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ABSTRACT

In this study we develop a quadratically convergent second order
differential dynamic programming method for determining an optimal con
trol in an iterative fashion. The global convergence of this method as
it applies to a continuous control problem is proved. For the discrete
case we show the efficiency of our approach in comparison to existing
quadratically convergent methods. We also examine the implementability
of the method and demonstrate its rapid convergence.
The first chapter defines the continuous control problem and
introduces regularity conditions and notational conventions. In Chapter
2 we discuss several methods as they apply to optimal control in order
to point out their limitations and compare them with the method we pro
pose. The possibility of unbounded solutions of a matrix Riccati equa
tion prevents one from proving the convergence of existing second order
differential dynamic programming (DDP) methods. By using conditions
implying bounded Riccati solutions we propose a new second order DDP
method which we prove to be convergent. This provides the first con
vergence proof for a second order DDP method, the only published one
being for a first order method.
For discrete control problems we prove the quadratic convergence
of DDP. This results from analyzing the connection between Newton's
method and DDP for the linear dynamics quadratic performance (LQP)
problem. The significance of this relationship is that both methods
xi

xii

provide one step convergence for LQP problems, a sequence of which may
arise as approximations of a general problem. We show the equivalence
of Newton's method and DDP for LQP problems which are strictly convex as
quadratic functions of the controls. While emphasizing the sequential
nature of discrete control problems we obtain intermediate results of
consequence in their own right, namely
i) A procedure for determining second derivatives of the performance
function with respect to the control variables is presented,
ii) The amount of effort required by Newton's method is proportional
to the cube of the number of discrete control variables. We
derive a reformulation of Newton's method in terms of recurrence
relations for which the number of arithmetical operations is
linear in the number of controls.
iii) A simple necessary and sufficient condition for the strict con
vexity of the LQP problem is derived. This affords the opportunity
of modifying the counterpart of a non-positive definite Hessian
matrix without performing an eigenvalue analysis.
By considering the relationship between Newton's method and DDP for a
general discrete problem we identify the most general non-LQP problem
for which DDP and Newton's method are equivalent. We extend the recur
rence formulation of Newton's method for the LQP problem to the general
discrete control problem. By showing that Newton's method is a linear
approximation of DDP we establish the quadratic convergence of
differential dynamic programming. We incorporate the concept of

xiii
backsubstitution before linearization to develop a further refinement
of our proposed DDP approach.

In Chapter 5 we derive higher order differential dynamic pro
gramming methods. Section 5.2 contains several ways to obtain
matrices with the properties required by our method. The implementation
of some of these methods is new, while we also propose original modi
fications of other methods. We present a new method which we regard as
the most efficient for our purposes. This method is used for the
computations in the Appendix where we demonstrate the rapid convergence
of the proposed method as it compares to results in the literature and
to an existing second order OOP method.

CHAPTER 1

INTRODUCTION AND FORMULATION
OF OPTIMAL CONTROL PROBLEMS
The principal objective of this study is the development of a
globally convergent second order differential dynamic programming (DDP)
method and related theory. The method we present combines the attributes
of guaranteed convergence for arbitrary initial controls and that of
quadratic convergence resulting from the use of second order expansions.
We first establish the general framework for the optimal control
problem and state various regularity hypotheses as well as the neces
sary conditions of the Pontryagin Maximum Principle (Pontryagin et al.
1962). By satisfying a subset of these conditions and iteratively
working toward the satisfaction of the remaining conditions, we obtain
several classes of methods for determining optimal controls. We show
that DDP, which enforces the satisfaction of fewer conditions than other
methods, combines the nonsatisfied conditions in such a way as to focus
on the improvement of a nonoptimal control. Some existing methods are
discussed in Chapter 2, the purpose being to point out certain of their
limitations and to exhibit the differences between these methods and
differential dynamic programming. The prototypical DDP method with its
associated differential equations is introduced here and reference is
made to ways in which researchers have attempted to avoid the problem
1

2
of unbounded Riccati solutions which has restricted the general
applicability of DDP.

We propose a new second order DDP method

and prove its global convergence in Chapter 3.

It is our contention that discrete optimal control problems,
which are important in their own right, are most efficiently solved by
means of differential dynamic programming. To support this claim we
analyze the connection between Newton's method and DDP and present a
recurrence formulation of Newton's method for which the effort is pro
portional to the number of discrete controls, the effort for the usual
matrix formulation being cubic in the number of controls. We demonstrate
explicitly the equivalence of DDP (actually dynamic programming here)
and Newton's method for problems with linear dynamics and quadratic per
formance (LQP) and then obtain the most general non-LQP problem (non
linear dynamics or nonquadratic performance) for which these methods are
equivalent. As a result we are able to demonstrate that Newton's method
is an approximation of DDP and therefore that DDP is quadratically con
vergent. This, as far as we know, is the first actual proof of this
widely held conjecture. Based on Brown's method (Brown 1969) for the
solution of a system of simultaneous nonlinear equations we then use
convex approximating quadratics to obtain an even further refinement of
our proposed DDP method.
In Chapter 5 where a construction of DDP methods of arbitrary
order is derived, we discuss details of the implementation of the
proposed method. The Appendix is devoted to the solution of several
optimal control problems with our method, demonstrating that this method

3
does indeed lead to bounded Riccati solutions and that this makes the
method converge faster than previously suggested methods for which the
Riccati solutions may become unbounded.

We present nomenclature and regularity hypotheses as they apply
to a continuous time control problem. These hypotheses are used in
Chapter 3 to guarantee the boundedness of solutions of differential
equations. Our comments on notation at the end of this section serve to
avoid the introduction of nonessential symbols in Chapters 4 and 5.
An optimal control problem is generally characterized by:
i) A dynamical system governed by the system of ordinary differential
equations
O

x = f(x,u,t), with x(0) = x given,

(1.1)

determining the evolution of the r-dimensional state variable x,
an element of the phase space X£{x|||x|| < «, for all t € [0,1]},
as a function of the s-dimensional control vector u. We use
the notation "A" when defining quantities. Both x and u
are functions of the scalar t. We use the Euclidean and
norms for time dependent and time independent norms, respectively.
The terminal state x(l) may or may not be constrained. Without
loss of generality, we may assume that the functions u(-) and
x(-) are defined for t € T a [0,1], because the time interval

5
Franklin 1967) for which a mathematical statement is made in ex
pression (2.4.7).

iii) Certain regularity conditions have to be imposed on the functions
u, L and f. We make the hypotheses that are commonly made,
cf. Mayne (1972). Physical constraints and finite arguments of
f in (1.1) restrict us to bounded controls.
HI.

Let i!cRs be a closed and bounded set, then the class Ucsi
of admissible control functions is given by

U 4 {u|u:T -•

q

and u is continuous except at a finite number
of points}.

Let S c X x U x T denote the set

{(x,u,t)|x 6 X,u € n,t 6 T}.

Most of the methods to be considered employ some expansion of the
functions

f:X x U x T -> Rr,

H2.

L:X x U x T

R.

These functions and their partial derivatives with respect to
(x,u) up to order m, must be defined and continuous for all
(x,u,t) € S.

4
[tQ,t f ],

with

interval

[0,1]

t 6 [0,1]

t.p

fixed or free, can be transformed to the

(Miele 1975).

One replaces

s 6 [t Q ,t f ]

by

according to

t

= —0
V'o

and introduces an additional state variable xr+-j = t^, so that
xr+i

=

0. Depending on whether tf is variable or fixed the

initial condition xr+-|(0) will or will not be a parameter.
ii) The problem is the determination of a control function u(-)
that would generate the function x(*) through (1.1) so that the
performance functional

V(u) =

rl
L(x,u,t)
0

(1.2)

is minimized.
In Chapter 3 the more general functional (3.0.1) includes a terminal
cost F(x(l)). Since only boundary conditions of certain differential
equations would be altered by the inclusion of F(*)> it is, for the
sake of simplicity, omitted from this chapter. We assume that a mini
mizing control exists and make the fundamental assumption that the
functional (1.2) is strictly convex at the minimum. This is the
familiar strengthened Legendre condition (Bliss 1946, Bullock and

6

Furthermore ,

H3.

||f(x,u,t)|| <_ M(||x|| + 1),

M < »,

(x,u,t) 6 S.

This (Mayne 1972, Mayne and Polak 1975) norm bound usually imposed on
f will be used to guarantee the existence and continuity of the value
function V(x(t),t) (defined by equation (2.5.1)) and its first three
partial derivatives with respect to x.
Many methods of optimal control, in particular our DDP method,
generate control functions u(t) which, in the limit as the number of
iterations -*• », satisfy the necessary conditions for optimality of
the Pontryagin Maximum Principle (Pontryagin et al. 1962), formulated
in terms of the Hamiltonian function defined by

H(x,u,x,t) = pL(x,u,t) + xTf(x,u,t).

(1.3)

Pontryagin Maximum Principle: If a control function u*(0 with
its associated state trajectory x*(«) is optimal, then there exists
yt

an adjoint trajectory x*:t -* E , such that the pair {x*(»)»x*(*)}
satisfies the canonical equations

= Hx(x,u*,x,t) = f(x,u*,t),

x(0) = x
(1.4)

" dt

Hx(x,u*,X,t),

X(l) = 0

7
where the constant

p >_ 0

and

p

2

+

T
\ \i0

and

u*(t) = arg min H(x,u,x,t)
u
holds for all u € Q and almost all

(1.5)

t € [0,1].

In (1.5) the notation "arg" denotes the argument for which the
Hamiltonian is minimized. Variables appearing as subscripts denote
partial differentiation. When the constant p ^ 0, it may be regarded
as a factor of proportionality and taken to be 1. This common choice
in the control literature contrasts to the usual selection p = -1 in
the calculus of variations.
The Maximum Principle requires the satisfaction of the three
interrelated conditions: i) the dynamical relationship of (1.4),
ii) the boundary conditions of (1.4), and iii) the minimum condition
(1.5). Since the Maximum Principle does not provide a constructive
way of obtaining the optimal control u*(*)» one has to omit some of the
condition(s) and satisfy the remaining ones. Our discussion of ways in
which this can be accomplished, points out the role of the satisfied
condition(s) and the nonsatisfied condition(s). In particular, dif
ferential dynamic programming satisfies some conditions on the socalled forward integration run and other conditions on the backward run.
In this study the superscript "°" as in (1.1) refers to initial
conditions. Subscripts which are indices or integers refer almost ex
clusively to discrete time stages. Only in the Appendix do we use

integer subscripts to identify components of vector functions. In
Chapter 4 the restriction to scalar state and control is for notational
convenience only. Our results on the relationship between DDP and
Newton's method hold for the vector case too.
Some authors, for example Kirk (1970), reserve the exclusive
use of the superscript

as in (1.4, 5) for those trajectories where

all three conditions of the Maximum Principle are satisfied. Others,
for example Jacobson (1968) or Jacobson and Mayne (1970), use u*(t)
for the control which satisfies the third condition of the Maximum
Principle. More recently in Mayne and Polak (1975), Polak and Mayne
(1975), Williamson and Polak (1976) such controls have been denoted by
u(t). We use the notation u"f"(t) for these controls. In equation
(2.1.9) we introduce the optimal value function V*(x,t) for the con
tinuous time problem. In Chapter 4 the optimal value function
or V*(5x.) and the optimal control

V *(x . j )

u* for a discrete LQP problem

is derived by means of dynamic programming. For the DDP formulation of
the non-LQP problem we make a distinction between the optimal control
law u*(x.j) or u+(<5x..) and the optimal value u* of the control

u^

We economize on symbols by denoting the value function and the quadrati
optimal value function for the approximate problem by V.(x^,u^) and
V.(x.) respectively. The notation Q.(x.j,u.j)

is reserved for a quad

ratic approximation of V^(x.,u^).
We often omit the date when a publication has been referred to
shortly before.

CHAPTER 2

SELECTED METHODS FOR OPTIMAL CONTROL
We briefly discuss the main classes of methods for optimal
control to compare them with differential dynamic programming. These
sections motivate the need for a globally convergent second order method
and show that our proposed DDP method is independent of linearized
dynamics and judiciously chosen parameters.
Methods for optimal control are classified as indirect or
direct. The use of indirect methods is limited by their requirement
that the control be expressed in terms of the state and adjoint vari
ables for a two-point boundary value problem which is iteratively solved.
Direct methods make use of an expansion of the performance functional to
iteratively improve on a nonoptimal control.
The presentation of differential dynamic programming elucidates
the factors preventing the global convergence of the prototypical DDP
method. We cite attempts to improve on this situation. We propose a
second order DDP method by attacking the basic problem and prove con
vergence in Chapter 3. To our knowledge this is the first convergence
theorem for a second order DDP method.
2.1. Indirect Methods
To solve control problems by means of the calculus of variations
approach the control has to be expressed in terns of the state and/or
9

10
adjoint variables.

This leads to the minimization of the functional

J(x) =

rl
L(x,x,t)
0

which gives rise to the Euler-Lagrange equations

- Lx = 0, x(0) = x, x(l) = 0.

(1.1)

With p = -1 in (1.1.3) the two-point boundary value problem (1.1)
yields the canonical equations

x = H ,

x(0) = x

A

(1.2)

- Hx,

x(l) - 0.

By means of the Hamilton-Jacobi equation

H+ H(x,|f,t) = °,

S(x,l) = 0

(1.3)

the optimal trajectories can also be obtained. This calculus of varia
tions approach, not explicitly dependent on the control, is to be con
trasted to the Bellman-Hamilton-Jacobi equation (Bellman 1973)

-

= min[L(x,u,t) + V*T(x,t)f(x,u,t)]

(1.4)

11

which is a partial differential equation for the so-called optimal value
function V*(x,t) involving a minimization procedure. The function
V*(x,t) is the return when using

x as the initial state and an

optimal control over the time interval [t,1]. An approximation of
V*(x,t) is the motivation of DDP.
Applications of the calculus of variations include Breakwell
(1959) and Falb and de Jong (1969). The class of methods most frequently
encountered is the direct methods, or function space analogs of mathe
matical programming. In the next section we derive the continuous
counterparts of the gradient vector and an approximation of the matrix
of second derivatives. The gradient function is used by nonlinear
programming-type methods, while the Hessian counterpart gives rise to
second order methods. These methods are compared with our proposed DDP
method.
2.2. The Expansion of the
Performance Functional
In Section 2.5 we will see that the DDP differential equations
result from the minimization of a quadratic expansion of the so-called
value function. Other second order methods, however, are motivated by
the minimization of an approximate quadratic expansion of the performance
functional depending on a linearization of the dynamics, which is not
required by DDP.
First and second order methods are obtained from first and
second order expansions of the performance functional about the nominal

12

trajectories
function

g(t)

T7(t)

7(t).

and

For all the methods we need the gradient

of the functional
,1

V(u) =

L(x,u,t)dt
0

(2.1)

where x satisfies
SJ

= f( x ,u,t),

X

x(0) = X.

(2.2)

The Hamiltonian as used throughout this study is defined by

H(x,u,x,t) = L(x,u,t) + x (t)f(x,u,t)

(2.3)

The second order expansion of the augmented functional
rl
V(u) a

{L(x,u,t) + xT(t)[f(x,u,t) - x(t)]}dt

(2.4)

and use of the linearization

<$x = f <5x + f 6U,
X

u

= H.fix + H
XX

xu

5x(0) = 0

Su

about x and u, leads to the expression

(2.5a)

(2.5b)
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V(u) =

5uTHudt

(2.6)

The gradient of the functional V(u) with respect to the control func
tion u(-) is now given by

g(t) = Hu = Lu(x,u,t) + xT(t)fu(x,u,t)

(2.7)

where the adjoint variable satisfies the equation

-X = Hx = Lx(x,u,t) + xT(t)fx(x,u,t),

x(l) = 0.

(2.8)

The condition g(t) = 0 is necessary for optimality. Since the first
integrand in (2.6) is independent of the perturbation <5x, we note that
first order methods do not provide feedback control laws. To focus at
tention on the quadratic portion in (2.6) the time-varying perturbations
6x and 6u have to be related. The solution of the linear initial
value problem (2.5a) yields

Sx(t) =

ft
4(t,s)fu(s)5u(s)ds

Jo

(2.9)

where the fundamental matrix $(t,s) satisfies the matrix differential
equation

14
^(t,s) = fx(t)$(t,s),

<&(s,s) = I.

(2.10)

When (2.9) is substituted into (2.6) we can express (2.6) as

V(u) =

FL

T

[6u HM +
u

JO

1

T

Su (t)W't,s)6u(s)ds]dt

-Ty
J

(2.11)

0

where

W(t,s) = Huu(t)5(t - s) + Hux(t)S(t,s) + ST(s,t)Hxu(s)
,1
s

(e,t)Hxx(6)S(e,s)de

(2.12)

e=max{t,s}
with

$(t,s)fu(s)

t>s

S(t,s) =

(2.13)
t < s

and 6(t - s) is the Dirac delta function. Expression (2.11) is
minimized when
rl
Hu(t) +

W(t,s)6u(s)ds = 0.

(2.14)

The integral equation approach of Tracz and Bernholtz (1969) is
based on a discretization of the Fredholm matrix integral equation (2.14)
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to obtain a system of linear equations. The complications arising from
fine discretizations and higher dimensional variables are obvious.
Lastman (1974) obtained a discrete version of (2.11) when he
wrote the control as a linear combination of basis functions. The
problem is transformed to the determination of vectors of constants in
a Rayleigh-Ritz-Galerkin fashion. For this approach the number of
equations to be integrated increases quadratically with the number of
unknown constants to be determined.
Those second order methods which use expression (2.9) make no
direct reference to the state variable by anticipating the cumulative
effect of linear control perturbations on the state through equation (2.5).
It will be shown that differential dynamic programming avoids this linear
prediction of the future value of x(t) and uses an actually realized
value of the state variable to determine the new control. Later on, in
the context of the relationship of DDP and Newton's method, it will be
shown how the discrete version of equation (2.14) can be solved effi
ciently. We must emphasize that condition (2.14) does not include the
full second order relationship between sx and 5u because only linear
terms were retained in (2.5).
The necessary conditions for optimality as encountered in the
calculus of variations (Bliss 1944) are typically obtained by expanding
the functional (1.2) about an extremal to consider the accessory problem.
This approach assumes that an extremal is given. When a direct method
is used, one is not given an extremal but attempts to generate a new

control that will lessen the nonsatisfaction of certain necessary con
ditions. In Section 2.4 we show how the conditions resulting from the
second variation motivate second order methods. In this context a
"pseudo-accessory problem" will be introduced.
2.3. Nonlinear Programming-type Methods
In order to compare the rapidity of convergence and computa
tional effort of our proposed DDP method with that of the classical
nonlinear programming methods we briefly mention the latter while re
ferring to several heuristic devices that have been attempted, and
certain sophisticated modifications which still remain to be
incorporated into control problems.
Direct methods iteratively improve the control function u(t).
We therefore identify the time-varying functions associated with the
k-th iteration as u^, x^,

and g^. Generally a new

control iterate u^+^ is obtained from

by means of the

iteration formula
u(k+l) = u(k) + y^p(k)

(k)
where px ' is the search direction vector and the positive steplength parameter

is, ideally, determined to give the maximum

improvement in the direction px

The different main classes of

direct methods are distinguished by ways to determine the function
p(k)tt).
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Several versions of the gradient method are mentioned to
emphasize the need for methods with improved convergence. The con
jugate gradient method emerges as the most promising nonlinear pro
gramming method for optimal control. Quasi-Newton methods are used in
Section 5.2.
The gradient method (Kelley 1962, Bryson and Denham 1962) re
quires the search vector to be proportional to the negative gradient,
that is

p(k)(t) = -g(k)(t).

(3.2)

The appeal of this method is its simplicity and the existence of a
descent step for Y sufficiently small. Initially it provides rapid
improvement, but as iterations progress it exhibits an inability to zero
in on the optimal control, cf. Rao and Luus (1972). The reasons for the
slow convergence are that the method does not predict a steplength and
it becomes a poor step direction generator. Researchers have attempted
to overcome both problems.
The descent direction (3.2) requires an initial steplength, for
example

Y = 1,

(3.3)

and a test for improvement. A step reduction procedure is also needed
in cases of overstepping. The choice (3.3) may be too small especially
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when the L^ norm ||g|| is small. The choice

T

" "TFT
llg

was used by Denn (1969) and Seinfeld (1969). Another selection,
.c|V(u(k))l

was used by Bryson et al. (1962) (for c = 0.1). The methods of Rao and
Luus (1972) yielded a steplength from (2.14) by simply approximating
l(
frl
W(t,s)6u(s)ds by H uu(t)6u(t). Others, for example Pagurek and
Jo
'0
Woodside (1968), optimized over y, while Quintana and Davison (1970)
introduced additional parameters.
The stepdirecti on rule

p!k)(t) = -sgn gjk^(t),

j = 1, .... s,

(3.4)

where the subscript j denotes the j-th component of the vector,
(Merriam 1964, Rao and Luus 1972), makes the gradient method less
sensitive to the magnitudes of the components of the gradient function.
There is considerable research documentation indicating that the gradient
method is basically a poor method and that, instead of including second
order terms or additional parameters in a gradient method, one should
consider conjugate gradient or quasi-Newton methods.
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Because of the computational efficiency of the conjugate
gradient method for nonlinear programming problems and its modest
storage requirements, this method holds great appeal for control problems,
The iteration formula (3.1) again applies, but search directions are
generated by the formula
p(W) = . g (W) + v (k)_

p (0) =

_ g (0)

(3-5)

The Fletcher-Reeves (1964) method takes

ek k

IIn(k+"l)||2
119 ,[\ \
119

(3-6)

II

while the Polak-Ribiere (1969) method prescribes
_ („(•,+!) ^ > ) ^ > .

k

||g

(3.7)

||

After the Fletcher-Reeves method had been adapted to control problems by
Lasdon, Mitter and Waren (1967), it became an accepted method for the
optimization of control problems. Sinnott and Luenberger (1967)
generalized the method by incorporating linear constraints on the
terminal state variable. Despite the frequent use of the FletcherReeves method, however, Polak (1971) gives several theoretical reasons
why the Polak-Ribiere algorithm would be preferable to it.
For more efficient line searches a scaling parameter was intro
duced (Oren and Luenberger 1974). For discrete problems there is
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substantial evidence that the method suggested by Shanno (1977) performs
better overall than its competitors for a wide class of test problems.
This question seems not yet addressed in the control literature.
Several researchers, including Lasdon (1970), extended the
Davidon-Fletcher-Powell quasi-Newton method (DFP) to function space
iterations. With the notation
p(k> = .H<*)g(K>
y(K) = g<k+D .g(*>

the method proceeds as
u<k+1> = u<k> • ,kp<k>

where
H(k+1) = H(k) + A(k)

_ B(k)>

H(0) =

^

(k\
(k)
The matrices Av ' and Bv ' are outer products of vectors derived
(k)
(k)
from pv ' and yx . For control applications these vectors are
stored at each iteration. The increasing time and storage requirement
necessitates a restarting scheme.
The most powerful current quasi-Newton method is the BFGS,
introduced by Broyden (1970), Fletcher (1970), Goldfarb (1970) and
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Shanno (1970), for which the update formula is
„ ( M >.H(k).H <kMkyi<>WkMk > T H ' k '

p(k,Ty(k)
Jk)Jk)T
* ek p(k)Tp(k)

(3'8)

where

»k

*

1

-

v(k)TH(k) (k)
y -(k)T„(k)

The question of scaling was addressed in a series of papers by
Oren (1974), Oren and Luenberger (1974) and Oren and Spedicato (1976).
An initial scaling is used by Shanno and Phua (in press) who give con
siderable computational evidence of overall improved convergence.
For the convergence of the finite dimensional DFP method we have
the results of Powell (1971, 1972) for convex problems, while Werner
(1974) proved the convergence of the method for strictly convex mini
mizing problems in Hilbert space. Function space quasi-Newton methods
need not exhibit finite termination for LQP problems, but we now consider
other methods which do.
2.4. Second Order Methods which
Linearize the Dynamics
Since the effort required by quasi-Newton methods increases with
each iteration, such methods (which attempt to approximate second order
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terms of the state variable and the accessory problem of Jacobi led
researchers to construct direct methods to improve nonoptimal controls.
In contrast to using expansions about an extremal curve, several re
searchers considered what Bullock and Franklin (1967) called the "pseudoaccessory problem" of minimizing the quadratic (2.11), the second order
expansion about a nonoptimal trajectory.
The canonical equations for this pseudo-accessory problem are

<$x =

H $x
ux

+ H^u6u

(4.1a)

6X = -(HXX6X + HX(]6U + HXX6X)

(4.1b)

6x(0) = sx(1) = 0.

(4.1c)

with

The first order expansion of Hu(x,u,x,t) about the nominal state x
and nominal control u" leads to the linear optimal control law
T
6u = -H_1
L U + HUXfix + f U6X].
J
UU[H

presuming H~^ exists locally. In the sequel all quantities are
evaluated along the nominal trajectory (x,u,t), t€ [0,1]. When
expression (4.2) is substituted into (4.1), we obtain

(4.2)
V
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fix = (fX - fuHu-1uHu x )fix - fuH'VfiX
- fuHu-1uHu
uu u
T
1 T
_1
fiX = -(H
V XX - H XU H UU H UXY)fix - (f
V X - HxuH~
uuf )fiA
u; + HxuHuuH u

with

5x(0) = 5X0) - o.

(4.3)

Equations (4.1) and (4.2) are those obtained by Merriam (1964) and
McReynolds and Bryson (1965). The latter authors developed the "suc
cessive sweep" algorithm by using the inhomogeneous Riccati transforma
tion (Gelfand and Fomin 1963)

6X = Pfix + h

(4.4)

leading to the control law

5U

" <"Hu

+

* <Hux

+ fuP>^

(4'5)

and the differential equations satisfied by P and h:

-p - Hxx + <HxXP * V

- (»xu

- Hxxh " <Hux * p%>Huu<l!u

+ pha

+ Huxh>

u>\>ux

-

H UA P )

(4.6a)
(4.6b)
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with

P(l) = 0,

h(l) = 0.

This algorithm consists of replacing
specified

_<SH .
U

in (4.3) and (4.6b) by a

On the backward sweep the r + r equations (4.6)

with the adjoint equation (2.8) are integrated in reverse time. The
successive sweep integrates the state equation using an improved control
derived from (4.5). In the next section we see that DDP does not have a
counterpart of (4.6b) (hence it involves r fewer equations) since it
uses a nonlinear coupling between the counterpart of (4.6a) and a
slightly different adjoint equation. Jacobson (1968) proved that system
(4.6) with (2.8) is an approximation of differential dynamic programming.
For the discrete case we will bring this result into further perspective.
From Breakwell and Ho (1965) we obtain necessary and sufficient
conditions for the linearized control (4.2) to minimize (2.6) subject to
(2.5a). These conditions include the imposition of the strengthened
Legendre condition Huu > 0 along the nominal trajectories and the ex
clusion of conjugate points on the interval [0,1]. For our purpose the
latter condition will be used in terms of bounded Riccati solutions. We
impose the strengthened Legendre condition

H (x*,u*,A*,t)
uu

>0

(4.7)

along the optimal trajectory. The importance of this condition is that
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for sufficiently good nominal controls, we can be assured that a second
order method in its prototypical form (that is without modifications) is
guaranteed to converge.
Whereas McReynolds and Bryson assumed Huu to be positive
definite not only for the optimal control u*(t) but for all ad
missible controls, Bullock and Franklin attempted to achieve positive
definiteness by adding a constant symmetric matrix with sufficiently
large smallest eigenvalue to Huu. Instead of using the Riccati trans
formation (4.4) these authors differentiated the relation

MT[A + AX] = NT5X + b

(4.8)

and used equations (4.1) to obtain linear differential equations for M
and N. By means of this choice, which corresponds to the conjugate
system of Bliss, they continually tested for conjugate points where
det(M) = 0.
Fine and Bankoff (1967) introduced a stepsize parameter

y

into

(4.5) and used the control law

1 (H + fTh.) + (H
T
5u = -H'
Y
v ux + fuP)Sx].
uu[LIv
u
u'

Subsequently Padmanabhan and Bankoff (1972) suggested the use of a
predictor-corrector scheme which avoids some of the effort involved
in the solution of equations (4.3). In the next section we will show
that only in the limit of infinitely many iterations does DDP accurately
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solve a two-point boundary value problem and that both backward and
forward integrations serve their separate purposes to improve on the
control.
It will transpire that the sequential formulation of DDP avoids
the linearization (4.1) and therefore the explicit use of a matrix dis
cretization of the kernel W(t,s) in (2.11). More importantly, the
effort of constructing the matrix is eliminated.
2.5. Existing and Proposed Differential
Dynamic Programming Methods
The methods of the preceding section are all designed to mini
mize some discrete or continuous approximation of the performance ex
pressed as a quadratic in the control. Differential dynamic programming,
introduced by Mayne (1966), is based on determining an optimal linear
feedback control law that will minimize a quadratic expansion of the
value function. For continuous control problems a quadratic approxi
mation of the functional

V(x(t),t) =

1
L(x,u,x)dT
t

(5.1)

in the form

V(x(t),t) + V^(x(t),t)[x(t) - x(t)]

+ ±£x (t)

- x( t )fvx x ( x ( t ) , t ) [ x ( t ) - x (t)]

(5.2)
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is used to determine the functions a(t) and

e(t) in

u(t) = a (t) + 0T(t)x(t)

(5.3)

that will minimize (5.2). According to the prototypical DDP method of
Mayne (1966) the functions V(7(t),t), V X(x(t),t) and V aa fx(t),t)
in (5.2) are related to the functions a(t), x(t) and P(t) which
satisfy

-a = H(x,u*\x,t) - H(7,u,x,t)

(5.4a)

-X = H x + 6 T ( t ) H u + P(t)[f(x" 9 u"*",t) - f ( x , u , t ) ]

(5.4b)

• Hxx + fxTp

+ pfx

- ["ux

+

+

(5.4c)

with

a(l) = 0, x(l) = 0 and P(l) = 0.

We will state the precise relationships when needed in Chapter 3. All
derivatives on the righthand side of (5.4) are evaluated at the point
(7,iT.x,t) for the backward control

u*~(t) = a(t) +

0T

(t)x(t)

(5.5)
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where

o(t) = u(t) - H"yHu(x,u',A,t) - 8T(t)x(t)

_1
T
$(t)
pv ' = -Huu(H ux + fuP).
'

(5.6a)

(5.6b)
v
'

The DDP system (5.4) does not have a counterpart of the
h-equation (4.6b), hence r fewer equations are used than for the
successive sweep algorithm. Note that DDP immediately uses the improved
control law (5.3) in terms of the nominal state x to obtain u"*~(t),
while other methods evaluate the quantities of the backward run in
terms of the nominal control u(t). We remark that the "successive
sweep" method in Dyer and McReynolds (1970) is a DDP method.
In addition to being a second order method that specifies a
steplength by the use of H~^ in (5.6), we regard the inclusion of the
third term on the righthand side of (5.4b) as the most advantageous
feature of DDP. Whereas other methods focus on the solution of a twopoint boundary value problem to accurately determine the adjoint func
tion and hence the gradient for a given nominal control, DDP determines
x(t) as the best estimate of x*(t).
Since Mayne's first application of DDP, which used |H | in
stead of Huu> the nonpositive definiteness of Huu prevented DDP
from being a globally convergent method. The principal problem with
system (5.4) is that, when solutions of the Riccati equation (5.4c)
become unbounded, the determination of a(t) and B(t) in (5.6) breaks
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down. Unbounded solutions can arise from a nonpositive definite H .
Jacobson (1968) suggested that, instead of using u*"(t), one should use

u*(t) = arg min H(x,u,x,t).
u

(5.7)

Despite the use of this global minimizer, Jacobson and Mayne (1970)
showed that positive definiteness of Huu(jT,u*,x,t) in (5.4c) was not
enough to preclude unbounded Riccati solutions. They therefore proposed
a

a

the use of (5.7) only on the time interval (t,l], where t is the
instant at which the norm of the Riccati solution P(t) exceeds a
certain bound. Thus they used the new control

'u(t)

for all t € [O.t)

u(t) =(

(5.8)
u*(t) + eT(t)<sx(t) for all t € (t,l].

They use (5.4a) to obtain a(0), the predicted improvement in perform
ance. By adjusting a steplength parameter (which we have not specified)
the procedure improves nonoptimal controls. Gershwin and Jacobson (1970)
refined this method further.
Mayne and Polak (1S75) realized that the convergence of the
Jacobson and Mayne DDP algorithm could not be proved, so they omitted
second order terms from (5.4) and proved the convergence of their first
order method. On the backward run they integrated
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-a = H(3T,u*,x,t) - H(x,u",A,t),

•X

=

Hx(x,u,A,t),

a(1) = 0

(5.9a)

X(l) = 0

(5.9b)

where u*(t) is defined in (5.7) and they took any minimizing control
in the case of multiple minimizers. Their new control, in terms of a
parameter y> is given by

/ 77,
u(t)

for all t € [0,1]\1^^

u(t) =

(5.10)
u*(t) for all t 6 Iyu

where the set 1^- c [0,1] is a union of a number of disjoint intervals
having Lebesgue measure m(I^_) = y and containing as much of that sub
set of [0,1] where

H(x,u*,x,t) - H(x,u,x,t) £a(0).

Thus Mayne and Polak use the minimizing control

u*(t) over I^q , a

carefully chosen subset of [0,1], not necessarily over the interval
a

(t,l] as in (5.8). Polak and Mayne (1975) extended their first order
algorithm to incorporate constraints on the terminal state vector x(l).
Although the use of the minimizing control

u*(t) over the most

useful subset of the interval [0,1] is an improvement over the use of

u*(t) over (t,l], we have been unable to find any implementations of
the Mayne-Polak algorithm. We feel that the absence of such computa
tional examples may be due to the difficulty of actually determining
this "most useful subset". In fact, Williamson and Polak (1976) refer
to DDP as being based on complex relationships between Hamiltonians
and cost functions and being difficult to understand. They go on to
point out the efficiency of DDP methods and their ability to solve
problems which cannot be solved by other methods.
It is our contention that more attention should be paid to
second order DDP methods, since they have the ability to converge
rapidly to the optimal control when a sufficiently good control is
obtained. For poor nominal controls the right precautions, to be
discussed shortly, enable the second order framework to obtain good steplengths efficiently. The unboundedness of the Riccati solutions (5.4c)
may prevent the realization of these objectives for existing DDP
methods. After considering conditions which imply the boundedness of
Riccati solutions, we will propose a second order differential dynamic
programming method for which the solutions of (5.4b,c) remain bounded.
Consider the matrix Riccati differential equation

- ^|= Q + ATS + SA - SBR'VS,

S(l) = S]

(5.11)

where Q, A, B and R are piecewise continuous functions of time.
Kalman (1960) proved that the conditions
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R"1 > 0, for all t € [0,1],

(5.12a)

Q >. 0,

(5.12b)

S-j 21 0

for all t 6 [0,1],

(5.12c)

are sufficient to ensure the boundedness of the solution S(t), for all
t 6 [0,1]. These conditions are not necessary and if any one of the
three conditions is relaxed, one can construct examples for which
(5.11) admits unbounded solutions. Weaker sufficient conditions, and by
the same token, necessary conditions for the boundedness of solutions of
(5.11), must therefore involve some combination of the expressions in
(5.12). A case in point is Jacobson (1970) who relaxed these conditions
and proved that the boundedness of S(t) is implied by the existence
of a certain matrix function, which satisfies an algebraic equality
and a differential inequality. The Hamiltonian system (Bellman 1970,
1973) is another approach to the Riccati equation. Unbounded solutions
are then avoided by preventing the singularity of one of the matrix
solutions of the Hamiltonian system (Bullock and Franklin 1967). Coppel
(1975) gives sufficient conditions for this solution to be nonsingular.
His are global conditions and are difficult to enforce. For the discrete
LQP problem our results are formulated in terms of the counterpart of the
Hamiltonian system. There it is efficient to concentrate on linear
difference equations, but for the continuous case we use the Riccati
equation since the Hamiltonian system corresponding to (5.4c) involves
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about four times as many differential equations as the Riccati equation.
Because of the simplicity of conditions (5.12) we use them for our
subsequent analysis.
For equation (5.4c) the condition (5.12a) is

Huu > 0.
The use of a minimizing control

(5.13)
'

u*(t) for u*"(t) implies that

Hu„(x.u*.x.t) >.0 and therefore does not quite satisfy (5.13). For
Jacobson and Wayne's method there is no guarantee that the condition

T H_1H
H XX - Hux
>0
uu ux —

(5.14)

(the analog of (5.12b) for (5.4c)) will be satisfied. As a result their
method may lead to unbounded Riccati solutions. Kalman's conditions
do not directly apply to (5.4c) because this equation is nonlinearly
coupled with (5.4b). Despite that conditions (5.13) and (5.14) give
us an indication when (5.4c) could have unbounded solutions. If (5.4b)
could be uncoupled from (5.4c), Kalman's sufficient conditions would
apply directly.
Bearing this in mind we introduce a script Hamiltonian defined
by
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M(x,u,A,t) = H(x,u,x,t) + h3(7,IT,a,t)(x
- 7) + 14^(7,u",x,t)(u
- IT)
A
Li
+ l(x - 7)THxx(t)(x - 7) + j(x - 7)THux(t)(u - u)

+ l(u - u)THuu(t)(u - u).

The script quantities tfxx> tfux,

(5.15)

and Huu are so far arbitrary func

tions of t, so we ask that HUU > 0 and if we suppose that HUa is
given, that Ha a - U A U U U A >_ 0. There are several ways of satisfying
these definiteness conditions. Two possible approaches are discussed in
Section 5.2. The counterpart of (5.4c) for the script Hamiltonian is
hereby uncoupled from the counterpart of (5.4b). Kalman's conditions
apply directly so that the solutions of the Riccati equation (5.4c) (in
terms of the script quantities) will remain bounded. If, except for
the two definiteness conditions, the script quantities in (5.15) are
otherwise entirely arbitrary we have formulated a first order DDP method
which generates an arbitrary steplength and descent step. The object is
to use the second derivatives in the block Hamiltonian and to change
them only when the definiteness conditions are violated. We therefore
prefer to interpret the script Hamiltonian H as a quadratic expansion
of H where the second order quantities are chosen appropriately. We
obtain boundedness of Riccati solutions because we determine script
quantities which are functions of time only.
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We now define the script Hamiltonian by

H(x,u,X,t)

=

£(XjU jt) + xTb(x,u,t)

(5.16)

where

£(xJu,t) = L(x,u,t) + 3L^Yx'^(x - 7) + ^'^(u - u)

+ l(x - X)T£XX(X - X) + (x - X)T«£XU(U - u)
+ l(U - U)T£UU(U - u)
and

fa(x,u,t) = f(x»ujt) + lfW<x - x) +

3fT^Ju,t?(u

- u)

+ |(x - X )T8xx(X - x) + (x - X)TBXU(U - u)
+ l(u -

u )TBuu(u

- u).

The script quantities

£ , £ , £ > B , 8
and 8
xx
xu
uu
xx
xu
uu

(5.16)

which are piecewise continuous functions of tine are chosen such that
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Huu > 0,

H

for all t 6 [0,1]

7
~^H
> 0 , for all t € [0,1].
xx - HuxHuu
ux -

(5.18a)

(5.18b)

We emphasize that Hxx, Hxu and Huu are piecewise continuous func
tions of t only.
In the DDP equations (5.4) the block Hamiltonian is replaced by
the script Hamiltonian (5.16). We obtain the differential equations
satisfied by the script functions a(t), x(t), P(t):

-a = tffru-.x.t) - tf(x,u,x,t)

(5.19a)

•X = Hx + 3T(t)Hu + P(t)[b(x,u^,t) - f(x,u,t)]

(5.19b)

•P - H

xx

+ bJp + pb

x

x

- L[ H
+
ux

bTp]JTtf"',L[w + 6TP]
u
uu ux
u J

(5.19
C)
v
'

with a(l) =0, x(1) = 0 and P(l) = 0.
By the choice of the script quantities (5.17), the Riccati
equation (5.18c) meets Kalman's conditions for boundedness of P(t) for
all t € [0,1]. By means of this approach we have defined a second
order DDP algorithm for which the Hamiltonian remains well-defined, and
the determination of a(t) and e(t) will not break down. In the
next chapter we prove that this method is globally convergent. In the
Appendix we solve several optimal control problems by means of this

method and demonstrate the advantages gained from enforcing the
definiteness conditions (5.18). We will observe rapid convergence
close to the optimum, and more importantly, rapid improvement on
poor nominal controls by appropriately including second order terms.

CHAPTER 3
CONVERGENCE THEOREM FOR THE
PROPOSED SECOND ORDER METHOD
The preceding chapter described how differential dynamic pro
gramming fits into the framework of second order methods. Such methods
may fail to converge to a locally minimizing control. In Chapter 2 we
noted that unbounded solutions of the Riccati equation (2.5.4c) cause
the determination of the control law (2.5.5) to break down. Jacobson's
(1968) suggestion to use minimizing controls was mentioned as a partial
remedy for this problem. Jacobson and Mayne (1970, p. 114) contended
that the convergence of this method can be proved using a theorem of
Polak (1969). However, Mayne and Polak (1975) reported their failure to
provide such a proof. Consequently, as far as we know, the only DDP
method for which a convergence proof has been published is that of Mayne
and Polak for their first order method.
Our proposed second order DDP method preserves the boundedness
of the quadratic coefficient in the expansion (2.5.2). In this chapter
we prove that our method is globally convergent and in the Appendix we
demonstrate that the method leads to bounded Riccati solutions while the
solutions may become unbounded for other methods.
Consider the performance functional

V(u) =

1
L(x,u,t)dt + F(x(l)),

0
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(0.1)
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where x satisfies

= f(x,u,t),

x(0) = x (given)

(0.2)

Let u(t) be specified. The performance (0.1) may then be regarded
as a function of the initial state x(0). We therefore write
,1
V(x(0),0) =

L(x,u,

T )dT

+ F(x(l)).

This may be done for any "initial condition" x(t) so that
rl

V(x(t),t) =

L(x,u,

T )dT

+ F(x(l))

(0.3)

Differential dynamic programming uses the quadratic expansion

V(x(t),t) + vj (x(t),t)[x(t) - x(t)]

+ ^Cx(t) - x(t)]TVxx(x(t),t)Ii<(t) - x(t)]

(0.4)

of the function V(x(t),t) about the nominal state trajectory x(t) to
determine the linear control law (2.5.3) whose state trajectory x(t)
minimizes the quadratic (0.4).
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3.1. Systems of Differential Equations
The work of Mayne (1972, 1973) on properties of the function
V(x(t),t) in (0.3) provides a suitable framework for the development
of our convergence theorem. He used the linear control law in the form

u(t) = u*~(t) + K(t)[x(t) - x(t)]

(1.1)

where u*"(«) and K(«) are arbitrary piecewise continuous functions.
The nominal control IT(t), an arbitrary piecewise continuous function,
generates the nominal state trajectory >T(t) through equation (0.2).
Mayne derived differential equations satisfied by the quantities
V(x"(t),t), V (x(t),t) and V A A(x(t),t) in (0.4) and showed how an
approximate system of differential equations is related to the original
system. In addition to Mayne1s two systems we use two more systems
expressed in terms of the quantities:

a(t) 4 V(x(t),t) - V(x(t),t),

(1.2)

*(t) £ Vx(x(t),t),

(1.3)

P(t) 4 Vxx(x(t),t),

(1.4)

H(x,u,A,t) 4 L(x,u,t) + XTf(x,u,t),

(1.5)
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AH(t) 4 H(X(t),U'<"(t),A(t)st) - H(7(t),IT(t),x(t),t),

(1.6)

Af(t) a f(7(t),u^(t),t) - f(x(t),iT(t))t)J

(1.7)

A(t) 4 Hxx(x(t),u^"(t),x(t),t) + P(t)fx(x(t),u (t),t)

+

fx(x(t),u""(t))t)P(t),

(1.8)

B(t) 4 Hux(x(t),u^(t),x(t),t) + fJ(x(t),u<"(t),t)P(t).

(1.9)

The first symbol on the righthand side of (1.2) is defined by

V(x(t),t) =

rl
L(x,u,t)dT + F(x(1))
t

where

^ = f(XjUjt),

x(t) = x(t)

and u(-) is determined by (1.1). The other symbol on the righthand
side of (1.2) is
1
V(x(t),t) =

where

L(x,u,T)dT + f(x(1))
t
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^ = f (X,U , t ) ,

x(t) = x(t)

and u(.) is a nominal control.
Theorem 1.1. (Mayne 1972). Let
i) u", iT and K in (1.1) be piecewise continuous,
ii)

and

L

and their f i r s t three partial deriva

tives with respect to

x

and

the functions

(x , u , t )
iii)

on

||f(x,Ujt)||

f

u

S = {(x , u , t )|x 6 X , u

be defined and continuous i n
€ n,t

€ T},

and

<_ M(||x|| + 1), M < «, (x,u,t) € S.

Then a(t), x(t) and P(t) are the solutions of the following
differential equations:

-a(t) = AH(t)

(1.10a)

-x(t) = Hx(x,u^,x,t) + KT(t)Hu(x,u*\x,t) + P(t)Af(t)

(1.10b)

-P(t) = A(t) + KT(t)HuuK(t) + KT(t)B(t) + BT(t)K(t)

+

v
x
Af t
xxx( »t) ( )

(1.10c)

with boundary conditions

a(l) = 0

(1.11a)
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*0) = Fx (x (D)

(1.11b)

P(U - ^(xO)).

(1.11c)

These solutions are unique, continuous and bounded in [0,1].
Since the quantities V x x x in (1.10c) cannot be determined from
these equations, Mayne omitted them and proved that the solutions a, x
and P of the resulting system are close to the solutions a, x and
P of system (1.10) provided that
rl

d(uMT) =

||u""(t) - u(t)||dt

(1.12)

is sufficiently small. The significance of this result is that if
a < 0, then for d(u ,u) small enough, the quantity a will be
negative, assuring improvement at each iteration. This guaranteed im
provement presupposed that specific functions K(t) and u*"(t) were
given. Prototypical DDP determines u*~(t) according to equation (2.5.5)
while the algorithm of Jacobson and Mayne uses the minimizing control
u*(t) of (2.5.7) for u*"(t). For our proposed method either of these
controls may be used. In second order DDP algorithms the function
K(t) is generated according to

K(t) = -H~J(x,lT,i,t)B(t).

(1.13)

If (1.13) is substituted into (1.10c), with the V x x x term omitted, we
obtain the differential equation
-P(t) = A(t) - B(t)TH~^B(t)

• Hxx

+

"x

+

- <Hux

+

tf'XXx

+ f?>-

with P(1) = F x x(x(1)). This Riccati equation was encountered as
equation (2.5.4c). Unbounded P(t) causes the determination of u (t)
and K(t), and consequently the process of obtaining the control law
(1.1), to break down.
The convergence of the model algorithm of Polak (1971) depends
on improving any control in some neighborhood of nonoptimal control.
Although Jacobson and Mayne's procedure of terminating the backward run
when P(t) of (1.14) exceeds a specified norm may still improve on a
nonoptimal ?(•)> it will not necessarily do so for every control in
some neighborhood of TJ(-). The boundedness of K(t) is therefore of
crucial importance to obtain the boundedness of the system (1.10). When
Mayne and Polak proved the convergence of their first order DDP method,
they avoided the difficulties of unbounded K(t) by including only first
order terms. Our analysis reverts to differential dynamic programming
as a second order method by addressing the problem that caused the unboundedness of the Riccati solution. It also introduces the nonlinear
programming construct of a steplength parameter y. Since the method
produces descent directions, we are assured of a descent step for

y
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sufficiently small. Furthermore, the strengthened Legendre condition
(2.4.7) implies that after sufficiently many iterations y will always
be taken to be 1.0.
To obtain an improvement over a nominal control the following
intermediate controls are used:
Nominal control

u(t)

Control used for
integration on
backward run

_
u*"(t) = a(t) + e(t)x(t)

Basic forward control
from which linear
adjustments are made

_
u~*(t) = (1 - y)u(t) + yu"*"(t)

New control, which if
it yields improvement
over u(t) will be
come the next nominal
control

^
u ^(t) = u~*"(t)
+ K(t)[x(t) - x(t)].

(1.15)

The functions a(t) and e(t) are defined in (2.5.6) but in terms of
the script Hamiltonian (instead of the block).
Equation (2.5.16) defined the script Hamiltonian H as a
quadratic approximation of the regular Hamiltonian H. The quadratic
coefficients are piecewise continuous functions of time chosen such that

(1.16a)

H'

XX

- H

H'H

> 0.

ux uu ux —

(1.16b)

The terminal penalty F(x(l)) is approximated by a quadratic, and the
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quadratic coefficient is chosen so that

(1.16c)

Thus we satisfy the third of Kalman's conditions, ensuring the boundedness of the Riccati solution.
The DDP differential equations used by Jacobson and Mayne (1970),
and by Mayne (1976), differed from the true system of equations (1.10)
only by omitting the V AAA term. For the proposed method there will be
three changes in the equations:
i) The Hamiltonian

H

is different,

ii) the third order terms V AAA are omitted, and
iii) u"*(t) f u""(t) for y f 1.
Each of these changes yields a new system of equations so that together
with the original system in Theorem 1.1 we have to consider three
additional systems.
System A. For our proposed method the system actually integrated on
the backward run is

-a(t) = H(x,u**~,x,t) - H(x,u,x,t)

(1.17a)

-X(t) = H A(x,u"*",X,t) + K^"(t)HU(x,u*",X,t) + P(t)AB(t)

(1.17b)

-P(t) = A(t) + KT(t)Huu(t)K(t) + KT(t)S(t) + ST(t)K(t),

(1.17c)
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with boundary conditions

a(l) = 0

(1.18a)

*0) = Fx(x(l))

(1.18b)

(1.18c)

The functions A(t) and 8(t) are the script counterparts of A(t)
and B(t) of (1.8) and (1.9) respectively.
The function K(t) is generated as

K(t) = -W~J(t)8(t).

(1.19)

For consistency of script symbols this function should be K(t). Since
no K(t) is generated by the regular block symbols, we will maintain
Mayne's notation. Our concern at this stage is the boundedness and
piecewise continuity of u*~(t) and K(t) in order to satisfy the
hypotheses of Theorem 1.1. The boundedness of K(t) follows from
condition (1.16a) and the boundedness of P(t) from (1.17c). For the
time being we focus on the solution of System A as it relates to
solutions of similar systems. In the sequel we identify the script
adjoint variable by A only when the omission of the tilde creates
ambiguity.
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System A is defined in terms of the script quantities which are
introduced to guarantee the boundedness of the Riccati solution.
System B, below, will use the regular Hamiltonian. These are the usual
DDP equations integrated on the backward run, namely:
System B.

-a(t) = H(x,u*~,x,t) - H(x,u,x,t)

(1.20a)

-x(t) = H A(x,u*",x,t) + KT(t)HU(7,u*\x,t) + P(t)Af(t)

(1.20b)

-P(t) = A(t) + KT(t)Huu(x,u%x,t)K(t) + KT(t)B(t) + B(t)K(t)

(1.20c)

with boundary conditions

a(1) = 0

(1.21a)

x d ) = Fx(x(l))

(i .21b)

p(l) - Fxx(x(D).

(1.21c)

If u*(t) = u^(t), as for the methods of Jacobson and Mayne
(1970), Mayne (1972) and of Mayne and Polak (1975), then the differ
ential equations satisfied by the coefficients of the value function are
those of Theorem 1.1. Those equations are
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System C.

-a(t) = HU.if.A.t) - H(xJu,xJt)

(1.22a)

-x( t ) = Hx(x, u 't",x, t ) + K ( t )Hu(x, u ^,x, t ) + P( t ) A f ( t )

(1.22b)

T

-P(t) = A(t) + KT(t)Huu(x,u"",x,t)K(t) + KT(t)B(t)

+ BT(t)K(t) + Vx x x A f (t)

(1.22c)

with boundary conditions (1.21).
For our proposed method

u~*"(t) t u*~(t) so that the differential

equations satisfied by the coefficients of the value function will be a
system similar to System C, but with u*"(t) replaced by u^t). This
system is
System D.
O

_

. O

o

-a(t) = H(x,u ,x,t) - H(x,u,x,t)

(1.23a)

-x(t) = Hx(x,u"">X,t) + KT(t)Hu(x,u">,x jt) + P(t) A f (t)

(1.23b)

-P(t) = A(t) + KT(t)Huu(x,u^ J X ,t)K(t) + KT(t)B(t)
°t

+ B ( t )K( t )

+ Vx x x A f ( t )

with boundary conditions (1.21).

(1.23c)
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For the methods of Jacobson and Mayne, of Gershwin and Jacobson,
and of Mayne and Polak, a negative a(0) had to be obtained before the
current nominal control could be improved. For our method, however, the
construction of the script Hamiltonian

H

ensures the negativity of

a(0). Indeed, equation (1.17a) need not be integrated and serves a
theoretical purpose only. As a result, concerning the number of equa
tions to be integrated, the proposed method is slightly more economical
than previously mentioned second order DDP methods.
3.2. Relations Between Systems
of Differential Equations
Our convergence proof uses one of Polak's (1971) abstract algo
rithms for the determination of "desirable points" in a closed subset U
of a Banach space 8. In our case desirable points will occur when the
gradient vanishes, or where the Hamiltonian is minimized. Since Polak
provided convergence theorems for his algorithms, our problem is to show
that the proposed method satisfies the hypotheses for one of his model
algorithms. For our purpose the simplest one, namely Algorithm 2.1,
below, with a "search function" s:U -»• U and a "stop rule" c:U
will suffice.
Algorithm 2.1. Let s:U->U, c:ll

R^.

Step 0. Set k = 0 and compute a u^ € U.
Step 1. Compute u^+^ = s(u^).
Step 2. If c(u^k+^) - c(u^) >_ 0, stop; otherwise set k = k + 1
and go to Step 1.

,
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We will use the following convergence theorem for the algorithm:
Theorem 2.1. (Polak 1971, p. 14). Suppose that
i) c(«) is either continuous at all nondesirable points u € U, or
else c(u) is bounded from below for u 6 U; and
ii) for every nondesirable u 6 U there exists an e(u) > 0 and a
6(u) > 0 such that

c(s(u')) - c(u') <. 6(u) < 0, for all u' € B(u,e(u))

where B(u,e(u)) = {u1 6 U||ju' - u|| e(u)}.
(k}
Then, either the sequence {uv '} constructed by Alogrithm 2.1 is
finite and its next to last element is desirable, or else it is
(k)
finite and every accumulation point of {uv '} is desirable.
Our search function will be determined by the process of gen
erating one iterate from the preceding. The stop rule c will be the
performance functional V. The true change in performance by using
control u(k+1) instead of u^ is

a(0) = V(u(k+1)) - V(u(k)).

(2.2)

To apply Theorem 2.1 we have to show that for any nonoptimal control
function IT(*) there exists a neighborhood W about u(0 such that
for any u € W our method generates an improvement on u.

We
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postpone the formulation of our theorem until we have established the
hypotheses of Theorem 2.1 as they apply to our method.
The basic measure of closeness of two controls is the metric
_
rl
d(u,u ) = 11 u(t) - u*~(t)||dt.
JO

(2.3)

Let e > 0 be given. We assume that

d(u,u*") <_

e

(2.4)

for all IT 6 U. In Section 3.5 we show how (2.4) is met. This condi
tion does not restrict the use of our optimal control method. The
purpose of (2.4) is to guarantee an improvement for sufficiently small
changes in control. For implementation larger changes in control may
allow for more rapid movement.
Systems A and B are distinguished by the second order terms of
the Hamiltonian. To determine the relationships between them, a conty

dition on ||u(t) - u"*"(t)||

is required to ensure that the contribution

of the second order terms are of higher order in e than dCu.u"*").
We assume that

IIu"*~(t) - u(t)|[2dt = 0(e2).

(2.5)

In Sections 3.3 and 3.4 we discuss the significance of this condition
and indicate how (2.5) or a relaxed version of it can be met.
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When we consider the relationship between systems C and D
we will need the condition

jV(t) - u~(t)||dt = ou2)
0

(2.6)

and to satisfy (2.6) we assume that

1 -

Y

= OU).

(2.7)

In Section (3.4) we discuss condition (2.7).
In the sequel we will refrain from including continuity hypoth
eses in the statement of propositions and theorems. In the proofs we
refer to the specific hypotheses that are used.
Outline of Proof.
O
1) The negativity of a(0) is obtained by using the result

|a(t) - a(t)J _< ce2, for all t € [0,1] and c 6 (0,»)

(2.8)

which will be established in Theorem 2.5, and using a(0) < 0 as
shown in Section 3.5.
2) We will introduce a function e:U -> r\ defined such that e(u)
estimates the improvement when using the nonoptimal

u 6 U as

nominal control. The continuity of e(») is proved in Proposition
5.1.
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3) Using the continuity and the negativity of e(u), we complete the
convergence proof in Theorem 5.2.
Proposition 2.2. There exists a c € (0,®) such that

|a(t) - a(t)| <_ ce2, for all

in terms of ||X(T ) - x( T ) | |
o,
2
< 1, is obtained. We show that ||X(T ) - A(X)|[ = 0(e ) to

Proof. An expression for
0< t <

T

6 [0,1].

| A (t)

-

A (t)
|

estimate |a(t) - a(t) .
Subtraction of equations (1.17a) and (1.20a) yields

- ^[A(t) - a(t)] = H(x,u*"J,t) - H(x,LT,^,t) - H(x,u*",x,t) + H(3T,T7,a,t)

= ku^(t) - u(t)]T(x - A)[iT(t) - u(t)]

3U
+ tttt) -

+ ^Cu^t) - LT(t)]TBuu}[u^(t) - u(t)]

+ xT(t)[u^(t) - u(t)]T
2.

• (B

*-)[u (t) " u(t)]*
9u

(2.9)

9 21
32 i
The partial derivatives —k- and —are evaluated at (generally
3U
3U

different) points on the line segment connecting (jT,u",t) and
(>T,u*\t). The Mean Value Theorem for functions of several variables,
(Apostol 1960, p. 117) is used, the necessary smoothness conditions for
its application being satisfied because the existence and continuity of
the second partials are implied by the hypotheses of Theorem 1.1. The
hypotheses on the finiteness of derivatives and script quantities,
hypothesis HI for the boundedness of controls, and Theorem 1.1 for the
boundedness of x(t), may be used to conclude that there exist finite
positive constants c^ and C£ such that
r1 «2
|a(t) - a(t)|<_c, ||u (T) - u(T)|| dx
,Jt
1

+ c2 ||X( T )
t

-

-

A(T)||||U

(T)

- u( X )||dT.

(2.10)

The constant c^ is not greater than the maximum magnitude (over time)
of the smallest negative eigenvalue of Huu, while the constant c^
depends on the magnitude of the first and second u-derivatives of f
and on the pointwise distance between the nominal and the backward
control.
A

To obtain the desired bound on |a(t) - a(t)| we rewrite the
second integral in terms of a bound on ||A(t) - x(x)||. By taking the
difference between (1.17b) and (1.20b) and using the piecewise con
tinuity of all the functions, we obtain
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-

- x(t)] = Hx(x,u^,x,t) - Hx(x,u' ",X>t)

(2.11)

<

+ KT(t)[Hu(x,u^,A,t) - Hu(x,u^,x,t)]

+ P(t)[b (x,u^",t) - b (x,u,t)]

- P(t)[f("xsu*",t) - f(7,u,t)]

- C^tJCu^t) - u(t)] + c2(t)[x(t) - A(t)]

(2.12)

(t)[jC(t) - X(t)]T[u"(t) - U(t)]

+ C4

+ c5(t)[P(t) - P(t)][u"(t) - u(t)3
+ c6(t)[u"(t) - u(t)]V(t) - u(t)],

where c..(t) are piecewise continuous. Before this system is integrated
for use in (2.10), the corresponding differential system for the dif
ference [P(t) - P(t)] is obtained. Subtracting (1.17c) and (1.20c)
and then using piecewise continuity, we obtain

-

- P(t)] = dg(t) + d-j(t)[u*~(t) - u(t)] + d2(t)[\(t) - x(t)]
+ d3(t)[P(t) - P(t)]
+ d5(t)[P(t) - P(t)][u"(t) - u(t)],

(2.13)
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where the cL(t) are also piecewise continuous. The systems (2.12) and
(2.13) are linear in the differences C^('t) - x(t)] and [P(t) - P(t)].
Let z(t) be the r + r

vector with components x(t) and P(t).

Define z(t) similarly. Then z(t) - z(t) satisfies the linear
differential equation

^Cz(t) - z(t)J = kQ(t) + k-j(t)[u^(t) - u(t)]

+ k2(t)[z(t) - z(t)]

+ kg(t)Cu-Ct) - iT(t)]T[u"(t) - u(t)]

where the

(2.14)

(t) are piecewise continuous functions. This means that
rl

z(t) - z(t) =

k2(0[z(r) - z(T)]dT +

kg(-r)dr +

k-|(t)[u"(T) - u(t)dx

k6(T)[u*(t) - J(T)]T

[U"*~(T) - u(t)]dT.
From the regularity hypothesis H2 on L and f, the construction of
H, and hypothesis HI requiring the bounded controls, we conclude that
there exist bounded positive constants kg, k^ and k2 such that for
all t 6 [0,1]
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||z(t) - z(t)|| £ ^(kQ + k1||u (T )

-

u( X ) L L D X

1
+ k. ||Z(T) - z(x)||dx.

(2.15)

The Gronwall inequality (Brockett 1970, p. 19) is used. It states that
for x(t) > 0 the inequality

x(s)cf>(s)ds

(2.16)

ft
rt
x(s)ij>(s)exp[ x(u)du]ds.

(2.17)

4>(t) £ 4>(t) +

implies the inequality

<j>(t) i ^(t) +

Ja

s

When (2.4) is used, we have

(kQ + k1||u"e(x) - u(x)||)dx < kQ +

We can take ||x|| _< kg. so

exp[ x(u)du] < e .
's

Thus (2.15) implies

= ^(t)
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,1

||z(t) - z(t)j| <. k0 + k^e +

k2(kQ + k-|E)e ds

< k Q + kl£ + k2e 2(kQ + k ^ )

= (1 + k2e 2)(k0 + kie) = ^

(2.18)

for all t € [0,1]. In particular

||P(t) - P(t)|| < K1

(2.19)

A

The boundedness of ||P(t) - P(t)|j as well as hypothesis HI on the
boundedness of ||U(t) - u*~(t)|| are used in equation (2.12). After
another application of the Gronwall inequality for the function
||^(t) - A(t)|j (2.12) implies ||x(t) - A(t)JJ _< K2E for some K2 < <*>.
Using (2.10), (2.4) and (2.5) then imply

|a(t) - a(t)| £ c^

?

r1

e Hu^t) - u(-r)||dT

+ c2k2

<_ C-jE + c2k2ee.

Thus, there exists a finite c such that

|<x(t) - a(t)
| <_ ce , for all t € [0,1].

This completes the proof of Proposition 2.2.

(2.20)

61

Systems B and C are now considered, so that we obtain
Proposition 2.3. There exists a c 6 (0,~) such that

J a(t) - a(t)J £ ce3, for all t € [0,1].

Proof. To obtain this bound the results of Mayne (1972) can be used
provided that the difference between the control used on the backward
run and that used on the forward run are sufficiently small. From (1.15)
we have

u*(t) - u*(t) = (1 - y)(u(t) - u"*~(t)).

(2.21)

Since 0<y£1> it follows that condition (2.4) implies
fl

||u^(t) - u"(t)||dt = 0( e ) .
J0

This was Mayne's hypothesis, and we can therefore conclude that there
exists a c € (0,») such that

1 a(t) - a(t)| £ CE3, for all t 6 [0,1].

(2.22)

The final step in deriving an order of magnitude estimate of
O
|a(t) - a(t)| is to consider the relationship between Systems C and D.
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Proposition 2.4. There exists a c € (0,<*>) such that

|a(t) - a(t)
| <_ ce2, for all t£ [0,1].

(2.23)

Proof. The difference between equations (1.23a) and (1.22a) yields

- ^Ca(t) - a(t)] = H(x,u^,x,t) - H(x,u\x,t)

- H(jT,u"*~,x >t) + H(x,u,x,t).

(2.24)

The crucial distinction between this situation and that encountered for
Systems A and B is that we have to contend with the three controls u~\
if and IT simultaneously instead of only u"*" and u". We expand as

- £[a(t) - a(t)] = ^Cu-(t) - u-(t)] + [x(t) - x(t)]T ^Cu-(t) - u-(t)]

+ A T(t%lV(t)

The partial derivative

9U

-

U-(t)].

in the middle term is evaluated at a point

between (x,if,t) and (x,u",t). The other partial derivatives are
evaluated at points (x.u^.t) and (jT.u^.t). The regularity hypotheses
and the result of Theorem 1.1 enable us to write the above expression as

- ^U(t) - a(t)] = c1(t)[u"v(t) - u"(t)] + c2(t)[x(t) - x(t)3
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for some piecewise continuous functions c^(t) and C£(t). Integration
then yields
-i „
.
Ia(t) - a(t)| J< C -j ||u (T) - u (T)||dT +
Jt

C2

1*1.

||X(T )

- x(T )HdT,

(2.25)

O
where 0 j< c-j,
< ®. The differences ||x(t) - x(t)|| and
o
o
||P(t) - P(t)|| are required to bound the integrand ||x(t) - X(T )|| in
An analysis similar to the one that led to equations (2.12) and

(2.24).
(2.14)

is repeated. All the expressions will involve a term in

||u"(t) - u*"(t)||. If Gronwall's inequality is used again, we obtain the
estimate

||P(t) - P(t)|| = 0(e2) for all t 6 [0,1]

which implies

|x(t) - x(t)|| = 0(e2) for all t€[0,l].

(2.26)

Thus using (2.6) and (2.25) in (2.24) implies the existence of a finite
c such that (2.23) holds.
The combination of Propositions 2 . 2 , 2.3 and 2.4 yields
Theorem 2.5. There exists a c 6 (0,<=°) such that

|a(t) - a(t)| <_ ce2, for all t € [0,1],

3.3. Generation of Differential
Dynamic Programming Parameters
So far the focus has been on the relationships between solu
tions of differential equations when various changes are made to the
second order parameters or the control functions. For all these re
sults we assumed the functions K(t) and u^(t) to be given. The
principal result has been that the difference between the true change
O
a(t) in performance and its approximation a(t) is of higher order
in e than d(u,u ). This enables us to conclude that a(t) will
have the same sign as a(t) for sufficiently small £. Since our aim
O
is a reduction in the performance, a(t) has to be negative, and there
fore the negativity of a(t) must be assured. To show how K(t) and
u*"(t) are to be determined to accomplish this negativity, we re
examine System A emphasizing a different aspect.
Recall that the script Hamiltonian is defined by

H(x,u,x,t) = £(x,u,t) + xTfa(x,u,t).

Let the vector a(t) and the matrix P(t) be the solution of the usual
DDP equations, where the script Hamiltonian H is used instead of the
regular Hamiltonian. Those equations are

-x(t) = tf^(x",u~*~,A ,t) + 8T(t)Hu(x,u*<",x,t)

+ P(t)(fa(x,u'!",t) - f(x,u,t))

(3.1a)

-p(t)
=
v '

H

XX

+

b T P + Ph
X
°x

- [H
+ buTP]J TH"uu1[H
+ buTP]J
L ux
L ux

(3.1b)

with the initial conditions

x(l) = Fx(x(l))

p

W -

Fxx-

Furthermore,

s(t>

-

+ blT)

(3-2a)

a(t) = u(t) - H^Hu(x,u,X,t) - gT(t)x(t)

(3.2b)

so that

u*(t) = a(t) + gT(t)x(t) = u(t) - H^Hu(x,u,x,t).

The solutions x(t) and P(t) in (3.1) depend on

u~{t)

(3.3)

while u*<"(t)

in (3.3) depends on x(t) and P(t). The digital solution of (3.1)
requires that u"*~(t) be specified for a time increment, while (3.1) is
solved for the next discrete time point. Equation (3.3) shows that
condition (2.5) is met by either taking Huu such that ||HUU|| is suf
ficiently large or when ||Hu|| is sufficiently small.
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We re-emphasize that the second derivatives of H are only
functions of time, although the determination of the script quantities
<xx£ , xu
£ , uu
£ , 8xx , 8xu a n d 8uu w i l l d e Kp e n d i n d i r e c t lJy o n t h e
variables x, u and x. We also note that the expression HuCx,u*~,x,t)
in (1.17b) vanishes because u*~(t) minimizes the quadratic H(x",*,x,t)
as seen from (3.3). The vanishing term is included to facilitate the
comparison of equations (1.17b), (1.20b), (1.22b) and (1.23b). Jacobson
and Mayne's DDP method requires the existence of Hu(x\u*,x,t). Our
method does not. In the next section we give our exact assumption.
If we define K(t) A 8(t), then x(t) and P(t) satisfy the
system of differential equations

-x(t) = Hx(x,u^,x,t) + KT(t)Hu(7,u",x,t) + P(t)Afa

-P(t) = A(t) + KT(t)Hu|jK(t) + KT(t)8(t) + 8T(t)K(t)

with initial conditions

x(l) = Fx(x(l))

These equations are exactly the same as (1.17) and (1.18) in System A.
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Since the script quantities are constructed to satisfy the
definiteness condition (T.16) we are assured of bounded solutions P(t).
This boundedness and (3.16a) imply the piecewise continuity of u"*"(t)
and K(t). These are the exact regularity hypotheses on u^(t) and
K(t) we need to conclude that the solutions of Systems A through D are
unique, continuous and bounded on [0,1].
It has now been shown how the proposed method of constructing H
as a strictly convex quadratic approximation of H can be embedded
into the differential equation framework of Mayne. The method determines
a new control ux~*(t) by

ux*(t) = u-(t) + K(t)[x(t) - x(t)]

(3.4)

where x(t) is the solution of

x = f(x,ux"*\t),

x(0) = x.

It remains to be shown that the method guarantees the negativity of
a(0) and that H can be constructed such that Hu(x*,u*,x*,t) vanishes
when the block Hamiltom'an is minimized along the optimal trajectory.
3.4. Optimality Conditions
In this section we compare our hypotheses with various others
and analyze ways to meet and relax the different 'order of change re
quirements made in Section 3.2. We also consider the regularity
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conditions imposed on the functions L(x,u,t) and f(x,u,t), finally
showing the proposed method formulated in terms of the vanishing of
tfu to be consistent with the satisfaction of the minimum condition of
the Pontryagin Maximum Principle.
Like Mayne (1972) and Mayne and Polak (1975) we made the basic
assumption (2.4), which, with the condition of bounded controls yields
f1
_
?
||u"(t) - u(t)|| dt = 0(e).
JO

(4.1)

In Proposition 2.2, however, we required

V^t) - u(t)||2dt = 0(e2).
JO

(4.2)

This is stronger than (2.4) and with the bounded controls hypothesis it
implies the pointwise condition

Iju^t) - u(t)|| = 0(e)

(4.3)

for all t 6 [0,1], except on a set of measure zero. We show how this
condition can be relaxed.
For the convergence theorem we need assured improvement. Our
proposed method improves poor nominal controls by generating descent
steps. Sufficiently close to the optimum condition (2.4) holds and the
0(e) analysis guarantees improvement. In this neighborhood of the
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optimum condition (4.3) need not be imposed because the continuity of
the Hamiltonian and the strengthened Legendre condition (2.4.7) imply
that each script quantity can be within 0(e) of its block counterpart
and still satisfy the definiteness conditions (1.16).
If second order quantities are within 0( e ) , equations (2.18)
and (2.19) show that

||P(t) - P(t)|| < K-J£.

When this result is used in (2.12), we obtain

||x(t) - x(t)|| < K2e2,

so that finally we again arrive at

|a(t) - a(t)| £ ce2, for all t € [0,1],

as established in Proposition 2.2.
Requirement (2.7) can also be relaxed because, sufficiently close
to the optimum, y will be taken to be 1.0, on account of the strict
convexity assumption (2.4.7). It remains to be shown how the condition
A

I|u"*"(t) - u(t)||dt = 0(e)
0
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can be met. This is discussed in Section 3.5 along with showing how the
negativity of a(t) is guaranteed.
Consideration will now be given to the regularity conditions
imposed on the functions L and f and the way in which the suggested
method relates to the Pontryagin Maximum Principle. Our method is
closely related to the quantity f/u("x,u",A,t). If

= 0 for all

t€ [0,1], then equations (3.3), (2.21) and (3.4) imply

lT( t) = u"(t) = iT(t) = ux"(t).

(4.4)

If this is the case, then no further change in control is obtained and
x and x satisfy the equations

x = f(x,u,t),

-X

= Hx(x,u,t),

o

x(0) = x

a(1) = Fx(x(l))

with u(t) the control in (4.4). Two conditions of the Maximum
Principle are therefore met. The question remains whether our construc
tion can be accomplished such that

vanishes when the Hamiltonian is

minimized. The existence of Hu(jT,u",A,t) is not required to construct
H(x,u,x,t). We will therefore compare the regularity hypotheses on the
functions L(x,u,t) and f(x,u,t) as used by different authors.
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In comparison with other hypotheses we will consider, the
Pontryagin Maximum Principle (Pontryagin et al. 1962, pp. 11-12) re
quires the least regularity and only the existence and continuity of L,
L

X , f and fX on

X x u.

Since Jacobson anci Mayne used the bounded-

ness of third derivatives, they had to require that the functions be
three times continuously differentiate. (Actually third derivatives
with respect to the control did not enter the analysis.) The work of
Mayne on the expansion of the value function made the same assumption.
He allowed discontinuities at finitely many time points. Throughout our
analysis such discontinuities are ignored because a problem may be de
composed into finitely many problems where all functions are continuous
functions of time. Terminal values for one problem then serve as
initial conditions for the next. Such discontinuities do not change the
conclusions of Theorem 1.1. Mayne and Polak used a first order method
which required the existence and continuity of derivatives up to second
order, excepting second u-derivatives.
The proposed method does not require much more from L and f
than the Maximum Principle since the functions £ and

b

inherit much

regularity from their construction method. To equate first derivatives
we need the existence of u-derivatives in a neighborhood of the optimum.
We allow second derivatives of L and f to be discontinuous at
finitely many points in X and U space, and require the boundedness
0

of these derivatives (where they exist) for |a(t) - a(t)] = 0(e2) to
remain valid. Our method therefore only requires the boundedness of
second derivatives and the existence of Hu in a deleted neighborhood

72

of the minimizing control. With these relaxed conditions our algorithm
can be implemented but the convergence proof would have to be modified
to that of a first order method. The advantage of a second order
method is that it generates a steplength.
To relate our method to the minimum condition of the Pontryagin
Maximum Principle we require that

H(x,u,x,t)

be constructed in such a

way that Hu(x*,u*,x*,t) = 0 for all t 6 [0,1] only when

u*(t) = arg min H(x*,u,x*,t)
u
where H is the block Hamiltonian defined in (2.2.3) and x*(t) and
x*(t) satisfy the canonical equations

x*(t) = f(x*,u*,t)

-x*(t) = Hx(x*,u*,x*,t)

x*(0) = x

x*(l) = Fx(x*(l)).

The suggested method requires script quantities to equal their
regular counterparts up to first order, and second order parameters to
satisfy the definiteness conditions (1.16). The Maximum Principle re
quires the existence of L X and fX. We must therefore consider
possible problems that we might encounter with H . The Hamiltonian H
could, for example, exhibit any of the following:
i) Hu(x*,u*,A*,t) does not exist,
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ii) multiple relative minima, or
iii) H (x,u,x,t) = 0 for u f arg rnin H(x,u,x,t).
u
None of these cause trouble for the Maximum Principle as they would for
methods which always equate first u-derivatives.
So far the approximating quadratic H must be tangent to the
true Hamiltonian at the nominal control IT. The significance of
equating the first u-derivatives is that a sufficiently small step in
the direction of the negative gradient guarantees an improvement. The
existence of Hu at u* is not required, only its existence in a
deleted neighborhood of u*. If IT belongs to this neighborhood, the
continuity of H and the strengthened Legendre condition (2.4.7) imply
that -H

yields a descent direction. Outside this neighborhood, im

provement is obtained by requiring -H

to be a descent direction.

This establishes the relationship between the control

u"*"(t) for which

Hu(7,u-,x,t) vanishes and the control u*(t) defined in (2.5.7).
The relationship between the adjoint variables ^(t) and x(t)
must be considered. The Maximum Principle involves the state variable
x and the adjoint variable X, the latter integrated along the same
control path IT that generated the state trajectory through
x = f(x,u",t). The proposed method, however, requires the integration
of equation (1.17b) along the control path u*"(t) to yield ^(t).
Only in the limit can the state and adjoint equations be integrated
along the same path. The identification of a nonoptimal point is
obvious if we have H(x,u,A,t). Since we will never obtain x(t), only
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^(t), we have only the function H(x,u,x,t) and its approximation
tf(x,u,x,t). We can identify the vanishing of Hu(£",u",x»t). Suppose
H (7,u,;t.t) f 0 on a set Ic [0,1] with m(I) > 0. We have

u""(t) = tf(t) for all t _> max{t|t <= 1}

because H (sT.lT,»t) = 0 for all t £ I. This means that for
t >_max{t|t€ I}, x(t) = X(t) where x"(t) satisfies

-T(t) = tfx(7,tT,r,t) = Hx(x,u,Lt), 7(1) = Fx(x(l)).

(4.5)

Even if we obtain a x(t) different from x(t), nonoptimality is
identified as the generation of a u"*~(t) f u"(t) for all t on a set of
positive measure. We also see that Hu(x,ir,x,t) with \ f \ cannot
vanish for t belonging to a set of positive measure because equations
(4.5) and (1.17b) show that x can only differ from \ when u^ f u*.
This leads us to conclude that the construction of H(x,u,x,t)
is perfectly consistent with the minimization of the Hamiltonian
H(x,u,x,t) in the Pontryagin sense.
3.5. Convergence Theorem
In this section we combine the results of the previous sections
O
to obtain the convergence theorem. The negativity of a(0) can be
inferred from Theorem 2.5 once we establish the negativity of a(0).
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Proposition 5.1. For IT not a desirable point we have

a(0) < 0.

Proof. Let IT be any nondesirable point in the space U of admissible
control functions. Then there exists a set I c [0,1] with m(I) > 0
such that IT does not minimize H(x,«,x,t) on that interval. According
to the previous analysis it follows that Hu(x,u,x,t) t 0 on I, thus

u"(t) = a(t) + g(t)x(t) = u"(t) - WuyWu(x,Lr,x,t)

f

u"(t) for t € I

and

u*(t) = uT(t) for t £ I.

Condition (2.4) is therefore met when m(I) is small enough or the
smallest eigenvalue of tfuu

is large enough. Furthermore, because Huu

is positive definite, we have

'< H(x,u,X,t),

t6 I

H(x,u<",X,t)
= H(x, U ;A, t ) ,

Since

t g

I,
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-a(t) = W('x,u< \x ,t) - tf(x\u",X,t),

a(l) = 0,

we conclude that
•1
a(t) = - [H(x,u"'",x ,t) - H(x,u,x ,t)]dt < 0 for all t < max{t|t € I},
t
In particular

a(0) < 0.

This result is independent of the size of d(u*\u). The role played by
the metric is to ensure that the minimizing controls for H(x,*,X,t) and
for

H(x,',x,t)

are close enough.

To emphasize the progression of one control to another, we in
troduce notation similar to Mayne and Polak's. Define

AL/(uMT) A A(0).

This is an estimate for the true change in performance

AV(ux^,u) 4 V(ux~*") - V(u) = a(0)

We have seen that the negativity of AL/(u*",u) can be assured for nonoptimal u". Let
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e (u) 4

A(/(U**»U).

The preceding definitions refer to any u € U. We use the notation "u"
to emphasize the role of the nominal control. The condition

e(u)

= 0

is necessary for u to be optimal.
We have

AL/(iT,u") = e(u") < 0

and using Theorem 2.5 with t = 0 yields

|AL /(u^,U) - AVCu^ju)| < ce2

so that

4V(ux^)<l||i-<0

for sufficiently small

e.

(5.1)

To prove the convergence of the method we

have to prove that for any nonoptimal IT there exists a neighborhood
around u" such that for any u1

in this neighborhood a control u"

generated by the method is an improvement on u'. This can be done by
establishing the continuity of
9(IT) for IT nonoptimal.

e(*)

and then using the negativity of
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Proposition 5.2. The function e:U -»•

is continuous with respect

to the metric d.
Proof. We recall that
rl

e(u) = a(0) =

[H(x,u,x>t) - H(x,u,x»t)]dt.
1

An expression for e(u') requires the state trajectory x u

generated

by u'. All the other quantities will now change because of the change
in state variable. Identify those quantities with primes. Then

e(u') -'e(u)

[H1(xu ,u -.x'.t) - H(xu .u'.x'.tjdt 0
rl

{[,£'(xu ,u *\t) -

ttU.u^.t)

[H(x,u^,x,t) - H(x,u,x,t)]dt
J

0

(xu ,u',t)] + x T[fa'(xu fu'*\t) -

-£(x,u,t) + xT[f(x,u*\t) - fa(x,u,t)]}dt

|ln<xu,.«'.t)T + *'T

u']

+ second order terms|dt
1

b ' (xu

^(x
u t)T + x
xT
3uix,u,tj

3f(x'u>t)
3U

+ second order terms) dt.

Cu" - u]

,u' ,t)]]dt
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We now invoke the boundedness of derivatives, of the controls, and of
the adjoint variables to consolidate all the terms including the second
order terms into a single expression to show that there exists a c < »
such that
f1
r
10(u') - 0(u)
| <_ c I|u'(t) - u(t)lldt < ce < 6 if e < -.
c
Jo
Therefore, for all 5 > 0 there exists an e > 0 such that

e(u') - e(Zf)| 1<5 for all u, u1 € U

for which

d(u1 ,u) <_ e,

i.e., e is continuous.
The convergence theorem uses Proposition 5.2. Let the method
presented be called the operation PDDP, for proposed DDP, which is
applied to a nonoptimal control function. We formulate the theorem.
Theorem 5.3. The method PDDP generates a sequence of control functions
{u^k)}. Either the sequence is finite and the last element is desirable,
or it is infinite and every limit point in U with respect to the
metric d is desirable.
Proof. Let u be nondesirable. Then 0(u) < 0. From Proposition
5.1

AV(ux^,u) <

0

for a11

6 PDDP(u).
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The continuity of e(») then implies the existence of an e > 0
such that for all u' 6 U with d(u' ,TJ) < e we have

V(u'x Tu').±Mj^ <

< 0 for all u'*"* 6 PDDP(u").

The second requirement of Theorem 2.1 is thus satisfied if we use
and d(u',u) for the required quantities 5(u) and e(u) respectively.
The satisfaction of the first hypothesis of Theorem 2.1 follows from
the lower bound assumption on

V

or the continuity of

e(«)-

This

establishes the theorem and the convergence of our proposed second
order method.

CHAPTER 4
DISCRETE OPTIMAL CONTROL
We contend that the use of differential dynamic programming for
the solution of discrete optimal control problems holds significant ad
vantages over other methods. The effort required by DDP is linear in
the number of stages while for nonlinear programming methods, for example
Newton's method (Polak 1971), it is cubic in the number of stages. Yet
DDP, for which the effort and storage is quadratic in the dimension of
the state and control variables, compares favorably with discrete dynamic
programming-type methods, which are based on refining discrete approxi
mations of the state and control variables, because such methods (Larson
1968, Heidari et al. 1971) suffer from the curse of dimensionality, ac
cording to which the effort and storage is proportional to an exponential
function of the dimension of the state and control variables. In a com
panion study (Murray and Yakowitz 1978) it is shown that DDP with its
quadratic approximations of the value function provides the natural
quadratic programming framework for the incorporation of linear or
linearized constraints on the state and/or control spaces. These con
siderations necessitate the availability of a rapidly converging un
constrained DDP method which is also globally convergent.
The global convergence of our proposed DDP method is assured by
enforcing a discrete version of the definiteness conditions (3.1.16).
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We prove the asymptotic quadratic convergence rate of DDP by establishing
the connection between Newton's method and DDP. To our knowledge ours is
the first actual proof of this. We consider the prototypical version of
DDP since our assumption of strict convexity along the optimal trajectory
implies the convergence of the unmodified DDP method for a sufficiently
good nominal control. The latter is obtained by our proposed method.
The quadratic convergence of DDP for discrete problems also applies to
the digital solution of continuous problems.
The equivalence of Newton's method and DDP for a strictly con
vex LQP problem enables us to obtain a formulation of Newton's method in
terms of recurrence relations, with the effort linear in the number of
stages. Our approach differs from the Goodman-Lance procedure (Polak
1971, pp. 84-86) for discrete boundary value problems and also from
Polak's (1971) version of Newton's method for discrete control problems,
since we do not use the discrete counterpart of the linear perturbation
equations (2.4.3). Instead, we emphasize the role of the control vari
able to relate it to the DDP optimal control law. We also derive a
simple necessary and sufficient condition for the strict convexity of
an LQP problem. This provides the opportunity to modify the recurrence
counterpart of a non-positive definite Hessian matrix without performing
an eigenvalue decomposition.
By considering the relationship between Newton's method and DDP
we identify the most general non-LQP problem for which they are equiva
lent and present a recurrence formulation of Newton's method for

the general problem. We show that Newton's method is a linear approxi
mation of DDP, thereby concluding that DDP is quadratically convergent.
Brown's method (Brown 1969) is a way of iteratively solving a
system of nonlinear equations. It suggests the concept of quadratization after backsubstitution which we use to further refine our proposed
differential dynamic programming method.
We establish our framework for Newton's method and obtain recur
rence relations for the components of the gradient and adjoint vectors.
By showing the distinction between these expressions and those obtained
from dynamic programming we motivate the quadratization procedure of
differential dynamic programming.
4.1. Gradient and Adjoint Vectors
We consider the discrete problem of minimizing
N
V(") = Z Li(xi»ui)»

LN(xN,l

V

= LN(xN)

(1Ja)

subject to
O
xi+l =

Vv11-,')'

xi = xi

(given).

(1.1b)

For notational simplicity we assume the state and control to be scalars.
Nonlinear programming methods intended to solve problem (1.1) are
typically designed to locate a stationary point u* where vV(u*) = 0.
Using the notation of Section 2.3 we employ the iteration formula
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( M )

. U(k>

+ vk p < k »

(1.2)

( l r )

where the descent step pv ' is given by

p(k) = -H^yVfu^)

with

(1.3)

positive definite and self-adjoint (Dorny 1975).
(kl
Those choices of Hv ' discussed in Section 2.3 for the con

tinuous problem did not include second derivatives of the performance
measure. For discrete problems these second derivatives can, in
(k)
principle, be obtained, making Newton's method (that of taking Hv ' to

be the inverse Hessian) implementable for the discrete problem. The ex
pressions for the gradient and adjoint vectors are used to obtain the
second derivatives for LQP problems.
We assume that we have a nominal control sequence
"u = (ITj , ..., l T n _ i ) with its nominal state trajectory 7= (>^, ..., x^)
from (1.1b). Henceforth all quantities are evaluated at the nominal
poi nt (x,u").
Since the influence of a control u. on the objective function
V(u) will be through all the loss functions L.(x.,u.)»
i 1 j < N, we
J
J
use the chain rule to obtain the i-th component of the gradient vector
g. in the form

a

i

=

-w
3L.
N 3L. 3f.
1+1
JJL = I + V _J. J-'
L
3 U . 3U-j j=i+1
3XJ_ 1 ••• 3xi+1 3U-*

(14)
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Using the discrete counterpart of the fundamental matrix $(t,s) defined
by
3f.
Vl.l

for

J

d = 1

N

• 11

*1,1

= n

cf. Polak (1971) for a different discrete counterpart of $(t,s), we
obtain
3f.

'

3X.

_1
tt
; >
j,i+l su^'

j - i + 1» • • •» N

3U.
0,

j • 1> •• •» i»

which is used to express (1.4) as

gi =

3L. 3fi N 3L.
3U 7 + 3UT J=l+1 3XJ j,i+l

We define the adjoint vector

xi+l

N 3L.
1J1 3x^j,i+l

and use the relation
3f.
$j,i ~ $jJ+l 3x
i

<
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to express the components of the gradient vector

9i =

3L.
af.
auT + xi+l 3UT

in terms of the components of the adjoint vector which satisfy the
recurrence relation

x

i =

aL.
af.
3x7 + xi+l ax7*

dLf,
i = 1, .... N - 1,

xN =

(1.6)

Equations (1.5) and (1.6) are the discrete counterparts of the gradient
and adjoint equation (2.2.7) and (2.2.8) respectively. Our gradient
and adjoint equations differ from those of Polak (1971) who used the
dynamic law (1.1b) in a different form.
Expressions similar in structure to (1.5) and (1.6) are obtained
by means of the dynamic programming approach of considering the value
function

V1(x1,ui) = L1(x1,u1) + Vif+1(fi(xi,ui)).

We have
3V. 3L. dV*, 3f.
I = I+
3u.j 3u^ dx..+i 3u.j'
Although the quantities x. + -| and

dVi+l
(jx

(1 7 )1
'

occupy corresponding positions
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in equations (1.5) and (1.7) respectively, their values are obtained in
different ways. This accounts for the difference between the derivatives
3 V and -dVt—•—
i
-—
oll«
all. and hence between the equations (1.5) and (1.7).
dv
To establish a recurrence relation for the -j-*+i we use
dxi+i
V*(Xj) = L1(x1,u^(xt)> +

(1.8)

where u*(x.) is the optimal control policy obtained by solving for u..
3V.
as a function of x.1 from the optimality condition -r—=
dU"1• 0. We use
dV*+i afi

3U,

dxj+1 3U.

in the expression
d\l*.
3L. 3L. du* dV* , 3f. 3f, du*
_L = L + 1 1 + III L + 1 1
dxi 3X.. 9ui dxi dx-j+-| 3x-j 3u-j dxi

(iq)
'

obtained by differentiating equation (1.8) with respect to x.. This
dV*
yields a recurrence relation for
namely
dV* 3L. dV*., 3f.
L = L + !±J L
dX-j 3xi dxi+i 3Xi'

i = 1
'

N - 1
'

3L.

dV* dL.
- = ——.
dxN
dxN

(l in)

3F.

In (1.10) the arguments of the quantities r— and —• are
uX^
oXj
(x_ j ,u^(x.)). In general

u\ f u*(x"..), therefore the difference of the
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values of the arguments in expression (1.6) and (1.10) accounts for the
dV*
fact that x.1 and -r-^are different.
ck .
i
The applicability of this dynamic programming approach is rather
restricted because the optimal value functions V^(x.) are generally
intractable, an exception being the LQP problem where all the value
functions V.(x.,u.) are quadratics. This motivates differential
dynamic programming which approximates the i-th stage value function
Vn-(x.,u.) by a quadratic Q^(x.,u.) in both variables.
4.2. Newton's Method and Differential Dynamic
Programming for the General Linear Quadratic Problem
The equivalence of Newton's method and DDP for the general LQP
problem assumed to be a strictly convex quadratic function of the con
trols is demonstrated in this section. For such LQP problems, a sequence
of which may result as approximations to a general problem, both methods
provide one step convergence from any nominal control

u to the unique

minimizing control sequence u*. Although we refer to the DDP pro
cedure applied to an LQP problem the process is in reality dynamic
programming. To avoid changing terminology when we use quadratic ap
proximations to the value function we prefer the term "differential
dynamic programming".
The important aspects of the procedure establishing the equiva
lence of the methods are its potential for the construction of control
oriented quasi-Newton methods, the derivation of a simple condition
implying the positive definiteness of the recurrence counterpart of
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the Hessian matrix, and the presentation of the recurrence formulation
of Newton's method.
Since we consider the single Newton-step

u* = u - G_1W(u),

with G a Hessian matrix, we omit the iteration superscript as in (1.2)
and use 6u = u* - IT to write this step as
G6u = - W(u).

(2.1)

Differentiating the components of the gradient vector (1.5) we show how
the entries of the matrix G are determined and present a recursive
elimination procedure to solve (2.1).
The equivalence of Newton's method and DDP is shown by first
developing the structure of a simplified LQP problem. To extract our
results from the long matrix calculations, we present the theorems and
their proofs in separate subsections.
4.2.1. Statement of Theorems
The simplified LQP problem we will consider first is to determine
the controls u.. that minimize
N
V(u) = J L-U-.u.)
i=l 1 1 1
where

(2.2a)
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L-U-.u.) = -Id.x* + jf.u2.,

i = 1,

N - 1

(2.2b)

and

l (x .%)
n
n

= Ln(Xn) » ^xfj

subject to
O
xi+1 = cl-*1 + ^iui with x-j = x-j (given).

We assume £. f 0, i = 1, ..., N - 1, otherwise the problem is un
coupled into separate and independent control problems. We also
assume that i|>. f 0, i = 1, ..., N - 1, because otherwise we may take
Uj =0 or f. = 0 for f.. >. 0, while f. < 0 violates the strict
convexity assumption. Therefore ^ = 0 (with f. >.0) implies that
we may absorb stage i into stage i + 1. Without loss of generality
we can absorb the t|>. in the f. by defining

uj = Vi

so that

*1
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This means that we can assume </». = !, in which case the dynamic law
becomes

(2.2c)

Bellman (1967) used dynamic programming to treat a simplified version of
this problem.
For the quadratic V(u-j, ..., uN_-j) to have a unique minimum,
we assume that V is strictly convex. This does not require the d.
and f. to be positive, but only the negative ones to be outweighed
in some respect by the positive ones. A specific condition will be
given later.
We will shortly state our results in two separate theorems. For
the first problem the results reduce to simple expressions, although some
of the derivations are long. Since the calculations remain manageable
we consider all aspects of the problem, but for the general problem we
avoid a deluge of symbols by stating only the results we prove and then
indicate how other results are to be derived.
We define the quantities
/k
i < k
(2.3a)
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= 5Ui-ifUi-i'

^

(2-3b)

and

*1,j " £J+l5l+1J;£-l5j+i:;£-ld^

(2'4>

where m = max{i,j}. We will use the recurrence relations

w2i = cN-idN-i+lw2i-l + cN-i ^N-i+1fN-i+1w2i-2

(2,5a)

w2i+ l =

^2,5bJ

(dN- i + l

+ fN- i ^ w2i - 1 + 5N- i + l V i + l W2i-2'

i = 1, ..., N -1,

wi th wQ = 0 and w-j = 1.
Our principal result is a recurrence formulation of Newton's
method, achieving orders of magnitude reduction in computational effort
in comparison to the matrix formulation (2.1).
Theorem 2.1. For the simplified LQP problem (2.2),
i) The entries G... of the Hessian matrix G are given by

^ ^ = f.6.. + TT. .
au.3u.
i ij
i,j
' J
where 5..
'J is the Kronecker delta.

(2.6)
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ii) The open loop optimal controls have the form

u* = p1-x1

(2.7a)

where

Pi1 •

1

<2-7b'

2N-1

iii) The optimal feedback controls are expressed as

u* = 6ixi

(2.8a)

6 ..JiUfclL..
1
2(N-i)+l

(2 8b)

where

iv) The

i-th stage optimal value function is given by

Vi(xi} =

Kxi

(2*9)

where
a< =
1

W2(N-1)+2
5i-1w2(N-1)+1

,

1=N

i.

(2.10)
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v) The condition

w2i+l >

°'

i = 1» •••> N -1,

(2.11)

is necessary and sufficient for the strict convexity of the quad
ratic V(u-j, ..., uN_1).
Condition (2.11) is particularly useful as it accounts for the
fact that not all the d., or even the a.., need be positive for the
LQP problem to be strictly convex. If an LQP problem of the form (2.2)
results from an approximation of a general problem, condition (2.11) can
easily be met by increasing the appropriate coefficients in (2.2b).
A special case of problem (2.2) was considered by Bellman (1967)
who used dynamic programming and analyzed the asymptotic behavior of the
counterpart of a., in (2.9). Our problem (2.2) is more general and we
emphasize the role of the control variable. Our approach is to analyze
the Hessian matrix in order to prepare for the general discrete problem.
For the general LQP problem, the introduction of linear terms in
(2.2b) will lead to such terms in the optimal value function and will
introduce constant terms in the expression for the optimal controls. The
general LQP problem is that of minimizing
N
V(u) = I L.(x.,u.)
1=1

where

1

1

1
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Li(x1,ui) = |d..x? + eixiui + ^..u? + gixi + h^. + ki

(2.12)

arid
MVV

= L N* X N* =

^NXN

+ gNxN + kN

subject to
O
xi+l = cixi +

^iui +

*1

with

X1 = xl

(9iven)•

Without loss of generality we again assume the 5. and lj*.. to be non
zero. By means of a redefinition of the parameters in problem (2.12)
the <jj.. and

<{>.. can be absorbed to yield the dynamical relationship
xi+l = cixi + ui'

X1 = xl*

The optimal controls for this general problem will be formulated in
terms of the recurrence relations
w2i =

^N-idN-i+l

+ eN-i

+

w2i =

^dN-i+l

^N-i^N-i+lfN-i+l * eN-i+l^w2i-2

+ fN-i

+

" cN-icN-i+leN-i+l^w2i-l
(2.13a)

" eN-i+l^N-i+l^w2i-1

^N-i+lfN-i+l " eN-i+l ^w2i-2
i = 1

with Wq = 0 and w-j = 1

N- 1
and

(2.13b)
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^N-i

=

^ N -i+lf N -i+l

+

" eN-i+l ^N-i+l

(hN_i " CN-i+lhN-i+l

(2.14)

+ gN-i+l)w2(N-i)+l

i = N - 1, ..., 1

with

= h -i +
N

9rr

Theorem 2.2. For the general LQP problem (2.12),
i) The entries of the Hessian matrix G are given by

'ei5j+Ui-i,
_ f. .
. 0
.
3u.au. ~ i ij ^ij (
32V
*

w

|ejCi+Uj-l'

1 > J"

i = j

(2.15)

i < J

ii) The open loop controls have the form

ut = ^ + p1-x1

where the determination of z. is described and

»i • -<5f -

(2.16a)

p.

is given by

<2-16b>

97

iii) The optimal feedback controls are expressed as

u| =

a. +

0. . X .

(2.17a)

where
t.1
a. = 1
W2(N-1)+1
6, = 1

(2.17b)

•

(2.17c)

2(N-i)+l

iv) The condition

w2i+l >

i = 1> ...» N - 1

is sufficient for the strict convexity of V(u^

(2.18)

UN-1^

^we

indicate how necessity can be derived).
Corollary 2.3. The number of arithmetic operations required to de
termine the controls (2.16) and (2.17) depends linearly on N, the
number of stages.
Expressions (2.15) and (2.2.12) have similar structures, the
former being the discrete counterpart of the latter. Both are obtained
under the assumption of linearized dynamics. The influence of nonlinear
dynamics on the determination of second derivatives is discussed in the
next section. Again condition (2.18) is easily met.
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The solution by means of the recurrence relations does not
depend on the explicit construction of second derivatives to solve the
system of linear equations (2.1). It requires an amount of effort
linear in the number of stages, while the usual matrix approach (2.1)
is cubic in the number of stages (Fox 1964).
4.2.2. Proofs of Theorems
To avoid nonessential notation we show how system (2.1) is
eliminated by displaying intermediate equivalent systems.
Proof of 2.1.i. To obtain G by differentiating the gradient vector
g we express the components g. in terms of the state and control
variables. With notation (2.3) we use

Xi =

N
J^i^-lY^

in (1.5) to find
N
9i = fiui +

i = 1j ...» N - 1.

Differentiation of (2.19) with respect to u.
J yields
2
9 V

9uT3UT "

N
6ijfi +

£aJ+15i+l-+£-ld£

3xe

(2.19)
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This is simplified by using

5j l^-l'
+

£

>

j

0,

I

<j

3x^_
3U. ~(X
J

and expression (2.4) to obtain
r

- 3 V .* *
ij " 9Vuj " 1 ij

+ w

(2.20)

i>J"

Proof of 2.1.ii. Let G q be the matrix of components in (2.20).
This is the coefficient matrix G in (2.1). Its righthand side is
obtained by evaluating (2.19) at the nominal values.
Introducing the nonsingular matrix

1 -52
1

-5.

o

S=

(2.21)

O

and

71-1
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i > J

fo*

^isj " ^m+l^i+lj

(2.22)

I
5j+l-Hdi+l'

1-J"

yields

d2 + f1

^°3d3
T A S6 =

-z0f

22

d^ 1 f
3
2

c2+idi+l

o

~*3'3

di l + fi
+

"5ifi

C2-^N-2dN-l

dN-l + fN-2

"?N-lfN-l

^2-*N-ldN

5N-ldN

dN + fN-l

arid

-52f2

Q

0

fN-2

i

U1

d2x2

"2

d3X3

+
~CN-1fN-l
L

!g =

"53f3
•

1

f2

—h

fl

Vl

dNXN
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The states (Xg. .... x^} in the above expression are expressed in
.... Xj^)"1" as

terms of controls by decomposing the vector

?1

x2

•

•

•

•

O
X1 +

*1+1
•
•

^l-vi

XN

C1-^N-1

'2+i

1

c2-iN-l

• ••

ui

1

N-l

so that

Sg" = Rx.| + Tu"

where R = (S-jd2*

^l^N-lV"1"'

The so1ution of

educes to the

solution of 6u from

T6u = -Sg = -Rx, - Tu

and this implies that
0
u* = u + <5u = u - T-1 Rx,

T' Hu

0
-T-1 Rx,

T being invertible whenever G is. This establishes that the optimal
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u* is independent of the nominal

u". It remains to detemine the optimal

control vector u* from

Tu* = -Rx-j.

(2.24)

The column vector R is the same as the first column of the matrix T,
with the exception of the first entries. When T is lower triangularized, its first column will change in the same way as R does. Only
the top entry of R need therefore be treated separately. In the
matrix T the band above the main diagonal is eliminated using the re
currence relation (2.5). The elimination of -CN_-|fM_i in position
(N - 2,N - 1) of T changes the (N - 2,1), 1 _< I < N - 2, entry to

cN-lfN-l%l4-N-2w2 +

=

^+l>j-2dN-lw3

^+l^N-3^N-l^N-2fN-lW2

+ CN-2dN-lW3^

= 5£+l^N-3VV

while the entry in position (N - 2,N - 2) on the main diagonal is
changed to

(dN-l

+ fN-2^W3 + CN-lfN-lw2 =

The triangularized system (2.24) now becomes

V
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w2N-1

C2^i-lW2(N-i)

o
w2(N-i)+l

h^-2W2* * * %t-l-+N-2w2*' * 5N-1 w2

w.

uf

w2N-2

u*

5l4-i-lw2(N-i)

UN-1

51-^N-2W2

(2.25)

This system is solved by a forward elimination for which the first step
is

1

"2N-1

1

In part (v) we prove that the denominator is nonzero. On the forward
elimination, after solving for u^, we introduce zeros in the first
column from the second row downwards as usual. Since the coefficient
matrix is already lower triangular, the diagonal elements remain un
changed during this process. The i-th entry on the righthand side
becomes
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~^l+i-lw2(N-i) " 52il-lw2(N-i)^;:^]x1
2N-1

=

~52+i-lw2(N-i)clfl w2N-1 X1
r
f u
2N-3 °
1+i-l 1 2(N-i) w2N-1 XT

Thus, the second row implies

If we continue this process and use notation (2.3b), we find that the
optimal control in open loop form is expressed as

u* = -(rf) •
^(N-i) °
i
1-^-i-l w2N_-, xr

(2 7

Thus the solution of the LQP problem is determined entirely in terms of
the parameters of the recurrence relations (2.5). This establishes a
solution procedure independent of explicit differentiation.
Proof of 2.1.iii. We need to relate the open loop control (2.7) to
the optimal feedback controls obtained by dynamic programming. We have
clw2N-l"w2N-2

..

W2N-1

® •_ cl' w2N-3
XI
" "" X®
1

W2N-1

1
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so that
W2N-1

X]

5lflw2N-3X2'

(This expression does not hold for the case f-j = 0, for then u-j is
chosen to make Xg = 0.) Thus, we have the control law

u* - -r f
2

1

1

W2(N-2)
W2N-1

W2N-1

„.

clflw2N-3 2

w2(N-2)
w2(N-2)+l

_
2

More generally, we obtain the optimal feedback control law

ut • ~ "2(N"1) xiW
1
2(N-1)+l '

(2-8>

Thus far we have shown that the single Newton step

(2.1)

to the recurrence relations (2.5) in terms of which the open loop
control

(2.7)

and closed loop control

(2.8)

are expressed.

Proof of 2.1.iv. Suppose that

Vi+1 ^xi+l ^ =

?Vlxi+r

then the value function is given by

Vl(x-j »u^)

= ^ixi

+

2fiui

+

2*i+l^ixi

+ ui^

leads
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which yields the optimal feedback control law

Wl*i'

1

(2.26)

We will show the denominator to be nonzero. Thus

v|(xi)

= 2a,ixi

where

•1i • i

T.+a.+1

<2-27>

Since

VN^XN* =

=

^NXN'

all V*(x.) involve only a quadratic term, while the optimal control
involves no constant term.
To express the righthand side of (2.26) in terms of the w^, as
in (2.8), we need to prove (2.10). We note that a^ = d^, Wg =
and w.j = 1

hence
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We therefore make the induction hypothesis that (2.10) holds for all
i + 1 £ N so that

=

Vl
1 1

^i 2(N-i)-l

(2-29)

•

When (2.27) is used in (2.29), we obtain

1

. , gifiw2(N-i)^iw2(N-i)-l
1
fi+w2(N-i)/siw2(N-i)-l

• ,
1

gifiw2(N-i)
cifiw2(N-i)-l+w2(N-i)

= 5i-1diW2(N-l)+1+ci-lgifiW2(N-i) = w2(N-i)+2
ei-lw2(N-i)+l
^i-lw2(N-i)+l'
This proves the assertion (2.10). If

f 0 is picked arbitrarily,

then Wg^ in (2.5a) is well-defined and (2.10) holds for i = 1.
Specifically, if £q « 1, then

ai •"
1

W2N-1

Hereby we express the optimal performance as

V(u*) =

We verify that the dynamic programming control law (2.26) is the
same as the Newton control law (2.8) by substituting (2.29) into (2.26)
to obtain
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_ ai+1
fi+ai+l

a

_ siw2(N-1)/^w2(N-i)-1
fi+w2(N-i)/5iw2(N-i)-l

=

w2(N-i)

_

w2(N-i)+l"

The denominator is the same as in (2.26). We prove that this is nonzero.
Proof of 2.1 .v. The multidimensional quadratic V(u^, ..., u^_.|) is
strictly convex if and only if the second u-derivative of each value
function V.(x.,u.), that is the denominator f.. + a^+^ in (2.26), is
positive. This expression reduced to

w2(N-i)+l

means

(2.10),

thereby establishing the necessary and sufficient condition for strict
convexity, namely

^ 0,

i — 1, ..., N - 1.

Proof of 2.2.i. Additional terms enter the matrix G of second de
rivatives only through e. terms in (2.12). We again obtain expres
sions for the components g^ in terms of the states and controls. For
eventual use in (1.5) we write

(2-30)

In this case the

X1

=

Sf

+

satisfy the recurrence relation

Vi

=

Vl

+ e

iui

+ 9

i

+

xi+l5i

4

s

i

+

xi+l5i
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so that substitution of

and (2.30) into (1.5) yields

9i = ri

+

£=^+1Ci+l^-lS^'

We have
3r.
3U •
J

3x.
= e. t — + f . 5 . .
1 3u •
J

1 1J

and
3S»

aUT
J

3X»
=

d

i

"SIT +
J

ei&jr

Thus
'Vj+iii-r
3r.l _
- f j5 j j +
3uj
1 1J
10,

*>J
1<1

^2*31^
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3S,
i.{+i5l+lit-1

3uj

Vj+1^-1'

N

I

1

£=i+1

eiSjl

1> j

+

0,

l<

ej5i+ii j-r

1<j

0,

i >_ j

j

= IT. . +

l.J

Differentiation of (2.31) with respect to u.
J and the use of the above
expressions lead to the second derivatives

ei5j+l+i-r

3 2V
SU.jSUj

f.6.. + 17. • + /1 0,
l 13
1»J
ej^i+l-*j-l'

i >J
1 =J
i <j

This expression should be compared with (2.2.12) for the continuous
case.
Proof of 2.2.ii. Comparing (2.6) and (2.15) we note that the Hessian
matrix 6^ for problem (2.12) is obtained by adding the matrix

Ill

E A S2e3

?2

e2e3

e3

0

C2-^N-leN-l

"N-l
c24N-2eN-l

eN-l

0

to the matrix Gq of problem (2.2). Multiplying by S we have

SG -J = SGQ + SE.

We use the recurrence relations (2.13) to triangularize the matrix
SG.| which becomes, as before

w2N-1
52+lw2N-4

o

w2N-3

. (2.32)
w,2(N-i)+l

c2+i-lw2(N-i)

52-^N-2w2

•

•

•

5N-1W2

W3

Expressing the states in terms of controls by the decomposition
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1

«1

x2

•
•

•

xi+l

^l-*i

0
X1

U1

: ••
+

"

O

C24-i *•

u".

1

i

•
•

«

«

524-N-l

5U*N-1

XN

1

"N-l

we find that

Sg = Rx-j + SG.|U +

where

5ld2

+ el

'?U2e2

Cl+2d3

+ 5le2

'cl+3e3

R A
cl4-idi+i + ci+i-lei

^l4-N-ldN

+ ?l+N-2eN-l

and

H A

hl

" *2h2

+

hi

" 5i+lhi+l

+ 9i+l

Vl

'?l4.i+lei+l

+

9j

9,
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The optimal control vector u* is therefore given by the system

SG^u* = -Rx^ - H.

The column R, except for the first element and ^ factors, is again
the same as the first column of SG^. On the backward run R is changed
to

w2N-2

clw2N-4

cl4-i-lw2(N-i)

^1-HM-2W2
to arrive at

P1 =

w,2(N-1)
W2N-1

as before. On the forward elimination, after solving for p^, we in
troduce zeros in the first column. The i-th entry on the righthand
side can be solved as before to give
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(s1fl"el)w2(N-2)

=
p2

"

w,2N-1

and in general (2.16b).
To obtain the terms

in the control law (2.16a) we have to

perform the same operations as on SG-j during both the backward and
forward eliminations on the H column vector. We use the recurrence
relation (2.14) and obtain the elements t.., l<_i<_N-l, on the
righthand side after the backward elimination. This shows that

5. will

depend on the i - 1 column eliminations in the triangular matrix. We
obtain

s' ——
W2N-1
and in general

1

_ _ (•• •((Vw2(N-i)^1 )~w2(N-i)^ *''"w2(N-i)S'-l ^
w2(N-i)+l

Proof of 2.2.iii. We obtain expressions for the a. and b. in
O
(2.17b) and (2.17c) by writing the initial value x-j in terms of the
r e a l i z e d v a l u e o f t h e s t a t e x . . F o r e x a m p l e O-J = C | a n d ^
but for i = 2 we have

x„ = £,x, + z +
11

so that

1

p

O
W
0
^1
x. = ^l^l
' ' 2N-3 x, - -—•—
11
1
2N-1
2N-1

=

P-j >

115
x

1

= W2N-1X2+t1
^lflw2N-3

which means that

u
2

= ?2

+ P2X1

leading to

a2

=

62 =

~ V w2(N-2) + l

"w2(N-2)/w2(N-2)+T

Proof of 2.2.iv. Inspection of (2.13b) reveals that sufficiently
large values of d. and/or f., which imply the strict convexity of
V(u.j, ..., ujsj_i)* will ensure that all w2l-+-| >0, i = 1, ..., N - 1.
The elimination process we have established is equivalent to the premultiplication of the Hessian by triangular matrices. For positive
w2i+l

t'ie

determinant

these matrices is positive and so is that

of the Hessian. By reducing some of the d. and/or f^ the Hessian
can become singular only when at least one of the v^^-j becomes zero,
thereby making the determinant of at least one of the triangular
matrices zero. This shows that (2.18) is sufficient for the strict
convexity of the performance function.
To prove necessity we have to obtain an expression for the
quadratic coefficient in the optimal value function to express the
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second u-derivative of the value function in terms of the recurrence
relation (2.13). Although the manipulative process is tedious, the
positivity of the second u-derivative, that is condition (2.18), is
easily tested computationally.
4.3. The Connection Between Newton's Method
and Differential Dynamic Programming
for the General Discrete Problem
We consider the connection between Newton's method and DDP for
the general discrete problem to identify the most general problem for
which the methods are equivalent. The recurrence formulation of Newton's
method for the LQP problem is used to obtain a sequential formulation
equivalent to the standard matrix formulation, thereby reducing the
effort required from cubic to linear in the number of stages. We show
that Newton's method is a linear approximation of DDP and this result
leads to the quadratic convergence rate of DDP since this is a well-known
property of Newton's method (Isaacson and Keller 1966).
Consider a simple non-LQP problem for which the dynamics is
linear, while at least one loss function L.(x.,u.) is nonquadratic.
By approximating the nonquadratic

(x.,u.) by a quadratic an LQP

problem is obtained. Both Newton's method and DDP require a single step
to find the minimum of the approximate problem. Consequently, for dis
crete control problems with linear dynamics Newton's method and DDP are
equivalent, as long as the quadratizations are performed in the same way.
For nonlinear dynamics we may, without loss of generality, assume
that the L^(x.,u^) are all quadratics, but that at least one of the
dynamical relationships
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xi+l =

Wui>

is a nonlinear function of x.. and/or u.. To determine the relation
ship between Newton's method and DDP for such problems, it suffices to
consider the three stage problem of minimizing

v(u) = 2^1x]

+

2fiui

+

2^2x2

+

2f2u2

+

2d3x3

(3.1a)

where

x-j+-| =

"F-j(x^»u^) i = 1, 2 with x.| = x-| (given). (3.1b)

For Newton's method we need

aul,

= flUl + d2x2fl,u + d3x3f2,xfl,u

»V = f u + d x f ,
—
2 2
3 3 2)U

where f.1 ) U denotes the partial derivative of f.(x.,u.)
1 1 1 with respect
to u.. The second derivatives are

= f!
~T
ou^

+ d2^fl,u + x2fl,uu^

+ d3^f2,xfl,u + x3(f2,xxfl,u + f2,xfl,uu)]
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—V— = d,[f
9 f, ,f0 ,, + x.f, , f, „]
3L 2,x
l,u 2,u
3 2,ux l,ir
du^au2

"^T = f2

+ d3^f2,u + x3f2,uu^

The presence of second derivatives of the dynamics verifies our claim
that any method which linearizes the dynamics cannot be equivalent to
Newton's method. Newton's method, cf. (2.1), requires the solution of
the equations

U
d U -| 1

+ d3^f2,xfl,uf2,u + x3f2,uxfl,u^6u2

= -[f1u1 + d2x2f1)U + d3x3f2,xfl,u^

d3^f2,xf2,u + x3f2,ux^fl,u6ul +

• -[f2u2

^f2

(3,2a)

+ d3^f2,u + x3f2,xu^5U2

+ d3X3f2,u^*

(3.2b)

All derivatives are evaluated at the nominal point (x,u).
The DDP formulation starts with

v (x )
3
3

= 2^3X2

and requires a quadratization of Vj^Ug.Ug))

t0

furnish the

quadratic (^(^.(SUg). In the sequel the stage subscript is generally
included only when specifically required. We have
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x3 = f2^x2'u2^

= x3 + fx6x + fusu + lfxx«x2 + fxu«x{u + |fuu<;u2 + 0(«3)

where

0(63) A 0(<5X3,5X2ll,6XSU2,5U3)

Then

Q2(6x2,6u2) • ^3X3

^3*3

+ d3x3fxsx + d3x3fuSU

+

K(x3fxx

+

+

jWuu

+ fu'6"2'

W

+ d3(x3fxu + fxfu'{XSU

The quadratic LgUgjUg) is written as

Q^SXg.SUg) = -^d25x2 + dgXfix + ^2x2

+ Yf2<SL|2 + f2u<Su
so that

+

ifZu2
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Q2(6X25U2) = Q2(5X2>6U2) + Q2(5X2,6U2).

(3.3)

Differentiation of expression (3.3) with respect to sug yields
sQo

o
+

d3(x3f

uu

+ fuu)]SU2

+ d3(x3fxu +

Vu)sx2

+ [f2u + d3x3fu].

When this expression is set to zero, we have

d3<x3fxu + fxfu)5x2 +

ff2

+ d3(x3fuu + fu^Su2

= -[f2u2 + d3x3fu].

(3.4)

This would be the same as equation (3.2b) if

5x2 = fi

u6 U r

^3'5^

We have, however,

x2 =

x
2

+

+ fi sui +
>u

(

2fi,xxsxl

K«X,o"3)

so <Sx-| = 0, implies

+ fl,xus

Vul
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5x2 = fl,uSul +

^l.uiX

+ 0({u3)-

(3'6)

Condition (3.5) will therefore not be satisfied unless f-j(x^,Ui) is
linear in u-j. Thus on the backward elimination, Newton's method linear
izes the dynamics to express

5x.

as a linear combination of the

6U.,

I

1 £ j < i.

v

I n d i f f e r e n t i a l dynamic programming, on the other hand, i t

i s immaterial whether
combination of

<5x.

i s r e a l i z e d through a l i n e a r o r nonlinear

5u^, . . . , 6u^_i.

For (3.1) Newton's method cannot be the same as DDP unless
f1 (x.|,u-j) is linear. To consider the role of

f 2^ x 2' u 2^'

we su PP ose

that f-j(x.|,u.|) is linear. Recall that even if fgUg.Ug) is non
linear, only condition (3.5) is required to establish the equivalence
of equations (3.2b) and (3.4). From (3.4) we have

6U^(6X2) = «2 + 325x2

(3.7)

where

a
and

=-

2

f2u2+d3x3f2,u

(3.8a)

f2+d3(x3f2,uu + f2,u*

.. Wyi/yVu'.

(3-8b)

f2+d3'x3f2,uu+f2,u'

assuming the denominator to be nonzero. The substitution of (3.7) into
(3.3) yields the quadratic
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V2 ( 6 X 2 )

=

Q2 ( 6 X 2 ,

U*(6X2))

= l[d2 +

+

1
2
A 2a2<SX2

+ f\) + d3(x3fxu • fxfu)s]«x2

[d2x2

+ d3x3fx + d3(x3fxu +

Vu)o:,4x2

+ COnSt

+ b26x2 + const*

(3*9)

Furthermore,

+

Q^(fiU^) =

f"J U-j £U-J + ifly

If (3.5) holds, then

Q^fiu^ = ^a2fl,u5ul

+ b2fl,u6ul + c2

and

(«u-|)

=

0^(6^) + (^(6^),

so
3 ^1

3(5u])

2

—

= a2fl,u6ul + b2fl,u + fl6ul + flul

Equating this expression to zero, we obtain
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(fl + a2fl,u^ul =

"b2fl,u " fluT

^3*10)

Under assumption (3.5) equation (3.2a) becomes

<fl

+

[d2 + d3(f2,x

+ x3f2,xx);|f1,u»sul

+ d3fl,u(f2,xf2,u + x3f2,ux)(ot2 + e2fl,u5Ul)

[f"1 U"1

+ d2x2f1 ,u + d3x3f2,xfl,u^

^3,11)

or

(f, +

= -flU,

Cd2x2 +

d3x3f2,x + d3(f2,xf2,u + x3f2,ux)ot2^fl ,u =

" flul " b2fl,u"

Thus equation (3.11) is exactly the same as (3.10) and we conclude that
the last transition does not influence the relationship between DDP and
Newton's method. This can also be seen when we transcribe the expres
sion for the value of the final stage in terms of the penultimate state
and the last control. The same approach can be used for a system con
sisting of more stages. Thus
Theorem 3.1• For the optimal control problem of determining the con
trols (u.|

UN-1^

t'iat minin1'ize :
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V =

-jl-j Li ^Xi *Ui ^

Wlth

MVV

= LN^V

N - 1,

x
1

where

xi+i = f (x ->u -)
i 1
1

i = 1,

O

=

x
1

(given),

Newton's method and prototypical DDP are equivalent provided that the
fjU-pU-) are linear for i = 1

N - 2.

Having established the most general conditions for equivalence
of Newton's method and DDP, we thereby derive a sequential formulation
of Newton's method for discrete control problems. Such a formulation
for a problem with linear dynamics is presented by DDP itself. For non
linear dynamics the condition (3.5) does not hold and (3.6) must be sub
stituted into (3.9) to obtain Q^(5u^). Then eventually the DDP process
leads us to determine 5u^ from

(fl + a2fl,u + b2fl,uu)Sul

" "(b2fl,u

+ flul>"

where (3.9) implies

b2 = d2x2 + d3x3f2,x + d3^x3f2,xu * f2,xf2,u)ot2

(3"12)
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In considering Newton's method we use (3.8) to write (3.2b) as

6u2 = a2 + 82fl

u6ul'

(3.13)

Substituting in (3.2a), 6u^ is given by

tfl

+ a2fl,u + (d2x2 + d3x3f2,x)fl,uu^6ul =

'^b2fl,u

+ flul^'

^3*14^

assuming the coefficient of 6u-| to be nonzero. Equation (3.12) differs
from (3.14) since DDP already incorporates the effect of the control law
(3.7) on V3(xg) when 5u^ is determined. A sequential procedure for
the determination of the improved control which is equivalent to Newton's
method can now be formulated.
Sequential Procedure: On the backward run a DDP type process is
performed, but the contribution of the

a.-terms,

j > i, in the de\J
termination of the b. is ignored. On the forward run a value of 6u..
is obtained as the result of the linear cumulative effect of the pre
ceding 6U|^, k < i, as in (3.13).
*

Instead of emphasizing the sequential nature of discrete control
problems we obtain the final results on the connection between DDP and
Newton's method by considering the latter as an iterative method to
solve the system of equations

gn- (u-j, ..., u i)— 0,

i - 1, ..., N — 1

(3.15)
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determined by the components of the gradient vector g as nonlinear
functions of the controls. Newton's method uses the linear expansion
of the system (3.15) to obtain the system of linear equations

G6u = - g,

(3.16)

where we used bars to denote the evaluation of expressions at the nominal
controls. We relate DDP to the process (3.16) by analyzing the DDP
control laws in the form

-6i6xi + 6ui = c^,

1

8

1

N•1

(3.17)

and conceptually reconstructing a system related to (3.16). For
2
i = N - 1 the denominator of aN_-j and
is a 2V/au^
while
the numerator in a^_i is —3V = —
gN_-j and that of
is

9 2V /3un_i ax^_-j. If the linear expansion of <SxN_-| in terms of 6Uj,
1 £ j < N - 1, is used in (3.17), we obtain exactly the (N-l)st
Newton equation in (3.16). This shows that the last DDP equation and the
last Newton equation are the same up to first order. In the same way
the linearization of 5x.' as a function of <Su.,
J 1 £ j < i, yields
the coefficients appearing in the system (3.16). What remains is to show
the role of updating the controls to obtain the approximate optimal value
function.
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In the same way as we obtained the coefficients 5u., 1 £ j < i,
J
by using linearized dynamics and the chain rule (backwards with respect
to time stages), we can retrieve the coefficients of 6u., by using a
J
forward version of the chain rule on the optimal value function
V*+l U-j+l) regarded as an implicit function of the <5Uj, 1 < j <_ N - 1.
As seen in expression (1.9) we reproduce the derivatives appearing in the
linear expansion of (3.15). The former derivatives are evaluated at
(x.,u*(x.)). A further expansion of these show that Newton's method is
J J J
a linearized approximation of DDP.
This conclusion needs to be interpreted in the light of Jacobson's
(1968) result that the successive sweep method of McReynolds and Bryson
(1965) is an approximation of DDP. Since Newton's method obtains second
derivatives before linearizing the dynamics, and the methods of Section
2.4 linearize from the outset, any second order method which linearizes
the dynamics and then obtains second order derivatives is an approxi
mation of Newton's method, which is an approximation of differential
dynamic programming.
A final result is that DDP is a quadratically convergent process.
The Kantorovich theorem (Isaacson and Keller 1966) provides the quadratic
convergence of Newton's method and we have just shown (3.16) to be a
linearization of (3.17). Therefore DDP cannot have a lower convergence
a2V = —?—
^i at ^east
rate than Newton's method. Furthermore, since —s—
9uN-1
3uN-1
one expression in DDP is the exact linearization of Newton's method and
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this precludes a convergence rate faster than second order for DDP.
Its quadratic convergence was presumed by other authors, but our pre
sentation, to our knowledge, provides the first proof that this is
indeed the case.
Since differential dynamic programming incorporates more second
order terms of the nonlinear dynamics and is simpler than the sequential
procedure presented, we feel that DDP holds a substantial advantage over
the sequential version of Newton's method.
4.4. Brown's Method
Although we established the sequential version of Newton's
method, the quadratization of the performance function requires the
iterative solution of the nonlinear equations

gi(u1 ,u2,

^_i) — 0,

i - 1, ..., N - 1

(4.1)

by linearizing these gradient functions and then solving the linear
system by means of a triangularization and backsubstitution. Differ
ential dynamic programming, however, maintains more nonlinearities by
quadraticizing a single value function to obtain the linear feedback
law (2.16a). Another method which postpones linearizations is the
quadratically convergent Newton-like method developed by Brown (1969).
Since his central idea can be incorporated into our proposed DDP
method, we review his approach.
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System (4.1) is considered one equation at a time. The process
is initialized by linearizing a single equation, say 9N_|- The re
sulting linear equation is solved for one variable. The particular
variable chosen is the one with largest coefficient (in magnitude).
Suppose this variable is

uM_i =

Then we have

"Si-l^v

uN-2^"

(4*2)

Whereas Newton's method substitutes (4.2) into the remaining
linearized equations, Brown substitutes (4.2) into the remaining non
linear equations to obtain a nonlinear system in the N - 2 other
variables. We define

'1N-2^U1' *'*' UN-2^ = ^N-2^U1'
The process is repeated by linearizing

UN-2'^N-1 ^U1

®

UN-2^"

Eventually the method

yields the linear updating expressions

ui-l^'

u. = ^•(u1

i = 2, ..., N - 1.

A new value of u^ is obtained by linearizing the single variable
functi on

^l(Ui)

=

g1(u1 ,X2, ..., ^|_i)

(4.3)
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where each £., j = 3 • • M N - 1, is a function of the £^'s
J
2 £ k < j. A new value for u^ is then obtained by evaluating expres
sion (4.3), using the updated values of u-j, ...,

Brown's method,

like Newton's, expresses a variable as a linear function of the pre
ceding variables. The difference between them is that Brown's method
maintains the nonlinearity of the functions g^ before the h. are
linearized.
Brown proved the quadratic convergence of his method and he
presented examples where his method performed faster and with more
stability than Newton's. Although Brown did not mention it, his pro
totypical method, like Newton's, can be made globally convergent by
means of the approaches discussed in Subsection 5.2.2.
4.5. A Further Refinement
of Our Proposed Method
We use backsubstitution before linearization to develop a re
finement of our proposed DDP method. We also state a simple condition
which guarantees the stability of the method.
A second order DDP method obtains a linear control law

(5.1)

and uses 1t to obtain the approximate optimal value function

V^(X^) »

(5.2)
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Here Q.j(x. ,u.) is the quadratic approximation of the value function

Vi(xi,u.) = L1(xi,u1) + V1+l(fi(x.,u1)).

(5.3)

If the dynamic law

xi+l =

is nonlinear and (5.5) is substituted into (5.3), then

Vi(x. >ut(x..)) = L^x-.u^x.)) + Vi+1(f.(x.,u|(x.)))

(5.4)

is nonquadratic. The quadratic V^x^)» required at stage i - 1, is
then obtained by quadraticizing V..(x.,u*(x.)). The stability of the
method is ensured by requiring the Hessian of V.(0 to be positive
semi definite.
With Brown's method the order of elimination is determined by
the magnitude of coefficients in the linearization of the h., while
for control problems this ordering is fixed. Our DDP formulation is
independent of the elimination sequence.
Section 4.3 showed that DDP preserves the nonlinear way in:
which the state variable is realized. DDP also incorporates the nonlinearity of a single transition when the value function is quadraticized.
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Our proposal establishes a third way of including effects of non
linear dynamics. In the continuous case the approach of this section
corresponds to maintaining the boundedness of the solution of the
Riccati equation (2.5.4c) by ensuring the positive semidefiniteness of
P(t) for all t € [0,1].

CHAPTER 5

FURTHER CONTRIBUTIONS TO
DIFFERENTIAL DYNAMIC PROGRAMMING
Chapter 2 introduced several first and second order DDP methods
obtained by expanding the value function in terms of 6x and 6u up to
the appropriate order. An approximation procedure of this kind poses the
question whether higher order expansions are possible and, if so, whether
they hold an advantage over lower order ones. This issue is addressed
in Section 5.1 where the hierarchy of iteration formulas for the
classic rootfinding problem is used to show how DDP methods of arbitrary
order can be constructed.
Our proposed method requires the use of strictly convex quadratics
instead of the second degree Taylor polynomial to approximate the value
function. Whereas in the proof of our convergence theorem we assumed
that the definiteness conditions (3.1.16) were satisfied, we now show
that these conditions can actually be met by presenting two generalpurpose approaches for obtaining positive definite and positive semidefinite matrices.
5.1. The Construction of Higher Order
Differential Dynamic Programming
Algorithms
So far we have discussed second order DDP as a process which
quadraticizes the value function
133
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V^x^u^) = L.Uj.U.J) + Vt+1(f1(x^.Uj))

(1.1)

and backsubstitutes the resulting linear optimal control law. We now
generalize our analysis to derive DDP methods of arbitrary order and
make the assumption that all the required derivatives exist and are
continuous.
For notational simplicity we assume that the x. and u^ are
scalars. At each stage on the backward run the same operations have to
be performed. We therefore omit the subscript i and consider the
Taylor series expansion of the value function (1.1) in terms of 6X and
<5u

up to order s. The natural generalization of the linear control

law considered previously is to use a feedback control of the form

<5u

= 3g +

m
a-jdx + . . . + ar<$x

.

(1.2)

Two distinct operations performed on the backward run must be dis
tinguished:
i) After obtaining the truncated expansion of V(x,u) the optimal
coefficients ag

ar in (1.2) must be determined.

ii) By means of the coefficients ag, ..., ar and the truncated ex
pansion of V(x,u), the coefficients of the polynomial approxi
mation of the optimal value function must be determined.
The usual DDP algorithms involve either first (s = l,r = 0) or
second (s = 2,r = 1) order expansions. To obtain higher order methods
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we use the hierarchy of iteration formulas for the classical root
finding problem:
,(k+D

= x(k)

_ |<f(x(k))j

k >0

(1.3a)

(k)

X(k+D = x(k).II*

(1.3b)

f(x^)
F

"(X(K))

2f'(x(k))

X

(k)
x<k+1W<).lis
f.(xrk;)

(1.3c)

f'(x(k))

These have orders of convergence 1, 2 and 3 respectively. Traub (1964)
shows that this sequence can be extended to obtain iteration formulas
of arbitrary high order. To illustrate the construction of higher order
DDP methods we provide the details for a third order method, which can
generally be extended.
With s = 3 the case r = 3 suffices, so that

<5u = a + 36X +

Y 6X

2

3

+ nfix .

(1.4)

Let S(x,u) be the third degree Taylor polynomial of V(x,u) expanded
in terms of Sx and 5u. To determine the coefficients V, Va , V /\^ ,
in the cubic approximation
xxx
V(x) = V + Vx6x +

XX 4 * 2

+

Kxx"3

(1.5)
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of the optimal value function, we assume that the coefficients in (1.4)
have been determined already. When (1.4) is substituted into (1.5) and
only powers of 6x that would contribute to 5x3 are retained, we
obtain

v(x) = S(x,h(x))
Cb J.
4. 1 C a2 +, lp a3
+ Cb a +
u
2 uu
6 uuu
2
2
+ (S
V X + Su$ + Sxua + Suua$ + Sxuua + Suuuot 3)5x
'
+ i(2S yT + S + 2S $+S
(2ay + $*")
2 u
xx
xup
uu T
'
2
2
+ Sxxua + 2Sxuua6 + (a
)Suuu')<5x 2
v yT + a8
p'

+ -Jr(6S
B Y •*" ctn)S + 3S 8p + S
3!v un + 6SxuyY + 6(VPT
" uu
xxu
xxx
+

3S
xuu(2ay

+ 32) +

s
3a
+
uuu( ^

6a3y + 3g3))5x3.

(1.6)

For a third order algorithm the coefficients defining the polynomial
(1.5) can be determined by equating like powers of 6x in (1.5), e.g.,

V = S + S a + i - S a ^ + -JrS a 3 , etc.
u
2 uu
3! uuu '
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It has now been demonstrated how the hierarchy of coefficients
can be extended to arbitrary order s. We still have to show how the
control law (1.4) can be determined from S(x,u), the expansion of
V(x,u). We set the derivative with respect to 6U of S(x,u) equal to
zero to obtain

Su +

S XU 5X + S UU 6U

+

kxX

+

Wxsu

+

Kuu4"2 -

°-

(

-,7)

This quadratic relation between 6X and 6U approximately yields
- ( S + S fix) ± /(S
) 2 -2S
-S 6X 2 )
v uu+Sxuu 6 X'
v(S u+Sxu sx+i2
uu
xuu
'
uuu
xxu '
5U =
suuu

presuming the denominator to be nonzero. Although the righthand side is
a function of 6x, and can be expanded to the desired order, this ap
proach is not readily generalized to higher order because of the dif
ficulty of obtaining a closed form expression for su in terms of sx.
Instead, define F(u) to be the lefthand side of expression (1.7). Then

F(u) = Su + Sxu5x +

F'(u)
x ' = Suu + Sxuu 6X
F"(u)
x ' = Suuu.

2Sxxu6x2
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When these expressions are substituted into the iteration formula
„ _-

F(u)

F"(u) Fiu)
"F(uT ' 2F' (u) rtuT

2

we obtain an expression which can be expanded in powers of 6x up to
order r = s = 3. More importantly, this approach is readily extended to
arbitrary order. To our knowledge this is the first presentation of
higher order DDP algorithms.
In Section 4.3 we established the quadratic convergence of proto
typical DDP, provided of course that it converges. We saw that Newton's
method, which minimizes the quadratic expansion of the performance
function, is an approximation of DDP. In a similar way we can show that
the minimizing third order expansions, with its third order rate of con
vergence, is an approximation of the third order DDP method we presented.
This establishes the correspondingly higher order of convergence for
higher order DDP methods.
Third and higher order methods require additional expansions to
obtain the desired control law and assuring their convergence will be
difficult. We conclude that a second order method with the advantages
of simplicity over third order and accelerated convergence over first
order, is the most desirable. We shall show how the second order method
can be made globally convergent.
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5.2. General Purpose Methods for Obtaining
Convex Approximating Quadratics
Second order differential dynamic programming consists of ap
proximating the value function

V-U-.u.) = L.U-.u.) + V1*+1(fi(x.,uk))

(2.1)

by a quadratic Qn-(x^,u.) of the form

Q-JU ^.u..) = ^X TD^X^ + XTE.u. + ^F^ + G TX1- + H TU^ + const.

(2.2)

such that Q^(x.,u.) is tangent to V..(x..,u..) at (x\,u\). We suppose
that x. and u. are vectors of dimension r and s respectively.
The method of Section 2.5 ensures that Q. is convex. To satisfy the
discrete counterparts of (3.1.16a) and (3.1.16b) we must determine the
matrices D., E. and F.. such that F.. is positive definite and the
matrix

Di

Ei

(2.3)

E1T

F.1

is positive semidefinite. Then the vectors G. and H. are determined
from the tangency condition at (x*^ ,17^). Two ways of obtaining matrices
with the required definiteness properties are now considered, namely a
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quasi-Newton approach that ensures that matrix (2.3) is positive definite
and an eigenvalue approach that distinguishes between positive definiteness and positive semidefiniteness.
5.2.1 Quasi-Newton Approach
In (2.1) let the state and decision variables be combined by
letting

wT

be the r + s dimensional vector (x^.u.)"'" and consider a

quasi-Newton method which evaluates the function

v (w )
1
1

= V.(xi ,ui)

and its gradient at certain carefully chosen points. In this way a
positive definite matrix

(tending to the inverse Hessian of V.)

is generated. It can be inverted to obtain a matrix to be used for
(2.3).
The most satisfactory current quasi-Newton method uses the BFGS
(k)
update (2.3.8) to obtain Hv . The complimentary relationship between
the BFGS update and the DFP update may be used to generate its inverse
r^. Let the BFGS update be given by

H<

- H(k> -

then (Walsh 1975, p. 119) the inverse
according to the DFP formula

k
+ 6/ >,

of

is updated

(2.4)
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r(k)p(k)p(k)Tr(k)

pli0Trlk)plk)

'

(2.5)

The attractive property of quadratic termination can be preserved when
r + s quasi-Newton steps are performed at each stage on the backward
run. For nonquadratic functions the advantage of using formulas (2.4)
and (2.5) is that after any number of steps one has available the matrix
which can be used for (2.3). In particular, a single step will
correspond to a conjugate gradient-like approach to generate a positive
definite matrix.
5.2.2 Eigenvalue Approach
Prior to quasi-Newton methods, minimization procedures achieved
positive definiteness by adding a sufficiently large number to the
diagonal of a nonpositive Hessian (Goldfeld, Quandt and Trotter 1966).
The selection of such a suitable number is difficult (Luenberger 1973,
p. 158), since large numbers slow down the convergence while small
numbers could require the inversion of near singular matrices. A further
disadvantage is the need to solve linear equations at each iteration
without the opportunity of an updating procedure. For differential
dynamic programming a matrix has to be inverted at each stage so
approaches making the smallest eigenvalue positive hold no penalty.
The easiest way to add to the Hessian matrix to achieve positive
definiteness is to make it diagonally dominant. Then Brauer's theorem
(Smith 1965, p. 66) implies that the smallest eigenvalue is positive, so
the matrix is positive definite. The popular method of adding large
diagonal terms can be used to obtain diagonal dominance. To avoid
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slowing down the convergence we propose an adaptation which apparently
has not been used before. We suggest that only diagonal terms be
added to make the resulting diagonal entries sufficiently positive.
Diagonal dominance is then achieved by multiplying the off-diagonal in
the i-th row and column by 5.., 0 <_ 5.. <_ 1, where 6^ depends on
the diagonal entry and the original off-diagonal entries in row and
column i. This approach is simple and economical. It has the dis
advantage that it lacks a mechanism which recognizes the point at which
a non-diagonally dominant matrix becomes positive definite. So
modifying the Hessian could destroy quadratic convergence.
Recent years have seen the development of several modified
Newton methods which incorporate a test for positive definiteness into
the solution of the linear equations (4.0.1). Some of these were aimed
at identifying directions of negative curvature associated with an in
definite Hessian. Directions of positive and negative curvature are
combined in sophisticated step direction procedures. Since we are
concerned only with ensuring positive definiteness or positive semidefiniteness, we will focus exclusively on the aspects of those methods
which pertain to our problem.
Gill and Murray (1974) modified the Cholesky factorization (Fox
1964, pp. 106-109). For a given symmetric matrix A = (a..) of order
'sJ

n their method produces a unit lower triangular matrix L and diagonal
matrices D > 0 and E

0 such that A + E = LDLT. Their approach

constructively determines a diagonal matrix to achieve positive
definiteness.
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Instead of adding terms to the diagonal as in Gill and Murray's
modified Cholesy factorization, we suggest a further modification. Let
6 _> 0 and 5 >_ 0 be given. Then the j-th step proceeds as follows:

£jk = cjk/dk

Cjj =

1 < k <j

j-1 2
ajJ " £/jkdk
k

d. = max{5,c..}
J
JJ

aij

" J/ikdk'

dJ >

c'._. =
U

1 > 0
0.

d =|
0
J
/

e. = max{|ci.|}
j<i<n J
'min{l,ed] / 2 / e . } >
J
J
nj

e. >

J

0

"
0,

C• •
U

0. = 0
J

f| *C.•.
J 1J

Thus our modification achieves positive definiteness by reducing the
magnitude of off-diagonal entries and only adds to the diagonal when
that entry is negative.
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We now look at other ways to satisfy the necessary definite
conditions. They concern transforming symmetric matrices into tridiagonal ones through similarity transformations. Several stable methods
for doing so exist. These include the methods of Givens (Fox 1964,
pp. 241-242), Householder (Fox 1964, pp. 247-249), Bunch and Parlett
(1971), and that of Bunch and Kaufman (1977). In the context of modi
fied Newton methods More and Sorensen (1977) used the Bunch-Parlett
decomposition of the Hessian matrix and also added terms to the diagonal
for positive definiteness.
For the cited methods, to solve linear equations necessitated
pivoting to preserve numerical stability. We are only concerned with
identifying negative or nonpositive eigenvalues and the most efficient
way to do so is by means of the Householder transformation A = KTK"^,
for K orthogonal, to obtain the tri-diagonal matrix

b2

T=

a2

b3

With the Sturm sequence

f0(x)

=

1»

f-|(^)

=

a -J - x,
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and

f
k+1U) "

Uk+1'x)fk^'bk+lfk-l^

we can then determine the eigenvalues of T since the number of
equalities of signs of successive terms in the sequence

f0(x),

f-|(x),

fn(x)

is equal to the number of eigenvalues greater than x (Fox and Mayers
1968, p. 104). We are concerned with x = 6 and therefore need

0 <, fk+-j(6) for k = 0, ..., n - 1

= ak+lfk(5)

* bk+lfk-l(6)-

Consequently we determine the matrix T consisting of diagonal elements
a"r and off-diagonal elements ¥r by means of

(2.6a)

ar = max{5,ar}
>br

for

b2<
?r-2(5)

(2.6b)

^ =<
U
sgn (br), Vr-l '

fr_2(s)

otherwise,
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where "F (*) denotes the Sturm sequence of T. Depending on whether
6 >_ 0 the matrix

A A KTK"1

will then be positive semidefinite or definite.
For positive semidefinite matrices (3.3.1b) shows that 6=0
could result in numerical instability only where the matrix P(t)
is positive semidefinite. In the examples in Appendix A this never
occurred. The size of 5 is more critical for positive definite
matrices, for then linear equations have to be solved. In such cases
conditioning determines the appropriate 6 and no general rule can be
prescribed.
We have now presented several ways to satisfy the definiteness
conditions (3.1.16) to guarantee the boundedness of the solutions of
the matrix Riccati equation (3.3.1b). We consider the Householder
transformation followed by the modified Sturm sequence (2.6) to the
most efficient one. In the Appendix we use it to solve several optimal
control problems.

APPENDIX A
COMPUTATIONAL PERFORMANCE OF THE PROPOSED
DIFFERENTIAL DYNAMIC PROGRAMMING METHOD
In Chapter 2 we discussed several second order methods and the
problem of unbounded Riccati solutions. We noted that Jacobson and
Mayne's method does not entirely overcome this difficulty. Our pro
posed second order DDP method, however, guarantees the boundedness of
the solutions P(t) of the Riccati equation (3.3.1b) by redefining the
Hamiltonian to satisfy Kalman's conditions (3.1.16). This, in turn,
ensures the boundedness of the adjoint variables x(t), so that the
Hamiltonian remains well-defined. The actual satisfaction of (3.1.16)
can be accomplished by the approaches discussed in Section 5.2.
Since the control literature has not established its own col
lection of test problems, we selected sample problems which have been
used by other researchers. These problems are characterized by dif
ferential equations which are severely nonlinear in the state variables,
while the Hamiltonian is quadratic in the control variable. This means
that H(x,',A,t) can be minimized explicitly and the minimizing control
u*(t), as used on the backward run by Jacobson and Mayne, can be
expressed in the form

u*(t) = -H^xT(t)fu(x(t),t).
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(1.1)
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This shows that the main concern is the magnitude of the adjoint vari
ables or co-states x(t) rather than that of the Riccati solutions. As
Figure 2.2 in Jacobson and Mayne suggests, we formulated the criterion
for unboundedness in terms of the co-state variables x. For the
problems considered the control appears in the second component of
f(x,u,t). The specific criterion for unboundedness, when using their
method, is therefore to terminate the backward integration at that time
a

point t where the magnitude of this component exceeds some prescribed
Xmax'

^at

w'ien

'X2^l

> xmax*

We comment on the choice of the problem specific parameter Xmax- Our
method could use several choices for u"~(t) all reducing to u*(t) of
(1.1) in case the Hamiltonian is quadratic in the control. It ensures
the satisfaction of the condition

T H-1H
Hxx - Hux
> 0
uu ux —

(1.3)

by modifying the Sturm sequence by taking 5=0 in (5.2.6). For three
of the five problems the violation of (1.3) leads to unbounded solutions
when Jacobson and Mayne's method is used. In one of the other two cases
(where x^(t) remains bounded) the imposition of (1.3) prevents unrealistically large excursions in the X^ trajectory.
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We used the same line search procedure in all the problems. A
steplength of y = 1 is first attempted in

U*(t)

= (1 - y )u"(t) +

yu

^(t)

where u"^(t) is used in the control law

u**(t) = u-(t) + e(t)[x(t) - X(t)].

y i

If an improvement is obtained, u (t) becomes the next u(t). For no
improvement y is decreased by a factor of 0.4 until an improvement is
obtained. Including y = 0, two other values ym and yr for which
0

<

ym c yr, are then available such that the optimal

quadratic fit is made to obtain an approximation

y

ye(0,yr). A
for the optimal

y.

Those trajectories, determined by ym or yq which yield the minimum
performance, become the nominal trajectories for the next iteration.
This simple procedure was not designed to yield the best steplength but
to use the minimum effort to find some improvement. Since we are using
second order DDP methods, the rapidity of convergence is determined by
the closeness of the quadratic approximation. Our approach is in ac
cordance with the much more sophisticated procedure of Shanno and Phua
(1976) who demonstrated the superiority of a procedure which expends
the least effort necessary on the linear search portion. Since DDP does
not obtain the gradient function for each control iteration, and since

150

the nonlinear dynamics leads to a nonlinear search direction, one cannot
incorporate the directional derivative into the search.
We illustrate each example with the graphs (numbered by itera
tion number) for the control iterations u^(t) and the iterations of
the second co-state (kl(t) for both our method and Jacobson and
Mayne's. We include graphs which show the decrease in performance as
iterations progress.
To obtain smooth graphs the time interval was always divided
into 200 steps. Since a fourth order Runge-Kutta integration method was
used by virtually all the cited authors, we used it too. Such a method
will integrate the state equations rather accurately but do not improve
on the accuracy for determining the control. All our computations were
done in single precision on the University of Arizona's DEC-10 computer
with its (just less than) nine figure accuracy. For all the cases con
sidered, the results of other researchers, even if only within graphical
accuracy, are available for comparison with ours.
In Section 3.4 it was shown that the gradient vanishes and the
conditions of the Pontryagin Maximum Principle are satisfied when our
method yields no further improvement. This is the criterion for con
vergence used in the sample problems. It is considerably more strict
than that of Jacobson and Mayne who terminated the procedure when the
predicted improvement a(0) becomes less than 0.1. We used a strict
convergence criterion to demonstrate the ability of a second order
method unlike the gradient method, to zero in on the solution and to
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show the power of our method to improve rapidly on very bad initial
controls. The qualitative behavior of the optimal con.trol can frequently
be guessed with reasonable accuracy, consequently the initial control
starting the iterative procedure is not bad enough to test a method
adequately. All examples were tested with the "standard" initial con
trols but for the fifth example a particularly bad initial control was
also used.
We re-emphasize that these problems serve to demonstrate the
advantages gained from maintaining the boundedness of the matrix Riccati
solution P(t). The imposition of condition (1.3) is not the only way
in which this can be done. A less stringent condition is to test the
positive semidefiniteness of

P(t)

and to impose (1.3) whenever P(t)

becomes indefinite. With this approach the initial conditions for the
next backward time step are kept to satisfy condition (3.1.16c).
Since the integration scheme yields values at only the prescribed
201 time points, the functions u*~(t), a(t) and 3(t) are only defined
at these time points. As a result all the controls are piecewise con
stant functions. This means that a Runge-Kutta method will slightly
overestimate the performance index involving quadratic terms of a control
of which the magnitude decreases. It is not possible to interpolate
since future controls are only expressed in terms of state variables
which are not yet realized. Other methods which determine the control
before the states can interpolate. For differential dynamic programming,
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extrapolation schemes can be devised to yield intermediate values of the
control to be used in a Runge-Kutta integration procedure. At the ex
pense of forfeiting simple starting values other integration methods
(for example Adams-type or Newton-Cotes) should also be considered.
A.l. Rayleigh Equation
This first example is from Jacobson and Mayne who stated that
the methods of Mitter (1966), McReynolds and Bryson (1965) and the
prototypical DDP method of Mayne fail since the Riccati solutions become
unbounded on the backward run. The differential equations are

x^ = x2,

x.j(0) = -5

(1.4a)

Xg = -x.| + l-^Xg - 0.14x2 + 4u,

XgtO) = -5.

(1.4b)

The control u(t) should minimize the performance

V =

,•2.5
(x* + u2)dt.
0

(1.5)

For the Hamiltonian

H = x2 + u2 + A-|X2 + A2(-X.j + 1.4X2 - 0.14x2

H UA is identically zero and condition (1.3) reduces to

+
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(1.6)

xx

-0.84A2X2

By means of equation (5.2.6) we obtain the positive semi-definite

H

.

We used Amax = 4.0 as suggested by Figure 2.2 in Jacobson and Mayne.
Like them we initialized the interative procedure with u(t) = -0.5,
t € [0,2.5]. Our results are presented in Figures A.1-7 and Table A.l.
In Figures A.l and A.2 we give the progression of co-state
iterations for the two DDP methods. We note that the final x2(t)
using either method is somewhat different from that in Figure 2.2 of
Jacobson and Mayne. They reported convergence in nine iterations, ap
parently with a stopping criterion of a(0) < 0.1. For their method we
obtain slightly slower convergence than that given in their Figure 2.3.
Since the criterion for unboundedness is the same, we feel that the dis
crepancy is due to a different line search procedure, perhaps a con
sistent use of y = 0.7 on their part as suggested by Jacobson (1968).
For our comparisons the line search portion is problem independent and
preserves quadratic termination.
Figures A.3 and A.4 show the progression of control iterations.
To avoid cluttering the graphs of the controls for Jacobson and Mayne's
method, we did not draw the connecting lines between the nominal control
and the controls which result from "unbounded"
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Figure A.l. Second co-state iterations using Murray's method for the
Rayleigh equation initialized with u(t) = -0.5
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Figure A.3. Control iterations using Murray's method for the Rayleigh
equation initialized with u(t) = -0.5
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Figure A.4. Control iterations using Jacobson and Mayne's method for
Rayleigh equation with xlilQ A = 4.0 and initialized with
u(t) = -0.5
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Figure A.5. Second co-state iterations using Jacobson and Mayne's method
for the Rayleigh equation with Amax
m,v = 20.0 and initialized
with u(t) = -0.5
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Fighure A.6. Control iterations using Jacobson and Mayne's method for
the Rayleigh equation with Xmax = 20.0 and initialized
with u(t) = -0.5
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Table A.l
Values of Performance Index (1.5) for the
k-th Control Function when using Jacobson
and Mayne's Method and Different X max
X

Iteration
k

max

Steplength

= 4.0
V<k>

Y

X

Steplength Intermediate
function
Y
evaluations

1.000

75.234866

0.400
0.360

68.002504

0.400
0.264

1.000
1.000

V(k)

98.742930
1.000

2

= 20.0

98.742930

0

1

max

1.000

144.115645
77.988258
76.889115
180.482241
65.578083
57.963090
177.139448
51.830464

3

1.000

63.519161

0.400
0.234

4

1.000

59.740499

1.000

30.917224

5

1.000

55.995838

1.000

29.393264

6

1.000

52.286799

1.000

29.377594

7

1.000

47.987880

1.000

29.377565

8

1.000

43.785369

9

1.000

39.256622

10

1.000

34.225210

11

1.000

29.521774

12

1.000

29.377658

13

1.000

29.377568

15

1.000

29.377566

42.210082
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In order to determine the effect of x max
„ on the iterations,
the value 20.0 was tried. Figure A.5 shows the sequence for x2(t).
Iterationwise convergence is more rapid, but considerably more effort
is spent on the line search as seen in Table A.l. For a given problem
the choice of a suitable

X _

max c a n o n lJy b e d o n e on a t r i a l a n d e r r o r
basis. In subsequent examples we show that Xmax must be sufficiently
large to allow for convergence, while in other cases |x(t)|

accepts

rather large values which might have corresponded to "unbounded"
values. The control iterations corresponding to xmax =20.0 for the
present problem are shown in Figure A.6.
A.2. Driven van der Pol Equation, x-j(O) = 1.0
Merriam (1964) showed that prototypical second variation methods
fail to solve this problem. It was also used by Bullock and Franklin
(1967) to test their second variation method and by Tracz and Bernholz
(1969) for their integral equation approach.
The oscillator is described by the equations

X1'x2

(2.2)
Xo = •X-, + (1

x.|)x2 + u.

The usual initial conditions are

x-j(0) = 1,

x2(0) = 0

(2.3)
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while u(t) should minimize the performance functional
V =

,5
(x? + x? + u2)dt.
0

(2.3)

Like Bullock and Franklin we used the initial controls u(t) = 0
and u(t) = 1.0. Tracz and Bernholz used only ten time steps and an
initial control very close to the optimal control.
For this problem condition (1.3) reduces to

2 - 2X2*2

- 2A2X1
(2.4)

xx
"2X2x1

In contrast with expression (1.6) the matrix in (2.4) has nonzero offdiagonal elements and the state x1 appears in Hxx as well. Equa
tions (5.2.6) once again yield the positive semidefinite matrix H .
AA

For Jacobson and Mayne's method the a max„ =4.0 of the previous problem
proved too restrictive and we selected a
= 8.0 and 6.0 for the
illClA

initial controls u(t) = 0.0 and 1.0 respectively. We summarize our
results in Figures A.8-16.
When Bullock and Franklin started their iterations with
u(t) =0.0 they reported a conjugate point on the first backward run.
This is also the case for Jacobson and Mayne's method as evidenced by
the x2 graphs in Figure A.9. Bullock and Franklin identify a con
jugate point through the vanishing of a determinant and handles the
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Figure A.8. Second co-state iterations using Murray's method for the
van der Pol equation with x^O) = 1.0 and initialized
with u(t) = 0.0
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Figure A.9. Second co-state iterations using Jacobson and Mayne's method
with max a 8.0 for the van der Pol equation with
x.|(0) » 1.0 and initialized with u(t) = 0.0
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rigure A.9. Second co-state iterations using Jacobson and Mayne's method
with xmax„ = 8.0 for the van der Pol equation with
x^(0) = 1.0 and initialized with u(t) = 0.0
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Figure A.11. Control iterations using Jacobson and Mayne's method with
X
= 8.0 for the van der Pol equation with x,(0)
» 1.0
1
max
and initialized with u(t) = 0.0
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Figure A.12. Second co-state iterations using Murray's method for the
van der Pol equation with x-|(0) = 1.0 and initialized
with u(t) = 1.0
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Figure A.14. Control iterations using Murray's method for the van der
Pol equation with x^(0) • 1.0 and initialized with
u(t) = 1.0
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resulting unbounded solutions by terminating the backward integration
and introducing a sufficiently large penalty term. We point out that
these are both problem specific parameters.
With the initial control u(t) = 1,0, Bullock and Franklin
found a conjugate point on the second backward run. This is also seen
in Figure A.13 which illustrates Jacobson and Mayne's method in which
remains bounded whereas x^(t) becomes unbounded. Figures
A.8 and A.12 show that X2(t) remains bounded with our proposed method.
In Figures A.10, A.11, A.14 and A.15 we give the control iterations cor
responding to the two methods and two initial controls. The improvement
in performance is summarized in Figure A.16.
A.3. Driven van der Pol Equation, x-|(0) = 3.0
For their quasi-Newton method to minimize functionals in Hilbert
space, Tokumaru, Adachi and Goto (1970) considered the van der Pol equa
tion as defined by the dynamical equations (2.1) used the initial
conditions

x](0) = 3.0,

x2(0) = 0.0

(3.1)

and performance index (2.3). Their initial control apparently was
u(t) = 0.0, t € [0,5] since we used this to reproduce their initial
performance value of 27.2.
The dynamics and performance index are the same so (2.4) also
applies for this case. The results are presented in Figures A.17-22.
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m e t h o d w i t h "X,
max = 4.8495 for the van der Pol equation
with x^(0) = 3.0 and initialized with u(t) = 0.0
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Figure A.18 shows that Amax = 6.0 (as used previously) is unneces
sarily restrictive as \2^) does

not

become unbounded. A comparison

of Figures A.17 and A.18 shows that the use of HX X instead of HX X
prevents unrealistically large values of A2U). In Figures A.19 and
A.20 we see that HX X gives a better second iteration than H X X. Compared with Figure 1 of Tokumaru et al., our DDP method converged
faster.
Jacobson and Mayne's method was designed to yield an improvement
on each iteration. Mayne (1972) refers to the unboundedness criterion
as P(t) exceeding a specified norm. Although we have |x^(t)| < 2.5,
for the optimal xu0(t), the use of xMm3V
= 4.8493 prevents convergence
laX
while A max = 4.8495 (as in Figure A.21) allows convergence. The
problem-specific parameter xmax must be sufficiently large to allow
convergence, but not too large, as in Figure A.5, for then more effort
is spent on the line search. In Figure A.22 we graph the values of the
performance for the two DDP methods.
A.4. Continuous Stirred-Tank Reactor Problem

*

Unlike the earlier equations this example does not originate as
an inhomogeneous second order differential equation. This continuous
stirred-tank reactor (CSTR) problem was studied by Lapidus and Luus
(1967), Kirk (1970) and Rao and Luus (1972), among others. Its state
equations are
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x1 = 0.5 - x-] - (*i

+

0.5)exp(25x2/(x2+2)),

x^O) = 0.0
(4.1)

x2 = -(u + 2)(x 2 + 0.25) + (x.j + 0.5)exp(25x2/(x2+2)), x2(0) = 0.05,

and the performance functional to be minimized is

V =

r0.78

(x? + x, + 0.1u2)dt.
0

1

(4.2)

c

The state variables X-j(t) and x2(t) are deviations from the steady
state concentration and temperature respectively. The chemical reaction
is controlled by the setting of a valve which regulates the flow of
coolant. For the normalized control variable u(t) the values of
2.0 and 0.0 correspond to a fully open and fully closed valve re
spectively. This makes Kirk's choice of u(t) = 1.0 for the initial
control the obvious one.
Here HUX = [0,a49]T so that UX UU Ua is not identically equal
to zero as for the other examples. We mentioned that the condition (1.3)
is met by changing H XX. Specifically, having obtained the matrix HUU
to satisfy HU U > 0, we change the matrix Ha a = h"1U" A U U U A to make it
positive semidefinite and obtain HXX by subtracting h"*"
'IhUA from
UX JCUU
the positive semidefinite matrix yielded by equations (5.2.6).
The results are graphed in Figures A.23-27.
Without imposing condition (1.3) the Riccati solutions remain
bounded as evidenced by the x2-graphs in Figure A.24 for Jacobson and
Mayne's method. Figure A.23 shows the corresponding x2~iterations for
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Figure A.23. Second co-state iterations using Murray's method for the
CSTR problem initialized with u(t) = 1.0
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Figure A.24. Second co-state iterations using Jacobson and Mayne's
method for the CSTR problem initialized with u(t) = 1.0
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Figure A.25. Control iterations using Murray's method for the CSTR
problem initialized with u(t) = 1.0
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our method, while the control iterations are graphed in Figures A.25
and A.26 respectively. In Figure A.27 we graph the values of the per
formance corresponding to the two methods.
This CSTR problem was used by Rao and Luus. Compared to our four
iterations required for convergence, their quasi-Newton method required
10 iterations and 17 evaluations of the performance to converge to
0.02662, while their conjugate gradient method needed 18 iterations
and 34 function evaluations.
A.5. Schley and Lee's Example
This example incorporates the nonlinear dynamics of both the
Rayleigh equation and the van der Pol equations. Schley and Lee (1968)
1
used a quasi linearization approach to solve the resulting two point
boundary value problem. Tripathi and Narendra (1968, 1970) used this
problem to illustrate their quasi-Newton method. The state equations
are

x.j = x2,

x2

=

x.j(0) = 2.0

(1 " x-j - Xg)Xg - x.| + u,

x2(0) — 0.0.

(5.1)

The control u(t) should minimize
5
2[xj(5)]2+2[x2(5)]2 + J (x2 + x 2 + u 2 )dt.
^

(5.2)
«
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The uncontrolled system has the unit circle as limit cycle in
phase space. The purpose of the control is therefore to drive the
system as close to the origin as possible without allowing for large
control or states (especially at terminal time).
Using the initial control u(t) = 0.0 like Tripathi and Narendra,
we selected X max = 7.5 for Jacobson and Mayne's method. In Figures
A.28-31 we give the resulting second co-state and control iterations for
the two DDP methods. We also picked a particularly bad initial control
of u(t) = -2.0 and used

max = 9.0 in this case. The second co-state
and control iterations are graphed in Figures A.32-35. Finally we give
the graphs of improvement in performance index in Figure A.36.
A.6. Differential Dynamic Programming
for Constrained Optimization
In this study we considered unconstrained DDP to emphasize the
role of the second order terms which we modified to obtain global con
vergence and used to derive the quadratic convergence rate. In a
companion study (Murray and Yakowitz 1978), however, we extend the un
constrained differential dynamic programming method to incorporate con
straints on the state and control spaces by considering the quadratic
programming problem of minimizing the quadraticized value function sub
ject to linear or linearized constraints. With this approach we obtain
a method for which the storage requirement is quadratic in the dimension
of the state variable and the effort depends on the cube of the dimension
of the control variable. Other dynamic programming-type methods suffer
from the curse of dimensionality where the effort and storage is given
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Figure A.30. Control iterations using Murray's method for Schley and
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by an exponential function of the dimensions of the state and control
variables. A further advantage of DDP is that it can rapidly improve on
a control because it analytically minimizes a continuous approximation
of the value function while methods based on allowing incremental
changes from a nominal feasible trajectory are hampered by the number
and size of these changes, since the discrete approximations of the value
function have to be gradually refined.
One such method developed for the optimization of constrained
multistage decision processes is the "discrete differential dynamic
programming" method (DDDP) (Heidari et al. 1971, Chow and Cortes-Rivera
1974), which is actually discrete dynamic programming within iteratively
adjusted corridors. The cited authors used this method to solve control
problems consisting of four coupled reservoirs. They use four dimensional
state and control variables implying effort and storage of the order 34.
The Water Resource Management Methods Staff of the Tennessee Valley
Authority (1976) state that the TVA seeks to optimally control a forty
reservoir system, requiring effort and storage of the order 340 when
using DDDP, and report that this method loses its effectiveness when the
state variable has dimension greater than four. They subsequently used
the method of Trott and Yeh (1971) on a six dimensional problem. The
state of the art for the minimization of severely constrained high di
mensional problems is the use of such decomposition techniques in con
junction with dynamic programming.
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The advantages of our constrained DDP method are borne out by
computational examples. The first example we considered is a four
dimensional problem for which Chow and Cortes-Rivera (1974) obtained a
value within 0.1% of the optimal value after 20 iterations. Our con
strained DDP method yielded a value within 0.01% after 10 iterations.
In addition to obtaining more rapid convergence by preserving the
coupling among components, our method makes possible the solution of
problems of high dimensions. In fact, we tested our method, using two
different initial control sequences, on a ten dimensional problem, here
tofore out of the reach of any method not employing decompositions, and
we obtained convergence, according to any of the convergence criteria
documented by the TVA (1976), after 14 iterations.
A.7. Concluding Remarks
By means of the variety of problems considered in this Appendix
we have demonstrated that the simple notion of maintaining the boundedness of the matrix Riccati solutions results in the efficient use of the
entire backward integration run and that hardly any effort is spent on
the line search portion. This should dispel the myth that second order
methods need to start with sufficiently good initial controls.
The rapid convergence of a second order method is obtained at
the expense of integrating the matrix Riccati differential equation in
addition to the adjoint equations (which have to be integrated for
other methods too). In order to establish the state trajectories and
to evaluate the performance index, all methods have to integrate the
state equations.
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We pointed out before that the sequential quasi-Newton method
for a scalar control function as outlined there and used by some of the
authors cited requires the storage of two more vectors at each itera
tion. For such quasi-Newton methods 2k + 4 inner products have to be
evaluated at the k-th iteration. Like the evaluation of the perform
ance functional, these inner products are found by solving differential
equations. Even for the first iteration for the problems we considered,
a quasi-Newton method has to integrate more differential equations than
a second order DDP method. Since the storage and effort increases at
each iteration for quasi-Newton methods, the process can only be per
formed for a certain number of iterations before it must be started
afresh. Tripathi and Narendra (1970) suggest that restarting after
between five and twelve iterations should be satisfactory. For problems
with performance functionals of complexity comparable to that of some of
the standard mathematical programming test problems many more than
twelve iterations will be needed to make use of the quadratic approxi
mation generated by the quasi-Newton method.
The other prime competitor of second order methods are conjugate
gradient methods. They require the integration of one or two additional
differential equations for the Fletcher-Reeves and the Polak-Ribiere
methods respectively. These have the disadvantage of spending con
siderable effort on the line search in order to determine a suitable
steplength.

With the availability of a second order method for which con
vergence is assured, a future problem is to determine whether there
exists a class of problems for which the proposed second order DDP
method does not provide a more rapid timewise convergence than any of
its competitors. We feel that the only such problems could be those
for which there are many state variables and only a few control variables
with few, if any, very simple constraints.
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