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ABSTRACT

The use of statistical hypothesis testing for processing and
assessing pictorial information is explored.

Both univariate and

multivariate statistical tests are employed on simulated and real
world data.

A new mode of information display, the significance

probability map, is introduced and used as a means for displaying the
result of specific hypothesis tests on imagery.

These maps represent

a quantitative decision process in pictorial form with gray values
corresponding to the results of the hypothesis test used.

The spatial

relationships in the maps correspond to the topography of the imagery
examined.

Univariate hypothesis testing procedures, specifically

Student's t test for equality of mean values and the variance ratio or
F test for equality of variances, are applied to two types of simulated
imagery.

In the first case a signal is present in a noise field and the

signal and background differ in mean value.

In the second case the

signal and background have the same mean value and differ only in the
distribution of noise over the respective portions of the image.

The

results of processing show the processing procedure capable of operating
down to signal-to-noise ratios of 0.5.

The techniques were modified

and applied to astronomical and medical imagery with good results.
Multivariate methods are implemented for the analysis of subvisual textures.

Synthetic image fields described by a fifth order

xi i i

xiv
covariance matrix are generated and analyzed.

The results demonstrate

the insensitivity of humans to textures of this type.

Statistical

analysis is able to detect and discriminate between these textures with
high accuracy.
A processing method for the detection and identification of
malignant tumors is implemented and tested.
breast are examined.

Radiographs of bone and

The results of that study show promise for the use

of this assessment modality for discriminating between benign and
malignant disease particularly for tumors of the breast.

CHAPTER 1

INTRODUCTION

In the optics community the term, image, is frequently used
to describe an arrangement of gray or color values which is in some
way representative of an object.

This arrangement can exist as a real

or virtual image, a display on a video system, a photograph, a
hologram, an array of numbers, or in numerous other formats.

Images

are extremely important because the average human being derives the
majority of his information about the world through his visual system.
This is the reason why the manipulating of images to extract informa
tion has received much attention.

Image manipulation, more commonly

referred to as image processing, is a general area of research seeking
to enhance the amount of useful information which can be derived from
a given image.

This dissertation introduces a new processing modality

based upon well developed statistical principles which have been only
infrequently applied to image processing problems.

The following

sections of this chapter will discuss images and set the stage for the
introduction of the processing techniques which form the essence of
this study.

Images and Imagery
To approach the problem of analyzing images properly one must
consider how an image will be used.

1

Imagery derived from different

2
scene types is typically studied by individuals with differing needs.
Cytologists, for example, use the image formed by a microscope, or
photomicrographs, radiologists rely on radiographs, and the remote
sensing community depends heavily on aerial reconnaisance imagery.
Other individuals such as astronomers, anthropologists, geologists,
criminologists, and so on, require images appropriate to their respec
tive specialities.

It is a general requirement that, in spite of

these diverse needs, images be recorded in some pictorial format suit
able for information storage and display.

The choice of format is

sometimes an arbitrary decision but is usually dictated by the param
eters which affect the fidelity of the recorded image.

Image Fidelity and Noise
Recorded image fidelity has become extremely good due to
improvements in recording media such as film and magnetic devices which
are the two major modes of pictorial information storage.

Film has

the advantage of wide dynamic range while magnetic devices, though not
having the range of film, are well suited to digital storage and
retrieval operations.

Images stored on these media are of high quality

and can be extensively analyzed to yield large amounts of useful infor
mation.

In spite of this high fidelity, recorded images are rarely

perfect and the degree to which the image faithfully represents the
original scene is influenced by many factors.

The imaging system used

will affect the recording as will the recording medium.
used, the H and D curve will affect tonal representation.

If film is
The

resolution or bandwidth of the recording medium, whether it be film,
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video disk, magnetic tape, or another storage material, introduces an
information distortion by way of a blurring operation due to the
suppression or removal of high frequencies.

These effects, where

objectionable, can be minimized or almost entirely removed in some
cases by appropriate processing.

The prime factor limiting the extent

to which image processing can be usefully applied is noise.
Generally, signal components which interfere with extraction of
information of interest are termed noise.

In the most common usage

of the term, noise is describable in terms of probability distributions
which may, or may not, have a dependence upon the original object
information.

Noise reduces the useful information content of an image

to that below the content of the same image taken when no noise is
present.

Noise arises from numerous sources.

The recording medium

itself may have a stochastic component such as the random arrangement
of silver halide grains in film.

Electronic equipment will introduce

some noise into a recording or playback sequence.

The medium of signal

propagation may introduce noise into the image in the manner that the
random fluctuations of the atmosphere cause a general degradation of
astronomical imagery from ground based telescopes.
Frequently, even in an image where no random noise as described
above is present, measurements of particular image properties are impeded
by other image components which have little value to the observer.

The

terms "clutter" and "structured noise" are oftentimes applied to these
components.

A class of images with significant amounts of clutter are

diagnostic radiographs, particularly, chest films.

k
Although noise is usually present to a greater or lesser degree
in any image the effects of noise may or may not be serious and depend
upon the nature of the signal and noise and the manner in which the
image is used.

The two main users of pictorial information are humans

and machines, especially computers which are extensively employed in
the now developing field of pictorial pattern recognition.
The processes by which humans extract and utilize image informa
tion are imperfectly understood.

Although a wel1-structured model of

human performance is still developing, it is known that contrast,
blurring, comparative signal and noise frequency spectra, among other
properties, will affect human observer performance and accuracy.

The

same degradations which affect the human also affect information
extraction by machines but in differing ways.

Both humans and machines

can benefit from image manipulation to provide an improved rendition of
important information for the task at hand.

Numerous techniques have

been and are continuing to be developed to minimize or effectively
eliminate the effects of degradations.

The general name for these manip

ulations is image processing and the techniques employed vary greatly
from one area to the next.

Image Processing
When processing an image, pictorial information is fed into a
system which then produces an altered form of the data.
input and output are in picture form.

Typically, the

Operations performed include

among others, edge enhancement, low-pass filtering, contrast expansion,
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pseudo-color encoding, and Wiener filtering.

A key point in image

processing is that the output is in a pictorial format.

This contrasts

with systems which produce a decision concerning the input image and
properly belong in the general area of pattern recognition.
Pattern recognition is a process of information analysis whose
output is a statement, often statistical in nature, regarding various
signal parameters.

More specifically, pattern recognition techniques

seek to identify an image, or portion of an image, as belonging to a
particular pattern class.

The procedure generally followed in this

type of work is first to acquire imagery containing desired image
information.

Data from these images or the images themselves are the

input to an analysis system. The image properties are then extracted
in a form which the system can utilize.

Testing is performed to insure

that the significant properties have been identified.

Finally, infor

mation or imagery is fed into the system and decisions regarding the
pertinent properties are produced.

This procedure is applicable to

both human and computer systems.
By recognizing friends, relatives, trees, or a favorite paint
ing, humans routinely perform pattern recognition tasks.

Machines

can also be constructed to perform similar functions though the
techniques employed may be quite complex and differ sharply from the
manner in which humans perform a similar differentiation and discrimina
tion.

In the computer system, image information is the input and a

decision or decision rule regarding certain image parameters is the out
put.

An interesting aspect of these decision processes is that a

computer will oftentimes produce a highly accurate decision rule allow
ing the data to be segmented into discrete groups.
information is visually indiscernible.

Frequently, this

Julesz (1962, 1975) and Julesz

et al. (1973) have described images where the important information is
present only as texture described by different higher order statistical
distributions.

Humans are unable to discern visual keys by which to

discriminate images of this type,

Data segmentation as performed by

computer systems is frequently along the lines of real differences
between images.

From this one can conclude that there are components

in an image which have little visual impact but which can be objectively
measured.

In short, there is image information which is accessible but

not apparent to a human observer.

This leads to the concept of comput

able information.
Computable Information.

This term refers to an objective

assessment of the properties of an image, an assessment which may be
quite different from the subjective appearance perceived by a human
observer.

Computable information may be present as the eigenvectors of

a covariance matrix (Bartels et al., 1972), or, perhaps, as a third
order or higher statistical component (Julesz, 1962, 1975; and Julesz
et al., 1973).

The information carried in these components does not

usually have a visual analog and, hence,
a human.

is not visually perceived by

In order to determine these image parameters, the gray or

color value associated with the image points must be measured and stored
along with the X-Y coordinates.
countable information.

These data provide an objective base of

This base is then manipulated mathematically to

yield descriptions of image properties.

The next step in this sequence

is development of a meaningful use for the computed information.

As much

of the image information is not visually apparent even under close
scrutiny, a mode of information display is needed.

This display mode

should be an alternative to a purely numerical format which is frequent
ly unsatisfactory for visual interpretation.

This brings us to the

purpose of the dissertation.

Purpose of the Dissertation
This dissertation considers a method of dealing with a central
problem in image analysis, the assessment and useful mapping of comput
able information into a meaningful format.

This problem is treated by

well-developed methods from mathematical statistics which are applied to
VcEiifferen;t areas of image assessment.

The mathematics of the approach

are founded on the well-developed principles of statistical hypothesis
testing and the results of the testing procedures are displayed in a
pictorial format.

The results will be referred to as significance

probabi1ity mappings.

By taking this approach, computable information

can be assessed and the results can be tested to determine whether or
not they are significant image components or simply the results of
chance fluctuations.

Significance probability mappings take the

results of these tests and convert the decision process into a visually
apparent signal which is specific both for image information at hand
and the specific hypothesis tested.

Consequently, visually undiscern-

ible information can be converted through the decision and mapping

process into a highly visible rendition.

The image values of these

significance probability maps are an accurate representation of the
confidence with which one can accept the presence of differing image
properties.

The pictorial output is then available for visual scruti

and/or subsequent assessment by a machine algorithm.

CHAPTER 2

SURVEY OF THE LITERATURE

This chapter discusses the state-of-the-art of image processing
with special attention given to the problem of detecting a signal
either in the presence of noise or in a complex pictorial field.
survey of the literature pertinent to this problem is included.

A
The

more important techniques will be mentioned with references to the open
1i terature.^
This chapter is divided into two sections according to the
type of material covered.

The first section will cover the detection

of a signal in the presence of noise.

The second covers the

detection of a signal in a complex pictorial field and includes notes
on the detection of texture.

Signal Detection in the
Presence of Noise
An extensive literature exists on the subject of signal detec
tion.

Most of the methods employed reduce to variations of a small

number of conventional techniques with the principal ones being V/iener
filtering, matched filtering, signal averaging, and likelihood ratio
techniques.

In the following survey, particular emphasis is given to

those techniques used in image, as opposed to signal, processing.

1. Additional information is available in extensive survey
articles such as that by Rosenfeld (1976).

Techniques for Image Processing
Signal Averaging.

A well-known result states that the signal-

to-noise-ratio in an image can be improved by averaging together a
number of sample points in an image (Rosenfeld, 1969, p. 91).

The

signal-to-noise ratio will then increase as the square root of the
sample size.

Therefore, taking the average of a number of images of

the same signal in the presence of additive noise would improve the
detectabi1ity of that signal as would averaging over a subarea of an
image.

Both techniques result in a gain in the signal-to-noise ratio,

but the latter suffers from a reduction in spatial resolution (Rosenfeld,
1969, PP. 88-91).
Wiener Fi1tering.

In 19^8, N. Wiener wrote a classic paper on

2
signal processing in the presence of noise.

Helstrom (1967) provided

the optical community with Wiener's work couched in the phraseology
employed in optical research.
The Wiener-Helstrom filter relies on a best estimate of the
object by constraining the mean square error between the object and
the restoration to be a minimum.

The processing filter has the signal

and noise power spectra as the two necessary processing parameters.
The technique produces acceptable reconstructions of impulsive
2. However, due to the formidable mathematics contained in
this work, the theory was not widely used. The yellow-bound report,
in fact, came to be known among engineers as "The Yellow Peril."
Other workers, such as Bode and Shannon in 1950, provided the engineer
with a more transparent treatment of Wiener's work though much of this
material was written in the terminology appropriate to workers in
electrical engineering.

11
objects

3

when the noise in the image is uniformly distributed.

Further,

the width of the noise distribution should have a value not exceeding
10 percent of the amplitude of the smallest impulsive object (Frieden,
1973).

In practice, a signal-to-noise ratio between 100 and 1,000 is

needed for good quality restorations.

Restorations where the input

images have signal-to-noise ratios as mentioned are quite good rendi
tions of the original object scene.

Also, Wiener restorations tolerate

errors in the signal and noise power spectra and still provide highquality restorations (Hunt, 1976).

The technique is usually restricted

to enhancing changes in the mean value of an image assuming that this
change represents a signal.

The author is not aware of image reconstruc

tions where texture only is the important property though this situation
can be handled.

When substantial data is available about the spatial

properties of the object, or equivalently its frequency spectrum, and
detection alone is the problem, then the following approach can be used.
Matched Filtering.

When one has rather precise information

regarding signal shape, size, and orientation, one can construct a
filter whose transmission is proportional to the complex conjugate of
the spatial frequency spectrum of the desired signal.

When the signal

is the input, the output of the system is an autocorrelation spike.

If

the strength of the spike exceeds a critical value set by the system and
the signal, one can assume with high confidence that the signal is
present (Goodman, 1968, pp. 177-184).

3.
the field.

The acceptance level for spike

An impulsive object consists only of delta functions in
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strength will, in general, be related to the relative risk of the true
or false acceptance or rejection of a signal.
A related technique used by Horlick (1973) estimates the origi
nal object to aid in the detection of certain specific signal types by
cross-correlation methods.

When the signal and its estimate match there

will be a strong autocorrelation spike in the output plane in the same
manner as that of a matched filter.

Horlick's paper is of particular

interest in. that it is one of the few papers in which a statistical
test, in this case a t test, was used to assess whether a signal was
present or absent and at what confidence level.
Maximum Entropy Reconstructions.

One of the few new methods of

object restoration to appear in recent years is based on maximizing the
entropy equation in information theory.

The method is known as

maximum entropy reconstruction and the reconstructions are designed to
reproduce the most likely object configuration.

Papers by Jaynes (1968)

and by Ulrych et al. (1973) provide excellent discussions of the maximum
entropy method but the paper by Frieden (1972.) contains some of the best
illustrations of the technique applied to synthesized data.

In this

paper, the general usefulness of the technique is discussed and the
limits imposed by noise and image type are discussed.

The technique

successfully reconstructs impulsive objects when the noise in the image
has a uniform distribution and whose width does not exceed approximately
k0% of the amplitude of the signal data.

Images which contain

4. The reader unfamiliar with entropy in communcation theory
should consult chapter two of the book by Selin (1965).
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plateau-like structures can also be successfully restored if the image
data is differentiated first and then processed.

Though the final

restored object may not be optimized in the mean square error sense, the
edges will be more clearly delineated and possess sharper gradients than
the more conventional band-limited reconstructions.
Practical application of maximum entropy reconstructions seems
to be lagging considerably behind the theory though some maximum
entropy reconstructions of imagery of the Jovian moon, Ganymede (Frieden,
1975), show promise for the technique in real world applications.

The

fact that the object and noise must be statistically independent does
not appear to be a serious limitation as Frieden (1972) has indicated.
His paper pointed out that a weak dependence between signal and noise
is acceptable and reasonable reconstructions can still be obtained in
these cases.

Maximum entropy processes are not, however, without

problems.
A current and valid objection to maximum entropy reconstructions
is that no objective measure exists by which one can assess how reli
ably the reconstruction represents the original object.

Until this

problem is resolved, maximum entropy reconstructions will be suspect
and there may be strong resistance to the use of this technique on
actual data in the absence of ground truth.

5. This objection was raised strongly at the International
Conference on Image Evaluation and Analysis, University of Toronto,
Toronto, Ontario, Canada, July, 1976. Those members of the panel on
maximum entropy reconstructions agreed with the objection and indi
cated the need for work to develop an objective measure of the
reliability of the restoration process.

\k
Psychophysical Considerations.

Typically, the final user of

processed pictorial information is a human.

However, the constraint

equations for most processing methodologies result in images which are
optimized relative to some objective criteria such as the MTF of the
image.

Frequently, these objective measures do not correlate wel1 with

human performance.

Both Harris (1966) and Rose (1973) have addressed

this problem but much remains unknown.
Boundary Recognition.

£

Attempts at extracting signals from

noise have been made where techniques were designed to locate and
estimate boundaries.

The assumptions inherent in these techniques are

that the signal differs from the background in mean value, and
that the noise is additive with spatially stationary statistics.
Two recent techniques have yielded good boundary recognition
in the presence of noise.

The first (Toriwaki and Fukumura, 1968)

uses likelihood ratios and curve fitting to locate and estimate a
boundary.

Intrinsically, the technique assumes Gaussian noise

statistics and is restricted to this case.

The algorithms work well

down to a signal-to-noise ratio of 2.0.
The second technique is more general in application with better
discrimination at lower signal-to-noise levels.

Martelli (1976) uses

a constrained minimization technique where edge properties are contained
in a figure of merit and the problem is to reduce this figure of
merit.

The method is heuristic and appears to work well down to a

6. An excellent survey of parameters affecting visual
perception is contained in Biberman (1973).

15
signal-to-noise ratio of 1.25-

It is significant to note that though

Martelli's work was done using normally distributed noise his method
should be useful with any commonly found unimodal noise distribution.^
Other Processing Methods.

Picture processing has seen a rapid

growth since the early sixties with numerous techniques being tried.
A large number of these techniques are analog methods (Cathey, 1974;
Goodman, 1968) which are linear techniques.

Nonlinear techniques such

as those discussed by Rosenfeld (1969) or Andrews (1970) depend on the
estimation or the minimization of certain parameters.

Similarly, work

by Frieden (1968) discusses an optimizing and processing method by.
constraining the value, usually by minimization, of some higher order
central moment, such as the variance of the processed image relative
to the original object.
Numerous processing methods exist and the amount of literature
in this field is expanding rapidly.
were published.

In 1976 alone, over 400 papers

The article by Rosenfeld (1976) provides a good cross-

section of current literature in this area.

7. In some current research unrelated to this dissertation, a
modified version of Martelli's algorithm was implemented on a computer
and shows good performance in following the convoluted edges of white
blood cells as presented on electronmicrographs.

Image Information
Image processing in general seeks to enhance the information
in an image in a specific manner.

Wiener filtering, for example,

uses the power spectrum of the object class to optimize the processing.
Windowing of any type attempts to present only the gray values in the
image which carry the most useful information.

The constraint equa

tions in maximum entropy processing implicitly assume, as is the case
for any processing technique, that the available information is in
some way representative of the original object.

These techniques

all have some specific method of approach and have, or assume, some
specific knowledge of the signal being sought.

In general, however,

these techniques seek to enhance a signal of a type that should,
if undegraded, be visually apparent and possess the property of
differing from the background value in some distinct and visually
perceived manner.

If the image information is contained in such a

way that the signal would be difficult or impossible to discern by
eye, then the application of the above processing techniques is
limited.

A visually indiscernible signal will usually have a sto

chastic component which may be similar in distribution to the commonly
considered cases of additive noise contained in signals which are not
stochastic in nature.. These signals can express themselves as a differ
ence

in variance or covariance from the background.

These signals can

also be characterized by vectors whose directions are different for
signal and background, but whose magnitudes are identical.
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Image components of this type exist and can be extracted from the data.
An article by Bartels et al. (1972) discusses the techniques employed
in some detail.

This stochastic component may, in fact, be the

defining feature of this particular signal type.

The search for these

signal types comes under the heading of texture analysis.

Texture Sensitive Methods
When compared to the work done on signal detection and
extraction, the problem of detecting subtle textural differences in
images has received little attention.

Since texture conveys a great

deal of information to a human observer, it would seem important that
information of this type be utilized as fully as possible.

In the

remaining pages of this chapter, the problem of texture detection and
analysis will be discussed and some of the research pertinent to this
dissertation will be covered.

It will first be necessary, however,

to have a definition of texture.

Definition of Texture
The meaning of texture varies depending upon the area of
specialization that one deals with as well as upon the individual
being questioned.

Nevertheless, most researchers will agree that

texture is the spatial distribution of gray values in an image.
This is the (rather general) definition that will be used in this
paper.

Texture analysis seeks to extract properties which characterize

or delineate differing textural fields.
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Texture Differentiation
The discerning of differences between textural fields by a
human observer will be referred to as texture discrimination whereas
texture analysis defines texture differentiation by an automated
process involving a hardware system frequently employing a computer.
In the following sections, both topics will be discussed beginning with
a specific result from texture discrimination.
Research in texture discrimination has produced some surprising
results.

One of the most startling was reported by Julesz (1962, 1975)

and Julesz et al. (1973)•

His work indicated an unexpected human insensi

tivity to textural differences described by third order or higher
statistical processes when the first and second order processes are
g
identical.

This finding has strong implications for those involved in

texture analysis and, particularly, image processing.

Examining the

literature one finds image processing directed toward the visualization
of signals which possess a visually discernible component.

Oftentimes

the constraint equation does not restrict the processing to the detection
g
of visually observable signals, but the quality of the resultant imagery
is judged by the individual(s) processing the data.

The obvious

problem growing out of this procedure is that the observer will not

8. A third-order process would be defined by a third-order
Markov chain, or, possibly by a 3x3 covariance matrix.
9. However, a common constraint employed is that the signal and
noise be statistically independent and that the noise be spatially
uncorrelated with zero mean value.
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be judging pictorial components described by third order or higher
statistical

distributions and will not be assessing information of

this type.

A more efficient utilization of image information would

be obtained if complex textures were searched for and mapped into a
visual representation.

In a sense, texture analysis does this.

Texture analysis seeks methods of assessing the way in which
gray value patterns are distributed.

These patterns may be distinct

shapes such as triangles or they may be the individually resolvable
image points.

In either case, the underlying assumption is that the

differing image fields can be separated by properly defining and
using some measure of the mutual organization of these patterns.
The methods most commonly used for automated texture analysis
can be divided into two groups.

The first technique uses Fourier

methods and analyzes the Fourier spectra, or a related function, of an
input object.

These techniques have been applied to the analysis of

chest radiographs with good results.

In attempting to differentiate

between patients with normal chest radiographs and those presenting
evidence of pneumonconiosis, Turner, Hall, and Kruger (1976) have
achieved a classification accuracy of 32% on a training set of 130
films.

Eight features were extracted from the Fourier spectra

of

various portions of the lung field and used in the classification scheme.
The other major group of techniques for texture analysis relies
on the mutual dependencies of gray values in an image.

Though some work

is done using purely heuristic methods (Sutton and Hall, 1972), most
methods employ a Markov transition probability matrix of second order,
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i.e., of low dimensionality.
common.

Of the Markov techniques, two are most

The first technique, known as the spatial gray-level dependence

method (SGLDM), is used to examine the dependencies of gray values of
adjacent pixels.

Haralick, Shanmugam, and Dinstein (1973) applied SGLDM

to classification of different image types with a classification accu
racy of 85%.

This method was used by Dwyer (1976) for assessment and

classification of lung radiographs based on vascularity with a classi
fication accuracy of 82%.

Pressman (1976) examined the SGLDM in detail

for a one dimensional signal.

He examined the usefulness of considering

non-adjacent pixels and experimentally determined classification accu
racies for specific cytologic and histologic specimens.

In addition,

Pressman examined 21 textural parameters derived from transition prob
ability matrices and used these for classification with accuracies
between 90% and 100% for different applications.
The second approach, known as the gray-level run length method
(GLRLM), examines the number of times a run of n elements of gray level,
g, exists in a straight line at specified angles.

This technique is

described by Galloway (1975)In general, the results of these measurements provide ways of
differentiating between image fields leading to a classification rule.
The temptation still exists to generate these search methods on the
basis of visually perceived components and, hence, the classification
rules have a built-in bias directing the decision along the line of

human discrimination.

This, however, is not always the case and image

information imperceptible to the human is being used with success
(Bartels et al., 1972).

Texture Discrimination
Using different methods Julesz (1962, 1975) and Bartels and
Subach (1976b), demonstrated that the perception of texture can be
severely limited particularly when this textural difference is contained
in a variance of gray values only, and not in a change in the average
gray value of an image subarea.

Comparatively few processing techniques

have been developed to deal with textures which occur as the result of
second order or higher statistical processes implying that few higher
order textural patterns have been observed or studied.

By the use of

univariate and multivariate techniques, particularly the F and Box's M
statistic respectively, textural information can be analyzed and textural
types can be distinguished with known confidence levels.

Further

information on statistical testing is contained in Chapter 3-

Information Theory
Numerous works, such as the one by Middleton (I960) reflect
the large store of literature on information theory.

However, the manner

in which information is extracted and utilized still needs substantial
development and the use of statistical hypothesis testing and signifi
cance probability mapping as detailed in this dissertation provides one
method of information utilization and display.

CHAPTER 3

HYPOTHESIS TESTING APPLIED
TO IMAGE PROCESSING

This chapter introduces hypothesis testing as a means of image
processing.

The discussion begins by reviewing statistical tests in

general and then demonstrates their utility for information extraction
from pictorial data.

Introduction to Hypothesis Testing
Hypothesis testing refers to a class of techniques employed
to assess properties of random variables or statistical distributions.
The statistical tests employed are many and varied but there are three
concepts common to all.

These are the null hypothesis, the Type 1 error

and its associated probability (usually termed the alpha level of the
test), and the power of the test.
concepts will be described.

In the following section these three

Further information is available in any of

the statistical texts specifically noted in the Selected Bibliography.

Fundamental Concepts
The Null Hypothesis.

When one states that there is no signif

icant difference between two sets of observations of the random variable
of interest, one has stated the "null hypothesis."

For example, if one

had computed the mean values of two sets of random numbers and then

tested and accepted the null hypothesis of equality of means, one would
be saying that the two samples were derived from the same statistical
distribution.
There are two types of errors connected with the acceptance or
rejection of the null hypothesis.
The Alpha Level.

These are discussed below.

When employing a statistical test to deter

mine the equality of two variables by testing the null hypothesis of
no significant difference between these parameters, one must accept the
risk of making an incorrect decision and falsely rejecting the null
hypothesis.

The incorrect rejection of the null hypothesis is termed

the Type I error.

The probability of this error is termed the alpha

level of the test, or simply, alpha.

Alpha is defined by

fCO

a =

Pl(x) dx
*0

(3.1)

where a is the probability of error of the first kind, Pi(x) is the
probability distribution of interest (see Fig. 3-0•
depends strongly on the choice of xo-

Obviously, alpha

By adjusting xq, one can make the

test very conservative (large xo) or very liberal (small xq).

It is

important to note that alpha relates only to the acceptance of the null
hypothesis and says nothing about any alternative choice.
The probability of falsely accepting the null hypothesis when
the statistic of interest actually belongs to another distribution is
called the Type II error and has an associated probability of error,

2k

PI1(x)

PI(x)

X

Fig. 3.1.

t

Illustration of Parameters Affecting
the Power of a Test.
(See text for details)
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the beta level.

This relates directly to an important statistical

concept, the power of the test.
The Power of the Test.

Quite often, one not only wants-to

test the equality of two variables but also wishes to access the
probability that the variable' of interest may actually belong to an
alternate distribution.

This type of test can only be made if the

alternative distribution is known.

Given a second distribution, one

can assess the probability that the sampled value belongs to
distribution.

this

The probability of the sampled value belonging to the

alternate distribution is known as the beta level, or simply beta.
Beta is defined in terms of p(x) as

B

=

I

p (x) dx .

(3.2)

—CO

The power of the test is defined as

POWER

=

1 - 3 .

(3-3)

Therefore, the greater the power of the test, the more reliably one
can accept the null hypothesis.
Figure 3-1 helps illustrate the above points.
tions, Pi(x) and p2(x) are defined.

Two distribu

Let the null hypothesis be

that xt belongs to pi and let xo denote the lower bound for the
critical region corresponding to a chosen level of alpha.
that pi and p2 are independent.
in a narrower distribution, pi1.
though, since the constraint

Assume also

Reducing the variance of pi results
The peak value of Px' is increased
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Pi(x)

=

-co

Pi'(x)

=

1

(l.k)

-<*>

is maintained, which is true for any univariate probability distribu
tion.

However, to maintain a constant value of alpha, the value of

xo must be reduced to a new value, xo'.

Alternately, one could main

tain a constant value for xq for both pi and px1 resulting in a lower
value of alpha for Pi'.

The reduction in variance thereby leads one

to reject the null hypothesis that x^. belongs to pi1 with more confi
dence than the null hypothesis that xt belongs to px-

If the variance

of pi were increased, then the opposite argument applies.

However,

changing p^ does not affect p2Altering the variance of P2 will affect the beta level of the
test and change the probability of Type II error.

Increasing the

variance of p2 for a constant Xq will increase the beta level but
will not affect alpha in any way.

This operation does result, however,

in the observer being more confident in rejecting the null hypothesis
that xt belongs
is increased.

to Px because the probability of xt belonging to p2
Decreasing the variance of p2 has the opposite effect.

Changing p2 will change the beta level and, hence, the power of the
test.

The more powerful the test procedure, the more reliably one can

accept the null hypothesis.

It is clear that the alpha and beta levels

of a test, though independent, will profoundly affect the overall
reliability and confidence with which one can accept the results of
a test procedure.
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Testing of Univariate Hypotheses
This section describes some univariate hypothesis "tests.
Later sections will relate their application to image processing.

The

discussions begin by describing the three classes of univariate tests;
parametric, nonparametric, and distribution-free.

Parametric Tests
These tests assume that the underlying statistical distribution
and its parameters are known, or that a good estimate may be made of
these parameters.

For example, if one knows the mean and variance of

a Gaussian distribution then all the requisite information to describe
the distribution is known.

Parametric tests include, as an important

subset, such well-proven tests as Student's t test, the F test, and
the chi-square test which assume normally distributed random variables.
When parameters are unknown different testing procedures are employed.

Nonparametric Tests
These tests assume that the form but not the exact dispersion
and location of the distribution are known.

For example, it may be

known that the underlying process is Gaussian, but the mean and
variance are unknown.

A nonparametric test makes no assumption about

the value of parameters in a probability density function.

If no

information with regards to the distribution's form and location is
available, tests which make no assumption about the parameters of the
distribution are available.

Distribution-free Tests

These tests differ from nonparametric tests in that no assump
tion about the exact form of the distribution is made.

Tests of this

type are frequently applied when it is necessary to assess the shape
of an underlying distribution when there is little prior knowledge
concerning this distribution.

Distribution-free tests may also be

used to test for equality of medians.

The differences between

distribution-free and nonparametric tests are oftentimes subtle and
it is well to note that the two classes are not mutually exclusive.
A discussion of the differences between these tests and an extensive
list of distribution-free tests and their areas of application is
included in Bradley (1968).

Commonly Used Tests
Notwithstanding the availability of a wide variety of tests,
the classical tests which assume normally distributed random variables
are most frequently applied to data.

Two of the more commonly used

tests are described,below.
Both Student's t test and the variance ratio, or F test, have
been employed in this dissertation.

This section will introduce these

tests and provide the groundwork for later sections where these tests
were applied.

It should be noted that these tests are quite power-

ful when the random variables follow a normal distribution.

Also,

these tests are robust, meaning that departures from normality
in the underlying statistical distribution can be tolerated over broad
ranges without serious effect on the alpha level or significant

reduction of the power of the test.

Therefore, one is usually safe

using these tests to process real world data.

Student's t Test
This test is used to assess the statistical significance of
the separation between two mean values.

Either or both mean values may

be calculated from sample observations.

The test can be performed in a

number of ways, but two are most commonly used in this study and these
will be discussed.
If one can assume that the variances of the distributions from
which the two means were drawn were identical and known, one can form t
from

t

=

ml

"

m2

(3.5)
S2
ni +

n2

- 2

where mi is the first sample mean, m2 is the second sample mean, ni
is the sample size associated with mi and n2 is the sample size asso
ciated with m2.

S is the standard deviation of the distributions

taken separately.

This test will have (ni+n2_2) degrees of freedom.

When the variances are unknown but equal, one substitutes

t

for Eq. (3-5)-

=

mi - m2
(3.6)
(n1-l)S12 + (n2-l)S2'

mi + n2

(ni + n2 - 2)

mi n2

si is the sample standard deviation associated with

mi and S2 is the sample standard deviation associated with m2-

The

degrees of freedom remain the same.^
the null hypothesis.
test.

Note that the t test only tests

No mention is made concerning the power of this

As stated previously, the power of the test can be specified

only when the alternate hypothesis is known.

The F Test
Frequently the descriptive statistic of interest is not the
mean value but the variance

or "spread" of a distribution.

When

equality of variance is the important consideration, the F test is used.
This test is used

to test the equality of two variances and is some

times referred to as the variance ratio test.

The form of the F test

is given by

where ai2 is the first variance and cr22 is the second variance.

The F

test has two different numbers of degrees of freedom, one associated
with the numerator of the variance ratio and the other with the denomi
nator.

As with the t test, the underlying distributions are assumed

to be normally distributed.

The F test is used to test the null

hypothesis of equality of variance.

The Approach
This section details the general approach taken in applying
hypothesis testing to image analysis and the rationale behind it.

10. For the case of unequal and unknown variances, the
problem, known as the Fisher-Behrens problem, remains unsolved.

Discussions include the formulation of hypotheses and the rationale
behind the choice of test.

Significance probability mapping, first

mentioned in Chapter 1, is discussed as a logical adjunct to the over
all procedure of hypothesis testing as a form of pictorial information
processing.

Rationale
Hypothesis testing techniques as employed in this dissertation
have existed for some time, however, the application and the method
of presentation is new.

It has become clear through the years that few

image processing techniques have led to a significant advance in the
detection of signals in complex fields.

In diagnostic radiology par

ticularly, authors have gone so far as to state that certain image
processing techniques have reduced the overall accuracy of the clinician
and that none have improved the accuracy of the clinician over that of
reading original radiographs (Ziskin et al., 1972).

Since the major

area of application of the techniques presented here was in diagnostic
radiology, most comments will be directed toward this area.

It should

be stressed, however, that the techniques have general applicability
and the application to radiological problems is due primarily to the
interests of the author.
Today there exists a plethora of available image processing
techniques.

However, oftentimes conventional techniques do not extract

the desired information in a clearly perceivable manner.

In short, many

techniques are not specific to the diagnostic detection problem at hand.
Instead they seek to enhance certain properties of an image, such as

edges or point objects, in attempts to improve signal visibility or
image resolution.
techniques.

An obvious exception to this are matched filtering

However, when the object sought belongs to a class of

natural, as opposed to man made, objects, matched filter or matched
template techniques are error prone to a greater or lesser degree.

Few

techniques take advantage of computable textural information in an
image.

This is an important point.

computable information present.

The computer can make use of any

A technique which can be made specific

to the information of interest, adaptive to local regions of an
image, and sensitive to textural information would therefore be of use
for a wide range of different problems.

By using hypothesis testing

as the processing technique one can produce algorithms will all of the.
above attributes and do so in a logical manner with a solid basis in
theory.

By adding a display method to the processing step, the

information can be encoded in a visually perceptible and useable fashion.
The display method chosen is the significance probability map as dis
cussed by this author and P. H. Bartels (Bartels and Subach, 1976a,
1976b; Subach and Bartels, 1974).
Significance probability mapping is a general technique
wherein the results of a statistical test are gray scale encoded for
display.

The choice of encoding is dependent upon the problem.

Frequently, the results of testing the null hypothesis are displayed
in a visually perceivable fashion.

Regions of an image over which the

null hypothesis is accepted (or rejected) for some alpha are assigned

edges or point objects, in attempts to improve signal visibility or
image resolution.
techniques.

An obvious exception to this are matched filtering

However, when the object sought belongs to a class of

natural, as opposed to man made, objects, matched filter or matched
template techniques are error prone to a greater or lesser degree.

Few

techniques take advantage of computable textural information in an
image.

This is an important point.

computable information present.

The computer can make use of any

A technique which can be made specific

to the information of interest, adaptive to local regions of an
image, and sensitive to textural information would therefore be of use
for a wide range of different problems.

By using hypothesis testing

as the processing technique one can produce algorithms will all of the.
above attributes and do so in a logical manner with a solid basis in
theory.

By adding a display method to the processing step, the

information can be encoded in a visually perceptible and useable fashion.
The display method chosen is the significance probability map as dis
cussed by this author and P. H. Bartels (Bartels and Subach, 1976a,
1976b; Subach and Bartels, 197*0Significance probability mapping is a general technique
wherein the results of a statistical test are gray scale encoded for
display.

The choice of encoding is dependent upon the problem.

Frequently, the results of testing the null hypothesis are displayed
in a visually perceivable fashion.

Regions of an image over which the

null hypothesis is accepted (or rejected) for some alpha are assigned

gray values.

The gray values correspond deterministically to how nearly

the associated regions satisfy (or fail to satisfy) the null hypothesis.
A significance probability map is a visual display of a quantitative
decision process and does not simply represent an image enhancement.
When complicated testing procedures are employed, the mappings may have
little correspondence to visually perceivable detail.

Significance

probability maps allow subvisual image information to be mapped into a
visually perceivable format.

The technique preserves spatial relation

ships.
Image points on the maps can be compared to the original picture.
Side by side comparison of an image and the corresponding significance
probability map may aid in signal detection even in the presence of
prominent and obscuring visual information.

This point is addressed at

length in the section where hypothesis testing and significance probabil
ity mapping are applied to an important medical problem, the detection
of malignant tumors.

There is also a philosophical point to be made

here.
Substantial efforts by many people over the years have been
directed toward computer assessment of easily observed information.
Numerous and excellent texts have been written on the subject (Lipkin
and Rosenfeld, 1970, for example).

In large part, the effort is to

have a computer assess visual image information and assign it to the
same class as a human observer.

Elaborate algorithms attempt to direct

the computer to perform in a human fashion.

Oftentimes, the human is

able to assess the information much more quickly and reliably.

This

is particularly true for boundary tracking algorithms.

In fact, the

check on a processing program is that the boundary should conform to
the one perceived by the human examiner.

In contrast, hypothesis test

ing allows the computer to be utilized at what it does quickly and effi
ciently:

numerical calculations.

The algorithms can usually be set

into a format which is logical and efficient for machine operation.
Thus, the overall approach has the desirable benefit of easy and effi
cient application to practical problems (which also means reduced cost
of operation during processing).

In keeping with the constraint of

practical application of this general processing method, the differ
ent algorithms implemented here have been optimized in some sense to
improve speed with no significant reduction in accuracy.

This point is

addressed at some length in sections on applications to real world data.
Even under this constraint, the processing is able to make use of a wide
range of image information.

Information Utilization

The term, computable information,

was introduced in Chapter 1

to mean calculated image properties derived from objective information.
This distinguishes it from subjective information, which is the detail
perceived in an image by visual inspection.

Humans are extremely

sensitive to certain types of image information.

For example, humans

see edges very well and are sensitive to very low signal levels even
where signal-to-noise ratios are as low as 5 to 1 (Rose, 1973)-

The

literature discusses the performance of humans in the sensing of sig
nals and the reader is referred to the bibliography and in particular
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to the book by Cornsweet (1970).

It has been demonstrated that humans

are almost completely insensitive to subtle textural changes.
example, see Fig. 3.2.

Figure 3.2a is the object to be found.

For an
Fig.

3.2b is the object immersed in a noisy background with the signal
represented by a change in the variance of the field over the signal
region.

Very few people are able to locate the signal in the central

frame reliably.

The computer, using a hypothesis testing algorithm

designed to be texture sensitive, is able to detect an object in a
rough fashion.

The processed image is shown in Fig. 3-2c.

The rough

silhouette was detected by comparing the variance of small image regions
to the variance of the total image.

The variance ratio test was used.

Those image regions for which the null hypothesis of no significant
difference between the variance of the region and the variance of the
total image could not be accepted were encoded with gray values.

The

greater the probability for rejecting the null hypothesis, the brighter
the corresponding region of the processed image becomes.

Speci fici ty
By displaying only areas with desired properties, the output
mapping will present only specific regions.

Hypothesis testing as a

processing procedure quantifies the probability of a signal being
present.
When appropriate, multiple hypotheses concerning signal proper
ties can be formulated and tested.
saved for later assessment.

The results of each test can be

In this way, each image region will have

c

b
Fig. 3-2.

Textured Signal in a Noise Field.
a.
b.
c.

Undegraded Image
Textured signal in a noise field
Processed version of frame b.

associated with it a set of numbers relating to the outcome of specific
tests.

These sets can be considered as vectors associated with the

original image regions.

We refer to the above form of information

representation as the "vector field" representation of an image.
The vector field representation allows data processing in two
ways.

First, the vectors can be treated as vector random variables

and assessed by multivariate statistical methods.

This permits

sensitive assessment of results of earlier hypothesis testing operations
to yield classification criteria for image regions.

Second, Boolean

operations can be performed on the vector components.

This permits

construction of classification rules using logical "AND" and "OR"
operations.
computer.

This is particularly attractive for data processing by
Computer hardware generally includes "AND" and "OR"

tions, and Boolean operations can be carried out very quickly.

opera

CHAPTER 4

UNIVARIATE HYPOTHESIS TESTS
APPLIED TO IMAGE PROCESSING

The subject of this chapter is the application of univariate
hypothesis

tests to computer generated and real world imagery.

univariate tests represent the initial phase of the research.

The
This

material is preparatory to the chapters employing multivariate sta
tistical tests for image assessment.
generated images are considered first.

In the following, computer
Real world data are then employed

and modifications of the techniques used on synthetic images are
described.

The reasons for the choice of certain hypothesis tests are

d iscussed.

Univariate Hypothesis Tests Applied to Computer
Generated, Synthetic Images

Synthetic Image Generation
The images produced were of signals in the presence of obscur
ing Gaussian noise.

Two signal types were used; the silhouette of an

airplane and of an ovoid, both shown in Fig. 4.1.

Throughout this

entire study, the size, shape, orientation and location of these sig
nals remained constant.

The parameters var ied were the background level,

the signal level, the variance of the additive noise, and the
variance of additional noise over the signal region only.
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This

Fig. k.].

Airplane and Ovoid Shapes Used in Simulations.

approach allows all the pertinent signal parameters, such as the
signal-to-noise ratio, to be manipulated and controlled.

To produce

the images, a FORTRAN based program, FIGGEN, was written.
Program FIGGEN.

This program, whose name is short for FIGure

GENeration, operates in the following manner.

First the user is asked

to specify the signal type desired, either the plane or the ovoid.

The

program then asks for four parameters.
1.

Average background level.

2.

Difference in mean value between signal and background.

3-

Variance of the additive noise over the entire image.

k.

Variance of additional additive noise over the signal
region only.

The program then asks for the name of the output file which will con
tain the image data.

The image is generated with the patameters

specified and written to a disk file for storage,
producing one image per minute with FIGGEN.

A user is capable of

The amount of CPU time

required per image was approximately ten seconds.

FIGGEN permits con

trolled degradations to be introduced to an image field.

The program

also allows two distinctly different types of images to be generated.
The first is a signal which differs from background in mean value.

In

the second image type, the mean value over the signal region and back
ground region are the same, but the variance of data over the signal
region differs from the variance of data over the background region.
For the remainder of this chapter, the second signal will be referred
to as a "textural signal."

As will be seen later the analysis of a
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more general type of textural signal a11ows comp1 ex scenes to be seg
mented according to difficult to perceive' details.

Here, only the

problem of detection is addressed.

Detection of Signals in Noise
To detect signals of the two classes listed above, two dif
ferent statistical tests are used.

When the signal and background

differ only in the distribution of noise, the test used is the uni
variate F test for equality of variances.
Though the hypothesis test selected was dependent upon the
signal typed addressed, significance probability mapping is the common
method for pictorial display of the results.

To arrive at the mapping,

two computer programs were written to be applied in sequence.

These

were programs CALVAR and CONCAL.
Program CALVAR.

This program computes the field mean, the

field variance, and the mean and variance of the subfields.

Let S2

be a sample variance from an image region with sample mean, m.

Then,

by definition,

s2 = tpj I
" ' j=l
where L

(1,-m)2

d.l)

J

is the gray value of an image point and N is the number of

image points in the region.

Expanding the quadratic expression

yields
.
S2 = mTT
N

1

N
I
j=l

';2
J

+

Nm2

"

2ni

N
I
j=l

"i
J

^-2)

The sum over all image points is just N times the mean value of the
region.

Therefore,

s* - - L

5

(4.3)

N-l

By saving the sum and the sum of squares of gray values, both the
mean and variance of a region can be computed.

Since both these values

need to be saved in any variance calculation, using Eq. (4.3) allows
a computationally efficient algorithm to be produced.

In practice,

CALVAR is easy to use.
When started, CALVAR asks the user for the name of the data
file to be analyzed.

The user is then asked for the name of the output

file containing the means and variances.
be the same.

Both these file names could

After the field mean and variance are calculated the

mean and variance of overlapping five-by-five subfields are computed.
For speed, the computational scheme, illustrated in Fig. b.2,was used.
Once the mean and variance of a five-by-five subfield shown with the
solid border are computed, the program steps over one column, to the
five-by-five subfield with the dashed border, subtracts the sum and sum
of squares of the data points in the previous subfield not in the
current subfield, and adds the sum and sum of squares of new data
points in the field to the appropriate computer locations.

The mean

and variance of the new subfield is calculated and the procedure
repeated across the row.
data and begins again.

The program then steps down one row in the

This technique reduces the total amount of CPU
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Fig. k.2.

5

-1

Illustration of the Overlap of
Subfields during Processing.
The lowest arrow shows the direction
in which the program moves going from
subfield to subfield.

time needed by reducing the number of repetitive calls to data loca
tions below that of a "brute force" technique.

Finally, the results

are written to disk in a format compatible with CONCAL.

The total

amount of CPU time needed to process a forty-by-forty field was 20
seconds.

The data is passed to CONCAL which performs the actual

statistical tests.
Program CONCAL.

As with CALVAR, the user specifies to the com

puter an input and output file which, again, may have identical names.
The program then compares the subfield mean (or variance) with the
field mean (or variance).

It computes the cumulative probability for

the acceptance of the null hypothesis using the t test for means
and the F test for variances.

In the interest of efficiency, CONCAL

converts the calculated values of t and F to z statistics where z
has a Gaussian distribution of zero mean and unity variance, N(0,1).
The constraints imposed on this transformation are given below.

j p(t )dt|
=
p(z )dz
1

1

00

1

1

(it.2t)

00

and
j FP(F1)dF1
O

= |Zp(z1)dz1

(4.5)

— co

wher p(tx), p(F1) and p(z1) are the probability density distributions
for Student's t, the variance ration (F), and z.

Note that F is never

negative because the integral of the F distribution begins at zero.
The actual transformation equations for t and F are taken from
Abramowitz and Stegun (196'4) and are given as follows.

z =

(A.6)
1 + ti
2n

where n is the number of degrees of freedom associated with t.

The

transformation for F is

F - ((n]n2)/(n1(n2~2)))

(A.7)

Z =
(r^/nj)
(n2"2)(n^-A)

\

where n^ and

n„-2

+ nl

are the degrees of freedom associated with the numerator

and denominator of the F ratio.

The transformations permit use of the

error function for calculating cumulative probabilities and alpha
levels.

Generally, the error function is easier to compute than the

cumlative probabilities of the t and F distributions, both of which
involve the computation of gamma functions.

The resulting z values

become the input to a FORTRAN subroutine, ERF, which computes the error
function.

By using this approach rather than the exact calculation of

the cumulative probabilities of the t and f distributions, computer
throughput is greatly improved.

These approximations were tested and

found to agree with the tabulated values of t and F to within one per
cent of the cumulative probability or alpha level, whichever was
smaller.

These approximations thus allow a substantial gain in

computational speed with a negligible reduction in accuracy.

Finally,

the results of the calculations are written to disk in preparation for
significance probability mapping of the results of the hypothesis tests.
Data Display.

In the early stages of this study, the data

display required the use of an auxiliary computer system, a PDS-200
digitizing system.

The data processed on the PDP 11A5 computer

were transferred via a high-speed link to the PDS system.''

The cumula

tive probabilities (1-a) were then gray scale encoded and written to a
scan converter for TV read and display.

The encoding scheme and program

operation are as follows.
Image Mapping.

During operation of the display program the user

is asked to specify an input file.

He is then asked for the minimum

and maximum values of the cumulative probability (l-a) of the null
hypothesis for encoding and display.

The computer calculates the gray

value for the map points using the following formula.
/ P - P .
\
/
min
\
G = I -5
5
• S for P . <; P s P
\ P
- P . /
min
max
\ max
min/
= 0

(b.8)

otherwise

Where G is the gray value of the resulting map point, P is the cumula
tive r
probability of the data point, P . and P
are the minimum and
min
max
maximum probabilities set by the user, and S is the maximum gray value
allowed.

This technique maps points in the designated probability

11. The author wishes to acknowledge the work of Mr. Jay
Els ton who wrote the FORTRAN callable drivers, known as the LINK
routines, which enabled this data transfer to be performed.

47
window so that the higher the cumulative probability (the smaller the
alpha level), the brighter the display point.

In some cases, the

lower cumulative probabilities are to be mapped into high gray values.
This is done by using the formula

G

=

/P
~ P \
/ max
\
I'd
5
• S for P . sPi P
IP
- P . J
min
max
\ max
min

= 0

J

(4.9)

otherwise

where the parameters are the same as Eq. (4.8).

Regardless of the

display program used, MULTI, MAP2, or others, the user is asked to
specify the input file, the minimum and maximum probability limits,
and the choice of encoding scheme [Eq. (4.8) or (4.9)]-

When the program

is running on the PDP 11/45, the user is also asked to specify the
maximum allowable gray value.

The computer will then encode and display

the significance probability map of the image.

Processing Synthetic Images
Detection of Mean Value Signals.

When signal and background

differ in mean value, the logical procedure to test for and assess
this difference involves the use of Student's t test for equality of
means described in Chapter 3-

r " s/N

In its simplest form, t is defined as

(lKl0)
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where Ay is the difference in mean value between signal and background,
s

is the standard deviation of the sampled population from which the

mean value is computed, and N is the sample size.
lying distributions are assumed normal.

Generally, the under

The central limit theorem shows

that the distribution of mean values will be approximately normal for
even modest sample sizes.

Tests using Student's t will thus be quite

robust when the assumptions are not adhered to strictly.

The form of t

shown in Eq. (4.10) resembles a form of signal-to-noise ratio, S/N, where

!
=f

(i.iD

The central limits states that if we use N samples from a distribution
of variance s2 to calculate the mean value, then the distribution of
the mean values will have a variance, s2, 3
given by
m'
'

s^

m

<4-12)

= 4iN

Therefore, the signal-to-noise ratio should be corrected to the
standard deviation of the distribution of means yielding a corrected
signal-to-noise ratio, (S/N)^, given by

(l\ = Mi
\N /
\ /c

s
m
.

;//N
But this is identical to Eq. ( 4 .10) meaning that

(A.13)

Eq. (k.14) shows the one to one correspondence between the corrected
signal-to-noise ratio and t.

We can choose a desired function to convert

a t value to a gray value for display.

The function used in this study

is the probability distribution of t.

The technique involves taking the

cumlative probability (1 —cx) of a t statistic and converting this
probability to a gray value.

Typically, Eq. (4.8) was used for the

calculation of the gray values.

In this way, the gray values in the

significance probability map represent in a quantitative fashion the
acceptance or rejection of a decision regarding the presence of a
signal in a noisy image.
To assess this method, the algorithms were operated with no
a priori information regarding signal presence.

Also, differences in

mean value and the variance of the noise were not specified.

The sole

information built into the programs was that the noise was approximately
normal in distribution which is frequently true of empirically measured
noise distributions.

When using a distribution of means, the central

limit theorem makes this a reasonable assumption for almost any noise
distribution.

Also, because sample means and variances are employed,

the value of t is calculated from Eq. (3-6), repeated here for conven i ence.
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mi - m2
(3.6)
, A(ni~1)Si + (n?-1)S?) . (m + 112)

V(

(nj + n2 ~ 2) f

( nj

7

where subscript 1 refers to field variables and subscript 2 refers to
subfield variables.

For the simulations, ni was 1600, and n2 was 25.

The results of processing simulated signals in noise are shown in the
following sections.
Results of Testing on Mean Value Signals.

Noisy images were

produced by FIGGEN with the following input parameters.
1.

Mean value of the background:

1.0.

2.

Difference between signal mean and background mean: 1.0.

3.

Variance of the additive noise:

k.

Variance of additional noise over the signal region:

1.0.
0.0.

FIGGEN produced images with a signal-to-noise ratio of 1.0 as defined
by Eq. (4.11).

These images were then processed by CALVAR and C0NCAL.

The noisy images and their significance probability mappings are shown
in Figs, k.3 and 2».4.
FIGGEN.

Column b shows the noisy images produced by

Column c shows the significance probability map of the

processed image data.

The data points displayed lie between a cumula

tive probability of 0.75 and 1.0 with the encoding displaying those
points with the highest cumulative probability (smallest alpha) as the
brightest.
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a
Fig. -4.3.

b

e

Airplane Silhouettes in a Noisy Field at a Signal-to-Noise
Ratio of 1.0 where Silhouettes and Backgrounds Differ in
Mean Values.
Column a - original signal; column b - degraded image;
column c - significance probability map.

a
Fig. k.k.

b

c

Ovoid Silhouettes in a Noisy Field at a Signal-to-Noise
Ratio of 1.0 where Silhouettes and Backgrounds Differ in
Mean Values.
Column.a - original signal; column b - degraded image;
column c - significance probability map.

The processed imagery shows a shape roughly corresponding to
the original signal with the remainder of the image field largely
black.

The effect of the processing, which acts as a low pass filter,

is to recover signals.

These appear as a blurred rendition of the

original undergraded image.

Therefore, as expected, the ovoid with

its few angulations is more successfully reconstructed than the plane
which shows degradations where the boundary has an abrupt change in
direction.

Note also that the background is largely free of artifacts.

With a sample size of 25 and a singla-to-noise ratio of 1.0, the
processing method yields acceptable constructions.

In an effort to

ascertain a lower limit of detection for this procedure, the dif
ference between signal and background was reduced to 0.5 resulting in
a signal-to-noise ratio of 0.5 with all other parameters remaining
constant.
The results of processing these images are shown in Figs. k.5
and 4.6 using the same display format as Figs, 4.3 and 4.4.

The sig

nificance probability maps of the results were made with the range of
cumulative probabilities from 0.7 to 1.0.

Again, the encoding scheme

is to map the highest cumulative probabilities into the brightest
values.

The plane images show substantial breakup with a large number

of artifacts.

In contrast, the ovoid shapes are still discernible

from the background.

This suggests that the technique will operate

satisfactorily down to a signal-to-noise ratio of 0.5 with a sample
size of 25.

The lower limit for objects with the same sample size

but with higher spatial resolution required for unambiguous delineation

a
Fig.

h.S.

b

c

Airplane Silhouettes in a Noisy Field at a Siqnal-to-Noise
Ratio of 0.5 where Silhouettes and Backgrounds Differ in
Mean Values.
Column a - original signal; column b - degraded image;
column c - significance probability map.

b
Fig. k.6.

Ovoid Silhouettes in a Noisy Field at a Signal-to-Noise
Ratio of 1.0 where Silhouettes and Backgrounds Differ in
Mean Values.
Column a - original signal; column b - degraded image;
column c - significance probability map.
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is a signal-to-noise ratio of 1 . 0 .

Within applicable limits, the

hypothesis testing and significance probability mapping is able to
convert severely degraded images into high contrast renditions of the
original signal.

When the technique is compared to the human eye

as a detector as described in the book by Rose (1973, pp. 8-17), the
procedure is capable of operating at half the signal-to-noise ratio
required for detection by humans.

This suggests that humans are

remarkably sensitive to changes in mean value as discussed by Julesz
(1962, 1975), and Julesz et al. (1973)•

However, when a signal is

present as a textural change only, the signal is not readily
discernible by eye as is demonstrated in the next section.

Detection of Textural Signals
A univariate textural signal is one which differs from back
ground only in the variance of the noise over the signal area and
which does not differ from the background in mean value.

This is a

signal type for which no investigations are reported in the literature.
Our study shows a rather unexpected human insensitivity to signals of
this type.

First, the generation of this signal type is explained.

Generation of Textural Signals.

Program FIGGEN was used to

generate textural signals with the following parameters.

1.

Mean value of the background:

1.0.

2.

Difference between signal mean and background mean:

3.

Variance of the additive noise:

4.

Variance of the additional noise over the signal region:

0.0.

1.0.
1.0

To discuss these signals using an accepted terminology, a definition
of signal-to-noise ratio is needed.

As none was available for this

case, the following definition was adopted.

S/N

= ^
B

14.15)

where CT^ is the standard deviation of the additional noise over the
signal region, and aD is the standard deviation of the additive noise
D
over the field excluding the signal.

This keeps the definition in a

form similar to that of a conventional signal-to-noise ratio.

By this

definition, FIGGEN produced images with a signal-to-noise ratio of 1.0
Over the signal portion of the image,-the variance, a2, was

a2

=

Oj + a2
S
B

(4.16)

where a2 is the total variance over the signal region, <jg is the
variance of the additive noise, and c| is the variance of the addi
tional noise over the signal region.
column b of Figs, b.7 and k.8.

Images of this type are shown in

Note that in only one case is there a

visually discernible signal in column b and that its visibility is due
largely to a collection of bright image points which conform roughly
to the outline of the signal.

The observer is responding to a change

in mean value and not a change in variance as discussed by Julesz

b
Fig. b.l.

Airplane Silhouettes in a Noisy Field at a Signal-to-Noise
Ratio of 1.0 where Silhouettes and Backgrounds Differ in
Variance Only.
Column a - original signal; column b - degraded image;
co1umn c - significance probability map.

SWWa

Fig. 4.8.

Ovoid Silhouettes in a Noisy Field at a Signal-to-Noise
Ratio of 1.0 where Silhouettes and Backgrounds Differ in
Variance Only.
Column a - original signal; column b - degraded image;
column c - significance probability map.

(1962).

Because the signal is represented by a change in variance,

the test procedure is the F test for equality of variances.
This was discussed in Chapter 3 where F was defined as

Gi2
F =

(3.7)
a22

The numerator is the variance of an image subfield, and the denomina
tor is the variance of the entire field.

In the example given in

Figs. 4.7 and 4.8, the degrees of freedom associated with the numerator
are 24 and the degrees of freedom for the denominator at 1599.

The

degraded images were processed by CALVAR and CONCAL and displayed.

The

display points all lie between a cumulative probability of 0.75 and 1.0
with the highest cumulative probability having the brightest display
value.

As with the mean value signals, the resulting images are high

contrast and resemble the original signals though there are more
artifacts than the mean value mappings demonstrated.

This suggests that

a further reduction in signal-to-noise ratio would result in image
breakup and additional artifact production.

To test this, images were

generated with the standard deviation of the additional noise over the
signal region reduced to 0.5The resulting images and their mappings are shown in Figs.
4.9 and 4.10 with the range of cumulative probabilities displayed
between 0.7 and 1.0.

As previously, the highest cumulative proba

bilities have the brightest display value.

There is substantial

breakup and increased artifact production.

For a sample size of 25,

b
Airplane Silhouettes in a Noisy Field at a Signal-to-Noise
Ratio of 0.5 where Silhouettes and Backgrounds Differ
in Variance Only.
Column a - original signal; column b - degraded image;
column c - significance probability map.

b

JkIO .

Ovoid Silhouettes in a Noisy Field at a Signal-to-Noise
Ratio of 0.5 where Silhouettes and Backgrounds Differ in
Variance Only.
Column a - original signal; column b - degraded image;
column c - significance probability map.

a signal-to-noise ratio of 0.5 is obviously below the useful limit
for this method.

Increasing the sample size would improve detection

as can be seen by referring to a table of F ratios.

Conclusions from Univariate Processing
of Computer Generated Images
Processing of mean value signals shows the technique capable
of operating successfully down to signal-to-noise ratios of 0.5 with
a sample size of 25.

The results of using different signal-to-noise

ratios and different sample sizes are easily determined by reference
to Eq. (4.10) and a table of the cumulative probability of the t
distribution.

Further examples of processed imagery are available

(Subach and Bartels, 197^; and Bartels and Subach, 1976a; 1976b).
Similar results were obtained with textural images down to a signal-tonoise ratio of 1.0.

The textural simulations suggest that humans are

insensitive to signals of this type even when the variances involved may
differ by a factor of two.

This strongly suggests that textural sig

nals are overlooked in real world imagery.

Further, no literature

has been uncovered to suggest that signals of this type are extracted
by commonly used image processing techniques.
tions of subvisual textures

Psychophysical investiga

go back to Julesz (1962) but his simulated

textures were defined by a Markov process and not a simple variance
change.

The use of a variance testing and mapping methodology similar

to the one just demonstrated may lead to the uncovering of signals of a
type previously overlooked.

Univariate Processing of Real World Images
The univariate t and F tests were applied to real world imagery.
The t test was used on an astronomical image where the problem was the
extraction of a weak signal from background.

The F test was applied

to medical imagery where the problem is the detection of subtle detail.
Both cases demonstrated images which were consistent with physical fact.
Further, the results of using the F test on medical images shows the
extraction of previously unappreciated image details.

Univariate Processing of an
Astronomical Image
Figure *1.11 shows an unprocessed image tube photograph of the
galaxy NGC 7603.

12

galaxy, NGC 7603.

The dark object to the right of center is the
On the original photograph a slight ellipsoidal

symmetry and a faint arm are seen attached to this galaxy.

This detail

appears best on the halftone reproduction in Figure ^.11.

The faint arm

extends outward and terminates at a second object indicated by the
arrow.

That second object is a more distant galaxy as indicated by

measurement of its red shift.

The important feature of this image is

that the second galaxy lies exactly at the end of the single visually
discernible galactic arm.

A possible conclusion is that the central

galaxy has ejected the second galaxy.

If true, this has significant

12. The author wishes to thank Richard Cromwell, Ph.D.
of Steward Observatory, University of Arizona, who supplied the
astronomical imagery used in this dissertation as well as numerous
discussions on the salient features of each image.
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Fig. 4.11.

Image Tube Photograph of NGC 7603.
The arrow indicates a second galaxy.

4

astrophysical implications.

It became important to determine if any

indication of a second galactic arm could be found.

This would imply

that the second galaxy coincidentally lay along the same line of sight
as the terminal arm point.

To resolve this question, Roger Lynds of

Ki tt Peak National Observatory took a large series of image tube photo
graphs of NGC 7603.

These were added together in a computer to improve

the signal-to-noise ratio of the image.

The resultant imagery revealed

a faint symmetrically displaced second arm.
read into a' computer in our
system.

The image in Fig.

4.11 was

laboratory using the PDS-200 digitizing

It produced an image field of 300 by 385 points.

The image was

divided into 3 by 3 subfields and the mean and variance of each was
calculated.

This was performed by program MOVETT which asks the user

for the name of the input data file, the name of an output file, and
the x and y dimensions of the subfields in pixels.

The lower image in

Fig. h.12 resulted from comparing the mean of the subfields with the
field mean using the univariate t test.

MOVETT compared these values,

calculated the cumulative probabilities, and wrote these values to disk
along with other parameters for display by the display routine, BARTPIC.
The amount of processing time to generate the lower image in Fig. k . \ 2
was approximately 8 minutes.

This processing time is greatly reduced

from the 6 hours required by earlier versions of MOVETT and is due to
the replacement of the numerical integration scheme in ERF with a linear
interpolation program.

This second version of ERF was slightly less

efficient in core utilization and had a small error resulting from the

Fig. 4.12.

Processed Image of NGC 7603 using Program MOVETT.
Upper figure - image as masked for
digitizing; lower figure - processed image.

linear scheme.

However, the error was negligible and the program

allowed MOVETT to operate almost ^0 times faster than with the old
version.

Figure k.12 is the significance probability mapping of the

cumulative probability of the null hypothesis for values of the
cumulative probability between 0.3 and 0.7 with the lower values having
the brightest display points.

This is the reverse of the coding scheme

employed in the study of simulations and was done to produce an image
which is qualitatively similar to the original image in that the back
ground is light and the galaxies are dark as in the original.

This

facilitated direct visual comparison between the original and processed
images.
The algorithm did not succeed in visualizing a second galactic
arm.

Only minimal enhancement of the visible arm was produced.

There

is an increase in the amount of haze, known as "galactic light," in the
regions surrounding both the primary and secondary galaxies.

The extent

of the haze is not inconcistent with excepted amounts around these two
galaxies.

On the original unprocessed photograph the haze is faintly

discernible.
The processing of NGC 7603 and of synthetic images where signal
and background differ in mean value indicates some limitations to
enhancing imagery of this type using Student's t test
the processing algorithms.

as the basis for

For the sample sizes considered here, this

mode of processing does not appear to increase the probability of signal
detection over that of the unaided observer.

Increasing the number of

individually resolvable pixels over the signal and background regions

would improve the performance of the algorithms.

However, increasing

the number of pixels is equivalent to increasing the signal area.

As

the signal area increases at a constant signal-to-noise ratio, human
signal detection also improves.

Therefore, the use of these algorithms

would not be expected to improve signal detectabi1 ity significantly.
Further, the processing method is analogous to a combined averaging,
windowing, and contrast stretching operation.

It is reasonable to

expect that an operation using low pass filtering, windowing, and non
linear contrast stretching would produce qualitively similar results.
In cases where signal and background differ in mean value, we
would not expect porcessing based on Student's t and significance prob
ability mapping to yield enhanced imagery which is significantly better
or worse than that derived from other methods operating with the same a^
priori information.

The use of Student's t does provide quantitative

information reflecting probabilities of signal presence.

Where appro

priate, this is an advantage provided by hypothesis testing procedures
over other forms of image enhancement.

Univariate Processing of Medical Imagery
Before turning to medical imagery, it is important to note
the differences between medical and astronomical imagery.

Astronomical

imagery consists largely of isolated image points or some extended area
viewed against a rather constant background.

Generally, the important

information is contained in the differences between the object and
background.

In medical

imagery, the background is constantly changing.

The important information is that which differs from what is "normally
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expected."

These differences may represent a disease process or injury.

The two classes of images are different in both the type of information
conveyed and what represents a significant signal.

This suggests,

at least in the univariate case, that different processing methods be
employed on the different images.

A technique which has led to some

interesting results is equiprobable variance mapping which is derived
from significance probability mapping of the results of an F test.

This

procedure has the advantage of being relatively insensitive to changing
background in the image and seeks to enhance local features without
regard to the entire image.

Equiprobable variance mapping is discussed

be1ow.
Preliminary Mathematics. To begin, let

F1

=

(it. 17)
s2
N

where s..2,
N-1

< s..2.
N

Assume also that the degrees
of freedom in the
3

numerator and denominator are equal.

We can accept the null hypothesis

of no significant difference between the two variances at some alpha
level.

We then construct another variance ratio,

2

F2=

(4.18)
s

for SN-2

<

SN-1*

2

N-2

71
In the following, all sample sizes used to compute sample
variances are assumed equal.
F

and F^ are constrained according to
00

p(F)dF
0

(4.19)

P(F)dF
F

2

where p(F) is the probability distribution of the F ratio.

From the

properties of the F distribution and by imposing the constraints above,
we know that

F, =
i
-2

(4.20)

We now choose to accept the null hypothesis of no significant differences
between sample variances for a specific value of a and of sj^.
equation

From

4.17 and the probability distribution of F, F^ and s2 are

now uniquely determined.

Further, from equations 4.18, 4.19, and 4.20,

F2 and s2_2 are also uniquely determined.

We can now accept the null

hypothesis of no significant difference between sample variances at a
level, a, for Fj and a level, (1-a), for F2 for any variance, s2, such
that

(4.21)

We will assume that all sample variances which lie in the interval
specified in Eq. 4.21 are derived from the same statistical distribution.
We call intervals of this type "equiprobable variance bands."

To
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calculate the upper and lower limits for the next adjacent equiprobable
variance band with the same a and sample sizes, we construct two
variance ratios,

f

and F^, such that

=
3

s

n~3

2
s
s

(i*.22)

N-2

and

F. » —^

(4.23)

s2n-4

where s£ 0> s£ _ > s£ ,.
N-Z
N-3
N-h

We continue to form intervals in this way

such that

Fi = F3 =

f

5

=

= F2K_1

(4.24)

= F2K

(4.25)

and

F2 = F^ = F6 =

for constant values of

a.

K is any positive, nonzero integer.

Under

these constraints and the condition that the. sample variance at the
lower limit of one equiprobable band be equal to the sample variance
at the upper end of the next lower equiprobable variance band,
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We assign a gray value to each equiprobable variance band.
To compute this value, which will be proportional to K in the encoding
technique, we solve for K as a function of F^ and the upper limit of
sample variances, s2, that will be considered.

Let s2 and s^ be the
K
K
upper and lower limits respectively for the sample variances in the Kth
N

equiprobable variance band.

s2 = s2
U]
N

Therefore, for K equal to 1,

(4.27)

and

%

- .J_2

W-28)

s2 = s2
SU
N-2
2

(^.29)

c2 = =2
SL
N-4'
2

(^•30)

for K equal 2,

and

Solving Eq. 4.29 in terms of Fj and s^ by using Eqs. 4.17, 4.18, and
4.20 yields

SU

2

=

sNF1-

(l,-3,)

= s2 Ff

(4.32)

Similarly,
s2
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Generally,

SL„ = SN

l\

(*»-33)

F1

Because, the lower limit of the Kth band is the upper limit of the
(K + 1) band,
K

X-H

"

(4.34)

S" F|

We can solve for K by taking the logarithm of either Eq. 4.33 or 4.3
Arbitrarily we choose Ea. 4.34.
.2
U
log

This yields

K+l

10

K =

(4.35)
2 logI0(F,)

Figure 4.13 shows a plot of K versus s2
for a sample size of 25 and
K+l
(1-a) equal to 0.1(Fj = 0.588). For purposes of illustration, K is
plotted as a continuous variable.
Therefore to produce an image divided into equiprobable bands,
one has only to specify the F ratio for the desired alpha and the upper
limit on variance.

This has a substantial computational advantage over

using a group of F ratios and computing the resulting cumulative
probabilities.

The entire step of computing the cumulative probabili

ties is not necessary, no ratios need be taken to form F, and the data
points can be gray scale encoded directly in the processing program
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10 ^

K

5"

2--

.001

.01

Parameters:

0.1

1 .0

10.

100.

(1- a) = 0.1
F]

= 0.588

sji

- 'on-

sample size = 25
Fig. k.13.

2

A graph of K versus s..
for selected parameters.
See Eq. k.35.
K=1
Mote that the horizontal axis is compressed
logari thmati cally.

and require no further operations.

Variances below a threshold value

can be ignored if a good reason exists to do so.

Also, the unstationary

nature of the background in most imagery, including medical, suggests
that this is a reasonable procedure which is not sensitive to absolute
background values.
In astronomical imagery, the problem is to assess differences
from background.

In medical imagery, the problem, in part, is to

group together those image areas with common properties.

Mapping those

image points with equiprobable variances into the same gray value for
display is a starting point.

The following imagery demonstrates this.

Mapping of Medical Images.
a heart catheterization

study.

Figure 4.14 shows an image from

In this procedure, a dye which is

opaque to x-rays is injected into one of the chambers of the heart,
in this case the left ventricle.

The purpose is to obtain a measure

of the size and shape of the chamber.

The image was on 35 mm film.

This image was digitized with a pixel size of 0.01 mm into a matrix of
1000 by 1000 points, each of which had 256 gray levels.

The image

was divided into contiguous 5 by 5 subregions and the variance of each
subregion was calculated.

The processed data was encoded in 20 gray

values for display using the equiprobable variance banding described
above.
values.

The higher variances were encoded with the brighter display
This was done using Eq. 4.35 but with (K-20) substituted

for K on the left hand side of the equation.
value were encoded as black.

Variances below a certain

These regions in the heart pass little

Fig. b.]k.

High Contrast Heart Catheterization Image.
A - aorta; P - pulmonary veins; V - vertebrae
column.
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radiation due to the absorption of the dye and therefore produce little
exposure on film.
film grain.

The resulting low variance would be due primarily to

Processing time for the images, consisting of one million

points, was approximately 5 minutes.

The resulting imagery has some

interesting properties.
Figure 4.15 shows the vertebral column, labeled V in Fig. 4.14,
to map into a relatively constant shade of gray.
the pulmonary veins, labeled P on Fig. 4.14.

The same is true of

The aorta, labeled A in

Fig. 4.14, is also rather consistent in gray value distribution.

Similar

anatomical structures seem to take on the same gray value for display.
The dark ovoid shape in the center of the field corresponds to the region
of the object which did not pass x-rays due to the absorption of
radiation by the dye.

An interesting result of this study came from a

processed version of a later film taken of the same patient.
Figure 4.16 shows an image of the same patient taken approxmately 12 seconds after Fig. 4.14.
manner as Fig. 4.14.

This image was digitized in the same

The dye has circulated through the body, become

diluted by blood, and has returned to the left ventricle.
this is an unacceptable image for diagnosis.
this image provided Fig. 4.17.
feature.

Clinically,

However, processing of

The arrow points to the important

At that location is a heart structure known as the anterior

papillary muscle.

In the processed image, Fig. 4.17, the structure

appears as a light ellipsoidal area approximately 16 mm by 10 mm with
the major axis along the direction the arrow is pointing.

This structure

Fig. 4.15.

Processed Version of Fig. 4.14.

fflkfieSam

SH

Fig. *4. 16.

Low Contrast Heart Catheterization Image.

Fig. 4.17-

Processed Version of Fig. k. 16.
The arrow points to the anterior papillary muscle.

is seldom visualized radiographically and is not evident in Fig. 4.16.
The information regarding this signal must have been present on the
original film, but is not evident to a highly trained observer, such as
a radiologist, even when it is known that the structure must be present
for the heart to function normally.

This result suggests that processing

by texture sensitive algorithms may lead to the extraction of significant
signals from a complex scene.

CHAPTER 5

MULTIVARIATE HYPOTHESIS TESTS
FOR IMAGE ASSESSMENT

This chapter addresses the problems of generating and assessing
textures described by multivariate processes.

Both computer generated

and real world images are examined by statistical methods.

Simulated

multivariate textures and pictorial examples of such image fields demon
strate the almost total inability of humans to recognize and distinguish
such textures.

In contrast, the computer is able to differentiate

between textures with different higher order statistics with very high
di scr imination.
A second section discusses the application of a multivariate
test to real world astronomical imagery.

The rationale behind the

choice of test and the method of its application are explained.

Pro

cessed imagery is included along with an interpretation of the results.
The material in section two is preparatory and necessary to the
detailed discussions in Chapter 6 on processing medical imagery

in

attempts to differentiate between benign and malignant disease of the
breast and identification of degenerative and metastatic disease of bone.
In an article by Julesz (1962), the inability of humans to
perceive what are termed "third or higher order textures" was clearly
demonstrated.

Julesz described a first-order texture as the mean value

of an image or image region.

Second-order textures are described by the
83

clustering of adjacent image points with similar first-order textures.
Mathematically, second-order textures can be described by
second-order Markov processes.

Similarly, a univariate normal

distribution can be used to define a texture with the mean value of a
distribution describing the first-order texture and the variance pro
viding the second-order texture.

More generally, a bivariate normal

distribution can be used with the bivariate mean describing the firstorder texture and the second-order texture being determined by the
interaction of adjacent image elements controlled by the covariance
matrix.

In a like fashion, third and higher-order textures are

described by either third or higher-order Markov or multivariate dis
tributions.

In his paper, Julesz used a Markov process to generate

the synthetic images.

This entails computational difficulties.

When attempting to assess a multivariate process using a
Markov transition probability matrix, one finds the matrix growing in
size quickly as the number of allowable gray values and the dimen
sionality of the process increase.-

In fact, the number of elements

required to describe an N dimensional process with M possible states is

Number of elements = M^+^

(5.1)

To assess a gray scale image digitized to 8 bits (256 gray levels or
states) as a third-order process, the number of elements required
exceeds 12 million.

Even in extensive computer systems this would

require the use of large amounts of storage and would be computationally
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impractical for all but special cases.

Judicious choice of allowable

transitions can reduce the storage requirements but a prior? information
indicating which transitions to ignore is oftentimes lacking in an
experimental situation.

Finally, there is no acceptable method to

assess the matrix statistically meaning that confidence and tolerance
limits must be determined empirically.
In contrast to the Markov transition probability matrix, the
classical multivariate approach has some distinct computational and
theoretical advantages.

First, the number of elements needed to

•.describe an N dimensional process is

Number of elements = (N(N+3))/2
, .• and is independent of the number of states.

(5-2)

Further, an extensive

literature describing tests for multivariate processes exists allow
ing quantitative decisions to be reached.

Finally, computation of the

required matrices is straightforward and computationally efficient.
These factors combine to make classical multivariate data analysis a
very desirable choice for assessment of higher order textural images.
The following section demonstrates some higher order textural
fields described by a five-dimensional covariance matrix.

The diffi

culty in distinguishing between statistically different fields is
clearly demonstrated.

Even a priori information does not appear to aid

in the discrimination task.

Proper application of a multivariate

statistical test allows the image fields to be distinguished while a

significance probability map of the results of the test allows dif
ferences to be identified visually.

Included in that section is the

method for generating textural fields as well as performance data on
the various FORTRAN based compiuter programs used in the simulations.

Generation and Assessment of Simulated
Higher Order Textures
The procedures for evaluating higher order textures follow in
principle those described in Chapter h.

The difference 1ies in the

description of texture and the method of assessment which employs
multivariate as opposed to univariate statistical methods.
that random variables be treated as vectors.

This requires

Also, the multivariate

normal distribution is required in place of the univariate normal
distribution.

With these differences in mind, the discussion now turns

to the generation of simulated multivariate textures.

Generating Higher Order Textures
A higher order texture is described by a covariance matrix.
Assume a covariance matrix,

I=

fpy

I

£, defined by

(x.-m)(x.-m)*

(5.3)

i=l
where m is the mean vector, x. is the sample vector, N is the sample
size, and the superscript t denotes the transpose operation.

The

mathematics for converting this equation into a form useful for
generating textures follows the outline given by Todd (1973). J is a
real, symmetric matrix.
V, can be found so that

Therefore an orthonormal eigenvector matrix,
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^I* =

it

(5.4)

where

Xx
A=

0
A2
(5.5)
N

is the matrix of eigenvalues.

Also, because the eigenvectors are

orthonormal,
= t

(5.6)

where T is the identity matrix.
->•£
V

where ^

1

= V

This means that

1

(5.7)

is the inverse of

Substituting ^ inverse for ^ in

Eq. (5.4) yields

i

ntv

= (^)t (#)*

(5.8)

where

#=

/T7
A7

o
(5.9)
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A new matrix,

is defined as

? =

ft*

(5.10)

Examine the multivariate normal distribution given by
-

f(x)

=

-v

(2t t )2 |£|

exp

j-

j [(x-m)1 £

(x-m

)]j

(5.11)

A new quantity, Q, is defined by

^

H

"J

[(x-m)11 I

(x-m)]

4Using Eqs. (5-7) and (5-10) to substitute for £

Q

=

- j [(x-m)

P

IP

(5.12)
yields

(x-m)]

(5.13)

Finally, define a new vector, z,

z

(x-m)

=

(5.1^)

Therefore,
z*

=

(x-m) V ^

(5.15)

resulting in
Q.

=

x

=

- (1/2) ~zz

(5.16)

and
+ m

(5.17)

This results in a multivariate normal distribution given by
N_
f(z)

=

(2ir)2

exp

j-

j

(5.18)

where each element of z is an independent random variable which is
normally distributed with zero mean and unity variance.

Therefore,

by solving the eigenvector equation and constructing the appropriate
vectors and matrices, a random vector, x, can be constructed whose
elements interact according to a prescribed covariance matrix.
On a computer it is a comparatively simple matter to generate
normally distributed independent random variables required to make up
the z vector.

For this reason, the above procedure was converted

into a FORTRAN program, called TEXMAK, which was used to generate
simulated multivariate textures.
Program TEXMAK.

This routine is a highly flexible program

allowing a user to generate a wide variety of fifth order textures.
In operation, the program first requests the upper triangular elements
of a correlation matrix.

Next, the value of the variances along the

diagonal of the desired covariance matrix are requested.

TEXMAK

then computes the eigenvalue and eigenvector matrix for the specified
covariance matrix.

In the event that the covariance matrix is over-

determined, the routine used to calculate the eigenvectors will type
out an error message for the user and terminate TEXMAK.

Once the

eigenvectors and eigenvalues are computed, the user is asked if
any of the eigenvectors are to be interchanged and, if so, which ones.
This operation is repeated until the user indicates that no additional
eigenvectors are to be swapped.
the name of the output file.

The mean vector is requested and then

The textural field is generated and the

program asks if additional fields are to be produced.

If the response

is "yes," the program asks the user to specify only the parameters to

be changed.

This allows the generation of similar or different fields

with a minimum of user input which also results in a reduced frequency
of user error.

To generate a 50 by 50 textural field requires approx

imately 1 minute of CPU time, much of which is spent computing the
eigenvalues and the eigenvectors of the covariance matrix.

The use

of TEXMAK allowed a number of textural fields with similar or differ
ent covariance matrices to be generated quickly.
The procedure used to differentiate between textures is
based on a multivariate statistical test known as Box's M statistic
which tests the null hypothesis of no difference in the dispersion of
two or more data sets.

The value of M is computed in the following

fash i on.
First, a within groups sum of squares and cross products
matrix, ti, is constructed where

*

-

i

i

j

(t.-s.mt.-s/
J'

j=l i=l

J

J'

(5.19)

J

Xj. is the raw data for subject i in group j, nu is the mean vector
for group j, Nj is the number of subjects in group j, g is the number
of groups, and the t denotes the transpose operation.
of the dispersion matrix, "5

K -

An estimate

, is formed from

fe) 9

<5-20'
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where N Is the total number of subjects.

The dispersion matrix for

any single group, j, is given by
N.
D.
J

=

xr-L(^..-m.)(jt..-m.)t
N.-1 .V J i
J
Ji
J
J
i =l

(5-21)

Box's M statistic is formed from

M

=

(N-g)ln|fiw| -

? [(N.-1)1n|D |]
J
J
j= l

(5-22)

The computation and multiplication of appropriate constants is used
to convert M into a statistic with an F distribution.

Details

for this transformation are contained in Cooley and Lohnes (1971,
p. 229) and Harris (1975, pp. 85-86).

The cumulative probability of

the random variable is then computed or read out of a table of F
values.

The above mathematics were incorporated into a program

called BOX.
Program BOX.

This program tests the null hypothesis of no

difference in dispersion between two textural fields (g=2) generated
by TEXMAK.

The program requests two data files.

These data are read in

and analyzed by taking five horizontal elements at a time and computing
the sum of squares and cross products matrix and the dispersion matrix.
This continues until both files are read in.

Box's M is then computed

as described above, converted into a statistic with an F dis
tribution and the cumulative probability of this statistic is computed
and printed for the user.

The total amount of CPU time required is
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approximately 1 minute.

13

It should be noted that the horizontal

pattern of the textural data could have been replaced by other
arbitrary patterns such as crosses, stars, etc.

Display, Analysis, and Mapping of
Simulated Textural Fields
This section includes pictorial displays of simulated textural
fields and their corresponding significance probability mapping.

The

difficulty a human observer has in distinguishing textural fields even
in the presence of prior information is evidenced clearly.

The results

of program BOX are included for the images shown.
Figure 5.1 shows the manner in which textural fields are
combined and numbered for the pictorial displays in this chapter.
The format for significance probability maps for the null hypothesis
of no difference in dispersion between subfields taken two at a time
is shown in Fig. 5.2.

Note that this figure is divided into four

major quadrants, each of which is divided into four minor quadrants
labeled with a pair of numbers.

These numbers refer to the pair of

subfields as specified in Fig. 5.1 for which the null hypothesis of
no significant difference in multivariate dispersion is being tested.
The gray value of the subquadrant reflects the results of the test.
Throughout this section on simulations, the higher cumulative proba
bilities for the null hypothesis will have the brighter gray values.
13- After the study on simulated textures was completed, a
number of improvements were made in subroutines called by BOX but
also used in other routines. The use of these subroutines in BOX
would produce an estimated reduction in required CPU time by a
factor of 2 or 3-
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1

2

3

4

Fig. 5.1.

Numbering of Quadrants for
Textural Fields.

1-1

1-2

2-1

2-2

1-3

1-4

2-3

2-4

3-1

3-2

4-1

4-2

3-3

3-4

4-3

4-4

Fig. 5.2.

Arrangement and Numbering of Subfields
for Significance Probability Maps.

Examples of a combined textural field and the corresponding
significance probability map are shown in Figs. 5-3 to 5-5.

A series of

twelve combined textural fields in the format described in Fig. 5-1 were
shown to three radialogists.

The radialogists were informed that the

images each had four quadrants which differed in the mutual dependency
of gray values, but not in the mean value.

Even with this information

the radiologists were unable to discern differences between image quad
rants.

This does not indicate that these textures cannot be distin

guished visually, but it does indicate that it may be a difficult task.
The following three figures were selected from the Initial series of
twelve images.

Unfortunately, the halftone process by which the figures

were reproduced seems to reduce the overall clarity of the images and
introduce artifacts.

The four fields shown in Fig. 5.3 share a common

correlation matrix but the covariance matrices differ in the respective
values of the variances and, therefore the covariances, by up to a
factor of two.

Visual examination of the textural field reveals no

apparent differences between the different image quandrants in spite of
the prior information that there are.four quadrants as specified, that
the texture is defined by a fifth order process, and that the dif
ferences lie in the variances and covariances of the covariance matrices.
In contrast, the computer can assess the data and reject the null
hypothesis of no significant difference between subfields with an alpha
of less than 0.0001.

This difference is shown pictorially in the

accompanying significance probability map which indicates clearly that
the quadrants are significantly different.

Fig. 5.3-

Textural Field and Significance Probability Map.
All quadrants are significantly different.
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Fig. 5 . k .

A Second Textural Field and Significance Probability Map.
All quadrants are significantly different.

Fig. 5.5.

Textural Field and Significance Probability Map
where 2 Quadrants are Statistically Similar.
The upper right and lower left quadrants are
statistically similar.

A second example is shown in Fig. 5.4 in which the quadrants
are also significantly different with'an alpha of less than 0.0001.
As above, there is no clearly discernible difference quadrants.

Again,

the significance probability map demonstrates the fact that the quadrants
are statistically dissimilar.
Figure 5.5 shows a case different from the two above.

In this

figure, the upper right and lower left quadrants are statistically
similar with an alpha greater than 0.6lywhich is insignificant.

All

other pairs of quadrants are statistically dissimilar with an alpha of
less than 0.0001.

The significance probability map alerts the observer

to this difference.

Hypothesis Testing for an Astronomical Image
Figure 5.6 shows an image tube photograph of the extragalactic
nebula, NGC 7603.

There is some prior information which can be used

to construct a hypothesis test for this image which may improve the
detection of galactic structure.
and background.

First, the image consists of signal

Second, the signal regions exhibit some visually

discernible texture.

Third, the background consists of a low signal

level with uncorrelated additive noise.

For this case, the problem

reduces to the separation of signal from background.

The signal regions

should consist of spatially correlated information while the background
consists of spatially uncorrelated noise.

Therefore, the test employed

should be sensitive to organized structure in an image.

A multi

variate test which is used to test for correlation is available and is
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Fig. 5.6.

Magnified Image Tube Photograph of NGC 7603*
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known either as Bartlett's test of homoscedasticity or Bartlett's
sphericity test (Cooley and Lohnes, 1971, P« 103).

The term

"Sphericity Test" is derived from the fact that a correlation matrix
produced from independent random variables is spherical in the
statistical hyperspace to which it belongs.

This test is used to

determine if the random variables used to compute a correlation matrix
are correlated or statistically independent.

Bartlett's sphericity

test is used in the following manner.
Assuming that a correlation matrix, R, with p dimensions has
been calculated from a set of random variables derived from N tests,
one constructs a chi square random variable from the equation

X2 = -[(N-l) - (2p+5)(1/6)] In |ft[

(5.23)

where ft is the correlation matrix being tested.

The degrees of freedom

associated with X2 are calculated from

degrees of freedom = df = (p2-p)/2

(5.24)

The cumulative probability of X2 with df degrees of freedom is cal
culated.

This indicates the reliability with which one can accept

the null hypothesis that the random variables used to calculate ft are
uncorrelated.
Though the derivations leading to Eqs. 5.23 and 5.24 will not
be given, a brief discussion to demonstrate the concept behind the
approach is given below.

First, the determinant of a correlation matrix

will always be in the range from zero to one.

When the correlation

matrix is the identity matrix, the determinant will be one.

As the

102
off diagonal elements depart from zero, the value of the determinant
will decrease.

The negative logarithm of a variable which ranges from

one to zero will have the range from zero to infinity respectively.
This is the same range as a chi squared statistic.

Therefore, when the

correlation matrix is the identity matrix, the value of the chi squared
statistic will be zero, as desired.

Including the value of N in the

multiplier has the effect of increasing the chi squared statistic as the
sample size increases.

In this way, the probability of an error of the

second kind decreases (the power of the test increases) with increasing
N.

The complete derivation is included in the paper by Bartlett (1950).
Normally one uses Bartlett's sphericity test to determine if

univariate methods can be used to treat the random variables individually.
In the case of the astronomical image examined here, the test is used to
separate signal from background by using the fact that the background
consists largely of spatially uncorrelated nosie.
run the test was appropriately named BARTLET.

The program used to

Though the routine was

actually written in support of the study in Chapter 6, the program could
be used on the astronomical plate without modification.
Program BARTLET.

This routine computes the chi square random

variable used in the sphericity test.
N

x

and N

y

pixels in the x and y directions respectively, BARTLET proceeds

as follows.
fied.

Given an input image file with

The dimensionality, p, of the correlation matrix is speci

The program then examines nonoverlapping subfields of n^ by n^

pixels where n

is an integer multiple of p.

a number of vertical columns given by

The data is divided into
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§ of columns = n /p
X

(5.25)

Each row of data is considered a vector random variable of p elements.
Therefore, a data set of random vectors is constructed with N elements
given by

N = n n /p
.
y x K

(5.26)
N
'

The corresponding covariance matrix is constructed by
+
N
I= (1/(N-1)) I (x.-m)(x.-m)
1
1
i=l

(5.27)

where x. is a vector random variable and m is the mean vector.
i

The

covariance matrix is converted to a correlation matrix by dividing the
corresponding element of the covariance matrix, c.^, by the corresponding
standard deviations in the following manner.

r.. = c../(a.a.)
1
ij

'j

(5-28)

j

where r.. is a correlation coefficient.
U

The correlation matrix is

assessed using Bartlett's sphericity test.
the test will be as follows.

In general, the results of

For cases where the off diagonal elements

of the correlation matrix are near zero, the data set can be considered
as arising from independently distributed random variables.
minant of the matrix will be near 1 and the corresponding X
be low.

The deter-

2

value will

Under these circumstances, the null hypothesis of no correla

tion among the elements of the random vectors will be accepted.

If the
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random elements comprising the data vectors are correlated, the offdiagonal elements of the correlation matrix will be nonzero.
determinant may approach zero, and the X

2

value will be large.

The
The

associated cumulative probability will then be high, leading to rejec
tion of the null hypothesis.

Rejection of the null hypothesis implies

that the data has significant correlation due to dependencies in spatial
arrangement of the picture elements.
To use the program, the user first specifies the name of the
input file containing the pictorial information.
is specified.

Next, the output file

The user then specifies the dimensionality of the

correlation matrix, to a maximum of 5, and the number of points used to
compute the correlation matrix in the horizontal and vertical directions.
The program then reads in the data a line at a time and computes the
correlation matrix by treating the data as vector random variables in
the horizontal direction.

The value of the chi square random variable

is computed and written out to disk.
data are processed.

This procedure continues until

The output data are then fed into a routine known

as BARTPROB which computes the cululative probabilities.

The two

programs were separate entities because BARTLET required a large block
of computer memory due to the size of the matrices needed to handle the
data.

In operation, the combined CPU time for BARTLET and BARTPROB

to process an image consisting of 250,000 points was approximately
15 minutes.

The results of using these programs on an image of NGC 7603

is shown in the following section.

105
Processed Version of MGC 7603-

Figure 5.7a shows the original

image, b shows a 16 gray level image of the original image as masked for
digitizing,^ and c shows the significance probability map of the results
of the test with those areas where alpha is less than 0.0001 are
pictured as black.

In the significance probability map, the lower

cumulative probabilities have the higher gray values.

An appreciation

of the extent of the main galaxy and the second galaxy, located at 7
o'clock, is evident.

There is a suggestion of two symmetrical protru

sions from the main galaxy which may be an indication of two arms as
opposed to the single one visible in the original image tube photograph.
The shape and location of the dark regions associated with the two
galaxies in the image is consistent with the amounts of "galactic light"
associated with each galaxy.

Further processing of other astronomical

images with known "ground truth" is needed.

The above result indicates

that processing with texture sensitive algorithms may prove useful.

1^. The actual data were digitized to 8 bits, which is 256
gray levels.
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Fig. 5-7.

Processed Version of Fig. 5-6
a.
b.
c.

Original;
Original as masked for digitizing;
Significance probability map of the results.

CHAPTER 6

HYPOTHESIS TESTING AND SIGNIFICANCE PROBABILITY
MAPPING APPLIED TO DIAGNOSTIC RADIOLOGY

In this chapter, the techniques described in this study are
applied to radiographic imagery.

The particular problem addressed is

the detection and identification of malignant tumors, which are com
monly referred to as cancer.

Two distinctly different image types are

examined; mammograms and radiographs of the long bones of the leg.

A

similar processing method was adopted in both areas, though for
different reasons.

The results of the study not only indicate the

existence of subvisual textures in radiographic images but also show
that a quantitative decision regarding an abnormality can be made by
assessing these textures.

Further, the strengths and weaknesses of the

method as now implemented are described.

Development of the Processing Method
To arrive at a practical processing technique capable of
detecting diagnostically important image information in different
pictorial scenes, some guidelines were observed.
1.

The process should be sensitive to relative gray values and

not absolute levels.

This is needed to accommodate deficiencies in

image recording due to variables such as exposure and photographic
process ing.
107
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2.

The process should be sensitive to some inherent charac

teristic of the signal which is independent of the image background.
3.

The process should provide as much quantitative information

as possible about the presence or absence of the signal of interest.
k.

The process should be consistent with information derived

from currently existing modalities.

This facilitates comparison between

information derived from established methodologies and from new
processing techniques.

Once the utility of the new techniques has been

proven, this constraint can be removed.
5.

Artifacts, when produced, should be unequivocally identified

and dismissed by subsequent testing, or the observer.
6.

To be of practical use, the process should be both quick and

use necessary resources efficiently.
First, when a radiographic image is made, numerous factors
affect the optical densities on film.

Fluctuations in the x-ray

generator produce a shot-to-shot variability in the x-ray flux.
Chemical concentrations and temperature during photographic processing
will affect the development of the film image.
combinations affect the image.

Different film-screen

The effects of the above factors require

that the image processing algorithm should involve an as yet un
specified normalization factor.
Quantitative information should be available from the algorithm.
A statistical evaluation techniques does return quantitative information
directly.
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The artifact problem can be handled in part by the use of a
significance probability map.

By preserving the spatial arrangement

of the decision process relative to the original image coordinates,
significance probability maps enable the observer to disregard map
points which do not relate to the region of interest.

Machine assess

ment of map points can be performed to determine if the significant map
points conform in spatial location to the signal being sought.

This

enables complex signals defined by multiple parameters to be identified.
.Hypothesis tests can be implemented on computers in an
efficient manner.

The use of a computer permits a high degree of

flexibility which is needed to adapt the procedure to wide class of
problems with a minimum of hardware reconfigurations.

Currently

available computers are capable of high speed processing and permit
images to be processed quickly.

Proper design of the algorithms

allows the machine to be used efficiently.

The applications considered

in ths study are the detection of pathologic differences between
tissues with an emphasis on identifying malignant tumors.

Some

common property is needed to aid in the differentiation procedure.

In

the case of malignant disease, the factors which guide the radiologist
are first or second order changes in the area of the radiograph
corresponding to the tumor.

However, certain benign changes mimic

malignancies and the reverse is also true.

This suggests that first or

second order properties may not be sufficient for tumor differentiation
in all cases.
of value.

An evaluation of higher order textural properties may be
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A multivariate hypothesis test operating on at least a third
order process satisfies the above criteria.
to work with normalized data.

It is usually preferable

In this case it would entail the use

of a correlation matrix rather than a covariance matrix.

In the

following study, films of good diagnostic quality were used.
Consistency of results with existing diagnostic modalities can
be evaluated only by retrospective clinical studies.
patient files provides an experimental data base.

Use of existing

These files fre

quently extend over many years and it is possible to study the course
of a disease to completion.
sitivity of the method.

This provides a way of measuring the sen

Refinements in the procedure can be

introduced

and the interpretation of results can be made more reliable.
To test the effectiveness of the overall approach, the specific
clinical problem of the identification of malignant tumors was selected.
Two factors entered into this decision.

First, the identification

of malignancy is a current clinical problem and the methods proposed
here may prove to be of value.

Second, malignant and normal tissue

often represent distinctly different tissue types in terms of their
behavior and organization.

There are many intermediate stages which are

traversed in going from normal to malignant.

Hopefully, the study

would provide the basis for a trend analysis of the transition from
normal to malignant conditions.
other pathologies as well.

One would expect this to be useful for
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The following section describes how the specific hypothesis
test used was chosen based upon consideration of the histology and
behavior of normal and malignant tissue.

Selection and Implementation
of a Test Procedure
To arrive at a processing

method Which would be sensitive

to malignant tumors, it is necessary first to consider the ways in
which the numerous malignancies are similar and which of these fac
tors would be transmitted to film by a radiographic procedure.

An

additional consideration is the organ which is to be investigated.
This will have an effect on the selection as the organ should have a
measurable difference between it and the suspected malignancy.

In

considering this problem the structure of the tumor was considered
first, and then the properties of the host organ.
The most striking difference between normal and malignant
tissue is seen in histologic sections.

The property considered is

one of the first ever described in histopathology.
have an ordered pattern of growth and organization.

Normal tissues will
In almost complete

contradistinction to this, a malignant tumor is characterized by a lack
of order throughout.
organization.

A malignant tumor is random in its growth and

If we have an image of a malignant tumor only, the tumor

would appear, at least qualitatively, much like spatially uncorrelated
noise.

As this randomness is a rather universal property of malignant

tissues, and is not usually evident in normal, healthy tissue, a test to
search for and assess a lack of spatial correlation suggests itself.
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An additional property of malignant tumors is invasiveness.
The malignancy "invades" an organ and supplants normal tissue.
organ involved has much of its substance destroyed.
is important when bone radiographs are examined.

The

This consideration

The radiographs of

bone lack sufficient resolution to demonstrate the fine detail of the
malignant tumor.

The tumor replaces the normal trabeculae in bone.

The trabeculae produce a macroscopically evident structure on radio
graphs.

Tumor tissue is homogeneous and has a structure byond the limit

of resolution of the radiographic system.

These tissues will transmit

radiation as though the affected region were unstructured.

As a result,

the corresponding area on film will contain only quantum mottle due to
the finite number of photons in the x-ray flux and the lack of organized
structure.

Because the mottle is spatially uncorrelated, the hypothesis

testing program, BARTLET, will assign a bright map value to these regions.
The approach taken with BARTLET searches for areas in the
radiograph that are indistinguishable from an uncorrelated noise pattern.
This is in marked contrast to current methodologies which seek to
identify tumors by edges and other visually perceivable properties.
The question which still remained unanswered was whether or not the
randomness inherent in a malignant tumor would be transferred to a
radiograph in a way which was measurable.

The complementary side of

that question is also of significant interest, namely whether organiza
tion of a tissue or of the entire organ being investigation can be
transferred to the film in a way which differed from that of a malignant
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lesion.

The answer to both these questions appears to be affirmative.

In the following, an initial series of experiments are presented which
support this conclusion in the case of bone and breast radiographs.
Significance probabilty maps of organs with different pathologies are
included. Further

statistical assessment of these maps is performed.

The results of tests on bone radiographs and the analysis of
mammographs show that consideration of the organ in which the disease
is present is necessary.

Application of Hypothesis Testing
to Bone Radiography
Images were digitized using the PDS-200 system.

Each picture

element (pixel) was digitized to 8 bits (256 gray levels).
aperture was square in shape.

The scanning

The range for the effective size of the

scanning aperture at the film plane was limited by equipment avail
ability.

The light box on which the radiographs were mounted had very

limited output.

To insure an adequate flux to the digitizer camera, a

lens with a small F/# was needed.

The only lens available with a

sufficiently large aperture was a 50 mm, F/1.4 Nikon lens.

Further,

laboratory space limited the maximum camera to film distance.

Under

these conditions, the effective size of the scanning aperture was set
at 0.25 mm.
study.

This is a reasonable value for the films examined in this

Typical clinical conditions for making radiographs of femurs are

a film to focal spot distance of 180 cm, an object to film distance of
10 cm, and a 3 mm focal spot.

The resulting resolution at the film plane
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would be 0.18 mm.

The digitizing system would undersample these images.

When mamograms are taken, the compressed breast will usually be under
5 cm thick.

For a typical mammographic system, the resolution of the

tissue 5 cm from the film will be 0.25 mm (Haus et al., 1976).
a good match to the scanning aperture chosen.

This is

When object to film

distances are less than those specified above, the image data will be
undersampled by the digitizing system.
Bone radiographs from three patients were examined.
was a normal 21 year old female.
examined.

The first

The upper part of the right femur was

This patient had a normal history and there was no evidence

of injury to the bone.
cases are compared.

This case provides a baseline to which other

The second case is a female patient, age 48, with

bilateral metastatic disease in the upper two-thirds of both femurs.
This is a welI-advanced case and provides information as to the per-'
formance of the methodology in the presence of malignant disease.

The

last case is a female, 18 months old, with pain in the lower leg.

This

is a case rather different from the previous two due mostly to the age
of the patient.
methods.

Patient age should be considered in applying these

Only one case from a patient in this age group was available

for study.

This last case includes films of both legs allowing a direct

comparison between a normal organ and one subjected to an injury.

First,

to clarify the following cases and the interpretation of the results,
a few facts about the organization of bone are needed.
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Structure of Bone
Figure 6. 1 depicts a transverse and longitudinal section
through a typical long bone.

Illustrated are the outer portion of the

bone, known as the cortex, and the inner portion of the bone which con
tains the marrow and which is frequently referred to as the trabeculae.
The differences between these two regions of bone are important to the
following discussions.
avascular.

The cortex is a hard, compact tissue which is

The trabecular region is composed of a less dense tissue with

a coarser structure.

It is highly vascular.

Because the trabecular

region is vascular, malignant cells can migrate to this region via the
circulatory system and become trapped in the marrow to form metastatic
lesions.

One expects to find malignancies in the core of the bone, and

not in the cortex unless the tumors are quite advanced.

Processing of Bone Radiographs
The data in the following section assess the amount of
"randomness" in the bone radiographs examined.

The sphericity test was

used to process the raw data into a significance probability map.
Further statistical analyses were perfored on the maps themselves.

This

additional assessment was always performed so as to yield the most
conservative result for the test procedure.

In other words, the tests

were performed so that they tended to accept the null hypothesis of no
significant difference between the images tested.

Using this tactic the

results reflected real differences in selected regions between and within
cases and render a good indication of the performance of the overall
processing technique.
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A

Transverse Section

B

Longitudinal Section

Fig. 6.1.

Basic Organization of Bone.
a.
b.

Trabecular regions containing bone
marrow.
Cortex.
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Patient 1.

This is a normal, 21 year old female with no his

tory of malignant disease.

A radiograph of the proximal right femur

was taken and is shown in Fig. 6.2 approximately as masked for digi
tizing by computer.

The image was digitized to 256 gray levels over a

250 by 975 nonoverlapping point matrix.

Fourth order correlation

matrices were employed for data evaluation studies for a number of
reasons.

First, a fifth order correlation matrix was the maximum which

could be handled by BARTLET due to storage limitations in the computer
system.

Second, as mentioned previously, only third and higher order

processes would be considered.

Third, in the preliminary stages of this

study, all images were processed at third, fourth, and fifth order.

Of

the three orders, fourth order showed the best correspondence between
map points and the signal area of interest as demonstrated by visual
observation and statistical analysis.

In retrospect it was noted that

for a sample size to dimensionality ratio of four as employed in this
study, and for equal values of determinants of the correlation matrices,
a fourth order matrix has the smallest value of alpha.
this behavior is unclear.

The meaning of

The data were processed by constructing a

fourth order correlation matrix from 8 by 8 subregions of the image.
The subregions were divided into two sets of eight rows and four columns.
Each row was treated as a sample vector and the mean vector and sum of
squares and cross products matrix was computed. The covariance
matrix was formed from this and converted into the correlation matrix.
Bartlett's sphericity test was then used to assess the degree to which
the data were uncorrelated.

The result was saved in a disk file.

This

6.2.

Radiograph
Femur.

of a Normal Proximal Right

The subject is patient 1.
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data was then gray scale encoded for display by the program PARTPIC.
The results of the process are shown in Fig. 6.3.

The subregions of the

image which have the least spatial correlation as computed by BARTLET
have been encoded with the brightest display values.

Only the image

subregions for which the null hypothesis can be accepted with an alpha
greater than 0.005 have been encoded with one of the 16 gray values used
in the display.
reader.

The format just described was used consistently throughout this

chapter.
bone.

With the map is an image of the bone to orient the

The area of interest is the marrow containing region of the ...

Examination of this region reveals few data points and those

which are visible are typically of low intensity.

Flagged image points

outside the trabecular area are due either to quantum mottle on the film
or low level noise in the digitizing system.

This point will be dis

cussed later in the section containing the analysis and interpretation
of the results.

Figure 6.4 shows a histogram of the number of points

with cumulative probabilities from 0. to 0.9 which lie over the marrow.
The bins of the histogram are each 0.1 units wide.

Plotting the histo

gram with cumulative probability on the horizontal axis rather than alpha
was a matter of preference.

Note the scarcity of points in the lower

bins, particularly below a cumulative probability of 0.7-

This type of

histogram is expected as the marrow containing regions should have a
rather high level of structure resulting in few areas where the
organization is random.

Further use of this histogram as a diagnostic

clue will be addressed after the next patient is discussed.

a

b

Significance Probability Map of a Normal
Proximal Femur.
a.
b.

Radiograph of the proximal right femur.
Significance Probability Map.
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Fig. 6.4.

Histogram of Map Points over the Trabecular
Region of a Normal Femur.
Total number of map points in the histogram: 2 k .
Total number of map points evaluated: 530.
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Patient 2.

This patient is a A8 year old female with a his

tory of primary lung cancer and metastatic involvement of the proximal
half of both femurs.

Figure 6.5 shows the radiographs of the femurs

approximately as masked for digitizing.

The radiograph of the right

femur was digitized to a 225 by 900 matrix.
digitized to a 250 by 900 matrix.

That of the left was

Figure 6.6 shows a nuclear

medicine bone scan of the pelvis and femurs.

The arrow indicates the

length of the femurs and the ellipses show the involved areas.

On a

nuclear medicine bone scan, metastatic bone lesions appear darker than
normal bone.

Note the darkening of the inscribed areas relative to

the lower portion of both bones.

Also note the blotchy appearance of

the upper part of the right leg.

The corresponding portion of the left

leg has a more homogeneous appearance.
Figure 6.7 shows the significance probability map of the
proximal right femur.

Note the bright map points and the .rather

blotchy appearance of the map over the trabecular regions.

Compari

son of this figure with Fig. 6.3 shows a marked difference in appear
ance.

The histogram in Fig. 6.8 also demonstrates this difference.

There is a marked increase in data points for the intervals at the
low values of cumulative probability.

The occurrence of values in

these histogram intervals may be interpreted as an indication of the
breakdown in the structure of the bone.

Statistical analysis of the

histograms was then performed to see if a significant difference was
present.
grams.

The X

goodness of fit test was used to compare the histo

For analysis, the map data was organized as follows.

All map
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Fig. 6.5.

Radiographs of the Proximal Femurs of Patient 2.

Radioisotope Bone Scan of the Femurs of Patient 2.
The arrow indicates the length of the femurs.
ellipses indicates the affected areas.

The

Fig. 6.7-

Significance Probability Map of the Proximal
Right Femur of Patient 2.
a.
b.

Radiograph of the proximal right femur.
Significance probability map.
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Fig. 6.8.

Histogram of Map Points over the Trabecular Region
of the Right Femur of Patient 2.
Number of points in histogram: 143.
Number of points evaluated: 651-

points over the region of interest were examined.

Those with cumula

tive probabilities from 0.0 to 0.8 were combined and all assigned to
a common histogram interval.
Bin 1.

This interval will be referred to as

Data with cumulative probabilities from 0.8 to 0.9 were com

bined and labeled Bin 2.

Finally, data with cumulative probabilities

from 0.9 to 1.0, the remainder of the data points over the signal
region, were combined and labeled Bin 3-

The points corresponding to

Bin 3 are not plotted on the histograms.

This procedure insured that

all bins had at least 5 entires per case as required for valid use of
the chi square goodness of fit test, while it maintained the essential
structure of the histograms.

Applying the X

2

test using Bin 1 and Bin 2

revealed a statistically significant difference between the two samples
by indicating that the null hypothesis of no significant difference
could be rejected with alpha of less than 0.0005.

Because the histo

gram intervals tested reflect a breakdown in the organization of the
tissue, this indicates that the femurs differ in the amount of structure
they both contain.
the first two bins.

The X

2

test was then run again the Bin 3 added to

The null hypothesis could be rejected with an alpha

less than 0.005, indicating that the processed data over the trabecular
regions are significantly different when considered overall.
consistent with the actual pathologies involved.

This is

For the left femur

the results are similar.
Figure 6.9 shows the left femur and the accompanying signifi
cance probability map.

Note that the map has more bright data points

over the trabeculated region than Fig. 6.3 but less than Fig. 6.7.

a
Fig. 6.9.

b

Significance Probability Map of the Proximal
Left Femur of Patient 2.
a.
b.

Radiograph of the proximal left femur.
Significance probability map.
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Note also that the map points are more uniformly distributed over the
upper shaft of the bone than in Fig. 6.7.
matches that of the bone scan.

The appearance qualitatively

Figure 6.10 shows the histogram of

the significance probability map of the marrow containing areas.

Note

the existence of data points with low cumulative probability as was the
case with the right femur.

Data points of low cumulative probability

are not present in the normal case.
have increased occupancy.

Note also that the upper intervals

This increase is above that expected even

when the sample is corrected for the total number of map points which
were over the trabecular region of the bone.

As described previously,

data points with cumulative probabilities in the range of 0. to 0.8
were combined and labeled Bin 1.
were labeled Bin 2.
Bin 3-

Data points in the range 0.8 to 0.9

The remaining points were combined and labeled

Statistical assessment using the X

2

test for Bin 1 and Bin 2

shows that this femur differs from normal with an alpha of less than
0.05.

When all three bins are considered, this femur differs from the

normal femur with an alpha of less than 0.005.

The implication is that

the diseased bone differs significantly from normal in its internal
organization.

Comparison of the right and left femurs of this patient

shows them to be significantly different with an alpha of less than 0.005
both using Bins 1 and 2 and, again, using all three bins.

This suggests

that the right femur is extensively involved and that most trabecular
tissue has been supplanted by malignant tumor.

Pathologic confirmation

of this hypothesis was not available though the results are consistent
with radiographic and nuclear medicine findings.
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Fig. 6.10.

Histogram of Map Points over the Trabecular
Region of the Left Femur of Patient 2.
a.
b.

Number of points in histogram: 120.
Number of points evaluated: 6hZ.

0.9
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Patient 3•

This patient is a female, 18 months old, with a

brief history of pain in the* left leg.

This case differs from the

previous cases due to the age difference.
is different from those of adults.

The structure of the bones

There is considerable residual

cartilaginous tissue present in the bone in young children.

The

structure of this tissue is somewhat finer than the trabecular struc
ture in adult bone and is beyond the resolution limit of the imaging
system.

As such, cartilage will appear as a homogeneous area on the'

radiograph.

Because a homogeneous region on the radiograph will be

structureless except for the quantum mottle on the film, the sphericity
test will

mark

those regions as uncorrelated and assign them a high

display value in the significance probability map.

For this reason,

direct comparison between this patient and the two previous adults
would not be valid and is not attempted.

Rather, symmetry considerations

are used for evaluation as they are by radiologists.

Comparisons

were made between the two legs.
Figure 6.11 shows the nuclear medicine scan of the legs of this
patient.

The left calf shows the abnormal uptake characteristic of

bone response due to injury and other factors.
calves are shown in Fig. 6.12.

Radiographs of the

The radiographs of the right and left

leg were digitized to 250 by 625 and 225 by 625 matrices respectively.
The left leg shows some evidence of periosteal reaction which is the
response of the surface of the cortex to various conditions.
caused a slight thickening of the cortex.

It has

Though a conclusive diagnosis

was not possible from these findings, later procedures indicated the

6. 1 1 . Radioisotope Scan of the Lower Legs of
Patient 3>
Note the abnormal uptake in the left leg.

r

I

Fig. 6.12. Radiographs of the Lower Legs of Patient 3.
The left leg had been subjected to trauma.
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injury was probably due to trauma and was not the result of a disease
or maIignancy.
The radiographs shown in Fig. 6.12 were processed yielding
the significance probability maps shown in Fig. 6.13.

Considering

only the large bone of the leg known as the tibia, which was the
affected bone, there is a visually evident asymmetry from left to right,
and the central 10% of the bone shaft shows the most pronounced differ
ences.

Later films of this patient showed substantial periosteal reac

tion over this region of the bone shaft.

Histograms of the maps of the

trabecular regions were made and are shown in Figs. 6.14 and 6.15.
that the asymmetry is again evident.

Note

Statistical comparisons

of the histograms of the right and left tibia using the X

2

test for

Bins 1 and 2 shows the histograms to be different with an alpha of
less than 0.1.

However, when the data points in Bin 3 are also con

sidered, the resulting histograms are significantly different with an
alpha of less than 0.005.
It would be premature to base a firm conclusion on the results
of this test, but the outcome of the hypothesis tests is consistent
with clinical diagnosis.

The tibias are not highly different when the

cumulative probabilities below 0.9 are considered.

Since these values

reflect a breakdown in bone organization, a conclusion is that the
structure of both tibias is normal or at least symmetric.

Further, as

there is a significant difference when all the map points are considered,
a conclusion is that the bones differ in some aspect other than basic
organization.

This hypothesis is consistent with clinical findings.
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Fig. 6.13.

Significance Probability Maps for Patient 3.
Upper pair of images corresponds to the right
leg. Lower pair corresponds to the left leg.
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Fig. 6.14.

Histogram of the Map Points over the
Trabecular Region of the Left Tibia
of Patient 3>
Number of points in histogram: 6 9 .
Number of points evaluated: 322
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Fig. 6.15.

Histogram of the Map Points over the Trabecular
Region of the Right Tibia of Patient 3Number of points in histogram: 30.
Number of points evaluated: 326.
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To assess the overall method accurately requires examination
of numerous other cases.

The results of the three cases described

above and others which involved the axial skeleton demonstrate the
possible application of the techniques as a quantitative adjunct to
diagnostic radiology.

Application of the Processing
Method to Mammography
In the intial section, two patients are considered.

Both

films were digitized using the PDS-200 in the same manner as the bone
radiographs.

Mammograms are radiographs of the breasts.

They were

processed using BARTLET and the results were analyzed.
Before proceeding further, the differences between mammograms
and radiographs of bone must be described.

Radiographs of bone are

taken with a high accelerating voltage on the x-ray tube anode,
typically around 80 Kv peak.

Mammograms are taken using approximately

35 Kv peak resulting in increased absorption by soft tissues.

Also,

the breasts are compressed and in almost direct contact with the x-ray
film.

This procedure produces a high resolution image with good ren

dition of soft tissues.

This is quite different from the bone radio

graphs which have poor soft tissue detail as well as lower resolution.
Therefore, with a mammogram we see some of the actual soft tissue
structure of tumors.
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Furthermore, the results obtained from mammograms support the
contention that subvisual patterns do exist in natural scenes and
carry significant information.

This contention is based on the results

from mammograms obtained from two patients whose mammograms were
incorrectly interpreted by a radiologist but which appear to contain
only benign tissue when processed"by the method developed in this
research.

These cases are included with others in the following

processed imagery.
In the following, all cases have had the diagnosis confirmed
by histopathological examination or another accepted diagnostic method.
In all the images which follow, the lesions of interest have been
outlined in black on the mammographic images and their digital represen
tations.

The corresponding lesion areas are outlined in white on the

significance probability

maps.

poor on the original mammograms.

Lesion visibility was typically quite
The reproduction of these mammograms

by a half tone process used in this dissertation has degraded the
lesion rendition.

Consequently, the reader will have difficulty in

seeing some structures.

Patient A
This patient was 38 years of age presenting a positive
thermogram on the left side which is sometimes indicative of a

1^0
malignant tumor.

A mammogram was taken and is shown in Fig. 6.16.

The circled area represents the suspicious region which was incorrectly
diagnosed as malignant.
matrix.

The mammogram was digitized to a 600 by 550

A biopsy specimen was taken and showed benign changes only.

The mammogram of Fig. 6.16 was processed using BARTLET.

The subareas

were each 10 by 10 and the correlation matrix was fifth order.

The

resulting significance probability map is shown in Fig. 6.17.

Note

that there are no map points in the circled area suspected to be tumor
ous.

A relative frequency histogram for cumulative probabilities from

0.0 to 0.9, showed zeroes in all intervals.

Even when benign tissue

surrounding the central lesion is included in the histogram in Fig.
6.18, there is only one data point below a cumulative probability of
0.9.

Remembering that a malignant tumor is an unstructured mass, a

malignancy would have been identified by a bright area.
drawn from the map is that the tumor is benign.

The conclusion

Also, there was a

property of the benign tumor image which enabled the computer to dis
tinguish it from an unstructured pattern expected in the presence of
malignancy.

This indicates that information must have been present

in a subvisual form.

Processed images of similar cases show the same

basic response to benign tumors.
Figure 6.17 does point out a problem with the approach applied
to mammograms.

In the map of the right breast there are a number of

bright points indicating an area in the image which lacks spatial
correlation.

These bright points correspond to fat whose structure is

beyond the limits of the resolution of the mammograms.

Therefore, the

uncorrelated information over that part of the image is the result of

I

Fig. 6.16.

r
Mammograms of the Left and Right Breasts of
Patient A.
The circle contains the suspected tumor.
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Fig. 6 . 1 7 .

Significance Probability Map of a Benign
Lesion from Patient" A.
Suspicious lesion is circled.
Upper image - mammogram
Lower image - significance probability map.
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Fig. 6.18.

Histogram of the Map Points over a Benign
Lesion and Surrounding Benign Tissue.
Number of points in histogram: 1.
Number of points evaluated: 64.

1M»
quantum mottle and not malignant disease.

Clinically, however, it is

a comparatively easy task for a radiologist to distinguish fat from
tumorous areas.

Therefore, artifacts due to fatty tissue are not an

impediment to the use of this method in a clinical setting.

Patient B
This was a 55 year old patient presenting a strongly positive
thermogram on the right side.
Fig. 6.19.

A mammogram was taken and is shown in

The inscribed areas enclose the malignant areas.

This is

a case of extensive malignant involvement of much of the breast.

The

image was processed and the resulting map is shown in Fig. 6.20.
Though presenting a substantial number of bright map points in the
region of the malignancy, some caution must be taken in interpreting
this particular map due to some large sections of fatty tissue in the
region of the main tumor.

Map points which may have resulted from

the algorithm's sensitivity to fat were deleted using the following
method.

A numerical printout of the significance probability map

corresponding to the desired image was made.

This printout was then

compared visually to the original mammogram, its digital representation,
and its significance probability map.

Those image areas which could be

identified visually as corresponding to fat had the corresponding region
of the significance probability map printout changed to a high cumulative
probability.

These map points were thereafter treated in the same

manner as all other background points in a tumor region.

The map points

from the primary and secondary tumors were arranged in a histogram

1^5

•

Fig. 6.19.

Mammogram of the Right Breast of Patient B.
Areas containing malignant tumors are inscribed.

Fig. 6.20.

Significance Probability Map of a Breast with
Invasive Carcinoma—Patient B.
Rectangular areas contain malignant lesions.
Upper Image - digitized mammogram; Lower
Image - Significance Probability Map
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as shown in Fig. 6.21.

Note that the lower histogram intervals are

populated which is different from the flat histogram resulting from
analysis of the benign tumor.

Visual comparison of the histograms of

this patient with the previous one shows marked differences.

Statistical

comparison of this histogram with the ones from the previous patient
are not valid due to the small sample sizes involved.

However, if it

is true that a benign lesion will have no data points in the cumulative
probability range below 0.9, the the histogram of the second patient
will differ from that of benign tissue with an alpha of less than 0.01.
Experimental confirmation of this contention is needed.
Figure 6.20 does present a worrisome finding.

One of the

secondary tumors has few data points associated with it.

The reason

for this is as yet unclear but may be due to overlaying or underlaying
tissue which is normal and, therefore, structured.

Further investiga

tion of small tumors of this type are indicated.

Further Processing of Mammograms
The results from processing the initial series of mammograms
showed promise for the processing method, but the sample size was
inadequate to perform statistical analyses.
were acquired .and processed.

Additional patient films

The digitizing system employed in this

part of the study was provided by the radiological imaging laboratory
of the Department of Radiology, University of Arizona.

This system

digitizes all image points to 256 gray levels and uses a 515 by 512
nonoverlapping matrix.

The PDS-200 system used on the initial cases

was no longer available.
noise ratio.

The new system had an improved signal to

This permitted a higher resolution in the output mapping
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Fig. 6.21.

Histogram of Map Points over the Tumor Region
of Mammogram—Patient B.
Points corresponding to possible fat artifacts
have been excluded.
Number of points in histogram: 45.
Number of points evaluated: 431.
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since it allowed a reduction of the order of the correlation matrix
from 5 to 3, which in turn reduces the sample sizes from 10 by 10 subfields in the image to 6 by 6 subfields.

The sample size to dimen

sionality ratio was therefore constant at 4, but the number of map
points per unit area was increased.
unusual property.

The digitizing system has one

The system takes an image with a 3 to 4 aspect

ratio and compresses the horizontal so that the resulting image is
square.

Consequently, the digitized images have an elongation along

one axis.

This distortion must be considered when the original mam

mograms are compared with their digitized representations.

The system

has an effective scanning aperture at the film plane of 0.15mm horizon
tally and 0.11mm vertically.

In the following, five cases are analyzed.

Analysis of variance shows the processing to result in significantly
different maps for images of benign and malignant breast tumors.
Patient A2.

The patient is 59 years old, and has a small benign

tumor in the right breast.

The tumor is circumscribed in the lateral

and cranial caudal views shown in Figs. 6.22 and 6.23 respectively.
The tumor had been incorrectly diagnosed as malignant.
was subsequently corrected.

The diagnosis

The original mammograms were digitized

and the data was processed by BARTLET.

The results of the processing

are shown in Figs. 6.24 and 6.25.
Figure 6.24 shows the significance probability map for the
lateral view.

No map points are visible over the tumorous region,

Fig. 6.22

Mammogram of the Right Breast of Patient A2-Lateral View.
The benign tumor i s inscribed.

Fig. 6.23.

Mammogram of the Right Breast of Patient A2
Cranial Caudal View.
The benign tumor i s inscribed.
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Fig. 6.2*».

Significance Probability Map for the Lateral
View—Patient A2.
The benign tumor is inscribed.
Upper Image - digitized mammogram.
Lower Image - significance probability map.
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Fig. 6.25.

Significance Probability Map for the Cranial Caudal
V i ew of Pa t i en t A2.
The benign tumor is inscribed.
Upper Image - digitized mammogram
Lower Image - Significance Probability Map.
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although 3 lie in close proximity.

Map points not associated with the

tumorous area, but distributed over the area of the breast are the
result of other causes such as the algorithm's sensitivity to fat or
random uncorrelated noise in the video digitizer.

Further examination

reveals that the majority of those points lie near the boundaries of
other benign tissue, which has fat at its periphery.

This situation

has been observed in many processed images but no explanation can be
offered.

The histogram of the tumorous region had no points with

cumulative probabilities in the range of 0.0 to 0.9.
Figure 6.25 shows the significance probability map for the
cranial caudal view.
tumor.

One point of low intensity is visible over the

Numerous artifacts are present with many lying close to but

not over benign tissue, as discussed above.

This unexpected property

of the processed imagery may warrant further investigation.

The sig

nificance probability map of the tumorous region has the histogram
shown in Fig. 6.26.

Only one point is contained in this figure.

The paucity of points in the histograms seems a characteristic
of benign tumors.

This contrasts with a malignant tumor considered

next.
Patient B2.

This patient is 38 years old.

A large,malignant

tumor of the right breast is visible on the mammograms.

Due to the

patient's age few data points due to fat are expected over the majority
of the mammograms.

Some subcutaneous fat in areas of the breast distal

to the chest wall are expected.

These are of minimal concern as the
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Fig. 6.26.

Histogram of Map Points from the Right
Caudal View of Patient A2.
Points corresponding to possible fat
artifacts have been excluded.
Number of points in histogram: 1
Number of points evaluated: 90.

tumor in this case is located near the chest wall and has little proxi
mal fat.

Figure 6.27 shows a mammogram of the right breast with the

turner circumscribed.

The image was processed resulting in the signif

icance probability map shown in Fig. 6.28.
The significance probability map shows a cluster of points over
the lower portion of the tumor.

The corresponding cumulative proba

bilities of map points are shown in Fig. 6.29.
increased occupancy in the lower intervals.
tumors.

The histogram shows

This differs from benign

The result is qualitatively similar to the results of the earli

er study.

The map also presents another interesting finding.

Most of

the map points cluster along the lower margin of the tumor with few
points along the upper border.

This is similar to the behavior of the

processing along the border of a benign tumor but the number and cumula
tive probability of the map ponts are different.

Also, the malignant

tumor has the map points over the tumor mass not in the border in the
fatty area as in cases of benign issue.
their cumulative probabilities are lower.
active region of the tumor.

More points are present and
This may reflect the more

The upper portion may be contained by the

skin and associated tissues and the lower portion may be actively
invasive.

This contention would require pathologic examination of

excised mammary tissue with attention to location and orientation of
the tissue in the breast.

Pathology reports of this kind are available

only occasionally and were not available for this case.

The low cumu

lative probabilities of the map points associated with the tumor are
consistent with expectations in the presence of malignancy.

The random
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Fig. 6.27.

Mammogram of Right Breast of Patient B2--View 1.
The malignant tumor is inscribed.
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Fig. 6.28.

Significance Probability Map for View I of Patient B2.
The malignant tumor is inscribed.
Upper Image - digitized mammogram
Lower Image - significance probability map.
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Fig. 6.29-

Histogram of Map Points from View I
of the Right Breast of Patient B2.
Points corresponding to possible fat
artifacts have been excluded.
Number of points in histogram: 18
Number of points evaluated: 2 6 k .

0.9
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structure of the tumor is detected and mapped out with the associated
low cumulative probabilities for the null hypothesis of spatially
uncorrelated data.
A second mammogram of the right breast was taken at a different
angle.

This is shown in Fig. 6.30 with the significance probability

map appearing in Fig. 6.31.

As in the previous film, most map points

are around the portion of the tumor closest to the chest wall.

The

histogram of the map for the tumorous region is shown in Fig. 6.32.
Note the increased occupancy of the lower probability intervals.
histogram is similar to that in Fig. 6.29.

This

Both maps have the majority

of their tumor associated points near the chest wall.

The consistency

in location of map points is encouraging.
Patient C2.

This is a 31 year old patient with a large benign

lesion in the right breast.

It is shown in the mammogram in Fig. 6.33.

This image was processed yielding the significance probabi1ity map in
Fig. 6.3A.

Few map points are present over the tumor region and close

examination of these reveals that they may correspond to fat.

Assuming

a pessimistic attitude and regarding the points as indicative of a
malignant tumor, a higtogram was formed and is shown in Fig. 6.35.
This histogram was compared to that derived from the malignant case of
patient B2 as follows.

All data points below a cumulative probability

of 0.9 were treated as one interval and points above this value were
considered a second interval.
run with one degree of freedom.
was greater than 41.

A chi square goodness of fit test was
The value obtained for chi square

A chi square table shows that a chi square
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Fig. 6.30. Mammogram of the Right Breast of Patient B2--View 2.
The malignant tumor is inscribed.
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Fig. 6 . 3 1 .

Significance Probability Map for View 2 of Patient B 2 .
The malignant tumor is inscribed.
Upper Image - digitized mammogram
Lower Image - significance probabi1ity.map.
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Fig. 6.32.

Histogram of Map Points from View 2
of the Right Breast of Patient B2.
Points corresponding to possible
fat artifacts have been excluded.
Number of points in histogram: 2 k
Number of points evaluated: 368.

0.
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Fig. 6 . 3 3 .

Mammograms of the Right and Left Breasts of Patient
C2.
The benign lesion is inscribed.

Fig. 6.3^.

Significance Probability Map for Patient C2.
The large benign lesion in the right breast
is inscribed.
Upper Image - digitized mammograms
Lower Image - significance probability map.
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Fig. 6.35.

Histogram of Map Points over the Benign
Lesion of Patient C2.
Points corresponding to possible fat artifacts
have been excluded.
Number of points in histogram: 11
Number of points evaluated: 750.

1
value of 7.88 is significant with an alpha of 0.005.

The value of 41

is far greater than this and indicates that the null hypothesis of no
significant difference can be rejected with an alpha far less than
0.005.
The borders of the tumor also show a number of points along the
edge but in the surrounding fatty tissue.
tions made in other cases of benign tissue.

This is similar to observa
This persistent behavior

merits further investigation where histologic sections can be taken
and analyzed.

A Demonstration of Program BARTLET's Sensitivity
to Noise and Fat
The left breast is shown in Fig. 6.33 and the accompanying sig
nificance probability map in Fig. 6.3^.

This mapping demonstrates the

sensitivity of the algorithm to fat as well as uncorrelated video noise
in the digitizing system.

The fat in the breast results in large

areas of the corresponding mammogram where the primary texture is the
result of quantum mottle.

Also, the left breast as seen in Fig. 6.3^

is considerably darker than the right.

Typically, the gray values of

the digitized image of the left breast were in the range of 5 to 6 bits
It appears that noise was a substantial portion of the 5 to 6 bit gray
value.

Part of the noise was due to stray light during digitizing.

Also, a noisy preamplifier was detected and replaced in the video
digitizer after this study was completed.

Even under this relatively

high noise situation, the video digitizer appears to have a better
signal-to-noise ratio than the PDS-200 thereby permitting the reduc
tion of the sample size of the image subregions by a factor of about 3.
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The results of processing the above image and others with a similar
range of gray values indicate the importance of a clean signal in the
digitizing step.

Noise resulted in numerous artifacts and inconclusive

results in a number of cases where the mammograms were of high optical
density. "This precluded a series of films and maps from inclusion in
this study.
Patient D2.
in the right breast.
6.36.

This patient is 53 years old with a small tumor
The corresponding mammogram is shown in Fig.

The processed image, shown in Fig. 6.37, displays a number of

artifacts over the entire breast but no map points over the tumorous
region.

The artifacts are due to large amounts of fatty breast tissue.

The histogram of map points over the tumor region has no points in the
interval from 0.0 to 0.9*

As in other cases of benign tumors, a flat

or approximately flat histogram with few data points is characteristic
of a benign lesion.
on this basis.

This tumor would be assigned to the benign class

Direct statistical comparison of this case with the

malignancy of patient B2 is not valid due to the lack of points in the
histogram of the current patient.

The class assignment is based on

visual inspection.
Patient E2.

This patient is kS years old presenting a positive

thermogram on the left side.
Fig. 6.38.

Benign disease is present bilaterally and the affected

areas are inscribed.
breast.

Mammograms were taken and are shown in

No evidence of malignancy is evident in either

The mammograms were processed using BARTLET yielding the sig

nificance probability map in Fig. 6.39.

The left breast has few map

. 6.36.

Mammogram of the Right Breast of Patient D2
Lateral View.
The benign tumor is inscribed.
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Fig. 6.37-

Significance Probability Map for the Lateral View
of Patient D2.
The benign tumor is inscribed.
Upper Image - digitized mammogram
Lower Image - significance probability map.

Fig. 6 . 3 8 .

Mammograms of the Right and Left Breasts of
Patient E2—Lateral View.
Areas of benign disease are inscribed.
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Fig. 6.39.

Significance Probability Map of the Right and Left
Breasts of Patient E2—Lateral View.
Upper Image - digitized mammograms
Lower Image - significance probability map.
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points associated with the benign lesions and the*accompanying histo
gram shown in Fig. 6.AO has only one map point with a cumulative prob
ability less than 0.9.

In the right breast some map points are visible

over the diseased region.

Some of these points may be due to fat but

in keeping with conservative interpretation, all these points will be
considered as arising from the disease process.
histogram is shown in Fig. 6.A1.
intervals is noted.

The accompanying

Increased occupancy of the lower

Where the left breast could be assigned to the

benign class by visual inspection, the right breast mapping has some
characteristics of a malignancy.

This case does indicate some poten

tial problems in interpretation and assignment of a tumor based upon
the histogram.

Analysis of Variance—Second Mammogram Study
The results of the second study are analyzed and interpreted.
The feature chosen for analysis is the proportion of map points with
cumulative probabilities in the range of 0.0 to 0.9 relative to the
total number of points over the entire range of probabilities (0.0 1.0).

Analysis of variance cannot be performed upon the proportions

themselves as they are not normally distributed.
transform the data.

It is necessary to

Converting proportions to normally distributed

data is done using the following formula,

0

s»

arcsin /p

,

(6.1)

m

50

T

ko--

30-Number of
Poi nts
Per Interval
20"

10--

0

0.1

0.2

0.3 0.4

0.5

0.6

0.7 0.8

0.9

Cumulative Probability

Fig. 6.40.

Histogram of Map Points over the Benign
Lesion of the Left Breast of Patient E2.
Points corresponding to possible fat
artifacts have been excluded.
Number of points in histogram: 1
Number of points evaluated: 366
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Fig. 6.41.

Histogram of Map Points over the Benign
Lesion of the Right Breast of Patient E2.
Points corresponding to possible fat
artifacts have been excluded.
Number of points in histogram: 27
Number of points evaluated: 703.

where p is the proportion and 9 is the angle in degrees.
given in Table 6.1 by case with the transformed value.

The data is

The statistical

analysis employed a completely randomized design.
Table 6.2 summarizes the results of the analysis of variance
for the study conducted using the digitizing system provided by the
Department of Radiology, Arizona Health Sciences Center.

A significant

difference (alpha less than 0.025) is present indicating a difference
between benign and malignant cases analyzed even with the low numbers
of degrees of freedom.
in Fig. 6.42.

A graph of the transformed proportions is shown

The data for benign cases are indicated by circles while

the malignant cases are indicated by triangles.

The mean values of the

transformed variables for benign and malignant classes are indicated.
Also the upper bound of the 95% tolerance region for the benign class
and the lower bound for the 95% tolerance region for the malignant class
are indicated.

Note that there is no overlap of these intervals.

Caution should be exercised with this result as the two films analyzed
which had malignant disease present were derived from the same patient.
However, when the results of the study with the PDS-200 system are
compared to the later study, there is good qualitative agreement in both
magnitude and direction of the processing results.

The sample size is

insufficient for a conclusive statistical assessment.

Extensive

experimental work over a broad range of normal and abnormal conditions
is necessary.
The results of processing using the PDS-200 system and the video
digitizer were compared.

The benign and malignant cases processed with
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Table 6.1.

Data for Analysis of Variance of Second
Mammographic Study.

Disease:

Ben ign
Patient
A2

View
Right
Lateral

Maiignant
p

8

0.

0.

Patient
B2

Right
Caudal

.011

6.051

C2

Right
Caudal

.015

6.956

D2

Right
Lateral

0.

E2

Left
Lateral

.003

Right
Lateral

.033 11.302

View

p

8

1

.068

15.136

2

.076

16.012

0.

2.996

See text for data.
Table 6.2.

Analysis of Variance of Data in Table 6.1.

Source of Variation

Degrees of
Freedom

Sum of
Squares

Mean Square

F
1

Among columns

1

182.265

182.265

Within columns

6

97-835

16.306

7

280.100

11.176

6

Total

The value for F of 11.176 with 1 and 6 degrees of freedom
respectively is significant with alpha less than 0.025.
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Graph of Transformed Variables from
the Second Mammographic Study.
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the PDS-200 system were compared to a typical benign case processed
using the video digitizer and the malignant case processed by this
system.

The data is shown in Table 6.3.

two-way anova with randomized blocks.
in Table S.k.
data.

The statistical design was

Results of the analysis are given

There are no significant differences among subgroups of

When the data is treated as two columns the resulting F ratio of

35-67^ with 1 and 3 degrees of freedom is significant at the 0.01 level.
This indicates that the processing produces different results on benign
and malignant cases.

There is no significant difference between the

results of the processing using the two digitizing systems.

With the

low numbers of degrees of freedom, this result is not surprising but it
is consistent with the expected results of the processing using
differing systems.

It is reasonable to expect that the results from

processing using a fifth order matrix as with the PDS-200 system and a
third order matrix as with the video digitizer should be comparable
until tumor size goes below some limit.

Conclusions from the Mammogram Study
The processing method shows promise for identifying and
differentiating between benign and malignant tumors.

The study suggests

that tumors of modest to large size may be assigned to the proper class
with reasonable accuracy.

Moveover, the method has worked successfully

on patients under 45 years of age which is a group presenting diagnostic
difficulties due to a large amount of glandular tissue in the breast
which is usually absent in older women.

This tissue obscures significant

Table. 6.3-

Data for Two-way Analysis of Variance, Randomized Block Design.

Disease:
System

Patient

PDS-200

A

Video
Dig i ti zer

A2

View

£

0

Patient

Left
Lateral

.0166

7.181

B

Right
.Lateral

0

0

Right
Caudal

Table i>.4.

.011

View
Right
Caudal

B2

6.051

q_

£
.104

18.852

1

.068

15.136

2

.076

16 012

Two-way Analysis of Variance of the Data in Table 6.3-

Source of Variation

Degrees of Freedom

Sum of Squares

Mean Square

F
1

Among columns

1

225.314

225.314

35.674
3
1

Among rows

1

18.419

18.419

2.916
3

Error

3

18.948

6.316

Total

5

262.681

52.562

ns
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details on the mammograms making diagnosis difficult.

It is in this

younger age group that the method would be expected to prove most useful.
Also, younger women have less fat in their breasts meaning that the
method will produce fewer artifacts.
There are still some significant problems to be overcome.
Small malignant lesions pose some problems in assignment to the proper
category.

This problem may be overcome by a different method of com

puting the correlation matrix and making use of the circular form that
most small tumors present.

Data may be sampled using a circular

format instead of the square form used by BARTLET.

The response of

the algorithm to other diseases requires evaluation.
artifacts due to fat needs to be overcome.

The problem of

This may be accomplished

by using the fact that fatty tissue is generally more radiolucent than
accompanying tissue, meaning that it transmits radiation more easily
than other tissues.

The first order property may be evaluated by suit

able methods and result in a machine technique to remove fat artifacts.
Another result of this study is the indication that textures,
detectable by multivariate hypothesis testing, do exist, particularly
in benign tumors.

Further, these textures appear visually indistinguish

able from those of malignancies in two of the cases considered.
Assessing these textures will require a different search method to use
the information present in a more complete fashion.

Further evaluation

and testing is indicated by the slight response of the algorithm to a
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small malignant lesion.

A larger data base is also a requirement to

provide an adequate sample size.

Investigations of other disease states

is also needed to properly structure the method for a general level of
appli cation.

Conclusions from This Chapter
The feasibility study presented in this chapter has shown that
textural assessment of medical imagery produces results which are
consistent with other clinical findings derived from differing pro
cedures including visual

inspection.

promise for application in this area.

Results from the bone study show
The results from the mammogram

study, though requiring further investigation, indicate that a similar
application of the method in this area might prove useful.

The

mammogram study also points out that the scanning pattern used in BARTLET
requires modification for use in mammography and an accompanying
diagnostic modality, Xerography.

Consideration of tumor shape for small

lesions and a circular or ellipsoidal search pattern may prove useful.
Also, examination of the structure of the peripheral tumor regions may
prove useful as these areas may show different patterns between benign
and malignant lesions due to the invasive nature of malignancies.
Initially, one drawback of the method was the processing time
of approximately 15 minutes required per image.

This precluded this

method from mass screening use and restricted it to application in special
cases.

The addition of floating point hardware to the computer system

reduced the processing time to 8 minutes per image.
clinically acceptable values.

This time approaches

Further, the technique may find more
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general application as array processors become increasingly more
available.

Substantial improvements in computational speed of several

orders of magnitude are possible with such devices.

This would

make the method practical for mass screening once the proper assessment
modalities have been determined.
In summary, the method shows promise in diagnostic radiology
in permitting a quantitative decision to be made.
been possible in this diagnostic specialty.

This has seldom

CHAPTER 7

SUMMARY, CONCLUSIONS, AND SUGGESTIONS

This dissertation has shown the development and application of
statistical assessment metholodies to problems in image manipulation
and evaluation.

Abroad range of problems has been addressed.

The

results of the processing show the techniques to have sensitivity and
wide application.
1.

Student's t test and the variance ratio test were applied to

simulated data.

repre

The following areas were addressed.

T h e r e s u l t s , o f w h i c h t h e f i g u r e s in C h a p t e r 4

are

sentative, show these methods are capable of operating down to a

signal to noise ratio of 0.5 with sample sizes of 252.

Student's t test and the equiprobable variance banding method

were applied to real world imagery.

Further work with these methods is

indicated.
3.
generated.

Textures described by multivariate distributions were
Discrimination between textures of this type appears to be

a difficult task for human observers.

Computer discrimination between

these textures was performed with high confidence.
k.

A specific hypothesis test was applied to the problem of

detecting malignant disease from radiographic imagery.
encouraging but further work is indicated.
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The results were

185 .
Multivariate techniques were applied in a feasibility study
to demonstrate the use of the methods in diagnostic radiology.

A

specific hypothesis test, Bartlett's sphericity test, was used in this
study.

When compared to other tests, and in the absence of information

on subvisual textures, this test was used as it appears to possess the
needed attributes for the assessment of malignant disease.

The results

of the study on bone indicate that the methods provide results which
are consistent with clinical findings.

Also, quantitative assessment

of the significance probability maps was demonstrated as a useful
adjunct to the multivariate hypothesis testing and mapping methodology.
The results of the mammogram study have indications similar
to those of the bone assessment, and, as in the bone study, indicate a
need for further research and evaluation.

The processing technique

shows promise for use on mammograms from women in the 35 to
age group.

This group

kS

year old

presents substantial clinical difficulties due to

the presence of considerable glandular tissue not contained in breasts
of older women.
As mentioned in Chapter 6, the method has low sensitivity
for analyzing small malignant tumors.
presence of overlaying

or

The problem may be due to the

underlying normal structures.

These factors

may limit the use of these techniques in transmission radiography to
the analysis of large tumors.

Other diagnostic techniques permit imaging

of tumor masses where the data is affected minimally by the presence of
surrounding tissues.

Imagery derived from ultrasound equipment,
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particularly those systems employing focused transducer arrays, may
be more amenable to analysis.
In both the bone and breast studies, there is a need for evalua
tion of other pathologies not heretofore examined.

Baselines for normal

are needed, and these baselines should reflect patient age as was dis
cussed in the bone evaluation of the child.
Many variables need examination.

In clinical radiography, two

systems are involved, the imaging system and the biological system.
The variables involved in the imaging system are more amenable to
objective measurement and control then the biological variables.

In

imaging systems, variables arise from the X-ray tube and generator,
screen-film combinations, processing chemistry, and tube-object-film
distances.

In biological systems, tissue type, adjacent structures,

lesion site, and foreign materials must be considered.

Highly accurate

histopathological reports will be needed.
In summary, objective assessment of the resulting maps is
possible and yields significant results.

Further evaluation is needed

in real world surroundings to evaluate the method for a wide class of
problems.

Suggestions for Future Research
In the case of malignant breast tumors, the margins of the tumors
would be expected to behave differently from those of benign leisons.
This should be investigated as a way of detecting small malignancies.
Other diseases of bone should be examined, particularly osteomyelitis
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which can be difficult to diagnose.

In other areas of radiology,

examination of pulmonary nodules in lungs is a current clinical problem.
Lung radiographs present an extremely complex scene and a high error
rate is associated with diagnosis from reading chest films.

Statistical

techniques to determine the best order of correlation matrix used to
describe a texture should be employed as the order of a process may
be quite important in real world image analysis.

Also, examination

of the eigenvector structure of a matrix may reveal further clues
to textural components containing significant information.
Application of these techniques to problems in other diagnostic
modalities should prove fruitful.

An area which merits extensive

investigation is diagnostic ultrasound.

This modality is particularly

useful in that it is a totally noninvasive procedure and has no apparent
risk to the patient.

Ultrasound is preferable to radiology, when

appropriate, because no ionizing radiation is employed.

Quantitative

assessment of ultrasound imagery may provide additional information not
currently available to a human observer.
Other areas of diagnostic medicine, such as histology and
cytopathology, should be investigated.

Histology, in particular, has

not been amenable to conventional image assessment modalities and
hypothesis testing may overcome some of the problems in this area.
Automated cystopathology is already well advanced and nonvisual informa
tion has been obtained and used for discrimination.
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Other areas such as aerial reconnaissance, e l e c t r o n microscopy,
and astronomy should be i n v e s t i g a t e d .

Geological and a g r i c u l t u r a l scenes

may be examined and p r o v i d e i n f o r m a t i o n on o r e reserves and c r o p
futures.

The very h i g h m a g n i f i c a t i o n s a v a i l a b l e w i t h e l e c t r o n m i c r o 

scopy enable small d e t a i l s t o be examined.

F u r t h e r , t h e Scanning E l e c - •

t r o n Microscope (SEM) examines s u r f a c e d e t a i l , u n l i k e t r a n s m i s s i o n
radiography and t r a n s m i s s i o n e l e c t r o n microscopy.

With SEM imagery,

u n d e r l y i n g s t r u c t u r e s w i l l n o t confound image a n a l y s i s .

With the time

and e f f o r t needed t o produce a s i n g l e e l e c t r o n m i c r o g r a p h , techniques
a r e needed which p r o v i d e as much i n f o r m a t i o n as p o s s i b l e from a s i n g l e
plate.

Astronomical imagery i s s i m i l a r t o e l e c t r o n micrographs i n

t h a t s u b s t a n t i a l t i m e can be devoted t o producing a s i n g l e p l a t e .
Examination o f o b j e c t s t r u c t u r e may p r o v i d e a d d i t i o n a l i n s i g h t s i n t o
t h e o r g a n i z a t i o n o f g a l a c t i c and e x t r a g l a c t i c o b j e c t s .
I n image p r o c e s s i n g as used t o d a y , h y p o t h e s i s t e s t i n g may p r o v i d e
some a d d i t i o n a l q u a n t i t a t i v e i n f o r m a t i o n from o r about t h e processed
image.

Q u a n t i t a t i v e r e s u l t s o f t h e e f f e c t s o f processing c o u l d be

obtained.

F o r m u l a t i o n o f a p p r o p r i a t e hypotheses c o u l d p r o v i d e a c o n 

s i s t e n c y check f o r t h e processed image r e l a t i v e t o t h e raw d a t a .
More

general i n v e s t i g a t i o n s i n t o t h e numerous s t a t i s t i c a l

techniques i s a l s o w a r r a n t e d .

Image p r o c e s s i n g methodologies have

l e f t t h i s w e a l t h o f techniques almost untapped f o r over f o r t y y e a r s .
t r u t h , t h e use o f many o f t h e s t a t i s t i c a l technqiues were i m p r a c t i c a l
u n t i l t h e advent o f modern high-speed computers.

However, t h e

In

189
s o p h i s t i c a t e d hardware a v a i l a b l e today p e r m i t s many o f these techniques
t o be implemented and used e f f i c i e n t l y .

The expected improvements i n

computer hardware, p a r t i c u l a r l y i n t h e area o f hardware a r r a y p r o c e s 
s o r s , w i l l p e r m i t many o f t h e m u l t i v a r i a t e procedures t o be implemented
and run i n r e a l t i m e c o n d i t i o n s .
I n c o n c l u s i o n , t h i s study has o n l y begun t o e x p l o r e t h e many
techniques p o s s i b l e f o r o b j e c t i v e i n f o r m a t i o n assessment from complex
scenes.

S u b s t a n t i a l research employing t h e numerous p o s s i b l e metho-

o l o g i e s a v a i l a b l e i s p o s s i b l e and should be c o n t i n u e d .

Special a t t e n t i o n

should be g i v e n t o t h e problem o f assessing s u b v i s u a l t e x t u r e s as these
may p r o v i d e s i g n i f i c a n t i n f o r m a t i o n about a wide c l a s s o f o b j e c t s .

It

i s hoped t h a t t h e techniques d e s c r i b e d i n t h i s s t u d y may a i d i n assessing
and u s i n g recorded image f o r m a t i o n .
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