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ABSTRACT

An experiment was proposed to measure the
hemispheric diffuse and directly transmitted solar flux
density at several solar zenith angles throughout the
day.

From these measurements, the ground albedo and the

effective imaginary term of the complex refractive index
of atmospheric particulates were to be inferred.

The

present investigation considers the feasibility of this
experiment, known as the diffuse-direct technique.
A detailed study is presented which shows the
extent to which the ratio of diffuse to direct solar
radiation is sensitive to all of the radiative transfer
parameters.

It turns out that the optical depth and size

distribution of atmospheric aerosol

particles are the two

parameters which uniquely specify the radiation field to.
the point where ground albedo and index of absorption can
be inferred.

Varying the real part of the complex

- refractive index of atmospheric particulates as well as
their vertical distribution is found to have a negligible
effect on the diffuse-direct ratio.
Since the sensitivities to optical depth and size
distribution are very great, an accurate determination of
both of them is of paramount importance to a successful

x

xi
application of the diffuse-direct technique to real data
in a real atmosphere.
A new method is presented for obtaining the total
ozone content of the atmosphere from wavelength measure
ments of the directly transmitted solar flux density at
varying solar zenith angles.

With this method it becomes

possible to infer the particulate (Mie) optical depth with
greater accuracy than was previously attainable.

Since

the spectral variation of Mie optical depth is primarily
determined by the aerosol size distribution, it is possible
to estimate the columnar size distribution by inversion of
a Fredholm integral equation of the first kind.

An equa

tion is derived for estimating the effect which errors in
the Mie optical depth measurements have on the inferred
result.

These two procedures, which have been successfully

applied to data collected with a solar radiometer, are
presented and discussed.
A statistical technique for inferring the optimum
values of the ground albedo and index of absorption from
measurements of the diffuse-direct ratio is developed.

The

procedure utilizes a semi-analytic gradient search method
from least-squares theory and includes a detailed error
analysis.
In order to test the proposed diffuse-direct
technique and the new statistical procedure for extracting
the desired parameters, the diffuse-direct ratio and

multi-wavelength solar flux density have been examined as
a function of solar zenith angle for 14 days over Tucson,
Arizona.

Data illustrating the effect of clouds, clear

stable conditions, and clear but temporally varying con
ditions are presented together with an analysis of the
clear stable days.

At the 0.5217 ym wavelength the mean

values were 0.278 for the ground albedo and 0.0344 for the
index of absorption.
Considering the complexity of the data analysis
procedure (which includes radiative transfer calculations),
the accuracy required of the measurements, and the cloudfree, stable conditions required of the atmosphere, the
diffuse-direct technique has limited general utility.
Where and when these conditions are met, the particulate
index of absorption and ground albedo so inferred should
be the most realistic values to be used in any radiative
transfer calculation.

For this reason they are of the

most use to meteorologists interested in the impact of
aerosol particles on climate.

CHAPTER I

INTRODUCTION

Within the past decade there has been an in
creasing concern about the observed decline in the mean
temperature of the northern hemisphere which began in the
1940's.

Because this decline followed a steady rise in

mean temperature which began at the end of the last
century, there have been countless attempts at explaining
this behavior.

Bryson (1968) discusses the various

factors which could alter the basic climate of the earth.
These factors have included a change in sunspots, an
increase in the carbon dioxide content of the atmosphere
due to the consumption of fossil fuels, and a change in
the properties and number of particulates in the atmos
phere.

All of these factors, and probably others as well,

influence the complicated energy budget of the earthatmosphere-ocean system.

As a point of reference, Budyko

C1969} suggests that a decrease of as little as 1.6% in
the solar radiation available for heating the earth's
atmosphere can lead to a change from the present stable
and pleasant climate to a stable but unpleasant ice age.
Of the various factors mentioned above, the
observed increase in the concentration of carbon dioxide
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(Machta, 1972) unquestionably leads to warming due to the
increased absorption of infrared radiation (greenhouse
effect).

The evidence of a change in solar output energy

and its possible relationship to sunspots is inconclusive
but potentially of some importance.

Bryson (1968) points

out that sunspots and CC^ concentration have increased in
recent years but that worldwide temperature continues to
decrease.
Solid and liquid particles suspended in the
atmosphere affect climate through two major processes.
They directly affect the transfer of radiant energy in the
clear atmosphere as well as affecting the optical and
microphysical properties of clouds (Twomey, 1974, 1977;
Ackerman and Baker, 1977).

The first of these processes

is of principal interest to the writer and will be con
sidered in some detail in this dissertation.
McCormick and Ludwig (1967) were among the first .
to suggest the possibility^ of a causal connection between
an increase in turbidity and the decline in worldwide
average temperature.

They present data showing an

increase in turbidity over Washington, D. C. and Davos,
Switzerland of 57% (1905-1964) and 88% (1920-1958),
respectively.

Many places in the U.S.S.R. report a general

increase in turbidity over a period of about 25 years at
locations far removed from local sources (SMIC, 1971).
Other loncjT-period studies indicating increases in turbidity
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have been presented for clean air stations over south
eastern Japan and the western Pacific (Kitaoka, 1959),
alpine glaciers of eastern Europe (Bryson and Wendland,
1970), the north Atlantic (Cobb and Wells, 1970), and
several rural U. S. locations (Ludwig, Morgan, and
McMullen, 1970)«
Not all studies of turbidity indicate such a long
term increase.

Ellis and Peuschel (1971) report on a

significant increase in turbidity due to the eruption of
Mount Agung in 1963 but found after 6 years a return to
the pre-eruption level.

Due to the difficulty of

separating regional and global effects, it is not possible
to give reliable estimates of any long term global trends
in turbidity.

Flowers, McCormick, and Kurfis (1969) found

no indication of a pronounced trend in turbidity over the
six years from 1961-1966 although they did find evidence
for higher values over major industrial cities than
neighboring rural or suburban areas.

Their results are

presented for a network of 29 stations throughout the
U, S. where all measurements were made using a Volz
sunphotometer,
The majority of the aerosol particles in the
earth's atmosphere are of a natural origin such as windraised dust, turpenes, volcanic dust, smoke from natural
forest fires, and sea spray.

The SMIC (1971) report

estimates tha,t between 5 and 45% of all particles in the
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atmosphere are produced by man and that less than 0.1% of
the total particulate matter crosses the equator.
If one assumes for the moment that the turbidity
has increased as suggested (particularly in urban loca
tions}, a logical next step is to assess the effect which
this has on climate.

For non-absorbing particles, an

increased turbidity would enhance the scattering of the
shortwave radiation by the atmosphere.

Since some of that

scattered radiation would be returned to space (i.e.,
backscattered), the net effect would be one of cooling
the atmosphere.
Charlson and Pilat (1969) pointed out that, because
of possible absorption of solar energy by particulates,
the effect of added aerosol particles might well be one of
warming in lieu of cooling.

This same conclusion has been

reached by Atwater (1970) and Mitchell (1971) who further
extended Charlson and Pilat's (1969) parameterized heating,
equation to obtain a critical ratio of absorption to backscatter at which point heating would dominate.

This type

of parameterized model is limited in that it does not
address the fundamental optical properties of particulates
such as index of refraction and size distribution, nor
does it address the effect of a changing solar zenith
angle.

Ensor et al. (1971) tried to bridge this gap by

performing Mie calculations of the absorption and backsca,ttej: terms for a Junge size distribution of the
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aerosol particles.

They found that in the range of

-3
-1
imaginary index between 10
and 10
the effect of
particulates was inconclusive.
The first successful applications of radiative
transfer models to the problem of actual particles in the
atmosphere have been made by Rasool and Schneider (1971)
and Yamamoto and Tanaka (1972).

The latter-named authors

have computed the global albedo which, results as particles
of varying values of the imaginary index of refraction
Cindex of absorption) are introduced into a model
atmosphere.

They conclude that an increasing turbidity

will always lead to an enhanced global albedo (i.e.,
cooling) if the index of absorption is less than 0.05.
Since Yamamoto and Tanaka only considered surfaces
with a ground albedo less than 0.15, Wang and Domoto (1974)
and Herman and Browning (1975) extended the analysis to
include surfaces with greater reflection.

Both sets of

authors found that heating can result if the surface
reflectivity exceeded about 0.4, regardless of the index
of absorption of the particulates.

These studies address

a very important point, that both ground albedo and index
of absorption are important in assessing the effect of
aerosol particles on the earth and its atmosphere.
The most comprehensive study which has been made
to date of the effect which particulates have on a global
scale has been made by Herman, Browning, and Rabinoff
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(1976).

In that study, Herman et al. considered the effect

of an increase in aerosol particles injected into the
stratosphere where the solar zenith angles and ground
albedo were allowed to vary realistically with latitude
and season.

They point out that the maximum temperature

changes will be displaced in time (season) and place
(latitude) slightly from the location of maximum global
albedo change.

The additional conclusion that the polar

regions are the most sensitive to the aerosol input
draws increasingly on the importance of knowing the optical
properties of natural particles and the albedo of natural
surfaces over a wide range of wavelengths.
The optical properties of a volume of atmospheric
air are determined by the index of refraction and size
distribution of the aerosol particles as well as their
shape.

Laboratory measurements of the imaginary part of

the complex refractive index of collected samples of
atmospheric dust have been made by several observers.
Fischer (1970, 1973) has collected natural aerosol
particles with an automatic jet impactor.

By mounting

the sample in the interior of an integrating sphere and
directing a beam of radiation onto it, a bulk index of
absorption of the sample is inferred.

By using opal glass

instead of a sphere to integrate the scattered light, Lin,
Baker, a,nd Charlson (1973) have been able to obtain values
fop the index of absorption of nine samples of atmospheric
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aerosol particles collected in New York City.

Both of

these techniques are similar in principle and have the
advantage of allowing the wavelength dependence of the
imaginary index to be readily inferred (though Lin et al.
did not do so).

Lindberg and Laude (1974) used the

Kubelka<-Munk theory of diffuse reflectance to obtain
measurements of the imaginary index and its wavelength
dependence.

They point out that the diffuse reflectance

is a function of particle size and so they did not grind
the collected particulate sample (however they did press
itl.

Other laboratory measurements of the bulk absorption

coefficient of dust have been made by Volz (1972) for
wavelengths extending from 2.5-15 ym.
Eiden (1971) and Bergstrom (1973) point out the
problems inherent in using bulk indices of refraction of
collected particulate samples in computing the radiation
field of the free atmosphere.

Bergstrom gives three

possible interpretations which could be applied to the
measurements made by Fischer (1970, 1973).

A different

approach has been taken by Kondratyev (1973) who reports
yalues for the imaginary index representing a weighted
mean of the optical properties of the individual elements
comprising the aerosol, the composition being obtained by
chemical analysis.
As an alternative to bulk measurements, Eiden
C1966) has suggested that linearly polarized light
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scattered by a volume of atmospheric air be examined as a
function of scattering angle.

In particular, Eiden com

pared angular measurements of the ellipticity to theoretical
computations of the same where he assumed spherical
particles with sizes distributed according to the Junge
(1955) distribution.

This experiment is one of the

"inverse" type because it requires the interpretation of
radiation data to infer the optical properties of the
interacting matter.

Subsequent to this study several

observers have measured the polarization properties of
angularly scattered laser light.

Polar nephelometers have

been used by Grams et al. (1974) and Hansen (1977) to
study naturally occurring aerosol particles and Holland
and Gagne (1970) and Perry (1977) for particles of
artificial origin having known non-spherical shapes.
Remote sensing measurements of the optical
properties of tropospheric particles have also been made
using lidar where the volume of atmospheric air is at some
distance from the transmitting laser and receiving optics.
Spinhirne (1977) has measured the backscattered return at
a variety of heights in the atmosphere employing a
monostatic lidar.

Using size distributions obtained by

inverting spectral turbidity measurements (Appendix B),
he was able to infer values for the imaginary part of the
index of refraction in close agreement with that of Grams
et al, (1974),

Bistatic lidar has been used by Ward et al.
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(1973) and Reagan et al. (1976, 1977) to obtain estimates
of the complex refractive index of atmospheric particu
lates.

Angular scattering measurements are very sensitive

to complex refractive index but also to shape, particularly
in the backward scattering angles.
As a totally different approach to the problem of
obtaining the optical properties of atmospheric dust which
best describe the radiation field at the earth's surface,
Herman, Browning, and DeLuisi (1975) suggest measuring the
diffuse radiation field directly.

Although the sensi

tivity which the ratio of the diffuse to directly trans
mitted solar flux density has to the imaginary index of
the aerosol particles had been pointed out by Yamamoto and
Tanaka (1972), Herman et al. (1975) were the first to
suggest using this sensitivity as a remote sensing means
of inferring the index directly.

This method, known as

the diffuse-direct technique, will be the subject under
examination in this dissertation.
In order to assess the effect of aerosol particles
on a global climate, it is necessary to know the index of
refraction and size distribution of the particles as well
as the albedo of the underlying surface.

This ultimately

requires a numerical solution of the radiative transfer
equation for a model atmosphere containing absorbing
particles.

Although the index of absorption and ground

albedo inferred by the diffuse-direct technique may not be
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representative of the optical properties of the individual
aerosol particles or the reflectivity properties of the
surface, they are nevertheless the values which give the
best agreement between measurement and theory.

They

therefore theoretically represent the values most appro
priate for use in any radiative transfer modelling of the
a,tmosphere over the location of the measurements.
In the work to follow the general theory of
radiative transfer is considered and, in particular, the
sensitivities and assumptions of primary importance for a
successful application of theoretical calculations to real
data in a real atmosphere.

It will be shown that the

primary sources of error result from uncertainties in the
size distribution and optical depth due to particulates.
Methods for obtaining this additional information are
outlined and discussed.

In considering the particular

problem at hand, that of inferring ground albedo and index
of absorption of the atmospheric aerosol particles by
measurements of the radiation field at the earth's
surface, an inversion algorithm is derived. This inversion
i
makes use of the laws of diffuse reflection and transmis
sion together with a gradient search method from leastsquares theory.

Formulae are derived for estimating the

magnitude of the errors in both ground albedo and the
imaginary index of refraction of the particles.

In order

to examine the utility of this procedure, data have been

collected at Tucson, Arizona with a hemispherical
radiometer designed by Huttenhow (1976).

Data are

presented which demonstrate the effect of clouds, clear
stable conditions, and clear but temporally varying
conditions.

As a culmination of this work, data for days

during which the atmosphere was clear and stable are
analyzed and presented.

CHAPTER II

FORMULATION OF THE PROBLEM

The problem of analyzing the radiation field in a
planetary atmosphere which scatters, absorbs, and emits
radiation is of long-standing interest.

The transfer

process is described by an integro-differential equation
which has a relatively simple mathematical form but,
except for the most elementary transfer problems, is
exceptionally difficult to solve.

This chapter considers

one form of the transfer equation applicable to a plane
stratified atmosphere of infinite extent (horizontally
homogeneous) illuminated from above by plane-parallel
radiation from the sun.

This form of the transfer equation

is applicable to the earth's atmosphere at the shorter
wavelengths (visible and ultraviolet).

The diffuse radia

tion field for this situation is nevertheless complicated
by its dependence on such things as the vertical distribu
tion, optical depth, size distribution, and index of
refraction of the efficiently scattering, atmospheric
particulates as well as the position of the sun and the
reflectivity of the earth's surface.

In order to apply

measurements of the diffuse radiation field to theoretical
calculations of the same, it therefore becomes necessary
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to establish the relative importance and sensitivity of the
radiation field to all of the radiative transfer parameters.
It has been suggested in a preliminary study by
Herman et al. (1975) that the ratio of the hemispheric
diffuse to the directly transmitted solar flux density at
the earth's surface be used as an indirect means of in
ferring the imaginary part of the complex refractive index
of the atmospheric particulates.

This ratio, hereafter

referred to as the diffuse-direct ratio, has two advantages
over the diffuse flux density alone.

The first advantage

is the experimental simplification which results in
measuring both flux densities with the same instrument.

A

ratio negates the necessity of having an absolute calibra
tion of the instrument as well as accurate extraterrestrial
solar flux density data.

The second advantage is

theoretical and deals with the effect of absorption of the
solar radiation by atmospheric ozone.

This point will be

discussed at greater length at a later point in this
chapter as well as in Chapter IV where the experimental
results are presented.
Since the diffuse radiation field contains most of
the sensitivities mentioned above, it will be considered
in some detail.

The laws of diffuse reflection and

transmission are also introduced for the planetary problem,
i.e., the situation of an atmosphere resting on solid ground
or ocean idealized as a surface which reflects light
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according to Lambert's law.

The effect on the radiation

field of a surface having reflectivity properties other
than Lambertian will also be discussed.

Finally, it will

be demonstrated that the diffuse-direct ratio can be
measured and, with certain a priori information about the
Mie optical depth and aerosol size distribution, compared
to theoretical calculations to assess the magnitude of the
ground albedo (reflectivity) and imaginary part of the
index of refraction of atmospheric particulates.

The Equation of Transfer
The radiation field of the atmosphere is determined
by the amount of energy, dE(X), in a specified wavelength
interval (X,X+dX) which is transported across an element
of area da and in directions confined to an element of
solid angle, do), during a time, dt.

If the angle which

the outward normal to da makes with this pencil of radia
tion is 0, the specific intensity, I(X), is defined through
the relationship
dE(X) = I(X)cos0 dX da da) dt .

(2.1)

In a medium which scatters, absorbs, and emits radiation,
the specific intensity (or simply intensity) may vary from
point to point and with direction through that point.
Consider the diffuse radiation field in a
horizontally homogeneous, plane-parallel atmosphere
illuminated from above by the sun in a direction

-P r
0

where p is the cosine of the solar zenith angle, 0.
o
o

In

traversing a height dz normal to the plane of stratifica
tion, there will be a weakening of the intensity 1(A) by
attenuation.

This attenuation represents that energy

which is truly absorbed and converted to other forms of
energy as well as the energy which is scattered out of the
beam to reappear in other directions.

If KT(X,s)ds

represents the fraction of incident energy which is lost
along the path length ds, it follows that the total energy
lost along this path is given by
Kt ( X , s )I(A)ds

dX da dto dt .

(2.2)

The quantity KT(X,s) is known as the volume attenuation (or
extinction) coefficient of the medium at wavelength X
which may, itself, vary with position s along a path.
physically represents the total

cross

It

section per unit

volume of all the scatterers in an elemental volume.
From the definition of KT(X,s) given above, it can
be shown that the directly transmitted solar flux density,
FCA)., reaching the earth's surface which has not been
affc.oted by scattering within the atmosphere (assumed
plane-parallel) is given by
00

- / KT(X,z)dz/yQ
FCM = F0tt) e °

,

(2.3)

where FQ(^), the energy traversing a unit area in unit
time in the wavelength interval (X, X+dA), is the solar
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flux density incident on the top of the atmosphere.

In

radiative transfer problems, it is convenient to define
a dimensionless vertical coordinate t, known as the
optical depth, such that
CO
x(X) = / KT(X,z)dz .
z

(2.4)

With this definition, C2.3) becomes

F(X)

= FqCX)

-T CA)/y0
e
,

(2.5)

where t ( X ) is the total optical depth due to scattering by
molecules, attenuation (including scattering and absorp
tion) by atmospheric particles, and absorption by air
molecules such as ozone.

From measurements of the directly

' transmitted radiation at wavelengths for which absorption
due to molecular species other than

can be neglected,

it is possible to determine the optical depth due to
particulates alone, tm(X), known as the Mie optical depth.
This procedure has been reported elsewhere (King and Byrne,
1976) and is summarized in Appendix A.
The spectral Mie optical depth values for a
particular day are primarily determined by the aerosol
size distribution with a very weak dependence on the index
of refraction of the particulates, at least when the
absorption by the particles is small.

From measurements

of the directly transmitted sunlight, therefore, one can
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obtain t ..(A) and even the columnar aerosol size distribuM
tion function, nc(r), but it is not possible to uniquely
separate the amount of energy which is absorbed and
scattered from the total attenuation by the suspended
particulates.
The diffusely transmitted radiation, on the other
hand, originates from radiation which is scattered by the
atmosphere.

Of the total energy lost to a pencil of

radiation traversing a path length ds normal to an element
of cross section da, some of this energy reappears in
other directions as scattered light.

In specifying the

angular distribution of scattered light, a phase function
ptt,0) is defined such that
KtCA,s)I(A)

p(X,0) do)' ds dX da da) dt

(2.6)

represents the energy incident within dw which is scattered
into an element of solid angle do)' in a time, dt.

The

angle 0 is called the scattering angle for it gives the
angle which the scattered beam makes with the direction
of propagation of the incident light.

By comparing (2.6)

with (2.2), it is obvious that one requires

S

ptt,0) dco' = wo < 1 ,

(2.7)

since the total energy lost to the incident beam due to
scattering cannot exceed the total energy lost to scattering
plus absorption, given by (2.2).

From the definition of
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the single scattering albedo, (dq, it is clear that u>Q
represents the fraction of light lost to scattering while
l-o) represents the remaining fraction converted to
other forms of energy (absorption).

Physically, one can

think of p(A,0) as the wavelength dependent probability
density function for the scattering of a photon into the
direction specified by 0.
In the earth's atmosphere at the shorter wave
lengths (visible and ultraviolet) the phase function is
given by the expression

„
_
ptt,0)

KRCX'zi

PRC0)

+

VX'Z) PMU,01

kt(A,z)

'

c

*

8 )

Here PR(0) is the Rayleigh (molecular) phase function given

2

by 3/16tt (1 + cos

0); pM(X,0) the phase function for the

aerosol particles, calculated from the Mie theory under the
assumption that the particles are spherical; KR(A,z) and
KJJOJZ) the Rayleigh and Mie attenuation coefficients,
\

respectively, a function of height z and A; and KT(A,z)
the total volume attenuation coefficient.

Since the Mie

phase function is a function of the size distribution and
index of refraction of the atmospheric particulates, it
follows that the angular distribution of radiation scattered
in the earth's atmosphere at a particular wavelength A is
variously a function of index of refraction, size distribu
tion, and vertical distribution of the aerosol particles in
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a complicated interrelationship determined through (2.8).
The total attenuation coefficient, KT(X,z), is given by
KR(A/Z) + K^C^z) + K03CA,z), where Kq3(A,z) represents
the absorption by atmospheric ozone and is therefore
primarily confined to the stratosphere, heights con
siderably above the lower troposphere where the majority
of the scattering by atmospheric particulates occurs.
In addition to scattering out of the diffuse beam
in traversing an elemental volume, there may be emission,
including scattering, into the solid angle, dco.

From (2.6)

it follows that the total energy gained along the path
length ds, due to scattering from all dw' bundles incident
in (0', <{>') to the beam traveling in (0, <f>) , is given by
KT(A,sl / p{X;0,<j>; 0', ')I(A,0 1 ,(J)')dw'dsdXdadojdt . (2.9)

Counting up the sources JEq. (2.9)J and sinks lEq. (2.2)J
to the pencil of radiation traversing a path length ds
normal to a cross-sectional element da, it follows that

dI(ds9,<H

=

-KT(A,s)I(A,0,<i>)

+ KTCX,S) / PCAYO^E'^'JITT^'^'LDU)' .

By dividing this equation by the volume attenuation
coefficient, K^XfS}, and defining a source function
Jtt,0,<}>) as

(2.10)

277 IT
= / / p(X;0f<J>;e'/<l>')i(*r0'/<!>'1 sin e»de'd(j>' ,
o o

(2.11)
one is led to the equation of transfer,

- K^ a .'sids °

-

JP'e-*'

<2-121

•

In deriving the equation of transfer, energy contributions
other than scattering and absorption have been neglected.
Thermal emission, Raman scattering, or any other energy
sources from the medium would enter the radiative transfer
equation as additive contributions to the source function,
J(X,0 ,<(>).

In the problem of light scattering in the

earth's atmosphere at optical frequencies to be considered
in this dissertation, these contributions are of negligible
importance.
Unlike the directly transmitted solar radiation,
the diffuse intensity field described by the equation of
transfer contains a sensitivity to absorption and scatter
ing separately through the source function which, in turn,
arises from the phase function

.

For

examination of the diffuse intensity field in the earth's
atmosphere, modeled as plane-parallel, it is convenient to
measure linear distance vertically inward from the top of
the atmosphere in terms of optical depth, t, defined by
C2.4),

Defining y as the cosine of 0, the inclination of

the direction of propagation of the beam with the outward

normal, and dropping the A dependence, (2.12) may be
rewritten as
-y

dI(

^^} = I(T ,y,(J>) - JCT,y,(f>)

(2.13)

,

giving the variation of the specific intensity with height
and with direction through that height.

This is an

integro-differential equation since the intensity field
enters the source function as an integral.
In the case of an atmosphere with a finite optical
thickness, Tt, the formal solution to (2.13) reduces to

-T./y
IC0,+y,<{>} = I Crt,+y,<j>) e

Tt

+ f
o

e"T,/liJ( t ',+y,(J))

, and

(2.14)

^

-rt/y
I(Tt,-y,<()) = I(0,-y,<|>) e

Tt
-(t - x 'J/y
r
+ / e
J( t ' , - p , < j > )
_

,

d

(2.15)

f

H

giving respectively the emerging intensities outward from
the top of the atmosphere and inward at the ground.

In

these equations, y is always positive wherever it
explicitly appears (i.e., 0 < y <_ 1).

For a complete

treatment of the preceding discussion, the reader is
referred to Chandrasekhar (1960, Chapter

I).
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In addition to being an explicit function of
optical depth (x) and direction of propagation

the

intensity field is a function of the index of refraction,
size distribution, and vertical distribution of the
atmospheric particulates through the phase function
p(X,0), as well as the solar zenith angle through the
single scattering part of the source function.

Unlike the

directly transmitted solar flux density, the diffuse
intensity field is sensitive to the refractive index of
the aerosol particles since it originates from radiation
scattered out of the direct solar beam.

The refractive

index m = n - ici is a complex number; the real part n
being the ordinary index of refraction of the material,
while the imaginary part K determines the absorption of
electromagnetic radiation.

The diffuse-direct technique

suggested by Herman et al. (1975) requires a comparison
of measurements of the diffuse radiation field to computa
tions of the same in order to estimate the imaginary
index tc of the particles.
Since part of the radiation, both diffuse and
direct, which impinges on the earth's surface is reflected
back to the atmosphere to suffer further absorption and
scattering, it follows that the diffuse intensity field
should also be a function of this reflectivity.

The

hemispheric diffuse flux densities at the earth's surface
are given by
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+

2tt 1
f

F (xt) = f
o

lCxt, ±y,<M y dy d<}> ,

(2.16)

o

where the +(-) sign refers to intensities propagating in
the upward (downward) direction at the level xt>

In terms

of the hemispheric diffuse fluxes given by (2.16), the
ground albedo, A, is defined as

F+(t )
A =

,

(2.17)

F~(xt) + yQF

where F is the directly transmitted solar flux density
given by

C2.5) for x = Tfc.

It is customary in radiative

transfer problems to model the reflected intensity from a
rough, planetary surface as isotropic such that I(x^_,
+ y,(J>) = Ig(xt), independent of (y,<f>).

With this assump

tion, known as Lambert's law, (2.17) becomes

lCxt, +y,<J>) = £ (F~(xt) + yQ F) ,

(2.18)

which, together with the boundary condition
I(0,-y,<j>) = 0 ,

(2.19)

allow (2.14) and (2.15) to be solved.
Since the scattering process is known to be
dependent upon polarization, the equation of transfer must
be altered to include the effects of polarization.

The

most convenient representation of polarized light is by a
set of four parameters introduced in 1852 by Sir George
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Stokes.

With this representation it is possible to

compute the total intensity, degree of polarization, plane
of polarization, and ellipticity of the polarized beam from
measurements of four intensities.

In the context of this

dissertation it is sufficient to state that the specific
intensity and source function become vectors while the
phase function becomes a square matrix of order four.
The equations of transfer, allowing properly for the
polarization of the scattered radiation, were first
formulated by Chandrasekhar in 1946 and discussed in some
detail by Chandrasekhar (1960, Chapter I).

Although

polarization will not be discussed in any more detail in
this dissertation, it has been included in all computa
tions to be presented.

Sensitivity of the Diffuse Radiation Field
To assess the sensitivity of the diffuse radiation
field to the many radiative transfer parameters, computa
tions were made for 364 model atmospheres illuminated from
above by the sun at five solar zenith angles.

The method

used to calculate the diffuse radiation field is described
by Herman (1963) and Herman and Browning (1965).

This

solution consists of a Gauss-Seidel iteration technique
and many numerical integrations where the two-point
boundary conditions [Eqs. (2.18) and (2.19)] are satisfied
at the bottom and top boundaries of the atmosphere,

respectively.

The computations are made for a plane-

parallel, vertically inhomogeneous atmosphere with the
dust vertically distributed according to Elterman (1968).
In all calculations the wavelength of incident illumination
is X = 0.5550 ym which, at the pressure level of Tucson,
has a Rayleigh (molecular) optical depth tr = 0.0860.

The

phase matrix for the particles is computed from Mie theory
Isee Van de Hulst (1957) for details] and is thus a
function of the complex refractive index and size distribu
tion of the particulates.
The aerosol size distribution for the sensitivity
tests was assumed to be that proposed by Junge (1955),
given as

nCr) = Cr~(V*+1) ,

(2.20)

where C and v* are constants and n(r) is the number
density of particles per unit interval of radius r.

All

model calculations presented in this chapter are for Junge
distributions where the radius r extends from 0.01 to
10.01 jam.
Figure 1 illustrates the sensitivity of the
transmitted intensity field in the <j> = 0° and 180° plane
Ci.e., the vertical plane containing the sun) to the
imaginary term ic of the complex refractive index of the
aerosol particles.

All intensities are plotted relative

to the directly transmitted solar flux density at the
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earth's surface and thus are in units of per steradian.
Although this particular model atmosphere has

= 0.100,

v* = 2.0, 0Q = 35°, and A = 0.20, the obvious sensitivities
in the figure are similar for all other model atmospheres
investigated.

In general, the solar aureole (the strong

intensity region in the vicinity of the sun) is very
insensitive to k, being primarily produced by Fraunhofer
diffraction around the particles, while larger scattering
angles show a marked sensitivity to absorption.

The fact

that the transmitted intensity decreases monotonically with
increase of k may readily be understood.

In an atmosphere

containing molecules and particles at wavelengths where
molecular absorption may be neglected, non-absorbing
particulates will serve to enhance the attenuation of the
direct solar beam over a purely molecular atmosphere while
at the same time redistributing some of that radiation into
other directions as an enhanced diffuse component.

Thus

the ratio of diffuse intensity to direct solar radiation
is enhanced by the presence of non-absorbing particles.
If, on the other hand, the aerosol particles absorb some of
the energy incident upon them while maintaining the same
Mie optical depth, a lesser amount of diffuse skylight
would appear as scattered radiation than otherwise.

Since

absorption by the aerosol particles is measured by the
imaginary index of refraction (hereafter referred to as the
index of absorption), it therefore follows that the
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transmitted intensity field, in an atmosphere containing
molecules and particles, monoi lically decreases as a
function of the index of absorption for all scattering
angles.
Computations similar to Fig. 1 have been compared
to measurements by Herman, Browning, and Curran (1971)
where theoretical calculations were made using measured
values for tm and 0„ but an assumed value for the index of
M
o
refraction, Junge size distribution parameter v*, and
ground albedo.

Although no attempt was made to optimize

the assumed values of v*, A, and m, the agreement between
measurement and theory was quite good.

It should be

possible, however, to optimize the determination of the
index of absorption and ground albedo by examining the
diffuse radiation field at different solar zenith angles.
The method by which this is accomplished is presented in
Chapter III.
If the downward hemispheric diffuse flux density
on

a,

horizontal surface is calculated using (2.16), it

follows that F""(t ) should monotonically decrease as <
increases since the intensity field has this behavior for
all observation angles (y,(|>).

Figure 2 presents a family

of curves for the diffuse flux density versus index of
absorption k where again the diffuse flux density is
plotted relative to the directly transmitted solar flux
density.

This ratio,
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* = F~Cxt)/F ,

(2.21)

shows the required sensitivity to K as well as sensi- .
tivities to y

and A.

Yamamoto and Tanaka (1972) investi

gated some of the sensitivities of 0 including k and X and
came to the same conclusion for the sensitivity of $ to
absorption.

However, Yamamoto and Tanaka made no attempt

to investigate this sensitivity as a potential remote
sensing means of inferring k and A directly.

Herman et al.

(1975), on the other hand, show curves similar to Fig. 2
and suggest using the sensitivity of $, termed the
diffuse-direct ratio, to infer the index of absorption of
the atmospheric particulates.
In addition to the obvious instrumental advantage
of making a relative (ratio) measurement in lieu of an
absolute flux density measurement as mentioned earlier,
there is a theoretical advantage associated with formu
lating the ratio of diffuse to direct solar flux density.
Since ozone has a very broad absorption feature extending
from about 0.4100 to 0.9000 ym, known as the Chappuis
continuum, ozone must be considered when calculating the
diffuse radiation field at the earth's surface having
wavelengths in this region.

Since most of the absorption

by atmospheric ozone occurs above 20 km while the majority
of scattering by molecules and particles is confined to
tropospheric heights well below 20 km, it follows from

(2.8) that the phase function will be nearly zero in the
stratosphere while being primarily produced by particulate
and molecular scattering in the troposphere.

As a

consequence of this separation, ozone serves to attenuate
the direct solar beam before the radiation can interact
with the scattering atmosphere.

It is expected, therefore,

that ozone absorption will affect the diffuse and direct
flux densities by nearly the same fraction such that the
diffuse-direct ratio will be largely insensitive to
absorption by ozone.

All computations presented in this

dissertation have neglected ozone absorption in their
formulation, but it is a relatively simple manner to
include ozone through the height dependent phase function
given by (2.8).

Since approximately 7.5% of the total

ozone content of the earth's atmosphere is located within
the troposphere (Elterman, 1968), there is an imperfect
separation with height.

As a direct consequence of the

presence of tropospheric ozone one would expect to see
some minor sensitivity to ozone absorption, particularly
for wavelengths in the heart of the Chappuis band (centered
near 0.6120 jjiti).

This subject will further be addressed

in Chapter IV where the experimental results are presented.
Returning to Fig. 2, one sees that, in addition to
being monotonically decreasing as the index of absorption
increases, the diffuse-direct ratio is a smooth function
having the steepest slope for small values of k.

This

means that the diffuse-direct ratio is unique in that it is
the most sensitive to absorption for small indices of
absorption, those most often believed to exist in the
earth's atmosphere.

Flux divergence between two different

heights in the atmosphere, as occasionally measured by
aircraft, is subject to large errors for small absorption
since analysis requires taking the difference of two large
flux measurements in order to obtain a small residual flux
lost to absorption.
The sensitivity of the diffuse-direct ratio to
solar zenith angle and ground albedo is also illustrated
in Fig. 2, where it is apparent that the effect which a
changing solar zenith angle has on $ depends upon the
values of k and A.

For small indices of absorption and

large values of surface albedo (e.g., K = 0.01, A = 0.30),
$ decreases slightly with 0Q until about 65° after which
point it starts to increase.

For smaller values of the

surface relectivity, however, $ increases with zenith
angles for all 0Q > 45°, regardless of the index of
absorption.

Figure 3 explicitly illustrates the combined

effects of k and A on the zenith angle dependence of the
diffuse-direct ratio for a model atmosphere having tm =
0,05 and v* = 2.0.

The family of curves for a fixed

ground albedo shows that the predominant effect of the
index of absorption is to alter the magnitude of $ with
very little effect on its functional relationship with
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respect to zenith angle.

Ground albedo, on the other

hand, affects both the magnitude and shape of $ as a
function of 0Q, with the dominant feature being shape.
This is readily seen upon examination of Fig. 3 for the
family of curves having a fixed value for the index of
absorption of the atmospheric particulates.

For ground

albedos between 0.10 and 0.20 there is very little
magnitude change in $ for zenith angles between 35° and
75°.

In ice and snow covered regions where A > 0.50, one

would expect to find measured ratios of diffuse to direct
solar flux densities decreasing as the zenith angle
increases up to 0Q ~ 70°.

This suggests that a measure

ment of the diffuse-direct ratio versus solar zenith
angle contains enough information to determine both the
imaginary index of refraction of the atmospheric particu
lates as well as the reflectivity of the earth's surface,
given a knowledge of the aerosol size distribution and
Mie optical depth.
Examination of Figs. 2 and 3 suggests that the
diffuse-direct ratio monotonically increases with ground
albedo, all else being held constant.

This is to be

expected since larger surface reflectivities allow more
radiation to be scattered by the atmosphere than otherwise
would be if the surface were totally absorbing (A = 0.00).
Since part of the additional reflected radiation is
returned to the surface as an increased diffuse component,

it follows that the diffuse flux density P (t.j.), and
consequently the 0 ratio, should increase monotonically
with albedo.

It appears from these figures that the

dependence of the diffuse-direct ratio on surface albedo
is nearly linear, since $ increases by roughly the same
amount for each uniform increase in A (i.e., 3$/3A =
constant).
In order to examine this relationship in greater
detail, Fig, 4 illustrates 0 as a function of A, taking
tm as the variable parameter while m, 0o, and v* are held
constant.

Although the computations are for four values

of albedo only, viz., 0.05, 0.10, 0.20, and 0.30, it is
apparent that $ is well approximated by a linear function
in A showing negligible, though positive, curvature.

The

slope of the curves for particle-containing atmospheres
(tm > 0.00) increases as the Mie optical depth increases
with the diffuse-direct ratio still being well described
by a linear relationship in A, even at the very large
value Cbased on Tucson standards) of

T
=
M

0.30.

Other

refractive indices produce a similar set of curves with
nearly the same slope but a somewhat different magnitude
while other solar zenith angles have different slopes at
the same time supporting a linear relationship of $ vs. A,
These additional sensitivities may readily be seen upon
examination of Fig. 2.
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Up to this point little mention has been made of
the sensitivity of the diffuse-direct ratio to Mie optical
depth and aerosol size distribution.

This is because

these parameters are not variable parameters to be deter
mined from the diffuse flux density measurements but are,
instead, input parameters to be determined a priori.
Since an error in either rM and/or n(r) leads to errors in
the determination of k and A, the Mie optical depth and
size distribution play a very important role in the
successful application of the diffuse-direct technique to
real data in a real atmosphere.
Figure 5 shows $ as a function of tm for two
refractive indices and three Junge size distributions.
As the Mie optical depth increases, the diffuse-direct
ratio increases for aerosol particles having a fixed
refractive index and size distribution, a feature which
can also be deduced from the results of Yamamoto and Tanaka

C1972J,

This behavior is suggested by the radiative

transfer equation lEq. (2.15)J

for atmospheres having

optical depths small enough for single scattering to
dominate.

Since the phase function is primarily deter

mined by the index of refraction and size distribution of
the atmospheric particulates, the main effect of optical
depth is to increase the diffuse intensity field through
the limits of integration while at the same time decreasing
the directly transmitted solar flux density.

For thicker
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atmospheres having appreciable multiple scattering, the
functional relationship between $ and tm is complicated to
predict but still determined by the phase function through
ic and v*.
It is obvious upon examination of Fig. 5 that any
uncertainty in tm leads to an uncertainty in the determina
tion of k (and A}, even if the aerosol size distribution
is known.

It is similarly apparent that any uncertainty

in the aerosol size distribution will lead to incorrect
assessments of the value for k, even if the Mie optical
depth is known with a high degree of accuracy.

In general,

neither tm nor n(rl are known precisely and thus they both
must be estimated from alternative measurements.
The method which has been developed for obtaining
accurate Mie optical depth measurements is described in
detail by King and Byrne (1976) and summarized in Appendix
A.

This procedure optimizes the determination of the ozone

optical depth, the major uncertainty in obtaining tm from
measurements of the total optical depth.

Since the spectral

variation of Mie optical depth is primarily determined by
the aerosol size distribution, it is possible to use this
information to obtain an estimate of the columnar aerosol
size distribution, nc(r), defined as the number of particles
per unit area per unit radius interval in a vertical column
through the atmosphere.

The method by which this is

accomplished is outlined in Appendix B.
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Yamamoto and Tanaka (1969) have shown analytically,
using Van de Hulst's (1957) anomalous diffraction theory,
that the index of refraction has very little effect on the
size distribution determined from spectral attenuation
measurements, thus allowing a determination of nc(r)
essentially independent of k (and of course A).

Further

examination of the sensitivity of the numerical size
distribution determination to refractive index has shown
that the primary inversion sensitivity is associated with
the real, rather than the imaginary, part of the complex
refractive index of the atmospheric particulates (at least
for 1,45 £ n £ 1.54 and 0.00

k

<_ 0.03).

By making use

of the optical depth and size distribution of the
atmospheric particulates thus obtained, it is possible to
make explicit radiative transfer calculations for a
particular day at a given wavelength similar to the set
presented in Fig. 2.

In this manner, errors in the

determination of k and A are minimized since the need to
interpolate in wavelength, size distribution, and Mie
optical depth has been eliminated.

By making measurements

of the diffuse-direct ratio at a span of times having a
variety of solar zenith angles, it is possible to compare
the theoretical set of computations to the measurements in
order to determine the values of k and A giving the best
agreement between measurement and theory.

The method by

which this is accomplished and the instrument used to make
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the measurements are described in Chapters III and IV,
respectively.
Returning to Fig. 5, one sees that the value of
$ at rM = 0,00 (Rayleigh case) is a function only of zenith
angle and ground albedo.

Since the ground albedo is

expected to remain relatively constant from day to day
(particularly in Tucson where there is very little annual
snow cover) one would expect to find measurements of the
diffuse-direct ratio on many days, for which the Mie optical
depths and size distributions vary, to fall in a cone
somewhat similar to the family of curves presented in
Fig, 5 if all data are plotted for the same value of 0Q.
This type of plot serves as a qualitative check on the selfconsistency of the data over an extended period of time.
The sensitivity of the diffuse-direct ratio to
Junge size distribution parameter v* is also illustrated
in Fig. 5, where it is apparent that the effect which a
changing Junge parameter has on $ depends upon the value
of k.

For ic = 0.00, 4> decreases monotonically with v*

regardless of the Mie optical depth while for larger values
of the index of absorption 3> is non-monotonic in' v*,
having its largest value for v* ~ 3.0.

Figure 6 explicitly

illustrates $ as a function of v* for four values of the
complex refractive index.

In addition to the sensitivities

to v* just mentioned and attributed to k, the same sensi
tivities are evident for both real indices of refraction
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The diffuse-direct ratio as a function of Junge
size distribution parameter v* for rM = 0,10,
0Q = 35°, A = 0.05, and four values of the
complex refractive index.
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illustrated, viz., 1.45 and 1.54.

It is evident from this

figure that the effect of the real term of the complex
refractive index on the magnitude of the diffuse-direct
ratio is quite negligible compared to the much greater
effect of the index of absorption.

According to Gebbie

et al. (1951), Eiden (1966), and Hanel (1968), natural
haze has a real refractive index lying somewhere between
1.33 and 1,57; the former value corresponding to that of
water droplets and the latter value to several salts,
sulfates, and silicates arising from natural and man-made
sources.

In desert regions like Tucson, it is reasonable

to expect n to lie in the region between 1.45 and 1.54
due to the sources of the particulates and the relatively
low humidity of the atmosphere.
The main significance of Fig. 6 is to illustrate
the relative insensitivity of the diffuse-direct ratio to
the real, as opposed to imaginary, part of the complex
refractive index of the suspended atmospheric particulates.
From inversion of spectral optical depth data in order to
infer the columnar.aerosol size distribution, King et al.
(.1976) have suggested that scarcely 20% of all days over
Tucson have aerosol size distributions which can be
adequately described as Junge.

Most days appear to have a

combination of a Junge plus a log-normal type of distribu
tion.

Figure 6 nevertheless suggests that the diffuse-

direct technique will be largely insensitive to the real
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part of the complex refractive index, regardless of size
distribution.

For smaller Mie optical depths this meager

sensitivity is even further reduced.
Since spectral attenuation measurements are capable
of sensing only the columnar aerosol size distribution, a
logical concern is the sensitivity of the diffuse intensity
and hemispheric flux density to the vertical distribution
of the particles.

By assuming that the shape of the size

distribution is height independent, Herman and Browning
(1975} have performed computations of the reflected flux
density out of the top of an atmosphere having an Elterman
(1968) height profile for the particulate concentration as
well as two perturbed Elterman profiles simulating pollu
tion conditions under an inversion layer.

Their results

indicate that the total Mie optical depth is the principal
factor determining the diffuse flux density with little
effect attributed to the vertical distribution.

Similar

computations for the transmitted intensity field indicate
that errors as large as 6% can arise for certain scattering
angles if tm = 0.10 while the diffuse flux density at the
earth's surface has errors less than 0.75% for the same
Mie optical depth.

The relative insensitivity of the

diffuse*-direct ratio to the height profile of the aerosol
particles is a fortunate result since obtaining that
additional information would require another instrument

such as a monostatic lidar Isee Spinhirne (1977) for
details].
In order to compare measurements of the diffusedirect ratio to theoretical calculations of the same, it is
necessary to make explicit radiative transfer computations
for each day during which measurements are collected due
to the variability of the Mie optical depth and aerosol
size distribution.

Since computations are required only

of the transmitted hemispheric flux density at the earth's
surface and not the intensity field in any particular
direction, considerable computational time can be saved
by expressing the intensity vector and phase matrix in a
Fourier series in (<J>'-<j>), the difference between the
azimuth angles of the meridian planes containing the
directions of incidence and scattering.

This procedure

has been adopted by Dave (1970) using the method of
successive scattering and by Herman and Browning (1975)
using Gauss-Seidel iteration.

Though the Fourier analysis

procedure can readily be used to calculate the complete
intensity field, its main advantage when large atmospheric
particulates are present in the atmosphere is in computing
the hemispheric flux densities since only the constant,
azimuth independent terms are required (Herman and
Browning, 1975).
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Diffuse Reflection and Transmission
It is sometimes convenient to express the diffusely
reflected light at the top of the atmosphere and the
diffusely transmitted light at the bottom of the atmosphere
in terms of a reflection function S

;y,<f>;yQ, <J>0) and a

transmission function T(rt;y,<j>;yD,4>0).

In terms of these

functions, the reflected and transmitted intensities from
a horizontally homogeneous atmosphere illuminated from
above by a parallel beam of radiation of incident flux
density Fq may be expressed in the forms
F
ICO,+V,<f>) =

S(Tt;y ,(f>; yQ,<f>Q)

(2.22)

and
F
I

.

,—y,<J>) =

;y,<j);yQ,(f>0) .

(2.23)

The pair of Eqs. (2.22) and (2.23) can be viewed as
defining the functions S and T since the equation of
treinsfer must still be solved for the case of zero ground
reflectivity.

The advantage of including the factor 1/p

in the expressions for the emerging intensities given
above is that the reflection and transmission functions
obey the Helmholtz principle of reciprocity given by
S CTt;v,(p;v0,<P0) =

S(Tt;y0,<j>0;]j,<J>)

T( t t ; y , < f > ; y 0 , < f >0l = T ( x t ; y q , <J> q ; y ,< p )

.

In other words, the reflection and transmission functions
are unaltered when the directions of incidence and
emergence are interchanged.

A full derivation and dis

cussion of this result may be found in Chandrasekhar
(1960).
In order to examine the effect which a non-zero
ground reflectivity has on the downward hemispheric diffuse
flux density F~(t^.), it is necessary to consider an
extension of (2.23) to include not only plane-parallel
illumination from above the atmosphere but also diffuse
radiation incident from below.
the level

The inward intensity at

results from transmission of the incident

flux density by the atmosphere and the reflection by this
same atmosphere of the diffuse radiation I(rt,+y 1,<J>')
incident on it from below.

It therefore follows that

F

lCTt,-H,$) = 4 ^ T(rt;}if<J>;yo,<()o)

n

+

2tt 1
s

4inT ^
" o

Ci:t; j j , cf> ; p 1 , ^ ) I ( T t , + y ' , <j>' ) d y ' d <J> •

.

o
(2.24)

While there is no formal difficulty in carrying out this
evaluation for any given law of reflection of the ground,
it suffices for most purposes to idealize the ground as a
surface which reflects according to Lambert's law with some
albedo A,

In this case
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ICTt,+V,f<|>'} = IgCTt) ,

(2.25)

being unpolarized and uniform in the outward hemisphere at
the ground and independent of the state of polarization
and angular distribution of the incident light.

Substi

tuting (2.25) into (2.24) immediately leads to
f

ItTtf-y,*) =

s(t

W

T(Tt;TJ/<J>;ii0,<|)o) + Ig(Tt)

,y)

,

(2.26)
where

,

2n 1
f

sCxt,)i) = j - f
o

,<j>') dy 'd(j) * .

o

In order to determine I (t . ), it is necessary to
g
u
evaluate the downward hemispheric diffuse flux density
F_(t^.)

for application of (2.18).

From definitions, it

follows that
2ir 1
F~(Tt) = f
f I(Tt,-y,<j>)lJdyd(|>

2IT 1 F
= / / 4rrr T(Tt;p,<j);po,4)o)ydiJd(}.
r\

r\

"

2it 1 s(x. ,y)
+

IatTtl
y

/

f

o

o

ydjjdifr

= F0 tCTt,JJc) + TTlg(Tt)sCTt)

(2.27)
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where

tCTt,TV

s(t

)

=

= 2

r

,

2ir 1

4?

f

f

o

o

TCTt;y,<|.;yo^old^

s( r ,y)dy

f

o

Upon substituting C2.27). back into C2,18), it immediately
follows that

A F0IV0e

Vl,° +

TTI (T.) =

tCTt.^on

—

9

.

(2.28)

1 - A s(Tt)

This relationship has been derived by Chandrasekhar (1960)
a,nd applied to the diffuse intensities reflected from the
top of the atmosphere and transmitted at the ground.
However, in the context of this dissertation, it is of
more importance to examine the diffuse-direct ratio 0.
Substituting (2.28) into (2.27) and recalling the defini
tion of $, it follows that

F~CT.)_

$ _

1 —

„ "Vo
o

T./J1
= e

r

A s(T )

-T /y

t(r ,y 1 +
£y e
t°
1 - A s(.xt)
°

+ tCTt,yolj] ,

(2.29)
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which, upon rearranging the order of the terms, can be
shown to yield

Tt/yo
,p ) e
+ au s(t )
5—2
2
5_
1 - A s(xt)

t (T

$ =

.

(2.30)

This expression for the diffuse-direct ratio gives its
dependence explicitly upon ground albedo, zenith angle, and
optical depth in terms of the reflection and transmission
functions for zero ground reflectivity.
For a combination of optical depth and ground
albedo such that A sCt^.)<<1, it follows from (2.30) that $
is very nearly a linear function of A with an intercept
of t(Tt,po). e

and a slope of voF(Tt).

This is in

good agreement with the results of Fig. 4 where it was
noted that the curvature was negligible though slightly
positive (due to 1 - A s(tfc) term).

Since the slope of

$ as a function of A is approximately equal to l^iTCir.j.), it
follows that the slope decreases with increasing zenith
angle (due to yQ) and increases with increasing Mie optical
depth (due to s(xt)}.

These sensitivities can readily be

seen upon examination of Figs. 2 and 4.
For the case in which polarization is included,
the principle of reciprocity is complicated somewhat, and
the reflection and transmission functions become fourvectors.

Chandrasekhar (1960) derives relationships
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analogous to (2.26} and (2.28) for the case of scattering
according to a phase matrix.

The general conclusions and

functional relationships derived in this section remain
unaltered, however, so nothing is gained by the increased
complexity of the mathematical formulation.
Fraser and Walker (1968) examined the effect of two
different laws of ground reflection on the radiation
scattered from a Rayleigh atmosphere.

In addition to

Lambert's law of reflection they considered the case of
specular reflection from a smooth water surface according
to Fresnel's law.

Though very great differences arose in

the intensity and polarization properties for small optical
depths, it was concluded that the total hemispheric flux
+
density F (0) showed very little sensitivity to the law of
reflection.

No detailed examination of this type has been

carried out for a realistic atmosphere containing molecules
and particles but it is reasonable, based upon the results
presented by Fraser and Walker (1968), to assume that the
sensitivity of the diffusely transmitted flux density
F~(xt) is minimally affected by the form of the reflection
law.

The uncertainties which do arise, however, become

more pronounced as the solar zenith angle increases.

For

0Q <_ 60°, the difference of the outward flux densities from
the two models was found to be less than 2%, increasing to
almost 7% at 0Q " 84°.

CHAPTER III

METHOD OF SOLUTION

As demonstrated in the last chapter, a measurement
of the diffuse-direct ratio versus solar zenith angle
contains enough information to obtain the imaginary part
of the complex refractive index of atmospheric particulates
as well as the reflectivity of the earth's surface.

This

chapter presents a statistical method whereby optimum
values of k and A can be determined from diffuse flux
density measurements on a given day provided the Mie
optical depth and aerosol size distribution can be esti
mated.

After demonstrating the procedure with a data set

generated for a model atmosphere, the question of errors,
measurement, numerical, and atmospheric, will be con
sidered.

Formulae are also presented for estimating the

magnitude of the errors in the coefficients ic and A.

Mathematical Formulation
The reflection and transmission functions in a
planetary atmosphere depend on the size distribution and
index of refraction of the atmospheric particulates as
well as the optical depth and solar zenith angle explicitly
indicated.

For the cases in which Mie optical depth and

size distribution can be determined, the functions t(T^.,yo)
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and is(Tt) depend only on solar zenith angle and index of
absorption.

From C2.30) it therefore follows that the

functional form of the diffuse-direct ratio may be written
as
4>C0o,k,A) =

a{Q ,k) + b(0 ,k )A
l - C(K)A
'

(3,1)

where
Tt/yo
r
°

aCeQ,ic) = tCTt,yo)e

,

(3.2)

biQQ,K) = ]JosCTt) ,

c(k)

(3.3)

= s( t f c ) ,

(3.4)

and
u
= cos 0
Ho
o
Since c ( k ) A <<1 for Mie optical depths at least as large as
Tjj = 0.30, as suggested by Fig. 4, the observations of $
were fitted to a straight line of the form
$(0o/KfA) = a(0Q,K) + b(0Q,k)A

(3.5)

in order to determine the index of absorption k and ground
albedo A ,
If an observed measurement y^ is Gaussian dis
tributed with a standard deviation

about y(x^),

Bevington (1969) shows that maximizing the probability
that y^ observations have the functional form y(x^) is
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equivalent to minimizing the statistic X

x2 = I
i a.

2

defined as

iy± - y(xi>J2

<3-6>

In order to maximize the probability that the $ observations have the functional form of (3.5), x

2

must be

written as

X2 = [^
i a±

" aCe^K) - b(6i,K)Aj2 ,

(3.7)

where the summation extends over all zenith angles for
which measurements have been made and calculations
performed.
Minimizing X

2

as defined by (3.7) is equivalent to

making a weighted least-squares fit to the data.
minimum value of x

2

The

can be determined by setting the

partial derivative of x

2

with respect to each of the

coefficients (k,A) equal to zero.

This procedure results

in two simultaneous equations:

= -2 I -^2 e± bte^K) = 0 ,
x

3a ( 0 . , k )
3k

(3.8)

ai

= „2 Y -i£
2
x ai

e
Gi

1

3k

3b(0 . , k )
+ A

1

3k

= 0 ,

(3.9)

where
e

i

= ^ - a ( 0 i f k ) - b ( 0 ^ r k )A .

(3.10)
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The set of Eqs. (3.8) and (3.9) is nonlinear in the
unknowns k and A and as such no analytic solution for them
exists.
However, (3.8) can be rewritten to show the
interaction of the coefficients as

b( 0 ,k)

I
i ex.

- a ( 0 ± , k)J = A I
i aL

b2(6i,K) ,

an expression which may readily be shown to yield

J ——2* b(0.,K)I$i - a(0i,K)J
i a
A =
t
5
.
I ~±2 b ^,<1
i a.

(3.11)

For any arbitrary value of k, however, x

2

will not neces-

2

sarily be a minimum since 3 x / 3 k will not be identically
zero as required by (3.9).

As k is varied, the functions

a(0£,tc) and b(0^,K) are determined from the theoretical
set of computations, from which A and x
using (3.11) and (3.7), respectively.

2

can be computed

The coefficient k is

continuously varied until a minimum value of x

2

is deter

mined, always with the knowledge that the value of A
computed using (3.11) is that value of A giving the minimum

2

value of x

f°r

a

given k.

Test Case with Generated Data
In order to see how this procedure works, consider
the data set of Fig, 7 which pertains to a model atmosphere

0.3rTM *0.050

I/* "3.0

X « 0.5550ft m
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I
40

50

60

70

80

0O (DEGREES)

Fig. 7.

The diffuse-direct ratio versus solar zenith angle for a model
atmosphere having tm = 0.05 and v* = 3.0.

in
<Ti

having a Junge distribution of the aerosol particles with
v* = 3.0.

All "measurements" of the diffuse-direct ratio

are for 0Q = 45°(10°)75° and A = 0.5550 ym, a wavelength
for which t „ = 0.050 and
M

R

= 0.086.

We desire to deter-

mine from these data the optimum values of the index of
absorption and ground albedo which give the best agreement
between the measured $ values and the theoretical
$C0ofKfA} function.
Since $(0o,K , A ) can be well approximated by a
straight line in A, computations are required for only two
ground albedos at any given index of absorption and zenith
angle.

From these two computations, the coefficients

aC0orKl and bC0o,K) may readily be determined through
application of

C3.5).

Due to the excessive computer time

required to generate a set of calculations $(0q,IC,A) for
any given value of k and 0Q, it is desirable to be able to
interpolate in k for fixed values of 0Q and A and in 0Q
for fixed values of k and A .
Figure 2 illustrates a data set of $C0 q , k ,A) for
0Q = 35°(10°)75°, xM = 0.10, and v* = 2.0.

Although four

values of A are illustrated, it is now obvious that this
is redundant since computations at two values of A are
sufficient to predict all other values."1"

It is also

1. By making use of the laws of diffuse reflec
tion and transmission, it is possible to compute a(0o,K)
and b(0o,K) using (3.2) and (3.3) directly if the azimuth
independent radiative transfer equation is solved for the
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apparent upon examination of this figure that $(0o,k,A ) is
a smooth, monotonically decreasing function of k for fixed
values of 0Q and A, a feature readily lending itself to
interpolation.

In order to fit a smooth curve through a

fixed number of data points (e.g., <J>(0o,ic,A) computed at
only four discrete k values), it is necessary to adopt an
interpolation whose functional values, first derivatives,
and second derivatives are continuous at each of the finite
data points.

In addition, it is required that the second

derivatives of $(0o,k,A) with respect to k be always
positive, i.e., no oscillation and inflection points.
This can be visualized as constraining a thin beam (or
draftsman's spline) to pass through the discrete points.
It is further required that the beam be grasped at each
end and sufficient tension applied to remove any extraneous
oscillation.

Such an interpolation is naturally known as a

spline under tension Jsee Cline (1974) for details] and has
been successfully applied to the problem at hand, namely
interpolating a theoretical data set $(0q,k,A) in k where
computations are made for a finite number of k values.

It

is similarly necessary to interpolate a set of calculations
^CQq/K^A) in 0Q because measurements are normally made at

single case A = 0.00. However, in order to obtain F(xt),
the transfer equation must be solved for enough input solar
zenith angles to accurately evaluate the integral defining
5XT.J-1 (at least 9 0O values), and thus little practical
advantage is realized in general.

59
zenith angles 0^ other than those for which calculations
are performed.

Since $ ( 0 o , k , A ) is a smooth function of 0 Q

for fixed values of k and A, as illustrated in Fig. 3,
spline under tension interpolation has been used where
computations are made for a finite number of 0Q values.

After computing the diffuse-direct ratio at four
values of k , two values of A, and every 10° in 0Q for a
range of zenith angles surrounding the measurements (at
least four values of 0Q), it is reasonably simple to
compute x

2

at any value of k and A, making use of spline

under tension interpolation in k and 0Q as well as (3.7).
Figure 8 shows such a x

2

hypersurface in coefficient space

for the theoretically generated data of Fig. 7.
2
curves indicate the points of constant x •

The solid

The parameters

k and A which give the best fit of the measurements to the
nonlinear function $(0q,k , A ) are determined by the location of the minimum value of x
space.

2

in this 2-dimensional

Searching this hypersurface for the parameters

which minimize x

2

is greatly facilitated through the use

of (3.11) since this expression gives analytically the
ya,lue of A which minimizes x

2

at

any given value of k.

The albedo values given by (3.11) are shown in Fig. 8 as a
dashed line which must necessarily pass through the

2

absolute minimum of the function x •

It can further be

shown, analytically, that any contour of x

2 .

is symmetric

^bout this value of A, a result suggested by the contours
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A
';F xg.

8.

x2

hypersurface for theoretically generated data
of Fig. 7.
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in Fig. 8.

This result follows from the linear relation

ship of (3.5) and would be distorted somewhat by the more
accurate expression from the laws of diffuse reflection
and transmission fEq. (3.1)J.
By varying k and following the magnitude of X

2

2

along the path of lowest value of x f as a river follows
a ravine, the parameter k may be found.

X

as a function of k along the ravine (dashed line) of

Fig. 8 is illustrated in Fig. 9.

X

The variation of

2

The value of k at which

attains a minimum is found to be 0.0100, an index of

absorption for which the corresponding value of A is 0.200
in this example.

It may readily be seen upon examination

of Fig. 8 that these values for the parameters fc and A
correspond to the absolute minimum of the x

2

hypersurface.

In general, the absolute minimum value of X

2

will

not be identically zero as in this example due to measure
ment errors, temporal fluctuations in the atmosphere, and
uncertainties in the determination of the Mie optical
depth and aerosol size distribution.

After having deter

mined the optimum values for the coefficients k and A, a
best fit to the data can be computed using (3.5).

The

solid curve in Fig, 7 is the best fit to the data where
k

= 0.0100 and A = 0.200.
Computations similar to those used in the preceding

example have been performed by assuming that the real part
of the complex refractive index of the atmospheric aerosol
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2
Variation of x
with k along the gradient search
path of Fig. 8 showing the pronounced minimum
which occurs at k = 0.01.

particles is 1.45 rather than 1.54.

The results of the

inversion algorithm for this situation indicate that X

2

attains a minimum value when k = 0.0099 and A = 0.203.
This strongly supports the conclusion made previously
that the diffuse-direct technique is sensitive primarily
to the index of absorption and ground albedo, having
substantially reduced sensitivity to the real part of the
complex refractive index of the atmospheric particulates.
The procedure described above for finding the
coefficients k and A which minimize the statistic X

2

most nearly parallels the gradient search method from non
linear least-squares theory.

By incorporating the

analytical expression for A given by (3.11), both
parameters k and A are incremented simultaneously such
that the resultant direction of travel in parameter space
2
is along the gradient of X •

This method of solving non

linear least-squares problems which are nonlinear in only
one coefficient has been used by King and Byrne (1976)
for obtaining the total atmospheric ozone.

In that

problem there are three linear coefficients and one non
linear coefficient (see Appendix A).

Propagation of Errors
Having determined the minimum value of x

2

an<3

the

optimum values of the coefficients k and A, the variance
and covariance in these coefficients can be estimated.
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Bevington (19691 shows that the uncertainties are related
to the symmetric matrix a, whose elements are given by

=1
2

a
ajk

where

2 2
9 XZ

(3.12)

'

represents the coefficients k and A.

The matrix

a is called the curvature matrix because of its relationship to the curvature of the x

space.

The covariances a

2

2 hypersurface in coefficient

are then obtained from the

elements of the a"~^ matrix,
C3.13)
'Ify •

'

and thus the diagonal elements represent the variances
and a ^.
K
By making use of (3.8}-(3.10}, it can be shown
that the elements of the curvature matrix are given by

b2Wi'K'

"11 " I

l ex.

(3.14)

-

3a(0 . , k )
1

a12 =

\ ~~2

3k

x a.

e.
l

3b(0.,k )
~
f = aon
3k

(

21

3b(0 . , k )
+

3k

A

(3.15)
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and
3 b (0. , K )

3a(6.,ic)

22 - I —

+

3k

1 CTi

5^
3ic

A

l-

- e.

l

3 2a C© • r<)
32bC0.,<)
•
^
^
A
3tc
3k'

(3.1'6)

where subscript 1 ( 2 ) refers to the coefficient A ( k ).

In

order to evaluate the elements of the curvature matrix for
application of (3.13), it is necessary to obtain not only
the functions a(0£,k) and b(0^,k)
second derivatives.

but also their first and

For computations of the theoretical

data set $(0q,k,A) at the two ground albedos

and

it

follows from (3.5) that

3k

n

,n
3 $C0ifK,A2)

3n$ C0i,ic,A1)

3naC0i,K)

3k

A 2~ A 1

n

- A,
3k

n
C3.17)

and

.3n$C0i,ic,A2)

3nbCe±,Kl
n
3K

A2~A1

3k

n

3n$(0i,K,A1)
n
3K

C3.18)

For evaluation of the nth order derivative of $(0^,k , A )
where n = 0, 1, or 2, spline under tension interpolation
in 0Q has been used for fixed values of k and A, followed
by spline under tension interpolation in k for fixed
values of 0^ and A.

If the uncertainties in the data points are not
known, they can be approximated from the data by

ai2

=

2

where s

s2 =

N=2 J

{®i

"

aC9i'lc)

" b(0±,K)A}2 ,

(3.19)

is the sample variance for the fit and v=N-2 is

the number of degrees of freedom after fitting N data
points with 2 parameters.

For this case, the covariances

in the coefficients k and A are given by

ol

"

s 2 l a " h ..

,

C3.20)

J*

where the elements of the curvature matrix are evaluated
with o\=l.

Sources of Error
In applying the diffuse-direct technique to real
data in a real atmosphere it is important to understand
the various sources of error, both random and systematic,
that can affect the data, the calculated diffuse-direct
ratios, and ultimately the index of absorption and ground
albedo obtained from the inversion scheme.

For purposes

of discussion it is convenient to divide these sources of
error into three categories: measurement, numerical, and
atmospheric.

Measurement Errors
In order to measure the diffuse-direct ratio as
defined by C2.21), it is necessary to use an instrument
which is capable of making narrow-band Cquasimonochromatic) measurements of the downward hemispheric
diffuse flux density given by

C2.16).

This requires a

very special instrument with a sensor element capable of
producing a diffuse isotropic radiation field below the
element in direct proportion not only to the intensity of a
pencil of radiation incident from within any angle (0,<f>)f
but also to ii

C= cos 01.

Huttenhow (1976) has designed

such an instrument which is described in more detail in
Chapter IV.

The primary difficulty in designing a narrow

band hemispherical radiometer is in obtaining the right
combination of geometry and optics to achieve a good
approximation to a cos 0 response curve.

Due to the

difficulty of obtaining a perfect cosine response, measure
ment errors arise in the determination of the diffusedirect ratio.
Denoting the instrumental response function by
fC01 , it follows from (2.16) that the measured downward
hemispheric diffuse flux density on a horizontal surface
at the level Tt is given by
2ir tt /2
F~meas ^Tt}

=

/

f

fC01

®in

9

de

^'

68
To measure this flux density, it is necessary to occult the
sun in order to remove the directly transmitted solar flux
density F while still allowing the maximum amount of
diffusely scattered light from the solar aureole to be
measured.

Due to this requirement an occulting ball has

been selected of sufficient diameter to block only the
direct sun.

For small solar zenith angles (high sun)

occasional systematic errors arise when the directly
transmitted solar radiation is not completely occulted.
This systematically biases the diffuse-direct ratio on
the high side of the proper value.

By making many measure

ments around a small span of solar zenith angles, however,
these errors are usually obvious and those data points
can be eliminated from the analysis.
In addition to the diffuse flux density, the total
downward flux density, diffuse plus direct, impinging on a
horizontal surface is measured.

By combining the total

Cglobal) flux density lF~meas(Tt) + fC0Q)Fj with
the diffuse-direct ratio can be computed.

Values of

IUcaS

reported in Chapter IV have been obtained by assuming that
f(0 1 = p .
o
o

Due to the deviation from a perfect cosine

response of the instrument, however, it can be shown that

where $ and F (Tt) are the measurements which would be
obtained if f(0) = cos 0.

For the response characteristics

of the instrument used to make the measurements, A$/$
~ 0.75% over the range of solar zenith angles used in this
study, and for tm = 0.05, decreasing slightly as the Mie
optical depth increases.

Numerical Errors
Numerical errors arise from the inability of the
numerical calculations to accurately reflect the physical
processes occurring in the atmosphere.

Among the contribu

tions to this type of error are quadrature errors which
arise from numerical integration of the azimuth independent
radiative transfer equation over polar angle and optical
depth.

In order to examine the magnitude of these

quadrature errors, radiative transfer calculations have
been made at two ground albedos and five solar zenith
angles.

By making use of (2.30), the functions t(Tt,yo>

and ¥Crt) may be obtained as a function of solar zenith
angle.
of

Results indicate that s(xt) is nearly independent
as required theoretically, with numerical errors
_3

on the order of 5.0*10

% for

T
M

=

0.05, errors which

increase for larger optical depths.

This is consistent

with the fact that the numerical integration over optical
depth loses a finite amount of flux density in the
conservative case (i.e., the net flux density is not

constant with height when k = 0.00).

Since most Mie

optical depths for Tucson are less than 0.10 at visible
wavelengths, the magnitude of this error is quite in
significant in the present problem.
The most significant source of error which affects
the numerical computations of the diffuse-direct ratio
arises from uncertainties in the Mie optical depth and
aerosol size distribution.

Since neither the Mie optical

depth nor the aerosol size distribution are measured
directly, two separate problems of the "inverse" type
arise.

The methods which have been adopted for these two

problems are described in Appendices A and B.

The primary

limitation to these procedures is the relative insensitivity of the numerical size distribution determination
to particulates smaller than about 0.10 Vm in radius.
King et al, C1976J have pointed out that the majority of
columnar aerosol size distributions in Tucson can best be
represented as a composite of a Junge plus a log-normal
type of distribution for aerosol particles having 0.10 < r
< 4.0 ym.

Since absorbing particulates smaller than about

0.10 )am are more efficient absorbers than scatterers (i.e.,
Qsca

01 r4 and Qabs

a r' where Qsca

and Qabs

are the Mie

efficiency factors for scattering and absorption, respec
tively!, the neglect of these particles in computing the
diffuse radiation field in the earth's atmosphere affects
the theoretical values of $(0o,ic,A).
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To estimate the effect that small particles have
on the determination of the index of absorption and ground
albedo, computations similar to those of Fig. 7 have been.
carried out assuming that the Junge size distribution
(v* = 3.0) extends only from 0.10 to 5.0 ym in radius.
Results of the statistical fitting procedure indicate that
X

2 attains a minimum value when

k

= 0.0250 and A = 0.199.

Although the effect of the small particles is insignificant
in the determination of the surface reflectivity, it
affects significantly (factor of about 2.5) the value of
the index of absorption inferred.

This effect is naturally

accentuated the greater the number of small particles
Cv* > 3.0) while being reduced for lesser numbers of small
aerosol particles (v* < 3.0).

On occasions when there is

a significant number of small particulates detected,
inversions can be successfully carried out for radii down
to about 0.06 pm, thus reducing this source of error to
some extent.
The effect of particulates with radii greater than
about 4,0 pm is of little importance since the reduced
number of particles at these sizes is such that their
contribution to the Mie optical depth, and hence to the
diffuse radiation field, is on the order of a few tenths
of one per cent.
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Atmospheric Errors
Atmospheric errors arise from spatial and/or
temporal inhomogeneities in the atmosphere as well as
horizontal inhomogeneities in the earth's surface.

Among

the contributions to this type of error are large horizontal
inhomogeneities arising from the presence of clouds.

In

general, clouds either increase the diffuse flux density
if situated away from the direct sun or decrease the
directly transmitted solar flux density if located in the
direction of the sun.

In either event a measurement of

the diffuse-direct ratio as defined by (2.21) will be
systematically high if measurements are made in an
atmosphere containing clouds.

To avoid this problem,

data have been analyzed for only those cases in which
clouds were absent.
Another horizontal inhomogeneity of some importance
in Tucson is the presence of mountains encircling the
horizon in all directions.

The diffuse intensity field

arising from angles near the horizon is altered due to the
presence of the mountains.

The scattering which occurs

between the observer and the mountains remains essentially
unaltered while the scattering which would have occurred
on the other side of the mountains is lost to the observer.
This is partially compensated for, however, since some
additional radiation is produced by reflection from the
mountains of the total radiation incident upon them.

Although the magnitude of this effect is difficult to
assess, it should be clear that the mountains affect the
downward hemispheric diffuse flux density incident on the
earth's surface.

The direction of this effect is such

that the magnitude of the diffuse flux density (and hence
the diffuse-direct ratio} is reduced over the value which
would be obtained in the absence of the mountains.

Since

the mountains are at most about 2° above the horizontal,
however, their contribution, due to the cos 0 effect, is
expected to be quite small.
Since the atmosphere is never static, fluctuations
in the Mie optical depth and aerosol size distribution are
continually taking place.

By making spectral measurements

of the directly transmitted solar flux density as a
function of solar zenith angle, the total optical depth
can be obtained as described by Shaw, Reagan, and Herman
C1973) and King and Byrne (1976).

Fluctuations in the

measurements of F(X) about the theoretical function given
by (2.5) are always present to some degree due to spatial
and temporal inhomogeneities in the atmosphere.

As a

consequence of these fluctuations, random errors in the
determination of the total optical depth are produced.
The methods which have been developed for obtaining
the Mie optical depth and aerosol size distribution are
themselves optimum determinations which are dependent upon
accurate total optical depth observations.

Random errors
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in the total optical depth produced by fluctuations in the
atmosphere propagate into errors in

T CX)
M

and consequently

nc(r), the columnar aerosol size distribution.

Statistical

and systematic errors in the determination of the Mie
optical depth and aerosol size distribution are further
reduced by obtaining a good estimate for the total ozone
content as discussed in Appendix A.
There are, in addition to the errors discussed
above, a few insignificant sources of error discussed in
Chapter II.

These include uncertainties in the vertical

distribution of the atmospheric aerosol particles, errors
associated with a non-Lambertian reflecting surface, and
errors in the computed diffuse-direct ratio associated
with neglect of ozone absorption in the radiative transfer
equation.

The largest effect which ozone has in this

problem is in the uncertainty it produces in the Mie
optical depth and aerosol size distribution rather than its
subsequent neglect in computing the diffuse-direct ratio.
The principal assumption upon which the diffusedirect technique is based is that the angular distribution
of energy scattered by a polydispersion of randomly
oriented particles can be adequately described by Mie
theory.

Since the aerosol particles are not spherical,

the index of absorption and ground albedo inferred by the
diffuse-direct technique may not be representative of the
optical properties of the individual particulates or the
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reflectivity of the surface.

They are, nevertheless, the

values which give the best agreement between measurement
and theory under the assumptions of spherical particles
and a Lambertian surface.

Therefore they are the values

most appropriate for use in any radiative transfer modeling
of the atmosphere over the location of the observations
assuming that the spherical particle and Lambertian assump
tions are made in this modeling.

CHAPTER IV

DATA AND RESULTS

A hemispherical radiometer designed by Huttenhow
CI976) has been used in order to obtain spectrally narrow
band measurements of the downward hemispheric diffuse and
total (global} flux densities at Tucson, Arizona.

By

combining the global flux density with the diffuse flux
density, the diffuse-direct ratio can be computed.

Data

have been collected for 14 days between 5 May and 16 June,
1977 using filters whose wavelengths are centered at
0.4400, 0.5217, 0.6708, and 0.8717 ym.

The diffuse-direct

ratio at these four wavelengths was measured during the
course of each day allowing a span of solar zenith angles
to be examined., Measurements have been collected for not
only clear and stable atmospheric conditions but also for
days during which the atmosphere was unstable and cloudy.
In this chapter a detailed description is given of the
hemispherical radiometer used to make the measurements.
Data are then presented of the diffuse-direct ratio as a
function of solar zenith angle and wavelength in order
to illustrate some of the measurement sensitivities
observed.

Finally, data for days in which the atmosphere

was clear and stable are analyzed and the optimum values
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of the ground albedo and imaginary part of the index of
refraction of atmospheric aerosol particles are presented.

The Hemispherical Radiometer
The basic requirement of the radiometer is to
provide accurate narrow-band measurements of the
hemispheric flux densities, both diffuse and global,
received at the earth's surface.

A plastic diffuser

material has been selected for the sensor element
(Huttenhow, 1976) since it is a material which is easy
to machine and polish and because it is capable of pro
ducing a diffuse radiation field below the element which
is independent of viewing direction.

After passing

through the diffuser element the radiant energy within
certain selected wavelength intervals is isolated by
transmission through narrow-band interference filters
located behind the sensor.

The distance between the

diffuser element and interference filter is dictated by
the maximum permissible angle of incidence of radiation
on the filter (approximately 7°).

After passing through
9

the filter the radiant energy is detected by a photodiode
which produces an output current proportional to
2ir tt/2
F"meas(Tt1

=

/

f

o

o

I^ ,-6,<())
t

f(0) sin 0 d0 d$ , (4.1)

where f(0) is the optical response function of the sensor
element.

In order for F*~
(t .) to agree well with the
meas t
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downward hemispheric diffuse flux density F (rt), it is
necessary for f(0) to equal cos 0 according to (2.16).
Since there is a dielectric boundary between the
atmosphere and the diffuser, some reflection occurs at the
surface due to a discontinuity in the refractive index
across the boundary.

This dielectric discontinuity pro

duces Fresnel reflection at the surface which varies with
polar angle 0.

Any physical solid diffuser will have an

optical response function other than cos 0 as a direct
result of reflection at the surface.

It is therefore

necessary to design a corrector plate to surround the
diffuser element such that the combination of diffuser
plus corrector will cause f(0) to be nearly equal to cos 0.
Since reflection can be thought of as reducing the
effective area of the sensor element, it is necessary
for the effective area of the sensor normal to the given
beam of radiation to vary as a function of polar angle in
such a way as to compensate for Fresnel reflection losses.
Huttenhow (1976) investigated several designs for
the geometrical shape of the diffuser element and corrector
plate.

He concluded that measurement errors less than 2%

could be attained by using a cylindrical diffuser element
surrounded by a stepped corrector plate with only two
steps.

The principle by which this is accomplished may

readily be understood.

Consider a diffuser element

elevated a height z above a surrounding flat plate.

For

incoming radiation at the angle 0 there exists a height z
at which point total compensation for Fresnel reflection
losses occurs due to the increased surface area of the
sides of the diffuser element.

From data on z as a

function of 0 it is possible to graphically determine the
radial positions and heights where baffles can be placed in
order to obtain cos 0 compensation for a range of polar
angles.

The more steps there are in the external corrector

plate, the more polar angles there are where f(0) = cos 0.
Huttenhow (1976) used this procedure as well as empirical
methods to build a prototype instrument used in the present
investigation.

A schematic illustration of the hemispheri

cal radiometer is shown in Fig. 10.
The housing for the hemispherical radiometer was
constructed out of brass with the interior painted with a
flat black paint to reduce the effects of reflected light
from the sides of the housing.

The radiometer contained a

drawer port for interchanging the interference filters.
The wavelengths selected were the same as those used in
the multi-wavelength filter-wheel radiometer described by
Shaw et al. (1973).

As a consequence of this selection,

all filters were at wavelengths which avoided molecular
absorption bands (other than ozone) and for which Mie
optical depths were available (see Appendix A).

The

amplifier assembly was contained within the housing of
the radiometer with the output fed into an external digital
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Schematic illustration of the hemispherical
radiometer.
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voltmeter to be recorded.

The radiometer was mounted on a

tripod for mobility and easy leveling.

The tripod assembly

contained a semi-circular metal slide ring upon which was
mounted a small brass ball whose location was adjustable
along the ring.

This ball and slide ring were used for

occulting the direct sun in order to obtain diffuse flux
density measurements.

With the ring lowered below the

level of the table, global (diffuse + direct) flux density
measurements were obtained.

Since a relative measurement

between the diffuse and direct flux densities was of
interest, it was not necessary to calibrate the instrument
in an absolute sense.
Huttenhow C1976) determined that a slight improve
ment in the optical response function could be obtained by
roughing the top surface of the diffuser element and by
beveling the sides so that they flare outward at an angle
of 5°.

The diffuser is then press fit into the corrector

assembly.

It is exceedingly critical that the top surface

of the diffuser element be at the same level as the top
level of the corrector assembly.

Any height difference in

excess of about 0.001 inches can produce substantial errors
in the response function for large polar angles.

Measurement Sensitivities
In order to obtain estimates of the index of
absorption of atmospheric particulates and the reflectivity

of the earth's surface, measurements have been collected of
the diffuse and global flux densities using the hemispheri
cal radiometer described in the preceding section.

These

measurements have been made from the roof of the Civil
Engineering Building on The University of Arizona campus
because of the relatively clear and unobstructed view it
affords of the entire source hemisphere of the scattering
atmosphere.

Simultaneous to the collection of the down

ward hemispheric diffuse and global flux densities, the
directly transmitted solar radiation is measured during
the course of the day with a multi-wavelength solar
radiometer described by Shaw et al. (1973).

The diffuse-

direct ratio is obtained from the diffuse and global flux
density measurements once the solar zenith angle is
computed.

Zenith angles were calculated with the aid of

tabulated right ascension and declination values in
addition to a formula for computing the local sidereal
time (Nautical Almanac Office, 1975).
Figure 11 illustrates a typical plot of $ vs. 0Q
which has been obtained for Tucson at four wavelengths
(0.4400, 0.5217, 0.6708, and 0.8717 ym) on 16 June 1977.
This day was perfectly clear and stable with Mie optical
depths ranging between 0.0500 (X = 0.4400 ym) and 0.0356
(?i = 0.8717 ym).
Tjj(A)

Because the wavelength dependence of

was relatively small with slight negative curvature,

a logr-normal type of aerosol size distribution was obtained
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Diffuse-direct ratio measurements for 16 June 1977 at four wavelengths.
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(see Appendix B for details].

Examination of Fig. 11

suggests that $ decreases slightly with 0Q until a certain
zenith angle is reached after which point $ starts to
increase.

The increase of $ at larger solar zenith angles

is the most evident for the shortest wavelength, becoming
less evident the longer the wavelength.

The zenith angle

dependence of the diffuse-direct ratio is in essential
agreement with the theoretical computations presented in
Fig. 3, a case for which \ = 0.5550 ym and tm = 0.0500.
On occasions when the occulting ball is incorrectly
positioned, a diffuse flux density in-excess of the proper
amount is recorded.

As a consequence of this error, the

computed value of the diffuse-direct ratio is systematically
higher than it should be.

Although it is not always

possible to identify such systematic errors with absolute
certainty, the more obvious ones are evident when repeated
measurements are made over a small range of solar zenith
angles.

Figure 11 suggests that a few such errors did

occur, most notably at A = 0.4400 ym and 0O * 45°.

Thus

far, some erroneous measurements which could be attributed
to occulting errors have occurred on every day during which
measurements have been collected.

In these situations the

appropriate index of absorption and ground albedo should be
determined by making a least-squares fit to the more
accurate data points.

After elimination of the data for
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the times having occulting errors, the majority of the
measurements yield characteristics similar to Fig. 3.
In order to assess the effects of clouds on the
diffuse-direct ratio, measurements have been collected for
two days during which clouds were present and developing.
Figure 12 presents the data which have been obtained at
four wavelengths on the afternoon of 19 May 1977.

On this

day scattered cirrus and altocumulus clouds were present
in varying amounts throughout the afternoon.

For solar

zenith angles between about 54° and 68° the direct sun was
partially occulted and attenuated by some of the thin
clouds.

As a consequence of reductions in the directly

transmitted solar flux density associated with the inter
mittent cloudiness, the diffuse-direct ratio was enhanced.
Values of $ as large as 2.00 were obtained at 0Q = 65.08°
and \ = 0.4400 ym.
During the remainder of the afternoon the data
appear, upon first examination, to be quite acceptable.
The direct sun was not occulted by any clouds for 0Q < 50°
or 0Q > 70° and yet the sky was covered with a large
amount of scattered clouds.

Since the cloud patterns

changed slowly throughout the afternoon, repeated measure
ments during a short time span appear quite self consistent
with very little statistical error.

It turns out, however,

that the magnitude of the diffuse-direct ratio is
systematically higher than expected from the equivalent
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Diffuse-direct ratio measurements for 19 May 1977 demonstrating the
effects of clouds.
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cloud-free atmosphere having the same Mie optical depth
and aerosol size distribution as this day.

This is

naturally a consequence of the increased diffuse flux
density arising from the scattering within the clouds.
It sometimes happens that the total optical depth
\

of the atmosphere varies with time during the course of a
single day.

As suggested by Fig. 5, a fluctuation in tm

is sufficient to alter the magnitude of the diffuse-direct
ratio.

In a dynamic atmosphere the aerosol size distribu

tion and Mie optical depth sometimes change with space and
time.

The drop in magnitude of $ between 0Q = 37° and

0Q = 45° on 19 May 1977 is likely due to such time and
space fluctuations in the atmosphere, in particular the
position and extent of the scattered clouds.
A particularly dramatic illustration of the effect
of temporal and spatial fluctuations in the atmosphere can
be seen from the diffuse-direct ratio data for 16 May 1977
(see Fig. 13).

On this day measurements were collected at

four wavelengths during both the morning and the after
noon.

As the solar zenith angle decreased throughout the

morning from an initial value of 54°, the diffuse-direct
ratio decreased.

Had the atmosphere been horizontally

homogeneous with a fixed Mie optical depth and aerosol
size distribution throughout the day, the diffuse-direct
ratio would have been a function o n l y o f A a n d 0 Q .
Instead, the afternoon measurements did not repeat those
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of the morning but were noticeably lower in magnitude for
a fixed solar zenith angle and wavelength.

Although this

day was clear and absent of any clouds, it was visibly very
turbid.

Noticeable streaks were visible in the sky during

the morning which appeared very similar to the stratospheric
dust striations which occurred following the eruption of
Volcan de Fuego in November 1974.

Without ancillary

information on the vertical distribution of the dust (such
as from a monostatic lidar), it is not possible to say
with certainty the height distribution of the aerosol
particles.

By the afternoon all visible dust striations

were gone but the late afternoon sky in the vicinity of the
sun was very white suggesting a still quite appreciable
dust content in the atmosphere.

Data collected with a

multi-wavelength solar radiometer on 16 May 1977 show very
clearly that the total (and hence Mie) optical depth of
the atmosphere was steadily decreasing throughout the day.
Since it is obvious both from the data of Fig. 13
and the calculations of Fig. 5 that Mie optical depth is a
very important atmospheric parameter determining the
magnitude of the diffuse-direct ratio', it is of interest to
compare the magnitude of $ for various days having differ
ent Mie optical depths.

In order to compare measurements

of the diffuse-direct ratio for several different days,
estimates of $ were obtained for X =0.5217 ym and 0Q = 55°
by making a linear least-squares fit to $ as a function of
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0 for data collected at zenith angles near 55°.
o

The

results, including statistical error bar estimates for
both $ and tm, are presented in Fig. 14 for seven days
between 6 May and 16 June 1977.

As the Mie optical depth

increases, the diffuse-direct ratio generally increases as
expected from the computations illustrated in Fig. 5 for
X = 0.5550 ym.

The fluctuations in magnitude are not

monotonically increasing in tm simply due to daily differ
ences in the aerosol size distribution.

The rate of

increase of $ as a function of tm is markedly less than
any of the cases illustrated in Fig, 5.

Although the

wavelengths in Figs. 5 and 14 are slightly different, it
will be seen in the next section that the primary reason
for the smaller change of $> with increasing tm for the
data presented here is due to an index of absorption k
much larger than 0.01.
Illustrations similar to Fig. 14 have been
constructed for 0Q = 55° at each of the other three
wavelengths CO.4400, 0.6708, and 0.8717 pm).

Data for

the two longer wavelengths are qualitatively in agreement
with the results presented in Fig. 14 with $ tending to
increase with increasing tm.

The results for \ = 0.4400 ym

tend to be somewhat less predictable due to the increased
statistical and systematic errors characteristic of this
wavelength.
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In order to understand the role of atmospheric
ozone on the ratio of diffuse to direct solar flux density,
it is of interest to examine the wavelength dependence of
the diffuse-direct ratio.

Figure 15 illustrates $ as a

function of % for four days between 9 May and 16 June 1977
at a fixed solar zenith angle of 55°.

The values of the

diffuse^direct ratio presented here were obtained in the
same manner as those of Fig. 14, by making a linear leastsquares fit to $ as a function of 0Q for data collected
around 0 = 55°.
o

All days
for which data have been
u

collected, including the ones presented here, have diffusedirect ratios which monotonically decrease with wavelength
and exhibit slight positive curvature.

The three re

maining days of Fig. 14 (6 May, 7 May, and 15 June 1977}
have values of $ at 0Q = 55° and \ = 0.5217 ym lying
between the values of 10 May and 16 June 1977.

The wave

length dependence of these three days is so similar to
10 May 1977 that, for purposes of clarity, they have not
been included in Fig. 15,
In order to assess the overall agreement between
the measured wavelength sensitivity and theoretical
expectations, it is necessary to perform radiative
transfer calculations for the specific aerosol size
distribution and optical depth applicable to a particular
day and wavelength.

Even with these parameters known, it

is certain that the ground albedo and index of refraction

1.0

e0 --55°
9 MAY 1977
10 MAY 1977
14 JUNE 1977
16 JUNE 1977

Fig. 15.

The diffuse-direct ratio as a function of
wavelength for 0Q = 55° and for 4 different
days.

of the atmospheric particulates are slightly wavelength
dependent.

Theoretical computations have been performed

for three wavelengths (0.5217, 0.6708, and 0.8717 ym) on
five days for which the Mie optical depths and aerosol
size distribution are known.

The theoretical results

(assuming k and A to be wavelength independent) are in
close agreement with those of Fig. 15 in having $ decrease
monotonically in X with slight positive curvature.

Since

both the theoretical and experimental sensitivities of $
as a function of X are in close agreement, having no
anomalously high or low values at X = 0.5217 and 0.6708 ym,
it seems evident that the theoretical arguments presented
in Chapter IX for the cancellation of the effects of
atmospheric ozone on the diffuse-direct ratio are largely
confirmed.

Results
The method for inferring the ground albedo and
index of absorption of atmospheric particulates described
in Chapter III has been carried out for diffuse-direct
ratio data collected on seven days during May and June,
1977.

After determining the spectral Mie optical depth

values and columnar aerosol size distribution, radiative
transfer computations were performed for the two wave
lengths 0.5217 and 0.6708 ym.

The values of the ground

albedo and the index of absorption of the suspended
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atmospheric particulates, including statistical error bar
estimates, are presented in Table 1 for six days at
0.5217 ym.

The magnitude of the imaginary index of

refraction is quite similar from day to day with a weighted
mean value of 0.0344.

Considering the magnitude of the

ground albedos and Mie optical depths obtained for these
days, this amount of absorption on the part of the
atmospheric particulates implies an absorption by the
atmosphere of 3% or less of the radiation incident upon
it at low solar zenith angles.

Since 10 October had the

largest Mie optical depth among the six days presented
here (see Fig. 14) it showed the largest absorption by
the atmosphere attaining a value of approximately 5% at
larger solar zenith angles.

The Bouguer-Lambert absorp

tion coefficient, defined as k = 4iric/?i, is found to be
_i
8286 cm

at this wavelength.

Table 1.

Summary of the index of absorption and ground
albedo obtained for 6 days at 0.5217 ym.

Date

K

A

6 May 1977

.0330

+

.0048

.3253

+

.0040

9 May 1977

.0334

+

.0090

.3938

+

.0069

10 May 1977

.0333

+

.0031

.1229 + .0055

14 June 1977

.0334

+

.0091

.3704

15 June 1977

.0354

+

.0048

.2360 + .0151

16 June 1977

.0367

+

.0037

.1992

+

+

.0116

.0106
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The magnitude of the ground albedo presented here
shows some daily variability which is undoubtedly due more
to the uncertainties in the aerosol size distribution and
Mie optical depth than to the reflectivity change of the
earth's surface.

The weighted mean value of the ground

albedo is found to be 0.27S for the six days listed in
Table 1 with three days having both higher and lower values.
By comparing the data of Fig. 14 with the
theoretical computations presented in Fig. 5 (applicable
to % = 0.5550 pm) it is apparent that the tendency for very
little increase of the diffuse-direct ratio measurements
with Mie optical depth is consistent with a value for the
index of absorption as large as 0.0344.

In addition, the

theoretical computations for 6 May and 15 June require the
diffuse-direct ratio to be less on 6 May for fixed values
of k and A simply due to differences in the aerosol size
distributions.

The reduced magnitude of 10 May over 16

June is similarly due to a difference in aerosol size
distributions and is to be expected theoretically.
The analysis for 7 May 1977 has not been included
in Table 1 since the value for the ground albedo obtained
at 0.5217 ym was abnormally low.

This could be a conse

quence of either too low a value for the diffuse-direct
ratio or too large a value for the Mie optical depth or
both.

On any given day and wavelength it is not always

possible to determine values for k and A due to
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uncertainties in either the diffuse-direct ratio, the Mie
optical depth, or the aerosol size distribution.

Temporal

and spatial fluctuations in the atmosphere can also make it
not feasible to analyze a particular day or wavelength as
discussed in Chapter III.

Although 7 May appeared very

clear at the time of the observations subsequent examina
tion of the solar radiometer data indicated a quite
appreciable time variation of optical depth in the late
morning and afternoon.

The hemispherical radiometer data

were fortunately collected in the early morning on this
day but some of the time variations in optical depth were
nevertheless detectable at 0.5217 ym (but not so severely
at 0.6708 ym).
Figure 16 presents the data and results of the
fitting procedure for the six days of Table 1.

The solid

curves represent the regression fit to the data points
using the optimum values of the coefficients k and A.

Most

hemispherical radiometer measurements were made only in the
afternoon, but the data for 6 May and 9 May include both
morning and afternoon observations.

An incredibly clean

day was 14 June 1977 with Mie optical depths on the order
of 0.01 for most wavelengths.

Although it was perfectly

clear throughout the day large systematic occulting errors
occurred at low solar zenith angles thus limiting the
range of useful solar zenith angles to 0Q •> 53.56°.
sample standard deviation s defined by

The

C3.19) is typically
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Observed and computed diffuse-direct ratio
versus solar zenith angle for A = 0.5217 pm
and for 6 days.

60

_3

on the order of 2.3 x 10

representing random measurement

fluctuations on the order of 2.3% at this wavelength.
A similar analysis procedure has been carried out
for the 0.6708 ym wavelength.

The values of the index of

absorption and ground albedo, including standard devia
tions, are presented in Table 2 for four days at this
wavelength.

The weighted mean values of the imaginary

index of refraction and ground albedo are found to be
0.0256 and 0.242, respectively.

This amount of absorption

on the part of the atmospheric particulates again implies
an absorption by the atmosphere on the order of 3% or less
of the radiation incident at low solar zenith angles,
increasing to 5% at zenith angles of 65° on 10 May 1977.
The corresponding absorption coefficient is 4796 cm

at

A => 0.6708 ym, nearly one-half of the value at 0.5217 ym.

Table 2.

Summary of the index of absorption and ground
albedo obtained for 4 days at 0.6708 ym.

Date

k

A

6 May 1977

.0074 ± .0051

.4692 ± .0639

7 May 1977

.0336 ± .0033

.2886 ± .0125

10 May 1977

.0340 ± .0074

.1729 ± .0114

16 June 1977

.0233 ± .0036

.3482 ± .0250
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Although the weighted mean value of the ground
albedo was slightly less at 0.6708 ym than at 0.5217 ym,
it can be seen from Tables 1 and 2 that this is just the
opposite of the tendency exhibited by the three days
occurring in both tables (6 May, 10 May, and 16 June).
The magnitude of the error bars on A, and to a lesser
extent on k, tended to be larger at the 0.6708 ym wave
length due to a decreased sensitivity to the parameters
k

and A at the longer wavelength.

The overall decrease in

the sensitivity of the diffuse-direct ratio to ground
albedo and index of absorption as the wavelength increases
is due primarily to a decreasing optical thickness of the
atmosphere.
In order to obtain a successful fit to the
diffuse-direct ratio as a function of solar zenith angle,
it is necessary to have not only accurate solar radiometer
and hemispherical radiometer data but also a stable
atmosphere for a long enough period of time to obtain
measurements over a large span of solar zenith angles.
It is also desirable, particularly at the longer wave
lengths, to have data for days exhibiting a relatively
large Mie optical depth (t^ > 0.04).

The larger the

optical depth the greater the sensitivity to A and ic as
seen upon examination of Figs. 4 and 5, respectively.

The

four days presented in Table 2 were the days which had the
largest Mie optical depths at 0.6708 ym.

The data for
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14 June were the most difficult to fit at this wavelength
due to both its low optical depth (tm = 0.0110) and small
range of solar zenith angles (0

>_ 53.14°).

The best months in Tucson for obtaining clear skies
and good optical depth data are May, June, October, and
November.

Due to the low solar declination angles in the

fall, however, a restricted range of solar zenith angles
is available (0Q > 40°) thus making May and June the best
time to collect diffuse-direct ratio data in Tucson.

In

addition to the large range of solar zenith angles which
are available in the spring, there is normally a secondary
peak value of Mie optical depth at this time of year (with
the absolute peak usually occurring in July or August).
Unfortunately the optical depths during May and June, 1977
were smaller than seasonably expected from previous years.
Figure 17 presents the hemispherical radiometer
data and results of the fitting procedure for the four days
of Table 2.

The solid curves again represent the regres

sion fit to the data points using the optimum values of the
coefficients k and A,

As mentioned previously the data of

7 May was collected in the morning (before 10:00 a.m.)
while the data of 6 May was collected in both morning and
afternoon.

By comparing Figs. 16 and 17 it is clear that

theory requires $ to increase slightly toward large solar
zenith angles at 0.5217 pm while not at all at 0.6708 pm.
Had the optical depths been much larger on these days, as
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on the morning of 16 May (see Fig. 13), the diffuse-direct
ratio would have increased monotonically in zenith angle
for all wavelengths.

The sample standard deviation of the

data points about the regression fit was typically 1.5 x
10

representing fluctuations on the order of 2.4% at

0.6708 ym.
The mean values for the ground albedo found in the
present investigation are in very close agreement with
results obtained elsewhere in the southwest.

Since the

surface albedo determined by the diffuse-direct radiation
method represents an area averaged albedo consistent with
the transfer of radiation in the earth's atmosphere, the
most representative values to be compared with it are
other area averaged radiation measurements such as those
obtained by low flying aircraft with upward and downward
pointing radiometer systems.

Kung, Bryson, and Lenschow

(1964) and Griggs (1968) obtained values ranging between
0.22 and 0.25 for the surface albedo in southern Arizona
using measurement systems having a very wide wavelength
response.

DeLuisi et al. (1976) found values ranging

between 0.2 and 0.3 for Quartzite, Arizona where crude
wavelength resolution was obtained by attaching Schott
glass cutoff filters to their aircraft mounted Eppley
pyranometers.
An alternative type of surface albedo determination
in the southwestern United States has been obtained by
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Otterman and Fraser (1976) by examining the Earthatmosphere system (space) reflectivities obtained from
satellite.

By modeling the vertical distribution, size

distribution, and optical depth of the atmospheric particu
lates they were able to infer values for the surface albedo
of 0.264 in the wavelength range 0.5 to 0.6 ym with little
sensitivity to the aerosol model.

The mean values of

0,278 and 0.242 found at the two narrow-band wavelengths
presented in this dissertation are in close agreement with
those of other investigations.
Since there are very few assessments of the
imaginary index of refraction of naturally suspended
atmospheric aerosol particles which have been obtained by
examining the scattered radiation field, the number of
studies which can be usefully compared to the present one
are few.

DeLuisi et al. (1976) reported values of k on the

order of 0.013 for Quartzite, Arizona but with error bar
estimates extending to 0.028.
by examining the

Their results were obtained

percent absorption by the atmosphere

between two different heights using as inputs previously
determined values of the Mie optical depth and surface
reflectivity.

Although this method would not be as

accurate as the diffuse^-direct technique for Tucson where
the Mie optical depth is normally quite small, it is
probably reasonably good at Quartzite since the Mie
optical depths were on the order of 0.16.
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Recently Kuriyan, Mitra, and Landau (1977} examined
the intensity and degree of polarization of the sunlit sky
as a function of azimuth angle in the Los Angeles area.
From an extensive set of radiative transfer computations
they inferred optimum values for the optical depth, size
distribution lb parameter of a Deirmendjian (1969) haze H
distribution], and refractive index of atmospheric
particulates.

Kuriyan et al. (1977) found that during

days having apparently dry continental air masses the
radiation data could best be ascribed to a low Mie optical
depth (xM ~ 0.05) and large index of absorption (0.02 <_ k
<_ 0.05).

They felt that the relatively large values for

the index of absorption (roughly consistent with those of
Tables 1 and 2) were due to the low humidity of the
continental air mass.
Eiden (1966) compared theoretical and measured
ellipticities of light scattered by a volume of atmospheric
air and obtained an index of absorption k ranging between
0.01 and 0.1 at Mainz.

He also pointed out that an

increased humidity decreases the effective value of k
supporting the conclusions by Kuriyan et al. (1977).
Since Eiden (1966) considered only three different
Junge models for the aerosol size distribution, a better
estimate of the true aerosol size distribution should in
theory lead to a more accurate determination of the
imaginary index of refraction of the aerosol particles.
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Grams et al. (1974) measured the angular variation of the
intensity of light scattered from a collimated beam by the
atmospheric aerosol while simultaneously collecting the
particles for size distribution analysis.

By applying a

least-squares curve fitting procedure to the measured
aerosol size distribution, the parameters of a log-normal
size distribution (applicable for r > 0.6 ym) were computed.
With an accurate determination of the aerosol size dis
tribution thus obtained, theoretical angular scattering
intensity computations were performed and compared to
simultaneous measurements of the same in order to determine
the index of absorption of the atmospheric particulates.
Results of this procedure applied to 23 data sets obtained
at Big Spring, Texas indicate that k ranged between 0.0011
and 0.0214 with a geometrical mean value of 0.0050.
Grams et al. (1974) investigated the effect of
neglecting particles with radii < 0.6 ym in computing the
theoretical scattering intensities and concluded that a
Junge distribution extension to smaller particles with
v* = 3,0 tended to increase the inferred value of the
index of absorption to 0.008.

Although no mention was

made of the lower radius limit of the Junge distribution
extension, it is interesting to note that the direction of
the effect of small particles is just the opposite of that
of the diffuse-direct technique (see Chapter III).
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Although Bergstrom (1973) and Eiden (1971) have
pointed out the problems inherent in using bulk indices of
refraction of collected samples of atmospheric dust in
computing the radiation field of the free atmosphere, it
is nevertheless of interest to compare the values obtained
in the present investigation with laboratory measurements
of the bulk index of absorption.

Fischer (1970) has

collected 50 samples of aerosol particles with a jet
impactor and, by means of an integrating sphere to collect
the scattered light, inferred the index of absorption of
the particulates.

Assuming that the density of the

3

aerosol particles is approximately 2.0 g/cm , Fischer's
(1970) values for the imaginary index of refraction lie
in the range 0.010 < k < 0.040 for A = 0.5217 ym and
0.010 < k < 0.045 for A = 0.6708 ym.

These values are

quite consistent with Tables 1 and 2 as well as with those
of Kuriyan et al. (1977).
More recently Fischer (1973) examined specific
samples from both urban and rural locations.

He found that

the index of absorption is typically 0.010 in rural loca
tions while being more typically 0.028 in urban locations
(again assuming that the density of the individual
3
particulates was about 2.0 g/cm ).

In a rural location

on the western coast of Ireland he obtained values of k as
small as 0.002 when the wind was coming directly from the
Atlantic ocean, values which increased to about 0.008
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when the wind shifted and either came off of the land or
was calm and stagnant.
Lin et al. (19731 used opal glass instead of a
sphere to integrate the light scattered by samples of
aerosol particles collected on Nuclepore membrane filters.
They determined that the index of absorption of nine
samples of New York City particulates ranged between 0.028
and 0.050 with a mean value of 0.040.
Using the Kubelka-Munk theory of diffuse reflectance
Lindberg and Laude (1974) inferred values for the index of
absorption of three samples of aerosol particles from the
desert of southern New Mexico.

Since the Kubelka-Munk

theory assumes that a powder composed of a mixture of
BaSO^ and atmospheric dust is an isotropically scattering
medium and that the Kubelka-Munk absorption coefficient is
related to an imaginary index of refraction by the BouguerLambert absorption coefficient (known experimentally to
differ from it by a factor of about 2), it seems incredible
that the New Mexico values for k lying between 0.007 and
0.008 are at all similar to those of other investigators.
It would seem that the main advantage of the Kubelka-Munk
theory of diffuse reflectance is in its ease of measure
ment thus allowing particulate samples from a wide range
of geographical regions to be examined for relative
differences in their absorption properties.

Any extension

of these values to the transfer of radiation in an
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atmosphere containing airborne soil particles should be
made with reservations.
The index of absorption obtained in the present
investigation shows an increase with decreasing wavelength
in agreement with the findings of Lindberg and Laude
(1974) and Carlson and Caverly (1977) for dust from New
Mexico and the Saharan desert, respectively.

In addition

to being less at the longer wavelength, the index of
absorption tended to vary more from day to day at 0.6708 ym
than at 0.5217 ym.
Since most materials known to comprise the particu
late matter in the earth's atmosphere have either much
larger or much smaller indices of absorption than those
obtained in this and all other investigations, Fischer
(1973) has suggested that the relatively large absorption
inferred at visible wavelengths is essentially determined
by relatively small contributions from strongly absorbing
constituents such as carbon containing compounds.

Sulfuric

acid droplets, for example, have indices of absorption
—8
< 2 x 10
for wavelengths between 0.5 and 0.7 ym (Palmer
and Williams, 1975) while carbonaceous aerosol particulates
such as graphite, soots, and coals have imaginary refrac
tive indices lying generally between 0.3 and 0.8 (Twitty
and Weinman, 1971).

The chemical composition of a collected

sample of atmospheric dust is frequently determined by
producing an infrared transmission spectra through a pellet
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containing potassium bromide and aerosol particles.
Although many compounds have characteristic absorption
features at various wavelengths, it is impossible to
recognize carbon in a KBr pellet spectra since it has no
absorption bands in the infrared [see for example Twitty
and Weinman, (1971)].
Kondratyev (1973) reported spectral values for the
index of absorption determined as a weighted mean of the
refractive index of the individual materials comprising
the aerosol.

He obtained a value of 0.005 ± 0.003 for the

imaginary index throughout the visible due primarily to
the relatively small amounts of strongly absorbing hematite
^62*33) and soot (assumed to comprise 0.1% of the particle
material).

Materials such as quartz, calcite, gypsum, and

ammonium sulphate have negligible absorption at the visible
wavelengths (Lindberg and Gillespie, 1977) as do clay
minerals which have imaginary indices typically less than
0.001 (Lindberg and Smith, 1974).
The results for the index of absorption obtained
in the present investigation support the conclusions by
DeLuisi et al. (1976) that the picture which is beginning
to emerge is one of aerosol particles whose optical
properties vary in space (as well as time).

This should

not be too surprising a result since it is well known that
the Mie optical depth varies significantly with space and
time (Flowers et al., 1969} and since the aerosol size

Ill
distribution varies significantly with time of year as was
recently suggested by King et al. (1976).

Considering the

many different production mechanisms for particles in the
atmosphere it is not unreasonable to expect the optical
properties of the individual aerosol particles to be highly
variable in space as well as time.

CHAPTER V

SUMMARY AND CONCLUSIONS

A statistical technique has been developed for
inferring optimum values of the ground albedo and
imaginary index of refraction of atmospheric aerosol
particles from surface measurements of the downward
hemispheric diffuse and global flux densities.

This

method is based on a careful consideration of the sensi
tivities of the diffuse radiation field to the many
radiative transfer parameters and represents a fully
optimized extension of the diffuse-direct technique
suggested by Herman et al. (1975).

The statistical

algorithm presented in this dissertation makes use of the
laws of diffuse reflection and transmission for the
planetary problem, i.e., the situation of an atmosphere
resting on solid ground idealized as a surface which
reflects light according to Lambert's law.

A simple

technique is given for estimating the standard deviations
of the solution parameters k (index of absorption) and A
(surface albedo).
As illustrated by the family of curves in Figs. 2
and 3, the ratio of the diffuse to direct solar flux
densities decreases with increasing absorption (k),

112

113
increases with surface reflectivity (A) and shows very
little change with solar zenith angle (0Q).

Figure 3

clearly indicates, however, that the shape of the diffusedirect ratio as a function of solar zenith angle is the
primary factor which determines the ground albedo while
the magnitude determines the index of absorption.

As a

consequence of this sensitivity to surface albedo it is
clearly desirable to obtain data on days during the spring
and summer months in order to allow a large span of solar
zenith angles to be examined.
Due to the large fluctuations in the magnitude of
the diffuse-direct ratio associated with daily differences
in Mie optical depth and aerosol size distribution (see
Figs. 5 and 14), a procedure has been adopted which uses
as input parameters values of tm(A) and nc(r) determined
from alternative measurements of the directly transmitted
solar radiation.
Since the spectral Mie optical depth measurements
contain little information about the aerosol size distribu
tion for radii much less than 0.1 ym (at least for 0.4 < X
< 1.0 ym}, uncertainty as to the number and distribution of
small aerosol particles can lead to an overestimation of
the imaginary index of refraction of the atmospheric
particulates.

Most of the aerosol size distributions

obtained for the seven days analyzed in this dissertation
were log-normal in character and thus showed no tendency
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to have very many particles smaller than 0.1 ym in radius.
These types of distributions are typical of days for which
the Mie optical depths are small (King et al., 1976).
Since the sensitivities to ground albedo and index of
absorption increase with increasing Mie optical depth,
situations for which the concentration of small aerosol
particles increases, it is recommended that all effort be
made to^obtain a good estimate for the aerosol size
distribution at small radii when applying the methods
described in this dissertation.

On high optical depth

situations in which the aerosol size distribution is nearly
Junge with a large value for v*, it is reasonably simple
to extend the minimum particulate radius for inversion
purposes to 0.06 pm.
A full consideration of the sensitivities of the
diffuse radiation field has led to the conclusion that
several radiative transfer parameters such as the real part
of the particle refractive index, total ozone content,
vertical distribution of the atmospheric particulates, law
of reflection at the ground, and molecular anisotropy
factor have very little effect on the diffuse-direct ratio
at the ground.

This is fortunate since most of these

parameters are either poorly known or difficult to model
accurately.

The molecular anisotropy factor has been

included in the present investigation in determining the
magnitude of the Rayleigh optical depth but not in the
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Rayleigh phase matrix elements.

Bahethi and Fraser (1975)

showed that no detectable errors result from this when
dealing with hemispheric diffuse flux densities although
errors as large as 1.6% could arise in the intensity field
at certain scattering angles when the Mie optical depth is
small.
Using the laws of diffuse reflection and transmis
sion plus the Helmholtz principle of reciprocity a formula
has been derived giving the explicit functional dependencies
of the diffuse-direct ratio on tm, 0q, and A in terms of
reflection and transmission functions for the case of zero
ground reflectivity.

In terms of this equation 1(2.30) or

(3.1)J some of the aforementioned sensitivities to 0Q and A
may readily be understood.

Due to the excessive computa

tional time required to make explicit radiative transfer
calculations for a particular day and wavelength it is
desirable to make use of relationships like this one in
order to minimize the number of necessary computations.

To

this end computations have been performed at only four
values of k, two values of A, and every 10° in 0Q for a
range of zenith angles surrounding the measurements (at
least four values of 0Q).

From this limited set of

computations the diffuse-direct ratio can be determined at
all other values of k, 0q, and A using spline under
tension interpolation in k and 0Q and linear interpolation
in A.
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The principal assumptions upon which the technique
is based are that the angular distribution of energy
scattered by a polydispersion of randomly oriented
particles can be adequately described by Mie theory
[applicable to spheres) and that the coefficients < and A
which best describe the radiation field at the earth's
surface can be determined by minimizing the statistic

x2•

Although the suspended atmospheric particulates are some
what irregular in shape (becoming more spherical as the
atmospheric humidity increases), it is the purpose here to
find a consistent set of parameters which are able to
predict accurately the scattered radiation field in the
earth's atmosphere.

Since the assumption of sphericity on

the part of the large atmospheric aerosol particles is not
totally correct, the index of absorption and ground albedo
inferred by the diffuse-direct technique may not be
representative of the optical properties of the individual
particles or the reflectivity of the earth's surface.
Nevertheless, the assumption of spherical particles is the
only tractable theory at present on modern day computers,
and it is fairly obvious upon examination of Figs. 16 and
17 that a set of parameters consistent with the transfer
of radiation can be obtained using Mie theory.
tion of the statistic

x2

Minimiza-

is a result of the principle of

maximum likelihood and forms the basis of least-squares
curve fitting.
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For a successful application of the diffuse-direct
technique described in the present investigation, it is
necessary to have a clear atmosphere devoid of any cloud
cover for a long enough period of time for the solar zenith
angle to undergo a large change.

It is further required

that accurate normal incidence and hemispherical flux
densities be obtained over narrow band-pass wavelength
intervals.

A hemispherical radiometer capable of quasi-

monochromatic diffuse flux density measurements has been
designed by Huttenhow (1976) and used in the present work.
From measurements of the hemispheric diffuse and global
flux densities, the diffuse-direct ratio is obtained
after computing the solar zenith angle at the time of the
measurements.

The complete analysis requires, in addition,

an accurate radiative transfer program, a means of obtain
ing the Mie optical depth and aerosol size distribution
and a statistical optimization procedure for combining
these factors in order to obtain the particle index of
absorption and ground albedo.
Although these conditions are difficult to satisfy
in most locations, they can normally be met in Tucson
during the months of April, May, and June.

Measurements

have been collected on 14 days during May and June, 1977
using the hemispherical radiometer described in Chapter IV.
The clear and stable days have been analyzed and presented
in Tables 1 and 2 for the two wavelengths 0.5217 and
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0.6708 pm with the data and corresponding regression fit
being illustrated in Figs. 16 and 17, respectively.

The

mean values of ground albedo presented here are in agree
ment with other measurements obtained both from satellite
and low flying aircraft.
however, quite large.

The high daily variability is,

In order to better establish the

ground albedo and its daily variability it is necessary
to collect more observations on days for which the Mie
optical depths are large since the sensitivity of the
diffuse^-direct ratio to ground albedo increases in direct
proportion to tm (see Fig. 4).

The values for the imaginary

part of the complex refractive index of the atmospheric
particulates are somewhat higher than initially anticipated
but not inconsistent with the results of other investi
gators (Eiden, 1966; Fischer, 1970, 1973; Lin et al., 1973;
DeLuisi et alf, 1976; Kuriyan et al., 1977).
Because the parameters k and A determined by the
method outlined in this dissertation are those giving the
best agreement between measurement and radiative transfer
theory, they are of the most interest to meteorologists
concerned with the impact of aerosol particles on climate.
As pointed out by Yamamoto and Tanaka (1972), Wang and
Domoto (1974), and Herman and Browning (1975), it is both
the index of absorption and the surface reflectivity which
determine whether an increase in the Mie optical depth
will lead to a warming or a cooling of the earth's
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atmosphere.

Extrapolating the mean values of the surface

albedo and index of absorption obtained at the 0.5217 and
0.6708 ym wavelengths to 0.5550 ym (the wavelength for
which the most extensive set of radiative transfer computa
tions have been performed) it is readily found that the
effect of particulates over Tucson is one of heating the
earth's atmosphere.

This is primarily a result of the

relatively large surface reflectivity of the southwestern
desert region since a value for the index of absorption on
the order of 0.010 is sufficient to produce a net warming
over a wide range of aerosol size distributions.

Suggestions for Future Research
This dissertation represents the first remote
sensing determination of the ground albedo and the effec
tive imaginary part of the complex refractive index of
atmospheric particulates from an examination of the
diffuse radiation field at the earth's surface.

Due to

both the time and the expense required in order to analyze
any particular day and wavelength, it is wise at this
point to consider a few areas, both theoretical and experi
mental, wherein this research might profitably be extended.
Of primary importance, it would seem, is to
include within the radiative transfer computations some
of the symmetry relationships from the laws of diffuse
reflection and transmission in order to reduce the time
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required of the calculations.

With this addition it is

possible to reduce the number of radiative transfer
computations required at each value of the index of
absorption to simply three at the first solar zenith angle
and one at subsequent zenith angles fusing (3.1)-(3.4)]
rather than the two per zenith angle presently required.
This would naturally produce considerable computational
time savings at the shortest wavelengths during the spring
months (due to the large optical depths as well as to the
large range of solar zenith angles at this time).
Mathematical techniques exist for fitting data with
functions which are nonlinear in all of their parameters.
By making use of these more complex procedures Isee for
example Bevington (1969)] it is possible to fit the
diffuse-direct ratio data to the exact equation from the
laws of diffuse reflection and transmission in order to
determine the index of absorption and ground albedo.

It

is more than likely, however, that these more complex
procedures will not have any significant effect on the
values of the solution parameters k and A but this point
is worth investigating.
Of primary theoretical interest is the precise
dependence of the diffuse-direct ratio on total ozone
content and on the law of reflection at the ground.

It is

recommended that a model vertical distribution of
atmospheric ozone be included in the sequence of radiative
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transfer computations and that the sensitivity of the
diffuse-direct ratio to total ozone content at 0.6120 ym
(near the center of the ozone Chappuis absorption band) be
investigated.

It is further recommended that a sensitivity

study similar to that of Fraser and Walker (1968) be
carried out for both Lambertian and specular (Fresnel)
reflection laws at the ground with particular emphasis on
the diffuse radiation field at the earth's surface when
particulates are included in the atmospheric model.
Finally, it is considered most important that the
hemispherical radiometer response function f(0) be measured
as a function of wavelength.

Since the predominant

difficulty in obtaining the required cos 0 response
characteristics are due to Fresnel reflection losses from
the surface of the plastic diffuser element, it is natural
to expect the response function to be slightly wavelength
dependent.

The Fresnel reflection law between two

dielectric mediums is a function of the relative refrac
tive index between these two mediums which is, without
question, a function of wavelength.

The wavelength at

which the instrumental response function has thus far been
measured is that of the He-Ne laser (A = 0.6328 ym), a
wavelength lying between the two wavelengths which have
"been analyzed and presented in this dissertation.

APPENDIX A

A DETERMINATION OF OZONE AND MIE OPTICAL DEPTHS

The Mie optical depth is obtained by subtracting
from t

t

the contribution due to molecular scattering t

r

,

known as the Rayleigh optical depth, and the contribution
of the ozone Chappuis absorption band
ozone optical depth.
t_,

=

M

t,

t

—

T ^'
0

known as the

Thus,
t_

R

—

t

(A.1 )

o^

In addition to being express functions of wavelength the
Rayleigh optical depth is a function of surface pressure
p, while the ozone optical depth is a function of total
ozone content n measured in atm-cm.

Expressing these

dependencies explicitly,

t

r

a,

p

}

=

E_ tr U, po) ,
O

T - C A f H ) = na(Ji) ,
3

CA.2 )

( A .3 )

and thus CA.l) may be rewritten as
t MCA, p f t i }

= t t(A) - t

r

U, p ) - riaCA) ,

CA.4)

where t-CA,? ) are the spectral values of the Rayleigh
K
O
optical depth at pQ = 1013 mb and aCA) are the ozone
absorption coefficients per centimeter of pure gas at STP.
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Although the surface pressure is relatively
constant from day to day and easily measured with a
barometer, the total ozone content is highly variable,
both daily and seasonally.

Since total ozone is not

measured at The University of Arizona, large systematic
errors can arise in the inferred values of Mie optical
depth due to this highly variable daily uncertainty.
Figure 18 illustrates the effect of ozone content on the
spectral dependence of Mie optical depth for 7 August and
13 November, 1975.

The family of curves for each day

represents the resulting tm values for varying amounts of
ozone concentration, where nQ represents the total ozone
content as determined by the method described below.

It

is readily seen that the inferred Mie optical depths at
wavelengths in the heart of the ozone Chappuis band
(centered near 0.6120 ym) are characteristically high for
little ozone correction (n=0j, and are noticeably low for
large amounts of ozone correction (n=2no).

Examination of

Fig. 18 suggests that a statistical method exists whereby
an optimum value of n can be determined from total optical
depth measurements on a given day.
Since the spectral Mie optical depth values for a
particular day are primarily determined by the aerosol size
distribution, not all values of n predict xM vs. X values
which are physically realizable.

For a Junge distribution
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Fig. 18.

The effect of atmospheric ozone content on the
resulting spectral values of Mie optical depth
for 7 August and 13 November, 1975.

125
in which the radius extends from 0 to

it can easily be

shown that
-v*+2

f

an expression which is linear when log

is plotted

against log A.
In general the aerosol size distribution will
neither be Junge nor have radii extending from 0 to

00.

Both non-Junge size distributions and Junge distributions
extending over finite radii limits introduce some curvature
on a log TM VS. log X plot but do not drastically alter
the basic shape CShaw, 1971).

In order to obtain some

curvature of log tm as a function of log A, a second-order
term was added, and the observations of log TM(A,p,ri)
were fitted to a quadratic of the form

log tm = bQ + b^ log A + b^(log A)2

(A.5)

in order to determine the total ozone content.
In order to maximize the probability that the
log TMCA,Pfti) observations have the functional form of
(A.5}, it is necessary to minimize the statistic x
defined by
written as

(3.6).

For the present problem, x

2

2

must be
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X2

= I —^2 Hog T Mai , p , n ) i a.
x

- fc> 2 Clog A ± ) J

-

b

!

lo <3

(A.6)

f

where the summation extends over all

for which no

additional molecular absorption occurs and o\ ' represents
the standard deviation of the log xM(X^,p,n) values.
The weighting factors a^' appropriate to the
logarithmic scale can be calculated by the method of
propagation of errors.

2
In this instance, ck ' can be

written as

,2
°i

2
= CTi

a.
i

9 log t

M

3T
M

log e
)
TMai,P,n)J '

where a^ represents the uncertainty in
to be used in lieu of

CA.7)

T
M

.

If

were

as defined above, there would be

an underestimation of the uncertainties for small values
of tm.
The minimum value of x

2

can be determined by

setting the partial derivative of x

2

with respect to each

of the coefficients (bQ/b^,b2rn) equal to zero.

This

procedure results in a set of four simultaneous equations:

127
2
Jg- = - 2 I
dt>j
i a^

e. Clog TiA? = 0,

Cj=0,l,2)

(A.8)

1

i
where

e.. = log TMCXi,p,n) ~

b
0

~

bi lo9

- t>2 Clog A^,)

2

The set of equations CA.8) and (A.9) is nonlinear in the
unknowns bQ, b^, b2f and n, and as such no analytic solu
tion for them exists.
However, the three equations CA.8) are a set of
simultaneous equations linear in the unknowns bQ, b^, and
b2 for a specific value of n.
n, however, x

2

For any arbitrary value of

will not necessarily be a minimum since

2

3X /3ri will not be identically zero as required by

CA.9).

In a similar manner to the procedure described in Chapter
III, the nonlinear coefficient n is varied.

For each new

value of rir the coefficients bQ, b^, and b2 are calculated
from the linear set of equations (A.8), from which x

2

and

2

3X /3ti can be computed using CA.6) aad—(A...91, respectively.
The value of n at which x

2

attains a minimum is found by

2
making use of the condition that 9x /3n=0, rather than by
searching for the minimum value of x

2

•
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Having determined the optimum value of the total
ozone content n for a particular day, the ozone and Mie
optical depths can be computed with the aid of (A.3) and
(A.4), respectively.

In order to determine the variances

in these two optical depths, it is necessary to first
estimate the variance in the coefficient n.

This requires

computing the elements of the curvature matrix defined
by (3.12) and inverting the resulting 4x4 matrix, the
details of which may be found in King and Byrne (1976).
By making use of the method of propagation of errors, the
uncertainties in

o

M

and t
can be expressed
as
c
03
+ O2

~
tM

Tt

)1/2

(A.10)

O3

T

and
aT

= a(A) a

,

(A.11)

°3

where the approximation in (A.10) results from neglecting
the uncertainty in xR in comparison to the measurement
uncertainty CT^ .

APPENDIX B

A DETERMINATION OF COLUMNAR AEROSOL
SIZE DISTRIBUTION

The spectral variation of Mie optical depth is
produced through attenuation by aerosol particles and is
primarily determined by the aerosol size distribution.
Assuming that the atmospheric particulates can be modeled
by spheres to a sufficient degree of accuracy, the integral
equation which relates optical depth to an aerosol size
distribution can be written as
00 CO
tm C X ) = f f i r r 2 Qt(r, X ,m) n(r,z) dz dr ,
o o

CB.l)

where n(r,z) dr is the height-dependent aerosol number
density in the radius range r to r + dr; m the complex
refractive index of the aerosol particles; A the wavelength
of the incident illumination; and Q.j_(r,A,m) the extinction
efficiency factor from Mie theory.

Upon performing the

height integration, (B.l) can be rewritten as

tmCA)

= / irr
o

2

QtCr,X,m) nc(r) dr ,

(B.2)

where ncCr) is the columnar aerosol size distribution,
i.e., the number of particles per unit area per unit radius
interval in a vertical column through the atmosphere.
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Since the solution for nc(r) cannot be expressed
analytically and

t (M
m

is not known precisely, a numerical

approach must be followed.

In obtaining nc(r), the

integral in (B.2) is replaced by a summation over coarse
intervals in r, each of which is composed of several subintervals as described by Herman, Browning, and Reagan
(1971) for the case of the angular distribution of
scattered light of one wavelength.

In order to examine

the specific kernel functions which result if that pro
cedure is applied to the present problem, let nc(r) =
h(r) f(r), where h(r) is a rapidly varying function of r,
while f(r) is more slowly varying.

With this substitution,

(B.21 becomes

rb

tmCX) = /

2

nr

Qt(r,X,m) h(r) f(r) dr ,

ra

rj+l

g

=

I

f

2

irr

Q (r,X,m) h(r) f(r) dr ,

(B.3)

3-1 r,
where the limits of integration have been made finite with

r,

1

= r and r ,, = r..
a
q+1
b

If f(r) is assumed constant within

each, coarse interval, a system of linear equations results
which may be written as
g = Af + e - ,
where e is an unknown error vector whose elements
represent the deviation between measurement Cg^) and

(B.4)
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theory (£ A^j fj).

This deviation arises from quadrature

and measurement errors, as well as any uncertainties as
to the exact form of the kernel function [in this case,
irr

2

Qt(r,X,m)JJ.

Returning to (B.3), it follows that the elements
of (B.4) are given by
gi = tm

rj+l
Aii

=

^
rj

(i = 1, 2 , . . . ,p)

,

2
7rr

Qt^r'^i,m^

dr

' ^

= 1/2'— 'q^

(B.5)

and
fj - ftZj) .

where r^ are the midpoints of the coarse intervals.
Writing (B.5] as a quadrature results in an expression
similar to that obtained by Herman, Browning, and Reagan
(1971) where the weighting functions
and rk

.(rk.) = hfr^J

Ark

are the midpoint radii of the sub-intervals.
In terms of an integral over

x =

log r, (B.5) may

be rewritten as

xj+l

A.. = /

K(x,A^) dx ,

(B.6)

Xj

where

K(x,X) = it 103x Qt(10X,X,m) In 10 h(10X).

(B.7)
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Eqs. (B.6) and (B.7) are those obtained by Yamamoto and
Tanaka (1969) if hCar) takes the form of a Junge size
distribution lEq. (2.20)3, with v* assumed to have a
value of 3.0.
Phillips (1962) and Twomey (1965) have discussed
the instability in the solution vector f which results if

2

(B.4) is directly solved by minimizing I e. . Phillips
i 1
suggested that, due to ever-present error, a constraint
be added that discriminates against such instability.

In

order to select the most physical solution among the family
of solutions which satisfy (B.4), Phillips introduced a
smoothing constraint such that the integral of the squares
of the second derivatives of the solution points is
minimized.

For a quadrature of equal division, the solu

tion vector f is obtained by minimizing a performance
function Q, defined as

Q =

f
e 2 + y q^1 (f.
- 2f. + f,.,)2 ,
31
3
3+1
i=l 1
j=2

(B.8)

where y is some non-negative Lagrange multiplier.
Minimizing Q with respect to the unknown f^ coefficients,
when y equals zero, is equivalent to making an unweighted
least-squares fit to the data.
Since it is further known from (A.10) that some of
the

t (^)
m

measurements are more precise than others, it

is desirable to include that a priori information in the
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mathematical formalism.

For the case in which the

measurements are correlated with known covariances o

2

,

gigj

a more general form of (B.8) would be

qrX
Q

"li1

"

EiEj + Y

%

..
tfj-l "

,2
2£j +

£j+l>"

'
(B.9)

where C.. is an element of the measurement covariance
matrix C whose elements are given by C-. = a

J-J

2
.
yi9j

This

follows from the Gauss-Markov theorem in the absence of
a constraint Isee for example Liebelt (1967)J, and thus
the minimum value of Q represents the statistically optimum
estimate of f.
Following the method suggested by Twomey (1963)
whereby the performance function is differentiated with
respect to each of the f^ coefficients, a set of simul
taneous equations results which may be written as

~

I
l
*-._i
i=l j—1 13

lic

e-i
3

+

Y

^
j=l

® '
3

3

Ck — 1,2,...,q)
where H. . is an element of the smoothing matrix H defined

K]

by Twomey (1963).

This series of equations can be written

in matrix form as

- AT C"1 e + y H f = 0,

(B.10)
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T

where A

is the transpose of A.

Eliminating e between

(B.4) and (B.10) leads to the solution

f = (A

T

C

-1

- I T

A + y H)

A

-1

C

g .

(B.ll)

For the case in which the statistical errors in the
measurements are assumed equal and uncorrelated, C reduces

2

to s I, where s represents the constant rms error and I is
the identity matrix.

With this assumption, (B.ll) reduces

to the form derived by Twomey (1963).
For the attenuation problem considered here, the
statistical errors in the measurements are assumed un
correlated but known to be unequal through (A.10).

As a

consequence of this, the covariance matrix becomes diagonal
with elements given by C-. = CTt
Kronecker delta function.

2

(X.) 6.. where <5 . . is the

This gives a relative weighting

to each of the measurements, placing greater emphasis on
those measurements which have the smallest error bars.
With C defined in this manner, (B.ll) is equivalent to
making a weighted least-squares fit to the data subject to
a constraint.
Initially, a zeroth order weighting function
(r) is assumed from which first order f^(rj) values
are computed with the aid of (B.ll).
vector
form of

fj"^

Since the solution

represents a modifying factor to the assumed
(r), these

fj^ values are then used to

calculate first order weighting functions, h^(r), which
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better represent the size distribution than the initially
assumed weighting function.

The first order weighting

functions are then substituted back into (B.5) from which
a second order f

(21 -

(r^) is obtained through (B.ll).

This

iterative procedure is continued until a stable result is
obtained (Herman, Browning, and Reagan, 1971}.
Two advantages result from separating the size
distribution function into two parts as described above.
The most obvious advantage is that the quadrature error
which results from (B.3), when f(r) is assumed constant in
each coarse interval, will be less the better h(r) comes
to describing the size distribution.

In fact, if the

weighting function represents the size distribution
exactly, f will be a unit vector (Herman, Browning, and
Reagan, 1971).

The second advantage, though less obvious,

is equally important.

Since the smoothing constraint

minimizes the second derivatives of the solution points
on a linear scale, it is a much more appropriate constraint
in cases in which f(r^) is nearly constant.

Since the

columnar size distribution typically varies over many
orders of magnitude, a direct inversion for nc(r) would
consist of minimizing curvature of a function which
implicitly has large curvature.

A Junge distribution, for

example, is nearly a delta function for large values of
v* on a linear scale and hence has large curvature, even
though it has zero curvature on a log scale (Twomey, 1975).
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In performing the inversion described above, it is
necessary to select a value for y.

Since y enters (B.ll)

in a manner such that elements of yH are to be added to
T -1
AC
A to produce the desired smoothing, the magnitude of
T —1
yH. ./(A C
A), . is of importance, not the magnitude of y
Kj
~ K]
_
T —1
alone. In selecting y, therefore, yre^ - Y^]/(A C
A)^
is allowed to vary in the range 10

to 1 until a minimum

value of Yre^ is reached for which positive values of f are
achieved.
For the inversion results used in this disserta
tion, the initial weighting functions took the form of a
Junge size distribution given by (2.20).

In practice,

several different values of v* are used to calculate the
zeroth order weighting function and the final results after
successive iterations are intercompared.

One test of the

procedure is the similarity of the results obtained when
different values of v* are used.

Figure 19 shows the

result for 24 October 1975 in which the spectral Mie
optical depth measurements exhibit negative curvature, i.e.,
the optical depth decreases rapidly with both increasing
and decreasing wavelength.

The observed Mie optical depth

is shown in the left figure, and the inverted size dis
tribution is shown for three initial v* cases in the right
figure.

The solid curve on the log tm vs. log A plot

indicates how the inverted size distributions reproduce
the measurements.

The three different size distributions
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Fig. 19.

Observed optical depth and estimated size distribution for 24 October
19.75,
w
-j
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indicate a relative insensitivity to the choice of the
Junge parameter in the initial weighting function except
in the radii range where little retrievable information
exists.

The inversion result presented here was

specifically selected because it clearly demonstrates
that the inversion procedure is capable of perturbing the
initial guess as required.

Most data do not necessitate

such a drastic alteration of the initial weighting
function h^(r).

All days for which the Mie optical

depth exhibits negative curvature while increasing with
wavelength produce an inverted size distribution which is
monodisperse, as is the case with the data of Fig. 19.
Although the ability of inversions having various
initial weighting functions to produce similar final
solutions affords a very convenient subjective test of
the accuracy of the inverted size distribution, it is
nevertheless possible to estimate the magnitude of the
errors in the size distribution directly.

From the method

of propagation of errors, it follows that

" Ikt JL
where

2

3fk

-

?

?

r=l s=l

^

"r"s

3gr

f

(B.12)

3*s

are the covariances in the indicial function f,
f
k &
2
and cr
_
are the covariances in the measurements. By
9r9s
2
noting that a
= C
and making use of (B.ll), it can be
s
9rgs
shown after some matrix manipulation that the covariances
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are obtained from the elements of the error matrix E

k *
given by E^^ =

T

-1

E = CA

C

2

^

, where

A + YH)

T

A

C

—!1A

T

A (Ax C

—1

A + YH)

~
(B.13)

It can readily be shown that when y = 0 the error matrix
T —1
reduces to the least-squares solution E = (A C
A)

,

as expected.
The error bars computed using (B.13) have been
used as an additional test on the accuracy of the inverted
size distribution.

In general, they are quite small in

the radius range 0.15 to 2.0 ym, increasing outside those
limits as a result of their relative insensitivity in
contributing to the optical depth measurements.

They have

been used in this dissertation as an extra piece of
information to aid in selecting the most satisfactory
iteration.

(!
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