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ABSTRACT

We begin this thesis with a general introduction to mesoscopic physics and the

scattering approach to transport. The subsequent chapters are broken up into two

related topics in mesoscopic physics. The first of these topics, in Chapters 2 and

3, focuses on developing a scattering approach to treat weakly nonlinear transport

of charge and heat through mesoscopic systems. In Chapter 2 we develop a weakly

nonlinear theory for thermoelectric transport in purely metallic systems while em-

phasizing its importance in the study of thermoelectric efficiencies. In Chapter 3 we

extend the theory to treat electric current rectification in metallic systems contacted

to superconducting islands. The next topic we discuss is on how electric current noise

can be used to make measurements in mesoscopic systems. In Chapter 4 we demon-

strate that electric current noise in a temperature probe can provide a measure of

an “effective” local temperature in a non-equilibrium system. We show that this

electrical measurement is consistent with a thermal measurement of the tempera-

ture probe, within the limit of the validity of a Sommerfeld expansion. Finally, in

Chapter 5 we describe how current noise can be used to measure spin accumulation

in reservoirs connected to a scatterer with strong spin-orbit coupling. Throughout

this thesis we emphasize conservation relations and provide general multi-terminal

expressions whenever possible.
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CHAPTER 1

INTRODUCTION

In this chapter we give a brief overview of some of the important historical devel-

opments in mesoscopic physics. We describe quantum transport and introduce the

terminology used in the literature and throughout this manuscript. The scatter-

ing approach is introduced to study transport properties such as electric and heat

current. As the scattering approach is the starting point for all of the following

chapters, we attempt to provide a clear explanation of its use while emphasizing its

successes and versatility. We develop the scattering approach for a multi-terminal

non-interacting system and express fundamental results, when possible, in terms of

multi-terminal transport quantities. Linear thermoelectric transport theory is also

developed with an emphasis on reciprocity relations between response coefficients.

We also use the scattering approach to describe current noise and present well known

results in various limits.

Within this introductory chapter we use the most common notation in the lit-

erature for presenting our equations. In subsequent chapters, however, we adopt

a more terse and, hopefully, clearer notation in which we write all potentials and

temperatures in units of energy.

1.1 Quantum transport

As devices are shrunk down to ever smaller sizes quantum mechanical effects become

increasingly important to transport. As solving the Schrödinger equation for these

relatively big and complex systems is virtually impossible we instead have to rely

on approximate methods. When dealing with transport in these structures there

are a variety of methods that can be used to understand the behavior of particles,

but there are limits on the validity of each method. To discuss the various quantum
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transport regimes we must first introduce some important length scales to identify

how particles will behave in particular samples. The length scale are as follows:

• Fermi wavelength λF

The Fermi wavelength is the de Broglie wavelength (λ = h/p) for electrons at

the Fermi energy, i.e., λF = h/
√

2meEF, where h is Planck’s constant, me is the

effective electron mass, and EF is the Fermi energy. The de Broglie wavelength

is the length scale at which quantum mechanical effects begin to set in. At

low temperatures current is carried by electrons close to the Fermi energy thus

justifying the use of the Fermi wavelength. As an example, we consider the

two-dimensional electron gas (2DEG) GaAs-AlGaAs heterostructure treated

in Ref. [103] in which the authors estimated for their sample λF = 42 nm.

• Elastic mean free path `m

As an electron travels in a crystal it experiences many scattering processes

such as the scattering off of impurities or lattice vibrations (phonons). When

the scattering processes are predominantly elastic we know that the energy of

each electron is conserved but its momentum may change drastically over time.

Additionally, if the collisions only scatter the electron by a small angle then it

may take a while before the electron’s momentum is completely randomized,

i.e., when its momentum is uncorrelated to its initial momentum. The length

of time it takes for this to occur is known as the momentum-relaxation time

τm. The distance an electron travels before this occurs is known as the elastic

mean free path given by `m = vF τm where vF is the Fermi velocity. Again, for

the 2DEG GaAs-AlGaAs heterostructure considered in Ref. [103] the authors

found `m = 8.5 µm.

• System size L

The system size L gives the length scale over which electrons travel in a par-

ticular system. For this reason, all other length scales must be compared to L

in order to determine in what quantum transport regime a system operates.
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For example, mesoscopic systems can be split into two groups: diffusive sys-

tems characterized by L > `m and ballistic systems with L . `m (see Fig. 1.1).

Due to a relatively long mean free path, 2DEG GaAs-AlGaAs heterostruc-

tures are widely used in experiments in mesoscopic physics. A more extensive

list of electronic properties of these heterostructures is available in Table I of

Ref. [37].

• Coherence length `ϕ

The coherence or phase-relaxation length `ϕ is the average distance an electron

travels before its phase is completely randomized, i.e., when its phase is un-

correlated to its initial phase. The time scale associated with the coherence

length is known as the phase-relaxation time τϕ. If this phase-relaxation time

is of the same order or smaller than the momentum-relaxation time, τϕ . τm,

then we can express the coherence length in the usual way as `ϕ = vF τϕ.

If, on the other hand, the phase-relaxation time is much larger than the

momentum-relaxation time, τϕ � τm, then an electron can undergo inter-

ference as it scatters off impurities in random directions (diffusive motion).

Under this condition the coherence length is related to the diffusion coefficient

for two-dimensional motion, D = v2
F τm/2, by the expression `ϕ =

√
D τϕ .

Decoherence is due to inelastic scattering and in general is dependent on the

physical conditions under which the sample is held, such as the temperature.

In a purely classical system interference effects do not occur and `ϕ = 0 while

for a perfectly coherent quantum mechanical system we would expect `ϕ →∞.

In this work we are particularly interested in mesoscopic systems which are sys-

tems that lie between macroscopic (classical) and microscopic (fully quantum) sys-

tems. To ensure that a system is mesoscopic it must be small enough to be coherent,

L . `ϕ, but large enough so that it can be treated classically with small quantum

correction, L, `m � λF. It is for this reason we are interested in semiconductor

quantum dots, which can be very small, L ≤ 1 µm.
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L
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y

z

Figure 1.1: Schematic representations of an electron traversing a diffusive system
scattering off impurities (top) and an electron traversing a ballistic system (bottom).

A wide range of coherent effects have been observed in mesoscopic systems.

A clear example of this is noticed in the magnetoconductance of an Aharonov-

Bohm loop, in which an electron’s wavefunction extends over two arms of the loop

and subsequently interferes. In such an experiment, the period of the resulting

sinusoidally varying conductance corresponds to a change in the magnetic flux of

h/e. This experiment is analogous to an optical interference experiment in which the

period of the intensity pattern is related to the difference in the optical path lengths

between the arms of, for example, a Mach-Zehnder interferometer. As another

example, when varying parameters such as the chemical potential or magnetic flux,

samples will often exhibit rapid fluctuations of their conductance, known as universal

conductance fluctuations (UCF). These fluctuations are of order e2/h and are due

to microscopic properties of the sample (see Fig. 1.4). As a third example, the

interference effect known as weak localization (antilocalization) has been shown to

be responsible for a decrease (increase) in electrical conductance through mesoscopic

systems.

While we have discussed the behavior of electrons within a scattering region, we

must consider how electrons are initially injected into the region. Narrow conductors

are used to transport electrons into a scattering region as can be seen in Fig. 1.1.

Within these conductors, often referred to as electron waveguides or leads, we can



15

decouple an electron’s wavefunction in the longitudinal and lateral directions. In the

longitudinal direction an electron moves as a free particle and its wavefunction takes

the form of a plane wave, ψ(z) ∝ eikz, with energy Ek = (~k)2/2me and wavenumber

k. In the transverse direction, on the other hand, the electron is confined within

a potential that can be approximated as parabolic, U(y) = (1/2)meω
2y2, yielding

the well known states of a harmonic oscillator with energies En = (n + 1/2)~ω for

n = 0, 1, 2, . . . . It is this lateral confinement that quantizes the available states

in a transport lead for an electron of energy E. An electron at the Fermi energy,

EF, can occupy any of the bound states n that satisfy the energy conservation

condition EF = Ek + En . In the literature these bound states are often referred to

as transverse modes, subbands, or channels. For a spin degenerate system there will

be two available channels for each value of n corresponding to the transport of spin

up and down electrons.

Having developed the language and some basic principles of quantum transport

we must now consider how electrons flow through a system, such as the ones in

Fig. 1.1, when the leads are connected to charge reservoirs. Understanding the

transport of electrons through these systems is important as along with an electron

comes its charge, spin, and energy. These properties are important for information

processing and for designing thermoelectric devices. To describe the flow of these

electrons we use the scattering approach, which is discussed in the next section.

1.2 The scattering approach

The scattering or Landauer-Büttiker approach allows us to relate transport properties

of a system to its scattering properties. In this section we develop the approach for

non-interacting systems and in Chapter 2 we describe how it can be extended to

account for an effective Coulomb potential. In presenting the scattering approach

we roughly follow the derivations of Refs. [13, 19].

We start by defining the charge reservoirs connected to our sample as conduc-

tors large enough that they are at equilibrium, with a well-defined temperature T
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â1 â2

b̂1 b̂2

Figure 1.2: An example two-terminal scattering device with the incoming and out-
going states represented as vector operators. Each of these vectors is of size equal to
the number of channels available within the lead for an electron of energy E heading
either toward or away from the scatterer.

and chemical potential µ. As these charge reservoirs are essentially at equilibrium,

the electrons within them will be distributed according to the Fermi distribution

function, f(E) = {1 + exp [(E − µ)/kBT ]}−1, where kB is the Boltzmann constant.

We now introduce the creation and annihilation operators â†j,n(E) and âj,n(E),

respectively, which describe the appearance or disappearance of an electron with

energy E heading toward the sample within channel n of lead j. Likewise we define

the operators b̂†j,n(E) and b̂j,n(E) which create or annihilate electrons leaving the

sample (see Fig. 1.2). We can now define the scattering matrix s as a matrix with

elements sij,mn which connects the incoming state in channel n of lead j to the

outgoing state in channel m of lead i. The matrix relation is expressed as b̂ = s â

or more explicitly, for a scattering region connected to M leads,


b̂1,1

...

b̂1,N1


...

b̂M,1

...

b̂M,NM




=


s11 . . . s1M

...
. . .

...

sM1 . . . sMM






â1,1

...

â1,N1


...

âM,1

...

âM,NM




, (1.1)

where we have broken the scattering matrix up into subblocks sij of dimensions

Ni ×Nj corresponding to transmission between the channels of leads i and j. This
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scattering expression is generally energy-dependent. As discussed earlier, the num-

ber of available channels in each lead j, denoted as Nj(E), for an electron of en-

ergy E to occupy is limited by the condition E ≥ En, giving the total number as

Nj = Int [kWj/π] where k is the wavenumber and Wj is the width of the contact.

An electron’s energy thus affects the size of the scattering matrix describing its mo-

tion through the sample region. The values of the elements of the scattering matrix

may also depend on an electron’s energy when the particle’s capacity to transport

through the sample is in fact energy-dependent. In order to ensure that the number

of outgoing particles,
〈
b̂†b

〉
, matches the number of incoming particles,

〈
â†a
〉

, we

can see, using the scattering relation b̂ = s â, that the scattering matrix must be

unitary, i.e., s†s = 1. In terms of the subblocks of the scattering matrix, unitarity

reads
∑

i s
†
ijsik =

∑
i sjis

†
ki = 1jδjk .

Now that we have introduced the operators for the creation and annihilation of

electrons, we need to discuss how they are used to determine the electric current.

We introduce the current operator for lead i as

Îi (z; t) =
~e

2mi

∫
dy

(
Ψ̂†i (y, z; t)

[
∂zΨ̂i(y, z; t)

]
−
[
∂zΨ̂

†
i (y, z; t)

]
Ψ̂i(y, z; t)

)
(1.2)

where the field operator Ψ̂ is given by

Ψ̂i(y, z; t) =

∫
dE e−iEt/~

Ni(E)∑
n=1

χi,n(y)√
h vi,n(E)

[
âi,ne

iki,nz + b̂i,ne
−iki,nz

]
. (1.3)

As in Fig. 1.1, y is the transverse coordinate and z is the coordinate directed along

the lead toward the scatterer, while χi,n(y) is the transverse wavefunction, ki,n =

~−1
√

2me(E − Ei,n) is the wavenumber along the lead, and vi,n = ~ki,n/me is the

velocity along the lead for a particle in channel n of lead i.

Since the velocity (and wavenumber) of electrons traveling freely along the lead

changes slowly with energy, we can neglect its energy dependence and simplify the

current operator as

Îi (t) =
e

h

∫ ∫
dE dE ′ ei(E−E

′)t/~
[
â†i (E) âi(E

′)− b̂†i (E) b̂i(E
′)
]
, (1.4)
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where we have made use of the orthonormality of the transverse wavefunctions.

Earlier we expressed the size of the vector operators as being equal to the number

of available/open channels for which E > En . In Eq. (1.4) it is implicit that

when Ni(E) 6= Ni(E
′) the vector operators are extended with zero-valued elements,

representing unavailable/closed states for which E < En, to permit the matrix

multiplication operations. Using the definition of the scattering matrix, we can re-

express the outgoing states, b̂, in terms of the incoming states, â, so that the current

operator can be written as

Îi (t) =
e

h

∑
jk

∫ ∫
dE dE ′ ei(E−E

′)t/~
[
â †j (E) Ajk(i;E,E

′) âk(E
′)
]
, (1.5)

with

Ajk(i;E,E
′) = 1i δijδjk − s†ij(E) sik(E

′) . (1.6)

where 1i is an identity matrix of size Ni(E) . To determine the average current,

however, we must find the expectation value for the current operator. We consider

the electron reservoirs to be at equilibrium, requiring the electrons to fill states ac-

cording to the Fermi distribution. This implies that the quantum statistical average

of the product of the creation and annihilation operators is〈
â†j,m(E) âk,n(E ′)

〉
= δjkδmnδ (E − E ′) fj(E) , (1.7)

where fj(E) = {1 + exp [(E − µj)/kBTj]}−1 is the Fermi function for reservoir j.

The average electric current from reservoir i into the scatterer is therefore

Ii ≡
〈
Îi

〉
=
e

h

∑
j

∫
dE Aij(E) fj(E) (1.8)

with

Aij(E) = Tr
[
Ajj(i, E,E)

]
= Tr

[
1i δij − s†ij(E)sij(E)

]
= Ni(E) δij − Tij(E) ,

(1.9)

where the trace is taken over the channels (including the spin degenerate channels).

In the above expression, Ni(E) is the number of open channels at lead i, 1i is an
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identity matrix of size Ni(E), and Tij(E) is the transmission function representing

the sum of all the ways an electron of energy E can be transmitted from reservoir

j to i, i.e., Tij =
∑

m,n Tij,mn where Tij,mn = |sij,mn|2.

If we consider Ii as representing the sum of the charge currents from electrons

at each energy, Ii =
∫
dE ii(E), then we can represent the particle current at each

energy as ii(E)/e. An electron that is scattered into reservoir i will reduce the

average electron energy within the reservoir if E < µi . If, on the other hand, the

scattered electron has energy greater than the chemical potential, E > µi, then

the injected electron will bring extra energy toward the reservoir. This additional

energy will however eventually be lost through inelastic scattering within the leads.

We can put these concepts together to define a heat current as

Ji ≡
〈
Ĵi

〉
=

1

h

∑
j

∫
dE (E − µi) Aij(E) fj(E) (1.10)

where Ji > 0 (Ji < 0) corresponds to energy leaving (entering) reservoir i. As with

the electric current, the heat current in lead i can be understood as the sum of the

heat currents from electrons at each energy, Ji =
∫
dE ji(E) .

The unitarity of the scattering matrix, s†(E)s(E) = 1, due to particle conserva-

tion at each energy, leads to the useful sum rules∑
i

Aij(E) =
∑
j

Aij(E) = 0 . (1.11)

With the first of these sum rules we can see that the electric current at each energy E

is conserved,
∑

i ii(E) = 0, as a direct result of particle conservation. The same sum

rule also shows that the energy current at each energy E is conserved,
∑

i j
E
i (E) =∑

i[ji(E) + (µi/e) ii(E)] = 0 .

1.2.1 Probes

In principle, particle conservation should require that the total current from all of the

leads be conserved,
∑

i Ii = 0, however the scattering approach as formulated does

not include inelastic processes, allowing us to write the stronger energy-dependent
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Figure 1.3: Schematic of a sample connected to two fixed reservoirs and two probes.
The blue reservoir represents a voltage probe whose chemical potential, µ∗p, will
take on a value that prevents a net electrical current from flowing into it. The
red reservoir represents a temperature probe whose chemical potential, µp, and
temperature, Tp, will take on values that prevent a net flow of electrical or heat
current into it. The reservoir Fermi functions are indicated.

conservation relation,
∑

i ii(E) = 0. However, the scattering approach is very ver-

satile and inelastic scattering can be incorporated into the problem; for instance,

by connecting an additional reservoir, called a voltage probe [17], whose chemical

potential is not fixed and will shift to a value that prevents a net electric current

from flowing into it, Ip = 0 (see Fig. 1.3). The addition of the voltage probe will

allow for phase randomization as particles injected into the probe at one energy

will later be ejected at another energy with an uncorrelated phase. This additional

probe will change the current conservation relation to the weaker form,
∑

i Ii = 0,

and will dissipate energy to its environment as its temperature is assumed to be

fixed (large thermal conductivity to environment). We can use the voltage probe to

model inelastic scattering at various strengths by varying the number of channels

in the lead that connects to the probe or by changing the transparency of a tunnel

barrier connecting the probe lead to the sample. While useful as a theoretical tool

to model inelastic scattering, the voltage probe is in fact also a real component used

in experiments on mesoscopic physics. For example, in Ref. [10] two voltage probes

were added to a system containing two current leads. They confirmed the prediction

in Ref. [16] that to acquire the same conductance upon flipping the magnetic field in

this four-terminal system one would also have to swap the current leads and voltage

probes (see Fig. 1.4).
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Figure 1.4: On the left we see the magnetoconductance for four-terminal Aharonov-
Bohm loops. The current leads and voltage probes are indicated in the schematics
on the right-hand side. The colors are intended to help highlight the symmetry
G14,23(H) = G23,14(−H). The universal conductance fluctuations (UCF) of order
e2/h can also be clearly seen in the figure. This figure was adapted from Ref. [10].
On the right we see a transmission electron micrograph of an Aharonov-Bohm loop
obtained from Ref. [105].

As with the electric current, the energy current conservation relation is also a

result of only considering elastic scattering processes. However, if we include inelas-

tic processes which allow electrons to exchange energy with one another but without

a net energy loss then we would expect that the total energy current be conserved,∑
i J

E
i =

∑
i[Ji + (µi/e) Ii] = 0. This type of inelastic system can be modeled with

the addition of a temperature probe whose chemical potential and temperature float

and will adjust to prevent a net current from entering the probe, Ip = Jp = 0.

Unlike the voltage probe, this probe does not dissipate heat (thermally insulated

from the environment). However, both probes do cause phase randomization. This

type of probe will be examined more closely in Chapter 4. Rather than considering

it as a fictitious probe to model inelastic scattering and dephasing, we treat it as a

real probe meant for measuring an effective local temperature on a non-equilibrium

sample.
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1.2.2 Linear response

While the formulas for the electric and heat currents, Eqs. (1.8) and (1.10) respec-

tively, are relatively simple in appearance they do contain Fermi functions which

have a complicated dependence on the chemical potential and temperature. If we

consider the applied biases between the reservoirs to be small compared to the aver-

age temperature, then we can simplify these current expressions by only expressing

their leading order contributions. We accomplish this by Taylor expanding the Fermi

functions in voltage, δVj = (µj − µ)/e, and temperature bias, δTj = Tj − T , where

µ and T are often taken to be the equilibrium chemical potential and temperature.

To leading order one finds

Ii =
∑
j

(Gij δVj +Bij δTj) (1.12a)

Ji =
∑
j

(Γij δVj + Ξij δTj) , (1.12b)

where the linear response coefficients can be expressed as [15]

Gij =
e2

h

∫
dE (−∂Ef) Aij(E) (1.13a)

Bij =
e

hT

∫
dE (−∂Ef) (E − µ) Aij(E) (1.13b)

Γij =
e

h

∫
dE (−∂Ef) (E − µ) Aij(E) (1.13c)

Ξij =
1

hT

∫
dE (−∂Ef) (E − µ)2 Aij(E) , (1.13d)

with the equilibrium Fermi function f(E) = {1 + exp [(E − µ)/kBT ]}−1. This ap-

proximation is called linear response as currents are linearly related to voltage and

temperature biases. We note that the second unitary condition of Eq. (1.11) can

be used to show that we have gauge invariance in both voltage and temperature

within linear response, i.e, the currents are unchanged for a universal voltage,

δVj → δVj + δV , or temperature, δTj → δTj + δT , shift.

The Onsager relations [76, 77, 49] which are based on microscopic reversibility
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read

Gij(φ) = Gji(−φ) (1.14a)

Ξij(φ) = Ξji(−φ) (1.14b)

Bij(φ)T = Γji(−φ) , (1.14c)

where φ is a time-reversal symmetry (TRS) breaking field such as a magnetic field.

For a non-interacting purely metallic system microscopic reversibility also implies

Aij(φ) = Aji(−φ), that is, the value for the transmission function will not change

when the field is flipped and particles travel in the opposite direction. Together these

imply that we have the additional symmetry Bij(φ)T = Γij(φ), which is easily seen

in Eq. (1.13). We will see in Chapter 3 that this additional symmetry relation does

not hold when a superconductor is contacted to the scatterer.

At low temperature these linear response coefficients can be approximated with

the Sommerfeld expansion (see Appendix B) in which we Taylor expand the trans-

mission function, Aij(E) = Aij(µ)+(E−µ) ∂µAij(µ)+. . . , and keep only the leading

order contribution. The low temperature approximations are therefore given by

Gij =
e2

h
Aij(µ) Bij =

e

hT

[
(πkBT )2

3

]
∂µAij(µ) (1.15a)

Γij =
e

h

[
(πkBT )2

3

]
∂µAij(µ) Ξij =

1

hT

[
(πkBT )2

3

]
Aij(µ) . (1.15b)

The simplest case we can consider is that of a sample connected to two biased

reservoirs. In such a system the current relations within linear response can be

written as I
J

 =

G B

Γ Ξ

δV
δT

 , (1.16)

with δV and δT representing voltage and temperature differences between the reser-

voirs. An alternative way of expressing these linear relations is to write them as a

response to an electric current and a temperature difference,δV
J

 =

R S

πp κ

 I

δT

 . (1.17)
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Eqs. (1.16) and (1.17) define a collection of widely used linear response coefficients.

The electric conductance, G ≡
(
I
δV

)
|δT=0, and resistance, R ≡

(
δV
I

)
|δT=0, are well

known and relate an applied voltage bias to the electric current that it produces.

These coefficients are inversely related, G = R−1. The thermal conductance coeffi-

cient, however, can be defined as the ratio of the heat current to the temperature

bias at a fixed voltage bias, Ξ ≡
(
J
δT

)
|δV=0, or while maintaining zero electric cur-

rent flow, κ ≡
(
J
δT

)
|I=0 . This second definition of the thermal conductance is useful

when treating open electrical systems in which thermo-voltages are induced at the

reservoirs, preventing electric current from flowing. The off-diagonal thermoelectric

coefficients in the response matrix of Eq. (1.16) reflect the fact that the transmission

function connecting the two reservoirs is generally energy-dependent. If the trans-

mission function were completely independent of energy then these off-diagonal co-

efficients would be identically zero. The Peltier coefficient, πp ≡
(
J
I

)
|δT=0, describes

how an electric current can induce a heat current even when there is no temperature

bias between the reservoirs. The Seebeck coefficient or thermopower1, S ≡
(
δV
δT

)
|I=0,

describes the thermo-voltage that would be induced across the reservoirs, due to

a temperature bias, that prevents electric current from flowing. The Peltier and

Seebeck coefficients are off-diagonal response coefficients that, like B and Γ, disap-

pear for an energy-independent transmission function. Like the Onsager relation for

those coefficients, B(φ)T = Γ(−φ), we also have the relation S(φ)T = −πp(−φ).

We can express the relationships between these linear transport coefficients asR S

πp κ

 =

1/G −B/G
Γ/G Ξ−BΓ/G

 . (1.18)

The thermopower is of particular interest in the field of thermoelectricity. Linear

response theory predicts that the maximum efficiency, η = −IV/J , at which a heat

engine can convert thermal energy to electrical is given by

ηmax =

(√
1 + ZT − 1√
1 + ZT + 1

)
|δT |
T

, (1.19)

1Sometimes defined with a minus sign, S ≡ −
(
δV
δT

)
|I=0 .
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where ZT ≡ (GS2/κ)T is the dimensionless figure of merit 2. It is for this reason

that much research is focused on thermopower, as it can be used as an indicator

of how efficiently a system can convert between heat and electrical energy. We can

express the low temperature Sommerfeld approximation for the thermopower as

S = − 1

eT

[
(πkBT )2

3

]
∂µ ln [T (µ)] , (1.20)

widely known as Mott’s formula 1 [51].

The Sommerfeld expansion of the two-terminal conductance yields the Landauer-

Büttiker formula

G =
e2

h
T (µ) , (1.21)

which implies that the conductance is quantized if the transmission for each chan-

nel is either zero or unity. For a spin-degenerate system, the conductance can take

on values that are integer multiples of the (spin-degenerate) conductance quantum,

G0 = 2e2/h = (12.9 kΩ)−1. The first experimental verification of this conduc-

tance quantization was accomplished by measuring the resistance of a quantum

point contact3 in a 2DEG GaAs-AlGaAs heterostructure as a function of the gate

voltage [103], Fig. 1.5. As the gate voltage decreases in magnitude the confining

potential decreases and thus more channels open up, increasing the conductance.

By Sommerfeld expanding the thermal conductance and comparing it to the

electrical conductance we obtain the Wiedemann-Franz law [51],

κ

G
' Ξ

G
=

1

e2T

[
(πkBT )2

3

]
= LT (for Ξ� BΓ/G) (1.22)

where L = (πkB/e)
2/3 = 2.44× 10−8 WΩK−2 is the Lorenz number. The above ap-

proximation is equivalent to assuming an energy-independent transmission function

for which B = Γ = 0.

2In writing Eq. (1.19) we have assumed that the system in operation has a symmetric ther-

mopower in any TRS breaking field, i.e., S(φ) = S(−φ). See Chapter 2 for more details.
3See Chapter 2 for more information about quantum point contacts.
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Figure 1.5: In the left panel is a schematic of a quantum point contact from
Ref. [102]. In the right panel is the conductance of a quantum point contact (QPC)
as a function of the gate voltage (strength of confining potential). The conductance
is in units of the (spin degenerate) conductance quantum G0 = 2e2/h. This graph
was adapted from Ref. [103].

1.2.3 Current noise

We have discussed in detail how the average electric and heat currents in the leads

can be related to the scattering properties of a sample. While these are impor-

tant quantities, their fluctuations can also provide information about a scatterer

or the reservoirs to which it is connected. For example, electric current noise

has been used to measure the charge of current-carrying quasiparticles in normal-

metal/superconductor junctions and in the fractional quantum Hall effect [13, 7, 86].

Current noise has also been used to determine the electronic dynamics within the

scattering region, i.e., ballistic or diffusive [13, 7]. In Chapter 5 we will show how

current noise can be used to measure the spin accumulation within reservoirs con-

nected to a scatterer.

To find the current noise we first write down an operator representing the fluc-

tuation of the electric current from its mean, ∆Îi(t) = Îi(t)−
〈
Îi

〉
. We now define

the cross-correlation function Sij(t− t′) as [58]

Sij (t− t′) ≡ 1

2

〈
∆Îi (t) ∆Îj (t′) + ∆Îj (t′) ∆Îi (t)

〉
. (1.23)

The double Fourier transform of the correlation function gives the frequency-
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dependent noise power Sij(ω) as

2π δ (ω + ω′) Sij (ω) =
1

2

〈
∆Îi (ω) ∆Îj (ω′) + ∆Îj (ω′) ∆Îi (ω)

〉
. (1.24)

To evaluate this expression we need to write the current operator in the frequency

domain,

Îi (ω) =
√

2

∫
dt eiωt Îi(t) (1.25)

= e
√

2
∑
kl

∫
dE

[
â †k(E) Akl(i;E,E + ~ω) âl(E + ~ω)

]
, (1.26)

where Eq. (1.25) provides our convention for the Fourier transform4. In order to

determine the current noise power we must also be able to evaluate the expecta-

tion value of the product of 4 creation/annihilation operators. For a Fermi gas at

equilibrium we have〈
â†k,m(E1) âl,n(E2) â†k′,m′(E3) âl′,n′(E4)

〉
−
〈
â†k,m(E) âl,n(E ′)

〉〈
â†k′,m′(E3) âl′,n′(E4)

〉
= δkl′δlk′δmn′δm′nδ (E1 − E4) δ (E2 − E3) fk(E1) [1− fl(E2)] , (1.27)

which is easily derived using Eq. (1.7) and Wick’s theorem. The above expression is

particularly useful after recognizing that
〈

∆Îi ∆Îj

〉
=
〈
Îi Îj

〉
−
〈
Îi

〉〈
Îj

〉
. Using

Eqs. (1.24), (1.26), and (1.27) we can now express the frequency-dependent noise

power as

Sij (ω) =

(
e2

h

)∑
kl

∫
dE Tr

[
Akl (i;E,E + ~ω)Alk (j;E + ~ω,E)

]
×

{
fk (E)

[
1− fl (E + ~ω)

]
+ fl (E + ~ω)

[
1− fk (E)

]}
. (1.28)

In the work that follows we are only interested in the DC noise power. To this end,

we define noise functions by

Aij,kl(E) = Tr
[
1iδijδjkδkl − s†ik(E)sil(E)s†jl(E)sjk(E)

]
(1.29)

= Ni(E)δijδjkδkl − Tij,kl(E) , (1.30)

4We choose the coefficient in front of the Fourier transform that will ultimately yield the well

known zero-frequency two-terminal equilibrium Johnson-Nyquist noise S = 4 kB T G.
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which we can use to write the relation Tr [Akl (i;E,E)Alk (j;E,E)] =

(Aijδjk +Ajiδik) δkl − Aij,kl . Using this relation and the definition Fkl(E) ≡
fk(E) [1− fl(E)]+fl(E) [1− fk(E)], we can express the zero-frequency noise power,

Sij, as

Sij =

(
e2

h

)∫
dE

[
Aij(E)Fjj(E) +Aji(E)Fii(E)−

∑
kl

Aij,kl(E)Fkl(E)

]
.

(1.31)

Having introduced the new noise functions, Aij,kl, it is appropriate that we dis-

cuss the sum rules they must obey to conserve the number of particles at each

energy. It is easily shown that the unitarity of the scattering matrix implies∑
i

Aij,kl(E) = Ajl(E) δkl
∑
j

Aij,kl(E) = Ail(E) δkl (1.32a)

∑
k

Aij,kl(E) = Ail(E) δij
∑
l

Aij,kl(E) = Aik(E) δij . (1.32b)

The sum rules of Eq. (1.32a) can be used along with the transmission function sum

rules of Eq. (1.11) to show that the noise power obeys∑
i

Sij =
∑
j

Sij = 0 . (1.33)

The sum rules in Eq. (1.32b) on the other hand imply that if the function Fkl(E) can

be written with its k and l lead indices decoupled, i.e., Fkl(E) = fk(E)+gl(E), then

the current noise of Eq. (1.31) can be expressed in terms of transmission functions

only. That is, it will not explicitly depend on the noise functions. This is evident in

the case of the equilibrium Johnson-Nyquist noise, that we will soon discuss, and in

the linear response regime, discussed in Chapter 4. These noise transmission sum

rules along with the sum rules for the transmission function, Eq. (1.11), allow us to

write the double sum rules∑
ij

Aij,kl(E) =
∑
kl

Aij,kl(E) = 0 . (1.34)
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The second of these double sum rules is particularly useful when all of the reservoirs

have the same Fermi function, i.e., when the system is at equilibrium. We will dis-

cuss this case in the examples below. As it is often useful to consider the simple case

of a two terminal system, we will first outline some basic relations for such a system.

Two-Terminal Systems

We can see by Eq. (1.33) that of the various possible shot noise measurements

for a two-terminal system only one is unique and is given by

S ≡ S11 = S22 = −S12 = −S21 . (1.35)

We note that the sum rules for the transmission function in Eq. (1.11) lead to the

similar relation

A11(E) = A22(E) = −A12(E) = −A21(E) , (1.36)

where again only one transmission function is unique. It should be pointed out that

microscopic reversibility implies A12(φ) = A21(−φ) which, along with the result

above implies that the transmission function, and thus all linear response coefficients,

are symmetric in magnetic flux. This does not hold in general for a multi-terminal

system as is shown in Fig. 1.4. We finally note that the noise functions, related by

Eq. (1.32), for a two-terminal system also only have one unique value. That is, each

noise coefficient can be written as a linear combination of one unique transmission

function and one unique noise coefficient, i.e.,

Aij,kl(E) = A21(E)
[
δijδkl (−1)δik + (−1)1+δij+δkl

]
+A22,11(E)

[
(−1)δij+δkl

]
{ijkl ∈ 1, 2} . (1.37)

If we define t ≡ s21 we can express the useful two-terminal noise functions A22,11

and A11,12 , as

A22,11 = −Tr
[
t† t t† t

]
= −

∑
n

T 2
n (1.38a)

A11,12 = A21 −A22,11 = −Tr
[
t† t
(
1− t† t

)]
= −

∑
n

Tn (1− Tn) , (1.38b)
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where we have denoted the n eigenvalues of the transmission matrix t†t by Tn.

These transmission eigenvalues will each take on a value between 0 and 2 for a spin

degenerate system.

Equilibrium (Johnson-Nyquist) Noise

When a system is in equilibrium all of the reservoirs to which it is attached can

be described with the same Fermi function f(E). We can also use the identity

f(1 − f) = kBT (−∂Ef), the second double sum rule of Eq. (1.34), and Eq. (1.31)

to express the equilibrium noise power as

Sij = 2 kB T

(
e2

h

)∫
dE (−∂Ef) [Aij +Aji] = 2 kB T [Gij +Gji] . (1.39)

When time reversal symmetry is unbroken the noise power becomes

Sij = 4 kB T Gij , (1.40)

which in the case of an autocorrelation measurement, i = j, yields the familiar two-

terminal noise S = 4 kB T G where G ≡ Gii is the conductance between lead i and

all of the other leads effectively representing a two-terminal system.

Shot Noise (T = 0)

We now consider all of the reservoirs to be at zero temperature but with different

chemical potentials. Under these circumstances the current noise is often called the

shot noise. This noise arises from the fact that charge carriers are discrete quantities.

It was described by Walter Schottky as being like the sound of a hail of lead shots

pouring onto a target. To determine the shot noise we can use the replacement

Fkl(E) =

θ(µk − E)θ(E − µl) + θ(µl − E)θ(E − µk) for k 6= l

0 for k = l
(1.41)
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where θ(x) is the Heaviside function. We can now rewrite the zero temperature

current noise, or shot noise, from Eq. (1.31) as

Sij = −
(
e2

h

)∑
kl
k 6=l

[
|µk − µl|
µk − µl

]∫ µk

µl

dE Aij,kl(E) . (1.42)

We can denote the average value of a noise coefficient over the range of energies

between µk and µl as 〈Aij,kl〉kl. Finally, in terms of voltage differences |δVkl| =

−|µk − µl|/e, the shot noise can be expressed as

Sij =

(
e3

h

)∑
kl

〈Aij,kl〉kl |δVkl| . (1.43)

We can write the two-terminal shot noise as S = (2e3/h) 〈A11,12〉1,2 |δV | . This

two-terminal formula can be rewritten in terms of other noise functions by means

of Eq. (1.37) or it can be expressed in terms of transmission eigenvalues using

Eq. (1.38b).

Energy-Independent Scattering Matrix

If we consider the case in which the scattering matrix varies on an energy scale

much larger than the temperature and applied voltages then we can neglect its

energy dependence when evaluating the current noise. Under these circumstances

we replace all terms that depend on the scattering matrix with its energy average

denoted by 〈. . . 〉. If we further assume that all of the connected reservoirs are at the

same temperature then we can use the integral in Eq. (A.11) to express the current

noise as

Sij =

(
e2

h

)( 〈Aij〉+ 〈Aji〉 −
∑
k

〈Aij,kk〉

)
2 kB T

−
∑
kl
k 6=l

〈Aij,kl〉
(
e δVkl

)
coth

(
e δVkl
2 kB T

) . (1.44)
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It is easily seen that in the zero-temperature limit (see Eq. (A.13)) we find the

shot noise expression of Eq. (1.43) but with the assumption of a completely energy-

independent scattering matrix. As an example, we can again consider the two-

terminal case. The noise power S can be expressed, with the help of Eq. (1.37),

as

S = −
(

2e2

h

)[
〈A22,11〉 2 kB T + 〈A11,12〉

(
e δV

)
coth

(
e δV

2 kB T

)]
, (1.45)

where again we can write the noise functions in terms of the transmission eigenvalues

given in Eq. (1.38).

1.3 Symmetry classes and ensemble averages

In the previous section we introduced the scattering approach and described how

the scattering properties of a sample (transmission functions and noise functions)

can be related to electric and heat currents as well as electrical noise. We now

need a way to determine these scattering properties. We start by classifying the

various types of quantum-mechanical systems by three discrete symmetries5 [35].

The first scattering matrix symmetry, due to particle conservation, is the usual

unitary condition s†(φ)s(φ) = 1 , which we make extensive use of throughout this

thesis. Next we can consider the effect of applying a time-reversal operation on a

system’s Hamiltonion H. For integer-spin particles the time-reversal operator reads

T = −iK with K being the complex conjugation operator, whereas for spin-1/2

particles T = −iσyK. The squared TRS operator yields +1 for integer-spin particles

but−1 for spin-1/2 particles. However, when spin-rotation symmetry is unbroken we

can classify a fermionic system as having a TRS operator that squares to +1. We can

formulate the concept of time-reversal in terms of microscopic reversibility which,

for a system with time-reversal symmetry (TRS), says that if the velocities of all the

particles present are reversed simultaneously the particles will retrace their former

paths, reversing the entire succession of configurations [76]. When TRS is broken,

5With the inclusion of particle-hole and sublattice symmetries we can identify 10 distinct sym-

metry classes [49].
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Figure 1.6: A ballistic chaotic cavity

however, one must also invert all TRS breaking fields, such as the magnetic field.

This symmetry implies that the scattering matrix must obey the relation [110, 49]

s(φ) = (1⊗ σy) sᵀ(−φ) (1⊗ σy) , (1.46)

where 1 is an identity matrix in the channel basis, σy is a Pauli matrix in the spin

basis, and ᵀ is the transpose operation in both the channel and spin basis. When

spin-rotational symmetry is unbroken the scattering matrix will be self-dual and we

would be able to write the simpler relation s(φ) = sᵀ(−φ) . This is the relation we

have used until now as we have neglected the effect of spin in our previous discussion.

Furthermore, if there is no time-reversal symmetry breaking field φ then we have

the relation s = sᵀ .

Having discussed these scattering matrix symmetries, we can now identify three

distinct so-called Wigner-Dyson symmetry classes [35, 69]. These classes represent

the complete set of scattering matrices that will obey particular symmetries. These

sets or ensembles of matrices are often classified by their symmetry index β and are

defined as follows:

• circular unitary ensemble (CUE) (β = 2, T2 = 0)

The unitary ensemble describes systems with broken time-reversal symmetry

that therefore do not have any additional scattering matrix symmetries aside
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from the usual particle conservation unitary condition s†(φ)s(φ) = 1. An

example of a system that could be described by this ensemble is one with an

applied magnetic field, breaking time-reversal symmetry.

• circular orthogonal ensemble (COE) (β = 1, T2 = 1)

The orthogonal ensemble describes systems with both time-reversal symmetry

and spin-rotation symmetry intact. For such a system we would have s = sᵀ.

This ensemble would describe, for example, systems with neither spin-orbit

coupling nor a magnetic flux.

• circular symplectic ensemble (CSE) (β = 4, T2 = −1)

The symplectic ensemble describes systems that are time-reversal symmetric,

like the orthogonal ensemble, but have broken spin-rotation symmetry. An ex-

ample of such a system would be one with spin-orbit coupling but no magnetic

flux.

While we have identified ensembles of matrices that can describe transport

through systems with various symmetries, each particular system will only be de-

scribed by one scattering matrix. If we assume our sample to be fabricated without

a particular shape in mind then we can also assume that its associated classical dy-

namics are chaotic (see Fig. 1.6). While we cannot predict the transport properties

of such a randomly generated system without specific details about its configura-

tion, we can however identify general transport trends. We accomplish this task by

effectively averaging over all of the possible scattering matrices for a system with

particular symmetries, i.e., averaging over the appropriate ensemble. The result

of this averaging represents the “expected” or “average” transport properties of a

chaotic sample. This averaging can be accomplished using random matrix theory

(RMT) [14, 70] which has been successfully applied to ballistic chaotic cavities,

Fig. 1.6, and disordered (diffusive) wires, top panel of Fig. 1.2. Another approach

would be to use the semiclassical methods pioneered by Sieber and Richter [96, 87].

This approach was advanced by Brouwer and Rahav [84], Jacquod and Whitney [47],
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and the group of Fritz Haake. In the following chapters we will employ both RMT

and semiclassical methods to determine “typical” transport properties in our sys-

tems.

1.4 Summary and final remarks

In this chapter we have explained what mesoscopic physics is and constructed the

basic theoretical tools necessary to make predictions. In the process we have in-

troduced the terminology used in the field that will also be used throughout this

manuscript. We have discussed linear thermoelectric transport in detail which we

extend in Chapters 2 and 3 to weakly nonlinear transport. Current noise was also

reviewed and we will make extensive use of the results in Chapters 4 and 5.

The notation employed in this chapter is the most commonly used in the liter-

ature. In the following chapters, however, we express voltages, temperatures, and

potentials in units of energy to reduce the prevalence of conversion factors such as

the electron charge e and Boltzmann’s constant kB. In particular, we use the re-

placements eV → V , eU → U , and kBT → T . We also write time scales in units

of inverse energy, i.e., t/~ → t. An additional advantage to this notation is that

we express all of the variables in units of energy making it is easy to convert to

dimensionless quantities, for example, to perform numerical calculations.
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CHAPTER 2

SCATTERING THEORY OF NONLINEAR THERMOELECTRICITY

Currently, research in thermoelectricity is focused primarily on finding bulk materi-

als with properties that allow for efficient conversion between thermal and electrical

energy [64, 97, 94]. However, an alternate approach of using low-dimensional mi-

crostructures [31] has been suggested to take advantage of the sharp fluctuations in

the density of states which can cause large thermoelectric effects [62]. These thermo-

electric devices are often operated in the nonlinear regime [85, 36, 95] allowing for the

build-up of local electrostatic potentials which can affect thermoelectric efficiency.

In microscopic systems these local potentials must be determined self consistently

in order to preserve gauge invariance [22] as well as make accurate predictions about

its operation.

In this chapter we generalize the scattering theory of weakly nonlinear transport

of Ref. [22] to include thermal in addition to electrical biases1. We go beyond [22]

by expressing not just the electrical current but also the heat current. One of the

motivations for this work was to identify what criteria are necessary to create an

efficient thermoelectric device when operated in the nonlinear regime. The stan-

dard way of predicting the efficiency of a thermoelectric device is to determine its

dimensionless figure of merit, ZT , which is constructed from linear thermoelectric

coefficients [61]. As the figure of merit does not take into account induced local po-

tentials it is expected that ZT will lose its predictive power in the nonlinear regime.

In the following sections we identify useful thermoelectric performance metrics and

compare their linear response predictions to nonlinear results.
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Figure 2.1: Sketch of a multi-terminal coherent conductor connected to three ex-
ternal Fermi liquid reservoirs and capacitively coupled to an external gate. The
electronic Fermi distributions of the reservoirs are shown. In the nonlinear regime,
an electrostatic potential U(~r) may develop inside the conductor, as a result of
the applied voltage and temperature biases at the reservoirs. The arrows indicate
our convention that electric and heat currents are positive when they flow into the
conductor.

2.1 Scattering approach

For a coherent conductor connected to i = 1, 2, . . .M external reservoirs via reflec-

tionless leads (see Fig. 2.1), the electrical I = (2e/h)I(0) and heat J = (2/h)I(1)

currents from each reservoir (explicitly factoring out the spin degeneracy) can be

expressed as

I
(ν)
i =

∑
j

∫
dE (E − µi)ν fj(E) Aij [E,U(~r)]

=
∑
j

∫
dε (ε− Vi)ν fj(ε) Aij [EF + ε, U(~r)] . (2.1)

As e < 0 is the electron charge, I(0) represents the particle, rather than charge,

current. We define an excitation energy ε = E − EF where EF is the Fermi en-

ergy and we assume that at low temperature the Fermi energy is equal to the

1A substantial portion of this chapter was published as Ref. [67].
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intrinsic chemical potential so that the electrochemical potential of each reser-

voir can be expressed as µi = EF + Vi. The temperature of each reservoir can

be expressed as Ti = T (1 + θi) where θi is a normalized temperature shift and

T is the equilibrium temperature. We also have the Fermi function given by

fj = {1 + exp [(E − µi) /Tj]}−1 = {1 + exp [(ε− Vi) /Tj]}−1, the potential land-

scape within the conductor U(~r) taken from the equilibrium potential, and the

quantity Aij [E,U(~r)] = Ni(E)δij−Tij [E,U(~r)] where Ni is the number of channels

in lead i and Tij = Tr
[
s†ijsij

]
is given by the sub-block of the scattering matrix sij

connecting lead j to i. We use the convention that voltage, temperature, and the

potential energy landscape within the conductor are in units of energy, i.e., eV → V ,

kBT → T , and eU → U . This convention is chosen to reduce the prevalence of the

conversion factors e, the electron charge, and kB, the Boltzmann constant, in our

formulas.

Expanding Eq. (2.1) to second order in biases leads to the expressions

I
(0)
i =

∑
j

(GijVj +Bijθj) +
∑
jk

[GijkVjVk +Bijkθjθk + YijkVjθk] , (2.2a)

I
(1)
i =

∑
j

(ΓijVj + Ξijθj) +
∑
jk

[ΓijkVjVk + Ξijkθjθk + ΨijkVjθk] . (2.2b)

The linear response coefficients have been worked out by Butcher [15] and are given

by

Gij =

∫
dε (−∂εf) Aij(EF + ε) , (2.3a)

Bij = Γij =

∫
dε (−∂εf) ε Aij(EF + ε) , (2.3b)

Ξij =

∫
dε (−∂εf) ε2 Aij(EF + ε) , (2.3c)

with the equilibrium Fermi function f = {1 + exp [ε/T ]}−1. It can be seen from

Eq. (2.3) and from using the microscopic reversibility relation for metallic systems,

Aij(φ) = Aji(−φ), that the Onsager relations, Gij(φ) = Gji(−φ), Ξij(φ) = Ξji(−φ),

and Bij(φ) = Γji(−φ), are satisfied. Furthermore, with Eq. (2.3b) we can see that

for purely metallic systems we have the additional relation Bij(φ) = Γij(φ) [49]. This
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additional symmetry will not hold for metallic systems contacted to superconductors

as will be seen in Chapter 3.

To express the nonlinear terms accurately we must be able to determine the

electron potential energy landscape within the conductor. To this end we introduce

“characteristic potentials” uk and zk [22, 91] to describe how the potential landscape

changes to leading order in applied bias, i.e.,

U(~r) =
∑
k

[uk(~r) Vk + zk(~r) θk] . (2.4)

This potential energy shift is responsible for screening additional charge out of the

conductor when applying electrical or thermal bias. Using the definition of the

characteristic potentials we can express the nonlinear response coefficients as

2×Gijk =

∫
dε (−∂εf) αijk(ε) , (2.5a)

2×Bijk =

∫
dε (−∂εf) ε βijk(ε) , (2.5b)

2× Yijk =

∫
dε (−∂εf) γijk(ε) , (2.5c)

2× Γijk =

∫
dε (−∂εf) ε αijk(ε) +Gik (δjk − 2 δij) , (2.5d)

2× Ξijk =

∫
dε (−∂εf) ε2 βijk(ε) + Ξik δjk , (2.5e)

2×Ψijk =

∫
dε (−∂εf) ε γijk(ε) + 2Bik (δjk − δij) , (2.5f)

where we defined

αijk(ε) =

∫
dr

δAij(EF + ε)

δU(~r)
[2uk(~r)− δjk] , (2.6a)

βijk(ε) =

∫
dr

δAij(EF + ε)

δU(~r)
[2 zk(~r)− ε δjk] , (2.6b)

γijk(ε) = βijk(ε) + ε αikj(ε) . (2.6c)

We can use the identity
∫
dr δU(~r)(. . .) = −∂ε(. . .) along with the definitions

δA(u)
ijk ≡

∫
dr
[
δU(~r)Aij

]
uk(~r) and δA(z)

ijk ≡
∫
dr
[
δU(~r)Aij

]
zk(~r) to rewrite Eq. (2.6)
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as

αijk(ε) = 2 δA(u)
ijk + (∂εAij) δjk , (2.7a)

βijk(ε) = 2 δA(z)
ijk + ε (∂εAij) δjk , (2.7b)

γijk(ε) = 2
[
δA(z)

ijk + ε δA(u)
ikj + ε (∂εAij) δjk

]
. (2.7c)

The terms δA(u)
ijk and δA(z)

ijk are responsible for screening charge out of the conductor as

they depend on the characteristic potentials and thus the potential energy landscape.

2.2 Sommerfeld expansion

At sufficiently low temperatures one can approximate the linear response coeffi-

cients by expanding the transmission function in the excitation energy, A(EF +ε) =

A(EF)+ε ∂EF
A(EF)+(ε2/2) ∂2

EF
A(EF)+ . . ., and keeping only the leading non-zero

contribution to the transport coefficients. Using this Sommerfeld expansion and

Eq. (A.7) the linear response coefficients can be expressed as

Gij = Aij(EF) , (2.8a)

Bij = Γij = a ∂EF
Aij(EF) , (2.8b)

Ξij = a Aij(EF) , (2.8c)

where we have used the definition a ≡ (πT )2/3. With the help of Eq. (2.7) we can

use the Sommerfeld expansion to approximate the nonlinear response coefficients as

2×Gijk = 2 δA(u)
ijk + ∂EF

Aijδjk , (2.9a)

2× Γijk = Aij (δjk − 2 δik) + a ∂EF

[
2 δA(u)

ijk + ∂EF
Aij
(

3

2
δjk − δik

)]
, (2.9b)

2×Bijk = a ∂EF

[
Aijδjk + 2 δA(z)

ijk

]
, (2.9c)

2× Ξijk = a
[
Aijδjk + 2 δA(z)

ijk

]
, (2.9d)

2× Yijk = 2 δA(z)
ijk + 2 a ∂EF

[
δA(u)

ikj + ∂EF
Aijδjk

]
, (2.9e)

2×Ψijk = 2 a
[
δA(u)

ikj + ∂EF

(
2Aijδjk −Aikδij + δA(z)

ijk

)]
, (2.9f)
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where we have expanded to the order in energy derivatives at which the screening

terms, δA(u)
ijk and δA(z)

ijk, will contribute. If we consider a system that has a uniform

potential landscape, U(~r) = U , we can then write δA(u)
ijk(EF) = −uk ∂EF

Aij(EF) and

δA(z)
ijk(EF) = −zk ∂EF

Aij(EF).

Instead of using the Sommerfeld expansion to relate the response coefficients to

the transmission function and its derivatives we can alternatively use it to relate the

response coefficients themselves. We can see from Eq. (2.8) that at low temperature

the linear response coefficients are related by

Ξij

Gij

= a , (2.10a)

Bij

Gij

= a ∂EF
lnGij . (2.10b)

Eq. (2.10a) relates the thermal and electrical conductances at low temperature and is

known as the Wiedemann-Franz law. For a two-terminal system Eq. (2.10b) relates

the open electrical circuit voltage bias induced across the two reservoirs to the bias

temperature applied across them. This quantity is known as the thermopower,

or Seebeck coefficient, and the low temperature relation of Eq. (2.10b) for a two-

terminal system is known as Mott’s Relation [4]. We can identify similar relations

at low temperature between nonlinear response coefficients as

Γijk − (1/2)Gik(δjk − 2δij)

Gijk

= a ∂EF
lnGijk , (2.11a)

Bijk

Ξijk − (1/2)Ξikδjk
= ∂EF

ln [Ξijk − (1/2)Ξikδjk] , (2.11b)

Ψijk −Bik(δjk − δij)
Yijk

= a ∂EF
lnYijk . (2.11c)

We note that the integrands of the nonlinear response coefficients are complicated

functions of the characteristic potentials and do not allow for a nonlinear counterpart

to the Wiedemann-Franz law or to the Onsager reciprocity relations.

2.3 Characteristic potentials

The characteristic potentials defined in Eq. (2.4) are determined by considering how

additional charges are injected into the conductor as the system is driven out of
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equilibrium. Biased reservoirs can inject a net charge into the conductor, called the

bare charge, δq(b). The presence of a bare charge induces an electrostatic potential

shift within the conductor which in turn generates a screening charge δq(s). The

net injected charge is then the sum of the two, δq(~r) = δq(b)(~r) + δq(s)(~r). To

determine the bare charge injected into the system we have to first determine the

energy-dependent particle [22] and entropic [91] injectivities given by

νpj (~r, ε) = − 1

4πi

∑
k

Tr

[
s†kj

δskj
δU(~r)

−
δs†kj
δU(~r)

skj

]
, (2.12a)

νej (~r, ε) = ε νpj (~r, ε) , (2.12b)

where the trace runs over channel indices. Eq. (2.12a) gives the partial density of

states at ~r corresponding to injection from lead j. To leading order the bare charge

can now be expressed as a linear function of the biases,

δq(b)(~r) = e

[∑
j

DV
j (~r)Vj +

∑
j

Dθ
j (~r) θj

]
, (2.13)

where DV
j (~r) and Dθ

j (~r) are total particle injectivities determined by

DV
j (~r) =

∫
dε(−∂εf) νpj (~r, ε) , (2.14a)

Dθ
j (~r) =

∫
dε(−∂εf) νej (~r, ε) . (2.14b)

Next, the screening charge δq(s)(~r) is related to the potential landscape U(~r) via

the Lindhard polarization function. The relation is in general nonlocal, however the

nonlocal corrections are negligible in metals with high electronic density. Following

Ref. [22] we make the quasi-classical approximation of a local Lindhard function

and write δq(s)(~r) = −eΠ(~r)U(~r), with Π(~r) =
∑

j D
V
j (~r) = D(~r). From the

definition of DV
j we have D(~r) =

∫
dε(−∂εf) ν(~r, ε) with the local density of states

ν(~r, ε) =
∑

j ν
p
j (~r, ε). Note that at zero temperature, D(~r) is the density of states

at the Fermi energy. Putting all this together, the net total injected charge is, to

leading order in the biases,

δq(~r) = e

[∑
j

DV
j (~r)Vj +

∑
j

Dθ
j (~r) θj −D(~r)U(~r)

]
. (2.15)
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The conductor may also be capacitively coupled to the reservoirs and/or external

metallic gates. If so then the net charge on the conductor can be expressed as

δq(~r) = e
∑
k

Ck(~r) [U(~r)− Vk] , (2.16)

where Ck(~r) is the capacitive coupling (in units of inverse energy) between gate k

and the conductor at position ~r with the sum running over all capacitively coupled

components. This equation expresses changes in the local charge distributions due

to Coulomb interactions.

If we consider the system to include all of the electric components (leads, gates,

etc.) that are coupled to the conductor, there will be no net flux of electric field lines

out of the system, and the total charge is conserved by Gauss’ theorem. Eqs. (2.4),

(2.15) and (2.16) then determine the characteristic potentials used to find the nonlin-

ear transport coefficients in Eq. (2.5). Two examples of microscopic thermoelectric

devices will be discussed in Section 2.6, which illustrate how the procedure is ap-

plied in practice by discretizing the microstructures into regions of uniform local

potential.

2.4 Conservations and sum rules

Particle conservation is expressed mathematically by the unitarity of the scattering

matrix,
∑

iAij =
∑

j Aij = 0. This translates into the following sum rules for the

linear transport coefficients,

0 =
∑
i or j

Gij =
∑
i or j

Bij =
∑
i or j

Γij =
∑
i or j

Ξij . (2.17)

Two of these sum rules correspond to electric current conservation,
∑

iGij =∑
iBij = 0 while two others reflect gauge invariance,

∑
j Gij =

∑
j Γij = 0. These

The sum rules
∑

i Γij =
∑

i Ξij = 0 imply that within linear response, heat current

is conserved.

Electric current is always conserved as it reflects particle conservation. Heat

current on the other hand may not be conserved as maintaining biases on the system
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will either require that electrostatic energy be lost from particles, as in the case

of refrigeration, or that electrostatic energy will be provided to particles by the

reservoirs, as in the case of a heat engine. These are however nonlinear effects,

i.e., P [loss] = I(0)V , and so we expect that heat current will not be conserved when

treating the system beyond linear response.

The unitarity of the scattering matrix further implies
∑

i αijk =
∑

i βijk =∑
i γijk =

∑
j (αijk + αikj) =

∑
j γijk = 0, which results in the following sum rules

between the nonlinear response coefficients,

0 =
∑
i

Gijk =
∑
i

Bijk =
∑
i

Yijk , (2.18a)

0 =
∑
j

(Gijk +Gikj) =
∑
j

(Γijk + Γikj) =
∑
j

Yijk =
∑
j

Ψijk , (2.18b)

−Gjk =
∑
i

Γijk , 0 =
∑
i

Ξijk , −Bjk =
∑
i

Ψijk . (2.18c)

Two of these sum rules were derived in Ref. [22], specifically
∑

iGijk = 0, implied

by current conservation and
∑

j (Gijk +Gikj) = 0, resulting from gauge invariance.

After expanding the theory to include heat current and temperature biases we find

the remaining relations of Eq. (2.18). Eq. (2.18a) reflects current conservation while

Eq. (2.18b) corresponds to gauge invariance. In addition to electrical current con-

servation and gauge invariance we also expect energy conservation. This can be

verified to all orders in Eq. (2.1) by noting
∑

i

(
I

(1)
i + I

(0)
i · Vi

)
= 0. The sum rules

of Eq. (2.18c) can be used to show that energy is in fact conserved at the level of

our expansion, i.e., quadratic order in biases.

Finally we note the following, additional double-sum rules
∑

jk αijk =
∑

jk βijk =

0 which imply

0 =
∑
jk

Gijk =
∑
jk

Γijk , (2.19a)

0 =
∑
jk

Bijk =
∑
jk

Ξijk . (2.19b)

Eq. (2.19a) is redundant as it is guaranteed to hold by Eq. (2.18b), while Eq. (2.19b)

on the other hand is new. Together Eqs. (2.17), (2.18b), and (2.19) help show that
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the electric and heat currents of Eq. (2.2) vanish at equilibrium regardless of choice

for EF and T .

While we have presented the sum rules of this section in terms of the energy-

integrated transport coefficients, these same relations also hold for particles at each

energy as we consider elastic scatterers.

2.5 Performance metrics for thermoelectricity

For setups with two external reservoirs treated in linear response, Eq. (2.2) reduces

to I(0)

I(1)

 =

G B

Γ Ξ

V
θ

 . (2.20)

Electrical current conservation leads to I
(0)
hot = −I(0)

cold and within linear response heat

current is also conserved, I
(1)
hot = −I(1)

cold. We therefore choose the convention that the

currents in Eq. (2.20) are measured from the hot reservoir and the biases are given

by V = Vhot − Vcold and θ = θhot − θcold. An alternative way of expressing these

linear relations is to write them in terms of responses to an electric current and a

temperature difference,  V

I(1)

 =

R S

πp κ

I(0)

θ

 . (2.21)

Eqs. (2.20) and (2.21) define the linear response coefficients, the electric conduc-

tance, G, and resistance, R, the Seebeck, S, and Peltier, πp, coefficients as well

as the thermal conductances Ξ (at zero voltage, V = 0) and κ (at zero electrical

current, I(0) = 0). We can express the relationships between these linear transport

coefficients as R S

πp κ

 =

1/G −B/G
Γ/G Ξ−BΓ/G

 . (2.22)

There are several dimensionless quantities that can be constructed from the

linear response coefficients. One that is of particular use is the dimensionless figure
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I
(1)
hot > 0 I

(1)
cold < 0

P [gain] = −I(0)V

Figure 2.2: Schematic of the operation of a heat engine.

of merit ZT = (GS2/κ). A similar quantity can be defined as Z̃T = (GS2/Ξ)

where the zero voltage rather than zero current heat conductance is used. Using the

relations of Eq. (2.22), we can show that these figures of merit can be related by

xZT =
x Z̃T

1− x Z̃T
x Z̃T =

xZT
1 + xZT

(2.23)

where the figures of merit are evaluated at φ, the time reversal symmetry breaking

field, and x = S(−φ)/S(φ). It can also be useful to define the quantities γ =√
1 + xZT and γ̃ =

√
1− x Z̃T which are easily shown to be related by γ = γ̃−1

using Eq. (2.23).

2.5.1 Heat engine

We will first consider a heat engine (see Fig. 2.2) in which thermal energy is converted

to work. In this configuration heat will move from the hot reservoir to the cold,

I(1) > 0, and this process will generate electrical power, P [loss] = I(0)V < 0. We

can now define the efficiency of power generation as the ratio of the electrical power

gained to the heat current from the hot reservoir, η = −P [loss]/I
[in]
hot = −I(0)V/I(1).

We can now determine at what voltage bias the power generation efficiency would

be maximal by extremizing the efficiency expression, leading to

0 = ∂V η ∝
(

Γ

2Ξθ

)
V 2 + V +

(
Bθ

2G

)
, (2.24)
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I
(1)
hot < 0 I

(1)
cold > 0

P [loss] = I(0)V

Figure 2.3: Schematic of the operation of a refrigerator.

which yields

Vextr =

(
−Ξθ

Γ

)
(1± γ̃) , (2.25)

where we have made use of the Onsager relation B(φ) = Γ(−φ). We identify the

voltage extremum that maximizes the efficiency as the one with the relative minus

sign. It can now be shown as in Ref. [88] that

ηmax = x−1

(
γ − 1

γ + 1

)
θ , (2.26)

which for a system with a symmetric thermopower in φ, i.e. x = 1, yields the well

known expression

ηmax =

(√
1 + ZT − 1√
1 + ZT + 1

)
Thot − Tcold

T
. (2.27)

If we choose to expand about the temperature of the hot reservoir T → Thot then it

can be easily seen that Carnot’s theorem is never violated and one obtains Carnot

efficiency when ZT → ∞.

2.5.2 Refrigerator

We will now consider a refrigerator (see Fig. 2.3) in which work is applied to the

system in order to move heat from a cold to a hot reservoir. Since heat will be

entering the hot reservoir we have I(1) < 0, and work must be continuously done
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on the system as energy is lost at the rate P [loss] = I(0)V > 0. This energy is lost

through Joule heating as electrons undergo inelastic scattering in the leads following

the conductor. The “efficiency” of thermoelectric refrigeration is measured in terms

of the coefficient of performance (COP) which is the ratio of the heat current taken

from the cold reservoir to the input power, COP = I
[in]
cold/P

[loss] = −I(1)/I(0)V .

By extremizing the expression for the coefficient of performance, as with the heat

engine, we can find at what voltage the system would most efficiently remove heat

from the cold reservoir. It is easily shown that ∂V COP is proportional to ∂V η within

Eq. (2.24) thus leading to the same extrema given by Eq. (2.25). However, we now

identify the voltage extremum that maximizes COP as the one with the relative

plus sign. It can now be shown that

COPmax = x

(
γ − 1

γ + 1

)
θ−1 , (2.28)

which for a system with a symmetric thermopower in φ, i.e. x = 1, yields the

expression

COPmax =

(√
1 + ZT − 1√
1 + ZT + 1

)
T

Thot − Tcold

. (2.29)

If we choose to expand about the temperature of the cold reservoir T → Tcold then

it can be easily seen that Carnot’s theorem is never violated and as ZT → ∞ we

have COP→ Tcold/(Thot − Tcold).

2.6 Examples

We will now apply this weakly nonlinear theory to two example systems, particu-

larly a resonant tunneling barrier and a quantum point contact. We greatly simplify

the analysis by considering the potential landscapes in these systems as piecewise

functions. For the case of a resonant tunneling barrier we consider a uniform elec-

trostatic potential throughout the cavity. On the other hand, for the quantum point

contact we consider two regions, one on either side of the contact, as each having a

uniform potential.
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Figure 2.4: Sketch of a resonant tunneling barrier (RTB) formed between two Fermi
liquid reservoirs by two tunnel barriers with transparencies ΓL and ΓR. They define
a potential well with a single resonant level capacitively coupled to an external gate.

2.6.1 Resonant tunneling barrier

We consider a potential well with a single resonant level at energy ∆Er above the

bottom of the well. The potential well is formed by two tunnel barriers with tun-

nel rates ΓL,R and is sketched in Fig. 2.4. The well is coupled to two Fermi liquid

reservoirs at temperatures TL,R and electrochemical potentials µL,R and is also capac-

itively coupled to an external gate at voltage Vg. Together, these couplings induce

an additional potential energy barrier U (assumed spatially homogeneous) for elec-

trons within the well. This models a quantum dot in the Coulomb blockade regime

as long as neither the temperatures nor the voltage biases exceed the single-particle

level spacing in the dot. The equilibrium energy-dependent particle injectivity at
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Figure 2.5: Particle (left) and heat (right) currents from a hot reservoir to a RTB
with (Er − EF)/Γ = 1, µL − µR = V and TR − TL = 0.3 T . The equilibrium
temperatures are T/Γ = 0.3 (left) and T/Γ = 1 (right). The different color curves
correspond to different tunnel barrier asymmetries (ΓL − ΓR)/Γ = 0.95 (red), 0.5
(green), 0 (blue), -0.5 (violet), -0.95 (cyan). Here, we considered the RTB to have
no capacitive coupling to the external gate, C = 0. The solid lines are the approxi-
mate solutions in our weakly nonlinear approach and the dotted lines are the fully
nonlinear solutions. The black dashed line is the heat current predicted from linear
response.

lead j =L, R is [22]

νpj (ε) =
1

π

Γj
(ε+ EF − Er)2 + Γ2

, (2.30)

and the transmission probability is [22]

T (ε) =
4ΓLΓR

(ε+ EF − Er)2 + Γ2
, (2.31)

where Γ = ΓL + ΓR is the total decay rate of the resonant level and we bias the

system symmetrically defining EF = (µL + µR)/2.

Because we consider there to be a single homogeneous potential energy barrier

in the well, U(~r) = U , the injected charge loses its spatial dependence, δq(~r)→ δq.
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Consequently, Eq. (2.15) can be rewritten as

δq = e

[∑
j

DV
j Vj +

∑
j

Dθ
jθj −DU

]
. (2.32)

The well is capacitively coupled to a single external gate, thus Eq. (2.16) tells us

that the net charge injected into the potential well is given by

δq = eC(U − Vg) . (2.33)

Using Eqs. (2.32) and (2.33) we obtain the characteristic potentials as

uj =
DV
j

C +D
, ug =

C

C +D
, zj =

Dθ
j

C +D
, (2.34)

where the total particle and entropic injectivities are given by Eq. (2.14), with the

particle injectivity νpj of Eq. (2.30). This fully determines the nonlinear coefficients

so that the currents can be evaluated using Eq. (2.2).

For the RTB the additional potential barrier U can also be determined non-

perturbatively by replacing Eq. (2.32) for the injected charge with the energy integral

δq = e

∫
dε

[∑
j

νpj (ε− U) fj(ε)− ν(ε) f(ε)

]
, (2.35)

with ν(ε) =
∑

j ν
p
j (ε). We can then determine U numerically from Eqs. (2.33) and

(2.35). The fully nonlinear currents are then obtained from Eq. (2.1). The result is

exact, up to the approximation of a single homogeneous local potential in the well.

We first show in Fig. 2.5 the electric and heat currents for an RTB with various

tunnel barrier asymmetries. Different temperatures have been chosen to present

I(0) and I(1) in order to make the graphs visually clear. The curves are nonlinear

and display rectification in both the electric (left) and heat (right) currents. The

rectification in the heat current is in general more pronounced, due to the additional

voltage term in the integrand of Eq. (2.1). We see that under the assumption of

a uniform potential landscape within the cavity, the behavior obtained from the

weakly nonlinear approximation (solid lines) does not differ much from the fully

nonlinear result (dotted lines), even for the strongly nonlinear heat current.
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Figure 2.6: Left panel: Thermoelectric efficiency for a RTB-based heat engine with
(Er−EF)/Γ = 1, µL−µR = V , T/Γ = 1, TR−TL = 0.8 T and different asymmetries
(ΓL − ΓR)/Γ = 0.95 (red), 0.5 (green), 0 (blue), -0.5 (violet), -0.95 (cyan). Right
panel: COP for the same RTB as in the left panel but acting as a refrigerator
with TR − TL = 0.1 T . In both cases we neglect any capacitive coupling between
the RTB and the external gate, C = 0. The solid lines are the weakly nonlinear
approximate solutions and the dotted lines are the fully nonlinear solutions. The
dashed black line is the linear response solution and the solid black line is the
maximum efficiency/COP predicted from linear response.

We next investigate how the efficiency of an RTB-based thermoelectric device is

affected by the rectification effects observed at various tunnel barrier asymmetries

(ΓL − ΓR)/Γ. Fig. 2.6 shows the thermodynamic efficiency, η = IV/Jhot, of a heat

engine (left panel) and the coefficient of performance, COP = Jcold/IV , of a refrig-

erator in the linear (dashed black line) and in the nonlinear approximation (colored

solid and dotted lines) for a range of asymmetries (ΓL − ΓR)/Γ. In linear response,

I ∝ ΓLΓR/Γ and J ∝ ΓLΓR, so that both η and COP are independent of the asym-

metry. For the chosen parameters, the maximum efficiency is well approximated by

linear response for the symmetric case, ΓL = ΓR. This is so, because in that case,

DV,θ
L = DV,θ

R and the screening potential given by Eqs. (2.32) and (2.33) identically

vanishes in the absence of gate coupling, C = 0. Introducing asymmetry in the RTB

leads to significant rectification in the electric and heat currents which may change
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the thermoelectric performances of such devices. The efficiency η can either increase

or decrease, depending on the direction of the rectification with bias voltage. From

Fig. 2.5 we see that at positive voltage, samples with large negative values for the

asymmetry (ΓL − ΓR)/Γ exhibit rectification effects where simultaneously the elec-

tric current is enhanced while the heat current is reduced compared to their values

in the linear regime. These effects work to increase the efficiency in that case (cyan

curves in the left panel of Fig. 2.6). The coefficient of performance, on the other

hand, is always significantly smaller than predicted by linear response, and rectifica-

tion plays in the opposite direction in the refrigerator case because COP = Jcold/IV

while η = IV/Jhot. Another remarkable feature is that both performance metrics

are well predicted by the weakly nonlinear theory (compare solid with dotted lines)

with larger deviations, as expected, in the refrigerator case as it operates at larger

voltage biases leading to more significant higher order corrections to the currents.

So far we have neglected the effect of capacitive coupling to the external gate.

Fig. 2.7 shows the dependence of η and COP on the capacitive coupling C. Efficien-

cies and maximum efficiencies for a heat engine are shown in the left panels, while

coefficients of performance and maximum coefficients of performance for a refriger-

ator are on the right panels. For the parameters used, linear response overestimates

η and COP when there is no capacitive coupling to the gate. In panels c) and d), we

can see that capacitive coupling increases η and COP. In panel c) we see that the

efficiency varies from well below the linear estimate for the efficiency to well above

it as the capacitive coupling is varied. This illustrates the effect rectification has

on thermoelectric efficiency. Similar results are obtained for various tunnel barrier

asymmetries such as those used in Fig. 2.6. The magnitude of the increase in all

cases is similar to that in Fig. 2.7, which we attribute to similar increases in U with

C, regardless of the asymmetry. Panels a) and b) also show that thermoelectric

effects are most efficient for a resonant level located a few times Γ above or below

EF. The figure also shows that the weakly nonlinear theory gives a good prediction

of the fully nonlinear thermoelectric behavior.

From the figures presented in this section we conclude that nonlinear effects
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Figure 2.7: a) Maximum thermoelectric efficiency, ηmax = maxV η, for a RTB heat
engine and b) maximum coefficient of performance, COPmax = maxV COP, for a
RTB refrigerator as a function of the position of the resonant level relative to the
Fermi energy. c) Efficiency and d) coefficient of performance as a function of bias
voltage for RTB-based devices with (Er − EF)/Γ = 1. In all cases, T/Γ = 1,
(ΓL−ΓR)/Γ = 0.95 and the coupling to the gate takes on the values of CΓ = 0 (blue),
5 ·10−6 (green), and 10−5 (red) with a gate voltage given by Vg/Γ = 3000. Panels a)
and c) are for TR − TL = 0.8 T and panels b) and d) are for TR − TL = 0.1 T . The
solid colored lines are the approximate solutions in our weakly nonlinear approach
and the dotted colored lines are the fully nonlinear numerical solutions. The dashed
black line is the linear response solution and the solid black line is the maximum
efficiency/COP predicted from linear response.

can have a significant impact on the efficiency of RTB-based thermoelectric engines,

firstly due to rectification effects in both the electric and heat currents, and secondly

due to capacitive couplings which can lift the resonant level. In order to have a

significant effect, however, an asymmetry in the tunnel barriers is necessary.

2.6.2 Quantum point contact

Linear thermoelectric transport properties of a QPC with a saddle potential [18,

24, 71] have been studied and presented by Proetto [83]. In particular, oscillations
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in the thermopower were reported in Ref. [83], which we reproduce in the inset to

the right panel of Fig. 2.8. The efficiency of QPC-based thermoelectric devices on

the other hand has not been calculated, even in the linear regime, and we briefly

comment first on the figure of merit for a QPC. In Fig. 2.8 we show the ratio

Ξ/Ga as well as the figure of merit ZT . When the Wiedemann-Franz law holds,

one has Ξ/Ga = 1 [4]. This is the case when the QPC is well opened and has

several conductance channels. The Wiedemann-Franz law breaks down when the

QPC is almost completely closed, and the sharp increase observed in Ξ/Ga would

suggest a reduction in ZT . The right panel of Fig. 2.8 however shows an increase

in ZT reaching almost the value 10, which is due to the fact that there is also an

increase in the thermopower [83], which results in ZT increasing as the QPC closes.

This leads to a large efficiency for an almost completely closed QPC operating as

a heat engine. This however occurs when the power of the device is exponentially

small. Nonlinear electric transport through a quantum point contact (QPC) has

been discussed theoretically in Ref. [22] and experimentally in Ref. [79]. We extend

these works with a focus on thermoelectric efficiencies.

A sketch of a QPC is given in Fig. 2.9. The gates constrain the motion of

electrons in a two-dimensional electron gas to a narrow path. We treat these two

gates as symmetric and at the same voltage and thus consider them together as a

single gate. The width of the path is tuned by the voltage on the gate. We split

the QPC into a left and a right region, each with its own uniform local potential.

We consider the two regions to be capacitively coupled to one another (C0) and to

the gate (C). For physically realistic parameters, an asymmetry in the capacitive

coupling of the two regions to the gate has only a small effect on transport, and we

therefore consider a symmetric coupling with capacitance C for both the left and

right regions of the QPC. We consider a geometrically symmetric QPC with only a

few open transmission channels. We model the potential energy barrier for electrons

using a saddle potential [18]

U(x, y) = U0 +
1

2
mω2

yy
2 − 1

2
mω2

xx
2 , (2.36)
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Figure 2.8: Left panel: dimensionless ratio Ξ/Ga for a QPC as defined in the text.
This ratio is equal to one when the Wiedemann-Franz law is valid. Right panel:
dimensionless figure of merit ZT . Left inset: conductance steps for the QPC.
The arrows indicate the parameters corresponding to Figs. 2.10 and 2.11. Right
inset: dimensionless thermopower S/T of a QPC. Parameters are ωy/ωx = 3 and
T/~ωx = 0.10 (blue), 0.25 (green), 0.50 (red), 1.00 (violet).

with the electron mass, m, and the electric potential energy at the center of the

QPC, U0. The transmission probability for each channel is given by [24, 71]

Tn(ε) =
[
1 + e−πεn(ε)

]−1
, (2.37)

with

εn(ε) = 2

[
ε+ EF − ~ωy

(
n+

1

2

)
− U0

]/
~ωx, (2.38)

for n = 0, 1, 2, . . . The density of states for each channel, νn(ε), has been calculated

in Ref. [80], using a WKB approach. The result exhibits a nonphysical logarithmic

singularity very close to conductance steps, but is still valid away from them. We

found that the electric and heat currents are smooth functions except immediately

at the steps. We therefore use the density of states of Ref. [80] in this work but

numerically interpolate our results near the steps.
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Figure 2.9: Sketch of a quantum point contact (QPC) with the local potential in
the conductor discretized into a left and a right region. The QPC is electrostatically
defined by external gates. The capacitive couplings considered in our theoretical
treatment are indicated.

The QPC has been discretized into two separate regions, and we express the

particle injectivity into region r = L, R from lead j = L, R as [22]

νprj(ε) =
1

2

∑
n

νn(ε)
{
Tn(ε) + 2[1− Tn(ε)] δrj

}
, (2.39)

where the prefactor of 1/2 takes into account that only electrons moving toward the

QPC undergo transmission or reflection. Eq. (2.15) now becomes

δqr = e

[∑
j

DV
rjVj +

∑
j

Dθ
rjθj −DUr

]
, (2.40)

where r = L, R labels the left/right regions of the QPC. With this discretization

Eq. (2.16) becomes

δqr = e
[
C(Ur − Vg) + C0(Ur − Ur̄)

]
, (2.41)

where r̄ =L(R) when r =R(L). Eqs. (2.40) and (2.41) determine the characteristic

potentials to be

urj =
(C + C0 +D)DV

rj + C0D
V
r̄j

(C +D)(C + 2C0 +D)
, urg =

C

C +D
(2.42)

zrj =
(C + C0 +D)Dθ

rj + C0D
θ
r̄j

(C +D)(C + 2C0 +D)
, zrg = 0 , (2.43)
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Figure 2.10: Left panel: Efficiency of a QPC-based heat engine. Right panel: Coef-
ficient of performance for a QPC-based refrigerator. In both cases the QPC is set at
(EF−U0)/~ωx = 1.5 corresponding to the red arrow in the inset of Fig. 2.8. We use
the parameters ωy/ωx = 3, Vg/~ωx = 3000, T/~ωx = 0.3, TR − TL = 0.1 T , C0 = 0
and C~ωx = 0 (blue), 5 · 10−5 (green), and 10−4 (red). We fix the left reservoir at
the Fermi energy µL = EF and bias the right reservoir V = µL − µR.

which we use to calculate the nonlinear transport coefficients. Note that the charac-

teristic potentials now have two indices, one indicating the region they are affecting,

r = 1, 2, the other one the lead or gate that is responsible for inducing the potential

energy shift, j = 1, 2, g. The leads can inject electrons into the regions which will

ultimately produce an electrostatic potential to screen out additional charges. The

gates, while unable to inject charge into the electron gas, will however induce a

potential shift on either side of the QPC due to being capacitively coupled to the

system.

In Fig. 2.10 we plot both the efficiency of a QPC-based heat engine (left panel)

and the coefficient of performance of a QPC-based refrigerator (right panel) as a

function of the applied voltage bias for various values of the capacitive coupling to

the gate, C. Both panels deal with the situation of only one half open transmission

channel, T ' 1/2, corresponding to the red arrow in the inset of the left panel of
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Figure 2.11: Left panel: Efficiency of a QPC-based heat engine. Right panel: Coef-
ficient of performance for a QPC-based refrigerator. In both instances the QPC is
set at (EF−U0)/~ωx = 0.5 corresponding to the black arrow in the inset of Fig. 2.8.
We use the parameters ωy/ωx = 3, Vg/~ωx = 3000, T/~ωx = 0.3, TR − TL = 0.1 T ,
C0 = 0 and C~ωx = 0 (blue), 2 · 10−5 (green), and 4 · 10−5 (red). We fix the left
reservoir at the Fermi energy µL = EF and bias the right reservoir V = µL − µR.

Fig. 2.8. Fig. 2.10 shows that in the absence of capacitive coupling, the maximal

efficiency of the heat engine is only slightly lower than one would predict from linear

response. However once the capacitive coupling C is turned on, the efficiency of

thermoelectric operation can exceed that predicted from linear response. Increasing

C increases η as well as extends the range of voltages at which the QPC operates

as a heat engine. We can see in the right panel that the performance of the QPC

operating as a refrigerator is much lower than predicted from linear response. We

note that the discrepancy arises due to the fact that the refrigerator is operating

at a high voltage bias, leading to large nonlinear effects. Increasing C improves the

coefficient of performance for refrigeration just as it does for the power generation

efficiency when the QPC operates as a heat engine. In both instances we see that

the nonlinear efficiency significantly exceeds the linear prediction at sufficiently large

capacitive coupling to the gate.

Fig. 2.8 shows a large ZT when the QPC is almost completely closed. We
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investigate whether the already large linear efficiency can be improved with nonlinear

effects. In Fig. 2.11 we graph data similar to those in Fig. 2.10 but now we are

considering the Fermi energy, EF, to be smaller corresponding to the black arrow

in the inset of the left panel of Fig. 2.8. While we see improved efficiency with

increased capacitive coupling we note that power generation will be very low as the

QPC is almost completely closed in this situation.

2.7 Conclusion

We have presented a weakly nonlinear theory of coupled heat and electric transport

in microscopic devices. On these small scales it is very important that local elec-

trostatic potentials are correctly accounted for, in order to preserve fundamental

conservation laws such as gauge invariance and current conservation. We described

how to determine electrostatic potentials and listed sum rules ensuring that all nec-

essary conservation laws are preserved. Most works on thermoelectricity use the

linear figure of merit ZT as a metric for thermoelectric performance – the larger

the ZT , the more efficient the device when converting between thermal and elec-

trical energy. We have demonstrated that ZT loses its predictive power when a

device is operated in a nonlinear regime, and investigated how exactly nonlinear

effects contribute to thermoelectric energy conversion efficiencies. As examples we

investigated two well know microscopic systems 1) a quantum point contact and

2) a resonant tunneling barrier. In both instances we found situations where the

true efficiency significantly differs from that predicted by linear response. Most

importantly, we found that the weakly nonlinear theory reflects the true nonlinear

behavior of microscopic devices. We believe this work paves the way for studying

thermoelectricity in a range of nonlinear microscopic systems without resorting to

numerical computations.
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CHAPTER 3

RECTIFICATION IN NORMAL METAL / SUPERCONDUCTING

HETEROSTRUCTURES

In this chapter we investigate nonlinear transport through quantum coherent metal-

lic conductors contacted to superconducting components1. We find that in certain

geometries, the presence of superconductivity generates a large, finite ensemble-

averaged rectification effect. We show that in Andreev interferometers the direction

and magnitude of rectification can be controlled by a magnetic flux inducing a su-

perconducting phase difference between two superconductor/normal metal contacts.

The rectification current is macroscopic in that it scales with the linear conductance,

and we find that it exceeds 5% of the linear current at sub-gap voltage biases of few

tens of µeV ’s.

The presence of superconductivity has been shown to magnify quantum coher-

ent effects in transport. Examples include Aharonov-Bohm oscillations in the con-

ductance [81, 28, 74] and in the thermopower [39, 78, 93, 104, 99, 48], coherent

backscattering [6, 29] and resonant tunneling [42]. This enhancement is due to

Andreev reflection [1], which generates new contributions to the transmission.

Andreev reflection is a scattering effect that occurs at the interface between a

normal metal and a superconductor. If a quasiparticle impinges on a superconductor

with energy less than the superconducting gap, it will not be able to insert itself

into a single-particle state. Instead, an incident electron (hole) will form a Cooper

pair in order to be injected into the superconductor. This process results in a

retroreflected hole (electron) of opposite spin and momentum to conserve angular

and linear momentum. A comparison between normal and Andreev reflection can

be seen in Fig. 3.1.

1A substantial portion of this chapter was published as Ref. [66].
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Figure 3.1: Illustration of normal and Andreev reflection. Adapted from Ref. [60]

This effect leads to new contributions to the transmission which are dependent

on the different phases in the superconducting order parameter induced by exter-

nal magnetic fluxes [74, 93, 104, 99, 48, 38] and are proportional to the number

N of available transmission channels. In purely metallic systems, quantum coher-

ent effects are of order one or smaller and are therefore negligible when the linear

conductance is large, N � 1 [44].

Novel quantum coherent effects in transport have recently been discovered in

the form of nonlinear contributions to the current. Of particular interest are con-

tributions that are odd in a magnetic flux φ, Inl = G(2)(φ)V 2 with G(2)(φ) =

−G(2)(−φ) [90, 98, 2, 112, 59, 3]. They originate from electronic interactions

which, under finite applied biases, modify the local potential landscape inside

the conductor, as discussed in Chapter 2. The associated rectification coefficient

G(2) has been found to be proportional to the energy derivative of a transmis-

sion function Tij. In metallic chaotic quantum dots its ensemble average is zero

with sample-dependent variations decreasing with the number of transport chan-
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nels as var(G(2)) ∝ N−2 [90, 98]. According to Mott’s law, at low temperature the

thermopower is also proportional to the energy derivative of the transmission (see

Eq. (1.20)). Therefore, the question that naturally arises is whether the enhance-

ment of the thermopower observed in mesoscopic systems contacted to supercon-

ducting islands [39, 78, 93, 104, 99, 48] implies a similar magnification of nonlinear

rectifying conductance. This is the problem we focus on in this chapter.

We find that, in fact, a finite G(2) should occur in such systems. The emergence

of this G(2) does not require that we break time-reversal symmetry in the metallic

part of the system. This rectification occurs, for instance, when two superconducting

contacts have a phase difference φsc 6= 0, π as we find G(2) ∝ sinφsc. The physics

behind this effect is that, in Andreev systems, finite biases, in addition to modifying

the local potential landscape in the metal [22, 82], also affect the electrochemical

potential µsc of the superconductor. In this case of a superconducting island, µsc

adjusts itself to ensure current conservation in the metallic part of the system.

The transmission coefficients Tij(E,U(r), µsc) now depend on the absolute energy

E of the charge carriers, the local potential landscape shift U(r) in the metal, and

additionally on µsc. Our main observation is that rather generic hybrid systems

can be fabricated where Andreev reflection leads to a large, finite ensemble average

value for the derivative of Tij with respect to the quasiparticle excitation energy

ε = |E − µsc|, 〈∂εTij〉 = O(N) × sinφsc. These contributions are similar to those

giving a finite-average thermopower in Andreev interferometers [48, 38]. The theory

we will present predicts maximal average rectification currents amounting to 5–

10% of the linear current at moderate, sub-gap biases of 10–30 µV, and for which

superconducting correlations persist over distances of several microns. In purely

metallic systems, fluctuating rectification effects on the order of 2% typically occur

for biases in the range 0.1–1 mV [112, 59, 3]. We begin this chapter by describing

the scattering approach for normal metal systems with superconducting contacts.
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3.1 Scattering approach with superconductivity

We start by describing the scattering theory formula for the electric I = (2e/h)I(0)

and energy JE = (2/h)I(1) currents in normal metal contact i [23] as

I
(0)
i =

∫ ∞
0

dε
∑
j

∑
αβ

α
(
Niδijδαβ − T αβij

)
fβj (ε) (3.1a)

I
(1)
i =

∫ ∞
0

dε ε
∑
j

∑
αβ

(
Niδijδαβ − T αβij

)
fβj (ε) , (3.1b)

with quasiparticle indices α, β = e,+1 for electrons and h,−1 for holes, the Fermi

function for a β-quasiparticle fβj (ε) = (exp {[ε− β(Vj − Vsc)] /Tj}+ 1)−1 and the

quasiparticle excitation energy, ε = |E − µsc|. Here, the reservoir voltages and

temperatures are written in units of energy, eV → V and kBT → T . We introduce

transmission coefficients T αβij for a β-quasiparticle injected from lead j to an α-

quasiparticle exiting in lead i. In the presence of superconductivity, transmissions

will depend on (i) the energy E of the injected quasiparticle, (ii) the shift in the

local potential landscape U(r) on the quantum dot, and (iii) the electrochemical

potential µsc = EF + Vsc on the superconductor, i.e., T αβij (E,U(r), ε).

Within linear response we can express these currents as

I
(0)
i =

∑
j

[
Gij (Vj − Vsc) +Bij θj

]
(3.2a)

I
(1)
i =

∑
j

[
Γij (Vj − Vsc) + Ξij θj

]
, (3.2b)

where θj = (Tj − T )/T is the normalized temperature bias of reservoir j and the

response coefficients are given by

Gij =

∫ ∞
0

dε (−∂εf) Gij(ε) (3.3a)

Bij =

∫ ∞
0

dε (−∂εf) ε Bij(ε) (3.3b)

Γij =

∫ ∞
0

dε (−∂εf) ε Γij(ε) (3.3c)

Ξij =

∫ ∞
0

dε (−∂εf) ε2 Ξij(ε) . (3.3d)
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Here we have introduced transmission functions that account for the presence of two

different types of quasiparticles,

Gij(ε) =
∑
αβ

αβ
[
Nα
i δαβδij − T

αβ
ij

]
=
(
N e
i +Nh

i

)
δij − T eeij − T hhij + T heij + T ehij

(3.4a)

Bij(ε) =
∑
αβ

α
[
Nα
i δαβδij − T

αβ
ij

]
=
(
N e
i −Nh

i

)
δij − T eeij + T hhij + T heij − T ehij

(3.4b)

Γij(ε) =
∑
αβ

β
[
Nα
i δαβδij − T

αβ
ij

]
=
(
N e
i −Nh

i

)
δij − T eeij + T hhij − T heij + T ehij

(3.4c)

Ξij(ε) =
∑
αβ

[
Nα
i δαβδij − T

αβ
ij

]
=
(
N e
i +Nh

i

)
δij − T eeij − T hhij − T heij − T ehij ,

(3.4d)

which, from particle conservation, obey the sum rules∑
i

Gij(ε) = 2
∑
i

[
T heij + T ehij

] ∑
j

Gij(ε) = 2
∑
j

[
T heij + T ehij

]
(3.5a)

∑
i

Bij(ε) = 2
∑
i

[
T heij − T ehij

] ∑
j

Bij(ε) = 0 (3.5b)

∑
i

Γij(ε) = 0
∑
j

Γij(ε) = 2
∑
j

[
−T heij + T ehij

]
(3.5c)

∑
i

Ξij(ε) = 0
∑
j

Ξij(ε) = 0 . (3.5d)

We notice that if Andreev reflection processes are neglected then we re-acquire the

sum rules of Eq. (2.17) for normal metal systems. As another limit, we note that at

zero temperature current will be carried by particles at the superconducting chemical

potential, i.e., ε = 0. In this limit the two types of Andreev processes are equivalent,

T ehij (0) = T heij (0), and we can see above that the only sum rules that will not equal

zero are those for the conductances Gij(0).

Using the sum rules of Eq. (3.5) it is easily verified that the energy/heat current

(same in linear response) is conserved among the normal metal leads,
∑

i I
(1)
i = 0,
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and thus no energy enters the superconductor. Electric current, on the other hand,

may be injected into a bulk superconductor with a fixed chemical potential. We

would have the current conservation condition
∑

i I
(0)
i +

∑
sc I

(0)
sc = 0. If we consider

a superconducting island then its chemical potential (voltage) would shift until it

reaches a value that prevents a net electric current from flowing into it, ensuring

electric current conservation among the normal metal leads. We will focus in this

chapter on Andreev interferometers with superconducting islands.

Having spoken about particle and energy conservation relations, we should now

discuss gauge invariance. It can be seen from the
∑

j rules of Eq. (3.5b) and (3.5d)

that both the electric and heat currents are unchanged by a universal temperature

shift T → T + δT . We can therefore consider the system in linear response to be

gauge invariant in temperature. We can also see in Eq. (3.2) that the system is

gauge invariant in voltage, i.e., unchanged for a universal voltage shift V → V +δV ,

so long as the superconductor is also considered in this shift. For a superconducting

island the chemical potential will automatically shift by δV in response to that same

shift in all of the bulk reservoirs.

Finally, we point out that the Onsager relations remain intact in this normal

metal/superconductor hybrid system. By noting that microscopic reversibility im-

plies T heij (ε, φ) = T ehji (ε,−φ), we can easily see that Eqs. (3.4) and thus Eqs. (3.3)

satisfy Onsager’s relations. Explicitly, these relations read Gij(φ) = Gji(−φ),

Bij(φ) = Γji(−φ), and Ξij(φ) = Ξji(−φ). We should also note that, unlike for

purely metallic systems, Bij(φ) 6= Γij(φ). If, however, we neglect Andreev reflection

terms in Eqs. (3.4b) and (3.4c) we would re-acquire the equality valid for normal

metal systems.

3.1.1 Weakly nonlinear response

At low but finite electrical bias we can expand Eq. (3.1a) to quadratic order in

voltage to write the electric current as

Ii =
∑
j

Gij(Vj − Vsc) +
∑
jk

Gijk(Vj − Vsc)(Vk − Vsc) . (3.6)
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The quadratic conductances Gijk are given by

G
(2)
ijk =

1

2

∫ ∞
0

dε (−∂εf) (2 ∂VkGij + ∂εBij δjk) , (3.7)

where the first term represents the contribution due to the screening of charges by

a shift in the potential landscape while the second reflects the next order, in bias,

contribution to current expected from a Fermi function expansion of Eq. (3.1a).

More explicitly, the first (screening) term, self-consistently generated by the voltage

biases and the Coulomb interaction [22], can be rewritten as [22, 90]

∂Gij
∂Vk

=

∫
dr

δGij
δU(r)

× ∂U(r)

∂Vk
, (3.8)

evaluated at the superconducting chemical potential. For chaotic metallic meso-

scopic cavities the derivative of the transmission with respect to the local potential

is random from one ensemble member to another with zero ensemble average, fur-

thermore, for large N , it is not correlated to the local potential fluctuations [90].

This is not modified by the presence of superconductivity. Therefore, 〈∂Vkgij〉 = 0.

The screening term has no ensemble-average effect on the current, and we neglect it

from now on. The second term in Eq. (3.7) is the bare contribution to the nonlinear

conductance [22]. Unlike in the purely metallic case, it depends on the derivative of

the transmission with respect to the quasiparticle excitation energy ε counted from

the chemical potential of the superconductor. Below we find that the bare term

gives a dominant, finite-average contribution to the nonlinear conductance. We can

thus write the ensemble-averaged current from Eq. (3.6) as

〈Ii〉 =
∑
j

[
〈Gij〉 (Vj − Vsc) + 〈Gijj〉 (Vj − Vsc)

2
]
, (3.9)

with

〈Gijj〉 =
1

2

∫ ∞
0

dε (−∂εf) 〈∂εBij〉 . (3.10)

Eq. (3.9) expresses electric currents through the normal leads as a function of the

superconducting chemical potential µsc = EF + Vsc. Again, this chemical potential

is fixed in the case of a bulk superconductor while for a superconducting island the



68

(a) (b)

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

R RLL

δτ

δτ

∆e−iφsc/2∆e−iφsc/2 ∆eiφsc/2∆eiφsc/2

Figure 3.2: Sketch of the two Andreev interferometers considered: (a) asymmetric
single-cavity, and (b) double-cavity interferometer. The red half circles represent
the contacts to superconductors, whose pair potentials are indicated. Figure taken
from Ref. [66]

chemical potential will take on a value that prevents a net electrical current from

entering it. In the next section we will consider two Andreev interferometer models,

each with two superconducting contacts.

3.2 Two-terminal Andreev interferometers

In steady-state, a superconducting island’s chemical potential is self-consistently

determined by current conservation at the normal leads. For a two-terminal system

this condition is just I
(0)
L = −I(0)

R . The next step is thus to determine µsc and insert

its ensemble-averaged value into Eq. (3.9). Upon doing so, one gets the explicitly

gauge invariant expression 〈
I

(0)
L

〉
= G(1) V +G(2) V 2 , (3.11)

with the bias voltage V = VL − VR and

G(1) =
〈GLL〉 〈GRR〉 − 〈GLR〉 〈GRL〉∑

kl 〈Gkl〉
(3.12a)

G(2) =
∑
l

[
〈GLRR〉 〈GRl〉 − 〈GRRR〉 〈GLl〉

]
×
∑

k [ 〈GkL〉 − 〈GkR〉 ]

[
∑

kl 〈Gkl〉 ]2
. (3.12b)

It is easily checked that Eq. (3.12a) reproduces the result of Ref. [23].
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We consider two models of Andreev interferometers, where two metallic terminals

indexed i = L,R are connected to mesoscopic (either chaotic ballistic or disordered

diffusive) quantum dots via leads carrying Ni � 1 transmission channels. The

dots have no particular spatial symmetry and are ideally connected to two s-wave

superconducting contacts with pair potentials ∆eiφi , each carrying NSi channels.

As physical properties only depend on phase differences, we set φL = −φsc/2 and

φR = φsc/2 with ∆ ∈ R. We consider a single superconducting island with two

contacts into which no current flows on time average in steady-state. The Andreev

interferometer models we treat are sketched in Fig. 3.2. We consider the regime

where the temperature is much smaller than the pair potential, the latter being

much smaller than the Fermi energy, T � ∆� EF. At low electrical bias, V � ∆,

the quasiparticle excitation energy will always be much smaller than ∆. We therefore

assume perfect Andreev reflection at the superconducting contacts.

Both of our models are specifically devised to correlate the average time an

electron takes on its way from one lead to a superconducting contact, with the

phase at that contact. This is accomplished by introducing ballistic necks, which

quasiparticles at the Fermi level traverse in a time δτ , which we express in units

of inverse energy, i.e., δτ/~ → δτ . These necks are indicated by dashed lines in

Fig. 3.2. The way action and Andreev reflection phases are correlated is easy to see

by considering electrons at an excitation energy ε, injected from the left terminal and

Andreev reflected back to it. In Fig. 3.2 we can see that, if Andreev reflection occurs

at the right superconducting contact, these electrons acquire a total phase that is

larger by an amount 2εδτ − φsc than if they hit the left superconducting contact.

Such correlations were shown in Ref. [48] to generate large, finite ensemble-averaged

contributions to the thermopower for finite φsc. We show below that they also result

in a finite-average rectification.

3.2.1 Semiclassical approach

To calculate the rectification coefficient G(2) we follow the trajectory-based semi-

classical approach of Refs. [48, 107]. We compute the dominant contributions to
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Figure 3.3: Semiclassical diagrams that give the dominant phase-sensitive contri-
butions to the rectification coefficient G(2), to leading order in NS/Nn [48]. (a)
Contribution to 〈T eeij 〉, and (b,c,d) contributions to 〈T heij 〉. Blue (red) lines indicate
electrons (holes) trajectories, while dashed lines indicate complex-conjugated am-
plitudes. Normal leads are labeled i, j while superconductors are labeled Sα, Sβ.
Contributions to 〈T hhij 〉 [〈T ehij 〉] are obtained from (a) [(b,c,d)] by everywhere making
the substitution e↔ h. Figure taken from Ref. [66]

leading order in the ratio NSL,SR/NL,R of the total number of transport channels in

the left, NSL, and right, NSR, superconducting contacts and in the normal left, NL,

and right, NR, contacts. The corresponding diagrams are shown in Fig. 3.3.

Eqs. (3.11–3.12) apply to both interferometers shown in Fig. 3.2. The ensemble

averages determining the conductances are geometry-dependent and we can now cal-

culate them in both cases. Starting with the asymmetric single-cavity interferometer

of Fig. 3.2(a), we find, to leading order in NSL,SR/NL,R,

G(1) =
NLNR

NL +NR

, (3.13a)

G(2) = 2 sinφsc
NLNRNSLNSR(NR −NL)

(NL +NR)4
Ia , (3.13b)

with a thermal damping integral

Ia =

∫ ∞
0

dε (−∂εf) ∂ε

[
sin(2εδτ)

1 + (2ετD)2

]
. (3.14)
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The value of the integral Ia decreases with the temperature, T , and the dwell time,

τD, through the cavity. As for δτ , we express the dwell time in units of inverse

energy, i.e., τD/~ → τD. When T � τ−1
D one has Ia = 2πT δτ 2 csch(2πTδτ). For

a given temperature, it is largest when δτ ' 0.3/T [when πTδτ coth(2πTδτ) = 1].

We see from Eq. (3.13b) that, when δτ is nonzero, a finite average rectification

current flows. This current is odd in φsc. A finite φsc and δτ are both required

for rectification to occur, because they both are necessary to correlate action and

Andreev phases. This correlation is key to obtaining a finite 〈∂εBij〉 in Eq. (3.10).

Eq. (3.13b) further shows that when Ni = O(N) � 1, for i=L, R, SL, SR, and for

sufficiently asymmetric normal terminals, |NL − NR| � 1, the rectification current

is macroscopically large, G(2) = O(N).

We now present our results for the double-cavity interferometer of Fig. 3.2(b).

We find to leading order in NSL,SR/NL,R

G(1) = NC +
2NSLNSR

NSL +NSR

(3.15a)

G(2) = 2 sinφsc
(NSL −NSR)2NSLNSRNC

(NSL +NSR)2NLNR

Ib , (3.15b)

where NC � NL,R is the number of channels in the neck connecting the two cavities

and the thermal damping integral is given this time by

Ib =

∫ ∞
0

dε (−∂εf) ∂ε

[
Im

{
exp(2iεδτ)

(1 + 2iετD1)(1 + 2iετD2)

}]
. (3.16)

where τD1 and τD2 are the dwell times for each cavity. From Eq. (3.15b), we see

that an ensemble-averaged macroscopic rectification effect also occurs in this model

geometry under similar conditions as above, i.e., that Ni = O(N)� 1 for i=L, R, C,

SL and SR, and sufficiently asymmetric superconducting contacts, |NSL−NSR| � 1.

When the temperature is small compared to the inverse dwell times of each cavity,

T � τ−1
D , τ−1

D1 , τ
−1
D2 , then the rectification effects in the two geometries of Fig. 3.2

have the same thermal damping integral, Ib = Ia.

We illustrate our results in Fig. 3.4 for the asymmetric single-cavity model. We

first show the current as a function of applied bias in Fig. 3.4a, for φsc = 0 and

φsc = π/2. We see that a rectification effect of more than 5% occurs at φsc = π/2
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Figure 3.4: Rectification in an asymmetric single-cavity interferometer with NL =
110, NR = 10, NSL = NSR = 30, T = 100mK, δτ = 0.3/T , T � τ−1

D . (a) Electric
current at ±V vs. the bias voltage |V |. At φsc = 0 and π, I(0)(V ) = −I(0)(−V )
and there is no rectification. At φsc = π/2, rectification is maximal (red curves). A
subdominant oscillating contribution to the linear current (see Eq.(3a) in Ref. [48]),
not included in Eq.(3.13a), is taken into account here. (b) Relative current asym-

metry I(0)(V ) + I(0)(−V ) normalized with the linear current I
(0)
lin (V ) = G(1)V for

four different superconducting phase differences. (c) Sample-averaged rectification
conductance G(2)V vs. φsc for three different bias voltages. The oscillating part of
the linear conductance is shown for comparison (dashed line). (d) Thermal integral
Ia of Eq. (3.14) giving the damping of G(2) with temperature for the single-cavity
model of Fig. 3.2(a).

and bias voltage of 30 µeV. This is more evident in Fig. 3.4b, which shows the relative

current asymmetry [I(0)(V ) + I(0)(−V )]/I
(0)
lin (V ), normalized by the linear current

I
(0)
lin = G(1)V as a function of bias voltage. We see that at still-moderate biases

(well below the superconducting gap of Al), the rectification effect exceeds 5%. We

next show in Fig. 3.4c the rectification current as a function of φsc for three different

voltages V = 10, 20, and 30 µeV. In contrast to the mesoscopic rectification effects in

metallic quantum dots, which are random in an applied magnetic field [90, 98, 112],

we see that the presence of superconductivity induces a regular behavior of G(2) as

a function of φsc, with the magnitude of the effect increasing with bias. Finally, the
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damping of the rectification with temperature is illustrated in Fig. 3.4d.

Our approach to weakly nonlinear transport is closely related to the one pio-

neered by Büttiker and Christen [22] and discussed in Chapter 2. One important

difference is that we here took advantage of the presence of superconductivity to

Taylor-expand the currents in voltages measured from the superconducting potential

Vsc. This directly enforces gauge invariance at our level of approximation, where the

screening term in Eq. (3.7) is neglected. Current conservation is furthermore satisfied

in our treatment by unitarity of the scattering matrix,
∑

iα T
αβ
ij = Nβ

j =
∑

iα T
βα
ji ,

and by the condition (self-consistently determining Vsc) that no current enters the

superconducting island on time average in steady state. In Ref. [22], voltages are

taken from an arbitrary potential as there is no superconductor. In that case gauge

invariance is only satisfied after self consistently determining the local potential land-

scape shift, U(r), and expressing the transmission function dependence on external

voltage biases by means of this shift.

3.3 Conclusion

In this chapter we have constructed a theory for weakly nonlinear transport in

hybrid metallic/superconducting systems and shown that there can be a finite av-

erage O(N) rectification for such systems. We showed that, in contrast to purely

metallic mesoscopic systems, the presence of superconductivity generates poten-

tially large, O(N), finite-average rectification effects. The magnitude and direc-

tion of these effects can furthermore by an external magnetic flux. Alternatively,

we note that this effect leads to the breakdown of an Onsager relation, with

I(0)(φ, V ) − I(0)(−φ, V ) = 4 sinφsc[NLNRNSLNSR(NR − NL)/(NL + NR)4]IaV
2 for

the asymmetric single-cavity model and I(0)(φ, V )− I(0)(−φ, V ) = 4 sinφsc[(NSL −
NSR)2NSLNSRNC/(NSL +NSR)2NLNR]IbV

2 for the double-cavity model. We expect

this predicted rectification effect to be experimentally testable in Andreev interfer-

ometers such as those of Refs. [28, 39, 78].
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CHAPTER 4

LOCAL TEMPERATURE OF NON-EQUILIBRIUM QUANTUM ELECTRON

SYSTEMS

Thermodynamics characterizes systems at equilibrium via equations of state that

depend on a few macroscopic variables, particularly the temperature. The tempera-

ture, not being an observable in the dynamical sense, can be defined in various ways.

The zeroth law of thermodynamics differentiates between classes of thermodynamic

states with different temperatures by introducing the concept of a thermometer.

Specifically, the zeroth law states that if two systems are in thermal equilibrium

with a third system, the thermometer, then they are in thermal equilibrium with

each other. The second law of thermodynamics distinguishes between temperatures

by stating that heat will flow from a hot reservoir to a cold one but not vice versa

unless external work is done on the system, as in the case of a refrigerator. The

maximum possible power generated by the transfer of heat from a hot reservoir to a

cold one can be quantified using Carnot’s theorem which expresses the efficiency of

a heat engine in terms of the temperature difference between connected reservoirs.

Carnot’s theorem can therefore be used to define an absolute temperature scale when

connecting a reservoir of known temperature to one of unknown temperature and

subsequently determining the power generated. Alternatively, Maxwell’s relations

express the temperature as derivatives of thermodynamic potentials with respect

to the entropy. Fluctuation-dissipation theorems, finally, relate the temperature to

equilibrium fluctuations of observables via associated response coefficients [52]. In

equilibrium, these definitions are consistent with one another.

The framework of thermodynamics, and the concept of temperature in partic-

ular, has been extended to non-equilibrium systems under the assumption of local

equilibrium [27]. However, it has proven far more challenging to generalize the

temperature concept to systems where the local equilibrium hypothesis does not
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hold [26, 20]. Without local equilibrium, different temperatures are commonly ob-

tained by different measurement protocols [20]. The consensus is accordingly that

trying to extend the concept of temperature to non-equilibrium thermodynamics

can at best deliver an operational definition.

In this chapter1, we revisit and shed new light on this fundamental issue. We fo-

cus our investigations on coupled electric and thermal transport in quantum conduc-

tors brought out of equilibrium by voltage and temperature biases. We show that,

under certain conditions which we will specify, a local temperature can be consis-

tently defined in this non-equilibrium system in the sense that: (i) the temperature

is insensitive to details of the measurement protocol; (ii) the same temperature is

given by at least two completely different measurements (in our case a direct thermal

measurement and a current noise measurement); (iii) two systems independently at

equilibrium with a third one are also at equilibrium with one another as per the

zeroth law; and (iv) the measured temperature is absolute in the sense of Carnot’s

theorem.

Our approach is inspired by the experimental thermometry technique of scanning

thermal microscopy [63], whose resolution has recently been brought down to the

nanometer range [54]. The system’s local temperature is defined via an external

local probe weakly coupled to the system via a tunnel barrier [12]. At its other

end, the probe is connected to a macroscopic reservoir whose chemical potential

and temperature are set such that neither electric nor heat current flow between

the probe and the system. The probe is thus in local equilibrium with a system

that is itself not at equilibrium (see Sec. 1.2.1 for a discussion of probes). In linear

response, the probe temperature that guarantees this local equilibrium is unique,

and we show that this temperature locally characterizes the system in the sense

of points (i)–(iv). The local temperature remains consistently defined even when

there is no local equilibrium in the system itself. In particular, quantum interference

effects that destroy equilibrium on scales comparable to the Fermi wavelength do

not alter the consistency of our definition.

1A substantial portion of this chapter was published as Ref. [65].
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P
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µ2

µp
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Figure 4.1: Schematic of a mesoscopic conductor connected to two electron reservoirs
via transport leads, and to a third reservoir via a weakly coupled probe. The
chemical potentials and temperatures in all three reservoirs are indicated.

The physics of electronic transport in quantum coherent systems coupled to

external probes dates back to Büttiker’s work on dephasing [17]. Probes have been

used to calculate local electronic distributions [43] and local spin accumulations [46]

in such systems. The approach has recently been extended to probe thermometry in

voltage- and/or temperature-biased structures [45, 34, 32, 33, 21, 12], with several

investigations focusing on Fourier’s law [45, 34, 32, 33, 12]. Ref. [21] investigated the

probe temperature of AC driven systems in the weak-driving, low-frequency limit.

The authors found that, in this limit, the temperature measured by the probe is the

same as the one extracted from a local fluctuation-dissipation relation. Recently,

local temperature measurements were investigated in the DC case where a closed-

form analytic expression for the temperature was found for open electrical circuits

under a temperature bias [12].

Refs. [63, 54, 45, 34, 32, 33, 21, 12] considered the probe temperature as an

operational definition of the local temperature of the sample, without examining

whether this definition satisfies conditions obeyed by a temperature in the equilib-

rium thermodynamic sense. Here, we fill this gap by investigating the fundamental

issue of whether a local temperature can be consistently defined in non-equilibrium

quantum electron systems and under what conditions this temperature is the same

as that measured by an external temperature probe.
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4.1 Scattering approach with a temperature probe

The type of system we investigate is sketched in Fig. 4.1. It is an electronic system

connected to external reservoirs where electrons are thermalized and have a well-

defined Fermi-Dirac distribution. One of the reservoirs is coupled to the conductor

via a tunnel probe, and both its temperature Tp and voltage Vp are set such that

neither electric nor heat current flow between the conductor and the probe. Thus

the conductor and the probe are in local equilibrium, even though the conductor

itself is not and may be traversed by heat and/or electric currents. In this work we

consider transport mediated solely by electrons.

Using the scattering approach to transport we can determine the electric current

I = (2e/h)I(0) and heat current J = (2/h)I(1), explicitly factoring out the spin de-

generacy, in terms of scattering properties of the sample. Within linear response (see

Eq. (2.2)) the current flowing from reservoir i into the conductor can be expressed

as

I
(0)
i =

∑
j

(GijVj +Bijθj) (4.1a)

I
(1)
i =

∑
j

(ΓijVj + Ξijθj) , (4.1b)

with linear response coefficients given by Eq. (2.3). In the above expression the sum

over j runs over the transport as well as the probe terminals.

By requiring that no current enter the temperature probe, I
(0,1)
p = 0, we can

determine the probe voltage, Vp, and temperature, θp, biases. Doing so we find

Vp = (Gpp κpp)−1
∑
j 6=p

[
(BppΓpj − ΞppGpj)Vj + (BppΞpj − ΞppBpj) θj

]
(4.2a)

θp = (Gpp κpp)−1
∑
j 6=p

[
(ΓppGpj −GppΓpj)Vj + (ΓppBpj −GppΞpj) θj

]
, (4.2b)

where κpp = Ξpp − BppΓpp/Gpp is effectively a 2-terminal zero-current thermal

conductance between the probe and the rest of the leads (see Eq. (2.22)). Eq. (4.2)

applies to general thermoelectric circuits linear in voltage and/or temperature biases.
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We can also see, using the sum rules of Eq. (2.17), that a universal voltage shift

among all of the reservoirs leads to an equivalent shift in the probe voltage, as

would be expected from gauge invariance. This shift, however, would not have

any effect on the probe temperature. On the other hand, a universal shift in the

reservoir temperatures will have no effect on the probe voltage, but does result in

an equivalent shift in the probe temperature. This reflects a temperature gauge

invariance when operating in linear response for a non-interacting system. We note

that an expression similar to Eq. (4.2b) was derived in Ref. [92].

4.1.1 Open electrical circuit

If we consider the entire system to be an open electrical circuit, i.e., I
(0)
i = 0 ∀i,

then the application of temperature biases results in thermovoltages being induced

at each reservoir. Using these zero electrical current conditions we can express the

induced voltages in terms of applied temperature biases as a matrix relation,[
V − Vp

]
︸ ︷︷ ︸

M×1

= −
[
G
]−1

︸ ︷︷ ︸
M×M

[
B
]

︸︷︷︸
M×M

[
θ − θp

]
︸ ︷︷ ︸

M×1

, (4.3)

where [V − Vp] and [θ − θp] are M × 1 column vectors with M being the number of

connected leads (not including the probe) while [G] and [B] are square matrices of

size M ×M that connect the non-probe leads. In solving for Eq. (4.3) we do not

explicitly include the zero electrical current condition for the probe as it is implied

by current conservation. We can also express the heat current from each of the

reservoirs with the matrix relation[
I(1)
]

︸ ︷︷ ︸
(M+1)×1

=
[
Γ
]

︸︷︷︸
(M+1)×M

[
V − Vp

]
︸ ︷︷ ︸

M×1

+
[
Ξ
]

︸︷︷︸
(M+1)×M

[
θ − θp

]
︸ ︷︷ ︸

M×1

, (4.4)

where
[
I(1)
]

is a column vector representing the heat current in all the leads including

that of the probe. Using Eq. (4.3) we can re-express the heat currents as[
I(1)
]︸ ︷︷ ︸

(M+1)×1

=
( [

Ξ
]

︸︷︷︸
(M+1)×M

−
[
Γ
]

︸︷︷︸
(M+1)×M

[
G
]−1

︸ ︷︷ ︸
M×M

[
B
]

︸︷︷︸
M×M

) [
θ − θp

]
︸ ︷︷ ︸

M×1

, (4.5)
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where this expression can be understood as the multi-terminal analog to the 2-

terminal open electric circuit formula I(1) = κ θ = (Ξ−BΓ/G) θ (see Eq. (2.22)).

However, we still need to know the probe temperature bias, θp, in order to fully

specify the heat currents in the leads. We therefore need one more constraint which

in this case is the condition that on average no heat current enter the probe, I
(1)
p = 0.

After determining the probe temperature bias we can calculate the heat current in

every lead with Eq. (4.5) as well as determine the voltage biases, taken from the

probe voltage, induced at each reservoir with Eq. (4.3).

It should be noted that in the case of an open electric circuit we cannot explic-

itly determine the probe voltage from the given zero current conditions. This can

be understood by recognizing that our expressions for current are gauge invariant,

preventing absolute voltages from being determined without a fixed reference chem-

ical potential. Mathematically, this is due to the fact that one of the zero electrical

current conditions is redundant as current conservation among the leads is built into

our theory, reducing the number of constraints necessary to explicitly determine the

probe voltage, Vp . We therefore note, in the case of an open electrical circuit, that

while Eq. (4.2a) must hold, it will not allow for an explicit determination of the

probe voltage.

The formulas presented in this section for an open electrical system are consistent

with a result in Ref. [12] for the specific case of a time-reversal symmetric 3-terminal

open electrical circuit with one of the reservoirs being a temperature probe. As an

example, a plot of Tp for an armchair graphene nanoribbon with a thermal bias of

∆T = 50K is shown in Fig. 4.2(a).

4.2 Dependence of Tp on probe-system coupling

Let us first consider the case of single-channel probe-system coupling. For this case,

it was shown in Ref. [46] that the sub-blocks sip (and spi) of the scattering matrix

factorize as sip = γ(E) s̃ip, with the (possibly energy-dependent) coupling between

system and probe encoded in γ(E) only. Here we have denoted the sub-blocks of
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Figure 4.2: Local temperature of an armchair graphene nanoribbon probed by
an atomically-sharp Pt tip scanned 3.5Å above the graphene plane. Here EF =
−0.15eV from the Dirac point, and a thermal bias ∆T = 50K is applied between the
reservoirs forming an open electrical circuit. (a) Tp calculated from Eq. (4.2b); (b)

T
(noise)
p = Tp(1+χ) calculated from Eq. (4.13); (c) Tp and T

(noise)
p at the three points

indicated in panel (a) as functions of the tip-sample coupling Tr{Γp}, which we
vary with an artificial scaling factor multiplying the tunneling-width matrix Γp. At
this scan height, the tip-sample coupling is mediated by two dominant transmission
channels, with an intrinsic Tr{Γp} ∈ [3.6µeV, 24meV] over the image. Figure taken
from Ref. [65].

the scattering matrix for the disconnected systems with a tilde. We can therefore

relate the disconnected system transmission function, T̃ , to an effective transmission

function, T , between the sample and probe by Tip(E) = |γ(E)|2 T̃ip(E). Next, we

note that the linear response coefficients can be approximated at low temperature

using the Sommerfeld expansion, (see Eq. (2.8)). By taking into account the energy

dependence of the probe-system coupling, we can express these low-temperature

approximations between the system and probe as

Gip = Aip(EF) = |γ(EF)|2Ãip(EF) (4.6a)

Bip = Γip = a∂EF
Aip(EF) = a

[
|γ(EF)|2∂EF

Ãip(EF) + Ãip(EF)∂EF
|γ(EF)|2

]
(4.6b)

Ξip = a Aip(EF) = a |γ(EF)|2Ãip(EF) . (4.6c)
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We can see in Eq. (4.6b) that when |γ(EF)|2 [∂EF
Ãip(EF)] � Ãip(EF) ∂EF

|γ(EF)|2,

we can neglect the second term and |γ(EF)|2 factors out of all the linear response

coefficients. Under these circumstances the probe coupling strength and energy-

dependence will not affect the measured probe voltage or temperature since these

properties depend on the ratio of the linear response coefficients, as can be seen in

Eq. (4.2). Thus, as long as linear thermoelectric effects involving transmission from

and to the probe are dominated by the energy-dependence of transmission coeffi-

cients inside the system (as opposed to the energy-dependence of γ(E)) and when

the system-probe coupling proceeds via a single transport channel, Tp is indepen-

dent of γ(E). This condition is typically satisfied for tunneling probes, which have

transmissions that vary over an energy scale in the ∆ ∼ eV range. Their energy-

dependence can therefore safely be ignored when probing nanoelectronic systems

whose transmission fluctuates over a scale set by the Thouless energy ETh . 10−1eV

for a typical system of linear size L & 10 nm.

4.3 Electric current noise temperature

The condition I
(0,1)
p = 0 leading to Eq. (4.2b) means that time-averaged currents

into the probe vanish; however, they have non-zero time-dependent fluctuations. At

equilibrium, a well-known fluctuation-dissipation relation relates the zero-frequency

electric current noise power to the system’s equilibrium temperature, S = 4GT [50,

75], with the linear conductance G of the system. This is known as the Johnson-

Nyquist noise (see Section 1.2.3). We next use a Sommerfeld expansion to show

that a similar fluctuation-dissipation relation exists between the probe temperature

Tp and the noise of the electric current between the system and the probe.

In the scattering approach, the DC electric current cross-correlation between

terminals i and j in units of 2e2/h (explicitly factoring out spin degeneracy) is given
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by Eq. (1.31) as

Sij =

∫
dε

[
Aij(EF + ε)Fjj(ε) +Aji(EF + ε)Fii(ε)−

∑
kl

Aij,kl(EF + ε)Fkl(ε)

]
.

(4.7)

With the identity fi(1− fi) = Ti (−∂εfi), we can re-express the current noise as

Sij = 2Tj Gij(µj, Tj) + 2TiGji(µi, Ti)−
∫
dε
∑
kl

Aij,kl(EF + ε)Fkl(ε) , (4.8)

where Gij(µj, Tj) is the linear electrical conductance of Eq. (2.3a) taken about the

chemical potential and temperature of reservoir j rather than the equilibrium Fermi

energy, EF, and temperature, T . In linear response we can can relate these new

conductances to the equilibrium conductances with the relation

Gij(µk, Tk) = Gij + Γ
(2)
ij Vk +

(
Ξ

(2)
ij −Gij

)
θk , (4.9)

where we define

Γ
(2)
ij =

∫
dE

(
∂2
εf
)
Aij(EF + ε) (4.10a)

Ξ
(2)
ij =

∫
dE

(
∂2
εf
)
ε Aij(EF + ε) . (4.10b)

Using the expansion Fkl ' T {2(−∂εf) + (∂2
εf) [Vk + Vl + ε (θk + θl)]} along with

the particle conservation sum rules of Eq. (1.32) we can write the noise power in

linear response as

Sij
2

= Tj Gij(µj, Tj) + TiGji(µi, Ti)− δij T
∑
k

(
Γ

(2)
ik Vk + Ξ

(2)
ik θk

)
. (4.11)

We can now express the noise power measured at the probe, i = j = p, as

Spp = 4 Gpp(µp, Tp) T (noise)
p , (4.12)

where we have defined the noise temperature by T
(noise)
p = Tp [1 + χ] with

χ = − 1

2Gpp

∑
k

[
Γ

(2)
pk Vk + Ξ

(2)
pk θk

]
. (4.13)
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Eq. (4.12) is essentially the Johnson-Nyquist noise for an equilibrium system with,

however, T
(noise)
p instead of Tp. We can therefore identify χ as the deviation from

equilibrium Johnson-Nyquist noise, S = 4GT , due to our sample being under

electrical and/or thermal bias. Clearly, when the system is at equilibrium we would

have χ = 0 and thus T
(noise)
p = Tp. Furthermore, by noting that to leading order in a

low temperature Sommerfeld expansion we have the relations Γ
(2)
ij = Γij/a = Bij/a

and Ξ
(2)
ij = Ξij/a = Gij where a ≡ (πT )2/3, we can see that χ ∝ I

(1)
p . Therefore,

when the system’s linear response coefficients are well described by their leading

order Sommerfeld terms, the requirement that no heat enter the probe on average,

I
(1)
p = 0, leads to T

(noise)
p = Tp. We conclude that the temperature Tp measured

at the probe is equal to the purely electrically measured temperature T
(noise)
p in the

regime of validity of the Sommerfeld expansion.

In order to illustrate these findings, and to test their validity under somewhat

more general conditions typical of a realistic tunneling probe, we calculate both Tp

and T
(noise)
p for an armchair carbon nanoribbon probed by an atomically-sharp Pt tip

(see Fig. 4.2). The tunnel coupling is mediated by the s, p, and d orbitals of the apex

atom of the tip, leading to a coupling matrix Γp between system’s modes and probe

orbitals. We found that the overlap between the Pt orbitals and the C π-orbitals in

graphene yields two dominant transmission channels into the tip. The connection

between the eigenvalues of Γp and the tunnel probabilities |γn(E)|2 is discussed e.g.

in Ref. [8]. For details of the model used for a scanning thermoelectric probe of

graphene, see Refs. [12, 11].

It is apparent from Figs. 4.2(a) and 4.2(b) that the local temperatures inferred

from a direct thermal measurement and from an independent current noise mea-

surement are almost identical. Indeed, the maximum value of the discrepancy χ for

the model is just 0.0162. This agreement is remarkable, especially since there is no

local equilibrium, as indicated by the short-wavelength coherent spatial oscillations

of the temperature. Fig. 4.2(c) shows Tp and T
(noise)
p at three points within the

sample (indicated in Fig. 4.2(a)) as functions of the tip-sample coupling. Despite

the fact that the tip-sample coupling is effectively mediated by two transmission
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Figure 4.3: Top panel: two systems sequentially probed by the same probe at local
positions x1 and x2. Bottom panel: the same systems as in the top panel now
connected by a transmission line locally coupled to the systems at x1 and x2.

channels in this case, both Tp and T
(noise)
p are seen to be essentially independent of

Tr{Γp} over several orders of magnitude, confirming the analytical argument given

above.

4.4 Consistency with the zeroth law

We next use a temperature probe to sequentially measure the local temperature at

a point on each of two different systems (see Fig. 4.3). We assume that, in the

absence of bias, the two systems are at equilibrium with one another; that is, they

will have the same equilibrium Fermi function. We then connect these two points by

a transmission line with the same transparency |γ(E)|2 as the probe (see Fig. 4.3).

We assume a weak coupling γ(E) and treat it to lowest order in perturbation theory,

so that the transmission coefficients between the two systems factorize as (we use

prime indices for system 2) Aij′ = −Ãip|γ(E)|2Ãpj′ , in terms of the transmission

coefficients Ã of the disconnected systems.

The currents flowing through the neck (I
(ν)
+ from system 2 to system 1 and I

(ν)
−

from 1 to 2) are

I
(ν)
+ = −

∫
dε εν

∑
i 6=p

∑
j′ 6=p

Aij′fj′ (4.14a)
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I
(ν)
− = −

∫
dε εν

∑
i′ 6=p

∑
j 6=p

Ai′jfj . (4.14b)

Factorizing the transmission coefficients as indicated above, using the unitarity con-

dition
∑

iAij =
∑

j Aij = 0, the condition of vanishing currents at the probe

I
(0,1)
p = 0, and a Sommerfeld expansion, we can express the net currents through

the transmission line, I(ν) ≡ I
(ν)
+ − I

(ν)
− , asI(0)

I(1)

 =

 (
|γ|2 Ãpp Ã′pp

)
a ∂EF

(
|γ|2 Ãpp Ã′pp

)
a ∂EF

(
|γ|2 Ãpp Ã′pp

)
a
(
|γ|2 Ãpp Ã′pp

) V ′p − Vp

θ′p − θp

 , (4.15)

where a = (πT )2/3. We see that no current flows through the line, I(ν) = 0, when the

systems are connected at points with the same effective voltage and temperature as

measured by the probe. This brings further consistency to the temperature defined

by the probe, in the sense of the zeroth law of thermodynamics.

4.5 Consistency with Carnot’s theorem

We can see that if a probe, connected to a sample, is biased away from equilibrium,

i.e., Vp → Vp + δV and θp → θp + δθ, then current will flow between it and the

sample. To linear order, these currents are given by

I(0)
p = Gpp δV +Bpp δθ (4.16a)

I(1)
p = Γpp δV + Ξpp δθ . (4.16b)

These expressions are identical to those acquired in linear response when connecting

two equilibrium reservoirs (see Eq. (2.20)). We therefore see that the direction of

current flow is related to the signs of δV and δθ, indicating that the effective voltage

and temperature of a point on a sample are physically meaningful quantities for

transport.

We can further treat the junction between the system and probe as a heat engine.

The flow of heat through this junction is accompanied by electrical work, and the

efficiency of the engine is η = −I(0)
p δV/I

(1)
p . The maximal efficiency for such an
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engine is

ηmax =

(√
1 + ZT − 1√
1 + ZT + 1

)
|δθ| , (4.17)

with a dimensionless figure of merit ZT −1 = GppΞpp/ (Bpp)2−1. We see that, aside

from linear transport coefficients, ηmax depends on the ratio of the temperatures of

the system and probe only, and therefore defines an absolute temperature scale in

the sense of Carnot’s theorem.

4.6 Conclusion

We have shown that defining the local temperature of a system out of equilibrium

via an external thermal probe is consistent with both the zeroth and second laws of

thermodynamics, as well as a fluctuation-dissipation theorem. Moreover, the tem-

perature is independent of the probe-sample coupling over a wide range of conditions

within the tunneling regime. Importantly, our findings hold even when the system

is far from any local equilibrium due, for example, to quantum interference effects

as illustrated in Fig. 4.2.
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CHAPTER 5

USING CURRENT NOISE TO MEASURE SPIN ACCUMULATION

Electric current noise measurements are very efficient probes of the dynamics and

nature of charge carriers [13]. In the zero-temperature limit the noise power S is

reduced below its Poisson value S0 = 2|q|〈I〉, where 〈I〉 is the time-average electric

current, by the Fano factor F = S/S0 . The value of the Fano factor depends on

the electronic dynamics as well as the charge of the current carriers. For instance,

one finds F = 1/3 in diffusive systems and F = 1/4 in ballistic chaotic systems [13,

7]. Shot noise measurements have also determined the charge of current-carrying

quasiparticles (Cooper pairs) in normal-metal/superconductor junctions and in the

fractional quantum Hall effect [13, 7, 86]. In this chapter we further illustrate

the usefulness of current noise measurements by showing how they can reveal the

magnitude of non-equilibrium spin accumulations1. Our results provide for a purely

electric protocol to measure spin accumulations. It therefore goes beyond optical

methods that have been used so far to detect magneto-electrically generated spin

accumulations [53, 109]. The noise measurement we propose, together with an

electric measurement of the spin Hall or inverse spin Hall effect [89, 101, 55], can

provide key experimental information on the conversion between spin accumulations

and currents.

A number of works have investigated electric current noise from polarized reser-

voirs. Ref. [40] suggested using current and noise measurements in the single-channel

limit to measure the spin injection efficiency from a ferromagnet for weak spin flip

scattering. Other related works have pointed out that noise measurements in hy-

brid paramagnetic/ferromagnetic structures can reveal information on the relative

orientation of ferromagnets [100] and on the spin relaxation processes in paramag-

nets [72, 57, 9, 73]. These results have been at least partially confirmed by numerical

1A substantial portion of this chapter was published as Ref. [68].
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Figure 5.1: Three-terminal quantum dot connected to two unpolarized charge reser-
voirs (labeled 1 and 2) and one reservoir (3) with a non-equilibrium spin accumula-
tion. Top right inset: a ferromagnetic reservoir with an equilibrium spin accumula-
tion. Figure taken from Ref. [68].

simulations [30]. In non-interacting systems, current cross-correlations have a sign

determined by the statistics of the charge carriers. Investigations of a single-level in-

teracting fermionic quantum dot coupled to ferromagnetic leads have demonstrated

positive (boson-like) current cross-correlations for certain relative orientations of the

polarizations [25]. In all these instances, only ferromagnetic, i.e., equilibrium polar-

izations were considered. Below we show that non-equilibrium spin accumulations

generate fundamentally different electric current noises. Our main findings are that

(i) at low enough temperature, the small-bias noise saturates at a value reflecting

the spin accumulation, and (ii) in the presence of spin-orbit interactions, the cur-

rent noise exhibits a sample-dependent, mesoscopic asymmetry under reversal of

the electric current direction. These two features only appear in the presence of

non-equilibrium spin accumulations.

5.1 Scattering approach for noise power

We consider a system such as the one sketched in Fig. 5.1, where a mesoscopic

conductor is connected to M external reservoirs, i = 1, 2, . . . ,M , at electro-

chemical potentials µi = (µi↑ + µi↓)/2 and with non-equilibrium spin accumula-
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tions δµi = (µi↑ − µi↓)/2, along reservoir-dependent axes defined by unit vectors

mi = (mix,miy,miz). We use the scattering approach to write the zero-frequency

noise power in units of (e2/h) as [13, 30]

Sij =
∑
kl

∑
σσ′

∫
dε Tr

[
Aσσ′

kl (i;EF + ε)Aσ′σ
lk (j;EF + ε)

]
Fσσ′

kl (ε) , (5.1)

where the trace is taken over the channels and the sums run over all terminals k

and l as well as over all electron spin orientations σ, σ′ = ±. In writing the above

expression, we defined

Fσσ′

kl ≡
[
fσk

(
1− fσ′

l

)
+ fσ

′

l (1− fσk )
]
, (5.2)

where fσk = {1 + exp [(ε− Vk − σδµk) /Tk]}−1 is the Fermi function for electrons

with spin σ = ± along mk in reservoir k, as well as

Aσσ′

kl (i;EF + ε) = 1iδikδklδσσ′ − s σ†
ik (EF + ε) s σ

′

il (EF + ε) , (5.3)

where s σik denotes a 2Ni×Nk subblock of the scattering matrix of the total system,

corresponding to scattering from electrons in lead k with spin σ to lead i with any

spin; Ni,k being the number of channels for each spin in those leads. In writing

Eq. (5.1) we assumed that Ni is spin-independent in all leads, and we will comment

on the case Ni↑ 6= Ni↓ later. As in the previous chapters, we use the simplification

kBT → T and eV → V to reduce the prevalence of the conversion factors kB,

the Boltzmann constant, and e, the electron charge. All our calculations below are

current-conserving, gauge invariant, and satisfy linear response reciprocity relations.

5.1.1 Symmetry coefficients

In this chapter we will assume that the scattering matrix varies on an energy scale

much larger than the temperature, voltage biases, and spin accumulations so that

we can ignore its energy dependence (see Sec. (1.2.3)). We can then make the sub-

stitution Aσσ′

kl (i;EF + ε) → Aσσ′

kl (i;EF), and factor these terms out of the integral

of Eq. (5.1). We can now define

Fσσ′

kl ≡
∫
dε
[
fσk

(
1− fσ′

l

)
+ fσ

′

l (1− fσk )
]
, (5.4a)
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which can be solved analytically when reservoirs k and l are at the same temperature

(see Eq. (A.11)). We now introduce the two-terminal symmetry coefficients

FSS
kl =

1

4

∑
σ1σ2

Fσ1σ2
kl FAA

kl =
1

4

∑
σ1σ2

σ1σ2 F
σ1σ2
kl (5.5a)

FAS
kl =

1

4

∑
σ1σ2

σ1 F
σ1σ2
kl FSA

kl =
1

4

∑
σ1σ2

σ2 F
σ1σ2
kl . (5.5b)

The indices S (A) indicate that the function is symmetric (antisymmetric) with

respect to the spin accumulation in the corresponding reservoir, e.g. FSA
kl (δµk, δµl) =

FSA
kl (−δµk, δµl) = −FSA

kl (δµk,−δµl). We can therefore see that if the function is

antisymmetric with respect to a reservoir with zero spin accumulation then the

function will be identically zero, i.e., FSA
kl = FAA

kl = FAS
lk = 0 if δµl = 0. We can also

see that these symmetry coefficients have the properties: (i) FSA
kl = FAS

lk , (ii) FSS
kl

and FAA
kl are symmetric, while FSA

kl and FAS
kl are antisymmetric with respect to the

voltage bias between reservoirs k and l, (iii) FAS
kk = 0, and (iv) FSS

kk + FAA
kk = 2T .

We can use these symmetry coefficients to write

Fσσ′

kl = FSS
kl + σσ′FAA

kl + σFAS
kl + σ′FSA

kl . (5.6)

With this relationship, and assuming that the energy dependence of the scattering

matrix can be neglected, we can now re-express the current noise of Eq. (5.1) as

Sij = 2T [Aij +Aji]−
∑
kl

[
FSS
kl A 00

ij,kl + FAA
kl A zz

ij,kl + 2FAS
kl ReA z0

ij,kl

]
, (5.7)

with the transmission functions

Aij = Tr
[
(1i ⊗ 12) δij − s†ijsij

]
= 2Niδij − Tij , (5.8)

and the spin-dependent noise functions

A ab
ij,kl = Tr

[
(1i ⊗ 12) δijδjkδkl − (1k ⊗ σak) s

†
iksil

(
1l ⊗ σbl

)
s†jlsjk

]
(5.9a)

= 2Niδijδjkδkl − T ab
ij,kl . (5.9b)

In the above expressions, sij denotes a 2Ni× 2Nj subblock of the scattering matrix

of the total system and the trace is taken over both the channel and spin indices. We
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also define 1k as the Nk ×Nk identity matrix, σzk ≡ σ ·mk, where σ is the vector of

Pauli matrices, and σ0
k = 12 is the 2× 2 identity matrix in the spin basis. The coef-

ficients given by Eq. (5.9) generalize those introduced in Ref. [5] for the calculation

of spin conductance, to the calculation of noise. Eq. (5.7) is valid for any number of

terminals whose temperatures, electrochemical potentials, and spin accumulations

are encoded in the coefficients F, and for any particle dynamics contained in the

noise functions A ab
ij,kl . We notice that property (ii) of the symmetry functions indi-

cates that terms which depend on FAS are antisymmetric in the voltage bias. This

implies that the noise power given by Eq. (5.7) can be antisymmetric under reversal

of the voltage when there is spin-orbit interaction and spin accumulation in at least

one reservoir.

5.1.2 Sum rules

We can see that unitarity of the spin-dependent scattering matrix,
∑

i s
†
ijsik =∑

i sjis
†
ki = (1j ⊗ 12) δjk, implies the sum rules∑

i

A ab
ij,kl = A c

jl δkl
∑
j

A ab
ij,kl = A c

il δkl , (5.10)

where

A c
jl = Tr

[
(1j ⊗ 12) δjl − (1l ⊗ σcl ) s

†
jlsjl

]
= 2Njδjl − T c

jl , (5.11)

with σcl = σal σ
b
l . With these sum rules, the transmission function sum rules of

Eq. (1.11), as well as properties (iii) and (iv) of the symmetry coefficients, it can be

seen that the noise power obeys the sum rules∑
i

Sij =
∑
j

Sji = 0 , (5.12)

as was noticed in Eq. (1.33). It is also easily seen with the transmission and noise

function sum rules that the noise functions will obey the double sum rule∑
ij

A aa
ij,kl = 0 . (5.13)
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5.1.3 Ensemble averages

The noise functions, A ab
ij,kl , are determined by the orbital and spin dynamics of

electrons within a particular system. We consider our scatterer to be chaotic and

calculate the ensemble average for such systems. When this average vanishes, we

calculate the typical value for the noise function, taken as the root mean square

of its distribution. In the absence of spin accumulation, only spin-independent

coefficients A 00
ij,kl enter Eq. (5.7), whose mesoscopic averages 〈A 00

ij,kl 〉 have been

computed using, for example, random matrix theory [14] or the trajectory-based

semiclassical theory [106]. Extended to account for the Pauli matrices in Eq. (5.9),

these methods give for chaotic ballistic systems

〈T ab
ij,kl 〉 = 2

NiNjNkNl

N2
T

δab

[(
δij
Ni

− 1

NT

)
δa0 +

δkl
Nl

]
, (5.14)

a result which holds to leading order in the total number of channels, NT =
∑

iNi �
1, and for both the unitary (broken time-reversal symmetry) and the symplectic

(broken spin-rotational symmetry but preserved time-reversal symmetry) ensem-

bles [69]. In the orthogonal ensemble (preserved spin-rotational and time-reversal

symmetries), Eq. (5.14) holds provided one substitutes δa0 → 1. Then, in the case

of non-collinear spin accumulations in leads k and l, the symbol δab for a = z = b

should be understood as mk ·ml.

As a first example, we consider a spin-preserving system without voltage biases

but with collinear spin accumulations. This gives A zz
ij,kl = A 00

ij,kl and T z0
ij,kl = 0.

Under these circumstances only spin-diagonal coefficients Fσσ will contribute to

Eq. (5.7) and the two spin species are uncorrelated, with additive contributions to

the current noise. We can see that, despite there being zero electrical current, there

will be a finite noise power due to the presence of spin currents.

Aiming at an all-electrical measurement protocol for spin accumulations, we show

how the previous trivial observation carries over to spin systems with fully broken

spin-rotational symmetry, where the electron dwell time is larger than the spin-orbit

time. For simplicity, we focus on symmetric two-terminal geometries, N = NL = NR,

with a spin accumulation only in the left lead, δµL ≡ δµ 6= 0, δµR = 0, and with
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L R

Figure 5.2: Schematic of scatterer connected to two external reservoirs electrically
biased by V = µL − µR and with the left reservoir having a spin accumulation δµ.

an applied voltage V = µL − µR (see Fig. 5.2). Current conservation ensures that

for a two-terminal system all of the possible noise measurements can be related by

S ≡ SRR = SLL = −SRL = −SLR. Eqs. (5.4) and (A.11) give

Fσσ′

LR = (V + σδµ) coth [(V + σδµ)/2T ] , (5.15a)

Fσσ′

LL = (σ − σ′) δµ coth [(σ − σ′)δµ/2T ] , (5.15b)

Fσσ′

RL = Fσ′σ
LR , Fσσ′

RR = 2T , (5.15c)

while Eq. (5.14) gives

〈T ab
RR,kl 〉chaotic = (N/4)δab (δa0 + 2δkl) . (5.16)

In the zero-temperature limit, we get the ensemble-averaged zero-frequency noise

power as

〈S〉 = (1/4)N
(
|V + δµ|+ |V − δµ|+ |δµ|

)
. (5.17)

This function is plotted in Fig. 5.3(a). The spin accumulation manifests itself as a

change in the slope of the noise at a crossover voltage |V | = |δµ|, with a saturation

at 〈S〉 = 3/4 × N |δµ| for |V | < |δµ|, turning into 〈S〉 = N/4 × (2|V | + |δµ|) for

|V | > |δµ|. For δµ = 0, we reproduce the well-known result 〈S〉 = 2eFI with

F = 1/4, valid for chaotic ballistic systems [13]. The abrupt change in slope at

|V | = |δµ| is smoothed out at finite temperature. This is shown in Fig. 5.3(b), where

we plot the finite temperature analytical formula for 〈S〉 obtained from Eqs. (5.7),

(5.15), and (5.16). The crossover from low bias, |V | < |δµ|, to high bias, |V | > |δµ|,
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Figure 5.3: Current noise in a two terminal conductor vs. applied voltage bias
for a spin accumulation of δµ = 400 µeV in a single lead (solid lines) or no spin
accumulation in either lead (dashed lines). (a) T = 0 K and N = 10. (b) T = 1 K
and N = 10. (c) Second derivative of the data in panel (b). (d) Typical asymmetry
in the current noise as a function of applied bias for T = 1 K and N = 2.

can also be seen when plotting ∂2S/∂V 2, as illustrated in Fig. 5.3(c). The second

derivative reaches its maximum close to |V | = |δµ| as long as T . |δµ|.
For zero applied voltage, V = 0, we get

〈S〉 = (11/4)NT + (1/4)Nδµ×
[
2 coth(δµ/2T ) + coth(δµ/T )

]
. (5.18)

In the low-temperature limit, T � |δµ|, the noise due to the spin accumulation

decouples from the thermal noise, allowing for the measurement of δµ by varying

the temperature. In the opposite limit, T � |δµ|, we recover the standard result

for the Johnson-Nyquist noise, S = 4TG.

Up to this point, we have shown how a spin accumulation can be quantitatively

extracted from the ensemble-averaged current noise. According to Eq. (5.14), the en-

semble average 〈T z 0
RR,LR〉 vanishes. However, individual samples may have a nonzero

T z 0
RR,LR, which can generate a contribution to the noise that is antisymmetric in the
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voltage bias. Using Eq. (5.7), we obtain the noise asymmetry

δS ≡ S(V )− S(−V )

= 2

[
(V − δµ) coth

(
V − δµ

2T

)
− (V + δµ) coth

(
V + δµ

2T

)]
A z 0

RR,LR , (5.19)

which, in the zero-temperature limit, yields

δS = 2
[
|V − δµ| − |V + δµ|

]
A z 0

RR,LR . (5.20)

We can also see that in the high-temperature limit the effect gets washed out, i.e.,

δS = −(4/3) (V δµ/T )A z 0
RR,LR .

We estimate the magnitude of this asymmetry in a typical mesoscopic sample

by calculating the root mean square of T z0
ij,kl . Again, using the method of Ref. [14],

we find that in chaotic ballistic systems

〈var T z 0
RR,LR〉chaotic = 1/128 +O(N−1

T ) . (5.21)

Accordingly, one has in the zero-temperature limit a typical asymmetry of δStyp =

rms(δS) = |V |/2
√

2 at low voltages and δStyp = |δµ|/2
√

2 at higher voltages. This

typical noise asymmetry is illustrated in Fig. 5.3(d). Interestingly, the asymmetry

renders the noise smaller at finite voltage than at V = 0. A noise asymmetry was

reported in Ref. [41] in systems with broken time-reversal symmetry in the nonlinear

regime. The mechanism for this asymmetry is, however, different here.

Because the asymmetry does not scale with the number of channels, while the

total noise does, we predict that it is more evident in systems with few channels.

The next order contributions tend to somewhat reduce the leading order result

in Eq. (5.21). This is most pronounced at N = 1, where time-reversal symme-

try requires that T z 0
RR,LR vanish identically. This is analogous to the vanishing of

Tr
[(
1j ⊗ σaj

)
s†ijsij

]
found in Ref. [56, 111]. Our calculations therefore suggest that

the asymmetry is best visible for N = 2.

The method of Ref. [14] can also be applied to diffusive systems with an elastic
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mean free path much smaller than the linear system size, `m � L. One obtains

〈T ab
RR,LL〉diffusive = δab δa0(4/3)N`m/L , (5.22)

〈T 0 0
RR,LR〉diffusive = (2/3)N`m/L , (5.23)

〈var T z 0
RR,LR〉diffusive = (2/35)`m/L . (5.24)

This gives, in particular, for T → 0

〈S〉 = (2N`m/3L)
(
|V + δµ|+ |V − δµ|+ 2|δµ|

)
, (5.25)

and for V = 0

〈S〉 = (4N`m/3L)
{

3T + δµ
[

coth(δµ/2T ) + coth(δµ/T )
]}

. (5.26)

Comparing Eqs. (5.17) and (5.18) with Eqs. (5.25) and (5.26) we see that after the

substitution N → N`m/L, the noise averages for chaotic and diffusive conductors

differ only by prefactors of order one.

With the above results, we now evaluate the ratio of a typical noise asymmetry

to the ensemble averaged noise. At |V | = |δµ|, where this ratio is maximal, we get,

at zero temperature,

δStyp/〈S〉 = (1/N)×


√

2/3 , chaotic ,√
9L/70`m , diffusive .

(5.27)

Because metallic diffusive wires have N � L/`m, we see that a chaotic system is

better suited for detection of spin accumulation from the noise asymmetry.

We finally comment on the case of a spin dependent number of channels, Ni↑ 6=
Ni↓, which occurs in ferromagnets. Eq. (5.14) becomes

〈T ab
ij,kl 〉 = N0

i N
0
j (N0

T)−2

{
Na
kN

b
l

(
δij
N0
i

− 1

N0
T

)
+ δkl

[
N0
k δab +N z

k (1− δab)
]}

,

(5.28)

with N
0/z
k = Nk↑±Nk↓. Interestingly, Eq. (5.28) implies a finite average asymmetry

〈δS〉 = O(N z
k ).
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We finally note that, in presence of dephasing, the noise asymmetry determined

by Eq. (5.21) is algebraically damped, in the same way as the conductance fluctua-

tions [108]. We thus believe that our predicted noise asymmetry is observable even

when dephasing is taken into account.

5.2 Conclusion

In this chapter we investigated current noise in the presence of non-equilibrium spin

accumulations. We showed that current noise can be used to quantitatively measure

the magnitude of spin accumulation in a reservoir. Furthermore, we found that the

noise power in such a system can have a component that is antisymmetric in voltage.
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APPENDIX A

FERMI FUNCTION EXPANSIONS AND INTEGRALS

We consider the Fermi function biased from equilibrium,

f1 (ε) =

[
1 + exp

(
ε− V

T (1 + θ)

)]−1

. (A.1)

A.1 Derivatives

−∂εf1 = [T (1 + θ)]−1 f1 (1− f1) (A.2a)

∂V f1 = (−∂εf1) (A.2b)

∂θf1 =

(
ε− V
1 + θ

)
(−∂εf1) (A.2c)

∂2
εf1 = ∂2

V f1 = [T (1 + θ)]−2 f1 (1− f1) (1− 2f1) (A.2d)

∂2
θf1 = (1 + θ)−2 ∂(ε−V )

[
(ε− V )2 ∂εf1

]
(A.2e)

∂V ∂θf1 = (1 + θ)−1 ∂(ε−V ) [(ε− V ) ∂εf1] (A.2f)

We can use these derivatives to write a Taylor expansion of the Fermi function to

quadratic order in bias as

f1(ε) = f(ε) + (−∂εf) V + ε (−∂εf) θ +
1

2

(
∂2
εf
)
V 2 +

1

2
∂ε
(
ε2 ∂εf

)
θ2

+ ∂ε (ε ∂εf) V θ , (A.3)

with the equilibrium Fermi function f(ε) = [1 + exp (ε/T )]−1 and the thermal broad-

ening function FT(ε) = (−∂εf) = (1/4T ) sech2 (ε/2T ). Using the above Fermi func-

tion expansion we can see that to linear order in biases we have

Fkl ≡ fk(1− fl) + fl(1− fk) = T
{

2(−∂εf) +
(
∂2
εf
) [

(Vk + Vl) + ε (θk + θl)
]}

.

(A.4)
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A.2 Integrals ∫ ∞
0

dε (−∂εf) ∂ε

[
sin(2εδτ)

]
= 2πT δτ 2 csch(2πTδτ) (A.5)∫ ∞

−∞
dε (−∂εf) = 1 (A.6)∫ ∞

−∞
dε ε2 (−∂εf) =

(πT )2

3
(A.7)∫ ∞

−∞
dε ε4 (−∂εf) =

7 (πT )4

15
(A.8)

1

(2n)!

∫ ∞
−∞

dε (ε/T )2n (−∂εf) = an (A.9)

where in terms of the Riemann zeta function, ζ(s), or the Bernoulli numbers, Bm,

an =
[
2− 22(1−n)

]
ζ(2n) =

[
2− 22(1−n)

]
(−1)n+1 (2π)2n

2(2n)!
B2n n = 0, 1, 2, 3, . . .

(A.10)

with

n 0 1 2 3 4 5

an 1 π2/6 7π4/360 31π6/15120 127π8/604800 73π10/3421440
ζ(2n) −1/2 π2/6 π4/90 π6/945 π8/9450 π10/93555
B2n 1 1/6 −1/30 1/42 −1/30 5/66

Table A.1: Riemann zeta function values and Bernoulli numbers

For 2 Fermi gases at the same temperature T we have the integral∫ ∞
−∞

dε Fkl(ε) =

∫ ∞
−∞

dε
{
fk(ε) [1− fl(ε)] + fl(ε) [1− fk(ε)]

}

= (Vk − Vl) coth

(
Vk − Vl

2T

)
=

|Vk − Vl| for T → 0

2T for Vk = Vl .
(A.11)

A.3 Limits

lim
x→0

x coth (x) = 1 (A.12)

lim
y→0+

x coth (x/y) = |x| (A.13)
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APPENDIX B

SOMMERFELD EXPANSION

The Sommerfeld expansion is given by∫ ∞
−∞

dε A (EF + ε) f(ε) =

∫ V=0

−∞
dε A(EF + ε) +

∞∑
n=1

an (T )2nA(2n−1)(EF) (B.1)

=

∫ V=0

−∞
dε A(EF + ε) +

(πT )2

6
A′(EF) +

7 (πT )4

360
A(3)(EF) + . . .

(B.2)

For a system biased away from equilibrium by voltage and temperature shifts, the

deviation from the above integral can be expressed as a Taylor expansion in biases

as ∫ ∞
−∞

dε A (EF + ε) [f1(ε)− f(ε)]

=
∞∑
m=1

V m

m!

∞∑
n=0

an (T )2nA(2n−1+m)(EF)

+
∞∑
n=1

2n∑
m=1

θm
(

2n

m

)
an (T )2nA(2n−1)(EF) (B.3)

= V

[
A(EF) +

(πT )2

6
A(2)(EF) + . . .

]
+ V 2 [. . .] + . . .

+ θ

[
(πT )2

3
A′(EF) +

7 (πT )4

90
A(3)(EF) + . . .

]
+ θ2 [. . .] + . . . (B.4)

If we make the replacement A(EF + ε)→ εqH(EF + ε) for q = 0, 1, 2, . . . then in the

above expressions

A(p)(EF)→

q!
(
p
q

)
H(p−q)(EF) for p ≥ q

0 for p < q .
(B.5)
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