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ABSTRACT 

In this study, the technique of astronomical imaging 

polarimetry is developed. The various polarization 

analyzers and multielement detector options available are 

evaluated in regard to their potential accuracy, efficiency, 

field of view, and resolution. Simple photography through 

a Polaroid filter is useful for study of highly polarized, 

extended objects. For mapping with high polarimetric 

accuracy, a Pockels cell is the only viable polarization 

modulator, but Digicons, CCDs, CIDs, TVs, and image-

dissectors are all possible detector choices. 

The photographic technique has been used to map the 

surface brightness and polarization of the galaxy M82. 

These maps reveal that the majority of the halo light can 

be assigned to a smooth component which is symmetric about 

the galactic disk, and only a small fraction (^5%) to 

filamentary structure. The halo radiation is scattered 

light which originates primarily in the galactic disk and 

not a bright nucleus. A reevaluation of scattering with 

this geometry of a disk illuminating a smooth halo leads to 

the following conclusions: 

1. The scatterers are most likely dust particles. 

2 2. The density of scatterers falls off as ̂ 1/z , where 

z is the distance above the galactic plane. 
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3. The strong polarization of filamentary radiation 

(P > 50%) is due to scattering from concentrations 

of small particles situated above the central 

portion of the galactic disk. 

A rapidly-chopping photoelectric imaging polarimeter 

has been constructed using a Pockels cell modulator and 200 

element Digicon detector. This instrument has been used to 

obtain accurate, high resolution maps of optical polariza­

tion and surface brightness in the bipolar nebulae CRL 26 88 

and Ml-92, the jets of M87 and 3C 273, and the Crab Nebula. 

The degree of polarization of the bipolar nebulae 

and a comparison of the nebular surface brightness with the 

luminosity of the central star argue that, except for the 

NW lobe of Ml-92, the nebulae are optically thin to 

scattering. Since the very high polarization of CRL 2688 

also requires small scattering grains (a < O.ly), the 

stellar spectrum must be siabstantially blued upon reflec­

tion, and thus the total extinction to the star along the 

path of a typical scattered photon is ^5 mag. Grain masses 

-4 of the scattering nebulae are 'v-lO M , comparable to those 
© 

of some planetary nebulae. The similarity in appearance 

between many planetaries and bipolar nebulae is noted and 

a suggestion made that this structure may be explained by 

mass loss driven by non-radially symmetric pulsations. 



xii 

For the jet of M87, polarization of individual knots 

reaches 20%. Comparison of the complex position angle 

structures at optical and radio frequencies (1) indicates 

the presence of a uniform (scale length > 1.5 kpc) medium 

near M87 which causes a Faraday rotation along the line of 

- 2  sight £ 360 rad m , and (2) places an upper limit on the 

amount of Faraday depolarization occurring within individual 

knots. The 3C 273 jet as a whole is observed to be un-

polarized to a la level of 4%. This measurement is con­

sistent with inverse Compton models of the optical emission; 

however, a synchrotron origin cannot be excluded if the 

small-scale structure of the 3C 273 jet is similar to that 

of the jet of M87. 

The general magnetic field of the Crab Nebula has 

substantial structure down to scales of ^10", but does not 

appear to be more highly tangled. The wisps are highly 

polarized, and therefore regions of quite uniform field, 

which are elongated along the field lines. Portions of the 

eastern bay are polarized so strongly (P > 60%) that they 

approach levels appropriate for synchrotron emission in a 

perfectly uniform field. 



CHAPTER 1 

INTRODUCTION 

Although the use of polarimetry in "astronomical" 

research can be traced to 1809 when Arago discovered 

polarization in the sunlit sky (Gehrels 1974), polarimetry 

has occupied a firm position in observational astronomy for 

only about the past 30 years. The rapid recent development 

was led largely by the work of Hiltner and Hall who, in the 

1940's pioneered modern observational and instrumental 

techniques, and it has evolved to the construction of de­

vices which today can detect polarization as small as 0.001%. 

These new instruments are invariably photoelectric devices 

having the general construction of a classical photoelectric 

photometer but they contain polarization analyzing optics 

which rapidly modulate the beam in order to eliminate the 

effects of atmospheric variations, drifts in instrumental 

sensitivity, and guiding errors. As these instruments are 

normally used for stellar observation, the focal-plane 

diaphragms are circular in shape in order to avoid spurious 

polarization introduced by the effects of straight-sided 

apertures. The typical polarimeter is thus very incon­

venient and inefficient for use where spatial resolution is 

1 
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also desired, as in the study of polarization over the 

surfaces of galaxies, nebulae, and planets. 

The technique of polarimetric mapping has great 

potential for many types of studies. For example, magnetic 

fields in spiral galaxies might be mapped through the linear 

polarization which results from transmission of radiation 

through a medium of aligned interstellar dust grains. The 

dust content of elliptical galaxies could be mapped polari-

metrically, a technique which is apparently a more sensitive 

probe than photometric searches for the reddening caused by 

dust (Jura 1978) . Magnetic fields in nonthermal sources 

such as supernova remnants and the jets of external 

galaxies may be traced through the polarization of the 

synchrotron radiation emitted. Information relating to the 

optical depth, size, and composition of particles in re­

flection nebulae may also be gained from their polarization 

characteristics. 

Previous and Present Work in the Field 
of Imaging Polarimetry 

The information content of the image of an extended 

object through a large telescope is enormous. For example, 

5 a photograph of M82 contains > 10 resolvable picture 

elements (pixels) on the galaxy alone. This sheer abundance 

of data and the associated inability to analyze it effi­

ciently (in the days before high-speed computers) have no 

doubt been important factors in restricting to a very few 
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the number of detailed polarization studies of extended 

objects made to date. In the 1950's, Baade (1956a, 1956b) 

photographed a few selected objects through a Polaroid 

filter with the 5 m telescope. A series of plates of one of 

these, the Crab Nebula, was painstakingly analyzed by 

Woltjer, and yielded probably more information on the nature 

of this supernova remnant than any other single study to 

date (Woltjer 1957, 1958). Herbig (1972) photographically 

mapped linear polarization in the small nebula surrounding 

the star VY C Ma, and Worden and Grasdalen (1974) used a 

scanning microdensitometer in their photographic analysis of 

polarization in the Serpens Nebula. Polarization maps of 

selected galaxies, reflection nebulae, and planets have also 

been constructed over the years by J. S. Hall and A. Elvius, 

however these observations were made by scanning the small 

aperture of a normal polarimeter over the object of interest. 

Preliminary results of some attempts to photographically map 

the polarization of planets have been reported by Beebe 

(1974) and Fountain (1974), while polarization of the solar 

corona has been mapped by Pepin (19 70). 

Presently, there is rapidly developing an interest 

in imaging polarimetry among several groups. Observers at 

the Royal Greenwich Observatory published a polarization map 

of the halo surrounding M82 obtained with an electrographic 

camera (Bingham et al. 1976) simultaneously with the study 

by the author (Schmidt, Angel, and Cromwell 1976) which is 
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described in Chapter 3. Similar studies have been presented 

by the R. G. 0- group for NGC 4594 (the 'Sombrero Galaxy') 

(Scarrott et al. 1977) and the Orion Nebula (Pallister et 

al. 19 77). Electrographic imaging polarimetry is also being 

performed with the United States Naval Observatory 'Kron' 

camera by Vrba (19 77). Thus far, the galaxy M51 and 

several Herbig-Haro objects have been observed. Other 

groups planning investigations of this type are the Royal 

Observatory Edinburgh (Wolstencroft 19 77) with a SIT-

vidicon, and The University of Arizona Lunar and Planetary 

Laboratory (Serkowski 1974a) with a Digicon. However, to 

the author's knowledge, the first use of a multichannel 

photoelectric detector in imaging polarimetry is described 

in this dissertation. 

The Nature of This Work 

The purpose of the work discussed in this disserta­

tion is the investigation and development of the technique 

of imaging polarimetry as applied to the study of astro­

nomical objects. In the following chapter, the basic 

requirements of an imaging polarimeter are developed. The 

various techniques available are then critically evaluated 

and detailed discussions are made of the methods adopted 

for this work. The remaining chapters describe applications 

of the technique to studies of the scattering halo sur­

rounding the peculiar galaxy M82 (Chapter 3), two bipolar 
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reflection nebulae (Chapter 4) , the jets associated v/ith the 

galaxy M8 7 and the QSO 3C 273 (Chapter 5), and the 

synchrotron continuum of the Crab Nebula supernova remnant 

(Chapter 6) . 



CHAPTER 2 

THE TECHNIQUE OF IMAGING POLARIMETRY 

The following discussions make considerable use of 

expressions such as "analyzer," "retarder," Vellipticity," 

and "Stokes component," terms which are perhaps not uni­

versally understood among astronomers or terms which are 

often defined differently by various workers in the field 

of polarimetry. It is desirable, therefore, to describe and 

briefly outline the conventions to be used in this manu­

script. 

Stokes Vector and Description of Terms 

A beam of light can be represented by four param­

eters called the "Stokes components," consisting of the 

elements I, Q, U, V, and normally represented as a column 

vector: 

M Q 
U 

\ v  / •  
Each component of the Stokes vector has the units of in­

tensity (in our case assumed to be polychromatic) averaged 

over a finite measurement time. The individual parameters 

may be expressed as: 

6 



I = <E2) + <E2) 
\ X/ \ y / 

Q = <E2) - <E2) 

U = <2E E Cos6) x x y ' 

V = <2E E sin6 >, (1) x y ' 

where E and E are the x and y electric vector amplitudes x y 2 

and 6 is the phase difference between the x and y vibrations. 

In practical terms, I = total intensity, 0 = and 

U = I45~Ii35' where 1^ denotes the intensity measured with 

a polarizer in position angle ip. The degree of linear 

polarization is then 

p „ in2 t u2)1/2 (2) 

and the position angle 

9 = 1/2 arctan (U/Q) (3) 

where the astronomical convention is that position angle is 

measured from north increasing to the east. The ratio of 

the circularly polarized intensity, V, to the linearly 

polarized intensity, P*I, measures the "ellipticity." A 

more detailed description of the Stokes vector and its 

properties can be found in Chandrasekhar (19 60). 

A simple "analyzer" is an optical component which 

absorbs or reflects those waves or components of waves 

which vibrate in a particular plane (e.g., a Polaroid 

filter). A sophisticated analyzer might be comprised of 
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several optical components and rapidly "chop" the beam to 

alternately pass one and then the perpendicular sense of 

polarization, however the basic action is the same for both. 

A "retarder" is a component of birefringent material used 

to retard by a prescribed amount the phase of waves vi­

brating in one plane relative to those in the orthogonal 

plane. Thus, light which is linearly polarized at 45° to 

the principal axes of a A/4 retarder becomes circularly 

polarized upon transmission. Materials can be naturally 

birefringent (as in some types of crystals) or the bire­

fringence can be induced through mechanical stress (e.g., 
* 

the "photoelastic modulator") or by the application of an 

electric field (the "Pockels cell"). 

The transfer of polarized light through a series of 

retarders and analyzers is rather easily described by the 

use of Mueller matrices: the rotator matrix 

R(0) = 

^ 1 0 0 
0 cos29 sin29 
0 -sin29 cos29 

y 0 0 0 

\ 
(4) 

and the retarder matrix 

/1 

T (6) = 0 
0 
0 

0 
1 
0 
0 

0 
0 

0 
0 

cosfi sin6 
-sinfi cos6 

(5) 

The action of a single retarder of retardation 6 on a beam 

of arbitrarily polarized light (Stokes vector S) is then 
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represented as 

S' = R(9) T (6) R( -9) S (6) 

where the coordinate frame of the incident beam is first 

rotated by an amount 9 to the principal axes of the re-

tarder, and after passing through the retarder is rotated 

back to the original frame. Mueller matrices have been 

found to be particularly useful for the coding of trans­

parent computer programs to model the transfer of a beam of 

arbitrary spectral distribution through the optical compo­

nents of a polarimeter. 

Basic Design Considerations 

In its most basic construction, an astronomical 

imaging polarimeter can be viewed as a conventional polari­

meter which utilizes a multielement two-dimensional detector 

instead of photomultiplier. Due to this similarity, certain 

design requirements apply to either instrument. Obviously, 

both must be as efficient as possible in their use of 

available light. Instrumental polarization must be kept 

quite small or at least be introduced in a reproducible 

manner and be able to be measured accurately. Provision 

must be made for calibration of the measured position angles 

and polarimetric efficiency (the measured amount of polariza­

tion for 100% polarized incident light). Additionally, for 

highly accurate measurements, care must be taken to avoid 

errors which can be introduced by atmospheric scintillation, 
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seeing, and time variations in the transparency, detector 

sensitivity, and telescope guiding. These effects are 

essentially eliminated if the two senses of polarization 

required for one Stokes component are measured simulta­

neously, or at least separated by a time shorter than that 

associated with the variations. In practice this is 

accomplished by rapidly modulating the beam so that the 

detector alternately sees first one and then the other 

state of polarization. 

An important consideration in the implementation of 

modulating optics is that errors can be introduced by image 

motion which accompanies the modulation. Such motions, 

which might be caused by a rotating optical component, will 

introduce spurious polarization if it occurs on a detector 

with (generally) nonuniform sensitivity. For conventional 

polarimeters, Serkowski (1974b) suggests that this type of 

motion be kept less than 0.01% of the image size on the 

detector, a limit which places stringent requirements on 

the plane-parallelism of rotating optical components. 

The nature of an imaging polarimeter necessitates 

further considerations. First, the optical components must 

possess good imaging quality and admit as wide a field of 

view as possible. As maps of surface brightness are 

naturally obtained along with the polarimetry, calibration 

of both the polarimetric efficiency and instrumental sensi­

tivity must be made over the entire detector. Of course, 



the nature of the detector must always be taken into account 

in the design of an instrument, and for two-dimensional 

(2-D) observations this is particularly true. In practice, 

the range of 2-D detectors available to an observer is 

typically quite limited, but might encompass such items as 

photographic plates, Digicons, image-tube intensified diode 

arrays, television cameras, or several variations thereof. 

These devices differ considerably in their characteristics 

as to mode of data storage, number of resolvable picture 

elements (pixels), time resolution, and intrinsic noise, 

and therefore the choice of detector will often auto­

matically determine the system's properties relating to 

usable field of view, resolution, dynamic range, and modu­

lating frequency. Characteristics of individual types of 

2-D detectors as applied to imaging polarimetry are dis­

cussed in detail below. 

There is, however, one requirement which is sig­

nificantly relaxed for an imaging polarimeter relative to 

conventional instruments. Whereas a normal polarimeter 

should be able to measure polarizations as small as 0.01-

0.001% for work on bright stars, the practical limit for an 

imaging polarimeter is ^0.1-0.01% per pixel. That such a 

situation exists is demonstrated by the fact-that for an 

- 2  object as bright as 15 mag arcsec (^200 times the night 

sky), an imaging polarimeter with 1" x 1" pixels working in 

a broad (AA = 1000 A) band on a 2.3 m telescope would 
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require ̂ 50 hours of observation to reach = 0.01% per 

pixel in photon noise alone. 

Polarization Analyzers 

Depending on the degree of accuracy desired, 

polarization analyzers can range from simple polarizers to 

rather complex arrangements of variable or rotating re-

tarders and polarizers. In this section the advantages and 

disadvantages of the most common analyzers are discussed in 

terms of their application to imaging polarimetry. 

Rotating Polarizer 

The basic analyzer for linear polarization consists 

of a simple polarizer such as a Polaroid filter or Wollaston 

prism. Observations in two orthogonal orientations of the 

transmission axis serve to determine either Q or U, four 

observations define the degree of polarization and position 

angle. The major advantage of a simple polarizer is its 

simplicity and therefore low cost; Polaroid sheets of very 

large dimensions are quite inexpensive and will admit the 

entire field of view of any telescope. A single Polaroid 

filter is also relatively efficient, transmitting ^40% of 

incident unpolarized light. 

The simple Polaroid analyzer is, however, not 

suitable when measurements of high accuracy are desired, for 

the emergent light is 100% linearly polarized in a position 

angle depending upon the polarizer's orientation. As the 
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sensitivity of most detectors varies with polarization 

position angle, this analyzer often introduces substantial 

instrumental polarization. This situation can be largely 

remedied by inserting a "depolarizer" after the analyzer. 

A depolarizer is an optical component which makes the time-

averaged polarization zero, and might consist merely of a 

A/4 plate oriented relative to the polarizer's transmission 

axis so as to produce circularly polarized light. More 

sophisticated, nearly achromatic depolarizers essentially 

eliminate the effect. 

Rapid modulation of a beam with a simple Polaroid 

analyzer is difficult, especially in imaging work, where 

the polarizer must be of rather large dimensions. Chopping 

frequencies of up to ^1 Hz are probably possible by this 

method. 

Another potential problem is motion of the image on 

the detector caused by the rotating analyzer. This is a 

serious problem where high accuracy is desired, and will be 

treated fully in the discussion of rotating waveplate 

analyzers. 

In spite of the above-mentioned difficulties, the 

simple polarizer is quite useful for observations of very 

extended objects which are highly polarized and thus where 

high precision is not critical. The method is particularly 

well-suited to photographic data recording, for the limiting 

polarimetric accuracy of typically > 1% associated with 
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photography (see for example Chapter 3 and Beebe 19 74) is 

generally larger than, or at least comparable to, any 

systematic errors of this analyzing technique. 

High-Speed Modulators 

A substantial improvement in potential measurement 

accuracy is obtained with the substitution of a high-speed 

polarization modulator for the simple analyzer. However, in 

order to realize these advances, other design considerations 

must be taken. First, modulation cannot present a varying 

position angle of polarization to the detector. Second, 

the detector must have high time resolution (requiring a 

photoelectric device) and be either photon-counting or at 

least photon noise dominated over the desired measurement 

time. Third, severe restrictions are placed upon any image 

motion which accompanies the modulation. 

In Figure 1 are shown schematic designs of the three 

polarization analyzers capable of rapid modulation and 

currently popular for astronomical use: the rotating wave-

plate modulator, the photoelastic modulator, and the Pockels 

cell, or electro-optic, modulator. Discussed below are the 

characteristics of each of these systems as applied to 

imaging work. 

The Rotating Waveplate Modulator. The rotating 

waveplate modulator, consisting merely of a rotating A/2 

plate and Polaroid filter, is a quite simple and inexpensive 
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form of rapidly chopping analyzer for linear polarization. 

Light emergent from the A/2 plate is polarized to the same 

degree as that incident, but with a position angle which 

rotates in the opposite direction as the waveplate. After 

passing through the Polaroid, the degree of polarization is 

manifested as a modulation of the beam's intensity. Al­

though the design is simple in its optical nature, polari-

metric modulation occurs at just twice the frequency of 

rotation, so substantial mechanical considerations are 

necessary for rapid modulation with a large waveplate. The 

rotating waveplate analyzer has proven to be capable of high 

precision in the form employed in the "Minipol" (Coyne and 

Gehrels 1967) . 

One disadvantage of this type of analyzer is that 

the data obtained during one rotation must be subdivided 

into several frames before storage (the Minipol saves 12 

frames). Since frames from corresponding positions of the 

waveplate are co-added in real time, a core-type memory (as 

opposed to magnetic disk or tape) with rapid-access capa­

bility is required. Such a modulation technique is there­

fore very extravagant in its use of computer memory for an 

imaging application, where each frame might consist of 

'vlO pixels. 

The major difficulty with the rotating waveplate 

modulator is the severe constraint on plane-parallelism of 

the rotating waveplate demanded by the restriction on image 



motion. Serkowski (1974b) finds that in order not to 

degrade the potential accuracy of a conventional polari-

meter, image motion must be kept to less than 0.01% of the 

pupil size on the detector, a value which corresponds to 

plane-parallelism of the two surfaces of ^4 arcsec. Since 

an imaging polarimeter cannot use Fabry lenses, the restric­

tion for this application is even more severe. 

Consider the sketch in Figure 2. The thickness of 

the waveplate is s, which is placed a distance Y from the 

detector. Normals to the surfaces of the waveplate are at 

angles 6^ and to the optical axis, and we consider the 

case where B^ and &2 are small enough so that sinB = tanB 

= B. The lateral displacement of the image, Ax, which 

occurs during modulation is then 

Ax = 2(Ax^ -

sB, 
= 2[Y(n-l) (B.,-6,) " J (7> 

z i n 

where n is the refractive index of the waveplate. For a 

typical design, Y ~ 10 cm »s and n ~ 1.5, so Ax(cm)~ 10 

(&2~®1^ ' In an mode, the image is that of the 

seeing disk, which can be approximated by a Gaussian [F(x) = 

k*exp(-x^/a^)] of full-width at half-maximum (FWHM) of 

1.67a ~ 1". Lateral shift of such a profile by a small 

amount, Ax, produces the maximum change in intensity at a 

point x = 0.71a, where the induced "polarization" is com­

parable to Ax/FWHM. As the maximum tolerable size of this 



Waveplofe I Defector 

AX 

AX 

Figure 2. Effects of a Rotating Wedge-Shaped Waveplate 



-5 effect is 'vO . 1% , Ax ~ 10 cm. (for a seeing disk of size max 3 

100Vi) , so that | ̂2—^ 11 -0*2 arcsec. Such a stringent degree 

of plane-parallelism must be maintained over the entire 

surface of the large waveplate which is required for 

imaging work. This result is such as to essentially pre­

clude from accurate imaging polarimeters those modulators 

which employ rotating optical components. 

The Photoelastic Modulator. The form of linear 

polarization analyzer sketched in Figure lb is that de­

veloped by Kemp (Kemp, Wolstencroft, and Swedlund 1972) for 

a highly accurate, single aperture polarimeter. The modu­

lating component is a bar of fused silica in which bire­

fringence is induced by an oscillating mechanical stress. 

This photoelastic modulator (PEM) analyzes for any circular 

polarization produced by the A/4 plate from incident 

linearly polarized light. As the PEM operates sinusoidally 

between + A/4, circularly polarized light entering the PEM 

becomes linearly polarized with a position angle which 

rapidly alternates between 0 and 0 + 90°. This modulating 

linear polarization is then analyzed by the Polaroid filter. 

One Stokes component is measured with any single orienta­

tion of the A/4 plate; two positions separated by 4 5° yield 

both Q and U and thus measure the degree and position angle 

of linear polarization. Note that rotation of the A/4 

plate, even though it may cause image motion on the 
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detector, is allowed in this case, since it does not occur 

during the measurement of a Stokes component and thus is not 

associated with the modulation. 

The photoelastic modulator has the useful quality 

of accepting a very large angular field of view (up to 50°) 

and thus can be used without collimation in any normal 

telescope. This property is especially important for 

imaging polarimetry, where optical components with small 

angular acceptance angles limit the usable field of view. 

The photoelastic modulator polarimeter has proven to be a 

highly accurate design and apparently capable of detecting 

polarization as small as ^0.001% (Kemp et al. 1972) . 

A PEM produces nearly uniform retardation over the 

field of view by driving the modulating bar at its natural 

resonant frequency. In this way a standing wave is set up 

with retardation greatest at the bar's center. Since the 

natural vibrational frequencies of practical materials are 

in the range 10 kHz-100 kHz (Kemp 1969), quite rapid modula­

tion is produced by this method. Such a specification is 

quite desirable for conventional polarimeters, but these 

frequencies are far higher than those which can be resolved 

by present two-dimensional detectors. Of those detectors 

4 whith full 2-D formats and ^10 pixels, the minimum readout 

_2 time of an entire frame seems to be about 10 s, a value 

which is realized only in such sophisticated detectors as 

the Image Photon Counting System (IPCS) (Boksenberg 1972), 



and the Lick Image-Tube Scanner. (ITS) (Robinson and Wampler 

1972) . Even the Digicon (Beaver, Harms, and Schmidt 1976) , 

with only 200 channels, is not presently capable of frame 

rates above 'v-l kHz. 

A similar problem has arisen with regard to the 

application of PEMs to infrared polarimetry, where detector 

time resolution is also low. The solution arrived upon 

(Kemp et al. 1977) is to beat two PEMs of slightly differ­

ent resonant frequency; the frequency of the modulating 

envelope is then f = However, since there is also 

present a very high-speed modulation with frequency f^ + f2* 

rather poor polarimetric efficiency is achieved by this 

method. The technique is also undesirable from the de­

tector's point of view, since its readout cycle must be 

slaved to the PEM beat frequency, which can change with 

variations in the ambient temperature. 

A PEM might also be employed to chop at a rate which 

is slower than the resonant frequency by operating in a so-

called "static" mode. In this case a force whose magnitude 

corresponds to the desired retardation is alternately 

applied to and removed from the bar; the rate of this cycle 

is slow enough that the bar alternates between two essen­

tially "static" conditions of retardance. Since the re­

sponse time of a bar is that of its "ringing" time (in the 

-2 -1 range 10 to 10 s [Kemp 1969]), practical frequencies of 

modulation by this method are limited to $ 1 Hz. However, 


