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ABSTRACT

The Anger camera has been used for the last quarter century in
many areas of science to image gamma radiation. Some typical
applications include medicine, where functionality of organs are studied
in vivo, and industrial inspection of fuel rods for nuclear reactors.
The standard Anger geometry includes a large scintillation crystal, light
guide, photomultiplier array, and analog processing electronics. Even
the most modern gamma cameras built today still use the standard Anger
design. The work presented here describes an alternative to the
standard gamma-camera design that is flexible enough to be used in a
wide variety of applications. Especially in single-photon emmission
computed tomography (SPECT) applications, the new design has the
potential to be more efficient than the standard design.

The new design is modular, that is, several small, separate
units comprise a system. Each unit consists of a small gamma camera
that is optically and electronically independent from other units. The

units, called "modular cameras,” can be configured around the region of
interest so as to provide the maximum amount of information for
reconstruction algorithms or direct information to the operator. The
theoretical and experimental investigation of this report focuses on the
design and construction of the modular cameras.

Each modular camera is, in esscence, a small Anger camera.

Components of each module include a scintillation crystal, a light guide,

xiv



and an array of four photomultiplier tubes. Instead of an analog
processing network, each module utilizes fast digital circuitry which
includes direct analog-to-digital conversion of the photomultiplier
signals, a lookup table which maps detector responses to position
estimates of the scintillation flashes in the crystal, and an image
memory which accumulates the position estimates and forms an image of
the radiation incident on the faceplate of the camera. The digital
electronics are necessary because anéiog techniques fail to give
satisfactory estimates of scintillation position when the flashes occur
near the sides of the crystal.

The contents of the lookup table are determined from the
gtatistical properties of the detected signals as a function of
scintillation position. Experiments are described in which "best”
estimates of position are found by processing data collected from an
array of point-source positions in contact with the crystal. Alternative
methods for construction of the lookup table are also discussed, which
involve computer generation of the estimates. Both maximum-likelihood
and mimimum-mean-square-error estimation rules are used, and the
results are compared.

A mathematical bound on the performance of the estimators is
calculated assuming Poisson statistics for the detection process. The
bound, which is a Cramer-~Rao lower bound, is used to compare module
geometries before lookup tables are constructed.

A one-dimensional module, which accumulates information along

one axis of the faceplate, i1s designed first. The one~dimensional module




xvi
provides proof-of-principle evidence for the estimation techniques and is
used to determine critical parameters for modular-camera design. The
results of the experiments with the one-dimensional camera are extended
to two-dimensional designs, which yield position estimates along both
axes of the camera-faceplate. Several two-dimensional cameras are
tested, and an optimum geometry is constructed and tested for spatial

resolution and bias of the estimators.







gamma camera include medical imaging, inspection of fuel rods in a
nuclear-reactor core, and industrial inspection. Of primary interest in

this work is the modular camera applied to imaging in nuvclear medicine.

The Gamma Camersa in Medicinf:_

Imaging in nuclear medicine has the property that physiology
rather than anatomy is determined, i.e., the functional aspects of organs
are evaluated rather than their mechanical or atomic properties. Other
imaging modalities, e.g., x-ray computed tomography (CT) and hydrogen-
based nuclear magnetic resonance (NMR), are commonly used to provide
‘anatomical information. Nuclear medicine images are, unfortunately,
characterized by poor spatial resolution in comparison to the other
techniques. In addition, efforts to reduce radiation dose to patients
results in images that suffer severe Poisson noise.

The nuclear-medicine technique consists of Aadministering to a
patient a “tagged"” pharmaceutical that localizes in the organ of
interest. Uptake of the pharmaceutical by the organ is an indication of
how well the orgar is functioning. The tag on the pharmaceutical is a
radioactive element such as”57Co or 99mTc, By imaging the radiation
emitted by the radionuclide, the effective distribution and uptake of the
pharmaceutical is determined.

The workhorse for nuclear medicine over the last quarter century
has been the Anger camera. The Anger camera can build up an image of
gamma rays on its face analogously to the film plane of a conventional
camera. Gamma rays cannot be reflected or refracted efficiently like

optical photons, so lead apertures are used to form images which are
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Fig. 1.1. The parallel-nole collimétor.

The cross—-section of a collimator is shown. Only rays that
are parallel te the collimator bores are detected (from
Paxman 1984).
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Fig. 1.2. The bilateral collimator.

This collimator simultaneously collects two views of an object
field. To obtain data for a tomographic reconstruction, the
collimator is rotated about the axis (from Nalcioglu).
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Fig., 1.3. Fresnel zone-plate imaging.

The recording process for zone-plate imaging uses a half-tone
screen made of lead or gold, an off-axis zone plate, and a
film cassette (from Barrett and Swindell 1981).




Fig. 1.4.

Dual Anger-camera tomography.

Two Anger cameras are rotated around the region of interest,
and a tomographic reconstruction is calculated from the data.




Fig. 1.5. Four tomographic systems used for brain imaging.

Different arrangements of collimators and cameras are used
to gather data for brain studies (from Budinger 1982).
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1982). Each device must be moved in some manner, either by rotation or
translation of detector elements. A tomographic system designed for
brain imaging and for use with small animals is béing developed at the
University of Michigan at Ann Arbor (Rogers et al. 1982). Called SPRINT
(single photon ring tomograph), the system utilizes a rotating multiple-
slit aperture in conjunction with a fixed ring of scintillation detectors.
The system promises five timés the sensitivity of a single Anger camera
with parallel collimation.

Another example of a Type 3 system is the dual-seven-pinhole
tomographic system (Bizais et al. 1983), which is diagrammed in Figure
1.6. The reconstruction volume is shown as the area with an orthogonal
projection set. The system is static, that is, the detectors do not move
during data acquisition, go the system shows promise for dynamic studieé
of the heart.

A fourth interesting Type 3 system uses electronic collimation
(Singh 1983). As shown in Figure 1.7, an array of germanium detectors is
placed between the object and a scintillation camera. Information about
the energy and position of gamma interactions in the germanium array,
along with the information obtained from the scintillation camera, is
used to reconstruct the object distribution. To date, only simple
phantoms have been reconstructed, but the sensitivity of the system
could be as much as fifteen times higher in some situations than a

conventional Anger camera using a parallel-hole collimator.
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DETECTOR A

<— PINHOLES A

OETECTOF 8
PINHOLES B

g Reconstruction Volume

Fig. 1.6. Dual-seven-pinhole tomographic system (from Bradshaw).




Fig. 1.7.
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Backprojected
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- (HPGe) Gamma
containing 4etector camera
activity array . without

collimator
Det 1 Det 2

An electronically-collimated gamma camera.

Gamma rays emitted from the object are Compton~scattered in
the Ge detector array. The resulting cone is detected by
the gamma camera. The object is reconstructed from the
energy and position data of the Ge array and the gamma-
camera image (from Singh).
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Anger—-Camera Geometry

The Anger camera consists of a collimator, scintillation crystal,
light guide, and photomultipier tubes (PMTs), as ghown in Figure 1.8.
The scintillation crystal is either round or square, measures anywhere
from 25 cm to 45 cm in diameter and up to 1.3 cm in thickness, and is
used to convert the energy from an incident gamma-ray into a shower of
optical photons that can be detected by conventional PMTs. The crystal
is usually some form of alkali-halide, the most common material being
sodium iodide doped with thallium, or NaI(Tl). The PMTs are ordered in
an array at the top of the light guide.

The firast Anger-camera design utilized seven PMTs, as shown with
its processing electronics in Figure 1.9 (Anger 1958). When a
scintillation event occurs in the crystal, a capacitive circuit combines
PMT outputs into four signals: x*, x~, y*, and y~. These signals are
then fed into sum énd diffc-ence circuits resulting in a position
estimate in the form of three inputs that control the position of a dot
on a CRT screen. The two x signals are subtracted to provide an input
to the x axis, and the two y signals are subtracted to provide an input
to the y axis. The third input, z, comes from the sum of xt, x~, y*, and
y~, which is proportional to the energy of the incident gamma ray. If the
energy falls below a certain threshold, it usually means that the
detected gamma ray has been Compton scattered (an effect described in
Chapter 2) and contains no useful information. By using the energy

signal as an input to the z axis of the oscilloscope, the brightness
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modulation can be set to turn off the trace when the energy is below

the threshold.

Anger Arithmetic

To understand the principle of Anger camera operation, consider
a gamma ray striking the scintillation crystal under PMT 3 in Figure 1.8.
A burst of optical photons is emitted in a smali region around the
event. Most of the photons are gathered by PMT 3. The other tubes will
receive a smaller number of photons depending on the solid angle
subtended by the tube from the event position. The light will spread
symmetrically in the plus and minus y directions, resulting in equal y*
and y~ signals. The x' signal will be much larger than the x~ signal,
however, due to the contribution from PMT 3. The displacement of the
dot on the CRT screen will thus be localized toward the right of the
screen with no net y deflection. ’

For simplicity, the function of the Anger camera is described
mathematically by observing the voltage characteristics of a 1D Anger
camera, as shown in Figure 1.10a, which records only the x coordinate of
event pusition. The signals V(x) and V~(x) from the capacitor network

are described by:

vHx) = 2 vyex) wi
i

and
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V) = 2 Vi) v, (1.1)
i

where Vj(x) is the voltage pulse from each tube as a function of

position, as shown in Figure 1.10b. The relative weights, wj, are given

by:

o] S

, : (1.2)

where cf is the capacitance connecting each tube and C = Ct = C~. The

deflection voltage is given by:

V(x) = VHx) - V(x) = & Vi(x) (w - W) - (1.3)
1

The shape of V(x) for practical values of wj is shown in Figure 1.11, as

is the energy signal,

VEGx) = VHG) + V() = & vi(x) (W + W), (1.4)
i

which is ueed to gate the beam intensity.  For Equation 1.3 to provide
uniform beam deflection versus event position over the entire length of

the crystal, the signal V(x) must be linear with respect to x. 1In




Fig. 1.11.

Position signal, V(¥), and energy sig",nél, VE(x), ‘for the
1D Anger camera.
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practice, a truly linear V(x) is not possible, and this leads to position
errors in the estimate (Morrison et al. 1971). The position errors near
ends of the crystal where V(x) changes slope are so large that they may
not be easily corrected. Inétead, this "dead" area 1s simply masked off

and is not used.

Statistical Considerations of Anger Arithmetic

The description of Anger arithmetic so far assumes that all
scintillation events are equally intense. Actually, there is a spectrum
of intensities, as shown in Figure 1.12, ‘which makes PMT voltages, Vi(x),
random variables. The largest component of the spectrum is called the
photopeak, and it arises from all of the incident gamma-ray energy being
absorbed in the crystal. Other components of the spectrum are due to
the gamma-ray energy not being totally absorbed by tht;. crystal or by a
decrease of the gamma-ray energy due to scattering in the patient.
Gamma rays that are scattered contain little useful information because
they contribute to a loss of contrast in the image, so only photopeak
events are used to build up an image. The origin of the spectrum is
described more fully in Chapter 2.

If an infinitesimally narrow beam of perfectly collimated gamma
rays is incident on the crystal, one would expect from Equation 1.3 that
the deflection voltage would give an equally precise dot on the CRT
screen for each scintillating gamma ray. In reality, the distribution of
dots (point-spread function or PSF) displayed on the CRT is spread out
because the Vi(x) are random variables, denoted by Vj(x). The intrinsic

spatial resolution of the camera is defined as the distance between two
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scintillation events such that their PSFs on the CRT can just be
resolved, which is customarily taken to be the point at which the half-
maxima of the PSFs coincide, as shown in Figure 1.13. Thué the intrinsic
spatial resolution of an Anger camera is the full-width at half-maximum
(FWHM) of the PSF referred back to the crystal dimensions.

Tanaka et al. (1970) have analytically investigated the intrinsic
resolution of an Anger camera, and their result is that the intrinmsic

resolution, &(x), is given by :

1/2
2w £4(x)
i
8(x) = 2.35 , (1.5)

Z dfy(x)
Vi dx
i

where fj(x) is the mean number of photoelectrons departing from the
photocathode of PMT i for a scintillation event occuring at x. The
number of photoelectrons generated for any one scintillation event at x,

Ej(x), is a random variable, related to Vj(x) by:

¥ = 6 Ei(x) > (1.6)

where G = gain of PMT i. The factor of 2.35 in Equation 1.5 comes from

assuming a Gaussian-shaped PSGF on the CRT screen.
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+ FWHM

Fig., 1.13. Full-width-at-half-maximum (FWHM) of the point-spread
function (PSF).
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Performance Criteria of a Gamma Camera

Modern Anger cameras do not display the estimate directly on a
CRT screen. Instead, an estimate is calculated by dividing the
deilection voltage, ¥(x), by the energy signal, VE(x), digitizing the
result, and storing the normalized estimate in computer memory. An
image is accumulated in a block of the computer memory called the image
memory. With the aid of computer programs, different images can be
analyzed to judge Anger-camera performance (Todd-Pokropek 1983, Tinkel
and Sano 1981). The most common evaluation criteria are: 1) intrimsic
spatial resolution; 2) temporal resolution; 3) energy resolution; 4)
field-of-view; 5) spatial distortion; and 6) uniformity.

Temporal resolution refers to the ability of an instrument to
register events occurring within a very small time interval as separate
events and is usually given in counts per second (cps). The temporal
resolution (also called count rate) is important when trying to detect
many gamma rays in a short amount of time. First—-pass cardiac studies,
in which a large dose of radiopharmaceutical is introduced in the
antecubital vein and is imaged as it passes through the heart, requires
enormous count-rate capability (=10% cps).

Energy resolution is the ability of an instrument to distinguish
between incident gamma rays of different energies, and it is usually
given as the FWHM of the photopeak, e.g. AVE in Figure 1.12, divided by
the voltage of the maximum of the photopeak, Vg K.

Size of field-of-view is the maximum area from which a

scintigraphic instrument can collect information.




25

Spatial distortion results from using the nonlinear V(x) curve,
as shown in Figure 1.11, to map position estimates. Distortions are re-
moved by applying a post-correction matrix to the image data (Knoll and
Schader 1982, King et al. 1984). Examples of uncorrected and corrected
2D images are shown in Figure 1~.14. The nonlinearity of the estimate
tends to "bunch" counts near tube centers in the uncorrected image.

Uniformity refers to the ability of a scintigraphic instrument to
reproduce, with fidelity, an image of a uniformly distributed source of
radioactivity. Deviations from uniform count density across the field-
of-view of less than 5% should not be discernable.

An example of advertised performance data (Technicare 414 Anger
camera), taken with 99me , follows: spatial resolution is typically in
the range 3.0-5.0 mm; temporal resolution is 200,000 cps (maximum);
energy resolution is better than 137%; the camera field-of-view is
hexagonal with a 9.75 inch inscribed circle; spatial distortion is less

than 1.5%; and uniformity is 5% (Technicare 1981).

Improvements in Gamma-Camera Design
The basic design of the Anger camera has not changed

significantly since its corception in 1958. The biggest changes are due
to the application of computer equipment ‘to digitized sum and difference
signals from the analog circuits. A truly all-digital camera, designed
by Genna et al. (1981), promised to remove some of the problems
associated with Anger-camera design. Position-estimate circuitry still
utilized the weighted-sums approach, however. A new method of position

arithmetic was introduced by Tanaka et al. (1970). The method involved
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modular cameras may be configured around the patient to provide full-
angle coverage. Because of the success of new reconstruction techniques
being developed at the University of Arizoma, full-angle camera
geometries show promise of providing true 3D reconstructions without
detector motion and at high collection efficiencies (Paxman et al. 1985).
Most of the new camera configurations being investigated are based on

multiple-pinhole imaging.

Pinhole imaging Systems

The basic geometry of a pinhole imaging system is shown in
Figure 1.15. An object plane lies distance sj from the aperture plane,
which lies distance s from the image plane. Information about the
object distribution is recorded in the image plane according to simple
ray-tracing arguments (Barrett and Swimdell 1981). Ideally, a gamma ray
emitted at (x,y) in the source plane travels along a straight line
through an infinitely-small pinhole in the aperture plane and intersects
the image plane at (x",y"). Gamma rays emitted in active regiouws of the
source plane eventually build up an image of the source distribution. In
practice the pinhole is large enough to allow data collection in a
reésonable amount of ﬁime, and typical sizes range from 1 mm to 5 mm in
diameter. The resolution in thé image plane is a function of distances
81 and s, the source activity, and the pinhole diameter. Recording of
image-plane data is always degraded by the detector resolution, so the
best resolution of the recorded data is obtained with the smallest sj/sp
becagse degradation due to the detector is least serious when the image

is greatly magnified. However, the ratio sj)/sy cannot be made




XY
SOURCE - APERTURE
PLANE PLANE

Fig. 1.15.

Pinhole imaging system.

(xu.Yn)

DETECTOR
PLANE

29




30
arbitrarily small because the image of the object might not fit onto the
active area of the image plane.

At least two problems arise when pinholes are used for
diagnostic imaging. One problem is that the relatively small size of the
pinhole produces a poor collection efficiency for the system, which is on
the order of 10™%, that is, one gamma ray is detected for each 10"
emitted from the region of interest. One way to increase the efficiency
of data collection is to use multiple pinholes in the aperture plane. A
two-pinhole system is shown in Figure 1.16, in which the images from the
two pinholes are overlapped. The efficency of the system is roughly
twice the efficiency of a single-pinhole system, but now a computer
algorithm must be used to "decode" the image-plane information. Hence
the term "coded aperture"” is used to describe the system. A second
problem is that gamma rays emitted from the periphery of the object
plane are imaged less efficiently than from the center; a uniform object
produces an image that is darker at the edges than at the center. The
shading is due to a cos®® obliquity factor derivable from radiometric
arguments (Smith 1966). The obliquity factor may be reduced by forming
crystal area around the patient, as shown in Figure 1.17, instead of
using a large planar Anger camera. Each section of the distributed

camera collects a nearly uniform image of a uniform object.




31

coded image

~‘\~‘\‘\\-“‘-

”
-, - Al
/f"’ ‘ thé
ot

aperture

!
71
!
]
t
bia
\'\
\
B | WY

object

Fig. 1.16. Multiplexing.

In the region where the pinhole Projections overlap, the
data are mixed or multiplexed (from Paxman 1984).




Fig. 1.17.

DETECTED
IMAGE
INTENSITY
: " IMAGE
7 PLANE
/
A PINHOLE
\\.\
'7Q* \
B — PLANAR
OBJECT

Planar crystal.
Sectioned crystal.

32

B
o —_———
A""B—"'C

Forming crystal area to reduce the obliquity factor.







34

PMTC ——>~ _~ PMT D

PMTA | PMTB

Mask Plane
Nal(T1)
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allowing new coded-aperture systems that do not suffer severe cos®s
losses in data colection.

Electronics for each module are designed to process
scintillation events in as little as 2 psec, and measured countrates have
been as large as 350,000 cps, which are comparable to commercial
systems. A more Important specification, however, is system count rate.
For an Anger—camera system, the system count rate is simply the count
rate of the single camera, because each gamma ray that strikes the large
planar crystal must be processed completely before another event may be
processed. The modular cameras, on the other hand, are designed to be
electronically and optically independent, so the system count rate is N
times the countrate of one module, where N is numbér of modules in the
syctem.

Intrinsic spatial resolution and energy resolution for the
modular cameras are similar to resolutions obtained with typical Anger
cameras (Milster et al. 1984, Milster et al. 1985), and are typically 4
mm to 6 mm and 12% to 15%, respectively. Spatial distortion and
uniformity are important considerations with the modular camera, but
this dissertation will focus on the primary constuction parameters of
each module rather than a detailed pérformance analysis. In general,
distortion and uniformity should be as good as possible, and further
improvements in these parameters will be accomplished in the "fine-

tuning” stage of modular-camera development.
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Dissertation Summary

Chapter 2 describes relevant physics of the scintillation event
and the special difficulties involved in detecting the optical photons
emitted from a scintillation event. Chapter 3 describes the methods
used to find event position from the PMT signals. A performance bound
on statistical estimators used with the modular camera is derived.
Chapter 4 discusses experimental work performed with a 1D modular
camera, which consists of a scintillation crystal measuring 10 cm in the
imaging direction by 5 cm in the nonimaging direction, a light guide, and
two PMTs. This work has given insight into many of the questions that
had to be addressed for the 2D modular camera. In particular, design of
the camera geometry (crystal thickness, light-guide length, mask design,
etc.) is considered. Chapter 5 relates the experimental work performed
on the 2D camera. Much progess was made in this area, and the first
images from the all-digital system are presented. Chapter 6 presents a
collection of methods for generating the lookup tables, and Chapter 7

contains the conclusions for the dissertation.




CHAPTER 2

DETECTOR PHYSICS

Many hundred thousand gamma rays are absorbed by the modular-
camera scintillation crystal during a typical data-collection period. As
each gamma ray is absorbed, a small flash of light is produced which
decays to mnegligible intensity within a few microseconds after
absorption. The process in which the light is produced is called the
"scintillation” process. This chapter briefly describes the physics of
the scintillation process in NaI(Tl) and the special considerations in

detecting the optical photons emitted from each flash.

The Scintillation Event

For gamma rays that are in the 10 keV to 500 keV energy range,
two types of scintillation events are.possible: photoelectric absorption
and Compton scattering. The relative importance of photoelectric
absorption and Compton scattering can be described in terms of how each
contributes to the attenuation of gamma rays in the scintillation
crystal.

A measure of attenuation is defined by:
AL o _uad (2.1)

where I is the intensity of a narrow beam of monoenergetic gamma rays
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incident on the crystal, AI is the fraction of gamma rays removed from
the beam in depth Ad of the crystal, and u is the linear attenuation
coefficient with units of inverse length. For a homogeneous crystal,

integration yields:

I =Ip exp(-ud) , (2.2)

where Ig is the intensity of the gamma-ray flux at the surface of the
crystal and d is the thickness. Photoelectric absorption and Compton
scattering independently contribute to the linear attenuation coefficient
(Crouthamel 1960, p. 15), so p is additively made up of the photoelectric

coefficient, T, and the Compton coefficient, ¢, as

pn=1+o0 . (2.3)

Both 7 and o are dependent on the energy, Eg, of the incident gamma
rays. Figure 2.1 displays relative values of the attenuation
coefficients in NaI(T1l) for energies between 10 keV and 500 keV. Lower
energies are attenuated much more strongly than higher energies, and at
low energies the photoelectric effect dominates p. For 122 keV gamma
rays in NaI(Tl), the total attenuation coefficient is about 3.6 cm'l, S0
approximately 837% of the gamma rays are attenuated within 0.5 cm. The

relative number of photoelectric interactions versus the total number of
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interactions is found by simply taking the ratio t/u. For 122 keV gamma
rays. incident on NaI(Tl), approximately 927% of the interactions are

photoelectric.

The Photoelectric Effect

The photoelectric effect can occur only when a gamma ray

_interacts with an electron bound to an atom of the crystal lattice. The

interaction almost always takes place with an atom of the highest-
atomic-number element present in the material, because the most tightly
bound electrons have the highest probability of photoelectric absorption.
In Nal, for example, approximately 807 of the photoelectric interactions
take place in the K-shell of the iodine atom, and a large part of the
remaining 20% take place in the L-shell (Birks 1981, and Crouthamel
1960). The glectron is ejected from the atom with kinetic energy, Eq,
equal to the energy of the gamma ray, Ep, minus the binding energy of

the electron, Ep:

Eg = Eg = Ep . (2.4)

The binding energy for iodine is 33 keV, which usually reappears in the
form of characteristic X-rays or Auger electroms. Auger electrons lose
their energy to surrounding atoms within a very short rz ge (less than
0.001 cm), but the X-rays have a much longer range, as determined by
Figure 2.1. The ejected electron has a range which depends on its

energy, E,, as shown in Figure 2.2, and, if E, is 89 keV (corresponding to
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a 122 keV gamma ray interacting with iodine), the range is less than 0.01
cm. Part of the energy lost by th;e gamma ray reappears in the form of
luminescence, but, if the photoelectric event occurs near edges of the
crystal, the X-rays produced could escape the crystal without further
interaction and not provide any energy for luminescence, an effect

called "iodine escape."

Compton Scattering

Compton scattering is actually an inelastic collision between a
free or loosely bound electron and a gamma ray. As shown in Figure 2.3,
when a gamma ray with energy Eg collides with an electron, the gamma
ray scatters through angle 6 with respect to its original trajectory and
departs with energy E'. The electron departs at angle ¢ with energy Eq.
The relations listed below are derived by applying the principles of

conservation of energy and momentum to the collision:

Eg

T .
E 1 + a(l - cosb) ’ (2.5)
and
aEg(l -~ cos®)
Ee = 1 + a(l - cos®) ’ (2-6)
where
Eg
a == —
mcl >

with m being the mass of the electron, and me2 = 511 keV. Equation 2.6




Fig. 2.3.
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indicates that there is a maximum energy transferred to the electron,

which occurs when the gamma ray is backscattered, 8 = 180°, so

_ 2a
Eepax = EO 1 + 2a

for ¢ = 180° . (2.7
Numerically, Eemax = 39 keV for Eg = 122 keV in NaI(Tl). There is a
random probability that the gamma ray will be scattered through angle 6,
so there is a corresponding energy distribution of the scattered

electrons, as shown in Figure 2.4 for 122 keV and 140 keV gamma rays.

Luminescence

Luminescence is most easily understood with the aid of an
energy-band model, in which allowed energy states of electrons in the
crystal consist of a series of "allowed"” energy bands separated by
"forbidden" regions of energy (Birks 1981, ch. 4). The Nal crystal is
considered an insulator at room temperature, so the lower energy bands
are almost completely filled, while the higher bands are empty, as shown
in Figure 2.5. The valence band (the highest filled energy band) is
separated from the conduction band (the lowest empty energy band) by an
energy gap, Eg, of approximately 4.0 eV electron volts for NaI(Tl) at
room temperature.

An electron, which was produced with kinetic energy E, by
photoelectric absorption or by Compton scattering, initally collides with

an atom of the crystal and transfers enough energy, Ey, to raise one of
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the atom's electrons from the valence band to the conduction band (Ey >
Eg), leaving a positive hole, as shown in Figure 2.6. The electron which
originally had kinetic energy E, departs the collision with reduced
kinetic energy, E{ = Eo — E;, and eventually loses all of its kinetic
energy in the production of electrons in the conduction band. These
conduction-band electrons are then degenerated to the bottom of the
conduction band by elastic scattering and are free to migrate through
the crystal, as are the holes in the valence band. The electrons and
holes travel only a short distance (approximately 107° cm) before they
recombine to form excitons (bound electron-hole pairs) or are captured
by traps in the lattice.

In alkali-halide crystals, such as NaI(Tl), Frenkel excitons are
produced which are tightly bound to atoms of the lattice and have an
energy level just below the conduction band (Kittel 1976). The migration
of Frenkel excitons to luminescence centers (lattice sites of the T1%
impurity ions) is the fundamental process leading to luminescence (Birks
1981, p. 90). The excitons encouater a luminescence center within a very
short range, perhaps as short as ten lattice sites, depending on the
concentratior of the impurity ioms in the crystal (Peyghambarian 1983).
At a luminescence center, the energy of an exciton is either converted
into an optical photon or is quenched in a nonradiative transfer of
energy to the crystal lattice, as shown in Figure 2.7.

The two curves In the potential-energy diagram of Figure 2.8
represent the ground and excited states of a luminescence center. An

exciton excites the center from the ground state, A, to the excited
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state, B. The center then decays into metastable state C by dissipating
phonons to the lattice. The mean lifetime of the excited state, that is,
the average time spent in state C, defines the fundamental decay
constant for the transition, t.4q. An optical photon is produced when
transition CD is made, thereby providi;g luminescence. The energy of the
emitted photon equals the energy difference of states C and D. There is
a range of possible energy differences that exist throughout the
crystal, so a spectrum of optical photons is emitted for each
scintillation event. Figure 2.9 displays the photon spectrum for
scintillations occuring in NaI(Tl) at room temperature. The spectrum
ranges from a cutoff energy of about 2.5 eV to a maximum of 4.1 eV, with
the highest probability of emission occuring at 3.0 eV. There is also a
temperature~-dependent probability that, instead of decaying to state D,
state C will be thermally excited to state E, where the center could
make the transition from state E to state F by emitting a very low-
energy photon (energy < 0.1 eV). In this case, the energy of the exciton
is quenched, and there is no luminescence in the optical spectrum. Both
states D and F decay back to the stable ground state, A, by dissipating
phonons to the lattice. The two processes, luminescence and quenching,
are described by paths ABCDA and ABCEFA, respectively.

Energy lost to the lattice through phonons is not converted into
optical photons. The amount of energy lost to phonons depends on band
structure, hence on the type of scintillation crystal and impurity.
Scintillation "conversion efficiency” defines how much of the incident

gamma-ray energy, on the average, is converted into optical photon
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energy. The most common material, NaI(Tl), is about 107% efficient, that
is, an incident 122 eV gamma ray will produce about 12 keV of optical
photon energy (approximately 4000 optical photons at 3.0 eV each).

In summary, the sequence of events leading to luminescence is:

(1) production of an energetic electron by either photoelectric
absprption or Compton scattering;

(2) multiple collisions of the energetic electron with atoms of
the crystal lattice, each collision resulting in the
transfer of some of the electron energy to the atom,
producing conduction-band electrons;

(3) degeneration of the conduction-band electrons to the bottom

of the conduction band;

(4) formation of excitons;
(5) capture of the excitons by luminescence centers;
(6) emission of optical photons from the luminescence centers

through radiative recombination.

Optical Characteristics of the Scintillation Event

Either photoelectric absorption or Compton scattering produces
optical photons in a region around the scintillation event. The optical
photons are emitted from luminescence centers, and each photon escapes a
center in a random direction. The photoelectric event dissipates all of
its energy within about 0.02 cm of the original photoelectric absorption,
so photoelectric events are essentially point sources of optical photons.
Compton scattering, however, can produce optical photons emitted a

comparatively long distance away from the original scattering. For
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example, if a 122 keV gamma ray Compton scatters through 30°, then
interacts again at a distance of 0.3 cm producing a photoelectric event,
nearly all of the optical photons will be emitted around a region 0.3 cm
from the original scattering. The Compton-scattered gamma ray could
also escape the scintillation crystal entirely, producing fewer optical
photons. Photoelectric events are therefore desirable, because they
produce optical photons a short distance away from the photoelectric
absorption, and Compton-scattered events are undesirable because' they
produce optical photons at a much longer distance away from the first
point of contact with the crystal.

Table 2.1 displays characteristics of several commercially-
available scintillators, which are compared by examining their decay
constants, 1.4, linear attenuation coefficients, u, scintillation
conversion efficiencies, emmision energies, and indices of refraction.
The NaI(Tl) material is chosen for the modular camera study because : (1)
it has the highest conversion efficiency, so the event is detected easily
by the detectors; (2) it has a short t.q, so a high detection rate is
possible; and (3) the linear attenuation coefficient allows a highly

absorbing crystal with a reasonable thickness.

Detecting Optical Photons From the Scintillation Event

The preceding sections describe the physics of how the energy of
a gamma ray is transformed into a shower of optical photons. As
described in Chapter 1, the photons are detected by an array of PMTs
separat:ed‘ from the crystal by a light guide, and the electrical signals

from the PMTs are processed to determine the point of origin of the




Table 2.1. Comparison of Commercially-Available Scintillation Materials

. Scintillation con-
Energy of maximum Linear_ attenuation Decay comstant, tecd Index of version efficiency

Material emission (eV) coeff. (cm-1) (us) refraction™®* (% Nal(Tl)
NaI(T1) 3.0 3.6 0.23 1.85 100
CaF2 (Eu) 2.8 0.55 0.94 1.47 50
CsI(Na) 2.9 4.6 0.63 1.84 80
CsI(T1) 2.2 . 4.6 1.0 1.80 45
LiI(Eu) 2.6 16.7 0.94 1.96 35
Plastics . 2.7-3.5 . .0015 .002-0.02 varies 20-30
Liquids 2,7-3.5 .0015 : .002-0.008 varies 20-30

9g
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light flash. Special difficulties arise in the detection process because
of the relatively small number of photons in each flash, so the geometry
of the crystal, light guide, and PMTs is critical to camera performance.
The modular-camera design includes considerations for how efficiently
the photons travel from the crystal to the PMTs, what kind of PMTs are

used, and how the data signals are interpreted.

Photon Paths

Optical photons emitted from an event travel through the
crystal, into a light guide, and eventually reach the PMT detectors. Not
all of the photons liberated reach the PMTs, however. Light trapping
due to large differences in indices of refraction between the crystal
and the light guide, absorption in the crystal or light-guide material,
and scattering due to imperfections in the light-guide material all
contribute to the loss of optical photons.

Light trapping arises from the fact that only photons
approaching the crystal/light-guide interface at certain angles will get
through. Snell's law (Hecht and Zajac 1974) governs the relationship

between photon directions on either side of the interface,
ne sin 6, = ng sin Og (2.8)

where n; and ng are the indices of refraction for the crystal and light
guide, respectively, and 6. and 8y are the direction angles for the
photon in each material, as shown in Figure 2.10a. Because ng; > ng, 8¢ <

Bge At 8 = 909, 8, reaches the "ecritical angle,” and further incveases
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Fig. 2.10. Photon paths through the crystal/light guide interface.

a. Photon passing through the interface.
b. Total internal reflection.
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in 8, will result in the photon being totally internally reflected, as
sketched in Figure 2.10b. The NaI(T1l)/light-guide interface exhibits a
critical angle of 49.79, which means only 20%Z of the photons from a
point source will get through a polished interface, so light trapping
must be kept to a minimum in order for the camera to operate
efficiently. Various surface treatments, often proprietary, are used by

commercial manufacturers to minimize light trapping (Takami 1979).

Photomultiplier 'i‘ube Characteristics

A PMT is basically an electron multiplier. It consists of a
window material, usually a high-quality glass, on which a photocathode
is deposited. A small distance away from the photocathode lies a series
of dynodes, followed by the anode, or output terminal, of the PMT. A
photon incident on the PMT first passes through the window material and
then strikes the photocathode. An electron is ejected from the
photocathode with a certain probability, called the quantum efficiency,
for each incident photon. Quantum efficiency varies with incident photon
energy as shown in Figure 2.11. Typical quantum efficiencies of the PMTs
chosen for the modular cameras are on the order of 0.3, which means
that for e\'rery 100 incident photons about 30 electrons will be ejected
from the photocathode. These electror;s are called "photoelectrors.”
Each photoelectron is accelerated by an electric field to the first
dynode, where a number of secondary electrons are liberated due to the
collision of the photoelectron and the dynode material. The secondary
electrons are accelerated to the next dynode, and the process continues

down the dynode chain to the output, resulting in a current signal
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exhibiting an electrical gain on the order of 109 with regspect to the
photoelectron current (Dereniak 1984). The current signal is integrated
over the decay time of the scintillation flash, changed into a voltage
signal, and converted to a digital signal by a fast analog-~to-digital
converter (ADC). This digital signal, vy, is roughly proportional to the

number of photoelectrons, nj, generated in the PMT.

Data Signals

An ideal voltage spectrum of PMT signals due to scintillation
events at one point in the crystal would appear as shown in Figure
2.12a. The abscissa and ordinate of Figure 2.12a correspond to the
voltage output of a PMT and the relative probability of occurence,
respectively. Photoelectric events and Compton scattering of gamma rays
in the crystal are the only components of the ideal spectrum.

Several effects cause additional components to the spectrum.
For example, a gamma ray from a radioactive source inside a human can
Compton-~-scatter off of bone, fat, muscle, etc. The result is a gamma
ray of slightly lower energy that could be intercepted by the crystal,
affecting the voltage spectrum as shown in Figure 2.12b. Another
contribution to the voltage spectrum comes from lead (Pb) X-rays emitted
by the aperture, with the most intense X-ray energy present at 88 keV
and 75 keV. Still another contribution to the voltage spectrum comes
from iodine escape, which is present at 89 keV for incident gamma ray
energies of 122 keV. Finally, voltage spectra shown in Figure 2.12 do
not include the effect of noise due to the small number of optical

photons per scintillation flash. It has been argued that this noise is
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Fig. 2.,12. Ideal voltage spectra.

a. Crystal contributions
b. Additional contributions from scatter in the body.
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Poisson (Barrett and Swindell 1981), although work by some researchers
indicates that scintillation light is slightly correlated (Murayama,
Tanaka, and Nohara 1979). The statistical fluxuation of photon flux on
the PMTs makes the nj's statistical quantities, fj. The statistical mean
of ﬁi is defined as the mean detector response function (MDRF) for PMT i,
and is a function of event position in the crystal, that is, MDRF =

f;(%,y,2). An experimental voltage spectrum is shown in Figure 2.13.







CHAPTER 3
SIGNAL PROCESSING

The modular scintillation camera is designed to provide a 2D
image of the gamma rays striking its face. Each gamma ray that strikes
the camera and scintillates in the cr_ystal produces a small flash of
light which is detected by four PMTs. The digitized signals from the
PMTs are processed using fast lookup tables (LUTs) to give an estimate
of light-flash position in the crystal. By localizing the origin of the
flash, the x-y coordinates of the gamma-ray interaction are determined.
The time interval between gamma-ray interactions with the crystal is
long‘enough (v2usec) to allow processing of each event individually.

This chapter addresses how the contents of the LUTs are
determined so that the "best” estimate of event position is determined
for each gamma ray interaction. The signal processing relies heavily on
statistical estimation theory, where parameters are estimated from
observables. For the modular cameras, the parameters are the x and y
locations of a scintillation event, and the observables are the digitized
PMT signals.

To start with, some notation needs to be specified. Vectors é.re
denoted by bold type. Random variables, either vectors or scalars, are
denoted by a tilde (") above the character. Probability distributions
are given by expressions like p(®), where & is the vector-valued random
variable. Conditional probabilities, e.g. p(vle), are recognized by the

65
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vertical bar separating the random variable, ¥, from the “given"

variable, 0.

The Estimation Principle

One may conceptualize the estimation problem as shown in Figure
3.1. A source creates an event in parameter space specified by vector

8, which consists of components, 6i, of desired information,

0 = [ 6,,0,-0c,0y |T . (3.1)

The vector 6 corresponds to the total desired information, such as

position coordinates, (x,y), of a scintillation event in a NaI(Tl) crystal

. where N = 2, 8, = x, and g, = y.

The event in parameter space is probabilistically mapped into an
observation—space vector, §, which is composed of elements corresponding

to separate data obtained from the event,

v = Wu%,---ﬁu 17T . (3.2)

For the modular camera, ¥ corresponds to one set of PMT signals,

A, etc. Likelihood of a particular (A,B,C,D),

(A,B,C,D), where M = 4, ¥,
for =2 scintillation event at (x,y), is given by the conditional
probability density of ¢ given 0, i.e., p(¥|6) . 1In the lirarature,

p(%|0) is termed the "likelihood function.”

A

An estimation rule maps ¥ into an estimation—space vector 0 ,

also consisting of components,
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Fig. 3.1. The estimation problem.

A source creates an event in parameter space which is mapped
into observation space by probability laws. An estimation
rule then maps the observables into estimates.
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~ A A ~ T

o(e) = [ el’ez’.-o,eM ] Py (3-3)
where 6, = x , etc. Choices for the estimation rule are numerous.
Outputs of the PMTs are statistically limited and, in general, nonlinear
functions of position, so two statistical estimators, maximum likelihood
(ML) and minimum-mean~square error (MS), are chosen to be of primary

interest (Van Trees 1968).

Estimator Performance Measures
Effectiveness of an estimator as a function of © is determined
from two measures of quality. The first measure of quality is

expectation value of the estimate,

E[ 6(¢) ] = J[ (%) p(e|e)de . (3.4)

«©

Three classes of possible values for Equation 3.4 are :

(1) E[ ;(1’) ] =0 Unbiased: the average value of the
estimate equals the quantity to be
estimated

(2) E ;('4') ]=0+B Known bias: the estimate has a

constant known bias that can be

subtracted
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(3) E[ 6(%) ] =6 + B(e) Unknown bias: the estimate has a
0-dependent bias thut cannot be

easlly subtracted.

The bias vector, B, 18 defined as:
B=El o) ] -6 .- (3.5)

The vector B could be a function of 8, as indicated in (3) above.

A second measure of quality as a function of 6 is the variance

of the estimation error,
V=E [ 6y ~-0]2]-nB2 . (3.6)

The vector V indicates degree of spread in the error of the estimate.
Together, B and V define how accurately the estimate is and how finely
the estimate can resolve points of €. It is desirable to produce an

estimator that has little or no bias along with small variance.

Maximum Likelihood Estimation Rule (ML)

The ML estimate is simply the value of 6 that maximizes the log

of the 1likelihood function, p($|0), for a particular $. Stated

wathematically, ML estimates are found from (Van Trees 1968):

Vo [1n p(vlo)la «0 |, 3.7
oML(¥)
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where Vg is the vector gradient with respect to 6, and the natural
logarithm of the 1likelihood function ( called the "log-likelihocd

function” ) is taken.

Estimation Rules Using A Priori Information

No position information is known a priori in the modular camera,
so 0 is an unknown parameter. Some estimation rules require a
mathematical form for p(@), however. Since the range of @ is limited to
the camera faceplate area, a reasonable form for p(8) is a unifor;n
distribution over the faceplate. The relationship between the a priori
density and the likelihood function is given in Bayes' rule

(Frieden 1983) :
p(0,9) = p(0|¥)p(¥) = p(¥|6)p(e) , (3.8)

where p(8,¥%) is the joint probability density of & and ¥, p(0|¥) is the a
posteriori probability which is the conditional probability density of @
given ¢, p(¥) is the probability density of ¥ (detector response), and

p(8) is the a priori probability density of & (scintillation coordinates).

Maximum A Posteriori Estimator (MAP)
An estimator which is equivalent to the ML estimator for
uniformly distributed & is the maximum a posteriori (MAP) estimator. The

MAP estimator is simply the maximum of the a posteriori probability
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density, that is,

Vol 1n p(e ~ =0 . 3.9
ol 1n p(ol®) 15 o) (3.9)
The relationship between the MAP and ML estimators is found by

decomposing Equation 3.7 in terms of Equation 3.8, that is,

Val 1n p(¥|6)] = vg[ 1n p(o|¢) ]
+ Vgl 1In p(y) ]

- Vgl 1n p(8) ] . (3.10)

The second term on the right-hand side Equation 3.10 is zero, and, if the

assumption of uniform p(@) is made, the third term is also zero, that is,
Vol 1n p(®|e6)] = vg[ 1n p(e|w) ] . (3.11)

Equation 3.7, 3.9, and 3.11 indicate that, under the assumption of a
uniformly distributed &, the ML and MAP estimators are equivalent.
These concepts, as applied to a scintillation camera, were first

discussed by Gray and Macovski (1976).




72
Minimum-Mean-Square-Error Estimation Rule (MS)

The MS estimate is found from minimizing

R = J J [ o~ ;(w) 12 p(6,¥) dedv R (3.12)

where R is commonly known in the literature as the "risk” associated
with the estimate. A solution to the minimization of Equation 3.12 is
found by using Bayes' rule, Equation 3.8, to partition p(0,%), taking the

derivative with respect to 8, and setting the result equal to zero. The

solution is (Van Trees 1968) :

Ops(¥) = l o p(e|y) de

[--3

(¢]0) p(o)
® e 9®

i}
—

- %5y J o p(v|0)p(e) de . (3.13)

Equation 3.13 states that SMS(@) is found by taking the mean of the a
posteriori probability, p(olv), which can be related to the likelihood
function.

If p(0) is uniform, the MS estimate is the mean of the likelihood
function multiplied by a constant, which is removed by rewriting p(¥)

as :
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p(w) = J p(e,%) de

[

= J[ p(¢|e)p(e) do . (3.14)

Substituting Equation 3.14 into Equation 3.13 and assuming uniformly

distributed & yields

J o p(%|0)de
Mg (%) = - . (3.15)

p(ole)de

Equation 3.15 is entirely in terms of the likelihood function. The

denominator is simply a normalizing factor.

An Example of Estimator Calculation

The best way to explain estimation from statistical data is by
example. Consider estimating location, X, of a point along a line, as
shown in Figure 3.2. The task is to estimate position within one of
twenty locations, without aid of any kind. Use of ruling instruments is
considered cheating by definition. A data point in this case corresponds
to an observer's guess, A. What is sought is an estimation rule that
will ap a data value, A, to proper position coordinate, x. To

accomplish this, many data values must be collected for each position of




Fig. 3.2.

20

Testing diagram.

Participants are asked to judge the position of a point
above a line.
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the point. Histograms of such response data are shown in Figure 3.3 and,
in a rough approximation, relate to the conditional probability p(A|x).
Fifteen observer responses for each of five positions of the point are
recorded. A priori knowledge available to the recorder (not the
observer) consist-s of knowing actual location of the point for each
histogram.

Histograms of Figure 3.3 are a rough approximation to the
likelihood function for observer data ¥, = A, given point location, 8, =
x. Consider the histograms of Figure 3.3 as being directly proportional
to the likelihood function, p(AIx). ML estimates for observer data are
found simply by reading down a column of responses and assigning the x
in which the maximum number of responses occurred, e.g., for A=8, xp.x =
9. No responses occurred for x = 11, 13, or 15. One response occurred
for x = 10, and seven responses occurred for x = 9, MS estimates for

the histograms are found by calculating the nomalized mean down each

column of observer responses, e.g., for A=9, Xpoan = % ( 11°1 + 95 +

4-10 ) = 10 . Application of maximum-likelihood (ML) and minimum-mean~-
square-error (MS) estimation rules described above result in an

estimator map for X, as shown in Table 3.1.
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Table 3.1. Estimator Map For §
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A ML MS
1 - -
2 - -
3 9 9
4 - _
5 - -
6 9 9
7 9 9
8 9 9
9 9 10
10 10 10
11 11 11
12 11 11
13 13 13
14 13 13
15 13 13
16 15 14
17 15 15
18 15 15
19 - -

[3*]
o
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Performance Bounds

The calculation of a LUT from Equation 3.7 or Equation- 3.15
requires many calculations based on recorded data. To test the
performance of a particular estimator and camera geometry, the LUT must
be calculated, and the bilas and variance must be determined
experimentally. While this is probably the best way to determine the
bias, a shortcut is taken to determine a bound on the best Qalues of V
obtainable. Methods for calculation of a lower bound on V are discussed
in the literature, such as the Bhattacharyya and Cramer-Rao bounds (Van
Trees 1968). The Bhattacharyya bound incorporates moments of the
likelihood function from order one to order N, and it is algebraically
tedious. The Cramer-Rao bound uses only first-order and second-order
moments, and its calculation is straightfoward. Because of its
simplicity, the Cramer-Rao bound is utilized here as an indication of

estimate performance.

One-Dimensional Cramer—Rao Bound

The Cramer~Rao bound is a straightfoward application of the
Schwarz inequality (Strang 1980). In this section, 6 will be assumed
one-dimensional, i.e., N = 1 and 6, = x. Blas, as defined by Equation

3.5, reduces to :

B(x) =J [ %e) - x ] p(w]x) dy . (3.16)

w
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First and second derivatives of the likelihood function are assumed to
exist and be absolutely intergrable. Differentiating both sides of

Equation 3.16, we find

d]csixx =J ‘aa;[[xw)-x]p(le)]da

- J p(¥|x) d¢

+J 2RO [ o) - x ] av

= -1+ J 3—l27£§31§2 p(¥]x) [ ;(W) -x]dy

(3.17)

where in the last step it is observed that the first integral is just +1,
and properties of logarithmic derivatives are used. Equation 3.17 can be

rewyritten as :

}[ [ﬂna’%b‘—) /5T ][-’pulx) [ x(¥) - x 1] de =1+ BX

-

(3.18)
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The Schwarz inequality applied to Equation 3.18 yields:

2
| [_____1_3 2228 x’] p(o|x)dv

~ 2
’ J [ x(¥) - x ]2 p(o|x)dy | > [ 1+ ____dlé(xx) ]
(3.19)
The second integral on the left-hand side of Equation 3.19 is the one-

dimensional variance, 0%(x), as defined by Equation 3.6. Equation 3.19 is

rearranged to yield:

dx
o¥(x) > , (3.20)
E[ 2 1n p(¢|x) ]2
9x
or
dB(x) 1
[1 + S ]
a¥(x) > (3.21)

- E[ 3% lnap(¢|x) ]

An estimate that satisfies the bound of Equation 3.20 or Equation 3.21
with an equality is called an "efficient" estimate.
Proof of Equation 3.21 follows from the following argument.

Consider first :
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-0

+o
J p(d|x)dy = 1 . (3.22)

Equation 3.22 is differentiated with respect to x, and the properties of

logarithmic derivatives are used to yield:

J : a: = de = J gn—%ﬂx—) p(¢|x)de =0 . (3.23)

Next, Equation 3.23 is differentiated with respect to x to yield:

2
[____J__a 1n p(¥ x)] p(¢|x)dy .

ax2 X

[+

[ 32 1n p(9|x) P(Wlx)d0,= - j

(3.24)

Equivalently,

E[a_’_lLaE,(ill)]=_E[i£l_MJ£).]z , (3.25)

X

which is used in going from 3.20 to 3.21.




82
N-Dimensional Cramer-Rao Bound
Equations 3.20 and 3.21 bound how well an estimator performs for
estimating one variable ( N=1 ), 6, = x. More than one component in @
( N> 1) requires a slightly more complicated expression (Winick 1986).
The modular camera has two position coordinates of interest ( N =2 ), 6,
= X and 6, = y. Derivation of a multi-dimensional Cramer-Rao bound

requires the definition of an (N+l)-dimensional column vector, X, where

~

6, - 6,

3 in p(%|e)

20,

_| 2 1n pe]e)
X 36y (3.26)

Components of the variance, e.g., 0% and o2, are derived in this section

by forming XXT. The covariance matrix, E[ XXT ], contains elements Vjj,

that is,
[ vy A
V21
E[ xxT = . . 3
] | VN1 . . . VNN i ?

(3.27)
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where element Vyij is given by:

B (6 - 02 |

~ 2
=0§+[E[91"91]:|

o? + B? , (3.28)

Vi1

where B, is the bias in estimating the first parameter, 9,. Elements

Vi2 and V1 are given by :

V12 36,

V21 =E[[81-9,] i&n_&lﬂ]

E[ 313 in g(¢|o)] _ E[ g, 1n p(‘blo)]
26,

36,

3 B,

FTH . (3.29)

W

1+




84

Proof of Equation 3.29 is found by differentiating B,, i.e.,

3 B,

28,

Equation 3.30 is

~ 9 1ln 0
E[ 8, a‘;(l‘* )

8, p(¢]|e)dy

36,
a ~

3 | ). [91 - ex] p(v|0)d¥
a ~

| . o.p(w|0)dv - J

elgl_nag&l"_l_e_)p(¢| 8)d¥

8

ex%é%lﬂp(ﬂe)d?

—

J‘ 0,210 00|05y 0)ay

-]

rearranged to yield :

ECH 9, Jm p(¥|0)de

lm

[ 8]

Q
<D
-

. (3.30)

I
-

= ©.3 1n p(9]6) _ 3 B,
]-L 8, 20, p(vle)dw—1+—a§1- .

(3.31)
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Now

gl o 21n p(w|e)
! 30,

o, 21 B 0 py | 0)ay
J oo

= o, p;:lle) v
Jo

- [ p(ele)de

.
=6 g [ 1]

=6,[0]
=0 . (3.32)
Equations 3.31 and 3.32 are combined to justify Equation 3.29. Elements
Vik and Vkj are found in a similar fashion:
3 B,
Vlk = Vg1 = aek—]_ for N Z k> 2 . (3.33)
Finally, elements Vy, are :
- p| 3% 1n p(v|e) N>m>1
Von = E[ 3651 30,1 for NSn>1 . (3.34)

Because Equation 3.27 1s a covariance matrix, it is nonnegative

definite, and therefore its determinant must be equal to or greater than




zero (Van Trees 1968), that is,

det [E[ XXT ] ]>0 .

From Equation 3.35, an inequality can be derived relating ¢} to

derivatives of the likelihood function and the bias. For N = 2,

Viia Viz2 Vi3
V21 V22 V23

det >0 .
V31 V32 V33 | =

86

(3.35)

(3.36)

The determinant of Equation 3.36 could be calculated, in principle,

including the bias of the estimator, B,. However, bias is difficult to

calculate analytically, so an unbiased estimator, B = 0, is assumed for

the rest of the derivation. For the unbiased estimator,
Vi1 = o
Viz = V21 =1

Viz =V31 =0

2
V22 = E[ 3 1n p(v|6) lnagf° %) ]
Va3 = V3p = E[ 2% 1n p(v|0) ]

30, 90,

2
Va3 = E[ d 1nag(w|e) ]

2

(3.37)
(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

Cofactor expansion is used to evaluate the determinant of Equation 3.36
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as follows :

l V22 Va3
o2 det -[ 1]V >0 .
' V32 V33 [ 1Vs3 2

Terms on each side of the Inequality are rearranged to yield:

v
o > x33

' = Vxgg Vx33 - [ Vxp3 )2 (3-43)

Equations 3.40, 3.41, and 3.42 are subsitituted into 3.43, yielding an

expression for the variance:

2

2 . 2
E[ 3 1na§fa|o) ] E[ 2 1nag§¢|o)] _ [E[ 32 1n p(¥|e) ]]

2
E[ 3 1naeg(¢|e)]

of >

(3.44)

Equation 3.44 is a lower bound on the 8, variance component, o2,
of a two-dimensional estimation vector. The other variance component,

o2, is found in an analogous manner.




88

Estimation From Real Data

The problem presented in Section 3.1.3 concerns real data. The
task is to estimate actual location of a point along a line from an
observation, which is accomplished using ML and MS estimators. The same
technique is used on real data from PMT signals in the modular camera.
A collimated beam of radiation incident on a scintillation crystal at a
specific location, say (x,,Yy,), has the effect of producing a multit;ude of
PMT responses that occur with a probability given by the likelihood
function, p(ABCDIx,yo). When enough data are accumulated at each
location, the histogram of PMT signals closely represents‘ the likelihood
function as stated in a theorem called "the law of large numbers”
(Frieden 1983). Histograms are then compared to determine ML and MS
estimates of position using Equations 3.7 and 3.15, respectively. A
Cramer-Rao bound is calculated from the data by assuming that only
photoelectric events, described in Chapter 2, are present in the signal.
This assumption enables Equation 3.44 to be calculated without a great

deal of mathematical complexity.

On-The~Fly Estimator Calculation

Equatons 3.7 and 3.15 specify that, in order to calculate ML and
MS estimators, the likelihood function must be known. Data collected
from each point measurement described above approximate one part of the
likelihood function, e.g., p(ABCDIxoyo) for (%¢,¥s). The point-measurement
data set contains a histogram of all possible PMT responses that
occurred during data collection. If five-bit quantization is assumed on

each of four PMTs, total histogram space is 22° locations. At each
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location a word (16 bits) of information is stored, so total histogram
memory for one point-measurement data set is 22! bytes. A point-
measurement data set must be accumulated at each of 2!? xy-positions (2°
x-positions and 2°® y-positions), so total memory space that must be
allocated to collect a likelihood function is 2%’ bytes. Wow! A large
commercial disk memory on a VAX 780 computer is around 2°? bytes. A
better method of estimator calculation must be found. Fortunately,
Equations 3.7 and 3.15 lend themselves to a sequential method for
estimator calculation that requires a maximum of 22° bytes of memory, an
amount easily obtainable with most commercial computer systems.

Equation 3.7 implies that an ML estimate of position for a
specific PMT output (A,B,C,D) corresponds to the position where the
maximum of the log-likelihood function occurred (which is equivalent to
the (A,B,C,D) where the maximum of the likelihood occurred), so all that
is required to obtain a ML estimate for a specific (A,B,C,D) is to
sequentially search the likelihood function for a maximum at each
(A,B,C,D). Collected data approximate the likelihood function, so
sequential comparison of data as they are collected results in ML
estimates of position. Three separate memories are required for the
procedure, as shown in Figure 3.4. Matrix Gj(k,l,m,n) is data from point
measurement i, with (k,1,m,n) representing indices of PMT signal values:
k for values of PMT A, 1 for values of PMT B, etc. Matrix P(k,1l,m,n)
contains maxima of the Gy's. Matrix E(k,l,m,n) is the matrix of
estimators for PMT signal values. A flowchart of the procedure is

displayed in Figure 3.5. 1Initally, i=0, elements of P are set to zero,




| DATA SET
‘Gi(k,I,m,n)

2+21 bytes

MAXIMA
P(k,l,m,n)
2+21 bytes

ESTIMATOR
E(k,l,m,n)
2+21 bytes

Fig. 3.4. Maximum-likelihood memory requirements.
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Fig. 3.5. Maximum-likelihood flowchart.

91




92
and the first point-measurement data are acquired. All elements of
matrix Gohare compared to the elements of P. For any element of Gy
that is greater in magnitude than the corresponding element of P, the
(k,1,m,n)th element of P is replaced by the (k,1,m,n)th element of GQ»
and the coordinates of measurement 1=0 are placed in the (k,l,m,,n)th
element of matrix E. For any element of Gg that is less than or equal
in magnitude to the corresponding element of P, matrices P and E are
undisturbed. The procedure continues until all of the desired
coordinates of measurement are processed.

MS estimates can be calculated in a similar manner. Figure 3.6
shows the memory requirements for calculation of the MS estimator,
Equation 3.15. Four separate memories are required, data matrix Gj,
accumulative x and y mean matrices MX and MY, and accumulative data
matrix T. A flowchart of the procedure is shown in Figure 3.7. Initally
matrix elements of Gy, MX, MY, and T are set to zero. The first point-
measurement data, Gg, are acquired. Elements of T just integrate the
data from elements of Gg. Matrix elements of MX are added to the x
value of measurement i=0 multiplied by the corresponding elements of Gg.
Similarly, matrix elements of MY are added to the y value of
measurement i=0 multiplied by the corresponding elements of Gg. The
procedure continues until all of the desired coordinates of the
measurement are processed. Then estimators of position are formed by
dividing each element of MX and MY by the corresponding element of T.
In computer code, the division is done so that no additional memory is

required, e.g., MX(k,1,m,n) = MX(k,1,m,n)/T(k,1l,m,n) .
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DATA SET
Gilk,l,m,n)

2+21 bytes

X MEAN
MX(k,l,m,n)

2222 bytes

Y MEAN
MY(k,l,m.n)

2#22 bytes

TOTAL
T(k,l.m,n)

2422 bytes

Fig. 3.6.

Minimum-mean-square—error memory requirements.




Fig. 3.7.
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all i's
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EX=MX/T

v
EY=MY /T

STOP

Minimum-mean~square-error flowchart.
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Calculating the Cramer-Rao Bound

The Cramer-Rao bound is calculated from the likelihood function,
p(¢|@) . As discussed in Chapter 2, a good approximation to the
likelihood function of the photoelectric data is the Poisson probability
distribution. The one-dimensional Cramer-Rao bound, Equation 3.21, is
used in conjunction with the one-dimensional modular camera, which uses
two PMTs, A and B. The parameter of interest is scintillation position

x, and the likelihood function is :

fafp
p(AB|x) = +157 eXPl ~fa -fp | ’ (3.45)

where f; and f}, are MDRFs for photoelectric data and are functions of
position, x. The two-dimensional Cramer-Rao bound is used in conjunction
with the two-dimensional modular camera, which uses four PMTs, A, B, C,
and D, to provide signals for estimating x and 'y components of

scintillation position. The likelihood function is :

fafpfefq

P(ABCD|xy) = ATBICID!
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One-Dimensional Cramer-Rao Bound Calculation
The one-dimensional Cramer-Rao bound is found by simply
evaluating Equation 3.21 using Equation 3.45 as the likelihood function.
The bias is assumed zero to simplify the derivation. First the

derivative of the log-likelihood function is evaluated,

» 2
3___.2(__L_21n AB|x) _ 3 Z [ -fi + Ryln f§ - 1n Ry! ] (3.47)

ax ax i=1
2
Rif
=7 [-fxi + iff‘i] , (3.48)
i=1 *

where £] = fa, fyx} = 3f,/38x, R] = A, and similarly for PMT B. Next the

derivative of Equation 3.48 is taken,

32 1n p(AB|x) _ i Rifyxxi £31
= ‘fxxi + —f—i—- - Riﬂ— , (3.49)

where fygyi is the second derivative with respect to xX. Now the

expectation value of Equation 3.49 is evaluated, with the key property of
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Poisson distributions, E[ Ry ] = f; :

2 f fz
E[———;——l—a 1n P(AB")]=_ 2 [—fm+E[ R 1 - Bl Ry ]??]

)4
i=1
(3.50)
2 2
f
= -y . (3.51)
=1 1
Now Equation 3.51 is substituted into Equation 3.21 to yield :
2 1 ~
oxx) > ——— . (3.52)
— 2 2
S
i=1 1

Equation 3.52 is similar to an "ideal resolution distance” derived for

gamma cameras by Tanaka et al. (1970).

Two-Dimensional Cramer-—-Rao Bound Calculation

The two-dimensional Cramer-Rao bound is calculated similarly to
the one-dimensional Cramer-Rao bound, with the exception of the cross
term, Equation 3.41. For the cross term, taking the derivatives of the

likelihood function yields :

3% In p(AB|x) _ fxyi fx1fyi
axdy - Z ["fxyi tRig T Ry 7 . (3.53)
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The expect:atioﬁ value of Equation 3.53 is :
32 1n p(AB d fxifyi
E[ _“_P__IL)] -3 (3.54)

Equation 3.54 is substituted into Equation 3.44 and the results from

Equation 3.51 are used to obtain an expression for the x variance:

4 .2
> A
. =1 1
UXZ_ 2 .
4 4
y Sy fil |y fxfp
f £
=1 g H =1 1
(3.55)
Equation 3.55 is rearranged to yield:
ox > 1 7 .
4
7 fxifzi
e £
§ g2y |i=1 1
i:i i 4 2
y I
£y
i=1
(3.56)

Equation 3.56 is basically the one-dimensional variance with a correction
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term in the denominator that relates to the cross dependence of the y

variable.




CHAPTER 4
DESIGN OF THE ONE-DIMENSIONAL CAMERA

The one—dimensional (1D) camera records position information, X,
of a scintillation event in a NaI(Tl) crystal. Position information is
derived from two PMTs. Figure 4.1 displays a sketch of the 1D camera in
a test configuration. The NaI(Tl) scintillator measures 10 cm in the
imaging direction by 5 cm in the nonimaging direction. A reflectively
coated light guide is used with a midplane mask to shape MDRFs, f, and
fyp, as defined in Chapter 2. Outputs of the two PMTs are shaped and
converted into two digital signals. The digital signals are then used as
input to a digitai lookup table (LUT). Contents of the LUT correspond to
ML or MS estimates, and outputs from the LUT are histogrammed in an
image memory during data collection.

Because of its simplicity, the 1D camera is used to study
effects of camera geometry, e.g., light-guide length, mask design, etc.,
on the performance of the statistical estimators described in Chapter 3.
Specifically, the 1D camera is used to find the best geometry for either
the ML or MS estimator. -

Geometries are first chara.cterized with computer simulations.
Three candi&ace geometries are then constructed and evaluated for their
performance using the Cramer-Rao bound, Equation 3.52. The best
geometry of the three is then used to obtain data for ML and MS LUTs.
LUTs are evaluated by testing with point-response data.
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Fig. 4.1. Test configuration for the 1D camera.
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Defining a Starting Geometry

Design of the modular camera started with defining a "first-
guess” geometry. Equation 3.52 indicates how well a statistical
estimator perform.s for any oune geometry given its MDRFs, f4 and fp, SO a
critical evaluation parameter is the shape of f,; and fj,. Trends in the
shape of f,; and f} are modeled in a computer, and several geometries are
investigated. Three candidate geometries are constructed, and mean
detector responses are measured. ~ Data are curve-fit to a polynomial,
and then Equation 3.52 is evaluated for each point along the imaging

direction.

Computer Simulations

Computer simulations were used by Selberg (1984) to investigate
dependence of fy and fy on camera geometry. The simulations take into
account many of the optical characteristics described in Chapter 2, and
simulation results are accurate in showing trends of PMT signals for
various geometries. Figure 4.2 displays results of simulations for
various light-guide lengths and crystal thicknesses. As crystal
thickness is increased, dynamic range (maximum-to-minimum ratio) of PMT
signals is reduced. Thicker light guides reduce dynamic range and
linearize shape of PMT signals. Dynamic range and linearity are both
important factors in camera performance because they relate to terms in
Equation 3.52. For example, simulation results for a crystal thickness
of 3 mm with light guide thicknesses of 0.00025 cm (essentially zero

thickness) and 2.5 cm are compared: The 0.00025 cm light guide has a
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Fig. 4.2. Simulated MDRFs for varying light-guide length and
crystal thickness (from Selberg).
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very high slope (fya and fyp) in the center of the crystal, but low
slope closer to the edges. Consequently, Equation 3.52 indicates that
the variance of the estimate, oz(x), will be small in the center and
large near the edges. The 2.5 cm light guide, however, has fairly
constant slope over the entire crystal, so 02(x) is a minimum at the

edges and a maximum in the center of the crystal.

Measurement of Mean Detector Response

Mean PMT responses, f, and f}, versus position, x, are measured
for three 1D camera Igeometries. Geometries consist of either a 3 mm or
5 mm thick NaI(Tl) scintillation crystal coupled to a 2.5 cm thick
reflectively-coated lower light guide, one of two midplane masks on top
of the lower light guide, a 2.5 cm reflectively-coated upper light guide
with a vertical reflector extending from the top of the upper light
guide to the midplane mask, and two Hamamatsu R-1534 PMTs.
Combinations of components are shown in Table 4.1 for each geometry.
The two masks are sketched in Figure 4.3.

Each camera geometry is assembled and tested as shown in Figure
4.1. A lead shield surrounds the camera to protect it from stray or
scattered radiation. The LUT is replaced with a histogramming memory,
so, for each location of a point source, a two-dimensional (2D) plot of
detector response is measured. The point source, approximately 30 uCi of
57Co, is collimated and directed at normal incidence to the scintillation
crystal with a beam width of lmm. A digitally controlled stepper motor
moves the point source along a line connecting PMT centers, allowing

accurate control of the source position. Travel of the point source




Table 4.1.

1D Camera

Geometries.
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xtal (mm) Midplane
Geometry thickness mask
1 3 A
2 3 B -
3 5 B
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Fig. 4.3. Midplane mask designs for the 1D camera.
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ranges from one end of the scintillation crystal, x = 0, to the opposite
end, x = 10 cm.

MDRFs for each geometry are graphed in Figure 4.4. The lower
bound on the variance (Equation 3.52) is used to calculate expected full-

width at half maximum (FWHM) of p(}?lx) with the following relationship :
FWHM = 2.35 o(x) . (4.1)

where the factor of 2.35 results from assuming a Gaussian shape. The
FWHMs for curves in Figure 4.4 are displayed in Figure 4.5. Geometries
#1 and #3 suffer from poor resolution near the edges of the crystal.
Predicted resolution for geometry #2 is approximately 0.5 cm and is
fairly constant over the crystal length. Geometry #2 is chosen for

testing the ML and MS estimators because of its uniform CR bound.

Computer-Generated Lookup Table

A computer simulation is implemented to study the difference
between ML and MS estimators. The estimators are calculated by
assuming Poisson statistics for the likelihood function (Equation 3.45),
where the MDRFs, f; and £}, correspond to mean signal curves of
geometry #2.

A lookup table is used to map PMT responses to the estimators.
The LUT corresponding to the MS estimator is graphed isometrically in
Figure 4.6. Axes of the base correspond to PMT signal values A and B.
Height of the graph is the value of the MS estimate for the AB pair

specified by the axes. In operation, input to the LUT for each event is
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Mean
Signal

POSITION

Fig. 4.4. Mean signal versus position for three 1D camera geometries.
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POSITION

Fig. 4.5. Calculated Cramer-Rao bound for three 1D camera geometries.
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A Voltage - ———mmmee—i-

Fig. 4.6. Isometric view of an MS LUT.

Axes of the base correspond to A and B PMT voltages. The
height of the graph is the MS estimate of position as a
function of the PMT voltages.
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a twelve-bit digital word composed of two six~bit PMT signals. The
output of the table is the estimate of position corresponding to the
input word. Total memory space required for the LUT is 212 locatioms.
Sixty-four possible values for the event location are allowed, so one
byte at each location is sufficient. Therefore, total memory space
required for the LUT is 4096 bytes.

The simulation models response of the 1D camera to six positions
of a point source. For each location of the point source, f5 and fp are
used as the mean values in a Poisson random number generator which
produces values of A and B. These values are then used as addresses for
the LUT, which returns the appropriate value for the position estimator.
The image memory is incremented at the location corresponding to this
estimator, and the process is repeated until 1000 counts are accumulated
for each of the six source points. The point images for geometry #2 of
Table 4.1 are shown in Figure 4.7 for both the ML and MS estimators.
The resolution follows the bound calculated in Figure 4.5, achieving
almost uniform resolution over the length of the crystal. A bias
measurement indicates that almost no bias is present. Differences

between the two estimators are slight.

Building the LUT

LUTs for the modular camera must take into account actual
response characteristics of processing electronics, e.g., digital-to-
analog converters, PMTs, filters, etc. A method for calculating ML and
MS estimators from real data 1s described in Chapter 3. This séction

describes how that technique is applied to the 1D camera.




Relative Number of Counts
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The Likelihood Function

Replacing the LUT with a histogramming memory provides a
collection of 2D data plots of detector response data for each point-
source location. As explained in Chapter 3, when enough data are
accumulated for each point-source location, xk, the data closely
represent part of the likelihood function, p(ABka). It 1s instructive to
view the data plots in order to obtain a qualitative feel for how the 1D
camera responds to different locations of the point source. Figure 4.8
displays a series of data plots of geometry #2 for x = 0, 1.25, 2.5,
3.75, and 5.0 cm. Axes of the plots correspond to voltage outputs of
each PMT, and the height corresponds to the number of times an AB pair
was measured during the collection time of the experiment, e.g., a high
pixel corresponds to an AB pair that occurred much more frequently than
an AB pair corresponding to a low pixel. The total number of counts in
each data plot is 660061 counts.

Two major components of each 2D data plot are photopeak
response and’secondary response due to iodine escape, lead x-rays, etc.,
as described in Chapter 2. The two components are labeled for each data
plot in Figure 4.8. Photopeak response is the only component assumed in
the derivation of Equation 3.52, the Cramer-Rao bound. Notice that
secondary response overlaps areas of photopeak response for point-source

locations near ends of the crystal.













ML and MS Lookup Tables

ML and MS LUTs for geometry #2 are calculated using the
technique outlined in Chapter 3. Axes of LUT plots correspond to
voltage outputs of each PMT, and the brightness of each pixel
corresponds to the X estimate of position for an AB pair. Plots for ML
and MS estimators are shown in Figure 4.9. In regions of the plot where
A+B is below approximately 50% of its maximum value, ML and MS
estimators are nearly identical. Regions of the plot where A+B is
greater than 50% of its maximum value exhibit large differences in the
estimators. Differences are displayed pictorially in Figure 4.10, where
brightness of each pixel corresponds to the difference, A%, of the

estimators :

AR = Ry - RMs . (4.2)

Windowing the Lookup Tables

LUTs of Figure 4.9 map all posible AB pairs to position
coordinates. Not all of the AB pairs contain useful information,
however, due to ambiguities in the data. Ambiguities arise from Compton
scatter of gamma rays between source and detector planes. If a gamma
ray travels in a direct line between source and detector planes,
reconstruction algorithms can calculate an image of the source in a
straightfoward manner (Paxman, Smith, and Barrett 1984). Gamma rays
emitted from the source that scatter off bone, fat, muscle, or other
tissue can change direction. If the scattered rays strike the crystal,

they present false information to algorithms expecting only direct
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radiation (Clough 1986). Differentiation between scattered and direct
gamma radiation is made in the LUT. Because gamma rays lose some
energy when scattered, PMT signals for a vscattered gamma ray causing a
scintillation event will be different than PMT signals for a direct
gamma ray scintillating at the same position in the crystal. Therefore,
PMT signals due to scattered radiation occur in a different portion of
the LUT than PMT signals due to direct radiation. All that must be done
to separate direct from scattered radiation is to tag appropriate areas
of the LUT. A "window" around the photopeakv of each source position is
chosen as a technique to effectively tag useful data.

Windowing of the LUT is accomplished by comparing energy of the

PMT signals,
E=A+8B . (4.3)
to an estimate of the energy given the estimate at AB,
B = £5(X(A,B)) + £p(X(A,B)) . (4.4)

The entire LUT 1s calculated first. Then, for each AB in the
LUT, E and B are determined. If E is within #107 of E, the AB pair is
accepted as valid data. If B is outside this range, a tag is placed in
the LUT so that when the location is addressed, the image memory will
recognize the tag and not accumulate the count. Windowed LUTs for ML

and MS estimators are shown in Figure 4.11. ML and MS windowed LUTs
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are different in appearance. The ML LUT is ghaped like a "C-clamp,"”
while the MS LUT has "ears" on both ends. Centers of both LUTs are

similar.

One-Dimensional Camera Evaluation

The 1D camera is evaluated by examining performance of ML and
M5 estimators on real data. First, point-source response plots are
calculated and examined. Defining equations for bias and variance are
then applied to point-source response data for all values of source
locations. A surprising result of the evaluation is that, even though
the Cramer-Rao bound predicts uniform performance, edge response for

both estimators is drastically different than expected.

Point~Source Response

Measures of quality for statistical estimators are discussed in
Chapter 3. Bias, B(x), is defined by Equation 3.5, and variance, 02(x), is
defined by Equation 3.6. These equations are used to analyze
performance of LUTs shown in Figure 4.11. The procedure is simply to
use point-response data as input to either LUT, histogram outputs in an
image memory, and then calculate bias and variance according to the

defining equations.
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ML Evaluation Results

Point-source responses for the ML estimator at x = 0, 1.25, 2.5,
3.75, and 5.0 cm are shown in Figure 4.12. Estimates for points in the
center of the crystal are symmetric and exhibit little bias. Estimates
for points near the end of the crystal are not symmetric and exhibit
varying degrees of bias. Bias and variance for all 64 point-source
locations are shown in Figures 4.13a and 4.13b, respectively. Bias
varies between +0.60 cm to -0.43 cm and is minimum in magnitude near the
center of the crystal. Variance is nearly uniform with an average value
of 1.62 cm2, a much higher value than the Cramer—-Rao bound prediction
graphed in Figure 4.5. Although variance in Figure 4.13b is an average
of approximately 1.7 cm2, which indicates a FWHM of around 3 cm, a
visual inspection of Figure 4.12 indicates that true FWHM is around 0.8
cm in the center of the crystal. The larger value in the calculated
variance is due to wide "tails" in each point-source response and a

deviation from the Gaussian assumption of Equation 4.l.

MS Evaluation Results

Point-source responses for the MS estimator at x = 0, 1.25, 2.5,
3.75, and 5.0 cm are shown in Figure 4.14. Estimates for points in the
center of the crystal are symmetric and exhibit little bias. Estimates
for points near the ends of the crystal build up 0.6 cm to 1.5 cm from
the edges of the image memory. No estimates are recorded for pixels
near either edge, resulting in a large edge bilas, as indicated in Figure
4.15a. Variance of the MS estimate is graphed in Figure 4.15b. Values

for MS variance are generally much lower than corresponding ML values
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Fig. 4.16. Photopeak and secondary response maxima as a function of
position.

Here, x=0 corresponds to x~o cm, and x=63 corresponds to
x=10 cm. Near both ends of the crystal, the secondary
response overlaps the primary response.
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ML estimates are not significantly affected as the LUT is being
built. Since values of ML estimates depend on only the maximum for each
AB, secondary-component data do not affect values of ML estimates if the
secondary component occurs less frequently than the photopeak
component. This is observed in Figure 4.8 by the relative height of the
secondary-component pixels compared to the pixels of the photopeak
component, e.g., in Figure 4.8e the secondary component is not as high as
the photopeak component. Crosstalk near ends of the crystal produces
undesired counts in the image memory. Undesired counts are accumulated
near each end of the image memory because secondary-component data are
always lower in energy than photopeak-component data for the same
point-source location. The result is a large bias toward x=0 or x=10 cm
in the image memory.

MS estimates are most affected as the LUT is being built. Since
the MS estimate at each AB depends on the mean value of the likelihood
function, e.g;, point-source response data, crosstalk tends to bias MS
estimates away from their proper values. For point-source locations
near x=0 cm, crosstalk biases estimates toward higher x values.
Likewise, for point-source locations near x=10 cm, crosstalk biases
estimates toward lower x values. When windowing is applied to the MS
LUT, biased estimates fall out of the energy range for useful data. The
result is that no counts are recorded near edges of the image memory

for any point—-source location.
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Discussion of Experimental Results

Experimental response data are much different than expected.
The computer-generated LUT results indicate uniform performance of both
ML and MS estimators over the entire crystzil length for simulated data,
while experimentally it 1s observed that ML and MS estimators have
varyving degrees of performance for different point-source locations.
Both estimators perform well in the center of the crystal. Near the
ends of the crystal, the ML estimator is able to give an estimate of
location with some degree of accuracy, but it is grossly biased toward
end pixels of the image memory. The MS estimator, in general, has
smaller bias and variance than the ML estimator, but it cannot respond
for point-source locations near the ends of the crystal. Crosstalk is
the cause of reduced efficiency near end locations, and it occurs when
the photopeak component of the data overlaps the secondary component.
Crosstalk is also characterized by a falloff in the energy, E, near end
of the crystal. The overriding conclusion of this chapter is that
crosstalk must be reduced or eliminated in order for estimators to

perform efficiently near the ends of the crystal.




CHAPTER 5
DESIGN OF THE TWO-DIMENSIONAL CAMERA

The two-dimensional (2D) camera records position information,
(x,y), of a scintillation event in a NaI(Tl) crystal. A sketch of the 2D
camera is shown in Figure 1.18. The NaI(Tl) scintillator measures 10 cm
by 10 cm on the camera fa;:e and 0.63 cm in thickness. As with the 1D
camera, a reflectively coated light guide is used with a mask to shape
the mean detector response functions (MDRFs), f,, fp, fo, f4, Which are
functions of the x and y positions of events in the crystal. Outputs of
the four PMTs are shaped and converted into four digital signals. The
digital signals are then used as addresses to a digital lookup table
(LUT). Contents of the LUT correspond to MS estimates of position, and,
when a location is addressed during the experiment by the data signals,
the estimate of position in that location is histogrammed in an image
memory. The system is sketched in Figure 1.19.

This chapter discusses the design, construction, and evaluation of
a 2D modular cameré. Computer modeling of 2D geometries is not
performed because of the time-consuming computations involved; instead,
the MDRFs of several candidate geometries are measured, and the
performance of each geometry is estimated by applying the 2D Cramer-Rao
(CR) bound, Equation 3.61, to each geometry's MDRFs. The "best"
geometry, i.e., the geometry with the most uniform CR bound and the best
estimated spatial resolution, is used to obtain data for an MS LUT, a
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procedure described in Chapter 3. The LUT is evaluated with point-
response data, which checks for the spatial resolution and the bias of

the MS estimator.

Geometry Definition

Components of the 2D camera geometry that are varied to produce
test modules include the light-guide length, which varies from 0.95 cm
to 2.22 cm, and optical mask design. The fourteen 2D geometries that
are tested are described in Table 5.1, and ten different mask designs
used in the tests are illustrated in Figures 5.1la through 5.15. Because
only one crystal assembly is available at the time of this writing, only
one crystal package, a 0.63 cm thick erystal with an absorbing material
around the sides of the crystal and a diffuse reflector on the front

face, is tested.

Lessons Learned from the 1D Camera

The results of Chapter 4 provide a starting point for the design
of the 2D camera. Effect of crystal thickness, light~guide length, and
optical masking on the 1D MDRFs are extended to the 2D camera geometry
and 2D MDRFs in the following manner:
(1) Best spatial resolution for the 1D camera is obtained with the
thinnest crystal. Thin crystals (thickness < 0.3 cm), however, have low
absorption efficiencies. Therefore, the thickness of the 2D crystal is
specified to be at least 0.5 cm. This thickness attenuates about 837 of
the 122 keV gamma rays. A 0.63 cm thick crystal is used for the

experiment because it is a standard thickness supplied by manufacturers




Table 5.1.

2D Camera Geometries.
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Lower light-guide

Upper light-guide

Vertical

Geometry length (cm) Mask length (cm) masking (cm)
1 0.95 None None None
2 2.22 None None None
3 0.95 A None None
4 2,22 A None None
5 2,22 A None 1.27
6 0.95 A 1.27 1.27
7 0.95 B None None
8 0.95 c None None
9 0.95 c 0.64 None

10 0.95 D None None
11 0.95 E None None
12 0.95 F None None
13 0.95 G None None
14 0.95 H 0.32 None
15 0.95 1 0.32 None
16 0.95 J 0.32 None
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Fig. 5.1. Midplane mask designs for the 2D camera.
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Fig. 5.1.

Midplane mask designs for the 2D camera.
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and it attenuates about 897 of the 122 keV gamma rays.
(2) Experience with the 1D camera and simulation results (Selberg 1984)
indicates that the light-guide thickness should be 0.5 to 3.0 cm. To
determine the proper length of light guide for the 2D camera, the 2D
geometry is first tested with no mask and a short light guide. Then the
length of the light guide is increased, and the geometry is tested again.
The results of the tests determine what length of light guide to use.
(3) Optical masking in the light guide of the 1D camera is an important
factor in uniformity, as shown in Figure 4.5. The 2D camera also uses a
mask in its light guide to provide a uniform response. Mask design for
the 2D camera is accomplished by the “educated guess” approach. After
the best light-guide length is determined from part (2) above, different
mask designs are tested for uniformity of spatial resolution over the

crystal face.

Measurement of Mean Detector Response Functions

Measurement of 2D MDRFs is accomplished with the configuration
shown in Figure 5.2. The camera module is placed on a lead plate which
is supported by lead bricks. The plate has a 1 mm diameter hole drilled
into it, behind which is a source of 57Co that emits 122 keV gamma
radiation. The hole serves to roughly collimate the gamma rays and
provide a small area over which gama rays interact with the crystal.
The four PMTs are supplied with a constant high voltage, typically 900
volts. The output of each PMT is attached to a Nuclear Data 509
amplifier that changes the current signal into a voltage signal, which is

then histogrammed with the multi-channel analyzer (MCA).
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With the module at one sample location on the plate, say (%q,¥o),
the MCA records a PMT data histogram from the. first amplifier. The
mean detector response at the sample location is then determined from
the MCA display as described in Chapter 2. The input to the MCA is
changed to the second amplifier, its histogram is recorded, and the mean
detector response is determined. The third and fourth PMT data
histograms are recorded similarly. The module is then moved to another
sample location, say (x,,y,), the MCA records the new histograms, and the
measﬁrement procedure is repeated. In this manner, the mean detector
responses are sampled at many positions over the face of the camera.
The array of sampling points is shown in Figure 5.3. Data for a total of
31 points are accumulated across each diagonal and one center line.

These data are curve-fit to a twenty-~eight term polynomial:

z =g, + g,x + gyx2 + g x? + gx* + g xS + g xb
+ 8y t 8¥: 8oy’ + 8yt t+ 81Y° + g1Y*
T 81 Y% + g X3y + g, X%y + g,x'y + g, X%y
+ B1o¥?x + Zoox2y? + gy, xX%y2 + g,,x%y?
+ gaaXy® + 8,,%x2%y* + g,X3y? + g, Xy

+ g,,x2y% + g,.Xys . (.1

The result of a typlcal curve fit is shown in Figure 5.4 for one PMT; the
curve looks smooth and well behaved. Careful analysis reveals that the
fit results in a polynomial producing negative f,(x,y) for values where
minima in the function are expected, most frequently in the areas where

the sample points are spaced widely apart. The actual MDRFs can never
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Fig. 5.3. Data collection grid for 2D MDRFs.







151
be negative because the function represents a mean number of
photoelectrons, which is always positive. This discrepancy might cause a
sert.us error if the polynomials were used for strict quantitative
arslysis, but here the intent is to roughly approximate the performance
of several camera geometries and then build a lookup table from data

obtained from a much finer sampling grid.

The Tanaka Plot and the Energy Surface Diagram

With the 1D camera it is observed that the CR bound is a useful
first test of camera performance. For the 2D camera, a representation
of the full-width-at-half-maximum (FWHM) is displayed pictorially at
several points over the crystal area, as shown in Figure 5.5. The FWHM
is derived from the MDRF polynomials, Equation 5.1, the 2D CR bound,
Equation 3.61, and assuming that the estimator poinf—spread function is
Gaussian in shape. The plot is called a "Tanaka plot" because Tanaka et
al. (1970) first used a bound similar to Equation 3.6} in gamma~camera
design.

Another outcome of the 1D experiments is that estimator

performance depends upon the shape of the energy surface:
E(x,y) = f5 + fp + fc + £4 (5.2)

where the f,'s are MDRFs for tubes A, B, C, and D. Figure 5.6 displays
an example of an energy plot in which the energy drops off sharply in
the corners, and therefore the validity of the Tanaka plot is
questionable in the corners, an effect described in Chapter 4. The

Tanaka plot is most accurate when the energy surface is flat over the




Fig. 5.5.
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entire crystal. A measurement of "flatness" is simply to find the root-
mean-square (rms) departure of the surface from its average value.
Admittedly this is an ad hoc measure, but at least the rms departure

gives one number by which different energy plots may be compared.

Mask Design

Each geometry of Table 5.1 is analyzed by measuring the MDRF of
one PMT and then reflecting the coefficients of the polynomial fit to
approximate the other PMT responses. The MDRFs are used to calculate
' the Tanaka plots and the energy-surface diagrams. For the sake of
brevity, not all of the Tanaka plots and energy-surface diagrams from
the tests are illustrated; instead, the numerical results of the rms
measurement of the energy surface and estimated spatial resolution are
displayed in Table 5.2, and Tanaka plots and energy-surface diagrams are
shown where necessary.

Geometries #1 and #2 test for the length of the light guide.
Geometry #1 consists of a short light guide (length = 0.95 cm) with no
mask, and geometry #2 is just geometry #l with a longer light guide
(length = 2.22 cm). Spatial resolution for geometry #1, 0.51 cm, is
acceptable and comparable to commercial Anger cameras (Technicare 1981),
while the test on geometry #2 indicates that spatial resolution would be
0.65 cm. Obviously the shorter light guide is the correct choice.

The rms departure of the energy surface for geometries #1 and
#2 are quite high compared to other entries in Table 5.2 due to the
shape of the energy surface. Figure 5.6 displays geometry #1's energy

surface, which drops off sharply in the corners. As mentioned in the
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Table 5.2. Comparison of 2D Camera Geometries.
Average spatial
Mean photoelectrons RMS photoelectrons resolution (FWHM)

Geometry  at center of xtal of energy surface in cm

1 459 36 0.51

2 394 43 0.63

3 299 18 0.56

4 292 29 0.90

5 277 28 0.99

6 280 23 0.66

7 316 23 0.48

8 374 23 0.50

9 364 25 0.76

10 327 31 0.52

11 370 31 0.48

12 356 26 1.04

13 335 38 0.54

14 359 23 0.56
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previous section, the Tanaka plot for this geometry, Figure 5.5, might
not be valid in the corners.

Geometry #3 is an attempt to use masking in order to flatten
the energy surface and provide a uniform spatial resolution. The test
results listed ih Table 5.2 indicate that an improved energy surface is
obtained, as shown in Figure 5.7, but at the price of degraded average
spatial resolution, 0.56 cm, and a lower average number of
photoelectrons produced in the photomultipliers. Spatial resolution is
reasonably uniform, however, as shown in the Tanaka plot of Figure 5.8.

Geometries #4 and #5 are an attempt to see the effect of longer
light-guide length with masking. Geometry #5 differs from geometry #4
in that it also has a vertical mask. As seen from Table 5.2, average
spatial resolution is severely degraded, and the conclusion is that long
light guides do not help even with masking.

Geometries #6 through #14 are attempts to find a better mask.
Best average spatial resolution is obtained with geometries #7 and #11.
Geometry #11 may be excluded, however, due to its large rms departure
of the energy surface. The improved average spatial resolution of
geometry #7 is due to its response in the corners of the crystal, as
shown in the Tanaka plot of Figure 5.9, but the corners are where the
validity of the Tanaka plot is in question from the energy-surface
rolloff.

The good average spatial resolution of geometries #8, #10, #13,
and #14 are also due to corner response, so the numeric value given in

Table 5.2 might not be representative of the actual camera performance.
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Fig. 5.7. Energy surface for geometry #3.
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Fig. 5.8. Tanaka plot for geometry #3.
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Fig. 5.9. Tanaka plot for geometry #7.
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Geometries #6, #9, and #12 do not indicate sufficient average
spatial resolution to be considered as candidates for the test module.
Geometry #3 is chosen as the test geometry because of its
uniform spatial resolution and small rms departure of the energy

surface.

Building the 2D Lookup Table

The LUT for the two-dimensional camera is constructed as
discussed in Chapter 3. The minimum-mean-square error (MS) method is
chosen because of its'ability to minimize the width of the esfimator
point-spread function. Calculation of the LUT for the 2D camera
presents some difficulties not found with the 1D camera, which include
the fact that we now require estimates for a 2D image memory (64 "x"

locations and 64 "y” locations) and we use inputs from four PMTs instead

of two.

The 2D Data Acquisition System

A picture of the data acquisition system is shown in Figure 5.10.
The 2D camera is supported by two lab jacks that provide vertical
positioning of the camera with respect to the table. Mounted below the
camera is an Xy table that controls the position of the collimated beam
(width = 0.2 cm) of radiation from a 9%9MTc source. The xy table and
collimated source are used when collecting data for building the LUT and
characterizing system performance. The electrical system consists of
three parts: the analog shaping filters and analog-to-digital converters

near the PMTs, the interface boards between the camera and the computer
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system, and the computer system which contains the memory space
required for the study.

The first part of the electronics converts the current pulses
from the PMTs into digital signals. The current pulses arrive at the
shaping filters via short lengths (less than. 30 cm) of coax cable. The
shaping filter for each PMT integrates a current pulse with a time
constant sufficient to provide a high data rate (350,000 samples per
second). The shaping filter is followed by two stages of active gain,
resulting in a signal amplification of approximately a factor of 500.
The gain stages are followed by a fast sample—and-hold and a six-bit
analog-to—-digital converter. Only the upper five bits of the converter
are used in the experiment. The circuit, shown in Figure 5.11, was
designed by Al Landesman of the Optical Sciences Center.

The second part of the electronics, the interface boards, provide
an important function for the system. They control the flow of data
from the cameras to the LUT. A survey of commercially available
computer systems indicates that there is no processor that can fulfill
the data-rate requirement, so the interface boards are designed to
control the LUT and the image memory during data collectlon. This is
accomplished with special-purpose hardware designed by Al Landesman.

The third part of the electronics, the computer system, is built
around a single-board computer available from FORCE Computers, Inc.,
that uses a 68010 microprocessor. The microprocessor bas three main
functions: setting up the special-purpose hardware, performing

intermediate calculations during the bullding of the LUT, and providing a
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user interface. In addition, a large dynamic memory space is reduired
because the digital-to-analog converter on each PYT quantizes the PMT
gignal to five bits, resulting in a total of twenty bits of information
from the four tubes on a camera. The required LUT memory space is 22!
bytes (22° addresses multiplied by 2 bytes per address), which is
commercially available in the form of plug-in cards on many computer
systems. The acquisition system for this study is designed around the
VME bus because of its flexibility and the availabilitly of modular
computer hardware compatible with the VME-bus structure. Additional
hardware includes a hard-disk controller, an image-display card, and a

GPIB interface that is used to control the xy table.

The Likelihood Function

The LUT memory space serves a dual function; that is, in normal
operation the memory space stores the LUT, but, when building the LUT,
the memory space is used as a histogramming memory for the four PMTs.
As explained in Chapter 3, when enough data are accumulated for each
source location, (xi,yx), the data in the histogramming memory closely
represent part of the likelihood function, p(ABCD|xyyk). The data cannot
be viewed directly because of its four-dimensional nature; instead, the
sum of the four tubes, A+B+C+D, is displayed in Figure 5.12 for the
source at the center of the camera. The ratio of the photopeak height
to the maximum of the secondary response is approximately ten, which is
about a factor of three larger than with the 1D camera, so the crosstalk
effects mentioned in Chapter 4 are not as significant with the 2D

camera.
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The MS Lookup Table

The MS LUT for geometry #3 is calculated using the technique
outlined in Chapter 3. The procedure requires that data be gathered
sequentially from 4096 source positions and intermediate calculations be
made between each source positon. The time required for the full
exeriment (approximately one week) is prohibitive, so two methods for
reducing the experiment time are investigated.

The first method is to reduce the number of calculations that
must be made between each of the source posifions. These calculations
take so much time because the on—the-fly.instruction set includes
several memory calls, two additions, and a multiplication for each of
the 22° addresses in the data-space histogram. It is not necessary to
address each location in the data space, however, because almost all of
the information is contained around the photopeak due to the lack of
secondary response. The new algorithm only addresses the locations
around the photopeak, resulting in a factor of three speedup in the
experiment.

The second method involves a reduced data-collection matrix,
that is, data are collected from every other soﬁrce position in the 64
by 64 array. The reduced matrix is a 32 by 32 array, which corresponds
to a speedup factor of four in the experiment, but a simple test shows
that artifacts in the image could arise if the reduced matrix is used.
The test involves comparing the histogram of (%,§) estimates stored in a
LUT collected using the reduced method to a histogram of the estimates

in a LUT collected using the full matrix. The histogram of the full-
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matrix LUT is shown pictorially in Figure 5.13a. The axes of the picture
correspond to the x and y axes of the crystal, and the brightness of
each pixel corresponds to the number of times an estimate for the
location, (x,y), of the pixel occurred in the LUT. Figure 5.13a exhibits
two properties of an ideal LUT: 1) the histogram is smooth and 2) the
histogram has a maximum in the center of the plot. A partial histogram
for the reduced-matrix LUT is shown pictorially in Figure 5.13b, and the
checkered pattern indicates that the reduced matrix favors estimates
where data collection occurred over estimates where data collection was
skipped.

The MS LUT for the data presented in the next section is

constructed using the new algorithm and the full-collection matrix.

Two—-Dimensional Camera Evaluation

The MS LUT for the 2D camera is evaluated by examining the
response of the camera to several positions of the collimated source and
by examining the response of the camera to a thyroid phantom which

simulates a clinical situation.

Point-Source Response

A perfect response of the 2D camera to the collimated source is
to have only a few pixels in the image memory :lllum:lna't:ed at the xy
coordinates of the source. An image memory corresponding to the
response of the camera system to an array of source positions is shown
in Figure 5.14. The locations of the source relative to the center of

the crystal are: a=(0,0), b=(-2.5,0), ec=(-1.25,~1.25), d=(~5,0),
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e=(-5,-2.5), f=(-5,-5), g=(-3.75,-3.75), and h=(-2.5,~2.5). Points a, b,
and c¢ exhibit a symmetric response and roughly 0.4 cm FWHM spatial
resolution. Points d, e, and f correspond to source locations on the
edge of the crystal, and they show an "inward" bias of the MS estimate
toward the center of the crystal. Very few pixels are illuminated in
the edge column of the image memory. Point g is extremely broken up
and indicates a nonuniform response in that area of the crystal. An
image memory corresponding to a source location on the opposite corner,
(3.75, 3.75), shows the same characteristic and is displayed in Figure
5.15a. Figure 5.15b displays an image memory for the location (2.5,2.5),
and a somewhat regular pattern of alternating bright and dark pixels is
observed. Although spatial resolution is poor near the corners, the bias

of the estimator is small.

Testing With a Thyroid Phantom

A plastic phantom is used to simulate the response of the camera
to a clinical situation. The phantom is hollow, and the empty volume is
in the shape of a human thyroid, which has two lobes oriented at
approximately 30 degrees to each other. A drawing of the phantom ;s
shown in Figure 5.16. The right lobe is deeper than the left lobe, and
there are four circular areas of varying depth. The hollow area is
filled with a solution of water and *°WIc for the experiment. When the
camera observes the phantom from above with a2 parallel-hole collimator,
the deeper areas appear brighter than the shallow areas, corresponding
to the projection of the radioactive distribution onto the face of the

camera.
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The first image is acquired with the thyroid phantom near the
bottom of the field of view of the camera, as shown in Figure 5.17a, and
it exhibits severe artifacts. The most notable artifacts are the bands
of alternating light and dark pixels that run horizontaly and vertically
on the left, right, and lower areas of the picture. Other artifacts
scattered around the edges of the picture are probably due to the fact
that the particular LUT used has not been energy windowed. The left
lobe of the phantom is severely distorted from the band defects, but the
right lobe is fairly well resolved. Figure 5.17b displays the image
memory for the phantom in a different orientation, and this time the
band artifacts occur mainly on the lower and right sides of the picture.
The bands occur approximately 2.0 cm from the edges and are about 2.0
cm wide. A check on the camera electronics indicates that the banding

is inherent to the estimates stored in the LUT.

Computer Simulation of the Band Artifacts

A computer simulation is implemented to study the origin of the
band artifacts. The model for the simulation is a 1D camera with 32 "x"
pixels and two PMTs. The PMT MDRFs are Gaussian and are shown in Figure
5.18. The number of bits of quantization, N, for each PMT is either five
or six, so the size of the LUT is either 231° or 2!2 memory locations. The
simulation involves a Monte-Carlo calculation of PMT responses at
sequential source locations and, using the meﬁhods of Chapter 3,
construction of an MS LUT for the model. The LUT is evaluated with a
simulated flood-field response and an array of equally-spaced source

positions.
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An additional feature is included in the simulation to allow for
a compressed quantization scheme, that is, quantizing the PMT response in
a nonuniform manner. Normal and compressed quantization are illustrated
in Figuré 5.19 for N=5. Normal quantization transforms the input voltage
range into five bits of digital output where the least-significant bit
represents 1/32 of the input voltage range. Compressed quantization
also transforms the input voltage range into five bits of digital output,
but low voltage values are more finely sampled, that is, a smaller
quantization interval, than voltage values near the top of the range.
The compression is accomplished by feeding back a percentage, a, of the
input signal into the resistor-divider network of the analog-to-digital
converter (Hallgren and Vergeij 1980). An equation that relates the

digital output to the voltage input is,

kvi
Vout = INT(T?EV%E) ’ (5.3)

where the input voltage range 1s between zero and -1 volt, INT() means

integer portion of, a is the feedback multiplier, and
k = 31.99(a-1) (5.4)

Figure 5.20 displays the image memories using three combinations
of N and o for flood-field responses having 16000 total counts each.
The curve corresponding to N=5 and a=0 clearly exhibits an alternating
"light” and “"dark” pattern analogous to the band artifacts in the 2D

image. The curve corresponding to N=6 and a=0 does not exhibit the
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artifacts. The curve wiph compressed quantization, N=5 and a=0.1, also
does not exhibit the artifacts.

Figure 5.21 displays the image memories for an array of eight
source positions and two values of a for N=5. A total of 500 counts is
used at each source position. The image memory resolves all the sources
for both values of a. Spatial resolution in the center of the range is
approximately two pixels FWHM, and resolution degrades to approximately
three pixels near the edges. The CR performance bound, shown in Figure
5.22, indicates a much better performance. The a=0 curve does show a
tendency for an alternating pattern near x=28, but the dramatic effect
of Figure 5.20 is not reproduced in the simulation.

The results of the simulation are interesting. The band
artifacts are reproduced in the flood image but not in the image from
the array of source positions. The fact that compression of the low-
voltage signals eliminates the bands indicates that some information is
lost in the 1ir' voltage range from normal quantization. The 1lost
information is due to the finite size of the pixels in the LUT. This
conclusion is reinforced by the curve in Figure 5.20 where N is increased
to six bits. The banding is described mathematically by observing that,

if the change in estimator value,

AR(A,B) = WAA‘”‘(A B)y2 4 (AB*”‘(A By (5.5)

is large (>1) for AA and AB equal to the pixel size, banding will occur.

Equation 5.5 is difficult to calculate directly because the estimator
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must be known before the calculation is made and the effect for all
tubes must be included.

A physical description of the banding leads to a more useful
equation. Consider the portion of A space sketched in Figure 5.23, where
p(A|x) is graphed for two values of x. The change in f is shown to be
smaller than the pixel size, so the change in the numbcr of counts
gecorded in the histogramming mode is small. The MS estimator finds the
X mean of the histogram outputs, and in this case the program would be
forced to choose from one of the two x values. The successful x value
will always be histogrammed in the image memory when that pixel is
addressed, even though the address might have been caused by the other x
value. The defeated x value is rarely, if ever, histogrammed in the
image memory. The result is a pattern of light and dark pixels in the
image memory corresponding to the successful and defeated x values. The

condition is characterized by the AB change in the mean of the p(AB|x),

L AL Af 3fa 2 3fp.2
Af(x) = Ax—a—x = Ax‘ﬁ—a}—{- + ('—ax—) N (5.6)

where Ax=l. If Af is on the order of a pixel size, banding is likely t6
occur. Figure 5.24 shows the Af curve for the 1D model, and a strong
correlation between the graph and the problem areas of Figure 5.20 is
observed. The compression technique effectively decreases the size 6f
the pixels in the problem area, thus providing less competition between

neighboring x values.
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CHAPTER 6
OTHER METHODS FOR LUT CALCULATION

There are two approaches for calculating 2D lookup tables
(LUTs). The "on-the-fly" calculation, which builds the LUT from data
collected during a lengthy calibration, is investigated in chapters
three, four, and five. The other approach uses a computer to directly
calculate the LUT and is the subject of this chapter. The work outlined
here is being investigated by several students, namely John Aarsvold,
Neal Hartsough, Bob Rowe, and Lori Strimbu, and my advisor, Dr. Harry
Barrett.

There are three categories of computer—-generated LUTs: (1)
analytic; (2) maximum likelihood (ML); and (3) minimum-mean-square error
(MS). The analytic methods are closed-form expressions relating the PMT
output to position estimate. The ML and MS methods are statistical
estimators derived from the basic principles outlined in Chapter 3.

One problem with using a computer to directly calculate the LUT
is the enormous number of calculations that must be made. For
example, to calculate the 2D MS estimator using no shortcuts,
approximately 2% floating-point operations are required (2° operations
per xy value, times 2!? xy values, times 22° ABCD values). For a
computer that takes 2~2° seconds per floating-point operation, the
computation time is 2'7 seconds, or over thirty-six hours of
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uninterrupted CPU time. Many of the methods for generating the LUT with

the computer are attempts to reduce this gargantuan task.

Analytic Methods

Analytic estimators are calculated for each of the 22 ABCD
combinations by using closed-form expressions. The first twec analytic
techniques, linear and arctan, use simple- functions of A, B, C, and D.

The third analytic technique derives a polynomial fit in ABCD space.

Linear
The linear method for calculating the LUT simulates the analog

position arithmetic in an Anger camera, that is,

">

_ (A+B)-(C+D)
= ATBFCD (6.1)

and

_ (A+C)~(B+D)
“TAFBFCHD (6.2)

M
i

where A, B, C, and D are PMT voltages. The computation of Equation 6.1
and Equation 6.2 is quickly and easily accomplished by the computer on
the data acquisition system, and the result is stored in digital memory
just like the result of the on-the~fly calculation in Chapter 5. The
images obtained from this method are of limited usefulness because the
Equations 6.1 and 6.2 yield accurate estimates over only the center
portion of the crystal and the images are patterned with quantization

noise.
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Consistency Condition
The third analytic method was suggested by Dr. Warren E. Smith.
The estimates stored in the LUT are found from a least-squares fit to a

polynomial-like function, g, in ABCD space, that is,

"

= 8x(A,B,C,D) , (6.6)

and

-
I

= gy(A,B,C,D) , 6.7)
The merit functions for the goodness of the fit are:

Exz ||X‘8x(fa»fb.fcfd)||2 ’ (6.8)

and

2
Ey

[ ly-gy(fasfbsfefa)l |® (6.9)

where the f's are the PMT MDRFs. The e;rror terms force the most
consistency along the mean of the PMT response. Whenever a
scintillation event occurs that produces the mean response from the
PMTs, the polynomial will give estimates with the minimum error. A
disadvantage of this technique is the long computation time required for
the fit. At the time of this writing, the method is just beginning to be

investigated and no reasonable images are available.
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ML Methods

Several techniques exist for calculating the estimates based on
the ML estimator, which amounts to finding the maximum of fhe likglihood
function, p(ABCD|xy), for a given ABCD, as described in Chapter 3. The
(x,y) that gives the maximum is used as the (R,¥) estimate at the ABCD
address in the LUT. The ML methods differ by how they find the maximum,
and the four methods outlined in this section include:v(l) an exhaustive
search in xy space; (2) a search over a limited area in xy space that
uses some prior knowledge to locate the proper area; (3) a rectilinear
search that alternates between x and y directions until the maximum is
found; and (4) a nested-search routine that narrows the area in xy space
by setting a lower threshold on p(ABCD|xy). The first method is the
most computationally intensive, and the last three are all attempts to
reduce the computation time. Image quality of the different methods is

compared with a computer simulation.

Exhaustive Search

The exhaustive search method for calculating the ML estimates
simply uses the MDRFs, fa, fp, fo, and f4, of the 2D geometry to
calculate the likelihood function, p(ABCD|xy), assuming Poisson
statistics. For each ABCD in the LUT, the algorithm tests every xy
combination to find the maximum of p(ABCD|xy), and the (x,y) value that
gives the maximum is stored as the ML estimate corresponding to the ABCD

address.
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Limited—-Area Search

The limited-area search method célculates a preliminary estimate
for each ABCD by using the linear LUT or the arctan LUT, then the
program searches an N by N array around the preliminary estimate in xy
space to find the maximum of the likelihood function. The value of N is
either five, teﬁ, or twenty. The limited-area ML LUT has the advantage
that the search is over a much smaller xy area than the exhaustive

gsearch of the previous section, and hence is much faster.

Rectilinear Search

The rectilinear-search method uses a preliminary estimate,
(ﬁp,)';p), like the limited-area search, but instead of searching over an N
by N window, the maxi;num is found by a rectilinear search in xy space
which limits the number of (x,y) values that must be tested. The search
routine first tests the change in p(ABCD|xy) between the preliminary

estimate and its nearest x neighbors, that is,
4 = p(ABCD |x;§p) ~ p(ABCD|%pFp) - (6.10)

The updated estimate is the (xi,frp) value that results in the largest
positive A. The search continues along the x axis until A becomes zero
or negative, which indicates a maximum in the x direction. The algorithm
then finds the maximum in the y direction using the last updated
estimate as the starting point. The process of finding maxima in the x
and y direction continues until an estimate is found in which the &

values between its neighbors are all zero or negative. A disadvantage
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of this technique is that the search algorithm tends to hang up in local
maxima, which result from noise in the MDRfs, and the true maxima is not

always found.

Nested Search

The nested-search method is another technique used to minimize
computation time, and it capitalizes on the assumption that the PMT
responses, A, B, C, and D, are statistically independent of each other,

that is,
p(ABCD | xy) = p(A|xy)p(Bixy)p(C|xy)p(D|xy) . (6.11)

The area of xy space, §,, that exhibits a p(A|xy) above a predetermined
threshold,

p(Ajxy) > threshold , (6.12)

is determined by an exhaustive search in xy space. Then the §; area is

exhaustively searched to find another area, S,, such that:
p(B|xy) > threshold . (6.13)

The process is continued for the C and D responses, and the result is a
small xy-space area, S,, that corresponds to the logical "and” of the
four threshold conditions.- The S, area is then exhaustively searched for
the ML estimate. The motivation behind this technique is to find the

smallest area in xy space that contains signhificant information.
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Computer Simulation

A simulation is used to compare the methods described in the
preceding sections. The ML LUT is calculated by assuming Poisson
statistics for the likelihood function, where the 2D MDRFs are found
from fitting Gaussians to experimentally-measured data. The camera test
geometry consists of a 0.6 cm thick NaI(Tl) crystal and a 0.6 cm light
guide without a mask. Data to test the LUT are derived from a Monte-
Carlo simulation that uses the Gaussian MDRFs. Two images are
generated, a simulated flood-field image and a simulated array of point
sources. The surprising result of the simulations is that the images
from all of the ML methods appear to be equivalent, so the nested-
search is the method of choice because it is most computationally
efficient. The flood-field image is shownvin Figure 6.2, the image of a
poirit-source array is shown in Figure 6.3, and the point-gource array
normalized by the flood-field image is shown in Figure 6.4. It is
instructive to compare the simulation results with the associated Tanaka
plot which is shown in Figure 6.5. The flood-normalized point source
array agrees favorably with the Tanaka plot, except for the areas where
bands of missing counts occur, an effect described in Chapter 5. Even

with the banding artifacts, it is cleéar that very little bias is present.
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MS Methods

The MS estimator uses the mean of the a-posteriori density,
p(xy|ABCD), as discussed in Chapter 3. Several methods exist for
calculating the MS LUT, which include: (1) Simpson's-rule integration
over the entire xy space for each ABCD value; (2) Gaussian-quadrature
integration over the entire ;:y space; (3) integration over an area
defined by a nested-search; and (4) a limited-area, N by N integration
around a preliminary ML estimate. Of the three classes of methods
(analytic, ML, and MS), MS methods require the most computation time.
The full integration over xy space is extremely time consuming.
Gaussian quadrature decreases the computation time significantly, and the
limited-area technique reduces the computation time still further.
Preliminary tests indicate that the image quality of the MS estimators
is very similar to. the image quality of the ML methods, sc no image data

are displayed in this section.

Full Integration

Two of the four methods suggested for calculation of the MS
estimate involve integration over the entire xy space for each ABCD
combination. The first method is simply a Simpson's rule integration,
and the second is a more advanced technique, Gaussian quaérature
(Isaacson and Keller 1966). The Gaussian-quadrature method for
calculating the MS LUT is more computationally efficient than the
Simpson's~rule method. An approximation to the integral is found by .

first sampling the xy opace in a pattern determined by the square shape
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of the area of interest. Each sample value is then multliplied by a

coefficient that depends on the location of the sample, and then the

results are added to provide the final answer. The increase in

computational efficiency is due to the smaller number of sample points,
e.g., a total of 2!° sample points are required in the LUT application to
achieve the same accuracy as a Simpson's-rule integration with 2!2 sample

points.

Limited-Area Integration

Two limited-area methods for MS LUT calculation are the nested—
search method and the MS correction method. The MS nested-search
method first finds an area of xy space. for each ABCD combination based
on the nested-search technique, and then performs an integration over
the S, area to give an MS estimate which is stored in the LUT. The MS
correction method is similar to the limited—area search except that the
ML estimate is used for the preliminary estimate which is used to define

an N by N integration area in xy space.
Other Topics

Compressed Quantization

The band artifacts observed in Chapter 5 are minimized with a
feedback scheme. The same technique is used with the computer
simulation of this chapter, and the resulting images are shown in Figures
6.6 through 6.8. The flood-field image is shown in Figure 6.6, the image
of a point-source array is shown in Figure 6.7, and the image of the

flood-normalized point-source array is shown in Figure 6.8. A dramatic
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improvement is observed in all three images, including an improvement

‘near the corners of the crystal.

Energy Windowing

The image quality of the 2D camera is improved by using energy
windowing on the LUT. Two methods are discussed for the windowing. The
first is similar to the energy windowing on the 1D camera, and thé
second uses a threshold on the likelihood function to define a window
region in ABCD space.

One technique for energy windowing of the 2D camera LUT is
similar to the technique discussed in Chapter 4 for the 1D camera. The

energy of the signal from a scintillation event is given by
E = A+B+C+D , (6.14)

where A, B, C, and D are the number of photoelectrons generated in each
PMT. The energy windowing is accomplished by comparing E to an estimate

of the energy,
E= £(%9 + fp(X,9) + fo(&X,H + fa®y , (6.15)

where the f's are MDRFs and £ is a fundtion of A, B, C, and D. If £ is
within +/~- 107 of E for a particular ABCD, the ABCD address is accepted
as valid data. If B is outside this range, a tag is placed in the LUT so
that, when the location is addressed, the image memory will recognize
the tag and not accumulate the count.

Likelihood windowing 1s performed on a complete LUT and is

similar to the nested-search method except that only one (x,y) value,
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the estimate (%,§), is tested at each ABCD address. The estimate is

first tested for
log p(A|%,§) > threshold (6.16)

where the threshold is slightly higher than the threshold in Equation

6.12. If the estimate passes the first test, it is sequentially tested
for the log likelihood of B, C, and D above the threshold. A failure in
any of the four tests indicates that the estimate is not acceptable, and
a tag is placed in the :iUT so that, when the ABCD location is addressed,

the image memory will recognize the tag and not accumulate the count.

What MDRFs?

Many of the methods for calculating the LUTs in the preceding
sections require knowledge of the MDRFs. An experiment similar to the
MDRF measurement in Chapter 5 measures the 2D MDRFs expérimentally at
2'? gource positions, but, instead of interpreting the readout on an MCA,
the computer—controlled data acquisition equipment described in Chapter
5 is used to automate the procedure. The measured MDRFs are not smooth
enough to be used directly in the LUT routines because of experimental
errors and glitches in the acquisition. The data must be smoothed and
filtered, but even after smoothing and filtering, better results are
obtained when the processed data is curve-fit to a polynomial, like
Equation 5.1, or a Gaussian function. The large number of sample points
results in a much better fit than obtained in Chapter 5, and logic is

used in the LUT algorithm to avoid negative or zero values for the MDRF.
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Spatial Resolution

The spatial resolution of the 2D camera follows the Tanaka-plot
predictions if quantization compression is used. At the center of the
crystal;, the spatial resolution is typically 0.30 cm. At the center of
the sides of the crystal, the spatial resolution is around 0.35 cm along
a line parallel to the edge and is around 0.40 cm along a line
perpendicular to the edge, as shown in Figures 6.9a and 6.9b,
respectively. The corners of the crystal suffer from severe distortions

and cannot be quantified for spatial resolution.
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CHAPTER 7
SUMMARY AND FUTURE WORK

This chapter summarizas the main results reported in the
preceding chapters and comments on possible areas of future

investigation.

Summary

Chapter 1 introduces the concept of a modular gamma camera
imaging system in which a number of optically and electronically
independent modules are configured around the region of interest. The
key to the success of the modular cameras is the ability to resolve the
position of scintillation events over the entire faceplate of the camera,
which is a task not possible with conventional Anger position arithmetic.
The modular cameras use a digital lookup table to map the detector
responses to position estimates, thereby avoiding the difficulties
associated with analog hardware. There are many possible lookup tables,
but, in this situation, the lookup table was loaded with one of two
statistical estimators, either the maximum likelihood (ML) estimator or
the minimum-mean-square-error (MS) estimator. Both the ML and the MS
estimators were calculated sequentially using real data, a procedure
described in Chapter 3 as an “on—~the~fly" calculation.

The per‘formance of the estimators was prediced with the Cramer-

Rao (CR) bound, which was derived by assuming Poisson statistics for the
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detection process. The only parameters in the bound are the mean
detector response functions (MDRFs) and their first derivatives. The
performance of several camera geometries were compared based on the
results of their CR bounds, so a full lookup table was not calculated
for each design geometry. The 2D CR bound results were presented in a
pictorial format called the "Tanaka plot."”

The first experiments on the modular camera were performed with
a 1D module, which proved to be a valuable learning aid. Three
candidate geometries were evaluated for their CR bounds, and the best of
the three was used to calculate both ML and MS lookup tables using the
on—-the-fly method. The resulting images were compared, and the MS
estimator was observed to provide the best spatial resolution in the
center of the crystal. Both estimators failed miserably near the edges
of the crystal, which was an effect due to "crosstalk” of the primary
and secondary components of the scintillation emission. Crosstalk was
characterized by a droop in the energy surface near the crystal edges,
and it must be minimized in a good camera design.

The encouraging results of the 1D experiments led to experiments
with 2D modules, which are full-scale cameras that will eventually be
used in clinical situations. Several 2D camera geometries were compared
by measuring their MDRFs, applying the 2D CR bound formula, and
observing the flatness of the energy surfaces. The best geometry was
chosen, and a full 2D lookup table was calculated using the on-the-fly
method, which turned out to we a tedious procedure for the 2D camera.

The images obtained from the lookup table were disappointing because of
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band~like artifacts that appeared across the image. A computer
simulation indicated that the artifacts were due to insufficient sampling
of the detector response. A trick ;:alled "quantization compression”
reduced the‘ effect of the artifacts, however, and the compression scheme
is potentially easy to implement in hardware.

A second 2D camera geometry was constructed to test a]Tternate
methods for calculafing the LUT. Most of the tests were conducted with
computer-generated LUTs that use the ML estimator. Simulation results
were very encouraging because the band artifacts were observed to
disappear and spatial resolution, which approaches 3.5 cm FWHM in the
center of the crystal, was predicted well with the CR bound. The
computer methods also eliminated the need to calculate the estimator on

the fly.

Areas of Future Investigation

A short-term project that needs to be accomplished is to
implement the quantization compression scheme in hardware. The most
practical way would be to change the five-bit converter on each PMT to
an eight-bit converter followed by a simple 256x8 lookup table. The
small lookup table could be burned in fast read-only memory (ROM), thus
preserving the high data rates necessary for the camera. This lookup
table could be easily modified if a better compression relationship is
found. An alternativhe way to implement the compression scheme might be
to use a two-line approximation to the compression curve and set

electrical breakpoints with analog hardware.
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material and back into the detectors. The amount of light entering the
light gulde may be precisely controlled with a commercially available
light pulser. Since the light entering the system is a constant, the
detectors should always respond with the same voltage (within photon
statistics). If the detectors drift, the voltage from the test would not
be as expected, and corrective action may be taken manually or with some
closed-loop control in software. The test could be set up so that each
camera has its own fiber-optic cable permanently attached to the light
guide and available to the pulser through an external connector, so the
cameras could be tested individually and off line from any gamma study.
This method could also eliminate changes in detector response due, for
example, to changes of orientation relative to the earth's magnetic
field; the technician would simply check (and possibly adjust) the
detector response after each reconfiguration of the camera.

A short-term study that could be accomplished easily is the
determination of the "Fano factor" for the scintillation material. In
this dissertstion the assumption is that the scintillation process is
Poisson, but it has not been proven. The experiment would involve the
1D or 2D camera and looking at the correlation alung the axes of the
detectors in list-mode data space, which is really just some software
processing of the data that has already been gathered.

The obvious long-term extension of this work is to build a
system of modular cameras in an array using some form of coded
aperture. A cerebral imager has already been proposed by Barrett

(unpublished), and an advanced collection device proposed by Singh (1983),
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which utilizes the Compton scatter from an array of germanium detectors,
will also use an array of modular cameras. Another possibility is a
cardiac imager where several cameras are arranged around the patient's
chest 30 as to maximize the information frém the system. The cardiac
system has the potential to provide dynamic first-pass studies yielding
three-dimensional images, which is not practical with today's imaging
technique;‘

The optimum configuration of modular cameras around the region
of interest is a very interesting problem (Barrett et al. 1985). The
placement of the cameras and the choice of lead aperture(s) should
depend on the statistics of the object class being imaged. The problem
of finding the "best" configuration 1is similar to finding an optimum
channel in communications theory. The "alphabet" is similar to the
object class, the "source"” is the region of interest, the "receiver” is
the array of modular cameras, the "channel” is the arrangement of lead
apertures around the region of interest and the spaces between the )
components. Noise is introduced inte the channel by the photon
statistics of the small number of gamma photons emitted from the source
and by the absorption and scattering on their way thirough the channel.
An appropriate figure of merit for optimization is the transfer of
information through the channel. The information principle has already
been applied to radiographic imaging in other contexts (Brown, Anderson,
rand Wagner 1979; Gregg 1965).

A simple system which would be useful ih the clinic is a single

camera with its own electronics package. The camera could be mounted
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on a mobile stand allowing technicians to easily position the camera
near the area of interest. The electronics package could be about the
size of a small personal computer, thus allowing the entire assembly to
be mobile and easy to use.

An interesting application of the modular concept is the "micro-
modular” camera which is simply a scaled-down version of the camera
presented in this dissertation. The crystal of the micro-modular camera
measures only 2.5 ecm by 2.5 cm and uses 0.64 cm square PMTs. All of
the electronics and signal processing are exactly the same, and there is
the potential for ithe spatial resolution of the camera to be around 0.l
cm. The micro-modular camera might use some other crystal material
with a higher attenuation so that the scaling of the dimensions will not
decrease the collection efficiency of the camera. The micro-modular
camera might find some use in animal studies, but probably the biggest
use will be in bone studies that require high spatial resolution, such as
the bones of the hand.

Since the idea of using a loctkup table for signal processing is a
general one, the process may be applied to other areas besides gamma
cameras. For example, there are many applications for a quadrant
detector where four signals are used as input to some analog electronics
(Firmani et al. 1982; Lampkton and Carison 1979; Lampton and Paresce
1974; Martin et al. 1981; Parkes, Evans, and Mathieson 1974). The four
signals could easily be incorporated into a lookup-table scheme where
the output is, instead of an analog signal, a digital signal that is the

best statistical estimate of the desired information for the given
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combination of input signals. In fact, some servo systems and position
devices use an arithmetic very similar to the Anger arithmetic.

The final improvement to the modular cameras would be to
eliminate the PMTs altogether. A large area ﬁicro-channel plate (10 cm
by 10 cm) could be placed in contact with a phosphor which is in contact
with the crystal. On the back of the micro-chamnel plate a position—
sensitive device would be attached. The position—sensitive device could
be a pilece of resistive material with an electrode along each edge. The
four electrical signals would then be processed with a lookup table.
This . camera would be very compact, easy to assemble, and, because no
PMIs are involved, potentially much more reliable that the present
design.

As the last word, I can't resist going far out on a limb and
proposing that the modular cameras could be used as an array in orbit
around the earth. There are experiments talked about that would use a
coded aperature (probably a non-redundant pinhole array) at some
congsiderable distance from a large gamma camera (Cook, Finger, and
Prince 1985). Why not use an array of modular cameras? The geometry of
each camera in the array could be designed to detect the necessary
gamma-ray energy, and thewquular cameras are well suited to be placed
aboard the space shuttle and deployed by workers while in orbit. Im
addition to the huge array which is possible, there are potential
advantages for data reduction with the lookup table scheme, which could

be loaded with whatever mapping the scientist on the ground chooses to
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investigate. TFor starters, a small array could be placed in the cargo

bay to check how well the modular cameras would perform.



REFERENCES

Anger, H.O., "Scintillation Camera,” Rev. Sci. Instruments, 29, 27, (1958).

Arendt, J., "The Design and Analysis of a 1D Scintillation Detector,”
Master's Thesis, Universityt of Arizona (1980).

Barrett, H.H., W.E. Swmith, K.J. Myers, T.D. Milster, and R.D. Fiete, -
"Quantifying the Performance of Imaging Systems,” SPIE Appl. of
Opt. Instrum. in Med. XIII, 535, 65, (1985).

Barrett, H.H. and W. Swindell, Radiological Imaging: The Theory of Image
Formation, Detection and Processing, Academic Press, New York,
(1981).

Birks, J.B., The Theory and Practice of Scintillation Counting, Pergamon
Press, New York, (1981).

Bizais, Y., I.G. Zubal, R.W. Rowe, G.W. Bennett and A.B. Brill, "Dual Seven
Pinhole Tomography, "IEEE Trans. Nuc. Sci., NS-30, 383, (1983).

Brown, D.G., M.P. Anderson and R.F. Wagner, "Information Capacity
Considerations in Medical Imaging,” SPIE Recent and Future
Developments in Medical Imaging II, 206, 77, (1979).

Budinger, T.F., "Physical Attributes of Single-Photon Tomography,” J. Nuc.
Med., 21, 579, (1980).

Budinger, T.F., "Single Photon Emission Tomography,"” Procedings of the
Third World Congress of Nuclear Medicine and Biology, Pergamon
Press, 2, 1154, (1982).

Clough, A.V., "A Mathematical Model of Single~Photon Emission Computed
Tomography,” Ph.D. Dissertation, University of Arizona, (1986).

Cook, W.R., M. Finger and T.A. Prince, "A Thick Anger Camera for Gamma
Astronomy,"” IEEE Trans. Nucl. Sci., NS-32, 129, (1985).

Crouthamel, C.E., F. Adams and R. Dams, Applied Gamma-Ray Spectrometry,
Pergamon Press, New York, (1960).

Dereniak, E.L. and D.G. Crowe, Optical Radiation Detectors, John Wiley and
Sons, Inc., New York, (1984).

217




218

Firmani, C., E. Ruiz, C.W. Carlson, M. Lampton and F. Paresce, "High-
Resolution Imaging with a Two ‘Dimensional Resistive Anode
Photon Counter,” Rev. Sci. Instrum., 53, 570, (1982).

Frieden, B. R., Probability, Statistical Optice, and Data Testing,
Springer-Verlag, Berlin, (1983).

Genna, S., S.C. Pang and A. Smith, "Digital Scintigraphy: Concepts and
Designs,” IEEE Trans. Nuc. Sci., NS§-29, 558, (1982).

Gray, R.M. and A. Macovski, "Maximum A Posteriori Estimation of Position
in Scintillation Cameras,” IEEE Trans. Nuc. Sci., NS-23, 849,
(1976).

Gregg, E.C., "Information Capacity of Scintiscans,” Journal of Nuc. Med.,
6, 441, (1965).

Hallgren, B. and H. Verweij, "New Developments in Time and Pulse Height
Digitizers,” IEEE Trans. on Nuc. Sci., HS-27, (1980).

Height, E. and A. Zajac, Optics, Addison-Wesley, Reading, Massachusetts,
(1974).

Isaacson, E. and H.B. Keller, Analysis of Numerical Methods, John Wiley
and Sons, Inc., New York, (1966).

King, S., F. Jih, C. Lim, R. Chaney and E. Gray, "Spectral-Spatial-~
Sensitivity Distortion, Trends and an Accurate Correction
Method in Scintillation Gamma Cameras,"” IEEE Nuc. Sci.
Symposium, NS-32, 870, (1984).

Kittel, C., Introduction to Solid State Physics, 5th ed., John Wiley &
Sons, New York, (1976).

Knoll, G.F. and M.E. Schrader, "“Computer Correction of Camera
Nonidealities in Gamma Ray Imaging,"” IEEE Trans. Nuc. Sci., NS-
29, 1272, (1982).

Lampkton, M. and C.W. Carison, “"Low=-distortion Resistive Anodes for Two
Dimensional Position-Sensitive MCP Systems,” Rev. Sci. Instrum.,
50, 1093, (1979).

Lampton, M. and F. Paresce, "The Ranicon: A Resistive Anode Image
Converter,” Rev. Sci. Instrum., 45, 1098, (1974).




219

Maddox, J.B., J.M. Galvin, K.R. Kase, J.C. Leong and B.E. Bjarngard, "A
One-Dimensionally Postion-Sensitive Scintillation Detector,”
Nuclear Instruments and Methods, 190, 377, (1981).

Marayama, H., E. Tanaka, and N. Nahara, "A New Method for Measuring the
Statistical Resolution of Scintillation Detectors,” Nuclear
Instruments and Methods, 164, 447, (1979).

Martin, C., P. Jelinsky, M. Lampton and R.F. Malina, "Wedge-and-Strip
Anodes for Centroid Finding Position-Sensitive Photon and
Particle Detectors,” Rev. Sci. Instrum., 52, 1067, (198l).

Milster, T.D., Selberg, L.A., Barrett, H.H., Easton, R.L., Rossi, G.R.,
Arendt, J., Simpson, R.G., "A Modular Scintillation Camera for
Use in Nuclear Medicine,” IEEE Trans. on Nuc. Sci., NS-31, 578,
(1984).

Milster, T.D., L.A. Selberg, H.H. Barrett, A.L. Landesman and R.H. Seacat
I11, "Digital Position Estimation for the Modular Scintillation
Camera,” IEEE Trans. Nuc. Sci., NS-32, 748, (1985).

Morrison, L.M., F.P. Bruno and W. Mauderli, "Sources of Gamma Camera
Image Inequalities,” J. of Nuc. Med., 12, 785, (1971).

Parkes, W., K.D. Evans and E. Mathieson, "High Resolution Position-
Sensitive Detectors Using Microchannel Plates,” Nuclear
Instruments and Methods, 121, 151, (1974).

Paxman, R.G., W.E. Smith, and H.H. Barrett, "Two Algorithms for Use with
an Orthogonal View Coded-Aperature System,"” J. of Nuc. Med.,
25, 700, (1984).

Paxman, R.G., H.H. Barrett, W.E. Smith and T.D. Milster, "Image
Reconstructions from Coded Data: 1II. Code Design,” J. of the
Opt. Soc. of Amer., 2, 501, (1985).

Peyghambarian, N., private communication, University of Arizona, (1985).

Rogers, J.C., D.P. Saylor, R. Harrop, X.G. Yao, C.V.M. Leitao and B.D.
Pate, "Design of a Position Sensitive Gamma Ray Detector for
Nuclear Medicine,” submitted for publication to Physics in
Medicine and Biology, 1, (1985).

Selberg, L.A., M.S. Thesis, "Design Studies for a Modular Scintillation
Camera, University of Arizona, (1984).

Singh, M., "An Electronically Collimated Gamma Camera for Single Photon
Emission Computed Tomography. Part 1: Theoretical
Considerations and Design Criteria,” Med. Phys., 10, 421, (1983).




220

Smith, W.J., Modern Optical Engineering, McGraw-Hill, Inc., New York;
(1966).

Strany, G., Linear Algebra and its Applications, Academic Press, Inc., New
York, (1980).

Takami, K., K. Ueda, F. Kawaguchi, T. Tamura and K. Ishimatsu,
"Scintillator for a Gamma,” U.S. Patent, 19, 1, (1979).

Tanaka, E., T. Hiramoto and H. Nohara, "Scintillation Cameras Based on
New Position Arithmetics,” J. of Nuc. Med., 11, 542, (1970).

Technicare 414 Specifications, Commercial Literature, Technicare
Corporation, (1981).

Tinkel, J.B. and R.N. Sano, "The NEMA Standards, An Introduction,” The
Picker Journal of Nuclear Medical Instrumentation, 2, 14,

(1981).

Todd-Pokropek, A., "Quality Control, Detection, and Display,” in
Principles of T dionuclide Imaging, D.E. Kuhl, ed., Pergamon
Press, Oxford, (3983).

Van Trees, H.L., Detection Estimation and Modulation Theory, John Wiley
and Sons, New York, (1968).

Winick, K.A., "Cramer-Rao Lower Bounds on the Performance of Charge-
Coupled-Device Optical Position Estimators,” J. Opt. Soc. Am.
A3, 1809, (1986).




