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GEOSTATISTICAL ANALYSIS OF AQUIFER TEST AND WATER LEVEL DATA FROM THE MADRID BASIN, SPAIN

Patricia J. Fennessy and Shlomo P. Neuman
Department of Hydrology and Water Resources
University of Arizona, Tucson, AZ 85721

Abstract

Log -transmissivity, specific capacity, and water -level data from the Tajo River basin surrounding
Madrid, Spain, are analyzed by geostatistical methods. The existing log- transmissivity data base is

augmented with the aid of regression on log- specific capacities. The augmented set of data is used to
obtain estimates of mean log- transmissivities over finite sub -regions of the aquifer by kriging. Krig-
ing of water -level data at selected points in the aquifer is accomplished by removing the drift through
an iterative generalized least squares procedure. The covariance matrices of the log- transmissivity and
water -level estimation errors are used to investigate the structure of these errors.

Introduction

Ground -water models are becoming increasingly more sophisticated. However, development of a sys-
tematic interpretation of the input data has been largely ignored. Kriging may be one way to fill this
gap.

In the past, transmissivity and head data were estimated subjectively by hand -contouring, thereby
including the modeler's biases. The degree of interpretation varied widely. To minimize this subjec-
tivity, automatic contouring and interpolation techniques have been developed. However, most of these
methods disregard knowledge of the physical variability of the data (Delhomme, 1978). A measure of the
reliability of such contours is lacking. Kriging provides such a measure.

Kriging is an interpolation technique based on the geostatistical theory of Matheron (1963). This
technique has the ability to yield unbiased estimates with minimum estimation error variance as well as

a total covariance matrix of the estimation errors. The theory assumes that spatial fluctuation of the
data (i.e., log- transmissivity or hydraulic head) about their mean values can be considered a realiza-
tion of an intrinsic stochastic process. The process can be characterized by an ensemble mean and a
semi -variogram function which are considered uniform over large segments of the aquifer. While log -
transmissivity can be assumed to fluctuate about a constant mean value, the fluctuations of head occur
about a regional trend, or drift, in the general direction of the gradient. This drift must be removed
before the head fluctuations can be treated as an intrinsic process.

Prior to kriging, the semi -variogram is determined based on field observations of data. Using the
semi -variogram, kriging computes estimates at selected points, or average values over discrete sub-
regions of the aquifer. The method also computes the variance of the estimation error (kriging vari-
ance) at each point, or subregion, and the covariance matrix associated with these errors. The kriging
error is dependent on the natural fluctuation of the observed data as described by the variogram func-
tion, on measurement errors, and on the relative locations of the measurement points. One may therefore
expect the kriging errors to be smallest in the vicinity of observation points, and largest far from
these points.

This paper describes the application of kriging to log- transmissivity and water -level data from the
Madrid basin, Spain. Similar applications to ground -water basins in Arizona were reported earlier by
Binsariti (1980) and Clifton and Neuman (1982).

Setting of Study Area

The study area is an elongate northeast -trending alluvial basin surrounding Madrid, Spain (Figure
1). The basin is approximately 160 kilometers long and between 30 and 60 kilometers wide. The study
area is bounded to the north and northwest by the Central Range and to the south and east by the Tajo,
Jarana, and Henares Rivers.
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Figure 1. Location of Madrid basin, Spain, with aquifer parameter measurement sites.

The climate is continental with a mean annual temperature of 13 °C and a yearly precipitation of 400

to 600 millimeters.

The sediments are typical of a continental basin. Fans of coarser detritic deposits spread from

the mountains and grade into chemical evaporitic deposits in the southeast. The sediments are hetero-

geneous with interfingering of detrital and chemical deposits. Their thickness is believed to reach

2,000 to 3,000 meters (Llamas and Cruces de Abia, 1976).

The aquifer of interest includes the Toledo, Madrid, and Guadalajara groups of the detrital facies

(Llamas and López Vera, 1975). Average horizontal hydraulic conductivity is low, on the order of 0.5 to

1 m /day, and vertical conductivities are about 100 times smaller (López Vera, Lerman, and Muller,

1981).

Recharge occurs by infiltration of precipitation in the interfluvial zones and snowmelt in the

mountains. The aquifer discharges to the rivers.

Kriging Theory

Kriging is a best (minimum variance) linear unbiased estimator (BLUE). As the length of this paper

precludes any detailed discussion of kriging theory, only a brief outline will be given here. Inter-

ested readers are directed to David (1977), Delhomme (1978), or Journel and Huijbregts (1978).

Let Z(x) be a random function defined in a region, R, which under the intrinsic hypothesis has a

constant mean,

and a semi -variogram,

E[Z(x)] = mz

Y(X,x+s) = E{[Z(X*s) - Z(x)]2}

where E represents expectation. The semi -variogram depends only on the displacement vector, s. Line

arity implies that the kriging estimator, Zk(x), of the function Z(x), is of the form

N

Zk(x ) = E aiZ *(xi)
1 =1

where Z *(xi) is the i -th of N observations, and the "kriging weights," ai, are obtained by imposing the

conditions of minimum variance and unbiasness. These conditions lead to the following N +1 "kriging

equations ",
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where N is Lagrange multiplier, ai2 is variance of measurement error at i -th observation point, y(xi,xa)
is semi -variogram between two experimental points xi and x, and y(xi,So) is mean semi -variogram between
point xi and subregion So. When kriging at a point, the last term reduces to y(xi,xo), the semi -

variogram between experimental point xi and kriging point xo.

The method was applied to log -transmissivity and residual water -level data from the Madrid basin,
Spain.

Kriging of Log -Tranmissivity

Regression Analysis

Specific capacity data are available from 299 sites in the Madrid basin (Figure 1). Transmissivi-
ties calculated from aquifer tests are available only at 44 out of these 299 sites. To increase their
number, estimates of log -transmissivities were generated from the more numerous log- specific capacity
data by linear regression. The resulting regression equation is

log10T = 0.24685 + 0.70721 log10SC

where T is Aransmissivity and SC is specific capacity, both given in m2 /day. The coefficient of deter-
mination, R4, for the regression is 0.49. The 95% confidence interval for the predicted log -
transmissivity is

1o910T t 2.02 oT(SC)

where aT2 is variance of the error of prediction. These formulae were used to predict log -

transmissivities, and to compute the associated error variance at the remaining 255 sites.

Semi -Variogram Calculation and Modelling

The log -transmissivity field is assumed isotropic for the purpose of sample semi -variogram determi-
nation. The sample semi -variogram was calculated using the computer code SEMIVGM written by Clifton
(1981). The resulting sample semi -variogram was fitted with a spherical mode by trial and error (Figure
2). The equation of this spherical model is

y(s) = .10 + .08[1.5(s/40) - 0.5(s/40)3] s<40
.18 s >40

where s is the distance in kilometers between two points.

The fitted semi -variogram model was calibrated by systematically deleting each data point one at a
a time and using the remaining data to estimate the deleted point by kriging. The true errors were un-
biased and consistent with the computed kriging errors as outlined by Deihomme (1978).

Kriging of Log -transmissivities

The log -transmissivities were kriged and averaged over 54 finite zones of about 100 square kilo-
meters each. The kriging was done using computer code KRIGE developed by Clifton (1981). Each zone was
kriged using a maximum of 30 log -transmissivity data points selected from a circular neighborhood of
radius 35 kilometers centered on the zone. Data points nearest to the zone centroid were preferentially
selected.

Log -transmissivities derived by regression from log- specific capacities have known errors of
prediction which are accounted for in the kriging system. Measurement errors associated with log -

transmissivities derived from aquifer tests are accounted for indirectly through a jump of the semi -
variogram at the origin (nugget effect). Numerical integration was used to calculate mean values of the
semi -variogram within the zones.
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Figure 2. Log -transmissivity sample semi -variogram and fitted model.

After the average log- transmissivities were kriged over each zgne, the corresponding transmissivity
estimates, T; xi), and variance of associated estimation errors, aT (xi), were computed from the kriged

estimates, Zkzi), and the kriging errors, ak(xi). Contours of These transmissivity estimates are

plotted on Figure 3. The coefficient of variation, CV, defined as

°T(il)
CV *

T (xi)

is contoured in Figure 4. This figure shows that zones with the most reliable transmissivity estimates
(lowest CV values)) occur in areas where data points are densely spaced. Where data are scarce, as

happens close to the basin margins (particularly on the right and in the lower central areas), the coef-
ficients of variation are relatively large indicating that the transmissivity estimates are highly

uncertain.

0 25

kilometers
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Figure 3. Contour map of transmissivity (T *(xi)) derived from kriged log- transmissivity.
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Figure 4. Contour map of coefficient of variation (CV) of transmissivities derived from kriged log -
transmissivities.

It is important to recognize that our kriged transmissivity estimates are spatial averages over the
zones and may thus differ from point transmissivities as determined by pumping tests or regression from
specific capacities.

Without a careful study of kriging errors, or indirectly, coefficients of variation, the kriging
results may be misleading. For example, kriged transmissivities in the southeastern portion of the
basin are higher than one might expect on the basis of geological considerations; the area consists of
evaporites and other chemical deposits which should have relatively low transmissivities. The anoma-
lously high kriging estimates in this area are an artifact, caused partly by lack of sufficient data.
This lack of data is reflected in the relatively large coefficients of variation obtained in this area.

Kriging of Heads

Whereas log -transmissivities may be treated as an intrinsic stochastic process, the same is usually
not true for hydraulic heads. Generally, head data are associated with a non -constant mean, m(x), or
drift. In order to use the simple kriging equations given above, the drift must first be removed from
the data.

Steady -state water -level measurements are available for 279 points in the Madrid basin. Figure 5
shows the location of the measurement wells and water -level contours drawn by the Spanish Geological
Service. This contour map was drawn on the basis of more data than those shown in Figure 5. Unfortu-
nately, these additional data were not available to us.

An experimental semi -variogram based on the original water -level data demonstrated the need for
filtering the drift. We did this by assuming that drift is a polynomial whose coefficients can be
determined by generalized least squares. The least squares fitting was done iteratively. We started
with a polynomial of first order and assumed, as a first step, that head fluctuations about this poly-
nomial are uncorrelated. After fitting the polynomial to the data, we studied the correlation structure
of the residual head fluctuations by constructing their semi -variogram. This procedure was repeated
with polynomials of second, third, and fourth order. The third and fourth order polynomials gave
similar semi -variograms, and we chose the latter to represent the drift. The least squares fitting,
taking the correlation into account, was repeated iteratively until there was no significant change from
one iteration to the next.

The resulting experimental semi -variogram of the computed residuals was fitted with a sphericalmodel (Figure 6).

y(s) = r1850[1.5(s/18) - 0.5(s/18)3] s<18L1850
s>l8

The theoretical model was validated, as in the case of log -transmissivities, by systematic deletion of
each data point in turn and kriging that value using all remaining points.
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Figure 5. Contour map of water -level contours (from Spanish Geological Service) with location of
available water -level measurement sites.

3-

2-
Sample Semi -variogram /`. . - .Ní \ ._.

\Model
-

10 20 30 40 50
s ( Kilometers)

Figure 6. Hydraulic head residual sample semi -variogram and fitted model.

Head residuals were kriged at 294 nodal points of a finite element grid to be used later for aqui-

fer modeling. Kriging was accomplished using a modified version of the computer code KRIGE (Clifton,

1981). Each nodal point was kriged using a maximum of 25 data points in a circular neighborhood of

radius 30 kilometers centered on the point. The kriged residuals were then added to the polynomial

drift estimates to produce total head values.
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Figure 7 is a contour map of the kriged steady -state head estimate. The contours are seen to be
smoother than those in Figure 5. One reason for the smoothing is the relatively large spacing of krig-
ing points (on the order of 5 kilometers) which precludes the mapping of small scale features. Another
reason may be the fact that we used fewer data than those used by the Spanish Geological Service to con-
struct their map.
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Figure 7. Contour map of kriged hydraulic heads.

Kriging estimation errors, oH(xi) are plotted on Figure 8. As in the case of log -transmissivities,
the errors are seen to be largest in the southeast and northern portions of the basin. The reason, as

before, is the relatively small amount of data in these areas.
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Figure 8. Contour map of hydraulic head kriging errors (aH(xi)).

Conclusions

The following conclusions can be drawn from this study:

1. Kriging is a useful tool for the interpolation and spatial averaging of log -transmissivities
taking into account measurement errors. It provides not only estimates of these values, but

also information about the errors of estimation. The method appears to work well for the

Madrid basin.
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2. An iterative method to simultaneously determine the drift and residual variogram of hydraulic

heads, using generalized least squares, has been applied with apparent success to the Madrid

basin.
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