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Abstract

Errors in the estimation of the aquifer parameters T and S derived from aquifer
test data are examined as to their cause and effects. The analysis is based on the
Theis equation. The basic causes of error are in the measurements of drawdown and
pumping rate, in fitting the model to the data and in violations of model assumptions.
Measurement errors were studied experimentally. Curve fittings by hydrologists were
compared to "automatic" curve fittings obtained by nonlinear regression. The co-
variance matrix of T and S obtained in this manner was used, in conjunction with sen-
sitivity analysis, to estimate the error in prediction of future drawdown. While
automatic fitting is not a perfect substitute for graphical fitting, there is a defi-
nite relation between the two methods which allows the use of the statistics developed
by nonlinear regression theory to be used to study the cause, effects and risks in-
herent in aquifer analysis.

Introduction

Fitting parameters to aquifer models may lead to parameter estimates that contain
significant error (Meyer, 1971). These errors result from a relatively limited number
of measurements which can be inaccurate, from a wrongly or incompletely specified
model and from imprecise algorithms used to determine the parameters. Further, aquifer
response over a limited range of time and space may be predicted fairly closely by many
different parameter combinations for each of several different aquifer models (Bear,
Chap. 11, 1979). Predictions of aquifer conditions outside of the range of the measure-
ment data based on uncertain parameter estimates may contain considerable error. These
errors can lead to inefficient design and operation of water resource projects. They
may also thwart regulations promulgated to protect the environment in which aquifer
models are used to predict future conditions. As part of the requirements to obtain a
permit for the surface mining of coal, the Surface Mining Control and Reclamation Act
of 1977 (P. L. 95 -87) requires the determination of the probable hydrologic conse-
quences of the proposed mining (and reclamation) operations. Parts of this determina-
tion are based on aquifer tests; if the tests are in error, wrong decisions based on
these tests could lead to environmental harm.

This paper focuses on the use of the Theis equation, in conjunction with aquifer
test data, to determine aquifer transmissivity and storativity and to predict future
drawdowns. The accuracy of the pump rate and drawdown measurements has been determined
for a typical test. In a case study, graphical and "automatic" methods to estimate T
and S are compared. A statistical analysis of the results of the case study is used
to determine confidence intervals for predictions of future drawdown based on the esti-
mates of T and S.

The difficulties associated with the estimation of hydrogeological parameters
from aquifer test data by the standard graphical methods are well recognized among
hydrogeologists (McElwee, 1980; Vanden Berg, 1971). These difficulties are: The
graphical fitting of data to a ground water model has a great deal of engineering
judgement, which renders the process very subjective. Also, using this approach
raises the question whether the estimated parameters are unique or almost unique, i.e.,
will other values fit the data as well or almost as well (Cooley, 1977).

These problems have led researchers to look for alternative methods of parameter
estimation in order to answer the foregoing questions. Automatic fitting of aquifer
test data has been investigated as an alternative (Saleem, 1970; Labadie and Helweg,
1975; Chander et al., 1981). Others have investigated the effect of errors introduced
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by inaccuracy in aquifer parameters through sensitivity analysis (Sager and Kisiel,
1972; McElwee and Yukler, 1978). Lately, there has been a trend to use stochastic
modeling to answer water resources problems. For steady state inverse problems re-
searchers have combined least square methods with nonlinear regression to obtain an
idea about the size of the errors (Cooley, 1977; Neuman and Yakowitz, 1979). But,
when using nonlinear regression in non -steady state models, few statistical analyses
have been made.

The analysis in this paper has three stages as shown in Figure 1: (1) error
generation, (2) error determination, and (3) error propagation.

Case Studies

The three stages of analysis are discussed using two case studies. The first case
study concerns measurement error, the second is an aquifer test which is used to illus-
trate the other segments of the analysis.

Measurement Error

Estimation of T and S on the basis of the Theis model utilizing data from an aqui-
fer test requires a knowledge of the distance from the pumping well to the observation
wells, of the constant or average pumping rate and of the drawdown resultant from this
pumping at various time instants. Measurement error comes from many sources. The
measurements themselves may not be accurate and precise. In many cases the measure-
ments may not be the desired quantities. Drawdown measurements may be inaccurate
because the drawdown at the start of the test was not static; drawdowns measured
during the test may vary due to changes in barometric pressure and fluctuations in the
pumping rate.

Knowledge of the characteristics of the measurement error is necessary to deter-
mine whether the error is significant and to determine what kind of statistical analy-
sis may be required to determine the consequences of the error.

Two experiments were conducted to evaluate the magnitude and the distribution of
measurement errors, namely pumping rate and water level. The first was performed in
the summer of 1980 at Mesa, Arizona, at the Hydrology and Water Resources Department
field camp. Pumping rates were measured in a constant discharging well, using a rec-
tangular flume. Twenty -five technical persons participated in the survey. Measure-
ments were taken during a brief time, in order to minimize the effect of pumping rate
fluctuations. The measurements were analyzed statistically; the results showed that
errors assumed a normal distribution. Figure 2 is a plot of errors in pumping rate
measurements, on normal probability paper.

The second experiment was made to examine water level measurement errors, using
four three -inch pipes of different depths to simulate wells, and to enable measuring
water levels exactly. Fifty -two measurements were taken, using the wetted tape method.
The errors displayed a normal distribution. The variances of errors increased with
depth, the variance was 0.028 square feet for 15.66 feet of depth, and 0.079 square
feet for 23.57 feet of depth.

Model Error

Model error arises because a model is only a reasonable approximation for the real
system. Each model has its attached assumptions used to simplify the natural phenomena
and the mathematics of the model. But if the aquifer does not conform to any assump-
tion there will be a model error. The remedy is a model to account for the deviations.
Use of the wrong model to fit data results in errors in parameter estimates, called
"model error." In selecting parameters to best fit the wrong model to the data, a
bias is introduced. This bias represents the deviation necessary to obtain the best
fit utilizing the wrong model. Such parameters may be useless in predicting future
conditions. In some cases, different types of aquifers can produce similar responses
(Freeze and Cherry, 1979); unless more geologic information is available there will be
difficulties in obtaining a unique set of parameters. Thus, it is necessary to estab-
lish reasonable model selection criteria, coupled with hydrogeological information and
experience. For the traditional graphical fitting, small model error may be adjusted
on the basis of experience, but this valuable information cannot be quantified directly.
On the other hand, quantitative comparison among a number of models can be made using
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automatic fitting, because it is based on an objective function (Himmelblau, 1970;
Wilke, 1946; Williams, 1959).

For the case study in this paper the Theis model can be used. The subsequent
analysis is based on this model.

Estimation Error

Even with the correct model there may be many sets of parameter values that fit
the data very closely. Small differences in measured data values or in the criterion
for fit may produce significant changes in the parameter estimates. In this section
estimation errors resulting from graphical and automatic fits are examined. Subse-
quent sections will examine the consequences of these errors.

Data were obtained from an aquifer test conducted in July 1962 by the Institute
for Land and Water Management Research, Holland (Kruseman and DeRidder, 1970). The
aquifer consists of coarse sand and some gravel and is situated between 18 and 25
meters below land surface. The aquifer is bounded from top and bottom by clay and
sandy clay; it is considered to be confined. The test was run for 800 minutes.
Parameters were estimated graphically and by automatic fitting.

The graphical estimation was conducted by a panel of 30 technical persons. The
main purpose of having a panel estimate the transmissivity and storativity from the
aquifer test data was to examine the precision of the graphical estimation. Each
panelist received a time -drawdown curve from the test data plotted on logarithmic paper
and, on a separate sheet of logarithmic paper, the Theis type curve plotted as W(u) vs u
(Walton, 1970; Davis and DeWiest, 1968). A match point was then determined by fitting
the plotted data with the type curve. The aquifer parameters were then estimated.
For details see Benbarka (1981).

The automatic method used to estimate the parameters of the Theis equation was
nonlinear regression (Draper and Smith, 1966; Himmelblau, 1970). In nonlinear regres-
sion the parameters are estimated by choosing values which minimize the sum of the
square of the difference between the observed and calculated heads:

n

SS = (hc(ti) - ho(ti))2, (1)
i

where ti is the time at which the i -th observations were made. An IMSL nonlinear
optimation routine employing the Marquardt (1963) algorithm accomplished the minimiza-
tion. A plot of the calculated and observed drawdown is shown in Figure 3.

The automatic estimates, the mean of the graphical estimates and a statistical
analysis of the results of both estimation methods are presented in Table 1. T and
S are in metric units. For the graphical method the statistical analysis was accom-
plished by the use of sample statistics based on the panelists' results. For the

Table 1. Estimation Results and Statistical Analysis

Method
Estimate Variance

Coefficient of
Variation
T S

Correlation
Coefficient

T,ST S T S

Graphical

Automatic

449

496

2.1 x

2.1 x

10
-4

10
-4

8270

120

7.1 x 10
-9

1.8 x 10 -10

0.2 0.4

0.02 0.06

-0.63

-0.84

case of the automatic method, the statistical analysis is approximate and is based on
a Taylor Series linearization of the nonlinear problem (Draper and Smith, 1966;
Himmelblau, 1970) and the determination that the measurement errors were normally
distributed. The statistical results are based on linear regression theory where the
independent variables are the Taylor Series coefficients evaluated at the values of
the parameters that minimize the sum of the squares.
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A feeling for the results of the parameter estimation procedures can be obtained

by plotting the results on a chart having T and S for axes. Figure 4a shows the esti-
mated values of T and S obtained by each panelist, the automatic estimate and contours

of T,S pairs giving equal sum of squares when used for the calculated drawdown in

Equation (1). The dots are points determined by the panelists, the cross represents
the automatic estimate. Intuitively, the dots representing the points estimated
graphically by the panelists and the points within an ellipse representing equal sum
of squares as determined by the automatic method may all be considered estimates in

which one could have equal confidence. The inner ellipse consisting of 0.02 sum of
squares contour points enclosed the 95% confidence region. The variances of the esti-
mates are proportional to the width of the estimated points, or the ellipses, when

projected on the component axes.

Examination of the statistical analysis in Table 1 and of the estimate pairs and

ellipses in Figure 3 shows that the estimates for T and S are negatively correlated;
an estimate that is above average for one parameter is below average for the other

parameter. The strength of this correlation is shown in Table 1 by the value of the
correlation coefficient and in Figure 4a by the tight lateral clustering of the

graphically estimated points and the small ratio of the length of the minor axis to

the major axis of the ellipse. In the next section it will be seen that the correla-
tion between the estimates of the parameters is crucial to understanding how the

errors in the estimates of the parameters are propagated to predictions based on these

parameter estimates.

Prediction Error

Aquifer tests are not inexpensive, they are usually made with a purpose in mind.

How well that purpose is achieved depends, in part, on the effectiveness of the deci-
sions made and the actions taken based on the information obtained from the test. If

the information obtained from the test is affected by error, there is some risk in-

herent in the application of decisions based on that information. The risk can be
determined by further analysis based on the statistical measure already developed to

describe the uncertainty in the estimates.

Decisions are based on predictions. It is often possible to use first order
analysis (Cornell, 1972), which is based on a Taylor Series expansion, to determine

an approximate probability for the error of prediction. If f(T,S) is a prediction
based on uncertain estimates of T and S, the uncertainty in T and S is propagated into

uncertainty in f(T,S). This uncertainty may be expressed as a variance:

Var [f(T,S)]= (Tl ) 2VarT + (ILI ) 2VarS + 2
aT1

2Sl
Coy (T,S)

111T,S T,S IIT,S T,S
(2)

If the distribution of f(T,S) can be assumed to be approximately normal, the proba-

bility of the actual value of f(T,S) being significantly different from the calculated

value can be determined.

Examination of Equation (2) shows that the variance of the prediction depends on

the sensitivity of the prediction to the uncertain parameters (the first partial

derivatives), the variance of the errors and their covariance. Of special importance

are the cases where the covariance term lowers the prediction error by "compensating"
for large variances in the parameter estimates. These occur when the sensitivity
coefficients for both parameters are large, have the proper sign (so the sign for the

term is negative), and there is a high correlation between the parameter estimates.

In the case study presented in this paper the covariance is negative. If draw -

down is being predicted by the Theis equation, the sensitivity coefficients are both

negative (for most values of transmissivity, storativity, time, radius and discharge)

(McElwee and Yukler, 1978). Therefore, the covariance term in Equation (2) has a
negative sign which effectively reduces the variance in predicted drawdown. The

amount of reduction depends on the values of the sensitivity coefficients. The effect

of the covariance of the estimates of S and T is best seen graphically by referring to

Figures 4b and c. These figures are smaller, versions of Figure 4a. The T,S estimate

pairs made by the panelists are retained, but the contour lines representing equal

sum of squares have not been included as they would clutter the graph. Their relation

to the dots representing the graphical estimates remains as it was in Figure 4a.

On Figures 4b and 4c are curves of equal prediction based on the same observation
well and pumping rate as that used in the aquifer test but calculated at different
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times. Figure 4b shows equi- drawdown curves of prediction at 600 minutes and Figure
4c for 80,000 minutes (the duration of the aquifer test was 830 minutes).

It can be seen that the prediction for 600 minutes has the least error as most
of the T,S pairs estimated by the panelists lead to the same prediction. As the time
of predicted drawdown increases, the equi- drawdown lines rotate clockwise and the
drawdown predicted by the various T,S estimates begin to differ. The measurement
error is being propagated into larger amounts of prediction error. As the time of
prediction continues to increase, the equi- prediction curves will tend to be parallel
to the S axis, indicating that the sensitivity of the drawdown to storativity is quite
small. At this point the error in the estimate of T is the major factor in the error
of prediction and only depends on the sensitivity of drawdown to transmissivity.

Taylor Series approximation allows confidence intervals to be calculated for pre-
diction based on the parameter estimates, assuming the uncertain estimates have a
normal distribution (Draper and Smith, 1966). Figure 5 shows the confidence intervals
for the drawdown predicted for the continuation of the aquifer test previously ana-
lyzed. The width of the intervals increases as the predictions are made further into
the future. The interval based on graphical estimation is about 9 times the width
based on automatic estimate.

Discussion and Conclusions

In a recent paper Senders and Levy (1981) examine the ability of technical people
to fit lines to data by eye. Their line was compared with that of the line mathemat-
ically fitted by minimizing the sum of the squared error. While individual perfor-
mances were erratic, the line drawn based on the average of the individually estimated
slopes and intercepts was in close agreement with the mathematically fitted line.
Further, on the average there did not seem to be significant differences in the lines
drawn by the technical personnel when asked to draw lines of "best fit" or which mini-
mized the squared error. While the average eyeballed line was close to the mathemat-
ically fitted line, there was a wide variation among the lines drawn by eye.

The graphical fitting results presented in this paper follow the same pattern as
those reported by Senders and Levy (1981). On the average, the estimated aquifer
parameters were close to those obtained by the automatic least squares fit; however,
some individual graphical estimates were not close at all. The answer to the question
of whether those estimates which were not close to those obtained by the automatic fit
were significantly different, depends on the concept of close. Due to the nature of
the correlation between the estimates, they were close enough to provide reasonable
fit to the aquifer test data and when used in the Theis equation they provide fairly
accurate short to medium term predictions of drawdown. For predictions involving just
one parameter, such as steady state drawdown or a flow net calculation, the prediction
would not be close because the compensation affected by the negative covariance would
not come into play.

Since the automatic fit provides aquifer parameter estimates with a smaller error
than those obtained from a graphical fit, it would seem that estimates of transmis-
sivity and storativity should always be made automatically. However, it must be
remembered that this superior performance is dependent on all the assumptions of the
Theis model being met. The automatic method does not automatically detect the devia-
tions from the model assumptions that would be noticed and adjusted for by an experi-
enced practitioner. (Examination of the summed square error and the residual fitting
error obtained by automatic estimation can be valuable in choosing among models.) On
the other hand, there are many values of the parameters that will fit the data almost
as well as the values that fit the data best. One of those values could be the true
value of the parameter; small errors in the data having allowed another parameter
value to provide a better fit. The use of automatic methods coupled with statistical
analysis allows the uncertainty induced by errors in the data to be quantified and
used to compute the risk associated with the use of the uncertain estimates. Graphical
methods do not provide such statistical information.

Our research and that of others has indicated that graphical fits do approximate
least square fits and have similar statistical properties, but parameter estimates
produced graphically by a single person are liable to have considerable variation.
Since the automatic fit procedure can be viewed as nonlinear regression, it seems both
reasonable and advantageous to utilize automatic least square fitting procedures and
the regression statistics as a model to study the cause, effects and risks inherent in
aquifer tests and the decisions and actions based on these tests.
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Figure 1. Error generation and orooagation

Figure 2. Distribution of head
measurement error.
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Figure 4a. Sum of squares contours and panelist estimates of T and S

Figure 4b. Curve of equal predicted
drawdown at Time = 600 min.
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