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ABSTRACT

Reachability conditions for a system of ordinary differential
equations subject to constant control from a target set are examined.
Methods used to develop the reachability conditions are based on the
concepts of gradient, polar, and dual cones to the target set. In order
to facilitate the discussion, the boundary of the target set is divided
into three zones: black, grey, and white. The definitions of these
zones are reiated to the ability of the system to enter or leave the
target.

A scalar Hamiltonian function H is defined in terms of the dot
product between the gradient vector to the target set and the system
velocity vector. Necessary conditions are derived in terms of the H
function which are satisfied on the boundary of the reachable set. An
adjoint system is not required since the constant control is determined
on the target set for all time.

An example problem of steering a ship from an island in water
whose velocity varies with distance from the island is presented in
order to compare the difference between constant and time-varying
reachable sets. Subsequently, constant control reachability is applied
to two ship collision avoidance problems. Areas of danger from which
the target ship can cause collision, a barrier about own ship, are
obtained as a function of the target ship's heading for both ship

collision avoidance problems. An interactive graphic simulation of a

ix



ship's radar which demonstrates the usefulness of the collision

avoidance barriers is described.



CHAPTER 1

INTRODUCTION

Ship collision avoidance maneuvers in the open sea are legally
governed by the Rules of the Road. These rules originated as statutes
in Great Britain in 1846 and were adopted by the major maritime powers
in 1864. There are five major categories of the rules: Lights and
Shapes, Conduct and Sound Signals in Restricted Visibility, Steering and
Sailing Rules, Miscellaneous Rules, and Recommendations Concerning
Radar. Only one of these categories, Steering and Sailing Rules, deals
with procedures for collision avoidance. The collision avoidance proce-
dures have been outlined in a flow diagram by Luse (1972, p. 82) as
shown in Appendix A and categorize the possible two ship encounters into
meeting, crossing, or overtaking situations. The emphasis in the rules
is on the relative position of the two ships. For convenience of dis-
cussion, the Rules of the Road will be discussed in terms of your own
ship, or simply own ship, and a target ship which may pose a threat of
collision to own ship. In a meeting situation, own ship is constrained
to maneuver to the right by the Rules of the Road only if it is the
burdened ship. The burdened ship is the ship obligated by the Rules of
the Road to maneuver to keep clear of the other or target ship. A
privileged ship is obligated by the Rules of the Road to hold course and

speed until risk of collision is passed or an In Extremis condition



2
develops. When two ships are so close that action by the burdened ship
alone cannot avoid collision, the situation is termed In Extremis (Luse,
1972, p. 81,3). If own ship is the privileged ship, then course and
speed are held unless a condition of In Extremis (collision is imminent)
occurs. Under the In Extremis condition, both ships are allowed to
maneuver only to the right to avoid a collision.

Ships are usually not in radio contact with each other so that
each ship must decide whether it is the burdened ship or not in a two
ship encounter. Also, each ship must decide whether the two ship
encounter is a meeting, crossing, or overtaking situation. The most
crucial decision of all, whether the In Extremis condition exists, is
alsq left to the individual ship. The qualitative definition of all
these terms as given above can leave the mariner undecided as to the
correct maneuver to be made.

Since their inception in 1864, these rules have been altered
from their original form by international conferences concerned with
safety at sea and by court interpretation. The Rules of the Road remain
qualitative in nature. Traditionally, only turns to the right (star-
board) have been allowed. This convention has evolved with the Rules of
the Road which are primarily based on marine experience. Proposals
being considered by conferences now are to allow both right (starboard)
and left (port) turns in collision avoidance maneuvers, Attention is
being turned to the importance of relative motion in the statement of
the rules. It is also proposed that the privileged vessel be allowed to

maneuver before an In Extremis condition occurs. An interpretation of



the rules in terms of radar information along with diagrams explaining
the effect of maneuvers has been studied (Anon., 1970; p. 452).

Although changes are made deliberately and the steering rules still need
improvement (Quilter, 1978, p. 57), the effect of radar is slowly
changing the character of the Rules of the Road.

Fifteen years ago, there was some question of the value of radar
and collision avoidance devices (Riggs, 1965, p. 206). The presence of
sophisticated navigation aids is now accepted and considered a necessity
in today's high density ship traffic (Carr, 1976, p. 45). Several
approaches to the two ship encounter collision avoidance problem using
radar as a navigational aid have been investigated. A set of rules has
been derived in terms of the heading vector for own ship and the heading
vector of the target ship (Carpenter and Waldo, 1974). These rules were
derived by trial and error using a radar simulator to examine collision
avoidance situations and apply to the situation in which only own ship
maneuvers. These rules have also been analyzed amalytically and can be
violated under certain conditions (Vincent, 1977, p. 207).

Others have used simulation techniques also. Kenan (1972) and
Webster (1974, p. 277) have used nonlinear hydrodynamic equations and a
ship shape of a flat oval with a semicircular closure bow and stern.

For initial headings and speeds of each ship, a collision course was
determined by integrating the equations from initial positions. A
search procedure was used to find the initial positions which resulted
in the two ships just touching and which were then used to determine a

critical range for the heading, speed, and maneuver conditions.



Non-cooperative (own ship maneuvers only) and cooperative (both ships
maneuver) maneuvers with changes in both speed and rudder angle allowed
were considered. A set of contours about own ship, which are indepen-
dent of heading and dependent on the Mariner cléss ship parameters
assumed, were developed. Although the contours do indicate danger to
own ship if the target ship enters the contour, they do not specify the
maneuver to be employed to avoid collision.

In addition to simulation, the mathematical technique of game
theory has been used to analyze the ship collision avoidance problem.
Results from the game of two cars have been presented by Merz (1973,

p. l44), Ciletti and Merz (1976, p. 128), Miloh (1975), and Vincent
(1977, p. 205). Merz (1973) employed relative kinematical equations and
maximized the miss-distance in his game. Game barriers for ships with
the same capability were obtained when only one ship maneuvers (non-
cooperation) and when both ships maneuver (cooperation) in order to
avoid a collision. Ciletti and Merz (1976) have suggested these results
be used to augment the radar information on board ship. Miloh (1975)
used "line of sight" coordinates in a game with a payoff associated with
collision (a quantitative game). Three versions of the quantitative
game were analyzed: cooperation, non-cooperation, and conflict.
Cooperation and non-cooperation are maneuvers in the same sense as
described above. In conflict, own ship makes the best maneuver to avoid
a collision while the target ship makes the best maneuver to cause a
collision. Game barriers are presented for the two cases: own ship

faster and own ship slower than the target ship, Vincent (1977)
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incorporated results from Miloh (1975) in which only own ship maneuvers
and previous results from the game of two cars applied to airplames in
which both airplanes are allowed to maneuver (Vincent et al., 1972) to
develop a macre and micro collision avoidance scheme. In the macro.
situation, only own ship would maneuver to avoid a collision. In the
micro situation, both ships would maneuver to avoid a cgllision. The
micro situation is amalogous to the In Extremis condition.

In the game theory approach, a time-varying turnrate (the con-
trol variable) is assumed for both ships. The analysis usually specifies
a hard right, hard left, or null turnrate and can change from one turn-
rate to another along each trajectory. A field of trajectories is
generated for all initial headings. Since the problems are character-
istically three-dimensional, the game barriers are obtained by taking
cross—sections in the field of trajectories for a particular heading
angle. The resulting game barrier may specify a time-varying turnrate
to avoid collision.

In navigation practice, a constant turnrate is always employed
to perform a particular maneuver (Webster, 1974, p. 280). Since the
large momentum of ships does not allow for a time-varying turnrate, a
maneuver is conventionally executed by moving the rudder at a maximum
rate to a new setting (Miloh, 1975, p. 17). Thus, it is doubtful that
the results of the game of two cars would be used in a two ship
encounter.

The approach that is developed here requires a constant turnrate

for own ship. It could be extended to require a constant turnrate for



the target ship also. A model of the two ship encounter in which own
ship is centered at an origin is used. This is the situation which is
depicted on own ship's radar. The motion of a target ship relative to
own ship is described by kinematical equations. Although equations
describing the motion of the ships in more detail are available, it has
been shown that the relative kinematical equations are a good approxima-
tion to the actual motion of a ship (Miloh, 1975, p. 62). The kine-
matical equations use point masses for the ships., To make the model
more realistic, a circle is placed at the origin to represent own ship's
geometric shape. The circle can be enlarged to account for the size of
the other ship.

The concept of reachability is employed with the system model.
The set of points about own ship from which the target ship can cause a
collision in spite of own ship's constant turnrate maneuvers is found by
integrating the kinematical equations backwards in time from a point on
the circle representing own ship, This set of points is called a
reachable set for the retro system. The retro system is formed by
reversing the sign on the dynamical equations and using the target set
as initial conditions. Since the retro system formulation has initial
conditions it is convenient to use. A retro trajectory is obtained by
starting on the target set and integrating the retro system of equa-
tions. The set of all possible retro trajectories is termed the
reachable set from the target set and will yield the same set of points
as the controllable set to the target (Snow, 1967, p. 137). The trajec-

tories leave the circle in a tangential manner which indicates a
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"side-swipe" collision. Own ship's turnrate is determined by means of a
criterion developed in Chapter 2 at the start of the trajectory on the
circle. A field of trajectories can be generated for all initial rela-
tive headings. The envelope of all such trajectories constitutes the
boundary of the reachable set. The envelope defines all points from
which the target ship can cause a collision despite own ship's constant
turnrate maneuvers.

To facilitate the discussion of trajectories starting on the
target set (own ship), three zones are defined on the boundary of the
target set (own ship). These zones are called the black zone, the grey
zone, and the white zone. Conceptually, the zones are defined according
to whether a trajectory obtained by integrating the kinematic equations
backward in time can leave the target set from that zone. In the black
zone, the relationship between the target set and all possible velocities
is such that all possible trajectories will enter the target set. For
the white zone, the relationship between the target set and all possible
velocities is such that the trajectories will always leave the target
set. Trajectories starting from the white zone will pass through points
in the reachable set. Trajectories may leave or enter the target set
from points in the grey zone., Thus, the grey zone is a boundary between
the white and black zones. The boundary of the reachable set is found
from all trajectories for the retro system generated or starting from
the grey zone.

Reachability conditions are examined for nonlinear systems and

smooth targets. In general, the problem of reachability is concerned



with determining the boundary of the set of points in state space to
which a given dynamical system, governed by ordinary differential equa-
tions, can be controlled from a prescribed target set, Conditions are
given in this work for which a constant control will generate trajec-
tories along the boundary of the reachable set. The conditions for con-
stant control on the boundary of the reachable set involve a scalar
function H of the state variables, the gradient vector to the target
set, and the controls. It is shown that the scalar function H must be
maximized along the boundary of the reachable set and that the retro
boundary trajectory must originate in the grey zone.

In previous work (Grantham, 1973), conditions for trajectories
with time-varying control to lie on the boundary of the controllable set
have been obtained. The basic condition derived was essentially the
abnormal case of Pontryagin's maximum principle for optimal control
problems. Necessary conditions were developed for a control function
that generates a system path lying in the boundary of the controllable
set. Additionally, conditions were developed that govern the location
of points where the boundary of the controllable set may intersect
either the target or the boundary of the state constraint set. The
techniques used to obtain the conditions examined the relationship
between trajectories and the tangent plane to the surface of the target
set in the neighborhood of the target set, Perturbation equations and
the system of equations adjoined to the state equations in the H func-
tion were used to insure that the control function generates trajec-

tories normal to the tangent plane to the boundary of the controllable
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set at all points along the boundary of the controllable set. The con-
trol function was constrained to maximize the H function along each
trajectory for all time. Thus, the control function was allowed to vary
with time.

In this work, a control is chosen so that the scalar function H
is maximized initially on the target set. It is only necessary to
examine the relationship between the gradient vector to the target set
and the state (dynamical) equations along with properties of the
boundary of the reachable set. It will be shown that there is no need
to consider conditions for maximizing the scalar function once the
trajectory leaves the target set because the control is constant. The H
function is maximized for all time once it is maximized on the target
set provided that the constant control maintains a trajectory in the
boundary of the reachable set. The techniques used to obtain this
reachability condition which maximizes the H function with respect to
the constant control involve primarily the use of gradient, dual, and
polar cones to the target set.

Leitmann (1966) considers a class of problems with parameters or
constants in addition to the state vector and the time-varying control
vector. However, these parameters augment the state vector and result
in an augmented set of adjoint variables as well. The scalar function H
is still maximized with respect to the time-varying control and the
parameters or constants do not enter into the process of maximizing the

H function as they do in this work. Essentially, the parameters play
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the role of state constraints in a similar manner to the state con-
straint analysis in Grantham's (1973) work.

The class of constant control problems is interesting for at
least two reasons. TFirst, the parameter control problem is mathemati-
cally and computationally simpler than the time~-varying control problem
since the adjoint system of equations is not needed and a solution may
be obtained more easily. Secondly, many problems require constant con-
trol because of physical or operational constraints. The ship collision
avoidance problem is a case in point. Ships have a large amount of
inertia and cannot maneuver quickly. Most ship collision avoidance
maneuvers involve a constant turnrate so the maneuver is appropriately
modeled as a constant control (turnrate) problem.

The barriers or boundaries of the reachable set for the retro
system which will be found here in connection with the ship collision
avoidance problem will use a constant turnrate that is a realistic ship
maneuver. The maneuver necessary to avoid a collision situation will be
specified by the geometry of the barrier. That is, if a target ship is
to the left of the barrier, a right turn should be made. If the target
ship is to the right of the barrier, a left turn should be made. This
result is much simpler than the results obtained from the game of two
cars and may be transferred directly into a ship collision avoidance
maneuver decision. The turnrate often varies along the barrier in the
game of two cars, so that much more interpretation is needed to transfer
the information to a ship collision avoidance maneuver decision. Addi-

tionally, if own ship maneuvers to keep the target ship out of the
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barrier, an In Extremis condition will be avoided. This is advantageous
since both ships are allowed to maneuver in an In Extremis condition and
each ship may be unable to anticipate the maneuvers of the other ship.
Further, these barriers can be used to quantitatively define the In
Extremis condition. If a target ship enters the barriers presented
here, own ship will not be able to maneuver to avoid a collision. A
definition of the In Extremis condition in terms of these barriers would
clear up the qualitative definition of In Extremis existing now, elimi-
nate the necessity of court decision to determine who was at fault in a
collision, and reduce the complexity of the collision avoidance maneuver
decision. With the anticipated changes in the Rules of the Road and the
increasing sophistication in the navigational aids on board ship, the
results here could easily be added to any of the several collision
avoidance devices now available (Anon., 1976, p. 37; Anon., 1977,

p. 115).

Chapter 2 starts with the system formulation and assumptions for
the problem of reachability for the retro system under constant control.
It is assumed that the target set is a regular set. Next, several
properties of trajectories starting from the target set are presented in
the form of lemmas. The iemﬁas result in a theorem concerning the char-
acteristics of trajectories starting from points in the grey zone of the
boundary of the target set. Next, it is assumed that the boundary of
the reachable set can be described by a scalar function. Using the comn-—
cept of cones, it is shown that the boundary of the reachable set must

intersect the target in the grey zone. Chapter 2 concludes with the
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definition of the scalar function H and a theorem in which it is stated
that if H is maximized with respect to the constant control, a trajec-
tory along the boundary of the reachable set will result provided that
the control maintains a trajectory on the boundary of the reachable set.

Chapter 3 considers an example problem under constant control.
Simple dynamics are used to describe the problem of steering a ship from
an island, the target set, with a water velocity which varies with posi-
tion from the island. A comparison is made of solutions to the problem
with constant control based on Chapter 2 and with time-varying control.

Chapter 4 is concerned with ship collision avoidance. A review
of previous work in ship collision avoidance is made. Subsequently, a
system model of a two ship encounter is introduced. In this model, own
ship is represented as a circle and the target ship ;s a point mass. It
is assumed that own ship has perfect information concerning the state of
the system at all times. The following two different situations are
considered using this model.

In this first problem, a simplified version of the model is used
to determine areas about own ship from which the target ship can cause
collision. Neither ship is allowed to change its heading so that both
turnrates are zero. A barrier that indicates areas of danger of colli-
sion for own ship is obtained for the case in which own ship is faster
but not when own ship is slower. A barrier dées not exist about own
ship when own ship is slower. The physical interpretation of this
result is that if the target ship is faster than own ship, there is

always a heading which the target ship can choose so that a collision
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occurs. Thus, the target ship can cause a collision from any point in
space about own ship. The barriers derived for the own ship faster case
will be applied to both circular and elliptical representations for own
ship.

In the second problem, own ship is allowed to maneuver in order
to avoid collisions. Areas of danger or barriers about own ship are
obtained for both the own ship faster and the own ship slower cases. It
is observed that the target ship must be in front of own ship in order
to cause a collision when own ship is faster. The barriers for own ship
slower vary strongly with the heading of the target ship since own ship
is more vulnerable in this case. A comparison of results obtained using
constant control is made with previous work (Vincent et al., 1972) and
the time-varying problem.

To demonstrate the usefulness of the results obtained in
Chapter 4, an interactive graphics simulation of a ship's radar was pro-
grammed and is presented in Chapter 5. Techniques used to display the
barriers are explained. The specific capabilities of the simulation
will be described and demonstrated by means of figures showing the pro-

gram output display on a Tektronix 4012 terminal.



CHAPTER 2

REACHABILITY UNDER CONSTANT CONTROL

This chapter presents a reachability principle for a system of
dynamical equations subject to constant control. It is assumed that
there exists a value of constant control which will drive the system of

dynamical equations along the boundary of the reachable set.

2.1 System Formulation and Assumptions

Consider a dynamical system whose state is determined by
x = £(x,u) (2.1

where x is the state vector, an element of a subset of an n-dimensional
Euclidean space (xeX < En); u is the constant control vector, an element
of a subset of an m-dimensional Euclidean space (uel E;Em);‘and f is a
non-zero velocity vector and is a C1 function defined on X x U. Since F
is Cl on X x U, given the constant uglU, there is a solution to (2.1)
over some positive time interval for all .initial conditions in X
(Brogan, 1974, p. 171).

In this work, the usual geometric notations will be followed.

If B is a subset of X, then:

td
]

interior of B

(o]
]

closure of B

14
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comp B 8 X-3B
A A= —
9B = boundary of B = B [l comp B

where X - B is the set of points in X but not in B and where B {] comp B
denotes the intersection of B and EEEE_E. The union of two sets A and B
is indicated by AUB and the empty set is denoted by @.

In this chapter, the objective is to find the reachable set from
a specified target set under the system dynamics given above, that is,
given all possible constant control vectors, to find what is the largest
set of points reachable from the target in an arbitrarily large time
interval. A converse problem is the determination of the controllable
set to the target set, that is, given all possible constant control
vectors and initial state space values, what is the largest set of
points from which the dynamical system can be driven to the target set
in an arbitrarily large time interval? The controllable set may be
obtained by reversing the sign on the dynamical equations (retro system),
employing the target set as initial conditions, and determining the
reachable set for the retro system. In other words, the reachable set
from the target is the same as the controllable set to the target for
the retro system (Snow, 1967, p. 137). Both the controllability and
reachability points of view are of interest, and the two concepts may be
used interchangeably. However, only the reachability viewpoint will be
used here. Thus, conditions on the target set are initial or starting

conditions. The following assumption is made regarding the target set.
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Assumption 2.1 -—- The target set is the closure of an open set

with a smooth n~1 dimensional manifold as its boundary and is defined by

a scalar function as

8 = {x:0(x) < 0 for all xeX} . (2.2)

The gradient of 8(x), denoted as V8(x), is assumed defined and differ-
ent from zero for all xed8. The boundary of the target set, 36(x), is
defined by 886 = {x:6(x) = 0}. Thus, 6 is assumed to be a regular set.

2.2 Properties of Trajectories Starting
from the Target Set, 6(x)

A series of lemmas concerning trajectories starting from 36 will
.be stated and proven. The evolution of the state x(e):t - x over some
time interval as obtained from (2.1) is designated ¢[x(0),t] where
x(0)ed6.

A basic concept used in this section is that of a tangent
vector. A non-zero vector eecE" is tangent to 6 at xP if and only if
there exists a positive number y and a continuous function

§x(-):(0,y) » E" such that

(1) %P + adx(o)ed for all ac(0,v)
(2.3)

(ii) 6x(a) + e as o+ 0 .

It is first shown that a velocity vector associated with a
particular trajectory at a point on the target set 6 is a tangent vector
to the target set, if the solution to the equations (2.1l) is contained

in 0 for a finite time.
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Lemma 2.1 —- Let uPeU be given and ¢[x(0),t] be the trajectory
generated by the dynamical equations (2.1) with the boundary condition
x(0) = «P. 1f 3[x(0),t]e6 for a finite time te[0,6), then the velocity
P

vector f(xp,up) is a tangent vector to 6 at x°,

Proof -- From the first-order approximation theorem:

o[x(0),t] = o[x(0),0] + 32| ¢ + R(t) (2.4)
xp=x(0)
o[x(0),t] - #[x(0),0] _ d¢ R(t)
T =t + . . (2.5)
xp=x(0)
Define the function
6¢[X(0),t] = <I)[X(O) ’t] ; @[X(O),O] .
Then since
o[x(0),t] = ¢[x(0),0] + t8¢[x(0),t] (2.6)

is an element of 6 for all te[0,8] and since from (2.5)

§0[x(0),t] +% = £(xP,uP) (2.7)

x=x(0)=xp

as t + 0, it follows that f satisfies the definition of a tangent

vector, and the lemma is established.

P p

Lemma 2.2 ~- If there exists u*eU such that at a point x" €936,

p

f(xp,up) is not a tangent vector to & at x°, then the trajectory
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generated by % = f(xp,up) enters the region comp 6. That is, there
exists a § such that ¢[x(0),t]lecomp 6 for all te(0,6).

Pee can either remain in 8

Proof —— A trajectory starting from x
for some time interval or enter comp 6 for the same time interval.
Consider f(xp,up) which is not a tangent vector to 6 at xP. Assume
there exists § such that ¢[x(0),t]e6 for all te(0,8). By Lemma 2.1,
f(xp,up) must be a tangent vector which is a contradiction. Hence there
must exist a 6 such that ¢[x(0),t]lecomp 6 for all te(0,8) and the lemma
is proven.

Some important concepts will now be presented for later refer-

p

ence. A gradient cone, C, to the set 8(x) at x" €36 is defined as

C = {8x:8x = o %% for all o > 0} . (2.8)

*
An open polar cone, C , with respect to the gradient cone, C, is defined

as shown below:

*
¢* = {6x:CT-6x > 0 for all ceC} . (2.9)

The open dual cone, CD, with respect to a cone, C, is defined

next:

c® = {6x:¢T+6x < 0 for all ceC} . (2.10)
It should be noted that the cones defined above have their

vertices at the origin. The cone concepts are more particularly suited

for non-smooth target sets. However, the concept is still useful and
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convenient here. Several of the theorems given here may be readily
extended to non-smooth targets using the cone concept. Figure 2.1 gives
an example of gradient, polar, and dual cones on 38 in E2.

Sufficient conditions for a trajectory &[x(0),t] to enter 6 or
to leave 0 for a time interval § will be established in Lemmas 2.3 and
2.4, respectively. Since the time interval, &, is not a fixed quantity,
it may be necessary to restrict it in some cases. For instance, a
trajectory which satisfies the sufficient condition to leave 6 (Lemma
2.4) may actually enter 6 at some later time, tx; so that the time
interval would be restricted to a value less than tx. In both lemmas,
all that is required is that there exists at least some $ for which the
condition is satisfied.

Lemma 2.3 -- A sufficient condition for &[x(0),t]lecomp 6 for all

P

te(0,8) for some §>0 is that there exist u“eU such that:

cT-f(xp,up) > 0 for any ceC (2.11)

where C is the gradient cone to 6 at %P,

Proof -- Since 6 is a regular surface, all vectors e, tangent to

8 at x(0), must satisfy

£l . e<0. (2.12)

By the definition of the gradient cone at that point, xp, %g-is an

element of the gradient cone C. Thus, if condition (2.11l) is satisfied,
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Figure 2.1 Examples of Gradient, Polar, and Dual Cones.
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the velocity vector cannot be a tangent vector to 6; and by Lemma 2.2,
the trajectory cannot initially enter 6.
Lemma 2.4 ~- A sufficient condition for ¢[x(0),t]eg for all
te(0,8) for some §>0 starting from x(0) = xPed6 is that there exists a

uelU such that for all ceC

cTeg(xP,u) < 0 (2.13)

where c is the gradient cone to 6 at xP

x(0)eon.

Proof ~- Since the gradient 36/3x P isin C by definition, it

x
follows from (2.13) that
—a:e— L ] p

P f(x*,u) <0 (2.14)

X

The i components of 56/3x ‘Pandf(xp,u) at a 8x = x(t + 8) distance from

X

%P are given by

[xi(G) - xi(O)]

£, (xP,u) = lim (2.15)
i 520 s
and
90 . [6(x(8)) = 6(x(0))]
- lim . (2.16)

Thus, the dot product becomes
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Lig 10G(®) - sx(on1 |, Fi(® % (0]

1lim < 0
sx>0 00 [X1(8) - %, (0)] §
(2.17)
or
lim  lim lﬁiﬁéﬁlll <0 . (2.18)
x>0 &-0

Since 6 > 0, the only way for the inequality (2.18) to hold is if
0(x(8)) < 0, which implies x(§) is in 6.

Three sets of points on the boundary of the target set 8, the
white zone, the black zone, and the grey zone, may now be defined. 1In
order to describe all points on 938, the velocity vectogram at any point

xp on 936 is defined as follows:

VU = {6x:6x = £(xP,u) for all uelU} . (2.19)

The white zone, W(6), is defined to be all points on 38 from which there
exists a control so that the system is guaranteed to leave 6 and enter
comp 8. That is, W(8) is the set of points on 36 at which there exists

uan such that

eTef(xP,uP) > 0 for all ceC (2.20)

where C is the gradient cone to 6 at xP. From (2.9), W(6) consists of
points €36 at which at least one element of the velocity vectogram is in

the open polar cone. The black zone, B(6), is defined to be the set of
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o
points on 36 from which the system is guaranteed to enter 6 for all ueU.

More precisely, B(8) is the set of points %P on 36 such that for all uel

eTef(xP,u) < 0 for all ceC (2.21)

where C is the gradient come to & at xPe36. From (2.10), B(®) consists
of points at which all elements of the velocity vectogram are in the
open dual cone. The grey zone G(0) is defined as the set of points
x*c938 that are neither in the black zone B(8) nor in the white zone
W(6). That is, G(8) consists of all points at which no element of the
velocity vectogram is in the open polar cone (VU f ¢* = @) and all
elements of the velocity vectogram are not contained in the dual cone
(VUgé CD). By definition, the union of the three sets, W(6), B(8), and
G(6), comprises 36. A property of points contained in the set G(8) is
given in the following theorem.

Theorem 2.1 -~ If xeG(6), then there exists ceC and u*ecU such

that

T =

cef(x,u*) = 0 (2.22)
and

cTef(x,u) < 0 (2.23)

for all uel.
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Proof -- Since VUgé C,» there exists at least one u'eU which

yields an element of VU which is not contained in C Thus, at each

Do

xeG(0), there exists a u'eU such that

eTef(x,u') £ 0 for all ceC (2.24)

which implies,

eTof(x,u') = 0 (2.25)

or

eTef(x,u') > 0 (2.26)

must hold for all ceC. However, (2.26) implies that f(x,u') is an
element of C* which implies xeW(8) rather than xeG(8). Thus, at any xp,
all u' which satisfy (2.24) must imply (2,.25); and all other ueU must
yield elements in CD for otherwise xeW(8), so that cT-f(x,u) < 0. Con-
ditions (2.22) and (2.23) then follow,

2.3 Necessary Conditions on the Boundary
of the Reachable Set

The reachable set under constant control from a target set 6(x)
is defined as the set of points reached in finite time under all possi-
ble constant controls ueU from all possible x(0) by starting on 8(x).
More formally, the point xPeX is said to be reachable from x(0)ef if
there exists a control ueU such that ¢[x(0),t] = %P for some t > 0. The

reachable set, R(8), is the set of all reachable points. Although all



25
xe6 are elements of the reachable set, it is sufficient to consider only
boundary points ofAe to find reachable sets for 6. A trajectory
starting at a black point, x(0)eB(6), can enter the reachable set but
must first pass through a white point, xeW(6). Therefore only points
in W(8) and G(8) will be considered as starting points for the trajec-
tories. In order to discuss properties of the reachable set, an assump-
tion is first made concerning the boundary of the reachable set.

Assumption 2.2 —=- The boundary of R(8) can be described by a

scalar function

R(8) = {r(x) < 0 for xeE"} . (2.27)

The gradient of R(6), denoted as VR(8), is assumed defined and different
from zero for all xeR(6) and the boundary of the reachable set, 3R(8),

is defined by
9R(8) = {x:r(x) = 0} . (2.28)

Two lemmas will now be presented that will lead to a reachability
necessary condition. First, it is shown that if R(8) intgrsects g it
must do so in G(8).

Lemma 2.5 -- If 3R(8) N 36(x) # @, then 3R(8) N (38(x) - B(8))
=G(8).

Proof -- Assume 3R(8) N 36(x) # # and consider the alternatives;
either there are points on 3R(®) which are elements of W(6) or the con-

dition of the lemma is met. Consider first that points on 3R(8) are
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elements of W(8). Since the gradient, 36/93x p? is in C by definition,

X
it follows from (2.20) that
88| , g PP
x £(x",u") > 0. (2.29)
X

The i components of 36/3x and f(xp,up) at a 6x = x(t + §) distance

X

from x° are given in (2.15) and (2.16). Upon substitution of (2.15) and

(2.16) into (2.29) the dot product becomes

tim 1g 100G = e , e = X% OT

5350 o+0 X1 (8) - %;(0)] §

(2.30)
Thus, at any point xpew(e), there exists ueU such that for all ceC

lim  1im L8GGD1 o (2.31)

§x»0 &0

Since 36/5x and f(xp,u) are both continuous, (2.30) and (2.31) are also
continuous. Thus, (2.31) holds for points in a neighborhood of xP which
means that xP cannot be on 3R since the equality sign must hold for 3R.
Thus, the condition of the lemma is met.

For any trajectory ¢[x(0),t] generated by using a constant con-
trol ueU and from x(0)eW(8), the trajectory cannot reach 3R(6) since,
due to continuity, this would imply that trajectorires under control u

starting from points in the neighborhood of x(0) would reach points
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outside of R(6) (Grantham, 1973, p. 32). Thus, 3R can only be reached
by a trajectory which drives the dynamical system (2.1) along 3R(8) and
which is termed a boundary trajectory. The boundary trajectory must
originate in G(6) by Lemma 2.5. Thus, if it is assumed that ¢([x(0),t],
generated by a control u*cU for te[0,8) from xeG(8), is an element of

9R(8) for all te[0,8), then along 3R(6) the state equations satisfy
vr » f£(x,u®) =0 . (2.32)

The reachable set R(9) may or may not be closed. If the above
assumption is satisfied, R(8) is clearly closed and can be described by
a boundary trajectory.

Secondly, a lemma concerning dual cones is presented. It should

be noted that a closed dual cone is used here.

Lemma 2.6 -~ If C is a cone and CDis its closed dual, then CDD

(the closed dual of CP) is identical with C.

Proof -~ Comsider xeC. For any yeCD, we have xTy = 0 by the

n
definition of the closed dual cone. Since xTy = yTx = I LI Thus,
i=1

xaCDD and, consequently, C is contained in CDD.

By Weyl's theorem (Gale, 1951, p. 291), the cone C is an inter-

section of extreme half-spaces. Suppose there exists a vector, v, in

CDD but not in C. If v is not in C, there exists an open half-space Z

such that v lies in Z, and C does not. Since v lies in Z, for any zeZ,

T T

v 'z > 0; and there exists zeZ such that x z < 0 for all xeC which implies

DD

zeCD, by definition of CD. Therefore, if veC , VTZ.E 0, a
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contradiction. It is concluded that CDD is contained in C. Since

¢ =, it follows that ¢ = cP.

Consider now the scalar function defined below:

H(c,x,u) = clef(x,u) . (2.33)

From Theorem 2.1, it follows that at every xeG(8) there exists ceC and a

u¥*elU such that

H(c,x,u*) = 0 . ' | (2.34)
Furthermore, for all uelU,

H(c,x,u) < 0 . (2.35)

The following necessary condition governing trajectories on the
boundary of the reachable set may now be stated.

Theorem 2.2 —— If x(0)eG(8) and if there exists u*eU and ceC,
which generates a trajectory along 3R(8) for te[0,8], then u* maximizes
the H function at x(0)eG(6), that is,

max H[e,x(0),u] = H[e,x(0),u*] . (2.36)
uel

Furthermore, for all te[0,8],
Hlc,x(t),u*] = 0 . (2.37)

Proof ~- Since R(8) is a regular surface, all vectors e, tangent

to 6 at x(0)eG(6), must satisfy
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— +e<0. (2.38)

It is assumed that a trajectory along 3R, $*[x(0),t], is obtained by
integrating x = f(x,u*) using the constant control u%cU starting from
x(0)eG(8). Thus, f(x,u*) is a tangent vector to 3R(6), and it follows
that

oT
ox

« f(x,u*) < 0. (2.39)

The relation (2.39) must hold for x(0)eG(®) from Lemma 2.5. From (2.39)
and the definition of the dual cone, 3r/3x is an element of the dual
cone to the dual cone at x(0)eG(6). . From Lemma 2.6, the dual to the
dual cone is the gradient cone, so that 3r/5x is contained in the
gradient cone to 36 at the point where the boundary of the reachable set
intersects 6. Thus, the vectors ceC may be substituted for 3r/ox in

equation (2.39) to yield

cTef(x,u) < 0 for all uel . (2.40)

From Theorem 2.1, there exists a u*eU such that the equality in (2,40)
holds. Substituting the definition of the scalar function H in (2.33)
into (2.40) results in (2.36) and (2.37).

Since the elements of the gradient cone C appear in the scalar
function H, it is convenient to restate the definition of the gradient
cone in a manner which will be useful in finding values for the elements

of the gradient cone on 6. That is,



cT = 0 30 for all o > O
ox

which is equivalent to a transversality condition on 6.

(2.41)
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CHAPTER 3
A REACHABILITY PROBLEM UNDER CONSTANT CONTROL

The problem of steering a ship from an island is considered as
an example of the application of reachability under constant control.
It is assumed that the water has a varying velocity, Vw’ directed in the
positive x

direction relative to the stationary x coordinate system

1 172
shown in Figure 3.1. On the shore of the island, which is represented
by a circle with a radius of 1 (one) at the origin, the water velocity

is given as

v, = lx,| + 1.5 . (3.1)
Away from the shore of the island, the water velocity is given as

v, = exp(lle? . (3.2)

If the speed of the ship relative to the water is taken as a constant,
Vs = 1, and the counterclockwise angle from the positive xl—axis to the
ship's relative velocity vector is denoted by u, then the state equa-

tions may be written as

Me
1]

V +V cosu
w s

(3.3)

e
i

V sinu.
s
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Figure 3.1 Coordinate System for the Navigation Problem.

32



33

The island or initial surface is represented by a circle given as
b=x"4+x,"=-1"=0. (3.4)

Using Theorem 2.2, the scalar function H is formed from the state

equations and the gradient vector as

A i =
H = cl[Vw + Vs cos u] + c2[Vs sin u] 0. (3.5)

The requirement, from Theorem 2.2, that u%* maximizes H to zero

yields

—= e

u le sinu+¢,V, cosu=0. (3.6)

2°2

Also, Theorem 2.2 requires the condition for an outward directed normal

on the initial set,
cT = q 28 (3.7)
which for a circular target (3.4), with o = 0.5, yields
(3.8)
Cy = Xy

Substituting (3.8) into (3.5) and (3.6) and combining the equations

results in the control law
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_VS
( _V_ . (30 9)
w

-1
u* = cos

An enlarged view of the reachable set with constant control at
the target set is shown in Figure 3.2. This figure is inclﬁded to
illustrate that the trajectories do leave tangentially from the target
set.

Figure 3.3 depicts the reachable set using parameter control u%*.
Also shown in Figure 3.3 is the reachable set with a time-varying con-
trol, u(t), which also obeys (3.9). However, u(t) changes as Vw changes.
It should be noted that the initial conditions for both boundaries are
the same since both controls maximize H to zero on the target set. The
time~varying control represents an application of the controilability
theorem derived by Grantham (1973, p. 11). The reachable set with time-
varying control is larger than the reachable set with constant control.
This is to be expected since, in the time-varying control case, the H
function is maximized with respect to u for all time. In the constant

control case, H is maximized with respect to u only at the initial time.
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1.5 4

ISLAND
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Figure 3.2 Enlarged View of the Reachable Set with Constant Control at

the Initial Set.
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Figure 3.3 Reachable Sets for the Navigation Problem with Constant
Control and Time-Varying Control. -
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CHAPTER 4

SHIP COLLISION AVOIDANCE

4.1 Introduction

In 1970, seven percent of the world's maritime fleet col1ided
with another ship (Anon., 1970, p. 448). Of the ships weighing 500
gross tons or more, one out of every fourteen was involved in a colli-
sion; and of these, four percent resulted in total loss (Lain, 1971,

P. 19). The 175th Annual Report of the Liverpool Underwriters' Associa-
tion in 1972 states that approximately 3,000 ships weighing over 500
gross tons were involved in collisions of which one in forty resulted in
total loss. This statistic includes strandings and damages caused by
contacts (Miloh, 1975, p. l). From a study by the Committee on Oceanog-
raphy of the National Academy of Sciences, it was predicted that in 1977
losses from strandings and collisions all over the world would reach
$500 million (Christopher, 1969-70, p. 419).

There has been an immense development and application of naviga-
tional aids, but collision and strandings continue to increase. Because
of cargo losses and environmental damage, ship collisions and strandings
are no longer an insurance statistic, but a topic of international con-
cern (Webster, 1974, p. 278). The "Torrey Canyon' stranding, in which
the potential loss of investment and cargo was figured at more than $25

million, was widely publicized. As a result of this and other disasters,
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government legislation was enacted to determine responsibility for
losses, and consequently, liabilities and the level of losses have
increased considerably. Also, with the increase in tanker traffic, a
higher percentage of total losses has occurred as a result of fire
hazards (Kenan, 1972, p. 1).

The cause of ship collisions has been examined by both courts
and navigational experts. In 997 of the cases, the courts have ruled
that collisions occur because of failure to obey the Rules of the Road
(Lain, 1971, p. 19). Navigational experts have found that when radar-
equipped ships have been involved in collisions, the watch officers
"failed to plot the information derived from radar, and that a major
cause of these collisions was a lack of understanding of relative motion"
(Pansmith, 1969-70, p. 333). That is, the process of digesting and
evaluating data from all available sources led to = wrong decision
because of human error. In view of the collisions resulting from a mis-
interpretation of data, the term "Radar Assisted Collision" is used.

For example, in the "Andrea Doria-Stockholm' disaster, both ships were
equipped with radar and became aware of the other ship's position 27
minutes prior to collision (Webster, 1974, p. 278). An additional
aspect of human error is that the merchant ship officer is considered
the sole official navigator without backup, contrary to the practice
found on airliners (Fiore, 1968, p. 17).

As early as 1968, the Joint Surface Effect Ship Program Office
began efforts to determine the feasibility of building and operating

large surface effect ships on the order of 4,000 to 5,000 tons with the



39
capability for speeds of 80 knots or higher (Fiore, 1968, p. 17). It is
easy to imagine the problems associated with effectively handling ships
with momentums resulting from these high speeds. In view of these
facts, as traffic densities and ship dimensions increase, the number of
collisions and strandings will rise proportionally without substantial
improvements in international collision avoidance regulations and naviga-
tional equipment. The regulations were revised in 1972, but these rules
continue to deal with the responsibilities for maneuvering rather than
maneuvers for avoiding collisionmns.

An example of the failure of the Rules of the Road to account
for realistic ship dynamics follows (Merz, 1973, p. 1l44). Referring to
Figure 4.1(a), consider two ships which have minimum turning radii of
4,000 feet, équal speeds, and equal maximum turnrates. Suppose that
when ship B is 3,280 feet ahead of and 1,600 feet to the left of ship A,
the two ships discover the other's presence. Ship B is headed to A's
right. A revision of the rules for preventing collision at sea state
the following regulation concerning this encounter (Thompson, 1970,

p. 83):
When two vessels are proceeding in such directions as to involve
risk of collision, unless one is a hampered vessel, each shall
alter course or speed or both so as to cause the line of sight

to rotate in an anti-clockwise direction, as follows:

(a) A vessel which has the other forward of her beam shall keep
out of the way by altering course to starboard.

(b) A vessel which has another vessel to starboard may keep
out of the way by reducing speed, or altering course to
starboard, or both.



SHIP B (__——

(a)

SHIP A

(b)

SHIP A

Figure 4.1 Hypothesized Two Ship Encounter (a) and Rules of the Road
Maneuver (b).
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(¢) A vessel which has another vessel to port may increase

speed to keep out of the way but shall not alter course to

port.
Ship A would follow (c) and Ship.B would follow (b). Usually, a ship
will not have time to significantly alter its speed. Before a maneuver
was initiated, each ship would predict the rotation of the line of sight
from the projected path of the other ship. Each ship would then turn
hard right (starboard) to comply with the above regulation. Ship A
would turn right (starboard) since the In Extremis condition would be in
effect and a left (port) turn is specifically prohibited. Ship B would
turn right (starboard) as designated above with the anticipation of her
passing Ship A on the right (starboard).

This two ship encounter may also be analyzed by means of the
Rules of the Road flow diagram in Appendix A. In this example, the two
ships are in a crossing situation. The burdened ship is required to
change course to the right while the privileged ship must maneuver to
avoid collision because of the In Extremis condition described above.
The privileged ship would also be constrained to maneuver to the right
by the Rules of the Road (Luse, 1972, p. 8l). Thus, a collision may
occur as shown in Figure 4.1(b).

The goal of the collision avoidance problems presented in this
chapter is to find regions of space around a ship (termed own ship) from
which another ship can cause a collision. This region of space about
own ship indicates that there exists the possibility that another or a
target ship in the region may cause a collision with own ship, By the

use of the reachability under constant control theory in Chapter 2, the
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boundary of these regions of space can be found. This boundary is
termed a barrier and encloses all points in space from which a target
ship can cause a collision with own ship under certain conditions. 1In
one problem (Section 4.3), simple dynamics are applied to the situation
in which own ship is headed straight up the vertical axis as on a radar
screen. Own ship is not allowed to maneuver, but the target ship is
allowed to choose a constant heading which could cause a collision. The
second problem (Section 4.4) uses relative ship dynamics. Own ship is
allowed to turn in this problem, but the target ship must stay on course.
The two conditions of own ship slower than the target ship and of own
ship faster than the target ship will be comnsidered in both problems.

Ship collision avoidance problems have been solved previously by
the use of game theory. Merz (1973, p. 144) used the same equations of
motion as used in this chapter in a game which maximized the miss~-
distance. Barriers for ships with the same capability were obtained
when only one ship maneuvers (non-cooperation) and when both ships
maneuver (cooperation) in order to avoid collision. Miloh (1975) used
"line of sight" coordinates in a game with a payoff associated with
collision (a quantitative game). Three versions of the quantitative
game were analyzed: cooperation, non-cooperation, and conflict where
own ship makes the best maneuver to avoid collision and the target ship
makes the best maneuver to cause a collision. Vincent incorporated
results from Miloh in which own ship maneuvers and previous results from
a game involving two airplanes in which both airplanes are allowed to

maneuver (Vincent et al., 1972) to develop a macro and micro collision
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avoidance scheme (Vincent, 1977). In the macro situation, only own ship
would maneuver to avoid a collision. In the micro situation, both ships
would maneuver to avoid a collision. The micro situation is analogous
to the In Extremis condition. All of the above problems employ a time-
varying control and are various versions of the game of two cars
(Isaacs, 1975, p. 237) using ship parameters.

Others have solved collision avoidance problems through simula-
tion. A set of rules intended to supplement the Rules of the Road have
been designed for use with radar (Carpenter and Waldo, 1974). These
rules assume that only own ship maneuvers and will fail in at least the
case where the target ship is moving towards own ship from a position
ahead and to the left of own ship. Jones (1971, p. 60) has presented a
simple maneuvering diagram as an alternative to the Rules of the Road.
However, his results are not verified by analysis, but simulation only.
Kenan (1972) and Webster (1974) presented results of collision simula-
tions using & non-linear model of a Mariner class ship. Non-cooperative
and cooperative maneuvers were considered with changes in both speed and
rudder angle allowed. Barriers were obtained through simulation but can

only be reproduced with point by point calculations.

4,2 System Model

Dynamic equations describing the non-linear effects of speed
loss in a turn may be approximated by a constant speed turn, during the
first part of the turnm, so that the equations of motion become purely
kinematical (Miloh, 1975, p. 62). In the following analyses, the system

model is the set of equations describing the motion of a target ship
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relative to own ship that is fixed at the origin of the space as shown
in Figure 4.2. 1t is assumed that both ships have constant speeds and
bounded turning rates. Own ship is moving with a constant speed S0
while turning at a rate u,- The target ship is moving with constant

speed St while turning at rate u_. The instantaneous velocity vectors

t
are as indicated with Uos Uos and xq shown positive. Own ship is repre-
sented by a circle, and the target ship is considered a point mass. The

resulting own ship-centered equations of motion are:

% = St sin Xq + u_x, 4.1
x, = St cos X3 - So - ux, (4.2)
X, T u_ - u (4.3)

lu | < u s Ju | <u (4.4)

where U and u,, are the maximum turnrates for the target ship and own

ship, respectively.

4.3 Collision Avoidance Using Simple Dynamics

In this problem, own ship is headed in the positive direction
along the vertical (x2) axis. The target ship has a constant heading
and is allowed initially to choose the best heading in order to cause a
collision. Neither ship is subsequently allowed to change headings so
that both turnrates are zero. Consequently, the equations in Section

4.2 reduce to the following:
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VELOCITY VECTOR OF
TARGET SHIP

OWN SHIP'S VELOCITY VECTOR
4 IN DIRECTION OF X, — AXIS

AT uo= TURNING RATE OF OWN SHIP
B
NP

OWN SHIP

+

Figure 4.2 System Model.
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S sin 6 (4.5)

Me
[

e
1

St cos § - So . (4.6)

In these equations, 6 is the heading of the target ship.
Using Theorem 2.2 and the equations above, the scalar function H

is formed as

H = cl(St sin 8) + cz(St cos 6 - So) =0 ., 4.7)

For © to maximize H, the derivative of H with respect to 0,

oH _ _ . -
5 clSt cos © czst sin 6 = 0, (4.8)

must be examined. The expression in (4.8) is evaluated on the target

set and the condition required for an outward directed normal is given

by

oL =8, (4.9)

6 =x’+x2-R=0. (4.10)

Evaluating (4.9) for a circular target set and o = 0.5, the adjoint

variables are determined on the target set as

c. =X (4.11)
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(4.12)

These values are substituted into the derivative of the H function in

(4.8) in order to find the relatiom

%, = X, tan 8 (4.13)

which maximizes the scalar function H on the target set in terms of Xy
X1 and 8. This relation (4.13) is then used in the H function (4.7) to
solve for the maximizing wvalue of 6 as

. (4.14)

cos 6 =

i wn
ct

(o]

It is clear from (4.14) that values of 6 exist for the case where own
ship is faster than the target ship (So > St)’ For the condition that
the target ship is faster than own ship (St > So), values of & do not
exist and there are no barriers for this condition. The physical inter-
pretation of this result is that if the target ship is faster than own
ship, there is always a heading which the target ship can choose so that
a collision occurs; and thus, the target ship can cause a collision from
any point in the space about own ship. The problem is continued from
this point for only the case in which own ship is faster,

It remains to find the points on the target set at which the
barriers intersect the target set. Using the ra@ius R and the angle o

as shown in Figure 4.2, these intersection points can be expressed as

follows:
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R cos ¥ (4.15)

>
]

L]

X R sin v . (4.16)

2

Substituting (4.15) and (4.16) into the H function (4.7) yields the

relation

S sin 6

_ t
tan y = S -5 cos 0 ° (4.17)
o t

With the conditions (4.14) and (4.17), the dynamic equations
(4.5) and (4.6) can be integrated backwards or in the retrograde sense
to obtain the barriers for different speed ratios. Equations (4.5) and
(4.6) are easily integrated to give the slope of the barriers since the
derivatives are constant and will thus give the slope of straight-sided
barriers. The slope of the left barrier is
St cos § - So

x. St sin © ' (4.18)

The slope of the right barrier is simply the negative of (4.18). Since
the expression in (4.18) satisfies a transversality condition for any
surface, these slopes may be applied to any shape target. Figure 4.3
shows the barriers obtained for a circular target and Figure 4.4 shows
the barriers obtained for an elliptical target for speed ratios, So/st’
of 1.25, 1.50, and 2.0, respectively. From the figures it can be seen

that the target ship must be in front of own ship in order to cause a



Figure 4.3 Simple Dynamics Ship Collision Avoidance Barriers for
So/St = 1.25, 1.5, 2.0 and Circular Ship Shape.
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Figure 4.4 Simple Dynamics Ship Collision Avoidance Barriers for
So/St = 1.25, 1.5, 2.0 and Elliptical Ship Shape.
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collision. Otherwise, since own ship is faster, own ship will move out
of the range of the target ship with its greater speed.

4.4 Céliision Avoidance Using Relative
Ship Dynamics

In the problem considered in this section, own ship is allowed
to turn but the target ship is not allowed to turn in order to avoid a

collision. The equations from Section 4.2 reduce to the following:

*l = St sin X, + u X, (4.19)
iz = St cos x, = So - u Xy (4.20)
k3 =u (4.21)
lu | <1 . (4.22)

Oown ship's turnrate u, is the control variable and will be chosen in
order to maximize the H function on the target set. According to
Theorem 2.2, the turnrate, ug» remains constant and does not change.
Since own ship is always headed up the xz-axis, then the initial condi-
tion on Xqs x3(0), is the heading of the target ship. The heading of
the target ship is constant, but the relative heading between the two
ships will change during the course of own ship's turn.

The scalar function H is formed according to Theorem 2.2 using

(4.19), (4.20), and (4.21) as
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H = cl(St sin X, + uoxz) 4+ cz(St cos x, - So - uoxz)
+ c3(uo) . (4.23)

In order for u, to maximize the H function to zero on the target set,

the first derivative of B with respect to u, is formed below:

—=c.X, - CX, + ¢C (4.24)

Ju 172 271 3°
o

Since the derivative must be examined on the target set, the target set

which represents own ship is next defined as a circle:
6 = Xy + X, = R"=0. | (4.25)

The gradient to the target set is directed outward so that the condition

for the c vector on the target set is given as follows:
. (4.26)

The evaluation of (4.26) with o = 0.5 yields values for the three compo-

nents of the c¢ vector which are:

c; =Xy (4.27)
CH) =Xy and (4.28)
c, =0. (4.29)
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Substituting the c vector target value into the H function results in

the relation between the speeds St and So and the position variables Xy

Xy» and x, on the target set as shown below:

3

X S cos x
== S S S coz X, (4.30)
o t 3

In order to determine the control possibilities, the c¢ vector target
value is substituted into the derivative of the H function (4.24). How-
ever, the result does not yield a useful relationship since (4.24) is
always zero on the target set. Consequently, the time derivative of

(4.24) must be examined:

3
ot (

oH

3uo ) =-¢,S =~-x.85 . (4.31)

For nonsingular terminal control, the control is observed from (4.31) to

be a function of xl as
u, = + 1 for %y > 0 (4.32)
u, = - 1l for X < 0. (4.33)

The surface formed by the trajectories emanating from the right side of
the collision surface (xl > 0) will be called the right barrier and the
surface formed by trajectories emanating from the left side (xl < 0)

will be called the left barrier.
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It remains to examine the possibility of singular u, control.
From (4.31), the condition for singular control is ¢, = 0. The require-
ment for singular control from the second time derivative of (4.24),
2

9 oH
S (S ) = -uc
8t2 du o

2So R (4.34)

is that either u, = 0 or e, = 0. 1If ¢y = 0, then cT = 0 which is not
allowed. Thus, singular u, control corresponds to the condition that

¢, = 0 and u, = 0. Substituting these conditions back into the H func-

1

tion (4.23), a relation between X, and the speed ratio is found to be

S

= 9
cos X5 = St . (4.35)

It can be observed from (4.35) then that singular U control exists only
for the case in which the target ship is faster than own ship. If the
value of %3 which satisfies (4.35) is defined as Xggs then the control
possibilities for u  are ascertained, using (4.32), (4.33), and (4.34),

as

j +1 if Xg # (xBS or 27w - x32)
u, = r for X > 0 (4.36)
\ 0 if Xy = (XBS or 2w - XSS) J
r_ . _ )
1 if X, # (x3S or 21 x3s)
u, = < for X, < 0.
\ 0 if Xy = (x3S or 21 - X3s) j

(4.37)
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The singular control may take on any value between -1 and +1 at the
singular point defined by (4.35). This is because the switching func-
tion and its derivative are zero at the singular point. If u, was
allowed to be time-varying instead of constant, the solution would take
the form of either a singular arc or a dispersal arc at the Xqq points.
Trajectories may switch onto (or off of) a singular (or dispersal) arc.
The time-varying control problem is presented later in this section. 1In
(4.36) and (4.37), the control possibilities are shown as a function of
the right barrier (xl > 0) and the left barrier (xl < 0) and apply only
for the case in which the target ship is faster. The control possibil-
ities for the case of own ship faster than the target ship are given in
(4.32) and (4.33). Singular control is not possible in this case.

With all the initial conditions and control possibilities speci-
fied as above, retrograde integration of (4.19), (4.20), and (4.21) was
performed. Parameter values of R = 0.02, St = 0.5, and So = 1.0 were
used for the own ship faster case. Parameter values of R = 0.02,

St = 1.0, and So = 0.5 were used for the own ship slower case. These
values were chosen in order that a comparison could be made with previous
work (Vincent et al., 1972). The result of the integration is a three-

dimensional set of points in x., x,, X, space whose boundaries are com-
_ 1 2°

3
posed of the barriers and the collision surface. The results are

presented as cross—sections in X,~x, space for various values of Xy
The results for own ship faster are shown in Figures 4.5-4.18 and those

for own ship slower are shown in Figures 4.19-4.32. It c¢an be observed

that, as in the simple dynamics problem of Section 4.3, the target ship
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must be in front of own ship in order to cause a collision when own ship
is faster. The barriers for own ship slower vary strongly with the
heading of the target ship since own ship is more vulnerable in this
case. Comparison of these barriers with barriers obtained for a similar
problem (Vincent et al., 1972) reveals that the barriers presented here
are much smaller in general than those obtained by Vincent et al. as
shown in Figure 4.33 for the particular case of Xy = 0°. This is to be
expected since the previous barriers were constructed for the problem in
which the target ship as well as own ship had a turnrate and both turn-
rates were time~varying. Also, the target ship was seeking to cause a
collision. Consequently, own ship was more vulnerable and the barriers
for that case were larger.

The collision avoidance problem with relative ship dynamics will
now be solved for a time-~varying control. For the time-varying problem,
~the switching function (4.24) had to be monitored during integration in
order to determine if the control u, should switch. A necessary condi-
tion for singular u, control to maximize the H function (Kelley, Kopp,

and Moyer, 1967, p. 69),

B vy - _¢c5 >0, (4.38)

was also applied. The solution of (4.38) together with (4.36) and

(4.37) yielded
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+1 if Xq # 27 Xaq |
u = for Xy >0 (4.39)
~ 0 if x3 = 27 - x3s
.
-1 if Xq # X4
u, = 4 . for Xy <0 (4.40)
0 if x3 = x3 .

as the control values for the case in which the target ship is faster
than own ship. The control values for the case in which own ship is
faster than the target ship are the same as for constant control. Of
course, these control values are for the start of the trajectories on
the target set. For the time-varying control problem, the control is
set according to the value of the switching function thereafter.

For the own ship faster case, the results were the same for time-
varying control and for constant control. In the time-varying control
solution, the switching function did not change sign on any trajectories
until well beyond values used to obtain the Xy cross—sections.

For the own ship slower case, the results were the same for the
time-varying control and for the constant control except for cross-
sections near the singular points. For these cross-sections, the effect
of the singular arc for the time-varying control was evident as shown in
Figures 4.34 and 4.35. Here, the switching function caused the control
to switch to zero along trajectories which were part of the cross-

sections. Projections of x. and x, for the right and left barriers of

1

the constant control problem are shown in Figures 4.36-4.39. 1In these

figures, the trajectories resulting from a range of constant control
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Figure 4.35 Cross-Section at Xy = 7152 with St>S0 and Time-Varying
Control.
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values at the singular points are shown. These trajectories produced
the shortened cross-section for Xq = 45° and the elongated cross-section

at X = 75°.



CHAPTER 5
SHIP COLLISION AVOIDANCE SIMULATION

To demonstrate the usefulness of the results obtained in
Chapter 4, an interactive graphics simulation of a ship's radar was pro-
grammed for the IBM 370 computer with a Tektronix 4012 terminal display.
The simulation is described and examples of the simulation ére presented

and discussed.

5.1 Barrier Display

In order to display the barriers derived in Chapter 4, it was
necessary -to store in a data file points ;epresenting each barrier.
Since the barriers for angles between 0 and -180 degrees are reflections
of the barriers for 0 to +180 degrees about the vertical axis, only the
barriers for O to +180 degrees (in increments of 15 degrees) were put
into the data file. Consequently, there are thirteen barriers for
So > St and thirteen barriers for So < St’ or a total of twenty-six
barriers in the data file.

A routine was developed whereby the heading angle of the target
ship is converted to the correct location in the data file for the
corresponding barrier. If a negative heading angle for the target ship
is given, the routine reflects the corresponding positive heading angle
barrier about the vertical axis for plotting. Each barrier is described
by a sufficient number of points so that the barriers appear as smooth
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curves when plotted on the graphics screen. Since each barrier requires
a different number of points for displayi the routine also incorporates
a means of reading the correct number of points for each barrier.

The construction of this data file was facilitated by the random
access format available on the IBM 370. This format allows the data
file to be accessed at any point and any number of times. Consequently,
the program only uses the data it needs for one barrier at a time and
there is no need to store all the barrier points in an array of the
program.

In addition to the barriers derived in Chapter 4, a "Green
Barrier" is displayed for the case in which own ship is faster than the
target ship. The points in the area enclosed by the green barrier
represent points from which the target ship can guarantee collirion with
own ship, provided that own ship does not perform any maneuvers (Vincent
et al., 1972, p. 32). 1In other words, the target ship can perform a
maneuver or turn into the course of own ship so that a collision occurs
if own ship maintains course and speed. This barrier is useful because
it indicates points outside the barriers derived in this work from which
the target ship could not reach the barrier. The green barriers are not
displayed for the case in which own ship is slower than the target ship
since the barriers do not exist for this case. If the target ship is
faster, then the target ship can always cause a collision by maneuvering.
These green barriers are derived according to the equations for the rela-
tive ship motion in Chapter 4. However, in this case, u,, own ship's

turnrate, is set to zero. It will be noted from the simulation examples
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that follow that these barriers are not closed. The open barriers are
expected because the target ship has the advantage over own ship.

The points to describe the green barriers were stored in a data
file in the same manner as previously described for the barriers derived
in this work. The routine to plot the correct green barrier according
to the heading of the target ship performs the same manipulation of the

barrier data as described earlier for the barriers derived in this work.

5.2 1Interactive Graphic Simulation

An interactive graphic simulation of a ship's radar was pro-
grammed on the IBM 370 computer for display on a Tektronix 4012 termi-
nal. A listing of this program appears in Appendix B. The program
begins with information about the simulation and some questions about
the two ship encounter. Subsequently, the program proceeds with the
display of own ship with the appropriate barrier about it and of the two
ships as own ship maneuvers.

The information printed on the screen at the beginning of the
program is shown in Figure 5.1l. The display of this information can be
omitted by answering "N“‘to the question

"INFORMATION PRINTOUT (Y OR N)?"
which is asked before the information is displayed. The speed and
turning rate of own ship are part of the initial information and were
chosen to be 15 knots and 3 degrees per second, respectively. The user
is further instructed to introduce the location of the target ship with

the cursors by means of "Key 3, Return" later in the program. The range
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INFORMATION PRINTOUT <Y OR N> 7

YOUR OWN SHIP 1S REPRESENTED AS A CIRCLE AND
1S LOCATED AT THE CENTER OF THE RADAR. A SMALL
SCALE AXES AND CIRCLE ARE SHOWN HERE. YOU ARE
HEADED UP THE UERTICAL AXIS AT A SPEED OF 1%
KNOTS MWITH A TURNING CAPABILITY OF 3 DEGREES
PER SECOND. THIS MESSAGE IS ERASED IN ORDER
TO DISPLAY MANEUVERS.

THE POSITIOH OF THE TARGET SHIP IS LOCATED OHM
THE RADAR WITH THE CURSORS., WHEN THE CURSORS
ARE CORRECTLY PLACED, STRIKE KEY 3 AND RETURN,
TO INPUT THE POSITION FOR THE TARGET SHIP.

HERDING FOR THE TARGET SHIP WILL BE REQUESTED.
RANGE OF HEADING IS + 188 T0 - 180 DEGREES.
HEADING FOR THE TARGET SHIP IS MEASURED FROM
THE VERTICAL AXIS. CLOCKKISE HEADING IS
POSITIVE HEADING ANGLE. A BARRIER HWILL BE
DISPLAYED ABOUT OWN _SHIP ACCORDING TO WHICH
SHIP IS FASTER. IF THE TARGET SHIP ENTERS THE
AREA ENCLOSED BY THE BARRIER, THE TARGET SHIP
CAH MANEUUER IN ORDER TO CAUSE COLLISION. THE
OBJECT IS TO KEEP THE TARGET SHIP OUTSIDE THE
BARRIER BY MANEUUERING.

WHICH SHIP IS FASTER - OWMN (1> OR TARGET <2> ?

_ HEADING OF TARGET SHIP =

S6

Figure 5.1 Initial Information Display.
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of heading angle for the target ship, +180 to -180 degrees, is given and
the orientation and positive direction for the angle is defined.

To proceed with the simulation, the question is asked:

"WHICH SHIP IS FASTER - OWN (1) OR TARGET (2)?"
The heading of the target ship is requested by

"HEADING OF TARGET SHIP = ."
These questions are shown in Figure 5.1 along with the initial informa-
tion display. The "?" and ":" appearing on the screen after the ques-
tions are characteristics of the IBM 370 graphics package and cannot be
eliminated. The above two questions are asked even if the initial
information is not printed.

With the information from the above questions, the full display
can be drawn with the correct barrier about own ship. The same speed
ratios as in Chapter 4 are assumed here also.

The target ship is introduced in the simulation by means of
cursors by which the target ship may be placed anywhere on the screen.
The target ship is represented by a diamond with two sides longer than
the others to indicate direction.

The two ships now proceed from their initial positions for a
predetermined length of time. Own ship is continually displayed as a
circle at the center of the display, but a new position for the target
ship is drawn every second of simulation time which is somewhat longer
than an actual second. The equations which are used to give the motion

of the target ship relative to own ship are:

Xs) = St sin h - 8, sin XS, (5.1)
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xs, St cos h - So cos xS, (5.2)

X5, = u (5.3)

where xs denotes a screen coordinate equation, h is the heading of the
target ship measured from the vertical axis, and ug is the turnrate of
own ship. St and So are the speeds of the target spip and own sPip,
respectively. When own ship is not maneuvering, u, is set equal to
zero. For a maneuver, ug is set equal to 3 degrees per second for the
length of time necessary to make the requested maneuver in order to
avoid collision. In this way, x84 is the current value of own ship's
heading at all times.

A list of alternatives appears when a maneuver decision should
be made and there are four acceptable commands as indicated from the
display of

"INPUT A NUMBER AS BELOW:

MANEUVER RIGHT (1)

MANEUVER LEFT (2)

CONTINUE WITH NO MANEUVER (3)

END SIMULATION (4)."
To continue the display of the ships' courses with no maneuver by own
ship requires a "3" and the simulation continues for a number of seconds
before pausing for another maneuver decision to be made. A maneuver,
that is a heading change for own ship, is indicated by either "1" for a
right turn or "2" for a left turn. A particular simulation can be reset
by "4," and initialization is restarted by asking which ship is faster

and proceeding as discussed above. The program is terminated by the

reply of "N" to the question
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"RESTART? (¥ OR N)"
énd exits to the monitor. Maneuvers may be made by repeating either a
"1" or a "2" as long as the target ship does not go out of range. The
simulation indicates the target ship is out of range by a message
"TARGET SHIP IS OUT OF RANGE."
and a request for reset "Y OR N." If the target ship's diamond inter-

sects own ship's circle, the message "COLLISION!" is printed.

5.3 Some Simulation Examples

The initial information given by the simulation says that own
ship should maneuver in order to keep the target ship outside the
barrier. If the target ship enters the area enclosed by the barrier,
the target ship may be able to maneuver in order to céuse a collision.
Figures 5.2, 5.3, and 5.4 show examples in which own ship successfully
maneuvered to keep the target ship outside the barrier. Figure 5.5
shows an example in which own ship could not maneuver to keep the target
ship outside the barrier. Other simulations exhibited the same
phenomenon shown in Figure 5.5; that is, there are points outside the
barrier from which the other ship can enter the barrier despite own
ship's maneuvers. This will happen only when own ship does not use the
optimal turnrate. Once inside the barrier, the target ship can cause a
collision and the collision is often imminent. When own ship was
faster, this occurred if the target ship was initially placed close to
the barrier. Here, a partial explanation is that the barrier was found
by using a point to represent the target