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RESERVOIR DESIGN UNDER RANDOM SEDIMENT YIELD 

by 

L. Duckstein, 1 F. Szidarovszky, 2 S. Yakowitz3 

INTRODUCTION 

The purpose of this paper is to provide a Bayesian methodology for designing a reservoir subject to 
random sedimentation and for evaluating the worth of data used in that decision. The approach, which is 
illustrated by the case of the Charleston Watershed in Southern Arizona, is essentially a continuation of 
the research described in Szidarovszky et al. (1976), where no decision analysis was performed. Further
more, the elements of the present modefarethe same as those in Smith et ~- (1974), but the methodology 
is different, as it will be explained later. 

The design of a storage reservoir s~ubject to sedimentation requires that sediment yield be fore
casted for the useful lifetime of the structure (Jacobi, 1971). An underdesign of the reservoir leads to 
a shortening of the lifetime (McHenry, 1974) or to additional removal costs, while an overdesign consti
tutes an opportunity loss. 

Sediment yield is most commonly estimated by a linear regression of mean annual yield on watershed 
and climatic characteristics (Flaxman, 1972; Nordin and Sabol, 1973; Jansen and Painter, 1974; Guymon, 
1974; McPherson, 1975). The reservoir is designed on the basis of these estimated annual quantities; 
however, as pointed out in Weber et al. (1976), serious questions may arise about the validity of such 
regression results when the wrongtransformation is used or when the assumptions of the model are vio
lated. Furthermore, sediment yield is, generally speaking, a random variable since it is the result of 
random precipitation phenomena. This is especially true in ephemeral flow regions, where sediment 
accumulated over one or more seasons may be modelled as the sum ~ of a random number of random sediment 
yield events (Woolhiser and Todorovic, 1974). Then, for a Bayes1an analysis accounting for the uncer
tainty on ~· the distribution function (OF) of ~· F~(s), must be estimated. Rare are the cases when 

available time series data of sediment yield events are long enough (and stationary!) to estimate F~(s); 

on the other hand, since precipitation records are usually adequate, it is possible to use models trans
forming rainfall into sediment yield to estimate the OF of ~· 

Sediment produced by an individual precipitation event may be estimated by the use of a physical 
model (Bennett, 1974; Renard and Laursen, 1975) or an empirical model such as the Universal Soil Loss 
Equation (Wischmeier and Smith, 1960; Onstad and Foster, 1976). The latter equation is in fact used 
here, as it was done in Smith et al. (1974), with the following fundamental difference: whereas Smith 
et al. calculated the OF of S by atransformation of random variables, a simulation approach is used in 
thepresent investigation. the next section of the paper describes the methodology, from input analysis 
to decision-making, which is then applied to the Charleston Watershed in the Application section. 

METHODOLOGY 

The methodology section is divided into two parts: 

1. The modeling of rainfall and of sediment yield, which leads to the generation of synthetic time 
series of sedimentation events. 

2. The decision-making phase, which includes choosing a reservoir design and evaluating the deci
sion in terms of cost of uncertainty. 

Modeling rainfall and sediment yield events. (a) Rainfall events. In a semi-arid region, sedi
mentation occurs mostly in summer; then it is only necessary to use summer season precipitation models 
and data to estimate yearly sediment yield. The stochastic rainfall model assumes a Poisson process of 
precipitation events of relatively short duration (Duckstein et al., 1972); events are defined by a pair 
of random variables 8 = (~1 ·~~), where ~l is the effective rainfifl depth and ~2 the duration. The joint 
probability density funct10n {pdf) of ~ s assumed to have the form proposed by Crovell i (1971): 
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§. 
if 0 ::. x2 ::.a x1 

! 
if 0::. a x1 ::. x2, 

(1) 

where a, a, x , and x are all positive. The values of the parameters a and e are estimated by use of 
the maximum dkelfhoo~ method for the marginal distributions. As shown in Crovelli (1971), the marginal 
density functions are: 

(2) 

(3) 

A separate maximum likelihood estimation of a and a, offers no particular difficulty and is given in 
Szidarovszky et al. (1976). Marginal distributions are used so that the estimated values ; and B may be 
evaluated by tlieKolmogorov-Smirnov goodness-of-fit test, which has only been developed for scalar ran
dom variables. A simulation method is used to compute random bivariate values of B as in Szidarovszky 
et _li. (1976). -

Next, since a Poisson process is an acceptable hypothesis for summer rainfall (Gupta, 1973), the 
time interval :t. between two rainfall events is assumed to be exponentially distributed random variable 
with the distribution function (Fogel and Duckstein, 1969; Smith, 1975). 

(4) 

where ! is the expected number of storm events per year. Random values of the time interval can be com
puted from uniformly distributed random numbers using a transformation method. Thus, by generating 
triplets (~l'Ji.2•t), synthetic time series of rainfall events are obtained. 

(b) Sediment yield per event. A sediment event is defined here as the sediment yield from any 
runoff-producing rainfall event. The Universal Soil-Loss Equation in its modified version (Wischmeier 
and Smith, 1965), is taken as a basis for estimating sediment yield per simulated rainfall event: 

where 

:{ = Sediment yield per event in tons 

~ = Runoff vo 1 ume in acre-feet 

il,p = Peak flow rate in cfs 

K = Soil erodibility factor 

C = Cropping-management factor 

P = Erosion control practice factor 

ls = Slope length and gradient factor 

Algorithms developed by Williams and Hann (1973} are used for the calculation of the values of K, C, P, 
and Ls· The values of ~and Qp are computed from the Soil Conservation Service formulas (Kent, 1968). 

where 

~/ 
~ = ~l+S , (inches) (5) 

Q = Runoff vo 1 ume in inches 

~l = Effective rainfall in inches (rainfall less a constant initial abstraction) 

S = Watershed infiltration constant 
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and 

where 

where 

~ z a~~2 , (cfs) 

A = Drainage area of watershed in square miles 

a1 = Constant (.50) 

~2 = Storm duration in hours 

a
2 

= Time of concentration of storm in hours (assumed constant for a given watershed) 

Combining equations (4), (5), and (6) yields 

(6) 

(7) 

a
0 

= 484A2 (5280 ft/mi) 2/(4.356 x 104 ft2/acre)/(12 in/ft) (8) 

w = 95KCPLs(2000 lb/ton)/(mean sediment density = 70 lb/ft3) ~ (4.356 x 10
4 

tt
2
/acre) (9) 

In equation (7) a , a , a , S, W are assumed constant and t is a random variable which can be con
sidered as a transfor~d vlriagle of the two dimensional variate (l.<l'~?). All the elements necessary to 
generate a time series of sediment events have now been defined ana tli!! following algorithm can be 
applied to simulate the accumulated sediment yield during N years. · 

(1) Let T: = O,ZZ: = 0. 

(2) Simulate a realization t of the exponential by distributed random variable ,t with parameter" 
and let T = T+t. 

(3) If T > N years, then go to (5). If T ~ N years, then go to (4). 

(4) Simulate a bivariate realization of (~1'~). Using equation (7), calculate the corresponding 
value of Z, let ZZ: = ZZ+Z, and go to (2). 

(5) The value of ZZ is a sample element of the accumulated sediment yield. 

When enough sample elements of ZZ have been simulated, an empirical DF usable in decision analysis 
is obtained. 

Decision-making. (a) Objective function under natural uncertainty. The loss function derived by 
Smith (1975) on the basis of the work of Jacobi (1971) is being used here; namely, 

{ 

2lo.l9(a-V 
L(a,,t) = 

888. 89(t-a) 

if a > t (overdesign) 

if a < { (underdesign) 
(10) 

where a is the decision or action in acre-feet. This is an opportunity loss type of objective function 
since there may exist an optimum action for which E(L(a,tll = 0. 

The objective function G(a) is ordinarily the expected value of L(a,tl under natural uncertainty. 
In the present study, G(a) was computed by generating 1000 samples of total sediment yield Zi as des
cribed above and calculating the arithmetic average 

G(a) = Et[L(a,{)J 

1 1000 
~ 1000 . E L(a,Z.) 

1=1 1 
(ll) 

These calculations were repeated for given discrete values of a. The optimum value a* of the decision a 
and G(a*) of the objective function G(a) were obtained by parabolic interpolation between the three low
est points of G(a). 

(b) Goal function under natural and parameter uncertainty stems from estimating the parameters a, 
a of pdf (1) from a finite (and small) sample. This sample or parameter uncertainty leads to considering 
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that " and 8 are random variables ~· ~distributed according to a prior pdf f~, 11 ( .. ,8) (Davis et !}_., 
1972). The objective function G(a) is now called a goal function and is writt'eil' as 

and the Bayes Risk (BR) is 

The Bayes decision a* minimizes BR 

g(a,~,~) = rl(a,Z)f(Zi~e·~)dZ 
0 

BR(a) • r rg(a, .. ,8)fle•~(<~,8)d<~d8 
0 0 

BR(a*) = min BR(a) 
a 

(12) 

(13) 

(14) 

It is theoretically appropriate and computationally convenient to choose a conjugate prior pdf 
f (<~,8) (Raiffa and Schlaifer, 1961). In the present study, the estimations of" and B were based on 

a~~~ivariate gamma distribution; thus, the results derived in Yakowitz et !}_. (1974) concerning conjugate 
densities for pdf (2) and (3) can be used, namely, that the conjugates are, respectively: 

2 2n+l -yl 2n 2n+l -y2 
8 ny1 e " y2 e 

r(2n+l) and r(2n+l) (15) 

n n 
where y1 = E x1(k) and y2 = E x2(k); x1(k), x2(k), k = l, ••• ,n denote simultaneous sample elements of 

k=l k=l 
the variables (~1'~2 ). 

With the above elements, the simulation method leading to a Bayes decision consists of the following 
steps: 

(1) Let T: = O,ZZ: =0. 

(2) Simulate random value of A and using this A as a random value of t, and let T: = T+t. 

(3) If T > N years, then go to (6). If T ~ N years then go to (4). 

(4) ·Simulate random values of "• B using the pdf's (15) and the method of generating two-parameter 
gamma distributions shown (Szidarovszky et !}_., 1976). Go to (5). 

(5) Using the generated values of "• 8 simulate the random simultaneous value of (X1,x?), as in 
step (4) of the section on Modeling Rainfall and Sediment Yield Events, and calculate the corresponding 
value of Z, and let ZZ: = Z. Go to (2). 

(6) The value of ZZ is a sample element of the accumulated sediment yield. Go to 1 until fz(Zi ... B) 
is defined, then go to (7). "' 

(7) Calculate g(ai<~,B) as shown in Eq. ll for G(a). Calculate the Bayes Risk (Eq. 13). Go to (8). 

(8) Find the Bayes decision a* and minimum Bayes Risk BR(a*). 

Note that the uncertainty in the interarrival time between events (exponential parameters) which 
describes the counting distribution of precipitation events has been taken into account in Step 2 of the 
aforementioned procedure. The methodology is now set to study parameter uncertainty in the following 
three cases: 

Case I, uncertainty in the bivariate parameters of the pdf of (~1 .~2 ) only. 

Case II, uncertainty in the exponential parameter of interarrival time ~· 

Case Ill, uncertainty in both sets of parameters. 

(c) Sensitivity of the decision to available data. The simulations were run under the successive 
assumptions of record sample size of N = 5, 10, 30, 60, and 90. A run was also made without uncertainty 
which is equivalent to assuming an infinitely long sample record. 

A complete evaluation of the decision can theoretically be made in terms of expected opportunity 
loss, which represents the worth of perfect information, and (expected) 2 opportunity loss, which gives an 
economic measure of the economic worth of another sample point (Davis et al., 1972; Musy and Duckstein, 
1976). For this purpose, one would have to improve the efficiency of thesimulation and computations, 
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lest the computing time becomes prohibitive. 

APPLICATION 

For the case study of the Charleston Watershed in Southern Arizona, the ·data are: 

K = 0.60; 

Ls = o.5o; 

a1 = 0.50; 

Using equations (8) and (9) yields 

c = 0.80; 

s = 2.50; 

p = 0.10; 

A = 1220; 

a0 = 3.83576 x 1010 and W = 1.49547 x 10-3 

The parameters a and B are estimated from 91 sample elements obtained during 90-day summer periods 
(1 July-30 September) (m = 91) 

a = 1.84 and e= 2.58. 

Applying a Kolmogorov-Smirnov goodness-of-fit test, the marginal distributions could not be rejected at 
the 10% level of significance. The parameter ). of the exponential interval time between storm events has 
an estimate of ~ = 0.08. The lifetime of a project is taken as 100 years. 

Since the sample elements X1 (k), X2(k), k = 1, ••• ,91, are given with two decimal places, an upper 
bound of 0.001 has been chosen for the accuracy of the simulation algorithm. 

Using the methodology described previously, 1000 1000-sample elements of accumulated sediment yield 
are simulated. The mean and standard deviation of these sample elements is calculated assuming that 
N = 5, 10, 30, 60, 90, ~ sample points are available in the three cases of sample uncertainty described 
in the previous section. The results are shown in Table 1; the standard deviation of the 100-year sedi
ment production increases as more uncertainty is introduced into the model, and decreases as the record 
becomes longer, rapidly at first, leveling off afterwards. These results are also illustrated in 
Figure 1, where the variance has been plotted to increase the resolution. The mean shows the same trend 
as the standard deviation but varies only a little; this is due to the choice of the loss function 
(Equation 10) (piecewise linear with a cusp). 

N 

5 

10 

30 

60 

90 

00 

TABLE 1 

MEAN AND STANDARD DEVIATION OF lOD-YEAR SEDIMENT PRODUCTION, 

IN THOUSANDS OF ACRE-FEET 

CASE I CASE II CASE III 
Uncertainty in Uncertainty in 

the Bivariate the Exponentia 1 Total 
Parameters Parameter Uncertainty 

Standard Standard Standard 
Mean Deviation Mean Deviation Mean Deviation 

110.7 92.30 102.3 68.95 108.6 10.97 

106.9 71.43 105.3 60.90 109.4 86.64 

105.7 55.63 104.5 51.79 105.0 58.63 

107.1 52.63 102.4 51.22 103.9 52.13 

105.0 51.45 103.4 50.77 104.1 51.35 

103.3 48.46 (no 
uncertainty) 
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Next, Table 2 shows the Bayes decision and minillllm Bayes Risk under the same assumptions on record 
length and type of uncertainty cases as in3Table 1. Figure 2 illustrates h~ the entries in the last row 
of Table 2 are calculated (a* = 143.6 x 10 acre-feet, BR(a*) = $16.01 x 10 ). The Bayes decision and 
Bayes Risk are quite sensitive to N which reflects the effect of the variance. Figures 3 and 4, which 
are graphical representations of the results in Table 2, were drafted for the purpose of dramatizing the 
effect of information available in the decision of showing that simulation results are subject to small 
jumps (Figure 3 especially). Note that the results are c011111ensurate with those of Smith et !]_. (1974). 
The computing times were as follows: 

N 

5 

10 

30 

60 

90 

m 

Computer Time 
(sec.) 

CASE I 

N 

Uncertainty in the 
Bivariate Parameters 

Bayes Decision Bayes Risk 

103 acre-feet 106 $ 

.. 
163.1 31.32 

153.2 24.18 

146.4 18.92 

148.0 17.87 

143.4 17.03 

143.6 16.01 

5 

69.0 

10 

74.8 

30 

102.3 

TABLE 2 

60 

144.8 

90 

1B0.5 

BAYES DECISION AND OPTIMUM BAYES RISK 

CASE II 
Uncertainty in the 

Exponential Parameter 

Bayes Decision Bayes Risk 

1 o3 acre-feet 106 $ 

153.3 23.40 

153.2 20.35 

148.5 16.87 

146.1 16.71 

145.8 16.53 

(no uncertainty) 

The main points reached in this investigation are: 

CASE III 

Total Uncertainty 

Bayes Decision Bayes Risk 

103 acre-feet 106 $ 

165.2 35.93 

159.2 27.90 

152.4 19.68 

146.0 17.27 

146.0 17.20 

(1) Synthetic time series of bivariate rainfall events can be combined with an empirical sediment 
yield equation (such as the Universal Soil Loss Equation) to design a dam subject to this natural un
certainty in sedimentation. 

(2) The methodology is capable of accounting for any combination of sample uncertainty (rainfall, 
counting pdf, or both) in the design, leading to a Bayes decision. 

(3) The mean 100-year sediment yield varied little with simulated record length N while both Bayes 
decision and Bayes risk decrease strongly when N is increased; this shows the advantage of a Bayes 
approach over the mere use of mean estimates, namely, that of translating the variance of the record into 
economics. 
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