this way: it requires that the source population for the JFCs has a
cumulative size distribution slope of q ∼ 2.6–4 (best fit q ∼ 3.4) while the JFCs
themselves exhibit a slope of q ∼ 2 (Snodgrass et al. 2011). Such a difference in size
distribution would imply that KBOs are significantly physically altered in the transition between the Kuiper belt and the JFCs. If future observations confirm that
the size distribution of comet-sized KBOs is significantly steeper than that of the
JFCs, we will need many more detailed studies of the physical processes affecting
Centaurs and JFCs in order to explain the altered size distribution. Constraints on
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the Centaur size distribution in the 1–10 km size range would be incredibly valuable in understanding how comets physically evolve during their transport from the
Kuiper belt into the inner solar system.
7.3

The collisional history of the Kuiper belt

In Chapter 6, I explored how formation models of the Kuiper belt’s only known collisional family (the Haumea family) can be tested after accounting for the family’s
dynamical evolution since the time of its formation. Understanding the Haumea
family’s formation could lead to insights about the Kuiper belt’s mass depletion.
The graze-and-merge formation scenario (Leinhardt et al. 2010) requires a collision
between two R ∼ 850 km KBOs; the probability of two such large KBOs colliding in the current Kuiper belt over the age of the solar system is ∼ 10−4 (Levison
et al. 2008b). This suggests that a graze-and-merge scenario must have occurred
when the Kuiper belt was much more massive (and therefore had many more large
objects) than today. However, the dynamical coherence of the family could probably not have been preserved throughout the mass depletion event (Levison et al.
2008b), so a graze-and-merge origin for the family most likely happened near the
end of the Kuiper belt’s mass loss phase. This is consistent with the family’s age of
3.5± 2 Gyr (Ragozzine and Brown 2007). The current observations of the number of
family members and their dynamical spread are roughly consistent with Leinhardt
et al. (2010)’s formation scenario; however, future observations should discover more
family members at larger dynamical separation from the core of the family if this is
truly the case (see Section 6.3.3).
The other formation scenario I examined was the satellite-breakup model
(Schlichting and Sari 2009). This scenario requires two collisions: a collision between two large KBOs to form Haumea itself and a large R ∼ 260 km satellite and
then another collision to disrupt the satellite and form the observed family. The
timing of these events could be different than the graze-and-merge model; it might
be possible for the first collision to occur before the Kuiper belt’s mass depletion
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event and for the second collision to occur in the current Kuiper belt. The breakup
of the satellite requires that a R ∼ 20–70 km KBO impact the satellite, an event
that has a ∼ 10% probability of occurring in the current Kuiper belt (Schlichting
and Sari 2009). If this scenario is correct, then the parameters of the first collision
could tell us something about the mass and velocity distributions in the Kuiper
belt before the mass depletion event, while the family forming collision reflects the
conditions in the current Kuiper belt. Like the Leinhardt et al. (2010) model, this
scenario is also roughly consistent with the observed family, although more detailed
modeling of the satellite-breakup model should be done in order to make a complete
comparison.
The Haumea family represents a (so far) unique opportunity to understand the
collisional history of the Kuiper belt. The identification of additional family members could offer a more robust observational test of the two formation models outlined above. Additionally, a refinement of the age estimate would more firmly show
if it really is a probe of the mass depletion event.
7.4

Final thoughts

The Kuiper belt offers a window into the dynamical history of the solar system’s
giant planets, including their formation and migration. Our picture of the Kuiper
belt has evolved rapidly in the ∼ 20 years since Jewitt et al. (1992) confirmed its
existence, but it is still incomplete. If upcoming nearly all-sky surveys such as the
Large Synoptic Sky Survey deliver the number of new Kuiper belt objects promised
(∼ 30, 000), I expect we will find some surprising things. Some of the observational
developments I would most like to see include: (1) a better understanding of the
intrinsic orbital distributions of the Kuiper belt’s resonances, (2) better constraints
on the inclination distribution and physical properties of the high-inclination classical Kuiper belt, (3) the identification of many more Haumea family members, (4)
more data to connect the Kuiper belt’s size distribution from traditional observational surveys to the size distribution inferred from occultation studies, and (5) a
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much more complete population estimate and size distribution for the Centaurs.
These observations would help resolve some of the open questions outlined above
and would almost certainly raise new ones regarding our solar system’s dynamical
history.
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APPENDIX A
ORDERING THE KUIPER BELT’S RESONANCES WITH THE FAREY TREE

In Chapter 2 I described how I used the set of observed KBOs to construct models of
the classical Kuiper belt, the scattered disk, and the resonant populations. The first
step in this process was identifying which of the observed KBOs are in resonance
with Neptune. Resonances occur when the orbital period of the KBO is a ratio of
Neptune’s orbital period. As discussed in Chapter 2, the important Kuiper belt
resonances are characterized by a resonance angle of the form
φ = qλkbo − pλN − (q − p)$kbo ,

(A.1)

where q > p are integers. In this case the orbital period of the KBO is ∼ q/p times
the orbital period of Neptune. For any range in orbital periods, there are an infinite
number of qs and ps that can be used to describe the ratios between those periods
and Neptune’s period. So that leaves us with an important question for testing
known KBOs for membership in resonances: how will we determine which q : p
resonances should be tested? Perturbation theory serves as a guide for determining
which resonances are most relevant.
Consider a KBO that has a semimajor axis larger than Neptune’s. For simplicity I will assume that the orbits of Neptune and the KBO are coplanar and that
Neptune’s orbit is circular. Considering the resonance angle in Equation A.1, the
relevant resonant term in the disturbing potential (R) is given by
< R >=

Gmkbo (q−p)
e
f (α) cos φ,
akbo kbo

(A.2)

where α = aN /akbo and f (α) contains the direct and indirect parts of the expansion
of the potential for an internal perturber (see Murray and Dermott (1999)). This
immediately gives us a clue as to which q : p MMRs will be important. Because
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ekbo < 1, the cos φ term in Equation A.2 will become vanishingly small for large
values of (q − p). Similarly, we can consider the width of a resonance in semimajor
axis as another measure of its dynamical importance. The width of an exterior
resonance with q − p > 1 is given by
δa
=
ares




16 Cr (q−p)
e
,
3 nkbo kbo

(A.3)

where nkbo is the mean motion of the KBO and Cr is given by
Cr =

mN
nkbo f (α)
m

(A.4)

(Murray and Dermott 1999). The width of a q − p = 1 resonance is given by
δa
2 |Cr |
=−
±
ares
9pe nkbo



16 |Cr |e
3 nkbo

1/2 
1+

1 |Cr |
27p2 e3 nkbo

1/2
(A.5)

(Murray and Dermott 1999). For small eccentricities, resonances with small (q − p)
will generally be wider than resonances with larger (q − p).
Given this analysis of resonance strength and width, one strategy for identifying resonant KBOs would be to search the a-range of the classical Kuiper belt by
resonance order: start with all the first order resonances, then check all the second
order resonances, and so on. If I were to use this strategy to identify every resonant
object I list in Chapter 2, I would have to check each MMR up to seventh order in
the KBO’s eccentricity. That list is given below, where I have left out any MMRs
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that can be simplified. The occupied resonances in indicated in red.
1st order M M Rs :

2
1

3
2

4
3

5
4

2nd order M M Rs :

5
3

7
5

9
7

11
9

3rd order M M Rs :

7
4

8
5

10
7

4th order M M Rs :

9
5

11
7

5th order M M Rs :

11
6

12
7

13
8

14
9

16
11

17
12

18
13

19
14

21
16

22
17

23
18

26
21

27
22

28
23

29
24

31
26

32
27

33
28

34
29

36
31

37
32

38
33

6th order M M Rs :

13
7

17
11

19
13

23
17

25
19

29
23

31
25

35
29

37
31

41
35

43
37

7th order M M Rs :

15
8

16
9

17
10

18
11

19
12

20
13

22
15

23
16

24
17

25
18

26
19

27
20

29
22

30
23

31
24

32
25

33
26

34
37

36
29

37
30

38
31

39
32

40
33

41
34

43
36

44
37

45
38

46
39

47
40

48
41

50
43

51
44

52
45

53
46

13
9

6
5

7
6

13
11

11
8
15
11

15
13

13
10
17
13

14
11
19
15

16
13
21
17

17
14
23
19

19
16
25
21

20
17
27
23

22
19

23
20

29
25
24
19

If I used this strategy, I would have to check 102 MMRs to find the 11 that are
observed to have current members. That’s not a very efficient search strategy.
The reason this is a flawed strategy is that it does not account for the spacing
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between the resonances. Let’s consider just the first and second order resonances
that fall in the range 32 < a < 50 AU. There are 6 first order MMRs and 6 unique
second order MMRs; these resonances are listed in Tables A.1 and A.2 along with
the relevant parameters from Equations A.3 and A.5 that are required to calculate
their widths. The distances separating these resonances (shown in Figure A.1)
decrease as we go down the list; additionally, the widths of the resonances increase
going toward Neptune. This creates the situation seen in Figure A.1, where the
resonances closer to Neptune overlap. Resonance overlap generates chaos, so the
overlapping resonances are not stable on long timescales (so they probably won’t
have any current members!).
We need a better way of organizing all the possible MMRs to account for both
the order of the resonances and each resonance’s relative separation from nearby,
strong MMRs. We could calculate the widths of all the resonances and rule out
the ones that overlap. However, resonance overlap depends on eccentricity, and an
overlap criterion that is too stringent could eliminate some of the actually occupied
resonances.
An alternate organization scheme that seems to work well for ordering the potential resonances is the Farey tree. The Farey tree is named after British geologist
John Farey (1766-1826) who published a letter about the ordering of fractions in
1816 (Farey 1816). Lagarias (1992) describes the Farey tree as containing all possible rational numbers p/q in the interval (0,1), where p and q are co-prime integers
(the fraction p/q cannot be simplified) with p < q. To construct the Farey tree, we
start with the fractions (0/1, 1/1) and calculate their mediant. The mediant of any
two fractions is defined by
a+c
a c
⊕ =
,
b d
b+d

(A.6)

so the mediant of (0/1, 1/1) is 1/2. We insert this new fraction between the previous
two fractions giving us (0/1, 1/2, 1/1). The fraction 1/2 serves as the n = 0 level
of the Farey tree. To construct the nth level of the tree, we take the ordered list of
fractions from all the previous levels; the mediants of each pair of adjacent fractions
in this list make up the new level of the tree. I illustrate this process of constructing
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Figure A.1 Locations and widths of all the 1st order (top panel) and 2nd order
(bottom panel) MMRs in the classical Kuiper belt region. The parameters used to
calculate the resonance widths are listed in Tables A.1 and A.2
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Table A.1. 1st order resonances in the classical Kuiper belt region

MMR

Parameters

2:1

ares = 47.78 AU, α = 0.630, nkbo = 0.00303
h
i
f (α) = 21 3b11/2 (α) + αDb11/2 (α)
Cr = 2.632 × 10−7

3:2

ares = 39.44 AU, α = 0.763, nkbo = 0.00404
h
i
f (α) = 21 5b21/2 (α) + αDb21/2 (α)
Cr = 5.163 × 10−7

4:3

ares = 36.46 AU, α = 0.825, nkbo = 0.00454
h
i
f (α) = 21 7b31/2 (α) + αDb31/2 (α)
Cr = 7.677 × 10−7

5:4

ares = 34.93 AU, α = 0.862, nkbo = 0.00484
h
i
f (α) = 21 9b41/2 (α) + αDb41/2 (α)
Cr = 1.019 × 10−6

6:5

ares = 33.99 AU, α = 0.886, nkbo = 0.00505
h
i
f (α) = 21 11b51/2 (α) + αDb51/2 (α)
Cr = 1.269 × 10−6

7:6

ares = 33.36 AU, α = 0.902, nkbo = 0.00519
h
i
f (α) = 21 13b61/2 (α) + αDb61/2 (α)
Cr = 1.520 × 10−6

Note. — The functions b(α) are the Laplace coefficients as defined
in Chapter 6 of Murray and Dermott (1999). D denotes the differential operator d/dα, also described in Chapter 6 of Murray and
Dermott (1999). The functions f (α) for each resonance are taken
from Appendix B of Murray and Dermott (1999).
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Table A.2. 2nd order resonances in the classical Kuiper belt region

MMR

Parameters

5:3

ares = 42.31 AU, α = 0.711, nkbo = 0.00363
i
h
f (α) = 18 67b31/2 (α) + 18αDb31/2 (α) + α2 D2 b31/2
Cr = 1.0639 × 10−6

7:5

ares = 37.67 AU, α = 0.799, nkbo = 0.00433
h
i
f (α) = 81 149b51/2 (α) + 26αDb51/2 (α) + α2 D2 b51/2
Cr = 2.5203 × 10−6

9:7

ares = 35.59 AU, α = 0.846, nkbo = 0.00471
h
i
f (α) = 18 263b71/2 (α) + 34αDb71/2 (α) + α2 D2 b71/2
Cr = 4.5752 × 10−6

11:9

ares = 34.41 AU, α = 0.875, nkbo = 0.00495
h
i
f (α) = 18 409b91/2 (α) + 42αDb91/2 (α) + α2 D2 b91/2
Cr = 7.2283 × 10−6

13:11

ares = 33.65 AU, α = 0.895, nkbo = 0.00512
h
i
11
2 2 11
(α)
+
50αDb
(α)
+
α
D
b
f (α) = 18 587b11
1/2
1/2
1/2
Cr = 1.0480 × 10−5

15:13

ares = 33.11 AU, α = 0.909, nkbo = 0.00525
h
i
13
2 2 13
f (α) = 18 797b13
(α)
+
58αDb
(α)
+
α
D
b
1/2
1/2
1/2
Cr = 1.4329 × 10−5

Note. — The functions b(α) are the Laplace coefficients as defined in
Chapter 6 of Murray and Dermott (1999). D denotes the differential operator d/dα, also described in Chapter 6 of Murray and Dermott (1999). The
functions f (α) for each resonance are taken from Appendix B of Murray
and Dermott (1999).
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the tree below, where the fractions highlighted in red are the new additions to the
ordered list at each step.
0 1
1 1

0
1

1
5

1
4

2
7

0
1

1
2

1
1

0
1

1
3

1
2

2
3

1
1

0
1

1
4

1
3

2
5

1
2

3
5

2
3

3
4

1
1

1
3

3
8

2
5

3
7

1
2

4
7

3
5

5
8

2
3

5
7

3
4

4
5

1
1

The Farey tree itself is given by the red fractions. I have constructed a fifth order
Farey tree in Figure A.2. Each level of the tree contains 2n fractions of the form
p/q; if each fraction represents a q : p MMR, the order of the highest order MMR
represented in each level of the tree is the nth prime number in the series of prime
numbers (the highest order MMR in the n = 0 level is 1st order, in the n = 1 level
is 2nd order, and so on such that the highest order MMR in the n = 5 level is 11th
order). In Figure A.2 I have color coded the fractions according to whether the
MMRs they represent fall within my restricted semimajor axis range (gray fractions
are a > 50 AU resonances) and whether they have any currently observed members
(red are occupied resonances). In terms of the spacing between resonances, the
Farey tree is a better way of organizing the resonances than just using resonance
order. This can be seen in Figure A.3 where I show the n = 3 level of the Farey tree;
the MMRs in Figure A.3 are listed in Table A.3 along with the relevant parameters
from Equations A.3 and A.5 that are required to calculate their widths.
Using the Farey tree, I only have to check 32 MMRs to find all 11 occupied
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Figure A.2 The Farey tree down to the n = 5 level. Fractions shown in grey indicate
MMRs that are outside the semimajor axis range of interest. Red fractions indicate
MMRs with members as identified in Chapter 2. Black fractions are MMRs with
no identified members.
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Figure A.3 Locations and widths of the MMRs in the n = 3 level of the Farey tree.
The parameters used to calculate the resonance widths are listed in Table A.3
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Table A.3. Classical Kuiper belt resonances in the n = 3 level of the Farey tree

MMR

Parameters

7:4

ares = 43.71 AU, α = 0.689, nkbo = 0.00346
h
i
1
1471b41/2 (α) + 447αDb41/2 (α) + 39α2 D2 b41/2 + α3 D3 b41/2
f (α) = 48
Cr = 2.7255 × 10−6

8:5

ares = 41.18 AU, α = 0.731, nkbo = 0.00378
h
i
1
f (α) = 48
2402b51/2 (α) + 606αDb51/2 (α) + 45α2 D2 b51/2 + α3 D3 b51/2
Cr = 4.5497 × 10−6

7:5

ares = 37.67 AU, α = 0.799, nkbo = 0.00433
h
i
f (α) = 81 149b51/2 (α) + 26αDb51/2 (α) + α2 D2 b51/2
Cr = 2.5203 × 10−6

5:4

ares = 34.93 AU, α = 0.862, nkbo = 0.00484
h
i
f (α) = 21 9b41/2 (α) + αDb41/2 (α)
Cr = 1.019 × 10−6

Note. — The functions b(α) are the Laplace coefficients as defined in Chapter 6 of
Murray and Dermott (1999). D denotes the differential operator d/dα, also described
in Chapter 6 of Murray and Dermott (1999). The functions f (α) for each resonance
are taken from Appendix B of Murray and Dermott (1999).
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Figure A.4 The MMRs of the classical Kuiper belt region represented in a n = 15
Farey tree. The MMRs identified in Chapter 2 are labeled at the top of the plot;
the number of observed resonant KBOs for each of these MMRs is indicated in red.
The vertical scaling represents the level of the Farey tree the MMR belongs to.
resonances. This is a much more efficient search pattern. During the actual search
process, I extended the Farey tree to two additional levels to make sure there were
no further occupied resonances. Figure A.4 shows all of the MMRs represented by
a n = 15 Farey tree in the classical Kuiper belt region; each occupied MMR is
labeled with the number of observed members, and the vertical scaling indicates
each MMR’s level in the Farey tree. This figure illustrates the advantage the Farey
tree offers in terms of ordering the MMRs based on their relative isolation from other
MMRs. The lowest order Farey MMR (the 2:1 with n = 0) is the most isolated; the
gaps between the resonances shrink as n increases.
I find empirically that the Farey tree provides a more efficient way to search
the classical Kuiper belt for occupied resonances compared to using the traditional
|q − p| resonance order as a criterion. Further investigation would be needed to
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determine if the Farey tree is the best way to order the resonances in the Kuiper
belt.
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APPENDIX B
THE SOLAR SYSTEM’S INVARIABLE PLANE

As discussed in Chapter 5, I made use of the invariable plane as a reference plane
for measuring the inclinations of KBOs. To define the invariable plane, I calculated
the total angular momentum vector for the Sun and the four outer planets relative
to the barycenter of the system and took the plane normal to this vector as the
solar system’s invariable plane. This calculated plane is only the invariable plane
with respect to the four outer planets, not for the solar system as a whole (which
is fine, because my numerical simulations only include the outer planets); detailed
calculations of the solar system’s true invariable plane have to include the terrestrial
planets and even smaller bodies (for a recent calculation see Souami and Souchay
(2012)).
To check the invariable plane I calculated based on the angular momentum of
the Sun plus the outer planets, I compared the evolution of the outer planets’ inclinations in my calculated plane to the numerical simulation results of Cohen et al.
(1973) (hereafter referred to as CHO) who presented some of the earliest detailed
numerical simulations of the outer planets’ orbits in the invariable plane; the initial
conditions from CHO are often used in outer solar system numerical studies that
use the invariable plane as a reference plane (such as Chiang and Jordan (2002)).
Interestingly, I found significant differences between the two sets of simulation results. I replicated the simulations from CHO and calculated the angular momentum
vector for the Sun and planets. The reference plane for the orbital elements turns
out to not quite be normal to the angular momentum vector; the plane is tilted by
0.0733◦ relative to the actual invariable plane of the system.
To demonstrate how even such a small deviation from the invariable plane can
produce different behavior in the resulting planetary inclinations, here I present
numerical simulations and secular theory for three different reference planes: (1) the
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invariable plane calculated from the angular momentum vector, (2) CHO’s reference
plane, and (3) the ecliptic plane. I use the secular theory presented in Murray and
Dermott (1999) which only includes the lowest order terms in the eccentricities and
inclinations of the planets, and I include just the Sun and the four outer planets
in the calculation. There are more accurate extensions of this theory that include
higher order terms and also account for the near commensurability of Jupiter and
Saturn’s orbits, but the first order theory is sufficient to demonstrate the differences
between the reference planes. In first order secular theory, the inclination, Ij , of the
j th planet in a N planet system can be described as a function of time, t, by the
following expression
"
Ij2

=

N
X
i=1

#2
Iji sin (fi t + γi )

"
+

N
X

#2
Iji cos (fi t + γi )

,

(B.1)

i=1

where the Iji are the magnitudes of the system’s eigenvectors which have eigenfrequencies fi and phases γi . Tables B.1 and B.2 give the values of Iji , fi , and γi for each
reference plane. Figures B.2 through B.5 show the time evolution of the planets’
inclinations from the secular theory (Equation B.1) and from numerical simulations
for a timespan of 10 Myr. The masses and initial positions and velocities for the
planets in each of these three simulations are given in Table B.3.
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Table B.1. Eigenfrequencies and phases from secular theory

reference plane

i

fi (deg/yr)

γi (deg)

period (yr)

1

−7.2135 × 10−3

-70.32

4.991 × 104

2

−7.9985 × 10−4

-62.05

4.501 × 105

3

−1.8573 × 10−5

-174.84

2.049 × 107

4

0

-121.60

1

−7.2193 × 10−3

-52.57

4.987 × 104

2

−7.9985 × 10−4

-44.15

4.501 × 105

3

−1.8564 × 10−5

-156.62

1.939 × 107

4

0

-69.55

1

−7.2151 × 10−3

-52.65

4.990 × 104

2

−7.9791 × 10−4

-44.39

4.512 × 105

3

−1.8573 × 10−5

-157.17

1.938 × 107

4

0

107.67

invariable

CHO

ecliptic

Note. — The eigenfrequencies (fi ) and phases (γi ) of the inclination modes are calculated from first order secular theory for
the four outer planets in the three different reference planes.
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Table B.2. Scaled eigenvectors (Iij ) from secular theory

reference plane

j=1

2

3

4

invariable
i=1

6.3206 × 10−3

1.5776 × 10−2

6.8202 × 10−4

7.5435 × 10−5

2

−9.6383 × 10−4

−7.9088 × 10−4

1.7662 × 10−2

−2.5093 × 10−2

3

1.1664 × 10−3

1.1256 × 10−3

1.0713 × 10−3

1.1770 × 10−2

4

6.0813 × 10−6

6.0813 × 10−6

6.0813 × 10−6

6.0813 × 10−6

i=1

6.3020 × 10−3

−1.5698 × 10−2

6.9537 × 10−4

8.0200 × 10−5

2

−9.5273 × 10−4

−7.7590 × 10−4

1.7676 × 10−2

−2.2280 × 10−3

3

−1.1663 × 10−3

−1.1223 × 10−3

1.2263 × 10−3

1.1702 × 10−2

4

1.2726 × 10−3

1.2726 × 10−3

1.2726 × 10−3

1.2726 × 10−3

i=1

6.3205 × 10−3

−1.5775 × 10−2

6.8201 × 10−4

7.5434 × 10−5

2

9.6383 × 10−4

−7.9088 × 10−4

1.7663 × 10−2

−2.0593 × 10−3

3

1.1665 × 10−3

1.1256 × 10−3

1.0714 × 10−3

1.1770 × 10−2

4

2.7570 × 10−2

2.7570 × 10−2

2.7570 × 10−2

2.7570 × 10−2

CHO

ecliptic

Note. — The eigenvectors are calculated from first order secular theory for the four outer planets
in the three different reference planes.
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Table B.3. Initial conditions for the planets in the three reference planes

reference plane

planet

invariable

Jupiter

initial conditions
MJ =
a, e, i =
Ω, ω, M =

Saturn

MS =
a, e, i =
Ω, ω, M =

Uranus

MU =
a, e, i =
Ω, ω, M =

Neptune

MN =
a, e, i =
Ω, ω, M =

CHO

Jupiter

MJ =
a, e, i =
Ω, ω, M =

Saturn

MS =
a, e, i =
Ω, ω, M =

Uranus

MU =
a, e, i =
Ω, ω, M =

Neptune

MN =
a, e, i =
Ω, ω, M =

9.54502036 × 10−4 M
5.20222 AU, 0.0553273, 0.00516103
4.49935, 1.92876, 1.36266
2.85788705 × 10−4 M
9.56885 AU, 0.0376475, 0.016667
1.23974, 0.539423, −1.46166
4.36539138 × 10−5 M
19.2337 AU, 0.0496783, 0.0178646
5.04656, 3.99950, −0.0407502
5.14956513 × 10−5 M
30.2780 AU, 0.0152350, 0.0126377
3.06677, 4.07181, 0.430062
9.54791811 × 10−4 M
5.20430 AU, 0.0490137, 0.00688824
5.45583, 1.08695, 0.507600
2.85585440 × 10−4 M
9.58367 AU, 0.0562633, 0.0149881
2.18381, 5.67052, 5.55874
4.37275778 × 10−5 M
19.3161 AU, 0.0447359, 0.0191276
5.41937, 3.71537, 4.48014
5.17762233 × 10−5 M
29.9868 AU, 0.0118546, 0.0126188
3.49327, 3.51611, 2.33496
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Table B.3 – continued
reference plane

planet

ecliptic

Jupiter

initial conditions
MJ =
a, e, i =
Ω, ω, M =

Saturn

MS =
a, e, i =
Ω, ω, M =

Uranus

MU =
a, e, i =
Ω, ω, M =

Neptune

MN =
a, e, i =
Ω, ω, M =

9.54502036 × 10−4 M
5.20273 AU, 0.0488804, 0.022754
1.75422, 4.782725, 4.777191
2.85788705 × 10−4 M
9.53557 AU, 0.0536354, 0.043467
1.984381, 5.90945, 1.048670
4.36539138 × 10−5 M
19.2282 AU, 0.0452945, 0.013470
1.29422, 1.723480, 3.071695
5.14956513 × 10−5 M
30.1920 AU, 0.0088256, 0.030970
2.300457, 4.291267, 5.328873

Note. — The masses of the planets differ between the CHO initial conditions
and the initial conditions for the other reference planes. For the invariable and
ecliptic planes, the masses are from the the JPL Horizons service. For the CHO
plane the masses are from Cohen et al. (1973)

The figures show that the secular theory works fairly well for the timespan considered. The slight differences between the numerical results and the secular theory
(most noticeable in the case of the true invariable plane) reflect the fact that the near
commensurability of Jupiter and Saturn’s orbits is not accounted for in the secular
theory. The difference in the average inclinations of the planets between the ecliptic
plane and both the CHO and invariable planes reflects the fact that the ecliptic
plane is inclined to the invariable plane by ∼ 1.5◦ . The fact that Jupiter’s inclination is smallest relative to the invariable plane reflects the fact that it contributes
the most to the planets’ total angular momentum.
Examining Tables B.1 and B.2 reveals that the only major difference between
the secular solution for the CHO plane and the invariable plane is in the amplitudes
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Figure B.1 Inclination evolution from first order secular theory for Jupiter (black),
Saturn (orange), Uranus (grey), and Neptune (purple) in my calculated invariable
plane.
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Figure B.2 Inclination evolution from a numerical simulation for Jupiter (black),
Saturn (orange), Uranus (grey), and Neptune (purple) in my calculated invariable
plane.

225

inclination (deg)

0.6
0.5
0.4
0.3
0.2
0.1
0

2e+06

4e+06
6e+06
time (yr)

8e+06

1e+07

0

2e+06

4e+06
6e+06
time (yr)

8e+06

1e+07

0

2e+06

4e+06
6e+06
time (yr)

8e+06

1e+07

0

2e+06

4e+06
6e+06
time (yr)

8e+06

1e+07

inclination (deg)

1.1
1.0
0.9
0.8

inclination (deg)

0.7

1.2
1.1
1.0
0.9
0.8

inclination (deg)

0.9
0.8
0.7
0.6
0.5

Figure B.3 Inclination evolution from first order secular theory for Jupiter (black),
Saturn (orange), Uranus (grey), and Neptune (purple) in Cohen et al. (1973)’s
calculated invariable plane.
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Figure B.4 Inclination evolution from a numerical simulation for Jupiter (black),
Saturn (orange), Uranus (grey), and Neptune (purple) in Cohen et al. (1973)’s
calculated invariable plane.
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Figure B.5 Inclination evolution from first order secular theory for Jupiter (black),
Saturn (orange), Uranus (grey), and Neptune (purple) in the ecliptic plane.
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Figure B.6 Inclination evolution from a numerical simulation for Jupiter (black),
Saturn (orange), Uranus (grey), and Neptune (purple) in the ecliptic plane.
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of the eigenvectors for the i = 4 mode; in the invariable plane, the amplitude is
∼ 6 × 10−6 whereas in the CHO plane it is ∼ 10−3 . This increased amplitude
creates the beat pattern seen in the CHO plots but not in the invariable plane plots.
It also slightly increases the total range of inclinations the planets achieve in the
CHO plane; for example, Jupiter’s inclination varies by ∼ 0.4◦ in the CHO plane
and ∼ 0.25◦ in the invariable plane.
The initial conditions used in CHO (and any subsequent integrations based on
CHO’s initial conditions) do not quite represent the invariable plane. As a result,
inclinations measured in the CHO frame will have slightly increased amplitudes for
overall variation and will also exhibit beat patterns that are not present in the actual
invariable plane.
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APPENDIX C
STATISTICAL ANALYSIS WITH A BIASED DATA SET: THE
COLOR–INCLINATION CORRELATION FOR CKBOS

In Chapter 5 I discussed how the inclination evolution of CKBOs affects the calculation of a correlation coefficient between color and inclination for this population. I
also showed that subtleties such as the inclusion or exclusion of the Haumea family
in the CKBO sample can change the statistical significance of the Spearman rank
correlation coefficient. One reason the Haumea family has a large affect on the
correlation calculation is that the family members are located at large inclinations
and there are relatively few large-i CKBOs with measured colors relative to low-i
CKBOs; the addition or exclusion of a few objects at large-i has a much larger affect
on the correlation calculation than the addition or exclusion of a few objects at low-i
because the observed CKBOs are much more heavily sampled at low inclinations.
This uneven sampling in inclination makes it difficult to interpret the results of
statistical tests such as the Spearman rank correlation test. The underlying assumption of many statistical tests is that the sample being tested is a random sample of
the underlying distribution, but for the observed set of CKBOs this is clearly not
the case. For the spectral gradient vs. inclination calculation in Section 5.4.1, I
included 80 CKBOs from the MBOSS database1 . In this data set, there are roughly
equal numbers of CKBOs with i < 5◦ and i > 5◦ (38 and 42 objects respectively),
however the debiased inclination distribution I presented in Chapter 2 indicates that
there should be ∼ 4 times as many high-i CKBOs as there are low-i CKBOs. The
observed color distribution of the high-i group is therefore not as complete or representative of the intrinsic color distribution as the same distribution for the low-i
group. This is problematic, because the statistical significance of a given value of Rs
1

http://www.eso.org/∼ohainaut/MBOSS/

231
(the Spearman rank correlation coefficient) for N observations is determined by the
probability that N random observations of a distribution with a true Rs = 0 would
produce a value of Rs equal to or greater than the observed value. This calculated
statistical significance is highly suspect given that the data set is not a random
sampling of the underlying distribution. Here I discuss an alternative method for
calculating the statistical significance of Rs given the nature of the CKBO data.
In Section 5.4.1 I found that the 74 CKBOs in the MBOSS database (the
number after excluding the Haumea family members) exhibit a correlation of
Rs = −0.36 ± 0.07 between spectral gradient (S) and inclination with a standard
calculated significance level of 3.1 ± 0.6σ. However, this significance level is questionable given what I discussed above; the value of Rs and its significance level could
be very sensitive to the addition of new, high-inclination observations, just like previous estimates of the correlation. Additionally, the uncertainty on the significance
level makes it more difficult to interpret the observed correlation coefficient.
A better way to calculate the significance of Rs = −0.36 ± 0.07 for the observed
set of CKBOs is to use a permutation test to directly calculate the distribution of
Rs for the null hypothesis under the same uneven inclination sampling as the data;
we can then compare this distribution to the observed distribution of Rs to evaluate
the significance level. I assume that the null hypothesis is equivalent to saying
that the value of S for each object (with its observed inclination) can be randomly
drawn from the set of 74 observed S values. I construct 106 null hypothesis data
sets using this method and calculate Rs for each set. This yields a distribution of
Rs expected for the observations given the hypothesis that there is no underlying
correlation between S and i. Figure C.1 shows this null hypothesis distribution for
Rs compared to the Rs distribution for the oserved set of CKBOs, which incorporates
the error bars of S and the rms variation in i (as described in Section 5.4.1).
The significance level of the observed distribution of Rs can be estimated as the
probability that a value of Rs randomly drawn from the observed Rs distribution
will be more negative (i.e. the anti correlation between spectral gradient and inclination is stronger) than a value of Rs randomly drawn from the null hypothesis Rs
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Figure C.1 Distribution of Rs for 74 observed CKBOs with measured spectral gradients. Black shows the distribution for the observed i − S pairs, and blue shows
the null hypothesis (random rearrangements of i and S).
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Figure C.2 Distribution of Rs for 119 observed CKBOs with measured spectral
gradients. Black shows the distribution for the observed i − S pairs, blue shows the
null hypothesis (random rearrangements of i and S), and the gray dashed line shows
the Rs distribution from FigureC.1.
distribution. For the 74 CKBOs shown in Figure C.1, this probability is 99.66%,
which corresponds to a 2.7σ significance level.
The MBOSS database was recently updated (Hainaut et al. 2012), so I can test
how the addition of new observations affects the correlation calculation (and see how
well my uncertainties and significance levels accounted for the incompleteness of the
observations). There are now 119 CKBOs from my 10 Myr numerical simulations
that have measured values of S in the MBOSS database. Using the method outlined
above, I calculate Rs = −0.33 ± 0.048 with a significance of 99.938% (3.2σ); this
is shown in Figure C.2 along with the Rs distribution for the previous 74 CKBOs.
The new Rs distribution overlaps almost entirely with the previously calculated
distribution, and the significance level has increased with the addition of new data.
This agreement between the old data set and the more complete data set can
be contrasted to the correlation coefficients and significance levels calculated by
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Peixinho et al. (2008) compared to a more complete data set. Peixinho et al. (2008)
found a correlation between the B-V colors and inclinations of 69 CKBOs with
Rs = −0.7+0.09
−0.07 and a significance level of > 8σ. There are 15 new B-V color
measurements of CKBOs since that paper (from the updated MBOSS database),
and the correlation coefficient for Peixinho et al. (2008)’s 69 CKBOs plus the new
observations is Rs = −0.58 ± 0.03 with a 5.5 ± 0.4σ significance where, like Peixinho
et al. (2008), I have accounted for errors in the color measurements but not the
variation in i. These two correlation estimates are marginally in agreement with
each other, but the significance level has decreased, which is not what we would
be expect for the addition of new data points assuming the correlation is real. If
instead of relying on the significance levels calculated directly from the Spearman
rank routines, I apply the same method to the B-V data as I did to the spectral
gradient data, I get better agreement between the two calculations. Using the
Peixinho et al. (2008) data, adding in the rms variations in inclination, and using
permutations of the data to calculate the Rs distribution for the null hypothesis,
I get Rs = −0.63 ± 0.05 (4.6σ significance). Repeating the procedure with the
additional 15 CKBOs, I get Rs = −0.58 ± 0.04 (5σ significance).
As I discussed in Chapter 5, the correlation found by Peixinho et al. (2008) is at
least partially caused by the Haumea collisional family; there are also a few resonant
KBOs in with their CKBO sample, and several of the CKBO B-V measurements
have been shown to contain systematic uncertainties (Hainaut et al. 2012). The
updated MBOSS database contains 67 non resonant CKBOs with accurate B-V color
measurements. The correlation coefficient for these 67 CKBOs is Rs = −0.45 ± 0.07
with a significance level of 3.2σ.
The examples here indicate that a direct calculation of the significance level via a
permutation test is a more conservative estimate of a correlation’s significance when
dealing with an observationally biased data set compared to the significance level
obtained directly from a statistical software package. In both the (B-V)-inclination
and S-inclination correlations, my calculated significance levels respond to the addition of new data in a way that is consistent with an underlying correlation (i.e. a
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highly significant correlation becomes more significant as the number of observations
increases).
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a Scattered-Disk Origin for the 2003 EL61 Collisional FAMILY–AN Example of
the Importance of Collisions on the Dynamics of Small Bodies. AJ, 136, pp.
1079–1088. doi:10.1088/0004-6256/136/3/1079.
Levison, H. F. and S. A. Stern (2001). On the Size Dependence of the Inclination
Distribution of the Main Kuiper Belt. AJ, 121, pp. 1730–1735. doi:10.1086/
319420.
Lowry, S., A. Fitzsimmons, P. Lamy, and P. Weissman (2008). Kuiper Belt Objects in the Planetary Region: The Jupiter-Family Comets. In Barucci, M. A.,
H. Boehnhardt, D. P. Cruikshank, and A. Morbidelli (eds.) The Solar System
Beyond Neptune, pp. 397–410. Univ. of Arizona Press, Tucson.
Luu, J. X. and D. C. Jewitt (1998). Deep Imaging of the Kuiper Belt with the Keck
10 Meter Telescope. ApJ, 502, pp. L91–L94. doi:10.1086/311490.
Lykawka, P. S., J. Horner, T. Mukai, and A. M. Nakamura (2012). The dynamical
evolution of dwarf planet (136108) Haumea’s collisional family: general properties
and implications for the trans-Neptunian belt. MNRAS, 421, pp. 1331–1350. doi:
10.1111/j.1365-2966.2011.20391.x.
Lykawka, P. S. and T. Mukai (2005). Exploring the 7:4 mean motion resonance I:
Dynamical evolution of classical transneptunian objects. Planet. Space Sci., 53,
pp. 1175–1187. doi:10.1016/j.pss.2004.12.015.
Lykawka, P. S. and T. Mukai (2006). Exploring the 7:4 mean motion resonance II:
Scattering evolutionary paths and resonance sticking. Planet. Space Sci., 54, pp.
87–100. doi:10.1016/j.pss.2005.10.006.
Lykawka, P. S. and T. Mukai (2007a). Dynamical classification of trans-neptunian
objects: Probing their origin, evolution, and interrelation. Icarus, 189, pp. 213–
232. doi:10.1016/j.Icarus.2007.01.001.

246
Lykawka, P. S. and T. Mukai (2007b). Resonance sticking in the scattered disk.
Icarus, 192, pp. 238–247. doi:10.1016/j.icarus.2007.06.007.
Malhotra, R. (1993). The origin of Pluto’s peculiar orbit. Nature, 365, pp. 819–821.
doi:10.1038/365819a0.
Malhotra, R. (1995). The Origin of Pluto’s Orbit: Implications for the Solar System
Beyond Neptune. AJ, 110, pp. 420–429. doi:10.1086/117532.
Malhotra, R. (1996). The Phase Space Structure Near Neptune Resonances in the
Kuiper Belt. AJ, 111, pp. 504–516. doi:10.1086/117802.
Marcus, R. A., D. Ragozzine, R. A. Murray-Clay, and M. J. Holman (2011). Identifying Collisional Families in the Kuiper Belt. ApJ, 733, 40. doi:10.1088/0004-637X/
733/1/40.
Milani, A., A. M. Nobili, and M. Carpino (1989). Dynamics of Pluto. Icarus, 82(1),
pp. 200 – 217. ISSN 0019-1035. doi:DOI:10.1016/0019-1035(89)90031-6.
Morbidelli, A. (1997). Chaotic Diffusion and the Origin of Comets from the 2/3
Resonance in the Kuiper Belt. Icarus, 127, pp. 1–12. doi:10.1006/icar.1997.5681.
Morbidelli, A., H. F. Levison, and R. Gomes (2008). The Dynamical Structure of
the Kuiper Belt and Its Primordial Origin. In Barucci, M. A., H. Boehnhardt,
D. P. Cruikshank, and A. Morbidelli (eds.) The Solar System Beyond Neptune,
pp. 275–292. Univ. of Arizona Press, Tucson.
Morbidelli, A., F. Thomas, and M. Moons (1995). The resonant structure of the
Kuiper belt and the dynamics of the first five trans-Neptunian objects. Icarus,
118, pp. 322–340. doi:10.1006/icar.1995.1194.
Murray, C. D. and S. F. Dermott (1999). Solar system dynamics. University Press,
Cambridge.
Nakamura, A. and A. Fujiwara (1991). Velocity distribution of fragments formed
in a simulated collisional disruption. Icarus, 92, pp. 132–146. doi:10.1016/
0019-1035(91)90040-Z.
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