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ABSTRACT

Dynamic Spectrum Access (DSA) and multi-input multi-output (MIMO) communications are among the most promising solutions to address the ever increasing
wireless demand. In a DSA system, secondary users can communicate opportunistically on temporarily idle or under-utilized portions of the licensed spectrum. Dynamically adjusting the transmission parameters of a DSA system (including the
operating channel/frequency) is facilitated by the cognitive radio (CR) technology.
MIMO communications can further boost spectral eﬃciency by allowing a multiantenna node to simultaneously transmit multiple data streams (one stream per
antenna) over the same channel. Each of these technologies has recently achieved
signiﬁcant advances. Newly emerging systems and standards (e.g., WiMAX, 4G
Advanced-LTE, IEEE 802.11ac) adopt MIMO as a core feature. The FCC has
opened up TV white bands for opportunistic, secondary use. A timely issue is to
embrace recent innovations of these technologies into a single system.
In this dissertation, we propose several resource allocation strategies for multiuser and cooperative MIMO communications in the context of DSA/CR systems
and wireless sensor networks (WSNs). First, to maximize the CR-MIMO network
throughput, we develop a low-complexity distributed algorithm that conﬁgures the
transmit antenna radiation directions and allocates power for all data streams over
both frequency and space/antenna dimensions. We formulate the joint power, spectrum allocation, and MIMO beamforming problem as a noncooperative game. We
prove that the game always admits at least one Nash Equilibrium (NE). To improve
the eﬃciency of this NE (i.e., network throughput), we derive user-dependent pricing policies that capture the interference from a CR transmitter to its unintended
receivers. The pricing policy forces the MIMO transmitters to steer their beams
away from nearby unintended receivers. Second, we propose beamforming games
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(with and without pricing policies) that jointly improve the power and spectrum efﬁciency while meeting various rate demands. We derive suﬃcient conditions under
which a given rate demand proﬁle can be supported. These conditions are quantiﬁed in a way that allows a node to instantly decide its appropriate rate. To account
for user fairness, we develop a channel assignment and power allocation mechanism
based on Nash Bargaining solution. The proposed scheme allows CR-MIMO links
to ﬁrst propose their rate demands, and then cooperate and bargain in the process
of determining their channel assignment, power allocation, and precoding matrices.
In the context of WSNs where energy eﬃciency is a key design metric, we propose
a cooperative MIMO framework. The framework partitions a WSN into various
clusters in which several single-antenna sensors cooperate and form a virtual MIMO
node so as to conserve power through harvesting MIMOs diversity gain. Extensive
simulations show that our proposed schemes achieve signiﬁcant throughput and
energy eﬃciency improvement compared with state-of-the-art designs.
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CHAPTER 1
INTRODUCTION

1.1 Background and Motivation
1.1.1 MIMO Systems
Multi-input multi-output (MIMO) communications refer to the case in which multiple antennas (a.k.a. antenna array) are used at both the transmitter and the receiver
(Figure 1.1). This technology was ﬁrst investigated in the late 1970s [17, 82], and
later revisited during late 1990s [34]. Over the last decade, MIMO technology has
attracted great interest and achieved signiﬁcant advances. Newly emerging systems and standards (e.g., 4G Advanced-LTE, IEEE 802.16e, IEEE 802.11ac) adopt
MIMO communications as a core feature.

Figure 1.1: MIMO communications: Two antennas are used at both the transmitter
and the receiver.
Compared with conventional single-input single-output (SISO) communications
(transmitter and receiver are each equipped with one antenna), MIMO technology
oﬀers higher spectral eﬃciency, measured in the number of transmitted bits per Hz,
higher energy eﬃciency, and the capability to control the antenna radiation pattern (i.e., beamforming). These advantages are essentially obtained by intelligently
exploiting spatial diversity, namely the fact that the signals from various transmit
antennas traverse independent fading paths before reaching the receiver’s antennas.
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Spatial diversity can be exploited in several ways. First, MIMO’s higher spectral eﬃciency is achieved through spatial multiplexing in which independent data
streams are transmitted and received simultaneously over diﬀerent antennas. The
channel capacity under spatial multiplexing increases linearly with the number of
antennas [34]. Mathematically, if Nt and Nr denote the number of antennas at the
transmitter and receiver, respectively, then the capacity gain of a MIMO system
referred to as spatial multiplexing gain is min (Nt , Nr ). Spatial multiplexing gain is
best harvested under a rich-scattering fading environment, in which the channel gain
matrix between the transmitter and the receiver is full-rank and well-conditioned.
Second, by transmitting the same or highly-correlated data streams from different antennas, MIMO communications can improve the signal reliability at the
receiver. Essentially, this is because diﬀerent copies of the same signal travel independent paths. This is referred to as spatial diversity. In fact, spatial diversity had
been exploited before the invention of MIMO technology. However, in its old form,
spatial diversity was used to provide a power gain in terms of signal-to-noise (SNR)
ratio (e.g., repetitive coding). The power gain amounts to a linear increase in the
SNR, and is also referred to as array gain. On the other hand, diversity gain, deﬁned
as the slope of the bit error rate (BER) curve vs. SNR [100], which can be achieved
using space-time codes [100]. With space-time coding, the diversity gain of a MIMO
channel is Nt Nr . Note that diversity gain is much more signiﬁcant than power/array
gain, in terms of energy eﬃciency [100]. This is because the power/array gain can
be harvested naturally by using multiple antennas at Tx and RX sides. Whereas
space-time codes have their special structures at the Tx side that guarantee multiple copies of the same data stream can be constructively added at the Rx side.
Speciﬁcally, at the Tx side, a single data stream is encoded by using a full-rank
matrix whose columns are orthogonal [49, 97]. Each column of the coding matrix
is then transmitted by the Tx antenna array. In a MIMO communications system,
spatial multiplexing, diversity, and power gains can be achieved simultaneously with
diﬀerent levels of tradeoﬀ [100].
So far, we have discussed the advantages of MIMO communications (spatial
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Figure 1.2: MIMO beamforming helps to manage network interference: Transmitters
steer their radiation patterns away from unintended receivers.
multiplexing, diversity, power/array gains) with regard to a single communication
link. In the context of a multi-user system, a MIMO transmitter can control its
antenna pattern to steer its radiation beams away from unintended receivers, a.k.a,
beamforming. Doing so, the transmitter not only saves its power from radiating
in unnecessary/less-eﬀective directions but also avoids interfering with other receivers. For interference-limited communications in which interference is the primary
network-throughput bottleneck, beamforming can be extremely helpful. Figure 1.2
presents a MIMO network of 4 links. In this ﬁgure, the transmitter T 1 of link 1
conﬁgures its radiation beams to point null beams to a nearby unintended receiver
R2. Similarly, transmitter T 2 of link 2 also avoids interfering with a nearby unintended receiver R1. For simplicity, in this example we do not consider receiver-based
beamforming.
In practice, beamforming and spatial multiplexing can be realized at the same
time through the precoding technique. Speciﬁcally, the vector of information symbols
(one symbol per stream) is pre-multiplied by a matrix (precoding matrix or precoder )
before being placed on the transmit antenna array. By tuning the amplitude and
the phase of each complex entry in the precoding matrix, one adjusts not only the
allocated power, but also the radiation directions, which together shape the antenna
radiation pattern (Figure 1.3).
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Figure 1.3: MIMO precoding method. The vector of information symbols are premultiplied with a matrix before placing them on the transmit antenna array.
1.1.2 Distributed/Cooperative MIMO Communications
MIMO is a proven technique to increase the throughput and reduce the energy
consumption of a wireless network. To exploit its advantages, each wireless device
has to be equipped with multiple antennas, which must be separated from each
other by at least half of the operating wavelength to guarantee independent fading
paths. Small form-factor devices, e.g., mobile stations and sensors, are typically
equipped with at most a few antennas. This limitation prevents such devices from
taking advantage of MIMO gains eﬃciently.
In cooperative communications, a group of nodes that lie within a certain proximity can cooperate in sending (receiving) a signal to (from) another group of nodes.
Cooperative MIMO (CMIMO), sometimes referred to as distributed, virtual, or networked MIMO, is one type of cooperative communications, whereby several nodes,
each equipped with one or more antennas, cooperate to emulate a multi-antenna
node, also known as a virtual antenna array (VAA), see Figure 1.4. CMIMO allows
small devices to harvest MIMO gains, and moreover, oﬀers numerous advantages
that are beyond what is typically expected from a real multi-antenna system. For
instance, unlike a real MIMO system, CMIMO can ﬂexibly select its distributed
antennas to avoid having a low-rank channel gain matrix so that the spatial multiplexing gain can be better harvested (with high-rank channels).
During the late 1990s, Dohler and Said introduced the concept of VAA [28] as a
MIMO-based cooperative scheme. In their model, a source node ﬁrst broadcasts its
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Figure 1.4: A WSN with CMIMO/VAA operation.
data to a group of spatially adjacent nodes. These nodes then cooperate to form a
VAA that forwards the signal to the next VAA. The process continues until the the
last VAA sends the signal to a sink. Each element in the VAA is referred to as a
cooperating node (CN). Almost at the same time of introducing the VAA concept,
Laneman et al. proposed distributed space-time block codes (DSTBC) [54]. A variant of space-time block codes (STBCs), DSTBC is used to achieve diversity gain over
a CMIMO link. DSTBC diﬀers from STBC in that its codewords are split among
diﬀerent nodes, which jointly encode the signal before forwarding it to the next
CMIMO node. Note that the CMIMO concept was originally proposed for singleantenna nodes to exploit spatial diversity, but was later applied to multi-antenna
nodes to leverage spatial multiplexing and/or interference management [36][38][93].
Like conventional MIMO systems, CMIMO also oﬀers similar gains but with
more advantageous features. First, CMIMO does not require nodes to be equipped
with multiple antennas. Second, unlike conventional MIMO communications, in
which spatial multiplexing, diversity, power/array gains and beamforming capabilities are limited by the number of antennas per node, CMIMO allows one to dynamically select the VAA sizes (by changing the number of CNs per VAA) to suppress
more interference and/or achieve a higher multiplexing/diversity/power/array gain.
Viewed as a means to improve signal quality, CMIMO’s diversity can also be
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exploited to extend the transmission range. At a given power budget, the trans[(√
√ )2 ]1/α
mission range can be extended by a factor of
Nt + Nr
[50], where α is
the free-space attenuation factor. Range extension can be used to enhance the network connectivity in MANETs (topology control) or to improve network coverage
in WLANs and cellular networks.
Information theorists pointed out that in dense networks, due to severe interference, the capacity of each link decreases in proportion to the square root of
node density. In such dense networks, CMIMO provides ample opportunity for cooperation to combat and manage interference through interference alignment and
interference cancellation techniques. In interference alignment, a transmitting VAA
aligns several of its data streams such that an unintended receiving VAA perceives
the interference of these streams as low as one interference stream. In this case,
an Nr -antenna VAA can simultaneously receive Nr − 1 data streams, regardless of
the number of interference streams. Interference cancellation is used by receiving
VAAs where several CNs exchange their decoded streams so that these streams are
canceled out at unintended CNs.
However, CMIMO gains involve some cooperation overhead. This overhead can
be interpreted as time/delay overhead, extra energy for signaling and coordinating CNs or to obtain channel state information (CSI), or cooperation interference
incurred from creating and operating VAAs. Hence, it is essential to account for
this cooperation overhead and when determining the resulting CMIMO gains. Other
issues to be addressed are how to cooperate, whom to cooperate with (i.e., CN selection), and which CMIMO gains to exploit. This dissertation investigates these issues
and provides a CMIMO framework for energy-constrained networks, e.g., wireless
sensor networks (WSNs).
1.1.3 Dynamic Spectrum Access and Cognitive Radio Technology
In recent years, we have witnessed a tremendous increase in the demand for wireless
capacity, which is triggered by the proliferation of new wireless devices, ranging
from remote-controled medical implants (e.g., pace-makers) to entertainment con-
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soles (e.g., mobile gaming, smart phones) or hazard monitoring/relief facilities (e.g.,
wireless sensor networks, ad hoc networks). This trend poses a critical need for
eﬃcient management/allocation of the radio spectrum. However, according to a report [31] by the Federal Communications Commission (FCC), spectrum occupancy
of many licensed bands is less than 10%. This is because a spectrum chunk, exclusively licensed to a given owner, is often unused at a given time and location.
To improve spectrum eﬃciency, dynamic spectrum access (DSA) has been proposed as a new paradigm for spectrum sharing, whereby unlicensed wireless devices
are allowed to communicate opportunistically on temporarily idle or under-utilized
portions of the licensed spectrum. These DSA users are referred to as secondary
users (SUs), to distinguish them from legacy licensed users, known as primary
users (PUs). To avoid interfering with PU communications, SUs must either be
capable of spectrum sensing or must be informed (by spectrum databases/brokers)
about spectrum opportunities [32]. Consequently, SUs can exploit these channels
by conﬁguring the transmission parameters so that they do not interfere with PUs.
Reconﬁguring the transmission parameters of the radio on the ﬂy requires a softwaredeﬁned radio (SDR). Integrating interference awareness into an SDR platform gives
rise to a cognitive radio (CR). Essentially, DSA communications require SUs to be
equipped with CRs. TV bands have been recently opened for secondary use [32].
DSA/CR, MIMO, and CMIMO communications are among the most promising solutions to address the ever-increasing wireless traﬃc demand. Though each
of these techniques has recently achieved signiﬁcant advances, a critical issue is to
embrace their innovations into a single platform. An integration that successfully
combines their strengths (e.g., spatial multiplexing, beamforming, dynamic spectrum assignment) is far from trivial due to the dynamics of spectrum opportunities
as well as the requirement to jointly optimize both spectrum and spatial/antenna
dimensions.
More speciﬁcally, a crucial challenge in CR networks is how to eﬀectively allocate
transmission powers and spectrum among CR links so as to maximize the network
throughput (or minimize power consumption subject to rate demands) while pro-
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tecting PUs from CR interference. Even for a single channel and single-antenna
wireless devices, the problem is diﬃcult due to its non-convexity. The incorporation of MIMO techniques into CR systems introduces two new control dimensions,
besides power control and frequency management: power allocation over antennas
(space dimension) and interference management. The latter comes from MIMO’s
degrees of freedom [100], which allow a MIMO node to suppress interference from
others and beamform its antenna patterns to keep interference away from unintended receivers. MIMO’s power allocation and interference management can be
jointly controlled via precoding matrices. An optimal set of precoding matrices for
each node allocates power over space and frequency dimensions and yields radiation
patterns that induce minimum interference on unintended receivers. This dissertation develops resource allocation algorithms and protocols for CR-MIMO networks.
1.2 Main Contributions and Dissertation Organization
• In Chapter 2, we consider the problem of maximizing the throughput of a CRMIMO network. With spatial multiplexing applied over each frequency band, a
CR-MIMO node controls its antenna radiation directions and allocates power
for each data stream by appropriately adjusting its precoding matrix. Our
objective is to design a set of precoding matrices (one per channel) at each
CR node so that power and spectrum are optimally allocated for the node
and its interference is steered away from unintended receivers. The problem
is non-convex, with the number of variables growing quadratically with the
number of antenna elements. To tackle it, we translate it into a noncooperative game. We derive an optimal pricing policy for each node, which adapts
to the node’s surrounding conditions and drives the game to a Nash Equilibrium (NE). The network throughput under this NE equals to that of a locally
optimal solution of the non-convex centralized problem. To ﬁnd the set of
precoding matrices at each node (best response), we develop a low-complexity
distributed algorithm, which exploits the strong duality of the convex per-user
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optimization problem. The number of variables in the distributed algorithm is
independent of the number of antenna elements. A centralized (cooperative)
algorithm is also developed. Simulations show that the network throughput
under the distributed algorithm rapidly converges to that of the centralized
one. Finally, we develop a MAC protocol that implements our resource allocation and beamforming scheme. Extensive simulations show that the proposed
protocol dramatically improves the network throughput and reduces power
consumption.
• In Chapter 3, we address the problem of minimizing the transmit power subject to rate-demand and resource constraints in a CR-MIMO network under the framework of noncooperative games. The goal is to design a set of
precoding matrices (one per channel) at each node, where power, spectrum
allocation, and beamformers are optimized to minimize the transmit power.
Unlike the rate maximization (RM) game in Chapter 2, where the players’
strategic sets are independent, the power minimization (PM) game possesses
a complex coupling among the strategic sets of diﬀerent users. This complexity is further accentuated by the inclusion of MIMO and dynamic spectrum
sharing with beamforming. Additionally, power minimization subject to rate
constraints does not always have a feasible solution. These facts make existing
game theoretic models inapplicable. Using recession analysis and the theory
of variational inequalities, we obtain suﬃcient conditions that guarantee the
existence and uniqueness of the game’s NE. Low-complexity distributed algorithms with proven fast convergence to the NE are developed. To improve
the eﬃciency of the NE, we introduce pricing policies that employ a novel
network interference function. We also study the existence and uniqueness of
the new NE under pricing. Simulations conﬁrm the eﬀectiveness of our joint
optimization of power, spectrum allocation, and beamforming. Our analysis
and results are not limited to CR systems, but also extend to multi-carrier
(e.g., OFDM) and cellular MIMO systems.
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• In Chapter 4, we jointly allocate opportunistic channels to various CR-MIMO
links such that no channel is allocated to more than one link while optimizing the precoding matrices so as to achieve fairness or maximize the network
throughput. The scheme is inline with exclusive channel occupancy or protocol model. For the fairness objective, we formulate the problem as a Nash
bargaining (NB). The formulated bargaining problem is combinatorial with
mixed variables. Even if we relax its integer variables, the problem is still
non-convex. To tackle it, we ﬁrst convexify the relaxed problem and provide a
timesharing interpretation of the new problem. Using dual decomposition, we
develop an optimal distributed algorithm for this timesharing problem, which
sheds light on how to derive a distributed algorithm for the original bargaining
problem. Our distributed algorithm allows users to propose their minimum
rate requirements, negotiate the channel allocation, and conﬁgure their precoding matrices. Next, we consider the same setup, but with the objective
of maximizing the throughput (NET-MAX problem). Using convexiﬁcation
and dual decomposition, a distributed algorithm for this problem is developed.
Simulations conﬁrm the convergence of our distributed algorithms to the globally optimal solutions of both the NB-based and NET-MAX problems. They
also show that the NB-based algorithm achieves much better fairness with
moderate throughput reduction, compared with the NET-MAX algorithm.
• In Chapter 5, we explore an application of CMIMO communications in the
context of WSNs, aiming at prolonging the network lifetime. Single-antenna
sensor nodes are clustered into VAAs that can act as virtual MIMO (VMIMO)
nodes. We design a distributed cooperative clustering protocol (CCP), which
exploits the diversity gain of the VMIMO technique by optimally selecting
the CNs within each cluster and balancing their energy consumption. The
problem of optimal CN selection at the transmit and receive clusters is formulated as an NP-hard nonlinear binary program. Aiming at minimizing the
imbalance in the residual energy at various nodes, we decompose this prob-
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lem into two sub-problems: ﬁnding the optimal number of CNs (ONC) in a
cluster and the CN assignment problem. For the ONC problem, we ﬁrst analyze the energy eﬃciency of two widely used VMIMO methods: DSTBC and
distributed Vertical-Bell Laboratories-Layered-Space-Time (DVBLAST). Our
analysis provides an upper bound on the optimal number of CN nodes, which
greatly reduces the computational complexity of the ONC problem. The second sub-problem is addressed by assigning CNs based on the residual battery
energy. To make CCP scalable to large WSNs, we propose a multi-hop energybalanced routing mechanism for clustered WSNs (C-EBR) with a novel cost
metric. Finally, we derive the suﬃcient conditions for the intra- and intercluster ranges, under which CCP guarantees connectivity of the inter-cluster
topology. Extensive simulations show that the proposed approach dramatically improves the network lifetime.
Our conclusions and future directions are drawn in Chapter 6.
Throughout the dissertation, we use (.)∗ to denote the conjugate of a matrix,
(.)H to denote its Hermitian transpose, tr(.) for the trace of a matrix, |.| for the
determinant, ||.|| for the Euclidean (or Frobenius) norm of vectors (or matrices),
(.)T for the matrix transpose. eigmax (.), eigmin (.), and diags (.) indicate the maximum, minimum eigenvalue, and the diagonal element (s, s) of a matrix, respectively.
sum(.) gives the summation of all elements of the vector. Matrices and vectors are
bold-faced.
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CHAPTER 2
JOINT BEAMFORMING AND SPECTRUM
MANAGEMENT IN MULTI-CHANNEL COGNITIVE
MIMO NETWORKS

2.1 Introduction
2.1.1 Motivation
The incorporation of MIMO techniques into CR systems introduces two new control
dimensions, besides power control and frequency management: power allocation over
antennas (space dimension) and interference management. The latter comes from
MIMO’s degrees of freedom [100], which allow a MIMO node to suppress interference
from others and beamform its antenna patterns to keep interference away from unintended receivers. Power allocation and interference management in MIMO systems
can be jointly controlled via precoding matrices, a spatial multiplexing technique
[100]. Previous works (e.g., [96, 23, 85]) considered power allocation or stream control (see Fig. 2.1(b)), but did not address interference management by controlling
the antenna beams. An optimal set of precoding matrices for each node allocates
power over both space and frequency dimensions (Fig. 2.1(c)) and yields radiation patterns that induce minimum interference (Fig. 2.1(d)), so as to maximize a
network utility (e.g., throughput).
Ignoring the need to protect PUs, the integration of MIMO into a CR network
(CRN) very much resembles multi-carrier MIMO (MC-MIMO) systems, such as
OFDM-MIMO. In MC-MIMO, joint optimization of power and spectrum is a nonconvex problem, which was recently shown to be NP-hard [64], i.e., its worst-case
complexity grows exponentially with the number of variables. Unfortunately, the
number of variables in a MC-MIMO network can be very large. For instance, in a
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(a)

(b)

(c)

(d)

Figure 2.1: Power allocation (a) in frequency, (b) in space, (c) in both dimensions,
and (d) four transmit radiation patterns steering away from nearby unintended
receivers.
network of 10 links, 4 antennas per node, and 10 sub-carriers, the problem involves
4 × 4 × 10 × 10 = 1600 complex variables (3200 real variables).
Existing works on CR-MIMO systems (e.g., [85, 120, 118, 103, 53]) generally
overlook optimization over the frequency dimension. Extending these works to a
multi-band CR-MIMO network is not trivial. First, scalar-value algorithms used
for a single-band MIMO ad hoc network (e.g., the bisection search in [53]) do not
work when searching for optimal vectors in multi-band MIMO CRNs. Second, as
pointed out in this chapter, even without beamforming, the price-based optimal
power allocation over both frequency and antenna dimensions is not equivalent to
a general water ﬁlling problem (with multiple water levels) [76]. Hence, existing
algorithms for MIMO (e.g., [76, 86, 29, 87]) and SISO systems (e.g., [102]) are not
applicable. Third, applying single-band MIMO techniques to each individual band
of a multi-band CR-MIMO system often leads to poor performance, as shown later
in this chapter.
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In [85, 103], a single-frequency cognitive MIMO network was formulated as a
noncooperative game. In these works, the spectrum management and beamforming
capability of CR-MIMO transmitters were not taken into account. Moreover, pricing
[45] was not used in [85, 103], and hence a node maximizes its throughout in a greedy
manner. Simulations show that our proposed pricing technique greatly outperforms
greedy mechanisms in terms of network throughput and power eﬃciency. Relying
on variational inequality theory, matrix projection, and ﬁxed-point theorem, the
authors in [85, 103] require the channel gain matrices among CR nodes to meet
certain conditions that guarantee the existence and convergence of the NE. These
conditions depend on speciﬁc channel conditions that are not always met.
2.1.2 Contributions and Chapter Organization
Motivated by the above, this chapter develops a low-complexity distributed algorithm that conﬁgures the transmit antenna radiation directions at each node and
allocates powers to all antennas on all channels so as to maximize throughput of
a multi-user CR-MIMO network. Our main contributions are as follows. First, we
formulate the joint power, spectrum allocation, and beamforming problem as a noncooperative game [74]. We prove that the game always admits at least one NE, and
we provide conditions for the uniqueness of this NE.
Second, to improve eﬃciency of the NE (i.e., resulting network throughput), we
obtain user-dependent pricing policies that drive the game to a NE whose network
throughput is the same as that of a locally optimal point of the nonconvex networkwide problem. By capturing the interference from a transmitter onto unintended
receivers, the pricing policy guides the MIMO transmitters to steer their beams
away from nearby unintended receivers. Via simulations, we observe that the proposed pricing policies dramatically improve the network throughput over a greedy
approach that does not use pricing. Our approach is also more power-eﬃcient than
a greedy approach in which users apply all their power budgets to greedily maximize
their individual throughputs.
Third, by exploiting the strong duality in convex optimization, we design a low-
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complexity distributed algorithm that allows a node to compute its set of precoders
(best response) in constant time w.r.t. the size of the antenna array. We also
develop a centralized algorithm for the network optimization problem, where nodes
are assumed to work in a cooperative way (cooperative game). Simulations show
that the performance of the (noncooperative) distributed algorithm is almost the
same as that of the (cooperative) centralized one.
Forth, we design full/generalized eigen MIMO precoding for multi-channel systems. This diﬀers from a large body of works on MIMO precoder design (e.g.,
[120, 48, 89]), where only one data stream is sent from a MIMO transmitter on a
single channel. In these works, precoders are of rank one and reduce to vectors. In
generalized eigencoding, there is no constraint on the rank of the precoding matrix
[46], i.e., several data streams can be sent simultaneously. Inspired by the introduction of MIMO spatial multiplexing into existing networks (e.g., 802.11n allows
up to four concurrent multiplexed streams), generalized eigencoding has recently
attracted great interest.
The rest of this chapter is organized as follows. In Section 2.2, we present the
network model and the problem formulation. The centralized algorithm is developed
using augmented Lagrangian multipliers in Section 2.2.2. The noncooperative game
analysis, optimal pricing policy, the distributed algorithm, and convergence proof are
given in Section 2.3. An overview of a MAC protocol that can be used to realize our
distributed, game theoretic algorithm is presented in Section 2.4. Numerical results
are discussed in Section 2.5. Concluding remarks and future work are provided in
Section 2.6.
2.2 Joint Power Allocation, Spectrum Management, and Beamforming
2.2.1 Network-wide Formulation
We consider a CRN that coexists with several primary networks. The CRN consists
of N CR links. Each CR node is equipped with M antennas. The spectrum to be
allocated is comprised of K orthogonal frequency bands (referred to as channels)
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that have central frequencies f1 , f2 , . . ., fK . Let ΦN = {1, 2, . . . , N } and ΨK =
def

def

{1, 2, . . . , K} denote the sets of CR links and channels, respectively. Each CR user
i can simultaneously communicate over multiple frequency bands. We impose a
half-duplex constraint on all transmissions.
On a given channel, the transmitter of each CR link can send up to M independent data streams on its M antennas. Formally, for channel with central frequency
(k)

fk (hereon also referred to as band/channel fk for short), let xi

be a column vec-

tor of M information symbols, sent from node i to its destination node d(i). Each
(k)

element of xi

∈ CM ×M denote the complex

(k)

is from one data stream. Let T̃i

(k) (k)

precoding matrix of node i on band fk . Then, the actual transmit vector is T̃i xi .
We also assume spectrum sharing among diﬀerent CRs. Speciﬁcally, for band fk ,
(k)

the received signal vector yd(i) at the receiver d(i) of link (i, d(i)) is given by:
(k)

(k)

∑

(k) (k)

yd(i) = Hd(i),i T̃i xi +

(k) (k)

(k)

Hd(i),j T̃j xj + Nk

j∈ΦN \{i}

(2.1)

where the ﬁrst term in the RHS of (2.1) is the desired signal sent from transmitter
(k)

i. Hd(i),i is an M × M channel gain matrix on band fk from the transmitter i
(k)

to d(i). Each element of Hd(i),i is a multiplication of a distance- and channeldependent attenuation term and a random term that reﬂects multi-path fading
(complex Gaussian variables with zero mean and unit variance). We assume a ﬂatfading channel. The second term in (2.1) represents interference from other CR
links that link (i, d(i)) shares the band fk with. Nk ∈ CM is an M × 1 complex
Gaussian noise vector with identity covariance matrix I, representing the ﬂoor noise
plus normalized (and whitened) interference from PUs on band k.
The Shannon rate of the link (i, d(i)) on band fk is [100]:
(k)

Ri

(k)H

= log |I + T̃i

(k)H

(k) −1

(k)

(k)

Hd(i),i Cd(i) Hd(i),i T̃i |

(k)

(2.2)

where Cd(i) is the noise-plus-interference covariance matrix at d(i) over frequency
band fk , given by:
(k)

Cd(i) = I +

∑
j∈ΦN \{i}

(k)

(k)

(k)H

Hd(i),j T̃j T̃j

(k)H

Hd(i),j .
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The total channel rate over all frequency bands of link i is:
∑

Ri =

(k)

Ri .

(2.3)

k∈ΨK
(i)

We use Ps,k to denote the power allocated on band k (frequency dimension) at
antenna s (space dimension) of CR user i. For user i, the total power allocated on
all frequency bands and all antennas should not exceed its maximum power budget
Pmax (we assume an identical power limit for all CR users). Consequently,
M
∑ ∑

(i)

Ps,k =

k∈ΨK s=1

∑

(k)

(k)H

tr(T̃i T̃i

) ≤ Pmax .

(2.4)

k∈ΨK

Spectrum sharing between CRs and PUs takes two forms: spectrum overlay or
spectrum underlay. In the former, CRs can transmit on a channel only if no PU is
detected (a.k.a detect-and-avoid approach). Spectrum underlay allows CRs to access
a channel that may be used by PUs provided that CR transmissions do not adversely
aﬀect PU receptions. To protect PU receptions, MIMO CR works in the literature
(e.g., [120] [118][53]) assume full or partial availability of channel state information
(CSI) from each CR to each PU. This requires some coordination between CRs and
PUs. However, current licensed radio devices are not ready for such a mechanism,
and CR communications are expected for the time being to be transparent to PUs.
Since our main focus is on optimal beamforming and spectrum sharing in a
CR-MIMO networks, we simply consider PU protection in the form of frequencydependent power masks. This assumption has been used in single-antenna CRNs,
e.g., [102] and is supported by the latest FCC regulations for TV white spaces [32]
(where the transmit power on bands adjacent to ones occupied by PUs is limited to
40 mW).
def

Let Pmask = (Pmask (f1 ), Pmask (f2 ), . . . , Pmask (fK )) denote the power mask on
all channels, we need:
M
∑
s=1

(i)

(k)

(k)H

Ps,k = tr(T̃i T̃i

) ≤ Pmask (fk ).

(2.5)
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Mathematically, the network throughput maximization problem can be stated
as follows:
∑

maximize

s.t. C1:
C2:

Ri
(k)
{T̃i ,∀k∈ΨK ,∀i∈ΦN } i∈ΦN
∑
(k) (k)H
tr(T̃i T̃i ) ≤ Pmax ,
k∈ΨK
(k) (k)H
tr(T̃i T̃i ) ≤ Pmask (fk ),

∀i ∈ ΦN

(2.6)

∀k ∈ ΨK , ∀i ∈ ΦN .

2.2.2 Centralized Algorithm and Sub-optimal Solution
A centralized algorithm can be obtained by formulating the problem as a cooperative
game, where a network operator controls the behaviors of all players in order to
maximize the network throughput. In this section, we use the augmented Lagrangian
multiplier method to derive such a centralized algorithm. We rewrite the networkwide problem (2.6) as follows:
∑
Ri
minimize
−
(k)

{T̃i ,∀k∈ΨK ,∀i∈ΦN }

s.t.

ci =

∑

i∈ΦN
(k)

(k)H

tr(T̃i T̃i

) − Pmax ≤ 0 ∀i ∈ ΦN

(2.7)

k∈ΨK
(k)

(k)H

ci,k = tr(T̃i T̃i

) − Pmask (fk ) ≤ 0 ∀k ∈ ΨK , ∀i ∈ ΦN .

The augmented Lagrangian of (2.7) is given by [13]:
∑
p∑
(k)
R(i) +
L(T̃, αi , γi , p) = −
{(max{0, γi +pci })2 −(γi )2 }
2i∈Φ
i∈ΦN
N
∑
∑
p
(k)
(k)
+
{(max{0, αi + pck,i })2 −(αi )2 }
2 i∈Φ k∈Ψ
N

(2.8)

K

(k)

where p is a positive penalty parameter (for violating the constraints), and αi

and

γi are nonnegative Lagrangian multipliers. At a local optimal solution, we have:
(k)

∂L(T̃, αi , γi , p)
(k)∗

=−

∂ T̃i
∑ ∂Rj(k)

−
(k)∗

j∈ΦN \i ∂ T̃i

(k)

(k)

p ∂{(max{0, γi + pci })2 } ∂{(max{0, αi + pck,i })2 }
+
{
+
}
(k)∗
(k)∗
(k)∗
2
∂ T̃i
∂ T̃i
∂ T̃i
∂Ri

=0
(2.9)
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The ﬁrst term in (2.9) is computed in (B.5). Its second term is given by:
(k)

∂Ri

(k)H

(k)∗
∂ T̃i

(k)

(k)

(k)

(k)H

= Hd(i),i (Cd(i) + Hd(i),i T̃i T̃i

Hd(i),i )−1 Hd(i),i T̃i .
(k)H

(k)

(k)

(2.10)

Since ci and ck,i are continuously diﬀerentiable w.r.t. every entry of T̃, the third
and fourth terms in (2.9) are also continuously diﬀerentiable [13]. Their derivatives
are as follows:


if γi + pci ≤ 0
∂{(max{0, γi + pci }) }  0
=
(k)∗
 2p(γi + pci )T̃(k)
∂ T̃
2

i

(k)
∂{(max{0, αi +
(k)∗
∂ T̃i

i


(k)
 0
if αi + pck,i ≤ 0
pck,i }) }
}=
 2p(α(k) + pck,i )T̃(k)
2

i

i

We use the gradient search algorithm with Armijo step size[13] to ﬁnd
(k)

(T̃, αi , γi , p) such that (2.9) holds for all bands k and all users i. The details
of the centralized algorithm is presented in Algorithm 1. We emphasize that the
network throughput may vary from a locally optimal point to another. Hence, to
account for such phenomenon, one can run the simulations several times with diﬀerent initializations and take the average throughput. The running time for Algorithm
1 can be high as it involves N KM 2 complex variables (or 2N KM 2 real ones). To
implement Algorithm 1, we use the following isomorphism mapping from a complex
matrix to a vector of real variables. The vector of variables:
T
x = [(xTi )N
i=1 ]

with:
[
]
T
T T
xi = ℜ[vec(T̃i )] , ℑ[vec(T̃i )]
]T
[
(1) T
(K) T
(1) T
(K) T
= ℜ[vec(T̃i )] , ..., ℜ[vec(T̃i )] , ℑ[vec(T̃i )] , ..., ℑ[vec(T̃i )]
The gradient of the corresponding Lagrangian is given by:
[
T
T
T
∂L
∂L
∇x L = 2 ℜ[vec( ∂L
(1)∗ )] , ..., ℜ[vec(
(K)∗ )] , ℑ[vec(
(1)∗ )] , ..., ℑ[vec(
∂ T̃1

∂ T̃N

∂ T̃1

]T
T
∂L
(K)∗ )]
∂ T̃N
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Algorithm 1 : Centralized Algorithm
1: Initialize
(k)

T̃i

(k)

← I, γi ← 0; αi

← 0, ∀k ∈ ΨK , ∀i ∈ ΦN

2: while true do
3:

β ← .7, σ ← .1 (%used in Armijo search)

4:

γi ← 0, αi

5:

p←1

6:

while ∂L(T̃, αi , γi , p) ̸= 0 do

(k)

← 0, ∀k ∈ ΨK , ∀i ∈ ΦN
(k)

7:

step ← 0.1

8:

D ← ∂L(T̃, αi , γi , p)

9:

d ← −step × D; m ← 0

(k)

(%ﬁnd Armijo step size)

10:

(k)

(k)

while L(T̃, αi , γi , p) − L(T̃ + d, αi , γi , p) ≤ −σβ m step∂LD do

11:
12:

step ← step × β; m ← m + 1

13:

d ← −step × D

14:

end while

15:

T̃ ← T̃ + d

16:

end while

17:

if max(ci , ci,k , ∀k ∈ ΨK , ∀i ∈ ΦN ) ≤ 0 break

18:

∀k ∈ ΨK , ∀i ∈ ΦN :

19:

γi = γi + pci if γi + pci ≥ 0 else γi = 0

20:

αi

21:

p ← p × µ (%µ ≥ 1, increase cost of violation)

(k)

(k)

(k)

(k)

= αi + pck,i if αi + pck,i ≥ 0 else αi

22: end while
(k)

23: Return T̃i , ∀k ∈ ΨK , ∀i ∈ ΦN

=0
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2.3 Noncooperative Game Approach to the Power Allocation, Spectrum Management, and Beamforming Problem
The optimization problem in (2.6) is not convex. Thus, even in a centralized manner,
computing the globally optimal solution is prohibitively expensive. To develop a
distributed algorithm, we reformulate (2.6) as a noncooperative game and derive a
pricing function for each CR link that guarantees a locally optimal solution.
2.3.1 Game Theoretic Formulation
A noncooperative game is characterized by a set of players, their action/strategy
spaces, and corresponding utility/payoﬀ functions. For the above CRN, the set of
CR links ΦN represents the set of players. The action space is the union of the
action spaces of various players, subject to constraints C1 and C2 in (2.6). The action/strategy space for each player is the set of all possible precoding matrices for the
K frequency channels in ΨK . Formally, an action from the action space of link i is de{1}

{2}

(k)

noted by T̃i = (T̃i , T̃i , . . . , T̃i ), which can be viewed as an M ×KM block madef

trix, comprised of K M × M matrices. Let T̃−i = (T̃1 , T̃2 , . . . , T̃i−1 , T̃i+1 , . . . , T̃N )
def

be the set of actions from all links, except link i. The utility or payoﬀ of player
i for its action T̃i is mapped to link i’s Shannon rate, which also depends on the
selection of precoding matrices from other CR links T̃−i :
∑
def
(k)H (k)H (k) −1 (k)
(k)
log |I + T̃i Hd(i),i Cd(i) Hd(i),i T̃i |.
Ui (T̃i , T̃−i ) = Ri =

(2.11)

k∈ΨK

Due to the noncooperative nature of the game, the transmitter of each link
allocates its transmission power over both space and frequency dimensions, and
conﬁgures its radiation pattern to maximize its own return. Formally, each CR user
i solves the following problem for its set of precoding matrices T̃i :

s.t. C1’:
C2’:

maximize Ui (T̃i , T̃−i )
(k)
{T̃i ,∀k∈ΨK }
∑
(k) (k)H
tr(T̃i T̃i ) ≤ Pmax
k∈ΨK
(k) (k)H
tr(T̃i T̃i ) ≤ Pmask (fk ),

(2.12)
∀k ∈ ΨK .
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By solving the above problem, CR users implicitly interact with each other
through their choices of the precoding matrices. Under some conditions, the game
reaches a NE where no CR user has an incentive to unilaterally deviate from. However, as each CR user behaves selﬁshly, the resulting NE is often far from the Pareto
optimum, and the network throughput can be low. The eﬃciency of the NE can be
improved by using appropriate pricing policies[45]. The utility function with price
is deﬁned as:
′

Ui (T̃i , T̃−i ) = Ui (T̃i , T̃−i ) − F (T̃i )
def

(2.13)

where F (T̃i ) is the pricing function for link i. Consequently, we come up with the
following noncooperative game with pricing in which each player i ∈ ΦN solves the
following problem:
′

maximize Ui (T̃i , T̃−i )
(k)

{T̃i ∀k∈ΨK }

(2.14)

s.t. C1’ and C2’ as in problem (4.34).
2.3.2 Pricing Policy
In economics, the pricing function can take various forms (linear or nonlinear) to
account for various marketing and pricing policies, e.g., volume discount, coupon discount, etc. In the context of network resource allocation, both linear (e.g., [102][112])
and nonlinear [104] pricing functions have been proposed to achieve one of two purposes. First, pricing has been used to impose desirable constraints by adjusting the
cost/price of violation. These constraints can be, for examples, transmission rate
demands [5] or the interference constraints on CR transmissions [78]. Second, pricing has been used to improve the eﬃciency of a NE of a noncooperative game[102].
Pricing discourage players from behaving selﬁshly and incentivizes them to work
in a cooperative way [45]. In this case, actions are not free or equally expensive.
Players have to pay diﬀerent taxes or prices for diﬀerent actions, based on the level
that these actions adversely aﬀect the social welfare. In this work, pricing serves
the second purpose.
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We deﬁne the pricing function Fu (T̃i ) as follows:
]
[
F (T̃i ) = tr T̃H
A
T̃
i
i
i

(1)
A
0
 i
 0 A(2)

i
Ai =  .
..
 ..
.

0
0

where

···

0

···
..
.

0
..
.

(2.15)








(2.16)

(K)

· · · Ai

is a KM × KM block diagonal matrix, consisting of K blocks along its diagonal.
(k)

The kth block Ai

is an M × M positive-semideﬁnite matrix. Ai is referred to as
(k)

the pricing-factor matrix of CR link i and Ai

is referred to as the pricing-factor

submatrix at band k of link i. The following theorem guarantees the existence of a
NE of the game (2.14).
Theorem 1 There exists at least one NE for the noncooperative game in (2.14).


Proof: See Appendix A.

To guarantee a lower bound on the eﬃciency of the achieved NE, we next derive
a user-dependent pricing function. The proposed pricing policy ensures that at the
resulting NE, the CRN throughput is at least as good as that of a locally optimal
solution to the network optimization problem (2.6).
(k)

Theorem 2 If the kth matrix Ai

of the block diagonal pricing-factor matrix Ai

in (2.16) is set to:
(k)

Ai

=

∑

(k)H

(k) −1

(k)

(k)

(k) −1

(k) −1

) +Hd(j),j Cd(j) Hd(j),j ]−1 Hd(j),j Cd(j) Hd(j),i

(k)H −1

Hd(j),i Cd(j) Hd(j),j [(T̃j T̃j

(k)H

(k)

(k)H

j∈ΦN \{i}

(2.17)
then the CRN’s throughput at a NE of the game (2.14) equals to that of a locally
optimal solution of the network-wide problem (2.6).
Proof: See Appendix J.



(k)
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The rationale behind the choice of pricing function in (2.15) is to facilitate the
derivation of the pricing factor matrix in Theorem 2. To give a physical interpretation of the pricing function, let’s consider a special case where a CR node i uses
omnidirectional transmission and equally allocates power on all frequency bands. In
such a case, the precoders are diagonal matrices with identical diagonal elements.
(i)

Hence, the pricing function in (2.15) is a weighted function of the powers Ps,k allocated on streams (s,k). The weights are exactly the diagonal elements (s, k) of
(k)

the pricing factor matrix Ai

that captures the per-unit price of possible interfer-

ence on that spatial-spectrum direction. Hence, the pricing function captures the
interference that a transmitter induces on unintended receivers for a given set of
precoders. It is worth noting that the per-unit price of interference depends on the
set of unintended receivers. In other words, the interference price varies from one
“market” (user) to another.
To compute the pricing-factor matrix Ai in (2.17), a CR transmitter i needs to
obtain feedback regarding the interference-plus-noise covariance, the precoding and
channel matrices from other links. In practice, if the channel gain matrix from i to
(k)

d(j) is weak, i.e., Hd(j),i ≈ 0, there is no need for d(j) to feedback to i. Hence, i only
gets feedback from receivers d(j) that are within i’s vicinity. It is also worth noting
that the feedback information is locally available at a receiver d(j) as a byproduct of
its decoding process (e.g., successive interference cancelation (SIC) receivers[100]).
(k)

The kth block Ai

of the pricing factor matrix in (2.17) is similar to that in [53] for

a single-band MIMO ad hoc network using ﬁrst-order Taylor series approximation.
2.3.3 Optimal Distributed Algorithm to Compute the Best Response and the NE
We now solve the individual utility optimization problem (2.14), from which a CR
user ﬁnds its best response given others’ actions. Because problem (2.14) is convex,
it can be solved by standard methods, e.g., interior point [13], requiring polynomial
time w.r.t. to the number of variables. In [120], the authors solved a similar problem
using semideﬁnite programming. However, as mentioned before, the number of
variables of (2.14) grows quadratically with the number of antennas, and can be
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very large. In this section, we develop an eﬃcient algorithm whose complexity is
independent of the number of antennas.
Recalling the convexity of (2.14) and that the Slater’s conditions can easily be
shown to hold [13], strong duality holds for problem (2.14), i.e., an optimal solution
T̃i to (2.14) should also solve the following dual problem:
DP :

(k)

minimize

(k)
{αi ,γi ≥0,∀k∈ΨK }

D(αi , γi )

(2.18)

(k)

where D(αi , γi ) is the dual function, deﬁned as:
(k)

(k)

D(αi , γi ) = maximize Li (T̃i , αi , γi ).

(2.19)

(k)
{T̃i ,∀k∈ΨK }

(k)

In the above, Li (T̃i , αi , γi ) is the Lagrangian function of the utility maximization problem at user i, written as:
(k)

Li (T̃i , αi , γi )

∑

′

= Ui (T̃i , T̃−i ) −

(k)

(k)

(k)H

αi [tr(T̃i T̃i

) − Pmask (fk )] − γi [

(k)

(k)H

tr(T̃i T̃i

) − Pmax ]

k∈ΨK

k∈ΨK

=

∑

∑ (k)
∑ (k)
(k) (k)H
(k)H (k) (k)
αi [tr(T̃i T̃i )−Pmask (fk )]
{Ri −tr(T̃i Ai T̃i )}−

k∈ΨK

−γi [

∑

k∈ΨK
(k)

(k)H

tr(T̃i T̃i

)−Pmax ]

k∈ΨK

(2.20)
(k)

where αi

and γi are nonnegative Lagrangian multipliers.

Theorem 3 The M × KM block matrix T̃i that solves the individual utility optimization problem (for the user’s best response) must have its kth block, the matrix
(k)

(k)H

(k) −1

(k)

T̃i , in a form of a generalized eigen matrix of the matrices Hd(i),i Cd(i) Hd(i),i and
(k)

(k)

(k)

Ai + (αi + γi )I, where αi

and γi are the optimal Lagrange multipliers of (2.14).

In other words, the following equations must hold ∀k ∈ ΨK for a M × M diagonal
(k)

matrix Λi :
(k)H

(k) −1

(k)

(k)

Hd(i),i Cd(i) Hd(i),i T̃i

(k)

(k)

(k)

(k)

= [Ai + (αi + γi )I]T̃i Λi .

(2.21)
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Proof: See Appendix H.
(k)

As discussed previously, the precoding matrix T̃i determines both the directions
of the antenna radiation as well as how node i allocates its transmission power on
diﬀerent antennas over frequency band k. Theorem 3 provides a class of matrices
that the solutions of (2.14) must belong to. This class gives the directions that user
i should point its antenna radiation to.
(i)

The next step is to ﬁnd the optimal power allocation Ps,k over the set of KM
(k)

data streams. To ensure that T̃i

belongs to the class of matrices speciﬁed by

Theorem 3, let:
(k)

T̃i
(k)

where Ti

def

(k)

(i) 1/2

= T i Pk

(2.22)

is an M × M matrix with unit-norm column vectors that satisﬁes (2.21).
(k)

(i) 1/2

This matrix can be found by normalizing the generalized eigen matrix T̃i . Pk
(i)

is a square root matrix of the M × M diagonal matrix Pk whose diagonal entry
(i)

(s, s) is the power allocated for sub-channel (s, k), Ps,k . We can verify that the
(k)

expression of T̃i
As

(k)
T̃i

(k)

(k)

(k)H

(k) −1

(k)H

(k)

(k)

is a generalized eigen matrix of matrices Hd(i),i Cd(i) Hd(i),i and Ai +

(αi + γi )I, Ti
Ti

in (2.22) satisﬁes (2.21).

(k)H

should diagonalize each of the two matrices [47]:

(k) −1

(k)

(k)

[Hd(i),i Cd(i) Hd(i),i ]Ti

(k)

= Πi

(k)H

and Ti

(k)

(k)

(k)

[Ai + (αi + γi )I]Ti

(k)

= Ωi

(2.23)
(k)

where Πi

(k)

and Ωi

are M × M diagonal matrices.
(k)

Note that although its columns have unit-norm, Ti
(k)

matrix, as Ai

is not an orthonormal
(k)

is generally not similar to I. Hence, Ti

(k)

(and T̃i ) does not

(k)

necessarily diagonalize Ai . This observation is twofold. First, this points out
that the derivation in [29] does not hold in general. Second, although optimal
power allocation for KM data streams seems very similar to a general water ﬁlling
problem [76] with multiple water levels (one water level per each frequency band),
this allocation cannot be determined by the algorithms in [76][86]. This is because
(k)

T̃i

(k)

does not diagonalize Ai

water ﬁlling problem.

in (2.14), hence we cannot convert (2.14) to a general
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Plugging (2.23) into the Lagrangian function (2.20), we have:
(k)
Li (T̃i , αi , γi )

M
∑ ∑
(i)
(k)
(i)
(k)
=
{ {log(1+Ps,k diags (Πi ))−Ps,k diags (Ωi )}
k∈ΨK

(2.24)

s=1
(k)

+αi Pmask (fk )+

γi
Pmax }
K

(i)

The optimal power allocation Ps,k is obtained by equating the derivative of the
(i)

Lagrangian (2.24) w.r.t Ps,k to zero:
(k)

∂Li (T̃i , αi , γi )
(i)
∂Ps,k

(k)

diags (Πi )

=
1+

(i)
(k)
Ps,k diags (Πi )

(k)

− diags (Ωi ) = 0

(2.25)

Thus,
(
(i)
Ps,k

= max 0,

(k)

(k)

diags (Πi ) − diags (Ωi )
(k)

(k)

)
.

(2.26)

diags (Πi )diags (Ωi )

Plugging (2.26) into (2.24), we obtain the dual function:
M
(k)
(k)
∑ ∑
diags (Πi )
diags (Ωi )
γi
(k)
(k)
{ {log
D(αi , γi ) =
−
1
+
} + αi Pmask (fk ) + Pmax }
(k)
(k)
K
diags (Ωi )
diags (Πi )
k∈ΨK s=1
(k)

(k)

∀s, k such that diags (Πi ) > diags (Ωi ) > 0.
(2.27)
(k)

To solve the DP (2.18) for αi , k = 1, . . . , K, and γi (K+1 variables), we note
that the problem is convex. Hence, any stationary point is a globally optimal solution. Moreover, as the objective function and constraints of the primal problem
(k)

(2.14) are continuous w.r.t. every entry of T̃i , the dual function D(αi , γi ) is diﬀer(k)

entiable w.r.t. αi

and γi [13]. Hence, a gradient algorithm can be used to obtain
(k)

the optimal Lagrangian multipliers αi

and γi by searching for a stationary point

of the augmented Lagrangian of the DP. This augmented Lagrangian is:
p
(k)
(k)
L(αi , γi , p, λ) = D(αi , γi )+ {(max{0, λ1 −pγi })2−(λ1 )2 }
2
p ∑
(k)
+
{(max{0, λk+1 −pαi })2−(λk+1 )2 }
2 k∈Ψ
K

(2.28)
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def

where p is a positive penalty parameter (for violating the constraints) and λ =
{λ1 , . . . , λK+1 } are nonnegative multipliers.

Our gradient algorithm uses Armijo step with steepest descent direction. This
search mechanism together with the above analysis are summarized in Algorithm 2.
By exploiting the strong duality, Algorithm 2 needs to deal with only K +1 variables,
instead of 2KM 2 variables for the primal problem (2.14). Before developing a
centralized algorithm that serves as a performance benchmark, we brieﬂy discuss
how a MAC protocol can implement Algorithm 2.
2.4 Proposed MAC Protocol
Using either a predeﬁned or frequency-hopping-based control channel, we can design
a MAC protocol that executes the distributed Algorithm 2. This protocol consists
of three windows: Access window, training window, and data window. The access
window allows CR nodes to contend for channels. These nodes ﬁrst exchange CTS
and RTS packets. Unlike IEEE 802.11, our MAC design does not use RTS/CTS
packets to silence nearby nodes and reserve the transmission ﬂoor for the upcoming
transmissions. Instead, it uses these pair packets to handshake several transmitterreceiver pairs. After this phase, CR pairs who have just sent and received RTS/CTS
packets are admitted to the training window. The training window is used by nodes
to exchange/negotiate their transmit strategies (precoding matrices). The signalling
packets in either access or transmit windows can also be used to embed training
sequences to obtain CSI matrices. The data window then follows with multiple data
packets, sent using negotiated transmission strategies. This approach is referred to
as a ﬂow-based approach in [102].
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Algorithm 2 : Distributed Algorithm for Power Allocation and Spectrum Management
1: Input:
T̃−i = [T̃1 (t + 1), ..., T̃i−1 (t + 1), T̃i+1 (t), ..., T̃N (t)] with Gauss-Seidel iteration
T̃−i = [T̃1 (t), ..., T̃i−1 (t), T̃i+1 (t), ..., T̃N (t)] with Jacobi iteration
2: Initialize
(k)

(k)

(k)

T̃i (t + 1) ← T̃i (t), γi ← 0; αi

← 0, ∀k ∈ ΨK

3: while true do
4:

β ← .7, σ ← .1 (%used in Armijo search)

5:

λk ← .1∀k = 1 . . . (K + 1)

6:

p←1

7:

while ∂L(αi , γi , p, λ) ̸= 0 do

(k)

8:

step ← 0.1

9:

D ← ∂L(αi , γi , p, λ)

(k)

d ← −step × D; m ← 0

10:

(%ﬁnd Armijo step size)

11:

(k)

(k)

while L(αi , γi , p, λ)−L(αi +d, γi +d, p, λ) ≤ −σβ m step∂LD do

12:
13:

step ← step × β; m ← m + 1

14:

d ← −step × D

15:

end while

16:

αi

(k)

(k)

← αi + d, γi ← γi + d

17:

end while

18:

if min(αi , γi , ∀k ∈ ΨK ) ≥ 0 break

19:

∀k ∈ ΨK :

20:

λk ← λk − pαi

21:

λ1 ← λ1 − pγi if λ1 − pγi ≥ 0 else λ1 = 0

22:

p ← p × µ (%µ ≥ 1, increase cost of violation)

(k)

(k)

(k)

if λk − pαi

> 0 else λk = 0

23: end while
(k)

24: Plug γi , αi

(k)

into (2.21) (Theorem 3) to ﬁnd Ti

(i)

(k)

Pk is found from (2.23) and (2.26). T̃i
25: RETURN

(k)
T̃i (t

is found from (2.22).

+ 1), ∀k ∈ ΨK at time (t + 1)
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To reduce the overhead of the training window, one may relax the time scale
of recalculating the pricing-factor matrix, trading oﬀ throughput for less frequent
updates. One can even omit the training window altogether by having nodes embed
updated information into every data and ACK packet. Then, upon receiving an
ACK for each data packet, a transmitter recomputes its pricing-factor matrix. This
method is referred to as packet-based [65][102].
An important issue for protocol designers is how to set the size of the training
window. This depends on the convergence speed of the updating process. To ensure
that the training window is not too long, the updating and negotiation process
must converge. During the training window, a node can use either Gauss-Seidel
(sequential) or Jacobi (parallel) iterations (see Algorithm 2) to update its precoding
matrices. Although we cannot prove the convergence under the Jacobi iteration,
simulations show that the distributed algorithm converges even faster with Jacobi
iterations than with Gauss-Seidel. Convergence under the Gauss-Seidel iteration is
claimed in the following theorem.
Theorem 4 Under the sequential updating procedure (Gauss-Seidel), Algorithm 2
drives the game (2.14) to its NE.
Proof: See Appendix I.



In [103][86], the authors map the throughput maximization game (of a singlefrequency MIMO CRN) with a variational inequality problem (see [88] and therein
references for a tutorial on variational inequality theory) for the purpose of providing
the convergence and uniqueness conditions of a NE. Intuitively, the game converges
to a unique NE if there is not too much interference at a receiver and all channel
matrices are full column-rank. The former condition requires transmitters to adjust
their transmission parameters and the latter is not always guaranteed. However,
using our proposed pricing policy and the Gauss-Seidel procedure, the game (2.14)
always converges to a NE without requiring transmitters and channel matrices to
meet any additional requirements.
Both Gauss-Seidel and Jacabi updating procedures are synchronous, requiring
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CR nodes to be in sync. This may not be always feasible. By contrast, using asynchronous update, some players, at some iterations, may not update other players
with their strategies (e.g., due to packet collisions). Using variational inequality
theory, the mean-value theorem, and following the routine in [103], we can provide
conditions under which the game (2.14) converges to a unique NE under either synchronous or asynchronous updates (we omit the detailed manipulation due to space
limitation).
Theorem 5 The game (2.14) always converges to a unique NE if all channel matrices are full column-rank and the spectrum radius of the matrix J −1 Γ less than 1,
where J is an N × N diagonal matrix with diagonal elements σi and Γ is a N × N
matrix of elements κi,j with:




(

def
2  (k)H
Hd(i),i I +
σi = min eigmin

k∈ΨK

(

def

κj,i = max eigmax
k∈ΨK

(

∑

(k)

(k)H

Pmask (fk )Hd(j),i Hd(j),i )

j∈ΦN

(k)
(k)H
Hd(j),i Hd(j),i



)−1

)

eigmax

(

(k)H (k)
Hd(i),i Hd(i),i

))

Hd(i),i 
(k)

∀i ̸= j ∈ ΨN

and κj,i = 0 if i = j
The operators eigmin (.) and eigmax (.) give the smallest and largest eigenvalues of a
matrix, respectively.
2.5 Performance Evaluation
In this section, we evaluate the performance of the distributed algorithm using
MATLAB simulations. We compare the network throughput of the distributed algorithm with the centralized one and the greedy algorithm, where nodes act selﬁshly
to maximize their own rates. The greedy algorithm is exactly the same as the distributed one except that the pricing-factor matrix Ai is a null matrix. Another
algorithm called uniform is obtained by uniformly dividing a node’s total transmit
power over all available channels and then applying the single-band approach in
[53] for each channel. We emphasize that the uniform algorithm neither meets the
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optimality conditions (B.3) of the network problem (2.6) nor solves the per-user
problem (2.14).
2.5.1 Simulation Setup
Since the number of variables in the centralized algorithm is quite high (2N KM 2 ),
its running time can be very long. To compare the four algorithms, we consider
a CRN of 10 links, 3 channels (f1 = 2.4 GHz, f2 = 2.7 GHz, and f3 = 3 GHz
with identical channel bandwidth of 1 MHz), and 4 antennas per node. The results
are averaged over 30 runs. In each run, links are randomly placed in a square of
length 100 meters. We take Pmax = 2 W and Pmask = 0.8 W for all channels.
The channel fading is ﬂat with attenuation factor of 2. The spreading angles of the
signal at received antennas vary from −π/5 to π/5. For the lowest frequency, we
assume that the received power at a reference distance of 100 meters reduces by
10 dB compared with the transmit power. To account for the frequency-dependent
attenuation factor, we assume that the received power at the reference distance
decreases 2 dB more if the frequency increases by 300 MHz. The PU interference is
treated as ﬂoor noise that together with the thermal noise is normalized to a unit
variance.
2.5.2 Results
A snapshot of the network topology and antenna radiation patterns at steady states
over channel f2 is shown in Fig. 2.2. We can visually notice that the transmitters
under the distributed and centralized algorithms often steer their beams away from
neighboring receivers (three representative pairs of transmitter and a nearby unintended receiver are highlighted in ovals). This results from attempting to minimize
the price function (2.15). It can also be seen that the antenna patterns of the distributed and centralized algorithms are very similar, suggesting the two algorithms
may converge to the same point.
Fig. 2.3(a) depicts the network throughput under four algorithms (distributed,
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Figure 2.2: Antenna radiation patterns on channel 2 under the greedy, distributed,
and centralized algorithms.
centralized, greedy, and uniform) versus the number of iterations. Although the
network performance at the converged points of the distributed and centralized
algorithms change with their starting points, after averaging over multiple runs
with diﬀerent initializations, the throughput of the distributed algorithm is almost
the same as that of the centralized one. We also notice that by using the proposed
pricing policy to regulate interference, the distributed algorithm has almost twice
the throughput of the greedy one. The uniform algorithm also improves network
throughput over the greedy one but it remains inferior to our distributed algorithm.
This is because the uniform algorithm evenly allocates power over all channels and
does not optimize over the frequency dimension, while the distributed algorithm
attempts to optimize the antenna radiation patterns and power allocation over both
space and frequency.
We say that an algorithm converges if the normalized diﬀerence in throughput
between two consecutive iterations is less than a given threshold (i.e., 3%). The
convergence speed of the distributed algorithm versus the number of links is shown
in Fig. 2.3(b).
Fig. 2.3(c) depicts the network throughput under the distributed and greedy
algorithms versus the number of links. The distributed algorithm consistently provides higher throughput. The improvement becomes more signiﬁcant with a higher
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Figure 2.3: (a) Network throughput v.s. iterations, (b) Convergence speed of the
distributed algorithm, (c) Network throughput v.s. the number of links.
number of links. That is because as node density increases (higher number of links),
network interference increases, so the interference management becomes more critical in improving throughput.
To evaluate the energy eﬃciency of the four algorithms, we record in Table 2.1
the average power consumption and power allocation over all nodes and all runs.
Without regulating interference, nodes under the greedy algorithm selﬁshly compete
for their own throughput by always using their maximum power (2 W), leading to
the highest power consumption among the four algorithms. The power consumption
of the distributed algorithm is comparable to that of the centralized and uniform

49
ones, and 10% less than that of the greedy one. Power allocation over both space and
frequency at a representative node under the distributed algorithm is shown Table
2.2. From Tables 2.1 and 2.2, we notice that the inequality constraints in problems
(2.14) and (2.6) are not active at their solutions. That is because transmitting at
high power may be expensive due to the proposed pricing method.
Table 2.1: Average power consumption and power allocation over diﬀerent channels
in Watts.
Channels
f1
f2
f3
Total

Centralized
0.768
0.643
0.422
1.823

Greedy
0.71
0.66
0.63
2.00

Distributed
0.76
0.61
0.44
1.81

Uniform
0.658
0.556
0.627
1.831

Table 2.2: Power allocation at a node over space and frequency dimensions under
the distributed algorithm in Watts.
Antennas
1
2
3
4
Total=1.913

f1
0.135
0.209
0.550
0.194
0.788

f2
0.085
0.386
0.314
0.035
0.8

f3
0.15e − 10
0.02
0.06e − 10
0.305
0.325

2.6 Chapter Summary
In this work, we investigated the spectrum sharing problem in a multi-antenna CRN.
By adjusting the precoding matrices, we optimized the allocation of power over both
the frequency and space dimensions while managing the antennas’ radiation beams
to reduce network interference, aiming at maximizing network throughput. Using
game theory and the strong duality in convex optimization, we designed a lowcomplexity distributed algorithm and a corresponding MAC protocol that achieve
the same throughput as a locally optimal point of the non-convex centralized network
problem. The key idea behind the algorithm is the introduction of a diagonal block
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pricing-factor matrix for each CR. This matrix regulates network interference by
encouraging CRs to work in a cooperative manner. Simulations show that the
proposed algorithm dramatically improves network throughput and achieves higher
energy eﬃciency, compared with existing solutions. As a future work, we plan
to extend the proposed pricing policy to either coordinated multi-cell systems or
heterogeneous spectrum sharing networks in which the sets of available frequencies
at nodes are diﬀerent. Moreover, because CSI is vulnerable to estimation errors, we
will design a robust game model to deal with partial CSI.
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CHAPTER 3
POWER MINIMIZATION IN COGNITIVE MIMO
NETWORKs

3.1 Introduction
3.1.1 Motivation
Most existing works on MIMO ad hoc networks (e.g., [103][85][53][23][122][61][117])
often overlook the spectrum management aspect and do not optimize over the frequency dimension. Even ignoring the beamforming design aspect, the joint optimization of spectrum and power over various data streams and channels is challenging.
The network-wide joint power and spectrum allocation problem of a single-antenna
network has been recently shown to be NP-hard [64]. Moreover, the number of
variables in a MIMO dynamic spectrum sharing network can be very large, growing
quadratically with the number of antennas (e.g., for a network of 10 links, 10 frequency bands, and 4 antennas per node, it is 10 × 10 × 4 × 4 = 1600 complex or 3200
real variables). Hence, if we were to rely on sub-optimal solutions, huge number
of variables involved also makes it computationally expensive, even in a centralized manner. Other centralized approaches employing the Nash Bargaining schemes
(e.g.,[35][55][58]) are also not applicable as their solutions require global network information and a central controller that does not exist in an ad hoc network. Given
these facts, distributed solutions which are more desirable are often obtained under the framework of a noncooperative game [74]. In such a setup, nodes/links act
individually to maximize their rate (referred to as the rate maximization game) or
minimize the power required to meet given QoS/rate constraints (referred to as the
power minimization game).
Unlike the rate maximization (RM) game in Chapter 2 where players’ strategic

52
spaces are independent (e.g., [72][78][102][75][103][61][122][85][117][12]), the power
minimization (PM) game exhibits complex coupling among players’ strategic spaces.
Speciﬁcally, the strategic space of a link in the RM game is deﬁned by its available
resources, e.g., power, available channels, antennas, etc., that do not depend on
other players’ actions. In contrast, in a PM problem with rate constraints, the
strategic space of a player is not only shaped by its resources but also its achievable
rate to meet the rate demand, which is a function of actions of all other players. The
interdependence of the strategic spaces makes the PM game much more challenging
than the RM game.
For example, it can be proved that the RM game always admits a NE [72][102].
By contrast, the PM game may not have a NE (e.g., rate demands are beyond
the network capacity region). Moreover, under resource constraints (e.g., power
budgets), the strategic space of a player under the PM game can be empty (e.g.,
when the power budget is not suﬃcient to support the rate demand given interference
from other transmitters). In the context of a CR network, the dynamics of PUs also
aﬀect if a requested rate can be met or not (e.g., PUs’ interference induced on
CRs). Existing PM works tend to overlook these facts (e.g., [48][46][115][116][43]),
and often assume the existence of a NE. This is the emptiness of strategic spaces
that prevents us from directly applying techniques used to study the RM games of
MIMO systems to our setup. The projection method (onto a nonempty compact
and convex space) under the light of ﬁxed point theory1 [87] and the variational
inequality theory [103][78][88] have been proved to be instrumental in tackling the
RM game. However, these techniques require nonempty strategic spaces. Recently,
the PM game for SISO networks has been tackled [77], in which the authors provided
conditions for the existence and uniqueness of the NE.
The application of the methodology and results in [77] to MIMO networks with
dynamic spectrum sharing and beamforming is not trivial. First, despite the pres1

Brouwer ﬁxed-point theorem states that a continuous mapping from a nonempty compact and

convex set into itself has at least one ﬁxed point. However, the strategic space in our setting
changes and can be empty.
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ence of complex coupling among the strategy spaces, SISO networks without beamforming are still amenable to an explicit relationship between the power allocation
from diﬀerent users and the achievable rate of a given user. This is critical to analyzing the existence and uniqueness of the NE in [77]. In MIMO systems, such an
explicit relationship is replaced by an implicit one, as power allocation is carried
through matrix manipulations. Second, the achievable rate of a link depends not
only on how much power the link and its interferers use, but also on how they allocate power over multiple data streams in both space and frequency dimensions. In
the SISO case without beamforming, the power is radiated equally in all directions.
However, using beamforming with multiple antennas, the optimal radiation directions of a transmitter depends on its channel gain matrices, other links’ channel
gain matrices, and their antenna patterns. The interdependence of the transmit directions further complicates the interdependence of achievable rates/utilities among
players. Moreover, how the existence and uniqueness of the NE is aﬀected by pricing
policies (that are often used to improved the NE eﬃciency) has not been visited.
Note that the work in [77] also does not account for nodes’ resource constraints as
well as PUs’ interference and PUs’ protection requirement.
3.1.2 Contributions and Chapter Organization
The ultimate goal of this chapter is to develop low-complexity distributed algorithms
to conﬁgure the transmit antenna radiation directions and allocate powers for all
data streams, over the space (subindex s) and frequency (subindex k) dimensions
so as to minimize the required transmit power. First, we model the joint problem of
power, spectrum allocation, and beamforming as a noncooperative game. We derive
conditions for the existence of a NE and prove that these conditions also guarantee
the uniqueness of this NE. Intuitively, these conditions are met if the power budget
is suﬃcient enough to meet the requested rate proﬁle, the requested rates are not
too high to harm PU receptions, the PUs’ interference to CRs is not too strong, and
the CR network interference is not too severe. The four conditions are quantiﬁed in
a way that allows a node to instantly decide its appropriate requested rate. These
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conditions ﬁll a missing gap in the literature of power- and spectrum-eﬃcient design
for cognitive MIMO systems.
Our second contribution is the derivation of user-dependent pricing policies using
a novel network interference function that signiﬁcantly improves the NE eﬃciency.
At each transmitter, the pricing function uses a diagonal block pricing-factor matrix to capture the interference eﬀect from this transmitter to unintended receivers.
Intuitively, the pricing function guides a transmitter to steer its radiation directions
from unintended receivers. The investigation of the existence and uniqueness of the
NE under pricing are also given.
Third, exploiting the strong duality in convex optimization, we design a lowcomplexity distributed algorithm to determine the set of precoding matrices (best
reponse) for each node. The number of variables in the distributed algorithm is K+2,
where K is the number of frequency bands (hence, the algorithm is independent of
the antenna array size). Simulations show that the distributed algorithm converges
to the unique NE under both synchronous and asynchronous updates.
Forth, our setup uses full/generalized eigen MIMO precoding. This diﬀers from
a large body of works on MIMO precoder design (e.g., [48][89][120]) where only one
data stream is sent from a MIMO transmitter. In these works, precoders have a
rank of one and reduce to vectors. In generalized eigencoding, there is no constraint
on the rank of the precoding matrices [46], i.e., several data streams can be sent
simultaneously. Inspired by the introduction of MIMO spatial multiplexing into
existing networks (e.g., 802.11n allows up to four concurrent multiplexed streams),
generalized eigencoding has recently attracted great interest.
The rest of this chapter is organized as follows. In Section 3.2, we present the
network model and the formulation of the noncooperative game. Existence and
uniqueness conditions for the NE are presented in Section 3.2.3. The pricing policy
and its game analysis are discussed in Section 3.3. Our low-complexity distributed
algorithm is presented in Section 3.4. Numerical results are discussed in Section 3.6,
followed by concluding remarks in Section 3.7.
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3.2 Formulation of the Power Minimization Beamforming Game
3.2.1 System Model and Network-wide Problem
We consider a multi-channel CR-MIMO network (a form of multi-carrier MIMO
network in [75]) that coexists with several PU networks in a rich-scattering environment (to facilitate MIMO spatial multiplexing). The CR network consists of
N transmitter-receiver pairs (links). Each CR node is equipped with M antennas.
The spectrum to be allocated is comprised of K orthogonal bands (referred to as
channels or sub-carriers in OFDM) that have central frequencies f1 , f2 , . . ., fK 2 .
Let ΦN = {1, 2, . . . , N } and ΨK = {1, 2, . . . , K} denote the sets of CR links and
def

def

channels, respectively. Each CR i can simultaneously communicate over multiple
frequencies (e.g., using non-contiguous OFDM). We impose a half-duplex constraint
on all transmissions, meaning that a CR cannot transmit and receive at the same
time.
On a particular channel frequency, the transmitter of each CR link can send up
(k)

to M independent data streams using its M antennas. Let xu be an M × 1 column
vector, consisting of M information symbols (from M data streams), sent on link u
using the band with a central frequency fk (hereon also referred to as channel fk for
short). The radiation pattern and power allocation for the M streams of link u on
(k)

channel fk is determined by its precoding matrix T̃u . The actual transmit vector
(k) (k)

on channel fk at the radio interface is T̃u xu .
To improve spectrum eﬃciency, we assume spectrum sharing among various CR
(k)

links. Speciﬁcally, for a channel fk , the signal vector yu at the receiver of link u is
given by:
(k) (k)
yu(k) = H(k)
u,u T̃u xu +

∑

(k)

(k) (k)

Hu,j T̃j xj + Nk

j∈ΦN \{u}
2

(3.1)

Although we are assuming homogeneous spectrum environment, our below analysis can also be

extended to the heterogeneous spectrum environment (the set of available spectrums diﬀers from
one to another) by applying the spectrum-based clustering [57]. The clustering technique allows
us to partition the network into clusters. Links in each cluster share the same set of available
channels. We can then apply the homogeneous-spectrum solution to each cluster.
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(k)

where Hu,u is a M × M channel gain matrix on channel fk of link u. Each element
(k)

of Hu,u is a multiplication of a distance- and channel-dependent attenuation term
and a complex Gaussian variable (with zero mean and unit variance) that reﬂects
(k)

multi-path fading. Hu,j denotes the cross-channel gain matrix from the transmitter
of link j to the unintended receiver of link u, u ̸= j. The second term in (3.1)
represents interference from transmitters of CR links j ̸= u that share channel fk
with link u. Nk is an M × 1 complex Gaussian noise vector with covariance matrix
Ik = (1 + Ipu (k))I, representing the ﬂoor noise with unit variance plus (whitened)
interference Ipu (k) from PUs on channel fk .
We assume that interference cancellation is not in place. A receiver decodes its
data streams by treating interference from other transmitters as colored noise. The
Shannon rate over link u on channel fk is [100]:
−1

(k)
(k)
Ru(k) = log |I + T̃(k)H
H(k)H
H(k)
u
u,u Cu
u,u T̃u |

(3.2)

(k)

where Cu is the noise-plus-interference covariance matrix at the receiver of link u
over channel fk :
∑

C(k)
u = (1 + Ipu (k))I +

(k)

(k)

(k)H

Hu,j T̃j T̃j

(k)H

Hu,j .

j∈ΦN \{u}

The total channel rate over all frequencies of link u is:
Ru =

∑

Ru(k) .

(3.3)

k∈ΨK

PU protection is provided in the form of database-authorized access and
frequency-dependent power masks on CR transmit powers. Note that the FCC
[32] recently imposed power masks even for idle channels, if such channels are adjacent to PU-active channels (e.g., this power mask is 40 mW for bands adjacent to
def

active TV bands). Let Pmask = (Pmask (f1 ), Pmask (f2 ), . . . , Pmask (fK )) denote the
power mask on all channels, we need:
M
∑
s=1

(u)

(k)H
) ≤ Pmask (fk ).
Ps,k = tr(T̃(k)
u T̃u

(3.4)
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(u)

where Ps,k denotes the power allocated on channel fk (frequency dimension) over
antenna s (space dimension) for the transmitter of link u. Note that our below
treatment can be extended to CR systems that adapt their parameters dynamically
and protect PUs under temperature-interference constraints (e.g., [78]) as well as
the detect-and-avoid mechanism.
The network-wide power minimization problem under rate demand cu can be
stated as follows:
∑

minimize
(k)
{T̃u ,∀k∈ΨK ,∀u∈ΦN }

∑

(k)

(k)H

tr(T̃u T̃u

)

u∈ΦN k∈ΨK

C1: cu ≤ Ru , ∀u ∈ ΦN

s.t.

(k)

(k)H

C2: tr(T̃u T̃u ) ≤ Pmask (fk ), ∀k ∈ ΨK , ∀u ∈ ΦN .
∑
(k) (k)H
tr(T̃i T̃i ) ≤ Pmax .
C3:

(3.5)

k∈ΨK

where C1 ensures that all links achieve their rate demands, C2 ensures that the
frequency-dependent power masks are satisﬁed and C3 presents the maximum power
budget constraint Pmax at node u (we assume nodes have an identical power budget).
3.2.2 Game Theoretic Formulation
The network optimization problem (3.5) is not convex and known to be NP-hard
[64], hence it is challenging to solve even in a centralized manner. If we were to
rely on sub-optimal solutions, huge number of variables involved also makes it computationally expensive. For a MIMO transmitter be able to compute its optimal
set of precoders in a distributed manner with reasonable complexity, we formulate
(3.5) as a strategic noncooperative game where the players are the N CR links.
These players aim at maximizing their utilities, deﬁned as the negative of their
power consumption. The game’s strategic space is the union of the strategic spaces
of various players, subject to constraints C1, C2, C3 in (3.5). Each player/link u
competes against others by selecting his strategic action of K precoders, denoted
(1)

(2)

(K)

by T̃u = (T̃u , T̃u , . . . , T̃u ). T̃u is an M × KM block matrix, comprised of K
def

M × M matrices.
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The payoﬀ of player u, given below, is a function of its action T̃u as well as other
def

players’ actions, T̃−u = (T̃1 , T̃2 , . . . , T̃u−1 , T̃u+1 , . . . , T̃N ):
∑

Uu (T̃u , T̃−u ) = −
def

(k)H
tr(T̃(k)
).
u T̃u

(3.6)

k∈ΨK

The transmitter of each link assigns its transmission power over both the space
and frequency dimensions, and conﬁgures its radiation pattern to maximize its own
return. Formally, each CR user u solves the following problem for its optimal precoder set T̃u :
maximize Uu (T̃u , T̃−u )
(k)

{T̃u ,∀k∈ΨK }

s.t.

C1’: Ru ≥ cu
(k)

(k)H

C2’: tr(T̃u T̃u ) ≤ Pmask (fk ), ∀k ∈ ΨK
∑
(k) (k)H
tr(T̃u T̃u ) ≤ Pmax .
C3’:

(3.7)

k∈ΨK

As previously mentioned, the above game may or may not have a NE. Even
if an NE exists, will the game always converge to it? Is the NE unique or not?
Moreover, it is possible to improve the social welfare of a noncooperative game by
using appropriate pricing/taxation policies [45]. These and other related questions
when using pricing are addressed in the next sections.
3.2.3 Existence and Uniqueness of the NE
We ﬁrst derive suﬃcient conditions that ensure the existence of at least one NE
for the game (3.7). Intuitively, these are three factors that aﬀect the existence of
a NE of (3.7): the network (multi-user) interference, PU protection requirement
(through power masks), and nodes’ power budget. To deal only with the network
interference, we ﬁrst remove the power mask and power budget constraints (these
constraints will be incorporated later) and have the following problem:
minimize
(k)
{T̃u ∀k∈ΨK }

∑

(k)

(k)H

tr(T̃u IT̃u

k∈ΨK

s.t. C1’ as in problem (3.7).

)
(3.8)
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(k)

Before proceeding, we rewrite the precoding matrix T̃u as follows:
(u) 1/2

(k)
T̃(k)
u = Tu × Pk
(k)

where Tu

(3.9)

is an M × M matrix with unit-norm column vectors, specifying the
(u)

directions to which the antenna array of node u points its beams. Pk is an M × M
(u)

diagonal matrix whose entry (s, s) is the power allocated for sub-channel (s, k), Ps,k .
(k)

(u)

Both Tu and Pk shape the antenna patterns.
(k)

(u)

(u)

(u)

At a NE, let pu = (P1,k , P2,k , . . . , PM,k ) be a 1 × M nonnegative vector, which
def

denotes the power allocation vector of link u on M antennas at frequency fk . Let
def

(1)

(2)

(K)

pu = (pu , pu , . . . , pu ) be a 1×M K vector, which denotes the power allocation on
KM
all antennas and frequencies of link u. p = (p1 , p2 , . . . , pN ) ∈ RN
is a 1 × N KM
+
def

vector, denoting the power allocation on all antennas and frequencies of all players.
First, we observe that the unit matrix I is positive deﬁnite, so the objective
function in (3.8) is non-decreasing in every element of pu . In other words, at a
NE of the game (if one exists), the inequality constraint C1’ becomes equality.
Otherwise, one can still lower the power consumption to achieve a smaller value for
the objective function while meeting the rate demand. This fact deﬁnes a feasible
set for p, denoted by Qf easible (c), corresponding to a given requested rate proﬁle
c = (c1 , c2 , . . . , cN ) at a NE. This Qf easible (c) is given by:
{
∑
def
def
(k) −1 (k) (k)
KM
Qf easible (c) = p ∈ RN
|R
(p)
=
log |I + T̃(k)H
H(k)H
Hu,u T̃u |
u
+
u
u,u Cu
def

k∈ΨK

}
= cu , ∀u ∈ ΦN .
(3.10)

For a given rate proﬁle c, the game (3.8) has at least one bounded NE and
only bounded NEs, if Qf easible (c) is nonempty and bounded. The following theorem
provides suﬃcient conditions so that Qf easible (c) is nonempty and bounded.
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Theorem 6 Let

(k)
tr(H(k)H
(k)H (k) 1
1,2 H1,2 )
−(2c1 − 1)
|H11 H1,1 | M
M

(k)H (k)

1
tr
(H2,1 H2,1 )
(k)H
(k)
c
 −(2 2 − 1)
|H2,2 H2,2 | M
def
M

Gk = 
..
..

.
.

(k)H (k)
(k)H (k)
tr
(H
H
)
tr
(HN,2 HN,2 )
N,1
N,1
cN
−(2cN − 1)
−(2
−
1)
M
M

· · · −(2 − 1)
c1

(k)
tr(H(k)H
1,N H1,N )

M

(k) 
tr(H(k)H
2,N H2,N )

· · · −(2 − 1)
M


..
..

.
.

1
(k)H (k)
···
|HN,N HN,N | M
(3.11)
c2

If Gk is a P-matrix3 ∀k ∈ ΨK , then Qf easible (c) contains at least one bounded vector
KM
p ∈ RN
and only bounded vectors p. In other words, the game (3.8) admits at
+

least one bounded NE and only bounded NEs.
Proof: We ﬁrst claim that Qf easible (c) contains at least one bounded vector
KM
p ∈ RN
or the existence of a bounded NE to the game (3.8):
+

Lemma 1 Given that Gk is a P-matrix ∀k ∈ ΨK , then there exists at least one
KM
bounded vector p ∈ Qf easible (c) ∈ RN
.
+

Proof: See Appendix E.
The remaining task is to show that the game (3.8) only admits bounded NEs
or Qf easible (c) is bounded. For that, we rely on the concept of asymptotic cone of a
nonempty set in recession analysis [6] as follows.
For a nonempty set Q ∈ RN
+ , its asymptotic cone, denoted by Qasymp consists
of vectors d ∈ RN
+ , referred to as limit directions. Each limit direction vector d is
deﬁned through the existence of a sequence of vectors pn ∈ Q and a sequence of
scalars νn tending to +∞ such that [6]:
pn
= d.
n→∞ νn
lim

(3.12)

The set Q is bounded if its asymptotic cone Qasymp contains only the zero vector
0 [6]. Applying this to the set Qf easible (c), the game (3.8) admits only bounded NEs
if its asymptotic cone Qasymp (c) contains only the zero vector. The asymptotic cone
3



A matrix is a P-matrix if all of its principal minors are positive[11].
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Qasymp (c) is formally deﬁned as:
{
def
KM
Qasymp (c) = d ∈ RN
|∃{pn } ∈ Qf easible (c) and {νn } → +∞
+
}
pn
so that lim
=d
n→∞ νn

(3.13)

KM
where d ∈ RN
.
+

Given that Qf easible (c) has at least one bounded p (Lemma 1), it is clear that
the vector zero 0 belongs to its asymptotic cone Qasymp (c) (by the deﬁnition of limit
directions). We now construct a set Q(c) of which Qasymp (c) is a subset and prove
that Q(c) = {0} if Gk is a P-matrix ∀k ∈ ΨK .
Lemma 2 If d ∈ Qasymp (c) then d belongs to Q(c) where:


{
∑
def

KM
′
log
Q(c) = d ∈ RN
|R
(d)
=
1 +
+
u

k∈Ψ


tr(T̃u T̃u )|Hu,u Hu,u | M


(k)
∑ tr(H(k)H
H
)

(k)H
(k)
u,j
u,j
tr(T̃j T̃j )
M
(k)

(k)H

def

K


(k)H

(k)

1

j∈ΦN \{u}

≤ cu , ∀u ∈ ΦN

}

(3.14)
Proof: See Appendix F.
Assuming that there exists at least one d ̸= 0 and d ∈ Q(c), then ∀u ∈ ΦN :




log 1 +



tr(T̃u T̃u )|Hu,u Hu,u | M

 ≤ cu
(k)
∑ tr(H(k)H
(k)H (k) 
u,j Hu,j )
tr(
T̃
T̃
)
j
j
M
(k)H

(k)

(k)H

(k)

1

(3.15a)

j∈ΦN \{u}

1

(k)H (k) M
T̃(k)
− (2cu − 1)
tr(T̃(k)H
u )|Hu,u Hu,u |
u

∑

(k)H

(k)H

tr(T̃j

(k)

T̃j )

j∈ΦN \{u}

(k)

tr(Hu,j Hu,j )
≤0
M
(3.15b)

(k)H

Gk × [tr(T̃1
As

Gk

(k)H

(k)

T̃(k)
T̃1 ), . . . , tr(T̃(k)H
u
u ), . . . , tr(T̃N
is

a

P-matrix

for

all

(k)H (k)
(k)H (k)
(k)H (k)
[tr(T̃1 T̃1 ), . . . , tr(T̃u T̃u ), . . . , tr(T̃N T̃N )]T

(k)

T̃N )]T ≤ 0.
k

∈

(3.15c)
ΨK

and

is a nonnegative vector,
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(k)H

(3.15c) implies that tr(T̃u

(k)

T̃u ) = 0 ∀u ∈ ΦN and ∀k ∈ ΨK [11] or d = 0. This

contradicts to the above assumption. Hence, Q(c) and its subset Qasymp (c) equal
to {0}. The theorem 6 is proved.



We now obtain some intuitions behind the Theorem 6. If the diagonal elements of
Gk are positive, then a suﬃcient condition for Gk to be a P-matrix is |Gk (u, u)| ≥
∑
|Gk (u, j)| (i.e., row diagonally dominant)[11]. Hence, the following inequality
j̸=u

guarantees the game (3.8) has at least one bounded NE and only bounded NEs:

(k)H

(k)

1

M |Hu,u Hu,u | M
≥ (2cu − 1) ∀ k ∈ ΨK and ∀ u ∈ ΦN .
∑
(k)H (k)
tr(Hu,j Hu,j )

(3.16)

j∈ΦN \{u}

The nominator of the LHS in (3.16) represents the strength of the channel gain
matrix of link u on channel fk , while its denominator describes the strength of cross(interfering) channel gain matrices from other links j, j ̸= u, on the receiver of link
u. Three observations can be made. First, for the game (3.8) to have at least one NE
(at which the required powers of all links are bounded), the multi-user interference
in each channel fk should not be too strong. Second, the acceptable multi-user
interference is explicitly quantiﬁed in (3.16), and is a function of the rate demand
cu of each link u. For higher rate demands, inequality (3.16) becomes stringent,
meaning that lower multi-user interference is necessary. Hence, inequality (3.16)
can be used as a criterion to reject or admit a newly requested transmission/rate.
When links set their target rate too high that inequality (3.16) does not hold, a
bounded NE may not exist. In this case, nodes keep increasing their transmit
powers to meet their rate demands. Network interference becomes more severe and
no link reaches its requested rate (interference-limited communications). Third, the
denominator of the LHS of (3.16) provides insight into our proposed NIF in Section
3.3.
To better interpret the inequality (3.16), we recall that each element of channel
gain matrices in (3.16) is the product of a complex Gaussian variable with zero mean
(k)

and unit variance (in the H̄u,u matrix) and the distance-dependence attenuation
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(k)
(k)
factor: Hu,u = √d1n H̄u,u where n is the free-space attenuation factor and du,u is
u,u

the transmission distance of link u. The inequality (3.16) is rewritten as:
(k)H

(k)

1

M |H̄u,u H̄u,u | M
≥ (2cu − 1) ∀ k ∈ ΨK and ∀ u ∈ ΦN .
∑ dnu,u
(k)H (k)
tr(H̄u,j H̄u,j )
dn

j∈ΦN \{u}

(3.17)

u,j

(3.17) holds if the distance between the transmitter and the receiver is small
enough compared with distances from the receiver to its interferers, the channel
gain matrix of link u is full-rank (this is often be the case for a rich-scattering
environment so that MIMO spatial multiplexing can be well exploited), and its
requested rate is not too high.
Given the existence of bounded NEs to the game (3.8), we now incorporate the
power mask and power budget constraints in the following Theorem that provides
suﬃcient conditions so that the original beamforming game (3.7) has at least one
bounded NE and only bounded NEs.
Theorem 7 The game (3.7) admits at least one bounded NE and only bounded
NEs, if the matrix Gk is a P-matrix and the vector-inequality below holds elementby-element ∀k ∈ ΨK and ∀u ∈ ΦN :


2c1 − 1


 2c2 − 1

−1
Gk × 
..

.

2cN − 1


where





P

mask (fk )

  P1+Ipu (k)
  mask (fk )
  1+Ipu (k)
≤
..
 
.
 
P

mask (fk )





 and sum(Pu ) ≤ Pmax



1+Ipu (k)

(1 + Ipu (1))G−1
1 (u, :)


 (1 + I (2))G−1 (u, :)
pu
2

Pu = 
.
..


(1 + Ipu (K))G−1
K (u, :)
def





(2c1 − 1)

 
  (2c2 − 1)
 
×
..
 
.
 
2cN − 1

4
and G−1
k (u, :) is the uth row of the inverse of matrix Gk .
4

As Gk is a P-matrix then it is invertible.









(3.18)
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Proof: If Gk is a P-matrix for ∀k ∈ ΨK , then the game (3.8) has least one
bounded NE and only bounded NEs. A NE∗ of the game (3.8) is a NE of the
game (3.7) if under NE∗ , the power mask and power budget constrains of (3.7)
are not violated. For a NE∗ of the game (3.8), the inequality (E.5d) speciﬁes the
upper bound on the power allocated on channel fk of link u (the RHS of the below
inequality):
c1
cN
T̃(k)
(1 + Ipu (k))G−1
− 1]T ≥ tr(T̃(k)H
u )
u
k (u, :) × [2 − 1, . . . , 2

(3.19)

If the ﬁrst inequality in Theorem 7 hold, then power mask constraints in (3.7)
hold. Also from inequality (3.19) above, sum(Pu ) (the LHS of the second inequality
in Theorem 7) is the upper bound of total transmit power on all channels of link u.
The inequality is to ensure that the required power at the NE∗ does not exceed a
node’s power budget.



From the inequality (3.18), we observe that if PUs are more active on a given
channel (higher Ipu (k)), the inequality becomes stricter. This means that CRs should
reduce their transmission power on this channel to avoid interfering PUs. Moreover,
as the inequality becomes tighter (smaller LHS of (3.18)) when PUs become more
active, it is harder for a NE to exist (i.e., rate demands are supported). Hence,
beside the PU protection requirement, inequality (3.18) also shows the interference
eﬀect from PUs to CRs.
So far, we have derived conditions that capture the factors that aﬀect the existence of a NE of the game (3.7) (network interference, PUs protection, PUs interference, and power budgets). The conditions in Theorem 6 (or stronger versions
in inequality (3.16) ensure that the network interference is mild enough to support
the requested rates (i.e., the rate demands are within the network capacity region).
The conditions in the ﬁrst inequality in Theorem 7 enforce that the requested rates
are not too high so that CRs do not harm PUs reception given PUs interference.
The last inequality in Theorem 7 guarantees that rate demands are aﬀordable given
nodes’ power budgets.
Note that conditions in Theorem 7 or (3.16) are more complete than existing
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ones in the literature [77][5]. Speciﬁcally, existing works [77][5] do not consider the
power budget at each node and can only provide conditions regarding the network
interference. For a single-channel MIMO network, the setting in [5] also requires
small network interference, but the amount of interference was not quantiﬁed. Additionally, PUs’ interference and protection requirement are not accounted for in
[77][5].
Interestingly, if one removes the resource and PUs protection constraints and
sets the number of antenna to be one, the conditions in Theorem 6 reduce to the
conditions derived for the NE existence in single-antenna (legacy) networks (in Theorem 5 of [77]). Moreover, the authors of [77] proved that their suﬃcient conditions
become necessary if reducing K=1 and M=1, i.e., the single channel single antenna
network (Proposition 11 of [77]). The authors of [77] also showed that for the case
K=1 and M=1, their suﬃcient conditions are identical to those in [9]. Hence, though
we cannot show that the suﬃcient conditions in Theorems 6 and 7 are also necessary in general cases, the following Corollary gives a sense of how tight conditions
in Theorem 6 are.
Corollary 1 If we set M = 1, the conditions in Theorem 6 reduce to the suﬃcient
conditions for the NE existence derived for the SISO network in [77]. If we set
K = 1 and M = 1, the the suﬃcient conditions for a NE existence in Theorem 6
become necessary and identical to those in [9].
One may be curious about the relation between the NE existence and the fulﬁllment of rate demands. The following Theorem shows that if requested rates are
supported (fulﬁlled), then a NE must exist.
Theorem 8 If rate demands are supported, then the game (3.7) admits at least one
NE.
Proof: If rate demands are supported, the strategic spaces of players of the game
(3.7) must be nonempty. It is easy to verify that the strategic space of each player in
game (3.7) is the intersection of convex regions (deﬁned by constraints C1, C2, and
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C3), hence convex. These strategic spaces are also compact due to the power budget
constraints. In short, strategic spaces of (3.7) are nonempty, convex, and compact.
Moreover, it is also clear that the player’s payoﬀ in (3.7) is concave. Hence, the
game (3.7) admits at least one NE [74].



Theorem 8 also means that a NE does not exist only if requested rates are not
met. In such a case, players whose rates are not achieved have to reduce their
demands (or even leave the game to reduce network interference and facilitate other
links’ transmission) then repeat the game (3.7). Investigating this process would
require a repeated game which is left as a future work.
To analyze the uniqueness of the NE, we resort to variational inequalities theory,
casting the game (3.7) as a variational inequalities (VI) problem. A tutorial on the
application of VI to communication systems can be found in [88] and references
therein. The following theorem states the uniqueness of the NE for the game (3.7).
Theorem 9 If a NE of the game (3.7) exists, then the NE is unique.
Proof: We prove that the mapping of the the equivalent VI problem of the game
(3.7) is continuous uniformly-P function. Hence, if a NE exists, it is unique. See
Appendix G.



Theorem 9 indicates that the game (3.7) does not have multiple NEs. Hence,
the NE existence condition of (3.7) is also the NE uniqueness condition (formally
stated in Theorem 10 below). It is interesting as for a SISO network and without
beamforming in [77], for a NE to be unique, we need other condition, in addition
to the NE existence conditions. This suggests that the suﬃcient conditions for the
NE uniqueness in [77] may be loose.
Theorem 10 If the conditions in Theorem 7 hold, then there exists a unique NE
of the game (3.7).
Before deriving the best response for each player and the corresponding distributed algorithms, we ﬁrst investigate the existence and uniqueness of the NE
for game under pricing policies. Such pricing policies are developed using a novel
network interference function.
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3.2.4 Numerical Examples
Example Showing the Coupling of Strategic Spaces of a PM Game
This numerical example shows how the strategic spaces of players are interdependent (coupled) in a PM game of two links (link 1: node 1 to node 2; link
2: node 3 to node 4). For simplicity, each node is equipped with one antenna and
there is only one channel (K=1) of bandwidth 16 MHz. The noise ﬂoor per Hz is
No = −174 dBm (according to IEEE 802.11a) and the interference from PUs is zero
(i.e., a white channel), the transmit power budget Pmax = 1012 ×No ×16×106 = 63.69
mW. The power mask Pmask = 0.5×Pmax . The channel gains among the four nodes
are as follows (H(2, 1) is the channel gain from node 1 to node 2):

H(2, 1) = 0.3439 − 0.2819i; H(3, 1) = 0.1783 − 0.0016i; H(4, 1) = 0.1379 − 0.0215i
H(1, 2) = 0.3439 − 0.2819i; H(3, 2) = 0.2245 − 0.1086i; H(4, 2) = −0.0482 − 0.1248i
H(1, 3) = 0.1783 − 0.0016i; H(2, 3) = 0.2245 − 0.1086i; H(4, 3) = −0.0524 + 0.1615i
H(1, 4) = 0.1379 − 0.0215i; H(2, 4) = −0.0482 − 0.1248i; H(3, 4) = −0.0524 + 0.1615i
(3.20)
First, we set the rate demand on both links is 16 Mbps (i.e., 1 bps/Hz) and let
the two links play the PM game. In this simulated scenario, Theorem 6’s conditions
are met but Theorem 7’s conditions are not met. After 34 iterations, link 1’s rate
demand can be met with its transmit power is 30.0523 mW (or

30.0523
16×106

mW/Hz).

The strategic space of link 2 is deﬁned by the constraints below:

(1)

(1)H

) ≤ Pmax

(1)

(1)H

) ≤ Pmask (f1 )

C1 : 16 × 106 tr(T̃2 T̃2

C2 : 16 × 106 tr(T̃2 T̃2
C3 : 16 × 106 log(1 +

(1)
(1)H
T̃2 H(4, 3)H(4, 3)H T̃2
No + H(4, 3)H(4, 3)H 30.0523
16×106

(3.21)
) ≥ 1 × 16 × 106 .

However, the constraints C1, C2, C3 above together form an empty strategic
space. The link 2’s rate demand cannot be met even the transmitter of link 2 (node

68
3) transmits at Pmask = 0.5 × Pmax = 31.84 mW (the link 2’s rate is now: 10.8864
Mbps or 0.6804 bps/Hz). In this case, playing the PM game leads to an empty
strategic space for link 2 (given the strategy of link 1).
Second, if link 1 reduces its rate demand to 8 Mbps (i.e., 0.5 bps/Hz) but link 2
still keeps its rate demand of 16 Mbps, both Theorem 6’s and Theorem 7’s conditions
are met. Playing the PM game leads to a NE at which the transmit power of link
1 is 6.6419e − 9 mW and the transmit power of link 2 is 2.0092e − 8 mW and the
rates of link 1 and link 2 are 8 Mbps and 16 Mbps, respectively. As can be seen, if
link 1 changes its rate demand (from 16 to 8 Mbps), i.e., its strategic space, then
the PM game does not lead to an empty strategic space for link 2. This shows the
dependence of strategic spaces of the two links under the PM game. The nonempty
strategic space of link 2 is deﬁned by the 3 following constraints:
(1)

(1)H

) ≤ Pmax

(1)

(1)H

) ≤ Pmask (f1 )

C1 : 16 × 106 tr(T̃2 T̃2
C2 : 16 × 106 tr(T̃2 T̃2
C3 : 16 × 106 log(1 +

(1)
(1)H
T̃2 H(4, 3)H(4, 3)H T̃2
No + H(4, 3)H(4, 3)H 6.6419e−9
16×106

(3.22)
) ≥ 1 × 16 × 106 .

Third, if both links increase their rate demands to 24 Mbps (i.e., 1.5 bps/Hz),
Theorem 6’s conditions are not met (i.e., rate demands may be out of the network’s
capacity region). Playing the PM game leads to empty strategic spaces for both
links while neither of their rate demands is met. Both links transmit at Pmask =
0.5 × Pmax = 31.84 mW and the rates of link 1 and link 2 are 16.5056 Mpbs (or
1.4301 bps/Hz), 10.4832 Mbps (or 0.6552 bps/Hz), respectively.
Numerical Example for the Suﬃcient Conditions in Theorem 6 and Theorem 7
For simplicity and to save the space, we consider a network of 2 links (link 1: node
1 to node 2; link 2: node 3 to node 4) and one channel. Each node is equipped with
2 antennas. Both links have a rate demand of 3 bps/Hz. The channel gain matrices
among the 4 nodes are as follows (where H(:, :, 2, 1) is the channel gain matrix from
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node 1 to node 2).

H(:, :, 2, 1) = [0.4403 − 0.2343i 0.1900 + 0.1765i; −0.0024 − 0.3195i 0.2215 + 0.0929i]
H(:, :, 3, 1) = [0.0166 − 0.0445i 0.0478 − 0.0086i; −0.0355 + 0.0103i

− 0.0289 − 0.0264i]

H(:, :, 4, 1) = [0.0400 + 0.0317i

− 0.0636 − 0.0007i; −0.0132 + 0.0196i 0.0016 − 0.0042i]

H(:, :, 1, 2) = [0.4403 − 0.2343i

− 0.0024 − 0.3195i; 0.1900 + 0.1765i 0.2215 + 0.0929i]

H(:, :, 3, 2) = [0.0445 + 0.0192i

− 0.0435 + 0.0281i; 0.0141 − 0.0235i 0.0183 + 0.0272i]

H(:, :, 4, 2) = [0.0064 − 0.0036i 0.0452 − 0.0297i; −0.0133 − 0.0080i 0.0091 − 0.0561i]
H(:, :, 1, 3) = [0.0166 − 0.0445i

− 0.0355 + 0.0103i; 0.0478 − 0.0086i

− 0.0289 − 0.0264i]

H(:, :, 2, 3) = [0.0445 + 0.0192i 0.0141 − 0.0235i; −0.0435 + 0.0281i 0.0183 + 0.0272i]
H(:, :, 4, 3) = [0.1203 − 0.1427i

− 0.0596 − 0.0129i; −0.4488 − 0.1502i 0.0131 + 0.5533i]

H(:, :, 1, 4) = [0.0400 + 0.0317i

− 0.0132 + 0.0196i; −0.0636 − 0.0007i 0.0016 − 0.0042i]

H(:, :, 2, 4) = [0.0064 − 0.0036i

− 0.0133 − 0.0080i; 0.0452 − 0.0297i 0.0091 − 0.0561i]

H(:, :, 3, 4) = [0.1203 − 0.1427i

− 0.4488 − 0.1502i; −0.0596 − 0.0129i 0.0131 + 0.5533i]
(3.23)

Conditions in Theorem 6:
The matrix G1 :

 

1
tr
(H(:,:,2,3)H(:,:,2,3))
3
|H(:, :, 2, 1)H(:, :, 2, 1)| 2
0.0808 −0.0241
−(2 − 1)
def
2
=

G1 = 
1
2
−(23 − 1) tr(H(:,:,4,1)H(:,:4,1))
|H(:,
:,
4,
3)H(:,
:
4,
3)|
−0.0252
0.0748
2
(3.24)
(3.16). Hence, Theorem 6 holds.
Now, we check conditions in Theorem 7.
Conditions in Theorem 7 to protect PUs:
We have:
G−1
1



13.7588 4.4330

=
4.6353 14.8624

(3.25)
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The inequality to protect PUs is:


 
 
P
(f1 )
3
mask
2 −1
127.34

=
 ≤  P1+Ipu (1)

G−1
1 ×
3
mask (f1 )
2 −1
136.48
1+Ipu (1)

(3.26)

The inequality (3.26) holds if the power mask is 136.48 times greater than (1 +
Ipu (1)) (note that 1 + Ipu (1) is the total ﬂoor noise (normalized to 1) and the PUs’
interference on channel 1, Ipu (1)). This is the case if PUs’ interference is not too
strong. If cognitive radios obtain temporarily idle (“white”) channels from spectrum
databases, then there is no active PUs (i.e., Ipu (1) = 0). In this case, inequality
(3.26) holds easily.
Conditions in Theorem 7 regarding the total power budget constraints:
The matrix P1 and P2 in the second inequality in in Theorem 7 reduce to scalars
in the considered example (as K = 1) is:
P1 =(1 + Ipu (1)) × [13.7588 4.4330] × [23 − 1 23 − 1]T = 127.34(1 + Ipu (1))
P2 =(1 + Ipu (1)) × [4.6353 14.8624] × [23 − 1 23 − 1]T = 136.48(1 + Ipu (1))
(3.27)
As we can see, the second inequality (regarding the total power budget constraint) can also be met if the power budgets of link 1 and link 2 are greater than
127.34(1 + Ipu (1)) and 136.48(1 + Ipu (1)). Similar to the inequality (3.26), these
conditions can also be met easily in practice. Note that as our example has only one
channel (for simplicity), then the conditions regarding the power budget constraints
are similar to that for the power mask constraints.
3.3 Beamforming Game with Pricing
3.3.1 Network Interference Function and Pricing Policy
The social welfare of a noncooperative game can therefore be improved with appropriate pricing/taxation policies [45] that make players more responsible for their
actions. For our joint power allocation, spectrum management, and beamforming
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game, the utility function with price for link u is given by:
′

Uu (T̃u , T̃−u ) = Uu (T̃u , T̃−u ) − Fu (T̃u )
def

(3.28)

where F (T̃u ) is the pricing function for link u. The goal for the player u is:
′

maximize Uu (T̃u , T̃−u )

(k)
{T̃u ∀k∈ΨK }

(3.29)

s.t. C1’, C2’, C3’ as in problem (3.7).
Note that the above noncooperative game is more general than the one in (3.7). If
pricing is not used, F (T̃u ) is simply set to be zero and we reduce to the game (3.7).
Eﬃcient pricing policies, which adapt to each individual player, can be designed
by forcing the solution obtained from running per-user optimization problems in
(3.29) to converge to a locally optimal solution of the network-wide (nonconvex)
problem (3.5). This can be realized by using the K.K.T conditions [16] to equate
the stationary points of (3.29) to those of (3.5) (examples of the application of this
approach can be found in [102] and [72]). To ease the complexity of this procedure, the pricing functions are often linear [83]. However, in our case, following
this procedure leads to a pricing function that depends on global information and
the Lagrangian multipliers of (3.5) [71]. Such pricing policies are not suitable for
distributed implementation.
The idea of characterizing and minimizing the total network interference of
MIMO MANETs was ﬁrst introduced in [48] for the case of beamforming, and then
extended to generalized eigencoding in [46]. Network interference models in [48]
and [46] are generalized forms of the total squared correlation function in CDMA
systems [101]. However, models in [48] and [46] are implicitly developed for fullduplex devices. Precoders are found to satisfy the data rate requirement in both
directions. From a game theoretic point, precoders in [48] and [46] are obtained by
introducing a pricing function that depends on the noise-plus-interference covariance matrices perceived at both ends of the link. This approach is not applicable to
half-duplex networks. Via simulations, we ﬁnd that this approach leads to unstable
and power-ineﬃcient when applied to half-duplex MIMO transceivers.
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In this work, we propose to quantify the network interference by the trace of all
interference-plus-noise covariance matrices at all receivers. We refer to this trace as
the Network Interference Function (NIF):

def

NIF = tr{

∑ ∑

C(k)
u }

u∈ΦN k∈ΨK

∑ ∑

= tr{KN (1 + Ipu (k))I +

∑

(k)

(k)

(k)H

Hu,i T̃i T̃i

(k)H

Hu,i }

u∈ΦN k∈ΨK i∈ΦN \{u}

= KN (1 + Ipu (k))tr(I) +

∑ ∑

∑

(k)H

tr{T̃i

u∈ΦN k∈ΨK i∈ΦN \{u}

= KN (1 + Ipu (k))tr(I) +

∑ ∑

tr{T̃(k)H
[
u

= KN (1 + Ipu (k))tr(I) +

(k)

(k)

∑

(k)H

(3.30)

(k)

Hi,u Hi,u ]T̃(k)
u }

i∈ΦN \{u}

u∈ΦN k∈ΨK

∑

(k)H

Hu,i Hu,i T̃i }

[
]
H
tr T̃u × Au × T̃u .

u∈ΦN

where :


(1)
0
Au

 0 A(2)
u

Au =  .
.
..
 ..

0
0

···

0

···
..
.

0
..
.









(3.31)

(K)

· · · Au

(k)

is a KM × KM block diagonal matrix. The kth block Au =
an M × M positive-semideﬁnite matrix.

∑
i∈ΦN \{u}

(k)H

(k)

Hi,u Hi,u is

It is clear that NIF has the same physical unit as power (Watt). The intuition
behind NIF is that, for single antenna case, NIF is exactly the total unindented
power or interference that a transmitter induces on unintended receivers. However,
in a SISO network, as transmission is omnidirectional, we do not have freedom
to conﬁgure the radiation pattern to minimize NIF. For MIMO transmitters, ﬁrst
recall that the trace of a matrix is the total of its eigenvalues and recall that the
inequality (3.16) that partially states the upper bound on the total channel gains
from interferers for the existence of a NE, regardless of the transmit powers from
these transmitters. Then, NIF captures the eﬀective interference from a transmitter
to its unintended receivers for a given selection of precoders.
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From (3.30), we observe that if each transmitter avoids as much interference as
possible at all unintended receivers, captured by the trace of interference-plus-noise
covariance matrices, NIF is then minimized. Intuitively, the transmitter can realize
that by selecting its appropriate precoding matrix such that the antenna’s radiation
beams are kept away as much as possible from unintended receivers. Hence, we now
propose the pricing function for link u as follows:
[
]
T̃
F (T̃u ) = tr T̃H
A
u u .
u

(3.32)
(k)

Au is referred to as the pricing-factor matrix of CR link u and Au is referred to as
the pricing-factor submatrix at channel fk of link u.
The per-user optimization problem (3.29) at transmitter u becomes:
}
{
∑
(k)H
(k)
(k)
maximize
−
tr(T̃u [I + Au ]T̃u )
(k)

{T̃u ∀k∈ΨK }

k∈ΨK

(3.33)

s.t. C1’, C2’, C3’ as in problem (3.7).
Note that to obtain its pricing function, a transmitter needs to know the channel matrix from itself to other receivers in its neighborhood. This information can
be obtained by overhearing signalling packets at the MAC layer. For example, in
the IEEE 802.11n scheme, by capturing the CTS message (which contains a training sequence) from an unintended receiver, a transmitter can estimate the channel
gain between itself and the receiver, assuming channel-gain reciprocity (the channel matrix from link u’s transmitter to link i’s receiver is equal to the transpose
of the channel matrix from the receiver of link i to the transmitter of link u, i.e.,
Hi,u = HTi,u ). The mechanism above does not incur additional cost to existing MIMO
systems, as training sequences are often used to estimate the channel between any
transmitter/receiver pair.
3.3.2 Existence and Uniqueness of the NE under Pricing
(k)

We observe that the pricing-factor matrix Au
(k)
I + Au

is positive semi-deﬁnite. Hence

is positive deﬁnite. In addition, the strategic space Q of the game (3.33) is
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identical to that of the game (3.7) (without pricing). One can apply the analysis of
the game (3.7) and obtain the same conditions as in Theorem 7 for the NE existence
of the game (3.33). The remaining task is to investigate the uniqueness of this NE.
Following a similar procedure in Appendix G, one can map the game (3.33) to
a VI(Q, F̄ ) problem with:
′

(1)
(K)
+ I)T̃(K)
F̄u = −∇Uu (T̃u , T̃−u ) = [(A(1)
u + I)T̃u , . . . , (Au
u ].
def

(3.34)

Let T̃ = [T̃1 × . . . × T̃N ] and T̃′ = [T̃′1 × . . . × T̃′N ] be two diﬀerent strategy sets
def

def

of the strategy space of the game (3.33). We have:
vec(T̃u − T̃′u )T vec(F̄ (T̃u ) − F̄ (T̃′u )) ≥

∑

(k)
′(k)
2
eigmin (A(k)
u + I)||vec((T̃u − T̃u ))||

k∈ΨK

(3.35a)
≥ α||vec((T̃u − T̃′u ))||2

(3.35b)

}
{
def
(k)
where vec is deﬁned in (G.3) and α = min eigmin (Au + I) . We use the fact
k

that ||Aa|| ≤ eigmax (A)||a|| and the triangular inequality in (3.35a) and (3.35b),
respectively.
(k)

(k)

Since Au +I is positive deﬁnite, eigmin (Au +I) > 0, meaning that the VI(Q, F̄ )
problem or the game (3.33) has a unique NE. The following theorem summarizes
our ﬁndings.
Theorem 11 The conditions in Theorem 7 guarantee that the beamforming game
with pricing (3.33) has a unique NE.
3.4 Optimal Antenna Radiation Direction and Power Allocation
We now solve the individual utility optimization problems (3.7) (without pricing)
and (3.33) (with pricing), from which a CR user u can determine its best response
T̃u = BRu (T̃−u ). A solution to the problem (3.7) can be obtained from that of
problem (3.33) by setting the pricing-factor matrix as a zero one. Hence, we focus
on solving problem (3.33).
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Noting that problem (3.33) is convex, it can be solved by standard methods,
e.g., interior point [13], requiring polynomial time w.r.t. to the problem’s number
of variables. The authors in [120] solved a similar problem using semideﬁnite programming. However, as mentioned before, the number of variables of (3.29) grows
quadratically with the number of antennas (and can be very large). In this section,
we develop an eﬃcient algorithm whose complexity is independent of the antenna
array size. It is also worth noting that although the power and spectrum allocation
in the per-user optimization without pricing can be solved using general water ﬁlling
algorithms [76][86], this approach cannot be extended to the pricing version as the
optimal precoding matrix does not necessarily diagonalize the pricing-factor matrix
in (3.33).
We observe that the number of variables in problem (3.33) (herein referred to as
the primal problem) is much greater than that in its dual problem (2KM 2 compared
with K + 2). Additionally, recalling the convexity of (3.33) and that the Slater’s
conditions can easily be shown to hold [16], strong duality holds for problem (3.33).
A great deal of computational complexity can be saved by solving the dual problem
of (3.33), instead of solving the primal one if the derivation of a closed-form dual
function is not cumbersome [16]. Fortunately, the problem (3.33) possesses a special
structure, which enables us to apply the Hadamard inequality to analytically derive
its dual function. The dual problem of (3.33) is as follows:
DP: minimize D(λu )
{λu }

def

(0)

(1)

(K+1)

where λu = (λu , λu , . . . , λu

(3.36)

) is a 1 × (K + 1) vector of dual variables (the

Lagrangian multipliers of the primal problem (3.33)) and D(λu ) is the dual function,
deﬁned as:
def

D(λu ) =

max
(k)

{T̃u ,∀k∈ΨK }

Lu (T̃u , λu ).

(3.37)
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with Lu (T̃u , λu ) being the Lagrangian function of problem (3.33), given by:
∑
(k)
(0)
Lu (T̃u , λu ) = − tr(T̃(k)H
[I+A(k)
u
u ]T̃u )−λu (cu−Ru )
k∈ΨK

−

∑
∑
(k)H (k)
λ(k)
T̃u )−Pmask (fk )) −λ(K+1)
(
tr(T̃(k)H
T̃(k)
u (tr(T̃u
u
u
u )−Pmax )
k∈ΨK

k∈ΨK

(3.38)
Theorem 12 If the game (3.7) admits at least one NE, then at the achieved NE,
the M × KM block matrix T̃u that solves the individual utility optimization problem
(k)

(3.7) (for the user’s best response) must have its kth block, the matrix T̃u , in
(k) −1

(k)H

(k)

a form of the generalized eigen matrix of the matrices Hd(u),u Cd(u) Hd(u),u and
(k)

(K+1)

I(1+λu +λu

(k)

(k)

(K+1)

)+Au , where λu and λu

are the optimal Lagrange multipliers

of (3.33). In other words, the following equation must hold ∀k ∈ ΨK for a M × M
(k)

diagonal matrix Πi :
−1

(k)
(k)
(k)
(K+1)
(k) (k)
H(k)H
H(k)
)+A(k)
u,u Cu
u,u T̃u = [I(1 + λu + λu
u ]T̃u Πu .

(3.39)


Proof: See Appendix H.

Theorem 12 provides a class of matrices that the solutions of (3.33) must belong
to. This class tells the directions that user u should point its beams to. Speciﬁ(k)

cally, from (3.9), if a unit-norm column matrix Tu satisﬁes (3.39), so does matrix
(u)

(k)

(k)

T̃u , for variable power allocation matrices Ps,k . The matrix Tu can be found by
(k)

normalizing the generalized eigen matrix T̃u .
(u)

The next step is to ﬁnd the optimal power allocation Ps,k for the set of
(k)

KM data streams. Since T̃u

is the generalized eigen matrix of the matrices

(k)H
(k) −1 (k)
Hd(u),u Cd(u) Hd(u),u

(k)

(K+1)

and I(1 + λu + λu

(k)

) + Au , it also diagonalizes each of

the two matrices as follows[47]:
−1

(k)
(k)
(k)
(k)H
(K+1)
(k)
(k)
T(k)H
[H(k)H
H(k)
[A(k)
+ λ(k)
u
u,u Cu
u,u ]Tu = Υu and Tu
u + (1 + λu
u )I]Tu = Λu

(3.40)
(k)

(k)

where Υu and Λu are M × M diagonal matrices.
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(k)

Note that though its columns have unit-norm, Tu in general is not an orthonor(k)

(k)

(k)

mal matrix as Au is not similar to I. Hence, Tu (thus T̃u ) does not necessarily
(k)

diagonalize Au . This observation points out that though the optimal power and
spectrum allocation over KM data streams seems very similar to a general water ﬁlling problem [76] with multiple water levels (one water level per channel), it
cannot be solved by the algorithms developed in [76][86]. The general water-ﬁlling
(k)

algorithm works only if Au is a null matrix, which is game (3.7) without pricing.
Plugging (3.40) into the Lagrangian function (3.38), we have:
Lu (T̃u , λu ) =

M (
)
∑ ∑
(u)
(u)
k
(0)
))
)
+
λ
log(1+P
diag
(Υ
−Ps,k diags (Λ(k)
s
u
u
u
s,k
k∈ΨK s=1

+

∑
k∈ΨK

(

(K+1)

λu
K

(0)

Pmax +

λ(k)
u Pmask (fk )

λu
−
cu
K

)

(3.41)
.

(u)

The optimal power allocation Ps,k for stream (s, k) that maximizes the above
(concave) function Lu (T̃u , λu ) is found at a (unique) stationary point, speciﬁed by
the following equation:
∂Lu (T̃u , λu )
(u)

∂Ps,k

(0)
= −diags (Λ(k)
u ) + λu

diags (Υku )
(u)

1 + Ps,k diags (Υku )

= 0.

(3.42)

Thus,
(
(u)

(0)

Ps,k = max 0,

(k)

(k)

λu diags (Υu ) − diags (Λu )
(k)

(k)

)
.

(3.43)

diags (Υu )diags (Λu )
(k)

So far, we have obtained the optimal radiation directions, the matrix Tu , and
(u)

the optimal power allocation Ps,k . Plugging them into (3.41), we obtain the dual
function:
M
(0)
(k)
(k)
∑ (∑
λu diags (Υu )
diags (Λu )
(0)
(0)
D(λu ) =
(λu log
−λu +
)
(k)
(k)
diags (Λu )
diags (Υu )
s=1
k∈ΨK
(0)
(K+1)
)
λu
λu
P
(f
)−
+(
Pmax +λ(k)
c
)
u
u
mask k
K
K
(k)
(k)
∀s, k such that λ(0)
u diags (Υu ) > diags (Λu ) > 0.

(3.44)
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(k)

So far, we have obtained the optimal radiation directions, the matrix Tu , and
(u)

the optimal power allocation Ps,k (as a function of a given set of Lagrangian multi(k)

pliers λu ). Plugging them into (3.41), we obtain the dual function in (3.44). Notice
that the dual problem (with its objective function in (3.44)) is convex. Hence, it can
be solved by standard methods (e.g., interior point, or gradient/sub-gradient algo(k)

rithms) for optimal Lagrangian multipliers λu . The above analysis is summarized
in Algorithm 3. We emphasize that by exploiting the strong duality, this algorithm
needs only to deal with K + 1 variables, instead of 2KM 2 variables for the primal
problem (3.33).
Algorithm 3 Distributed algorithm to compute the best precoders at node u and
time (t + 1): T̃u (t + 1)
1: Input:
T̃−u = [T̃1 (t+1), ..., T̃u−1 (t+1), T̃u+1 (t), ..., T̃N (t)] with Gauss-Seidel iteration
T̃−u = [T̃1 (t), ..., T̃u−1 (t), T̃u+1 (t), ..., T̃N (t)] with Jacobi iteration
2: Initialize
(k)

(k)

T̃u (t + 1) ← T̃u (t), λu ← 0
3: while true do
4:

Iteratively solve the dual problem (3.36)

5:

If the duality gap is zero, break

6: end while
(k)

7: Plug λu into (3.39) (Theorem 12) to ﬁnd Tu

eigen matrix.

(i)
Ps,k

by nomarlizing the generalized
(k)

is found from (3.40), (3.43). Optimal precoders T̃u is found

from (3.9).
(k)

8: RETURN T̃u (t + 1), ∀k ∈ ΨK at time (t + 1)

3.5 Overview of a MAC Protocol
A MAC protocol that executes the distributed Algorithm 3 basically consists of three
windows: Access window, training window, and data window. The access window is
used by CR nodes that have data to send. These nodes ﬁrst exchange RTS and CTS
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packets. Unlike IEEE 802.11, our MAC design does not use RTS/CTS packets to
silence nearby nodes and reserve the transmission ﬂoor for the coming transmission.
Instead, we use these signalling packets to handshake several transmitter-receiver
pairs. After this phase, several pairs of CR users who have just sent and received
RTS/CTS packets are admitted to the training window. The training window is
used by nodes to exchange/negotiate their transmit strategies (precoding matrices).
The signalling packets in either access or transmit windows can also be used to
embed training sequences to obtain CSI matrices. The data window then follows
with multiple data packets, sent using negotiated transmission strategies.
To ease the overhead in the training window, one may relax the time scale of
recalculating the pricing-factor matrix. This represents a tradeoﬀ between power
eﬃciency and coordination overhead. One can even omit the training window by
having nodes embed updated information into every data and ACK packet. Then,
upon receiving an ACK for each data packet sent, a transmitter recomputes its
pricing-factor matrix. This method is referred to as a packet-based one, where
less overhead and lower delay are sustained at the expense of power eﬃciency and
convergence speed [65][102].
Another issue is whether the game converges to a NE while running Algorithm
3. Moreover, the convergence speed is critical for protocol designers to set the size of
the training window. The convergence speed depends on how players update their
response. Typically, there are two types of updating mechanisms: synchronous
(sequential/Gauss-Seidel and parallel/Jacobi) and asynchronous updates. In the
sequential update, players take turns in updating their parameters. In the parallel
update, all players respond simultaneously (see Algorithm 3). To maintain synchronous updates, nodes have to be in synch and honor the updating rule. This can
be realized by any coarse synchronization method. In contrast, in asynchronous update, nodes send their responses following an arbitrary order or even skip response
for ﬁnite duration. Though we cannot prove the convergence under the Jacobi
and asynchronous iterations, simulations show that Algorithm 3 converges under
all above updating policies. The convergence under the Gauss-Seidel iteration is
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claimed in the following theorem.
Theorem 13 Under the sequential updating procedure (Gauss-Seidel), Algorithm 3
drives the game (3.33) to its unique NE.
Proof: See Appendix I.



3.6 Performance Evaluation
3.6.1 Simulation Setup
In this section, we numerically evaluate the conditions for the existence and uniqueness of a NE of the distributed algorithm in Theorem 7 and the eﬀectiveness of the
proposed joint beamforming and power/spectrum management. Nodes are equipped
with 4 antennas. The simulation results are averaged over 40 runs. In each run,
N links are randomly placed in a square area of length 100 meters. The maximum
power at each node is Pmax = 1000 mW and the power mask Pmask = 0.5Pmax for
all channels. The channel fading is ﬂat with free-space attenuation factor of 2. The
spreading angles of the signal at the receive antennas are from −π/5 to π/5 and
the channel bandwidth is 16 MHz. The close-in distance is 1 m. The thermal ﬂoor
noise is −174 dBm/Hz. The PUs interference on all channels is −100 dBm/Hz. We
also assume that links have identical rate demands.
3.6.2 Results
For a given simulation run, there is a probability that the conditions in Theorem
7 hold and the game converges to a unique NE. Recall that these conditions are
suﬃcient but not necessary, so when these conditions do not hold, a unique NE may
still exist. Fig. 3.1(a) depicts the probability (percentage of runs) that the game
converges to a NE (a NE exists) versus the rate proﬁle when 10 links are active and
10 channels are used. As we can see, when the rate demand increases, the probability
that a NE exists decreases. This is because the conditions in Theorem 7 become
more stringent with higher rate requirement. Fig. 3.1(b) depicts the probability that
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a NE exists versus the number of active links when the rate demand is 1 bps/Hz.
As the number of links increases, the network/multi-user interference becomes more
severe, so there is a less chance of meeting the conditions in Theorem 7, then the
probability of a NE existence decreases.

(a)

(b)

Figure 3.1: (a) Probability of a NE existence vs. rate demands, (b) Probability of
a NE existence vs. the number of links.
In both Fig. 3.1(a) and 3.1(b), the distributed algorithm with pricing has a
higher chance of converging to a NE than the one without pricing. This sounds
counter-intuitive, as the both games have the same suﬃcient conditions for the
existence of a NE. However, using the proposed pricing function helps reduce the
required power consumption (see below). Moreover, the conditions in Theorem 7
are suﬃcient but not necessary. Then, when these conditions do not hold, there
is still a higher chance for the lower-power consumption algorithm to secure a NE
than the one that requires higher power.
To evaluate the total power consumption, we simulate a network of 8 links with a
rate demand of 1 bps/Hz and all other parameters are as above. Fig. 2 compares the
total required power (averaged over converged runs) under the game (3.7) (without
pricing) and the game (3.33) (with pricing) with two other algorithms vs. iterations.
The ﬁrst one is when we evenly divide the total power budget and the rate demand
over all available bands (10) and separately apply the pricing policy with the pricing
(k)

factor matrix Au for each band fk , referred to as “Sept Opt With Pricing”. The
second one is obtained by dividing the power and rate demand evenly over all

82
channels then applying the approach derived with full-duplex assumption in [46]
for each channel while setting the rate demand on one direction to be zero, referred
to as “Sept Opt FD”. During the simulations, we observed that the probability that
algorithm “Sept Opt FD” does not converge is signiﬁcantly higher than that of the
three others, suggesting its instability. For converged cases, “Sept Opt FD” requires
the most power. This is because, “Sept Opt FD” was developed with an implicit
assumption of full-duplex MIMO transceivers. The trend remains when the number
of links increases (Fig. 4). Using the proposed pricing policy (“Joint Opt With
Pricing”), the total network power can be saved by 25%, compared with algorithm
“Joint Opt Without Pricing” (pricing not used). Comparing the required power
under “Joint Opt With Pricing” and “Sept Opt With Pricing” shows the superior
power eﬃciency of joint optimizing power and spectrum allocation. Both games
(with and without pricing) converge to their NEs after about 8 iterations.

Figure 3.2: Total network power consumption vs. iterations.
Fig. 4 compares the required power under the game (3.7) (without pricing) and
the game (3.33) (with pricing) vs. the number of links. As can be seen, when the
number of links increases, using pricing helps to conserve more and more power over
the case without pricing. This is because, in dense networks, interference becomes
more severe, then the pricing policy is more helpful to control transmitters’ radiation
beams. This fact is further demonstrated in Fig. 3 that depicts two snapshots of
the network topology and radiation patterns (on a representative channel) when
using and not using pricing. Visually, compared with the case when pricing is not
used, transmitters using the proposed pricing policy cause less interference to their
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(a)

(b)

Figure 3.3: (a) Radiation patterns when not using pricing and (b) when using
pricing. Pricing is eﬀective in steering radiation beams from unintended receivers.
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Figure 3.4: Total network power consumption vs. number of links.
unintended receivers by steering their beams away from these receivers (highlighted
in ovals).
Fig. 5 shows the averaged number of iterations before reaching the NE under
both synchronous (Jacobi and Gauss-Seidel) and asynchronous updating methods.
For asynchronous updating, we allow odd-numbered links skip their updates every
other iteration and even-numbered links skip their updates once every 3 iterations.
As we can see, the game still converges to the NE under asynchronous update
although its speed is slower than those of synchronous ones (sequential and parallel).
When all players update their strategies simultaneously (Jacobi), the game converges
faster. The diﬀerence in convergence speed of the Jacobi and Gauss-Seidel updates
becomes more signiﬁcant with the increase of the number of players.
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Figure 3.5: Convergence speed vs. number of CR links.
3.7 Chapter Summary
In this work, we aimed at improving the energy and spectrum eﬃciency of MIMO
dynamic spectrum networks. This is realized by jointly optimizing the beamformers,
power, and spectrum allocation for each link. By adjusting the precoding matrices, we allocate power over both frequency and space dimensions while managing
the antenna’s radiation beams to reduce network interference, aiming at minimizing the total network power consumption for a given rate demand proﬁle. Using
game theory, variational inequalities theory and recession analysis, we derived the
suﬃcient conditions for the existence and uniqueness of the NE of the game. By
exploiting the strong duality in convex optimization, we designed a low-complexity
distributed algorithm and its corresponding MAC protocol that allows nodes to optimally conﬁgure their radiation patterns and power allocation. We then proposed
pricing policies that were developed using our novel network interference function.
Using this pricing policy, the game also converges to a unique NE whose eﬃciency
is signiﬁcantly improved. Future works can be designing a distributed protocol that
controls the admission of links and requested rates according to equation (3.16) and
investigate the problem under a repeated game. Moreover, CSI is vulnerable to
estimation error. That requires a robust game model, yet to be developed.
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CHAPTER 4
DISTRIBUTED AND COOPERATIVE BARGAINING
FRAMEWORK FOR COGNITIVE MIMO NETWORKS

4.1 Introduction
Through channel bonding/aggregation, a SU can simultaneously transmit over several frequency channels, obtained either from spectrum databases/brokers [32] or
through sensing. Given the pool of temporarily idle channels and a number of
MIMO-capable links, one critical issue is how to jointly assign channels to these
links and simultaneously optimize the MIMO precoders of various transmitters so
as to maximize a system objective (e.g., maximize network throughput or achieve
proportional fairness) while meeting given rate demands. In this chapter, we design both centralized and distributed algorithms that allow MIMO-capable SUs to
cooperate/bargain to determine their assigned channels and optimally design their
Tx/Rx beamformers to either maximize network throughput or achieve fairness under the a heterogeneous spectrum scenario (i.e., the set of available channels change
from one link to another).
4.1.1 Motivation
Even for a network of single-antenna devices and without the need to protect primary
users (PUs), the problem of joint channel/power allocation is known to be NPhard [64]. In an opportunistic CR-MIMO network with spatial multiplexing, the
problem is more challenging. First, channel assignment to various links must be done
in a dynamic and adaptive manner to harvest link/user and frequency diversities.
Second, this channel assignment has to take into account both MIMO’s antenna
radiation directions and the powers allocated to various data streams over both
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the space/antenna and frequency dimensions (see Fig. 4.1(d)). Mathematically, we
face a combinatorial optimization problem with a large number of mixed variables,
which increases quadratically with the antenna array size. Third, the spectrum
opportunities are not homogeneous for diﬀerent secondary links (see Fig. 4.1(c)).
Fig. 4.1 illustrates an example where several TV white bands are allocated to 3
links with nonidentical sets of available channels (S1, S2, and S3).

(a)

(c)

(b)

(d)

Figure 4.1: (a) CR-MIMO network with an access point/database or spectrum
broker, (b) Ad hoc CR-MIMO network, (c) Heterogeneity of opportunistic spectrum, (d) Channel assignment and power allocation over both antenna/space and
frequency dimensions.
From a network architecture standpoint, both centralized and distributed solutions for the above problem are of interest. The FCC has recently introduced
a database approach [32] to opportunistic spectrum access. In such a scheme, a
database assumes the responsibility for spectrum allocation (Fig. 4.1(a)). If the
database only provides secondary users with information about spectrum oppor-
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tunities, these users may still want to cooperate to beneﬁt mutually by optimally
allocating channels obtained from the database or through sensing (if spectrum
databases are not in place). In such a case, a distributed spectrum allocation algorithm is necessary (Fig. 4.1(b)). Such a mechanism is also helpful for a MIMOOFDMA network where several users communicate with an access point (on the
uplink) by using a number of available OFDMA carriers. Moreover, distributed
solutions are also desirable for large networks.
For the fairness objective, we follow a Nash bargaining [69] (NB) approach. NB
is a type of cooperative game, which has been used to allocate resources while enforcing fairness (e.g., [42][73][19]). Such an approach is often centralized or requires
the assistance of an arbitrator to manage the bargaining process. The only fully
distributed NB design was provided in [106], but under the assumption of an inﬁnite number of channels. Moreover, almost all of the NB schemes in the literature
were developed for single-antenna systems, with the only exception of [19] which was
developed for MIMO downlink communications. However, as discussed below, the
algorithm in [19] is centralized and timesharing, and it does not allow for exclusive
channel occupancy. The challenge that hinders a fully distributed algorithm is the
combinatorial complexity of the joint power/channel allocation problem, which includes integer and real variables. Even by relaxing the integer variables, the problem
is still not convex.
4.1.2 Contributions and Chapter Organization
Motivated by the above, we ﬁrst propose a NB scheme for CR-MIMO systems,
referred to as BF-CR-MIMO. BF-CR-MIMO drives links to cooperate and bargain
while determining their channel assignment, allocating powers, and adjusting their
precoding matrices. To overcome the aforementioned technical challenges, we ﬁrst
transform the original BF-CR-MIMO formulation into an equivalent one, but whose
relaxed version is convex. The relaxed version of the transformed problem serves
two purposes. First, the relaxed variable can be interpreted as a “timesharing
factor” which represents the fraction of time a channel is allocated to a given link.
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Hence, this relaxed version is of practical interest when synchronization among links
is possible. An arbitrator-assisted bargaining algorithm is then developed for the
timesharing scenario. Using dual decomposition [16], a distributed algorithm for the
relaxed timesharing problem is developed and proved to drive the bargaining process
to the globally (centralized) optimal solution. Second, the distributed bargaining
algorithm under timesharing allows us to gauge preferences of diﬀerent CR-MIMO
links on a give channel (quantiﬁed by a “payoﬀ” vector). Using these preferences, a
heuristic distributed algorithm for the original BF-CR-MIMO formulation is derived.
In addition to the fairness objective, we also consider the same setup but with the
goal of maximizing the network throughput (NET-MAX). Using a similar approach
to the NB formulation, both arbitrator-assisted and fully distributed bargaining
schemes are developed for the NET-MAX timesharing scenario. When timesharing is not applicable, a heuristic distributed algorithm for NET-MAX is derived.
Both heuristic distributed algorithms for BF-CR-MIMO and NET-MAX achieve
93% performance of their optimal solutions (found via exhaustive search). Note
that our proposed schemes and formulations are diﬀerent from the spectrum sharing for CR-MIMO in the literature e.g., [120][118][53][102][99][72] in which a given
channel can be occupied by more than one link at a time (eliminating combinatorial
cause). The spectrum sharing in these works uses a noncooperative game model
and doesn’t consider rate demands and fairness. In contrast, we consider an exclusive channel allocation policy, modeled as cooperative game with heterogeneous
spectrum opportunities and fairness.
The rest of this chapter is organized as follows. In Section 4.2, we present the
network model and problem formulation. Centralized and distributed algorithms for
BF-CR-MIMO are presented in Section 4.3. Section 4.4 addresses the NET-MAX
problem. Numerical results are discussed in Section 4.5, followed by concluding
remarks in Section 4.6.
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4.2 Problem Formulation
4.2.1 Network Model
We consider a CR-MIMO network of N links. Each node is equipped with M
antennas. The current set of temporarily idle channels for link i is denoted by Si .
In general, Si ̸= Sj for two links i and j, although due to their proximity the two
links are likely to share many idle channels. The network’s opportunistic spectrum
is the union of available-channel sets from all links, consisting of K orthogonal
(not necessarily contiguous) channels with central frequencies f1 , f2 , . . ., fK (for
def

simplicity, we use the same notation fk to refer to the kth channel). Let ΦN =
N

{1, 2, . . . , N } and ΨK = {1, 2, . . . , K} = ∪ Si denote the sets of links and channels,
def

i=1

respectively. At a given time instant, each user i may simultaneously communicate
over a set of channels, denoted by Ai . However, a channel cannot be allocated to
more than one link, i.e., Ai ∩ Aj = ∅,∀i ̸= j. This requirement is called exclusive
channel occupancy, which goes in line with the so-called “protocol model”. Let
A = [ai,k ] be an N × K matrix that represents the channel assignment; ai,k = 1 if
channel fk is allocated to link i, otherwise ai,k = 0.
On a given allocated channel, a transmitting node can send up to M independent
data streams on its M antennas. Formally, for channel fk , let xi,k be a column vector
of M information symbols, sent from transmitter i to its intended receiver. Each
element of xi,k is from one data stream. Let T̃i,k ∈ CM ×M denote the precoding
matrix of node i on channel fk . Then, the actual transmit vector is T̃i,k xi,k . For
channel fk , the received signal vector yi,k at the receiver of link i is given by:
(k)

yi,k = Hi,i T̃i,k xi,k + Nk

(4.1)

(k)

where Hi,i is an M × M channel gain matrix for channel fk on link i and Nk ∈
CM is an M × 1 complex Gaussian noise vector with identity covariance matrix I,
representing the ﬂoor noise plus normalized (and whitened) interference from PUs
(k)

on channel k. Each element of Hi,i is the multiplication of a distance- and channeldependent attenuation term, and a random term that reﬂects multi-path fading
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(assume to be a complex Gaussian variable with zero mean and unit variance). We
assume a ﬂat-fading channel. The Shannon rate for link i on channel fk is [100]:
(k)H

(k)

Ri,k = log |I + T̃H
i,k Hi,i Hi,i T̃i,k |.
The total channel rate over all channels assigned to link i is:
∑
Ri =
ai,k Ri,k .

(4.2)

(4.3)

k∈SK
(i)

Each link i is subject to a rate demand ci , i.e., we require that Ri ≥ ci . Let Ps,k

denote the allocated power on channel k and antenna s of user i. For user i, the
total power allocated on all channels and all antennas should not exceed a maximum
power budget Pmax (without loss of generality, we assume the same power limit for
all secondary users). Consequently,
M
∑∑
k∈SK

(i)

Ps,k =

s=1

∑

tr(T̃H
i,k T̃i,k ) ≤ Pmax .

(4.4)

k∈SK

PU protection is provided in the form of database-authorized access and
frequency-dependent power masks on secondary transmissions. Note that in its
recent speciﬁcations [32], the FCC has imposed power masks on opportunistic transmissions even over idle channels, if such channels are adjacent to PU-active channels (e.g., this power mask is 40 mW for bands adjacent to active TV bands). Let
def

Pmask = (Pmask (f1 ), Pmask (f2 ), . . . , Pmask (fK )) denote the vector of power masks.
We require:
M
∑

(i)

Ps,k = tr(T̃H
i,k T̃i,k ) ≤ Pmask (fk ), ∀i and ∀k ∈ ΨK .

(4.5)

s=1

To accommodate the spectrum heterogeneity, we need to enforce link i not to
transmit on channels that are not available for its use (e.g., due to PU activity). For
that purpose, we also impose a link-dependent power-mask vector; for link i, this
def

vector is given by Pmask (i) = (Pmask (i, f1 ), Pmask (i, f2 ), . . . , Pmask (i, fK )), where
Pmask (i, fk ) = 0 if fk ∈ ΨK \Si , and Pmask (i, fk ) = Pmask (fk ) otherwise. Note that
the power-mask vector diﬀers from one link to another.
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4.2.2 Overview of Nash Bargaining Model
Bargaining is a special type of cooperative games where players negotiate/bargain
their actions/strategies to reach an agreement with guaranteed minimum payoﬀs
(otherwise, players would act independently). The agreement is associated with a
def

utility vector u = (u1 , . . . , uN ), where ui is the utility of player i. Let bi and Bi
denote the action and action space for player i, respectively (bi ∈ Bi ). The utility
def

ui is a function of the action vector b = (b1 , . . . , bN ). The utility space U is the set
of all possible payoﬀ allocations u that result from all possible action vectors b. It
is also possible that no agreement is reached after bargaining, a situation referred
to as a disagreement point. A disagreement point is associated with a utility vector
u0 , which consists of minimum payoﬀs that players insist on having.
Given the variety of outcomes, Nash [69] suggested to, instead of study all possible outcomes, specify characteristics or axioms of one or several outcomes that we
expect and ﬁnd how to drive the bargaining process to that agreement point. Nash
proposed following axioms that describe a Nash Bargaining Solution (NBS) [69],
denoted by S(u, u0 ):
• A NBS is Pareto optimal. This means that there is no other solution that two
or more players can simultaneously better oﬀ.
• At the NBS, all players are guaranteed their minimum payoﬀs that they insist
on at the beginning of the bargaining process.
• A NBS is symmetric, meaning that all players have the same priority. Specifically, if all users have identical action space Bi , then they have the same
utility/payoﬀ at the NBS.
• If the action spaces of players ∪Bi shrink, leading to a “shrunken” utility
space U ′ , the old NBS S(u, u0 ) remains optimal provided that S(u, u0 ) remains
feasible in the new utility space U ′ . This property ensures that eliminating
solutions that would not have been selected does not aﬀect the NBS.
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Given the above property, the problem is whether a NBS exists, is unique? And
how to ﬁnd such a unique NBS? Fortunately, Nash proved the following theorem
that answers these three key questions [69]:
Theorem 14 If the utility space U is upper-bounded, closed and convex, then there
exists a unique NBS which is the solution of the following problem:
u = arg max

N
∏

{u∈U } i=1

(ui − u0i ).

(4.6)

Note that the above Theorem does not necessitate that the utility space has to
be convex to apply a NBS. Though a convex utility space makes the bargaining
process more tractable, unfortunately cases with nonconvex utility spaces are more
popular (like the one to be introduced in this work). It was pointed out in [42] that
a NBS-based resource allocation mechanism is a generalized proportionally fair one.
A NBS reduces to a proportional fair allocation if the minimum utility payoﬀs are
all zero. The NBS-based resource allocation is one that ﬁrst allocates resource to
meet players’ minimum requirements then allots remained/leftover resources to all
players in a proportionally fair manner.
4.2.3 Bargaining Formulation for Cognitive MIMO
To achieve fair resource allocation in a CR-MIMO network, we propose a bargaining
framework based on the NBS, called BF-CR-MIMO. In BF-CR-MIMO, nodes are
allowed nodes to propose their rate demands. They then jointly allocate spectrum
and optimize their precoders in a distributed manner. We map links to bargainers/players. The action of player i is (Si , T̃i ) where T̃i = {T̃i,k , k ∈ Si } is the set
def

of precoding matrices for the set of channels available for i. Player i’s utility is its
transmission rate Ri . We aim at ﬁnding a channel allocation matrix A and sets of
precoders for all CR transmitters (T̃i , ∀i ∈ ΦN ) that solve the following problem:

93
BF-CR-MIMO Formulation:
∑

maximize

{ai,k ,T̃i,k ,∀k∈ΨK ,∀i∈ΦN } i∈ΦN

∑

s.t. C1:

log(

∑

ai,k Ri,k − ci )

k∈ΨK

tr(T̃H
i,k T̃i,k ) ≤ Pmax , ∀i ∈ ΦN

k∈ΨK

C2:tr(T̃H
i,k T̃i,k ) ≤ Pmask (i, fk ), ∀k ∈ ΨK , ∀i ∈ ΦN
∑
C3:
ai,k Ri,k ≥ ci , ∀i ∈ ΦN

(4.7)

k∈ΨK

∑

C4:

ai,k ≤ 1, ∀k ∈ ΨK

i∈ΦN

C5:ai,k = {0, 1}, ∀k ∈ ΨK , ∀i ∈ ΦN
Note that C4 and C5 convey the exclusive-channel occupancy policy. Problem
(4.7) is combinatorial w.r.t. the binary variables ai,k ’s and the continuous variables
in T̃i,k . Even a centralized solution would be computationally expensive, with a
worst-case exponential complexity. Approximate solutions to binary programming
problems can be obtained by relaxing the integer constraints (allowing ai,k to be
a real number from 0 to 1), followed by sequential ﬁxing. However, relaxing ai,k
does not make (4.7) convex, as its objective function is not concave w.r.t. both
the channel allocation indicator and the set of precoders (ai,k , T̃i ) (although Ri is
concave w.r.t. the set of precoders T̃i ). Moreover, even if a centralized solution to
(4.7) is obtained, it would still be impractical for distributed operation.
4.2.4 Network Throughput Maximization Formulation
Before addressing the BF-CR-MIMO problem, we provide the formulation for the
network throughput maximization (NET-MAX) problem. This is done by replacing
the objective function in (4.7) with the total network throughput:
NET-MAX Formulation:
maximize

∑

∑

{ai,k ,T̃i,k ,∀k∈ΨK ,∀i∈ΦN } i∈ΦN k∈ΨK

s.t.

ai,k Ri,k

C1, C2, C3, C4, C5 in (4.7).

(4.8)
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4.2.5 MIMO Transmit and Receive Beamforming
Because each channel can be assigned to one link only, the best strategy for the
transmitter and receiver of a given MIMO link is to design their beamformers so
that their M data streams do not interfere with each other[100]. These beamformers
can be derived from the CSI matrix of the link using singular-value decomposition:
(k)

Hi,i = Ui,k Gi,k TH
i,k

(4.9)

where Ui,k and Ti,k are unitary matrices, and Gi,k is a diagonal matrix formed from
(i)

(k)

the singular values gs,k , s = 1, . . . , M , of the channel gain matrix Hi,i (of link i
(i) 1/2

on channel fk ). At the transmitter, we set the precoder T̃i,k to Ti,k Pk
(i)
Pk

is a diagonal matrix whose sth diagonal element

(i)
Ps,k

, where

is the power allocated to

stream/antenna s on channel fk of link i. At the receiver, we multiply the receive
vector yi,k in (4.1) with UH
i,k , leading to:
(i) 1/2

H
H
ȳi,k = UH
i,k yi,k = Ui,k (Ui,k Gi,k Ti,k Ti,k Pk
(i) 1/2

= Gi,k Pk

xi,k +Nk )

(4.10)

xi,k + N̄k .

Hence, the achievable rate over M spatial streams of channel fk is:
Ri,k =

M
∑

(i)

(i)

(4.11)

log(1 + gs,k Ps,k ).

s=1

We can rewrite (4.7) as follows:
∑

maximize
(i)
{ai,k ,Ps,k }

s.t. C1’:

i∈ΦN

∑

∑

log(

M
∑

ai,k

k∈ΨK

M
∑
s=1

(i)

(i)

log(1+gs,k Ps,k )−ci )

(i)

Ps,k ≤ Pmax , ∀i ∈ ΦN

k∈ΨK s=1
M
∑
(i)
C2’:
Ps,k ≤ Pmask (i, fk ), ∀k ∈ ΨK , ∀i ∈ ΦN
s=1
M
∑
∑
(i) (i)
C3’:
ai,k
log(1 + gs,k Ps,k ) ≥ ci , ∀i ∈ ΦN
s=1
k∈ΨK

C4’:

∑

ai,k ≤ 1, ∀k ∈ ΨK

i∈ΦN

C5’:ai,k = {0, 1}, ∀k ∈ ΨK , ∀i ∈ ΦN .

(4.12)
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Similarly, problem (4.8) becomes:
∑

maximize
(i)

{ai,k ,Ps,k }

s.t.

∑

M
∑

ai,k

s=1

i∈ΦN k∈ΨK

(i)

(i)

log(1 + gs,k Ps,k )

(4.13)

C1’, C2’, C3’, C4’, C5’ in (4.12)

By introducing the transmit and receive beamformers, problems (4.12) and (4.13)
are signiﬁcantly simpliﬁed, compared with original ones (4.7) and (4.8). The phases
of the complex elements of the precoding matrices T̃i,k are speciﬁed by the unitary matrix Ti,k . We now can focus on solving the power allocation problem over
(i)

space/antenna and frequency dimensions (ﬁnding Pk ), and then apply the beam(i) 1/2

formers to compute the optimal precoders T̃i,k = Ti,k Pk

.

4.3 Distributed Bargaining Algorithms
As stated before, problem (4.12) is NP-hard [64]. To address it and provide a distributed solution, we ﬁrst relax the binary constraint C5’. Problem (4.12) becomes:
maximize

∑

log(

(i)
{ai,k ,Ps,k } i∈ΦN

s.t.

∑
k∈ΨK

M
∑

ai,k

s=1

(i)

(i)

log(1 + gs,k Ps,k ) − ci )
(4.14)

C1’, C2’, C3’, C4’ in (4.12)
C5”: 0 ≤ ai,k ≤ 1, ∀k ∈ ΨK , ∀i ∈ ΦN .

The above problem is not convex. To address it, lets consider the following function:

(i) (i)
M

ai,k ∑ log(1+ gs,k Ps,k ) if 0 < ai,k ≤ 1
(i) def
ai,k
f (ai,k , Ps,k ) =
s=1


0
if ai,k = 0.

(4.15)

It is clear that the bargaining problem (4.12) is equivalent to the following problem:
maximize
(i)
{ai,k ,Ps,k }

s.t.

∑
i∈ΦN

log(

∑

(i)

f (ai,k , Ps,k ) − ci )

k∈ΨK

C1’, C2’, C3’, C4’, C5’ in (4.12).

(4.16)
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A relaxed version of (4.16) can be written as:
maximize
(i)

{ai,k ,Ps,k }

s.t.

∑
i∈ΦN

log(

∑

(i)

f (ai,k , Ps,k ) − ci )

k∈ΨK

C1’, C2’, C3’, C4’ in (4.12)

(4.17)

0 ≤ ai,k ≤ 1, ∀k ∈ ΨK , ∀i ∈ ΦN .
The advantage of (4.16) over (4.12) is that its relaxed version (4.17) is convex
(i)

w.r.t. (ai,k , Ps,k ).
Theorem 15 Problem (4.17) is a convex optimization problem.
Proof: See Appendix J.



The relaxed problem (4.17) itself is practically useful if links can be timesynchronized. In this case, the relaxed variable ai,k can be interpreted as the fraction
of time that link i is allowed to use channel fk [80][37]. Under the timesharing assumption, the convex problem (4.17) complies with the Nash bargaining theorem,
hence a unique and Pareto-optimal NBS is the solution of (4.17).
Theorem 16 If timesharing is allowed, then a unique NBS exists and is the solution
to problem (4.17).
4.3.1 Dual Decomposition with Timesharing Case
In the literature, bargaining games often ﬁnd applications in centralized resource allocation (e.g., an OFDMA-based single-antenna CRNs [73], MIMO-OFDMA broadcast systems [19], channel assignment and power allocation on the downlink of cellular networks [42]). In this section, we develop a distributed algorithm that drives
the bargaining process (under timesharing) to the unique and Pareto-optimal NBS.
The bargaining formulation (4.17) under timesharing is convex and its Slater’s
conditions hold [13]. Hence, strong duality holds, meaning that the solution of its
dual problem also solves the primal problem (4.17). The Lagrangian of (4.17) is
given in (4.18c), where αi,k , γi , βi , and ρk are nonnegative Lagrangian multipliers,
interpreted as prices for violating the constraints.
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(i)
L(ai,k , Ps,k , αi,k , γi , βi , ρk )

∑

=

log(

i∈ΦN

+

∑ ∑

αi,k [−

M
∑

(i)
Ps,k

∑

ai,k

k∈ΨK

M
∑

+ Pmask (i, fk )] +

s=1

i∈ΦN k∈ΨK

(i)

(i)

gs,k Ps,k
log(1 +
) − ci )
a
i,k
s=1
∑

γi [−

M
∑ ∑

(4.18a)

(i)

Ps,k + Pmax ]

k∈ΨK s=1

i∈ΦN

(4.18b)
+

∑
i∈ΦN

∑

βi [

ai,k

k∈ΨK

(i) (i)
∑
∑
gs,k Ps,k
) − ci ] +
ρk (−
ai,k + 1) (4.18c)
log(1 +
ai,k
s=1
i∈ΦN
k∈ΨK
∑
∑
(i)
=
Li (ai,k , Ps,k , αi,k , γi , βi , ρk ) +
ρk .
(4.18d)

M
∑

i∈ΦN

k∈ΨK

The dual problem of (4.17) is:
DP :

minimize

{αi,k ,γi ,βi ,ρk ,∀k∈ΨK ,∀i∈ΨN }

D(αi,k , γi , βi , ρk )

(4.19)

where D is the dual function, deﬁned as:
D=

(i)

L(ai,k , Ps,k , αi,k , γi , βi , ρk ).

max

(4.20)

(i)
{ai,k ,Ps,k ,∀k∈ΨK ,∀i∈ΨN }

To facilitate a distributed solution, we decompose the Lagrangian of the primal
problem in (4.18d) with:
(i)
Li (ai,k , Ps,k , αi,k , γi , βi , ρk )

= log(

∑

ai,k

k∈ΨK

M
∑

(i)

(i)

gs,k Ps,k
log(1 +
) − ci )
a
i,k
s=1

M
M
∑
∑ ∑
∑
(i)
(i)
Ps,k+Pmax )
+ αi,k (− Ps,k +Pmask (i, fk ))+γi (−
k∈ΨK

+βi (

∑
ai,k

k∈ΨK

k∈ΨK s=1

s=1
M
∑
s=1

log(1+

(i) (i)
gs,k Ps,k

ai,k

∑
)−ci )− ρk ai,k .
k∈ΨK

(4.21)
Now, to solve problem (4.20) for the dual function, each link individually maximizes Li (ai,k , Ps,k , αi,k , γi , βi , ρk ) to ﬁnd the optimal (a∗i,k , Ps,k ) for given prices
(i)

(αi,k , γi , βi , ρk ):

(i)∗
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maximize

(i)

Li (ai,k , Ps,k , αi,k , γi , βi , ρk ).

(i)
{ai,k ≥0,Ps,k ≥0,∀k∈ΨK }

(4.22)

The local problem (4.22) is convex, and hence can be solved using standard methods
like “interior ﬁxed point”. If a central arbitrator is in place (e.g., a base station or
spectrum database/broker), after solving the local problem (4.22), all links report
their calculated (a∗i,k , Ps,k ) to the arbitrator so that the dual function is updated as
(i)∗

L(a∗i,k , Ps,k , αi,k , γi , βi , ρk ).
(i)∗

Because the dual problem DP is convex [16], the arbitrator can solve it eﬃciently
for (αi,k , γi , βi , ρk ), and then broadcasts these variables. Each link updates its local
problem (4.22) with broadcasted Lagrangian variables. It then solves for (a∗i,k , Ps,k )
(i)∗

again. The process continues until the dual function converges. This process is
illustrated in Fig. 4.2 and referred to as “Arbitrator-Assisted Scheme”.

Figure 4.2: Arbitrator-assisted and distributed bargaining schemes.
Next, we design a fully distributed algorithm for problem (4.17) when no central
controler/arbitrator is available. Since the dual problem is convex and its objective function is diﬀerentiable, DP can be solved with a gradient search algorithm.
Speciﬁcally, the DP’s variables at time (t + 1) are updated as follows:
]+
]+ [
M
∑
∂L
(t)
(i)(t)∗
(t)
= αi,k − η(−
Ps,k + Pmask (i, fk ))
= αi,k − η
∂αi,k
s=1
]+
[
]+ [
M
∑
∑
∂L
(i)(t)∗
= γi (t) − η(−
= γi (t) − η
Ps,k + Pmax )
∂γi
k∈Ψ s=1
[

(t+1)

αi,k

γi (t+1)

K
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[
βi

(t+1)

= βi

(t)

[

∂L
−η
∂βi

= βi (t) − η(
[

ρk (t+1)

]+

∑

k∈ΨK

∂L
= ρk (t) − η
∂ρk

M
∑
(t)∗

ai,k

]+

(i)

log(1 +

s=1

[

= ρk (t) − η(−

]+

(i)(t)∗

gs,k Ps,k
(t)∗

ai,k
∑

(t)∗
ai,k

) − ci )

(4.23)

]+
+ 1)

i∈ΦN

where η > 0 is a suﬃciently small step-size and (.)+ denotes the projection onto the
nonnegative orthant.
Observe that the Lagrangian variables αi,k , γi , and βi can be calculated and
updated using only local information of link i (the fraction of time ai,k that link
i tentatively communicates on channel fk and the power allocated to stream s on
(i)

channel fk , Ps,k ). Moreover, the price ρk is obtained if other links j broadcast
their tentative time fraction aj,k on channel fk . Our fully distributed mechanism
is shown in Algorithm 4 and illustrated in Fig. 4.2. The key idea in Algorithm
4 is to ignore the iterations of updates in (4.23), which would have been carried
out at an arbitrator. However, we prove that this simpliﬁcation does not aﬀect the
convergence and optimality of Algorithm 4, provided that nodes broadcast their
tentative timeshares ai,k .
Theorem 17 For a suﬃciently small step size η > 0, Algorithm 4 converges to the
globally optimal solution (Pareto-optimal NBS) of problem (4.17).
Proof: See Appendix K.



It is worth noting that besides its optimality and distributed implementation,
Algorithm 4 greatly reduces the computational time for large networks (large N ).
Instead of dealing with N (M K + K) variables in the centralized problem (4.17),
Algorithm 4 involves M K + K variables. In addition to its application in timesharing scenarios, the solution of problem (4.17) also sheds light on how to derive a
distributed solution for the original problem (4.7), as explained next.
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Algorithm 4 Distributed Bargaining Algorithm for Computing Optimal Timeshares and Precoders of Link i at Time (t + 1):
(t+1)

1: Input: a = (a1,k

(t+1)

(t)

(t)

, ..., ai−1,k , ai+1,k , ..., aN,k ), ∀k ∈ ΨK

If t + 1 = 0 (beginning iteration), set a = (1/N, . . . , 1/N )
(t+1)

2: Initialize: T̃i

(t)

← T̃i

3: Computation:
4: ∀k ∈ ΨK , compute transmit and receive beamformers (Ti,k , UH
i,k ), and stream
(i)

gains gs,k using (4.9).
(t+1)

5: Update local Lagrangian variables αi,k
(t+1)

6: Update price k, ρk

(i)

(t)∗

using (4.23) and timeshares aj,k from links j, j ̸= i.
(t+1)

7: Update Li (ai,k , Ps,k , αi,k
8:
9:
10:

, γi (t+1) , and βi (t+1) using (4.23).
(t+1)

, γi (t+1) , βi (t+1) , ρk

) (4.21).

(t+1)∗
(i)(t+1)∗
Solve problem (4.22) for (ai,k , Ps,k
).
(t+1)∗
Broadcast: tentative timeshares ai,k , ∀k ∈ ΨK .
(t+1)
(i)(t+1)∗ 1/2
RETURN T̃i,k = Ti,k (Pk
) , ∀k ∈ ΨK

4.3.2 Algorithm for Exclusive Channel Occupancy Case
The optimal solution of the relaxed problem provides information on which links
wish to access which channels and for what fraction of time. In other words, the
preferences of diﬀerent links over the pool of available channels are revealed. In this
section, we exclusively assign a channel to a link by considering preferences of all
other links on that channel.
The gradients at the convergence point of Algorithm 4 must be zero if the globally
optimal solution to (4.17) is an interior point of the feasible region. If the solution
is a boundary point, the gradient at this point must be positive (negative) along
the outward (inward) direction of the interior of the feasible region[13]. This fact
is conveyed in Equations (4.24) and (4.25). For (4.24) and (4.25) to be deﬁned at
(i)

ai,k = 0, the timeshare ai,k = 0 if and only if Ps,k = 0, ∀s = {1, . . . , M }.
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∂L
(i)

∂Ps,k

(i)

=(

(i)

gs,k
∑

ai,k

k∈ΨK

M
∑

(i)

log(1 +

s=1


 = 0 if P > 0
s,k
 < 0 if P (i) = 0
s,k

)
(i)

gs,k Ps,k
)
ai,k

− ci

(i)

(1 +

(i)

gs,k

− αi,k − γi + βi

gs,k Ps,k
)
ai,k

(i)

(1 +

(i)

gs,k Ps,k
)
ai,k

(4.24)

M
∑

log(1 +

s=1

∂L
= (
∂ai,k
∑
k∈ΨK

ai,k

(i)

(i)

gs,k Ps,k
)−ai,k
ai,k

M
∑

(i) (i)
g
P
s,k s,k
a2
i,k
(i) (i)
g
P
s,k
(1+ s,k
a
i,k

(i)

log(1 +

s=1

(i)

gs,k Ps,k
)
ai,k




)

) +βi

− ci


M
∑

(i)


log(1 +

(i) (i)
gs,k Ps,k

s=1

ai,k

(i)

gs,k Ps,k
a2i,k

)−ai,k
(1 +

(i) (i)
gs,k Ps,k

ai,k




 = 0 if 0 < ai,k < 0
> 0 if ai,k = 1



< 0 if ai,k = 0
(4.25)
Let ∆i be the amount that the allocated rate for link i (under timesharing)
exceeds its demand ci :
def

∆i =

∑

(
ai,k

k∈ΨK

M
∑

(i)

(i)

gs,k Ps,k
log(1 +
)
ai,k
s=1

)
− ci

(4.26)

(i)

When Ps,k > 0, (4.24) implies:
1 (
(i)

gs,k

)

(i)

(i)

gs,k Ps,k
1
αi,k +γi (1+
+βi , ∀s = 1, . . . , M.
)=
ai,k
∆i

(4.27)

As the RHS of (4.27) is constant ∀s, link i allocates more power on stream (s, k)
(i)

with higher gain gs,k and vice versa. This suggests a water-ﬁlling algorithm for link
i to allocate power on channel k. Plugging 1/∆i from (4.27) into (4.25) and after



−ρk
)

102
some manipulations, we get:


∂L  Fi,k − ρk
=
∂ai,k  −ρk

where

(
def

Fi,k =

if ai,k > 0

(4.28)

if ai,k = 0

(
)
)∑
(i) (i)
M
M
gs,k Ps,k
αk,i +γi ∑
1
(i)
+βi
log 1+
−
Ps,k .
∆i
ai,k
ai,k s=1
s=1

(4.29)

Recalling (4.25), (4.28) suggests that at the optimal solution, link i should exclusively occupy channel fk if Fi,k > ρk , otherwise link i should timeshare the channel
with other links or not use fk if Fi,k < ρk . Note that ρk is interpreted as the price of
using fk , which is “ﬂat” for all buyers/links. Fi,k can be interpreted as the “payoﬀ”
that link i gets from ”buying” channel k. If a channel is exclusively allocated to no
more than one link, then only the link with the highest Fi,k should pick channel k.
This means the most eﬃcient/needy user (of channel k) wins the channel. Formally,
we have the following rule to select the optimal link for fk :

 1
if i′ = arg max Fi,k
∀i∈ΦN
ai′ ,k =
 0
otherwise

(4.30)

To execute the above rule in a distributed manner, each link i broadcasts a vector
Fi = {Fi,1 , . . . , Fi,K }. After receiving Fj from its neighbors, link i can autonomously
def

determine the set of channels Ai it should select (when comparing Fi,k of diﬀerent
links, if a tie happens, we randomly pick any of the links). Note that we assume
secondary users are truthful and cooperative when broadcasting their “payoﬀs”.
Dealing with untruthful users is out of the scope of this work.
Economical Interpretation:

Consider Fi,k in (4.29). The ﬁrst term is the

weighted rate that link i can achieve from channel k. The second term is the
weighted power that link i invests on channel k. Hence, the “payoﬀ” Fi,k is indeed the weighted rate that link i gets from channel k discounted by its allocated
(weighted) power. We can observe that the unit price for the discounted power is
the total price of violating the PU protection and the maximum power budget constraints divided by the timeshare

αk,i +γi
.
ai,k

For the same weighted power and the same
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(i)

scalar ( ∆1i + βi ), the higher the channel gain gs,k of link i on channel k, the more
likely that link i will win the channel. However, if two links have identical gains on
channel k and the same weighted power, then the link that has a less amount of
extra rate ∆i (compared with its demand) is likely to win the channel. This fact
ensures fair resource allocation. We will see later in Section 4.4.2 that ∆i does not
play any role if we purely maximize network throughput.
Under the exclusive channel allocation policy, the solution obtained according
to rule (4.30) may not be optimal or may even be infeasible (rate demand is not
met). This is because some links may lose their timeshare on a channel that is now
exclusively allocated to others. Hence, it is necessary to re-solve the power allocation
problem to ensure optimality and demand satisfaction. The optimal power allocation
for link i is obtained by solving:
maximize
(i)
{Ps,k ≥0,∀s=1,...,M,∀k∈Ai }

s.t.

∑

M
∑

M
∑ ∑
k∈Ai s=1

(i)

Ps,k ≤ Pmax

k∈Ai s=1
M
∑
(i)
Ps,k ≤
s=1

(i)

(i)

log(1 + gs,k Ps,k )
(4.31)

Pmask (i, fk ), ∀k ∈ Ai .

Problem (4.31) is convex and hence can be solved eﬃciently using standard methods.
In fact, (4.31) belongs to the class of generalized water ﬁlling problems with multiple
water levels (one at each channel), which can be solved eﬃciently with the algorithms
in [76].
If the optimum solution to (4.31) does not meet the rate demand ci , link i should
increase its bargain to compete for additional channels, i.e., raise its “payoﬀ” vector
Fi in (4.29). Since βi is the price of violating the minimum rate constraint C3’ in
(4.12), it is intuitive to raise βi by a suﬃciently small step-size δ so that i wins only
one additional channel at a time. Algorithmically, δ can be found with a binary
search. In our case, we can derive δ analytically with no iterations using procedure
in Algorithm 5.
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Algorithm 5 Finding increment δ for the price of violating rate demand of link i
(problem (4.7)) and channel l that i is going to acquire:
1: Input: Fi , ∀i ∈ ΦN
2: Output: δ and l
def

3: Υi,k =

M
∑

(i)

log(1+

s=1

(i)

gs,k Ps,k
)
ai,k

Fmax = {Fmax (1), . . . , Fmax (K)} where Fmax (k) = max{Fi,k }, ∀i ∈ ΦN .
def

Θi = {Θi,1 , . . . , Θi,K } with Θi,k = Fmax (k) − Fi,k .
def

def

4: Sort Zi = Sort(Θi ) in ascending order.
5: Let Zi (m) is the smallest positive element in Zi .

Set: δ =

(Zi (m)+Zi (m+1))
.
2

Channel that link i is going to acquire is the index of Zi (m) in Θi before sorting.
6: RETURN: δ and channel index l.

The idea of Algorithm 5 is to ﬁrst ﬁnd the vector of winning “payoﬀs” (Fmax )
for all channels then see how far the “payoof” vector Fi of link i is from these
values (vector Θi ). Recalling equation (4.29), if link i wants to win channel k that
is currently not allocated for i, then δ must be set to be strictly greater than

Θi,k
.
Υi,k

However, link i wants to request only one channel at a time. For that, we sort vector
Θi in an ascending order, then set δ to be the average of the two smallest positive
elements of Θi .
Using its updated price, βi = βi + δ, link i recalculates the “payoﬀ” vector Fi .
Consequently, it broadcasts a Reallocation Request message (RRM), containing a
channel l (found along with δ) that i would like to occupy and its updated Fi . Upon
hearing this message, all links record the new Fi . Then, the current “owner” (link j)
of channel l excludes l from its set of allocated channels Aj . Both links i and j resolve the power allocation problem (4.31) and check if their demands are met. The
process of increasing the bidding price to bargain for additional channels continues
until all links get their requested rates.
We assume that there is enough spectrum in the network to meet all links’ minimum demands (necessary condition to apply NBS[69]), so that problem (4.7) is
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feasible (this can be easily realized through an admission/congestion control mechanism). Hence, the bargaining process eventually stops. If no RRM is heard for
a given time duration (set as T imer), all links start transmitting on their selected
channels. The channel and power allocation for problem (4.7) is summarized in
Algorithm 6.
Algorithm 6 Distributed Bargaining Algorithm to Design Precoders and Allocate
Channels for Node i at Time (t + 1):
1: Execute Algorithm 1 (until convergence)
2: Payoﬀ vector computation Fi (using (4.29))
3: Enter channel allocation phase:

Link i broadcasts its payoﬀ vector Fi . Then, sets Timer
4: while T imer not expired do
5:

Upon receiving Fj from neighbors, update the set of allocated channels Ai
using (4.30).

6:

Execute the power allocation (4.31) and check if Ri ≥ ci

7:

if Ri < ci then

8:

Compute δ and the channel index l

9:

Set βi = βi +δ and update Fi using (4.29) to acquire (additional) channel l

10:

Broadcast the new Fi , RRM and reset Timer

11:

end if

12:

If a RRM is heard, reset Timer

13: end while
14: RETURN

(t+1)

T̃i,k

(i)(t+1)∗ 1/2

= Ti,k (Pk

)

, ∀k ∈ Ai

4.4 Distributed Algorithms to Maximize Network Throughput
4.4.1 Dual Decomposition with Timesharing Case
Following a similar procedure to the one used to convert problem (4.7) to (4.16)
in Section 4.3, we have the following problem which is equivalent to the original
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NET-MAX problem (4.13).
maximize

∑

∑

(i)
{ai,k ,Ps,k } i∈ΦN k∈ΨK

s.t.

ai,k

M
∑

(i)

log(1 +

s=1

(i)

gs,k Ps,k
)
ai,k

(4.32)

C1’, C2’, C3’, C4’, C5’ in (4.12).

By relaxing variables ai,k ’s, we come up with the following formulation for the
optimal timesharing version of NET-MAX:
maximize

∑

∑

(i)
{ai,k ,Ps,k } i∈ΦN k∈ΨK

s.t.

ai,k

M
∑

(i)

log(1 +

s=1

(i)

gs,k Ps,k
)
ai,k

(4.33)

C1’, C2’, C3’, C4’in (4.12)
0 ≤ ai,k ≤ 1, ∀k ∈ ΨK , ∀i ∈ ΦN .

Theorem 18 The problem (4.33) is a convex optimization problem.
The proof of the above theorem is similar to that of Theorem 15, and is omitted
for brevity. Using a similar dual decomposition as in Section 4.3.1, we derive a fully
distributed algorithm that attains the globally optimal solution of (4.33). Speciﬁcally, the transmitter of link i solves the following local problem (for simplicity, we
use the same notations as in Section 4.3):
maximize

(i)

Di (ai,k , Ps,k , αi,k , γi , βi , ρk )

(i)
{ai,k ≥0,Ps,k ≥0,∀k∈ΨK }

(4.34)

where
(i)

Di (ai,k , Ps,k , αi,k , γi , βi , ρk ) =

∑

(i) (i)
M
∑
gs,k Ps,k
ai,k
log(1+
)
a
i,k
s=1

k∈ΨK
M
∑

∑
+ αi,k (−

M
∑∑
(i)
(i)
Ps,k+Pmask (fk ))+γi (−
Ps,k+Pmax )
s=1
k∈ΨK s=1

k∈ΨK

+ βi (

∑

k∈ΨK

ai,k

(4.35)

(i) (i)
∑
gs,k Ps,k
) − ci ) −
ρk ai,k .
log(1 +
ai,k
s=1
k∈Ψ

M
∑

K

The Lagrangian multipliers (prices) are updated using the same rule in (4.23)
(since (4.33) and (4.17) have identical constraints).
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Theorem 19 If each link solves problem (4.34), updates Lagrangian multipliers using (4.23), and broadcasts its tentative timeshare, then the network converges to the
optimal solution of the NET-MAX (4.33) under timesharing.


Proof: Similar to the proof of Theorem 17.
4.4.2 Algorithm for Exclusive Channel Occupancy Case

We now develop a distributed (suboptimal) algorithm for the original problem (4.8)
using the optimal solution of the relaxed problem. Using the arguments in Section
4.3.2, one can compute a “payoﬀ” vector for NET-MAX, denoted by Yi,k , which is
analogous to the role of Fi,k for BF-CR-MIMO (see [70] for details):

Yi,k

M
∑

(

(i)

(i)

gs,k Ps,k
def
= (1 + βi )
log 1 +
ai,k
s=1

)
−

M
αi,k + γi ∑ (i)
P .
ai,k s=1 s,k

Channels are then exclusively allocated as follows:

 1
if i′ = arg max Yi,k
∀i∈ΦN
ai′ ,k =
 0
otherwise

(4.36)

(4.37)

The economical interpretation of the above rule resembles that of BF-CR-MIMO.
However, the weight factor of the achievable rate (1 + βi ) under NET-MAX diﬀers
from that of BF-CR-MIMO (1/∆i + βi ). When maximizing network throughput
and ignoring fairness aspects, the amount of extra rate ∆i does not play any role
in channel bargaining/assignment. Under NET-MAX, regardless of how much rate
link i gets, it wins a given channel if it is the most eﬃcient user of that channel.
Now, links follow the same procedure of re-solving the power allocation problem
(4.31), checking if all rate demands are met, and sending RRM if necessary, as in
Algorithm 6.
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4.5 Performance Evaluation
4.5.1 Simulation Setup
We simulated a CR-MIMO network in which each node is equipped with 4 antennas.
The number of channels is 20 with channel bandwidth of 16 MHz. The number of
links is varied from 3 to 10. We set Pmax = 1 W and Pmask (fk ) = 0.5 W ∀fk .
Noise ﬂoor plus PUs interference is −100 dBm/Hz. Without loss of generality, we
set the rate demands of all links to be 2 bits/s/Hz. Simulation results are averaged
over 10 runs. In each run, CR-MIMO nodes are randomly distributed on a square
ﬁeld of length 100 m. Channels are assumed to be stationary during each simulation
experiment, with a free-space attenuation factor of 2. The spreading angles of arrival
signals (without the beamforming eﬀects of precoders) vary from −π/5 to π/5.
4.5.2 Results

(a)

(b)

Figure 4.3: Convergence of the distributed algorithm under timesharing (TS) for
(a) BF-CR-MIMO and (b) NET-MAX.
To evaluate the optimality and convergence of the distributed algorithms under
timesharing (TS), we consider a network of 10 links. To capture the spectrum heterogeneity, channels ith, (i + 1)th, (i + 2)th are not available for link i. Figure 4.3(a)
and Figure 4.3(b) depict the dual functions of the two distributed algorithms vs. iterations for BF-CR-MIMO and NET-MAX under TS, respectively. The distributed
algorithm of TS BF-CR-MIMO converges to the optimal centralized solution after
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5 iterations. Similarly, the distributed algorithm of TS NET-MAX converges to the
optimal network throughput under the centralized solution after 11 iterations. Using
the approach in [22], one can quantify the convergence speed of the two distributed
algorithms. Note that because of its logarithmic objective function, the distributed
algorithm of BF-CR-MIMO converges faster than that of NET-MAX. Under exclusive channel allocation (no TS), we observed that the heuristic algorithms for
BF-CR-MIMO and NET-MAX often need less than 3 additional iterations to reallocate channels (ﬁgure not shown for brevity).

Figure 4.4: Distributed BF-CR-MIMO and NET-MAX algorithms vs. optimal solutions (via exhaustive search).
To compare the performance of the heuristic algorithms for BF-CR-MIMO and
NET-MAX with their optimal solutions under the exclusive channel occupancy policy, we run an exhaustive search on a small network of 3 links, 10 channels, and 4
antenna per node. Figure 4.4 shows that the objective function of BF-CR-MIMO
under the proposed algorithm is 9.8, compared with 10.74 for the optimal solution. Similarly, the total throughput under the NET-MAX distributed algorithm is
107.1 bits/s/Hz, compared with 119.84 bits/s/Hz for the optimal solution of NETMAX. These results suggest that proposed algorithms achieve 93% of their optimal
solutions. This also shows that the throughput of the distributed BF-CR-MIMO
algorithm (105.01 bits/s/Hz) is about 9% less than that (119.84 bits/s/Hz) of the
optimal NET-MAX solution.
Figure 4.5 shows the Jain’s fairness indices of the four distributed algorithms of
BF-CR-MIMO and NET-MAX with and without TS. Algorithms that rely on NB
(with or without TS) achieve signiﬁcantly better fairness than those of NET-MAX.
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Figure 4.5: Jain’s fairness index under BF-CR-MIMO and NET-MAX, with and
without TS.
As the number of links increases, fairness indices under NET-MAX (with or without
TS) decreases. However, BF-CR-MIMO algorithms maintain quite stable fairness for
diﬀerent network sizes. This is because under BF-CR-MIMO, channels (or timeshare
of a channel) are allocated while accounting for the amount of extra rate ∆i . Jain’s
index for the distributed algorithm under BF-CR-MIMO with exclusive channel
allocation is about 19% less than that under TS.

Figure 4.6: Network throughput under BF-CR-MIMO and NET-MAX, with and
without TS.
Figure 4.6 depicts the total network throughput under BF-CR-MIMO and NETMAX, with or without TS. For all algorithms, the network throughput increases
with the number of links. This is partially due to the higher user and frequency
diversity gains. By directly maximizing the network throughput, the TS NET-MAX
distributed algorithm achieves the highest throughput. The TS BF-CR-MIMO distributed algorithm is the second best in terms of throughout. It achieves about
87% of the TS NET-MAX throughput. When channels are exclusively allocated,
the distributed algorithm of NET-MAX is about 26% less than that obtained by TS
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NET-MAX. The distributed algorithm of BF-CR-MIMO when timesharing is not
allowed achieves 80% of the throughout that can be obtained under NET-MAX.
4.6 Chapter Summary
In this chapter, we developed fully distributed algorithms to jointly allocate channels (under the exclusive channel occupancy), and optimize power allocation and
antenna patterns (through precoding matrices) for cognitive MIMO networks. The
proposed algorithms allow cognitive MIMO links to propose their rate demands, cooperate and bargain to get their channel assignment, and optimize their precoders to
either maximize fairness or network throughput. Under timesharing, the distributed
algorithms are proved to converge to their network-wide globally optimal solutions.
The algorithms under timesharing revealed preferences of diﬀerent links on a channel that guide heuristic algorithms to allocate channels under the exclusive-channel
occupancy policy. Simulations showed that these heuristic algorithms are very close
to their optimal solutions. The proposed bargaining framework signiﬁcantly improves user fairness with moderate throughput reduction. We believe this work is
among initial steps to integrate MIMO spatial multiplexing capability into dynamic
spectrum access networks. Our algorithms are applicable not only to CR-MIMO
ad hoc networks, but also to cellular MIMO/SISO networks (on the uplink) and
OFDMA-based systems.
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CHAPTER 5
APPLICATION OF COOPERATIVE MIMO IN
WIRELESS SENSOR NETWORKS

5.1 Introduction
WSNs have been successfully used to support various civilian and military applications. These networks are sometimes operated in harsh or adversarial environments,
e.g., space missions, oceanic exploration, underground monitoring, battleﬁelds, etc.,
making it expensive or impossible to replace their batteries. Hence, it is critical
to design the network in an energy-eﬃcient manner. This work advocates using
cooperative communications to conserve energy by having groups of nodes cooperate in transmitting or receiving data. We speciﬁcally address the questions of how,
when, and who to optimally cooperate with, targeting the minimization of energy
consumption and prolonging the network lifetime.
5.1.1 Motivation
Cooperative communications (see [84] and therein references for an overview) exploit the spatial diversity that arises from transmitting the same signal (or highly
correlated versions of it) over multiple, spatially separated antennas. As such, the
theory of cooperative communications is closely related to MIMO technology. Under a given power budget and fading conditions, MIMO communications oﬀer much
higher throughput (through spatial multiplexing) or more reliable communications
(by exploiting diversity gain) than SISO communications [82, 17, 34]. For a conventional MIMO system, space time block codes (STBCs) [98] can be used to provide
diversity gain. To realize the multiplexing gain, the VBLAST technique [33] is often
used.
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To fully exploit MIMO gains, rich scattering with well-spaced cooperating antennas (at least half-wavelength apart) must be present at the transmit and receive
sides. This requirement ensures that the signals emitted from the transmit antennas
traverse independent paths before arriving at the receive antennas. The environments in which WSNs operate, both indoor and outdoor (e.g., WSNs in forests or
urban settings) often possess rich scattering. However, due to size considerations,
it may be impractical to mount multiple antennas on a sensor node. To harvest
MIMO gains in WSNs (or any network with single-antenna nodes), independent
paths between the transmit and receive sides can be realized by having spatially
separated nodes function as a virtual MIMO node (VMIMO) [26]. This VMIMO
concept has led to the invention of DVBLAST [51] and DSTBC[25, 54, 24] coding
techniques, as virtual counterparts of conventional VBLAST and STBC. DSTBC
diﬀers from the conventional STBC in that the codewords are stored distributedly
at various nodes, which jointly encode a message before forwarding it to the next
VMIMO node.
WSNs that involve a large number of nodes are often organized into clusters,
each with its own cluster head (CH). Clustering provides scalability with regard
to communications and processing tasks, facilitating various functions such as data
aggregation. It can also be used to support VMIMO communications, whereby a
subset of the nodes in each cluster, herein called the cooperating nodes (CNs), serves
as a virtual transmit (Tx) or receive (Rx) antenna array [20][113][94]. Within each
cluster, nodes communicate their data to their CH, which itself is one of the CNs.
Along with other CNs in the cluster, the CH forwards the data to the sink, either
directly or via a multi-hop inter-cluster path. For each inter-cluster link comes the
problem of optimal CN selection (OCS), deﬁned as the problem of identifying the
appropriate CNs in the Tx and Rx clusters so as to minimize the required energy
to communicate over that link.
Several works considered the problem of optimizing the number of CNs (ONC)
in a cluster (e.g., [113][24][114]). ONC is a less general problem than OCS, because
it aims at determining the size rather than the elements of the CN set. There
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are three limitations to these works. First, in [24] the authors relied on Chernoﬀ’s
bound to approximately compute the per-bit transmission energy (Eb ) for STBC in
the high SNR regime. Such a regime does not apply to WSNs, whose transmissions
are characterized by low SNR and low bit rates. Secondly, the number of candidate
nodes from which CNs are to be selected has been assumed to be known [113][114].
Thirdly, the cooperation overhead has not been accounted for in [24][94]. Due to
the absence of an analytical solution to the ONC problem, the number of CNs in
a cluster has often been limited to two [94][39], or that the set of transmitting or
receiving CNs (but not both) contains only one node. This limits the diversity gain
to that of a 2×2 system [94][39] and to a 3×1 system [113]. Although the treatment
in [94][24] may be extendible to more than two CNs per cluster, we show later that
such extension requires solving the OCS problem, which is NP-hard.
We deﬁne that the “transmission distance between two clusters” as the farthest
distance between a node in the set of transmitting CNs and a node in the set of
receiving CNs1 , depends on speciﬁc sets of CNs in both clusters (see Figure 5.1).
Previous works overlooked such dependence and assumed that the transmission
distance is known and ﬁxed a priori. Moreover, the transmission distance often
used in the literature is the average distance between the two clusters [107], which
has been recently reported to underestimate the energy consumption of a WSN [108].
In this chapter, we do not assume prior knowledge of the transmission distance when
dealing with the OCS and ONC problems.
Implicitly, the OCS problem addresses the tradeoﬀs between diversity gain, multiplexing gain, circuit/transmit energy consumption, and cooperation overhead. Regarding the tradeoﬀ between multiplexing and diversity gains, it is still not known
whether DSTBC or DVBLAST is preferable for energy minimization, although both
techniques have been proposed for WSNs. Because nodes are spatially separated,
1

To achieve VMIMO communications, every CN in the Tx cluster must be able to control

its power to reach every CN in the Rx cluster. Hence, CNs at the Tx cluster may transmit
using diﬀerent power levels. However, for simplicity, we assume that all Tx nodes use the same
transmission power, whose value is determined by the farthest distance.
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the overhead of coordinating their VMIMO operation (e.g., estimating the transmission distances between the Tx and Rx CNs and solving ONC in real time) may
overshadow any potential diversity/multiplexing gain.

Figure 5.1: Dependence of the “transmission distance” on the selected CNs. Transmission distances are 600 and 450 meters for 6x4 VMIMO (grey and black) and 2x2
VMIMO (black only), respectively.

5.1.2 Contributions and Chapter Organization
Motivated by the above, we propose a framework for exploiting VMIMO in WSNs.
The main contributions of this chapter are as follows:
• First, we analytically evaluate the energy eﬃciency of DSTBC and DVBLAST
when used in WSNs. Our results show that long transmission distances2 favor
the use of DSTBC over DVBLAST.
• Given the NP-hardness of the OCS problem, we approximately decompose
this problem into two sub-problems: the ONC and CN assignment problems.
The two sub-problems are solved in a distributed fashion with reasonable overhead. ONC determines the number of CNs in a cluster. Knowing that, the
CN assignment problem aims at minimizing the imbalance (variance) in the
residual battery energy of nodes within each cluster, by forcing nodes with
higher residual energy to act as CNs. For the ONC problem, we obtain an
upper bound on the optimal number of CNs in a cluster. This is done oﬄine,
2

Although many WSN applications involve short-range transmissions, some can have relatively

long-range transmissions. For example, Zigbee PRO speciﬁcations cover transmission ranges of up
to 1500 m [3]. JN5139 modules of Jennic have ranges exceeding 4 km[1].
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before network deployment. The optimal number of CNs is then determined
by solving ONC subject to this upper bound.
• Taking advantage of our analysis, we design a fully distributed cooperative
clustering protocol (CCP), which performs both clustering and optimal CN
selection in each cluster.
• We then extend CCP to multi-hop WSNs and propose a clustering energybalanced routing (C-EBR) mechanism with a novel cost metric. C-EBR follows the approach in [18], which attempts to address the traﬃc implosion
problem [92] (i.e., nodes around the sink tend deplete their battery much
faster than other nodes). Our routing method can also be applied to other
clustering protocols (e.g., CMIMO, MIMO-LEACH). The eﬀectiveness of CEBR is demonstrated via simulations, which show that at the time when the
ﬁrst node runs out of energy, the remaining battery level at nodes that can
directly reach the sink is within 1% of the initial battery level. This value is
in contrast to 48% for the case without C-EBR.
• We derive suﬃcient conditions for the intra- and inter- cluster transmission
ranges such that with a given high probability the inter-cluster topology resulting from CCP is connected. Our conditions are tighter than those of other
clustering protocols (e.g., [111]), hence enabling higher spatial reuse.
We note that our design primarily targets stationary WSNs, or at best WSNs
with limited mobility. Mobility changes the network topology, leading to frequent reclustering. More importantly, a rapid change in the topology can make our optimal
cooperative MIMO conﬁguration sub-optimal.
The rest of the chapter is organized as follows. In Section 5.2, we formulate the
OCS problem and decompose it into two sub-problems. In Section 5.3, we analytically evaluate the energy eﬃciencies of DSTBC and DVBLAST, and optimize the
number of CNs. The C-EBR scheme is proposed in Section 5.4. In Section 5.5, we
detail the operation of CCP. The properties of CCP and network connectivity re-
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quirements are derived in Section 5.5.2 and Section 5.6, respectively. We investigate
CCP’s performance in Section 5.7, and compare it with other protocols. Finally,
concluding remarks are provided in Section 5.8.
5.2 Problem Formulation
In this section, we ﬁrst formulate the OCS problem and discuss its computational
complexity.

Consequently, we approximate it by sequentially solving two sub-

problems: the ONC problem and the CN assignment problem.
Consider a WSN with N randomly distributed nodes of density µ. An RF signal
experiences both distance-dependent (large scale) attenuation as well as multi-path
(small scale) fading, here using a Rayleigh distribution. The intra-cluster communications range of a node Rintra corresponds to a transmission power Pintra . Nodes
are assumed to be capable of controlling the transmission power and adjust the
transmission range up to Rinter , the inter-cluster transmission range (which corresponds to Tx power Pinter ). Rintra and Rinter are input parameters, whose values
must be selected to ensure that the clustered network created by CCP is connected
(as analyzed in Section 5.5.2). At a given time, let the residual battery energy of
a node i be ei . The residual energy of a chemical battery can be measured using
various methods (e.g., [81]). To facilitate VMIMO operation, we assume a synchronization mechanism is in place. We justify this assumption later in Section 5.5.2.
Time is divided into slots, where a slot represents the interval between two successive re-clustering instances. In a given time slot, there are three types of nodes in
the network: ordinary nodes (ONs), cooperating nodes (CNs), and a CH, which is
also a CN. All nodes can sense and transmit data. Each slot starts with a clustering
mini-slot, followed by a cooperation mini-slot, and ﬁnally multiple data transmission slots. CH election and cluster formation are discussed in Section 5.5. In the
cooperation mini-slot, the CH selects several CNs in such a way that the selected
CNs can communicate as a VMIMO node with its neighboring clusters (whose CHs
are within distance Rinter ) using the minimum possible energy.
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Consider a VMIMO link between two neighboring clusters. Suppose that the
number of nodes in the Tx and Rx clusters are mt and mr , respectively. Deﬁne the
(i)

(i)

binary variable bt as follows: bt = 1 if node i of the Tx cluster is chosen as a CN,
(i)

(j)

and bt = 0 otherwise. The variable br is deﬁned similarly for the Rx cluster. Let
def

(1)

(2)

(mt )

bt = (bt , bt , . . . , bt
stated as follows:

s.t.

(1)

(

{

minimize
{bt ,br }
(i)
bt

def

(2)

(mr )

) and br = (br , br , . . . , br

and

E(bt , br ) +
(j)
br

). The OCS problem can be

)
}
PL
+ H (Mt + Mr )
R

(5.1)

are 0 or 1 for i=1, . . . , mt and j=1, . . . , mr

where E(bt , br ) is the per-packet RF energy consumption under DSTBC or
DVBLAST, L is the packet size in bits, R is the transmission rate in bps, H is
the protocol overhead associated with each CN, P is the circuit power consumption
mt
mr
def ∑ (i)
def ∑ (j)
per CN, Mt =
bt , and Mr =
br . Here we use the fact that a node consumes
i=1

j=1

approximately the same amount of circuit energy for transmission and reception
[95][44]. Note that in general E(bt , br ) not only depends on Mt and Mr , but also on
the speciﬁc CNs of the Tx and Rx clusters.
We later show that E(bt , br ) is nonlinear in the variables bt and br . Thus, the
problem is a nonlinear binary optimization problem, which in general is NP-hard.
Even if we overlook its computational complexity, an optimal solution to the OCS
problem (implemented at the MAC layer) may actually accentuate the energy imbalance problem at the routing layer. This is because minimizing energy consumption
for inter-cluster VMIMO communications leads to fast depletion of the battery lifetimes for CNs. Moreover, because WSNs are mission oriented, the well-being of
individual nodes (e.g., their residual energies) is not as important as the operational
lifetime of the network. Hence, to develop a computationally aﬀordable distributed
solution that achieves both energy eﬃciency and energy balance, we decompose (5.1)
into two sub-problems: ONC and CN assignment. Our simulations in Section 5.7
indicate that although the energy eﬃciency under this decomposition approach is
lower than that of the optimal OCS solution (which we obtain through exhaustive
search), the network lifetime achieved by this approximation is signiﬁcantly higher
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than that of OCS.
Consider the ONC sub-problem. Let Mt∗ and Mr∗ denote, respectively, the optimal numbers of CNs at the Tx and Rx clusters at a given transmission distance d.
We assume that the same power is used by all CNs in the Tx cluster. In this case
E(bt , br ) depends only on d, Mt , and Mr , and hence written as E(d, Mt , Mr ). The
values of Mt∗ and Mr∗ are obtained by solving the following problem:
{
}
PL
minimize E(d, Mt , Mr ) + (
+ H)(Mt + Mr ) .
{Mt ,Mr }
R

(5.2)

Note that we do not assume any constraint on the number of CNs or knowledge of
the transmission distance. The estimation of d is incorporated in the design of CCP,
as explained in Section 5.5.
Once Mt∗ and Mr∗ are computed from (5.2), the sets of Mt∗ and Mr∗ CNs are
selected in such a way that the variance of the residual battery energy among all
cluster nodes is minimized. Speciﬁcally, at the Rx cluster, we aim at:

mr

PL
1 ∑
ej − b(j)
−
minimize
r

mr j=1
R
{br }

s.t.

mr
∑

mr
∑

ek −

k=1

Mr∗ ( PRL

2
+ H)

mr




(5.3)

br(j)

=

Mr∗

j=1

ej ≥ 0.
After knowing the set of CNs at the Rx cluster, the CNs at the Tx cluster (vector
bt ) is found by solving:
(
mt
1 ∑
(
(i) E(bt ,br )
minimize
+
e
−
b
i
t
mt i=1
Mt∗
{bt }
mt
∑
(i)
s.t.
bt = Mt∗

PL
R

)

+H −

m
∑t
k=1

)2
ej −E(bt ,br )−Mt∗ ( PRL +H )
mt

i=1

ei ≥ 0.
(5.4)
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In (5.3) and (5.4), the ﬁrst and second terms in the objective function represent the
residual battery energy for a node j (i) after cooperation (this node may or may not
be selected as a CN). The third term is the updated mean of the residual energy of
all nodes (in the Rx and Tx clusters) after executing the cooperative transmission.
Essentially, the objective functions in (5.3) and (5.4) reﬂect a fairness goal, whereby
nodes are selected to reduce the diﬀerences in their residual battery energies.
Problems (5.3) and (5.4) are addressed in Section 5.4. Problem (5.2) is a nonlinear integer programming. To tackle it, we need to get some insight into VMIMO
techniques, namely DSTBC and DVBLAST.
5.3 Cooperating Node Selection
5.3.1 Energy Eﬃciency of DSTBC and DVBLAST
For DSTBC, data bits are modulated into S symbols with b bits per symbol. These
symbols are then mapped into an Mt × T matrix, whose columns are transmitted
sequentially over T channel uses (hence, the code rate is r=S/T ). The number of
bits per channel use is bS/T and the transmission rate is R = BbS/T , where B is
the channel bandwidth in Hz. Following [90], the symbol error rate (SER) for an
Mt × Mr STBC is:
√
2(1 − 1/ M )ϕη (1.5/(M − 1)) η(Mt Mr + 0.5)
√
Ps (Eb-STBC ) =
η(Mt Mr + 1)
π
{
}
1
× 2 F1 Mt Mr , 0.5; Mt Mr +1;
1+η 1.5/(M −1)
√ 2
2(1−1/ M ) ϕη (3/(M − 1))
−
×
π
2Mt Mr + 1
}
{
1+ η 1.5/(M −1) 1
F1 1,Mt Mr ,1;Mt Mr +1.5;
,
1+ η 3/(M −1) 2

(5.5)
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where
Eb-STBC =
ζ = ∥~∥2F
def

Es
b

≡ Energy per bit at the receiver of STBC
≡ Frobenius norm of the channel matrix ~

Es
≡ Instantaneous symbol-to-noise energy ratio
Mt RNo
Es
η=
≡ Average symbol-to-noise energy ratio
Mt rNo

η=ζ

M = 2b

≡ Modulation order

ϕη (s) = MGF(η) = E[esη ] = (1 + s η )−Mt Mr .
def

and 2 F1 and F1 are, respectively, hypergeometric functions with one and two variables [8][4].
If Gray mapping is used to map bit patterns into modulation constellations, then
the BER can be determined from the SER [27], as follows:
Pb (Eb-STBC ) =

Ps (Eb-STBC )
.
log2 (M )

(5.6)

For a given target BER, Eb-STBC is obtained by inverting (5.6).
The transmission energy to send L bits at distance d is given by:
ETx-STBC = ψEb-STBC Ldα

(5.7)

where ψ depends on system parameters (e.g., operating frequency, Tx/Rx antenna
gains, etc.) and α is the attenuation factor, ranging from 2 to 6. It is worth noting
that Eb-STBC that is obtained by inverting (5.6) is exact. It is a nonlinear function
in bt and br due to their coupling in the product Mt Mr in (5.5). In the literature,
Chernoﬀ bound [21] has been used to approximately compute Eb-STBC under the
assumption that the system operates in the high SNR regime. As explained before,
such an approximation is not practical in WSNs.
L
The time duration needed to send L bits is Ton = R
. Thus, the circuit energy

consumption under DSTBC, denoted as EC-STBC , is Pc Ton , where the total circuit
power Pc is
Pc = (Mt + Mr )P.

(5.8)
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Accordingly, the total energy consumption (RF transmission plus circuit) to send L
bits under the DSTBC scheme is:
EDSTBC (d, Mt , Mr ) = ETx-STBC +EC-STBC = ψEb-STBC Ldα +

Pc L
.
R

(5.9)

Notice that EDSTBC is a function of the number of CNs at both the Tx and Rx ends.
In Section 5.3.2, we use (5.9) to solve the ONC problem. Before going further,
we take a detour to justify the use of DSTBC instead of DVBLAST for VMIMO
communications in WSNs.
Both DVBLAST and DSTBC can be used to conserve energy in WSNs [51, 24].
In this section, we compare the energy eﬃciency of the two schemes. At the maximum possible diversity gain of Mt Mr , DSTBC requires less Eb than DVBLAST.
However, for multiplexing gain, DVBLAST can oﬀer a signiﬁcantly higher transmission rate (ideally, Mt folds). The transmission time is roughly 1/Mt that of DSTBC,
allowing DVBLAST to save energy by shortening the circuit active time.
The energy per bit for VBLAST, denoted by Eb-VBLAST , was derived in [51], where
M-QAM was used between the Mt and Mr CNs. It can be obtained by inverting
the BER Pb (Eb-VBLAST ) in the following expression:
Pb (Eb-VBLAST ) ≈ [1 −

Mt
∏

(
(1 − ℘(t))]

t=1

1
1
+
8 bMt

)
(5.10)

where
(
)(
)Mr −Mt +t
1 − ηt
1
℘(t) = 4 1 − √
2
M
(
)(
)
Mr −M
t +t−1
∑
ηt j
1
−
Mr −Mt +t−1+j
×
j
2
j=1
def

def

ηt =

3bEb-VBLAST
.
3bEb-VBLAST + 2(M − 1)N0

Similar to (5.7), the transmission energy to send L bits via VBLAST (ETx-VBLAST ) is
ψEb-VBLAST Ldα . The circuit energy for DVBLAST is:
EC-VBLAST =

Pc
Rb-VBLAST

L

(5.11)
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where Pc is the same as in (5.8) and Rb-VBLAST is the transmission rate under
VBLAST. Ideally, Rb-VBLAST is Mt 3 times greater than that of STBC, so EC-VBLAST
is Mt times less than EC-STBC . Thus, the total required energy to send L bits under
DVBLAST is
EDVBLAST (d, Mt , Mr ) = ETx-VBLAST + EC-VBLAST
= ψEb-VBLAST Ldα +

Pc L
.
RMt

(5.12)
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Figure 5.2: Energy eﬃciency of DVBLAST and DSTBC vs. distance for diﬀerent
antenna conﬁgurations.
In Figure 5.2, we compare (5.9) and (5.12) when BER=10−4 under Rayleigh
fading. We also use parameters in Table 5.1 where λ is the operating wavelength
and τ is the eﬃciency of the RF power ampliﬁer [24] and α = 4, Gt Gr is the antenna
gain. We observe that DSTBC is more energy eﬃcient than DVBLAST for d ≥ 25
meters. Hence, the reduction in the transmission time (consequently, circuit energy
consumption) in DVBLAST cannot compensate for the higher energy needed to
send data at a higher rate. DSTBC outperforms DVBLAST as it maximizes the
diversity gain, therefore requiring signiﬁcantly lower energy, though the transmission
duration is Mt times longer than that of DVBLAST.
5.3.2 Optimal Number of Cooperating Nodes
Previous works (e.g., [24]) showed that for long-haul transmissions, more CNs are
needed, as the transmission power dominates the total power consumption in (5.9).
3

Strictly speaking, the transmission rate of VBLAST is min(Mt , Mr ) times that of DSTBC
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Table 5.1: Parameter values used in the simulations
Transmission rate
Operating frequency
P

400 Kbps
fc = 2.5 GHz
105 mW

ψ
M
Gt Gr
τ
L
H
Rintra
µ

(1 + τ ) G(4π)
2
t Gr λ
4 (4-QAM)
5 dBi
0.45658
2000 Bytes
160 × 3 × Eb = 480 Eb
180 m
6.10−4

2

On the other hand, shorter distances favor less CNs or even a SISO transmission,
as circuit power becomes dominant. For a given transmission distance between
two sets of CNs, we seek to ﬁnd the pair (Mt∗ ,Mr∗ ) that gives the lowest total
energy consumption. This optimal (Mt∗ ,Mr∗ ) is the solution of (5.2), a nonlinear
integer programming problem. It can be solved by the branch-and-bound method,
with exponential complexity in the worst case. Here, we use the method of strong
inequalities [14], which ﬁrst requires determining upper bounds on Mt∗ and Mr∗ .
These bounds are found oﬄine and are embedded into CCP as design parameters.
Consider (5.2) at the maximum possible transmission distance d = Rinter . The
optimization problem can be stated as:
{
}
PL
minimize ETx-STBC (Rinter , Mt , Mr )+(Mt +Mr )(
+H) .
{Mt ,Mr }
R

(5.13)

The variables Mt and Mr are upper-bounded by the number of nodes in a cluster
of radius Rintra , which depends on the node density µ. Note that the problem can be
solved oﬄine, once before deploying the network. Thus, its complexity is not of great
concern. The solution to (5.13), denoted by (Mt+ , Mr+ ), is the best tradeoﬀ between
transmission energy and circuit energy plus cooperation overhead at distance Rinter .
def

def

Let U = max(Mt+ , Mr+ ) and let u = min(Mt+ , Mr+ ).
Theorem 20 For a given transmission distance d, d ≤ Rinter , and given system
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parameters (e.g., transmission rate, modulation order, etc.), there is no energy beneﬁt to have more than U CNs at either the Tx or Rx side in Problem (5.2).
Proof (by contradiction): Assume that for a given d < Rinter , (Mt1 , Mr1 ) is the
optimal solution to (5.2). Suppose that Mt1 (and/or Mr1 ) is greater than U .
Case 1: Mt1 + Mr1 ≥ U + u.
Assume that (Mt1 , Mr1 ) is the optimal VMIMO conﬁguration at distance d.
Then, EDSTBC (d, Mt1 , Mr1 ) should be smaller than any other VMIMO conﬁguration.
In other words:
PL
+H)
R
PL
(u, U )
≤ ψEb-STBC Ldα + (U + u)(
+ H).
R
(M ,M )

t1
r1
EDSTBC (d, Mt1 , Mr1 ) = ψEb-STBC
Ldα+(Mt1+Mr1 )(

Hence,
(u, U )
(Mt1 ,Mr1 )
Eb-STBC − Eb-STBC
≥

Θ
ψLdα

(5.14)

where
Θ = (Mt1+Mr1−U−u)(
def

PL
+H).
R

Note that Θ ≥ 0 since we assumed that Mt1+Mr1 ≥ U+u for Case 1.
Now, at d = Rinter , assume (u, U ) is the optimal VMIMO conﬁguration. Then:
PL
(u, U ) α
EDSTBC (Rinter , u, U ) = ψEb-STBC LRinter
+(U + u)(
+ H)
R
PL
(Mt1 ,Mr1 )
α
≤ ψEb-STBC
LRinter
+(Mt1+Mr1 )(
+H).
R
Accordingly,
(u, U )
(Mt1 ,Mr1 )
≤
Eb-STBC − Eb-STBC

Θ
.
α
ψLRinter

(5.15)

Inequality (5.15) contradicts (5.14), as Rinter > d and Θ ≥ 0.
Case 2: Mt1 + Mr1 < U + u.
If the Eb-STBC requirement under (Mt1 , Mr1 ) is lower than or equal to that under
(u, U ) (or (U, u)), then (Mt1 , Mr1 ) must be the optimal combination at d = Rinter ,
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leading to a contradiction (as (U, u) or (u, U ) is the optimal solution at transmission
distance Rinter ).
Suppose that the Eb-STBC requirement under (Mt1 ,Mr1 ) is higher than that
⌉
def
def ⌈
under (U, u) or (u, U ). Let K = Mt1 +Mr1 and m = K2 . If K is even, K = 2m. If K
is odd, K = 2m−1. Clearly, m ≤ U and m2 ≥ Mt1 Mr1 if K is even, and m(m−1) ≥
Mt1 Mr1 if K is odd (Cauchy’s inequality). We show a contradiction by proving that
an (m,m)- or an ((m − 1),m)-DSTBC conﬁguration conserves more energy than
an (Mt1 ,Mr1 )-DSTBC conﬁguration. For 2m = K, (m,m) and (Mt1 ,Mr1 ) DSTBC
consume the same amount of circuit and overhead energy. However, (m, m) DSTBC
oﬀers higher diversity gain than (Mt1 , Mr1 )-DSTBC (m2 gain compared with Mt1 Mr1
gain). Then, the (m, m) combination is more energy eﬃcient than the (Mt1 , Mr1 )
combination. Similarly, if 2m = K + 1, ((m − 1),m)-DSTBC is more energy eﬃcient
than an (Mt1 , Mr1 ) conﬁguration. This leads to a contradiction (as (Mt1 , Mr1 ) is the
optimal conﬁguration at transmission distance d). This completes the proof.



Using the parameters in Table 5.1, Figure 5.3 depicts the total energy per packet
for diﬀerent DSTBC conﬁgurations versus the transmission distance. At the transmission range Rinter = 380 meters, the optimal number of CNs is bounded by 5.
This bound is 7 at Rinter = 580 meters and 8 at Rinter = 720 meters.
Accordingly, the ONC problem has the same solution as the following problem:
{
}
PL
minimize ETx-STBC (d, Mt , Mr )+(Mt + Mr )(
+ H)
{Mt ,Mr }
R
(5.16)
s.t. M ≤ U
t

Mr ≤ U .
Although the complexity of the ONC problem depends on the node density and
the intra-cluster range, the size of (5.16) is independent of these parameters, and is
determined by U . The optimal pair (Mt∗ ,Mr∗ ) is found by inspecting all U 2 possible
combinations.
The solution space of (5.16) is reasonably small (e.g., 25, 49, 64 for the above
Rinter values) to be embedded on every sensor. Using the parameters in Table 5.1,
there are at most 89 nodes per cluster with probability of 0.998. Therefore, if we
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Figure 5.3: Energy per packet vs. distance for DSTBC under diﬀerent (Mt ,Mr )
combinations.
do not exploit the upper bounds, in the worst case a sensor node would have to
examine 7921 possible combinations to solve problem (5.2).
5.3.3 Cooperating Node Assignment
In this section, we achieve energy balancing within each cluster by solving problems
(5.3) and (5.4). Consider problem (5.3). The ﬁrst two terms inside the parenthesis
of the objection function represent the residual energy of the jth sensor after cooperation. The third term is the average residual energy of all sensors in the receiving
cluster. Note that the average residual energy at the receiving cluster does not depend on how CNs are selected. This is because this residual energy does not depend
on the transmission distance. Hence, to minimize the variance of the residual energy after cooperation, we assign the CN role to sensor nodes with higher residual
energies.
The following procedure solves (5.3) with complexity of O(mr log mr ):
1. Sort the mr nodes of the Rx cluster in a descending order of their residual
energy.
2. Pick the top Mr∗ nodes in the list to act as CNs for the Rx cluster.
Even after identifying the set of CNs at the Rx cluster, (5.4) is still a nonlinear
binary programming problem. A heuristic solution to it can also be obtained using
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the same procedure above.
In the VMIMO design in [94], two CNs per cluster are used: the CH and a cluster
node that has the highest number of common neighbors with that CH. In [20][113],
CNs are selected based on the ratio of their residual energies and their distances to
the CH. Our CN assignment approach yields better energy balancing and improves
network lifetime by 80%.
For a given number of CNs at the Tx and Rx sides, the sets of CNs and their
corresponding energy consumption can be determined using the CN assignment
mechanism. By inspecting U 2 possible (Mt∗ ,Mr∗ ) pairs, we ﬁnd the “optimal” CNs
for both the Tx and Rx clusters with computational complexity of O(mr log mr +
mt log mt + U 2 ). The above process is motivated by the antenna selection technique
in MIMO communications [79][68], where an optimal subset of antennas is selected
at each user to maximize the system throughput.
5.4 Energy-Balanced Routing for Clustered WSNs
In this section, we propose a distributed energy-balanced routing (EBR) mechanism
for clustered WSNs. At given intra-cluster range and node density, the intra-cluster
traﬃc is almost the same for all clusters. However, the closer a cluster is to the
sink, the more inter-cluster traﬃc it must relay, leading to faster energy drainage of
its CNs. This phenomenon is known as traﬃc implosion [92]. In [92], the authors
proposed to balance power consumption of CHs by balancing inter- and intra-cluster
traﬃc. Speciﬁcally, CHs that lie on more popular routes to the sink are designed to
have smaller cluster sizes, i.e, carry less intra-cluster traﬃc, and vice versa. However,
this method does not apply to our setup for three reasons. First, it does not consider
node cooperation, as there is only one node, the CH, that is responsible for intercluster communications. Second, the authors in [92] treat CHs and ordinary nodes
as two diﬀerent types, while in our clustering approach, any node can be a CH or a
CN. Third, the approach in [92] was intended for network planning under centralized
control.
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In their pioneering work, Chang and Tassiulas [18] formulated the basic EBR
problem as a linear programming problem, with the goal of maximizing network
lifetime. A heuristic algorithm called Maximum Residual Energy Path Routing
(MREP) was proposed, which achieves 96% of the optimal performance. MREP
routes packets along the path that has the maximum remaining energy. In the
context of clustered WSNs, in addition to the per-bit energy consumption along the
inter-cluster virtual MIMO link, we propose to incorporate the minimum residual
energy (ev ) of all CNs in the Rx cluster v into the routing metric. Speciﬁcally, for
two neighboring clusters u and v, we assign the weight w(u, v) to their inter-cluster
link:
def

w(u, v) = β

c(u, v)
cmax (u, v)

+ (1 − β)

e0 − ev
e0 − emin
v

(5.17)

where c(u, v) is the per-bit energy consumption for a VMIMO transmission from
cluster u to v, cmax (u, v) is the maximum over all c(u, v) values, e0 is the initial
battery level, emin
is the minimum over all ev values, and β is a tradeoﬀ factor
v
between energy-eﬃcient routing and energy-balanced routing (EBR), 0 < β < 1.
If β = 1, a shortest-path algorithm that uses the above cost metric would return
the least-energy VMIMO path to the sink. On the other hand, if β = 0, the
algorithm reduces to pure EBR, which favors the path whose CNs’ minimum residual
energy is the maximum among all paths. We refer to the routing strategy that
uses the metric w as clustering-EBR (C-EBR). Implementation of C-EBR does not
require establishing the lexicographical ordering of possible paths, as in [18]. In fact,
its complexity is equal to that of the distributed Bellman Ford algorithm.
5.5 Cooperative and Clustering Protocol
5.5.1 Protocol Design
CCP consists of three phases: clustering/re-clustering, cooperation, and transmission. The ﬁrst two phases are executed less frequently than the last one. These
two phases are required only at the beginning of network deployment, or if a cluster
reaches its re-clustering threshold (a threshold on the residual energy of a CN). In
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the clustering phase, each node learns about its neighbors and their residual energy.
The network is then partitioned into clusters, each of which has one CH, at most
U − 1 other CNs (U is found from (5.13)), and other non-CNs. In the cooperation
phase, the CH of each cluster calculates and updates other clusters with the cost
from itself to its direct neighbors (as deﬁned in (5.17)). After a few rounds of message
exchanges, each CH establishes its cluster’s optimal route to the sink. During the
transmission phase, intra- and inter-cluster communications are conducted, where
member nodes send data to their CHs for aggregation and CHs cooperate with CNs
to forward traﬃc to the sink along paths established during the cooperation phase.
The details of the three phases are provided next.
Phase 1: Clustering
Step 1: Neighborhood discovery
Each node u accesses the channel using a CSMA/CA-like procedure. Node u
then broadcasts a hello message (HM) at power Pintra . HM contains the node’s
ID, its residual energy, and a list of so-far-known neighbors. After receiving the
HM, a neighboring node v updates its neighbor list with u’s ID and residual energy.
The retransmission of a HM is used in case of collisions of previous HMs. Sending a
second or third HM from node u may be triggered if and only if u receives a HM from
a node whose neighbor list does not include u. Each node decides to terminate the
neighbor discovery stage if no more HM messages are received within a certain time
duration. At the end of the neighborhood discovery stage, each node u maintains a
list of its neighbors plus itself, sorted in an descending order of residual energy. Let
such a list be denoted by N (u).
Step 2: CH election
Node u declares itself as a CH (it changes its status to CH) if it is in the ﬁrst position in N (u) (has the highest residual energy among its neighbors). CH declaration
is done by contending for channel access and broadcasting a “CH announcement
message” (CHM), which contains u’s ID and is sent at power Pintra . Upon hearing
a CHM, a node v changes its status to member, estimates the distance from itself to
that CH, updates its tentative CH if u’s CHM is the ﬁrst CHM that v receives or if
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the newly announced CH is closer to v than previously announced CHs, and ﬁnally
broadcasts a member announcement message (MAM). The MAM contains v’s ID.
After receiving a MAM from v, its neighbors with undetermined status mark node
v’s status (i.e., do not consider v in the CH election process anymore) and reorder
their neighbor lists. Again, each node whose status has not been determined checks
its position in the neighbor list and declares itself as CH if it is the ﬁrst in the list.
The process is repeated until there is no unmarked nodes in any neighbor list. At
the end of the CH election stage, there are two types of nodes: CHs and members.
Each member node has one tentative CH.
Step 3: Member association and clustering
A member node contends for the channel and sends a membership request message (MRM) with its ID to its tentative CH. A CH may receive multiple MRMs
intended to it. After a certain interval, the CH sorts its member list according to
their residual energies and broadcasts a membership conﬁrmation message (MCM).
The MCM contains a list of all IDs from which the node received MRMs and their
time slot assignment for sending data to the CH. At the end of this stage, the
network consists of multiple clusters, each of which has one CH and zero or more
member nodes. The sink itself is assumed to be as a cluster with only one node,
equipped with U antennas.
Step 4: CN invitation
Using power Pintra , each CH broadcasts a CN invitation message (CIM) to the
ﬁrst U −1 nodes in its member list (if the list contains less than U −1 nodes, the CIM
contains the IDs of the whole list). Upon receiving a CIM, each member node checks
if the message is from its CH. It then sends a CN conﬁrmation message (CNM) to
its CH. At this point, selected CNs and CHs are ready to enter the cooperation
phase.
Phase 2: Cooperation
When a cluster u is formed, its CH and CNs sequentially broadcast a cost update
request message (CURM) at power Pinter . Similar to pilot tones in [50], these
CURMs are used by CNs at neighboring clusters to estimate the distance between
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the two farthest nodes of two sets of CNs (e.g., based on the received signal strength
indicator, RSSI). RSSI-based distance estimation has accuracy in meters [7]. For an
intra-cluster range in the order of hundreds of meters (we use Rintra = 720 meters
in our simulations), the relative accuracy of the RSSI method is quite acceptable
(about 1/720 = 0.14%).
After solving problems (5.2), (5.3) and (5.4), the CHs of neighboring clusters
determine the optimal CNs for the Tx and Rx clusters. The CH in each neighboring
cluster v of cluster u broadcasts the link cost (as in (5.17)) and the optimal number
of CNs for cluster u at power Pinter , so as to inform cluster u and other neighboring
clusters of v of the cost of the VMIMO link from u to v. The CH of each cluster
maintains a cost-and-forwarding table to any cluster that it may have learnt about,
including the sink. Note that diﬀerent sets of CNs may be used to communicate
with diﬀerent neighboring clusters (see Figure 5.4).

Figure 5.4: Middle cluster uses two diﬀerent sets of CNs to communicate with the
left and right clusters.
Phase 3: Data Transmission
Each node transmits its data to its CH in that node’s time slot (speciﬁed in
the MCM). After receiving data from various members, the CH performs aggregation/data fusion. It then broadcasts the fused data to its CNs at power Pintra . The
CH then sends a request-to-send (RTS) message at power Pinter to the cluster in
its forwarding table. If not busy, the CH of this Rx cluster sends a clear-to-send
message (CTS) to the source cluster and coordinates its CNs to receive data. Upon
receiving the CTS, the CH of the Tx cluster synchronizes its CNs to send data to
the Rx cluster.
Phase 4: Re-clustering
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At some point, the energy of a CH/CN may reach the re-clustering threshold
(e.g., 50% of the average residual energy of the cluster’s CNs). The CH/CN will
send a re-clustering request message (RCRM) at power Pinter . CHs that receive a
RCRM terminate their transmission phase if they were transmitting/receiving and
broadcast RCRMs at power Pinter . After a few time slots, all nodes become aware
of the RCRM and begin the clustering phase (phase 1). A summary of CCP is given
in Algorithm 7.
Algorithm 7 Cooperative and Clustering Protocol
At time instance T :
At clustering mini-slot tcl :
Starting neighborhood discovery: node u maintains a neighbor list
N (u).
CH election based on N (u) lists.
Member association and clustering.
CNs invitation: at most U per cluster, U is found from (5.13).
At cooperation mini-slot tco :
Exchanging cost-update messages between CHs and CNs.
Executing problems (5.2), (5.3) and (5.4) at Rx clusters.
Finding optimal paths from clusters to the sink by executing the
distributed Bellman Ford with the cost metric (5.17)
At transmission mini-slot tdata :
Intra/inter cluster transmissions and data fusion take place using
parameters and paths determined during the clustering and cooperation
mini-slots.
Re-clustering, the network moves to the next time instance T + ∆T .

5.5.2 Protocol Properties
Proposition 1 The clustering phase requires O(Ndeg T ) amount of time, on average, where Ndeg is the maximum node degree in the network, and T is the time
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duration for a node to successfully access the channel and send a message (assuming
signalling messages are of the same size). In the worst case, the clustering phase
requires O(N T ) time. The total number of exchanged messages in the clustering
phase is O(N ), hence O(1) per node.
Proof: The clustering phase consists of neighborhood discovery, CH election, member association, and CN invitation. To complete the ﬁrst three steps, each node
has to send three messages: HM (possibly sent multiple times), CHM (or MAM),
and MRM. Hence, the total number of exchanged messages for N nodes is O(N ).
The total amount of time to send these messages by a given node is O(Ndeg T ).
2
The average value of Ndeg is µπRintra
, leading to an average time complexity for
2
the clustering phase of O(µπRintra
T ). The worst case happens when all nodes are

within the transmission range of each other (i.e., a single-hop network). In this case,
the maximum node degree is N − 1 and the total amount of time for the clustering
phase is O(N T ).



As nodes under CCP use a CSMA/CA-like mechanism to access the channel, T
can be expressed as:
T = Tbackoﬀ + DIFS + Tprog + Ttsm

(5.18)

where Tbackoﬀ is the backoﬀ delay, DIFS is the distributed inter-frame space interval, Ttsm is the transmission time elapsed from sending the ﬁrst until the last bit of
a packet, and Tprog is the propagation delay.
The energy balancing eﬀect of CCP is claimed in the following proposition:
Proposition 2 At least U − 1 out of U CNs in each cluster are the nodes with the
highest residual energies out of all nodes in that cluster.
The proof follows directly from the CN assignment algorithm.



Proposition 3 No two CHs are within the intra-cluster range of each other.
As discussed before, once a node hears a CHM, it stops competing for the CH
role. Therefore, there is no chance for two CHs to be within the intra-cluster range
of each other. It is also clear that any member node reaches its CH in only one hop.

135
5.5.3 Synchronization between Cooperative Nodes
In this section, we discuss the synchronization requirement for realizing distributed
MIMO and facilitating CCP operation. In cooperative communications (of which
distributed MIMO is a special case), the signal received at a receiver is often a
superposition of replicas of diﬀerent phases. This is attributed to having diﬀerent
physical locations of the transmitters and receivers as well as imperfect clock synchronization (e.g., clock skew due to imperfect crystal oscillators). Consequently,
the sampling rate at the matched ﬁlter cannot be set to be optimal for all received
signals. As a result, symbols sent from diﬀerent transmitters interfere with each
other, leading to inter-symbol-interference (ISI), as observed in frequency-selective
fading channels.
Diﬀerent methods at the physical layer have been proposed to eﬀectively combat
synchronization errors (e.g., [67][105][59][60]). One method is to use time-reverse
space-time code (TR-STC)[56][62]. Another approach to combat ISI induced by
synchronization errors is to use OFDM-based methods, whereby the channel is decomposed into multiple frequency-ﬂat channels, e.g., space-time OFDM [91]. At
the network layer, a recently developed mechanism [119] can realize VMIMO at a
packet synchronization level. Given the availability of the above methods, we believe that DSTBCs can achieve the same diversity order as the centralized STBCs,
even without perfect synchronization.
To facilitate intra-cluster communications in CCP, we need to synchronize nodes
at the frame level, which is coarser than the symbol-level synchronization discussed
above. One of the popular approaches is the reference broadcast synchronization
method (RBS) [30]. Using this method, one of the CHs serves as a “beacon CH”. It
broadcasts a beacon to its neighboring CHs. Any CH that hears the beacon adjusts
the start of its frame accordingly, then relays the beacon to other nearby CHs. The
process continues and ensures that frames at diﬀerent CHs are in sync.
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5.6 Transmission Range Selection to Guarantee Network Connectivity
We now derive suﬃcient conditions for the intra- and inter-cluster range under which
CCP results in a connected graph of CHs. In [111][121], connectivity was established
using the results of [40], which showed that the network is connected if Rinter is
√
O( logn0n0 ), where n0 is number of CHs in a unit square (CH density). CH density
can be indirectly adjusted by tuning the intra-cluster range. By doubling n0 , Rinter
√
is reduced by a factor of log2 2 . Another approach that has been used to guarantee
√
connectivity in clustered networks is to set Rinter = (1 + 5)cs , where cs is the size
of a cell, deﬁned as a group of nodes such that a node in the cell can communicate
with all nodes in eight surrounding cells [109]. Using this criterion, one needs to
relate the intra-cluster range to the cell size, as done in [111][15].
In contrast to above methods, we derive conditions on the transmission range
based on Euclidean geometry and the characteristics of CCP. We present two approaches for setting Rinter and Rintra . The ﬁrst approach is presented for WSNs
whose Rintra has already been designed to guarantee network connectivity (e.g.,
using [40]). The question is then if these existing networks adopt CCP, how should
Rinter be set? The second approach is aimed at WSNs for which both Rinter and
Rintra are to be set. Note that in the ﬁrst approach, the ﬂat network is connected
under the given Rintra , while in the second approach, this is not a priori guaranteed.
5.6.1 Method 1
Lemma 3 Before executing CCP, if the network of sensors is connected under a
transmission range of Rintra , then after executing CCP, any two neighboring nodes
must either have the same CH or that their CHs are within a range of 3Rintra .
Proof: The proof is illustrated in Figure 5.5. Because the network is connected
under a transmission range of Rintra , any node has at least one neighbor. Let node
N1 be a neighbor of node N2 . After running CCP, N1 and N2 may belong to one
cluster (they have the same CH) or to two diﬀerent clusters. In the later case, both
N1 and N2 cannot be CHs at the same time (because no two CHs can be within an
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(a)

(b)

(c)

Figure 5.5: CHs of any two neighboring nodes are within inter-cluster range of each
other if Rinter = 3Rintra .
intra-cluster range) or none of the two are CHs . If N1 is an CH (Figure 5.5(a)),
it is easy to show using the triangle inequality that the distance between the two
CHs is less than 2Rintra . For the case when both N1 and N2 are non-CHs (Figures
5.5(b) and 5.5(c)), we apply the triangle inequality twice to show that the distance
between the two CHs is less than 3Rintra . Hence, the lemma is proven.



Theorem 21 The graph of CHs generated by CCP is connected if Rinter = 3Rintra .

Figure 5.6: Inter-cluster path between source and destination CHs can always be
constructed when Rinter = 3Rintra .
Proof: Consider the subgraph Ǵ of CHs. According to CCP, two CHs on Ǵ are
directly connected if their distance is less than Rinter . We will show that if Rinter =
3Rintra , then there exists a path on Ǵ between any two CHs. Consider two such
nodes, denoted by CHx and CHv (see Figure 5.6). It is assumed that before executing
CCP, the network graph G (which includes all nodes) is connected at transmission
range Rintra . Thus, there exists a path Q = (CHx , N 1 , N2 , . . . , NQ , CHv ) on G that
connects CHx and CHv using the transmission range Rintra . We call Q the primary
path. Suppose that CHx and CHv are not neighbors on path Q (otherwise, the
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assertion is proved). Consider the next two nodes on Q, N1 and N2 . After running
CCP, if these two nodes belong to the same cluster, then we can replace their direct
link on Q by their common CH. According to Lemma 1, this common CH is itself
CHx or is at most 3Rintra away from CHx . Because Rinter = 3Rintra , this common
CH has a direct link to CHx at transmission range Rinter . In the case that N1
and N2 belong to diﬀerent clusters, then their corresponding CHs are separated by
no more than 3Rintra , so they are directly connected on Ǵ when the transmission
range is 3Rintra . The process of replacing the links on Q by direct links on Ǵ can
be repeated for every link on Q, leading to a path between CHx and CHv on Ǵ. 
5.6.2 Method 2
Next, we present the second approach in which we have to determine both the intraand inter-cluster ranges. We start with the condition for the intra-cluster range.
Lemma 4 Consider a WSN with a Poison distributed nodes of density µ. If
( −1 )1/2
p
Rintra ≥ lnπµ
, then with probability 1 − p there is at least one node in any
circle of radius Rintra .
Proof: Let p1 be the probability that the number of nodes in a circle of radius Rintra
is at least 1. We have p1 = 1 − p = 1 − e−µπRintra , where p is the probability of no
( −1 )1/2
p
node being found in a circle of radius Rintra . It is clear that if Rintra ≥ lnπµ
,
2

then p1 ≥ (1 − p).



Lemma 5 Given that there is at least one node in any circle of radius Rintra , then
there is at least one CH in any circle of radius 2Rintra .
Proof: The proof is illustrated in Figure 5.7(a). Assume that there exists a circle
with radius 2Rintra that does not contain any CH (call it circle A). Consider another
circle B with radius Rintra (the grey circle in Figure 5.7(a)) which is concentric
to circle A. Circle B contains at least one node whose status is decided after the
clustering phase. As circle A does not contain any CH, the node in circle B should
not be a CH. This member node must be served and within the intra-cluster range
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(a)

(b)

Figure 5.7: (a) Circle with radius 2Rintra has at least one CH (black dots). (b) At
least two CHs (black dots) in any circle with radius 4Rintra .
of a CH which is not in circle A. However, the only CHs whose intra-cluster range
can reach a node in circle B are ones on the circumference of A (e.g., the centers of
the six small white circles). Hence, circle A must contain at least one CH.



Lemma 6 Given that there is at least one node in any circle of radius Rintra , there
must be at least another CH within a transmission range greater than 4Rintra of any
CH.
Proof: The proof is illustrated in Figure 5.7(b). Consider a CH at the center
of a circle (call it circle C) with radius 4Rintra + δ (δ > 0). We always can ﬁt
another circle of radius 2Rintra (the grey circle in Figure 5.7(b)) which is completely
contained in circle C and does not touch the center of C. The grey circle must have at
least one CH (Lemma 5). Thus, if the CH at the center of circle C has a transmission
range 4Rintra + δ, it can certainly reach another CH.



The following theorem claims the connectivity of the set of CHs produced by
CCP.
Theorem 22 After the clustering phase, the graph whose vertices are CHs is connected with probability 1 − p, given that the intra- and inter-cluster ranges satisfy
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Figure 5.8: If the graph of CHs is not connected, then for the two closest CHs (CH1
and CH2 ) of the two disconnected components, there always exists another CH3
whose distance to CH1 or CH2 is less than that from CH1 to CH2 . This contradicts
with the assumption. Hence the network is connected.
the following conditions:
Rinter > 4Rintra
(
)1/2
ln p−1
Rintra ≥
πµ
Proof: Under the two conditions above, Lemmas 4, 5, and 6 hold. Assume that the
network of CHs is not connected. Without loss of generality, assume that the CH
graph consists of two mutually disconnected components, O1 and O2 (O1 is to the
left of O2 ). The distance between the two closest CHs (CH1 of O1 and CH2 of O2 )
must be greater than Rinter , hence greater than 4Rintra . According to Lemma 5,
we can ﬁnd a circle (call it circle D) with diameter 4Rintra whose center is on the
line connecting the two CHs (Figure 5.8) so that D does not contain either CH1 and
CH2 but contains at least another CH, say CH3 . Using basic Euclidean geometry,
we can show that the distance from CH1 to CH3 is less then the distance from CH1
to CH2 , so is the distance from CH2 to CH3 . Either CH3 belonging to O1 or O2 ,
CH1 and CH2 are not the two closet CHs of O1 and O2 . This contradicts to the
assumption. Hence the graph of CHs must be connected.



It should be noted that our conditions on the inter- and intra- cluster range
of CCP (Theorems 21 and 22) are tighter than those of the HEED protocol [111]
whose inter-cluster range is at least six-times of the intra-cluster range. Hence CCP
yields a higher spatial reuse than HEED, giving higher chances for inter-cluster
communications.
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Although Theorems 21 and 22 provide the intra- and inter-cluster ranges that
guarantee network connectivity, they do not specify the ranges under which the
network lifetime is maximized. For that purpose, the transmission ranges should
be jointly optimized with the routing layer. This problem remains open for further
investigation.
5.7 Performance Evaluation
5.7.1 Simulation Setup
In this section, we evaluate the performance of CCP which integrates the OCS algorithm, the CN assignment algorithm, and the C-EBR routing mechanism. Our
simulation programs were written in CSIM [2]. The performance metrics include
network lifetime, the energy consumption per packet, and the residual energy variance (averaged over the network lifetime). These performance metrics are recorded
until the instance the ﬁrst node runs out of battery (similar to the lifetime deﬁnition
in [18]) and also until the network becomes disconnected. We note that the ﬁrst
lifetime deﬁnition is rather conservative, as the network can still operate even after
the failure of a few nodes. Under both deﬁnitions, network lifetime is measured in
the number of transmission slots (rounds). In each transmission slot, a node may
have a packet to send with probability q, which reﬂects the traﬃc intensity. The
network area consists of 600 sensors, which are randomly distributed on a square of
length of 1000 meter. The sink is located at the bottom right corner of the ﬁeld,
and is equipped with U antennas. The value of U is obtained from (5.13). We use
the same parameters as in Table 5.1, which results in U = 8 at Rinter = 720 meters.
The choices of Rintra and Rinter comply with the connectivity conditions presented
in the previous section, and are in line with the latest Zigbee speciﬁcations and the
IEEE 802.15.4 release [3]. To highlight the diversity gain of VMIMO, we do not
consider data fusion at CHs, whose gain has been extensively demonstrated in the
literature. The routing method is C-EBR, where the tradeoﬀ parameter β is varied
from 0 (pure EBR) to 1 (energy-eﬃcient routing). We set the target BER to 10−4 .
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Each control packet is 160-bit long. In CCP, we need 3 control messages (CIM,
CNM and CURM) to select a CN. Thus, H = 480 Eb in Table 5.1. It is worth
noting that the fading conditions at the two CHs of each cluster are very likely to
be independent so that VMIMO diversity gain can be realized. This follows from
the fact that the probability of ﬁnding two neighboring nodes that are too close to
each other (i.e., their distance is less than half of the operating wavelength) is very
small (for our setup, this probability is computed as of 1.3e − 4). At the beginning
of a simulation run, each node is equipped with a battery of 500 Joules. Each point
in our plots represents the average of 20 runs. Each run is obtained for a diﬀerent
(randomly generated) network topology.
5.7.2 Results
We ﬁrst justify the decomposition of the OCS problem by comparing the network
performance metrics under the optimal solution of the problem in (5.1) (referred
to as OPT) with CCP. Speciﬁcally, given that each cluster has at most U CNs, for
each inter-cluster link, the CNs at both the Tx and Rx sides are found by solving
the OCS problem through exhaustive search on a binary tree of 22U −2 nodes. Figure
5.9(a) shows that the energy per packet under OPT is much lower than that of CCP
(since OPT aims at minimizing the energy consumption for each inter-cluster link).
However, the network lifetime of CCP is signiﬁcant longer than that of OPT (Figure
5.9(b)). The reason is that, besides targeting energy eﬃciency, CCP also aims at
energy balancing by selecting CNs so as to minimize the variance of the residual
energy of various nodes.
Next, we compare the network lifetime under CCP with its predecessors: MIMOLEACH [113] and CMIMO [94]. Because CCP is a clustering protocol, it is worth
comparing its performance with other clustering protocols that were intended for
SISO communications, e.g., DCA [10]. For MIMO-LEACH, we set the number of
CNs to three. To isolate the eﬀect of the routing mechanism, this comparison is
made using energy-eﬃcient routing (β = 1).
Figure 5.10 shows that, on average, the network lifetime under CCP is about
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Figure 5.9: (a) Average energy per packet and (b) network lifetime vs. traﬃc
intensity under OPT and CCP.
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Figure 5.10: Network lifetimes vs. traﬃc intensity for CCP, CMIMO, MIMOLEACH, and DCA.
105%, 90%, and 50% higher than that of DCA, MIMO-LEACH, and CMIMO, respectively. For all protocols, the network lifetime decreases with the traﬃc intensity.
However, when the traﬃc intensity increases, CCP’s network lifetime improvement
over the other protocols becomes more pronounced. This is due to the fact that CCP
considers the cooperation overhead when searching for optimal CNs, whereas the
other protocols do not. As the traﬃc intensity increases, the relative (per-packet)
cooperation overhead to form VMIMO links goes down. It is not surprising that
CCP outperforms DCA, as it consumes less energy for every link (as demonstrated
in [94][24]).
The disconnectivity-based network lifetime is depicted in Figure 5.12. CCP
achieves about 93%, 78%, and 47% longer lifetime than DCA, MIMO-LEACH, and

144

1.4

CMIMO β=1.0
MIMO−LEACH β=1.0
CCP β=1.0

Energy/packet (J)

1.2
1
0.8
0.6
0.4
0.2
0
0.2

0.4

0.6

0.8

1

Traffic Intensity

Figure 5.11: Average energy per packet from a node to the sink vs. traﬃc intensity.
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Figure 5.12: Network lifetime until disconnectivity vs. traﬃc intensity for CCP,
CMIMO, MIMO-LEACH, and DCA.
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CMIMO, respectively. These percentage gains are lower than those in the case of
ﬁrst-node-die lifetime in Figure 5.10. This is because other protocols result in higher
energy imbalance than CCP but the network-disconnection lifetime deﬁnition is less
sensitive/vulnerable to the energy imbalance than the ﬁrst-node-die lifetime.
The per-packet energy consumption for CCP, CMIMO, and MIMO-LEACH is
depicted in Figure 5.11. CCP is superior to CMIMO and MIMO-LEACH, as it
enjoys full diversity gain of DSTBC and it adapts the number of CNs to the transmission distance, nodes’ residual energies, and the cooperation overhead. As can
be observed from MIMO modes in Figure 5.13(b), the maximum diversity gain of
CCP can be up to 7 × 8 = 56. For MIMO-LEACH, its transmission mode is MISO
or SIMO, so the maximum diversity order is less than or equal to three. MIMOLEACH’s link diversity gain is less than that of CMIMO (= 4). That explains the
inferior performance of MIMO-LEACH compared with CMIMO.

(a)

(b)

Figure 5.13: Histogram of the MIMO modes in (a) CMIMO and (b) CCP.
Figure 5.13 shows the percentage for MIMO modes of CMIMO and CCP cases,
respectively. As we can see, there is a trend in Figure 5.13(a) that the number of 2x2
mode is very high, compared to other modes. That trend suggests that it is more
beneﬁcial to have more than 2 CNs. Figure 5.13(b) conﬁrms that conjecture, using
OCS, the number of CNs can be up to 8 and there are a variety of communication
modes, other than 2x2. The maximum diversity gain now is 7x8.
First, we investigate the network lifetime vs. the tradeoﬀ factor β between
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energy-eﬃcient and energy-balanced routings. Figure 5.14(a) shows the network
lifetime of CCP against diﬀerent values of β for low (0.3) and high (0.9) traﬃc
intensities. As can be seen, the network lifetime monotonically increases when
moving forwards energy-balanced routing (β = 0).
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Figure 5.14: (a) Network lifetime vs. the tradeoﬀ factor β; (b) Network lifetime vs.
data packet size.
Figure 5.14(b) depicts the network lifetime vs. data packet size (1 bit, 8 bits, 16
bits, 160 bits, 320 bits, 640 bits, 1280 bits). At a given traﬃc intensity (in packets
per time unit per node), an increase in the packet size results in a reduction in
the network lifetime. This is expected because the larger the packet-size, the more
traﬃc load (in bits/second) is being pumped into the network. In the extreme case
(1-bit data packet), the network lifetime is the longest.
To evaluate the proposed C-EBR, we incorporate the mechanism into CMIMO
and MIMO-LEACH as well. In Figure 5.15, we compare network lifetime of CCP,
CMIMO and MIMO-LEACH for β = 0 with their counterparts when β = 1 (energyeﬃcient routing). As seen, C-EBR improves the network lifetime by about 111%,
104% and 95% on average for MIMO-LEACH, CMIMO and CCP, respectively.
On average, CCP with both OCS and C-EBR improves the network lifetime by
226% and 172%, compared with the original MIMO-LEACH and CMIMO protocols.
Beside the higher diversity gain, these results can be interpreted as the eﬀect of
energy consumption balancing by routing packets on paths that have CNs with
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Figure 5.15: Network lifetime under diﬀerent protocols using C-EBR vs. traﬃc
intensity.

Figure 5.16: Average residual energy percentage of nodes that are one hop from the
sink.
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higher energy. This fact can be re-conﬁrmed by comparing nodes’ remaining energy
variance.
Figures 5.20(a)(b) depict residual energy variance of CMIMO and CCP with and
without using C-EBR. For both protocols, C-EBR reduces energy variances. From
Figure 5.20(c) that compares energy variance of CMIMO with CCP while using
C-EBR, energy variance of CCP is less than that of CMIMO. It is attributed to the
fact that having more CNs not only increases link diversity gain but also spreads
out traﬃc more evenly among nodes in the network, yielding better energy balance.

Figure 5.17: Network lifetime (until network is disconnected) vs. traﬃc intensity
under diﬀerent protocols using C-EBR.
Using C-EBR, the network lifetime until it gets disconnected is shown in Figure 5.17. C-EBR improves the network lifetime by about 107%, 98% and 96% on
average for MIMO-LEACH, CMIMO and CCP, respectively.
Figure 5.19 compares per-packet energy consumption between the energy eﬃcient
routing and C-EBR. As expected, the energy per packet of the former is less than
that of C-EBR as it just searches for the least-cost path, regardless of the energy
status of CNs on that path. By contrast, C-EBR balances residual energy among
CNs of the path at the expense of extra cost per packet.
To further investigate the energy balancing eﬀectiveness of C-EBR, in Figure
5.16, we show the percentage of residual energy averaging over all nodes that can
directly reach the sink with power of Pinter (one-hop neighbors of the sink) when
the lifetime is up. As seen, C-EBR depletes almost completely batteries of these
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nodes (the remaining energy is only about 1% of the initial battery level, 500Js).
However, for energy eﬃcient routing, the average remaining energy of these nodes
is about 45%.

(a)

(b)

Figure 5.18: Histogram of hop count for (a) energy-eﬃcient routing and (b) C-EBR.
We further investigate the number of hops for C-EBR. Figure 5.18(b) represents the number of hops of C-EBR which is higher than that of energy-eﬃcient
routing (Figure 5.18(a)). The reason is that sometimes a packet may travel on a
”longer” path to the sink to balance energy consumption among nodes. However,
the increase in number of hops of C-EBR is not signiﬁcant, compared with energyeﬃcient routing, hence it does not much adversely aﬀect the delay of packets.

Figure 5.19: Energy per packet vs. traﬃc intensity for energy-eﬃcient routing and
C-EBR.

When not using the proposed CN assignment algorithm, CNs in a cluster are
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(a) CMIMO

(b) CCP

(c) CMIMO vs CCP

Figure 5.20: Energy variance of CMIMO and CCP with and without C-EBR.
selected based on their distance to the cluster’s CH [20]. The rationale behind such
criterion of [94][20] is that having CNs which are closer to their CHs would facilitate their coordination and reduce energy spent on cooperation overhead. Figure
5.21(a) shows that using the proposed CN assignment algorithm, CCP signiﬁcantly
reduces the energy variance. Subsequently, as shown in Figure 5.21(b), its lifetime
is improved by about 80%.

(a)

(b)

Figure 5.21: (a) Energy variance and (b) network lifetime vs. traﬃc intensity with
and without using CN assignment algorithm.
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5.8 Chapter Summary
In this work, we developed a cooperative clustering protocol (CCP) for WSNs. Our
protocol takes advantage of VMIMO and enjoys the maximum diversity of DSTBC.
The key engine behind CCP is the optimal CN selection algorithm. We showed that
the OCS problem is NP-hard and decomposed it into two sub-problems: ﬁnding the
optimal number of CNs and the CN assignment problem. The ONC algorithm serves
as a framework for protocol designers in deciding the number of CNs per cluster in
clustered WSNs. We also proposed an energy-balanced routing mechanism, which
can be used with any clustering mechanisms. CCP prolongs the network lifetime by
about three times compared with existing cooperative protocols (MIMO-LEACH,
CMIMO). The conditions for the intra- and inter- cluster transmission ranges to
guarantee network connectivity are also derived. These conditions are applicable to
existing clustering protocols in the literature.
Our future work will focus on extending CCP to the case of multiple channels.
Another unvisited problem is how to cluster and cooperate when taking into account
the nonlinear battery behavior. We believe that clustering and cooperation strongly
aﬀect the load proﬁle of each sensor, especially when jointly considered with routing
in multi-hop networks. Hence, they also aﬀect the battery’s discharge time and
network lifetime. Additionally, as mentioned previously, determining the optimal
re-clustering threshold and the optimal transmission range remain open research
problems.
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CHAPTER 6
CONCLUSIONS AND FUTURE WORKS

In Chapter 2, we jointly addressed the two important issues of CR-MIMO networks: channel/power allocation and network interference management through
MIMO beamforming. First, we optimized the power allocation for each data stream
over both antenna/space and frequency dimension. Second, we designed a pricing
policy that guides MIMO transmitters to steer their radiation beams away from
unintended receivers. Essentially, the pricing policy that captures the interference
caused by a transmitter at all unintended receivers discourages the transmitter from
interfering others. We then designed a low-complexity distributed algorithm that
implements the above power/channel assignment and beamforming. By exploiting
the convex duality, the complexity of the proposed algorithm is constant w.r.t. the
antenna array size. Simulations show that the proposed solution signiﬁcantly improves the network throughput compared with greedy approaches (where pricing is
not used). Additionally, our pricing policy also helps to reduce power consumption as it discourages a transmitter from using all of its power budget to selﬁshly
maximize its own throughput. Simulations also indicate fast convergence of the distributed algorithm to a locally optimal solution of the centralized throughput maximization problem under either sequential or parallel updating mechanisms. Our
future work will address the case where full CSI is not available at MIMO nodes.
In such a scenario, we will need robust beamforming and precoding solutions that
are less dependent on the CSI.
In Chapter 3, using noncooperative game, we focused on the power/energy eﬃciency of CR-MIMO networks while meeting various links’ rate demands. Unlike the
issues tackled in Chapter 2, given the constraints on nodes’ resources (e.g., power
budget, limited spectrum opportunities), a given requested rate proﬁle may not be
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fulﬁlled. To address this issue, we derived suﬃcient conditions under which given
rate demands are guaranteed to be met. Intuitively, these conditions are met if the
power budget is suﬃcient enough to meet the requested rate proﬁle, the requested
rates are not too high to harm legacy devices’ receptions, the interference from these
legacy devices is not too strong, and the CR network interference is not too severe.
These conditions are quantiﬁed in a way that allows a node to instantly decide its
appropriate requested rate. These conditions also shed light on the capacity region
of interfering networks, an open information-theoretic problem. To manage network
interference, we proposed a novel network interference function (NIF) that captures
the total network interference induced at all unintended receivers. The network interference function is then decomposed and incorporated into the objective function
at each link. We then developed a low-complexity distributed algorithm that jointly
optimizes the power and spectrum allocation. Simulations show the superior power
eﬃciency over the case where power and spectrum are not jointly allocated. The
proposed NIF-based pricing policy is also eﬃcient in conserving power. We believe
it is also critical to investigate the problem under a repeated game framework. This
framework allows nodes to adjust their requested rates even when they do not know
if a NE would exist or not. If a NE does not exist, then all players may reduce their
rate demands and repeat the game. This problem is left for future work.
Chapter 2 and Chapter 3 made two key assumptions: CR-MIMO links do not
cooperate and a channel can be shared by more than one links simultaneously. In
Chapter 4, we considered the resource allocation of CR-MIMO networks without
these two assumptions. Speciﬁcally, we assumed that CR-MIMO nodes cooperate
in assigning channel and allocating power. Additionally, we assumed that a channel
is exclusively allocated to no more than one link. We casted the CR-MIMO resource
allocation problem as a Nash bargaining framework (NBF) so as to better achieve
user fairness. Under the NBF, links ﬁrst propose their rate demands, then cooperate
and bargain in assigning channels and allocating power. One important contribution
of this chapter is the distributed and cooperative bargaining algorithm that removes
the need of a central computer/arbitrator. We also addressed the problem under
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the heterogeneous spectrum sharing scenario. This embraces a crucial feature of CR
communications that the spectrum opportunities (i.e., idle channels) are diﬀerent
at diﬀerent CR links.
While MIMO multiplexing gain was exploited in Chapters 2, 3, and 4, in Chapter 5, we attempted to harvest MIMO diversity gain to prolong lifetime of WSNs.
Speciﬁcally, we proposed a CMIMO framework that partitions a WSN into numerous clusters and allows several single-antenna sensors of each cluster to cooperate
and form a VMIMO node. A clustering and cooperating protocol (CCP) was proposed. CCP implements the optimal CN selection algorithm that guides a CN on
selecting its partners so as to minimize the energy imbalance of the network. To
further address the energy imbalance issue of WSNs, we designed a novel routing
mechanism that incorporates residual battery level of sensors into the routing metric. Basically, routes with relaying nodes that have stronger batteries are more
favorable. The proposed energy balancing routing method is applicable to any clustering protocols. Another important contribution of Chapter 5 is the derivation of
the suﬃcient conditions on the inter- and intra-cluster communications ranges that
guarantee the network connectivity. For future work, we will design a clustering and
cooperating protocol that takes into account the nonlinear battery behavior. We
believe that clustering and cooperation strongly aﬀect the load proﬁle of each sensor,
especially when jointly considered with routing in multi-hop networks. Hence, they
also aﬀect the battery’s discharge time and network lifetime. Another issue that
remains open is determining the optimal re-clustering threshold and the optimal
transmission range so that the WSN’s lifetime is maximized.
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APPENDIX A
PROOF OF THEOREM 1

To prove the theorem, we need to show that [74]:
1. The action space of each player is convex and compact.
′

2. The utility function Ui (T̃i , T̃−i ) is concave w.r.t. T̃i .
The action space of user i is shaped by constraints C1’ and C2’, which deﬁne
the feasible region of the local optimization problem (3.29). It is easy to verify that
the Hessians of C1’ and C2’ are positive deﬁnite. Hence, the two constraints are
convex. Consequently, the feasible region or action space deﬁned by constraints C1’
and C2’ is the intersection of two convex regions, i.e., the action space of the game
(3.29) is convex. Its compactness is due to the upper limit on the transmit power.
′

The utility function Ui (T̃i , T̃−i ) with the above price function can be written as:
[
]
∑
′
(k)
(k) (k)H (k)
(k)H (k)H (k) −1 (k)
{log |I + T̃i Hd(i),i Cd(i) Hd(i),i T̃i | − tr T̃i Ai T̃i }.
Ui (T̃i , T̃−i ) =
k∈ΨK

(A.1)
We observe that each frequency band fk contributes its utility (and price) as the
′

kth term in the expression for Ui (T̃i , T̃−i ). Using the positive-semideﬁniteness as(k)

sumption of Ai

and the concavity of the link’s rate, we can verify that the kth
(k)

term of (A.1) is concave w.r.t. T̃i , hence the overall utility function is concave
w.r.t. T̃i . Therefore, the game in (3.29) is a concave game, so it always admits at
least one NE.
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APPENDIX B
PROOF OF THEOREM 2

The achieved NE is characterized by the solutions of all N per-user optimization
problems (3.29). Since the individual utility optimization problem is convex, a
locally optimal solution is globally optimal. The optimal solution can be found by
solving its K.K.T. conditions [13], given by:
(k)

∂Li (T̃i , αi , γi )
(k)∗
∂ T̃i

(k)

=

∑

∂Ri

(k)

(k)

(k)

(k)

− Ai T̃i −(αi + γi )T̃i

(k)∗
∂ T̃i
(k)

(k)H

= 0, ∀ k ∈ ΨK

tr(T̃i T̃i

) − Pmax ≤ 0

(k)

(k)H

) − Pmax ] = 0

(k)H

) − Pmask (fk ) ≤ 0, ∀ k ∈ ΨK

k∈ΨK

γi [

∑

tr(T̃i T̃i

(B.1)

k∈ΨK
(k)

tr(T̃i T̃i
(k)

(k)

(k)H

αi [tr(T̃i T̃i

) − Pmask ] = 0, ∀ k ∈ ΨK

The Lagrangian function of the network optimization problem (3.5) is:
(k)

L(T̃, αi , γi ) =

∑ ∑

(k)

Ri −

i∈ΦN k∈ΨK

∑ ∑

∑

γi [

i∈ΦN
def

∪

(k)

(k)H

) − Pmask (fk )]

i∈ΦN k∈ΨK

−
where T̃ =

(k)

αi [tr(T̃i T̃i

∑

(k)

(k)H

tr(T̃i T̃i

(B.2)
)−Pmax ]

k∈ΨK

T̃i , the set of precoding matrices over all users and frequency bands.

i

All the stationary (or locally optimal) points of the network problem must satisfy
its K.K.T. conditions:
(k)

(k)

∂L(T̃, αi , γi )
(k)∗
∂ T̃i

=

∂Ri

(k)∗
∂ T̃i

∑

k∈ΨK

+

∑

(k)

∂Rj

(k)∗
j∈{ΦN \i} ∂ T̃i
(k)

(k)H

tr(T̃i T̃i

(k)

(k)

−(αi + γi )T̃i

) − Pmax ≤ 0, ∀ i ∈ ΦN

= 0, ∀ k ∈ ΨK , ∀ i ∈ ΦN
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∑

γi [

(k)

(k)H

(k)H

) − Pmask (fk ) ≤ 0, ∀ k ∈ ΨK , ∀ i ∈ ΦN

tr(T̃i T̃i

) − Pmax ] = 0, ∀ i ∈ ΦN

k∈ΨK
(k)

tr(T̃i T̃i
(k)

(k)

(k)H

αi [tr(T̃i T̃i

(B.3)

) − Pmask ] = 0, ∀ k ∈ ΨK , ∀ i ∈ ΦN

To guarantee that the game (3.29) with the price function deﬁned in (3.32) converges
to a NE at which the CRN’s throughput is the same as that of a locally optimal
solution to problem (3.5), the NE of the game (3.29) must be a stationary point of
problem (3.5). In other words, the K.K.T. conditions of (3.5) have to hold at the
stationary point of (3.29). For that to happen, the following equality must hold
(through comparing conditions (B.1) and (B.3)):
(k) (k)
−Ai T̃i

∑

=

(k)

∂Rj

(k)∗

.

(B.4)

j∈{ΦN \i} ∂ T̃i

(k)

To compute

∂Rj

(k)∗
∂ T̃i

(k)

, recall (3.2) and note that:

(k)

(k)

(k)

(k)H

(k)H

(k)

Cd(j)

(k)

Hd(j),j | − log |Cd(j) |
∑
(k)
(k) (k)H (k)H
(k)
(k)H (k)H
Hd(j),v .
Hd(j),v T̃(k)
= I + Hd(j),i T̃i T̃i Hd(j),i +
v T̃v

Rj = log |Cd(j) +Hd(j),j T̃j T̃j

v∈ΦN \{i,j}

We have
(k)

∂Rj

(k)∗
∂ T̃i

(k)H

(k) −1

(k)

(k)H

(k) −1

(k)

(k)

(k)H

(k)

(k)

(k)

(k)H

= −Hd(j),i Cd(j) Hd(j),i T̃i + Hd(j),i (Cd(j) + Hd(j),j T̃j T̃j
(k)

(k)H −1

= −Hd(j),i Cd(j) Hd(j),j [(T̃j T̃j

)

(k) −1

Hd(j),j )−1 Hd(j),i T̃i
(k)H

(k)

(k)

(k) −1

(k)

+ Hd(j),j Cd(j) Hd(j),j ]−1 Hd(j),j Cd(j) Hd(j),i T̃i .
(k)H

(k)

(k)H

(B.5)
The last equality in (B.5) follows by applying the Woodbury identity [41] to
(k)

(k)

Hd(j),j )−1 . Plugging (B.5) into (B.4), we get (2.17). One can

(k) (k)H

(Cd(j) +Hd(j),jT̃j T̃j

(k)H

(k)

also easily verify that the derived Ai

matrix is positive-semideﬁnite. Additionally,

if the pricing-factor has the form (2.17), the achieved NE meets the K.K.T. conditions of the network-wide problem (3.5).


(k)
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APPENDIX C
PROOF OF THEOREM 3

Let’s rewrite the Lagrangian function of (3.29) as follows:
∑
(k)
(k)H (k)H (k) −1 (k)
(k)
{log |I + T̃i Hd(i),i Cd(i) Hd(i),i T̃i |−
Li (T̃i , αi , γi ) =
k∈ΨK
(k)H

tr(T̃i

(k)

(k)

(k)

(k)

[Ai + (αi + γi )I]T̃i ) + αi Pmask (fk ) +

(k)

(k)

(k)

γi
Pmax }.
K
(C.1)

(k)H

Using the Cholesky decomposition [Ai + (αi + γi )I] = Ei Ei . We have
∑ (k)
γi
(k)
(k)H (k)
{αi Pmask (fk ) + Pmax − tr(T̄i T̄i )
Li (T̃i , αi , γi ) =
K
k∈Ψ
K

(k)H (k)−1 (k)H (k) −1 (k)
(k)H−1 (k)
+log |I+ T̄i Ei
Hd(i),i Cd(i) Hd(i),i Ei
T̄i |}
(k)H

where T̄i

(k)H

= T̃i

(C.2)

(k)

Ei .

As Pmax and Pmask (fk ) are predetermined values and from (H.3), Li is maximized
if we maximize
∑
(k)H (k)
(k)H (k) −1 (k)H (k) −1 (k)
(k)H −1 (k)
{−tr(T̄i T̄i )+log |I+ T̄i Ei
Hd(i),i Cd(i) Hd(i),i Ei
T̄i |}
L′i =
k∈ΨK

(C.3)
Following the routine of using Hadamard inequality (e.g., [53], [46]), applying the
Hadamard’s inequality [66] to the second term of (C.3), we have:
L′i

≤

∑
k∈ΨK

(k)H (k)
{−tr(T̄i T̄i )

+

M
∑

(k)H

log(1+diags {T̄i

(k) −1 (k)H (k) −1 (k)
(k)H −1 (k)
T̄i })}
Hd(i),i Cd(i) Hd(i),i Ei

Ei

s=1

(C.4)
where diags (.) is the (s, s) diagonal element of a matrix (.).
(k)H

The equality happens when T̄i

(k) −1

Ei

(k)H

(k) −1

(k)

(k)H −1

Hd(i),i Cd(i) Hd(i),i Ei

(k)

T̄i

agonal matrix. This is the case if there exists an orthonormal matrix

is a di-

(k)
T̄i

that
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(k) −1 (k)H (k) −1 (k)
(k)H −1
Hd(i),i Cd(i) Hd(i),i Ei
.

diagonalizes the matrix Ei
(k)H

T̄i

(k)

T̄i

= I and
(k)−1

T̄i
(k)

where Λi

Hence, we should have

(k) −1

Ei

(k) −1

(k)H

(k)H −1

(k)

Hd(i),i Cd(i) Hd(i),i Ei

(k)

T̄i

(k)

= Λi

(C.5)

is a M × M diagonal matrix.
(k)

(k)

Multiplying both sides of (H.4) by T̄i , then Ei , we have:
(k) −1

(k)H

(k)H −1

(k)

Hd(i),i Cd(i) Hd(i),i Ei
(k)H

Recall that T̄i
(k)H

(k) −1

(k)H

= T̃i
(k)

(k)

Hd(i),i Cd(i) Hd(i),i T̃i

This concludes the proof.

(k)

Ei

(k)

T̄i

(k)

(k)

(k)

= Ei T̄i Λi .

and the above Cholesky decomposition we have:
(k)

(k)H

= Ei Ei

(k)

(k)

T̃i Λi

(k)

(k)

(k)

(k)

= [Ai + (αi + γi )I]T̃i Λi .
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PROOF OF THEOREM 4

To establish the convergence of the distributed algorithm, one can ﬁnd a Lyapunovtype function of the precoding matrices and show that the function is non-decreasing
and upper-bounded [48]. Deﬁne such a function as the total network throughput:
def

Γ(T̃) =

∑

Ui (T̃i , T̃−i )

i∈ΦN
′

= Ui (T̃i , T̃−i ) +

∑

(k)H

{tr(T̃i

(k)

(k)

(D.1)

(k)

Ai T̃i ) + R−i (T̃j , T̃−j )}

k∈ΨK
(k)

def

where R−i (T̃j , T̃−j ) =

∑

(k)

j∈{ΦN \i}

Rj (T̃j , T̃−j ) is the total throughput from all

users except user i on frequency band k.
During the training window, a node can use either Gauss-Seidel (sequential) or
Jacobi (parallel) methods to update its precoding matrices. If using the sequential
def

updating mechanism, at the iteration step (t + 1) of user i: T̃ = T̃(t + 1) =
T̃i (t + 1) ∪ T̃−i (t).
We have:
Γ(T̃(t + 1))

∑

′

= Ui (T̃(t + 1)) +

(k)H

{tr(T̃i

(k)

(k)

(k)

(t + 1)Ai T̃i (t + 1)) + R−i (T̃(t + 1))}

k∈ΨK

′

≥ Ui (T̃(t)) +

∑

(k)H

{tr(T̃i

(k)

(k)

(k)

(t + 1)Ai T̃i (t + 1)) + R−i (T̃(t + 1))}

k∈ΨK

=

∑
i∈ΦN

Ui (T̃(t)) +

∑
k∈ΨK

(k)

(k)

(k)

tr{(T̃i (t + 1) − T̃i (t))

∂R−i (T̃)
(k)
∂ T̃i

(k)

(k)

+ (R−i (T̃(t + 1)) − R−i (T̃(t)))}.
(D.2)

(k)

In the above, we have used the expression of Ai

in (B.4) and the fact that

T̃i (t + 1) is the new optimal solution of link i. To prove that the second summation
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in the last equality of (D.2) is nonnegative, we now can follow a similar method used
(k)

(k)

in [110] and [53] by verifying the convexity of R−i (T̃) w.r.t. to T̃i

(checking the

positive deﬁniteness of its Hessian). Consequently, the total network throughput
is a non-decreasing function of the latest precoding matrices at user i (simulations
conﬁrm this in Fig. 2.3(a)), i.e.,
Γ(T̃(t + 1)) ≥ Γ(T̃(t)).
An upper bound on Γ(T̃) can be easily shown under the power limitation and
perfect interference cancelation (or interference-free) assumption. Therefore, the
distributed algorithm under the sequential updating procedure must converge. The
converged point must be a NE, otherwise one user can still unilaterally improve its
′

return Ui (T̃i , T̃−i ) (which violates the convexity of the individual problem (3.29)).
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We ﬁrst have the following proposition:
Proposition 4 Let P ∗ = tr(T̃u

(k)H

T̃u ) and c∗ = Ru be the power and rate allo(k)

(k)

(k)

cated on band fk of link u at a NE of the game (3.8), then this precoder T̃u is also
a solution to the below problem:
(k)

maximize Ru
(k)
{T̃u }

s.t.
(k)

Proof: Assume that T̃u
precoder

(k)′
T̃u

(E.1)

(k)H (k)
tr(T̃u T̃u )

∗

≤P .

is not a solution to problem (E.1) then there exists a

that requires at most power of P ∗ but achieves a rate Ru > c∗ . In
(k)

other words, it is possible for link u to reduce its transmit power to achieve an exact
rate of c∗ . This contradicts to the fact that T̃u is a part of the solution at the NE
(k)

where no one beneﬁts (i.e., reducing its allocated power) from unilaterally changing
(k)



their responses. Then, T̃u must be a solution of (E.1).

From the deﬁnition of Qf easible (c) (3.10), we have the following inequality ∀u ∈
ΦN and ∀k ∈ ΨK :
−1

(k)
(k)
cu ≥ log |I + |T̃(k)H
H(k)H
H(k)
u
u,u Cu
u,u T̃u |
)
(
(k)H (k) −1 (k)
(k)
)
C
H
)eig
(H
T̃
≥ log 1 + tr(T̃(k)H
max
u
u,u
u,u
u
u

(E.2a)
(E.2b)

where the inequality (E.2b) follows from the Proposition 4 with the RHS of (E.2b)
(k)

is a lower-bound of the rate Ru in problem (E.1). The lower-bound is achieved
(k)H

(k) −1

by doing a suboptimal water-ﬁlling over matrix Hu,u Cu
(k)H

tr(T̃u

(k)

(k)H

(k)

Hu,u where all power
(k) −1

T̃u ) is allocated on the subchannel eigmax (Hu,u Cu

(k)

Hu,u ) and zero

power on others (a more general problem is considered in Section 3.4).
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On the other hand, let V be the unitary matrix that diagonalizes matrix
(k)H

(k) −1

Hu,u Cu

(k)

(k)

Hu,u and the diagonal matrix Wu

(k)H (k) −1 (k)
Hu,u Cu
Hu,u ,

contain eigenvalues of matrix

we have:
(k)H (k)H (k)−1 (k) (k)
Vu,u
H̃u Cu H̃u Vu,u = Wu(k) .

(E.3)

Then,
(k)
(k)−1 (k)H (k)H
Cu(k) = H(k)
Vu Hu,u
u,u Vu Wu

(E.4a)

(k)−1 (k)H (k)H
(k) (k)
Vu Hu,u )
(E.4b)
tr(C(k)
u ) = tr(Hu,u Vu Wu
∑
1
(k)H (k) (k)H (k)
(k)
(k)−1 (k)H (k)H M
Vu Hu,u |
M (1 + Ipu (k)) +
tr(Hu,j Hu,j T̃j T̃j ) ≥ M |H(k)
u,u Vu Wu
j∈ΦN \{u}

(E.4c)
M (1 + Ipu (k)) +

∑

(k)H

(k)

(k)H

tr(Hu,j Hu,j T̃j

j∈ΦN \{u}

M (1 + Ipu (k)) +

∑

(k)H

(k)

(k)H

tr(Hu,j Hu,j )tr(T̃j

1

1

(k)

(k) M
T̃j ) ≥ M |H(k)H
u,u Hu,u |

(k)

eigmax (Wu )

1

(k)

(k) M
T̃j ) ≥ M |H(k)H
u,u Hu,u |

j∈ΦN \{u}

(1 + Ipu (k)) +

1
M

∑

(k)H

(k)
tr(H(k)H
u,u Hu,u )tr(T̃j

(k)

1

(k) M
T̃j ) ≥ |H(k)H
u,u Hu,u |

j∈ΦN \{u}

(E.4d)
1
(k)

eigmax (Wu )
(E.4e)
1
(k)

eigmax (Wu )
(E.4f)

(k)H

eigmax (Wu(k) ) ≥
1 + Ipu (k) +

(k)

1
M

|Hu,u Hu,u |
(k)
∑ tr(H(k)H
u,j Hu,j )
j∈ΦN \{u}

M

(E.4g)
(k)H (k)
tr(T̃j T̃j )

where (E.4c) follows by recalling the noise-plus-interference covariance matrix on
the LHS of (E.4b) and applying the identity tr(A) ≥ |A|1/n [47] for any n × n
n

positive semi-deﬁnite matrix A to the RHS of (E.4b). (E.4e) follows from applying
the identity tr(AB) ≤ tr(A)tr(B) to the LHS of (E.4d).
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From inequalities (E.4g) and (E.2b), we get
(k)H

tr(T̃u

cu ≥ log(1 +

1 + Ipu (k) +

(k)

(k)H

(k)

1

T̃u )|Hu,u Hu,u | M
)
(k)H (k)
∑ tr(Hu,j
Hu,j )
(k)H (k)
tr(
T̃
T̃
)
j
j
M

(E.5a)

j∈ΦN \{u}

(k)H

(2cu − 1)(1 + Ipu (k)) ≥ Gk (u, :) × [tr(T̃1

(k)H

(k)

T̃(k)
T̃1 ), . . . , tr(T̃(k)H
u ), . . . , tr(T̃N
u

(k)

T̃N )]T

(E.5b)
c1
cN
G−1
− 1]T × (1 + Ipu (k)) ≥ [tr(T̃1
k × [2 − 1, . . . , 2

(k)H

(k)H

T̃(k)
, tr(T̃(k)H
u
u ), . . . , tr(T̃N

(k)

(E.5c)

(k)

(E.5d)

T̃1 ), . . .

T̃N )]T .

where the inequality (E.5d) follows from the assumption that Gk is a P-matrix,
hence invertible [11].
It is clear that we can set a ﬁnite (bounded) power allocation vector p so that
the inequality (E.5d) becomes equality. Hence, all rate demands can be met with
a bounded power allocation vector p. In other words, Qf easible (c) contains at least
one bounded p if Gk is a P-matrix.
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As d ∈ Qasymp (c) then by the deﬁnition of limit directions, there exists a sequence
{pn } and a sequence {νn } so that:
cu = Ru (pn ) =

∑

Ru(k) ≥

k∈ΨK

∑

)
(
(k)H (k) −1 (k)
(k)
)
H
T̃
)eig
(H
C
log 1 + tr(T̃(k)H
max
u
u,u
u,u
u
u

k∈ΨK

(F.1a)


=

∑
k∈ΨK



log 1 +



T̃u )|Hu,u Hu,u | M


(k)
∑ tr(H(k)H
H
)
(k)H (k) 
u,j
u,j
tr(T̃j T̃j )
M

(k)H

tr(T̃u
1 + Ipu (k) +



(k)H

(k)

(k)

1

j∈ΦN \{u}

(F.1b)


≥

∑
k∈ΨK



log 1 +


(k)H (k) 1
(k)
(k)H 1
T̃ )|Hu,u Hu,u | M
νn u

1+Ipu (k)
νn

tr(T̃u
∑
+

j∈ΦN \{u}

(k)
tr(H(k)H
u,j Hu,j )

M

(k)H 1
(k)
T̃ )
νn j

tr(T̃j

(F.1c)
n→+∞

= Ru′ (d)

∀u ∈ ΦN .

(F.1d)

where (F.1a) follows similar arguments in (E.2b). (F.1b), (F.1c), and (F.1d) follow
from (E.4g), (3.9), and the deﬁnition of d, respectively.
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We start by introducing a VI problem.
Deﬁnition of a VI problem:[88] Given a subset K of the Euclidean ndimensional space Rn and a mapping F : K → Rn , the VI problem VI(K, Rn )
is to ﬁnd a vector xopt ∈ K so that:
(x − xopt )T F (xopt ) ≥ 0, ∀x ∈ K.

(G.1)

In the following, we state the suﬃcient conditions [88] for the existence and
uniqueness of a solution to the above VI problem when the set K has a Cartesian
N
∑
structure, i.e., K = K1 × K2 × . . . × KN (where Ku ∈ Rnu and
nu = n).
u=1

Theorem 23 Given that the set K has a Cartesian structure, the above VI(K, Rn )
problem admits a unique solution xopt if Ku is closed and convex and F is continuous
uniformly-P function, i.e, there exists a positive constant α such that:
2

max (xu − x′u )T (F (xu ) − F (x′u )) ≥ α xu − x′u

1≤u≤N

∀xu , x′u ∈ Ku . (G.2)

As the set of precoding matrices of each player in the game (3.33) are complex
matrices. To reformulate the game (3.33) as a VI problem, we use the following
isomorphism to map the complex matrix domain to the Euclidean domain:
]
[
def
(K) T
(1) T
(K) T
(1) T
vec(T̃u )= ℜ[vec(T̃u )] , ..., ℜ[vec(T̃u )] , ℑ[vec(T̃u )] , ..., ℑ[vec(T̃i )] ↔ x ∈ R2KM M
(G.3)
where vec() is a matrix operator that stacks columns (from left to right) of an m × n
matrix to form an mn × 1 vector.
The gradient of a matrix function (.) w.r.t T̃u is:
[
T
T
def
∂(.)
∇(.) = ℜ[vec( ∂(.)
(1)∗ )] , ..., ℜ[vec(
(K)∗ )] , ℑ[vec(
∂ T̃u

∂ T̃u

T

(1)∗ )] , ..., ℑ[vec(

∂(.)
∂ T̃u

∂(.)

T

(K)∗ )]

∂ T̃u

]
.
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We are now ready to map the game (3.33) to a VI problem. If all conditions in
Theorem 7 are met, the strategy set of each player u, denoted by Qu ∈ CM ×KM , is
nonempty. Additionally, it is also easy to verify that Qu is convex and bounded (see
Section 3.4). Hence, problem (3.7) is a convex problem. The following inequality
features the necessary (and then also the suﬃcient) condition for a strategy T̃opt
u to
be the best response:
(T̃u − T̃opt
u ) • ∇Uu (T̃u , T̃−u ) ≤ 0 ∀T̃u ∈ Qu

(G.4)

where A • B = vec(A)T vec(B).
def

Lets deﬁne Q = Q1 × . . . QN and F = F1 × . . . × FN with Fu = −∇Uu (T̃u , T̃−u ).
def

def

def

By comparing (G.4) with the above deﬁnition of a VI problem, the strategy set
opt
opt
T̃opt = [T̃opt
is a solution
1 × . . . × T̃N ] is a NE of the game (3.33) if and only if T̃
def

of the VI(Q, F ) problem. Therefore we can rely on VI theory to analyze the game
(3.33).
Let T̃ = [T̃1 × . . . × T̃N ] and T̃′ = [T̃′1 × . . . × T̃′N ] be two diﬀerent strategy set
def

def

of the strategy space Q of the game (3.7), then:
F (T̃′u ) = ∇Uu (T̃′u , T̃′−u ) = T̃′u
F (T̃u ) = ∇Uu (T̃u , T̃−u ) = T̃u .

(G.5)

Consequently, we have:
vec(T̃u − T̃′u )T vec(F (T̃u ) − F (T̃′u )) = 1||vec((T̃u − T̃′u ))||2 .

(G.6)

The above inequality exactly meets the condition (G.2) so that the mapping F is
a continuous uniformly-P function. Moreover, Q has a Cartesian structure. Hence,
the VI(Q, F ) problem has a unique NE, so does the game (3.7).
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We rewrite the Lagrangian function in (3.38) as follows:
Lu (T̃u , λu ) =

∑
(k)
(K+1)
(k)H
{−tr(T̃(k)
)+A(k)
)
u [I(1 + λu + λu
u ]T̃u

k∈ΨK
−1

(k)
(k)H (k)H (k)
+λ(0)
Hu,u Cu
H(k)
u,u T̃u |}
u log |I + T̃u

(H.1)

(0)
∑ λ(K+1)
λu
u
(k)
(
+
+ λu Pmask (fk ) −
cu ).
K
K
k∈Ψ
K

Applying the following Cholesky decomposition
(k)

(k)H

(K+1)
[I(1 + λ(k)
)+A(k)
u + λu
u ] = Ei Ei

(H.2)

we have:
Lu (T̃u , λu )
∑
(k) (k)H (k)H
(k)H (k)H (k) −1 (k) (k)
{−tr(T̃(k)
T̃u ) + λ(0)
Hu,u Cu
Hu,u T̃u |}
=
u Ei Ei
u log |I + T̃u
k∈ΨK
(0)
∑ λ(K+1)
λu
u
(k)
−
(
+ λu Pmask (fk ) −
cu )
K
K
k∈ΨK
∑
(0)
(k)H (k)−1 (k)H (k) −1 (k) (k)H−1 (k)
T̄(k)
Eu Hu,u Cu
Hu,u Eu
T̄u |
= {−tr(T̄(k)H
u
u ) + λu log |I+ T̄u
k∈ΨK
(0)
∑ λ(K+1)
λu
u
(k)
−
(
+ λu Pmask (fk ) −
cu )
K
K
k∈Ψ
K

≤

M
∑
∑
(k) −1 (k) (k)H−1 (k)
(0)
(k)
T̄u ))
Hu,u Eu
H(k)H
E(k)−1
)
+
λ
log(1+diags (T̄(k)H
T̄
{−tr(T̄(k)H
u,u Cu
u
u
u
u
u
s=1

k∈ΨK

−

∑
k∈ΨK

(

(K+1)
λu

K

(0)

+

λ(k)
u Pmask (fk )

λu
−
cu )
K
(H.3)

169
(k)H

where T̄i

(k)H

= T̃i

(k)

Ei

and the last inequality follows from the Hadamard in-

equality and diags (.) is the (s, s) diagonal element of a matrix (.).
(k)H

Lu (T̃u , λu ) is maximized if matrix T̄u

(k)−1

Eu

(k)H

(k) −1

Hu,u Cu

(k)

(k)H−1

Hu,u Eu

(k)

T̄u is di-

(k)

agonal. This is the case if there exists an orthonormal matrix T̄u that diagonalizes
(k)−1

the matrix Eu

(k) −1

(k)H

Hu,u Cu

(k)

(k)H−1

Hu,u Eu

(k)H

. Hence, we should have T̄u

(k)

T̄u = I

and
−1

(k)H−1 (k)
(k)
T̄u = Π(k)
H(k)
H(k)H
E(k)−1
T̄(k)H
u
u,u Eu
u,u Cu
u
u

(H.4)

(k)

where Πu is a M × M diagonal matrix.
(k)

(k)

Multiply both sides of (H.4) by T̄u , then Eu , we have:
−1

(k)
(k)H
H(k)
H(k)H
u,u Eu
u,u Cu
(k)H

Recall that T̄u

(k)H

= T̃u

−1

(k) (k) (k)
T̄(k)
u = Eu T̄u Πu .

(k)

Eu . Using the Cholesky decomposition in (H.2), we

have:
−1

(k)H (k)
(k)
(k) (k)H (k) (k)
(K+1)
(k) (k)
Hu,u
Cu
H(k)
T̃u Πu = [I(1 + λ(k)
)+A(k)
u,u T̃u = Eu Eu
u + λu
u ]T̃u Πu .

This concludes the proof.
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To establish the convergence of the distributed algorithm, we construct a Lyapunovtype function Γ of the set of the precoding matrices T̃ and show that the function
is non-increasing and lower-bounded (similar approaches can be found in [48][72]).
We deﬁne a Lyapunov function as:
∑
∑
∑ ∑
′
(k)
tr{T̃(k)H
[I
+
HH
Γ,
−Uu (T̃u , T̃−u ) =
i,u Hi,u ]T̃u }.
u
u∈ΦN k∈ΨK

u∈ΦN

At the nth iteration step :
∑
∑ ∑
(k)
HH
tr{T̃(k)H
(n)[I
+
Γ(n) =
i,u Hi,u ]T̃u (n)}
u
u∈ΦN k∈ΨK

(I.1)

i̸=u

(I.2)

i̸=u

(k)

where T̃u (n) is the set of precoding matrices of the transmitter u at the nth iteration. We have the following observations:
(k)

Observation 1 For each transmitter u ∈ ΦN , Γ(n) is a convex function of T̃u (n).
(k)

This observation is due to the fact that the Hessian of Γ(n) w.r.t T̃u (n) is positivedeﬁnite as follows.
H(Γ(n)) ,

∂ 2 Γ(n)
(k)
∂ 2 T̃u

=I+

∑

HH
i,u Hi,u ≻ 0.

(I.3)

i̸=u

Hence:
Γ(n − 1)
≥ Γ(n) +

∑
k∈ΨK

≥ Γ(n) +

∑

k∈ΨK

tr{[

∂Γ
(k)
∂ T̃u

(tr{[

∂Γ
(k)
∂ T̃u

(k)
]H (T̃(k)
|T̃(k)
(k)
u (n − 1) − T̃u (n))}
u =T̃u (n)

]H T̃(k)
|T̃(k)
(k)
u (n − 1)} − tr{[
u =T̃u (n)

∂Γ
(k)
∂ T̃u

]H T̃(k)
|T̃(k)
(k)
u (n)}).
u =T̃u (n)
(I.4)
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Observation 2
′

−Uu (T̃u (n), T̃−u (n − 1)) =

∑

tr{T̃(k)H
(n)[I +
u

k∈ΨK

=

∑

tr{([I +

k∈ΨK

=

∑

∑

∑

(k)
HH
i,u Hi,u ]T̃u (n)}

i̸=u
(k)
H (k)
Hi,u HH
i,u ]T̃u (n)) T̃u (n)}

i̸=u

tr{[

k∈ΨK

∂Γ
∂ T̃u

|T̃u =T̃(k)
]H T̃(k)
u (n)}.
u (n)

Moreover, using the Gauss-Seidel iteration method, we have:
( ′
)
(
)
′
(k)
(k)
T̃u (n) = arg max Uu (T̃u , T̃−u (n − 1)) = arg min −Uu (T̃u , T̃−u (n − 1))
T̃u

T̃u

Hence:
∑
k∈ΨK

tr{[

∂Γ
(k)
∂ T̃u

|T̃(k)
]H T̃(k)
(k)
u (n)} ≤
u =T̃u (n)

∑
k∈ΨK

tr{[

∂Γ
(k)
∂ T̃u

|T̃(k)
]H T̃(k)
(k)
u (n − 1)}.
u =T̃u (n)
(I.5)

From (I.4) and (I.5), we get:
Γ(n − 1) ≥ Γ(n).
In other words, Γ is a non-increasing function. Intuitively, at each iteration, transmitters solve the per-user optimization (3.33) to minimize their required transmit
power and interference. Hence, Γ, which represents the total power and interference
from all transmitters in the network at the next iteration, must be a non-increasing
function. Γ is simply bounded from below by zero. Thus, the Algorithm 3 must
converge. The converged point must be a NE, otherwise one user can still unilat′

erally improve its return Uu (T̃u , T̃−u ) (that violates the convexity of the individual
problem (3.33)).
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(i)

First, using Hospotal’s rule, one can verify that f (ai,k , Ps,k ) is continuous w.r.t. ai,k
when ai,k = 0. The feasible region of problem (4.17) is an intersection of half-spaces
(i)

and convex regions, hence (17) is convex w.r.t. (ai,k , Ps,k ). The objective function
(i)

is a summation of N functions g(ai,k , Ps,k ) where:
(i)

g(ai,k , Ps,k ) = log(

∑

(i)

f (ai,k , Ps,k ) − ci ).

k∈ΨK
(i)

Let’s rewrite g as a composite function g = h(v(ai,k , Ps,k )), where h(x) = log(x −
∑
(i)
(i)
(i)
ci ) and v(ai,k , Ps,k ) =
f (ai,k , Ps,k ). v is a concave function in (ai,k , Ps,k ), as
k∈ΨK

it is the summation of perspective functions of concave functions log(1 + x) (the
perspective function of a concave function is concave[16]). Additionally, h(x) =
log(x − ci ) is a nondecreasing function w.r.t. x. Hence, the composite function
(i)

g = h(v(ai,k , Ps,k )) is concave [16].
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Algorithm 4 is a form of the solution to the Network Utility Maximization (NUM)
problem in [52, 63]. Following the same procedure in [52, 63] to establish the convergence of Algorithm 4 can be very cumbersome since our utility function has a much
more complicated form than those in [52, 63]. We present an alternative proof. We
have to show:
1. The distributed algorithm converges.
2. The converged point is the globally optimal solution of the problem (4.17).
For the convergence, we prove that the dual function D(αi,k , γi , βi , ρk ) is nonincreasing and bounded from below. It is clear that the dual function is always
lower-bounded by the objective function of the primal problem which again can be
bounded from below by its value at any feasible solution. Next, lets consider the
(t)

(t)

(t)

(t)

diﬀerence of the dual function between two consecutive iterations (αi,k , γi , βi , ρk )
(t+1)

(t+1)

and (αi,k , γi
(t+1)

(t+1)

D(αi,k , γi
(t+1)

(t+1)

, βi

(t+1)

, βi

(i)(t+1)

= L(ai,k , Ps,k

(t+1)

, ρk

(t+1)

) in equation (K.1) and (K.2).
(t)

(t)

(t)

(t)

, ρk

) − D(αi,k , γi , βi , ρk )

(t+1)

(t+1)

, αi,k , γi

(t+1)

, βi

(t+1)

, ρk

(t)

(i)(t)

(t)

(t)

(t)

(t)

) − L(ai,k , Ps,k , αi,k , γi , βi , ρk )
(K.1)

(t+1)

(i)(t+1)

= L(ai,k , Ps,k
(t+1)

(i)(t+1)

+ L(ai,k , Ps,k

(t+1)

(t+1)

, αi,k , γi
(t+1)

(t)

(t+1)

, ρk

(t)

(t)

, βi

(t+1)

(t+1)

(i)(t+1)

) − L(ai,k , Ps,k
(t)

(i)(t)

(t)

(t)

(t)

(t)

(t)

(t)

(t)

, αi,k , γi , βi , ρk )

(t)

, αi,k , γi , βi , ρk ) − L(ai,k , Ps,k , αi,k , γi , βi , ρk )

∂L
∂L ∂L
∂L
∂L
∂L T
,...,
,
,...,
,...,
,...,
]
∂α1,1
∂αN,K ∂β1
∂βN
∂ρ1
∂ρK
∂L
∂L ∂L
∂L
∂L
∂L
×[
,...,
,
,...,
,...,
,...,
]+0
∂α1,1
∂αN,K ∂β1
∂βN
∂ρ1
∂ρK

≤ −η[

≤0
(K.2)
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The inequality follows from the two facts. First, L is convex w.r.t. (αi,k , γi , βi , ρk )
and for suﬃciently small step-size η, the descent direction update in (4.23) al(i)

(t)

(i)(t)

ways reduces L while ﬁxing (ai,k , Ps,k ). Second, (ai,k , Ps,k ) are maximizers of
(t)

(i)(t)

(t)

(t)

(t)

(t)

(t)

(t)

(t)

(t)

L(ai,k , Ps,k , αi,k , γi , βi , ρk ) (found from solving N parallel local problems (4.22)
while ﬁxing (αi,k , γi , βi , ρk )).
Next, we show that the converged point meets the K.K.T. conditions of the
convex problem (4.17), hence it is the globally optimal solution. From inequality
(K.2), at the converged point, the equality happens, then:
(t+1)

(i)(t+1)

L(ai,k , Ps,k

(t+1)

(t+1)

, αi,k , γi

(t+1)

, βi

(t+1)

, ρk

(t+1)

(i)(t+1)

) = L(ai,k , Ps,k

(t)

(t)

(t)

(t)

, αi,k , γi , βi , ρk )
(K.3)

and
(t+1)

(i)(t+1)

L(ai,k , Ps,k

(t+1)

(t)

(t)

(t)

(t)

(i)(t)

(t)

(t)

(t)

(t)

, αi,k , γi , βi , ρk ) = L(ai,k , Ps,k , αi,k , γi , βi , ρk ).

(K.4)

(i)

Since L is concave w.r.t. (ai,k , Ps,k ) (while ﬁxing (αi,k , γi , βi , ρk )) and convex
(i)

w.r.t. (αi,k , γi , βi , ρk ) (while ﬁxing (ai,k , Ps,k )). (K.3) and (K.4) happen if and only
(t+1)

(i)(t+1)

if the gradient of L(ai,k , Ps,k
ishes and

(t+1)
(i)(t+1)
(ai,k , Ps,k
)

(t+1)

(t+1)

, αi,k , γi , βi , ρk ) at (αi,k , γi

are also maximizer of

(t+1)

, βi

(t+1)

, ρk

) van-

(i)
(t)
(t)
(t) (t)
L(ai,k , Ps,k , αi,k , γi , βi , ρk ).

In

other words:
∂L
∂L
∂L
∂L
∂L
=
=
=
=
=0
(i)
∂αi,k
∂βi
∂ρk
∂ai,k
∂Ps,k

(K.5)

∀i ∈ ΦN , ∀k ∈ ΨK , and s = {1, . . . , M }.
This is exactly the K.K.T. conditions of the convex problem (4.17).
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