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Abstract

Generally speaking, a communication channel refers to a medium through which an
information-bearing signal is corrupted by noise and distortion. A communication
channel may result from data storage over time or data transmission through space.
A primary task for communication engineers is to mathematically characterize the
channel to facilitate the design of appropriate detection and coding systems.
In this dissertation, two diﬀerent channel modeling challenges for ultra-high density magnetic storage are investigated: two-dimensional magnetic recording (TDMR)
and bit-patterned magnetic recording (BPMR). In the case of TDMR, we characterize the error mechanisms during the write/read process of data on a TDMR medium
by a ﬁnite-state machine, and then design a state-based detector that provides soft
decisions for use by an outer decoder. In the case of BPMR, we employ an insertion/deletion (I/D) model. We propose a LDPC-CRC product coding scheme that
enables the error detection without the involvement of Marker codes speciﬁcally designed for an I/D channel. We also propose a generalized Gilbert-Elliott (GE) channel
to approximate the I/D channel in the sense of an equivalent I/D event rate. A lower
bound of the channel capacity for the BPMR channel is derived, which supports our
claim that commonly used error-correction codes are eﬀective on the I/D channel
under the assumption that I/D events are limited to a ﬁnite length.
Another channel model we investigated is perpendicular magnetic recording model.
Advanced signal processing for the pattern-dependent-noise-predictive channel detectors is our focus. Speciﬁcally, we propose an adaptive scheme for a hardware design that reduces the complexity of the detector and the truncation/saturation error
caused by a ﬁx-point representation of values in the detector.
Lastly, we designed a sequence detector for compressively sampled Bluetooth signals, thus allowing data recovery via sub-Nyquist sampling. This detector skips the
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conventional step of reconstructing the original signal from compressive samples prior
to detection. We also propose an adaptive design of the sampling matrix, which almost achieves Nyquist sampling performance with a relatively high compression ratio.
Additionally, this adaptive scheme can automatically choose an appropriate compression ratio as a function of Eb /N0 without explicit knowledge of it.
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1. Introduction

The recent decades have witnessed an era of the burst of information. Handling the
information has closely linked with everyone’s daily life. The capacity of storage devices greatly aﬀects the amount of information that can be stored for later processing,
while digital communication systems aid in improving the eﬃciency of information
transmission. Thus, the research related to these two areas has gained great interest
and achieved tremendous progress in recent years. And it can be foreseen that this
trend will extend to the near future.
In this dissertation, we propose various advances involving coding and signal processing techniques, as follows:

1.1. Perpendicular magnetic recording
Over the past several decades, we have witnessed the million fold increasement of
the areal density of the disk drives. However, as a traditional technology employed
for commercial disk drives, longitudinal recording [22] has a slower growth rate on
areal density, main owing to the fact that we are gradually approaching its superparamagnetic limit. Thus, more search and development eﬀorts are being made in
perpendicular recording [31], which has claimed to be able to achieve much higher
areal densities than longitudinal recording. During such a transition from longitudinal to perpendicular recording, we are faced with several engineering challenges
associated with the realization of various modules in a drive write/read system, such
as head, disk, head/disk interface, servo, signal processing, coding, etc.
In Chapter 2, we will only focus on the signal processing part, speciﬁcally the
channel detection for intersymbol-interference (ISI) channels with the presence of
data-dependent (DD) colored noise during the read-back process.The story starts from

13
the channel equalizer which forces the noise input at the detector to be correlated.
As a result, incorporating noise whitening scheme into the branch metric calculation
of the Viterbi or BCJR algorithm has been proved to improve performance of partial
response maximum likelihood (PRML) detectors. This approach is called the noise
predictive maximum likelihood (NPML) method, and has gained a lot of research
interest since [32], [33].
Now NPML has developed into a mature technology widely used in industry. From
the view of pratical implementation in industry, we focus on the optimization of the
algorithms involved in hardware-oriented design for an NPML detector. The main
contribution is an adaptive algorithm that allows the calibration of NP ﬁlters to be
adaptively suitable for diﬀerent noise levels.

1.2. Bit patterned media recording
Compared with conventional magnetic storage systems, bit-patterned media (BPM)
requires innovative technologies for fabricating novel media and innovative signal processing. By the novel media, we refer to a piece of magnetic media with the predeﬁned
bit-island locations awaiting for the bit writing [19]. Manufacturing aspects with challenges related are not addressed in this chapter (for a review, see [20]). On the other
hand, the key issue related the writing process in BPMR is the synchronization of the
write clock: the rising edge of the write clock should ideally lie in the center of the
trench separating the bit-islands. Further, for a particular clock period, a write to
a bit island is successful only when more than half of the island corresponds to that
particular clock period. Otherwise, an island will be miswritten by a neighboring bit
of the desired bit, which results in an inserted bit or a deleted bit.
Even if our focus is not on BPM, we will probably have to face the bit insertion/loss challenge in the near future when very high density magnetic storage inevitably starts to insert/lose bits, owing to the write synchronization or the write

14
position jitter. Thus, in Chapter 3, we employ the insertion/deletion (I/D) channel
model to approximate the write/read-back procedure in BPM. Then we seperately
consider about two cases: 1. the eﬀect of an I/D event lasts for the whole data block
(e.g. 32K bytes); 2. the I/D event can be monitored and corrected after it aﬀects several data bits. For the ﬁrst case, we employ an LDPC-CRC product code, combined
with an event detector. This scheme enables the use of common ECC codes for the
I/D channel where the use of explicit insert/deletion codes is always a solution. For
the second case, we derive a mathematical channel model that closely approximates
the simulated measurements of the bit-patterned-media recording (BPMR) channel
model. By our model, we claim a lower bound of the channel capicity and conclude
that capacity-approaching error-correction codes are suﬃcient.

1.3. Two-dimensional magnetic recording
The density of magnetic data storage on hard disk drives exceeds an astonishing
500 Gbits/in2 , with the growth rate in recent years exceeding 30% per year. Unless
dramatic innovations are made in the current recording process, this pace will soon
face a fundamental physical limit, namely, the thermal stability of the polarizations
of the magnetized grains within the magnetic medium.
In recent years, a technique called two-dimensional magnetic recording (TDMR)
has been proposed [5]. TDMR has the advantage of exploiting conventional media,
and transfers the technological challenges to more innovative writing, reading, signal
processing, and coding. In a conventional medium, projected to limit at about 20
Teragrains/in2 , the goal is the storage of about 10 Terabits/in2 of user data (0.5 user
bits per grain). For example, for a rate-1/4 error-correction code and an average grain
size of two code bits, each grain will store 0.5 user bits; alternatively, each user bit
is eﬀectively recorded across two grains. By contrast, modern systems achieve only
0.05 to 0.06 bits per grain.
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Such a recording strategy will require shingled writing, a write process in which
a given track partially overwrites the previous track, resulting in very narrow tracks
and no intentional guard bands (although there may still be a region along the seam
between tracks where there may be much noise and little signal from either track).
The read electronics for signal processing and decoding will have to be vastly diﬀerent
from present-day designs. First, because of the unavoidable (nonlinear) intersymbol
interference aﬀecting each recorded bit from all four sides, the detector will have to
employ two-dimensional techniques. Second, because of the nature of the interference,
described in later sections, lower code rates than those used in today’s disk drives are
necessary. Of course, such multi-dimensional signal processing necessitates multiple
read heads, or at least a single read head and suﬃcient memory to store samples read
successively from multiple tracks.
The seminal work in [5] has led to the investigation of various challenges posed
by TDMR recording, including writing, reading, channel modeling, signal processing,
and architectures [6–11]. In Chapter 4, we examine the feasibility of the TDMR vision
from the perspective of error-correction channel codes. That is, we select two simple
channel models that capture the essence of the TDMR recording scheme. These
simple channel models are based on rectangular grains that thoroughly cover the
medium. We then present achievable information rates for one channel model and
capacity bounds for the other. Finally, we present simulation results for a serial turbo
code and compare its “error-free” performance with the achievable rate results. To
the extent that the channel models are accurate, the results are very promising: we
show that 0.5 user bits/grain is indeed attainable in theory and with a practical code.

1.4. Compressive receiver
Compressive sensing (CS) [35] has gained substantial interest in recent years. It
asserts that one can recover sparse signals with a sub-Nyquist sampling rate. The
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framework of compressive sensing is concerned with the recovery of an unknown vector representing the signal of interests from an underdetermined system of linear
equations. The condition for successful recovery is sparsity of the signal itself. Fortunately, this is a common occurrence. For example, spread spectrum signals [36] for
digital communications possess a bandwidth that is much greater than their information rate. In our work, the Bluetooth signal, a well-known representative of spread
spectrum signals, is our focus. The Bluetooth standard [37] is widely used in various
wireless applications. It employs Gaussian frequency-shift keying (GFSK), a speciﬁc
form of continuous phase modulation (CPM) [38], combined with frequency-hopping
spread spectrum (FHSS) [36].
In Chapter 5, we introduce a Viterbi sequence detector to retrieve data bits directly via compressively sampled measurements. That is, the Viterbi detector is able
to provide data bit decision based on compressed samples, avoiding the compressive
recovery step. Moreover, sequence detection is compatible with the intersymbol interference (ISI) character of the Bluetooth signal (in particular, GFSK), and thus
avoids the possibility of error propagation due to incorrect symbol-wise detection.
We also propose an adaptive scheme for designing a deterministic sampling matrix
speciﬁcally for the compressive receiver. Our proposed compressive sampling greatly
outperforms the random sampling matrix, and is within 1dB of Nyquist sampling
with relatively high compression ratio. This obviates the need for samplers operating
at an unaﬀordable high sampling rate, and thus greatly reduces the power and areal
cost in chips. It also enables appropriate and time-variant compression ratios under
the various noise level.
Additionally, the whole idea can be extended in a straightforward way to any
sparse signals that can be expressed by a state diagram or by a dictionary.
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2. Hardware-oriented Design for perpendicular recording channels

2.1. Introduction
Areal density has always been a main driving force of progress in magnetic recording technology. Over the past several decades, we have witnessed the million fold
increasement of the areal density of the disk drives. However, as a traditional technology employed for commercial disk drives, longitudinal recording [22] has a slower
growth rate on areal density, mainly owing to the fact that we are gradually approaching its superparamagnetic limit. Thus, more search and development eﬀorts are being
made in perpendicular recording [31], which has claimed to be able to achieve much
higher areal densities than longitudinal recording. During such a transition from longitudinal to perpendicular recording, we are faced with several engineering challenges
associated with the realization of various modules in a drive write/read system, such
as head, disk, head/disk interface, servo, signal processing, coding, etc.
In this chapter, we will only focus on signal processing, speciﬁcally the channel
detection for intersymbol-interference (ISI) channel model with the presence of datadependent (DD) correlated noise during the read-back process.Our work starts from
the channel equalizer which forces the noise input at the detector to be correlated.
As a result, incorporating noise whitening scheme into the branch metric calculation
of the Viterbi or BCJR algorithm has been proved to improve performance of partial
response maximum likelihood (PRML) detectors. This approach is called the noise
predictive maximum likelihood (NPML) method, and has gained a lot of research
interest since [32], [33].
Besides introducing the basic idea of pattern-dependent noise predictive (PDNP)
detector, we mainly focus on the design of a hardware-oriented ﬁxed-point system,
where constraints like computational complexity, number of registers in need and etc,
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will be taken special care of. The rest of this chapter is organized as follows: in section
2.2, a brief description of the system architecture will be introduced, together with
an introduction regarding perpendicular magnetic recording channel model. Then
our focus will move from theoretical part to practical implementation. Namely, since
section 2.3, our discussion will focus on a ﬁxed-point system. Several novel strategies
will be introduced in that section, under the guideline of suﬀering the least performance loss with the lowest computational complexity and hardware implementation
cost.

2.2. System architecture
In this section, we ﬁrst provide some backbround introduction on the channel model
that we are going to simulate with, and then a brief introduction of system architecture for the receiver, especially that of the PDNP detector. Lastly, we will provide
more details of the simulation system models that are used to achieve all simulation
results throughout this chapter.
2.2.1. Channel and system model
We consider a channel model by Z. Wu, and etc [34]. Employed by most references,
the transition response is given by
s(t) = Vmax erf (

0.954t
)
T50

(2.1)

where erf (.) is the error function and T50 is the width of the transition reponse
measured from −Vmax /2 to Vmax /2. Let ak ∈ {−1, 1} be the binary input data
sequence and di = 12 (ak −ak−1 ) ∈ {−1, 0, 1} be the corresponding transition sequence.
Then the channel output x(t) has the form
x(t) =


i

di s(t + δi + ji − iB) + e(t)

(2.2)
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where δi is the net shift of the transition di with respect to its norminal location in
the recording medium; ji is the random position jitter; B is the channel bit spacing
and e(t) is the electronics noise modeled as a zero-mean, AWGN process with power
spectral density N0 .
To reduce computational complexity, we approximate the channel output by truncating the Taylor series expansion of the transition response to three terms, as given
by
x(t) ≈


i

+

di s(t − iB) +


i



di (δi + ji )s (t − iB)

i

δi + ji2 
s (t − iB) + e(t)
di
2

(2.3)

where s (t) and s (t) are the ﬁrst and second derivatives of the transition response
s(t), respectively.
Before the introduction of discrete-time signal at the receiver end, the system
diagram is shown in Fig. 2.1. The channel output is ﬁrst sampled and then passed

ai

sampling
rate = kB
Channel

Equalizer

x(t)

xk

Detector
yk

Figure 2.1. System diagram
through the equalizer before it enters the detector. Given the target equalizer response
T (D) = T−M D−M + T−(M −1) D−(M −1) + ... + T −1 D−1 + T0 + T1 D + ... + TL DL , the
equalizer output yk can be written as
yk =

L

i=−M

Ti ak−i + nk

(2.4)
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where the noise sample nk can be derived as
nk =



di (δi + ji )hk−i +

i


i

di

δi + ji2 
h k − i + w k + vk
2

(2.5)

with hk−i and hk−i denoting the convolution of the FIR equalizer taps with the corresponding discrete-time samples of s (t − iB) and s (t − iB), respectively. Thus, the
noise nk , which has non-zero mean and a non-Gaussian density, takes into account
all the contributions for transition jitter noise, colored AWGN and misequalization
error, and etc.
In the rest of this chapter, we will consider the noise with 70% jitter noise, 5%
width deviation noise, 15% DC noise, and 10% electronics noise. Furthermore, we
2
deﬁne the signal-to-AWGN ratio to be SN R = 10log10 (Vmax
/N0 ), which always ranges

from 14.8dB to 15.8dB.
2.2.2. PDNP detector
It has been shown in the previous section that the noise seen by the detector is
correlated. Experiments on the practical readback of hard-disk drives demonstrate
that the noise is also dependent on the data sequence ai . It it well known that,
for an ML/MAP detector to provide the optimal performance, the noise samples nk
should be an independent identically distributed (i.i.d.) sequence. Thus, in recording
channels, it is necessary and eﬀective to whiten the noise sequence before the detector.
PDNP detection is a technique that whitens the noise samples seen by the detector
in a data-dependent fashion. In most references, it is assumed that the colored noise
nk can be modeled as an auto-regressive Gaussian (also known as a Gauss-Markov)
process, namely
nk (p) =

L


fl (p)nk−l (p) + ek (p)

(2.6)

l=1

where p denotes the data pattern, fl , l = 1, 2, ..., L are the auto-regressive coeﬃcients,
and ek is a white Gaussian sequence (note: not necessarily of zero-mean) that also
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depends on the data pattern p.
In practice, the auto-regressive coeﬃcients fl (p) are unknown, but can be obtained
from the statistics of the noise nk (p). By multiplying both side of (2.6) with the vector
n(p)  [nk−1 (p), nk−2 (p), ..., nk−L (p)]

(2.7)

and taking the expectation of both sides, we can get
E{nk (p)n(p)} = f (p)T E{n(p)n(p)T }

(2.8)

where f (p) = [fk−1 (p), fk−2 (p), ..., fk−L (p)]T is the vector representation of autoregressive coeﬃcients. Note that, the fact that ek (p) is independent of n(p) has been
used to derive (2.8). Thus, if we denote R−1 (p) = E{n(p)n(p)T }−1 , then we derive
f (p)T = E{nk (p)n(p)}R−1 (p)

(2.9)

and the prediction error variance turns out to be
σ 2 (p) = E{nk (p)2 } − E{nk (p)n(p)}T R−1 (p)E{nk (p)n(p)}

(2.10)

Once we have auto-regressive coeﬃcents fl (p) available, we can get access to uncorrelated Gausian noise samples ek (p) by ﬁltering the initial noise samples nk (p)
ek (p) = nk (p) −

L


fl (p)nk−l (p)

(2.11)

l=1

From now on, we name such whitening ﬁlters as noise predictive ﬁlter (NPF), and
fl (p) as NPF taps.
The last thing that needs to be mentioned is, in pratice, the patterns p are usually
restricted to be dependent on data bits within a ﬁnite sliding-window. For example,
k+N
the current index being denoted as k, the pattern p can be denoted by pk−M
for some

nonnegative integers M and N .
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2.2.3. Simulation system model
In our work, we mainly focus on NPF training and PDNP detector. That is, the
equalizer output yk together with the equalizer target is served as the input to our
simulation system, and we will not dig into the inside implementation of the equalizer
itself. Fig. 2.2 shows how the noise prediction process is implemented to whiten the
noise for the detector.

Equalizer
output yk

NPF Training

Bias, Variance
NPF taps

Equalizer
output yk
whitening
filtering

BCJR detector

bit decision
Figure 2.2. Simulation system model
Speciﬁcally, the simulation system consists of two parts:
1. training/calibration sub-system: The known data bit sequnce ak is used to
train the NPF, collecting bias, variance and NPF taps for each data pattern.
When suﬃcient training has been done to achieve reliable NPF’s, the training
sub-system will be terminated and the detection sub-system will be launched.
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2. detection sub-system: Whitening ﬁlters are employed to whiten the noise, and
then the BCJR detector deals with bit detection.

2.3. Hardware-oriented NPML detector
The algorithm derived in the previous section is straightforward to understand. However, in practical implementation, especially in a hardware-oriented system, the algorithm itself needs some revision to reduce the computational complexity. Also we
would like to introduce ﬁxed-point simulation system as well. So the guideline of this
section is how to reduce the computational complexity and make the algorithm easily
implemented without much performance degradation.
The rest of this section is organized as follows. First of all, an least-mean-square
(LMS)-based adaptive noise prediction algorithm will be introduced. Then we will
specify the ﬁxed-point representation for the data ﬂow inside the PDNP detector,
including the NPF taps training. Lastly, we will introduce a variance normalization
scheme, which can solve the inappropriate saturation/truncation issue caused by various SNR range, given a ﬁxed number of bit resolution for the data ﬂow of ﬁxed-point
format.
2.3.1. LMS-based adaptive noise prediction
One main disadavantage of noise prediction by (2.9) and (2.10) is to involve the
calculation of matrix invertion, which is too much an unnecessary burden for the
hardware design. Furthermore, it can not be implemented adaptively. Thus, we
introduce an LMS-based adaptive noise prediction scheme, to proceed NPF training
adaptively with lower computational complexity.
From now on, we will focus on a speciﬁc design case for clarity, where the target
equalizer response is T (D) = T−1 D−1 + T0 + T1 D and each NPF has 3 taps. (Note:
the results are universal and easily extended to other cases.) In our case, the relation
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between nk , data bits ak and equalizer output yk can be derived as
ek (p) = nk (p) −

3


fl (p)nk−l (p)

l=1

= yk − yidealk +

3


fl (p)[yk−l − yidealk−l ]

l=1

= yk −

+1


Tm ak−m +

m=−1

3

l=1

fl (p)(yk−l −

+1


Tm ak−l−n )

(2.12)

n=−1

So, the pattern for the current index k involves 6 consecutive data bits, namely
{ak−4 , ak−3 , ak−2 , ak−1 , ak , ak+1 }, and thus the number of patterns is 26 = 64. To
make some notations clear for the rest of this chapter, we always label patterns and
corresponding NPF’s by its 0 − 1 binary representation of patterns. For example, for
the pattern {ak−4 = −1, ak−3 = +1, ak−2 = +1, ak−1 = −1, ak = 1, ak+1 = 1}, we
choose ak−4 as most signiﬁcant bit (MSB) and set its 0 − 1 binary representation as
100100, and thus we label it as pattern 36 or [100100]. From now on, no matter how
many bits a speciﬁc pattern involves, we always employ this notation for labeling.
Algorithm 1 illustrates more details about the adaptive algorithm.During the NPF
training, data bit sequence ak is known, so for the given noise sample nk , its pattern
is also known. For each pattern, we employ Algorithm 1 to adaptively update NPF
taps, bias (mean value of whitened noise sample ek ) and prediction error variance σ 2 ,
until some stopping criteria are satisﬁed.
In the rest of this subsection, we will introduce some tricks that are used to reduce
the number of patterns and also NPF’s. The direction is to reduce the number of data
bits involved in each pattern from 6 to some smaller number. The reason is regarding
complexity: 1. more registers for storage are in need; 2. more training samples have
to be used for the adaptive algorithm to converge. Such delay on the critical path
has always been undesirable for the hard-disk drives design; 3. the more data bits
involved in each pattern, the more states the upcoming ML/MAP detector has to be
designed with. Compared with the previous two points we mentioned, the increased
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Algorithm 1 basic LMS-based NPF training
Input: nk = yk − yidealk , step size μ
Initialization: fl (p) = 0;
while stopping criteria not satisﬁed do
(for the current index k and its corresponding pattern p ∈ {1, 2, ..., 64})
calculate the whitened noise sample ek by (2.12)
subtract the corresponding bias ek (p) = ek (p) − bias(p)
update NPF taps by fl (p) = fl (p) − μek (p)nk−l , l = 1, 2, 3
update bias and variance according to the statistical deﬁnition, respectively
end while
return taps fl (l = 1, 2, 3),bias and variance σ 2 for each pattern
cost and complexity in the detector is more unaﬀordable.
Actually the strategy for reducing the number of data bits involved for a speciﬁc
pattern is straightforward. Experiments on hard drives show that, as the commonsense also suggests that, although data bits {ak−4 , ak−3 , ak−2 , ak−1 , ak , ak+1 } are all
involved in the current noise sample nk , those neighboring bits like {ak−1 , ak , ak+1 }
contribute more to the diﬀerence between patterns. In other words, if we want to
keep only 3 bits to represent a data-dependent pattern, it makes more sense to keep
{ak−1 , ak , ak+1 }, rather than others. Basically, we employ the following 2 steps to do
so:
1. Remove ak−4 :
It is obvious to see from (2.12) that ak−4 is not involved much. Simulation
results show that the tap f3 of each pattern always possess a small absolute
value, and thus either ak−4 = −1 or ak−4 = +1 makes insigniﬁcant diﬀerence to
(2.12). Based on such consideration, we simply substitute the real value of ak−4
in (2.12) by 0, as 0 could be the best guess under the assumption that data bits
have the equal probability to be either +1 or −1.
2. Pattern classiﬁcation:
Magnetizing polarity symmetry oﬀers us such a fact that each pair of patterns
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like [00000] and [11111] results in almost the same aﬀect on current noise sample nk , except that the polarity of the value nk is always the opposite. More
precisely, NPF taps and variances for pattern [00000] and [11111] are almost
identical, while bias of those two patterns share the similar absolute value but
with the opposite sign. In other words, unlike step 1 where the contribution of
ak−4 is simply omitted, the simpliﬁcation operation here is more like a mapping
or classiﬁcation, such that pair of patterns share the same NPF to get whitened
noise with the same variance but opposite bias value. After such a 2-to-1 mapping, we have 16 patterns (e.g. [00000] ∼ [01111]) as representatives for all 32
patterns. Then we can do the mapping again to the 16 representatives, namely
combining the pair [00000] and [01111]. Notice that this time, it is actually a
partial polarity symmetry, and thus suﬀers more approximation. In conclusion,
we classify 32 patterns into 8 classes with a 4-to-1 mapping. TABLE 2.1 lists
the details for mapping. As a result, we only need 8 NPF’s for the 8 representative patterns (RP) labeled from 0 to 7. That is, 4 patterns share 1 NPF
but with respective bias. And from now on, we will not diﬀerentiate the term
“pattern” with “representative pattern”, and always use the term “pattern” to
refer to a representative pattern for short.
In conclusion, we employ a 4-to-1 mapping scheme and thus 8 NPF’s to whiten
the correlated noise sample nk , so that what the detector faces are whitened noise
samples ek with known statistics bias and variance σ 2 .
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Initial pattern (IP)
[00000]
[00001]
[00010]
[00011]
[00100]
[00101]
[00110]
[00111]
[01000]
[01001]
[01010]
[01011]
[01100]
[01101]
[01110]
[01111]
[10000]
[10001]
[10010]
[10011]
[10100]
[10101]
[10110]
[10111]
[11000]
[11001]
[11010]
[11011]
[11100]
[11101]
[11110]
[11111]

No. IP
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

Representative pattern (RP)
[00000]
[00001]
[00010]
[00011]
[00100]
[00101]
[00110]
[00111]
[00111]
[00110]
[00101]
[00100]
[00011]
[00010]
[00001]
[00000]
[00000]
[00001]
[00010]
[00011]
[00100]
[00101]
[00110]
[00111]
[00111]
[00110]
[00101]
[00100]
[00011]
[00010]
[00001]
[00000]

No. RP
0
1
2
3
4
5
6
7
7
6
5
4
3
2
1
0
0
1
2
3
4
5
6
7
7
6
5
4
3
2
1
0

Table 2.1. Mapping table for pattern reduction
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2.3.2. Fixed-point system
In computing, a ﬁxed-point number representation is a real data type for a number
that has a ﬁxed number of digits after (and sometimes also before) the radix point.
Fixed-point number representation can be compared to the more complicated (and
more computationally demanding) ﬂoating-point number representation. Fixed-point
numbers are useful for representing fractional values, usually in base 2 or base 10,
when the executing processor has no ﬂoating point unit (FPU) or if ﬁxed-point provides improved performance or accuracy for the application at hand. Most low-cost
embedded microprocessors and microcontrollers do not even have an FPU. Thus, for
a hardware-oriented system design, a ﬁxed-point system has always been mandatory.
From now on, we will focus on the case with base 2. Additionally, we will always
use the format “Sx.x” or “x.x” to represent the bit width of a ﬁxed-point number in
our system. For example, “S5.2” can be interpreted as following:
1. “S”: 1 bit for sign, indicating that this number can be either positive or negative; if no “S”, it means that this number is always positive.
2. “5”: 5 bits are assigned to represent the integer part of this number. Recall
that base 2 is used, it is straightforward that the integer part of this number
has the range from 0 to 31.
3. “2”: 2 bits are assigned to represent the decimal part of this number, which
means the least precision is 2−2 , namely 0.25.
As a result, when a ﬂoating-point number is represented in such a “S5.2” format,
then sometimes it is inevitable that we suﬀer some truncation or saturation error.
Here toy examples are provided to help understanding the format. (See TABLE 2.2)
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Floating-point number
-15.44
35.928
-34.888

Fixed-point number under S5.2
-15.50
31.75
-32.00

Error type
Truncation error
Saturation error
Saturation error

Table 2.2. Fixed-point representation format
Now it is a good opportunity to deﬁne the ﬁxed-point bit width for the data ﬂow
throughout the simulation system shown in Fig. 2.2. To start with, we deﬁne the bit
resolution for those parameters that are employed as I/O interface between diﬀerent
modules as following:
1. Equalizer output yk : S5.0
2. NPF taps fl : S1.6
3. Bias: S5.2
Inside the NPF training module, the precision issue turns out to be a little bit more
tricky. It can be seen from Algorithm 1 that bias(p) is used to update NPF taps,
and then NPF taps are used to update bias(p). Owing to the fact that the two updating both have to respectively involve a step size value small enough to ensure the
convergence, we notice that two sets of bit width work better. Namely, we employ
a set of registers with longer bit width storing NPF taps and bias for accumulation.
Meanwhile, when we use NPF taps to update bias or use bias to update NPF taps, we
dump out values from longer registers and truncate to shorter format for calculation.
When the training is done, what serves as I/O interface parameters for the detector
also come from the shorter registers. Fig.2.3 illustrates the scheme in a straightforward way. The longer registers store values for adaptive accumulation, while the
shorter registers store values for updating and later use as output for the detector.
For the interior of the BCJR detector, we deﬁne the bit resolution as following:
1. Branch metric γ: 4.3
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2. State metric α and β: 6.3
3. log-likelihood ratio (LLR) for bit decision: 7.3
In conclusion, now we have fully deﬁned the bit resolution for the entire data
ﬂow in our simulaton system. Compared with a ﬂoating point simulator, we suﬀer
from performance degradation and other ﬁxed-point quantization issues, which we
will dicuss later in the section 2.4.

LMS-based NPF training
Long
register
NPF taps
S1.19

Short
register
truncate

NPF taps
S1.6

te
da
p
u
up
da

te

Noise bias
S5.15

truncate

Noise bias
S5.2

Figure 2.3. Bit width for LMS updating

2.3.3. Variance normalization scheme
This variance normalization scheme for NPF training actually results from the computational complexity inside the BCJR detector. In a common BCJR detector dealing

31
with additive white Gaussian noise (AWGN), the branch metric from state Sk−1 to
Sk is computed as
λk (Sk−1 , Sk ) = log(p(yk |Sk−1 , Sk ))
= −0.5log(2π) − log(σ) −

(yk − yidealk )2
2σ 2

(2.13)

where σ 2 is the variance of AWGN, yidealk is the noiseless branch output, and thus
yk − yidealk is the noise added to the sample. Now for the PDNP detector, the basic
idea is identical, except that σ 2 is pattern-dependent and that the noise needs ﬁltering
to get uncorrelated, namely
λk (Sk−1 , Sk ) = log(p(yk |Sk−1 , Sk ))
= −0.5log(2π) − log(σ(p)) −

(zk − zidealk )2
2σ 2 (p)

(2.14)

where zk is the NPF output of yk and zidealk is the NPF output of yidealk plus bias,
namely
zk (p) =

3


fi (p)yk−i

(2.15)

i=0

zidealk =

3


fi (p)yidealk−i + bias(p)

(2.16)

i=0

with f0 = 1 indicating the main tap of the NPF.
Now the complexity issue we would like to discuss is about the last two terms
in (2.14) (Note: the ﬁrst term −0.5 log(2π) is a constant for all branches, so it can
be omitted). Both logarithm and division by an arbitrary number cost too much
computation for a hardware-oriented system. The basic idea of variance normalization
scheme we proposed is to normalize variances of all 8 patterns to some ﬁxed and simple
value A(e.g. A is a certain power of 2), so that the division can be easily implemented
by register shift.
Actually, the solution turns out to be easier than it appears. Owing to the fact
that ﬁltering is a linear operation, we can scale down whitened noise samples ek and
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their statistics like variance by propotionally scaling down the taps of NPF. The
mathematical expression is
(zk − zidealk )2
(zk − zidealk )2 A
=
2σ 2 (p)
A
2σ 2 (p)

[ 2σ2A(p) (zk − zidealk )]2
=
A

(2.17)

By plugging in (2.15) and (2.16), we can derive that
3  A
3  A
(
f
)y
−
f )yidealk−i − bias(p)]2
[
2
i=0
i=0 (
2σ 2 (p) i k−i
2σ 2 (p) i
(zk − zidealk )
=
2σ 2 (p)
A
(2.18)

Thus, 2σ2A(p) is the ratio that we would like to scale NPF taps down. Notice that
previously the main tap was set to 1 initially and freezen or each pattern, we can
derive the scaled main tap as

f0 (p) =

A
2σ 2 (p)

(2.19)

As a result, no matter what initial variance those patterns possess respectively, we
force them all to share a common variance A/2 by scaling down or up their NPF taps
respectively. And the logarithm term in (2.14) will be proprotional to the log(f0 (p)),
and thus after the NPF training, a look-up table can be made to eliminate the logarithm calculation.
However, some readers may notice that the solution mentioned here is still involved

with a multiplication with the scalar 2σ2A(p) . So it can not be considered as a solution
if it is introduced to obviate the computational complexity of division. But this
multiplication is for NPF taps, which means that it can be done during the adaptive
training. Fortunately, the LMS-based adaptive training can fulﬁll scaling up or down
merely by additive accumulation easily. The basic idea to achieve this is that, every
time a noise sample nk enters the training sub-system, we can calculate its squared
errorc based on NPF taps and statistics we have already achieved for this pattern.
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Then we subtract from the main tap of that pattern the diﬀerence (multiplied by a
small step size) between the calculated squared error and the desired variance A/2
. The ﬁnal result after suﬃcient adaptations is that for each pattern, the main tap
converges to the desired value f0 (p), and so do the rest taps.
Algorithm 2 illustrates the above intuition in a more accurate way, also including
the special consideration for ﬁxed-point calculation. For clarity, we do not explicitly
mention which bit width (either that of short registers or that of long registers) is
employed for every step. So we recommend the readers to refresh your mind with
Fig.2.3 occasionally when going through the Algorithm 2. One more thing that
needs mentioning here is, unlike the previous explanation about making use of the
diﬀerence between the calculated squared error and the desired variance A/2, it is the

diﬀerence between the absolute error and A/π that we are subtracting to scale the

main tap for variance normalization purpose. (Note:
2σ 2 /π is the absolute mean
value of a zero-mean Gaussian random variable with variance as σ 2 .) The reason
is still regarding computational complexity, as it is more complicated to do a square

calculation than getting rid of the sign for absolute value and A/π is just a constant
that can be stored beforehand. Besides, as the variance has been forced to A/2 and
the normalization process itself has nothing to do with the real variance, we no longer
need to bother calculating and storing variances. Lastly, we also employ an adaptive
way to update the bias for each pattern only by addition. Notice that if we choose
all step size parameters γ, μ as some negative power of 2, then it is just shifting and
doing accumulation from various positions in the accumulation register. So now, we
can claim that algorithm2 provides an adaptive way of NPF training with the best
eﬀort to substitute complicated operations by addition equivalently.
Now we propose the last optimization for our algorithm. Notice that Algorithm 2
needs pre-knowledge of variances for various patterns, especially for the pattern with
the smallest variance, to choose an appropriate value for A. Otherwise, we may end
up with a bad choice of A, together with either of the following cases as consequences
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Algorithm 2 Variance normalized NPF training for hardware design
Input: nk = yk − yidealk , step size μ, γ
Initialization: fl (p) = 0;
while stopping criteria not satisﬁed do
(for the current index k and its corresponding pattern p ∈ {1, 2, ..., 64})
calculate the whitened noise sample ek by (4.12)
subtract the corresponding bias ek (p) = ek (p) − bias(p)
update NPF taps by fl (p) = fl (p) − μek (p)nk−l , l = 1,
2, 3
variance normalization: f0 (p) = f0 (p) + γ · (|ek (p)| − A/π)
update bias adaptively by bias(p) = bias(p) + γ · ek (p)
end while
return taps fl (l = 1, 2, 3) and bias for each pattern
which introduce some unnecessary side aﬀect:
1. too small or large A: NPF taps suﬀer too much scaling down (or up), which
results in the ﬁltered output being too small (or large) to ﬁt the bit resolution
for the ﬁxed-point system. Thus, unnecessary saturation or truncation errors
occur.
2. A in the middle of the range of variances for all patterns:
then NPF taps of some patterns are to be scaled up while others are to be scaled
down. Theoretically speaking, it does not matter as long as all variances are
going to converge to A/2. But in a ﬁxed-point system, as we mentioned before,
we set the bit resolution for NPF taps as S1.6. That is, we are assuming all tap
values less than 1, so that we can save more bits for the decimal part.
So based on such consideration, we deﬁne a good choice of A as some power of 2,
such that it is smaller but not much smaller than real variances of all patterns. Now
we revise Algorithm 2 a little bit, so that it can choose an appropriate value for A
automatically, based on estimation of real variances of all pattern. The price of this
revision is that we have to do calculation for variances again, unwillingly. Algorithm
3 is the revised version.
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Algorithm 3 Variance adaptively-normalized NPF training for hardware design
Input: nk = yk − yidealk , step size μ, γ
Initialization: fl (p) = 0;
while stopping criteria not satisﬁed do
(for the current index k and its corresponding pattern p ∈ {1, 2, ..., 64})
calculate the whitened noise sample ek by (4.12)
subtract the corresponding bias ek (p) = ek (p) − bias(p)
update NPF taps by fl (p) = fl (p) − μek (p)nk−l , l = 1, 2, 3
if variance estimation ﬁnished then

variance normalization: f0 (p) = f0 (p) + γ · (|ek (p)| − A/π)
end if
update bias adaptively by bias(p) = bias(p) + γ · ek (p)
estimate variance adaptively by σ 2 (p) = (1.0 − γ) · σ 2 (p) + γ · σ 2 (p)
end while
return taps fl (l = 1, 2, 3) and bias for each pattern
In conclusion, in this subsection, we introduce a scheme that can automatically
normalize variances of each patterns to a desired and ﬁxed value. What we beneﬁt
from this scheme are listed as following:
1. Computational complexity of branch metric inside the BCJR detector is extremely reduced;
2. By normalizing variances of all patterns, we take control of the magnitude
range of data ﬂow inside the NPF training process, and also that of output
for the BCJR detector. Such control actually allows us to design a suitable bit
resolution format as universal as possible, to reduce the ﬁxed-point error caused
by truncation/saturation to most degree.
In fact, the bit resolution format we introduced in section 2.3.2 is based on Algorithm
3.
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2.4. Performance evaluation
In this section, we provide some simulation results, to illustrate and support our
proposed scheme in previous sections. First, we make following comments regarding
simulation setup or relevant issues:
1. Equalizer output yk and data bit sequence ak : both data bits and equalizer
outputs are arranged in a sector of length 37728 bits. And throughout this
section, the number of sectors is used for counting;
2. Equalizer target: [1.5 3.75 1.25] is always employed;
3. Noise: the noise consists of 70% jitter noise, 5% width deviation noise, 15% DC
noise, and 10% electronics noise. Furthermore, we deﬁne the signal-to-AWGN
2
ratio to be SN R = 10log10 (Vmax
/N0 ), which always ranges from 14.8 dB to 15.8

dB. But for some simulations, we only show performance on one or two SNR
point just to illustrate the idea without loss of generality.
Basically, the organization in this section follows the same order as that of previous
section, so we suggest going back to previous subsection for reference if one fails to
see the point of a particular plot at the ﬁrst glance.
2.4.1. NPF reduction
In this subsection, we are showing readers the eﬀect of reducing the number of NPF’s.
TABLE 2.3 shows the training result for the case SNR=15.8 dB. As we mentioned
before, pattern n (n < 15) and pattern 31 − n share very similar NPF taps and
variance, owing to the magnetizing polarity symmetry. Furthermore, we did another
approximate polarity symmetry to the pair of pattern n (n < 7) and pattern 15 − n.
TABLE 2.4 shows the result after the reduction from 32 NPF’s to 8 NPF’s.
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Pattern
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

NPF main tap
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

1st side tap
0.3666
0.1000
-0.3247
-0.2234
-0.2210
-0.2958
-0.0219
0.0958
0.1042
-0.0232
-0.2944
-0.2234
-0.2126
-0.2915
0.1211
0.3380
0.3345
0.1289
-0.3079
-0.1932
-0.2065
-0.2856
-0.0235
0.0993
0.1041
-0.0229
-0.2901
-0.2168
-0.2203
-0.3239
0.0872
0.3502

2nd side tap
0.0647
0.0298
-0.0836
-0.1176
0.0069
0.0474
-0.0194
-0.0688
-0.0401
0.0314
0.0589
0.0228
-0.0299
0.0062
0.0415
0.0378
0.0314
0.0405
0.0117
-0.0207
0.0124
0.0500
0.0109
-0.0343
-0.0704
-0.0204
0.0455
0.0038
-0.1337
-0.1035
0.0300
0.0630

3rd side tap
-0.0445
-0.0656
-0.0614
-0.0565
-0.0207
-0.0443
-0.0510
-0.0476
-0.0251
-0.0410
-0.0240
-0.0240
-0.0393
-0.0287
-0.0462
-0.0438
-0.0389
-0.0528
-0.0225
-0.0332
-0.0287
-0.0423
-0.0408
-0.0191
-0.0382
-0.0514
-0.0410
-0.0401
-0.0518
-0.0581
-0.0540
-0.0486

Table 2.3. Training results of 32 NPF’s

bias
-0.0017
0.0732
0.1129
-0.0090
0.0938
-0.0051
0.1046
-0.0391
0.1243
0.1240
0.1178
0.1163
0.1246
0.1272
0.1244
0.1167
-0.1234
-0.1191
-0.1219
-0.1236
-0.1147
-0.1148
-0.1218
-0.1235
-0.0208
-0.0422
-0.1227
-0.1149
-0.0372
-0.0329
-0.1218
-0.1157

variance
10.6394
23.5160
31.0045
20.8348
21.1653
31.4931
24.3065
12.3163
12.4538
24.5587
31.6740
21.4267
21.0483
31.1303
23.6310
10.6379
10.7445
23.5508
31.2722
21.0603
21.3355
31.6206
24.4345
12.4918
12.3318
24.3192
31.7959
21.3971
20.6877
30.8280
23.5981
10.5818
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Pattern
0
1
2
3
4
5
6
7

NPF main tap
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

1st side tap
0.3528
0.1161
-0.3119
-0.2033
-0.2312
-0.2987
-0.0239
0.0986

2nd side tap
0.0491
0.0313
-0.0243
-0.0704
0.0083
0.0516
0.0141
-0.0476

3rd side tap
-0.0393
-0.0559
-0.0426
-0.0376
-0.0357
-0.0421
-0.0482
-0.0277

bias
-0.0026
0.0579
0.0627
-0.0685
0.0698
-0.0099
0.0805
-0.0836

variance
10.6916
23.5409
31.1427
20.9660
21.3005
31.5984
24.4694
12.3702

Table 2.4. Training results after the reduction to 8 NPF’s
Besides intuitive observation of NPF taps, bias and variances, we also show the
bit error rate (BER) diﬀerence between 32, 16 and 8 NPF’s in TABLE 2.5. The BER
result supports our claim before that, the reduction from 32 NPF’s to 16 NPF’s turns
out to be almost lossless while the further reduction does cause a little bit performance degradation. Even though, we still beneﬁt more from the tradeoﬀ between
performance and complexity by the reduction of NPF’s. So, without special notice,
we will always employ 8 NPF’s for further simulations.
SNR(dB)/BER
32 NPF’s
16 NPF’s
8 NPF’s

14.8
0.0413
0.0415
0.0421

15.0
0.0378
0.0380
0.0385

15.2
0.0346
0.0347
0.0351

15.4
0.0316
0.0316
0.0320

15.6
0.0284
0.0284
0.0287

15.8
0.0254
0.0255
0.0258

Table 2.5. BER of Training results after the reduction to 8 NPF’s

2.4.2. Fixed-point simulation
In this subsection, we start showing performance based on ﬁxed-point simluation. The
deﬁnition of bit resolution format is the same as what we derived in section 2.3.2,
and we refer readers to refresh themselves occasionally with Formula (2.13) − (2.19).
From now on, we name zk as N P out, zidealk as edgemean and log(σ(p)) as logterm
for abbreviation.
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To show the performance gain of the proposed variance normalization scheme
(VNS), we did simulations on 3 diﬀerent formats shown in Fig. 2.4. Besides the
exact bit resolution format already shown in details in Fig. 2.4, we provide following
comments for further explanation:
1. For the format F 1, VNS algorithm is not involved, while for the format F 2 and
F 3 it is. Thus, for the format F 1, we actually did the branch metric calculation
based on (2.13), while for the format F 2 and F 3, we employed (2.17) with
A = 16.
2. For the intermediate variable (N P out − edgemean), we always saturated most
signiﬁcant bit (MSB), as they make no diﬀerence for the next step of calculation
(N P out − edgemean)2 /A.
3. For format F 2 and F 3, NPF taps of all 8 patterns are scaled down, given that
the desired variance after normalization is smaller than the original variances.
This is why we shift the bit width format 1 bit to the decimal part for format F 2,
and 1 more bit for format F 3 for some intermediate calculations. But for fair
comparison, we always ﬁx the total number of bits for ﬁxed-point representation
for three formats, no matter how they are arranged for integer part and decial
part,respectively.

Figure 2.4. Bit width formats for simulations
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Pattern
0
1
2
3
4
5
6
7

NPF main tap
0.8676
0.5863
0.5081
0.6175
0.6030
0.4940
0.5724
0.8062

1st side tap
0.2948
0.0660
-0.1610
-0.1307
-0.1219
-0.1521
-0.0233
0.0857

2nd side tap
0.0433
0.0325
-0.0236
-0.0344
0.0039
0.0215
-0.0024
-0.0417

3rd side tap
-0.0450
-0.0230
-0.0235
-0.0235
-0.0278
-0.0102
-0.0225
-0.0359

bias
0.0060
0.0467
0.0112
0.0005
0.0647
0.0313
0.0418
0.0158

variance
8.0349
8.0160
7.9885
8.0278
7.9313
7.9770
8.0319
8.0567

Table 2.6. Training results for the normalization scheme
TABLE 2.6 shows training results for format F 3 as an example. Compared with
TABLE 2.4, it can be seen that NPF taps for all patterns are scaled down as expected,
owing to the fact that the desired variance A/2 = 8 is always smaller than the
real variances of all patterns. And the additive normalization method mentioned in
Algorithm 2 merely results in insigniﬁcant diﬀerence (< 1%) from the exact desired
variance. From this table, we also can see the reason why we do not want the desired
variance not to be too much smaller than real variances. Now the main tap of one
pattern has already been smaller than 0.5, which means one MSB can never be made
use of. If there is more scaling down of taps owing to a smaller desired variance, then
we may suﬀer more waste of MSB.
Fig. 2.5 shows the plots of BER vs training length. The x-axis is training length
in unit of sectors with 100 sectors as step, while the y-axis is BER. The reason why we
cared about various training length, is that for ﬁxed-point simulations, owing to the
unavoidable trunction/saturation error, BER shows much more sensity to the training
output. The plots in Fig. 2.5 illustrates this phenomenon clearly. Thus, besides
the (average) BER, we also consider the ﬂuctuation of BER with the changing of
training length as another judgement criterion. The red curve with pluses in Fig.2.5
shows the BER for ﬂoating-point simulation as reference, where the ﬂuctuation of
BER is completely negligible. The black solid curve with squares corresponds to the
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performance of format F 1, and the dashed black line provides the average BER of 20
diﬀerent training lengths. The blue solid curve with circles shows the performance of
format F 2, while the megenta curve with triangles is for format F 3. All dashed lines
give the average BER of corresponding format respectively.
Curves suggest that format F 2 and F 3 improves the performance quite a lot, compared with that of format F 1. The main reason is that, by variance normalization,
we obtain control on variances of each pattern, and further control on every intermediate calculation in (2.18). Take data from TABLE 2.4 as examples. Pattern 5 has
a much larger variance than other patterns, and thus the calculation of zk − zidealk
will probably result in a number out of the supposed range. If we add extra bit just
in case for pattern 5, then we very likely waste resolution bits for patterns 0 or 7
which produces noise samples with much smaller variance. Variance normalization
scheme somehow provides a way to coordinate all patterns almost without any extra
cost. This greatly reduce the chance of cases where one of the intermediate operation
provides an outcome out of its supposed magnitude range. It is intuitive that such
unexpected being out of bit width produces dominant performance loss, which format
F 1 has suﬀered more.
Lastly, we provide a plot as evidence that the variance estimation in Algorithm
3 is able to provide a fast convergence to a suitable desired variance. Fig. 2.6
shows the trends of variances of all patterns against training length. The x-axis
represents training length in unit of sectors as before, while the y-axis gives the value of
variances. During the ﬁrst 100 sectors, we did nothing but calculated the real variance
of each pattern. Then when we have enough data for a relatively stable estimation
of variances, a suitable value for A is chosen based on the range of variances. Then
variance normalization is implemented. It turns out that this adaptive normalization
can be done in 200 sectors.
In conclusion, our proposed scheme based on variance normalization provides us
a way to take control on variances of whitened noise samples, and thus a way to ﬁx
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Figure 2.5. BER performance vs Calibration(training) Length
a bit resolution format for precision beforehand, and then force real whitened noise
samples to ﬁt in this format as much as possible. This saves us from extra eﬀort, like
shifting bit width format here and there, to take special care of bit resolution format
everywhere.
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3. Channel modeling and detection for bit-patterned media
recording (BPMR)

3.1. Introduction
In recent years, the density of magnetic data storage on hard disk drives is experiencing an amazing high growth rate. However, such growth is expected to slow
down, due to reaching storage density limits in the very near future resulting from
the thermal stability of the polarizations of the magnetized grains within the magnetic medium. To break through the bottleneck of conventional magnetic recording
systems, substantial interests and eﬀorts have been spent on two alternative recording
technologies: heat-assisted magnetic recording (HAMR) [2] and bit-patterned media
(BPM) recording [3].
Compared with conventional magnetic storage systems, BPM requires innovative
technologies for fabricating novel media and innovative signal processing. By the
novel media, we refer to a piece of magnetic media with the predeﬁned bit-island
locations awaiting for the bit writing [19]. Manufacturing aspects with challenges
related are not addressed in this chapter (for a review, see [20]). On the other hand,
the key issue related the writing process in BPMR is the synchronization of the write
clock: the rising edge of the write clock should ideally lie in the center of the trench
separating the bit-islands. Further, for a particular clock period, a write to a bit island
is successful only when more than half of the island corresponds to that particular
clock period. Otherwise, an island will be miswritten by a neighboring bit of the
desired bit. In this chapter, we simply employ the insertion/deletion (I/D) channel
model to approximate the write/read-back procedure in BPMR medium. Then we
seperately consider about two cases: 1. the eﬀect of an I/D event lasts for the whole
data block (e.g. 32K bytes); 2. the I/D event can be monitored and corrected after
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it aﬀects several data bits. For the ﬁrst case, we employ an LDPC-CRC product
code, combined with an event detector. This scheme enables the use of common ECC
codes for the I/D channel where the use of explicit insertion/deletion codes is always
a solution. For the second case, we derive a mathematical channel model that closely
approximates the simulated measurements of the BPMR model as reported by Dr.
Kui Cai from Data Storage Institute (DSI) at the August 2010 INSIC meeting in
Milpitas, CA [21]. By our model, we claim a lower bound of the channel capicity and
conclude that capacity-approaching error-correction codes are suﬃcient.
The remainder of this chapter is organized as follows. Section 3.2 provides a
brief introduction on the I/D channel model that we will employ to approximate a
BPMR channel model. Section 3.3 introduces the LDPC-CRC scheme for I/D event
detection. Lastly, an estimation of I/D modeling is provided in Section 3.4 based on
a generalized GE model.

3.2. Simpliﬁed channel modeling: insertion/deletion model
To start with, we cite Fig. 3.1 from [23], to illustrate the idea how the insertion/deletion (I/D) channel model is suitable to approximate the error event caused
by the failure of synchronization of the write clock in BPMR. As shown in the ﬁgure,
when the actual write clock period T0 is greater than ideal write clock period T , the
timing delay will eventually result in the failure of writing the new coming bit, namely
the previous bit being written to the island again. Thus an insertion of an extra bit
occurs. A deletion event occurs in a similar way.
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Modeling of insertion error in BPMR, where the actual write clock
period T0> ideal write clock period T. The bit Āgā is inserted.

Modeling of deletion error in BPMR, where the actual write clock
period T0 <ideal write clock period T. The bit Ādā is inserted.

Figure 3.1. Illustration I/D events.
From now on, we focus on the insertion/deletion (I/D) channel model as a simpliﬁed approxiamtion of a BPMR model. Furthermore, we simply assume that the
occurance of an insertion event and that of a deletion event are independent, and
that the occurance of insertion/deletion events of each bit to be written follows a
generalized Bernoullli experiments with Pi and Pd , where Pi denotes the occurance
probability of an insertion event and Pd similarly for the deletion event. In practice,
there also exists the occurance that a data bit is just ﬂipped by the BPMR channel.
In our work, for simplicity, we assume no bit ﬂipping.
Over the past several decades, I/D channels have attracted a lot of interest.
Marker codes [24] and Watermark codes [25] were originally designed to be able
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to deal with insertion/deletion events, by inserting a regular marker (or header) to
data bit sequence. However, these special kind of codes can not work at high code
rate. For example, the highest rate results for watermark code published in [25] are at
R = 0.71. Later on, several works (e.g., [26], [27], [28]) were proposed, which generally
utilize markers or special preﬁxes in one way or another, in order to maintain synchronization. Recently, a novel approach was proposed in [29], which avoids markers or
similar structures in favor of an appropriate selection of codewords. Our work extends
this approach to a more complicated scenario. In their work, they consider deletion
channels and insertion channels under an additional segmentation assumption: the
input consists of disjoint segments, with at most one error per segment. That is, the
aﬀect of I/D events is restricted into each segments. However, in our work, we don’t
assume this. We assume that error propagation due to an I/D event can extend to
the whole data block (e.g., 32K bytes). So our scenario can be considered as the worst
case to evaluate the aﬀect of insertion/deletion events

3.3. LDPC-CRC scheme
In this section, we propose an LDPC-CRC encoding scheme to deal with the I/D
channel. In short, CRC codes are designed for event detection, and once an event is
detected in a CRC codeword, the whole CRC codewords will be erased. Then what
the LDPC decoder faces is actually a binary-erasure-error-channel (BEEC). Then an
enhanced detection scheme is proposed to narrow the eﬀect length of an error event,
by making use of the structure of the CRC code. With this enhanced detection
scheme, we are able to reduce the number of erasures and errors caused by an I/D
event to most degree.
The rest of this section is organized as follows. First, an introduction of the
LDPC-CRC encoding scheme is provided. Then we propose the enhanced detection
scheme together with its performance analysis.
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data in LDPC
encoder

data out LDPC
decoder

CRC
encoder
CRC
detector

BPM
channel
ins/del

Figure 3.2. Illustration of the LDPC-CRC coding system.
3.3.1. System architecture
In this section, we focus on explaining the LDPC-CRC scheme employed to deal with
I/D events. Fig. 3.2 illustrates the diagram of our coding scheme. First of all, data
bits are encoded by an LDPC encoder. Then LDPC codewords serve as the input
to the secondary CRC encoder. Denote the code rate of the LDPC code involved as
RLDP C and that of the CRC code as RCRC , it is straightforward to see that the total
code rate R = RLDP C · RCRC . On the decoding side, the CRC detector aims at event
detection, and erasures are assigned to all bits in a CRC codeword as long as this
codeword fails the CRC detector. The CRC detector aids the LDPC decoder, in the
sense that an erasure is easier to correct than an error. Then the LDPC decoders
is responsible to correct erasures and errors. Here errors still exist, because CRC
detector is imperfect to detect and erase all corrupted CRC codewords.
To be more speciﬁc, let M data bits pass through this coding system, then K
bits come out from the LDPC encoder, namely an (K, M ) LDPC code. A random
interleaver can be inserted between the LDPC encoder and the CRC encoder, to make
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the erasures and errors for LDPC decoder not occur as a burst, if necessary. Then we
choose a suitable (n, k) CRC code, such that K is a integer multiple of k. In other
words, a LDPC codeword of K bits is subdivided into K/k blocks, each of which
provides a block of n bits after passing through an (n, k) CRC encoder. Then these
K/k blocks of length n CRC codeword are serially combined as one block of length
nK/k. Thus the total code rate
R=

M
M k
=
· = RLDP C · RCRC
nK/k
K n

(3.1)

At the decoder side, for each block of n bits, CRC detector follows Algorithm 4
to detect whether an I/D event occurs in this block of n bits:
Algorithm 4 basic CRC detector
capture n bits from the current CRC code block
IF f = 0
detect whether these n bits form a CRC codeword
IF Yes
move on to next block
ELSE
erase all bits in this block and set f = 1
ENDIF
ELSE
re-capture n bits with 1, 2, .. bit forward and backward shift, and then detect
again. Repeat this step until a CRC codecord is detected with some shift.
reset f = 0, and adjust the boundary of the CRC code block corresponding to
the shift.
ENDIF
To make this algorithm more understandable, we employ a toy example shown in
Fig. 3.3 as an illustration. As shown in the ﬁgure, an insertion event occurs in the 3rd
CRC block, so when this block comes into the CRC detector, it is very likely that the
detector claims that it is not receiving a valid CRC codeword. Then all bits in CRC3
will be erased and the ﬂag parameter will be set to f = 1 for the next block. When
the n bits between the 4th and 5th true CRC boundaries comes into the detector with
f = 1, the detctor is aware that an error event occurs in the previous block and it
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starts to ﬁnd the correct starting position of the current block by shifting. When it
locates the correct starting position by 1 bit forward shift, the detector resets f = 0
and delete 1 bit from previous block to adjust starting position for the next block.
Note that it does not matter which bit from previous block is deleted, as they were all
set to erasures. As the result of this error event, all bits in CRC3 are set to erasures.
Actually, such detector aids the LDPC decoder very much. An intuition for this is to
think about the capacity gap between a BSC channel and a BEC channel with the
same error/erasure probability. For instance, a BEC channel with Pe = 0.1 possesses
the capacity C = 0.9, while a BSC channel with Pe = 0.1 only possesses the capacity
C = 0.675.

Figure 3.3. An example for the illustration of Algorithm 1.

3.3.2. Enhancement of insertion/deletion event detection
In the previous subsection, we mainly focused on explaining the functionality of the
CRC detection. It can be concluded that we beneﬁt from turning errors into erasures
from the CRC detection and restricting the eﬀect of an error event in one CRC
codeword.
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However, in the previous subsection, we assume without explicit mentioning that
a CRC codeword is no longer a codeword after an error event occurs to it. In fact,
for an (n, k) CRC code, the probability that a corrupted CRC codeword coincides
to still be a codeword is about 2−(n−k) . If this coincidence happens, then this CRC
block will not be set to erasures as it is supposed to be, and no alarm will be set up
for the next block. This results in several error bits in a CRC codeword, rather than
erasures as we want.
In this subsection, we propose an enhanced detection scheme, which allows a
second chance to trace back and erase corrupted bits in the previous block. The
intuition of this scheme is straightforward. Let us still take the example in Fig.
3.3. Suppose that the insertion event in CRC3 did not get detected. And then the
block CRC4 fails the detection without a ﬂag alarm. Now the detector should try
to shift the block CRC4 to ﬁnd the correct starting position, rather than directly
setting erasures as Algorithm 4. After shifting 1 bit afterwards, the detection ﬁnds
a codeword and now it starts suspecting an undetected event in the previous block.
Recording the possbly correct starting position (namely, 1 bit forward shift), the
detector moves on to the CRC5 block. If it is not a codeword but is a codeword
after the same 1 bit forward shift as recorded, then the detector is convinced that an
undetected error event did happen in the block CRC3 and that the possibly correct
starting position as recorded turns out to be the correct starting position. Thus,
the detector takes action as setting bits in CRC3 as erasures, correcting the starting
position from the block CRC4 . To be precise, we would like to mention that such an
enhanced scheme still has the ﬂaw. That is, if another error event occurs in the next
two blocks immediately after an undetected error event (e.g, there is an error event
in either block CRC4 or CRC5 ), then this enhanced scheme can not obtain enough
evidence to claim the undetected event in block CRC3 . Thus the error event in CRC3
keeps undetected.
Fig. 3.4 provides a more precise version of the enhanced detection scheme, where
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a ﬁnite-state-machine (FSM) is employed for illustration. We denote the branch
notation as “condition/action”, where “condition” illustrates the condition for this
branch and “action” demonstrates the action that the detector should take. Before
digging into this FSM, let us make clear some abbreviations:
1. cw: short notation for codeword
2. shift step: the number of bits and the direction of the shift to locate a CRC
codeword;
3. shift-cw: short notation for shift-codeword, a CRC codeword founded after the
shift.
Basically, the enhanced detection scheme adds one more state named as “suspect”,
in which the detector suspects that there might exist an undetected event in the
previous block. If enough evidence follows, then that undetected error event will be
claimed, and the FSM goes back to the “match” state.
3.3.3. Performance analysis
In this subsection, we analyze the performance of the CRC detection scheme. Actually, if we combine the CRC encoder, the I/D channel, the CRC detector and the
random interleaver together and consider it as a super-channel, then our LDPC code
just sees a binary-erasure-error-channel (BEEC). This channel has a capacity of closed
form, provided the occurance probability of an erasure and that of an error. Denote
the capacity of this channel as CLDP C , then the rest thing is to ﬁnd a good LDPC
code with the code rate RLDP C < CLDP C . Thus the total code rate
R = RCRC · RLDP C < RCRC · CLDP C

(3.2)

Note that CLDP C is essentially a function of RCRC and nCRC , our approach ﬁnally
relies on two steps:
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1. ﬁnd the CRC code that maximizes RCRC · CLDP C
2. design an LDPC code that performs close to CLDP C
There may exist a theoretical solution of the CRC code that maximizes RCRC ·
CLDP C , but owing to the limited time, we refer only to an exhausted search for the
set of BCH codes to ﬁnd the optimal CRC code at the operating channel condition
point, namely pd = pi = 0.001. Experimental results suggest that the optimal CRC
code turn out to be BCH(64, 57). This outcome looks reasonable, since if it is a CRC
code of too long length, then we aﬀord too many erasures for an error event; if it is
too short, then it suﬀers poor detection performance or too high code rate. For the
above BCH(64, 57) code and operation point pd = pi = 0.001, we use Monte-Carlo
simulations to estimate the two parameters of the equivalent super-channel, and then
derive its capacity
CLDP C = 0.84

(3.3)

and thus
CI/D ≥ CLDP C · RBCH = 0.84 ∗

57
= 0.75
64

(3.4)

3.4. Estimation of insertion/deletion modeling
In this section, we change our view of how to character the I/D channel. We no
longer assume that an error event lasts for the whole data block as before. Instead,
we refer to [21] for the simulated measurements of the BPMR channel model, by
which the BPMR channel is depicted by the I/D event rate of various I/D event
length. We then derive a mathematical channel model, whose error statistics closely
approximates those measured for BPMR in [21]. Then a lower bound of the capcity
has been derived for our model. This lower bound has the value very close to 1
bit/use, from which we conclude that for the BPMR channel that can be estimated
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in a similar way as in [21], capacity-approaching error-correction codes are suﬃcient
for satisfactory performance.
3.4.1. Modeling based on insertion/deletion event length
Fig. 3.5 from [21] presents insertion/deletion-event rate curves plotted against insertion/deletion length for two variations of their BPMR model. In their models (denote
as DSI models), each insertion is followed sometime later in the same data sector by
a deletion (and vice versa). Thus, such insertion-followed-by-deletion events (and
deletion-followed-by-insertion events) can be considered to be burst-errors and such
burst-error statistics are just presented in Fig. 3.5. Because the bits between the
insertion location and the deletion location are correct but at the wrong position,
the characterization of these events as burst-errors is pessimistic. However, as we
will show, very little is lost in terms of achievable information rate by adopting this
characterization.
3.4.2. Gilbert-Elliott (G-E) modeling approximation
A Gilbert-Elliott channel is a multi-state channel for which a diﬀerent BSC exists at
each state. For our purposes, we have found it suﬃcient to employ a three-state model
possessing two “bad” states and one “good” state (see Fig. 3.6). Insertion/deletion
events occur at the “bad” states, whereas no such events occur in the “good” state.
The BSC error probability of the “good” state is set to some very small value. We
set the BSC error probabilities of two “bad” BSC-states to 0.5 corresponding to the
fact that we assume a worst-case burst-error occurs between insertions and deletions
due to shift in location of the intervening bits. Thus, the visitation time at either of
the two “bad” states corresponds to the event lengths presented in Fig. 3.5.
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The capacity of an S-state GE channel model is given by
CGE =

S


Ps C s

(3.5)

s=1

where Ps is the probability of being in state s and Cs is the capacity of the sub-channel
in state s. In our case, each sub-channel is a BSC which possesses the capacity
CBSC = f ( ) = 1 + log2 + (1 − ) log2 (1 − )
where

(3.6)

is the BSC error probability. Thus, the capacity of our 3-state GE channel

model can be calculated as
CGE =

3


Ps Cs = E[f (¯)]

(3.7)

s=1

where ¯ = [

1

2

3]

is the vector representation of three BSC error probabilities and

E[.] denotes probabilistic expectation.
On the other hand, the equivalent error probability of an (ideally interleaved) GE
channel model can be calculated as
equiv

=

3


Ps

s

= E[¯]

(3.8)

s=1

Consequently, the capacity of a BSC channel with error probability

equiv ,

and hence

the ideally interleaved GE channel, is given by
Cequiv−BSC = f (

equiv )

(3.9)

Owing to the fact that f (.) is a convex function, The Jensen Inequality suggests that:
E[f (¯)] ≥ f (E[¯])

(3.10)

namely
CGE =

3

s=1

Ps Cs = E[f (¯)] ≥ f (E[¯]) = f (

equiv )

= Cequiv−BSC

(3.11)
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In other words, as long as we are able to ﬁnd an appropriate approximation of
the measured insertion/deletion channel using the GE channel model, we are assured
that an equivalent BSC provides a reasonable lower-bound for capacity. In this way, a
way to transform the insertion/deletion channel to a conventional BSC is established
as its worst-case performance via the lower bound.
3.4.3. Experimental results
By adjusting the transition probabilities in our GE model, we are able to closely
approximate the statistics in Fig. 3.5, as shown in Fig. 3.7, where we have truncated
the curves in Fig. 3.5, ignoring those events with rate around 10−7 as they have
negligible eﬀect in any case. We see that our GE model approximation corresponds
to the original curve quite well, and the approximation is pessimistic over a large nonnegligible range of burst lengths. Consequently, we expect that the capacities of our
GE models approximate (and tightly lower-bound) the capacities of the corresponding
DSI channels. We have then that
Cequiv−BSC ≤ CGE ≤ CDSI ≤ Cins/del ≤ 1

(3.12)

We will now show that, for the DSI channels under consideration, Cequiv−BSC is
close to 1. Hence, the other capacities are as well. Thus, we may conclude that the
equivalent BSC may be adopted as the channel model when designing codes to correct
errors created by insertion/deletion events. That is, there will be very little information rate loss if one ignores that the source of errors consists of insertions/deletions
and uses an error-correction code instead of an insertion/deletion code.
Employing the capacity formula of GE models mentioned above, we achieve the
following results
1. Motor G14 case: CGE = 0.9923, Cequiv−BSC = 0.9643 with

equiv

= 0.0038;

2. Motor G16 case: CGE = 0.9887, Cequiv−BSC = 0.9503 with

equiv

= 0.0056.
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In conclusion, the capacity of the DSI channel model is so close to 1, the classical
error-correction codes can be employed with very little loss in information rate relative to an optimal insertion/deletion code (which does not exist, to our knowledge).
Moreover, as shown in [30] and [45], LDPC codes possess an inherent interleaver
and thus are appropriate choices for approaching the capacity of the equivalent BSC
(hence, GE(hence, I/D)) channel.
Lastly, we want to include two comments as a conclusion of this section:
1. Suppose it is claimed that in the BPMR channel a deletion does not always
follow an insertion (and vice versa). This claim can be refuted by the practical
fact that the number of bits written in a sector can be read and counted. If this
number diﬀers from the required amount, the sector can be rewritten until the
correct number of bits is recorded. The correct number of bits will be recorded
only if the number of insertions and deletions are equal: zero each, one each,
two each, and so on. We can ignore the “two each” and greater cases as these
are very unlikely. Thus, under the count-rewrite strategy, we may assume that
each sector will contain at most one insertion followed by a deletion sometime
later, and vice versa;
2. Suppose the distribution of burst-errors for the BPMR channel is such that
longer bursts are much more likely than what is portrayed in Fig. 3.5, for
example, 10 times longer on average. If this is the case, then it is still possible to
treat the channel as an additive error channel rather than an insertion/deletion
channel. To do this, one considers the symbols on the channel as 10-bit symbols
(for example). Then a burst of length L bits will induce at most L/10+1 symbol
errors. The capacity of this 10-bit symbol channel can again be compared to
bounds on the capacity of the insertion/deletion channel. Moreover, 10-bit (i.e.,
nonbinary) LDPC codes can be used to approach the capacity of the 10-bit
symbol insertion/deletion channel.
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branch notation: condition/ action
9
mismatch
7
5
1

8

3
match
2

suspect
4(4')

6

1:
2:
3:
4:

not a cw and no shift-cw / erase
cw / read
not cw but shift-cw / erase, record that shift step and shift-cw
find shift-cw and shift-step=previous record / read shift-cw, confirm previous
shift-cw, erase the former previous col, and update starting position
4': find only one shift-cw but shift-step!=previous record / read shift-cw and
update starting position
5: no shift-cw/ nothing
6: find >1 shift-cw but shift-step!=previous record / erase, record those shift steps
and shift-cwÿs
7: only 1 shift-cw / read, update starting position
8: find >1 shift-cw / erase, record those shift steps and shift-cwÿs
9: no shift-cw / erase

Figure 3.4. Enhanced detection scheme with a FSM representation.
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Figure 3.5. Insertion/Deletion event rate statistics.
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G: good state

B1 : bad state 1

B2: bad state 2

Figure 3.6. A 3-state G-E channel model.

Figure 3.7. Comparison of the burst-error statistics of our GE model and the real
BPMR model.

61

4. Coding and detection for two dimensional magnetic recording
(TDMR)

4.1. Introduction
The density of magnetic data storage on hard disk drives exceeds an astonishing
500 Gbits/in2 , with the growth rate in recent years exceeding 30% per year. Unless
dramatic innovations are made in the current recording process, this pace will soon
face a fundamental physical limit, namely, the thermal stability of the polarizations
of the magnetized grains within the magnetic medium. In recent years, substantial
eﬀort has been spent on two alternative recording technologies: heat-assisted magnetic
recording (HAMR) [2] and bit patterned media (BPM) recording [3]. (More recently,
microwave-assisted magnetic recording (MAMR) has been proposed [4].) However,
these leading alternative technologies all require signiﬁcant changes in the hardware
comprising the drive, particularly in the magnetic medium.
Motivated by the challenges of fabricating novel media for HAMR and BPM
recording, most recently, a technique called two-dimensional magnetic recording (TDMR)
has been proposed [5]. TDMR has the advantage of exploiting conventional media,
and transfers the technological challenges to more innovative writing, reading, signal
processing, and coding. In a conventional medium, projected to limit at about 20
Teragrains/in2 , the goal is the storage of about 10 Terabits/in2 of user data (0.5 user
bits per grain). For example, for a rate-1/4 error-correction code and an average grain
size of two code bits, each grain will store 0.5 user bits; alternatively, each user bit
is eﬀectively recorded across two grains. By contrast, modern systems achieve only
0.05 to 0.06 bits per grain.
Such a recording strategy will require shingled writing, a write process in which
a given track partially overwrites the previous track, resulting in very narrow tracks
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and no intentional guard bands (although there may still be a region along the seam
between tracks where there may be much noise and little signal from either track).
The read electronics for signal processing and decoding will have to be vastly diﬀerent
from present-day designs. First, because of the unavoidable (nonlinear) intersymbol
interference aﬀecting each recorded bit from all four sides, the detector will have to
employ two-dimensional techniques. Second, because of the nature of the interference,
described in later sections, lower code rates than those used in today’s disk drives are
necessary. Of course, such multi-dimensional signal processing necessitates multiple
read heads, or at least a single read head and suﬃcient memory to store samples read
successively from multiple tracks.
The seminal work in [5] has led to the investigation of various challenges posed
by TDMR recording, including writing, reading, channel modeling, signal processing,
and architectures [6–11]. In this chapter, we examine the feasibility of the TDMR
vision from the perspective of error-correction channel codes. That is, we select two
simple channel models that capture the essence of the TDMR recording scheme.
These simple channel models are based on rectangular grains that thoroughly cover
the medium. We then present achievable information rates for one channel model
and capacity bounds for the other. Finally, we present simulation results for a serial
turbo code and compare its “error-free” performance with the achievable rate results.
To the extent that the channel models are accurate, the results are very promising:
we show that 0.5 user bits/grain is indeed attainable in theory and with a practical
code.
The rest of the chapter is organized as follows. Section 2.2 ﬁrst revisits the simple
one-dimensional channel model ﬁrst examined in [5]. In that section it is shown
how a ﬁnite-state-machine representation for that model is possible, facilitating the
computation of achievable information rates and trellis-based channel detectors. The
second part of section 2.2 presents the serial turbo code used throughout this work
and its performance on the one-dimensional channel model. Section 2.3 then considers
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a simple two-dimensional channel model (ﬁrst considered in [11]). It is also shown in
that section how this model may be closely approximated by a ﬁnite-state machine,
again facilitating information rate computations and detector design. Then it presents
the performance of the serial turbo code on this second channel model. The last part
of that section presents the “L-bit” repetition scheme and its performance.

4.2. One-dimensional (1-D) channel modeling
In an actual TDMR channel, the grains are randomly shaped, randomly located,
and randomly sized. Thus, neither the reader nor the writer are aware of grain
boundaries. Upon writing, the polarity of a given grain will be that of the last bit
seen by that grain, assuming that the bit covers a suﬃciently large fraction of the
grain. Working with such a channel model would be formidable. We instead consider
the highly idealized channel model of [5] that possesses the most signiﬁcant channel
characteristics of a true TDMR channel: the grain boundaries are unknown and a
grain’s polarity will be that of the last bit seen. The channel model we ﬁrst consider
is one-dimensional (1D), and consists of three grain sizes: a one-bit grain, a twobit grain, and a three-bit grain, where bits are code bits (or “channel bits”). This
channel model is illustrated in Fig. 4.1 and is probabilistically characterized by the
three parameters p1 , p2 , and p3 , where pi is the probability of occurrence of an i-bit
grain.
The 1D channel model illustrated in Fig. 4.1 may be encapsulated in the ﬁnitestate machine (FSM) of Fig. 4.2. As seen in that ﬁgure, there are three media states
and four data states. The channel output at time k is denoted by yk . The desired
value of yk is xk , although, as seen in Fig. 4.2, it might be xk+1 or xk+2 due to
the last-bit-seen nature of the channel. The bottom media state corresponds to an
attempt to read the ﬁrst bit of a three-bit grain, xk . But all bits on a three-bit grain
are equal to the last bit seen by the three-bit grain, xk+2 . Thus, when in the bottom
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channel bits

           
     
grains take polarity of last bit seen
down-track direction
Figure 4.1. Illustration of the 1D rectangular-grain model with three grain sizes.
media state, the channel output at time k is yk = xk+2 , even though xk was recorded
at time k. The middle media state corresponds to the reading of the ﬁrst bit of a
two-bit grain or the reading of the second bit of a three-bit grain. In either case,
the channel output at time k is yk = xk+1 . The top media state corresponds to the
reading of the only bit of a one-bit grain, the second bit of a two-bit grain, or the
third bit of a three-bit grain. For this reason, the top media state is considered to
be the end of a grain (of one of the three types), after which a new grain will begin.
Further, independent of which grain type the top media state represents, the channel
output at time k is yk = xk , the correct value.
By taking the Cartesian product of the media state graph and the data state
graph (not explicitly shown in Fig. 4.2), we obtain a 12-state graph representing the
1D FSM channel model. Of course, a trellis can be derived from this 12-state graph
and from this a BCJR detector which can provide optimal soft information to a softdecoder. Such a BCJR detector was employed in our simulations, the architecture
of which is described in the next section. The Appendix describes a technique for
obtaining an equivalent graph with only seven states.
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media states

data states
xk

p1
1
p2

p3

channel
output
yk

xk+1

xk+2
data in

1

Figure 4.2. A ﬁnite-state-machine representation of the 1D channel model.
As described in [12], the BCJR detector, speciﬁcally the forward-going computations, can be used to compute achievable rates for such a FSM channel. In
particular, denoting the channel inputs by X and the channel outputs by Y as in
Fig. 4.2, the mutual information between X and Y may be written as I(X; Y ) =
H(Y ) + H(X) − H(X, Y ), where H(Z) = −E {log2 (p(z))} is the well-known entropy
function of the random variable Z = X or random vector Z = (X, Y ) [13]. Assuming
the (binary) channel inputs are modeled as independent and uniformly distributed
(i.u.d.), H(X) = 1, and the mutual information becomes the i.u.d. capacity,
Ciud = 1 + H(Y ) − H(X, Y )
The entropies H(Y ) and H(X, Y ) are estimated using the BCJR algorithm as de-
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scribed in [12]. The results of such computations will be presented in the next section
along with the serial turbo code simulation results.
We remark also that Ciud is strictly less than the true capacity C of the 1D channel.
Techniques for computing C for FSM channels are described in [14]. The codes in
this case are generally nonlinear and possess a Markov nature designed to maximize
information throughput for the speciﬁc channel of interest.
4.2.1. SCCC architecture
The Ciud results to be presented shortly indicate that an error-correction code with
a rate in the region of 1/4 to 1/3 is appropriate. Good low-rate LDPC codes are
problematic as they require many degree-two variable nodes which tends to lead to
a high error-rate ﬂoor with iterative decoding [15]. Thus, a natural choice for our
application is a rate-1/4 serial concatenated convolutional code (SCCC) with rate-1/2
inner and outer codes [16], with puncturing to achieve higher code rates. Speciﬁcally,
we chose the SCCC from [16] with 8-state convolutional component codes. The
generator matrices for the outer and inner convolutional codes are, respectively,
Go (D) =
Gi (D) =



1+D
1

1 + D + D3

1+D+D 3
1+D



.

We found that random puncturing of the bits emanating from the inner encoder works
best, that is, deterministic puncturing does not work as well. We considered a data
block size of 32K bits (K = 1024) so that the code block size is 128K bits. Such a
long code possesses a very steep performance curve on whichever channel it is used
so that, essentially, the system works (with very low error rate) or it does not work.
Consider as a performance measure the ratio R/C, where R is the largest code
rate that still achieves a bit error rate of BER < 10−5 and C is channel capacity. We
have examined the performance of this SCCC on the binary symmetric channel, the
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binary erasure channel, and the binary errors-and-erasures channel. For each channel,
we varied the capacity by adjusting the channel parameters and then adjusted the
code rate R (via puncturing) to the maximum possible before the BER exceeded
10−5 . We found that for each channel this code is capable of low-error-rate operation
up to about 85% of capacity, i.e., up to R/C ≈ 0.85. For the binary-input AWGN
channel, this code is capable of low-error-rate operation up to R/C ≈ 0.70. We will
see that this code is capable of low-error-rate operation on the 1D channel model up
to R/Ciud ≈ 0.82.
The coding architecture that we used for the SCCC on the 1D channel model
is presented in Fig. 4.3. Observe that the 1D channel BCJR detector can iterate
with the SCCC decoder in a “turbo equalization” fashion, but we have not done
that for complexity reasons. Further, the gain from decoder-to-detector feedback is
expected to be small given that R/Ciud ≈ 0.82 is achieved without feedback. In our
simulations, we targeted an average grain size of two code bits per grain and achieved
this by setting the 1D channel parameters as p2 = q, and p1 = p3 = (1 − q)/2, where
0 ≤ q ≤ 1.
4.2.2. 1-D model and performance
Various computational and simulation results for the 1D channel model are presented
in Fig. 4.4 where the horizontal axis corresponds to p2 = q and the vertical axis
is in units of user bits per grain. Since the average grain size is two code bits, this
vertical axis information rate is twice that of the code rate. The top curve is the Ciud versus-p2 curve which is maximum at Ciud = 1 bit/grain when p2 = 1. The dashed
curve corresponds to a rate-1/3 repetition (REP-3) code which achieves error-free
performance at 0.667 bits/grain because the average grain size is two bits. (It can
be shown that the REP-3 code is error free on the 1D channel if the decoder simply
retains every third channel output, starting from the ﬁrst: y1 , y4 , y7 , ... .) The circles
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Figure 4.3. Channel detection and SCCC decoding architecture used in our simulations.
in Fig. 4.4 correspond to the highest SCCC code rate for which low error rates are
achievable on the 1D channel. The percentages next to the circles correspond to
the ratios R/Ciud , where we see that, over a broad range of p2 , this ratio satisﬁes
R/Ciud ≈ 0.82.
The squares in Fig. 4.4 correspond to an experiment in which we attempted
to combine the advantages of repetition coding with those of the SCCC. This was
achieved by puncturing the SCCC twice as much and then repeating each code bit
twice. We observe that there is a fairly substantial gain for p2 > 0.4, but a substantial
loss when p2 approaches zero, as should be the case because any advantage gained
from REP-2 coding diminishes as p2 decreases. The SCCC-REP-2 gain over SCCC
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should increase as p2 increases, but the puncturing becomes so severe that the SCCC
is unable to provide this increased gain. (When p2 = 1, the rate-1/4 SCCC has been
punctured up to a rate of 0.86, corresponding to deleting about 93,000 of the 128K
code bits.) Further work could study puncturing a rate-1/2 LDPC code or a rate-1/2
parallel turbo code.
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Figure 4.4. Numerical results for the 1D channel model.

4.3. Two-dimensional (2-D) channel modeling
In this section, we consider a two-dimensional (2D) channel model [11] which is a closer
representative of TDMR than the 1D model just considered. Finite-state-machine
representation of the channel model will still be employed. The diﬀerence mainly
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results from the shape of grains. And as it will be shown later, the presence of grains
that occupies more than one row makes the FSM representation more complicated.
4.3.1. 2-D model
In this subsection, we mainly focus on the illustration of 2D channel model, which
consists of four grain types: a 1×1 grain, a 1×2 grain, a 2×1 grain, and a 2×2 grain,
where the unit used in each dimension is code bit (or channel bit). This channel model
is illustrated in Fig. 4.5 and is probabilistically characterized by the four parameters
p1 , p2 , p3 , and p4 , where pi is the probability of a type-i grain. It is assumed that bits
are recorded in raster-scan fashion, one track at a time, from left to right and top to
bottom. Thus, for example, each 2×2 grain will retain the polarity of its bottom-right
bit, the “last bit seen”. As we will see, reading will be done two tracks at a time,
with a one-track overlap between the current pair of tracks and the previous pair of
tracks.
Analogous to the FSM model of Fig. 4.2 for the 1D channel, we have devised an
FSM model for the 2D channel as seen in Fig. 4.7. This FSM is a 1D causal Markov
ﬁeld model of the non-causal 2D medium. (See [11] for other 1D causal Markov ﬁeld
models.) Whereas Fig.4.7 implies a 16-state graphical model, as mentioned in the
Appendix, it is possible to derive an equivalent six-state graph for this 2D model.
Referring to Fig. 4.7, analogous to the channel output yk at time k (or position
k) for the 1D FSM model, for the 2D FSM model we have channel output ym,n at
position (m, n) (or time (m, n)). The desired value of ym,n is xm,n , although, as seen
in Fig. 4.7, it might be xm,n+1 , xm+1,n , or xm+1,n+1 due to the last-bit-seen nature
of the channel. Further, recall that for the 1D FSM model the 2-bit-grain media
state represents both a 2-bit grain and a sub-grain of a 3-bit grain, and the 1-bitgrain media state represents both a 1-bit grain and a sub-grain of the 2-bit and 3-bit
grains. Similarly, in Fig. 4.7, a type-3 grain can be a sub-grain of a type-4 grain and
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a type-1 grain can be a sub-grain of a type-2 grain. For these reasons, the transition
probabilities for the 4 → 3 and the 2 → 1 media state transitions are both equal to
1, as seen in Fig. 4.7. Also, media state 2 can represent a type-2 grain or the second
row of a type-4 grain, and media state 1 can represent a type-1 grain or the second
row of a type-3 grain. Lastly, just as the 1-bit grain in Fig. 4.2 represents the end of
a grain, media states 1 and 3 in Fig. 4.7 represent the ends of grains.
We present a concrete example with a size 2 × 5 recording medium with grains
arranged as in Fig. 4.6. The ﬁrst channel output (y1,1 ) corresponds to the upperleftmost bit in Fig. 4.6. Then, using the state deﬁnitions of Fig. 4.7, with the
convention that writing and reading goes left to right and top to bottom, the mediastate transitions are as follows:

4→3→3→2→1
2→1→1→1→1
For example, the transition 4 → 3 corresponds to the reading of y1,1 followed by the
reading of y1,2 . The y1,1 channel output sees a true 2 × 2 grain (media state 4) after
which the y1,2 channel output sees a “virtual” 2 × 1 grain (media state 3). A virtual
2 × 1 grain is seen because the upper-right portion of the 2 × 2 grain has identical
characteristics to that of the top bit of a 2 × 1 grain. For the 3 → 3 transition, the
channel goes from a virtual 2 × 1 grain to a true 2 × 1 grain, both represented by
media state 3. The 2 → 1 transition in the second row corresponds to a virtual 1 × 2
grain (media state 2) to a virtual 1 × 1 grain (media state 1).
We have not yet discussed the transition probabilities for the media state diagram
in Fig. 4.7. The situation is not as straightforward as for the 1D case because,
when the end of a grain is reached (media states 1 and 3) in row m, the transition
probabilities to the next grain will depend on whether or not a grain that started in
row m − 1 extends down to row m. For example, the probability of a transition to a
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type-3 grain is not simply equal to p3 .
To illustrate this issue more clearly, consider the channel output ym,n at position
(m, n) which is at the end of a grain. The transition probabilities to the next media
state will depend upon whether and how the next two locations (m, n+1) and (m, n+
2) are occupied by a grain (or grains) that extends from row m − 1 to row m. Denote
(m,n+1)

by q0

the probability that both location (m, n + 1) and location (m, n + 2)
(m,n+1)

are not occupied; denote by q1

the probability that location (m, n + 1) is not
(m,n+1)

occupied while location (m, n + 2) is occupied; denote by q2

the probability that
(m,n+1)

location (m, n + 1) is occupied while location (m, n + 2) is not; denote by q3

the

probability that location (m, n + 1) and location (m, n + 2) are separately occupied
(m,n+1)

by two grains; and denote by q4

the probability that location (m, n + 1) and

location (m, n + 2) are occupied by the same grain (necessarily a 2 × 2 grain since it
extends down from row m − 1).
By employing the total probability formula, we can calculate the probabilities of
all possible transitions from media state 3 to media state j ∈ {1, 2, 3, 4} at location
(m, n) as follows:

(m,n)

(m,n+1)

P3→1 = q0

(m,n+1)

+ q2
(m,n)

(m,n+1)

(m,n)

(m,n+1)

(m,n)

(m,n+1)

P3→2 = q0

P3→3 = q0
P3→4 = q0

(m,n+1)

p 1 + q1

p1
p1 + p3

(m,n+1)

+ q3

(4.1)

(m,n+1)

p 2 + q4

(m,n+1)

p 3 + q1

(4.2)
p3
p1 + p3

(4.3)

p4

(4.4)
(m,n)

We can similarly calculate the probabilities P1→s for all valid transitions. By employing a BCJR detector, more details of which will be given in the next paragraph,
(m,n)

we may obtain all possible probabilities pi,j

, i, j = 1, 2, 3, 4, for the current row m.
(m+1,n)

From these probabilities, we can calculate the probabilities qi

, i = 0, 1, ..., 4, to
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be used for row m + 1:

(m+1,n)

q0

(m+1,n)

q1

(m+1,n)

q2

(m+1,n)

q3

(m+1,n)

q4
(m,n)

In these equations, pi,j

(m,n)

= p2,1

(m,n)

= p1,3

(m,n)

= p3,1

(m,n)

= p3,3

(m,n)

+ p1,1

(m,n)

+ p1,2

(m,n)

+ p1,4

(m,n)

+ p3,2

(m,n)

+ p3,4

(m,n)

= p4,3

(4.5)
(4.6)
(4.7)
(4.8)
(4.9)

is the probability that the current state at location (m, n)

is i and the next state at location (m, n + 1) is j. From these equations, we can
calculate the P ’s and q’s row by row, starting with the reasonable initialization that
(1,n)

q0

(1,n)

= 1 and q1

(1,n)

= q2

(1,n)

= q3

(1,n)

= q4

= 0 for all n.

By taking the Cartesian product of the media state graph and the data state
graph, we obtain a 16-state graph representing the 2D FSM channel model. A BCJR
detector was implemented in software and it employed a trellis based on this 16state FSM. Regarding the trellis branch labels, if the current location is (m, n), then
channel input bits xm,n and xm+1,n are involved as the data state, and channel input
bits xm,n+1 and xm+1,n+1 serve as the transition input while the channel output bits
ym,n and ym+1,n are the transition outputs. Notice that, at position (m, n), if we are
at either media state 1 or 2, then ym+1,n will be unknown because type-1 and type-2
grains would not extend down to row m + 1. In such cases, those trellis branches will
have one indeterminate output ym+1,n together with one known output ym,n .
4.3.2. System performance
Here we employ the same code and performance measure as we used for the 1D
case. The coding architecture that we use for the SCCC on the 2D channel model is
almost the same as that on the 1D channel model, except that a 2D channel model
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and a corresponding 2D channel BCJR detector are used. Again, the 2D channel
BCJR detector can iterate with the SCCC decoder, but we have not done that for
complexity reasons. As before, we targeted an average grain size of two code bits
per grain and achieved this by setting the 2D channel parameters as p2 = p3 , and
p1 + 2p2 + 2p3 + 4p4 = 2.
The computational and simulation results for the 2D channel model are presented
in Fig. 4.8 where the horizontal axis corresponds to p2 = p3 and the vertical axis is in
units of information bits per grain. The two dashed curves show the upper and lower
bounds on capacity, Cub and Clb , taken from [11]. The horizontal curve corresponds
to a rate-1/4 repetition (REP-4) code which achieves error-free performance at 0.5
bits/grain because the average grain size is two bits. (It is shown in [11] that the
REP-4 code is error free on the 2D channel.) The circles in Fig. 4.8 correspond to
the highest SCCC code rate R for which low error rates are achievable on the 2D
channel. We have calculated the ratios R/Cave for those simulated data points and
found that R/Cave  0.65, where Cave = (Cub + Clb )/2. So there is more room for
improvement than in the 1D case.
We also attempted to combine the advantages of REP-2 coding and the SCCC as
we did for 1D case. This was achieved by puncturing the SCCC twice as much as
we did earlier and then repeating each code bit twice. The squares in Fig. 4.8 give
the performance results for this setup. We observe an information-rate gain over the
SCCC-only case of about 5% in the range 0.25 < p2 < 0.45, and an increasing loss as
p2 is decreased from 0.2 to 0. For context, for current media the ratio of the grain-size
standard deviation to the grain-size mean ranges from 0.3 to 0.4. This corresponds
to p2 ≈ p3 ranging from 0.34 to 0.41. Thus, the SCCC-REP-2 scheme provides gain
in an appropriate range of p2 .
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4.3.3. “L-shape” repetition scheme
We have seen that there are deﬁciencies when applying REP-2 coding, a 1D code, to
our 2D model. We now consider a type of REP-3 coding, which involves L-shaped
3-bit words or, for reasons explained below, simply “L-bits”. The notion of an L-bit
is illustrated in Fig. 4.9. As shown in the upper-left part of that ﬁgure, each data
bit is repeated three times and the three bits are formed into the shape of an “L”.
Some heads actually tend to produce an undesirable L-shape when writing, though
unfortunately this would not create the desired tiling when writing in raster-scan
fashion. The three bits of one L-cell must be written on two consecutive passes of the
shingled head. The bottom part of Fig. 4.9 illustrates the L-tiling that must occur
when raster-scan recording bits from left to right and top to bottom. Note that the
orientation of the L-bits is unique to the raster-scan direction during writing.
During the read process, only the bit at the corner of the L-bit, the sample bit,
is sampled and applied to a decision device. Owing to the last-bit-seen nature of the
channel, some sample bits retain their originally recorded values, while others become
replicas of their neighbor bits. However, as can be seen upon close examination of
Fig. 4.9, there is only one scenario in which the sample bit of an L-bit will lose
its original value. Another advantage of this L-shaped repetition scheme is that it
obviates the need for a BCJR detector, that is, the sample need only be applied to
a simple threshold detector to determine its binary value. The L-bit scheme will
be used together with an SCCC, whose decoder is modiﬁed to receive hard binary
decisions. Note that since the inner “code” uses rate-1/3 repetition, the SCCC code
will undergo severe punturing to achieve the desired information rates.
As mentioned, Fig. 4.9 displays all conﬁgurations in which a sample bit can reside
on one of the four grain types we consider. (For clarity, the grains are drawn with
rounded corners.) Of the nine conﬁgurations, only one can result in a “last-bit-seen
error”, and this occurs with probability p4 /4/2 = p4 /8. The division by 4 corresponds
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to four equiprobable locations for the sample bit on the type-4 grain and the division
by 2 corresponds to the probability that the original and eventual sample bit values
diﬀer (the eventual value due to the bottom-right bit of the type-4 grain). Thus,
this L-bit repetition scheme simply converts the 2D channel model into an equivalent
binary symmetric channel (BSC) with error probability p4 /8.
Fig. 4.10 shows the performance of the SCCC-based L-bit scheme together with
our previous 2D model results. The horizontal line, the circles and the squares all
have the same meaning as in Fig. 4.8. The dashed curve with plus symbols presents
the capacity of the equivalent BSC. The capacity computation took the repetition
and the units of vertical axis into account. For example, when p2 = 0.5, p4 = 0,
the equivalent BSC has capacity 1 bit/grain. However, the value used in the curve
is adjusted to 2/3 because each bit is repeated three times and the average grain
size is two bits in our ﬁgure. The dashed curve with triangles correspond to the
highest SCCC code rate R for which low error rates (BER < 10−5 ) are achievable.
The percentages next to the triangles correspond to the ratios R/CBSC and range
from 84%, when p2 = p3 = 0.5, and decrease to 68% more or less linearly as p2 = p3
decreases to zero.
This decrease in performance is attributable to the severe puncturing applied to
the SCCC code. Our SCCC is not quite as versatile in this situation as we have
seen earlier, but it is possible to design a family of codes with suitable code rates.
That is, since the L-bit scheme involves rate-1/3 repetition, the outer code (family)
should have a higher base code rate than the rate 1/4 of the SCCC, to accommodate
puncturing, for example.
To more or less conﬁrm these comments, two irregular repeat-accumulate (IRA)
codes [17,18] were designed and employed in the system. One is a rate-0.745 (43961, 32768)
IRA code with column weight 4, while the other is rate-0.7 (46797, 32768) IRA code,
also with column weight 4. These codes were simulated on the binary symmetric
channel and the binary erasure channel and both achieved at least 88% of capacity
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(R/C ≥ 0.88 for both codes and both channels) The dashed curve with ﬁve-pointed
stars in Fig. 4.10 presents the performance of the IRA codes combined with the L-bit
scheme. As shown in the ﬁgure, the IRA codes achieve the ratios R/CBSC > 0.85.
(For clarity, the percentages are not attached to the markers.) If needed, suitable
IRA codes with lower code rates can be designed and used in an analogous way to ﬁt
the case where p2 is less than about 0.3.
Observe that the performance curves in Fig. 4.10 that involve the BCJR detector
(circles and squares) have a “U” shape, while the L-bit schemes, which use threshold
detection, have performance that degrade linearly with decreasing p2 (following the
BSC capacity curve),, albeit with a much lower detector complexity. As a result, the
L-bit approach is most appropriate for larger values of p2 . As mentioned at the end
of the previous section, p2 is expected to be in the range 0.34 to 0.41, making the
L-bit approach viable.

4.4. Conclusion
We considered two idealized “TDMR” channel models, a 1D model and a 2D model,
both of which assumed rectangular grains whose boundaries are aligned with track and
bit boundaries. For both models, we assumed a recording density of two channel bits
per grain on average. Under these assumptions, we presented detectors and coding
techniques capable of achieving about 0.6 user bits/grain for the 1D model and about
0.5 user bits/grain for the 2D model. These values represent (approximately) a factor
of 10 increase in user density over current recording systems. Such striking results for
these idealized models provide great optimism regarding the feasibility of the TDMR
approach to next-generation magnetic disk drives.
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Figure 4.6. An example illustrating the 2D FSM.
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Figure 4.7. A ﬁnite-state-machine representation of the 2D channel model.
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Figure 4.10. Performance of L-bit repetition scheme with SCCC and LDPC code.
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5. Sequence detection for a compressive receiver

In this chapter, we propose a sequence detector designed to retrieve data bits from
compressively sampled frequency-hopping spread spectrum (FHSS) Gaussian frequencyshift keying (GFSK) signals. Unlike traditional compressed sensing systems which
reconstruct the original signal from compressive samples, our detector avoids the reconstruction step and recovers data bits directly from compressive measurements. A
novel aspect of our work is that a non-cooperative scenario is assumed. Speciﬁcally,
our receiver has no prior knowledge of the speciﬁc hopping sequence used by the transmitter. Another contribution is the design of the sampling kernels used to obtain the
compressive measurements. By exploiting the structure of an FHSS-GFSK signal, we
demonstrate its compressibility, and design adaptive sampling kernels, which allow
fewer samples than random-kernel sampling. The resulting system can automatically
choose an appropriate compression ratio as a function of signal-to-noise ratio (SNR)
without explicit knowledge of the SNR. Additionally, it circumvents the noise folding problem present in random-kernel sampling. Speciﬁcally, compared with Nyquist
sampling, our adaptive compressive sampling oﬀers compression ratios ranging from
20 to 32, depending on the SNR while suﬀering less than 1 dB performance loss. The
proposed system can be generalized in a straightforward way to other compressively
sampled signals that can be represented by a state transition diagram or trellis.

5.1. Introduction
The main result in compressive sensing (CS) [35] asserts that one can recover sparse
signals with a sub-Nyquist sampling rate. The framework of compressive sensing is
concerned with the recovery of an unknown vector representing a signal of interest
from an underdetermined system of linear equations. The critical property for suc-
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cessful recovery is the sparsity of the signal. A vector x is sparse if it has only a few
nonzero entries. The locations of these nonzero entries (support) are assumed to be
unknown. Similarly, a continuous-time signal s(t) is sparse in the frequency domain
if its (unknown) support in the frequency domain is much smaller than its Nyquist
bandwidth. Fortunately, this is a common property of signals in many systems. In
this paper, we focus on an FHSS-GFSK signal, which employs Gaussian frequencyshift keying (GFSK), a speciﬁc form of continuous phase modulation (CPM) [38],
combined with frequency-hopping spread spectrum (FHSS) [36]. This type of modulation is used in the popular Bluetooth wireless technology [37].
Suppose that during each hopping period, an FHSS transmitter broadcasts on
one of Nc frequency-contiguous sub-channels, each having bandwidth B. Then, the
total bandwidth of the signal is Nc B. A cooperative receiver that knows which subchannel is being used during each hopping period can focus on that sub-channel so
that the signal eﬀectively has a bandwidth of only B. Such a receiver can operate
at a sampling rate proportional to B. However, for a non-cooperative receiver with
no knowledge of the channel hopping sequence, traditional signal processing would
suggest a sampling rate proportional to the total bandwidth Nc B. On the other hand,
from a compressive sensing point of view, the signal is sparse. That is, at any given
time, the (unknown) support of the signal is B, which is small compared to the total
bandwidth Nc B. This motivates the main contribution of this work – the design of a
compressive receiver that operates without knowledge of the sequence of sub-channels
used, but with a sampling rate signiﬁcantly lower than that suggested by the Nyquist
rate for the total bandwidth Nc B.
An important issue related to the robustness of typical compressive sensing recovery algorithms is the restricted isometry property (RIP) [41]. Two such algorithms
that are widely studied and used are the basis pursuit (BP) [39] and the orthogonal
matching pursuit (OMP) algorithms [40]. These algorithms are aimed at recovering the original sparse signal (or a transformed version thereof). The second key
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contribution of the work presented here is the design of a sequence detector that retrieves data bits directly. That is, the detector provides data bit decisions based on
compressive samples directly, avoiding the compressive recovery of the original signal. This sequence detector considers the intersymbol interference (ISI) character of
a GFSK signal, and thus avoids the possibility of error propagation due to incorrect
symbol-wise decisions.
The ﬁnal contribution of this chapter is a scheme for designing a compressive sampling matrix (the mathematical representation of a linear sampling system) specifically for the compressive receiver. By exploiting the structure of the FHSS-GFSK
signal, a state-based expression can be used to represent the signal. A dictionary matrix of the signal is deﬁned, and a singular value decomposition is applied to derive a
sampling matrix. The dictionary matrix can be designed adaptively, based on statistics that the sequence detector derives from previous measurements. Experimental
results demonstrate that our adaptive sampling matrix, derived from the adaptive
dictionary matrix, greatly outperforms random sampling matrices, and is within 1
dB of Nyquist sampling at relatively high compression ratios. Our proposed scheme
also enables automatic selection of appropriate compression ratios under varying noise
levels. The ideas presented here can be extended in a straightforward way to other
sparse signals that can be expressed by a state transition diagram and/or a dictionary.
The chapter is organized as follows. Section 5.2 presents a state-based representation of an FHSS-GFSK signal and illustrates how a trellis can be derived from
this representation for use in sequence detection of data bits. Section 5.3 presents a
general compressive sampling system, and explains in detail the design of a sequence
detector for data bit recovery using static sampling matrices. Section 5.4 extends
Section 5.3 to the case of adaptive sampling matrices. Compared with random compressive sampling, adaptive sampling provides signiﬁcant performance improvement.
Section 5.5 concludes the work.
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5.2. FHSS-GFSK Signal Model
An FHSS-GFSK signal can be generated as follows: after passing through a Gaussian ﬁlter, a binary frequency-shift keying (BFSK) signal is modulated to one of Nc
frequency slots each of bandwidth B, into which the whole channel bandwidth Nc B
is subdivided. The selection of the frequency slot in each signaling interval (hop) is
made randomly according to a uniform distribution. Speciﬁcally, during one hop
x(t) =

N
s −1

2Eb
cos 2πfc t + 2πh
di q(t − iT ) + φ ,
T
i=0

0 ≤ t ≤ Ns T

(5.1)

where Eb is the signal energy per symbol (bit) interval T , φ is a global phase term,
fc is the selected subcarrier (hop) frequency, h is the modulation index, di ∈ {±1}
represents the data bit sequence, Ns is the number of bits transmitted per hop, and
t
the normalized phase pulse q(t) = −∞ g(τ )dτ is obtained from


T
T
1
g(t) =
− Q γB t +
(5.2)
Q γB t −
2T
2
2
where γ = 2π/


log(2) and the Gaussian Q-function is deﬁned as Q(x) =

√1
2π

∞
x

The 3 dB time-bandwidth product BT is set to 0.5 throughout the paper for simplicity
and facilitation of simulation results.
Denote by xn (t) the nth symbol waveform — namely the signal during the nth
symbol interval of (1). Equation (1) suggests that all data bits di (0 ≤ i ≤ Ns −1, i =
n) contribute to the nth symbol waveform xn (t) as interference. However, under
certain conditions described below, the intersymbol interference can be modeled using
only dn−1 , dn+1 , and a running digital sum.
Owing to the fact that q(x) can be well approximated by
⎧
⎪
x ≤ −T
⎨0,
q(x) ≈ q(x), −T ≤ x ≤ 2T
⎪
⎩
0.5,
x ≥ 2T

2

exp(− u2 )du.
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with absolute error bounded by 10−5 , the summation in the phase term of (1) during
the nth symbol interval nT ≤ t < (n + 1)T can be well approximated as
 n−2
N
s −1


di q(t − iT ) ≈ 2πh 0.5
di
2πh
i=0

i=0

+ dn−1 q t − (n − 1)T
+ dn q(t − nT )
+ dn+1 q t − (n + 1)T


.

Assuming for now that fc and φ are known, the nth symbol waveform xn (t) can be
completely characterized by the vector
2πh · 0.5

n−2


di , dn−1 , dn , dn+1 .

(5.3)

i=0

We interpret θ = 2πh × 0.5

n−2
i=0

di as a cumulative phase with the other two terms

dn−1 and dn+1 representing intersymbol interference (ISI). We constrain h to be a
rational number h = k/p, where k and p are relatively prime integers. Then the
cumulative phase is
θ = 2πh × 0.5

n−2

i=0

di =

πk
j
p

for some integer j. Thus, if k is odd, θ can take only 2p values (mod 2π). If k is
even, θ can take only p values (mod 2π). For illustration and consistency with our
simulation setup later, h is set to 1/3 throughout the paper, and the vector in (3)
can be abbreviated as
n−2


di (mod 6), dn−1 , dn , dn+1 .

(5.4)

i=0

Speciﬁcally, the representation in (4) yields 6×23 = 48 possibilities for the nth symbol
waveform xn (t).
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It is easily seen that symbol waveforms can be viewed as arising from a ﬁnite-state
machine (FSM). An FSM can be described by the quintuple (Σ, Γ, S, δ, ω), where
Σ is the input alphabet, Γ is the output alphabet, S is a ﬁnite set of states, δ is the
state transition function δ : S × Σ → S, and ω is the output function ω : S × Σ → Γ.
Speciﬁcally, dn+1 in (4) serves as the input from the input alphabet {±1}, while the
n−2
rest of (4), namely the triple
i=0 di (mod 6), dn−1 , dn , represents the state.
The symbol waveform xn (t) is the output. All 48 possible symbol waveforms, each
of which corresponds to a particular instance of (4), together make up the output
alphabet. Thus, there are 24 possible states each with 2 possible output waveforms
depending on the binary input dn+1 .
A trellis diagram can be generated to describe the state transition and input/output
behavior. Part of the trellis diagram is shown in Fig. 5.1. For illustration, take state

s1 = (0, −1, +1) at stage n as an example, where the cumulative sum n−2
i=0 di = 0,
dn−1 = −1 and dn = +1. Given the branch input dn+1 = +1, state s1 transitions to
state s2 = (5, +1, +1) at stage n + 1. This can be seen by noting that at stage n + 1,
the cumulative sum equals
(n+1)−2


i=0

di (mod 6) = (

n−2


di + dn−1 ) (mod 6)

i=0

= 0 + (−1) (mod 6) = 5.
For a given subcarrier fc , the complete trellis diagram consists of 24 states and Ns
stages corresponding to Ns symbols in a hop.

5.3. System Architecture and Performance
A compressive sampling (CS) system is shown in Fig. 5.2. The signal of interest, i.e.,
the sequence of symbol waveforms xn (t) from an FHSS-GFSK signal (of bandwidth
Nc B) passes through L parallel sampling branches. In branch i, 1 ≤ i ≤ L, the
signal is multiplied by a kernel function ki (t), then integrated and sampled to form
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Figure 5.1. Illustration of the trellis.
a sequence of inner products. The sampling rate fb in each branch is an integer
multiple of the symbol rate (fb = M/T ). That is, each branch collects M samples
per symbol. The integrators are restarted after every sample is acquired. The samples
from the parallel branches corresponding to one symbol waveform xn (t) are combined
into a measurement vector yn of dimension LM . We deﬁne the compression ratio
as the number of samples suggested by Nyquist sampling divided by the number of
compressive samples acquired. That is,
CR =

2Nc BT
.
LM

(5.5)

In CS practice, the kernel functions are often chosen as white Gaussian noise or as
random bipolar signals, which are piecewise constant functions that alternate between
±1. In this work, we consider random bipolar kernels, as well as kernels designed via
consideration of signal priors. In the case of random bipolar kernels, we choose the
“kernel frequency” to be fk = λfb for some positive integer λ. That is, the value of
each bipolar kernel is chosen at random from {+1, −1} λ times during each sampling
period 1/fb .
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Figure 5.2. A generalized sampling system.
For the purpose of computer simulation we choose a sampling rate fs signiﬁcantly
higher than the Nyquist rate of the FHSS spectrum as well as the bipolar kernel
frequency. That is, fs

max{2Nc B, fk }. We emphasize that this sampling is only

for the purpose of simulation, and should not be confused with the sampling rate fb
of the system being simulated. Accordingly, the analog symbol xn (t) is represented
by a vector xn of length K = T fs . Also for the purpose of simulation, the vector yn is
computed as yn = Axn where A is a sampling matrix of size LM × K corresponding
to the compressive sampling system described above.
The sampling matrix A for random bipolar kernels is then given by (5.6). The
structure of A is block diagonal with all elements not explicitly shown equal to zero
and those shown taken from the set {+1, −1}. The L rows of each block correspond
to the L sampling branches of Fig. 2. Each such row corresponds to the λ bipolar
kernel values used to compute one sample for one branch in Fig. 2. In other words,
the integration time 1/fb corresponds to the support of a row of A. Sampling matrices
based on signal priors will be discussed in a subsequent section.
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.
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(5.6)

We conclude this subsection with a discussion of noise. In our system, additive
white Gaussian noise (AWGN) is added to the analog signal prior to compressive
sampling. Speciﬁcally, compressive samples in the presence of noise are computed
herein via
rn = A(xn + vn ), 0 ≤ n ≤ Ns − 1,

(5.7)

where the vector xn is the simulation representation of the analog symbol xn (t) and
the vector vn is the simulation representation of additive white Gaussian noise with
two-sided power spectral density N0 /2. In fact, for random-kernel compressive sampling systems, noise present in the signal before the computation of inner products
dominates the performance degradation, owing to the noise folding (aliasing) that
occurs in compressed sensing systems. The concept of noise folding is thoroughly
explored by Treichler et al in [42] and [43].
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5.3.1. Viterbi detector
Our Viterbi detector produces the maximum likelihood sequence estimate for the data
bits dn given the sequence of compressive measurement vectors rn , 0 ≤ n ≤ Ns − 1
during one hop interval. It relies on the ﬁnite-state representation of the FHSS-GFSK
symbol and the trellis diagram derived in Section II. In that discussion, the hopping
frequency fc in (1) is assumed known. As mentioned previously, a key contribution
of this work is that fc is chosen at random from one of Nc possible values during
each hop interval and that the speciﬁc choice is unknown to the receiver. For this
reason, we employ a super-trellis consisting of Nc sub-trellises. Each such sub-trellis
corresponds to one of the Nc values of fc and is constructed according to the discussion
in Section II. The output associated with each state transition (trellis branch) is the
noiseless measurement vector associated with that branch. That is yn = Axn . All
Nc sub-trellises are identical, except for their branch labels, which diﬀer because the
transmitted symbols xn diﬀer owing to their dependence on fc . Additionally, no trellis
branch connects any sub-trellis to any other sub-trellis.
The Viterbi algorithm is employed to ﬁnd the path through the trellis that minNs −1
imizes n=0
rn − yn 2 . To reduce latency and complexity, a stream-oriented approach can be employed. It is well known that survivor paths tend to share a common
“tail” after several trellis stages [45]. For the super-trellis employed here, this tail
tends to lie within one sub-trellis corresponding to the correct hopping frequency fc .
After survivor paths have merged to a common “tail” lying within one sub-trellis,
the calculation of branch/state metrics can be ceased for other sub-trellises and the
Viterbi algorithm is restricted to that sub-trellis, thus reducing computational complexity.
In the discussions above, carrier synchronization is assumed. That is, the global
phase φ is assumed to be known. This is referred to as the “coherent” case. In
the noncoherent case, when φ is assumed to be unknown, the branch metric must
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be modiﬁed and some loss in bit error rate performance is incurred. To this end,
the probability density function (PDF) p(rn |yn ) can be obtained for the noncoherent
case by taking the expectation of p(rn |yn , φ) with respect to φ. We assume that φ is
uniformly distributed from 0 to 2π, so that
 2π
p(rn |yn , φ)p(φ)dφ
p(rn |yn ) =
0
 2π
1
p(rn |dn+1 , φ)dφ.
=
2π 0
We employ the numerical calculation of log p(rn |yn ) as the branch metric, and then
 s −1
choose the path through the trellis that maximizes N
n=0 log p(rn |yn ).
5.3.2. Simulation setup and performance
In what follows, we employ the Bluetooth standard [37] as a speciﬁc example for
experimental results. Bluetooth is a well-known representative of FHSS-GFSK modulation that employs Nc = 79 sub-channels, each of bandwidth B = 1 MHz. The
subcarrier (hopping) frequencies fc are 2402, 2403, ..., 2480 MHz.
We now present simulation results for our compressive receiver using random
bipolar kernels and parameters given as follows:
• Signal Model
– modulation index: h = 1/3,
– symbol duration: T = 1 μs,
– number of symbols per hop: Ns = 625;
• System Model
– bandwidth of the Bluetooth signal: Nc B ≈ 80 MHz,
– Nyquist frequency: fN = 160 MHz,
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Figure 5.3. Performance of the random sampling system (L = 2).
– simulation sampling rate: fs = 480 MHz,
– bipolar kernel frequency: fk = 160 MHz,
– compression ratio (CR): CR =

2Nc BT
LM

=

160
.
LM

– compressive sampling frequency (per branch): fb =

M
T

=

fN /L
.
CR

Fig. 5.3 shows the system performance for L = 2 branches with horizontal and
vertical axes depicting Eb /N0 and bit error rate, respectively. The solid curves correspond to the coherent case, while the dashed curves represent the noncoherent case.
The curves with squares correspond to the performance of the system with CR = 8
while the curves with triangles correspond to CR = 4. The curves with circles correspond to Nyquist sampling and thus have CR = 1. The CR = 1 results employ the
Viterbi detector described above, using received vectors yn composed of fN T samples
corresponding to 1 symbol sampled at the Nyquist rate fN . As expected, the performance deteriorates as CR is increased. Much of this deterioration is due to the noise
folding loss, given by 10 log10 (CR) [44].
Results for other parameter choices are similar. For example, Fig. 5.4 shows the
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Figure 5.4. Performance of the random sampling system for the coherent case with
diﬀering numbers of branches.
tradeoﬀ between the number of branches L and the branch sampling rate fb for a ﬁxed
compression ratio CR = 4. The case of L = 40 corresponds to the extreme case of
M = 1 sample per branch per symbol. As can be seen in the ﬁgure, the performance
is improved by less than 1 dB when the number of branches is increased from L = 2
to L = 5. Further increases in L yield insigniﬁcant improvements.

5.4. Adaptive Sampling matrix design
The random-kernel sampling system introduced in the previous section is universal
and obeys the RIP for robust signal recovery. However, better performance can be
achieved by incorporating information about the signal of interest into the design
of the sampling matrix. In this section, we propose a method for adaptive design
of the sampling matrix. Unlike random sampling, this design relies on the state
representation of the FHSS-GFSK signal derived in Section II. As discussed there,
when fc is known and h = k/p = 1/3, there are 48 possible symbol waveforms. This

96
number is reduced somewhat at the beginning and end of a hop due to a reduced
number of trellis states owing to the non-existance of di for i < 0 and i > Ns − 1.
Speciﬁcally, there are 22 = 4 possible waveforms for the ﬁrst symbol in a hop, 23 = 8
possibilities for the second symbol in a hop, and 22 × 2p = 24 possibilities for the
last symbol in a hop. Since fc is considered to be unknown, the number of possible
symbol waveforms is actually Nc times the values given above. Arranging the possible
waveforms from a stage of the trellis as the columns of a matrix, we obtain a dictionary
matrix for that trellis stage. Recall from Section III that the simulation sampling rate
is fs and that the symbol duration is T , so each symbol waveform is represented by a
vector of length K = T fs . The dictionary matrix P1 for the ﬁrst trellis stage is then
of size K × 4Nc . Similarly, the dictionary matrix P2 for the second stage is of size
K × 8Nc . The dictionary matrix P4 for the ﬁnal stage is of size K × 24Nc , while the
dictionary matrix P3 for all other stages is of size K × 48Nc . For simplicity, we refer
only to the dictionary matrix P3 to illustrate the adaptive scheme in what follows.
The procedure is identical for P1 , P2 and P4 .
Given the dictionary matrix P3 , the nth symbol xn in a hop can be expressed as
x n = P3 δ n
where δn is a binary indicator vector of dimension 48Nc × 1 with a single nonzero
entry equal to 1. The position of the single 1 in δn indicates which column of P3 is
the sampled representation of the current symbol xn . As the Viterbi detector evolves,
posterior probabilities of each column (possible waveform) can be estimated, as will
be described later. We employ these estimates in a time-varying dictionary P3 for the
nth symbol as
P3 (n) = [p1 γ1 p2 γ2 ... pC γC ]

(5.8)

where C = 48Nc denotes the number of columns in P3 , γi is the ith column of the
dictionary matrix P3 and pi = p(xn = γi |y0 , y1 , ..., yn−1 ) denotes the conditional prob-
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ability that the current symbol xn is the ith possible waveform γi given all previous
measurements.
The sampling matrix for the nth symbol is then designed based on the singular
value decomposition (SVD) [46] of the dictionary matrix P3 (n) as
P3 (n) = U SV ∗
whereU and
V ∗ are unitary matrices and S is a rectangular diagonal matrix of the

S
, where S  is a square diagonal matrix with diagonal entries arranged in
form
0
descending order. The compressive sampling matrix is then chosen as
ASV D (n) = BU ∗

(5.9)

where B is an Sc × K rectangular identity matrix of the form
Sc × Sc identity matrix. Here,

∗



I 0



and I is an

indicates conjugate transpose and Sc is the desired

number of compressive measurement samples for the nth symbol. In the common
compressive sampling context, Sc is usually a ﬁxed number. However, in our scheme,
the dictionary matrix P3 (n) adapts with the time index n, and its SVD decomposition
varies correspondingly. So there is an opportunity to make Sc time-variant. We choose
Sc (n) = min{i :

i−1


s2m > θ

m=0

where sm is the m

th



s2m }

(5.10)

all m

diagonal entry of S, and θ is a threshold parameter between 0

and 1. That is, Sc (n) is chosen to capture no less than 100 · θ % of the energy of the
singular values of P3 (n).
For the sampling matrix of (5.9), the Sc (n)-dimensional measurement vector yn
for symbol xn can be expressed as
yn = ASV D (n)xn
= ASV D (n)P3 (n)δn
= (BU ∗ )(U SV ∗ δn )
= RV ∗ δn

(5.11)
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where R = BS is equal to the ﬁrst Sc (n) rows of S.
The posterior probabilities pi in (5.8) can be estimated in a straightforward manner. Each outgoing branch from a trellis state corresponds to one column of the
dictionary matrix, as the current state s and the next data bit dn+1 completely decide the current symbol. Denote the state metric (or cumulative metric) for state s
at time index n − 1 as m(s, n − 1). If we assume that the data bit dn+1 has equal
probability to be either +1 or −1, then pi = p(xn = γi |y0 , y1 , ..., yn−1 ) can be estimated as an exponential function of m(s, n − 1), where γi is the generated symbol
corresponding to one outgoing branch from state s at the time index n.
At the beginning of a signal hop, not much posterior information is available
to anticipate the next symbol, so the compression ratio should initially be small, or
equivalently, Sc (n) should be large. As the Viterbi detector evolves with the time
index n, better posterior information for the next symbol allows more compression
to be achieved by reducing Sc (n). Speciﬁcally, as the time index n advances, most
probability estimates grow small. This results in few columns of the dictionary matrix
contributing to the SVD, and few non-zero diagonal entries in S, and thus, a small
value of Sc (n).
5.4.1. System Model and Simulation Performance
In our simulations, we assume the coherent case. That is, the global phase φ is
assumed to be known. Bluetooth signals are employed using the same simulation
setup as Section III-B. The posteriors pi are initially equal (uniform) and Sc (1) = 40.
That is, 40 samples are acquired for the ﬁrst symbol yielding initial compression
ratio CR = 160/40 = 4. The sampling system shown in Fig. 5.2 is employed, with
L = Sc (n) and fb = 1/T . The kernel ki for the ith branch is the ith row of ASV D from
(9).
Fig. 5.5 shows the performance of the adaptive SVD sampling system with the
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threshold parameter θ = 0.99. Results for Nyquist sampling and random-kernel
sampling are repeated here from Figs. 5.3 and 5.4 for comparison. Speciﬁcally,
the solid curve with circles shows the performance of Nyquist sampling, while the
solid curve with diamonds corresponds to random sampling with CR = 4 and L =
40. The curve with squares depicts the performance for the adaptive SVD sampling
described above. It can be seen that adaptive SVD sampling is signiﬁcantly better
than bipolar random sampling and is within 1 dB of Nyquist sampling. Additionally,
the adaptive SVD sampling scheme automatically chooses a suitable compression ratio
for each value of Eb /N0 , without speciﬁc knowledge thereof. As mentioned above, the
initial compression ratio is set to CR = 4 (L = 40). As the Viterbi search evolves,
L decreases automatically. This results in diﬀerent average compression ratios for
diﬀerent values of Eb /N0 . For example, when Eb /N0 = 7 dB, the system chooses to
acquire approximately 8 samples per symbol within each hop, on average. That is,
1 
Sc (n) ≈ 8
S̄c =
625 n=1
625

(5.12)

for a compression ratio of about 20 compared to Nyquist sampling. The number of
samples acquired decreases to 6 and 5 when Eb /N0 increases to 9 dB and 11 dB,
respectively.
It is also possible to use the adaptive SVD scheme with a ﬁxed compression ratio.
This is accomplished by ﬁxing Sc (n) regardless of the singular values. The performance resulting from this approach is depicted by the two dashed curves in Fig. 5.5.
Speciﬁcally, the dashed curves with triangles and pluses correspond to the performance for adaptive SVD sampling with CR = 10 (Sc (n) = L = 16) and CR = 20
(Sc (n) = L = 8). It can be seen that allowing the compression ratio to adapt results
in similar performance to CR = 10, but with signiﬁcantly higher compression ratios
for higher values of Eb /N0 . It is worth mentioning again that Sc (n), and therefore the
compression ratio, is chosen automatically based on previous measurements without
a priori knowledge of Eb /N0 .
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Figure 5.5. Performance of the adaptive SVD sampling system
To conclude this section, we provide an intuitive explanation as to why adaptive
compressive sampling nearly achieves Nyquist sampling performance at high compression ratios, in contrast with the results of Figs. 5.3 and 5.4, and those of [42]
and [43], which all assume random kernels. First, we recall that the compressive measurements are obtained via inner products. These inner product computations can
be interpreted as convolving (ﬁltering) the signal with a (time-reversed) kernel function followed by sampling. Second, from above, most of the columns of P3 become
insigniﬁcant as the Viterbi search proceeds. The signiﬁcant columns will resemble
the most likely symbol waveforms which will be bandpass signals corresponding to
the correct hopping frequency fc . The kernels come from the left-singular vectors of
P3 and thus are bandpass themselves; that is, the set of kernels eﬀectively act as a
bank of matched ﬁlters. Thus, the ﬁltering operation of the inner product computation substantially removes out of band noise, largely mitigating the noise folding
problem. In this way, our adaptive SVD sampling does not suﬀer the 10 log10 (CR)
dB SNR loss due to noise folding, unlike random sampling. Fig. 5.6 supports this
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argument. This ﬁgure depicts the Fourier transform of various kernels. The top plot
corresponds to bipolar random kernels as a reference. The other plots represent the
evolution of an adaptive SVD kernel during one hop at symbol indices n = 1, 30, and
300, from top to bottom, respectively. It is clear that the kernel quickly adapts to
become a double-peaked pass-band ﬁlter that matches the current double-frequency
GFSK sub-channel.

5.5. Conclusion
This paper introduced a Viterbi sequence detector for compressively sampled FHSSGFSK signals. This detector is intended for use in a non-cooperative scenario, where
the sequence of hopping frequencies fc is unknown. The detector performs data
bit detection without the need for conventional compressed sensing recovery of the
received analog signal. A scheme was developed for the adaptive design of compressive
sampling matrices (kernels) and is applicable to any signals that allow ﬁnite state
machine representation. Experimental results using Bluetooth signals demonstrate
that adaptive compressive sampling achieves performance improvements of around 8
dB and compression increases of more than 20, compared with random compressive
sampling. Signiﬁcantly, the proposed scheme suﬀers less than 1 dB performance loss
compared to Nyquist sampling while achieving compression ratios ranging from 20 to
32, depending on Eb /N0 , and thus, provides an eﬀective solution to the noise folding
problem. Finally, the proposed scheme can automatically choose an appropriate
compression ratio as a function of Eb /N0 without explicit knowledge of Eb /N0 .
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evolution of an adaptive SVD kernel for n = 1, 30, and 300, respectively.
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A. Appendix

A.1. Reduced-State FSM Graphs
In this appendix, we show how the sizes of the 1D and 2D FSM graphs may be
reduced. For the sake of clarity, our discussion will focus on the 1D model; extension
to the 2D model is fairly straightforward.
Recall the 12-state graph discussed in the context of the 1D channel model of
Fig. 4.2. In this appendix we will show how a reduced-state graph may be obtained.
Denote each state by Sxk xk+1 , where S ∈ {1, 2, 3} represents the media state and
where xk xk+1 ∈ {++, +−, −+, −−} represents the data state. Clearly the total
number of states is 12. But we claim that some states are actually equivalent, by
which we mean that they have (essentially) identical outgoing state transitions (same
labels, same or equivalent destination states). Equivalent states can be combined into
a single state.
First, we provide some intuition regarding the existence of equivalent states in
our particular state machine. Due to the last-bit-seen nature of the channel, we have
to accept the fact that every channel input bit, except the last bit in each grain,
is eﬀectively lost. In other words, such channel input bits contain no information,
and there is no need to distinguish among data states which contain such bits. For
example, consider these four states: 3++, 3+−, 3−+ and 3−−, which have the same
media state, but four diﬀerent data states. Note from Fig. 4.2 that, independent of
the state 3xk xk+1 among the four we are considering, we will have the same mediastate destination (media state 2) and the same transition output yk = xk+2 , where
xk+2 is the transition input.
We have not yet proven that the four states 3xk xk+1 are equivalent. We have only
argued that they all have the same output and they all lead to states of the form
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2xk xk+1 . Observe that, given xk+2 = +1 as transition input, states 3 + + and 3 − +
both transition to state 2 + + while states 3 + − and 3 − − both transition to state
2 − +. But, it can be argued that states 2 + + and 2 − + are equivalent as follows.
Given xk+2 = +1 as transition input, states 2 + + and 2 − + both go to state 1 + +
with the transition output yk = xk+1 = +1. Similarly, when xk+2 = −1, states 2 + +
and 2 − + both go to state 1 + −. Thus, states 2 + + and 2 − + are equivalent
and can be combined into a single state which we denote by 2 ∗ +, where ∗ means
+/−. Further, we have now proven that the four states 3xk xk+1 are equivalent: given
xk+2 = +1 as transition input, the states 3 + +,3 − +,3 + − and 3 − − all transition
to state 2 ∗ +. Similarly, when xk+2 = −1, these states all transition to state 2 ∗ −.
So we can also combine these 4 states into a single state which we denote by 3 ∗ ∗.
Instead of 12 states, we now have 7 states: 3∗∗, 2∗+, 2∗−, 1++, 1+−, 1−+, 1−−.
Note that when combining states, their transitions (graph edges) are combined and,
thus, their number is reduced. We point out that after such combining of states and
transitions, some transitions will have labels that are arbitrary (i.e., inputs of + or −
are both possible). Lastly, the probability of the combination of transitions is equal
to the sum of the probabilities of the two original transitions.
Once the above graph manipulations are complete, the result is a 7-state graph
with 26 transitions, which has much lower complexity than the original graph (12
states and 40 transitions). Finally, the same combining ideas can be employed to
simplify the 2D FSM illustrated in Fig. 4.7, reducing the number of states from 16
to 6.
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