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ABSTRACT

A technique is developed to remotely determine the refractive
index and size distribution of atmospheric particulates.

The method

described here relies upon measurements of the polarization state of
light scattered by the aerosol particles contained in a volume of air
as a function of the scattering angle.

These measurements are, however,

a function of both the particulate refractive index and the particle
size distribution.

The apparatus used to measure the scattered light is

a bistatic lidar.
In order to obtain an estimate of the refractive index alone,
knowledge of the form of the size distribution is necessary.

To this

end, an auxiliary set of measurements comprised of spectral optical depth
values is used to infer a columnar particle size distribution which
represents the aerosol particles throughout the vertical extent of the
atmosphere.

The advantage in using these measurements to infer the

columnar particle size distribution lies in the weak sensitivity of the
spectral optical depth values to particulate refractive index.
If the assumption is made that the form of the size distribution
as a function of particle radius is independent of the altitude at which
the particles are suspended, the columnar size distribution and the
distribution sampled by the bistatic lidar (unit volume distribution)
differ by a proportionality constant.

ix

A scaled columnar distribution is

X

therefore used as an estimate of the unit volume distribution, and a
grid search optimization procedure is used to determine the refractive
index which best fits the angular scattering data.
Having determined an optimum refractive index, a numerical
inversion is then performed on the angular scattering data to derive a
unit volume size distribution.

The unit volume size distribution is

compared to the scaled columnar distribution to assess the validity of
the assumption that the form of the size distribution is independent of
altitude.
The specific procedures used to measure the angularly scattered
radiation using the bistatic lidar are described, with emphasis on the
accompanying experimental errors.

The effect of the experimental errors

on the inversion of angular scattering data to obtain a unit volume size
distribution are investigated in detail.
The method is applied to two simulated data cases and shown to
yield the correct estimate of refractive index, as well as a reasonably
accurate estimate of the particle size distribution.

The method is then

applied to two real data cases, yielding realistic results for both
particulate refractive index and size distribution.

CHAPTER 1

INTRODUCTION

The atmosphere is primarily composed of gaseous constituents:
oxygen, nitrogen, argon, carbon dioxide, and water vapor.

However, a

wide variety of microscopic particles are also suspended in the atmo
sphere. These microscopic particles, also called particulates or aerosol
particles, can exert a significant influence on atmospheric behavior and
on human health in spite of their small sizes and low concentrations.
The particulates are comprised of either solid particles or liquid drop
lets which range in size from less than 0.01 micron to larger than
about 10 microns.
The physical and chemical properties of these particulates vary
widely depending on the nature and location of the production mechanisms.
In addition, they move about readily in the atmosphere, being transported
over the earth's surface by the large scale motion of the air mass in
which they are suspended.

Moreover, the smallest particles also move

about by the action of Brownian motion while the largest are influenced
by gravitational forces.

In general therefore, one cannot make defini

tive statements regarding the properties of particulates which exist in
the atmosphere at a given location without first conducting experiments
to determine these properties.
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Some of the ill effects of particulate matter on human health
range from the obvious and common symptoms of allergies and hay fever to
the more insidious respiratory diseases.

In a review article Fennelly

(1976) points out that deaths due to bronchitis, coronary disease, pneu
monia and respiratory tuberculosis followed a severe fog caused by a
buildup of particulates in London in December of 1952.

A similar

episode had occurred in Donora, Pennsylvania in 1948, when several
thousand people became seriously ill due to the increased levels of
particulate matter.

Fennelly also points out that in Japan, the fre

quency of diseases such as bronchitis, bronchial asthma, and pulmonary
edema has been linked to sulfuric acid mist and suspended dust particles.
Although the specific types of particles which cause the most
problems are not definitely known, those particles which are smaller
than a few microns in diameter are the primary suspects.

Particles of

this size are capable of bypassing the body's respiratory "filters" and
penetrating deep into the lungs.

Depending upon the chemical composition

of the particles, they can cause irritation of the lung tissue and/or
impair oxygen transfer.
A visual effect which is apparent to all is the decrease in visi
bility of an object as the distance to the object is increased.

This

decrease in visibility is caused partly by the absorption and scattering
of light by the molecular constituents of the atmosphere.

The effect of

suspended particulate matter is to increase the scattering and absorption
of light and thus to further decrease the visibility of the distant
object.

The general visibility problem and its relationship to light
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scattering and absorption has been discussed by Middleton (1952).
Johnson (1954) discusses the physical aspects of the atmosphere with
particular emphasis on the propagation of optical radiation and the
interaction with atmospheric constituents.

Zuev (1974) also provides

a general treatment of atmospheric propagation in the visible and infra
red spectral regions and specifically discusses the visibility problem.
The decrease in visibility is but one example of the effect
which suspended particulates have on radiation which propagates in the
atmosphere.

In general, the processes of particulate absorption and

scattering modify the transfer of radiation and can be extremely impor
tant when considering the transfer of solar radiation.

Differences of

opinion exist as to whether the net effect of particulates is to in
crease the radiation reflected by the atmosphere or increase the amount
of radiation which is trapped within the atmosphere.

The former would

result in a decrease in the temperature of the earth-atmosphere system
while the latter would result in an increase in the temperature.
To resolve this issue, it is necessary to know the physical
characteristics of the particulate matter, i.e., the refractive index
and the size distribution of the aerosol particles.
have attempted to resolve the issue

Many researchers

using various methods to calculate

the radiant energy transfer and assuming certain parameters which they
believe characterize the particulates.

Calculations made by Ensor

et al. (1971) for a Junge size distribution of particulates were incon
clusive for refractive indices whose imaginary components ranged between
-3
-1
10
and 10 .

Yamamoto and Tanaka (1972) calculated the reflectivity

of the atmosphere for particulates with varying refractive indices and

concluded that if the imaginary component is less than 0.05, global cool
ing will result.

More detailed studies have been performed by Herman and

Browning (1975) and Herman, Browning, and Rabinbff (1976).
The specific effects which particulates may have upon human
health and their effects upon climatic change both depend upon the number
of particles of a given size and their physical/chemical properties,
which are represented by their complex refractive index.

It is the

purpose of this dissertation to investigate a method whereby those
properties of suspended particulates may be determined.
The method used here draws upon the fact that light scattered by
a volume of atmospheric air is (in part) dependent upon the suspended
particulates and therefore can be used to remotely detect and character
ize those particulates.

This concept, however, is not new.

The earliest

experiments using the principles of light scattering were performed by
Synge (1930), and followed by Hulbert (1937) and Johnson, Meyer, Hopkins,
and Mock (1939).

These researchers used large searchlights as the source

of optical radiation and detected the light which was backscattered from
high altitudes.
The development of the pulsed laser marked the beginning of major
progress twoard combining the theory of light scattering and the tech
nology of time flight radar in order to remotely probe the atmosphere.
Fiocco and Smullin (1963) used a ruby lidar (an acronym for light detec
tion and ranging) to make observations of the mesophere.

The first use

of lidar for meteorological purposes in the lower atmosphere was made by
Ligda (1964).

The application of lidar to remote probing of the atmo

sphere for high altitudes was described by Kent, Clemesha, and Wright
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(1967) and by Grams (1970).

A review article by Kent and Wright (1970)

summarizes the application of lidar to the general problem of atmospheric
probing.
Of all the lidar systems which are described in the literatire,
very few have been of the bistatic type, i.e., those which are capable of
measuring radiation which has been scattered through an angle other than
180°.

Reagan, Herman, and Spiegel (1970) and Reagan and Herman (1970)

describe a particular bistatic lidar system and illustrate the feasibility
of using measurements of the polarization state of the scattered radiation
to determine the size distribution of aerosol particles.

More recently,

Ward, Cushing, Peters, and Green (1973) describe the results of a
bistatic lidar experiment to determine the refractive index and sizealtitude distribution of suspended particulates.

The most recent review

of lldar monitoring of the atmosphere is given by Hinkley (1976) and
describes the applications of both raonostatic (backscatter) and bistatic
lidar systems.
All of the previously mentioned techniques made use of an
artificial light source. However, the most commonly used source of
radiation is the sun.

As sunlight propagates through the atmosphere, a

fraction of the incident light is scattered and absorbed by the molecular
constituents and suspended particulates.

The lrradlance of the directly

transmitted sunlight reaching the ground is therefore diminished over
that which is incident at the "top" of the atmosphere.

The degree of

attenuation is determined by the particulate size distribution and hence
can be used to remotely monitor the particulates.
can be applied using broadband spectral radiation.

This general principle
However, more
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definitive Information regarding the particulate size distribution can be
obtained by filtering the sunlight into narrow spectral bands.

This

technique was first applied by Angstrom (1929) who determined an empir
ical relation between the atmospheric attenuation and wavelength.
O

Junge

„

(1963) showed that Angstrom's empirical relation was to be expected for
a particle size distribution which obeyed a power law for particle radii
extending from 0 to «>.
The techniques of relating spectral attenuation measurements to
particle size distributions have been actively explored.

Curcio (1961)

attempted to explain his spectral attenuation measurements by fitting
measured data to theoretical values which were generated using various
model size distributions.

Yamamoto and Tanaka (1969) and Grossl (1971)

performed a numerical Inversion on the spectral attenuation data to
obtain size distributions as did King, Byrne, Herman, and Reagan (1978).
Grassl (1971) and King et al. (1978) both measured the attenuation of sun
light while Curcio.(1961) and Yamamoto and Tanaka (1969) used an arti
ficial light source and measured the attenuation after propagation in a
horizontal path.
Up to this time no one has attempted to combine spectral
attenuation data and angular scattering data to determine the particulate
size distribution.

The method has distinct advantages since a determina

tion of both the refractive index and particle size distribution is
available.

As In any experimental situation, certain assumptions must

be made to make the analysis tractable.

It will be assumed here that

single refractive index characterizes all particles.

The form of the

size distribution as a function of particle radius will also be assumed
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to be constant, independent of the altitude above ground.

These two

assumptions may or may not be satisfied in the atmosphere on any given
day.

However, the method of analysis described here provides a test

to evaluate the validity of the second assumption.
The method will be applied to two sets of simulated measurements
and will be shown to predict the correct refractive index and size
distribution.

It will then be applied to two real data cases.

The

results will be discussed and compared with the simulated data cases.
Chapter 2 discusses the interaction of an electromagnetic wave
with a spherical particle, with emphasis on the pertinent resulting
equations.

The polarization characteristics of the scattered light are

discussed and the results are generalized to describe scattering from an
ensemble of particles.
Chapter 3 describes the experimental configuration of the
bistatic lidar system.

The method used to calibrate the lidar system is

discussed and a detailed analysis of the calculation of the scattering
matrix elements is presented.

Emphasis is placed upon the propagation

of measurement errors to determine the resulting matrix element errors.
Chapter A discusses a method whereby the refractive index of the
particulates may be determined.

The method makes use

of an auxiliary

set of measurements, the spectral extinction of sunlight, and uses a
search optimization procedure to determine an optimum estimate of the
refractive index.
Chapter 5 discusses the mathematical nature of the inversion of
angular scattering data to obtain a particle size distribution.

The
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effect of data errors is discussed with specific emphasis on the number
of independent inferences which can be derived from a set of measurements.
Chapter 6 describes the results of two experiments which were
conducted using the bistatic lidar system.

The resulting particle si2e

distributions are presented and discussed as well as the inferred
particulate refractive index.
Chapter 7 summarizes the method of analysis and the results
presented in this dissertation.
future research are outlined.

Suggestions for improvements and for

CHAPTER 2

THEORY OF LIGHT SCATTERING BY SPHERICAL PARTICLES

2.1

Introduction

The purpose of this chapter is to provide a description of the
physical theory which forms the basis of the optical remote sensing
measurement, i.e., the theory of light scattering by spherical particles.
As many excellent treatments of this subject appear in the literature,
an exhaustive presentation will not be given here.

Instead, the salient

features of this scattering theory will be discussed and the derivation
of a few pertinent equations will be outlined. More detailed derivations
of the equations discussed here can be found in standard texts on classi
cal electricity and magnetism such as Jackson (1962) and Stratton (1941)
or in treatises more specifically.concerned with light scattering such
as Hulst (1957) and Kerker (1969).
The application of spherical particle scattering theory to atmo
spheric particulates is an assumption which is made to simplify the
mathematical aspects of the problem.

Typical atmospheric particles have

irregular shapes and exist in the atmosphere with random orientations.
Although some discrepancies may occur between experimental measurements
and theoretical calculations, good agreement has been demonstrated using
the spherical particle assumption by Eiden (1966) and more recently by
Reagan et al.(1977).

The particle size distribution predicted by the

forthcoming analysis will be an effective spherical particle distribution.
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Section 2.2 summarizes the method used to calculate the scattered
electric and magnetic fields of a single particle which is subjected
to a plane monochromatic, linearly polarized incident wave.

The

solutions of interest are those corresponding to the far-field or
radiation field of the particle and therefore represent energy which has
been scattered out of the incident beam.
In Section 2.3 the polarization characteristics of the scattered
light are discussed.

The Stokes parameters are defined and the single

particle transformation matrix is derived.
Section 2.4 generalizes the results of the previous two sections
to include scattering by particles of many sizes.

The "polydisperse"

transformation matrix is developed using the assumption of incoherent
or independent scattering.
Section 2.5 discusses the special case of light scattering by
Rayleigh particles.

The transformation matrix for this case is developed

and discussed.

2.2

Determination of the Scattered Fields

When an electromagnetic wave is incident upon an object possess
ing a discrete boundary and having optical constants different from those
of the surrounding medium, a scattered wave is generated.

The field

vectors which describe the electromagnetic properties of space may be
resolved into three parts—the incident wave, E^, H^, the wave inside
—^

-4-

the object, E , H , and the scattered wave, E , H , where E and H
r
r
s
s
represent the electric and magnetic field intensities, respectively.

In addition to obeying Maxwell's equations, the fields also satisfy the
homogeneous vector wave equation

(2.1)

where C represents either E or H, and s, p, and a represent, respectively,
the electric permittivity, magnetic permeability, and electrical con
ductivity of the medium.

For the scattering problem a solution to the

vector wave equation is sought for which the fields inside the particle
E , H , and the total field external to the particle E.+E , H.+H , both
r
r
i s
x s
satisfy the electromagnetic boundary conditions.

2.2.1

Derivation of the Angular Scattering Functions
In the specific case of a spherical particle, the boundary

conditions can be written in spherical coordinates, yielding a form
amenable to an analytic solution.
directly for the field vectors.

The wave equation can then be solved

Alternatively, it is possible to intro-

duce two auxiliary vectors, known as the Hertz vectors,

and

which

are related to the field vectors by the expressions

3TT

B

e ,
= yeV x —

(2.2a)

(2.2b)

H = 7(7*TT ) -u£'
m

m

(2.2c)
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D = - yeV x

.

(2.2d)

•)*
—V
The vector it is the electric Hertz vector and tt is the magnetic
Hertz
&
e
m
vector.

These vectors can be shown to satisfy the inhomogeneous wave

equation

V^-po|f 3t

,

(2.3)

St2

where if G = -P/e , thenC = tt and if G = -M, then C = it .
o
e
m

The vectors

P and M are the electric polarization and magnetization respectively.
From Eq. (2.3) it can be seen that the electric Hertz vector is the
response to an electric dipole moment while the magnetic Hertz vector is
the response to a magnetic dipole moment.

Eqs. 2.2a to 2,2d indicate

that the total fields are each comprised of two partial fields, one of
electric and one of magnetic origin.
The Hertz vectors can be derived in a simple way from two
corresponding scalar potential functions known as the Hertz-Debye
potentials.

The Hertz-Debye potentials, 7re and ir^, are defined by the

relationships

(2.4a)

- V*ir
and
v*ir

m

IT
m

(2.4b)

and are themselves solutions to the homogeneous scalar wave equation.
The problem reduces to the determination of these two scalar potentials
in spherical coordinates.

Once obtained, the field vectors are derived

by applying the appropriate boundary conditions.
Figure 2.1 illustrates the geometry for the scattering problem.
A plane wave traveling in the positive z direction is incident on a
spherical particle having radius R.

The incident electric field vector

is linearly polarized in the x direction.

The angles 0 and <j> are the

polar and azimuthal angles, respectively, of a spherical coordinate
system whose polar axis coincides with the z axis of the rectangular
coordinate system.

The angle 0 will be referred to as the scattering

angle.
The solutions for the Hertz-Debye potentials corresponding to
the scattered wave are given by
(2.5a)
tt (r,0,<}>)
e

—

k2r

/ in ^ 4n-TwY
n(n+l)

a

? (kor)]^ ^(cos0)cos<f> ,
n n *
n

2

and
(2.5b)
7T (r, e , < p )
m

—V i"*"1
b c (k2r)P^
n(n+l; n n
n
o 2 n=l

(cos6)sin4>,

k k

where the ?n(k2r) are Hankel functions of order n and argument k2r
and

(cos0) are Legendre polynomials having argument cose.

The

terms k2 and k^ are respectively the propagation constants in the

Observation
Point

Fig. 2.1.

Scattering geometry

medium surrounding the particle and in vacuum.

The constants a^ and

bn are determined by applying the electromagnetic boundary conditions
to the scattered fields. The resulting expressions are dependent
on the relative refractive index of the particle and the size of the
particle relative to the wavelength of the incident wave, and are
given by

f
3n /

\

=

»

tf> Ca) (ma) - rntjj (ma)
n
n
n
'
C (oe)i|i (ma) - m^ (ma)
n
n
n
•

ih (a)
n
'
'
c (a)
n
i

nuji (a)ij> (ma) - i|» (ma)ip (a)
bn(m,a) = —2
^
2
mc (a)ifr (ma) - ip (ma)G (a)
n
n
n
n

where a = k2R =

/ n c \
(2.6a)

,

(2.6b)

is the size parameter and m = n - is is the relative
\2

refractive index of the particle which is in general a complex
quantity.

The function ^(a) is the Ricatti-Bessel function of order

n and the primes denote differentiation with respect to the argument.
From a practical standpoint the scattered radiation is almost
always detected at distances r from the scattering particles such that
k£r>>n.

In these instances the Hankel functions then simplify to

;n(k2r) » in+1 e"lk2r ,

and
C" (k2r) = in
n

ik2r
e"

.
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The resulting expressions for the 9 and

components of the

electric and magnetic fields then become

(
0

A\ =

= _ ie"lk2r
m2
k2r

2n+l
j Pn
^ n(n+l) ^an
n=l

F

oS

bn He

(cos9>
sinQ

[PnC1)(cose)j ( ,

(2.7a)

and
00

E (r,0,<{>) = —* =
9
m2

kgr

— E cos*T 2"+* \ I a ~ [P (1)(cos9)] +
o
n(n+l) ) nd0
n
PnCl)(cos0)^
b —
7-t- >.
n
sin0 i

(2.7b)

In the far field, the scattered wave has become transverse due to the
rapid decay of the longitudinal component.

The inverse distance

dependence observed here characterizes a spherical wave diverging from
the center of the scattering particle.
PnU;(cos8)
It is common to refer to the terms
by tt (cos0) and t (cos0) respectively.
n
n

d
anc*

p (1)
n
(cos0)]

This is unfortunate since the

symbol "TT" was used to denote the Hertz-Debye scalar potentials earlier
and the symbol "t" will be used in a different context later.

It is

hoped that this will cause minimal confusion and that the meaning of
each symbol can be clearly determined from its use in context.
The scattered fields can then be written as
. -ik2r

E^(r,6,<|>) =

18fc

r—

EQsin(J) S^R^m,©) ,

(2.8a)
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.

-ik2r

and Eg(r,9,({)) = —^ ^ •

E^cosiJ) S2(R,m,9),

(2.8b)

00

.

where

S 1(R,m,Q) = £ n(n+l) <an irn(cos0) + bn tn(cos9)} ,
n=l
'

and

S2(R,m,9) =

^f^T) {an

T (cos0) + b
n
n

.(2.9a)

j

irn(cos0) .

n—1

(2.9b)

The terras Si and S2 are referred to as the scattering amplitude functions
and determine the amplitudes of two components of the scattered electric
field which are perpendicular to one another.
At this point a brief digression concerning the interpretation of
the scattered fields and potentials is appropriate.

The scattered wave

arises from oscillations of the electrons in the particle which are
excited by the incident wave.

This is expressed by the infinite series

of terms in the Debye potentials.

Each term has its origin in the density

distributions of oscillating electric and magnetic dipoles.

Each term

of equations 2.8a and 2.8b can also be considered as a "partial wave,"
the resultant field (or potential) being the sum of all "partial waves."
The amplitude and phase of each partial wave are determined by the
scattering coefficients

and b^ which depend upon the characteristics

of the particle relative to the surrounding medium and the size of the
particle relative to the wavelength of the incident radiation.
These partial waves, in turn, can be associated with oscillating
electric and magnetic multipoles.
higher order multipoles.

The higher order terms represent the

In this context, the scattering coefficients

ttl
an and bR represent the amplitude and phase of the n
order electric
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and magnetic multipole respectively, and hence, are the n

til

order

multipole moments. The scattered radiation into any given direction can
therefore be considered as a coherent superposition of multipole radia
tions, each weighted by its appropriate multipole moment.
According to Poynting's theorem, the time averaged power per unit
area (irradiance) carried by an electromagnetic wave is given by

N = ^ Re {E x H*} ,

where N is the Poynting vector.
jugate.

(2.10)

The symbol * denotes the complex con

Applying Poynting's theorem to the scattered wave, the total

power per unit area scattered in any direction is given by

+
ln i
K(6,<f)| - -f- [sin^lSitR.m.e)|2 + cos2$| S2(R,nl,9)[2],
k2r2

where

(2.11)

is the Poynting vector associated with the incident wave and

Ns(9,<{>) that of the scattered wave.
The total power scattered in all directions is determined by
integrating Eq. 2.11 over a spherical surface of radius r,

P =
s

(^it fir

|N (9,(f))j dA =
s
sphere
°
i N,0
i

0

/n
'2 f
IT

2

2

|N (0,<{>)|r2sin0d0d<{i,
s

o

o

v

2 + cos2{()
[sin2<j>|S|
|
S2|2]sin0d0di}>.
L

(2.12)
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Performing the angular integrations results in

(2.13)

(2n+l) {|aj2 + |bj2}

Examination of Eq. 2.12 indicates that the total scattered power is an
incoherent sum of the contributions from the different multipoles.
This is apparent since the equation for the total scattered power contains
the sum of squares of the electric and magnetic multipole moments.

2.2.2 Cross Sections
The differential or angular scattering cross section for a
spherical scatter is determined by dividing the power which is scattered
in a given direction 0 by the magnitude of the incident Poynting vector.
Using Eq. 2.11 this becomes
|si|2+|s2P

(2.14)

2

The dimensions of a(R,m,0) are area per steradian.

The differential

cross section represents the area which when multiplied by the incident
lrradiance gives the power scattered in a given direction per unit solid
angle. As defined here, the differential cross section assumes
unpolarized incident light.

This particular equation is also valid for

light which is linearly polarized at an angle of 45° to the scattering
plane.
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The total scattering cross section, denoted by either a or C ,
s
s
is determined by integrating a(R,m,9) over all scattering angles. This
is equivalent to dividing the total power scattered in all directions by
the irradiance of the incident beam.

Using Eq. 2.13 this becomes

oo

as(R,m) = Cg = — \(2n+l) ^ I a n l 2 + l b t l i 2 ) '
k2
z n=l

•

(2.15)

The total scattering cross section has the dimensions of area and repre
sents the effective area presented by the particle to the incident beam
for scattering in all directions.
In addition to scattering, true absorption of part of the incident
beam may occur within the particle.

The power extracted from the incident

beam is, therefore, the sum of the total power which is both scattered
and absorbed.

An extinction cross section is defined which represents

these two processes and is given by

cr (R,m) = CT + c = —Re {S(o)J
3
a
EXT
kz

,

(2.16)

where o . is the extinction cross section and a is the absorption cross
ext
a
section.

The extinction cross section is related to the forward scattered

wave as is indicated by its dependence upon the amplitude scattering,
function.

The wave scattered in the forward direction interferes

destructively with the incident wave indicating that the energy carried
by the transmitted wave has been reduced by the presence of the particle.
For a spherical particle,

00
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Re {S(o)} = Re {S^o)} = Re (S2(o)} = h £ (2n+l) Re{an+bn> ,
n=l
(2.17)
so that the extinction cross section becomes

(2.18)

V (2n+l) R e ( a + b }

°EXI(R'm)
k2

*

a
n=l

The absorption cross section is then determined by subtracting the
scattering cross section (given by Eq. 2.15) from the extinction cross
section (given by Eq. 2.18).
It is common to define efficiency factors which represent the
cross sections normalized by the cross-sectional area of the spherical
particle.

For the four cross sections mentioned previously, the effi

ciency factors become

sil2+|s2|2

Q(R,m,9) =

g<:R'mf9)

\
irkoR2

irR2

._JL
VR,m).SilkSl

Q

(R,m) =
EXT

=
„r2

y(2n+1) ClaJ^lbJ*} .

_2_
lc?R
ol\.
&

(2.19a)

V (2n+l) R {a +b }
A
e n n
^nal

(2.19b)

(2.19c)

and

Qa(R,tn) = Q^tR.m) - Qs(R,m) .

(2.19d)

2.3

Polarization of the Scattered Light

When describing scattering processes, it is convenient to re
present the incident and scattered fields relative to the "scattering
plane." This is the plane defined by the propagation vectors of the
incident and scattered waves.

The electric and magnetic fields of both

waves can be resolved into orthogonal components, one parallel and one
perpendicular to the scattering plane.

In this coordinate system, the

0 and <(> components of the scattered waves as specified by Eqs. 2.8a and
2.8b become, respectively, the parallel and perpendicular components.
The terms

EQCos<J> and E^sinif) represent the components of the incident

electric field which are parallel and perpendicular, respectively, to the
scattering plane.

Upon examination of Eqs. 2.8a and 2.8b, it is apparent

that if the incident field is entirely perpendicular to the scattering
plane (C|>= IT/2), then the scattered field will be also, and similarly for
the case where the incident field lies entirely within the scattering
plane (<j>=0).

The incident and scattered electric fields can therefore be

related by the matrix equation

S2(R,m,0)
0

0
Si(R,m,9)

,ik2r

W '

(2.20)

where Si(R,m,0) and S2(R,m,9) are the scattering amplitude functions
given by Eqs. 2.9a and 2.9b, and the Z. and r subscripts to the fields
refer to the parallel and perpendicular polarizations respectively.
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When describing the polarization properties of light, a very
convenient set of parameters to use are those first described by George
Stokes in 1852.

The Stokes parameters are they are called, are elements

of a column vector and consist of four quantities that describe the
intensity and polarization of a beam of light.

The beam may be polarized

completely, partially, or not at all.
The four parameters have the dimensions of intensity; each
corresponds to a time averaged intensity, the average being taken over a
period long enough to permit practical measurement.

The four element

vector is defined as

(2.21)

where
=

<EgEg*>

,

(2.22a)

I = <E E *>
r
r r

,

(2.22b)

U

=

<(EeEr* + E„aE^)>

f

(2.22c)

V

= i<(E£Er* - Ep*Er)>

.

(2.22d)

The total intensity of the light beam is given by

Ljqij-

If the Stokes parameters of the incident light beam are known,
the Stokes parameters of the scattered beam can be determined by com
bining Eq. 2.20 with Eqs. 2.22a to 2.22d.

The result is a matrix
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equation describing the transformation of the Stokes parameters as a
result of the scattering process and is given by

0

0

0

Ml

0

0

0

0

S21

- D 2 1

U

0

0

D 2 1

S 2 1

V

MC
£

0
k2r:

U
V

I
r

(2.23)

where the subscripts s and i on the Stokes vectors refer to "scattered"
and "incident" respectively. The transformation matrix is defined by

0

0

0

0

M l

0

0

0

0

S21

-D21

0

0

d21

S21

M

a

=
*2

2

(2.24)

where the elements are given by
,m, e ) = js1(r,m,9)|2 ,

(2.25a)

M2 = S2(R,m,0) S2"(R,m,0) = |S2(R,m,0)|2 ,

(2.25b)

s2i ~"h.[S2(R,m,0)S1*(R,m,0) + Sl(R,ra,0)S2*(R,m,0)],

(2.25c)

^21

(2.25d)

mj = s1(R,m,0)

=

f

[S

S

1*(r

2(R,m,0) S 1*(R,m,0)

-

(R,m,0)S2*(R,m,0)].

S i

The most general state of polarized light is elliptical
polarization.

In this case quantities known as the ellipticity and

plane of polarization are usually defined. For both the incident and
scattered radiation, the polarization ellipse is defined in a plane
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perpendicular to the direction of propagation and is illustrated in Fig.
2.2.

The orientation of the ellipse relative to the scattering plane is

given by the angle X.

This angle is related to the Stokes parameters

by

U_

tan 2X =

&

.

(2.26)

T

The ellipticity is defined by the ratio of the minor to major semi-axes
and is uniquely specified by the angle fi as

tan u = ± — .

(2.27)

&

The positive sign refers to right elliptical polarization and the nega
tive to left ellipt^^al polarization. The ellipticity is related to the
Stokes parameter?

tan y = ± \|(I^-I^ 2+U2+V2 - (I^-Ir)2+U2 .

(2.28)

V
It is useful here to illustrate a special case which applies
to the experimental configuration described in more detail in Chapter 3.
The incident beam of light is linearly polarized at an angle of 45° with
the scattering plane.

Therefore E.« = E

the Stokes vector becomes

^

r

and, using Eqs. 2.22a to 2.22d,
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r

Fig. 2.2.

Polarization ellipse
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h

=• i,
tot, .

u

x

v

(2.29)
l
o

Using Eq. 2.23, the Stokes vector of the scattered light becomes

hW-2

tot^
2

U
V

%ml

(2.30)

r2

s21
d21

2.4

Effects of Scattering by Many Particles

While propagating through the atmosphere, a light beam encount
ers not just a single particle, but a very large number of particles.
Radiation is scattered in all directions from each particle according
to the equations developed in Sections 2.2 and 2.3.

In addition, these

particles are moving in a random fashion caused by local turbulence or
Brownian motion.
The random nature of the movement of these particles is exceedingle important when calculating the scattered radiation field.

The

procedure is to first calculate the resultant electric field due to
scattering by the individual particles.

The Stokes parameters of the
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scattered radiation are subsequently calculated using Eqs. 2.22a to
2.22d.

ts}

To illustrate this procedure, the computation of l£

will be

examined.
First, the Z. component of the electric field which has been
scattered by a single particle is calculated using the scalar form of
Eq. 2.20.

The resultant electric field is calculated by summing the

contribution of each particle and is given by

4S)• £4:1 - 4I} I

(2-31)

(s)
where E£ > is the L component of the electric field scattered by particle
5, S„ (R ,m^,0) is the corresponding scattering amplitude function, and
14

s

5

r^ is the distance from the particle £ to the detecting optical system.
The summation extends over all particles contained within a volume of
space (called the scattering volume) which is defined by the measurement
system employed.

In obtaining Eq. 2.31, it has been assumed that the

electric field incident upon each particle is the same, with the Z com
ponent given by

•

Using Eq. 2.22a, the t Stokes parameter is given by
fo

m (

n

i s 9'^l 2

/ S=1

2 r

n

n

*

ik 2 (r c -r ? t )

2 r?r^'

5151

)
) (2.32)

e * e'

where

= <E^^E^^

>.

From a practical standpoint, the point of

observation is a large distance from any given particle.

Therefore, for

particles contained within the scattering volume, rc-r ,-r, where r is
£

s
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the distance from the center of the scattering volume to the point of
observation.

Equation 2.32 then simplifies to

N

+

I

N

r

5

5

*

2,~ 2,~'

~=1 ~'=1

~~=~·

The difference between

r~

and

r~'has

been retained in the complex expo-

nential since even small differences in distances can produce very large
phase differences.
The first term within the brackets is referred to as the incoherent term.

It contains a summation of the modulus squared of the

scattering amplitude functions for each particle.

The second term within

the brackets contains a summation of all the cross-product terms. Included

in this term are the phase differences of the waves scattered by the

individual particles.

If the motion of the particles is random, the

complex exponential assumes both positive and negative values with equal
probability.
small.

When averaged over a measurement period this term becomes

Hence, the ! Stokes parameter for the scattered radiation field

can be approximated by
N

I <I s2,-~;12>
~=1

1

=--

N

L I(s)
..e.,~

(2.34)

~=1

Equation 2.34 indicates that the total intensity contained in the !
polarization state is the sum of that caused by each individual particle,
independent of the presence of the others,

Similar expressions can be
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derived for each polarization state, resulting in a transformation matrix
for the assemblage of particles which has a form identical to that of a
single particle.

Generalizing Eq. 2.24 to include the effects of many

particles yields

N

Z <M„
5=1

>

0

^

I V
5=1
'

f =

(2.35)
N

4

N

2 < s 21r

•=i

£>
*

N
2 <d21'5>
5=1

- 2 d2j >
e =1
*
n
e

<S21>5>

5=1

In general, each particle may be characterized by a refractive
index which is different from every other particle. To simplify the
analysis, it will be assumed that all particles possess the same
refractive index.

Therefore

m^ = m^, = m .

(2.36)

The value of m that will be inferred from the forthcoming analysis may,
therefore,

represent a "composite" or "average" refractive index applic

able to the spherical aerosol particles.
The particles which are contained within the scattering volume
will usually vary greatly in size.

Hence, the Stokes parameters of the
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scattered radiation will depend upon the number of particles of a given
size.

A unit volume particle size distribution n(R) is defined such that

n(R) dR represents the number of particles per unit volume of space
which have radii between R and R + dR.

The total number of particles per
(R2

unit volume which have radii between R_1 and Rn2 is given by

n(R) dR.
RI
Upon making the transition from a discrete summation to an integral, the

J

A

ro
V

S

transformation matrix F becomes

0

0

<Hl>

0

0

0

0

(2.37)
k2

0

0

<S 2 1>

<d

0

0

<D

<S 2 I >

21>

21>

where

r2
<M2> =

M2(R,m,9) n(R)dR

(2.38a)

Mi(R,m,9) n(R)dR

(2.38b)

S2i(R»m,0) n(R)dR

(2.38c)

D2i(R,tn,0) n(R)dR

(2.38d)

r2
<MX>

=

Ri
•r2

<S2i>=
RL
R
<D 2 I>= S
R

where M2, Mj, S2i) and
to 2.25d.

D2j are given for a single particle by Eqs. 2.25a

From experimental measurements of the elements of F, the

problem is to determine n(R) versus R.
related by the equation

In matrix form F and a are
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*

*

V " j

a (R,m,0) n(R)dR.

(2.39)

rl

The concept of a cross section (either differential, total
scattering, absorption, or extinction) can be extended to include the
effect of many particles also. These relationships become

1*2

p(m,0,«{>) =

a(R,ra,6,40 n(R)dR,
>1
(&2

(2,40a)

_

<*EXT<R»m) n(R)dR ,

y(S) =

(2.40b)

JRj
rr?

3 (m) = ]p o (R,m) n(R)dR
6

ik s
1
fr2

,

(2./»0c)

j

•0 (m) a

a (R,m) n(R)dR.

(2,.40d)

JRl a

The quantities $

, 3 , and B

6xc

s

3

have dimensions of area per unit volume,

or alternatively, reciprocal length; and are referred to as the extinc
tion, scattering, and absorption coefficients.

The quantity 0(in,0,<f>)

is the unit volume angular scattering coefficient apd has dimensions of
reciprocal length per solid angle.
In general, the quantities 0rvtr, $ , and fi may vary from point
uaI

8

a

to point within the atmosphere due to variations of either n(R) or ra.
That is, the size distribution of particles as well as the refractive
index may vary due to local atmospheric conditions or (localized)
sources of particulate matter.

The net effect of extinction, scattering,

or absorption of a beam as it propagates through a distance L in the
atmosphere is given by the extinction, scattering, or absorption optical
depths which are defined by
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l
texicl,m) =

6EXT[m(c),C]d?,

(2.41a)

6S [m(5),5]dc,

(2.41b)

8a

(2.41c)

o
TG(L,M)
o

xa(L,m)

=

j>(C)>C5dC>

where d£ is an incremental distance within the atmosphere along the path
of propagation.

For simplification, it will be assumed that m is a

constant value for aerosols within the atmosphere and that if the size
distribution varies, the only variation is in total number density,not in
the form of n(R) versus R.
Another effect exists which is the result of scattering by many
particles.

Since radiation is scattered in all directions from all

particles, each particle is therefore subjected not only to the incident
wave field, but also to the scattered wave fields of each other particle.
These waves are subsequently scattered producing, in any direction, a
multiply scattered wave field.

In the analysis presented here, it will

be assumed that the incident wave field is predominant over any field
caused by another scattering particle. Multiple scattering as described
above has been shown to be negligible by both Schotland and Reiss (.1970)
and Curran (1971).
2.5

Scattering by Rayleigh Particles

The expressions developed in the preceding three sections are
applicable to spherical particles of any size. However, certain
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simplifications result when considering particles whose radii are much
smaller than the wavelength of the incident light.

Particles of this

type are referred to as Rayleigh particles.
In Section 2.2, it was stated that the scattered wave field could
be thought of as a coherent superposition of multipole radiations. The
lowest order electric and magnetic multipole moments can be shown to be
given by the expressions

1

,/w?—1 \

32ir5 /

e;

s 2 ° 15

IU

A

\ [ H I"

"lltl '

(trM •

x

(

w

and
bl

" " 45

aS

<m2-1>(f)5*

"-i

(2.42c)

Successively higher order multipole moments contain higher dependences on
the ratio of particle radius to wavelength. Therefore, for a fixed
illuminating wavelength, as the particle radius becomes small, the higher
order moments become negligible, leaving only the lowest moment, the
electric dipole moment. Then

B
a,
*1 " 1
*

16Tr3/m2-l\ /R \ 3
i i
11 i i
3

bx = o

and
a = b = o
n
n

for n > 1.

t
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Only the first order term of the functions t^CcosO) and unCcos0) is
therefore important. These are

T^(cos0) = cos0 ,

(2.43a)

tt^(cOS0) = 1.

(2.43b)

and

Therefore the amplitude scattering functions become

©3'

(2.44a)

and

es) (*)'

S2(R,m,0) = i 8ir3

cos0

(2.44b)

The differential cross section then becomes

o(R,m,0) =

8TT** R6

m2-l

a4

m2+2

[l+cos20].

(2.45)

Rewriting Eq. 2.45 in terms of the volume of the spherical particle, one
obtains

2 2
a(V,m,6) = 9tt V

2x1*

m2-1

[l+cos20].

m2+2

Both Eqs. 2.45 and 2.46 illustrate the characteristics of the cross
section of Rayleigh scatterers:

(2.46)
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(1) the (1 + cos?0) angular dependence;
(2) the dependence upon the square of the volume, or alternatively,
tfl
the 6
power dependence on radius; and,
(3) the negative 4th power dependence upon the wavelength of the
Incident radiation.

Integrating Eq. 2.45 or 2.46 over 4ttsteradians, the total scattering
cross section becomes

5 6
x
a (R,m)
= 128tt R
8

m2-l 2
m2+2

3X**

mz-l

24tt3V2

(2.47)

m2+2

a*1

Using Eqs. 2.25a to 2.25d, the single particle transformation matrix can
be written as
cos20

0

0

.0

0

1

0

0

0

0

cos6

0

0

0

0

cos 6

m2-!

* 16 ti^r6
a
a*

m2+2

(2.48)

For a distribution of Rayleigh scatterers, the transformation
matrix becomes
*2

P° I

a(R,m) n(R)dR,

*r.
r1

cos20
w2-1
a*1

to2+2

0
0

0

0

0

10

0
0

0 cosO
0
0
0 cos©

r2

f

R6 n(R)dR

jp.
ri

where

and

is still within the Rayleigh size region. From Eq.

2.49 it is evident that the angular variation for an assemblage of
Rayleigh scatters

is Identical to that for a single Rayleigh particle.

Therefore, from angular measurements of scattered radiation, it is
impossible to determine whether the scattering was caused by many smaller
Rayleigh particles or a few larger Rayleigh particles.

Hence the upper

limit to the Rayleigh region presents a theoretical lower limit to the
particle sizes for which a size distribution can be determined from
angular scattering measurements.

The upper limit to the Rayleigh region

is usually given as

f < 0.1.

For a wavelength of 0.6943 ym, the smallest particle size which can be
determined from angular scattering measurements is approximately 0.07 ym.

CHAPTER 3
EXPERIMENTAL DETERMINATION OF AEROSOL
SCATTERING MATRIX ELEMENTS

3.1

Introduction

In this chapter, the experimental and data reduction procedures
used to determine the matrix elements of the aerosol particles are
described.

The experimental apparatus consists of a combination mono-

static and bistatic lidar. The term LIDAR is an acronym for light
detection and jranging and is the optical analog of radar..

In a mono-

static lidar, only radiation scattered in the backward direction can be
detected.

A bistatic lidar is capable of measuring radiation scattered

at angles other than 180 degrees,
Section 3.2 provides a brief description of the University of
Arizona lidar instrumentation and configuration.

Emphasis in this

dissertation will be directed toward an examination of the scattering
angles obtainable with the bistatic system.

More detailed analyses of

the operational characteristics of a monostatic lidar system applied to
atmospheric probing are described by Reagan (1967).

The specifics- of the

University of Arizona lidar systems are described by Reagan and Herman
(1970), Webster (1971), and Spinhirne (1974).
In section 3.3, a description is given of the determination of
the matrix elements which correspond to Rayleigh scattering by
38
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atmospheric molecules.

The procedure is equivalent to a calibration of

the bistatic system.
In section 3.4, a review of the sources of measurement errors
is presented.

The propagation of these errors to obtain errors in the

matrix elements is discussed.

Specific attention is given to the

angular response of the error propagation.

3.2 Lidar Configuration
The University of Arizona lidar system consists of a combination
monostatic and bistatic system.
and transmitting optics.

Both systems use the same laser source

The monostatic receiving system is located

adjacent to the laser source on the same mechanical mount.

The bistatic

receiver system is located approximately 9.52 kilometers from the trans
mitter.

3.2.1 Transmitter
The source of optical radiation is a ruby laser which emits light
having a wavelength of 0.6943 microns.

For the light scattering

experiments described here, the laser is operated in a giant pulse or
Q-switched mode.
a Q-switch.

A Pockel's cell consisting of a KDP crystal is used as

The Pockel's cell prohibits a light wave from passing

through the laser cavity until a population inversion is reached within
the chromium ions of the ruby rod.

The Pockel's cell is "opened" by

applying a large voltage electrical pulse to the crystal.

This large

voltage pulse restores the cavity Q by permitting the primary polariza
tion state of the generated light wave to pass through the cavity,
producing a large amplitude, short duration optical pulse.
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The optical pulse is highly polarized with the principle
polarization, being linear.

This is accomplished within the

cavity by a combination of the uniaxial nature of the ruby rod and the
presence of a Brewster stack of polarizing plates.

The combination

produces a higher gain curve for one linear polarization state and a
much reduced one for the orthogonal linear state.

As indicated by the

manufacturer of the laser and later confirmed by experiments, the output
intensity polarization ratio is a minimum of 200:1.
Due to the inefficient nature of the laser, a large amount of
energy must be expended by the flash lamp pump.

Most of the energy is

converted into heat, raising the temperature of the entire laser head,
including the ruby rod.

As the temperature of the ruby rod changes, so

does the wavelength of the output light.

It is exceedingly important to

maintain a stable output wavelength because two strong absorption bands
exist within one Angstrom on either side of the nominal ruby wavelength.
To maintain a constant operating temperature, the laser head is water
cooled using a water to water heat exchanger and a water refrigerating
unit.
In order to decrease the divergence of the output wave, the out
put of the laser is passed through a Galilean collimating telescope.
The telescope consists of a 6 inch diameter, £/5.0 positive objective
lens and a 1 inch diameter, £/-3.75 negative eyepiece.

The resulting

transmitted laser pulse has a divergence of 0.75 milliradians.
The laser head and collimating optics are mounted so that
directional positioning in azimuth and elevation can be achieved,

Moderate limitations to the available angular positions exist, but will
not be discussed here.
3.2.2

Monostatic Receiver
The monostatic receiver detects the laser light which is

scattered in the backward direction.

To collect this light, an f/12

Schmidt-Cassegrain telescope having an 8 inch diameter primary mirror
is used.

The collected light passes through the telescope, through a

narrow-band interference filter, and is focused onto the photocathode of
a photomultiplier tube. Presently the receiver field of view can be
varied from 3 to 7 railliradians by appropriate choice of field stops.
The output of the photomultiplier tube consists of a current
which is proportional
system.

to the incident power collected by the optical

Since the signal may vary over several orders of magnitude, the

photomultiplier output signal is passed through a gain switching ampli
fier

as described by Spinhirne and Reagan (1976).

The primary purpose

is to compress the dynamic range of the PMT output to facilitate
data recording in later processing.

The amplifier increases the gain

on the signal in discrete steps as the level of the lidar signal
decreases.

The gain switched signal is then sampled and digitized at a

fixed rate to obtain range information.

This digitized signal is then

recorded on paper tape.

3.2.3

Bistatic Receiver
The bistatic receiver detects and measures the laser light which

is scattered through angles other than 180 degrees by the atmospheric
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constituents.

The optical system consists of an f/15 Dall-fCirkham

Cassegrain telescope having an 8 inch diameter primary mirror.

The

field of view is approximately one degree.
A field lens serves to partially re-collimate the incident light
so that it is nearly normally incident on a polarimeter.

The polari-

meter consists of a quarter wave phase retardation plate and linear
polarizer.

The use of these two optical elements in measuring the Stokes

parameters of a beam of light is described by Born and Wolf (1970).
Following the polarimeter is a narrow-band interference filter
and a lens which focuses the light onto the photocathode of a photomultiplier tube.

The output signal (current) of the PMT, which is

proportional to the incident power, is integrated with respect to time
to improve the signal to noise ratio and to obtain a number which is
proportional to the total energy of the

received signal.

The total

energy received is proportional to the total energy of the output laser
pulse. (This relationship will be explored in detail in subsequent
sections.) The integrated value is then digitized and displayed on a
digital panel meter.
The bistatic receiving telescope is affixed to an alt-azimuth
mount, similar to the one used for the transmitter and monostatic
receiver.

The systems described here both maintain a fixed direction in

azimuth, and as such only the elevation angle is varied to obtain a range
of scattering angles or altitudes.

This permits considerable simplifi

cation of the data reduction procedures since the scattering plane
remains fixed in space.
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3.2.4 General Operation
As mentioned in section 2.4, the scattered light will be due to
a large number of particles, specifically, those particles contained
within a volume of space defined by the fields of view of the transmitter
and bistatic receiver optical systems.
ing volume" for

The relationship of the "scatter

this system to the transmitter and receiver elevation

angles, scattering altitude, and baseline distance is illustrated
schematically in Fig. 3.1.

The scattering angle, 9, is also shown and

is related to the elevation angles by the relation

6 = cti + ct2 .

(3.1)

The mean height of the scattering volume is related to a ^ and c*2 by

z = r^sinai = hQ + r2sina2 •

(3.2)

The procedure is to select an altitude at which to investigate the
aerosol particles.

By varying the angles ct^ and a2 to maintain a

constant altitude, the scattered radiation as a function of scattering
angle can be measured.
It is obvious that the scattering volume will translate
horizontally as

and a2 ate varied.

In the event that horizontal

inhomogeneties in the particulates occur, the backscattered radiation
within the bistatic scattering volume is monitored using the monostatic

Scattering
Volume

Incident
Beam

Scattered
„ Beam

Receiver

Transmitter

Fig. 3.1.

Configuration of bistatic lidar system
•t-
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system.

The effect of inhoraogeneties can be removed by scaling if the

assumption is made that only the total number density of particulates
varies horizontally.

That is, the form of the particulate size distri

bution is assumed to be horizontally uniform.
The range of scattering angles obtainable is limited by the
geometry of the lidar system.

Figure 3.2 depicts the available angular

range as a function of altitude for the present system.
In addition, the common volume has a finite vertical extent
which varies with scattering angle and altitude.

The vertical resolution

is given by

Az =

®rec

,

(3.3)

COSCT2
where 9^ec is the field of view of the bistatic receiver optical system.
The resolution as a function of scattering angle is illustrated in
Fig. 3.3 for two different altitudes.

It is obvious that for altitudes

less than 2 kilometers, the vertical depth of the scattering volume is
approximately independent of the scattering angle.
The bistatic lidar equation for the total energy collected in a
given polarization state is given by

fiiC6,z) =
2r,2sin9sin29/_

i f ,(9,5t,z)£
jj

where &^(3,z) is the total energy received in the i

(3.4)

til

Stokes parameter
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Fig. 3.2.

Angular range of lidar system as a function of altitude
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while measuring at a scattering angle 0, and altitude z,
*

til

transmitted energy in the j

is the

Stokes parameter, Arec is the area of the

receiving telescope aperture, t^(z) and ta(z) are the transmission
factors to and from the scattering volume, respectively, and R2 is the
distance from the scattering volume to the receiving telescope. The
summation extends over the four Stokes parameters.
In Eq. 3.4 a height dependence is also Included as one of the
arguments of the transformation matrix, F.,. This variation can be
ij

caused by a vertical variation of the aerosol particle size distribution.
In addition, however, the matrix F^C0,tu,z) in Eq. 3.4 represents the
transformation matrix of all constituents within the scattering volume.
As such, the matrix F^ can be decomposed into a Rayleigh term, caused
by

molecular scattering, and a Mie term, caused by the aerosol particles.

The magnitude of the Rayleigh term is dependent upon the molecular
number density and therefore dependent upon altitude.
As indicated previously, the voltage output from the bistatic
electronic system is proportional to the total optical energy collected.
Therefore
v i (e ,z) = Kj^ce.z),

(3.5)

where Kj is the receiver gain constant. A similar relation exists for
the output of the energy monitor used to measure the laser output energy.
In this case

vo3

=k*v

where K2 is the energy monitor gain constant.

(3.6)
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The opto-electronic system used to monitor the laser output energy
is described by Reagan et al. (1976).

Eq. 3.4 can be rewritten as

i
V ± ( 6 , z ) = LG(z,0,R )t(z)p F^
(0,m,z)V_^J,

where L

=

(3.7)

|^ARec6Rec j is an effective lidar calibration constant,
is a geometrical factor, and t(z) = t^(z)t2(z)

G(Z,0,R2) «
r2sin0sin20/2

is a total path transmission factor.
As indicated in section 2.2, the output of the laser is linearly
polarized at an angle of 45 degrees to the scattering plane, with the
Stokes parameters given by Eq. 2.29.

The total output energy will have

a similar form; therefore, Eq. 3.7 can be rewritten as

V1(6,z) = LG(z,e ,R2)t(z)V o

X F (0,m,z)5
3
3
j

(3.8)

where 6^ are elements of the column vector

(3.9)

In order to determine the matrix elements, the output voltages
of the bistatic system and energy monitor are recorded for a given
scattering angle.

Corrections are made for the geometrical and trans

mission factors, resulting in
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1

(3.10)

In this dissertation specific attention will be paid to the matrix
elements Fn and F2z> corresponding to the parallel and perpendicular
polarizations.

Referring to Eq. 2.37, the expressions for F^ and F22

become

(3.11)

3.3

Rayleigh Scattering by Air Molecules

As indicated in the previous section, the matrix elements given
by Eq. 3.11 correspond to the sum of particulate and molecular scattering.
Correction must therefore be made for the molecular component.

To

calculate this term, it is desired to measure the light scattered from
a volume of air which contains no aerosol particles.

This scattering

volume by necessity must be at a high altitude since the probability of
finding aerosol particles diminishes with increasing altitude.
altitude which is routinely chosen is 8 kilometers.

The

This represents a

reasonable compromise between a sufficiently high altitude and the
corresponding decrease in the resulting scattered signal.
At this altitude there is a limited range of scattering angles
which can be obtained with the bistatic system.

The angular range

extends from about 120degrees to 170 degrees. Within this entire range,
measurement of the r polarization will provide a signal which is larger
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than the t polarization if only molecular scattering occurs.

For this

reason the reference measurement is typically made of the r polarization
using a scattering angle of 140 degrees.
As indicated by the scalar form of Eq. 2.48, the matrix element
O22

a

Rayleigh scatter is

m2-1

lfjrr^r^
022 ~
x4

(3.12)

m2+2

In terms of the volume of the particle, Eq. 3.12 becomes

(*22

=

9V

vi

mr-1

a*

m2+2

(3.13)

If there are n^ Rayleigh particles per unit volume of space, then F22
for the distribution of particles is

9 9
f22 = nra22 = ^

A [v

m2„1 12
m2+2

]•

(3.14)

The value of m in Eq. 3.14 is the refractive index of the particle, in
this case the effective refractive index of an 'air molecule'.

The

presence of the individual air molecules gives rise to a macroscopic
refractive index.

As described by Johnson (1954), the term within

brackets can be rewritten to yield

V2

m'2-1

_4

m2+2

9n,
R

m -1
a

(3.15)
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where

Is the macroscopic refractive index of air. Then

F

2 2

=^-|n-l|2

•

(3.16)

V
According to Edlen (1953), the term (m -1) can be evaluated using the
E
expression

8
2949810 , 25540
(m -1)10 = 6432.8 4
+
•
a
146-(if2)1 41-(X-2)

(3.17)

A depolarization factor is also included to account for the slight
anisotropy of the air molecules. Hence, F22 is rewritten as

V

hr1!2!^

•

(3-18)

where p is a depolarization factor which is taken to be 0.035.
The number density of air molecules is determined by assuming
that the atmosphere can be modeled as an ideal gas. From the ideal gas
law,

is given by

f

,

(3.19)

where k is Boltzmann's constant, and p and T are the absolute pressure
and temperature. The values of p and T as a function of altitude are
determined from radiosonde measurements.
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By equating expressions 3J.8 and the second part of 3.11, the
lidar calibration constant can be calculated.

The resulting expression

is

1

|
**
G(z,e ,R2)t(z)

'V1^} •

(3-20)

Once the Rayleigh matrix elements are calculated at the reference
altitude using Eq. 3.18, they can be scaled by the molecular number den
sity (using Eq. 3.19) to obtain a value at any other altitude.
corresponding voltage can then be calculated using Eq. 3.8.

The

This voltage

correction can then be applied to subsequent measurements to obtain the
matrix elements attributed to the aerosol particles.
Alternatively, the signal measured at the reference altitude can
be scaled directly using Eq. 3.19 to obtain the voltage attributable to
molecular scatterers at any other altitude.

Using this approach, the

resulting expressions for the voltages which correspond to scattering by
the aerosol particles became

V(Mle)(0,z)=V<Meas)(0,z)-vJ Ref)(cos20+p/2 Sin20)£^-)
X
Z
pRef
„(Mie),n ^\_„(Meas)/n _N „(Ref) p(z) TRef t(z)
(0,z;-Vo
(OjZJ-V,
YTzT t
2
2
2
PRef
Ref

where the subscripts and superscripts "Ref" pertain

»

Uz;

7^" (3.21a)
Ref
(3.21b)

to the measurements

made at the reference altitude. The matrix elements are subsequently
calculated using Eq. 3.11 and become
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(Mie)f - , „ C
2
11
- |yoLG(z,0,E2)t(z)

lycmeas)(£|jz)

-V,(Re£)(cos20+p/2 sin20)

,

2

PRef T(z)

Ref

(3.22a)

and

2

1 Iv f e a s > ( e ,z)

V0LG(z,8,R2)t(z) \
_ v(Ref) p(z) Ref
2

pRef T(z)

t(z)

(3.22b)

tRef

It Is from these measurements at several scattering angles that
the particle size distribution is to be calculated.

As stated previously,

the problem is one of inverting the integral Eq. 2.39 to determine n(R).
(Mie)
The determination is highly subject to the accuracy with which Fjj
(Mie)
and F22
can be determined. The precision with which these matrix
elements are determined will be discussed in Section 3.4.
3.4 Precision of Matrix Element Determination
The matrix elements

(0,m,z) and

»m»z) can

written in a simplified form by combining the expression for the lidar
calibration constant (Eq. 3.20) with those expressions for the matrix
elements (Eqs. 3.22a and 3.22b).

Fn « C

uv
wx

The resulting equations take the form

(3.23a)

and
F22

B

C

wx

(3.23b)
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where the superscript "Mie" and the functional dependences of Fn and
F22 have been omitted for notational simplicity. The terms u, u'» v, w,
and x represent the following measurements:
v^q.z)

u^
vo

v ,(e,z)

u » r- _£

9

v0

v =

Ref
V (Ref)

>

w - *2
v°

x = t(z).

The terms t(z) and t^e^ represent the transmissions to the scattering
altitude and reference altitude, respectively. The determination of
these two quantities are described by Spinhirne (1977). The constants
C, K, and K* are defined by the expressions

TRef

1 |_m ,1 :of&-3p \
(
l
-l|
1
1
PRef/ a
\6-7p }\

GRef

G(z,9,R2)

- (iS)(fe) •
and
K' = K (cos20 + p/2 sin20) .
The above form for the matrix elements was chosen to illustrate
those quantities which must be measured before the matrix elements can
be calculated. Inherent in the measurement processes are the presence
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of random errors. The precision with which the quantities u, u', v, w,
and x can be measured ultimately affect the precision of F11 and F22·
The equations for the particulate matrix elements can be interpreted alternatively.

The first term on the right side of each of

Eqs. 3.23a and 3.23b represents the total matrix element of all constituents within the volume of space under observation.

The second term

corresponds to the scattering contributed by air molecules contained
in the volume.

The particulate or Mie component is merely the difference

between these two quantities.
To analyze their effect, it will be assumed that the quantities
u, u', v, w, and x can be represented by mean values (~, ~', ~' ;, and
and corresponding standard deviations (a, a ,, a, a, a).
U

U

V

W

X

i)

Using the

propagation of errors described by Bevington (1969) and assuming that the
measurements are uncorrelated, the variances in F1 1 and F 22 can be
estimated by

(3.24a)

(3.24b)

Inspection of Eqs. 3.24a and 3.24b indicate that the fractional errors
with which the quantities are measured are important in the calculation
of the absolute

errors of the matrix elements.

The quantities u, u', and w, which

r~present

the signal voltage

ratios, are typically measured with a precision which varies between
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3% and 5%.

The errors in these quantities are typically independent of

scattering angle.

The fractional errors in v and x, which represent the

transmission to the scattering altitude and reference altitude, can be
written as

/°v

V
,(CSC

°l>Ref

+ CSC

(3.25a)

°TRef

K*
a *2
_x

-(csc ai1

+ csc a?)
a ,
z

X

where

(3.25b)

N

t(z)

and T(Z) are the vertical optical depths from ground level to

the reference altitude and from ground level to the scattering altitude z
The term in each of Eqs. 3.25a and 3.25b containing the transmitter and
receiver angles represents the air mass through which the laser pulse
propagates in traveling from transmitter to scattering volume to receiver
It is the ratio of the total distance traveled to twice the altitude of
the scattering volume.
In order to obtain a given scattering angle, the transmitter and
receiver are pointed in a direction defined by the elevation angles cq
and ct2«

As explained in Section 3.2.4, the angles aj and «2

are

varied

to keep the scattering volume centered at a given altitude z while the
scattering angle changes.

As aj and <*2

change, so does the total

attenuation of the laser pulse as it propagates to and from the scatter
ing volume.

Any error in the estimate of the transmission will,

therefore, vary in an identical manner.
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An important consideration is the precision with which the verti
cal optical depth can be determined.

Examination of Eqs. 3.25a and

3.25b indicates that the fractional errors in the transmission are
proportional to the absolute optical depth errors.
a
TRef

and a

f
nz;

Typical values of

vary between 0.002 and 0.010. For measurements at

scattering angles and altitudes for which the laser pulse propagates
through large air masses, the optical depth error dominates the voltage
ratio errors.
To illustrate the error as a function of scattering angle, it is
convenient to rewrite Eqs. 3.24a and 3.24b in the following manner:

a.2
11

r

-|2

2

= [FU + CK'j fn

,

(3.26a)

and
°f22 ° [lF22 + Ck]2 f22

,

(3.26b)

where
fii

=<!~l

+

(~r)

+

l-r)

+

l-rl

(

(3.27a)

and

*fi)" * ft))
represent the sum squared fractional measurement errors.
The variation of fM (or f22) with scattering angle is illustra
ted in Fig. 3.4. The fractional errors in measured signal ratios are
assumed to be 0.05 and independent of scattering angle. The scattering
altitude is 1 kilometer and the reference altitude is 8 kilometers. The
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60

solid line in Fig. 3.4 represents the total fractional error if no
optical depth errors were present.

The difference between any of the

curves and the solid line represents the part of the total error which
is caused by an uncertainty in optical depth.

For the case shown here,

the optical depth from ground to reference altitude is assumed to be
known to within an uncertainty of 0.002.

However, if the uncertainty

were increased to 0.01, the value of fn (or
most 6.5%.

Therefore, the precision with which

would increase by at
T £
Re

need be determined

is not exceedingly critical.
It is obvious that this is not true for the optical depth from
ground to a height of 1 kilometer.

Three different error conditions

0.002, 0.006, and 0.010) are shown in Fig. 3.4.

For

CT (]_) =
T

0.002, fn is approximately constant with increasing scattering angle.up
to about 130 degrees.
increases slightly.

For scattering angles larger than 130 degrees, f^

For larger values of

the increase in f^

for the larger scattering angles is worsened dramatically.

In addition,

f!1 is no longer approximately constant for scattering angles less than
130 degrees, but instead increases moderately with scattering angle.
The increased error for larger scattering angles is a result of
the geometry of the lidar system.

The large scattering angles require

a long total path and a large air mass.

Therefore, any error in the

optical depth from ground to the scattering altitude is magnified accord
ing to Eq. 3.25b.

It is obvious that the total error at any angle is

very sensitive to the optical depth error.

If

is increased from

0.002 to 0.010, fix is increased from 0.074 to 0.130 at a scattering
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angle of 50 degrees and from 0.078 to 0.170 at a scattering angle of
160 degrees. Depending upon the other measurement errors, it is
possible for

to

the dominant term in the computation of the

matrix element error.
For comparison similar curves for scattering from a 2 kilometer
altitude are also shown in Fig. 3.4. It can be seen that a considerable
decrease in error results for corresponding angles over that which would
occur at a 1 kilometer altitude.
system geometry.

This too is a consequence of the lidar

When the scattering angle is maintained at a constant

value and the scattering altitude is increased, the total path length
traveled by the laser pulse approaches the vertical round trip distance.
Therefore the air mass through which the pulse travels approaches unity.
According to Eq. 3.25b, this implies a lesser magnification of any opti
cal depth error.
The increased matrix element error for the larger scattering
angles can significantly affect any inference of the particulate re
fractive index and size distribution.

As will be demonstrated in

subsequent chapters, it is desirable to attempt to measure the particu
late matrix elements for these scattering angles as precisely as possible
In order to infer both characteristics of the aerosol particulates.

CHAPTER 4

determination of the refractive index

4.1

Introduction

As stated previously, the fundamental problem to be solved con
sists of solving an integral equation (Eq. 2.39) to obtain an estimate of
the particle size distribution.

In order to accomplish this it is

necessary to know (or have an estimate of) the refractive index of the
particulates.

It would be possible to merely assume a value for the

refractive index and proceed directly.

However, the resulting size

distribution may not be able to predict values for the scattering matrix
elements to within experimental error.
to even

Moreover, it may not be possible

obtain a size distribution which is physically meaningful, i.e.,

greater than zero for all values of the particle radius.
Instead, a procedure was adopted which makes use of an auxiliary
set of measurements, the spectral extinction of

sunlight.

From these

measurements it is possible to infer an integrated particle size distri
bution which characterizes the particles distributed* vertically throughout
the entire atmosphere.

The assumption is then made that the functional

form of the radius dependence is independent of altitude.

Therefore, the

particle size distribution at any altitude above ground is merely a
constant times that distribution which exists throughout the entire atmo sphere. By including the scale factor, it is possible to use this size
62
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distribution to generate scattering matrix elements for a given refrac
tive Index and compare them with the experimentally measured values.

If

this calculation is repeated for several refractive Indices, an optimum
refractive index can be inferred by quantitatively defining a performance
function.

This function indicates how closely the calculated matrix

elements approximate the measured values.

The details of this procedure

will be described in the following sections.
Section 4.2 describes the spectral attenuation of sunlight by
aerosol particles as it passes through the atmosphere. The estimation of
the particle size distribution is described and several performance
functions are formulated.
Section 4.3 briefly describes the mathematical theory of optimiza
tion. Since the range of physically meaningful refractive indices is
limited, the optimization method employed here is a grid search.

Descrip

tion of the grid search as it applies to the performance functions
described in Section 4.2 is also presented.
Section 4.4 illustrates the results of applying the optimization
procedure to several data sets for simulated data.

4.2 Estimation of the Unit Volume Size Distribution
The attenuation of directly transmitted solar radiation by the
atmosphere can be approximated by the Lambert-Beer Law as
-T_(X) M(0)
E(A) = EQ(X) e 1
,

(4.1)
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where E Q (A ) is the solar irradiance at the top of the atmosphere at wave
length

A, E(A) is the irradiance at ground level, M(8) is the atmospheric

air mass at solar zenith angle 9, and
at wavelength A.

is the total optical depth

By measuring E(A) at several wavelengths and plotting

lnE(A) versus M(9), the total optical depth for each wavelength can be
determined as described by Shaw, Reagan, and Herman (1973) and others.
In selected wavelength regions, the total optical depth is com
prised of contributions caused by molecular (Rayleigh) scattering,

>

ozone absorption, x (A), and particulate scattering and absoprtion,
03

Tp(A).

Once the total optical depths have been determined, the particu

late optical depths may be determined using the method given by King and
Byrne (1976).
The relationship between the unit volume particle size distri
bution and the aerosol optical depth is obtained by combining Eqs. 2.19c,
2.40b, and 2.41a, resulting in
a>

00

'o

n

rrR2 QEXT(R,m,A) n (R,z)dRdz.

x (A) = j

(4.2)

The optical depth is that pertaining to vertical propagation throughout
the entire atmosphere.

The unit volume size distribution is shown to be

a function of particle radius and altitude, z.

If the height integration

is performed, Eq. 4.2 becomes

x (A) =
p

o

irR2QEXTCR'^'X)ncCR)dR'

where n^(R) is the columnar particle size distribution.

<4,3)

65

The form of Eq. 4.3 is identical to that of Eq. 2.39.

The

unknown columnar size distribution cannot be expressed analytically as a
function of the t (X) values; hence, a numerical inversion approach must
P
be followed to obtain nc(R). While the requisite efficiency factors
explicitly depend upon the particle refractive index, the dependence is
very weak. Thus, the exact refractive index of the aerosol particles
need not be known to estimate n (R). The effect of refractive index on
c
the inverted particle size distribution has been addressed by Yamamoto
and Tanaka (1969) and King, Byrne, Herman, and Reagan (1978).
Without additional information, it is difficult to relate explic
itly the columnar distribution to the height dependent size distribution,
n(R,z).

However if n(R,z) is separable in the variables R and z, the

situation simplifies considerably.
ot
t

qo
f

n(R,z)dz =

nc(e) =

In this case n (R) becomes
c

o

c(z)n(R)dz,

(4.4)

o

= H n(R)

(4.5)

00

where H =

c(z)dz represents an effective scale height.

Hence, the unit

'o

volume and columnar size distributions are related by a constant.

Under

this assumption, the magnitude of the size distribution may vary at each
altitude, but the variation with particle radius maintains a constant
form.

At this point in the analysis the value of H is still unknown.

However, it can be evaluated by the method described later in this section.
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Once the columnar distribution has been obtained by inversion of
Eq. 4.3, the estimate of n(R,z), specifically,
n(R,z) = ^ nc(R),

(4.6)

is used to calculate the scattering matrix elements for a given set of
scattering angles for an assumed refractive index using Eq. 2.39,
repeating the process for different refractive indices.

In order to

assess the effect of varying the refractive index, a performance function
is defined, which essentially measures the difference between the measure
ments and the calculated values.
Different combinations of the matrix elements were investigated
to determine parameters which possess sufficient sensitivity to the
refractive index.

One combination is the differential cross section which

is the average of the matrix elements for perpendicular and parallel
polarization at a given scattering angle.

For this parameter, the

performance function is defined as
N
1 n
QC« - 1 £

Z

i=l

(meas)
(calc)
3(9.) _
Bce-,5
(meas)

(4.7)

/ke t >

where N is the number of angles at which both matrix elements are measured.
This performance function is merely the average squared fractional differ
ence between the measured and calculated values.
A second parameter which has been found to possess considerable
A

sensitivity to refractive index is the polarization ratio, R, defined as
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Fn(0)
R(9) «

(4.8)

^22(9)

The corresponding performance function is defined by

q(r) =

"(meas)
"(calc)
R
(9-,-) - * (8-f)
„(meas)
R (9±)

«
1

N T.
L
i=l

(A.9)

Again, the performance function is an average squared fractional differ
ence of the measured and calculated polarization ratios.
A third parameter which has been shown to be of use in the
determination of refractive index is the S ratio.

It is defined as the

ratio of the backscatter coefficient to the total extinction coefficient,
and is given by

c
- so)
a ~ a

(4.10)

EXT

This parameter is obtained from the raonostatic lidar, as explained by
Spinhirne (1977), and has been demonstrated to have high sensitivity to
the refractive index.

Its use to define a performance function is given

by

2(meas) s(calc)
QCs) »

_(meas)

(4.11)
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In all cases Che performance functions were chosen to represent
fractional differences between measured and calculated values.

Defined

in this manner, the various performance functions are easily compared
to one another and even linearly combined into a more general perform
ance function given by

Q(R,S,8) = w~Q(R) + WgQ(S) + WgQCS),

(4.12)

where the w's represent weighting factors in the linear combination.
With the Q's defined as fractions, the w's may be normalized so that

WR + WS + WS =

1'

(4.13)

and thus the w's represent fractional contributions of the respective
terms to the resultant performance function.
It is useful to vary these weighting factors (subject to the
normalization constraint) in order to arrive at a function which possesses
sufficient sensitivity to the parameters being sought, in this case the
real and imaginary components of the refractive index.
tion reported here, two sets of w's were used: (1) w
w£ = 0.5, and (2) w
ft

= 0.333, w* - 0.333, and w
3

K

P

For the optimiza
= 0.0, w = 0.5,
J

= 0.333.

o

The only term which requires evaluation of the scale height is
(calc)
the term involving B. To evaluate H, the value of 8 (9^) is computed
for each angle using Eq. 2.39 with the size distribution of Eq. 4.6.

The
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unknown constant is evaluated by comparing the calculated values to the
measured values in a least squares sense.

The value of H thus determined

is then used to scale the calculated matrix elements and the size distri
bution.
4.3

The Optimization Problem

The basic mathematical optimization problem is to minimize a
scalar quantity E, which is the value of a function of n parameters x^,
x

V

x .
n

These are the variables which must be adjusted to obtain

the required minimum, i.e.,

(4.14)

minimize E = f(x.,x.,...,x )
1 2 '

n

through the variation of x^, x^, ..., x . In general terminology, the
value of E embodies the "design criteria" of the system into a single
number which is often a measure of the difference between the required
performance and the actual performance obtained.

Hence, the function f

is called the objective function or performance function.
The n parameters can be written as a column vector, x, given by

X,

x =

(4.15)
X

n

The objective of the optimization procedure is to determine the vector
x , which provides
the minimum value of E (=E , ).
r
min
min

In most instances

it can only be said that the minimum obtained is a minimum within a
local area of search.

Hence, the point

is termed a local minimum.

In many optimization problems there are constraints on the
values of some of the parameters which restrict the region of search
for the minimum.

A typical constraint is in the form on an inequality,

*1 i " xi " ^ i' where x^ ^ and x^ ^ are fixed lower and upper limits
to x^.

The region of search in which these constraints are satisfied

is termed the feasible region.
An important characteristic which is desirable for the function
E = f(x) to possess is that of unimodality.

A function is said to be

unimodal if, within a defined interval of x, there is only one minimum
value of E.

Mathematically, the function f(x) is unimodal when x

is

the only value of x for which f(x) < f(x') for all points x' within the
feasible region.
The conceptually simplest direct search method is the grid^t .
search.

In this method, a rectangular grid of points is constructed,

and, at each point, the value of E = f(x) is calculated.

From the array

of values of E, the minimum value (E . ) can be determined.
mm

If the

feasible region of x is defined by the expressions

xL

i

< x± < Xy

and if each interval

i,

^

(i=l,2,...,n)

(4.16)

^ is divided into nu subintervals by

(m^ + 1) points, then the total number of function evaluations required
is

n (Oj + 1)•
1=1
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The grid search method is applied to the determination of the
refractive index for the problem discussed in this dissertation.

As

stated previously, the parameters to be determined are the real and
imaginary components of the refractive index.

Therefore,

(4.17)

The objective or performance function becomes the general performance
A

function Q(R,S,B) defined by Eq. 4.12.
The feasible region has been restricted to that defined by

1.33 < x^ < 1.54

(4.18a)

0.00 * x2 < 0.05.

(4.18b)

and

Mathematically, these limits appear to be quite restrictive.

However,

a very wide range of physical properties of aerosol particles are con
tained within these refractive index regions.

The real index of 1.33

applies to water droplets, and the index of 1.54 represents silicate
particles.

The lower bound to the imaginary index region corresponds to

particles having no absorption.

On the other hand, since it is generally

agreed that an imaginary refractive index of 0.02 is rather large for
atmospheric particles, the upper bound of 0.05 represents an exception
ally large value for k.

Thus the range over which k is allowed to vary

should encompass those values which typically characterize atmospheric
particulates.
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From a physical standpoint, it is reasonable to expect that if
the true particulate refractive index exists within the specified
region, and if the performance function is sensitive to refractive
index, then the values of the performance function should increase as
the refractive index which is assumed in the search departs from true
value.

Therefore a single minimum value for Q(R,S,0) should be attained,

making Q(R,S,0) unimodal.

This point will be examined in more detail

in Section 4.4 using simulated data.
Only a very brief introduction to optimization was given here.

A

more complete discussion is contained in standard texts on optimization
such as Adby and Dempster (1974) and Walsh (1975).
4.4

Optimization Results

To test the feasibility of the method described in this chapter,
a set of data was computed for a known particle size distribution,
namely a Junge distribution model which has the form n(R) = C R

.

The constant v is a shaping parameter and the constant C scales the
entire distribution.

A value of 2.6 was used for v and the value for C

was chosen to produce a total particulate mass denisty of 100 yg/m

3

over the integration range of 0.02 to 10.0 ym when a material density of
2.0

3

g/cm

was assumed.

The data consisted of scattering matrix elements

versus scattering angle and attenuation coefficients versus wavelength
for a refractive index of in = 1.45 - < O.Oli. In order to obtain optical
depth values, the attenuation coefficients were multiplied by 1.0 kilo
meter. The scale height produced by the analysis should, therefore, be
1.0 kilometer also.

The optical depth values were then used to infer
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n C*0
c

by the numerical inversion of Eq. 4.3 using the method described

by King, Byrne, Herman, and Reagan (1978). The inversion was performed
for the case in which no random error was introduced into the simulated
measurements of T (X).
p

It has been determined by experiments that the number density of
atmospheric particulates typically decreases as the size of the particles
increases, at least for particle sizes larger than about 0.1 micron.
Junge (1963) summarized several experiments and showed that these
experimentally determined size distributions could be closely described
by a power law as a function of particle size, where the shaping para
meter v varied between about 1.0 and 4.0.

The-value of 2.6 taken for v

represents, therefore, an intermediate value.
The resulting columnar size distribution was used in the grid
search procedure described in Section 4.3.

To simulate random errors in

lidar measurements, 4% r.m.s. Gaussian noise was added to the values of
the calculated matrix elements, and 10% r.m.s. Gaussian noise was added
to the 3 - ratio.

These matrix element noise values correspond to rather

favorable experimental conditions.

The error analysis which was

described in Section 3.4 could be applied to determine the precision
with which the voltage ratios need be measured.
if it is assumed that

~

aT( ) =
2

As a simplification,

c'!ien c^e v°ltage

ratios for

both reference altitude and the scattering altitude need to be measured
with an error of less than about 2%, with the exact value dependent upon
the ratio of molecular to particulate scattering.

While this precision

has been achieved, the addition of any optical depth uncertainty imposes
more stringent requirements on the voltage ratio precision.
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The performance functions were then calculated for the following
real refractive indices:

n = 1.54, 1.50, 1.45, 1.40, and 1.33.

The

imaginary refractive indices used were 0.00, 0.005, 0.010, 0.020, and
0.050 for each value of n except 1.33.

The results of the search

procedure are illustrated in Fig. 4.1 where the performance function
surface Q(R,S) is shown as a function of n and k.

The search procedure

was capable of determining the correct index as illustrated by the
minimum value occurring at n - 1.45 and < =» 0.01.

The surface also

indicates that the minimum was reasonably well-defined as indicated by
the relative depth of the surface in the region of the optimum value.
A reference level, calculated by substituting the measurement
errors into Eqs. 4.7, 4.9, and 4.11 in place of the difference between
calculated and measured quantities, can provide an estimate of the
selectivity of the search procedure.

In this case the reference level

for the Q(R,S) surface was below any value obtained in the search.
This may be attributable to the added uncertainties resulting from the
numerical inversion procedure to obtain the columnar size distribution.
The departure of the columnar size distribution from exact was not
accounted for in determining a reference level.
It appears that the performance function actually possesses
slightly more sensitivity to the real component of the refractive index
than to the imaginary component.

For a fixed value of k = 0.01, the

performance function increases by slightly more than an order of magni
tude if the real refractive index is varied from 1.45 to 1.50 and by a
factor of about five as n is varied from 1.45 to 1.40.

On the other
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•-<
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/
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0.020

0.030
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0.050

1.45
1.50
n

1.54
Fig. 4.1.

Two-parameter performance function for data generated
using a Junge model size distribution
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hand, if the real refractive index is fixed at 1.40 and the value of k
is varied to values of 0.005 and 0.020, the performance function increas
es by approximately a factor of four over that which occurs at n = 1.40,
jc =» 0.01.
is.

The qualitative nature of the Q(R,S) surface can be investigated
by observing the minimum value of Q(R,S) when one coordinate is maina
tained at a fixed value. If the value of n is fixed at 1.54, Q(R,S) is
A

minimum at k - 0.02.
at

< - 0.02.

When n is changed to 1.50, Q(R,S) again minimizes

However, when n = 1.45, the minimum value of Q(R,S) is

found to occur at < = 0.01, and if n is further lowered to 1.40, then
IS

Q(R,S) is found to have a minimum at < = 0.005.

There is no essential

difference between the values of the performance function for the
following combinations of n and <: (1) n = 1.45, k = 0.005, (2)
n = 1.40, K = 0.005, and (3) n = 1.40, K = 0.010.
The above example illustrates a rank order correlation between
the values of real and imaginary refractive index which provide the best
fit to the angular scattering data using the assumed particle size
distribution.

As the real refractive index is increased, increasing

values of the imaginary component are required to provide an optimum fit
to the data.

This implies that any bias which may exist in a set of

angular scattering data will affect both the real and imaginary com
ponents, rather than affecting just one component.
A second performance function was investigated which used all
three parameters with the results of this index search shown in Fig. 4.2.
It can be seen that the three-parameter performance function is very
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Q(R,S,3)
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1.40
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1.50
1.54
n
Fig. 4.2. Three-parameter performance function surface for data
generated using a Junge model size distribution
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similar in form to the two-parameter; therefore, similar statements which
A

A

were made about the Q(R,S) surface can also be made about the Q(R,S,3)
surface.

Host important of these is that it was able to predict the

proper refractive index.

This similarity could possibly be explained

by the manner in which the scale height H was calculated.

Although

differential cross section data was not explicitly used in the Q(R,S)
performance function* explicit use of this data was made in the calcula
tion of H. It appears then that use of differential cross section data
in the performance function is redundant.
It was previously stated that the true scale height for this
data set was 1.0 kilometer. The scale height which was predicted by the
analysis was 1.06 kilometers. This agreement was remarkable since only
an estimate of the true size distribution was used in the analysis.
A second test was conducted using data generated for a log normal
size distribution having the form

where R = 0.60 pm and
o

a = 0.50.

The refractive index used was

1.54 - 0.01 i and the range of integration extended from 0.06 pm to
3.50 pm.

Again, no noise was introduced in the spectral optical depth

values; however, 4% r.ra.s. Gaussian noise was added to the calculated
matrix elements and 10% Gaussian noise was added to the S ratio. Both
two parameter and three parameter performance functions were calculated
as a function of refractive index and found to predict identical and
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a

correct estimates for the refractive index.

The resulting Q(R,S) per

formance function surface is illustrated in Fig. 4.3.
A

Figure 4.3 shows that the resulting Q(R,S) surface is highly
asymmetric, with exceptionally large values of Q(R,S) occurring for the
larger values of k.

The obvious implication here is that it may be

possible to underestimate the imaginary component of refractive index;
however, it is much less likely that an overestimate would result.
Once again a rank order correlation exists between the real and
imaginary refractive indices which yield the smaller values of Q(R,S).
As the real refractive index decreases, smaller values of k
to produce the smaller values of the performance function.

are required
This is not

readily apparent from Fig. 4.3, however, due to the high asymmetry which
exists in the performance function.
The two size distributions which were used in this analysis were
chosen merely to represent two different types of distributions.

Both

distributions were relatively "broad" in that significant particle number
densities occurred over a wide range of particle sizes; however, the log
normal exhibited an absence of the smaller particles.

It is not readily

known whether the asymmetry of the performance function for this case
results principally from the absence of small particles or from the
discrepancy between the true and estimated particle size distributions.
Once an estimate of the refractive index is obtained, the numer
ical inversion of Eq. 2.39 can be performed.

The results can then be

compared with the estimated size distribution given by Eq. 4.6.

Q(R,S)

10 —

10

-l

10

0.020
.-2

10

1.40

0.005|
1.50

1.54

Fig. 4.3. Two-parameter performance function surface for data
generated using a log normal size distribution

CHAPTER 5

inversion of angular scattering data

5.1 Introduction
Having an estimate of the refractive index, it is now possible
to perform a numerical inversion upon the measured values of the matrix
elements

and T?22-

The resulting unit volume size distribution will

then be compared with the columnar result obtained from the inversion of
spectral attenuation data.

For a meaningful comparison, the scale height

determined by the procedure described in Chapter 4 should be properly
included.
If the assumption that the form of the size distribution remains
constant with altitude is satisfied, then the two inversion results
should compare favorably, i.e., show similar dependence as a function of
particle radius.

It should not be assumed, however, that both inversion

results should be identical.

Several possible explanations exist for

any discrepancies which may occur and will be detailed in Section 5.3.
Should the size distributions differ dramatically, the assumption of
vertical constancy of the form of the distribution should be examined
critically.
Section 5.2 discusses briefly the mathematical formalism of the
inversion problem encountered here.

The effect of measurement errors
81
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upon Che solution and their effect upon the interpendence of the measure
ments are discussed.
Section 5.3 describes the specific inversion method used.

The

results of applying the technique are illustrated using simulated data
generated for the two particle size models which were described in Chap
ter 4. The optimum refractive index determined by the search procedure
was used to perform each inversion.

The angular scattering inversion

results are compared with the assumed columnar size distribution after
proper account is made of the scale height.
In Section 5.4 the results of applying the independence analysis
to the angular scattering functions are described.

The analysis is

applied to particulates with varying refractive indices.
5.2

Mathematical Background

Equation 2.39 describes the relationship between the matrix
elements as a function of scattering angle and the particle size distri
bution as a function of radius.

Written in scalar form, Eq. 2.39

becomes

_(Mie)/n - .
pq
(9>m.z0}

rr2
=

crp q ( e ,m,R)n(R,zo)dR,

(5.1)

r1

where the subscript pq refers to the specific matrix element which will
be either 11 or 22, and zq represents a specific altitude.

An equation

of this type is known as a Fredholm integral equation of the first kind,
and can be written in general form as

g(y) =

rk

K(x,y)f(x)dx.

(5.2)

a

In the solution of Eq. 5.2 to determine f(x), two specific
problems arise.

One is the instability observed in the solution when a

"direct" inversion is performed.

A second problem is the inter

dependence of the actual measurements and hence the kernel
functions.

These two problems are inter-related by the experimental

errors which accompany any measurement process and are described in the
following subsections.
5.2.1 Instability of the Solution
The function K(x,y) is known as the kernel function and f(x) is
the source function.

If the function f(x) is the Dirac delta function,

then g(y) represents the impulse response, and is given by
,h

g(y) =

K(x,y) S(x-xo)dx = K(xQ,y).

a<xQ^b

(5.3)

It is evident from Eq. 5.3 that a one to one correspondence between
source points, x, and response points, y, does not exist.

It can be seen

that a source at a single point, Xq, may produce a response over a range
of points.

The specific relationship is embodied, in the kernel function.

The problem encountered here is the inverse problem, where a
knowledge of g(y) exists and it is desired to determine f(x).

This is

typical of remote sensing problems where the results of an interaction
with an unknown source are observed.

In the case discussed here, the
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kernel function is the differential cross section for a given polariza
tion state, the unknown function is the particle size distribution, and
the observed function is the unit volume scattering matrix element as a
function of scattering angle.
The relation described by Eq. 5.2 can be considered as a linear
operator which operates upon a function f(x) to produce g(y).

Unfor

tunately, this operator may not possess an inverse, or at least a
bounded one.

This results in a non-unique solution for f(x)*

To illus

trate this, suppose that the function g^Cy) is known and that f^fx)
represents the true solution to the integral equation.

g

T

( y )

=

Therefore,

K(x,y)fT(x)dx.
a

(5.4)

In addition, suppose
that a term of the form A sinui x were added to
' r
mm
fm(x).
1

As (jl)

m

becomes large, the contribution of this term to the inte-

gral diminishes, becoming zero as

This result is independent of

the amplitude A . Thus, the inferred solution can be composed of large
m

amplitude, high frequency terms and still produce the function gT(y).
This is merely an illustrative example of a general class of functions
which may be added to the true solution f.p(x) and which do not modify
the response gT(y).

The general set of functions consists of those

functions which are orthogonal to the kernel function over the interval
(a,b).

If

represents one of a set of functions which are ortho

gonal to K(x,y), then
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k(x,y)^n(x)dx =o.

(5.5)

Therefore, if the function gT(y) is known, it is possible to determine
frp(x) only to within an additive set of functions ^n(x)•

Tke solution

for f(x) should therefore be written as

f(x) = fT(x) + £ ^n(x) .
n

(5.6)

For a typical experimental situation, g(y) is not known
continuously, but rather is measured at discrete points y^. Ill addition,
the values of the function at these points, g(y.) = g., are susceptible
J
J
to experimental errors, so that the measured values are related to the
true functional values g^(y^) by

g(yj) = gj = gt(y^) + ej*

cj

=

i»2,...n)

(5.7)

The e.fs represent the unknown departures from the true values for the
J
N measurements.

By analogy with the previous discussion, it is there

fore possible to add to the true function f^,(x), any function p(x) which
produces a value S(y^) which differs from the true value g^(y^) by not
more than e^.

It is evident then that the set of functions which

constitute a solution to the integral Eq. 5.2 has been increased by the
presence of measurement error, and Eq. 5.6 must be rewritten as
f(x) « fT(x) +Z*n(x) + p(x).

(5.8)
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The real problem then is to choose the true solution f^,(x) out of
the family of solutions given by Eq. 5.8.

This cannot be done without

more information about the problem than is given by either of Eqs. 5.4
or 5.7.

Phillips (1962) suggested that if the function fT(x) were known

to be a smooth function of x, then this additional information could be
used to help suppress any high frequency oscillations.

One measure of

the smoothness of f(x) is the value of the second derivative.

Phillips

therefore proposed to minimize the function defined by

q =

e2(y)dy+y
c

[f"(x)]2dx.
a

(5.9)

The first term represents the sum squared departure from measurements
and the second term is a measure of the total curvature of f(x). The
y

is a positive Lagrange multiplier which is allowed to vary until a

solution is obtained which is consistent with measurements and measure
ment errors.
For most problems, including that discussed here, an analytic
solution for f(x) is not available.

Instead, a numerical approach is

followed in which the integral Eq. 5.2 is approximated by a summation
and is combined with Eq. 5.7 to obtain

M

g(y^) = g 4 = Z wjkij.
+ e. . (j=l,2,...N)
1
1
J

3

J i

J

(5.10)
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The w^'s represent quadrature coefficients and
evaluated at the point (x.,y.).
j

is the kernel function

In terms of discrete values, Eq. 5.9 for

the function to be minimized becomes

(5.11)

where it has been assumed that the points at which f(x) is to be deter
mined are equally spaced.
Twomey (1963, 1965) has extended the work of Phillips (1962) and
has rewritten Eq. 5.11 in matrix form as

T

Q = e e+

~T~~

yf

Hf

»

(5.12)

or alternatively,
Q =

[g-Af]T[g-Af] +yfTHf

(5.13)

The vector g has the measurements as its elements, f has the unknown
values of f(x) as its elements, and A is the matrix containing the kernel
function values and quadrature coefficients.

The matrix H is

known as

the smoothing matrix and assumes the form

H

1

-2

1

0

0

•2

5

-4

1

0

=

, (5.14)
1

-4

6

•4

1

0

0

1

-4

6

-4

1

0
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for the case of second derivative smoothing.

Minimization of Eq. 5.13 is

accomplished through proper choice of the f^ values, which are determined
by taking the partial derivative of Q with respect to each f^, and
equating it to zero.

The resulting solution for f becomes

f = 0?l+yirliTl .

(5.15)

The essentials of the problem are contained in Eq. 5.13.

It is

desired to find a function represented by the vector f, which produces a
response which is close to the measured values, while simultaneously
possessing a certain degree of smoothness.

Equation 5.13 indicates that

a tradeoff is made between those two requirements, with the resulting
solution given by Eq. 5.15.
It is possible to incorporate other constraints which help
eliminate the non-physical, highly oscillatory parts of the solution.
One such method is the use of a third derivative smoothing constraint.
Another minimizes the departure from a trial solution.

When the problem

is formulated as given in Eq. 5.13, these constraints can be included
easily by replacing the matrix H by matrices which are similar in form.
The technique which has been described above is commonly referred
to as the Phillips-Twomey technique.

The technique used in this disser

tation is a modification of this method which was first proposed by
Herman, Browning and Reagan (1971).
will be given in Section 5.3.

A brief description of the method
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5.2.2 Degree of Independence
Closely associated with the inherent instability of the inversion
process is the degree of interdependence among the kernal functions.

The

theory of eigenvalue analysis or principal component analysis to detemrine
the number of linearly independent pieces of information that may be
inferred from a set of measurements was first applied to the remote
sensing problem of determining the vertical ozone profile by Mateer (1965).
It has since been applied to the analysis of spectral transmission mea
surements and the forward angular scattering problem to determine
particle size distributions by Twomey and Howell (1967).

Twomey (1966)

used a similar analysis to estimate the degree of independence available
for the inversion of radiance data to determine atmospheric temperature
profiles.
When performing an experiment it is a common desire to collect as
many measurements as are practicable for a given experimental situation.
Practical constraints may exist on the amount of time required to perform
an experiment, or on the sophistication of the instrumentation used
and therefore the expense required for the experiment. In order to con
serve on time or cost, it is desirable to make those measurements which
provide the optimum amount of information about the unknown function.
Suppose that N measurements g^ of a quantity exist which are
subject to error

. The question of whether an additional measurement

will add any new information which is not already predictable is
determined by the nature of the kernel functions corresponding to the
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N+l measurements.

The linear independence of the kernel functions will

st
indicate whether additional information was added by the (N+l)
measurement.
Combining Eqs. 5.4 and 5.7, the measured values g_. can be
written as

K.(x)fT(x)dx + e.,
2
a 3

gj

where

(j = 1,2,...N)

(5.16)

(x) represents the kernel function for the measurement point y^.

Suppose a linear combination is made of the measurements to obtain
N
I Lg. j=l 2 2

where the

/b N
[X ?.K (x)]
J j=l 22
a
cl

N
f_(x)dx + 2
j=l

»

(5.17)

2 2

are a set of coefficients which are normalized so that
N
1k, 2 -1 •
j=l ]

(5.18)

For the kernel functions to be strictly dependent, the summation,
N
(x), must be identically zero. In this case, the first term on
j=lJ 2
the right side of Eq. 5.17 would vanish, indicating that less than N
measurements were needed to provide the same information. This would be
an appropriate criterion in the absence of experimental errors.

In the

presence of errors, however, it becomes obvious that if the linear combi
nation of kernel functions becomes sufficiently small such that the first
term on the right side of Eq. 5.17 is of the order of, or less than,
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the second term, then all of the measurements are not independent.

Since

this must be true for all admissible vectors £» whose elements are the
5

coefficients, it is desired to find those vectors which make the

linear combination of kernels as small as possible.
The criterion for the independence of N measurements in the
presence of experimental errors can then be written as

b N

N

2
>

2

y c.s.
j
fiij

(5.19)

t

to the left side of Eq. 5.19
N
(X5..K (x)] £_(x)dx
a 3=1 3 J

rb

Letting ||fT[|2 =

2

(

<{

b N

Va

Z C,K,(x) dx

fT(x) dx
(5.20)

|fT(x)|2dx represent the norm of fT(x), Eq. 5.20 can

be rewritten as

b N
[ £ S.K Cx)] £„(x)dx
1
a j=l

b

Kll

2

a

N

I 2
j-l

(x)I2dx > .

(5.21)

The quadratic form on the right side of Eq. 5.21 can be written in
matrix form so that Eq. 5.21 simplifies to

fb

N
(x)]fT(x)dx

Ja

j=l

J

2:t

res ,

1

where C is a symmetric N X N matrix whose elements are given by

(5.22)
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•b
C.. =
K.(x)K.(x)dx ,

(5.23)

j

The criterion for independence has been transformed from that given in
Eq. 5.19, to the form

||fJ|2 lTcl

>|£ ? e |2 .
j=l J

(5.24)

It was stated previously that the minimum value of the quadratic
form £ C? was desired. From matrix theory (see for example, Courant and
Hilbert

1953) it can be shown that the minimum value attained by the

quadratic form is the minimum eigenvalue,

the matrix C.

Using

this result the criterion for independence has been modified further to
read

•

<

5

-

2 5

>

-,=1 -j

The right side of Eq. 5.25 represents the square of the linear
combination of individual errors.

Since the exact error for each measure

ment is not known, it is more appropriate to consider an average or
expected value for this term.

The expected value operator is denoted by

the symbol E{}, which, when applied to Eq. 5.25, yields

i21 • «{|
jtvjvj(-

'\v s )•

^
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The term given by E{g^e^} represents the statistical autocorrelation
function

of the measurement noise and must be known to properly evaluate

Eq. 5.26.

However, it is commonly assumed that the measurement noise is

statistically uncorrelated from point to point.
E{£,£.} =
i J

Therefore

e.26.. and Eq. 5.26 simplifies to
i ij

'i11vj''!

,

(5.27)

where the e_.2 terms represent mean square measurement errors.

Equation

5.27 can be further simplified using the following inequality to obtain
N

N

N

N
(5.28)

j-13

j

j-1j

j-1

j-l3

where use has been made of the normalization specified by Eq. 5.18.
Using Eq. 5.28 the criterion for independence can be restated as

|
|f J I1 2 A
11
T'

.

mxn

N

> y
1*

e.2
j

.

(5.29)

j-l

Using the inequalities given in Eq. 5.28, it is clear that if Eq. 5.29
is satisfied, then 5.25 must also be satisfied.
The criterion specified by Eq. 5.29 has the apparent disadvantage
that some a priori knowledge of the unknown function is required in
addition to the absolute mean square measurement error.

For this analy

sis to be applied prior to performing an experiment, the independence
criterion should be modified so that this specific knowledge is not
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required.

To do this the function f^(x) is assumed to be multiplied

by a scaling constant 6 forming a new function fg(x) so that

fb

rb

[f (x)]2dx =
J

a

a

S2f2(x)dx =
T

B2||f_|I2 = 1.

(5.30)

The left side of Eq. 5.29 is multiplied and divided by 32 to obtain

2

B 2 I|£,

X .
niin

.

N
> T e.2 .

mXn

1=1

(5.31)

J

By scaling the function f^(x) by 6, a reciprocal scaling must be
performed on the kernel functions

(x) in order to maintain the

measurements at fixed values given by the §j's_2

is scaled accordingly by 2
_2

3

The covariance matrix

producing eigenvalues which are scaled by

as indicated by Eq. 5.31.

Equation 5.31 implies therefore that a

knowledge of |jf^,[|2 is not actually required in order to perform
the independence analysis.
The set of integral equations for the measured values g.. can be
written including the scale factor as

rb

s

r,

1

-r
o

K.(x)f (x)dx + s..
j

s

j

(j=lt2,...N)

Suppose that each of the equations are multiplied by a constant

(5.32)

a, so

that Eq. 5.32 becomes

cgj

=

g'j =

Kj(x)fs(x)dx + ae^. (j=l,2,...N)

(5.33)
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The constant a is chosen so that the scaled set of measurements, S'j»
are normalized in some way, i.e., so that

N
Jg,.2=
j=l 3

where

N
a 2 V g 2 = £,
j=l 3

(5.34)

is the letter "squiggle" and represents the normalizing constant.

Then a2 is given by

«2

p

=

<5-35>

»

N
zs, 2
-1

and the scaled sum squared measurement error becomes
N
n

t zj2

n

X e.,2 =
j=l 3

a ! I e.! = f
1j
£„ 2
d=i

(5.36)

3

N
2

The ratio

1=1

^

is the mean square relative measurement error of each

W
2
point. Denoting this ratio by e , Eq. 5.36 can be rewritten as
N
3 ?1

e j' 2

"fa 2

•

For this set of scaled measurements, g ', the independence
criterion specified by Eq. 5.31 becomes

<s-37>
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n

X1!
mm

>
»

»2

7
e.
J e,
j=l J

pe*2 ,
= (?e

(5.38)

where the double prime on the minimum eigenvalue indicates a value which
depends upon the normalizing constant

P. It is again obvious that

scaling the set of equations 5.32 by a results in a covariance matrix
which is scaled by a2, producing eigenvalues which are also scaled by
a".

Dividing 5.38 by <g results in the form given by

X'!

>

e2 .

(5.39)

Equation 5.39 can be used to infer the independence of a set of measure
ments under varying measurement conditions and for differing values of
the normalizing constant

fp.

If

SP = 1, the number of eigenvalues whose

absolute value exceed the mean square relative error (per point)
represents the number of independent pieces of information available in
the experiment.

If

N, the number of measurements, the number of

independent pieces of information is equal to the number of eigenvalues
whose absolute value exceed the total squared relative error.

It is

important to realize that either criterion could be applied, since one
or the other may be more easily estimated for a given experimental
situation.
Instead of choosing p to be representative of the measurement
situation, it can be selected to be characteristic of the covariance
matrix itself.

That is, if p is chosen to be the largest eigenvalue of
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the covariance matrix, then the number of independent pieces of
information is the number of eigenvalues whose ratio to the largest
eigenvalue exceed the mean square relative error.

This is a special

case of a more general choice for the constant P. Instead, if

were

chosen to be the sum of the N eigenvalues, then the degree of indepen
dence for the experimental situation is equal to the number of
eigenvalues whose ratio to the total eigenvalue sum exceeds the mean
square relative error.

If the largest eigenvalue is much greater than

any of the remaining N-l eigenvalues, then the sum is almost totally
given by the maximum eigenvalue.

For this situation, the criterion

simplifies to that given previously.

The four cases discussed are

summarized in Table 5.1.
The last criterion has important physical significance.
Associated with each eigenvalue is a corresponding eigenfunction, where
each eigenfunction is a linear combination of the kernel functions.

The

unknown function f^,(x) can be expanded as a linear combination of these
eigenfunctions, with the eigenvalues as weighting factors.
representation, the k
th

tained within the k
function f^,(x).

till

eigenvalue,

In this

represents the variation con-

eigenfunction to the structure of the unknown

The sum of the eigenvalues then provides a measure

of the total variation in the unknown function which can be derived
from a given set of measurements, i.e., using a given set of kernel
*k

functions. Therefore, the ratio ~~represents the proportion of

-k

overall variation accounted for by the k

th

term.

When this ratio

is less than or equal to the mean square measurement noise, the
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Table 5.1 The independence criterion for various choices of the
parameter 9

IP

n

max

N

I "
3=1

Independence
Criterion

Right Side of
Inequality

A . > e^
min

Mean square relative
error per point

X . > Ne2
min

Total squared relative
error

:min
max

Mean square relative
error per point

o

> ez

min ^
2
> er
N

Mean square relative
error per point
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information carried by that eigenfunction is no longer distinguishable
from the noise.

To within experimental error, therefore, this eigen-

function, and all succeeding ones, may be expressed as a linear com
bination of those for which the independence criterion is satisfied.
Application of the independence analysis to the kernel functions
in the angular scattering problem are presented and discussed in Section
5.4.

Several different combinations of measurement situations and kernel

functions are compared.
5.3

Inversion Technique

The inversion method used here is similar to that described by
Herman, Browning and Reagan (1971) and is a modification of the PhillipsTwomey method.

The integral in Eq. 5.1 is replaced by a summation over

coarse intervals in R, resulting in

m
V"1"1'/' • I
j-l

rR.+l
Ja (9.,m,R)n(R)dR,
pq x

(i=l,2,...N)

where the altitude dependence has been omitted for simplicity.

(5.AO)

It is

then assumed that the unknown particle size distribution can be written
as a product of two functions, ie.,

n(R) = h(R)f(R),

(5.41)

where h(R) may be a rapidly varying function of R, and f(R) is more
slowly varying.

If f(R) is approximately constant within each coarse
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til
is the midpoint of the j

interval, such that f(R)~ f(R^), where

coarse interval, the system of Eqs. 5.40 can be rewritten as

R
f j+i

m(
f

<hle)(0

i'm>

pq

=

apq(0i,in'R)

X S J
J=5l(
V

_

Ri
J

) _
h(R)dR > f(Rj)
f
J

(5,42)

(i=l,2,...N)

(Mie)
—
In this form the values F
(6j»m) are the measurements (g.),
pq

1

X

f(R.) represents the unknown (f.)» and the matrix A containing the
j

j

quadrature coefficients and kernel information is seen to have elements
given by

+

ejl>'°>r)h(r'dr*

|
'' opq(
Aij

(5.43)

r3

The differential cross section cr

is a rapidly varying function of R.

Within the limits of integration, a
orders of magnitude several times.

will typically oscillate over
In order to obtain sufficient

accuracy it is necessary to subdivide the coarse intervals into yet
smaller intervals and then numerically integrate to obtain the
elements.
To perform the inversion procedure, an initial functional form
h^°^(R) for the function h(R) is assumed.

Values for the elements of
- (x)

A are calculated using Eq. 5.43 and a resultant first order f

is

is calculated using Eq, 5.15. The size distribution which results from
this first inversion is calculated by Eq. 5.41 and is the function which
is assumed as a first order h^(R). The process is repeated
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~(2)
so that a second order f
is obtained.

As this iterative procedure

converges to the true size distribution, the values of the elements of
- /n\
f
approach unity, indicating that further modification of the
function h

C

(R) is not necessary.

The advantages of this iterative formulation are several.

First,

sufficient accuracy is obtained so that the matrix A represents the true
behavior of the kernel functions.

This is exceedingly important in

cases where the kernel undergoes large amplitude, high frequency
oscillations.

Second, the increased accuracy is not accompanied by the

need to invert a large order matrix.

Therefore from a computational

standpoint, a relatively simple algorithm can be used which does not
require an excessive amount of computer time or memory.
The initial weighting function which is used has the form

h(0)(R) = R~(v+1).

(5.44)

In order to evaluate the effect of the initial weighting on the final
result, the iterative procedure is repeated for differing values of v
from 2.0 to 4.0 in increments of 0.5.

The final results are examined to

determine if any bias occurs which may be caused by the initial weight
ing function.

Results typically indicate that bias from the initial

weighting function is of importance in regions where measurements show
little sensitivity to particle size.

This corresponds to sizes less

than approximately 0.1 micron and to sizes on the order of 10.0 microns.
The lower size is determined by that size where the kernel functions
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differ negligibly from those which would be produced by Rayleigh scatterers.

This point was discussed in Chapter 2.

The upper size region is

determined by both the size distribution and the kernel functions.

For

those radii which have particle number densities which are too small to
produce sufficient contribution to a given set of measurements, the
inversion results corresponding to different initial weighting functions
are seen to differ.

It is apparent that this insensitivity may occur

at varying radii depending on the actual size distribution which produced
the data.
The inversion technique was applied to the angular scattering
values that were generated for the two model size distributions described
in Chapter 4.

The data consisted of the true values of the

and F22

matrix elements to which 4% r.m.s. Gaussian random noise was added.
For the Junge model, the scattering angles used were 160, 155,
150, 145, 140, 130, and 120 degrees. Figure 5.1 shows the inversion
result and the true distribution.

The integration range over which the

inversion was attempted extended from 0.1 micron to 10.0 microns.

As

can be seen, the inversion result and the actual distribution differed
only slightly for particle radii less than approximately 2.5 microns.
Even for particle radii of about 4.0 microns, the inversion result
differs from the true distribution by less than a factor of three,
however, the two distributions diverge for larger radii.

The refractive

index used was m = 1.45 - 0.010 i, the optimum as predicted by the index
research.
Included as reference are two additional inversion results.

The

result indicated by the solid squares represents the inversion obtained
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if no random noise were added to the data.

This result follows the

true distribution over the entire radius range of 0.1 to 10.0 microns.
A slight increase in number density is seen to result in the inversion
for particle sizes less than 0.2 microns.

This is probably caused by

truncating the lower size limit at 0.1 micron.

However, the increase

in particle number densities for the smaller particles may be an artifact
of the subinterval weighting procedure.

For these smaller particle

radii, there are typically less than six subintervals contained within
any major interval.
The second additional inversion is the result of inverting upon
true data to which 8% r.m.s. Gaussian random noise was added.

As can

be seen upon examination of Fig. 5.1, this inversion is considerably
more unstable than either of the previously discussed results.

The

result agrees favorably with the true distribution for particle radii
less than approximately 0.8 micron.

However, the particle size distribu

tion for radii larger than 0.8 micron exhibits an oscillatory character,
finally diverging from the actual distribution for radii greater than
about 2.0 microns.
It was stated previously that the result of inverting upon
angular scattering data and the columnar result of inverting upon spec
tral attenuation data should be compared by properly including the scale
height.

The search procedure described in Chapter 4 predicted a scale

height of 1.06 kilometers.

The columnar inversion result which was used

as input to the search procedure was divided by 1.06 kilometers to
obtain an estimate of an equivalent unit volume size distribution.
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Figure 5.2 illustrates the comparison between this scaled colum
nar distribution, the inversion resulting from angular scattering data
having 4% r.m.s. Gaussian random noise, and the true distribution.

It

is readily apparent that both inversion results show good agreement with
the true size distribution for particle sizes les- than 4.0 microns. The
scaled columnar inversion result does not extend to particle sizes larger
than 4.0 microns and the angular scattering inversion result diverges
from the actual distribution for radii larger than this radius.
For the log-normal model given in Chapter 4, data for the angular
scattering matrix elements

and F22 was generated for the scattering

angles of 165, 160, 155, 150, 145, 140, 130, 120, 110, and 100 degrees.
Again, 4% r.m.s. Gaussian random noise was added to the true values and
an inversion was pprformed using the refractive index predicted by the
search procedure, m = 1.54 - 0.010 i. Figure 5.3 shows a comparison
between the true size distribution and the inversion result.

The

inversion result and the true distribution compare favorably in the
region where the peak of the size distribution occurs (approximately 0.35
to 2.0 microns). However, significant disagreement results outside this
region where the inversion tends to underestimate the particle density
substantially. The range over which the inversion was attempted
extended from 0.25 to 3.0 microns.
For comparison, two additional inversion results are included.
The result indicated by the solid squares represents the inversion
obtained if no random noise were added to the data.
mates the true distribution quite well for

This result approxi

particle sizes up to 2.5

microns. For sizes larger than 1.5 microns it also underestimates the

106

Actual Distribution
- 0 - (Junge, v =2. 6)
Inversion Results

10

3

-+-Ang~lar ~cattering dat~

hav1ng 4~ r.m.s. Gauss1an
random noise

,.-.....
)...<
Q)

-+-J
Q)

s
'M
w

c:::
Q)
C)

10

2

Spectral optical depth
- 0 - d a t a having no random
noise (scale height
included)

C)

'M

...a

;:l

C)
)...<
Q)

10

1

0..
CJ)
Q)

.....-l
C)

'M
-+-J
)...<

co

10°

~

'-"

~

bO
z 0
""0 .....-l

""0

10- l
0

~

Radius (microns)

Fig. 5.2.

A comparison of inversion results based upon angular
scattering data and spectral optical depth data

107

Actual Distribution
- - 0 - - (Log normal, R =0. 6011m,
0
cr=O.SO)
Angular Scattering Inversion Results
- - I l l - - Data having no random noise

--+--Data having 4% r.m.s.
Gaussian random noise

--*-- Data

having 8% r.m.s.
Gaussian random noise

C)

~
C)

10 1

)-.4
Q)

0..

en

0

Q)

,.....,

•

C)

·1"'1
+J
)-.4

cu

0...

'--"

0

10

I

I

-2

0

\

I

0.06

0.10

I

1.0

•
I

I

I

I

10.0

Radius (microns)
Fig. 5.3.

I

A comparison of inversion results based upon angular
scattering data generated using a log normal model
size distribution

108

actual distribution, but only minimally.

The no noise inversion result

produces more faithful reproduction of the actual distribution for
particle sizes less than 0.4 microns than did the result based upon data
having 4% noise; however, it does underestimate the particle densities
in the region 0.25 to 0.4 micron.
Another inversion result shown in Fig. 5.3 is the result of
inverting upon true data to which 8% r.m.s. Gaussian random noise was
added.

Significant degradation of the inversion result is seen to occur

for particle sizes larger than 1.5 microns and less than 0.4 microns.
In both of these size regions, the inversion result severely under
estimates the particulate number density.
It is significant that within the range of 0.4 to 1.5 microns,
the addition of random noise to the data does not appreciably affect the
inversion resut.
distribution.

This region coincides with the maximum of the actual

It is not surprising, however, to find that difficulty is

encountered in the retrieval of particle number densities for regions
where the actual distribution is significantly smaller than the peak
value.

The contribution to the measured (in this case simulated) values

is greatly reduced and is therefore more easily

obscurred by the

presence of noise.
Figure 5.4 shows the comparison of the scaled columnar distri
bution, the inversion resulting from angular scattering data having 4%
r.m.s. Gaussian random noise, and the true distribution.

Both

inversion results are seen to compare favorably with the true

109

__ o--

Actual Distribution
(Log normal, R =0.60
0

o=O.SO)

~m,

Inversion Results

-- + --

,---.._
~
Q)

+-'
Q)

E
.,....,

Angular Scattering data
having 4% r.m.s. Gaussian
random noise

- - 8 - - Spectral optical depth data
having no random noise
(scale height included)

+-'
~
Q)

u

u
.,....,
...0

:::s
u

~

Q)
~

·

1 o2

•
10

10

•

0

•

\e

0\

I

- 1

0

10- 2
0.06

0. 10

1.0

10.0

Radius (microns)

Fig. 5.4.

A comparison of inversion results based upon angular
scattering data and spectral optical depth data

110

distribution within the size range of 0.4 to 2.0 microns.

The scaled

columnar distribution appears to be shifted slightly to the larger
particle sizes, but reproduces the "shape" of the actual distribution
very well.

This is the result of using a refractive index in the

spectral attenuation inversion which differs from the true refractive
index used to generate the data.

The effect of a change in refractive

index has been addressed by Yamamoto and Tanaka (1969) and more
recently by King, Byrne, Herman and Reagan (1978).

The scale height

predicted by the refractive index search procedure was 0.85 kilometer,
reasonably close to the exact value of 1.0 kilometer.

5.4

Independence Analysis

The independence analysis described in Section 5.2.2 was applied
to the angular scattering kernel functions cr^ (0,m.,r) and 022(0>m>R)
to determine the number of degrees of freedom available in an angular
scattering experiment.

It was assumed that the set of measurements would

consist of the OnO^m.R) and 022Oi>ni>R)

scattering angles given

by 90° <0< 160°, in increments (A0) of 5°.

The covariance matrix there

fore was a symmetric matrix having 30 rows and 30 columns.

In order to

assess the effect of particulate composition, the analysis was performed
for four different refractive indices:

m = 1.50 - 0.0 i, m = 1.50 -

0.02 i, m = 1.40 - 0.0 i, and m = 1.40 - 0.02 1. For all cases, the
integration range was chosen to be 0.1 to 10.0 microns.
Figure 5.5 displays the resulting eigenvalues as a function of
eigenvalue number.

The specific computer routine used produces the
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eigenvalues in descending order, thereby making normalization of each
eigenvalue by the largest eigenvalue rather straightforward.

As can be

seen, for all cases the largest eigenvalue was at least ten times larger
than the next smaller eigenvalue.

Thus the normalized eigenvalues

closely approximate the fractional contribution of the corresponding
eigenfunction contained in the unknown size distribution.

When displayed

as in Fig. 5.5, it is easy to determine the number of degrees of freedom
which are available for differing conditions of experimental error.
reference, a noise level of 4% was chosen.

For

Referring to Table 5.1,
2

the number of "relative" eigenvalues which exceed (0.04) represent the
number of independent pieces of information.

This degree of independence

depends to some extent upon the refractive index chosen for the analysis.
From Fig. 5.5 it is also easy to determine the effect of changing
the noise level.

If the noise level could be lowered to the 1% level,

then there would be a significant increase in the number of independent
pieces of information available.

However, even if the experimental

noise level could be reduced by a factor of two to 2%, five or six
additional independent inferences becomes available.
It is interesting to note that for both real indices, addition
of an imaginary component seems to increase the interdependence of the
kernel functions. This is apparent since the relative eigenvalues
decrease more rapidly with order for indices having a non-zero imaginary
component.
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In addition to determining the number of degrees of freedom
available, it is possible to determine the optimum measurement locations
and therefore the optimum kernel functions which combine to form the
orthogonal set of eigenfunctions.

For the situation described here,

the results are summarized in Table 5.2.

It appears that similar

optimum measurement positions exist for all four refractive indices.
This is convenient since prior to performing an experiment, one would
not know the exact refractive index.

Although the refractive indices

which are explored here do not encompass the entire range of possibil
ities it is not unreasonable to expect only slight variations from the
results given in Table 5.2.

It should be remembered also that the

results given in Table 5.2 were based upon a specific set of "initial"
measurements, i.e., 90" <0< 160°, and AG = 5°.
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Table 5.2

m

Most nearly independent measurements for various refractive
indices
1.50-O.OOOi

-*•

6

free

Optimum
Measurements
(Angle arid
polarization)

1.50-0.020i
5

1.40-O.OOOi

=

7

10

160° L&R

160° L&R

160° L&R

160° L&R

155° L&R

100°

R

155° L&R

155°

R

R

95°

R

150° L&R

150°

R

R

90°

R

145°

R

100°

R

105°

R

95°

R

90°

R

95 o

90°

90° L&R
Nfree

1.40-0.0201

Number of degrees of freedom at the 4% noise level.

CHAPTER 6
ANALYSIS OF EXPERIMENTAL DATA
In, this chapter the results of several experiments will be pre
sented and discussed.

The data in every case has been analyzed according

to the procedures described in the previous chapters of this dissertation.
The data cases will be discussed in chronological order and comparisons
with other simultaneous measurements and inferences will be made where
appropriate.
The first data case considered is the result of an experiment
performed on November 20, 1974.

Measurements of the received signal in

the & and r polarization states were made at scattering angles of 159,
157, 195, 153, 151, 148, 145, 140, 135, 130, and 120 degrees at an
altitude of 0.8 kilometers using the bistatic lidar.

Scattering from 6.0

kilometers for a scattering angle of 140° was used as a reference measure
ment.

During this experiment the reference voltage ratio described in

Chapter 3 was measured with an error of about 2.8%.

With one exception,

the voltage ratios corresponding to both polarizations for the ten
scattering angles were measured with errors of less than 3.5%, with more
than half of the measurements exhibiting less than 2.0% error.
The S ratio was determined using the monostatic lidar to have a
value of 29.82 ± 4.80.

In addition, monostatic lidar results indicated

that the optical depth from ground to the 0.8 kilometer scattering
115
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altitude was 0.0033 ± 0.0050.

The S ratio error is approximately 16%

and, as described by Spinhirne (1977), results primarily from temporal
and spatial variations in the atmospheric particulates, measurement er
rors, and uncertainties in the monostatic lidar calibration constant.
Spectral attenuation measurements made on November 20, 1974
displayed an oscillatory character when log r (X) was plotted versus
P
log X. The resulting columnar particle size distribution possessed some
instability in the intermediate and large particle size regions (0.40 to0.80 micron and larger than 2.0 microns).

These regions correspond in

general to the wavelength regions which displayed the oscillatory nature.
The columnar size distribution will be discussed in more detail when it
is compared with the unit volume size distribution.
The optical depth from ground level to the 6.0 kilometer refer
ence altitude was determined to be 0.070 ± 0.0050.

The uncertainty in

this optical depth is typically large due to uncertainty in the particu
late component of the optical depth from ground to the reference
altitude and due to measurement errors.

However, it is fortunate that

the error in this quantity is not the major contribution to the total
matrix element error.
The columnar particle size distribution was used to estimate the
particulate refractive index by the method described in Chapter 4.

The

A

resulting Q(R,S) surface is shown in Fig. 6.1.

As can be seen, the

performance surface exhibits a "trough-like" nature, with the sides of
the "trough" being approximately parallel to the real refractive index
axis.

In reality, the rank order correlation which was noticed in the
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Fig. 6.1. Performance function surface for data of November 20,
1974
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simulated measurement cases between the real and imaginary refractive
indices was visible for this data also.

As the real refractive index is

increased, the imaginary refractive index must increase also to maintain
the smaller values of Q(R,S).

This can be demonstrated by following the

minimum value of the "trough."
It is apparent from Fig. 6.1 that the minimum value of the
performance function is well defined for directions perpendicular to the
direction of the "trough."

However, the performance function changes by

only a factor of two along the minimum of the "trough."

It appears that

for this particular data set, the performance function is considerably
more sensitive to the imaginary component of refractive index than to the
real.

The actual minimum value of the performance function occurs for a

refractive index of m = 1.40 - 0.005 i.
Figure 6.2 illustrates the resultant matrix elements (Fpf*" e ^ (6)

cmie\

and F22

(9)) as a function of scattering angle.

It can be seen that

the Fi^ ie ^ matrix elements show moderate angular variation, while the
F^p 0 ^ matrix elements vary more than a factor of two over the angular
range of the measurements.

(Mie)
It appears also that the Fn
matrix

elements were measured with slightly greater precision than the
p(Mie)

e i emen t ;Si

The optimum refractive index inferred by the search procedure,
m = 1.40 - 0.005 i, was used in the numerical inversion of the angular
scattering data.

Figure 6.3 illustrates the resulting unit volume

particle size distribution as well as the scaled columnar distribution.
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The radius range which was used for Che inversion of angular scattering
data was from 0.1 micron to 10.0 microns.

Although the two particle

size distribution do not agree exactly on a point by point basis, both
distributions exhibit similar general tendencies.

The closest agreement

in magnitude occurs for the larger particle (greater than 2.0 microns).
Some uncertainty in the inversion result which was based upon the angular
scattering data is to be expected since some of the matrix elements
were subject to as large as

10%

error.

Both inversion results display a bimodal character, i.e., two
particle size regions where a local maximum appears in the particulate
number density.

However, the inversion result based upon spectral atten

uation data indicates that these two both exist at smaller radii than is
predicted by the angular scattering inversion result.

This discrepancy

may be partially explained by noting that the inversion upon the spectral
attenuation data was performed using a refractive index other than the
optimum value determined by the search procedure.

If the correct index

were used, the scaled columnar distribution would be shifted to larger
particle radii.

However, it is not obvious that the magnitude of the

shift would explain the entire discrepancy.
Another possible explanation for the differences in these dis
tributions is that the particulates may not have been homogeneously
distributed vertically throughout the atmosphere.

A vertical profile of

the particulate extinction cross section given by Spinhirne (1977) for
this data indicates three altitudes where particulate extinction is
a maximum.

The 0.8 kilometer scattering altitude used in this
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experiment almost directly coincides with a minimum located between the
two lower maxima, thereby sampling particulate which may have had two
different morphologies.
During this experiment, samples of the atmospheric particulates
were collected at varying altitudes using an instrumented aircraft.

As

described by Reagan et al. (1977), chemical analyses indicated that
there was no significant variation in the chemical composition as a
function of altitude.

However, it was observed that the shape of many

particles deviated from spherical.

The departure of particulate shape

from sphericity has been shown by Pinnick, Carroll, and Hofmann (1976)
to affect the scattering matrix elements for scattering angle in the
backward hemisphere.
It is interesting to note that the scale height which was
predicted by the refractive index search procedure was 2.85 kilometers.
This is slightly greater than the 2.5 kilometer particulate extinction
cutoff altitude given by Spinhirne (1977).

However, the larger scale

height is to be expected if the lidar measurements were made at an
altitude where particulate extinction was smaller than the vertical
average.
In addition to the measured matrix elements, Fig. 6.2 also shows
the matrix element values which are predicted by both size distributions
which are displayed in Fig. 6.3.

It can be seen that both distributions

predict matrix element values which vary similarly as a function of
scattering angle.
as 20%.

However, discrepancies between the two are as large

Both distributions predict values which reasonably approximate
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the measurements, with the unit volume size distribution producing the
closer fit.
The next data set to be described resulted from an experiment
conducted on May 26, 1976.

Lidar measurements of the received signal in

the Z and r polarization states were made at scattering angles of 160,
155, 150, 145, 140, 130, and 120 degrees at an altitude of 1.0 kilometer.
Scattering from 8.0 kilometers for a scattering angle of 140° was used
as a reference measurement.

During this experiment the reference voltage

ratio was measured with a precision of about 3.6%.

The voltage ratios

corresponding to both polarizations for the seven scattering angles were
all measured with an error of less than 3.4% except for the r polariza
tion of 140° where the voltage ratio error was about 10.8%.

The reason

for this unusually large error is not readily obvious.
The S - ratio was determined using the monostatic lidar to have a
value of 17.98 ± 2.98.

In addition, monostatic lidar results indicated

that the optical depth from ground to the 1.0 kilometer scattering
altitude was 0.0042 ± 0.0060.

Again, both measurement errors as well

as calibration errors may well be the cause for this rather large error
in the optical depth.

As indicated previously, this optical depth error

will have a substantial effect upon the matrix element errors.
Spectral attenuation measurements made on May 26, 1976 displayed
a relatively large amount of curvature when log
log A.

T p(^)

was

plotted versus

As a possible consequence of this, the columnar particle size

distribution which resulted from a numerical inversion of the particulate
spectral optical depth values possessed some instability in the large
particle region (radii larger than 2.0 microns).

Since the radius range
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over which the inversion was attempted was 0.1 to 4.5 microns, it is
quite possible that uncertainty in the large particle sizes could ad
versely affect the refractive index which is estimated from the search
procedure.

This inversion result will be discussed in more detail later.

The optical depth from ground level to the 8.0 kilometer
reference altitude was determined to be 0.1250 ± 0.0055.

The error in

this quantity is only slightly smaller than the error in optical depth
to the scattering altitude; however, as indicated in Chapter 3, the
magnitude of this error does not enter significantly into the calculation
of the matrix element error.
The columnar particle size distribution was used, as described
in Chapter 4, to estimate the particulate refractive index.

The result-

ing Q(R,S) performance function surface shown in Fig. 6.4 was one of
the more unusual encountered to date.

As can be seen it is highly

asymmetric having exceptionally large values for the smaller real
refractive indices (n £ 1.40) in combination with the larger imaginary
refractive indices (k > 0.010).

As observed in the test cases, a rank

order correlation between the real and imaginary components of refractive
index exists.

As the real refractive index is increased, the imaginary

a
refractive index must increase also to yield the lower values of Q(R,S).
As indicated in the figure, the optimum value of refractive index
is determined to be m = 1.45 - 0.00 i.

The minimum in this case is not

well defined, however, since changing the real or imaginary component
by a small amount produces only a slight increase in the performance
function.

For example, if the real refractive index were changed to 1.40

and the imaginary index maintained at 0.000, only a

10% increase occurs
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Fig. 6.4.

Performance function surface for data of May 26, 1976
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in the performance function.

Only a 50% increase results if the real

refractive index were assumed to be 1.50 with an imaginary component of
0.000, and only a factor of two increase results if the refractive index
were assumed to be 1.50 - 0.005 i instead of the optimum value.

Figure 6.5 illustrates the resultant matrix elements [F^
and

as

(9)

a function of scattering angle which were calculated

from the various measurements as described in Chapter 3.

As indicated

previously, the only voltage ratio measurement which possessed excessive
error was that for the r polarization at a 140° scattering angle.
indicated in Fig. 6.5, the F22

As

matrix element is considerably smaller

than any of the others and appears to be inconsistent with the other
matrix elements.

In spite of this, all matrix element values were

included in the search procedure.

Also included in Fig. 6.5 are the

matrix element values which were predicted by the scaled columnar size
distribution, as well as those values which were predicted by the unit
volume size distribution.
The optimum refractive index inferred by the search routine was
used in the numerical inversion of the angular scattering data which
produced the unit volume particle size distribution shown in Fig. 6.6.
The inversion result was highly stable except in the particle size region
extending from about 0.3 to 0.6 micron.

With this exception, the inver

sion appears to follow a power law in the 0,1 to 0.3 micron region and
also in the 0.6 to 5.0 micron region.
for the larger particle size region.

The power appears to be smaller
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Also shown in Fig. 6.6 is Che scaled columnar size distribution.
The two size distributions agree exceptionally well except in the 0.3
to 0.6 micron region.

In this region, the scaled columnar distribution

does not possess the dramatic decrease in the particle number density
which occurs in the unit volume distribution.

One possible explanation

(Mie }
for this is the anomalous value for F22
(140°).

To assess the effect

of this data point on the inversion result, another inversion was per
formed which made use of all matrix elements except this one.

The

resulting particle size distribution agreed almost exactly with the
result based upon all matrix elements, except for the inversion point
within the 0.3 to 0.6 micron region.

When the anomalous data point was

omitted, this inversion point had a much larger value (approximately 1.2
x 10

particles per cubic centimeter) although there still existed

considerable uncertainty in the particulate number density associated
with this inversion point.

The implication is that while much of the

uncertainty in this inversion point is due to the value of F22
not all of the uncertainty can be attributed to this data point.

(140°),
This

result is not unexpected since a one-to-one correspondence does not exist
between source points and response points as was described in Section
5.2.1.

There may, however, be one source point which produces a dominant

influence at a given response point, accounting for most, but not all,
of the response at this given point.

It is believed that this situation

occurred for the particle number density in the 0.3 to 0.6 micron region
( Mie)
(source point) and the F22
matrix element at 140° (response point).

In spite of this discrepancy, the agreement between the two
inversion results must be considered as excellent.

This agreement rein

forces the assumptions made earlier regarding the form of the size dis
tribution and its constancy with altitude.

In addition, one can safely

conclude that the refractive index determined by the search procedure
reasonably characterizes the atmospheric particulates on May 26, 1976.
As indicated previously, Fig. 6.2 also shows the matrix element
values which are predicted by the two particle size distributions shown
in Fig. 6.3.

The most dramatic feature of Fig. 6.2 is the lack of agree-

(Mie)
ment between the F22
matrix element measurements and the values
predicted by the scaled columnar size distribution.

On the other hand,

quite good agreement exists between the measurements and the matrix ele
ment values which were predicted using the unit volume size distribution.
Excluding the anomalous data point and its previously mentioned effect
upon the unit volume size distribution, there appears to be only one area
in which the two distributions differ.

The value of the unit volume

size distribution is larger than the scaled columnar distribution for
particle radii less than 0.3 microns.
like Rayleigh particles

to

These smaller particles act much

produce an F 22 matrix element which varies

little with scattering angle.

The increased number of smaller particles

in the unit volume distribution may increase the value of the F22 matrix
element over that predicted by the scaled columnar distribution for
angles less than 150° while
angles to a lesser extent.

apparently affecting the larger scattering

CHAPTER 7

SUMMARY AND CONCLUSIONS

A technique has been developed whereby the refractive index and
size distribution of atmospheric particulates can be determined.

The

method relies primarily upon the determination of the particulate
angular scattering matrix elements from scattered power measurements
which are obtained using a bistatic lidar.
In order to calculate the matrix elements, the optical trans
mission to and from the scattering volume must be known.

For this reason

auxiliary measurements made with a monostatic lidar were employed.

To

obtain an estimate of the refractive index, knowledge of the form of the
particle size distribution is necessary.

Rather than assume a specific

model, an estimate of the size distribution was obtained by inversion of
a set of spectral attenuation measurements.

This size distribution was

used in a grid search optimization procedure to estimate the refractive
index of the particulates which were sampled with the bistatic lidar.
Once an estimate of the refractive index was obtained, an inversion was
performed on the angular scattering data to obtain the desired unit
volume size distribution.
Several assumptions are made to make the problem tractable.
First, as is common, the particulates were assumed to be spherical in
shape and characterized by a complex refractive index of the form
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m = n - Ki,

Second, it was assumed that this refractive index applies to

all particles existing in the atmosphere, i.e., only a single refractive
index is required to sufficiently characterize the atmospheric particu
lates.

Third, the particle size distribution, n(R), was assumed to vary

only with altitude above ground, not with horizontal position, and
additionally, the vertical variation was assumed to be limited to the
total number density; therefore, the variation of the particle size
distribution with radius is fixed and constant with altitude.

It should

be readily obvious that the above three assumptions may not be
satisfied for a given atmospheric condition.

The first assumption is a

requirement in order to simply model the optical effects of the particu
lates.

The last two assumptions are inherent to the method employed in

this dissertation, and as such present limitations to this technique.
The method was tested by applying it to simulated data which was
generated from two size distributions, a Junge model and a log normal
model.

A specific refractive index was chosen to characterize the

particles comprising each distribution.

As was shown in Figs. 4.1, 4.2,

and 4.3 the grid search optimization procedure was capable of determining
the correct refractive index in the presence of low to moderate noise
levels.

The minimum is well defined as indicated by the relative depth

of the performance surface in the vicinity of the correct refractive
index.
Figure 4.3 illustrated the asymmetry which may occur in the
performance function surface.

This test case corresponded to data which

was generated for a log normal size distribution.

Because of
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the asymmetry in the performance function surface it is unlikely that an
overestimate of the imaginary component of the refractive index would
result if this size distribution actually existed in the atmosphere.
Even if the actual minimum were not clearly defined, the implied upper
bound which can be inferred for the imaginary refractive index has great
importance in characterizing the atmospheric radiation field and in
estimating the energy which may be trapped in the atmosphere due to
absorption by the particulates.
A numerical inversion (using a modified Philllps-Twomey technique)
was then performed on the simulated matrix elements to determine the unit
volume particle size distribution.

The resulting size distribution was

examined to assess the effect of measurement errors.

From Fig. 5.1

it was apparent that the inversion technique was quite capable of
reproducing the true Junge particle size distribution when no noise was
added to the data.

Moreover, even when 4% r.m.s. Gaussian random noise

was added to the matrix elements, the inversion result agreed favorably
with the true distribution although over a restricted radius interval.
However, when 8% r.m.s. Gaussian noise was added to the matrix elements,
the agreement between inversion result and true distribution occurs over
a much more restricted radius interval.

The inversion result outside

this interval exhibits an oscillatory and generally unstable nature.
Similar statements can be made regarding the corresponding inver
sion results for the log normal size distribution test case.

The primary

difference is that excellent agreement between inversion result and true
distribution always occurred for radii at which the size distribution
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attained, its maximum value.

As the size distribution decreased in value,

the inversion results became progressively worse, always underestimating
the particle number density.
The columnar particle size distribution (after scaling) and the
unit volume size distribution were compared in Figs. 5.2 and 5.4.
Favorable agreement resulted for both size distributions within the pre
viously mentioned restricted radius ranges.

Favorable agreement at this

stage of analysis provides a check on the technique within the frame
work defined by the simplifying assumptions.
The method was then applied to two real data cases, November 20,
1974 and May 26, 1976.

For the November 20 data case, the refractive

index was determined to be m = 1.40 - 0.005 i, and the scale height was
calculated to be 2.85 kilometers.

Figure 6.3 Illustrated both the unit

volume size distribution resulting from the numerical inversion of the
angular scattering data and the scaled columnar size distribution.

Upon

examination of Fig. 6.3 it becomes apparent that the two size distribu
tions are generally similar.

Since the spectral attenuation data

exhibited an oscillatory nature, the scaled columnar distribution is
slightly suspect.

However, the unit volume size distribution was also

subject to instabilities which make detailed comparisons difficult.

For

the data case of November 20, 1974 it is entirely possible that the
simplifying assumptions may not have been satisfied.
As indicated previously, samples of the atmospheric particulates
were collected on November 20, 1974 and were shown to be comprised of
irregularly shaped particles (Reagan et al. (1977)).

Chemical analysis

indicated that a significant number of the particles were sulfuric acid
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droplets, whose refractive Index for the wavelength of the lidar
radiation is about 1.394 - 0.00 i.

The refractive index Inferred from

the procedure described here is exceptionally close to this value.
For the May 26, 1976 data case, the refractive index was deter
mined to be in « 1.45 - 0.000 i, and the scalla height was calculated to
be 0.81 kilometer.

Both the unit volume size distribution and the

scaled columnar distribution were shown in Fig.'6.6.

As can be seen,

the two distributions exhibit excellent agreement, differing appreciably
only in the radius interval extending from about 0.30 to 0.6 micron.

It

was determined that a significant portion of the variation in this size
region was caused by an anomalous value for the angular scattering matrix
elements.

However, the exact cause for this anomalous value could not

specifically be determined.
The refractive indices which resulted from the analyses of two
real data cases (m = 1.40 - 0.005 i for November 20, 1974 and m - 1.45 0.000 1 for May 26', 1976) were both in general agreement with those which
have been reported by other researchers.

In general, the real component

of refractive index' of atmospheric aerosols has been found to lie between
1.33 and about 1.60.
0.020.

The imaginary component is typically less than

Since the unit volume size distribution and the columnar size

distribution did not show close agreement, the value of refractive index
on November 20, 1974 is suspect.

However, the refractive Index value on

May 26, 1976 appears more realistic when considering the agreement
between the two size distributions.
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An Independence or eigenvalue analysis was performed on the
angular scattering functions to determine the number of degrees of free
dom which exist in the presence of a specified level of measurement,
noise.

The analysis was performed for varying refractive indices for

15 scattering angles and 2 polarizations in the backward hemisphere.

The

results were summarized in Fig. 5.5 which shows the variation of the
normalized eigenvalues of the covariance matrix for four refractive
indices.

From this graph it is easy to determine the number of degrees

of freedom for a given noise level.

It was demonstrated using this

figure that between 5 and 10 independent measurements exist at the 4%
noise level.

The most independent set of measurements for the four

refractive Indices were shown in Table 5.2, from which it is evident
that the most independent measurements for all indices were almost the
same.
The technique described here relies primarily on data which is
collected using a bistatic lidar.

Auxiliary

use is made of data

measured by a solar radiometer as well as data collected using a monostatic lidar.

The auxiliary measurements could have been eliminated if

assumptions were made regarding the values of certain parameters such as
the aerosol optical depth from ground to the reference height and the
aerosol optical depth from ground to the scattering altitude.

However,

the assumption of specific values for these parameters results in an
inherent bias in the calculated values of the scattering matrix elements
if the assumed values did not accurately represent the atmospheric condi
tions which were present during the experiment.

Since experimental

apparatus existed to measure these parameters, it was decided that
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maximum use should be made of these experiments and thus the results were
incorporated in the processing of the bistatic lidar data.
As in any situation where several experiments must be performed
to extract the desired information, the possibility exists that one or
more of the experiments will produce faulty

data, possibly leading to

inaccurate results and inappropriate conclusions.

This difficulty has

arisen in the past necessitating the repetition of an experiment.

An

obvious conclusion, and hence a suggestion for future consideration, is
that the experimental apparatus be upgraded to provide improved reliabil
ity.
In regards to instrumentation, an increased signal to noise ratio
could be achieved by increasing the collecting aperture of the bistatic
receiving telescope.

Since large aperture mirror systems are accompanied

by an increased weight and cost, it may be possible to incorporate a
large aperture plastic Fresnel lens as the primary.

Since the polariza

tion state of the collected light is to be measured, the polarizing
properties of a Fresnel lens system should be investigated in detail.
Regarding the determination of the refractive index, it may be
possible to delete the dependence upon the columnar size distribution by
directly including the refractive index as an unknown when inverting
the angular scattering matrix elements.

Combining Eqs. 5.2 and 5.7

results in

gCy^) • | K(x,yj,m) f(x)dx+ €y (j « 1,2,...,N)

(7.1)

The refractive index has been explicitly included as a parameter or
variable in the kernel function (in this case the angular differential
cross sections).

Again, a function is formed which is to be minimized,

for example
Q •

L
j

b

[g(yj) -

J
a

.

K(x,yj ,m)f(x)dx] 2 + smoothing constraint

(7.2)

The minimization is to be accomplished through proper selection of the
function f(x) as well as the value of m.· This technique couLd . be
-augmented by the introduction of inequality constraints which define the
feasible region for the value of m.
As an alternative to the above technique, it would be of con-

siderable value to assess the effects which small changes in refractive
index might produce in the inversion result.

The expression for the

inversion result was given by Eq. 5.15 to be

(7. 3)

The matrix A contains the kernel information, and as such is a function
of the refractive index in this problem.

To explore analytically the

effect of small variations of refractive index, the individual kernel
functions could be expanded in powers of m, retaining only the lowest
orders.

This is a rather formidable task in itself since the kernel

functions (depending on the polarization state) are given by Eqs. 2.25a
to 2.25d, in combination with Eqs. 2.9a and 2.9b.

However, if a manage-

~

able analytic expression for f in terms of m could be produced, the
eignificant amount of tedious algebraic manipulations might be well worth
the effort.
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The independence of the angular scattering functions can be
explored in more detail by analyzing forward scattering angles.

The

forward scattering angles are particularly important since their depen
dence upon refractive index decreases with scattering angles near zero.
The independence analysis presented here assumed an ideal measuring
instrument, i.e., the finite angular field of view was not considered.
Since the bistatic lidar has a finite angular field, further interdepen
dence of the measurements would be expected, resulting in a decrease in
the number of degrees of freedom.

This point could easily be explored

for scattering in the forward and backward hemispheres.
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