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ABSTRACT

The present work describes the development of a
quadrilateral shell finite element having arbitrary
surface geometry. The curved surface geometry is based
upon the bicubic patch representation popularly employed
in free-form surface design. By using piecewise contin-
uous patch assemblages to represent complex surface shapes
for finite element stress analysis, an integrated computer-
aided surface design and stress analysis tool is thus
developed for shell structures.

Using patch techniques, a complex surface is
constructed by adjoining surface patches defined mathe-
matically in piecewise fashion rather than by a single
mathematical relationship. The method of surface defini-
tion employed is that of a surface fitting scheme wherein
two families of intersecting space curves are passed
through a spatial grid of points homeomorphic to a rec-
tangular grid. The intersecting curves define the four
boundary curves and corner points of a patch. Piecewise
continuity of patches is ensured by defining the patch
boundaries as an intersecting network of parametric cubic
spline curves which yields C! continuity across the patch

boundaries and C? continuity at the patch corner points.

xi



xii

In approximating known curved surface shapes by
bicubic patches, it is shown that the lack of surface
smoothness significantly affects the accuracy of the
computed finite element results. To ensure surface smooth-
ness, a smoothing technique based on minimizing the
differential change in the principal curvatures of the patch
surface by the method of least squares is developed.

Following the Koiter-Sanders thin shell theory, the
finite element shell stiffness is formulated in the surface
coordinate system defined by the orthogonal lines of princi-
pal curvature. To develop the shell stiffness, the necessary
curvilinear coordinate transformations are derived for the
bicubic patch geometry, transforming the patch coordinate
system to the principal curvature system. Two shell finite
elements are formulated, one based on a bicubic displacement
function and the other on a reduced biquintic displacement
function. The former assumes a bicubic displacement poly~-
nomial for each of the tangential and normal components of
displacement, resulting in a total of 48 nodal degrees of
freedom for the element. The higher order biquintic shell
finite element has a total of 72 nodal degrees of freedom.

A comprehensive system of computer programs has been
developed, enabling arbitrary bicubic surfaces to be

generated and smoothed using a computer graphics system.



xiii
The generated bicubic patches serve as the basic geometric
representation of the 48 or 72 degrees of freedom shell
finite element. The resultant patch geometry parameters
together with additionally specified structural property data
provide the information needed to perform finite element
stress analysis of the shell structure.

With the computer program, cylindrical and hyper-
bolic paraboloid shells are generated and structurally
analyzed for specified load conditions which are compared
with known results. Computed and theoretical results are
in good agreement, demonstrating the accuracy of the new
formulation. DMNumerical studies are also performed which
illustrate the sensitivity of computed results to the

accuracy of the undeformed geometric representation.



CHAPTER 1
INTRODUCTION

In the past two decades advances in computer-
aided design and numerical control technology have
stimulated considerable interest in the development and
use of interpolation and approximation schemes to repre-
sent arbitrary curves and surfaces. Much of this interest
has focused on the design and representation of smooth
free form or sculptured shapes by curves described simply
as ordered sets of points. One such method that is widely
used is the patch or tensor product surface representation
developed by Coons [ 11, [ 2 1 and Ferguson [ 3 ]. The
surface patch representation is based on defining the
entire surface domain as sets of piecewise continuous
surface patches each having four corner points connected
by boundary space curves. The surface itself is defined
by an equation which is the blended or tensor product
interpolant of_the four boundary curves and corner points.
In this study, surface representation will be restricted
to the most commonly used surface patch, the bicubic

patch, in which the interpolant is a bicubic function.



Although free-form surface definition techniques
have gained wide acceptance in designing shapes such as
ship hulls, automobile bodies, aircraft structures and
machine parts, there has been very little effort to fully
integrate the shape design with structural design and
analysis. Obviously the pictorial properties of a shape
are not in themselves adequate for evaluating a design;
the designer must also consider the strength of the object
and its ability to satisfactorily withstand loadings for
which it is designed.

The finite element method is acknowledged to offer
the most powerful means for performing structural design
and analysis because of its ability to geometrically
represent almost any complex structure and boundaries.

In present practice however, shapes that have been designed
by computer which are to undergo stress analysis are usually
re-cast or modeled in an approximate form appropriate for
the finite element method. A geometrical data base is
normally created to provide necessary information such as
the locations of grid or mesh points for discretizing the
shape into structural finite elements. Curved boundaries
and surfaces are often represented by structural elements
with straight-sided boundaries and planar surfaces, respec-

tively. For shell structures, geometric approximation of



the surface is improved when curved shell finite elements
are employed. 1In using these elements, the shell geometry
is often described by an approximating function representing
a surface that passes only through selected points on the
actual surface. A quadratic surface, for example, is
commonly used because it has the simplifying property that
the curvature is constant throughout the shell element.
Except for surfaces composed of simple exact mathematical
shapes such as circular cylinders or spheres, seldom is

the exact shell geometry represented by finite elements.

In fact most finite element developments have been concerned
with improving the approximations to represent the elastic
deformation behavior within an element (patch), rather than
the geometric shape representation of the element.

It is the aim of this study to utilize the bicubic
surface patch representation as the basis for developing an
arbitrarily curved thin shell finite element. Since the
bicubic surface patch geometry, commonly used in computer
aided design, is exactly represented by this shell element,
inaccuracies in elastic behavior associated with poor repre-
sentation of the undeformed geometry are therefore eliminated.
By integrating the bicubic patch generation with the formula-
tion of a bicubic surface shell finite element, two powerful
computer-aided design methodologies are effectively merged

into one.



CHAPTER 2

PARAMETRIC CUBIC SPLINE CURVE

Before studying the more complex surfaces in
three dimensional space and associated shell elements,
it is important to first consider the limiting case of
each: a curve in space and a curved structural beam
element. A study of the cubic space curve and its
corresponding beam element provides considerable insight
into the more complex bicubic surface and shell element
formulations. The development of the curve form is
additionally important because it is used at the boundaries
of the surface patch. Furthermore, the curved beam element
is of value for its use in stress analysis of framed
structures having arbitrary geometry, and also as a compat-
ible stiffening element attached to a shell structure.
This chapter is devoted to the development of the
parametric cubic spline. Chapter 3 deals with the

formulation of the associated curved beam element.



Parametric Representation

A curve in space can best be expressed in
parametric form. A parametric representation permits
curves to be multiple-valued, have large or infinite
slopes, or be closed curves. Another advantage of
parametric representation is that convenient vector or
tensor notations can facilitate transformations without
alteration of either the geometric shape or mathematical
form of the curve. This feature is particularly attrac-
tive for generating computer graphic displays of geometric
shapes.

The parametric representation of a three-
dimensional space curve passing through a set of n + 1

points ﬂxj, Y Zj) j=0,1, <+, n}is given by a set of

j’
equations of the form

x=£f(t), y =9g(t), z = h(t) (2.1)
defined for the parameter t in the interval [(xo, Yor zo),
(xn, yn, zn)]. In vector-valued form the parametric
curve is

X £(t)
P(t) = y = g(t) (2.2)

z h(t)



Since the curve of interest is of general form described by
a given set of points, an interpolation scheme is employed
to fit a parametric curve through the points. In forming

a curve through a fairly large number of points, it is
desirable to use low degree interpolating polynomials for
purposes of numerical stability. A high degree polynomial
curve spanning a large sequence of points can yield unwanted
bulges and wiggles in the curve as well as require greater
computational effort to evaluate. However, since low degree
polynomials cannot span an arbitrary series of points, we
resort to defining a curve as a series of cubic polynomials
joined together so that the resultant curve segments are
piecewise continuous. The lowest degree space curve which
allows a point of inflection and hés the ability to twist

through space is the parametric cubic curve.

Thus for a given set of points 50, El' ...ﬁn with
coordinates (xj, Yj’ zj), each segment of the curve between
points ﬁj—l’ §j is described in parametric form f£(t), g(t),

h(t) where £, g, h are cubic polynomials of t relative to
cartesian coordinates. If each parametric cubic curve seg-
ment is joined together with adjacent cubics in such a manner
that the resultant curve has continuous first and second

derivatives, it is called a parametric cubic spline.



Properties of Cubic Splines

Piecewise cubic polynomials with continuous slope
and curvature have been used by draftsmen for quite some
time to develop faired or smooth curves. The mathematical
spline is a numerical approximation of the draftsman's
mechanical spline, a slender straight thin elastic beam
which is made to pass through a set of prescribed points
and held in place by weights or so-called ducks. The
deformation curve of the mechanical spline obeys the

Bernoulli-Euler theory of beam flexure:
M(x) = EIy" (x) (2.3)

The ducks anchoring the spline with flexural rigidity

EI act as simple supports, so that the variation of
bending moment M(x) between supports is linear. Both the
first and second derivatives at the supports or nodes are
therefore continuous.

There are numerous texts and papers on the mathe-
matical properties of spline functions. See for example
[ 4, 5, 6, 7 1. The cubic spline in particular
has two important intrinsic properties. It can be shown
that the interpolating cubic spline has the basic varia-
tional property of minimizing the integral

b

2
f y"(x)17ax (2.4)
a



when the second derivatives at the ends of the spline
curve [a,b] are zero [ 8 ]. The spline exhibiting this
minimum norm property in which the two ends are free of
any curvature is called the natural spline. Since the

curvature «k is given by

y
. = (2.5)
[1 + (y')213/2

expression (2.4) can be interpreted as the integral of the

square of the curvature of y(x) when the magnitude of y' (x)
is small compared with unity. Consequently the cubic spline
curve assumes a shape that can be considered to minimize
the strain energy of bending in a thin beam.

A second basic property is that the interpolating
cubic spline S(x) approximating a function f(x) is the spline
of best approximation [ 9 ] in the sense that

b
_f [£" (x)-S" (x)]dx = minimum (2.6)
a

Since the cubic spline exhibits desirable smoothness
and best approximation properties, as well as being relatively
easy to construct and evaluate, it is particularly well suited
for representing smooth arbitrary curves. We next consider

in detail the construction of the parametric cubic spline.



Construction of Parametric Cubic Splines

The derivation of a parametric cubic spline fit to

the set of a n + 1 points {§j: (xj, Y5 zj)}, 3=0, 1, ..., n,

can be performed by first examining a single cubic between

points ﬁj-l’ ﬁj and enforcing the continuity conditions

with the adjoining cubic in the interval [Pj, Pj+l]' The
following is a detailed explanation of the procedure.

A parametric cubic equation is written in vector
form as

P(t) = Al + A2t + A3t + A4t (2.7)

The values ofAiiand P are vectors, where the components

of the coefficients ii are Ax, A_, A_ and the components of

Y Z

P are the coordinates x, Y, 2. The given points through

which n curve segments pass are the vectors 50, 51, .. P

Corresponding parametric slopes at these given points are
56, §i, ...?ﬁ. Within each cubic segment the independent
1 and tj
for 1 < j £ n segments. We define the Jth segment as that

parameter t varies between two endpoint values tj-

cubic segment for which t.

-1 < t< tj’ the (J+1)st segment

for which tj <t £ and so forth. To simplify the

2 < tj+1’
calculations the lower limit of t within each cubic segment

is set to zero, i.e., t =0 for the Jth segment, etc.

j-1



The boundary conditions for one cubic segment can
consist of two endpoints and the tangent vector at each
endpoint. For the Jth segment between P and P, these

j-1 ]
conditions can be written as

10

P(0) =P,

P(t,) = P,

J 3

P (t) r

dt = Pj_l (2.8)

t=0

P (t) _

dt = Pj
=t'
3

The coefficients of equation (2.7) can be written

in terms of the endpoints and tangent vectors for segment

J as
B(o) = A, = Pj_l
dP (t) _ e
at =K, =P,
=0
and (2.
=1 2 = .3 =
B(t,) =P B, .t. + At +A t7 =T
(t5) J-1 3=173 373 43 ]
dP (t) o _ :
at =P +2 t + 3R t =P

9)



Solving the last two equations for §3, and K4 gives

- 3 - - 1 -t -t
A = =2 (F-B, )- = (B +2FP )
3 t2 j J-1 tj j j-1
J (2.10)
A 2 5 B )+ — (B +B )
= —— - 4+ — ] .
4 £3 3 3-1 t; j j=-1
3

These values of the coefficients A are for the
Jth cubic segment between ?,_ and ?j. Coefficients for
the adjoining (J+1) segment are obtained by incrementing
the subscript j in the above equations by one, for the
(J+2)nd segment the increment is two, and so forth.

To enforce second derivative continuity for any
two adjacent cubic segments, say at ﬁj’ the second deriva-

tives for segment J and segment (J+1) are set equal at

point ﬁj' Thus we have

a2 () a%p ()
at? at? (2.11)
=t, t=0
J
segment J segment (J+1)
which gives
[6A t +2R 1 = 2[A] (2.12)
4 5 3 3

Jth segment (J+1)st segment

11



12

Substituting equations (2.10) into (2.12) and incrementing
the subscript of j by one for the (J+1l)st segment gives

after simplification

t 2(t.+ (2.13)

+t.)B +t B’
J+l 375

=1 = = 2 -
j+1Pj-1+ TPt Ff—;-;-—l[ti (1>j+l-1>j)+tj +l(Pj-l:j_l)]
The above recurrence relation is applied over all
segments of the spline. However there are n-1 of these
eguations to solve for the n+l values of the unknown tangent
vectors B'. To complete the solution, two more equations
are reguired, namely, those that impose end conditions on
the curves. Some of the more common end conditions are
given below
(1) Tangent vector(s) specified at the end(s)

13:'j =ty specified, j = 0, n (2.14)

(2) Free end(s) or zero curvature condition

133 =0, j=0,n (2.15)

As mentioned earlier, this end condition yields the
so-called natural spline. Substituting the above
condition into the expression for the second

derivative gives

1 ]
28 + B, = 3. (P -P) £ t t (2.16
0 1 : ( 1 O) or lst segmen ( )

[



3
12 + 2P = ry (P -P l) for nth segment

(3) Parabolic end condition
Assuming parabolic curve segments at the ends,

i.e., K4=0, yields

2 . _
P + P, = —E-(P -P ) for 1lst segment (2.17)
1

-1 + Fn = —%— (?n-ﬁn_l) for nth segment
n
In many practical applications of curve design

the end conditions are often unknown, and either the free
or parabolic end conditions are frequently employed.

Using any two of the above boundary conditions, there now
exist n+l equations that may be solved for the n+l tangent
vectors. These n+l equations can be expressed in matrix
form as given by equation (2.18). The elements A

1,1’

B_. in the matrix equation are

and An'n—l’ An’nl n

Al,2' Bo,
associated with the end conditions, with their values

obtained from the appropriate equations (2.14, 2.16, or
2.17). The tridiagonal form of the diagonally dominant

A matrix in equation (2.18) makes it easy to solve for

the unknown tangent vectors. The Thomas algorithm, which

13



A A 0 0 . . . 0 0
i1 1 2
’ 14
A A A 0 . .. 0 0
2 1 2 2 2 3
14 1 4 !’
0 A A A . .. 0 0
3 2 3 3 3 4
’ 14 ’
0 0 0 0 . ..
n-i,n-2 n-1,n-1
0 0 0 0 . . . 0
n’n_l
-
where for j=1,2,...n-1
83,3-1 7 B0
= 2 . + t.
By,3 2(t54, * &5)
Joi+1 T ]
B. = 3 [t2(P. - P.) + t%, (P. - P, )]
3 tjtj+1 j+1 Jj j+1' 3 j=1

(2.18)

PT
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amounts to a standard Gaussian elimination without pivoting,
is used for solving the tridiagonal matrix.

Thus the calculated tangent vector at each point
is uniquely defined and is continuous for adjoining cubic
segments. Using these known tangent vectors in equations
(2.9, 2.10), we obtain cubics for each segment which form
the desired cubic spline. The derivation of the parametric
cubic spline is now complete except for the choice of the
parameter t assigned to each of the points of the spline
curve.

The assignment of parametric values to the node
points influences the smoothness of the resulting curve. It
has been shown that to insure continuity of the tangent vector,
the parametrization of the nodes is to be based on a vector
norm such as the chord length between node points [ 107].

In choosing the chord length for the parameter t, then for
any cubic segment between two endpoint values of tj—l and

tj, we assign

t.

]_l = 0.0

1/2
12112 (2,19

1

2 2
t.=l(x.=x. )+ (y.~y. )+(z.~-2.
J j TI-1 yj Y5-1 j Ti-



With the values of t determined at all points,
}n+l 1

each of the sets Rtj, ) T ﬁt., y_3§+ and
J7j=0 J 3 j=0

ﬁtj, zj)?:é are used separately in equation (2.18) to
yield the desired parametric representations f£(t), g(t)
and h(t) of the cubic spline space curve.

Each cubic segment as represented by equation
(2.7) can also be expressed in terms of its endpoint
and tangent values. Letting § = t/L, where L is the
chord length of the element, and denoting the values

of dP/dt and dP/df by ﬁt and Eg respectively, the cubic

segment written in matrix form is

B(g) = [H(E){E} 0<g<1 (2.20)

where the boundary matrix or 3 matrix is

(B} = [E(0) B.(0) B(L) B (1) (2.21)

and the elements of |H(E)| are
H (8) =1 - 382 + 283
Hy(8) =& - 262 + &°
H () = 382 - 2g°
H () = -g% +£3

(2.22)

16
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The elements of [H(E)Jare the univariate cubic Hermite
interpolation polynomials, often called blending functions
because they blend the endpoint and tangent values to form
a continuous curve.

The values of Fg in equation (2.21) can be eval-
uated from the known ?t values by using the differential
operator

d

1
dt L

d
-_— (2.23)
dg

Substituting for ?é, equation (2.21) can be rewritten as
{B}T = [ B(0) LP _(0) B(l) LP (L) ] (2.24)

Equations (2.20), (2.22) and (2.24) completely define
the parametric cubic segment. Equation (2.20) represents
a vector-valued mapping of the unit line segment in £

to a space curve in three dimensional space.



CHAPTER 3

CURVED BEAM

Prior to studying the more complex shell problem,
we shall first consider the simpler curved beam or arch
element. Our study will be limited to a planar curved beam
element whose geometry is based upon the parametric cubic
representation derived in Chapter 2. Using the finite ele-
ment whose geometry is based upon the parametric cubic
representation derived in Chapter 2. Using the finite ele-
ment displacement method, we shall develop the curved beam
element from the principle of minimum potential energy.

An essential approximation involved in the element
formulation is the assumed displacement function for the
in-plane or tangential displacement, and the normal dis-
placement. To assure convergence to a correct result as
more elements of a decreasing size are used to represent a
structure, the chosen displacement function should possess
the following properties.

1. The displacement function and the angular rota-

tion must be continuous on the inter-element

boundaries between adjacent elements.

2. The displacement function should be able to give

a satisfactory description of the rigid body

18



19
motion, there should be no strains due to elastic
deformation.

3. The displacement function must be able to re-

present all constant strain states. Violation of

this condition can result in convergence toward an
incorrect solution.
In general most successful elements tend to conform to the
above convergence requirements in the limit as the element
size is reduced.

For curved elements, there exists a coupling between
the tangential and normal displacements. This coupling
between components of displacements causes considerable
difficulty in choosing a displacement function that can
satisfy the rigid body condition. Several approaches to
this problem have been proposed.

One approach has been to add the rigid body modes to
the displacement function, which initially does not satisfy
the rigid body condition [ 11 ]. Numerical studies of
circular arches have shown this approach to be of only
limited success [ 12 ]. For doubly curved shells of revolu-
tion, inter-element compatibility is not satisfied and
successful results cannot be obtained [ 13 ].

Displacement functions for circular arch and shell
elements have also been successfully generated by assuming

polynomial strains which are in turn integrated to produce



the displacement function [ 12, 14, 15, 16 1. The assumed
strain approach has yielded excellent convergence character-
istics but a disadvantage is that the derivation is not
always simple and inter-element displacement compatibility
may not be satisfied.

In dealing with elements of arbitrary geometry
however, it is more straightforward to employ independently
interpolated displacement components which do not explicitly
inéihdé the rigid body modes, but rather implicitly repre-
sent rigid body motion as the mesh is refined [17 ]. When
displacement components are interpolated separately, Fried
[ 18] has theoretically shown that a maximum rate of conver-
gence is obtained as the number of elements is increased
with equal interpolation schemes for each displacement
component. The efficient rate that cubic and higher order
polynomials converge can be attributed to implicit inclu-
sion of rigid body modes in polynomials, which may be
considered as finite series approximations of the true rigid
body functions.

Extensive numerical studies on rates of convergence
have been performed for finite element circular arches using
displacement patterns based upon coupled displacement assump-

tions and on independently interpolated polynomials [ 12].

20



Cubic displacement functions assumed for both tangential
and normal components are shown to be superior to those
based on added rigid body modes. It has also been shown
that using higher order polynomials, such as quintic poly-
nomials for both tangential and normal displacement
components, are superior to any combination of lower order
polynomials, including cubics [ 19, 20 ]. Quintic poly-
nomials are also shown to exhibit smooth and accurate
distributions of forces and moment.

In our studies of the curved beam, the cubic
function will be used for both the tangential and normal
displacements. Using functions of the same order for the
displacements assures inter-element continuity of displace-

ment components. Furthermore using cubic splines to define

the undeformed geometry of the curved element insures smooth-

ness since the curved geometry is everywhere continuous in

slope and curvature.

Strain-Displacement Equations

To develop the stiffness matrix for the curved
element, we first consider the strain-displacement relation-
ships. The strain-~displacement equations for the arbitrary
curved beam can be obtained from two-dimensional thin shell
theory in which the strain-displacement equations satisfy

‘the condition of zero strain under rigid body motion.
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The shell theories developed by Koiter [ 21 ] and simulta-
neously by Sanders [22 ], represent an improvement over Love's
first approximation theory [ 23 ], and satisfy this require-
ment. Reducing the strain-displacement equations to a form

for the arbitrary planar beam shown in Figure 3.1, we have

+ — (3.1)

1l d¢ 1ld u dw d u dw
K=——=————+—=——(—+'——)
R ds

Here € is the extensional strain of the neutral axis, ¢
the rotation of the tangent to the neutral axis and « the
change in curvature of the neutral axis during deformation;
u and w are the tangential and normal components of dis-
placement, R the initial radius of curvature, o the curvi-
linear cdordinate, and A is the square root of the metric
coefficient such that Ada is the length of the element of
arc ds along the o coordinate.

The strain at any ¢ location in the beam from the
neutral axis is

e = e - ZK (3.2)






We consider the curvilinear geometry of the beam
element to be represented by the cubic curve segment
between two adjacent points on a planar spline curve.
From Chapter 2, the parametric representation of the
curve in the x-y plane is given by two sets of cubic
equations for the parameter t, or alternatively E&.

From the Frenet equations of differential geometry, the
curvature 1/R, of a parametric curve is given by the

vector product

I A (3.3)
R

or

- - — — - - 2
P . P P . - (Pp_. P
\/( g P Feer Fegd = B Feld
(56. §€)3/2

L
R

= = 2
where ng denotes the value of d2P/d£ . For the cubic
spline curve, the curvature is continuous at the node
points. It is the only shape quantity required in

calculating the element strains and strain energy.
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Coordinate Transformation

To be able to evaluate the strain-displacement
relations, we need to assume the element displacements
in terms of the curvilinear displacements u, du/ds, w,
dw/ds at the two nodes of the element. However, in the
strain-displacement equations (3.1), the differentiation
is with respect to the arc length s, not the normalized
chordal parameter £. It is necessary therefore to deter-
mine the relationship between an element of length in
the curvilinear coordinate system to an element of length
in the parametric system. This transformation is easily

obtained by considering the differential length of arc

as =\/[Fg - F_at = [P, - P, at (3.5)
so that

ds _
sg = ;g_= PE . §E (3.6)
The value of Sg is the Jacobian of the transformation.
The scalar product (?E . ?E) is a fourth order polynomial

defined in terms of the coefficients of the parametric

cubic curve.
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It is instructive to observe that by normalizing
the parametric curve from the chordal length parameter
t to the normalized parameter &, the parametric slope Eg
at a common boundary between two elements of differing
lengths is no longer a unique value. This is illustrated

in Figure 3.2 for the two-element idealization. Taking

the derivative of equation (2.20) and evaluating P_ at node

g
j gives for span J,
Pg(l) = LJ Pt, (3.7a)
J
and for span J + 1,
Pg(O) = L T+1 Pt. (3.7b)
J
where Pt. denotes the value of dP/dt at node j. The slope
J

?E at node j is therefore not unique for unequal element
lengths. Although the normalized parametric slope 55 is
not unique, the real slope at node j however is unchanged.
For example we consider the real slope dy/dx evaluated at

node j for span J,
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P_(1) | P_(0)

Figure 3.2 Two-Element Idealization



dy dy/dg Ly dy/dt (3.82)
- = = - - a
dx dx/dg LJ dx/dt
=1
and for span J + 1,
dy dy/dg L J+1 dy/dt (3.8b)
dx  dx/dE L dx/dt )
£=0 J+1

The above shows that the slopes of the tangent vectors,
dy/dx, at node j are the same, and only the magnitudes
differ. The magnitudes in this case are the chord
lengths of the cubic segments. The magnitude of the
tangent vectors controls the slope of the cubic segment
between its end points, whereas the slope of the tangent
vectors controls the shape of the curve segment at its
end points.

Since the finite element formulation of the
element stiffness matrix is to be in the curvilinear
coordinate system, it is essential that derivatives with
respect to this coordinate system be continuous at common
nodes between elements. This is the situation when we
consider the slope calculated with respect to the curvi-

linear coordinate s. This derivation is given by

28
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- dap 1 4p
P === — (3.9)
S as sng

Substituting equations (3.7a) and (3.7b) successively
into equation (3.6), we have for the values of Se at

node j for span J.

sg(l) = ?E(l) . ?E(l) = L. P, - P . (3.10)

and for span J + 1,

vl
.
)

s_(0) = \/?E(O) . 135(0) L (3.11)

g 1 t, t,

] J
It can readily be verified that substituting the values
of sg and EE for each span into equation (3.9) yields a

unique value of the derivative at node j given by

j (3.12)




Interpolation Displacement Functions

Since s, 1s a non-zero derivative, we have

g

o}

d
— (3.13)

1
sg dg

and
1

js‘ds =_f sng (3.14)
0

0

where S is the beam length.
The tangential displacement u, and normal
displacement w are approximated by complete cubic

interpolation polynomials in £ such that

u= [H]{§ }
u (3.15)
w = |H|{§ }
W
where the elements of {H] are the cubic Hermitian
polynomials, equation (2.22).
The column vectors {§,} and {g,} are
{au}T = | ul' ul ’ uzr uz ]
3 & (3.16)
{aw}T = '. w1l wlg’ wzl wzg J

where u, du/dg, etc. at node number 1 are denoted by

30



u , etc. The corresponding generalized nodal

1/ ulg

displacements in the curvilinear coordinate system

are given by

tq}’ =1 u, u

u u !

r Uy 2s

ls

(3.17)

T _
{qw} =l w, Wogr W W, i

where uls, etc. denote the value of du/ds at node
number 1, etc. The relation between {§ } and {qu}
u

written in matrix form is
{§ =11 1{qa } (3.18)
u q u

where from equation (3.13)

1 0 0 0
0 s _(0) 0 0
[T ]= 3 (3.19)
9 Jo 0 1 0
0 0 0 (1)
i e ]

A similar relation applies to the displacement w.
Applying the above transformation, the values of

u and w can be calculated from equation (3.15) as

o
Il

lH] [Tq] {qu}
lHJ[Tq] {qw}

lH*J{qu}
lH*l{qw}

(3.20)

£
I
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Inter-element continuity will be satisfied since

not only is the slope w_. continuous, but also the

s
curvature across the boundary, therefore ensuring

that the rotation ¢ will be continuous.

Potential Energy and Stiffness Matrix Formulations

The potential energy II is given as

I=U-W (3.21)
where U is the strain energy
W is the external work
For a curved beam of isotropic material undergoing
deformation in its plane, the strain energy, neglecting
shear deformation is given by
u =2 fEe?av (3.22)
2 v

Substituting equation (3.2) into (3.22) yields

U = %—f [EAe? + EIk2]ds (3.23)

S

or in terms of £

1
1 2 2

U == [EAce® + EIk“ls dg (3.24)
ZJoQ £
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The initial curvature and displacements along
the element length vary as defined by equations (3.4)
and (3.20) respectively. By differentiating these
equations and applying the transformation of equation
(3.13), the required terms are obtained for substitution
in the strain-displacement relationship (3.1). The
strains € and K can be expressed in terms of the nodal

displacements as

™
I

1
[ a bj{ 4

% (3.25)

q
K=1]r¢ djlui
c’:Iw

where a, b, ¢, d are row matrices, each of order 1 x 4,

given by
1 d
la] =— d—ng*J
s
g
1
b} = - — |H*|
R
(3.26)
1 dR 1l d
lc] = - — o]+ —— —[u
SERZ dg s R dg
s 1 42
la]= - —= |a] + — |1+
s sé dg?
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Substituting equations (3.25) into equation
(3.24), expanding, and partitioning according to the
tangential and normal nodal displacements, the strain
energy can be written in terms of the element stiffness

matrix and the 8 nodal degrees of freedom.

q
u (3.27)
Ay

where the stiffness submatrices of order 4 x 4 are

kuu kuw

1
U= (o, %

kwu kWW

defined
1
T o

kool = f (EAL(al " la]] + EICjc] T je] D)5 s (3.28)
1

] = [ (EA[|b] " |b]1 + CHLTRICIPPERCE (3.29)
1

Ryl = f (EAl|a) T|b|] + EI[]_ch[dI])sEdg (3.30)

T
k0 = [kl (3.31)

It is of interest to note that the above
derivation of the curved beam element stiffness matrix
also applies to the simple straight beam element. For
the latter case, a linear displacement function is

assumed for the tangential displacement and because of
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a straight line geometry, 1/R = 0 and sg = L. Using
these values in equations (3.26) and carrying out
closed~form evaluations of equations (3.28-3.20) give
the well-known straight beam element stiffness matrix.

The remaining quantity to be evaluated in the poten-
tial energy expression is the external work due to applied
loads. The external work W due to applied nodal and

distributed loadings acting on an element is

W= lgJ{f} + lq]fo’{H*}psng (3.32)

where

lql vector of nodal displacements

{f} vector of applied nodal loads

P magnitude of generalized distributed loadings

{H*} interpolation function from equation (3.20)
The integral in equation (3.32) is a consistent loading
formulation which yields nodal loads that are equivalent,

on a work basis, to the applied distributed loading.

From the principle of minimum potential energy,

a state of equilibrium is achieved when the displacements
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are such that the potential energy is a stationary value,
i.e., S8II(g) = 0. Substituting equations (3.27) and
(3.32) into the potential energy expression (3.21), and
differentiating with respect to each nodal degree of
freedom gives the equations of equilibrium for the

element, viz.

[kl1{g} = {f} (3.33a)

The load vector {f} includes both the applied nodal loads
and the work equivalent loads computed from distributed
loadings.

To obtain the deformation of the total structure
under a set of applied loads, the total potential energy
is calculated by simply summing the values of U and W
for each element, and applying the minimum principle to
the total. This gives the equilibrium equation for

the total structure as

[(kK1{Q} = {F} {3.33b)

where [K] is the structure stiffness matrix, {Q} the

complete set of nodal displacement degrees of freedom,



and {F} the structure nodal forces. Equation (3.33b)
represents an assemblage of the element equilibrium
equations (3.33a), combined in a manner corresponding
to the connectivity of elements at each nodal point.
The system of linear equations (3.33b) are then solved
for the nodal displacements. Once the nodal displace-
ments are obtained, the corresponding stress resultants
(bending moment, shearing force and thrust) are easily

calculated for each element.

Stiffness Matrix Calculation

The terms of the stiffness matrix are given by
equations (3.28-3.21) which are dependent on the
strain-displacement relationships as represented by
la] , bl , le] , |d] . Since we are dealing with a
beam of arbitrary curvature, the combination of curva-
ture terms and the displacement polynomials yield
rather complicated expressions involving rational
functions with fractional exponents to be evaluated.
It is most convenient to evaluate equations (3.28-

3.30) by numerical integration.
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Applying the Gauss—Leéendre quadrature formula
to the submatrix [kuu] for example, the elements of the
ith row and the jth column of [k .}, equation (3.28),

are given by

(kyy)is =

ij

| =

g e (EIA a; a.

3 + I ¢y cj]sg)n (3.34)

uu
Similar expressions apply to [ky,] and [kyyul. The sub-
script n on the quantity in parenthesis is to be
evaluated at the nth quadrature point of the numerical
integration. The factor 1/2 appears as a result of the
transformation of the interval of integration from
(=1, 1) to (0, 1). The quadrature points are also
transformed in accordance with the change of integration
limits.

The computational algorithm of the stiffness
matrix calculation is summarized in Figure 3.3. At
the first quadrature point the initial step in the
sequence of calculations is to evaluate the geometric
parameters of the curved beam. This requires that
the first, second and third derivatives of the
parametric cubic curve be evaluated. The values
of the curvature and the Jacobian of transformation,
sg, are then calculated from equgtions (3.4) and‘(3.6)

respectively, which are dependent on the first and second
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Figure 3.3

Flow Chart

Curved Beam Stiffness Matrix Calculation
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derivatives of the curve. Thé third derivative is

needed to evaluate the change in curvature dR/df€. The
calculation of the necessary geometric parameters are

now complete. Next the elements of la] , lb) , lcj , |4},
equation (3.26), are computed. Since the second de-
rivative of the normal displacement is the highest order
derivative to appear in the strain-displacement equations
(3.1), |H*] and its first and second derivatives must be
evaluated. Each element of la] , bl , lec] , 1d] is then
computed and stored in a vector as aj; , by , ¢35 » 4 .
The expression 1/2 (E[A aj ag + Icy Cj]Sg) for

[kuu]' and similar expressions for [kww] and [kuw]’ are
evaluated for i and j values from 1 to 4 successively.

The values are then multiplied by the weighting factor °n

of the numerical integration, and the results are stored
in the proper location of the array which the completed
stiffness matrix is to occupy. The entire procedure is
then repeated at the second quadrature point and the
results are added term-by-term to the quantities already
stored in the §£iffness matrix array. This process is
repeated until all of the quadrature points have been

utilized. Because of the symmetry of [kuu] and [kww],

only the off-diagonal submatrix [k,,] is computed in

the awove procedure.
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Consistent Load Vector Calculation

The calculation of the work-equivalent nodal
loads is similar to the calculation of the stiffness
matrix. Evaluation of the distributed load integral
in equation (3.32) by numerical integration is expressed

as

£, =
i

ST I

E Dn(H; Psg)n (3.35)

where fi is to be added to the ith row of the nodal locad
vector {F}. Any distribution of loading can be applied
provided that its value is known at each quadrature point

of the integration.



CHAPTER 4

NUMERICAL RESULTS FOR ARCHES

This chapter is concerned with applying the
curved beam element to arches of circular geometry
and comparing them with known results. Consideration
is also given to the accuracy of approximating circular
arcs by parametric cubic splines. Deep circular arches
that are both thick and thin are compared with results

in which the exact circular shape are represented.

Parametric Circular Arc

To approximate a circular arc by a parametric
cubic curve, equation (2.20) is employed. The curve is
defined provided that the endpoint and tangent vector
values are known. Referring to Figure 4.1, the cir-
cular arc of radius R with endpoint and tangent vectors
as a function of the parameter £ are shown. The endpoints
and directions of the tangent vectors are readily obtained.
It remains to determine the magnitude of the tangent
vectors. Due to symmetry of the arc, the magnitudes of
the tangent vectors at each end are equal. Letting o

be the unknown magnitude, the endpoint and tangent values
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Figure 4.1 Endpoints and Tangent Vectors
of Circular Arc



{B }, equation (2.21), written in cartesian coordinates

are
{x}T = [Rcosel -asing, RcosB, -asing,| (4.1)
and
(yiT = [Rsinel 0CcosH, Rsin®, acos®, J (4.2)

The value of o is determined by choosing the parametric
cubic curve to pass through the circular arc at & = 1/2.
Evaluating equation (2.20) for either x(1/2) or y(1/2)
with the corresponding endpoint values, equation (4.1)

or (4.2), the magnitude of the tangent vector obtained

is
o = -— tan| ——— (4.3)
L 4
where the chord length is
L = R V2([l-cos(6,-6,)] (4.4)

Thus the parametric cubic curve approximating a
circular arc is defined. The subtended angle (6,-6,),
normally does not exceed 180 degrees due to symmetry of

the arc.
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The accuracy of the parametric cubic approxi-
mation to the circular arc has been investigated, for
example, by Peters [24]. It is found that the maximum
deviation from the true arc occurs at two locations
which are symmetrical with respect to £ = 1/2. Further-
more, the error excursions are always positive and equal.
Figure 4.2 shows a quadrant of a circle with R = 4,953
inches approximated by a single parametric cubic segment.
The dotted curve represents the true arc and the solid
line the parametric cubic approximation. To view the
deviations from the true arc, the error excursion has
been magnified by a factor of 100. The maximum deviation
is 0.027% of the radius for the 90 degree arc, and reduces
with arcs of smaller subtending angles.

Figure 4.3 shows the same quadrant of a circle
but subdivided into 3, 4 and 5 equal lengths. The end
points of these lengths have been curve fitted by a
parametric cubic spline which is represented by the
solid line. The error excursions have again been magni-
fied by a factor of 100 for viewing purposes. The maximum
deviation of the 3 element cubic spline approximation is
nearly the same magnitude as that of the 1 element para-

metric cubic approximation, but in the opposite direction.
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Figure 4.2 Approximation of Circular Quadrant
by a Single Parametric Cubic Curve.
AR Magnified by 100.



Figure 4.3 Parametric Cubic Spline Fit of Circular
Quadrant Subdivided into 3, 4 and 5 Equal
Lengths. AR Magnified by 100.
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Numerical Results for Circular Arches
Approximated by Cubics

To demonstrate the numerical accuracy of the
curved beam element, comparisons are made with results
in which the geometry of circular arches are exactly
represented and the integrals in the element stiffness
matrix are evaluated in closed-form rather than by
numerical quadrature. Many of the examples chosen
for comparison have been extensively studied by Dawe
[ 19 ], [ 20 ], who examined the efficiency of using
independently interpolated displacement functions of
from cubic to quintic order for arches of true circular
geometry. Although these studies show the quintic-
quintic (corresponding to the order of the u and w
assumed displacement polynomials) displacement functions
to be the most accurate for a given number of degrees
of freedom, we shall limit our comparison to the cubic-
cubic case which corresponds to the present curved beam
element. In all applications the arches are divided
into elements of equal length. For the one element case,
the circular arch is approximated by a single parametric
cubic curve, Figure 4.2. For the three element case and

above, the arc is represented by a parametric cubic
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spline with prescribed endpoints and tangent vectors,
Figure 4.3. The results of some numerical applications
to circular arches will now be described.

A semi-circular arch geometry is considered in
which both ends are initially clamped and then pinned.
The centerline radius is 17 inches and the rectangular
cross~section is 1 inch x 3/16 inch with E = 10.5 lb/in2.
Each side is considered in turn to be the arch thickness,
corresponding to R/t ratios of 17 and 90.66 which are
called thick and thin respectively. Two loading condi-
tions are considered for each arch: a central vertical
unit point load and a uniform unit normal pressure load
acting over the entire curved length of the arch. In
the finite element analysis only a symmetric half of the
arch is modelled.

The convergence of the central deflection of each
arch is shown in Figures 4.4-4.7. The graphs show the
percentage of error in the finite element solution corre-
sponding to the final degrees of frecedom after application
of the boundary conditions in the symmetric half of the
arch. Points on the convergence lines correspond to 3,5

and 10 eclements in the half-arch. The 1 element results
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are shown only as points and are not joined by a line to
the 3 element solutions (11 degrees of freedom) because
of the markedly different geometries (Figures 4.2 and 4.3).
Deflections were calculated using 2,3 and 4 Gauss-Legendre
integration points. The 3 and 4 Gauss point solutions
were for the most part nearly identical for the finer
grid models and both were superior to the 2 Gauss point
results. In passing, it is noted that for the exact
circular geometry with the curvature constant, the
highest degree polynomial appearing in the integrand of
the strain energy is 6. Since a 4 point Gauss-Legendre
quadrature formula produces the exact integral for a
polynomial of degree 7 or less, the 4 Gauss point solu-
tions were therefore chosen for illustration in the
figures.

Because each successive grid refinement results
in a different, albeit more accurate, representation
of the actual arch, no definite conclusions can be drawn
regarding the monotonicity of convergence of the results.
The convergence is always from below (errors are negative)
for the point loading cases, which is characteristic of
a lower bound solution from the minimum potential energy

principle; however the convergence is generally from



above (errors are positive) for the uniform distributed
load cases. This is attributable to the geometric out-
of-roundness of the arch due to the cubic spline fit of
the circular geometry, which results in a flattening of
the curve along each element length. Referring to
Figure 4.3, this is most pronounced in the 3 element
case where a dimple is formed in the second element.
The result is that under external pressure loading the
arch deflects more readily in bending than when the
geometry is truly circular. Whereas the central point

load arch problem is nearly inextensional, the behavior
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of the pressure loaded arch is primarily extensional with

very little bending deformation. Consequently the added
bending deflection due to the geometric approximation
causes considerable error in the normal deflection,
particularly in a thin beam. This error becomes less
significant as the grid is refined however. For example
in the cases of the pinned arches under a pressure load,
when the grid is refined to 10 elements, the solution
errors change sign and become negative, signifying that
the effect of geometric idealization on the solution is
indeed small. The sign change in the error is shown by

a dotted convergence line joining the 5 element solution
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to the 10 element solution in Figure 4.7. A similar
occurrence is shown for thé thick clamped arch under a
pressure load.

The error due to geometric approximation for
the point load case can be observed in Figure 4.4 by
comparing the present element with Dawe's cubic-cubic
results based on the exact geometry representation.

The exact geometry results are consistently more accurate,
even for the 10 element case.

It is also noted that there is greater accuracy
for the thicker arches. This has also been observed
from previous studies of exact circular arches [ 12,

19, 20 ], where the decrease in accuracy of a thin

arch is attributable to its more complex deformed shape
due to decreased bending stiffness. Calculations for
shallow circular arches have also been made. Their
results show a more rapid rate of convergence than the
deep arch, with similar conclusions regarding the greater
accuracy of thicker arches.

The comparisons with theoretical and finite
element results based on an exact geometry represen-
tation illustrate the efficacy of the present parametric

element formulation. The element can indeed represent
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arbitrary curved structures, the circular arch being

a particular case, with acceptable accuracy. The numer-
ical results leave no doubt that the approximation of

the actual structure geometry is a very important con-
sideration in finite element analysis of curved members.
The relative thickness is also shown to effect accuracy.
The increased bending flexibility of thin members coupled
with geometric deviations can magnify the errors.
Generalization of the current two-dimensional element to
a three-dimensional space curve beam element can readily
be accomplished by including the strain energies of
bending in the normal plane (perpendicular to the tangent
vector) and torsion in the derivation of the element
stiffness matrix. It remains now to extend the parametric

element formulation to a general surface.



CHAPTER 5

PARAMETRIC BICUBIC SURFACE DERIVATION

Like arbitrary curves, free-form surfaces cannot be
described by a single mathematical relationship. Instead
the synthesis of complex surfaces utilize the concept
of surface patches, whereby the entire surface is con-
structed by adjoining these patches together in a manner
similar to piecewise curve fitting techniques. Such methods
of surface definition have been widely used for geometric
design and for numerical control manufacturing of parts
mathematically defined by these surfaces. An excellent
survey of the various curve and surface representations
used in numerical control applications can be found, for
example, in Reference [ 25 ].

The method of surface definition used in this
study follows the surface fitting scheme of Ferguson [ 3 ]
where two families of curves are fit through a spatial
grid of points. The intersecting curves are then used
as boundaries to define the sets of continuous surface
patches in the manner of Coons [ 1, 2 ]. A description

of the surface definition procedure follows.
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Parametric Bicubic Surface Patch

Following Ferguson's approach, the surface is
defined to pass through an array of data points topolog-
ically equivalent or homeomorphic to an m x n rectangular
grid. Two families of intersecting parametic cubic
splines are defined over the sets of lines on the m x n
spatial grid. The individual curve segments are the
parametric cubics of Chapter 2. The two families of
space curves divide the surface into a network of curves
with known coordinate values and tangent vectors at the
points of intersection, Figure 5.1.

Thus far, the curves in the network are described
explicitly and we wish now to derive an explicit para-
metric surface representation which interpolates to
these curves. This is accomplished by considering the
surface patches each having four corner points and
boundary curves. Figure 5.2 illustrates a patch having
four boundary curves and four corner points. Employing
the tensor product method of interpolation,
the surface patch is defined in terms of its known corner
boundary conditions as

1 1l 1 1

P(g,n) = £ £ £ ¢ P (1,3)H_; (E)H_. (n) (5.1)
i=0 j=0 r=0 s=0 TeS ri s3



Figure 5.1 Intersecting Space Curves

Figure 5.2 Surface Patch

P(1,0)
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for 0<&<1 and 0<n<l. P(&,n) is a vector-valued function

and its derivatives are denoted by

3¥+SB (4i,3)

P _(i,§) = (5.2)
r,s 3£T5nS
so that
— _ _ 3P (i,3)
P (i,3j) = P(i,j), P (i,3) = — , etc. (5.3)
00 01 an

The functions Hr’i(g) and Hs,j(“) are the blending
functions which serve to blend the boundary curves over
the surface. Since the function F(g,n) is to interpolate
to the corner points, corner slopes and corner cross
derivatives (twist vectors), the blending functions are
chosen to be of the same form, cubic, as the boundary
curves. Thus the blending-functions are the univariate

cubic Hermite interpolation polynomials equation ,h(2.22),

where

H (&) = 1-35%+2¢° H (n) = 1-3n%+2n?

¢0 g0

H (§) = 3g2-2¢3 H (n) = 3n2-2n?

01 01 (5.4)
B (E) = E-2£2+¢3 B (n) = n-2n2+n?

H (§) =-g2+4g? H (n) = -n2+n?

11 11

Equation (5.1) with the cubic Hermite blending functions

is the equation for the well-known bicubic surface patch
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which is perhaps the most commonly used surface patch

in computer-aided geometric design [ 24, 26, 27, 28,
29, 30, 31 ]. The bicubic patch is just one particular
form of the general blending function methods of the Coons
patch [ 32, 33 ].

We can rewrite equation (5.1l) for the bicubic patch
in terms of the blending functions and a boundary condi-
tion matrix. Using the matrix notation similar to equation

(2.20) the bicubic patch is defined as

B(g,n) = (H(E)I[BIlE(MIT (5.5)

where the B matrix, or boundary condition matrix, contains
all the information concerning patch boundaries. This
matrix is the two dimensional equivalent of the B matrix
given by equation (2.21) for the cubic curve segment.

The B matrix is expressed as follows

[5(0,0) B(0,1) P (0,00 F_(0,1)
_ P(1,0) B(l,1) ¥ @,0 B (1,1)
[B] = _ _ _01 _01 (5.6)
P (0,0) P (0,1) P (0,0) P (0,1)
10 10 11 11
10 10 11 11 i

Inspection of the B matrix reveals that the first and
second rows specify the end conditions for the boundary
curves 4 and 2 respectively; while the first and second

column define the boundary curves 1 and 3 respectively.



In addition the matrix can be partitioned into four

submatrices as shown below

[B] =| _ ” (5.7)

where [P] contains the four corner coordinates,

[?n] and [55] contain the corner slopes with respect
to n and £, respectively, and [T] is the twist vector
matrix containing corner cross derivatives.

The twist vectors influence the shape of the
surface interior only, and not the boundary curves.
As pointed out by Forrest [32 ], a comparison of the
Ferguson surface patch with the bicubic patch shows
that the Ferguson patch is a special case of the bi-
cubic patch, having zero twist vectors at the patch
corners. One of the effects of setting the twist
vectors to be zero is that for doubly curved surfaces
such as portions of a sphere, there will be local areas
of distortion or flattening in the surface. Twist

vectors should be zero only for simply curved surfaces.

Continuity with Adjoining Patches

By using the parametric cubic splines as the patch
boundary curves we achieve first and second derivative or

C? continuity between adjoining curve segments. When we
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consider two adjoining surface patches such as is shown

in Figure 5.3, the boundary curve P(1,n) or Q(0,n) is
common to both patches so that C° continuity exists

across the common boundary. This is readily verified

since for adjacent patches the corner point coordinates

and the slopes along the boundary at the corner points

are the same along the common border. Furthermore it can
be shown that the slopes across the common boundary, in

the £ direction as shown in Figure 5.3, are also continuous
(C! continuity) provided that the slopes across the bound-
ary and the twist vectors at the end points of the boundary
curve are continuous.

To achieve the patch continuity described above
requires that where patches share a corner point, the
slopes must be continuous and the position vector and
twist vector terms must also be common in each patch.
Since each patch formed by the network of intersecting
curves share common corner points and boundaries with
adjacent patches, the terms in the [P] submatrix of the
boundary matrix will therefore be equal at common points.
In Chapter 3 it was shown that the slopes of the tangent
vectors at common points are unique, although the magni-
tudes may differ, therefore the parametric slope vector
terms in [§n] and [351 will yield slope continuity across

boundaries provided that the twist vectors in [T] are also
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continuous. It follows therefore that the bicubic patch
surfaces generated from an intersecting network of cubic
spline curves is C! continuous across patch boundaries and
C? continuous at the corner points.

It has been shown that the boundary values required
in the B matrix, with the exception of the twist vectors,
are readily obtained from the network of intersecting cubic
spline curves. To determine the twist vectors, the interior
surface of the patch must be considered. 1In Chapter 7, a
method is described for determining the twist vectors
based upon the smoothness of the patch surface. However,
before we can direct our attention to the matter of surface
smoothness, we need to determine various geometric properties
of the surface relative to an orthogonal surface coordinate

system. This will be the topic of the next chapter.



CHAPTER 6

DIFFERENTIAL GEOMETRY OF BICUBIC SURFACE

Fundamental to the development of the shell finite
element which is based on the theory of thin shells, is the
need for curvilinear transformations from the basic £,n
coordinate system to an orthogonal surface coordinate
system. In this chapter we shall review and discuss those
relations of differential geometry of surfaces which will
be later used to develop a surface smoothing technique and
to formulate the stiffness matrix of the shell finite

element.

Geometry of Surfaces

In Chapter 5 we have defined the bicubic surface
patch as a set of points (x,y,z) given by the vector-
valued equaticn

P = B(g,n) (6.1)
The arguments (&,n) are the variable parameters of the
surface. If either of the parameters, say &, is held
constant with n varying, then equation (6.1) will define
a line on the surface as shown in Figure 6.1. Such lines

are called coordinate lines or parametric curves. Through
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each point on the surface there will pass two coordinate
lines, one corresponding to £ = constant and the other
corresponding to n = constant. The parameters & and n

thus constitute a system of curvilinear surface coordinates

for points on the surface, called Gaussian coordinates.

First and Second Fundamental Forms
In Figure 6.1, P denotes the position vector of
a point Q on the surface, with respect to an origin O.

A differential element of length on the surface is given

by

or

dp = AEIdE + BEzdn (6.3)

where Ex and Ez are the unit tangent vectors in the § and

n directions respectively. These vectors are

e =_P .
t APE ’ t 5 n (6.4)
with scalar mangitudes, called the Lamé parameters,
given by
A= l§£| , B = l?nl (6.5)

The square of the scalar magnitude ds of the differential

element of length on the surface is

ds? = dP+dP = EdE? + 2Fd£dn + Gdn? (6.6)
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where

— a2 — .

E = A° = PE PE (6.7)

F = PE . Pn (6.8)
=R2 =D « P

G = B? = P+ P (6.9)

Equation (6.6) is called the first fundamental (or metric)

form of the surface, and E,F,G are the first fundamental

coefficients. These coefficients are the link between

the length of an element and the differentials 4%, dn.
The parametric curves £ and n will form an

orthogonal system of curvilinear coordinates if F=0, i.e.,

(El-Ez)=0. In this case, the first fundamental form

becomes
ds? = Ed£? + Gdn? (6.10)

It should be noted that the parametric curves § and n
being blended curves of the patch boundaries would
normally not be orthogonal.

The unit normal vector n at point Q, perpen-
dicular to the tangent plane at Q and oriented so that

the scalar triple product ﬁ-(EI><€2)>0,is given by
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A = = (6.11)

where D is called the discriminant of the surface.

The differential dn is given by

dn = n,. d§ + n dn (6.12)
3 n

Forming the scalar product of 4P and dn, we get

-3@P+dn = LAE2? + 2MdE dn + Ndn? (6.13)
where

L ==-P_en_=P__en 6.14

£ P = Peg (6-14)

1 _ - - -
M= - ; (Pg-nn + Pn-ng) = P£n°n (6.15)
=—§'_=- ‘A .

N nApy = PpoeW (6.16)

Equation (6.13) is known as the second fundamental form of
the surface, and the coefficients L,M,N are called the
second fundamental coefficients of the surface. The
coefficients can be readily computed when equation (6.11)
is substituted to obtain the values as the following scalar

triple products,

x P ) P '(PExPn) N=Pnn'(§5X§n)
= ’ 5 (6.17)
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Curvature

A normal section of a surface at a point Q is
the section defined by a plane containing the normal
vector n to the surface at the point. This section
is a plane curve AB formed by the intersection of the
plane and surface as shown in Figure 6.2. The curvature
of the curve at point Q is called the normal curvature
of the surface at Q in the direction of the curve.
The normal curvature C, is

1 Ldg? + 2Mdg dn + Ndn?

C = e = (6-18)
n R EAE? + 2FAE dn + Gdn?

which is the ratio of the second to the first fundamental
forms of the surface. The sign of the normal curvature
is positive when the normal n to the surface points towards
the center of curvature of the plane curve AB.

The direction of the normal curvature at Q is given
by the ratio df/dn, which is the direction of the tangent
line of curve AB at Q. We can cast equation (6.18) in terms

of this direction, giving

L (95) 2+ oM (Qé) + N
o dn dn
n ) (6.19)
E (QEU) + 2F (éé) + G
dn dn



Figure 6.2 Normal Section of a Surface

73



74

or

L)% + 2MA + N
Cy = (6.20)
EA2 + 2FA + G

where A =d£/dn. The direction for which the normal
curvature has a maximum or minimum can be found from

an/dA=0, which takes the form

(LA+M) (EA24+2FA+G) - (EA+F) (LA%+2MA+N) = 0 (6.21)
Since

EA2+2FA+G = (G+F\) + X (EA+F) (6.22)

LAZ42MA+N = (N+MXA) + A (L +M) (6.23)

substituting equations (6.22) and (6.23) into (6.21)

gives
(G+FA) (LA+M) = (EX+F) (N+MA) (6.24)

The extreme values of C are found by substituting egquation
(6.21) into equation(6.20) and then applying equation
(6.24). This gives the extremum curvature, C, to be

LA+ M N + MA

C = = (6.25)
EX + F G + FX

Hence C satisfies the following two equations simultaneous-
ly:

(CE - L)X + (CF - M)

(CF - M)A + (CG - N) (6.26)

it
o
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These two equations determine the extreme values of

curvature, called the principal curvatures, and the
directions of principal curvature which are called the

principal directions. Eliminating A, we get
D2C2 - (EN-2FM+GL)C + (LN-M2?) =0 (6.27)

This is a quadratic equation in C. When the discriminant
of this equation is positive, there are two distinct roots
which are the principal curvatures C1 and Cz. One value
of the principal curvature is a maximum, the other a
minimum. When the discriminant is zero, there is a single
root with multiplicity two so that C1 = C2. A point on
the surface where this occurs is called an umbilic. At
an umbilical point every direction is a principal direction
and all normal curvatures are the same. All points on a
sphere, for example, are umbilics.

At a nonumbilical point, where there are two
distinct principal curvatures, the principal directions
are given by equation (6.26). Thus, corresponding to Cl,

the principal direction is given by

dt CF-M CG-N
A =) = - =-_f (6.28)
1 dn1 CIE—L ch-M
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and corresponding to C,, the principal direction is

given by

dg CF-M CG-N
A= = - _2 = - _2 (6.29)

2 dn CE-1L CF-M
2 2

N

The principal directions give two directions on
the surface which are orthogonal. A curve drawn on the
surface along a principal direction is called a line of
curvature. Therefore, through each point on the surface
two lines of curvature intersect at right angles, whose
directions are of greatest and least normal curvatures.
If the parametric curves § and n are lines of curvature,
both F=0 and M=0. Therefore from equation (6.6) the
increment of arc length along the lines of curvature are

given by

ds vYE dg (6.30)
and

ds = /G dn (6.31)

The principal curvatures, equation (6.25), also

simplify to

(6.32)
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In the theory of thin shells, it is convenient

to derive the shell equations using the lines of curva-
ture as the parametric curves so that displacements are
referenced to the principal directions and the normal

to the surface. 1In the development of the bicubic shell
finite element to follow, it is also computationally
convenient to employ the lines of curvature as the para-
metric curves in the formulation of the element stiffnesses,
so that the total structural stiffness matrix can be as-
sembled without the need for coordinate transformation.

The bicubic surface patch, as developed in the
previous chapter, has however been defined by the variable
parameters £ and n, whose parametric curves are a cubic
blend of the boundary curves. To define the properties of
the surface with respect to the lines of curvature, it will
be necessary to first establish an orthogonal curvilinear
coordinate system in the direction of the lines of curva-
ture; and secondly, to determine the transformations between
the orthogonal lines of curvature and the £,n curvilinear

coordinate system.

Orthogonal Curvilinear Coordinate System

We have defined the bicubic surface in terms of
£,n and now wish to pass from the £,n system of curvilinear
coordinates to an a,B8 system of orthogonal curvilinear

coordinates which is based on the lines of curvature. To
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do so, we must determine the orientation of the a, B

coordinate system so that at a point of the surface, a
positive movement along an o curve, for example, is in
a direction that is consistent with a positive movement
along an o curve at any other point of the surface.
Although the directions of the two orthogonal lines of
curvature at a point are given by equations (6.28) and
(6.29), these equations do not identify a consistent
orientation of the o, B coordinate lines.

At any point of the surface we can define the
positively oriented trihedron formed by the vectors
EE' En, n which is called a moving trihedron as shown in

Figure 6.3. PE' Pn, n are not mutually orthogonal vectors,

but are linearly independent vectors of which 5 ’ E lie

13

£
P , P there-
n

fore constitute a basis whereby any vector can be formed

in the tangent plane normal to ;. The vectors

as a. linear combination of these vectors.

If we let dsa, dsB be elements of arc length of
the o, B coordinate lines at Q, as shown in Figure 6.4, the
tangent vectors to these curves can be expressed in terms of

the basis vectors as follows

dp ds _ dn _
—_— = e P + — P (6.33)
ds ds & as N
o o a
dp dg dn _
- = — P +__ P (6.34)



Figure 6.3 Moving Trihedron

Figure 6.4

Differential Elements of Arc Length
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The vector product of the tangent vectors is given by

dp ap 3(g,m) - -
x = (p_xP ) (6.35)
ds ds 5(s ,s.) & n
o B o) R
where the Jacobian is
dag an
3(E,n) ds,  ds,
- = (6.36)
2syrog)  lar  an
dsB dsB

From equation (6.35) we can conclude that the tangent
vectors d?/dsa, d1'5/dsB and §€' ﬁn are of the same orienta-
tion, i.e., normal vectors are of same sign, if the Jacobian
of the above coordinate transformation is positive.

To ensure a consistent orientation of the a, B8
coordinate system, we shall require that the surface normal
vector be of the same sign everywhere on the surface. Since
this vector will be of the same sign as fi in equation (6.11)
for a positive Jacobian, we therefore need only ensure that
n be of the same sign everywhere on the surface.

In addition to requiring a consistent normal vector
direction, we must also establish a direction of positive
movement along a line of curvature. The convention that

we shall adopt is that a positive movement along the a

coordinate line is in a direction such that the scalar
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product of the tangent vectors to the a and & coordinate
lines is a positive maximum. In other words, it is the
direction in which the angle between the two tangent
vectors is smallest. Once the positive o direction is
established, the positive direction along the B coordinate
line is determined from the requirement of a positive
Jacobian. By adopting this convention we implicitly assume
that at any point of the surface, the line of curvature
closest in direction to the & coordinate line is a member
of the same family of curves. This assumption is not un-
realistic considering that the surfacestwith which we are
‘dealing are generated from a network of £, n curves, homeo—‘
morphic to a rectangular grid. As the surface shape is
dependent on the curvature of these &, n curves, the direc-
tions of the lines of curvature relative to the £, n curves
should remain relatively constant for surfaces that are not
severely distorted.

If ds, and ds, are elements of arc length of the
two lines of curvature at Q, and ds the element of length
along ¢ as shown in Figure 6.5, the cosine of the angles
between the lines of curvature and the £ coordinate line

are given by
ds ag
cos 9l = = VE

ds1 dsl

(6.37)
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ds dg
cos 6 e e 2 T — (6.38)
2 d52 ds2

Since the o coordinate line is associated with the smaller

of the two values, 61 or 82, we have

ag
— = max
dsa

dg dg
_, — (6.39)
ds ds

1 2

Because of the orthogonality of the lines of curvature,
the smaller 6 value will be less than 45 degrees. The
first fundamental form of the surface, equation (6.6)

gives for i=1,2

ds. ) an dn\?
1 E+2F |[— ]| +¢ | — (6.40)
ac ag

—_—= . ———_—— (6.41)
dg CiG - N
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Evaluating equation (6.39) at Q determines which orthogo-

nal line of curvature, with differential arc length ds1
or dsz, is chosen as the o coordinate line. The differ-
ential arc corresponding to the o curve will hereafter
be designated as dsa, and the arc corresponding to the

8 curve as dSB'

Although dE/dsa can be either positive or negative
in value according to equation (6.40), the positive value
is chosen so that cos 6 is positive. A positive value of
the cosine obviously yields a smaller value of 6 than a
negative value. Having established the a coordinate line,
the B coordinate line is then readily defined.

We can now evaluate the scalar derivative values
of equation (6.33). From equations (6.39) and (6.40) we
have

dg 1
—_— = + (6.42)

ds, dn an\?
E+ 2F{—)+ G| —
dg dg

dn CaF -M
— = (6.43)
dag C'G~-N

where

The a superscript on C denotes the principal curvature in
the direction of aoa. The value of dn/dsa is obtained from

the relationship

dn dn dg
-_ = = — (6.44)

dsa dg dsa



so that

dn clr - M dg

— — oy

ds c®c - N ds
o

(6.45)

o

We next consider the scalar derivative values for
the tangent vector of the B curve, equation (6.34). The
signs of these derivatives must be chosen so that the
Jacobian, equation (6.36), is positive. This requires

that the following equation be satisfied:

dg <dn > dg dn >
> (6.46)
dsa ds8 dsB dsa

Since we have defined the o curve as having the

smallest angle 8 with the £ curve, it follows that

dag ag
— > —— (6.47)
dsa dsB

Therefore to satisfy equation (6.46) we must have that

dn dn
—_— D — {(6.48)
ds ds

B a

The cosine of the angle between the n and B curves
at a point is given by
dn

cos ¢ = VG — (6.49)
ds

85



86
Since o and B curves are orthogonal, it can readily be

verified from simple geometric considerations that if
dn/dss>0 (cos ¢>0), the angle ¢ will be an acute angle
and the angle between the n and o curves will be obtuse
(negative cosine value) so that dn/dsa<0. Thus equation
(6.48) is satisfied and the Jacobian is a positive value

provided that dn/ds, is also positive.

B

We are now in a position to evaluate the scalar
derviatives of the tangent vector dﬁ/dsB. From equation
(6.6), we have

dn 1

:i:_ dg\? dg
B\ /e[ —= + 2F |l — W ¢ (6.50)
dn dn

where the positive value of the square root has been

chosen. Equation (6.29) gives

ag cfr - M
_ = - —— (6.51)
dn C"E - L
Since
dg dg dan
—_ i — — (6.52)
d dn 4
Sg 9N 98,
we have that
dg CBF - M dn
== 73 - (6.53)
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It is noteworthy that when the parametric £ and
n curves are lines of curvature (F=M=0), equations (6.42)
and (6.50) simplify to the results given previously by
equations (6.30) and (6.31).

Finally the condition that the sign of the normal
vector n be the same over the entire collection of patches
can be achieved by generating the network of curves form-
ing the patch boundaries in a consistent manner. Referring
to Figure 6.6, generating first the family of £ curves,
beginning with&l, then 52, etc., followed by the family of
n curves, beginning with nl, thennz, etc., in the manner
shown, will automatically produce a consistent normal
vector direction given by n.

Using the scheme described in this section, we have
simplified the procedure of determining a consistent or-
thogonal curvilinear coordinate system at any point of the

surface to merely specifying the values of df/ds dn/dsB

o
to be positive. This is an important factor when develop-
ing the computer algorithm to establish the coordinate
system at the many quadrature points of the surface required
in the finite element formulation. Considerable computa-

tional effort and computer time can be saved by this simpli-

fication.
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where

[TI] (6.59)

The coordinate transformation of the second order

derivatives are given by

- - - - = = - - T
1Boq Fag Papl® = [T 118 By Beg Byp By | (6.60)
where
—5 n g2 2E -
oo ad o U,nd noc
T = T 6.61
[ 2] EuB naB EGEB Eana+€BnB jans ( )
£ n g2 2 n n?
BB BB B B B R

All the values of the elements of [T2] are known except
for the derivatives of Ea, EB' Ny, and nB. These deriv-

atives can be obtained from the following matrix equation

dEa dn
el
Saa Moo &a No 0 0 ] : :
dga dna
E n = £E/2 n/2 E&/2 n/2 dn dn (6.62)
aB aB B B o o
dgg dng
0 0 dag dg
| “6e "eel L 6 Mg
dgg dng
dn dn
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A factor of 1/2 has been employed in the above expression
of the cross derivatives to ensure their compatibility,
i.e., EaB = gBa' It remains now to compute the derivative
in the 4 x 2 matrix of the right hand side. By virtue of
the dependence of these values on the first and second
fundamental coefficients, we need initially to determine
the first derivatives of these coefficients with respect
to the £, n curvilinear coordinate system.

The derivatives of the first fundamental coeffi-

cients, equations (6.7 - 6.9), are computed as follows:

= 2 . ' = o .
EE Pg ng En 2PE PEn (6.63)
—3 5 .- D l- — = 0_ = l- .
FE £ Pan+PEg Pn , Fn PE Pnn + PEnPn (6.64)
G. = 2P P , G = 2P <P (6.65)

g n E&n n n nn

The derivatives of the second fundamental coeffi-

cients, equations (6.14 - 6.16) are given by

L =P__.n_+ P n , L =P__n + B °n (6.66)

M_=P_ +n_+P__*n,M =P_ en + DP_ -+n 6.67
2 En "¢ EEn ' n En n Enn ( , )
Neg = Pppng * P » N = Ppgeng + Ppoen (6.68)
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where the derivatives of the unit normal vector are

- _1 - = - s l _ = =

nE = B [(PEXPHE)+(PEEXPU) D(EGE+E€G ZFFE)(PEXPH)] (6.69)
and

- _ 1 - = - 5 _ 1 _ - -

nn = 5 [(PsxPnn)+(P€nxPn) D(EGH+EHG ZFFn)(PEXPn)] (6.70)

In addition to the derivatives of the fundamental
coefficients, we shall also need the derivatives of the
principal curvatures. The principal curvatures at a
nonumbilical point are given by the roots of equation

(6.27),

C = (6.71)

where the coefficients ©0f the quadratic equation are

ao = EG - F? (6.72)
bo = EN - 2FM + GL (6.73)
c = LN - M? (6.74)



Denoting the first order derivature of these coefficients
by the subscript 1, the derivatives with respect to §

gives

= —L = EG E_G - 2FF 6.75
TG g " T 2 (6-75)

= —0 = LG_ - 2(FM MF 6.76
b1 = ENE + NEg + GLE + £ ( £ + g) ( )

=—-—n'= "2 '7
c, 2 LNE + NLE MME (6.77)

Using the above notation, the principal curvature deriv-

atives taken with respect to § can be expressed as

aC 1 ab bb-2fac+ac) a
— -1 0) 4 /b2-4a c 0 1 0 1 1 0 __1 (6.7
3¢ 2ao 1 a 0 o 0 a

0 b%-4a c 0
0 0 0

The expression for 3C/9n is obtained simply by replacing &

with n in equations (6.75 - 6.78).
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8)

We are now in a position to compute the derivatives

of £y, Egs Ny and ng, given by equations (6.42), (6.45),

(6.50) and (6.53) respectively.



The derivatives with respect to £ are listed below:
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dag 1
0 = - [2(Gu+F)u + u?G
ag 2(E + 2Fu + Gu2)3/2 g g€
+ 2uF + E (6.79)
3 13
dn dg
—% - gaug + — (6.80)
dg ag
where y = (dn/dg)a is given by
equation (6.43). The value “g = 3u/9f becomes
I M, - c*r, - rc® - u(c¥e + ac? - n.)|  (6.81)
Mg T e o n LB £ AR A 3 '
We also have that
dn 1
—£ - - [2(EA+F)>\ + A2E_
dg 2(EX? + 2F)A + G)3¥/2 g g
+2)\F +G] (6.82)
g 3

(6.83)
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where A = (dg/dn)8 is given by equation (6.51). The

value AE = 31/3& beccmes

1 B

B
)\ = M - C'F -FC
¢ fr-1 [ 3 2 &

- (PE +Ec® -1 ﬂ (6.84)
£ 3 g
The expressions for the derivatives of Ea, EB’ ng and ng
with respect to n are obtained by replacing the subscripts
£ with n in equations (6.79 - 6.84). This completes the
evaluation of the elements of the 4 x 2 matrix in equation
(6.62). The matrix product can now be evaluated and the
results substituted into equation (6.61) to complete the
evaluation of [TZ].
Having evaluated [T1] and [T2] completely, we

can write equation (6.58) and (6.60) as

[Py Pg Py Pog Pagl = [Toel [Py B, Ppp Ppp P ol (6.85)
where [TaE] takes the form
i Eq Ng, 0 0 0
EB Ng 0 0 0
[Tyel = {840 Maa £s 2g,n, n2 (6.86)
0B Mo £ab3 EaNe + &gNg  NyNg
e Mes 25gMg g
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From equation (6.85) we can also compute the inverse

relation

\P, P_ B., B,_DP__ |} = [Taa]lga 58 P EaB EBBJT (6.87)

provided the Jacobian, equation (6.36), is not zero. The

transformation matrix [Téa] = [TQE]—I is of the form
Fag Bg 0 0 0 i
an Bn 0 0 0
- 2 2
Teal =12 Bgg % 2oghy Bg | (6.88)
%n  Pen %% %Be T enBy Befy
o B a2 20, B B2
| nn nn n non n

i i L ] d
where it is understood that ag, Bn, agg, BEn’ etc enote

ds,/dE, dsg/dn, dsi/dg?, dsg/dEdn, etc.

Having developed the geometric properties of the
surface relative to the £, n coordinates, we can also
develop the properties relative to the orthogonal o, B
curvilinear system which are later used in the finite
element formulation. From the thecry of thin shells, we

shall need the values of the first fundamental coefficients
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and its first derivatives relative to the a, B coordinate
system. The first fundamental coefficients, denoted by

the starred quantities E*, F*, G* are

E* = Pa . Pa (6-89)

F* = §a . 58 =0 (6.90)
G* =P _ -« P

a 8 (6.91)

Evaluating the above scalar products, we can write

E
E*
= [T]|F (6.92)
G* 3
G
where
[ .2 2 ]
Ea 2€ana N,
[T3] = (6.93)
2 2
I EB ZEBnB nB |

The first derivatives of these coefficients are

given by the following expressions

E* = 2P + P * = 2B . B
x o " Py v ER =28, - B (6.94)
G* =20 + P , G* =2P .+ P (6.95)
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The above scalar products are easily evaluated upon
substitution of the values for Ea' ES and its derivatives,
as obtained from equaﬁions (6.58) and (6.60) respectively.

The results can be expressed in the following matrix form

T _ T
lE} G* B} 6} I' = Gl (6.96)

B [T“]lE F G Eg FE GE En F

n
where [Tu] is the 4 x 9 transformation matrix shown as
equation (6.97) on the following page.

We finally must also define the first derivatives of
the principal curvatures relative to the a, B coordinate

system. This can readily be expressed by the transformation

[ - B ] [ o g ]
c? c cs cr
= [T ] (6.98)
co ch co cB
R B L n n |

This completes the derivation of the necessary
geometric properties of the surface that are used in the
sequel. One should bear in mind that the surface properties
are point properties, and that at any point of the continuous
surface the geometric properties calculated relative to the
original £, n curvilinear coordinates can be transformed to

any other surface coordinate system. We have chosen to
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transform the coordinate system to correspond to the lines
of principal curvature of the surface, which happens to
reduce the governing shell equations to their simplest

form.



CHAPTER 7
SURFACE SMOOTHING

In synthesizing surfaces for cars, aircraft and
ships, the geometry must not only satisfy functional
requirements but the surfaces must also be fair or smooth,
i.e., having no inflection points nor unwanted fluctuations.
A smooth surface is not only desirable for aerodynamic,
hydrodynamic, or aesthetic reasons, but also from the
standpoint of structural strength. The circular arch
results of Chapter 4 point to the fact that the deviations
in the curved geometry representation significantly effects
structural strength. It is also well-known that the
presence of initial geometric imperfections in thin plate
and shell structures can cause instability and ultimate
collapse of the structure at greatly reduced load levels
than when there are no imperfections.

Recognizing that the twist vectors control the
interior shape of a patch suggests that these vectors could
be defined for the purpose of producing a smooth ar fair
surface. Most of the methods that have been develdped for
determining twist vectors are based on fitting a patch to
data points, rather than on smoothness considerations. For

example, one common interpolation technique is to force
100
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the surface to pass through four specified points on the
patch interior, while keeping boundaries constant. Another
approach is to employ mathematical optimization techniques,
such as fitting a patch to the data in a least square sense
or minimizing an objective function, such as maximum devi-
ation, using non-linear programming techniques [ 34].

In order to produce a smooth or fair surface, we
must first define mathematically what is meant by the term
"fair". The definition of a "fair" curve or surface is
rather subjective and is open to various interpretations.
However the more common conditions which any "fair" curve
or surface must satisfy is that it must be continuous, with
first and second derivative continuity, and it must be free
of extraneous inflection points. Since we are dealing with
curve segments and surface patches in a piecewise sense,
the continuity requirements are therefore applicable at
the boundaries of the curves and surfaces. The criteria
for fairness are generally satisfied at the patch boundaries,
with the exception that only C! continuity exists across the
boundaries as previously noted. The requirement that the
curve or surface be free of unwanted inflection points is
applicable to the interior of a curve segment or surface
patch. With this in mind, we shall concentrate on satisfy-
ing this latter criterion for fairness in defining the twist
vectors. The method that has beeh developed herein to

define the twist vectors is not a surface fitting procedure
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which relies on given interior data points, but rather
a surface fairing procedure based on an optimization
technique which minimizes the change in curvature of

the patch surface.

Minimization of Change of Curvature

For a curve to be free of extraneous inflection
points, the changes in the radius of curvature over the
length of the curve should be monotonically small.

That is to say, the number of sign changes in the

radius of curvature should be kept to a minimum. This
suggests that for a surface to be free of unwanted
fluctuations, the change in the normal curvature along

two independent directions should be a minimum. Since

the principal curvatures are extremum values having
mutually orthogonal directions, we shall consider surface
smoothing as a minimization of the change in the principal
curvatures.

Since the patch interior geometry is dependent
on the corner twist vectors of the patch, which are yet
unknown, we can express the patch equation (5.1) in terms
of these unknown vectors in the following form,

1 1

P(E,n) =Q(g,m) + Y Y T(i,§)H _(Z)H (n) (7.1)
j=0 =0 1i 13
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where the T(i,j) are the unknown corner twist vector
values and OQ(£,n) the known vector-valued function

given by

_ 1 1 1 1 _
gem =3 1 1 1 B

(i,3)H_.(g)H (n) (7.2)
i=0 j=0 r=0 s=r =S ri 1=

;1 S,J

The differential changes in principal curvatures
are expressed by equation (6.98). Using equation (7.1),
the values of the transformation matrix [TI] and differen~
C

tial curvature changes C needed to evaluate

£’ °n
equation (6.98) can be expressed in terms of the unknown
corner twist values T (i,j). Since the significant
curvaturé changes are those represented by Cz and CS '
the differential change in principal curvatures along the
principal directions, we shall constrain our smoothing
procedure to minimizing these values. We must also
consider the points of the surface at which these curva-
ture changes‘are to be minimized. It is evident from

the development"of the curved beam that the shell finite
element will indeed also be a numerically integrated

element. Accordingly, the change in curvature at the

quadrature points of the patch surface will be minimized.
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The smoothing problem can therefore be stated
as that of determining the values of the unknown corner
twist vectors so as to minimize the sum of the squared
differential changes in principal curvature at the patch
quadrature points. Thus if the differential changes in
principal curvature (Cg ’ Cg ), denoted by the function

£(£,n), depends on m unknown corner twist values which

will be denoted by rl y T 4 eee T we may write
2

ml

f(grn) =£fE,n ;T ,7T r e e Tm) (7.3)
1 2

We require that at the n (n>m) gquadrature points {£;,n;l,
i=1, 2, ...n, the values {Tj}. j=1, 2, ...m, are

determined from the least squares condition
n

i§=l [E€¢E;omy 7 T 4T 4 «w.1p)1? = min, (7.4)
To ensure continuity of adjoining patches, it is
necessary that the twist vectors be equal at common
corner points. The m values of T must therefore
include the twist vectors of all patches which comprise
the surface area to be smoothed.

The minimum of the sum of squares required in
equation (7.4) is found using the Levenberg-Marquardt

algorithm [ 35, 36 ], modified to eliminate the need

for explicit derivatives [ 37 ). The FORTRAN code of
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this algorithm, available as part of the International
Mathematical and Statistical Library (IMSL) on the CDC
CYBER 175 computer, was employed to solve the minimi-

zation problem. The efficacy of the surface smoothing

technique described herein will now be demonstrated.

Numerical Examples of Smoothing Cylindrical Shapes

We shall now apply the surface smoothing proce-
dure to a bicubic patch approximation of a right circular
cylindrical surface. This surface is chosen for our
numerical examples because not only is it mathematically
smooth, but we shall see that fluctuations in the patch
surface can be introduced or removed depending on the
values of the twist vectors. Another consideration is
that we can define a twisted space curve that lies on
the circular cylinder. This curve is called a circular
helix and is shaped like a screw, as shown in Figure 7.1.

It may be represented in the following vector-valued form

_ - B s\ |
x(s) a cos <—
c

s
r(s) = y(s) = a sin <—> (7.5)

C
S
z(s) b(—)
- - C
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N

X = a cos(t), v = a sin(t), z = bt

Figure 7.1 Circular Helix
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where s is the arc length parameter and ¢ = a? + b2.
The tangents to a circular helix makes a constant angle ©
to the z axis of the helix, such that cos 6 = b/(a® + b?).
We shall call the angle 6, the helix angle. Thus when
b = 0, the helix degenerates to a circle on the cylinder.
The surface to be smoothed will be the quadrant of
a circular cylinder which is divided into three surface
patches by two interior curves which are circular helices,
see Figure 7.2. For 6 = 0 degrees the quadrant is divided
into three equal patches with all corner tangent vectors
zero. As 6 increases however, the two interior curves
become more twisted and as a result the corner twist vec-
tors of the center patch are no longer zero. The problem
then becomes one of finding the twist vectors which pro-
duce the smoothest surface. In this case, the smooth
surface that is sought is the circular cylinder.
Application of equation (7.4) requires for each
iteration the evaluation of n values of f£(§,n), where
n = (2 x No. Patches x No. Gauss Points). The factor 2
accounts for the two values, Cg and Cg. Thus for a grid
of 5 x 5 Gauss points per patch, corresponding to the
numerical integration points later used in the finite
element formulation, we have that n = 150. Since there

12.

are four unknown tangent vectors, m
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L = 5.175" R = 4,953"

Figure 7.2 Quadrant of Cylinder
3x1 Circular Helix Mesh
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In the numerical examples, bicubic surfaces are
generated for helix angles of 0, 3, 6, 9 and 12 degrees.
Zero values are initially assumed for all corner tangent
vectors, and the resultant surfaces as we shall observe,
are called unsmooth. Each of these surfaces, with the
exception of the condition § = 0 degrees, are then
smoothed and compared with the exact circular cylinder.
It is to be noted that for zero helix angle, the tangent
vectors should indeed be zero. The accuracy of the
bicubic approximation of the circular cylinder can be
investigated by comparing the true circular arc with the
planar curve defined by the intersection of the surface
and transverse (x-y) planes located at the ends, and
at the half and quarter lengths of the cylinder.

Figures 7.3-7.11 show the deviations from the
true arc for both the unsmoothed and smoothed surfaces.
The deviations shown have been magnified by a factor of
100 for viewing purposes. An examination of the figures
reveals that in varying the helix angles, the fluctuation
patterns of the unsmooth surfaces remain nearly the same.
The severity of fluctuation however increases with
increasing helix angle. The same conclusion can be

drawn for the smoothed surfaces. The illustrations also
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Figure 7.3 3x1 Rectangular Mesh
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3° Helix Angle

Figure 7.4

3x1 Unsmooth Mesh
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Figure 7.5 3° Helix Angle
3x1l Smooth Mesh
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Figure 7.6 6% Helix Angle
3x1 Unsmooth Mesh
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Figure 7.7 6° Helix Angle
3x1 Smooth Mesh
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9° Helix Angle

Figure 7.8

3x1 Unsmooth Mesh
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Figure 7.9 9° Helix Angle
3x1 Smooth Mesh
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Figure 7.10 12° Helix Angle
3x1 Unsmooth Mesh
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Figure 7.11 12° Helix Angle
3x1l Smooth Mesh
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show that the curves approximating the ends of the
cylinder remain nearly constant in shape for all cases,
being independent of helix angle and condition of sur-
face smoothness. This is explained by the fact that
these curves are boundary curves obtained by fitting

a cubic spline through the four points on the quadrant
of the circle. The shape of boundary curves are not
affected by the tangent vectors.

The patterns of deviation of the smoothed
surface from the true circular cylinder are symmetric
about the transverse plane at the midlength of the
cylinder, and about the radial plane inclined at an
angle of 45 degrees from the x-z plane. This double
symmetry exists for all smoothed surfaces, even though
the unsmoothed surface fluctuations are generally
asymmetric. The double symmetry can be ascribed to
minimizing the changes in principal curvature, which
as a result produces a near constant curvature within
each patch. Since the lines of principal curvature of
the circular cylinder are simply the parallel circles
and straight lines parallel to the z axis, the constancy

of principal curvature condition will therefore produce
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the double symmetry about the axis system coinciding

with the lines of principal curvature with origin at

the center of the cylindrical surface. Furthermore it

is also clearly shown that only the interior shape of

the patches, and not the boundaries, are modified in

the smoothing process. The effect of surface smoothing

on the accuracy of finite element analysis is investigated

in Chapter 10.



CHAPTER 8

THIN ELASTIC SHELL THEORY

The equations of thin shell theory presented
in this chapter are those given by Koiter [ 21 ] and
Sanders [ 22 ]. The Koiter-Sanders theory represents an
improvement over Love's first approximation theory since
all strains vanish for small rigid body motions of the
shell, whereas in Love's theory they do not. Only the
formulae that relate to the finite element shell formula-
tion, namely the strain-displacement relations, strain
energy equation, and stress-strain relations, are presented

in this chapter.

Basic Shell Theory Assumptions

The equations that govern the behavior of thin
shells are derived from Love's first approximation, which
postulates the following:

1. The shell is thin, i.e., t/R<<1l, where t is the
shell thickness, and R is the smallest principal
radius of curvature of the undeformed middle

surface.

121
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2. The deflections of the shell are small, and
the strains in the direction of the normal are
sufficiently small to be neglected. This allows
us to refer the analyses to the initial shell

configuration.

3. The components of stress normal to the middle
surface is small compared with other stress
components and may be neglected in the stress-

strain relations.

4. The normals to the undeformed middle surface
remain normal to it after deformation and under-
go no extension. This implies neglect of the
transverse shear deformation. This assumption
is usually referred to as the Kirchhoff-Love

hypothesis.

The last assumption regarding the preservation
of the normal implies that the displacements must be linear
in the thickness coordinate. Therefore the behavior of any
point in the shell can be determined from the behavior of
a corresponding point on a reference surface, which in
our study is the middle surface represented by the bicubic

patch surface described in Chapter 5.
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Strain-Displacement Relationships

For the shell differential element shown in
Figure 8.1, the Koiter-Sanders strain-displacement rela-

tions expressed in terms of the orthogonal o, B curvilinear

coordinate are

1l 3u v J3A W

€1 T e —t ——— = e (8.1)
A 3daqa AB 98 R1
v u 9B \/

82 = _—t —— (8.2)
98 AB 3da R

2

B2 oo b oo m o (8.3)

1l 5w u
¢1 = -+ — (8.4)
A 3o R
1
1l 9w u
B 58 R

2¢n T e - - —_—— (8.6)
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Figure 8.1 Differential Shell Element
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K = o 14+ 2 (8.7)

A 9B 1 1
21=.J;Ef_2.+iiil.-i£_-f_2._-<——_>¢n (8.9)
A 3o B 38 AB 98 AB Jda R

where A =\/E7 , B = VG* and R1' R2 are the two principal
radii of curvature along the coordinate lines a, 8.
Quantities subscripted by 1 and 2 refer respectively to
the o and B coordinate lines on the middle surface. The
quantities Er Ep W represent the normal and shearing
strains of the middle surface. The quantities u, v, w
are the components of displacement along the directions
ar B, r respectively. ¢1 and ¢2 are the rotations of
tangents to the coordinate lines o, B and ¢n expresses
the rotation about the normal to the reference surface.
Kl and Kz represent the changes in curvature of the
middle surface during deformation. T represents the
change in twist of the middle surface during deformation.

When evaluating the strain-displacement relations,

the following substitutions can be made

13 a4 13 4
— e, == (8.10)

A Ja dsa B 98 ds
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For small rigid body motions, Sanders has shown
that the strain-displacement relations, equations (8.1 -
8.9), satisfy the zero strain condition, whereas in Love's
formulation it is found that there exists a non-zero

torsional strain given by

T = — - —19 (8.11)

This strain vanishes only for svherical shells where
/R, = l/RZ, or when ¢n= 0 such as for shells of revolu-
tion under symmetrical loading. The error resulting from
equation (8.1l1l) is negligible ?rovided that the normal
rotation ¢n is of the same order of magnitude as the
strain components [ 21 ]. The Koiter-Sanders theory is
therefore commonly used in shell finite element formula-
tions since it satisfies the condition of zero strain
under rigid body motion. It is to be noted, however, that
use of this theory does not preclude the errors that arise
in satisfying the rigid body condition which are associated
with the choice of displacement function.

The strains at an arbitrary point of the shell

expressed in terms of the strains of its corresponding
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point on the middle surface is given by

e =¢g¢ + Ik (8.12)
1 1 1

e =g + Ik (8.13)
2 2 2

e =w + IT (8.14)
12

Strain Energy

Using the strain expressions (8.12-8.14), Koiter
[ 21 ], Novozhilov [38 ] and others have derived the
strain energy of a thin shell made from a material which

is homogeneous, isotropic and obeys Hooke's law to be

a
1

by 2 _ ) (e _w?
3 / jA Dml (e +e ) 2(1 v)(-lez T )]dsadsB

(8.15)
1
+ 5 / fA Df[(lc1 +K2)2 - 2(l-v)(K1K2— 'rz)]dsadsB

where the extensional rigidity D, and flexural rigidity

Df are defined for shell thickness t as

Et Et?®
D = ’ Df S ——
m - q1-y2 12(1-v?) (8.16)

The first integral of equation (8.1l5) represents the
strain energy of stretching and shear, the second that of

bending and torsion.



Since the principal radii of curvature R1' R2
and their derivatives are the only shape quantities
required to calculated strains and strain energy, it is
evident therefore that with regards to the geometric
representation of shells, the principal curvatures and
their derivatives are the only geometric properties
influencing a shell's deformational behavior. It is
this dependence on curvature that prompted the develop-
ment of the smoothing procedure described in Chapter 7

to be based on minimizing the principal curvatures at

the numerical integration points of the surface.

Stress~Strain Relations

Since the strains (therefore, the stresses) are
linearly distributed across the thickness of the shell,
it is convenient to integrate the stress distribution
through the thickness, and to replace the stresses by

equivalent stress resultants and stress couples. The

stress-strain relations as given by Love's first approxi-

mation can be written in the following matrix form
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N €
1 1
N2 = Dm[Ts] 62 (8.17)
_N12_ _83 i
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and
-M - _ . -
1 1
M =D_[T 1] « (8.18)
2 £f " "5 2
M T
L 3] I
where
1 v 0
[Tsl = v 1 0 (8.19)
0 0 1-v

The stress resultants N1' Nz, le and stress couples

M1' Mz, M12 are expressed as forces and moments per

unit length of shell along the o and B directions. Apply-
ing Hooke's law, we can calculate the actual stresses in

the shell, rather than the stress resultants, by

N, M,
0 = — + [ ——— (8.20)
1 t (t3/12)
NZ MZ
g, = — + [ ——— (8.21)
2 t (£%/12)
N M
0127 =+ c —_— (8.22)

t (t¥/12)



CHAPTER 9

PARAMETRIC BICUBIC SHELL ELEMENT

The application of surface patch techniques to
represent the geometry of finite elements has only recently
received attention by investigators. Palacol and Stanton
[ 39 ] have developed a parametric plate finite element
with curved boundaries using a two-dimensional bicubic
patch representation of the initial geometry. A similar
approach has also been applied to three-dimensional solids,
wherein a parametric tricubic hyperpatch representation
has been developed to analyze solids of composite material
[ 40]. Although many curved shell finite elements based on
thin shell theory have been formulated [ 41, 42 ], only
very few have been concerned with the representation of
the undeformed geometry. In most shell elements, the
geometry is simply approximated by a quadratic surface
such as for shallow shell analysis [ 43, 44 ], or by
Lagrangian polynomials fitted to points on the surface
[ 45, 46 ].

A decision that must initially be made when for-
mulating an arbitrary shell finite element is the choice
of a convenient shell coordinate system to use. A

difficulty that arises during the ensuing finite element
130
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formulation is the determination of the needed trans-
formations between local element coordinates and the
selected shell coordinates. Simplifying assumptions
are often employed in the course of establishing the
required transformation or mapping functions. For
example, in the development of the high-precision
triangular CURSHL {47 ] finite element, a simple linear
transformation was assumed between the local and global
curvilinear coordinates. In the work of Lien [ 48 ] a
shell finite element was developed based on a bicubic
patch geometry and bicubic displacement function, in
which a simple bilinear transformation was assumed
between local patch coordinates and orthogonal shell
coordinates. Another approach was taken by Mallett [ 49 ]
in which the shell surface was represented by a bicubic
patch, with a bicubic displacement function also assumed.
In his finite element formulation, the local patch
coordinates were transformed to a linearized parametric
coordinate system to provide continuity of parametric
derivatives between adjoining elements. Because of the
approximate nature of the coordinate transformations
employed in the above mentioned shell elements, the
accuracy of these elements may be significantly reduced
for complex shapes. It is to be noted that for the present
element the curvilinear transformations [TaE] derived in

Chapter 6 are exact.
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In the development of the present shell element,
we have opted to formulate the shell stiffness in terms
of displacements in the direction of the lines of curva-
ture and the normal to the surface, as in thin shell

theory. Having defined the shell surface by
P = P(E,n) (9.1)

as described in Chapter 5, we make the following change

of independent parameters

o = a(grn) ’ B =B(Ern) (9-2)

so that a new equation

P* = DP*(a,B) (9.3)

represents the same surface given by egquation (9.1), but
with new curvilinear coordinates. The reparametrization
represented by equation (9.2) fortunately does not have to
be explicitly defined in the finite element formulation.
Only the derivatives of the transformation as represented

by [Ta ] are required.

g

Following the approach used in the development of
the curved beam element, polynomial functions of the same
order for both tangential and normal displacements will
be employed in the shell element formulation. Two shell
elements will be developed, each based on polynomial

displacement functions of different order. The first
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element is a 48 degree of freedom element that is the shell
equivalent of the curved beam formulated in Chapter 3. Cubic
functions are assumed for both tangential and normal dis-
placements. This same displacement function was first used
by Bogner, Fox and Schmit [ 50 ] in the formulation of the
highly successful circular cylindrical shell element. The
second element will be a higher order 72 degree of freedom
shell element based on a biquintic polynomial displacement
function. This displacement function was chosen based on
Dawe's [19, 20 ] studies showing superiority of qunitic poly-

nomial displacement functions for circular arches.

Bicubic Displacement Function

Assuming cubic functions for both tangential and
normal displacements, we can write the displacement
function as the tensor product given by equation (5.1)
with cubic Hermite blending. The bicubic displacement
function can be defined in a matrix form similar to that
given by equation (5.5), except that the B matrix is re-
placed by a similar matrix containing thenodal displace-
ments. However, to facilitate subsequent matrix operations
which involve nodal displacements, we choose to rearrange
equation (5.5) and place the nodal displacements in

column vectors, so that
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u = LH(E,n)l{q,}
v = lH(i.n)J{Qv} (9.4)
w o= LH(E,n)]{q )

where [H(§,n)] is defined as products of univariate cubic

Hermitian polynomial |H(E)] of equation (2.22),
LH(E,n)I=lH (£)R (n), H (§)H (n), H (§)H (n), H (E)H_(n),
1 1 2 1 1 2 2 2
H (§)H (n), H (E)H (n), H (§)H (n), H (E)H (n),
3 1 " 1 3 2 4 2
Hs(E)Ha(n), H“(E)Ha(n), Ha(E)H“(n), H“(E)Hu(n),

H (§)H (n), H (E)H _(n), H (§)H (n), H_(E)H (n)/
1 3 2 3 1 4 2 W

(9.5)
The associated column vector of the generalized nodal

displacement {&u} is

T

{g}=lu, u u u , U, u
1 1 2 2

u u
a g’ Tin’ Tagn

g’ “a2n' T2&n’

(9.6)
u, u u u s, 1, 1
4 y

3 3’ “3an' T3&n

u u
Wn’ ]

£’ wEN

where u, 3u/%&, 3u/3n, 3%u/3E3n at node number 1l is

Expressions for {§V} and

denoted by ul, u1 y U

r u .
N € 1§ 1€n
{qw} are corresponding generalized nodal displacements
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in the orthogonal curvilinear shell coordinate system,

expressed in matrix form as {qy}, {gy}, {gy} are

{q}T=lu,u,u u 1,1 , u
u 1 10 2

18’ 108 200 2B’
(9.7)

u u , 4 ¢ Q

ko 18" TaaB’ T w0l +B’ “waB

with similar expressions for {q,} and {q,!. The

quantities uxa' ' u1 , etc., denote au/asa, Bu/ass,

98 a8

azu/asaas , at node number 1, etc. There are 12 general-

B
ized nodal displacements at each corner point, resulting
therefore in a total of 48 degrees of freedom.

The displacements {qu} are transformed by the

relation
{qy} = [Ty) 19} (9.8)

where [Tq] is a matrix of order 16xl6 given by

Tq(l) 0 0 0
0 Tq(Z) 0 0
[Tq] = (9.9)
0 0 Tq(3) 0
0 0 0 Tq(4)—



From equation (6.88) we

[T _(i)]
q

The index i denotes that the elements of [Tq(i)] are

evaluated at node number i.

have

0 0 0

ag(i) Bg(i) 0

o (1) B_(i) 0

n

ag(l)Bg(l)

a&n(l) Bgn(l) +
a_ (1)R_(i)

n n

Similar transformation

relations apply to the displacements {qv} and {q,}.
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(9.10)

Substituting these transformations into equation (9.4),

we can write the values of u, v, w of the shell as

where

o
li

<
]

£
I

LH* (&, n) !

LH* (E,n) | {q,}
tH* (g,n) ] {q }
v

LE* (E,n) ] {q }
W

= lH(E,n)J[Tq]

(9.11)

(9.12)

It was previously demonstrated that the bicubic

surface patch exhibited C! continuity across its boundaries.
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In like manner, the bicubic displacement function provides
continuity of displacements and their normal derivatives
along element boundaries. The variation of both the
displacements and normal derviatives along each boundary
is cubic, uniquely defined by the displacement and deriva-
tive values at the end points of each boundary curve.
Although there is inter-element continuity of displacements
and normal slopes, continuity of rotations of the normal
is satisfied only at the element corner points. At the
corner points, the normal curvatures of the cubic spline
boundary curves are continuous, and so are the principal
radii of curvature. It follows therefore that the rotations
given by equations (8.4) and (8.5) are also continuous.
Since there is continuity of rotations only at the corner
points, the shell element is therefore not fully conforming
as it does not completely satisfy the inter-element angular

rotation requirement described in Chapter 3.

Reduced Biquintic Displacement Function

We shall next assume quintic polynomials for both
tangential and normal displacements. This displacement
function has been previously used by Bell [ 51 ] in the
formulation of a triangular bending element. More recently,
Watkins [ 52 ] has developed a corresponding 24 degree of
freedom rectangular bending element, in which nodal degrees

of freedom include all derivatives up through second order.
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This element was developed using blending-function
interpolation methods, enabling higher-order displace-

ment functions to be generated in a systematic fashion.
Blending-function methods also happen to be dervied from
the general Coon's surface patch technique, and therefore
are a generalization of tensor product interpolation methods.
In mathematical terms, blending-function methods are ex-
pressed as a Boolean sum of two interpolants, of which one
of the terms of the Boolean sum is the tensor product [ 53,
54 ]. A survey of blending-function methods applied

to triangular and rectangular domains is given, for example,
by Barnhill [ 55 ] for the interested reader.

The displacement polynomial used in Watkin's 24
degree of freedom rectangular plate element defines the
variation of displacement values to be quintic along the
element boundaries, and the normal derviatives to be cubic.
Since the variation of normal derivative is only cubic and
not quintic, we shall therefore refer to the displacement
function as reduced kiquintic. For the sake of conven-
ience, we shall employ the same symbols in formulating
the reduced biquintic displacement function as that used
in the bicubic displacement function. We can therefore

write the displacement values as

u = [B*(E,n ] {q,}
v = lE*(E,m] {q ) (9.13)
wo= lE*(£,n)] {q}
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where
F (E,n) = G (§)H (n) + H (§)G (n) - H (E)H (n)
1 1 1 1 1 1 1
F (§,n) =G (§)H (n) + H (§)G (n) - H (§)H (n)
2 L 1 3 1 3 1 (9.17)
Fa(a,n) = G“(E)Ha(n) + Ha(E)G“(n) - Ha(E)Ha(n)
F (§,n) =G (E§)H (n) + H (§)G (n) - H (§)H (n)
4 L 3 1 4 1 3
and
GI(E) =1 - 10£% + 15&* - 6£°
G () =¢ - 6% + 8g* - 3g°
G (§) = (E? = 3E% + 3E% - £%)/2
3 (9.18)
G“(E) = 103 - 15&“ + 6E&S5
G_(F) = -45% + 7% - 3g°
Gs(&) = (g% - 28" + g9)/2

The quantities Hl(é), - . . H‘(E) are the cubic Hermitian
polynomials, equation (2.22), and GI(E), .« o . GS(E) are
guintic Hermitian interpolation polynomials.

The matrix [Tq] is of order 24 x 24 and is similar

in form to equation (9.9). Thesubmatrix [Tq(i)]
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evaluated at node i is given by

i
o

[Tq(i)] T, (1) (9.19)

Potential Energy And Stiffness Formulation

To calculate the potential energy, equation (3.21),
we evaluate the strain energy equation (8.13) for the
assumed displacement field. By differentiating the dis-
placements and transforming to the principal curvature
coordinates, the required terms are obtained for substi-
tution in the strain-displacement equations (8.1 - 8.9).
The extensional and bending strains can be expressed in

terms of the nodal displacements as

q‘l.‘l
e = la1 b1 c | <qv
\qw
q
u
e = |la b
. P, 0 (9, (9.20)
| Tw
q
w =la b ] u
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qu
KI = lfl gl hlj qv>
\
u
= q
K2 lfz gz h2J \ v > (9.20,cont'd.)
dy
\ /
\
9y
= q
T lf1zglzh12j < v >
9y
\ /
where
G*
o
lall = Eangl + nalH; | lazl = - lH*]
ES
b | = H*] , lb ] = £ |H*] + n [H*
L 1] p— [H*] L 2] EBl EJ nB nJ
(9.21)
le ) = - c®lml , le | = - cPlus)

la 1 =1lbJ =11 , b ] =1la] - lal
12 2 1 12 1 2



lf ] =c%la ] +c*u*x] , £ ] =c%la |
1 1 a 2 2

8 8 8
c'lb )l , lg] =C b1 + Cglu*]

lg |
1

lhll = EaalHEJ + n lH*J + E2 ngEJ
2
+ 2EanangnJ + nulH;nJ
E* E*
o4
- la ] + lb |
2E* ! 2E* 2
= *
lh2] EBBLHEJ + nBBlH*J + g2 lﬂggl

*
+ ZEBnBLH ]

2 1y%
En' © nBlHnnJ

G* G*
(b | +

la ]
1
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(9.21,cont'd.)
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cg EY
£ | = — - (ca +cB)  Lmxy
12 2 8E*
1 b R
+ Z ( 3c -¢C ) lbzl
cB g
_ a o <Ca+CB> L% |
lglzl = —_
2 8G*
1
+—<3c6 —Ca) la |
4 1

(9.21,cont'd,)
lhlzl = EaBlHEJ + naBlH;J + iaﬁenggJ
+ (Eana + &BnB)LHEnJ + nanB[H;nJ
‘Eg GE
2E* ! 2G*

(b |
2

The quantities lHEJ, ngnJ' etc. denote the derivatives
AlLH*(E,n))/3E,32|H*(E,n)|/3E3n, etc. The values of the
first fundamental coefficients E*, F*, G*, and their

derivatives are given in Chapter 6.
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Substituting equations (9.20) into the strain
energy expression (8.13), expanding, and partitioning
according to the tangential and normal nodal displace-
ments, we can write the strain energy in terms of the

element stiffness matrix and nodal degrees of freedom,

- AR
k k k q
uu uv uw u
1
U = ~ lay 9y Gy | Kow  Xov Ko {9, > (9.22)
kwu kWV kww qw
- -\

The stiffness matrix is of order 48 x 48 for the bicubic
element, and 72 x 72 for the reduced biquintic element.

The stiffness submatrices in equation (9.22) are defined

1 1

_ ¢ T T
[kyy! = [ [ (Dplla | la ] + (a | la |
T T 1 T
+v(la ] 'la] +lajla]) +—=(l=-v)la | la |}
1 2 2 1 2 12 12

+

D (£ ITLE } o+ £ 1Te ) +ve 1T 1 + 12T )
1 1 2 2 1 2 2 1l

T
2(1-v)Lf ] Lf | ]DdA&dn (9.23)
12 12

+



[k

[k

[k

uv

uw

VV]
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T T
[Yf' D {la ) b ]+ la] b
0o m 1 1 2 2

1
v(ta 1Tlb 1 + la JTb §) + — (1-w)la_ I b 1}
1 2 2 1 2 12 12

T T T T
Df{lfll lgll + leJ lgzl + v(lfll lgzl + leJ lng)

2(1-v) L 17le  1}]1DdEdn (9.24)
12 12

101 T T
[ toplla 17le ] + la |7 le |
vila I le | + la 1 le N}+D 1€ ITlh | + L£ IT1h |
1 2 2 1 1 1 2 2

VLEITth | + (£ 1T h 1) + 2(2-w)1f |1TLh  J}IDdEan
1 2 2 1 12 12

(9.25)
101 T T
[1! Dpllb I b 1 + 1b I Ib |
T T . T
v(lb J7Ib | + b I"Ib 1) + = (1=v)lb |"lb |}
1 2 2 1 2 12 12

T T T T
Df{lgll lgll + lgzl lgzl + v(lgIJ lgzl + 192] lgIJ)

T
21-v) lg | lglzl}]DdEdn (9.26)
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T T
11l
kI = fo fo D {lb | lc |+ b | lc |
+v(1b 1T le 1 + b 1Tle N} + D lig 1TIh | + tg 1Tin |
1 2 2 1 1 1 2 2
+v(lg 1Tth 1 + 1g 1Tth 1) + 2(1-v)lg. ITih_ J}1DdEdn
1 2 2 1 12 12
(9.27)
— 1(1 T T
Uiyl = [} oplle 1T1e 1+ 1o 171e |

+v(le 1Tle ] + e 1Tte. ) + pelin 1Tth | + th (T(h |
1 2 2 1 1 1 2 2

T T T
+v(lh ] th ]+ Lth)] th]) + 2(1-v)lh | |h ]J}IDdEdn
1 2 2 1 12 12
(9.28)

where D = /EG-FZ2 from equation (6.11). The remaining off-
diagonal submatrices are determined from symmetry. The
submatrices are of order 16 x 16 for the bicubic element,
and 24 x 24 for the reduced biquintic element.

The remaining quantity to be evaluated in the
potential energy expression is the external work due to

applied loads. This is expressed for an element as

W= lql{f} + Lq] Q‘&‘ {H*}p/EG-F? d&dn (9.29)
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where
la) = vector of generalized nodal displacements
{£} =  vector of generalized applied nodal forces
P = magnitude of generalized distributed loadings
{g*} = interpolation function

The integral in equation (9.29) is a consistent loading
formulation which gives nodal loads that are equivalent,
on a work basis, to the applied distributed loading.

Applying the principle of minimum potential energy
to each element and then to the total structure as previously
described in Chapter 3, we obtain the equations of equi-
librium for the element and for the total structure,
equations (3.33a) and (3.33b). Once the nodal displace-
ments are obtained, the element stress resultants and
stress couples can be calculated by substituting equation
(9.20) into equations (8.l15) and (8.16).

Since the structure nodal displacements {Q} in
equation (3.33b) are aligned with the directions of
principal curvatures of the surface, the application of
boundary conditions and loads must also be in these
directions. For complex surface shapes, it may be more
convenient to specify boundary conditions in terms of the

curvilinear £, n surface coordinate system. This can be
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readily accomplished by the following transformation of

equation (3.33b) to the &, n coordinate system,

[K1{Q} = {F} (9.30)
where
A~ A~ T A
(K] = [T] [K]I[TI] (9.31)
~ -~ T
{F} = [T] {F} (9.32)
and
- -
T _l
q
-1
) Tq (9.33)
[T] = .
|
- Tq -

[Tq] is defined by equation (9.9), and its inverse is simply

obtained from [Tagl’

Stiffness Matrix Calculation

In this section the mechanics of computing the
stiffness matrix as given by equation (9.23 - 9.28) is

briefly described. Because of the extensive number of
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computations required to evaluate the terms in the strain-
displacement relations, which are further multiplied by
the number of integration points needed to evaluate the
integrals of the stiffness matrix, it becomes essential
that the computational algorithm be as efficient as possible.

The computational algorithm used to compute the
element stiffness matrix is illustrated in Figure 9.1,
which closely parallels the scheme employed for the curved
beam. It is to be noted that the algorithm is general and
applies to any polynomial displacement function [H]. In
the formulation of the present shell element, for example,
the computer coding of the algorithm was of general form
and designed so that |H|] and its derivatives were computed
in a separate subroutine. Therefore new displacement
functions are easily introduced in the element formulation
simply by adding a subroutine to compute [H| and its
derivat.ives, corresponding to the displacement function.

Applying the Gauss-Legendre quadrature formula
to the submatrix [kuu] for example, the elements of the

ith row and jth column of [k,,], equation (9.23) are
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Select Number of
Quadrature Points, N

]

4’. L
n=1, N2

Y

Select pp
and
Compute Transformed Quadrature
Point Value, (&,n)

Y

Compute Geometric Parameters And
Coordinate Transformations at (&,n):
E*,F*,G*,Ca,cB and their derivatives,

and

[Toe] o+ [Tg,]

Y

Compute Interpolation Functions
and Derivatives at (&,n)
le*] , (H*] , |H*] , |H*_ | , [H* ] , |H* ]
£ n 33 En nn

Y

Evaluate All
ta] , bl , lel , LAl , L£] , lgl, th]

> 1
i=l, 16 or 24

j=1l, 16 or 24

Y
A . + Compute

% pn{equation (9.34)}n

etc.

Y

Accumulate In

(k)

uu (k )

i v av’ij ! etc.

Figure 9.1 Shell Stiffness Matrix Calculation Flow Chart
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given by
1
(kuu)ij = -z pn{Dm[alialj + az;azy
2 n
1
+ v(ai,a2, + az.ai1,) + — (l-v)(ai1z2,a12.)]
i 7J 1 3 2 1 J

+ Df[fliflj + fZifZJ + \)(flifzj + f2i flj)

+ 2(1-v) (flziflz,)] YEG-F?2 }n (9.34)
;|

Expressions for the remaining submatrix equation (9.24 -
9.28) can be written in similar fashion. Referring to
Figure 9.1, at the first quadrature point all of the
gecmetric parameters of the bicubic surface derived in
Chapter 6 are computed. Next the transformed displacement
function |H*] and its derivatives are calculated. We are
now in a position to evaluate the elements of [alj, lb1j’
etc. of equation (9.20). Each element of lalj, lb1j' etc.
is stored in a vector as a1i, b1j, etc. The equation (9.34)
for [kuu]' and similar expressions for the remaining sub-
matrices, are evaluated for i and j values from 1 to 16 or
1 to 24, depending on whether the element is bicubic

or reduced biquintic. The values are then multiplied by the
weighting factor Pn of the numerical integration, and the

results are stored in the proper location of the stiffness



matrix. The entire procedure is then repeated at the

second quadrature point and the results added term-by-term
to the gquantities already stored in the stiffness matrix
array. This process is repeated until all of the quadrature

points have been utilized.

Consistent Load Vector Calculation

Evaluation of the distributed load integral in

equation (9.29) by numerical integration is expressed as

1l
£i =—2—§ pn(H;{ p VEG-F? )n (9.35)

where fi is to be added to the ith row of the nodal load
vector {F}. The calculation of equation (9.35) is performed

in a similar manner as the stiffness matrix.



CHAPTER 10

NUMERICAL EXAMPLES

To demonstrate the numerical accuracy of the
new shell element, some selected problems were solved
and compared with known results. All of the examples
were solved by a system of computer programs developed
on the University of Arizona DEC PDP-10 time~sharing
computer and CDC CYBER 175 batch computer program
systems. A brief description of the computer program

follows.

Computer Program Description

The preceding derivation of the shell finite
element together with the bicubic patch generation and
surface smoothing technique was programmed in FORTRAN
for the PDP-10 and CYBER 175 computer systems. A general
schematic of the computer program system that was developed
is shown in Figure 10.1. The availability of both time-
sharing and batch processing capabilities proved
particularly beneficial for this study. The bicubic
patch generation and surface smoothing procedure was
programmed for time-sharing usage, providing an all-

important interactive capability to generate, to smcoth
154
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INPUT SPATIAL GRID
OF M x N POINTS

y

GENERATE NETWORK OF
INTERSECTING PARAMETRIC
CUBIC SPLINE CURVES

I

Y

GENERATE BICUBIC
SURFACE PATCHES

4

DISPLAY PATCHES 4

YES

SURFACE
TO BE
SMOOTHED?

MINIMIZE CHANGE
IN PRINCIPAL
CURVATURES

STORE PATCH
BOUNDARY MATRICES
AND
NODAL NUMBERING
SCHEME

Y

INPUT MATERIAL AND
STRUCTURAL PROPERTIES,
BOUNDARY SUPPORTS, LOADS

Y

PERFORM FINITE ELEMENT
ANALYSIS OF SHELL STRUCTURE

Figure 10.1 Schematic Diagram of Computer Program System
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and to view the bicubic patch surfaces. Plotting of
the surfaces was done on a Tektronix 4010 graphics display
terminal. The finite element program was developed for
batch processing on the CYBER 175 computer to take
advantage of its greater "number crunching" capabilities.

In applying the programs, one defines a spatial
grid of points which are homeomorphic to a rectangular
grid. A family of intersecting space curves are then
generated, forming the bicubic patch boundaries. The
resulting patch surfaces can be optionally smoothed or
modified by changing grid point locations, and be graphi-
cally displayed at any time. Once the surface is found
to be satisfactory in shape, a geometric data file
containing the B matrix and nodal numbering scheme for
each patch is created. This file is then transferred
by electronic data link to the batch computer for finite
element processing. At this stage, one then specifies
the structural properties of the shell, boundary condi-
tions, loads, and other data needed for the finite
element calculation.

In the finite element computer program, the

structural equilibrium equations are solved by Gaussian
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elimination using single precision arithmetic on the
CDC computer. Double precision arithmetic would be
required for operation on DEC, IBM, or UNIVAC machines
however. A useful feature that is provided to the user
of the program is the option to specify boundary condi-
tions and loads in either the o, B or £, n coordinate
systems. For the latter case, the stiffness and load
transformations in equations (9.31) and (9.32) are
carried out in the program. The user can also specify
the number of quadrature points to be used for numerical
integration. This feature is particularly useful for
testing an element's performance. In evaluating the
element stiffness matrices for some of the example
problems that follow, numerical integration grids of
4x4, 5x5 and 6x6 Gauss-Legendre quadrature points were
tried. In comparing the maximum computed deflections,
nearly identical results were obtained for the 5x5 and
6x6 grids. This was found to be true for both the 48
and 72 degrees of freedom (d.o.f.) elements. Based on
these tests, the 5x5 numerical integration grid was

adopted for use in the following numerical examples.
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Pinched Culindrical Shell: Rectangular Mesh

The first problem considered is a pinched cylin-
drical shell as shown in Figure 10.2. Because of double

symmetry, only an octant of the shell need be modelled.

Freely
Supported

R=4.953"
L=10.35"
t=0.094"
v=0.3125

E=10.5x10° psi

/! P=100 1bs

' o

o o
D
D D B
B
A 3x1 Al 3x3 a” %l

Fig. 10.2 Pinched Cylinder Geometry and Meshes

Freely
Supported
1)

The shell's dimensions are L = 10.35 inches, R = 4.953
inches, and t = 0.094 inches with material properties E =
10.5 x 10°® psi and v = 0.3125. As shown, two diametrically
opposed point loads of P = 100 lbs. act t the Center of the
shell. The thick shell (R/t = 52.8), has been extensively
studied by a number of investigators [ 15, 50, 56, 57 ] among
others, because it is sensitive to the effects of rigid body

motions.
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The problem is almost inextensional, and an exact
inextensional solution given by Timoshenko [58 ] for the
deflection under each point load is 0.108 inches. This value
is considered somewhat low, and a more exact extensional
solution has been obtained from finite element solutions.
Of the many investigators who have studied this problem,
Cantin's [56 ] result of 0.1139 inches deflection under the
load is thought to be the most accurate, due to the exact
representation of rigid-body motions in the assumed displace-
ment function. Using Cantin's value as a standard for
comparison, comparative deflection results are given in
Table 10.1 for the 48 d.o.f. and 72 d.o.f. shell elements.
The results of the Bogner, Fox, and Schmit [ 50 ] element,
in which the actual shell geometry is represented, are also
presented for comparison. As expected, the performance of
the 72 d.o.f. element is superior to the 48 d.o.f. element.
In comparing the single element results for example, the
deflection errors are very large for the 48 d.o.f. element
(including the Bogner, Fox, Schmit element), but there is
less than 3% difference for the 72 d.o.f. element. The error
would no doubt be less if the circular geometry was exactly
represented. The approximate circular shape is shown in
Figure 4.2. It is worth mentioning that Dawe {19, 20 ], in
his studies of circular arches, simiiarly found a very high
degree of accuracy for the quintic-quintic arch element when

used in a single element model
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Final Degrees

Radial Displ.

Radial Displ.

Mesh | Element Of Freedom At C, inches |At B, inches
1x1 Ref. 50 18 . 0025

1x1 48 d.o.f. 18 .003274 -.003154
1x1l 72 d.o.f. 30 .110529 -.101616
3x1 Ref. 50 54 .1026

3x1 48 d.o.f. 54 .109076 -.099526
3x1 72 d.o.£f. 86 .111252 -.099380
4x1 Ref. 50 72 .1087

4x1 48 d.o.f. 72 .110560 -.099783
4x1 72 d.0.f. 114 .112375 -.100236
5x1 48 d.o.f. 90 .110956 -.099818
5x1 72 d.o.f. 142 .112731 -.100439
3x3 48 d.o.f. 126 .110513 -.100194
3x3 72 d.o.f. 198 .111957 -.099159
8x8 EXACT (Ref. 56) .1139 -.104359

5 element models are shown in Figure 4.3.

The approximate circular shape for the 3,

4, and

Since the

surface mesh is rectangular, and therefore having zero

twist vectors, the shape remains constant along the

cylinder axis.

A comparison of results of the present

48 d.o.f. element with Bogner's element reveals that the



l61

inexact geometry causes an increase in the deflection
under the load. The increased deflection can probably
be attributed to the increased radial flexibility of the
non-circular geometry. This deflection difference
obviously becomes less with mesh refinement since the
geometry becomes more exact. By increasing the number
of elements from 3 to 4, for example, the deflection
difference is shown to reduce from 6.3% to 1.7%.

In assessing convergence of the results to the exact
solution, a comparison of the deflections under the load
for the 1x1l, 3x1, 3x3, and 1lx1l, 3x1l, 4x1l, 5x1 meshes indi-
cates monotonic convergence in each case. The accuracy of
the results reaffirms that the use of independently-
interpolated displacement components, particularly of
higher order polynomials, does indeed satisfy the rigid

body condition.

Pinched Cylindrical Shell: Helix Mesh

We observed in Chapter 7, Figures 7.3-7.11, that
the geometric representation of an octant of a circular
cylinder became more approximate as the helix angle
increased. The geometric approximation however was shown
to significantly improve by smoothing the surface to

eliminate most of the unwanted undulations. To view
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the effects of smoothing in the finite element analysis,
the pinched cylindrical shell problem was again solved,
but using only the geometric representations developed
in Chapter 7.

The deflections under the load for the smooth and
unsmooth surfaces are plotted in Figure 10.3. The plotted
results reveal that there is a greater sensitivity to
geometric approximation than to displacement approximation
in the finite element solution, since the improvement in
deflection due to surface smoothing is far greater than
the improvement due to better representation of the
displacement field. The poor results for the unsmooth
surface representations points to the importance of
specifying non~-zero twist vectors for arbitrary surfaces.
It is of interest to note that for the relatively small
helix angle of 3 degrees, the effect of specifying zero
twist vectors was to increase the deflection error by

as much as 17%.

Clamped Hyperbolic Paraboloid

In the previous circular cylindrical shell examples,

we have dealt with a ruled surface having zero Gaussian

curvature, i.e.,_l.. _i = 0, which for the rectangular

Rl R2
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mesh models, the patch boundary curves were coincident
with the lines of principal curvature. To assess the
shell element's performance for a more complex geometry,
a hyperbolic paraboloidal shell is analyzed.

We shall consider the doubly curved hyperbolic
paraboloid shown in Figure 10.4 in which the Gaussian
curvature is negative, and whose plan-form is square in
shape so that its middle surface is generated by a set
of intersecting lines that do not coincide with the lines
of principal curvature. Spatial grid points are obtained

from the equation

2 = ____ (10.1)
Ryy
where Ryy is the twist radius of curvature given by a?/c
as defined in Figure 10.4. It can be seen from the geometry
of the shell that the lines of principal curvature are
oriented in the direction of the two curves shown connecting
the diagonally opposite corners of the shell. The principal
radii of curvature are of equal magnitude, but opposite in
sign. Since the shell is clamped on all four sides, it is
more convenient to specify this clamped boundary condition
in the coordinate system which is aligned with the rec-

tangular generator lines of the middle surface.
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a=50 inches, c=a/5, c/t=12.5

Figure 10.4 4x4 Hyperbolic Paraboloid with
Straight Line Generator
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Referring to Figure 10.4, the shell dimensions
for this problem are a=50 inches, c=10 inches and t=0.8
inches with material properties E=28,500 psi and v=0.4.
The uniform normal pressure is 0.01 psi. This problem
has also been used as a test case by other investigators.
The finite element analysis was performed using 3x3 and
4x4 element meshes. In Figure 10.5 the central deflec-
tion is plotted in non-dimensional form against the
total number of degrees of freedom for the complete
shell structure. Results for the 48 d.o.f. and 72 d.o.f.
elements of the unsmooth (zero twist vectors) and smooth
geometries are compared. Two other elements are also
shown for comparative purposes. The results obtained
by Connor and Brebbia {[59] whose rectangular element
uses a cubic polynomial to represent the normal displace-
ment and linear functions for the tangential displacements
are shown. Also shown are results from Thomas and
Gallagher [60] for a triangular shell element which uses
a complete cubic polynomial for all displacement compo-
nents.

The smooth surface results for both the 48 d.o.f.
and 72 d.o.f. elements are shown to converge to the
correct solution, although the 48 d.o.f. element converges

to a result which is about 1% less than the exact solution.
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The present 48 d.o.f. element shows improved results over
Thomas and Gallagher's element, and in addition the element
proves to be the most efficient of the elements shown from
the viewpoint of using the least number of degrees of
freedom for greatest accuracy. It is also noted that the
unsmooth surface results tend toward a deflection value

about 10% less than the smooth surface results.



CHAPTER 11

CONCLUSIONS AND FUTURE WORK

Conclusions

A method has been presented for finite element
analysis of arbitrary curved beams and thin elastic
shells whose undeformed geometries are represented re-
spectively by piecewise parametric cubic space curves and
bicubic surface patches. To ensure a high degree of
continuity of adjoining shapes, cubic spline curves are
employed in the representation of the curves and surfaces.
In defining a bicubic patch surface by four boundary
curves, it was demonstrated that the resulting surface
could exhibit unwanted fluctuations with significant
curvature variation. A smoothing technique was developed
to eliminate the surface fluctuations by minimizing the
change in the principal curvatures of the surface.

Three structural finite elements are presented:

A planar arbitrary curved beam, and a 48 d.o.f. and 72
d.o.f. arbitrary curved shell element. The two shell
elements are derived using bicubic and reduced bigquintic

displacement functions. The stiffness matrices of these

169
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elements are formulated in the system of surface coor-

dinates aligned with the lines of principal curvature.

A computer program system has been developed
to generate and display graphically the parametric curve
and surface geometries. The resultant geometric shapes
are then appropriately treated as curved beam or thin
shell elements in a general finite element computer
program.

Numerical studies are presented to illustrate
the sensitivity of the undeformed geometric representa-
tion of curved beam and shell structures. It is shown
that results can be significantly in error for shapes
that are not smooth.

The major contributions of this work are:

1. Formulation of a curved beam finite element whose
undeformed geometry is represented by a parametric
cubic curve.

2. Development of a method to smooth arbitrary surfaces
by least squares.

3. Derivation of the surface geometric parameters and
their transformations to orthogonal surface coordi-
nates which are aligned with the lines of principal

curvature.
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4, Formulation of two thin shell finite elements in the
lines of curvature coordinates with stiffness matrices
based on bicubic and reduced biquintic displacement
interpolation polvnomials.

5. Development of an integrated system of computer pro-
grams for curve and surface generation, and for finite
element analysis of the resultant shapes.

6. Demonstration of the sensitivity of finite element
solutions to the accuracy of geometric approximations

of actual curved structural shapes and surfaces.

Future Work

The present work on curve and surface representations
is based on cubic spline interpolation which involves
calculating a parametric cubic spline that passes through
prescribed data points. This process is considered a
global scheme since changing the position of any data
point redefines the entire curve. Improved control of
the curved shape or surface can be achieved by using a
local scheme to define the curved geometry. The B-spline
[ 61, 62 ] or Bezier [25 ] curves and tensor product

surfaces enable curved shapes and surfaces to be manipu-

lated locally by means of a controlling polygon.
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Rather than generating an interpolation curve through

a set of data points, the B~spline or Bezier curves are
generated to approximate the gross shape of the control-
ling polygon without necessarily passing through the
polygon vertices. Changing the position of a vertex

of the polygon only alters the shape of the curve locally.
As these methods of surface representation are becoming
more widely used, it is therefore desirable to adapt the
shell finite elements developed in the present work to
these surfaces. The finite element derivation would
basically remain the same as in the present work. Since
the curvatures and differential changes in curvature at
the Gauss points of the element are the only parameters

in the stiffness matrix dependent on the surface represen-
tation, these values must be re-derived accordingly.

A natural extension of the present work is to
combine the present curved beam element and shell elements
into a stiffened shell. To formulate a stiffened shell,
the present cubic-cubic curved beam element can be combined
with the 48 d.o.f. shell element. A quintic-quintic curved
beam element is needed for the 72 d.o.f. shell element.

It is convenient to consider the line of contant between
stiffener and shell to be along a & or n coordinate line,

with the stiffener positioned normal to the curvature of
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the surface. This requires that the curvature 1/R,
appearing in the strain-displacement equation (3.1)
for the curved beam, be defined by the normal curvature
l/Rn of the surface given by equation (6.18). From
equation (6.18) the value of 1/R, along a £ or n coor-
dinate line simplifies to L/E or N/G, respectively.

To account for eccentricity of the curved beam
with respect to the shell middle surface requires that
the following linear transformation between the tangential
displacement of the curved beam and shell be introduced

in the stiffness formulation,

= u -z ¢ (11.1)

Ustiff shell

The angle ¢ is the rotation of the tangent to the line of
contact, and ¢ is the distance from the shell middle sur-
face to the neutral axis of the beam. Equation (11.1)
requires that the element stiffness matrix for the curved
beam and shell be transformed so that in the generalized
nodal displacement vector, nodal rotation terms appear
instead of the slopes of the normal displacements.

The bicubic patch with four boundary curves is
most widely used in free-form surface design and can be
used in many structural applications. However it would

be desirable to extend the present element to a compatible
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triangular patch, thus producing & more powerful geo-
metric design and structural analysis tool. In this
respect, Barnhill, Birkhoff and Gordon [ 63 ] have
extended Coon's approach of defining smooth interpolants
over a four sided patch to a patch with three sides.
Blended interpolants are defined along parallels to each
of the three sides of a unit right triangle. The tri-
angle is then mapped into a three sided patch by taking
the Boolean sum of the interpolants. A review of various
interpolants involving cubic rational blending functions
and cubic polynomial functions are provided in [ 64 ].
The use of the Boolean sum interpolants for representing
triangular patches and interpolation displacement functions
in triangular shell finite elements should be further
investigated.

The bicubic patch representation is also well
suited to non-linear incremental analysis. When using
cubic displacements, the normal deflection is approximated
in the same manner as the surface geometry. The deformed
shell at any stage of loading will therefore still be
represented by a smooth continuous assemblage of curved
patch elements in the manner of the unloaded shell but
with updated nodal displacements. With an improved incre-

mental geometric representation, the non-linear results
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should be more accurate. The effect of improving the
incremental geometry representation on the accuracy of
non-linear shell analysis results should be further

studied.
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