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A METHOD FOR MAXIMIZING 
THE PRESENT VALUE OF A GROUNDWATER RESOURCE 

by 

Reuben N. Weisz* and Charles L. Towle, Jr.** 

ABSTRACT 

In the past, researchers have applied a variet;y of analytical techniques for maximizing the pre
sent value of net benefits derived from a stock resource--simulation, calculus of variations, stochas
tic dynamic programming, and optimal control theory. This paper presents a more operational approach 
-- linear programming. Applying linear programming to this t;ype of problem requires a set of internal 
accounting constraints that prevent the additivity assumption of linear prograinming from being vio
lated. A simplified, broadly drawn example from Southwest agriculture is used for demonstrating the 
model's structure and output. 

INTRODUCTION 

Resource economists and hydrologists have long shared an interest in the optimal rate for using 
groundwater over time. Optimal use of groundwater will in this paper be defined as maximization of 
the present value from the stream of net benefits resulting from decisions regarding the economic 
activities that should be undertaken during the planning period and their levels; all inputs except 
water are assumed fixed at their optimum levels and independent from water use in their impact on net 
benefits. 

Optimization of net benefits with regard to usage rates of groundwater is especially important to 
Southwest agriculture, the industry that has historically been the greatest consumer and most marginal 
user of groundwater. In many areas of the Southwest, agriculture is wholely based on irrigation from 
groundwater sources. The price of groundwater to agriculture was relatively constant through the 
1950's and 1960's (Martin and Archer, 1971) because technological changes and decreases in the rela
tive price of energy balanced out the cost of pumping from increasing depths. Recent uncertainty over 
future prices for energy have, however, heiglltened interest in improved long-term groundwater manage
ment to improve the efficiency with which this resource is used. 

PREVIOUS WORK 

Past· researchers interested in the usage rates of groundwater have applied two broad types of 
techniques.];! These are a simulation approach and a control theory approach, including the calculus 
of variations and, in the discrete time interval case, dynamic programming. Most of the work has been 
in the latter area and on a theoretical rather than an empirical level. 

The simulation approach is typified by a very detailed model of the hydrologic environment. Star• 
ing with specification of the initial hydrologic and economic state, a linear program subroutine is 
used to find the crop mix that.optimizes profits for the first time period. Then, the water quantities 
needed to support this mix are computed and applied in the hydrologic model to compute the second 
year's lift and, hence, pumping costs. With these figures the program can return to the LP subroutine 
and begin the cycle again. Note that the simulation approach does not optimize over time but rather is 
used to make outcome comparisons among policy alternatives. 

Control theory in its most typical form usually results after much involved analysis in decision 
rules for optimal management of a resource that equates marginal social value of production with a 
series of marginal "user costs." The application of control theory requires making many limiting 
assumptions about production (benefit) function forms and the existence of partial derivatives and their 
signs. While the procedure and results are quite interesting to economists, we feel they are somewhat 
lacking in operability and applicability. Reuben Weisz and Ross Carder (1975) have made an extensive 
survey of the qualities practitioners look for in models. Two of the most frequently mentioned quali
ties of models for user, subject, and sponsor acceptance are understandability, even if it be only a 
superficial appreciation of the variable flows, and communicability. It is our conviction that con
trol theory , for all its mathematical elegance, would score quite low on these counts. 
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For this reason we undertook this demonstration of a solution to the problem of maximizing pre
sent value of net benefits from a fixed stock of groundwater using linear programming techniques. 
Linear programming is a popular, easily understood technique, that yields copious results. Packaged 
computer programs that can handle large-scale linear programming applications are readily available 
at most electronic data processing centers. 

PRESENT WORK 

In our approach to the problem we have adopted an outlook quite similar to that of Maurice Kelso 
{1961). Kelso, in fact, cites the linear progra11111ing approach as the one that could most readily be 
applied to determining the optimal plan for rates of groundwater usage over time (Kelso, 1961, p. 
1119). Further theoreti ca 1 underpinning for our approach comes from Anthony Scott's "The Theory of 
the ~line Under Conditions of Certainty" (1967). 

The use of linear programming in the manner suggested here appears to be quite new to groundwater 
management. We were somewhat surprised to find that this approach had not been presented earlier in 
the literature. This may be because at first blush the basic additivity requirement of linear pro
gramming seems to be violated. In a model for maximizing benefits from several different economic 
activities, the first impulse of the modeler might well be to use only economic-activity variables in 
the objective function; but if the activity levels only indicate, say, the amount of land assigned to 
each cash crop in each time period, and the object row coefficients of the activity levels specify 
the net profit per acre, how does one insure that a unit of water used for benefits in one time period 
does not affect the va 1 ue of net benefits from 1 a ter time periods? Seemingly, the acreages grown 
(and, hence, water quantity used) in one time period would affect the pumping life and, therefore, 
pumping costs and profit per acre in subsequent time periods, violating additivity. To get around 
this difficulty the methodology presented here uses two categories of activity levels, acreages of 
crops and quantities of water, in the objective function. Crop acreages and water use are then linked 
in the constraint set in such a manner that additivity is not violated. 

DESCRIPTION OF TEST CASE 

Because the model equations and their coefficient values will be described together to conserve 
space, it is first necessary to describe our test case. Our philosophy was to keep the test case as 
simple as possible so that we could better understand the model's internal workings. The test case 
concerns a geologically isolated aquifer wholely managed by one entity, say, the farm operator, who 
wishes to maximize net benefits from his stock of groundwater over a two-year planning horizon. We 
see no conceptual problem preventing us from expanding the planning horizon past this short period of 
time. 

The geometry of this idealized aquifer is known; the aquifer begins at 200 feet, has a constant 
cross section of one acre, and a pumpable depth of 100 feet. It is further assumed that this 100 acre
foot volume can yield 100 acre-feet of water. Water quality is constant throughout the pumping volume. 
The well is in place, and it can pump out the entire aquifer in one year if so desired. No recharge 
reaches the aquifer, and there is no flow from the aquifer. Water is purely a stock resource. 

The farm operator owns 10 cultivable acres that may be planted entirely or in part in either of 
two crops -- a high-revenue-per-acre crop requiring large water applications and a low-revenue-per
acre crop requiring low amounts of water for cultivation. In the basic case the former crop yields 
net revenues of $63 per acre before water costs are deducted and requires 6 acre-feet of water per 
acre of crop, while the latter crop nets $42 an acre and requires 3 acre-feet of water per acre. 
These values do not relate to any particular crop but are typical of those seen in Southern Arizona 
agriculture. The revenues are assumed in this simple case to remain constant over time. There are no 
soil-type differences on the farm to affect either crop yield or water requirement, and v:ater is de
livered without loss and without cost to all points on the farm. 

The quantity of water applied to each crop on a per acre basis is fixed. The farm operator, then, 
does not respond to changes in the cost of water by varying the quantity of water, i.e., water demand 
is presumed to have an infinite price elasticity. To maximize net benefits, the farm operator varies 
the acreage planted of each crop. Assuming constant quantities of water application is in accord with 
the primitive state of our knowledge regarding water production functions and with fanr-operator 
behavior. 

t1ATHE~IATI CAL FORMULATION 

As mentioned, the objective function for this model is maximization of the present value of net 
revenue, Z. 
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max Z = 63X1, 1 + 42X1, 3 + 57.27X2, 1 + 38.1BX2,2 - 7.5a1, 1 - 8.5a1, 2 -

9.5a1, 3 - 10.5a1,4 - 11.5a1, 5 - 12.5a1,6 - 13.5a1, 7 -

14.5a1, 8 - 15.5a1,9 - 16.5a1,0 - 6.82a2, 1 - 7.73a2, 2 -

B.64a2, 3 - 9.55a2, 4 - 10.45a2, 5 - 11.36a2, 6 - 12.27a2, 7 -

13.1Ba2, 8 - 14.09a2,9 - 15.00a2,0 - O.OAA1 - O.OAA2 

Here, x1,j refers to the number of acres planted in year i (i=1,2) in crop j (j=1,2); and ai,k 
refers to the quantity of water used from the kth 10-acre-foot increment of water used in year i. 
These increments result from dividing up the 100-acre-feet of water in the aquifer into ten equal 
parts and are used for the stepwise linearization of the water cost curve. The coefficients on the 
Xi j'S are crop-revenues-minus-non-water-costs per acre. The coefficients on ai,k's are the increas
ing water pumping costs from the progressively deeper increments of water; for each step to a deeper 
water increment, pumping costs are increased by $1.00. The revenue and cost coefficients for the 
second year's variables (i=2) are merely the first year's figures discounted to present value using 
a 10% discount rate. The two other variables in the objective function, AA1 and AA2, are accounting 
variables referring to the total quantity of water applied in each of the two years. These were ad
ded to the model to improve the ease of interpretation on the output of the program. 

This LP model requires 17 simple constraint equations. The first two constraint equations say 
that the sum of the crop acreage planted in any one year must be less than or equal to the amount of 
crop land available to the farm operator. 

X ~ 10 
1,2 < 

x2,2 • 10 

The next constraint says that the total water used must be less than the total amount of water 
available in the groundwater basin. 

< 
6X 1, 1 + 3X1, 2. + 6X2, 1 + 3X2, 2 = 100 

The coefficients here are fixed quantities of water applied to produce the two crops. 

The· fourth and fifth constraints are the accounting equations defining the total water used in 
each year (AA1 and AA2). 

AA1 

AA2 

0 

0 

The sixth and seventh constraint equations ensure that the summation of the water used from each 
water increment equals the total amount of water used. 

AA1 - Ea1,k = 0 

AA2 - Ea2,k • 0 

The final ten constraints are the key to the functionality of the model; they block water used 
in year 1 from use in year 2. They also set the size of each water increment at 10 acre-feet. 

a1,k + a2,k ~ 10 (k=1--10) 

For the objective equation and constraints the model merely requires specification of the fol-
1 owing five parameters; ( 1) the first-year net revenues of each crop before pumping costs are de
ducted; (2) a pumping cost curve relating the increments of water to their pumping costs; (3) appro
priate discount rate; (4) water application levels of each crop; and (5) total amount of groundwater. 
All other values are derived from these inputs. 

Many runs have been made with various systematic shifts of the model's parameters. No difficul
ties with the model have been encountered. The results of these parametric variations are summarized 
in the following figures. 
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Figure 1 shows the effect on the outputs of the mode 1 (tot a 1 net revenues received, water used, 
and acreages grown) of increasing the net revenues per ane from producing crop 1 while holding crop 
2 net revenues constant. These are the XI 1 coefficients. Recall they represent farm revenues before 
the water costs are deducted. The model calls for growing all crop 2 (dashed line) when net revenue 
for crop 1 is between $63 and $77 per acre. Between $77 and $85, some crop 1 (solid line) is intro
duced into the optimal solution, and after $85 the model calls for growing crop 1 alone. 

Figure 2 displays the result of increasing the water that must be applied to crop 2 from its 
basic-case value of 3 acre-feet/acre. Again, the effect on all model outputs is shown. The model is 
fairly sensitive to the value of this parameter; a change in water applied to crop 2 from 3.87 to 4.0 
acre-feet/acre is sufficient to cause a complete switch in the crop chosen for production (compare thE 
dotted 1ine with the evenly dashed line). Of all the parameters used in this model, these are known 
with the least precision, therefore, the sensitivity of the model outputs to this parameter shows 
they must be estimated with great caution. 

Figure 3 shows the effect on the model objective and the total groundwater used of varying the 
average price of water from $12 down to $5 per acre-foot. "Aierage price of water" means the averaqe 
of the prices on the ten water increments. These average prices are on the low side compared with 
recent estimates from the field. Over this range of prices, the present value of total net benefits 
is sensitive to changes in this pararreter; however, the amount of water used in producing these total 
net benefits holds fairly constant at 60 acre-feet. Note that for a high average water price, $32.00 
there is no production at all. 

Lowering the discount rate from the initially assumed value of 10% to 5% has no apparent effect 
on the model. Also, lowering the discount rate did not affect the optimal net benefit values greatly 
in the cases tried, which is not surprising since the model is planning for a farm with only a 2-
yea r economic 1 ife. 

COMPARISON OF RESULTS FOR A YEARLY-PROFITS MAXIMIZER 
WITH THOSE OF THE TWO-YEAR NET BENEFIT MAXIMIZER 

The following table compares revenues and water-uses for an operator who maximizes revenue year
by-year with those for an operator who optimizes the present-value of net revenues over the two-year 
period of the intertemporal model. The year-by-year values were obtained by modifying the basic 
model so that the model was rrerely maximizing profits to each year's operations separately. The 
scheme used for deriving the total net benefits to an operator who maximized profits each year was 
first to obtain the profit maximization position for year 1; then to change the coefficients of the 
aquifer modeling constraint equations in accordance with the results of the first run; and lastly to 
determine the profit maximizing position for year 2. The parameters varied are, again, net revenue 
for crop 1 before water cost; water applied to plant 2 on a per acre basis; and the average cost of 
water. 

Eighteen of the original parametric cases were repeated using the year-by-year system. A com
parison of the results from using the two management strategies shows that for eleven of the eighteen 
cases both result in the sarre operating decisions and the sarre revenues. In seven of the cases, how
ever, the year-by-year operator receives less total present value of revenue while using more of his 
available stock of water. ln each of these seven cases the f11YOpic operator used too much water on 
the first year's crops. four of the seven cases for which yearly profit maximization was not the 
optimum strategy were fro!!' runs at lower average water prices; the other three occur when the net 
revenues to crop 1 are increased and are a result of making the switch to the higher water demanding 
crop I prematurely. 

These results support the view that society could make a Pareto move by implementing a mechanism 
for whole-basin water management. The basin's manager could be given the "simple" and politically 
acceptable objective of maximizing the income streams of the firms operating from the basin water. 
The firms would be made better off as they would have greater present-value revenues, and society in 
general vwuld be better off from the conservation of water that would result. 

CONCLUSION 

A linear programming model for maximizing the present value of net benefits from a groundwater 
stock resource has been presented and proven over a range of realistic paratneter values. With the 
addition of paratneters describing actual groundwater situations this model should find innumerable 
applications in the analysis of the economic problems facing Southwest water planners in geographic 
areas where basin-wide managetnent of a groundwater resource is or may be a relevant pol icy or where 
the value of the maximum possible benefits derivable from the qroundwater resource is of interest as 
a standard of measure. • 
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FIGURE 1. Varying Net Revenue Before Water Cost Received for Crop 1. 
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CCM'ARIS(l\1 OF ECOf\KlMIC STRATEGIES" 

PARAMETER SETTINGS 
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CROP 1 WATER AVERAGE TOTAL TOTAL WATER WATER Y1RLY OPTIMIZER 
REVEI'IJES DEMAND COST OF YEARLY- INTERTEM- APPLIED APPLIED NET REVENUE 
RECEIVED CROP 2 WATER OPTIMIZER PORAL YR. 1 YR. 2 CCM'ARED WITH 
($/ACRE) (A-F/A) ($/A-F) REVEI'IJES REVEI'IJES (YR./IN.) (YR./IN.) INTER TEMPORAL 

63.00 3. 00 12.00 233.18 233 0 20 30/30 30/30 Si'M: 
63.00 3. 25 12.00 172. 05 172.09 32.5/32.5 27 0 5/27 0 5 SAME 
63.00 3. 50 12.00 123.86 123.88 35/35 15/15 Si'M: 
63.00 3. 75 12.00 87.84 87 0 83 37.5137 0 5 2.5/2.5 S!'Pi: 
63.00 3. 875 12 0 00 73.50 73.50 38.7/38.7 1.3/1.3 SAME 
63.00 4.00 12.00 60.00 60.00 40/40 0/0 SAME 
63.00 4.50 12.00 60.00 60.00 40/40 0/0 Si'M: 

69.30 3. 00 12.00 233.18 233 0 20 30/30 30/30 SAME 
75.60 3. 00 12.00 201.36 233.20 40/30 30/30 LESS 
78.75 3.00 12.00 208.18 233.20 50/30 20/30 LESS 
81.90 3.00 12.00 223.45 236.50 60/30 10/30 LESS 
85.05 3.00 12.00 256.60 256.67 60/60 10/10 SAME 
88.20 3. 00 12.00 294.73 294.77 60/60 20/20 Si'M: 
94.50 3. 00 12.00 379.10 380.80 60/60 30/30 SAME 

63.00 3. 00 10.00 259.90 347.60 60/30 30/30 LESS 
63.00 3. 00 8. 00 440.00 462.20 40/30 30/30 LESS 
63.00 3. 00 6.00 540. 00 576.80 60/30 30/30 LESS 
63.00 3.00 5. 00 627 0 27 641.80 60/40 30/30 LESS 

"YEARLY-OPTIMIZER STRATEGY: OPTIMIZE EAOi YEAR 1 S NET REVENUE; 
INTERTEMPORAL PI...AI\NER STRATEGY: OPTIMIZE REVENUES FOR THE ENTIRE PLANNING PERIOD. 
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Y1 RLY OPTIMIZER 
TOTAL WATER USED 
CCM'ARED WITH 
INTER TEMPORAL 

SI'PI: 
S!'Pi: 
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S!'Pi: 
SIIPI: 
SIIPI: 
SI'PI: 

SAME 
MORE 
MORE 
MORE 
SAME 
Si'M: 
SAME 

I"'JRE 
MORE 
MORE 
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