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ABSTRACT 

The purpose of this study was to investigate how the notion of representation 

occurs within the context of prospective teachers' thinJcing about piaiming for instraction 

in mathematics. This study was designed to seek out patterns within the types of 

mathematical representations that preservice teachers use in designing lesson plans. 

Major goals of this study were to uncover aspects of how prospective teachers' 

knowledge develops in the area of mathematics instruction, with respect to 

representation. Specifically, this study sought to (1) determine the types and frequency 

of mathematical representations used by prospective teachers when designing lesson 

plans regarding various topics in K-8 mathematics and (2) ascertain any changes that 

occurred over the course of a semester with respect to the uses of representations as 

revealed in prospective teachers' lesson plans. 

The study involved thirty-two elementary education majors enrolled in a 15-week 

field-based mathematics methods course at a large southwestern university. The findings 

were reported by representation type, namely, concrete, linguistic, symbolic, semi-

concrete, and contextual. From the initial to the final interval, the overall percentages of 

the: (a) concrete manipulative representation increased; (b) linguistic representation 

increased; (c) symbolic representation decreased; (d) semi-concrete pictorial and the 

contextual representations both remained more or less the same. Overall, the linguistic 

representation was the most used representation; specifically, the informational and/or 

procedural subcategory of the linguistic representation was used the most, and in contrast, 

the discourse subcategory of the linguistic representation was used the least. Five cases 
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were developed to illustrate the preservice teachers' thinking individually and as a group 

with respect to the uses of mathematical representatioiis on gi¥eii topics in indi '̂idiial 

lesson plans and group lesson plans. The proccss of moving from individual planning to 

group planning indicated some degree of malleability with respect to the uses of 

mathematical representations. Ten individual cases were analyzed with respect to the 

initial and final intervals. Seven of the 10 cases showed results in which the preservice 

teachers' preconceptions regarding the use of mathematical representations evolved. 

These findings are discussed relative to their implications for research, practice, and 

teacher education. 
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CHAPTER ONE 

INTRODUCTION 

The purpose of this study was to investigate how the notion of mathematical 

representation occurs within the context of prospective K-8 teachers' planning for 

mathematics instruction- This study was designed to uncover patterns in the uses of 

mathematical representation across time in lesson planning for mathematics instruction as 

designed by prospective teachers. In addition, this study was designed to observe the 

stability of prospective teachers' entering preconceptions in using mathematical 

representations in an elementary mathematics methods course. The following sections 

will shape the content of this introductory chapter: rationale; goals and significance of the 

study; research questions; limitations; and finally, assumptions underlying the study. 

Rationale 

According to the National Council of Teachers of Mathematics' Principles and 

Standards for School Mathematics (NCTM, 2000), representation is a significant part of 

teaching and learning mathematics and has recently taken on a major role in research. In 

fact, representation became a major strand in the NCTM curriculum principles and 

standards for Pre-K-12 school mathematics in 2000. Some forms of representation, such 

as diagrams, graphical displays, and symbolic expressions, have long been part of school 

mathematics but, unfortunately, these kinds of representations have often been taught and 

learned as if they were ends in themselves (NCTM, 2000). Furthermore, the NCTM 

(2000) argues: 
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Representations should be treated as essential elements in supporting 

students' understanding of mathematical concepts and relationships; in 

communicating mathematical approaches, arguments and understandings 

to one's self and to others; in recognizing connections among related 

mathematical concepts; and in applying mathematics to realistic problem 

situations through modeling (p. 67). 

The term representation in these contexts refers then to processes and to products 

that are observable externally as well as to those meanings of representation that occur 

"internally" in the minds of those engaged in doing mathematics (Greeno, 1988). All of 

these meanings of representation are important to consider in Pre-K-12 school 

mathematics. 

Goals and Significance of the Study 

The major goals of this study were to uncover aspects of how prospective 

teachers' thinking about mathematics instruction with respect to representation may or 

may not remain stable throughout the duration of a mathematics elementary methods 

course across a semester. More specifically, this study sought to (1) determine the kinds 

of mathematical representations used by prospective teachers when asked to design and 

plan instruction regarding various topics in K-8 mathematics curriculum and (2) ascertain 

any differences tlrnt occurred over the course of a semester with respect to the uses of 

representations as exhibited in prospective teachers' lesson plans. 

The aims of this study are significant to teacher education research, specifically, 

in the area of mathematics education. The significance of this study rests upon its 
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potential contributions to the field of teacher preparation in mathematics education with 

respect to several key anticipated findings. It verities the utility of the mathematical 

representations (concrete, semi-concrete, contextual, linguistic, and/or symbolic) outlined 

by Lesh, Post, and Behr (1987). It is hopeful that the anticipated findings will provide 

insight into teachers' preconceptions about mathematical representations in lesson 

planning. Further, the prospective teachers' stability and/or malleability in their thinking 

regarding mathematical representation will be evident and observed in the lesson plans 

they design throughout the semester. 

Liping Ma's (1999) investigation of American teachers in comparison to Chinese 

teachers found that American teachers are far less likely to have developed "profound 

understanding of fundamental mathematics" (p. 107) than their Chinese counterparts. Ma 

found that Chinese teachers typically have studied far less mathematics timn American 

teachers, but what they know they know more profoundly, more flexibly, and more 

adaptively. This current study takes into consideration Ma's conception of mathematics 

content as profoundly pedagogical. This current study analyzes preservice teachers' 

lesson planning via mathematical representations as a tool for analysis. Ma's conception 

of mathematical understanding emphasizes those aspects of knowledge most likely to 

contribute to a teacher's ability to explain important mathematical ideas to students. 

Ma's conception of understanding underscores four properties of understanding: basic 

ideas, connectedness, multiple representations, and longitudinal coherence. These four 

properties make up a powerful framework for grasping the mathematical content 

necessary to understand and instruct the thinking of schoolchildren. Ma found that 
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Chinese teachers' abilities to generate representations that used a rich variety of subjects 

and different models seemed to be based on their solid knowledge of the topic. On the 

other hand, in general, U.S. teachers were unable to represent the concepts fully to 

explain the meanings, even though they were able do the algorithms correctly. 

According to Ma, this suggests that in order to have a pedagogically powerful 

representation of a topic, a teacher should first have a comprehensive understanding of it. 

This current study employs qualitative inquiry methods with some quantitative 

descriptors to help form a focused picture. This study is particularly worthwhile given 

the growing literature surrounding teachers' knowledge and teacher education, and the 

growing interest in the notion of representation in mathematics education. Significant 

results gained from a study such as this one could offer a different perspective into 

teachers' thinking about lesson planning in mathematics instruction and could be a rich 

contribution to the existing knowledge base. 

Research Questions 

This study sought answers to the following questions: 

(1) As exhibited in lesson plans, which mathematical representations (concrete, semi-

concrete, contextual, linguistic, or symbolic) do K-8 prospective teachers choose 

when planning for mathematics instruction, and what is the frequency of use of 

these representations? 

(2) To what degree are the uses of mathematical representation malleable from 

individual planning to group discussion and planning in a mathematics methods 

class? 
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(3) What is the stability of prospective teachers' entering preconceptions in using 

mathematics representation in their planning? 

Limitations 

The scope of this investigation is limited by some key factors. First, in terras of 

subjects, it includes only a sub-group of prospective elementary (K-8) teachers enrolled 

in an elementary undergraduate mathematics methods course. Thus, it is a relatively 

small sample size (N=32) and limited to this one particular methods course in one 

semester. Second, the investigation utilized five distinct mathematical representations 

(Lesh, Post, & Behr, 1987) as tools for analysis of the data. When placed within the 

context of their lesson plans, the representations utilized by the prospective teachers may 

have been interwoven with other aspects of teaching, which were not identified in this 

study. The lesson plans give a perspective of prospective teachers' thinking about 

teaching a particular topic under ideal circumstances, that is, a vacuum environment free 

from the complex variables that exist as natural elements of any classroom situation. 

Third, methodologically, this study is highly limited in its data collection. 

Because prospective teachers, by nature, are inexperienced in writing lesson plans, their 

focus might have been on format rather than content, limiting, therefore, the extent of 

rich descriptions of their intentions in using representations. To minimize this limitation, 

other forms of data collection were utilized, such as written surveys, videotapes, and field 

notes. And finally, this study is limited to a more cognitive approach to teaching and 

planning, and not taking into account other major factors such as the social context of 

teaching. 
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Assumptions 

Several significant assumptions support this investigation. The first assumption is 

that the five mathematical representations (Lesh, Post, & Behr, 1987) are distinct and 

broadly defined so as to encompass any mathematical concept that may be part of the 

everyday mathematics topics in most elementary curricula. A second assumption is that 

written lesson plans, at least to some reasonable, though limited, degree, contain valid 

and reliable data relevant to the thinking process in planning for instruction. A third 

assumption is that the collected data are original documents written by prospective 

teachers, even though some of the ideas within the lesson plans are borrowed from 

teacher resource books, the World Wide Web, etc. (appropriate credit to the sources is 

noted in the documents). A fourth assumption is that the lesson plans consisted of 

prospective teachers' ideal intentions of what they believed to be the most effective 

approach to the teaching of their particular topic in mathematics. And finally, a fifth 

critical assumption is that the observed changes in teachers' planning over time with 

respect to mathematical representation are an indication of teachers' malleability in their 

thinking and/or possibly a reflection of their participation in a methods class that parallels 

reformed-based curriculum. 

This study is organized in five chapters. Each presents a different component of 

the study and contributes to the overall effort to better understand prospective teachers' 

uses of mathematical representation through their lesson planning. 
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CHAPTER TWO 

REVIEW OF THE LITERATURE 

The theoretical framework for this investigation rests upon distinct, yet 

interrelated bodies of research. This review of the literature will address four broad areas 

of research under consideration; (I) the research literature on the conceptualizations of 

teachers' knowledge and, in addition, this notion within the context of teachers' 

knowledge in mathematics education; (2) the literature on teachers' and prospective 

teachers' beliefs; (3) the literature on becoming a teacher and planning for instruction; 

and finally, and (4) the literature on mathematical representation. 

Teachers' Knowledge 

Teachers' knowledge is a growing area in the field of research on teaching and is 

complex and interwoven on many levels (Munby, Russell, & Martin, 2001). Munby et 

al. (2001) fiirther note that this line of research is new in the last twenty years, and "the 

nature and development of that knowledge is only beginning to be understood by the 

present generation of researchers in teaching and teacher education" (p. 877). Many 

investigators such as, Calderhead (1987), Carter (1990), and Carter & Doyle (1987), 

among others have brought this line of inquiry to the forefront, generating discussions 

about theory, research methodology, and teacher education practices, and therefore 

holding considerable promise for establishing focus and coherence in research on how 

teachers learn to teach (Carter & Gonzalez, 1993). 
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Conceptualizations of Teachers' Knowledge 

Because teachers' knowledge is complex, it can be defined in multiple ways 

through multiple perspectives such as positivism, postmodernism, behaviorism, 

constructivism, cognitive psychology, and so forth (Munby, Russell, & Martin, 2001). 

Different views have developed about what counts as professional knowledge and even 

how to conceptualize such knowledge. CaJderhead (1996) describes the charting of a 

human knowledge base in any of professional activity as a challenging and potentially 

endless task. 

Traditionally, research on teaching was dominated by behaviorist studies, 

therefore, the focus was primarily on observable behaviors or skills (see Peck & Tucker, 

1973). Until recently, the study of teachers' knowledge was basically non-existent. 

Carter (1990) discusses this conception: 

The emergence of systemic research on teachers' knowledge and its 

acquisition signaled a substantial shift from a preoccupation with behavior 

and with what teachers need to do to a concern with what teachers know 

and how that knowledge is acquired through formal training and 

classroom experience. The emphasis on cognition in teaching was 

stimulated, in large measure, by the growing concern for cognition and 

context in the social sciences and by the appearance in the late 1960's of 

qualitative or interpretive studies of classroom teaching. By generating 

richly detailed portraits of the demands of classroom environments and the 

ways in which teachers struggled to cope with these demands, this 
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tradition had a powerful influeiice on the development of research on 

teachers' knowledge and its acquisition" (p. 295). 

"On Knowing How to Teach," Jackson (1986) asks, "What must teachers know 

about teaching?" As Munby, Russell, and Martin (2001) note, Jackson asks more 

questions rather than provides answers bccause this research is in its infancy: 

What knowledge is essential to their (teachers') work? Is there a lot to 

learn or just a little? Is it easy or difficult? How is such knowledge 

generated and confirmed? Indeed, dare we even call it knowledge in the 

strict sense of the term? Is not much of what guides the actions of 

teachers nothing more than opinion, not to say out-and-out guesswork? 

But even if that were so, what of the remainder? If any of what teachers 

claim to know about teaching qualifies as knowledge (and who dares deny 

that some does?), what can be said of its adequacy? How complete is it? 

Does much remain to be discovered or do the best of today's teachers 

already know most of what there is to learn? And whether the bulk of it is 

fully known or yet to be discovered, what, if anything, must be added to 

such knowledge to ready the teacher for his or her work? In other words, 

is there more to teaching that the skilled application of something called 

know-how? If so, what might that be? (p. 1) 

Munby, Russell, and Martin (2001) suggest that understanding the arguments 

surrounding the conceptualization of possible answers moves us closer to the epistemic 

puzzles that underlie the knowledge of teachers. "To understand teachers' knowledge 
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requires embracing the tensions that underlie the epistemology without falling prey to the 

dichotomies that characterize them" (Munby, Russell, & Martin, 2001, p. 879). The 

dichotomy that they identity is the divide between theorv- and practice. 

Others, such as Borko and Putnam (1996), have offered cautions regarding the 

categorization by various types of knowledge: 

A potential danger inherent in any description of categories of knowledge 

is that people may come to see the categories as representing an actual 

storage system in the human mind rather than a heuristic device for 

helping us think about teacher knowledge. That is, we may find ourselves 

thinking that teachers' knowledge is organized into abstract, isolated, 

discrete categories whereas, in fact, what teachers know and believe is 

completely intertwined, both among domains and within actions and 

context, (p. 677) 

Munby, Russell, and Martin (2001) argue that there is indeed complexity involved in 

rendering the field into neat and exclusive categories, and that there is a gradual move in 

the literature toward a reconciliation of propositional and practical knowledge. They 

have, for example, identified a tension in the teaching profession between teachers' 

development, understanding, and use of practical knowledge, and the generally 

acceptable understanding that knowledge is propositional; for example, teachers know 

that there is much more to their knowledge than knowing the subject matter to be taught. 

Shiilman's (1987) categories of teachers' knowledge are often linked to the development 

of a knowledge base for teaching. His categories are content knowledge, general 
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pedagogical knowledge, curriculum knowledge, pedagogical content knowledge, 

knowledge of learners and their characteristics, knowledge of educational contexts, and, 

finally, knowledge of educational ends, purposes, and values. For the purposes of this 

review, focus will be placed on the categories under the broad umbrellas of practical 

knowledge and subject matter knowledge as they are relevant to this study. 

Research Approaches to Teachers' Knowledge 

Carter's (1990) chapter from the first edition of the Handbook of Research on 

Teacher Education is an early and major review of the area of teachers' knowledge. She 

reviews early qualitative studies such as Jackson's (1968) work on teachers' language 

and thought and Kounin's (1970) study of classroom management. "These qualitative 

studies underscored the cognitive dimensions of teaching practice and made specific 

contributions to subsequent work on teachers' thinking and knowledge" (p. 296). 

Several approaches to research that are distinct but overlapping on teachers' 

knowledge have evolved from within the broad field. Carter (1990) states that these 

approaches represent different assumptions, emphases, theoretical frameworks, and 

methodological commitments and yet share common themes. In her review. Carter 

identifies three approaches to research on teachers' knowledge: (a) information-

processing studies, which have tended to focus on decision making and contrasts between 

experts and novices; (b) studies of teachers' practical knowledge, or what teachcrs know 

about actual practice and the navigation of complex classroom settings; and (c) studies of 

pedagogical content knowledge, or what teachers know about subject matter and its 

representation to students. 
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Information-processing. Information-processing studies have a psychological 

framework and focus on the cognitive processes that teachers use in thinking about 

teaching. In other words, it is the activity inside the minds of teachers, that is, the mental 

processes teachers use to identify problems, attend to cues in the classroom environment, 

formulate plans, make decisions, and evaluate alternative courses of action (Carter. 

1990). Studies in the 1970s looked at teacher planning and decision making, but later 

studies such as those conducted by Borko, Lalik, and Tomchin (1987) and Borko, 

Livingston, McCaleb, and Mauro (1988) looked more closely at the contexts of teaching 

and planning and concluded that stronger student teachers engaged in more complex 

planning activities than weaker ones, which led Rohrkemper (1989) to suggest that 

teachers with richer understandings about teaching were able to learn well from lessons 

that were less than successful. 

Carter (1990) reviewed the literature on expert-novice studies that emerged in the 

1980s, as studies that were built on cognitive psychology's pureuit of expert-novice 

differences, and focused on unraveling the knowledge structures and respective schema 

of each group. These expert-novice studies that were examined were drawn from 

teaching (see Carter, Sabers, Cushing, Pinnegar, & Berliner, 1987) and other semantically 

rich domains such as medical diagnosis, political cognition, physics problem solving, and 

games such as chess or bridge (see Carter, 1990, for a reference list of these studies). 

Carter notes that such studies have revealed that experts' knowledge is specialized and 

domain specific; experts are not simply more efficient in general problem-solving skills; 

rather, expertise appears to be based on highly specialized knowledge in a particular 



24 

domain. As she states, "expert teachers have richly elaborated knowledge about 

classroom patterns, curriculum, and students that enables them to rapidly apply what they 

know to specific cases" (p. 299). 

Another point revealed from expert-novice studies is the notion that experts' 

knowledge is organized, "their stored knowledge of scenes, patterns, and procedures is 

organized around interpretative concepts and propositions that reflect the task 

environments in which they operate (Carter, 1990, p. 299). In contrast, novices often 

focus on discrete objects or surface features of events and problems. A third critical point 

is that much of what experts know is tacit knowledge. Simon (1979) claims that such 

knowledge docs not readily lend itself to formalization and direct instruction, but rather it 

is constructed or invented from repeated experience accomplishing tasks in a domain. As 

a result. Carter (1990) suggests that it takes considerable time to become an expert; 

simply telling novices what experts know will not produce expertise. 

Carter (1990) provides a useful critique of this category of research and 

acknowledges its value as a framework for examinations of teachers' knowledge and as 

the path to expertise, but she cautions that better conceptions are needed of what experts 

know, not simply what distinguishes them from novices. 

Carter (1990) posits that studies framed in the information-processing tradition 

opened up inquiry into cognition in teaching, and that these were important precursors to 

research on teachers' knowledge. Subsequent research has focused more specifically on 

the substance and organization of that knowledge. She has divided the research on the 

domain-specific knowledge of teachers into two broad categories: practical knowledge 
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and pedagogical content knowledge. Both of these will be discussed in the following 

sections. 

Practical Knowledge. Practical knowledge refers broadly to the knowledge 

teachers have of classroom situations and the practical dilemmas they face in carrying out 

purposeful action in these settings (Carter, 1990). In other words, this knowledge relates 

to practices within and navigation of classroom settings and highlights the complexities 

of interactive teaching and thinking-in-action. It includes both personal, practical 

knowledge that is based on the personal understanding that teachers have of the practical 

circumstances in which they work and classroom knowledge that is situated in classroom 

events. Carter suggests that the research in the area of teachers' personal knowledge does 

not provide generalized conceptions of what teachers know but, rather, provides a theory 

of how teachers learn by teaching and how they use their knowledge. "Because the 

research is closely tied to the particulars of practice, a richly textured picture emerges of 

the effects of teachers' experience within the fluid and complex world of the classroom" 

(Munby, Russell, & Martin, 2001). 

Carter (1990) also discusses the research that is linked to practical knowledge that 

has focused on classroom knowledge. This type of knowledge is built on the frameworks 

of ecological and schema-theoretic approaches and becomes situated and grounded in the 

experience of classroom events (Carter, 1990). Studies of teachers' comprehension 

processes attend to the processes by which teachers use their knowledge to interpret tasks 

and events. The concept of "task" is used to refer to the way in which work, and thus 

cognition, is organized or structured in a particular setting; they provide situational 
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instructions for thinking and acting (Doyle, 1992). For example. Carter and Gonzalez 

(1993) inquired into student teachers' developing classrooin Imowledge about the nature 

of classroom events and the likely forms and patterns of these events under different 

conditions. Their study involved the use of well-remembered events as an analytical tool 

in understanding prospective teachers' thinking and interpretation of salient events. 

Another notion that is interrelated to practical knowledge and task is Doyle's 

(1992) "curriculum enactment," which is a level of curriculum in which the curriculum is 

transformed into and experienced as a set of classroom events. This transformation from 

document to event involves further elaboration by the teacher in terms of her or his own 

theories of the content and of her or his knowledge about particular circumstances. 

Pedagogical Content Knowledge. The second broad approach to research on 

domain-specific knowledge of teachers is pedagogical content knowledge. For Carter, 

(1990) it represents an attempt to determine what teachers know about their subject 

matter and how they translate that knowledge into classroom curricular events. Shulman 

and Quinlan (1996) define pedagogical content knowledge as the transformation of the 

teachers' "own content knowledge into pedagogical representations that connect with the 

prior knowledge and disposition of the learner" (p. 409). It is domain specific and 

includes a teachers' knowledge of students' interests and motivations to leam particular 

topics within a discipline and understandings about students" preconceptions that can 

interrupt or derail their learning (Shulman & Sykes, 1986; Tamir, 1988). Shulman (1987) 

further elaborates on pedagogical content knowledge as the capacity "to transform the 

content knowledge he or she possesses into forms that are pedagogically powerful and 
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yet adaptive to the variations in ability and background presented by the students" (p. 15). 

Doyle (1992) contends that this capacity distinguishes a teacher from a non-teaching 

specialist; for example, "Knowing biology is necessary, but certainly not sufficient, to 

know how to represent biological content to students in a teaching situation" (p. 498). 

On the same notion, Shulman (1986) elaborates: 

What is also needed is knowledge of the most useful forms of 

representation of those ideas, the most powerful analogies, illustrations, 

examples, explanations, and demonstrations - in a word, the ways of 

representing and formulating the subject that make it comprehensible to 

others.. .Pedagogical content knowledge also includes an understanding of 

what makes the learning of specific topics easy or difficult; the 

conceptions and preconceptions that students of different ages and 

backgrounds bring with them to the learning of those most frequently 

taught topics and lessons. If those preconceptions are misconceptions, 

which they so often are, teachers need knowledge of the strategies most 

likely to be fruitful in reorganizing the understanding of learners...(pp. 9-

10) 

In reviewing the literature on expert-novice studies with respect to pedagogical 

content knowledge, Cochran and Jones (1998) found that experienced teachers have more 

complete pedagogical content knowledge than inexperienced teachers. Also, they report 

that the connections between content knowledge and pedagogical knowledge become 

much more clear, sophisticated, and complex with teaching experience. According to 
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Elba/. (1983) and Grossman (1989), as teachers gain experience, they begin to see content 

as a discipline with its own rules and demands, but also as a medium for engaging 

students' interests and values. Doyle (1992) suggests that an important implication of 

this finding is that teachers' content knowledge itself becomes transformed into a unified 

framework or theory of the content as school curriculum: "A teacher's theory of the 

content facilitates planning and enables him or her eventually to lift the curriculum away 

from texts and materials to give it independent existence" (p. 499). 

Teachers' Pedagogical Knowledge and Mathematics Education 

In mathematics. Ball, Lubienski, and Mewbom (2001) suggest that teaching 

requires a unique understanding that intertwines aspects of teaching and learning 

mathematics. Ball, Lubienski, and Mewborn's ideas are an expansion of Shulman's 

(1986) notion of pedagogical content knowledge. This pedagogical content knowledge, 

as discussed earlier, can be described as an intertwining of knowledge about how ideas 

may be represented, how students learn, and what they find difficult (Shulman, 1986). 

Shulman argued that teachers need to know things like what topics children find 

interesting or difficult and what the representations are that are most useful for teaching a 

specific content idea. Ball, Lubienski, and Mewbom (2001) build on this notion but shift 

to a greater focus on teaching and on teachers' use of mathematical knowledge. 

A great challenge of teaching is to integrate many kinds of knowledge in the 

context of particular situations, including planned and unplanned situations (Ball et al., 

2001). Teachers need to be able to puzzle about the everyday common mathematics in an 

unanticipated idea or formulation proposed by a student, such as why .7x3. 7 x .3, and. 7 
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X . OJ are quite different problems, especially when represented through the use of length 

measurements such as with base-ten blocks to produce area models of multiplication (see 

Ball et al., 2001). In addition, teachers need to be able to analyze a textbook 

presentation, or to change the numerical parameters of a problem, or to make up 

homework exercises, or to consider the relative value of two different representations in 

the face of a particular mathematical issue (see Bail et al., 2001). Bali, Lubienski, and 

Mewbom (2001) further assert that these recurrent activities of teaching entail a kind of 

mathematical understanding that is pedagogically useful and ready, not simply bundled in 

advance with other considerations of students or learning or pedagogy. In support of this 

notion. Kennedy (1998) offers that recitational knowledge, that is the traditional mode of 

defining facts and terminology, is not sufficient for teaching. Instead, other types of 

knowledge are needed such as conceptual understanding of subject matter as well as 

pedagogical content knowledge. "Teachers need to be able to respond to questions and 

hypotheses that they might not have anticipated, provide students with guidance when 

they get in over their heads, clarify confusions, and ensure that misconceptions are not 

perpetuated" (Kennedy, 1998, p. 252). Additionally, Ball and Bass (2000) posit that in 

order to make mathematical knowledge usable, teachers must know content sufficiently 

and flexibly such that it can be used within a wide variety of contexts. 

In Liping Ma's (1999) Knowing and Teaching Elementary Mathematics, a book 

that has attracted renewed and much wider interest in the issue of teachers' knowledge, 

the comparison is made between U.S. and Chinese elementary teachers' mathematical 

knowledge. Ball, Lubienski, and Mewbom (2001) describe Ma's work as producing a 
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portrait of dramatic differences between the two groups. Ma used her data to develop a 

notion of profound understanding offundamental mathematics, an argument for a kind of 

connected, curricular structured, and longitudinally coherent knowledge of core 

mathematical ideas. Ma describes "knowledge packages" that are part of the knowledge 

of the 72 Chinese elementary teachers whom she interviewed. These knowledge 

packages constitute a refined sense of the organization and development of a set of 

related ideas in an arithmetic domain. Ma's findings in relation to pedagogical content 

knowledge substantially improve our understanding of the knowledge required for 

teaching. The concept implies that not only must teachers know content deeply, know it 

conceptually, and know the connections among ideas, but also must know the 

representations for and the common student difficulties with particular ideas (Ball et al., 

2001). The concept makes clear that knowledge of mathematics for teaching 

encompasses more than what is taught and learned in conventional mathematics courses 

(Ball et al., 2001). Ma's book has broadened and re-ignited discussions around teachers' 

mathematical knowledge and its contributions to instruction. The mathematics education 

community has recently become concerned with how central teachers' knowledge is to 

effective teaching and to improvement (Ball et al., 2001). 

In connecting mathematical knowledge and the use of mathematical 

representations, Davis and Maher (1997) assert that how a teacher is able to introduce or 

define a new mathematical idea can make a significant difference in subsequent student 

success. In their research, they observed a teacher introduce the idea (a new idea for 

kindergarten students) of "odd" or "even" integers, and she chose to build on an earlier 
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idea (marching two-by-two) with which the cMMren were already extremely familiar. 

She thereby gave the students "tools to think with," which Davis (1992) refers to as 

powerful mental representations. This is quite different from what would have occurred 

if the teacher had merely presented some abstract definition, which could not easily be 

used by the students, such as considering the remainder when the number is divided by 

two. 

In implementing growing knowledge of the mathematics content, children's 

learning, pedagogy in the classroom, and pedagogical content knowledge, teachers may 

find that they need the flexibility of using multiple representations to reach different 

learners. The teachers' role in relation to representations as tools for thinking is to 

provide opportunities and experiences for the students to take advantage and maximize 

the use of mental images or representations. The teacher can provide questions as probes 

for furthering students' thinking and strengthening their mental representations as they 

continue to develop these powerful tools for thinking (Davis & Maher, 1997). 

Representation in Mathematics 

"Mathematics sometimes employs written notations of various sorts, but these 

symbols are not the mathematics itself anymore than lines drawn on a map arc actual 

rivers and highways" (Davis, 1992, p. 225). The National Council of Teachers of 

Mathematics (NCTM, 2000) recognizes that the ways in which mathematical ideas are 

represented is fundamental to how people understand and use them. Many of the 

representations we now take for granted, such as everyday numbers expressed in base-



32 

ten, fractions, algebraic expressions and equations, and graphs (etc.), axe the result of a 

process of cultural refinement that took place over many years. 

Cuoco (2001) presents the theoretical notion of mathematical representation by 

considering the fundamental questions that teachers ask themselves: '^What do (or 

should) 1 teach"' and "JJow can (or should) it be taught?" These questions about 

content and pedagogy are central to mathematics teaching. A recent third question for 

consideration is; 'How do students learn mathematics? " Cuoco (2001) points out that 

this is a difficult question because it requires a look into students' minds to see the 

mathematics from their perspectives. Cuoco (2001) suggests that one way to do this is to 

analyze and think about how students represent mathematical ideas. Cuoco (2001) refers 

to representation as the map of mathematics and not the mathematics itself. The 

representations provide the stimulus for users of mathematics to think about a particular 

mathematical concept. 

The idea of representation in mathematics is a critical component in describing 

how students learn mathematics. Analyses of students" use of mathematical 

representation can provide a powerful insight into how students learn mathematical 

concepts. Students' use of representation to express mathematical ideas allows for their 

internal conceptualizations of these mathematical ideas to become partly transparent to 

educators. 

External and Internal Representations 

The relationship between the external (observable) representations and the 

internal (psychological) representations is closely linked. External representations are 
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those ways of expressing mathematical ideas for others to see and understand them. 

Internal representations of mathematical ideas are built by the influence and constraint of 

external situations being represented (Greeno, 1988). 

Lesh, Post, and Behr (1987) have elaborated on five distinct types of external 

representations that occur in mathematics learning. They are; (1) experience-based or 

"real world" contextual events, (2) concrete models that have "built-in" mathematical 

relationships (e.g., blocks, fraction bars, counters, etc.), (3) semi-concrete models (e.g.. 

pictures, diagrams, graphs, etc.), (4) language (written or oral), and (5) written abstract 

symbols. These five representations can be viewed using the following examples (see 

figure 1). One can think of the concept of 65 and represent it within each of the 

aforementioned modalities. The experi enced -based or real-world contextual event could 

be one's retirement age, or the cost of a new pair of shoes and thinking about if one could 

afford to buy them, or the outside temperature in Fahrenheit degrees and how to dress for 

the day. The concrete model could be six groups of ten Popsicle™ sticks each tied by 

rubber bands and five single sticks or, similarly, by using base-ten blocks. The semi-

concrete representation could be a picture of a thermometer and its scale showing the 

temperature in Fahrenheit degrees or pictures of counting chips in six groups of tens and 

five single counters. The language modality could be done orally or in writing such as 

"sixty five" or "five less than seventy" or "thirty plus thirty five," and so on. Finally, the 

abstract symbols could be simply 65 or J00-x - 35; x = 65 (see Figure 1). 

Lesh, Post, and Behr (1987) argue that the five distinct types of representations 

are critical in their own rights, and that translations among them, and transformations 
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within them, axe equally critical for students to be able to do. The translations among and 

transformations within the representations are processes that allow students to think 

critically about the mathematics concepts. Lesh, et al. (1987) looked at elementary 

students' understandings of representing, describing, and illustrating different conceptual 

mathematical ideas. They had fourth through eighth grade students take a concept such 

as "one-third" and looked to see if the students could; (1) recognize the idea embedded in 

a variety of qualitatively different representational systems, (2) flexibly manipulate the 

idea within given representational systems, and (3) accurately translate the idea from one 

system to another. 



35 

Figure 1. Examples of the five representatioas of a laathematical idea; 
Adapted from Lesh, Post, and Beiir (1987). 

Counters 
Money 
Blocks 

Concrete Model 
(Manipulatives) 

Semi-concrete Model 
(Pictorial) 

Written Symbols 
(Notation) 

(6*10)+ (5*1) = 65 
100-x = 35,x = 65 

CONCEPT 

Language Context 

"Sixty-five, five 
less than seventy, 
six tens and five 
ones"' 

Retirement age 
Year of birth 
Cost of an item 
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Lesh, Post, and Behr's (1987) methodology included a translation process mode! 

in which during a problem-solving session, students were asked to: "(1) use several 

different kinds of concrete materials to act out a given problem situation; (2) describe 

several different kinds of everyday problem situations that are similar to a given 

prototype concrete model; and (3) write equations to describe a series of word problems" 

(p.37). Basically, the students were asked to translate among the distinct representations 

within given mathematical concepts. 

With regard to internal representations, Hiebert & Carpenter (1992) assert that the 

form of external representations with which a student interacts makes a difference in the 

way the student represents the quantity or relationship internally. And conversely, the 

way in which a student deals with or generates an external representation reveals 

something of how the student has represented that information internally (Hiebert & 

Carpenter, 1992). Hiebert and Carpenter (1992) make a critical point of saying that 

external and internal representations influence each other. Students have the potential to 

develop powerful mental representations which become "tools to think with" when they 

encounter the different mathematical ideas in the curriculum and everyday problems 

(Davis, 1992). 

A newly emerging view of mathematics teaching is one that shifts the focus from 

symbols written on paper to the meaning of these symbols; the meaning is what builds 

mental (internal) representations. The real essence is something that takes place within 

the students' minds. Davis (1992) argues that these critical mental representations are 
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built up from pieces learned from previous experiences. These previous experiences 

include the students having dealt with mathematical concepts through the various 

representations, such as the physical or pictorial models, symbolism, language 

(discussion of the idea), or the concept placed in a context. Davis (1992) further 

elaborates that the key pieces of mental representations are usually not about written 

notations or symbols, but rather about the things denoted by the symbols. For example, 

the mental representation of x is not primarily just x, but rather it can be in the context of 

the area of a square. The concept of area is part of the upper elementary curriculum, and 

can be thought of as the surface of a two-dimensional extent of a plane, for example, a 

tabletop with dimensions x by x. 

The Role of Representation in the Teaching of Mathematics 

Teaching mathematics is a matter of guiding and coaching the students' 

development of their repertoire of basic mathematical concepts and developing and using 

mental representations (Davis, 1992). Davis fiirther argues that the goal of studying 

mathematics is to learn to think in a very powerful way. Goldin (1998) agrees in that 

mental representations are inferred from observations of mathematical behavior over 

time, but adds that these representations should be viewed as competencies. Goldin 

(1998) believes that his observations on the importance of developing competencies 

through representations have important implications for mathematics teaching. He 

suggests that educators provide opportunities where students create new signs (or 

symbols) and assign them meaning. He further recommends that the students explore the 
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logico-mathematical consequences of their inventions - in effect, leaming to build their 

own external and internal mathematical representations. 

As NCTM (2000) notes, "When students gain access to mathematical 

representations and the ideas they represent, they have a set of tools that significantly 

expand their capacity to think mathematically" (p.67). Representations can then be 

thought of as thinking tools to communicate mathematical ideas. Tools should help 

students do things more easily or help students do things they could not do alone. In 

other words, tools can be used in a number of ways to amplify students' mathematical 

activity (Hiebert, Carpenter, Fennema, Fuson, Weame, Murray, Olivier, & Human, 

1997). 

Davis and Maher (1997) discuss students' "tools to think with" which refer to 

representations that can be used such as pictures drawn by students, physical objects that 

can be manipulated, analogies with something already familiar to the students, or patterns 

within very familiar written algorithms. Basically, these tools can be anything that the 

student can use to carry out thought experiments and to test hypothetical scenarios. 

Students can form better mental representations in the process of thinking about 

mathematical situations. 

The aforementioned model that Lesh, Post, and Behr (1987) developed of external 

representations allows for teachers and students to have a common language for 

commmicating internal mathematical ideas. In using concrete materials, Meira (1998) 

introduced the notion that the transparency of tools follows from the process of using 

them, and that this process is mediated by users' participation in specific socio-cultural 
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practices. The mathematics is not necessarily inherent objectively in the materia! 

displays. He claims timt the "transparency of a device emerges anew in every specific 

context and is created during activity through specific forms of using the device" (p. 13 8). 

Meixa (1998) challenges the artifact-as-bridge metaphor, in which material displays 

(representations) are considered a link between students' intuitive knowledge of the 

physical world and their mathematical knowledge. For example, concrete color tiles in a 

classroom could be used as equal fractional parts of areas, yet without this context, they 

are just one-inch plastic squares; the manipulatives themselves are not important, but how 

they are used in a mathematical context is critical. Meira (1998) argues that instructional 

devices (specifically concrete representations) themselves become the motive of 

conversation in the context of which students engage in mathematical discussions. 

Pape, Tchoshanv, and Mouvat (2001) suggest that when the goal of instruction is 

to represent mathematical concepts with manipulatives or solve problems using these 

external mathematical representations, students must be given the opportunity to interact 

with one another and the teacher. These opportunities to discuss problem-solving 

strategies allow students to further enhance their knowledge of mathematical 

representations and help them to develop and solidify their mathematical understanding. 

In this way, representations are tools for cognitive activity rather than a product or end 

result. They help facilitate an argument or help support conclusion. 

Understanding Students' Mathematical Thinking through Representations 

It is through observation and analysis of different types of external representations 

that educators learn more about how students think about mathematics. Davis (1992) 
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claims that it is instructive to ask the student to solve a problem, and to observe carefully 

how she or he thinks through its solution. Written explanations of solutions along with 

mathematical symbolism can be powerful in assessing students' work. In addition. Van 

de Walle (1998) notes that it is difficult for students to talk about and explain abstract 

ideas, and that if educators want to know what concepts and understandings children have 

constructed, a good suggestion is to have the students use a combination of 

representations to explain their thinking. 

In their research, Lesh, Post, and Behr (1987) found that students who have 

difficulty translating a concept from one representation to another are the same students 

who have difficulty solving problems and understanding computations. In addition, they 

found that strengthening the ability to move between and among these representations 

improves the growth of students' concepts. They note that the more ways that students 

are given to think about and test out an emerging idea, the better chance it has of being 

formed correctly and integrated into a rich web of ideas; this is connected to the notion of 

relational understanding. In analyzing the model by Lesh, Post, and Behr (1987), Van de 

Walle (1998) asserts that representation models can aid in thinking about a 

developmental approach to teaching. First, they help children develop new concepts or 

relationships, second, they help children make connections between concepts and 

symbols, and third, they help to assess children's understanding. Elby (2000) points out 

that how students interpret or use representations demonstrates where their 

misconceptions lie. 
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Niemi (1996) found that if students' levels of represeiitation are high, their 

problem solving skills and abilities to explain and justify their solutions are also high. 

Conversely, Kamii, Kirkland, and Lewis (2001) found that if students' level of 

abstraction is high, a high level of representation will follow. In addition, Kamii, et al. 

(2001) criticize textbooks and workbooks as overemphasizing the writing of 

mathematical signs, which they consider a low level of abstraction, and underemphasize 

the student's process of thinking. Their research involved observations of a first grade 

classroom in which the children played mathematical thinking games everyday rather 

than frequently using worksheets as typically observed in other classrooms. What they 

found was that when these students were given a worksheet (there were four total 

worksheets given throughout the school year), they could quickly write correct answers 

and that the only children who could not complete the worksheets were those who could 

not play the games. In other words, children who knew mathematical concepts could 

easily represent them symbolically. Kamii et al. (2001) assert that children think harder 

about numbers while playing games because, unlike worksheets, games are very 

important to them. 

Olivier, Murray, and Human (1991) found that during problem solving, children 

prefer to make their own drawings (semi-concrete representation) rather than using 

counters (concrete representation) because they can think better with the representations 

they make by externalizing their own ideas. They concluded that counters might have 

properties of their own that may interfere with children's representation of their ideas. 
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Children may see their own representations (drawings) of objects as having a closer 

relationship to the objects themselves more so than small round counters do. 

Davis and Maher (1997) suggest that in order to build accurate mental 

representations for mathematical situations and mathematical tasks, a student needs to be 

able to draw on a large collection of fiindamental cognitive building blocks. These 

cognitive building blocks are built through experiences with varied and accurate 

representations of mathematical ideas. For instance, a successful project for teacher 

development in mathematics in grades five through nine. Transition Toward Algebra (see 

Fernandez & Anhalt, 2001), included a deliberate use of a variety of tools, such as 

manipulatives and technology, to enhance the teachers' understanding and use of 

mathematical representations. "In turn, the teachers' deeper understanding would enable 

them to encourage their students to use and transfer information among different 

representations" (Fernandez & Anhalt, 2001, p. 237). 

In her research, Steele (2001) notes how representation is a tool for students to 

communicate mathematical ideas. In representing their ideas as part of the 

communication process, she observed that students sometimes translated a problem or an 

idea into a new form. Students drew diagrams, wrote words, and used their bodies to 

represent their thinking; the act of representing encouraged them to focus on the essential 

characteristics of a situation, made the mathematical ideas more concrete, and provided 

the foundation for the teacher to help students build meaningful mathematical language. 

Students were able to see the commonalities of their representations and were able to 

create taken-as-shared meanings of mathematical concepts. 
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Teachers' Beliefs 

Among educators, interest in the study of teachers' beliefs and conceptions was 

fueled by a shift in paradigms for research on teaching. Prompted in part by information 

processing theory and other developments in cognitive science, research on teaching 

began a shift in the 1970s from a process-product paradigm, in which the object of study 

was teachers' behaviors, to a focus on teachers' thinking and decision-making processes 

(see Clark & Peterson, 1986; Shulman & Elstein, 1975). The shift of focus to teachers' 

cognition, in turn, led to an interest in identifying and understanding the composition and 

structure of "belief systems and conceptions" underlying teachers' thoughts and 

decisions. 

Abelson (1986) defines a belief as "a conjectural statement about some object in 

the world" (p. 244). He argues that one useful means by which to understand the nature 

of beliefs is to view them metaphorically as "possessions" or objects which people can 

have, obtain, keep, value, and lose. Abelson suggests that beliefs are valuable as a result 

of their functionality (i.e., their instrumental and expressive utility) and as a result of 

certain attributes (i.e., sharedness, uniqueness, defensibility, extremity, and centraiity). 

Pajares (1992) argues how significantly beliefs can form and shape teachers' 

professional lives before they enter their teacher education programs. Strong beliefs 

developed as students during Pre-K-12 education about teaching, often referred to as 

"apprenticeship of observation," survive into adulthood and become stable judgments 

that do not change, even as teacher candidates grow into competent professionals. 
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Further, Brown and Cooney (1982) define beliefs as dispositions to action and major 

determinants of behavior and are based on evaluations and judgment. 

Nespor (1987) described a model based upon the structure of beliefs and belief 

systems as well as the uses and functions of beliefs in teacher practice. He found that 

beliefs are used by teachers to help them define specific tasks, to assist and influence 

memory, and to simplify complex, vague, or confusing problems or situations, thereby 

enabling teachers to confront them more effectively. Further, Tobin (1990), in 

attempting to construct a "grounded theory of teaching" (p. 126), identified several key 

connections between teachers' beliefs about teaching and learning and their roles as 

practitioners. Emphasizing instructional change, he suggested a model in which teachers 

begin with certain characteristic roles (or contextual behaviors) and accompanying, role-

determined beliefs. As they discover that certain roles (and thus certain beliefs) are 

ineffective in particular contexts, they abandon or seek to change these roles (and thus 

these beliefs). This leads to a reconceptualizatioii of teaching roles and a subsequent 

exchange of an older set of beliefs for a newer set tied more intimately to their new 

conceptualizations of the teaching role. Overall, Tobin found that modifications in 

teacher beliefs could initiate modifications in teacher practice. 

Another set of studies converges around the broad sphere of inquiry into the 

essence and importance of teachers' cognitive processes (e.g., teacher thinking, teacher 

judgment, teacher planning, teacher decision making). This work has examined the 

components of teachers' cognitive processes, the procedures by which teachers engage in 

their individual cognitive processes, and the importance of certain cognitive processes to 
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teachers' actualized instructional behavior. Clark and Peterson (1986) offered a model in 

which teachers' thought processes, including their beliefs, mediate their observable 

classroom actions. This line of investigation has demonstrated a number of significant 

relationships between teachers' beliefs/cognitive processes and their instructional 

behavior. For example, beliefs/cognitive processes have been shown to influence teacher 

decision making and judgment in terms of what behaviors teachers choose to exhibit, 

how they predict student achievement, how they select and implement instructional 

methods, and how they plan lessons (Clark & Yinger, 1979; Peterson & Clark, 1978). 

This broad body of literature supports the importance of studying teachers' 

beliefs. Teachers' beliefs are complicated, difficult to measure, yet important in a variety 

of ways to their instruction and to student achievement, especially with respect to teacher 

planning, teacher thinking, and teacher decision making. 

Teachers' Conceptions of Mathematics Teaching and Learning 

Since 1980, the study of teachers' beliefs has emerged as an important, legitimate 

line of research in mathematics education. Its potential for making significant 

contributions to the field is becoming widely recognized; many studies in mathematics 

education have focused on teachers' beliefs about mathematics and mathematics teaching 

and learning. According to Nespor (1987), for the most part, the research in this area has 

worked from the premise that "to understand teaching from teachers' perspectives we 

have to understand the beliefs with which they define their work" (p. 323). 

According to Thompson's (1992) review of the literature on mathematics 

teachers' beliefs and conceptions, the focus of the studies has been on beliefs about 
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mathematics and beliefs about mathematics teaching and learning, or both. Further, some 

studies have examined the relationship between teachers' beliefs and their instructional 

practices. Thompson argues that most of the research on teachers' beliefs and 

conceptions is interpretive in nature and employs qualitative methods of analysis. 

According to Thompson (1992), "What a teacher considers to be desirable goals 

of the mathematics program, his or her own role in teaching, the students' role, 

appropriate classroom activities, desirable instructional approaches and emphases, 

legitimate mathematical procedures, and acceptable outcomes of instruction are all part of 

the teachers' conception of mathematics teaching"' (p. 135). She found that that 

differences in teachers' conceptions of mathematics appear to be related to differences in 

their view about mathematics teaching. Further, Thompson (1992) argues that teachers' 

conceptions of mathematics teaching are also likely to reflect their views, though 

inferred, of students' mathematical knowledge, of how they leam mathematics, and of the 

roles and purposes of schools in general. Carpenter, Fennema, Peterson, and Carey 

(1988) observed a strong relationship between teachers' conceptions of teaching and their 

conceptions of students' mathematical knowledge. 

Interweaving teaching models with some underlying theory of how students learn 

mathematics is necessary due to the eclectic nature of teachers' conceptions of 

mathematics teaching (Thompson, 1992). According to Clark (1988), conceptions of 

teaching and learning tend to be eclectic collections of beliefs and views that appear to be 

more the result of teachers' years of experience in the classroom. "Teachers' implicit 

theories tend to be eclectic aggregations of cause-effect propositions from many sources. 
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rules of thumb, generalizations drawn from personal experiences, beliefs, values, biases, 

and prejudices" (p.6). 

Models of Mathematics Teaching 

Based on a review of the literature in mathematics education, teacher education, 

the philosophy of mathematics, the philosophy of education, and research on teaching 

and learning, Kuhs and Ball (1986) identified four dominant and distinctive views of how 

mathematics is taught: 

1. Leamer-focused: mathematics teaching that focuses on the learner's 

personal construction of mathematical knowledge; 

2. Content-focused with an emphasis on conceptual understanding: 

mathematics teaching that is driven by the content itself but emphasizes 

conceptual understanding; 

3. Content-focused with an emphasis on performance: mathematics 

teaching that emphasizes student performance and mastery of 

mathematical rules and procedures; and 

4. Classroom-focused: mathematics teaching based on knowledge about 

effective classrooms, (p.2) 

According to Kuhs and Ball (1986), the learner-focused view of mathematics 

teaching typically underlies a constructivist view of mathematics learning (Thompson, 

1985). Because it centers around the students' active involvement in doing mathematics, 

it is the instructional model most likely to be advocated by those who have a problem-

solving view of mathematics, who view mathematics as a dynamic discipline, dealing 



48 

with self-generated ideas and involving methods of inquiry (Ernest, 1988). From this 

view, the teacher is viewed as facilitator and stimulator of student learning, posing 

interesting questions and challenging students to think (Kuhs & Ball, 1986). 

The second view outlined by Kuhs and Ball, the content-focused with emphasis 

on understanding, is the view of teaching in which instruction makes mathematical 

content the focus of classroom activity while emphasizing students' understanding of 

ideas and processes. It emphasizes students' understanding of the logical relations 

among various mathematical ideas and the concepts and logic underlying mathematical 

procedures. 

Kuhs and Ball (1986) distinguished between the first two views of teaching by the 

way subject matter is organized. Unlike the learner-focused model, in which students' 

ideas and interests are primary considerations, content is organized in the content-focused 

model according to the structure of mathematics, following some notion of scope and 

sequence the teacher may have. Kuhs and Ball indicated that what distinguishes the 

content-focused view emphasizing conceptual understanding from the other three views 

is "the dual influence of content and learner. On one hand, content is focal, but on the 

other, understanding is viewed as constructed by the individioal" (p. 15). 

The third view, the content-focused view with emphasis on performance, also 

makes mathematical content its focal point. Yet, underlying this view are conceptions of 

the nature of mathematics, of mathematics learning, and of schooling in general that are 

very different from those underlying the first two views (Kuhs & Ball, 1986). It is the 
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view of teaching that would follow naturally from the instrumentalist view of the nature 

of mathematics. Kuhs and Ball (1986) underscore the central premises of this view; 

(1) Rales are the basic building blocks of all mathematical knowledge and 

all mathematical behavior is rule-governed. 

(2) Knowledge of mathematics is being able to get answers and do 

problems using the rules that have been learned. 

(3) Computational procedures should be "automatized." 

(4) It is not necessary to understand the source or reason for student errors; 

further instruction on the correct way to do things will result in 

appropriate learning. 

(5) In school, knowing mathematics means being able to demonstrate 

mastery of the skills described by instructional objectives, (p. 22) 

In this instrumentalist view of teaching, the content is organized according to a 

hierarchy of skills and concepts; it is presented sequentially to the whole class, to small 

groups, or to an individual, following a pre-assessment of students' mastery of 

prerequisite skills (Kuhs and Bail. 1986). Kuhs and Ball further note that none of the 

proposed models of mathematics teaching has been the object of more criticism by 

mathematics educators than this instrumentalist perspective. Critics of this model object 

to taking a student's ability to obtain correct answers, perform algorithms, and state 

definitions as evidence of their "knowing" mathematics. Schoenfeld (1985) documented 

that students who perform adequately on routine mathematical tasks often have 

impoveri.shed conceptions and significant misunderstandings of the mathematical ideas in 
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those tasks. One example is Schoenfeld's (1988) study of a secondary geometry class in 

which he reported results from a year long study of teacheis' and students' beliefs of 

mathematics as a set of raies and problem solving as answer-getting only. In turn, 

students' perception was that the "form" of a mathematical answer is what counts as well 

as speed and accuracy at the sacrifice of understanding. Another criticism that has been 

voiced in the literature, particularly by those with a problem-solving view of 

mathematics, is that "Instrumentalism does not actively involve the students in the 

processes of exploring and investigating ideas; therefore, it not only denies students the 

opportunity to do "real" mathematics, it also misrepresents mathematics to the students" 

(Thompson, 1992, p. 137). 

The fourth and last of the distinctive views of how mathematics should be taught, 

identified by Kuhs and Ball (1986), is the classroom-focused view of teaching. Central to 

this view is the notion that classroom activity must be well structured and efficiently 

organized according to effective teacher behaviors identified in processs-product studies 

of teaching effectiveness. Kuhs and Ball noted that unlike the other models of 

mathematics teaching, this model, in its purest form, does not address questions about the 

content of instruction. Rather, it assumes that content is established by the school 

curriculum. Additionally, in this model, the teacher is viewed as playing an active role 

directing all classroom activities, clearly presenting the material of the lesson to the 

whole class or subgroups thereof, and providing opportunities for student to practice 

individually. From this perspective, effective teachers are those who "skillfully explain, 

assign tasks, monitor student work, provide feedback to students, and manage the 
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classroom environment, preventing, or eliminating, disruptions that might interfere with 

the flow of planned activity" (Kuhs & Ball, 1986, p. 26). 

The four models of mathematics teaching identified by Kuhs and Ball (1986) are 

useful in describing major differences among current views of mathematics teaching. As 

in the cases of conceptions of mathematics, a given teacher's conception of mathematics 

teaching is more likely to include various aspects of several models than it is to fit 

perfectly into the description of a single model. Thompson (1992) notes that because of 

the eclectic aggregations of beliefs, values, propositions and principles, teachers' models 

of mathematics teaching may often reflect inconsistencies. 

With respect to the relationship between beliefs about teaching and instructional 

practice, the literature suggests that the relationship is more complex, involving a give 

and take between beliefs and experience and, thus, is dialectical in nature (Cobb, Wood, 

& Yackel, 1990). There is support in the literature for the claim that beliefs influence 

classroom practice. Thompson (1992) asserts: 

Teachers beliefs appear to act as filters through which teachers interpret 

and ascribe meanings to their experiences as they interact with children 

and the subject matter. But, at the same time, many of a teacher's beliefs 

and views seem to originate in and be shaped by experiences in the 

classroom. By interacting with their environment, with all its demands 

and problems, teachers appear to evaluate and reorganize their beliefs 

through reflective acts, some more than others (p. 139). 
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Thompson (1984) observed that the extent to which experienced teachers' 

conceptions are consistent with their practice depends in large measure on the teachers' 

tendency to reflect on their actions - to think about their actions vis-a-vis their beliefs, 

their students, the subject matter, and the specific context of instruction. Thompson 

further notes that it is by reflecting on their views and actions that teachers gain an 

awareness of their tacit assumptions, beliefs, and views, and how these relate to their 

practice. Thompson underscores that it is through reflection that teachers develop 

coherent rationales for their views, assumptions, and actions, and become aware of viable 

alternatives. 

Prospective Teachers' Beliefs 

Studies supported by the National Center for Research on Learning to Teach 

(NCRLT) sponsored by the U. S. Department of Education, Office of liducational 

Research and Improvement, have focused attention on the knowledge and beliefs that 

novice or prospective teachers bring to their programs of preservice teacher education. A 

fundamental principle formed by these agencies to guide both learning and learning to 

teach is to begin where the prospective teacher is in her thinking (Howey & Zimpher, 

19%). 

Calderhead's (1991) research has focused on the kinds of knowledges and beliefs 

that prospective teachers bring with them and a consideration of how those knowledges 

and beliefs interact with the teacher education curriculum. Calderhead concluded that 

prospective teachers' knowledge of pedagogy is not necessarily well adapted to what is 

actually involved in effective teaching. While acknowledging that there are qualitative 
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differences in how prospective teachers conceptualize learning to teach, he notes that 

they tend to embrace relatively naive and uncomplicated beliefs. Further, he argues that 

the many years of studenting have led these teachers to think of teaching as telling and 

showing and of learning as memorizing and as largely a passive activity. Some, for 

example, believe that they will be told how to teach, others believe that on-the-job 

experience is the best teacher, and there are still others who believe that nothing special 

needs to be learned in order to tcach, that knowledge of content is basically sufficient 

(Calderhead, 1991). Further, many others believe that they can leam largely by 

observing exemplary teachers, and in some instances, the belief is even more tenuous 

based on a rather naive view of liking youngsters and therefore being able to help them as 

a teacher. 

Buchanon and Schwille (1983) contend that the great majority of prospective 

teachers value firsthand experience more highly than intellectual discourse, especially 

structured intellectual discourse, which demands the kind of pedagogical reasoning that 

defends and supports teacher decisions in conversations with peers and/or more 

experienced teachers and professors. 

According to Howey and Zimpher (1996), the importance of focusing on teacher 

beliefs about learning and learning to teach is a particularly important issue in this 

country, for in contrast to many other countries, the United States has no national 

curriculum. Even though statewide and district textbook adoptions are common, and 

most districts provide relatively comprehensive curriculum guides for various subjects, 

teachers behind the closed doors of the classrooms have considerable latitude and 
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freedom to teach in the maimer they deem most appropriate and efficacious. Britzman 

(1986) argues that these pedagogical beliefs really are just the tip of the iceberg, and that, 

they in fact, represent a more deep-seated epistemoiogical orientation that is often 

characterized by reliance on external sources of knowledge. 

Prospective Teachers' Conceptions of Mathematics Teaching and Learning 

A research team consisting of Wilcox, Lanier, Schram, and Lappan (1992) 

initiated an intensive program of research examining the knowledge and beliefs of 

prospective teachers. They instituted the Elementary Mathematics Study in the 

Academic Learning Teacher Preparation Strand at Michigan State University whose 

major purpose was to demonstrate the feasibility of developing a more conceptual level 

of knowledge about mathematics and the teaching and learning of mathematics in 

prospective elementary teachers than such teachers typically have. They examined the 

various factors that influenced these prospective teachers' choices about what to teach 

and how to teach in their mathematics classes, including their view of knowledge, that is, 

what it means to know and how one comes to know, and their knowledge of mathematics 

and beliefs about what should constitute elementary mathematics curriculum and 

effective teaching of mathematics. 

Regarding this study by Wilcox et. al., Howey and Zimpher (19%) summarize 

"that disciplinary- study is essential to develop a set of intellectual tools and dispositions 

to engage in mathematical inquiry by prospective teachers; they question, however, 

whether disciplinary study alone will be sufficient to overcome preservice teachers' 

deeply held beliefs about mathematics and how it should be taught" (p. 485). They 
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conclude that modeling new practices and nontraditional conceptions of mathematical 

pedagogy, however difficult this is. might be sufficient to develop in beginning teachers 

the beliefs that teaching is something other than telling and more than a matter of 

technical competence. Yet still, according to Thompson (1992). this very task of 

modifying long-held, deeply rooted conceptions of mathematics and its teaching in the 

short period of a course in methods of teaching remains a major problem in mathematics 

teacher education. Howey and Zimpher (1996) emphasize that many prospective 

teachers' beliefs about teaching and learning underestimate the complexity of these 

endeavors and, in turn, the complexity of learning to teach. Similarly, Howey and 

Zimpher argue that these beliefs are not altered easily, and this suggests that the 

education of teachers needs to be protracted in thoughtful ways into the early years of 

teaching. 

Becoming a Teacher and Planning for Instruction 

As criteria for effective mathematics teaching, the National Council of Teachers 

of Mathematics' Professional Standards for Teaching Mathematics (NCTM, 1990) 

presents a vision of what mathematics teachers should know and be able to do in order to 

teach mathematics. According to these standards, the mathematics teacher's major roles 

are: 

(1) creating a classroom environment to support teaching and learning 

mathematics; (2) setting goals and selecting or creating mathematical tasks 

to help students achieve these goals; (3) stimulating and managing 

classroom discourse so that students and teachers are clearer about what is 
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being learned; and (4) analyzing student learning, the mathematical tasks, 

and the environment in order to make ongoing instructional decisions 

(NCTM, 1990, p. 4). 

According to these standards, computational algorithms, manipulations of 

symbols, and memorization of rules must no longer dominate school mathematics; rather, 

mathematical reasoning, problem solving, communication, and connections should be 

emphasized. At the heart of the NCTM's (2000) Principles and Standards for School 

Mathematics is the commitment to developing the mathematical literacy of all students. 

These standards not only set goals for school mathematics, but also imply a significant 

departure from the traditional practice of mathematics teaching. 

Wright and Tuska (1968) asserted that becoming a teacher is a life-long process; 

that is, teachers begin to leam about teaching long before their formal teacher education 

begins and continue to leam and change throughout their careers. According to Brown 

and Borko (1992), research on learning to teach has traditionally been conducted within 

the discipline of psychology, and in recent years the underlying framework for the 

research has shifted from one grounded in behavioral psychology to one grounded in 

cognitive psychology. Brown and Borko (1992) define cognitive psychology as "the 

scientific study of mental events, primarily concerned with the contents of the human 

mind (knowledge, beliefs) and the mental processes in which people engage (thinking, 

problem solving, planning)" (p. 211). An assumption of cognitive psychology is that an 

individual's knowledge structures and mental representations of the world play a central 

role in that individual's perceptions, thoughts, and actions (Putnam, Lampert, & Peterson, 
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1990). Further, cognitive psychologists posit that teachers' tMnMng is directly 

influenced by their knowledge; therefore, their thinking, in turn, guides their actions in 

the classroom. 

Brown and Borko (1992) suggest that learning to teach entails the acquisition of 

knowledge systems or schemata, cognitive skills such as pedagogical problem solving 

and decision-making, and a set of observable teaching behaviors. Brown and Borko 

further assert that "to understand learning to teach, one must study how these systems 

(and the relationships among them) develop and change with experience, as well as 

identify the factors that influence this change process'' (p. 211). Shulman and 

Grossman's (1988) theoretical model of domains of teachers' professional knowledge is 

related to the research on learning to teach. Shulman and Grossman hypothesized that 

teachers draw from seven domains of knowledge, or sets of cognitive schemata, as they 

plan and implement instruction: knowledge of subject matter, pedagogical content 

knowledge, knowledge of other content, knowledge of the curriculum, knowledge of 

learners, knowledge of educational aims, and general pedagogical knowledge. 

Teachers' Cognitive Processes 

In addition to the focus on teachers' knowledge in the research on learning to 

teach in cognitive psychology, teachers' cognitive processes have also been examined 

closely. Within the cognitive process of teaching. Brown and Borko (1992) point out that 

researchers on teachers' thinking traditionally have drawn a distinction between planning, 

which occurs in the empty classroom, and the thought processes in which teachers engage 

during classroom interaction. This distinction came about following the work of Jackson 
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(1968), who identified three temporally distinct phases of teaching - preactive, 

interactive, aad postactive — and is based on the assumption that the thinMng teachers do 

during classroom interaction is qualitatively different from the thinMng they do away 

from students. Shavelson (1986) suggested that the distinction between preactive and 

interactive thinking, although previously useful, now seems inappropriate. Shavelson 

argues that preactive and interactive decision-making are not conceptually distinct 

processes; they are interrelated components of a process of developing and enacting 

agendas based on teaching schemata. 

Wilson, Shulman, and Richert (1987) present a model that describes six common 

components of teaching: comprehension, transformation, instruction, evaluation, 

reflection, and new comprehension. Comprehension is the process of critically 

understanding a set of ideas to be taught. During transformation, the teacher moves from 

a personal comprehension of the ideas to be taught to an understanding of how to 

facilitate students' comprehension of these ideas. Instruction, the process of facilitating 

students' comprehension, consists of a variety of teaching acts, such as organizing and 

managirig the classroom, presenting clear explanations, and providing for student 

practice. Evaluation, or checking for student understanding, encompasses both 

immediate assessments of student understanding and more formal testing and evaluation 

procedures. Reflection entails evaluating one's own teaching; it is the set of processes 

that enables a professional to leam from experience. As a result of engaging in these 

processes, the teacher develops a new comprehension of the subject matter. 
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Central to this model of pedagogical thinking and action is the concept of 

pedagogical reasoning, "the process of transforming subject matter into forms that are 

pedagogically powerful and yet adaptive to the variations in ability and background 

presented to students" (Shulman, 1987, p. 15). Similar to pedagogical content 

knowledge, pedagogical reasoning is unique to the profession of teaching and is 

relatively undeveloped in novice teachers (Brown & Borko, 1992). Brown and Borko 

underscore that although the distinction between knowledge and thinking is fairly clear 

conceptually, the content and processes of teacher cognition are intertwined. In other 

words, teachers draw upon their knowledge and thinking skills simultaneously, as they 

engage in the planning and interactive activities of teaching. 

Studies of Expert and Novice Teachers 

Borko and Livingston (1989) investigated the nature of pedagogical expertise by 

comparing the planning, teaching, and post-lesson reflections of expert and novice 

mathematics teachers. They found that expert teachers displayed more pedagogical 

knowledge, content knowledge, and pedagogical content knowledge than did novices. In 

addition, expert teachers' conceptual systems, or cognitive schemata, for organizing and 

storing this knowledge are more elaborate, interconnected, and accessible than the 

novices' schemata. And further, they found that expert teachers are more efficient than 

novices in their processing of information during both the planning and the interactive 

phases of teaching. As Brown and Borko (1992) posit: 

Expert teachers plan more in their heads than do novices, using self-

created mental scripts to guide the direction of their lessons. They also 
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plan more quickly and efficiently than novices, because they are able to 

combine information from existing schemata to fit the particuiars of a 

given lesson. Novices, in contr^t, often have to develop, or at least 

modify and elaborate, tier available schemata. Novices' schemata for 

pedagogical content knowledge seem particularly limited. Whereas 

experts' schemata include stores of powerful explanations, 

demonstrations, and examples for representing the subject matter to 

students, novices must develop these representations as part of the 

planning process for each lesson. Further, because their pedagogical 

reasoning skills are less developed than experts', this planning, itself is 

often inefficiently carried out. (p. 213) 

These differences in the thinking and actions of expert and novice teachers help in 

understanding the outcomes, but not the processes, of learning to teach. Berliner (1987) 

provided an initial step toward understanding these processes by suggesting a theory of 

pedagogical expertise development. He theorized that teachers progress through five 

stages in the journey toward expertise: novice, advanced beginner, competent, proficient, 

and expert. 

Based on her findings of novice teachers' learning to teach. Ball (1990) argued 

that prospective teachers do not have an understanding of the principles underlying 

mathematical procedures adequate for teaching. Also, their knowledge of mathematics is 

not sufficiently connected to enable them to break away from the common approach to 

teaching and learning mathematics by compartmentalizing topics. She concluded that 



61 

subject matter knowledge should be a central focus of teacher education programs and 

that much more knowledge is needed about how teachers can be helped to increase and 

develop their understanding of mathematics in order to teach mathematics effectively. 

A study by Borko (1985) focused on novice teachers' thinking during the 

preactive and interactive phases of teaching. Borko's study was based on the assumption 

that decision-making is a central skill of teaching, and to understand teaching, one must 

understand the decisions teachers make during the planning and interactive stages, and 

the factors influencing those decisions (Borko, 1985). She found that stronger student 

teachers planned in more detail, considered more aspects of the lessons in their planning, 

and used a problem-solving approach by which they anticipated problems and made plans 

to lessen or circumvent them. 

Borko, Livingston, McCaleb, and Mauro (1988) examined the planning and post-

lesson reflections of 12 elementary and secondary student teachers and found that 

participants with stronger content preparation required less time and effort for daily 

planning, focused more attention on planning instructional strategies and less on learning 

content, were more flexible in their planning and teaching, and were more confident in 

their teaching. Several factors associated with success in learning to teach were evident 

across several of Borko's studies (see Borko, 1985; Borko, Lalik, & Tomchin, 1987; 

Borko, Livingston, McCaleb, & Mauro, 1988): careful, detailed planning which 

incorporates strategies for minimizing potential problems; strong subject matter 

preparation to enable novice teachers to focus planning energies productively; and a 
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perception — shared by the novice teacher, colleagues, and administrators - that the 

novice teacher is responsible for, and in control of, classroom events. 

Learning to Teach 

In examining preservice teachers' learning experiences during formal preparation, 

Feiman-Nemser (1990) identified the transition to pedagogical thinking as a major 

component of learning lo teach, defining pedagogical thinking as thinking about teaching 

that focuses on the students' needs rather than on oneself as the teacher or on the subject 

matter alone. Feiman-Nemser (1990) noted that university coursework dominated the 

first year of formal preparation, and that participants experienced difficulty making the 

transition to pedagogical thinking due, at least in part, to their limited knowledge of both 

subject matter and pedagogy. In addition, she noted that coursework in the teacher 

preparation programs did not remedy the preservice teachers' subject matter knowledge 

deficits. It also did not provide enough "teacher education" - instruction, supervision, 

practice, and reflection -• to sufficiently enhance their pedagogical knowledge. 

Feiman-Nemser (1990) found that student teachers experienced difficulty in 

recognizing the differences between going through the motions of teaching, such as 

checking homework, talking at the board, and giving assignments, and connecting these 

activities to what students should be learning over time. She found that they did not 

capitalize on the potential learning opportunities present in the classroom activities they 

directed. Based on her findings, Feiman-Nemser concluded that, without guidance, 

preservice teachers find it difficult to make the transition to pedagogical thinking. By 

themselves, they can rarely see beyond what they want or need to do, or what the setting 



63 

requires. She suggested that teacher educators, including cooperating teachers, take an 

active role in guiding preservice teachers' pedagogical thinMng and actions, perhaps by 

demonstrating teaching actions and verbalizing pedagogical thinking, or by stimulating 

preservice teachers to analyze and discuss their actions and decisions. 

The research reviewed in this section has been conducted across various content 

areas and certainly applies to mathematics. Brown and Borko (1992) express how 

learning to teach in any subject area is a life-long process, of which preservice 

preparation is just one phase. Ideally, teachers emerge from this phase as strong novices, 

equipped with the skills and dispositions to facilitate the continuation of the learning 

process. Becoming a mathematics teacher is a subset of this larger body of literature that 

aids in understanding this complex process. 

Summary 

Teachers' knowledge is a growing area of interest in the field of research on 

teaching and teacher education. A great deal of research has focused on finding ways for 

teacher educators to understand the process of how teachers' knowledge develops and 

what factors contribute to this development. The literature on becoming a teacher and 

teachers' beliefs is relevant to this study due to the nature of the inquiry. Representation 

is a relatively new and developing area in the research in mathematics education, 

especially how it relates to teaching and planning for instruction. Lesh, Post, and Behr's 

research on mathematical representation has been a major contribution to current 

literature in the field of mathematics education. The notion of representation has 

penetrated the research on teaching mathematics as well as the research in understanding 
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students" mathematical thinking. In addition, a review of the literature was doae on 

becoming a teacher and planning for instruction. The review of the literature attempted 

to cover many of the areas for which this current study may be related. 
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CHAPTER THREE 

METHODOLOGY 

This chapter describes the research design of the study including the selection of 

participants, a summary of their demographics, and a comparison to U.S. national-wide 

"typical" teacher candidate as documented in the literature. This chapter will also 

describe the context of the study as well as the data sources, the procedures for the data 

collection, and the methods for data analyses with respect to each of the three research 

questions. 

Participants 

Typically, teacher education candidates in the United States are predominantly 

females who are of Anglo-Saxon descent, the middle class, and from rural or suburban 

communities (Feiman-Nemser & Remillard, 1996). With regard to gender, 93% of 

elementary education majors in any given university in the United States are reported to 

be female (Feiman-Nemser & Remillard, 1996). In comparison to the "typical" teacher 

candidate as reported in the literature, the 31 participants in this study somewhat 

paralleled national statistics; 94% were female and 6% of the participants were male. 

Eighty-seven percent of the teacher candidates participating in this study were of Anglo-

Saxon descent and 13% were of Hispanic/Latino descent All of these individuals had 

successfully completed a mathematics content course, a prerequisite to the methods 

course. 
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Context of the Study 

Methods Block. TMs study took place during the 2002 fall university semester in 

which the participants were enrolled in a methods block of courses at a large 

southwestern university with a long-standing program in teacher education. The 

mathematics methods course was a three-unit course, Teaching Elementary Mathematics 

in a Technological Age. In addition to the mathematics methods course, preservice 

teachers were enrolled in four other methods courses: reading, language arts, social 

studies, and science. In addition, the teacher candidates were enrolled in a field 

experience, which required them to participate and make observations in elementary 

classrooms of various grade levels. The methods courses were taught in a classroom at 

an elementary school campus, the same site where they experienced their fieldwork. 

During the time in the classroom with the elementary students, the preservice teachere 

implemented lessons in the various subject areas as planned under the supervision of the 

methods courses instructors. Specifically in mathematics, the preservice teachers planned 

and implemented lessons, which were separate from the lesson plans that were generated 

for this study. This is noted so as to give a partial description of the preservice teachers' 

nature of their requirements during the semester. 

K-8 Mathematics Methods Course. Throughout the course of the semester, the 

teacher candidates participated in activities that were of a constructivist nature, which 

included utilization of manipulatives, interactive technology (e.g., graphing calculators, 

computer software), problem solving, hands-on exploration, writing, discourse, and 

making real-world connections, (etc.) as is consistent with the reform standards of the 
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National Council of Teachers of Mathematics (NCTM, 1991, 2000). The instructor of 

the course, which is a constant factor throughout the study, designed class session 

activities for the prospective teachers to engage them in application of mathematics in 

real-world contexts. For example, in one activity, the preservice teachers were given a 

world map and numerical facts that corresponded to individual continents and countries. 

The preservice teachers then needed to use the numerical facts to find proportional 

relationships between countries. On another occasion, the instructor had the preservice 

teachers explore the magnitude of a million and a billion by placing the number in a 

context that is a familiar situation or analogy. The preservice teachers created displays 

with colorful illustrations, mathematical calculations, and measurements of weight, 

length, volume, and time. An example was the concept one million 16-ounce cafe lattes 

would weigh the same as 4,000 small cars or 4,000 elephants. In general, the instructor 

encouraged peer collaboration, idea generation, discussion, and discourse during class 

sessions throughout the semester. The preservice teachers were generally engaged in 

highly meaningful discourse regarding the mathematics content as well as how the 

content could be enacted as curriculum in a classroom. 

Data Sources and Analyses 

Research Question #1 

As exhibited in lesson plans, which mathematical representations (concrete, semi-

concrete, contextual, linguistic, or symbolic) do K-8 prospective teachers choose when 

planning for mathematics instruction, and what is the frequency of use of these 

representations? 
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Data Sources. For the findings to this research question, the roaiji data source 

was the collection of written lesson plans at each of three time intervals during the 

semester. The three time intervals for the collection of written lesson plans were at five 

weeks, eight weeks, and 15 weeks in the 16-week semester. At five weeks into the 

semester, the researcher compiled a list of eight mathematical topics that would be 

explored throughout the methods course and which represented typical upper elementary 

and middle school topics that these teacher candidates would be expected to teach. These 

topics included: multiplication of fractions, division of fractions, area of a circle, area of a 

trapezoid, area of a parallelogram, perimeter of polygons, addition and subtraction of 

integers, and mean. The topics, along with a corresponding and appropriate grade level, 

were written individually on 31 index cards prior to class and each index card was 

randomly distributed to each teacher candidate. The teacher candidates were then 

instructed to develop and submit individually a lesson plan reflecting what they 

considered to be an effective way to teach that particular topic. Groups of four 

prospective teachers shared the same topic, but wrote lesson plans individually on their 

topics without the knowledge that three other prospective teachers in class had the same 

topic (see Figure 2). 

The teacher candidates were encouraged, but not required, to individually seek 

out a variety of resources such as books, materials available on the Internet, and in-

service teachers, etc. to assist them in this assignment. The teacher candidates were 

asked that when designing their lesson plans, they include along with the topic and grade 

level any materials, the procedures, a closure, and the sources (if any) of their ideas. The 
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above mentioned lesson plan subheadings were given as informal guidelines to allow for 

creativity and autonomy in the teacher candidates' desigiis of the lessons. These 

dociunents were the first set of written lesson plans collected. 

After completing and submitting lesson plans individually, the teacher candidates 

were placed in groups with those sharing the same topic and, with their classmates, were 

asked to reach a group consensus on how best to teach their shared topic. During this 

time, the teacher candidates were encouraged to share their individual ideas as recorded 

and described in their lesson plans and to justify to their classmates why they believed 

their method and approach to teaching this topic was effective. Additionally, the groups 

were asked to identify a note taker who would capture the finalized ideas on paper and a 

typist, who would electronically submit the group's finalized lesson plan. These 

documents were the second set of written lesson plans collected. 

At the end of the semester, the teacher candidates were asked to submit 

individually one final lesson plan, again using the previously described format, but this 

time detailing how best to teach a K-8 mathematical topic of their choice. Topics chosen 

by the teacher candidates included a wide range of grade levels and concepts, such as 

counting, rounding, tessellations, least common multiple, shapes, multiplication facts, 

fractions, time, money, area of circle, solids, addition, subtraction, graphing, probability, 

and rate of acceleration. These documents were the third set of written lesson plans 

collected. 
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Figure 2. Conceptual model of the research study plan. 
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Data Analyses. Upon receiving the teacher candidates' lesson plans at each of the 

three intervals, they were coded; noting each time one of the five aforementioned 

representations was used. This model of mathematical representations as delineated by 

Lesh, Post, and Behr, (1987) was used as a tool for analysis. The five representations 

include the concrcte manipulative, the linguistic, the symbolic, the semi-concrete 

pictorial, and the contextual representations. 

As an example, consider the following portion of a lesson plan submitted by a 

team of teacher candidates on the topic of the perimeter of polygons. The lesson, which 

was designed for third graders, is broken into connected sections of representations used: 

Section #1: Discuss the characteristics of a polygon with the class. Explain 

that a polygon has straight lines with no arcs. 

Section #2: Pass a geoboard out to each student or pair of students. 

Section #3: Have the students construct various polygons on the geoboards 

emphasizing the attributes of a polygon. 

Section #4: As the students are working, tape large shapes onto the floor, one 

shape per group of students. Distribute colored construction paper 

and instruct students to trace their foot on the paper and cut out the 

tracing. 

Section #5: Divide the class into groups explaining that they will use their 

paper foot to determine the distance around the shape. They are to 

find out how many of their paper feet will go around the shape... 
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Section #1 was coded as the teacher using a linguistic representation of the idea of 

a polygon. Section #2 was not coded since it is a management aspect of the lesson plan, 

which is outside the realm of this study, but certainly recognized as a related topic. 

Section #3 was coded as students using a concrete representation of a polygon along with 

a linguistic representation. Section #4 was coded as pictorial representations of polygons 

that the students would potentially be using to find perimeters. Section #5 was coded as 

the teachers' use of language to represent the notion of perimeter. Becau.se these lesson 

plans are hypothetical teaching acts, and are not the actual teaching, they were analyzed 

with the focus on the prospective teachers' thinking about and planning for mathematics 

instruction. 

Additionally, during the coding process, the linguistic representation was divided 

into two sub-categories, labeled, Li and L2. L| refers to language that is used to talk 

about mathematical procedures and'or information or fact-giving, whereas L2 refers to 

mathematics discourse; that is, rich and thoughtful discussion about the mathematics 

including potential higher-level thinking as well as explaining, justifying, questioning, 

and challenging (Wood, 1999). This sub-categorization of language representation was 

necessary in order to capture the extent to which these teacher candidates adhered to the 

tenets of the NCTM Standards (2000), which strongly advocate discourse (L2) in the 

mathematics classroom. 

Once the lesson plan documents were coded by mathematical representations, the 

data was tabulated for forther analysis according to trends and patterns within the 

categories of representation as delineated by Lesh, Post, and Behr (1987). The data was 
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tabulated according to specific representations from the first interval to the last interval. 

Increases and decreases in the uses of representations were highlighted with rich 

illustrations and discussion from the lesson plans. 

Research Question #2 

To what degree are the uses of mathematical representation malleable from individual 

planning to group discussion and planning in a mathematics methods class? 

Data Sources. For the findings to this research question, the main data sources 

were the collection of written lesson plans at each of the three time intervals along with 

narrative transcriptions of the video- and audio-taped recorded dialogues of small group 

discussions among the prospective teachers. These discussions took place in between the 

first and second time interval of data collection. These small groups were each composed 

of the four preservice teachers with the same mathematics topic for which they wrote 

their first lesson plan. 

While the teacher candidates were sharing their ideas and deliberating over how 

best to teach their given topic, each group was videotaped and voice recorded in an 

attempt to capture their conversational journey as they first each presented their 

individual arguments and justifications for how to best teach the topic and then 

concluding with how the group came to a consensus on how to teach the topic. This 

videotaped and audio taped dialogue (and/or discourse) was transcribed for the purpose 

of analysis. 

Data Analyses. To consider the malleability of the prospective teachers' uses of 

representation, it is important to compare each of the lesson plans with the same topics 
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with one another to note the simiiaiities and the differences among the uses of 

representations within their given topics. In these contexts, malleability refers to the 

preserv ice teachers' uses of the representations and their capabilities of changing how the 

representations are used from an initial to a final interval across a semester. The same 

topic can be observed in the first interval individual lesson plans and the second interval 

group lesson plans. The lesson plans are referred to as either from the first, second, or 

third interval as 1,2, and 3 respectively followed by a letter such as A, B, C, and so on. 

Therefore, a lesson plan may be referred to as IQ, 2B, or 3T, etc. Each participant has 

the same letter(s) of the alphabet assigned to them for the three time intervals. 

As an example, consider lesson plans IP, IQ, IR, and 1S on the topic of division 

of tractions. Specifically, looking at one representation, namely, the concrete, lesson 

plan IP has one concrete representation, which is a pizza for modeling division of 

fractions. For example, one-half of a pizza pan area is divided by one-sixth (the size of 

one piece of pizza), then three pieces of pizza "fit" in the one-half of the pizza pan: Vi B 

1/6 = 3 pieces of pizza. Lesson plan IQ had zero concrete representations included. 

Lesson plan IR had one concrete representation, which were Cuisenaire® rods to 

represent units of length. The division of fractions was modeled by dividing lengths, 

such as three-fourths divided by one-third, in other words, the problem read, "Three-

fourths is one-third of what number?" The Cuisenaire® rods were used to model how the 

purple rod (length = 4) is the unit of measure for the relative whole. Three-fourths of the 

relative whole is one-third of another rod with length of nine units. Therefore, with 

respect to the relative whole (length = 4), the rod that is nine units long is nine-fourths of 
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the relative whole. Lesson plan IS had one concrete representation, which was a pitcher 

of water and 5 serving cups. In the lesson, the teacher had one-haJf quart of water and 

poured one-eighth quart of water into the small cups. Therefore, one-half divided by one-

eighth is four servings of water; 1/8 = 4 servings. 

These four lesson plans had different kinds of concrete representations except for 

IQ, which had none. Lesson plan IP used an area model concrete representation (pizza), 

lesson plan IR used a length model concrete representation (Cuisenaire® rods), and 

lesson plan IS had a capacity/volume model concrete representation (pitcher of water and 

cups). These three concrete representations are very different in kind, yet all three 

represent fractions with concrete and "hands-on" materials, which can be manipulated. 

In the group discussion, when the preservice teachers came together to share their 

ideas on the topic of division of fractions, they agreed that their individual ways of 

teaching their lessons had value and were worthwhile to keep. The group agreed to 

include the three activities, which consisted of the three concrete representations, 

therefore, expanding their group lesson plan and extending it to three days. They 

expressed that each of their individual ideas would reinforce and build on the concept of 

division of fractions. As a result of the group discussion, lesson plan 2(P,Q,R,S) 

consisted of the three concrete representations aforementioned above. 

According to the written group lesson plan, in this case, the group discussion 

served to verify with one another their thinking on what consists to be worthwhile ways 

of teaching this concept of division of fractions. The one member whose lesson plan did 

not include any concrete representations, agreed with the group that all three concrete 
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representations were worth keeping for their group lesson plan. In the case presented 

above, the malleability of the preservice teachers' uses of mathematical representation 

can be analyzed and described to illustrate how the uses of concrete representations 

remained the same or changed somehow during the course of the group discussion and 

the end product, that is, the group lesson plan. 

An analysis for each of 5 cases consisting of four individual lesson plans and a 

group lesson plan on the same topic was explored within the framework of the 

mathematical representations. Among other things, each group case was unique within 

its topic, number of representations, the kinds of representations used, how the 

representations were used, and so were the results. Therefore, the 5 cases presented in 

this study may not necessarily be representative of the data as a whole. The group cases 

are unique individual "snapshots." Even when similarities were found between and 

among the group lesson plans, there were still more differences. Five group cases were 

discussed, and thought to be sufficient, to highlight the degree of malleability, if any, of 

the uses of mathematical representation. In each case, the uses of mathematical 

representations {concrete, linguistic, semi-concrete, symbolic, and contextual), according 

to the model by Lesh, Post, and Behr (1987), are described, compared, and contrasted. 

The 5 cases that are described in this study were chosen based on the data that proved to 

be interesting in terms of differences in the number of specific representations used in 

individual lesson plans and group lesson plans. Within the framework of these analyses, 

these cases showed the most promise for providing insightful outcomes. 
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Research Question #3 

What is the stability of prospective teachers' entering preconceptions in using 

mathematical representation in their plaiming? 

Data Sources. For the findings to this research question, the main data 

sources were the collection of written lesson plans at the first time interval and the third 

time interval along with narrative written responses to an open-ended survey related to 

the notion of learning about mathematical representation and planning for instruction. 

The survey first presented a description of mathematical representation with an example, 

such as "seven" as a concept that can be represented through the five distinct 

representations (see Appendix B). Following this description and examples was an open-

ended question, "How do you think that being aware of the idea of mathematical 

representations could help you in planning for teaching lessons in mathematics?" The 

written responses helped to identify recurring patterns in responses with respcct to 

prospective teachers' thinking about representation. The responses offered insight into 

prospective teachers' understanding of the potential uses of representation in planning for 

instruction in mathematics. 

Data Analyses. To consider the stability of prospective teachers' entering 

preconceptions in using mathematics representation in their planning, it becomes critical 

to compare and contrast their initial ideas of the use of representations as exhibited in 

their initial individual lesson plans to those ideas exhibited in the final individual lesson 

plans. The topics at these two time intervals, first and third, are different from one 

another, therefore, it is a comparison and contrast between the individual prcservice 
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teachers' two distinct lesson plans at t%'o distinct time intervals on different mathematics 

topics. 

This comparison is more difficult to make because the lesson plans are on 

different topics and on different grade levels. The comparison can be useful in noting 

qualitatively the similarities or differences in the representations that were used in the 

initial and in the final intervals by the preservice teachers. The data can also help in 

making observations with the notion of transferability within the various topics of 

mathematics and the preservice teachers' planning for instructions. It can be argued that 

specific topics lend themselves better to one kind of representation or a few rather than a 

multiple of representations. This may be the case, but it is still worthwhile to include 

observations in the patterns that have emerged from the data. 

An overall total number of uses of individual representations will be presented for 

the purpose of comparing and contrasting the increases and decreases in the uses of each 

representation. This will provide an overview of all of the lesson plans at the initial 

interval and the final interval. This analysis will allow for a different perspective, that is, 

more of a macroscopic view of the overall uses of representations to illustrate a general 

finding in the stability or the instability of prospective teachers' entering preconceptions 

of their uses of mathematical representation in their planning. 

At a microscopic level, consider two lesson plans, IV and 3V. Both of these 

lesson plans were written by the same preservice teacher, I V at the first time interval, and 

3V at the third time interval. Lesson plan IV was on the topic of area of a parallelogram 

at approximately fifth grade level, and 3V was on the topic of addition and subtraction of 
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money values at approximately third grade level. These two lesson plans will be 

compared and contrasted in terms of the number of different representations that were 

used as well as how the representations were used and in their contexts. 

Lessoa plan IV, on the topic of area of a parallelogram, included a total of seven 

representations. The concrete representation was used twice. First, the elementary 

students were to use pattern blocks to identify parallelograms, and second, the students 

were to cut out a parallelogram out of thick cardboard, then make one cut to the 

parallelogram to be able to move the two pieces around to create a rectangle. Two 

linguistic representations were used. Remember that for this category, the language 

coded was language that directly dealt with that of the mathematics content, and not 

language that was used for other purposes, such as giving directions for management 

purposes. First, language was used for the purpose of elementary students' discussion on 

whether or not the rectangle and the parallelogram had the same areas and the reason why 

or why not. Second, language would be used separately at the end of the students' 

discussion when the teacher would have her input to confirm that the rectangle and the 

parallelogram did have the same area. She would explain that the parallelogram was just 

reconfigured, and therefore, when measured, the formula is the same. The symbolic 

representation was used twice. First, it was present in terms of the area of the rectangle 

as Ar = b * h, and then later in the lesson plan as the area of a parallelogram as Ap = b * 

h. In terms of the semi-concrete representation, lesson plan IV included one use with a 

picture of a parallelogram on square-grid paper for the purpose of counting the squares 
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inside the paraHelogram to find its area. FiBally, there were no contextual representations 

in this lesson plan. 

In lesson plan 3V, on the topic of addition and subtraction of money values, the 

total number representations was seven, the same as lesson plan IV previously described. 

This lesson plan contained one use of a concrete representation, which was $200 worth of 

paper/play money. The lesson plan included four uses of mathematics-related language: 

the recording of list of foods and prices, the sharing the group results with the class, and a 

discussion of class results as a class, and the expense of the food discussion among the 

students. In terms of the semi-concrete representation, this lesson plan had one use of a 

picture/bar graph of the foods that were used. Finally, a contextual representation was 

used in that the students were supposed to come up with a menu and the cost of each food 

item to plan a meal for a Thanksgiving dinner. 

These two lesson plans are very different, yet they share some commonalities in 

terms of the kind of representations that each one contained. From this comparison, it is 

evident that this particular preservice teacher's thinking/preconceptions with regard to 

representations in planning for mathematics instruction remained the same from the first 

to the third interval. A key difference in the lesson plans was that the contextual 

representation in 3V allowed for the lesson to have more meaning and purpose for the 

students than lesson plan IV. This is a qualitative difference that would serve as a point 

of discussion. 

A total of 10 individual preservice teacher cases were described to show 

similarities and differences between the lesson plans that were designed individually at 
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the initial interval and the final iBterval, x4moiig other things, each pair of lesson plans, 

from the initial to the final interYal, was unique within its topic, grade level, the number 

of representations, the kind of representations used, and how the representations were 

used, and so were the results. Therefore, the 10 individual cases presented in this study 

may not necessarily be representative of the data as a whole. The individual cases are 

unique individual "snapshots." Even when similarities were found among and between 

the pairs, there were still more differences. These 10 cases were chosen based on the data 

that showed the largest differences in terms of the number of representations used in each 

of the lesson plans. In addition, these cases showed the most promise in providing 

interesting and insightful outcomes. 

Finally, the narrative open-ended written survey responses will offer an added 

insight into preservice teachers' thinking about planning for mathematics instruction with 

regard to representation. Because the survey was administered after the final lesson plan 

was collected, it was not until this point in the semester that the instructor discussed the 

theoretical model and findings from Lesh, Post, and Behr's (1987) research on 

mathematical representation. The narrative responses allowed for the preservice 

teachers' voice to be heard on how an awareness of representation can influence their 

thinking about and planning for mathematics instruction. 

Criteria for Judging the Trustworthiness of Research Design 

Qualitative methodology, which emphasizes "...the study of people's 

understandings" (Bogdan & Biklen, 1992, p. ix), was employed in the present study as 

described above. Further, Bogdan and Biklen posit that in qualitative research studies. 
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data analysis essentially begins the moment that the first piece of data is collected and 

continues with ongoing analysis. As described earlier, the present study utilized multiple 

time intewals and multiple sources for data collection, and in judging the quality of the 

research design, the work of Rossman and Rallis (1998) was considered as criteria. 

Rossman and Rallis (1998) identify three criteria for judging the quality of 

naturalistic research designs; truth-value (validity), rigor (dependability or reliability), 

and usefulness (generalizability and significance). These criteria are used to indicate the 

trustworthiness of the study (see also Lincoln & Guba, 1985). The following is a 

description of each of these criteria and the provisions made to achieve them in this 

study. 

Truth Value (Validity). Rossman and Rallis (1998) define and describe that qualitative 

research as a pursue of multiple perspectives about some phenomenon, and that reality is 

an interpretive phenomenon. They claim that the qualitative researcher's task is to render 

an account of participants' views and ideas as honestly and fully as possible. According 

to Rossman and Rallis, several strategies help establish the truth claims of qualitative 

research. 

One strategy is to design the study so that data are gathered over a period of time. 

In the case of this study, the data were collected at three intervals during the course of a 

semester. A second strategy is the sharing of interpretations of emergent findings with 

participants, often referred to as "member checks." This was addressed in this study by 

the multiple readings and coding of the lesson plans with regard to the multiple 
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represeatation categories fouiKi by the researcher md the instructor of the methods course 

from which the lesson plans were generated from. 

A third strategy is designing the study as participatory from beginning to end, 

thereby ensuring that the truth value of what is discovered and reported is closely linked 

to participaiits' understandings. This was addressed by having the teacher candidates 

participate in peer discussions and individual reflection about their use of mathematical 

representation in the lesson plans. 

A fourth strategy is to triangulate, that is, draw from several data sources, 

investigators, methods, or theories to strengthen the robustness of the work. This study 

incorporates triangulation in data collection, including written documents in the form of 

lesson plans and written surveys, observation field notes, and transcriptions of video 

recordings. In addition, investigator triangulation was achieved by seeking out expert 

opinions by qualified individuals, such as committee members and other researchers (see 

acknowledgements) in the field, to evaluate the coding process, categories, 

interpretations, and conclusions for accuracy, clarity, and completeness. 

Rigor (Dependability/Reliability). Dependability refers to whether the same 

findings would be repeated if the study were replicated with similar participants and 

circumstances from an objectivist perspective (It is similar to "reliability" in quantitative 

research). According to Yin (1984), the goal of dependability (or reliability) is to 

minimize the errors and biases in a study. Thus, the methods and procedures used to 

collect and analyze data directly impact dependability. In other words, reliability refers 

to the rigor of the research conducted. 
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According to Rossman and Railis (1998), from a SBbjectivist perspective, the 

notion of replicabiiity and reliability become difficult to assess. Rossman and Rallis 

point out that "the purpose of qualitative research is not to immaculately replicate what 

has gone before; in fact, such replication is impossible, given the dynamic nature of the 

social world and given that the researcher is not an instrument in the experimental sense. 

Further, Merriara (1988) notes: 

Because what is being studied [in qualitative research] is assumed to be in 

flux, multifaceted, and highly contextual, because information gathered is 

a function of who gives it and how skilled the researcher is at getting it, 

and because the emergent design of a qualitative... study precludes a priori 

controls, achieving reliability in the traditional sense is not only fanciful 

but impossible (p. 171). 

Rossman and Rallis suggest that "rather than judging whether replication would 

yield the same results, this standard for practice assesses the extent to which an outsider 

would concur with the results of the study, given the data collected and displayed" (p. 

46). Rossman and Rallis offer these questions for consideration: "(1) Can someone else 

understand the logic and assumptions of the study and see the reasoning that resulted in 

the interpretations put forward? (2) Are these interpretations sound and grounded in the 

data? and (3) Is the process of analysis clear and coherent?" (p. 46). 

Qualitative inquiry demands a rigorous documentation of the intellectual odyssey 

of the study at hand. A strategy used in this study was to rely on multiple methods for 

gathering data, thereby enhancing the complexity of what was learned. Another strategy 
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was to docuinent assiduously the process of gathering, analyzing, and interpreting the 

data. 

Usefulness (Generaiizability and Significance). A filial standard for the conduct 

of a qualitative study is its applicability to other situations (Rossman & Rallis, 1998). 

This parallels the objectivist concern for generaiizability in quantitative research. 

Because qualitative research is about searching for working understandings, it does not 

claim to be generalizable in the statistical sense, but can be useful in other settings. A 

strategy used in this study was to provide as much detail about the context as is feasible 

so that potential users can determine for themselves if the results will be of use in a new 

but similar setting. Potential users can compare and contrast the specifics of the study 

with their own settings and judge if they are sufficiently similar for these findings to be 

insightful. This logic is different from generalizing probabilistically; it is the same, 

however, as applying findings about one population to another because the reasoning 

requires careful assessment about the similarities and differences of the instances. 

Summary 

This chapter described the overall research method by which the present study 

was designed and implemented. Focusing on the coding of the lesson plan documents, 

the surveys, the class observations and field notes, videotapes, and transcriptions, and the 

data analysis provided an explanation of the processes followed during the actual 

investigation. These areas of focus in the methodology paved the road for the framework 

within which the obtained results are presented and discussed in chapters four and five. 
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CHAPTER FOUR 

RESULTS 

This chapter presents the findings related to each research question and their 

connections to the literature. Analyses of the data yielded a number of significant 

findings, meaningflil in terms of bringing a better uiiderstanding of prospective teachers' 

thinking processes that occur while planning for mathematics instraction with respect to 

mathematical representation. This chapter is organized as follows: each research 

question is restated, followed by relevant findings and a discussion related to each 

question. 

Research Question #1 

As exhibited in lesson plans, which mathematical representations (concrete, semi-

concrete, contextual, linguistic, or symbolic) do K-8 prospective teachers choose when 

planning for mathematics instruction, and what is the frequency of use of these 

representations? 

Findings and Discussion 

This research question is a more general question in comparison to the second and 

third research questions of this study in that its focus is on the overall uses of 

representations as documented in the lesson plans. The findings take into account a 

summation of all of the representations found in the lesson plans and then reported by 

representation type. As a reminder, the findings are reported by intervals; Interval I data 

consisted of lesson plans collected at the beginning of the semester, Interval II data 
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consisted of lesson plans collected in the middle of the semester, and Intewal III data 

consisted of data collected at the end of the semester. 

The Use of Representations in Lesson Plans 

The following presents the findings of the overatt use of mathematical 

representations in sections by representation as outlined by Lesh, Post, and Behr's (1987) 

model (concrete, linguistic, symbolic, semi-concrete, and contextual). The data will be 

presented at each of the three intervals on separate tables. Table 1 displays the data of the 

initial individual lesson plans at Interval L Table 2 displays the data of the group lesson 

plans at Interval II. Table 3 displays the final individual lesson plans at Interval III. Each 

table displays each of the lesson plans, the topics, the grade levels, and the delineated 

representations as found in each lesson plan. In addition, the total numbers of 

representations are included for each lesson plan along with a percentage to indicate each 

of the representations' relative use in comparison to all of the representations. Each of 

the representations will be reported on and discussed in terms of percentages in 

comparison to all of the representations used in the lesson plans at each of the three 

intervals. 

Table 4 provides a summary of the percentages aforementioned above, but with a 

further breakdown of the data in the linguistic representation. Table 4 indicates the 

percentage breakdown between the informational and/or procedural type of language, LI, 

and the mathematical discourse type of language, L2. This will be further discussed 

under the section of linguistic representation. In addition, each of the representations will 
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Table L 

laterval I: Lesson plans designed individually. 

Represeatations 
Lc»oa 
Plan 

Topk Grade 
Level Coflsrete Lingaistic 

Sysnbolic 
Notatioo Coaerrte 

Co«testnal TOTAL 

lA 2 2 3 0 0 7 
IB Atm of Trapezoid 5 

1 3 I 0 0 5 
IC 

Atm of Trapezoid 5 
0 2 2 1 0 5 

ID 1 3 2 3 0 9 
IE 1 2 2 2 0 7 
IF Arifiunetic Mtais 5 

0 3 3 0 2 8 
IG 

Arifiunetic Mtais 5 
0 1 2 1 1 5 

IH 1 3 3 1 0 8 
11 2 2 4 2 3 13 
IJ Aisa of Circle 

3 5 2 h- j 0 11 
IK 

Aisa of Circle 
1 1 1 0 0 3 

IL 0 2 1 2 0 5 
IM 1 7 3 3 1 15 
IN Perimeter of Polygon 3 2 3 0 2 1 8 
lO 0 3 0 3 0 6 
IP 1 1 1 0 I 4 
10 Division of Fractions 6 

0 3 5 0 1 
IR 

Division of Fractions 6 
1 3 2 1 0 7 

IS 1 1 2 n 0 1 5 
IT 0 1 2 2 0 S 
lU Area of Paralielogram 5 

1 2 3 1 0 7 
IV 

Area of Paralielogram 5 
2 2 2 1 0 7 

IW 0 3 2 3 0 8 
IX 0 4 4 1 2 11 
lY Addition & Subtraction 

6 
0 3 3 2 0 8 

IZ of Integers 
6 

0 3 3 1 2 9 
lAA 0 ^ 6 2 1 2 Ti 
lAB 1 3 6 3 1 14 
lAC MuitiplicatioE of 

5 
0 1 4 0 1 6 

IAD Fractions 
5 

0 1 1 0 0 2 
lAE 0 1 3 1 1 « 
31 TOTAL 22 8« 74 38 2fl 234 

TOTAL 
KSCENTAGE 

9% 34% 32% 16% 9% 100% 
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Table 2. 

Interval II: Lessoa plans designed as a group. 

Lesson Plaa Topk 
Grade 
Lwel 

Kcpresentafciis 

Lesson Plaa Topk 
Grade 
Lwel Concrete Linguistic 

SynMic 
NotatfoM 

Seml-
CoBcrete 

TOTAL 

2{A,B,C,D) Area of Trapezoid 5 1 1 6 4 0 12 

2(E,FAH) Arithmetic Mean 5 1 8 4 2 3 18 

2(U.K.L) Area of Circle 6 3 2 2 1 1 9 

2(M,N,0) 
Perimeter of 

Poiygotis 
3 I 2 0 2 0 5 

2(P.Q.R.S) Division of Fractions 6 3 10 8 1 2 24 

2(T,U,V,W) Area of ParaUelogram 5 2 3 2 2 0 9 

2(X,Y,Z,AA) 
Addition & 

Subtraction of 
Integers 

6 0 5 5 3 2 IS 

2{AB,AC,ADAE) 
Multiplication of 

Fractions 
5 0 2 5 3 1 11 

8 TOTAL 11 33 32 18 9 103 
TOTAL 

PERCENTAGE 
11% 32% 31% 17% 9% 100% 
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Table 3. 

Interval III: Lesson plans designed individually. 

Sepreses 

Topic Seml-
Pbia 

Topic 
l«wl Concrete IjBgiiistic 

SyjBbffllic Seml-
C®jitestual TOTAL Pbia IjBgiiistic 

SyjBbffllic 
('oncrete 

3A (withdrew from study) - - - - - - -

3B Least Common Multiple 5 1 3 2 0 1 7 
3C Multiplication Facts 3 1 5 2 0 2 10 
3D Fractions 2 0 11 4 0 0 15 
3E Number Sentences 1 4 5 3 2 0 14 
3F Fractions 3 4 2 3 0 2 11 
3G Telling Time 2 5 8 1 4 2 n 20 
3H Fractions 2 2 7 1 3 0 13 
31 Money 2 1 5 2 1 1 10 
3J Area of Ciide 7 5 7 1 2 0 IS 
3K Geometric Solids 3 3 8 3 2 3 19 
3L Addition 1 4 1 2 0 0 7 
3M Addition & Subtraction 2 1 r 5 2 4 1 13 
3N Graphing 2 1 4 0 3 3 11 
30 Problem Solving 4 2 5 0 3 0 16 
3P Counting 2 0 6 0 1 2 0 S 
3Q Graph Points 6 1 0 6 4 3 1 14 
3R Fractions 4 1 3 3 2 0 9 
3S Probability 3 1 7 1 2 0 11 
3T Rate of Acceleration 5 5 9 4 0 1 19 
3U Tessellations 4 0 5 0 3 d 8 
3V Money 3 1 4 1 1 1 8 
3W Shapes 1 5 6 0 1 1 13 
3X Shapes K 0 10 0 6 5 21 
3Y Multiplication 2 3 5 2 2 0 12 
3Z Fractions 3 0 3 0 3 2 8 

3AA ProMem Solving 4 0 13 3 0 2 18 
3AB Rounding 4 1 3 3 0 0 7 
3AC Money 2 2 3 0 0 0 S 
3AD {withdrew from study) - - - - - - -

3AE Number Matching K 1 4 2 1 0 8 
29 TOTAL 54 163 49 50 28 344 

TOTAL PERCENTACES 16% 47% 14% 15% 8% 100% 
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Table 4. 

Overall percentages of representations used as exhibited in lesson plans. 

Interval In 
Semester 

Representations 

Interval In 
Semester 

Concrete Linguistic Symbolic 
Semi-

concrete 
Contextual TOTAL Interval In 

Semester Informational/ 
Procedural 

(L1) 

Discourse 
(L2) 

Interval 1 
Individual 
Lesson 
Plans 

9% 

34% 

32% 16% 9% 100% 

Interval 1 
Individual 
Lesson 
Plans 

9% 
32% 2% 

32% 16% 9% 100% 

Interval II 
Group 
Lesson 

Plan 

11% 

32% 

31% 17% 9% 100% 

Interval II 
Group 
Lesson 

Plan 

11% 
29% 3% 

31% 17% 9% 100% 

Interval III 
individual 
Lesson 

Plan 

16% 

47% 

14% 15% 8% 100% 

Interval III 
individual 
Lesson 

Plan 

16% 
39% 8% 

14% 15% 8% 100% 
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be reported on and discussed in terms of the number of lesson plans containing each of 

the specific representations. Table 5 displays the number and the percentage of lesson 

plans that utilize each of the representations. The following is the report of the findings 

and a discussion on each of the five representations. 

Concrete Manipulative Representation. In comparing the relative uses of the 

representations to one another at Interval I, the concrete representation was used a mere 

9%. At Interval II, the concrete representation use only increased by 2%, putting it at 

11%, but by Interval III, the use of the concrete representation increased to 16% (see 

Tables 1, 2, 3, and 4). Although its use did increase from 9% to 16%, prior to coding the 

lesson plans, it was anticipated that the concrete representation would perhaps be the 

most heavily used representation throughout all three of their submitted lesson plans, 

primarily because manipulatives were used every session in both the methods course and 

in the prerequisite mathematics content course. This assumption was also supported by 

the fact that during the videotaping of group discussions and in sharing ideas on how to 

teach their group's topic, the prospective teachers repeatedly voiced the importance of 

using manipulatives to provide a "hands-on" approach. For example, an individual in the 

group whose topic was "mean" suggested to her classmates that the students should all 

have "some sort of manipulative for them to actually see it [ the mean) with their hands." 

In another group whose topic was the perimeter of polygons, one student reiterated her 

group members' sentiments, stating, "Hands-on allows students to construct knowledge; 

using manipulatives is by far the best way to allow students to work through concepts." 

Consequently, the group then unanimously agreed to use geo-boards to teach this topic. 
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As another individual in this same group confirmed, "These [geo] boards help out a lot." 

The preservice teachers' discussions indicated that the use of concrete manipulatives is 

cracial to teaching mathematics effectively. This finding indicates a disparity between 

the use of concrete representations in the lesson plans and the class discussions regarding 

the use of concrete models as a critical part of teaching mathematics. In other words, this 

group of prospective teachers verbalized the importance of using manipulatives, yet 

utilized them a relatively small amount in their planning. 

With regard to the mimber of lesson plans utilizing the concrete representation, 

the number showed an overall increase (see Table 5). At Interval 1, the concrete 

representation occurred in over half of the lesson plans (16 of 31, or 52%). At Interval II, 

the concrete representation occurred in three-fourths of the lesson plans (6 of 8, or 75%). 

At Interval III, the concrete representation occurred in 23 of the 29 lesson plans (79%). In 

comparing the initial interval to the final interval, there was a substantial increase in the 

number of lesson plans that utilized the concrete manipulative representation (from 52% 

to 79%. This parallels the findings in the narrative data that suggested that prospective 

teachers find that manipulatives (concrete models) arc an important part of teaching and 

learning. This indicates that the number of preservice teachers that planned to use 

concrete representations increased from the initial interval to the final interval. 

Linguistic Representation. Overall, the linguistic representation was the most 

used representation in the lesson plans submitted by the preservice teachers at all three 


