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ABSTRACT

The area of ultrafast (sub-nanosecond) magnetization dynamics of ferromagnetic

elements and thin films, usually driven by a strong femtosecond laser pulse, has

experienced intense research interest. In this dissertation, laser-induced demagneti-

zation is theoretically studied by taking into account interactions among electrons,

spins, and lattice. We propose a microscopic approach under the three temperature

framework and derive the equations that govern the demagnetization at arbitrary

temperatures.

To address the question of magnetization reversal at high temperatures, the

conventional Landau-Lifshitz equation is obviously unsatisfactory, since it fails to

describe the longitudinal relaxation. So by using the equation of motion for the

quantum density matrix within the instantaneous local relaxation time approxima-

tion, we propose an effective equation that is capable of addressing magnetization

dynamics for a wide range of temperatures. The longitudinal and transverse re-

laxations are analyzed, magnetization reversal processes near Curie temperatures is

also studied. Furthermore, we compared our derived Self-consistent Bloch equation

and Landau-Lifshitz-Bloch equation in detail. Finally, the demagnetzation dynam-

ics for ferromagnetic and ferrimagnetic alloys is studied by solving the Self-consistent

Bloch equation.
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CHAPTER 1

GENERAL INTRODUCTION

1.1 Issues in magnetic recording

Magnetic recording technology is based on writing, storing and retrieving informa-

tion encoded as magnetic bits. In a hard disk drive, the magnetic bits are repre-

sented by magnetic domains with magnetization vector oriented either up or down

[1]. The essential objective is to manipulate the magnetization configuration through

a proper writing scheme, i.e. using an applied magnetic field, and to read out the

magnetization information, i.e. through the giant magnetoresistance sensor.

During the past few years, we have witnessed exponential growth of data den-

sity stored on the disk media. In the nineties, with the introduction of advanced

giant magnetoresistance, the magnetic read head based on spin valves and magnetic

tunnel junctions has taken a giant leap: the electrical read out of memory elements

is much improved. In the twenties, in order to achieve higher areal density, the

dimensions of recording heads, magnetic grain size and the spacing between head

and media are greatly reduced. The hard disk industry has moved from longitudinal

recording technology to perpendicular recording. There is no doubt that perpendic-

ular magnetic recording has exhibited impressive advances, but in recent years, the

growth in magnetic data storage becomes slower due to its physical limit (which we

will discuss below).

To overcome this obstacle and maintain the trend of exponential growth of the

density and the speed of writing and retrieving data in memory devices, two basic

physics questions are raised under the traditional magnetic recording scheme. The

first is the capability of extending magnetic devices to extremely high areal densi-

ties. The second one is the capability of increasing the data rate or switching speed

for ultrafast magnetization manipulation. These two aspects require both magneti-
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zation reversal at very short times ( less than 1 ns ) and long term ( i.e. 5-10 years)

stability against thermal fluctuations. Therefore it is of great interest to obtain a

thorough understanding of the spin dynamics and magnetic relaxation mechanisms.

1.1.1 Heat assisted magnetic recording

In order to increase the storage areal density (AD), smaller grain size is desired,

but the reduction of bit and particle size leads to a thermal stability issue. The

understanding of thermally activated magnetization reversal becomes an important

physical problem. Let us consider a state in which the external field is applied in

the opposite direction of magnetization [2]. In the absence of thermal energy, the

magnetization can reverse only if the applied field reduces the energy barrier to zero,

because the magnetization has to overcome the barrier at reversal. If thermal energy

is present, the magnetization can switch under a field smaller than predicted by

Stoner-Wohlfarth theory. In other words, thermal fluctuations agitate the magnetic

moment of a nanograin and drive the magnetic system to a disorder state. Neel [3]

first proposed that the magnetization reversal time T from one energy minimum to

another can be estimated by the Arrhenius exponent:

1

τ
= f0 exp(−εb/kBT ) (1.1)

Here εb is the energy barrier, T is the temperature, kB is the Boltzmann constant and

f0 is the attempt frequency in the order of 100GHz. The simple physical picture is:

a single domain magnetic particle of volume V to hold its magnetic polarization in

the face of thermal agitation requires that its magnetocrystalline anisotropy energy

KV far exceed the characteristic thermal energy kBT , that is KV � kBT . A

typical criterion for the desired data storage lifetime is at least 10 years, which

means KV/(kBT ) ∼ 50− 80 for media design.

So to ensure the thermal stability, materials with a high anisotropy K are re-

quired. But the higher coercive field also becomes a limiting factor. Because the

output field of a head reaches a hard material limit of the highest saturation mag-

netization values in magnetic solids, Ms ∼ 2.5T/µ, in other words the head field
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Figure 1.1: A schematic diagram of the HAMR write process is shown [4].

is not strong enough to overcome the energy barrier and switch the magnetization.

This situation suggests a strategy in which the temperature dependence of K might

be used to advantage.

Based on these considerations, heat-assisted magnetic recording (HAMR) was

proposed as a promising approach to solve this trilemma and extend areal densities

to 1 Tb/In2 and beyond [4]. The recording procedure is as follows (see Fig. 1.1):

By temporarily heating the media up to its Curie temperature, the media coercivity

reduces during the heating process, making it possible to record with available head

fields. The heated region is then rapidly cooled in the presence of the applied head

field whose orientation encodes the recorded data. So the write head limitation is

overcame through this scheme.

The advantage of HAMR (along with high anisotropy) is that a very high effective

writing field gradient can be achieved with little or no required contribution from

the magnetic field gradient from the magnetic poles [5]. This is understood in terms
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of the simple relation
dHw

dx
∼ dHk

dT

dT

dx
(1.2)

where the first term on the right is the anisotropy field gradient, the second term is

the gradient of temperature profile. We could make an estimation about 20 times

larger than the conventional head field gradient. Such large writing field gradients

can more easily carry one toward the grain size limit for recorded magnetization

transition length. Another advantage is that with the decrease of the grain size, the

signal to noise ratio (SNR) will be increased due to a purely statistical point of view

since SNR ∼
√
N where N is the number of grains per bit. In addition to smaller

grains, grain size distributions, as well as smaller variations in magnetic properties

are also essential for good media SNR. All of these provides us the opportunity to

greatly enhance writing resolution as areal density is increased.

Although HAMR [5, 6] permits writing on high anisotropy media with lower

magnetic fields and can produce higher write gradients than conventional magnetic

recording, there are still lots of challenges in this new technology, such as the design

of laser near field transducer, the development of high anisotropy media with small

grains, the control of heat dissipation after the recording, and so on. Moreover, the

reliability of head-media interface compatible with the corresponding high recording

temperature also needs to be examined. In order to make HAMR technology realized

in hard disk drive products, much more efforts need to be done.

1.1.2 Laser induced magnetization dynamics

The performance of data storage devices crucially depends on how fast the magnetic

properties of materials can be manipulated. In a hard disk drive, in order to reverse

the magnetization, an external magnetic field is applied in the opposite direction of

the initial magnetization. Then during the coherent damping process, the magne-

tization spirals around the field direction, and transfers the angular momentum to

the environment, as described by the Landau-Lifshitz-Gilbert equation [7]. Even-

tually the magnetic moment relaxes to the direction along the applied magnetic
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Figure 1.2: Interacting reservoirs (electrons, spins, and lattice) in the three tem-
perature model. Some possible interaction channels, such as electron-spin, electron-
phonon, and spin-phonon are shown [9].

field, where the whole spin system reaches the lowest energy state. This conven-

tional demagnetization process is governed mainly by spin-lattice, magnetic dipole

and Zeeman, and spin-spin interaction. Its switching time lies in the nanosecond

or subnanosecond regime. In order to improve data processing speed (much faster

magnetization changes), we could increase the strength of the magnetic field, but

unfortunately the write head has approached its limit in achieving strong and short

field pulses.

As an alternative way, the ultrafast laser pulse presents a novel method to ma-

nipulate the magnetic order for the magnetic data storage technology. In 1996 Beau-

repaire et al. [8] reported that a subpicosend demagnetization could be achieved

when the electrons are brought out of equilibrium by a strong femetosecond laser

pulse. This suggested that such a pulse represents a powerful stimulus for manip-

ulating the magnetization and the time scale is orders of magnitude shorter than

the magnetization reversal time in actual memory devices. To understand the un-

derlying mechanisms, a three temperature model has been developed (see Fig. 1.2).
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The interactions in such a system can be qualitatively described by three separate

but interacting reservoirs, namely, the electrons, lattice, and spins [9]. After energy

is pumped into the medium by the absorption of photons, which is considered to

be infinite fast in this model, the demagnetization time scale is determined by the

strength of electron-spin, electron-phonon and spin-phonon interactions.

Although the demagnetization is very fast, it does not provide magnetization

reversal directly. There still remains a big challenge in ultrafast magnetization

switching. Later the research is extended into ferrimagnetic rare-earth-transition

metal (RE-TM) alloys, e.g. GdFeCo [10, 11]. The laser induced electron excitation,

occurring under circularly polarized (CP) laser radiation, results in an effective

internal magnetic field through the inverse magneto-optical Faraday effect. It was

demonstrated that, using circularly polarized 40fs laser pulse, the magnetization of a

GdFeCo film was indeed reversed in a controlled way without any applied magnetic

field. And the direction of this opto-magnetic switching is determined only by the

helicity of light. In contrast to the well-known laser-assisted magnetization reversal

based on the laser heating, this all optical magnetization switching provides us an

ultrafast and efficient way for writing magnetic bits at high speeds.

Recently, Ostler et al. [12] demonstrated that ultrafast heating alone could be a

sufficient stimulus for a deterministic magnetization reversal in a ferrimagnet. This

reversal of spins appears to proceed via a transient state characterized by a ferro-

magnetic alignment of the Gd and Fe magnetic moments, despite their ground-state

antiferromagnetic coupling. In a multi-sublattice material, since the two exchange

coupled magnetic sublattices have substantially different dynamics, the exchange of

angular momentum between non-equivalent sublattice is believed to play an impor-

tant role [13].

Thus, considering all these recent progresses in ultrafast magnetization dynam-

ics, optical manipulation of magnetic order by femtosecond laser pulses may also

potentially revolutionize data storage and information processing technologies in

the future.
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1.2 Outline of thesis

Driven strongly by fundamental and technological interest, in this dissertation, we

are going to investigate the magnetization dynamics at elevated temperatures.

In Chapter 2, we study the Laser-induced demagnetization by explicitly taking

into account interactions among electrons, spins and lattice. Within the spirit of

three temperature model that the temperature dynamics is given by the energy

transfer between the thermalized interacting baths, We calculate the dependence

of demagnetization on the temperature and pumping laser intensity. In particular,

we show several salient features for understanding magnetization dynamics near the

Curie temperature. While the critical slowdown in dynamics occurs, we find that

an external magnetic field can restore the fast dynamics.

In Chapter 3, by using the quantum kinetic approach with the instantaneous local

equilibrium approximation, we propose an equation that is capable of addressing

magnetization dynamics for a wide range of temperatures. The equation reduces to

the Landau-Lifshitz equation at low temperatures and to the paramagnetic Bloch

equation at high temperatures. We show that near the Curie temperature, the

magnetization reversal and dynamics depend on both transverse and longitudinal

relaxations.

In Chapter 4, we analyze recently formulated Landau-Lifshitz-Bloch and Self-

consistent Bloch equations in detail and compare their dynamic properties near

the Curie temperature. We show that the Self-consistent Bloch equation is more

numerically friendly without involving non-analytic parameters. The random field

in these effective equations is also discussed.

In Chapter 5,We study the demagnetization dynamics using the self-consistent

Bloch equation for ferromagnetic and ferrimagnetic compounds. Upon a fast rise of

the temperature, the element-specific demagnetization shows rich dynamic charac-

teristics. Particularly, we find the demagnetization time scales could differ substan-

tially for each constitutes in the same alloy, depending on the exchange parameters,

the alloy concentration and the pump laser fluence. We discuss plausible reasons
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for the experimental results of the laser induced magnetization switching of GdFe

ferrimagnetic compounds.

Another project voltage control of interface magnetic anisotropy is investigated

in the Appendix. We present a model for determining the Rashba spin-orbit coupling

(RSOC) at magnetic surfaces or interfaces by explicitly taking into account the in-

teraction between the inversion-symmetry-broken potential and the spin-dependent

electric dipoles of the Bloch states. We show that the RSOC alone can generate

a perpendicular surface magnetic anisotropy comparable to the observed values in

transition metals. When an external electric field is applied across the interface, the

induced screening potential modifies the RSOC and thus controls the direction of

the magnetization.
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CHAPTER 2

THEORY OF LASER INDUCED DEMAGNETIZATION

2.1 Introduction

The interaction of subpicosecond laser pulses with magnetically ordered materials is

a fascinating research topic in modern magnetism. Since 1990s, an intensive research

including both experimental and theoretical investigations has been carried out to

answer the question: What happens in a ferromagnet when it is suddenly excited by

a short laser pulse? It is reported that the demagnetization in gadolinium proceeds

with in 100ps, while the demagnetization timescale drops down to subpicosecond

which is three orders of magnitude faster in ferromagnetic transition metals such as

nickel [8]. This novel spin dynamic effect occurring in magnetic media under the

action of ultrashort laser pulse rises a number of important fundamental questions.

In particular the laser excitation brings the magnetic medium into a strong non-

equilibrium state [14], where the conventional description of magnetic phenomena is

no longer valid. For example, on a timescale of femtosecond to picosecond, which is

comparable to or shorter than the characteristic time of spin-orbit interaction, the

magnetic anisotropy becomes a time dependent parameter. Another question is that

how does the electronic band structure affect the speed of laser induced magnetic

changes? All these issues complicate a theoretical analysis of this problem.

Here is the general consensus of the laser induced demagnetization process. En-

ergy is pumped into the medium because of the absorption of photons. Since the

direct pumping of energy from light to spins is not effective, light pumps the energy

into the electron system. Then the high energy non-thermal electrons generated

by a laser field relax their energy to various low excitation states of the electron,

spin and lattice [15]. Consequently, the change in the magnetization corresponds

to that of spin temperature M = M(Ts). So in order to understand the underlying
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mechanisms, we need to understand the interactions between photons with charges,

spins and lattice, and the energy and angular momentum transfer between them.

In this chapter, we present a review of previous experimental and theoretical

studies of ultrafast optical manipulation of spins in all the classes of ferromagneti-

cally ordered solids, including metals [8, 16, 17, 18, 19], half metals [20, 21, 22], in-

sulators [23] and dilute magnetic semiconductors [24, 25]. Then by explicitly taking

into account interactions among electrons, spins and lattice, we studied laser-induced

demagnetization theoretically. Assuming that the demagnetization processes take

place during the thermalization of the sub-systems, the temperature dynamics is

given by the energy transfer between the thermalized interacting baths. These

energy transfers are accounted through electron-magnons and electron-phonons in-

teractions, which govern the demagnetization time scale. By properly treating the

spin system in a self-consistent random phase approximation, we derive magneti-

zation dynamic equations for a broad range of temperature. The dependence of

demagnetization on the temperature and pumping laser intensity is calculated in

detail. In particular, we show several salient features for understanding magnetiza-

tion dynamics near the Curie temperature. While the critical slowdown in dynamics

occurs, we find that an external magnetic field can restore the fast dynamics.

2.1.1 Experimental background

By using the pump probe magneto optical Kerr technique, Beaurepaire et al. [8]

reported that the magnetization of the ferromagnetic Ni film drops rapidly on the

time scale within the first picosecond for the first time. This pioneer work trig-

gered the booming field of ultrafast laser induced control of magnetization. Later,

this first observation had subsequently been confirmed by several experiments using

other techniques, such as spin-resolved two photon photoemission [26], time-resolved

studies of the exchange splitting [27], as well as X-ray magnetic circular dichroism

(XMCD) [28].

Hohlfeld et al. [29] reported that even when the lattice temperature has not yet

changed significantly, the classical magnetization M(T ) curve can be strongly mod-
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ified for delay times longer than the electron thermalization time of about 280fs. In

femtosecond photoemission experiment by Scholl et al. [26], two distinct magnetiza-

tion dynamics were observed: the spin polarization of photo-emitted electrons drops

rapidly (less than 300fs) which is in agreement with the previous fast demagneti-

zation experiments; then a plateau occurs untill 300ps which indicates a different

mechanisms for spin relaxation. Similar experiment was also performed on Ni thin

films, Stamm et al [28] showed that the dissipation of angular momentum into the

lattice is a viable channel for ultrafast demagnetization.

Other than the 3d itinerant ferromagnets, the rare-earth Gd(0001) surface

was found to be a favorable model system [30, 31] to study the electron-phonon,

electron-magnon, and phonon-magnon interactions and their respective dynamics.

In gadolinium, the optically excitable electrons of 5d-6s bands carry only about

9% of the total moment, the magnetic moment µ is dominated by the spins of 4f

electrons, which are localized at the iron core. This suggests that the transfer of

the photon energy to the localized states should be a slow process. The experiment

confirmed the relatively slow demagnetization about 50 to 100ps, and also a partial

demagnetization at a much faster timescale (1ps) [18].

Furthermore laser induced demagnetization was studied in the half-metallic fer-

romagnet, where one of the spin subbands (generally the majority-spin or up-spin

subband) is metallic, whereas the Fermi level falls into a gap of the other (down-spin)

subband. This provides us an opportunity to reveal a connection between electronic

band structure and the dynamics of demagnetization. Zhang et al. [22] observed

a very slow demagnetization of spin system for CrO2. In this system, there are no

spin channels available for spin-flip scattering and the energy has to be transferred

through the lattice excitation. Since it is a weakly coupling arising from spin-orbital

interaction, this channel is very slow. The correlation between demagnetization time

and spin polarization at the Fermi level was studied systematically by Muller er al.

[21]

Despite these experimental progress, it turns out to be difficult to identify the

underlying microscopic mechanism. Up until now, various microscopic theories [16,
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17, 32, 33, 34, 35, 36] have been proposed to interpret these ultrafast time scales of

electron-spin and electron-lattice relaxations. So next we are going to talk about

the demagnetization mechanisms.

2.1.2 Spin memory loss

One of the keys to understand ultrafast demagnetization is to identify the mecha-

nisms responsible for the spin memory loss. In the case of transition metal ferro-

magnets, the spin relaxation processes lead to complex spin dynamics due to the

itinerant character of the magnetization.

Zhang and Hubner [32] proposed that the laser field can directly excite the

spin-polarized ground states to spin-unpolarized excited states in the presence of

spin-orbit coupling, i.e., the spin-flip transition leads to the demagnetization during

the laser pulse. Note that at relatively high energies, this Stoner excitation involve

a spin reversal (single particle excitations in itinerant electron magnets), but at low

energy region only the spin waves are excited. In this picture, the demagnetization

is instantaneous (≈50-150fs). Recent numerical simulations [37] show that due to

a few active “hot spots”, the instantaneous demagnetization is expected for only a

few percent of the magnetization.

Because of the spin-orbit coupling, the electronic state is always a mixture of

two spin states in a solid, including spin-up and spin-down contributions. Elliott

[38] first proposed that delocalized electrons in spin-orbit coupled bands may lose

their spin under spin-independent momentum scattering events (such as electron-

electron or electron-impurity interaction). This mechanism was later extended to

electron-phonon scattering by Yafet and Overhauser [39, 40]. Consequently, the

spin relaxation time τs is directly proportional to the momentum relaxation time

τp. Whereas the electron-electron relaxation time is on the order of a few femtosec-

onds [41, 42], the electron-impurity and electron-phonon relaxation time is on the

picoseconds scale.

Based on an Elliot-Yafet-type (EY) spin-flip scattering, Koopmans et al. [16,

17, 18] derived a simple equation relating the Gilbert damping parameter α with
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the demagnetization time scale τm via the Curie temperature. Later with a spin-flip

probability αsf for electron-phonon momentum scattering events, they introduced a

theoretical frame work, which is called M3TM model. The magnetization dynamic

equation is given below

dm

dt
= Rm

Tp
Tc

(
1−mCoth

(
mTc
Te

))
(2.1)

where m = M/Ms and Tc denotes the Curie temperature. The prefactor R (unit

s−1) is a materials specific demagnetization rate. Under this frame work, it is the

excess energy in the electron system that provides the energy for demagnetization,

interaction with the lattice provides a dissipative channel. Other numerical evalu-

ations of the EY mechanism in transition metals [33] tend to support this point of

view.

Relaxation processes also apply to collective spin excitations such as magnons,

while it neglects the electronic structure of a material. Whereas the electron-

magnon interaction conserves the angular momentum, magnon-magnon interactions

and magnon-lattice interactions in the presence of spin-orbit coupling contribute to

the total spin relaxation. While the former occurs on the magnon thermalization

time scale [43] (100fs), the latter is however considered to occur on the 100ps time

scale. Therefore, in a laser-induced demagnetization experiment, it is most probable

that all the processes mentioned above take place during the thermalization time

scale of the excited electrons and excited magnons.

2.2 Model of laser induced demagnetization (LID)

2.2.1 Three temperature model

Besides those demagnetization mechanisms that provide reasonable estimation for

the demagnetization time scales, the dynamics in such a system can also be de-

scribed with the help of the phenomenological model that contains three separate

but interacting reservoirs, called three temperature model [8]. In this model, these

three interacting sub-systems (electrons, spins, lattice) are assumed thermalized in-
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dividually at different temperatures. The energy is transferred according to a set of

energy rate equations,

Ce(Te)dTe/dt = −Ges (Te − Ts)−Gel (Te − Tl) + P (t) (2.2)

Cs (Ts) dTs/dt = −Ges (Ts − Te)−Gsl (Ts − Tl) (2.3)

Cl (Tl) dTl/dt = −Gel (Tl − Te)−Gsl (Tl − Ts) (2.4)

where Ci(i = e, s, l) are the specific heat of each subsystem, Gij(i, j = e, s, l) are

the free parameters that represent the coupling between subsystems, and P (t) is the

laser heat input. By fitting experimental data to the model, reasonable relaxation

times of the order of several hundred femtosecond to a few picoseconds have been

determined. As it has been recently shown experimentally [23, 20], most interesting

magnetization dynamics occur near the Curie temperature. Since previous theories

are usually limited to the temperature much lower than the Curie temperature

and/or make no direct connection to the highly successful phenomenological three-

temperature model [8]. In the following, we will propose a microscopic theory of the

laser-induced magnetization dynamics under the three temperature framework and

derive the equations that govern the demagnetization at arbitrary temperatures.

2.2.2 Demagnetization scenario

To establish our model, we first separate the LID processes into four steps: (i)

generation of non-thermal hot electrons by laser pumping; (ii) relaxation of these

hot electrons into thermalized electrons characterized by an electron temperature

Te; (iii) energy transfer from the thermalized hot electrons to the spin and lattice

subsystems; (iv) heat diffusion to the environment. In our model, to be given below,

we will take steps (i) and (ii) infinitely fast.

In the step (i), a laser pump excites a fraction of electrons below the Fermi sea

to about 1.5eV above the Fermi level. This excitation process is of the order of

a few fs. The photo-induced electron transition is considered spin conserving and

thus does not significantly contribute to the demagnetization although the spin-flip

electron transition could occur in the presence of the spin-orbit coupling.
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In step (ii), the strong Coulomb interaction among electrons relaxes these non-

thermal high-energy electrons to form a hot electron bath which may be described

by a thermalized hot electron temperature Te. During this electron thermalization

process, strong electron-electron interaction-induced momentum scattering in the

presence of spin-orbit coupling leads to the ultrafast transfer of the spin degree of

freedom to the orbital one [44]. In our model, the electron thermalization is consid-

ered instantaneous and any possible femtosecond coherent processes are disregarded

[45]. Therefore, due to ultrafast (fs) momentum scattering, the thermalized hot

electrons act as a spin sink. Under this approximation, the demagnetization itself,

defined as the loss of spin angular momentum, takes place during the thermaliza-

tion of the electron bath in the presence of (either intrinsic or extrinsic) spin-orbit

coupling.

Following the definition of the three-temperature model, we assume that the

system can be described in term of three interacting baths composed of laser induced

hot electrons, spin excitations of the ground state (magnons) and lattice excitations

(phonons). The applicability of this assumption is discussed in the end of this

chapter. Therefore, the magnetic signal essentially comes from the collective spin

excitation and it is assumed that the laser induced hot electron only contribute

weakly to the magnetization. Consequently, under the assumption that the spin

loss occurs during the thermalization time of the electron and spin systems, the

demagnetization problem reduces to tracking the energy transfer between the spin

bath and the electron and phonon bath.

Our main objective is then to understand step (iii), where the electrons at a

higher temperature transfer their energy to the spin and lattice sub-systems. Under

the electron-magnon interaction, the magnons spin is transferred to the electron

system, and is eventually lost through thermalization of the electron bath. Through

interactions among electrons, spins and lattice, the entire system will ultimately

reach a common temperature. Finally, a heat diffusion, step (iv), will expel the heat

to the environment; this last step will be considered via a simple phenomenological

heat diffusion equation.
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To quantitatively determine the energy transfer among electrons, spins and lat-

tice in the step (iii), one not only needs to know the explicit interaction, but also

the distribution of the densities of excitations (electrons, magnons and phonons).

Within the spirit of the three temperature model, we consider that each sub-system

(electron, spin and lattice) is thermalized, i.e., one can define three temperatures for

electrons Te, spins Ts and lattice Tl. The justification of this important assumption

can be qualitatively summarized: 1) For the hot electrons of the order of 1eV, the

electron-electron relaxation time is τee ≈ 10fs, which is about 100 times faster than

the electron-spin and electron-phonon interactions [41, 42]. 2) The lattice-lattice

interaction is about one order of magnitude smaller than the electron-electron re-

laxation time, τll ≈ 100fs [46]. 3) Multiple spin-waves processes are known to take

place in the ferromagnetic relaxation leading to so-called Suhl instabilities [43]. The

relaxation time is of the order of τss ∝ 1/Tc ≈ 100fs at least for high energy magnons

[43] (for long wave length magnons, the lifetime could be significantly longer). Thus,

it is reasonable to assume that the concepts of the three temperatures are approxi-

mately valid as long as the time scale is longer than sub-picoseconds.

2.2.3 Model Hamiltonian

We now propose the following Hamiltonian for LID

Ĥ = Ĥe + Ĥs + Ĥl + Ĥes + Ĥel + Ĥsl (2.5)

where Ĥe, Ĥs and Ĥl are the electron, spin and lattice Hamiltonians, and Ĥes, Ĥel,

Ĥsl are the interaction among three sub-systems. In the remaining of the article,

the hat denotes an operator. Each term is explicitly described below.

The electron system is described by a free electron model Ĥe =
∑

k εkĉ
+
k ĉk

where ĉ+
k (ĉk) represents the electron creation (annihilation) operator. The equilib-

rium distribution is simply the Fermi distribution at temperature Te. The lattice

Hamiltonian Ĥl =
∑

qλ h̄ω
p
qb̂

+
qλb̂qλ is modeled by simple harmonic oscillators where

b̂+
qλ (b̂qλ) is the phonon creation (annihilation) operator, λ is the polarization of

the phonon and ωpq is the phonon frequency. The phonon distribution at Tl is
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nkλ = [exp(h̄ωpkλ/kBTl)− 1]−1. The spin Hamiltonian is modeled by the Heisenberg

exchange interaction,

Ĥs = −
∑
<i,j>

JijŜi · Ŝj − gµBHex

∑
i

Ŝzi (2.6)

where Jij is the symmetric exchange integral, Ŝi is the spin operator at the site i,

and Hex is the external magnetic field applied in z-direction. Unlike the electron

and lattice Hamiltonians, the spin Hamiltonian is not a single particle Hamiltonian

and the distribution of the spin density is neither a fermionic nor a bosonic dis-

tribution. To describe the equilibrium distribution of the spin system at arbitrary

temperatures, we will model the equilibrium properties of the spin system in the

next section.

The electron-lattice interaction Ĥel is taken as a standard form [46]

Ĥel =
∑
k,q,λ

Bqλ

(
ĉ+
k+qĉkb̂qλ + ĉ+

k−qĉkb̂
+
qλ

)
(2.7)

where the Bqλ is the electron-phonon coupling constant. For acoustic phonons, the

coupling constant takes a particularly simple form [46],

Bqλ =
2εF q

3

√
h̄

2MNωpqλ
(2.8)

Here εF is the electron Fermi energy and M is the mass of the ion.

The electron-spin interaction Ĥes is modeled by the conventional exchange in-

teraction (sd Hamiltonian):

Ĥes = −Jex
∑
j,k,k′

ĉ+
k e

ik·rj(σ̂ · Ŝj)ĉk′e−ik
′·rj (2.9)

where we have assumed a constant coupling constant Jex and σ̂ is the electron spin.

When one replaces σ̂ · Ŝj by σ̂z · Ŝzj + 1
2

(
σ̂− · Ŝ+

j + σ̂+ · Ŝ−j
)

, the above Ĥes contains

two effects: the first term is responsible for the spin-splitting of the conduction bands

and the second term leads to a transfer of angular momentum between the spins of

the hot electrons and the spins of the ground state, i.e. spin waves generation and
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annihilation. While the interaction conserves the total spin angular momentum,

the thermalization process of each bath is not spin conserving as mentioned above.

Therefore, this interaction transfers energy between the electron and spin baths,

which results in the effective demagnetization of the magnon bath. Consequently,

the generation of magnons by hot electron is a key mechanism in our model.

Finally, the spin-lattice interaction Ĥsl has been attributed to spin-orbit coupling

[47]. The energy and the angular momentum conservations require Ĥsl containing

two-magnon â+
q âq′ and two-phonon operators b̂+

k b̂k′ . Since the spin-orbit coupling

is already treated as a perturbation, this process is second order in the spin orbit

coupling parameter and it is expected to be rather small [47]. Thus, Ĥsl is much

smaller than Ĥes and Ĥel, and we place Ĥsl = 0 in the following.

To summarize our model, we consider three subsystems (electrons, spins, and

lattice) described by Ĥe, Ĥs and Ĥl respectively. These subsystems have their

individual equilibrium temperatures Te, Ts and Tl. The heat or energy transfer

among them are given by the interaction Ĥes and Ĥel. To determine the kinetic

equation for three subsystems, we should first establish the low excitation properties

of the spin system from Ĥs and relate Ts to the magnetization m(Ts).

2.3 Equilibrium properties of the spin system

The Heisenberg model for the spin system, Eq. (2.6), has no exact solution

even in equilibrium. At low temperature, the simplest approach is based on

the spin wave approximation which predicts Bloch’s law for the magnetization

m(T ) = m0 − B(T/Tc)
3/2 where Tc is the Curie temperature and B is a numerical

constant [48]. As the temperature approaches the Curie temperature, Bloch’s law

fails. Instead, one uses a molecular mean field to model the magnetization. The re-

sulting magnetization displays a critical relation near Tc, i.e., m(T ) ∝ (1−T/Tc)1/2.

Since we are interested in modeling the magnetization in the entire range of tem-

perature, we describe below a self-consistent random phase approximation which

reproduces Bloch’s law at low temperatures and the mean field result at high tem-
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peratures.

We first recall some elementary relations of these spin operators given below,

Ŝ+
i = Ŝxi + iŜyi , Ŝ

−
i = Ŝxi − iŜ

y
i (2.10)[

Ŝ+
i , Ŝ

−
i

]
= 2Ŝzi ,

[
Ŝ±i , Ŝ

z
i

]
= ∓Ŝ±i (2.11)

Ŝ+
i Ŝ
−
i = S(S + 1) + Ŝzi − (Ŝzi )2 (2.12)

and the spin Hamiltonian, Eq. (2.6), can be rewritten as

Ĥs = −
∑
i,j

Jij

(
Ŝ−i Ŝ

+
j + Ŝzi Ŝ

z
j

)
− gµBHex

∑
i

Ŝzi (2.13)

Our self-consistent random phase approximation treats the resulting commuta-

tor,
[
Ŝ+
i , Ŝ

−
i

]
= 2Ŝzi ≈ 2m(T ) as a c-number, where m(T ) is the thermal average of

Ŝzi to be determined self-consistently. If we introduce the Fourier transformation,

Ŝ±k = (1/N)
∑

i Ŝ
±
i e
−ik·Ri , the above commutator reads as

[
Ŝ+
k , Ŝ

−
q

]
= 2m(T )δkq

and thus by introducing â±k = Ŝ∓k /
√

2m(T ), one has a standard boson commutator

relation
[
âq, â

+
q′

]
= δq,q′ . Similarly, we have

[
Ĥs, âq

]
= h̄ωqâq, where

h̄ωq = gµBHex + 2m(T )
∑
q

[J(0)− J(q)] (2.14)

where J(q) = (1/N)
∑

<i,j> Jijexp[iq · (Ri − Rj)]. With the above bosonic ap-

proximation, one can self-consistently determine the magnetization m(T) and other

macroscopic variables such as the spin energy and specific heat. A particular simple

case is for the spin-half S = 1/2 where the identity

Ŝz = S − Ŝ−Ŝ+ = 1/2−
∑
q

2m(T )â+
q′ âq (2.15)

immediately leads to the self-consistent determination for m(T )

m(T ) = 1/2− 1

N

∑
q

2m(T )

eβh̄ωq(T ) − 1
(2.16)

At low temperature, one can approximately replace m(T ) by 1/2 in the right-hand

side of the equation and one immediately sees that the above solution produces the
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well-known Bloch relation, i.e., 1/2 − m(T ) ∝ T 3/2. Near the Curie temperature,

one expands eβh̄ωq = 1 + βh̄ωq + (1/2) (βh̄ωq)2 up to the second order and notice

that ωq is proportional to m(T ) at zero magnetic field, see Eq. (2.14). By placing

this expansion into Eq. (2.16), the zero order term in m(T ) determines the Curie

temperature and the second order term gives the scaling m2(T ) ∝ (Tc− T ), i.e. the

mean field approximation result is recovered, m(T ) ∝ (1− T/Tc)1/2. Thus the self-

consistent approach captures both low and high temperature limiting cases. In fact,

the Green’s function technique has been developed to justify this approximation.

For the cases other than S = 1/2, the relation between Ŝzi and the number of

magnons is more complicated due to non-constant (Ŝzi )2 and thus Eq. (2.12) cannot

immediately lead to a self-consistent equation for m(T ). Instead, one needs to relate

〈(Ŝzi )2〉 to m(T ) and the magnon density. Tyablikov [49] introduces a decoupling

method to approximate 〈(Ŝzi )2〉 with m(T ) and the normalized number of magnons

n0 ≡
1

N

∑
q

〈
â+
q′ âq

〉
=

1

N

∑
q

1

eβh̄ωq(T ) − 1
(2.17)

Here finds that, for arbitrary S, the self-consistent equation for determining m(T )

is

m(T ) =
(S − n0)(1 + n0)2S+1(1 + S + n0)n2S+1

0

(1 + n0)2S+1 − n2S+1
0

(2.18)

By replacing S = 1/2, the above equation reduces to Eq. (2.16). The magnetic

energy can be similarly obtained

E = E0 +
S −m(T )

2n0

∑
q

h̄ωq(0) + h̄ωq

eβh̄ωq(T ) − 1
(2.19)

where E0 is the ground state energy and h̄ωq(0) is the spin wave energy at T =

0. Once the internal energy is obtained, the specific heat, Cp = ∂E/∂T , may be

numerically calculated.

m(T ) is uniquely determined from Eq. (2.18) or Eq. (2.16) for S = 1/2, if the

spin temperature is known. Thus, the laser-induced demagnetization is solely de-

pendent on the time-dependent spin temperature Ts. Before we proceed to calculate

Ts(t) or m(t), we show the solutions of Eq. (2.18) or Eq. (2.16). In Fig. 2.1, the
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Figure 2.1: Temperature dependence of (a) normalized magnetization and (b) spe-
cific heat (arbitrary unit) for spin=1/2,1,2,8 in the absence of the external field;
Temperature dependence of (c) normalized magnetization and (d) specific heat for
spin=1/2,1,2,8 with an external field H/Tc = 0.001.

reduced magnetization m(T )/S and the specific heat as a function of the normalized

temperature T/Tc with [Figs. 2.1(a) and (b)] and without [Figs. 2.1(c) and (d)] the

magnetic field are shown. A few general features can be readily identified. First, the

shapes of the magnetization curves for different spins are very similar. Second, the

magnetic field removes the divergence of the specific heat at the Curie temperature.

As expected, the magnetization reduces to that of the mean field result near the

Curie temperature and to that of the spin wave approximation at low temperatures.
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2.4 Dynamic equations

The energy or heat transfer among electrons, spins and lattice may be captured by

the general rate equations given below,

dεe
dt

= −Γes − Γel (2.20)

dεl
dt

= Γsl + Γel (2.21)

dεs
dt

= Γes − Γsl (2.22)

where εi are the energy densities (i = e, s, l) and the rate of the energy transfer Γij

should be determined by Eq. (2.5). Since we have neglected the weaker interaction

between spins and lattice, we set Γsl = 0 in the above equations. In the following,

we explicitly derive the relaxation rates of Γel and Γes from Eqs. (2.7) and (2.9).

2.4.1 Electron-lattice relaxation Γel

The energy transfer rate between electrons and phonons does not involve the spin.

The Fermi golden rule applied to Eq. (2.7) immediately leads to

Γel =
4π

h̄

∑
k,q

h̄ωpq |Bq|2 δ(εk− εk+q + h̄ωpq)× (nk+q(1−nk)(1 +np)−nk(1−nk+q)npq)

(2.23)

where the first (second) term represents the energy transfer from (to) the electrons

to (from) lattice by emitting (absorbing) a phonon. Note that the electrons and

phonons have different temperatures; otherwise the detailed balance will make the

net energy transfer zero. The electron and phonon densities are given by their

respective equilibrium temperatures at Ts and Tl, i.e., nk = [exp((εk − εF )/kBTe) +

1]−1 and npq = [exp(h̄ωpq/kBTl)−1]−1. We consider polarization-independent acoustic

phonons, i.e., ωpq = vsq where vs is the phonon velocity. By replacing Bq given in

Eq. (2.8) into Eq. (2.23), we have

Γel =
4π

h̄

(
2

3
εF

)2
V

(2π)4

me

h̄

me

M

∫ qm

0

q3dq
e
h̄vsq
kBTl − e

h̄vsq
kBTe

e
h̄vsq
kBTl − 1

∫ +∞

εq

dε
e
ε−εF
kBTe

(e
h̄vsq
kBTe e

ε−εF
kBTe + 1)(e

ε−εF
kBTe + 1)

(2.24)
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where we have defined the cut-off energy εq ≡ (q− 2m
h̄2 h̄vs)

2 h̄2

2m
which comes from the δ

function in Eq. (2.23), and we have introduced the maximum phonon wave number

in the First Brillouin zone (this definition is the same for magnons and Fermi wave

vectors), qm = kF = (6π2)1/3/a0, where a0 is lattice constant. By integrating over

the electron energy ε, we obtain

Γel =
4π

h̄

(
2

3
εF

)2
V

(2π)4

me

h̄

me

M

∫ qm

0

q3dq(npq(Te)−npq(Tl))kBTe

 h̄vsq

kBTe
− ln(

e
h̄vsq
kBTe e

ε−εF
kBTe + 1

e
εq−εF
kBTe + 1

)


(2.25)

where we have defined a Debye temperature, θ = h̄vsqm/kB. When h̄ωq � kBTe,

the last term of Eq. (2.25) can be approximated by h̄vsq

kBTe
− ln(

e
h̄vsq
kBTe e

ε−εF
kBTe + 1

e
εq−εF
kBTe + 1

)

 ≈ h̄vsq

kBTe
Θ (2kF − p) (2.26)

where Θ (x) is the step function. Therefore, the relaxation rate becomes

Γel =
1

h̄

(
2

3
εF

)2
9π

2V

me

M

θ

TF

[
G4

(
Te
θ

)
−G4

(
Tl
θ

)]
(2.27)

and Gn(x) = xn+1
∫ 1/x

0
tndt/ (et − 1). As we can see from Eq. (2.27), when the

temperature Te = Tl, there is no energy transition between the electron and lattice

subsystem.

Interestingly, for Te and Tl ≥ θ, the above expression can be further reduced to:

Γel =
1

h̄

(
2

3
εF

)2
9π

8V

me

M

(
Te − Tl
TF

)
(2.28)

Thus, the relaxation rate is simply proportional to the difference between the

electron and lattice temperatures (Γel ∝ Te−Tl); in this limiting case, our expression

is reduced to the assumption made in the earlier three temperature model.

2.4.2 Electron-spin relaxation Γes

The interaction between the electrons and spins given by Eq. (2.9) may be simplified

by using the self-consistent random phase approximation, i.e., we replace Ŝzi by its
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thermal average m(Ts) and Ŝ∓q = â±q
√

2m(Ts). The electron-spin interaction can

then be rewritten as

Ĥes = − Jex√
N

√
2Sm(Ts)

∑
k,q

(
ĉ+
k−q↑ĉk↓âq + ĉ+

k−q↓ĉk↑â
+
q

)
(2.29)

where we have dropped them(Ts)σz term since it does not involve the energy transfer

between the electron and the spin.

The second order perturbation immediately leads to the electron-spin relaxation:

Γes =
2π

h̄

2Sm(Ts)

N
J2
ex

∑
k,q

h̄ωsqδ(εk−εk−q+h̄ωsq)×(nk↓(1−nk−q↑)(1+nsq)−nk−q↑(1−nk↓)n
s
q)

(2.30)

where ωsq is the magnon frequency given by Eq. (2.9), the electron distribu-

tion is nkσ = [exp((εk − εF)/kBTe) + 1]−1 and the magnon distribution is nsq =

[exp(h̄ωs
q/kBTs)−1]−1. Note that the electron sub-system is considered unpolarized

due to the strong spin relaxation occurring during thermalization. In Eq. (2.30),

the first term represents the electron emitting a magnon, while the second term

represents the electron absorbing a magnon. For the long wavelength, the magnon

dispersion, Eq. (2.14), is simply h̄ωsq = µBHex +αkBTcq
2a2

0 where α ≈ 1. Following

the same procedure as the previous section, we find,

Γes =
4π

h̄
2Sm(Ts)J

2
ex

V

(2π)4

m2
e

h̄4

∫ qm

0

qdq
(
h̄ωsq

)2
(nsq(Te)− nsq(Ts)) (2.31)

If the magnetic field is zero, the integration over q can be immediately carried out

and we approximately have

Γes =
(6π2)

10/3
J2
exm

3(Ts)

2h̄V

(
Tc
TF

)2 [
G2

(
Te
DTc

)
−G2

(
Tl
DTc

)]
(2.32)

where Gn(x) has been defined below Eq. (2.27) and the temperature-dependent

spin stiffness is D = m(Ts)q
2
ma

2
0. An important result of this paper is that Γes is

proportional to m3(Ts) and thus it is vanishingly small near the Curie temperature.

Furthermore, since Te/Tc and Ts/Tc are always comparable to 1 (less than 1), the

electron-spin relaxation rate given by Eq. (2.32) is not proportional to Te − Ts,

which is quite different from the previous three temperature model.
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2.4.3 Specific heats of subsystems

As the right sides of the rate equations, Eqs. (2.20)-(2.22), are expressed in terms

of three temperatures Te, Ts and Tl, we need to relate the energy change of each

system to the temperatures, i.e., we should define the heat capacities Ci for each

subsystem dεi = CidTi. The specific heat depends on the material details. To be

more specific, we consider the Ni metal that has been experimentally investigated

most extensively.

a. Specific heat of the electrons In a free electron picture, the specific heat of an

electron gas is Ce = (1/2) πnekB(Te/TF )(1− 3π2/10(Te/TF )2 − ...), where ne is the

electron density and TF is the Fermi temperature [50]. However, this approximation

is usually poor in the case of transition metals. In our model, we assume that the

electron specific heat remains proportional to the temperature Ce = γeTe where

γe ≈ 1.5 × 103Jm−3K−2 is taken from experiments [51, 52], which is smaller than

the one assumed earlier.

b. Specific heat of lattice The phonon energy is derived from the Debye model,

Ep =
∫
d3qh̄ωpqn

p
q(T ). This yields Cl = 3NAkBFD(TD/T ), where NA is the Avogadro

number and FD =
∫ TD/T

0
x4ex/(ex − 1)2dx is the Debye function. This form of the

lattice specific heat is consistent with Pawel et al. [51, 52].

c. Specific heat of the spins We determine the spin specific heat from the nu-

merical derivative of the spin energy Eq. (2.19), as explicitly calculated in previous

section. In Fig. 1(b) and Fig. 1(d), we have already shown the temperature depen-

dence of the spin specific heat with and without the external field.

2.4.4 Summary of the model

We summarize below the dynamic equations that govern the time-dependence of

the three subsystem temperatures after the laser pumping,

Ce (Te)
dTe
dt

= −Γes (Te, Ts)− Γel (Te, Tl) + P (t) (2.33)

Cl (Tl)
dTl
dt

= Γel (Te, Tl)−
Tl − Troom

τl
(2.34)
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Cs (Ts)
dTs
dt

= Γes (Te, Ts) (2.35)

where we have used dεi/dTi = Ci (Ti)Ti/dt (i = e, l, s) and we have discarded

the spin-phonon interaction. In Eq. (2.33) we have inserted P (t) representing the

initial laser energy transfer to the electrons and in Eq. (2.34), we have included

a phenomenological heat diffusion of phonons to environment which is set at the

room temperature Troom, this term becomes significant only at long time scale (sub-

nanoseconds). The functions Γij are:

Γel = Wel

[
G4

(
Te
θ

)
−G4

(
Tl
θ

)]
(2.36)

Γes = Wesm
3(Ts)

[
G2

(
Te
DTc

)
−G2

(
Tl
DTc

)]
(2.37)

where the constants Wel and Wes are given in Eqs. (2.27) and (2.32). As mentioned

earlier, the differences compared to the conventional three temperature model are:

1) the explicit temperature dependence of the heat capacity, 2) the influence of

the magnetization stiffness close to the Curie temperature, and 3) the temperature

dependence of Γes and Γel is not simply linear.

2.5 Numerical results

In this Section, we numerically solve our central Eqs. (2.33)-(2.35) for a number of

plausible material parameters. Our particular focus will be on the difference between

our model and the previous three-temperature model. Since the demagnetization is

mainly controlled by the interaction between electrons and spins, we choose a set of

different Jex: a large Jex representing transition metals (e.g., Ni, Fe and Co) and a

weak Jex for some ferromagnetic oxides and dilute magnetic semiconductors. Equa-

tions (2.33)-(2.35) are solved by using the following procedure. First, we assume

that the laser instantaneously heats the electron bath to Te(t = 0) while the spin and

lattice temperatures remain at the room temperature Ts(t = 0) = Tl(t = 0) = Troom.

With these initial conditions, we compute these temperatures after t > 0 where the

laser source has been turned off P (t > 0) = 0. If we only consider the time scale

smaller than 100ps we may drop the heat diffusion term in Eq. (2.34).
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Figure 2.2: Time dependence of the temperatures of the electrons, spins and lattice
after irradiation by a low intensity laser with Te(0) = 0.9Tc, and Ts(0) = Tp(0) =
Troom = 0.47Tc, and Tc = 620K. The inset shows the minimum magnetization (or
maximum spin temperature) occurs at about 260 femtoseconds. The other param-
eters are: Jex = 0.15eV , εF = 8eV , M/m = 105, and a0 = 0.25nm.
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Figure 2.3: Normalized magnetization as a function of time in logarithmical scale
for various exchange parameters at a fixed laser-fluence. The other parameters are
kept the same as Fig. 2.2.
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Figure 2.4: Time evolution of three temperature for a large laser intensity case
when Te(0) = 1.6Tc. The critical slowing down of the spin system is identified as
the plateau in the figure. The inset defines a slowdown time τd. The smaller inset
shows the magnified region in the vicinity of the maximum temperature. The other
parameters are kept the same as Fig. 2.2.

In Fig. 2.2, we show the typical temperature profiles after a low intensity laser

pumping. In general, the electron spin interaction is stronger than the electron

phonon interaction at low temperature, and spin and electron temperatures equi-

librate within subpicoseconds. It takes an order of magnitude longer to reach the

equilibrium between lattice and the electrons. Also shown in the inset is the time

dependent magnetization which illustrates the fast demagnetization and slow re-

magnetization. In Fig. 2.3, we show the temperature dependence of magnetization

for different Jex. As expected, the demagnetization time scales with the inverse of

Jex while the demagnetization is independent of Jex since the latter is controlled by

the electron-lattice interaction.

A much more interesting case is the high intensity of laser pumping. In this

case, the spin temperature raises to the Curie temperature in 0.1-0.2 ps as shown

in Fig. 2.4. Due to vanishingly small magnetization at the Curie temperature,

the energy transfer between electrons and spins becomes negligible and thus the
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Figure 2.5: Log-log plot of τd versus the reduced temperature for Jex = 0.1 and
0.2. The exponents are δ = 0.43 and δ = 0.34 respectively. The dashed line is for
eye-guidance.

spin temperature stays constant for an extended period of time (a few ps). The

electron temperature, however, continues to decrease due to the electron-lattice

interaction which is not affected by the dynamic slowdown of the spins. Interestingly,

after the electron temperature drops below the spin temperature, the spin system

begins to heat the electron system and thus the electron temperature behaves non-

monotonically as seen in Fig. 2.4.

The dynamic slowdown of the spin temperature shown in Fig. 2.4 is a general

property of critical phenomena. Due to the disappearance of the order parameter

(the magnetization m(T ) in present case), the effective interaction reduces to zero

at the critical point. In Fig. 2.5, we show the time interval (labeled in Fig. 2.5)

for the critical slowdown as a function of the maximum spin temperature Tm for a

given laser pumping power. As it is expected, the critical slowdown shows a power

law,τs ∝ [1−Tm/Tc]−δ with the exponent δ depending on Jex. In the case of very high

intensity of the laser pumping, Tm can be very close to Tc and the magnetization

dynamics can be extremely slow. In the presence of the external field, however,

the spin system does not have a sharp phase transition anymore and the critical



42

0 3 6 9 1 2 1 5 1 80 . 0
0 . 2
0 . 4
0 . 6
0 . 8
1 . 0

No
rm

aliz
ed

 M
ag

ne
tiza

tio
n �

m/
s�

 H = 0 T
 H = 1 T

 

 

 

 

T i m e  ( p s )

Figure 2.6: Normalized magnetization as a function of time with and without the
magnetic field H = 1T . The other parameters are kept the same as Fig. 2.2.

slowdown is removed, i.e., one recovers the fast magnetization dynamics. In Fig.

2.6, we compare the magnetization dynamics with and without the magnetic field.

The magnetic field suppresses the dynamic slowdown.

Finally, Fig. 2.7 shows the exponential dependence of τd on the initial electron

temperature which is directly related to the pumping laser fluence.

2.6 Discussion

2.6.1 Connection with experiment

The LID experiments performed on transition metallic ferromagnets are usually at

low laser pumping power. In these experiments, the previous phenomenological

three temperature model provides an essential interpretation of demagnetization:

the laser induced hot electrons transfer their energies to spins and lattice. As dis-

cussed in our model, the demagnetization (i.e., loss of spin memory) occurs during

the instantaneous thermalization of the interacting baths. Therefore, the demagneti-

zation/remagnetization time scale is governed by energy transfer between the baths:
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(open symbols) and without (filled symbols) the magnetic field. Te(0) is normalized
initial electron temperature.

the demagnetization is given by the electron-spin interaction while remagnetization

time is determined by the electron-phonon interactions.

For transition metals, the electron-spin interaction is at least several times larger

than the electron-phonon interaction. Thus, the demagnetization is faster than the

remagnetization. For half-metals and oxidized ferromagnets, the demagnetization is

usually longer due to a reduced electron-spin interaction. When the temperature in-

creases, the demagnetization time could be significantly increased; this is due to the

weakening of the effective electron-spin interaction with a reduced magnetization.

As the temperature approaches the Curie temperature, Ogasawara et. al. observed

that in all their samples, the demagnetization time could be enhanced by one order

of magnitude.

The influence of the pump intensity on the demagnetization time can be similarly

understood. As we have shown, a large pumping intensity creates high temperature

electrons which heat the spin temperature to the Curie temperature. Thus the

temperature and the pumping intensity dependence of the demagnetization involve
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the exact physics of critical slowdown.

2.6.2 Comment of our model

As stated in the introduction, laser-induced demagnetization has been observed in

a wide variety of materials presenting very diverse band structures and magnetism.

From the materials viewpoint, the present model makes three important assump-

tions: (i) laser-induced hot electrons, ground state spin excitations and phonons

can be treated as separate interacting sub-systems; (ii) there exists a direct inter-

action between hot electrons and collective spin excitations; (iii) the excited spin

sub-system can be described in terms of spin-waves

Whereas the consideration of a separate phonon bath is common, the separation

between the electron and spin populations may seem questionable. In systems where

the itinerant and localized electrons can be identified (such as 4f-rare earth or carrier-

mediated dilute magnetic semiconductors), it seems quite reasonable. However, in

typical itinerant ferromagnets such as transition metals, the magnetism arises from

a significant portion of itinerant electrons. We stress out that in our model, the

separation between electron and spin baths arises from the fact the electrons we

consider are laser induced hot electrons near Fermi level, whereas the spin bath

describes the magnetic behavior of electrons lying well below Fermi level. The

concept of spin waves used in the present article is rather general and applies to

a wide range of ferromagnetic materials. Although energy dispersion may vary

from one material to another, it is unlikely to have strong influence on the main

conclusions of this work.

The interaction between hot electrons and magnons is actually more restrictive

since it assumes overlap between electrons near and far below Fermi level. For

example, this approach does not apply to half-metals (electron magnon interaction

is quenched by the 100% spin polarization) or magnetic insulators. Nevertheless, in

metallic materials such as transition metals and rare-earth, this interaction does not

vanish and can lead to strong spin wave generation, as demonstrated by Schmidt et

al. in Fe [53].



45

2.7 Conclusions

We have proposed a microscopic approach to the three temperature model applied

to laser-induced ultrafast demagnetization. The microscopic model consists of inter-

actions among laser-excited electrons, collective spin excitations and lattice. Under

the assumption of instantaneous spin memory loss during the baths thermalization,

the demagnetization problem reduces to energy transfer between the thermalized

baths.

A self-consistent random phase approximation is developed to model the low

excitation of the spin system for a wide range of temperatures. A set of dynamic

equations for the time-dependent temperatures of electrons, spins and lattice are

explicitly expressed in terms of the microscopic parameters. While the resulting

equations are similar to the phenomenological three-temperature model, there are

important distinctions in the temperature dependent properties. In particular, the

magnon softening plays a key role in demagnetization near Curie temperature where

a significant slowdown of the spin dynamics occurs. We have also shown that for

sufficiently high temperatures (above the Debye temperature), the dynamic prop-

erties are governed by only a few parameters: the Curie and Fermi temperatures,

the electron-spin exchange integral Jex, and the electron-phonon coupling constant

Bq. The magnetization dynamic near the Curie temperature is rather universal.

Our numerical study of these equations illustrates that, due to the reduction of

the average magnetization as a function of the spin temperature, both pump in-

tensity and sample temperature are responsible for a relative long demagnetization

(several picoseconds). An external magnetic field can suppress the critical dynamic

slowdown.
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CHAPTER 3

HEAT ASSISTED MAGNETIZATION DYNAMICS

3.1 Introduction

In addition to the laser induced demagnetization (LID), currently there is consider-

able interest in the magnetization dynamics of reversal in the presence of a pulsed

laser. The motivations for this are manifold. A major imperative is that laser

(heat) assisted magnetization reversal shows a potential for further improvement of

magnetic storage areal density in hard disk drives.

As a next generation magnetic recording technology, heat-assisted magnetic

recording (HAMR) [6] has a new magnetization switching scheme. It offers an extra

degree of freedom to deal with the “thermal stability versus writability” constraint:

a laser beam could be used to heat the magnetic medium locally and thus decrease

its anisotropy, consequently the data is able to be written when the coercivity field

is below the applied field. Then the heated region is rapidly cooled down to the

room temperature to encode the recorded data. Hohlfeld et al. [54] first reported

the magnetization reversal in a GdFeCo with a subpicosecond magnetization col-

lapse followed by a slower reversal in the direction of the applied field. Bunce et al.

[55] demonstrated the ability to switch the magnetization in an externally applied

field with a magnitude lower than the intrinsic coercivity in CoPt multi-layers. It is

expected that HAMR is capable to record at 1− 10Tb/inch2 data density [6]. With

the help of Bit Patterned Media, the data density could be even higher.

While both LID and HAMR involve laser-induced magnetization dynamics of

magnetic materials, there are several important differences. LID is usually consid-

ered as an ultrafast process where the hot electrons excited by the laser field transfer

their energy to the spin system, causing demagnetization. The demagnetization time

scale ranges from 100 femtosecond to a few picoseconds. For HAMR, the laser field
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is to heat the magnetic material up to the Curie temperature so that a moderate

magnetic field is able to overcome the magnetic anisotropy for magnetization re-

versal. The time scale for the HAMR process is about sub-nanosecond, two orders

of magnitude larger compared to LID. Even for the temperature close to the Curie

temperature, the dynamics slowdown in LID remains “ultrafast” for HAMR as long

as a moderate magnetic field is present. Thus, the HAMR dynamics could be per-

formed in two distinct time scales: a fast dynamics within a few picoseconds which

determines the longitudinal magnetization m(T ), i.e., all three temperatures have

already reached equilibrium and a slow dynamics which determines the direction of

the magnetization.

In this chapter, we will study the behavior of heat assisted magnetization dy-

namics. First we present a review of theoretical models of magnetization dynamics

at high temperatures. Then by using the equation of motion for the quantum den-

sity matrix within the instantaneous local relaxation time approximation [56], we

propose an effective equation, and show that the magnetization dynamics for fer-

romagnets can be cast in the form of the Bloch equation for paramagnetic spins

[57]. Then we explicitly derive the generalized Bloch equation and show that the

equation is consistent with the known dynamics at low and high temperatures. And

we analyze the longitudinal and transverse relaxations from our result, and apply

our effective equation to study the magnetization reversal processes near Curie tem-

peratures. Finally, we add necessary stochastic fields in the equation to capture the

fluctuation of the dynamics.

3.2 Theoretical review

Now we will concentrate on the mechanisms of magnetization reversal process, ac-

tually this is one of the most important physics we want to explore. Since the

magnetization switching happens at elevated temperatures, particularly around Tc,

longitudinal fluctuations in the magnetization can have a significant impact on the

expected energy barriers and therefore the relaxation time of magnetization. To un-
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derstand the detailed recording mechanisms and the performance, the temperature

dependence of the medium magnetic properties and temperature related recording

parameters will be critical important.

At the moment, well-established methods for the investigation of magnetic mate-

rial properties exist only in certain limits, including mainly so-called first-principle

methods, atomistic models, and micromagnetics [58]. First-principle models has

turned out to be efficient in providing insight on the local atomic scale values such

as the local magnetic moment, the local anisotropy, or a pairwise exchange Jex in

nanoclusters or periodic cells [59]. But most of the first-principle calculations are at

zero temperatures. It is noted that the first-principle modeling of finite-temperature

magnetization dynamics in nanoscale magnetic elements remains still a challenge for

the future.

Now the basis of most of the numerical calculation of magnetization dynamics is

a micromagnetic approach that considers the magnetization of either a small parti-

cle or a discrete magnetic nano-element as a vector of a fixed length. It follows the

Landau–Lifshitz–Gilbert (LLG) equation of motion. Even though the LLG equa-

tion is partly phenomenological, this approach turns out to be very successful as far

as descriptions of its ground state domain structures and its zero temperature dy-

namics are concerned. For the macro-spin dynamics at elevated temperatures, since

the magnetization magnitude changes with time during the switching, longitudinal

relaxation should be included in the dynamics. Landau-Lifshitz-Bloch (LLB) equa-

tion within the mean-field approximation was derived to capture the new feature.

Another method to simulate high temperature spin dynamics is atomistic model. In

this model, the atomistic spin is treated as a macrospin of unit length, the magnetic

moment of atom is given by µ = µ0s, and its dynamics is described by stochas-

tic form of LLG equation. To accurately mimic the dynamics of grains near Tc, a

multi-scale modeling scheme was also proposed [58, 60]. Next I will introduce these

theoretical models in detail.
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3.2.1 Landau-Lifshitz-Gilbert equation

In ferromagnetic materials, the spins are strongly coupled by the exchange inter-

action. Therefore, there is no strong variation of the orientation of the magnetic

moments µi on adjacent lattice site. This allows the introduction of an averaged

magnetization M, and it is called the macro-spin approximation. For the inhomo-

geneous case, the magnetic solid can often be divided into small grains in which the

magnetization can be assumed to be homogeneous and described classically.

The equation of motion of the magnetization vector under an applied field is

dm

dt
= −γm×H (3.1)

where m = M/Ms is the unit magnetization vector, γ = gµB/h̄ is the gyromagnetic

ratio, µB is the Bohr magneton. For a Lande factor g = 2, the gyromagnetic ratio

γ = 1.76× 1011radT−1s−1. The moment precesses around the field with the Larmor

frequency $ = γH/2π and never reaches the equilibrium position unless it already

points in the same direction. This precessional motion conserves both the energy

and the magnetic moment magnitude, but it does not explain the absorption line

in resonance experiments and the magnetization reversal. From the energy point

of view, the magnetization reversal can be viewed as a magnetization distribution

relaxation process to reduce the total system energy to a minimum. In order to

obtain a phenomenological equation of the spin dynamics, L.D Landau and E.M.

Lifshitz [61] proposed to add a damping torque term,

dm

dt
= −γm×Heff − γαm× (m×Heff) (3.2)

where Heff is the effective magnetic field that consists of the external field, anisotropy

field, exchange field and demagnetization field; the α is the damping coefficient,

which makes the magnetization rotate towards the direction of the effective field

and eventually to be parallel to its direction. The physical origin of damping comes

from a range of different atomic scale phenomena, such as the coupling between

the magnetic spins and other degrees of freedom (phonons, electrons) as well as

impurities and defects, although a full theoretical understanding is still lacking. In
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literature, damping α is a material property, it is given ranging between α = 0.005

up to 0.1 [62].

An alternative equation has been proposed by Gilbert in 1955 [7],

dm

dt
= −γm×Heff − αm×dm

dt
(3.3)

In this way, the damping leads not only to the realignment of the magnetization

towards the effective field, but it acts also on the precessional motion itself. Math-

ematically the Landau-Lifshitz-Gilbert (LLG) and Landau-Lifshitz (LL) equations

are equivalent through the renormalization of the precession and dissipation terms

using the factor 1/ (1 + α2).

In the area of micromagnetics, under a continuum approximation, where the

main length scale of the spin system is comparable to the domain wall width as

in artificially nanostructured elements (e.g. magnetic dots), the Landau-Lifshitz-

Gilbert (LLG) or Landau-Lifshitz (LL) equations are widely used, especially when

the magnitude of the magnetization is fixed at saturation magnetization Ms (at a

temperature far lower than the Curie temperature).

3.2.2 Atomistic model

The scope of the atomistic method [63] is different from the one of continuum micro-

magnetic methods. Micromagnetic simulations are widely used to study large-scale

systems, in which the magnetization is numerically treated by finite-difference or

finite-element methods. However the atomic magnetism has a quantum origin, we

need quantum tools to describe it. Ab-initio calculations (i.e. Density Functional

Theory) can be used to calculate the intrinsic parameters as magnetic moment, ex-

change energies, lattice sizes, etc. Although the ab-initio technique could give us

more accurate parameters in equilibrium, but here we focus on the dynamics, where

the time-dependent evaluation of magnetic properties of nano-structures is studied

on the atomic scale at finite temperature.

In this approach, a classical approximation is therefore used, where the quan-

tum mechanical spin operators will be substituted by classical angular momentum
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vectors. Every physical magnitude has its value in the atom sites and atomic-level

information, such as interatomic exchange strength or magnetic moment. Using the

Heisenberg form of the exchange for nearest neighbors, the energies of the system

are described by the following Hamiltonian:

Ĥ = −1

2

∑
i,j

JijSi·Sj−
N∑
i=1

Di (Si · ni)2−1

2

∑
i,j

µiµj
4π

3 (Si · nij) (Sj · nij)− Si · Sj
r3
ij

−
N∑
i=1

µiH · Si

(3.4)

where where Jij is the exchange integral between spins i and j (i, j are lattice sites),

Si is the normalized vector |Si| = 1, Di is the uniaxial anisotropy constant (assumed

along z), ni is the direction of the anisotropy vector, µi is the magnetic moment of

the site i, H is the vector describing the applied field, and N is the total number

of spins. The first sum represents the electronic exchange interaction. The second

term is the magnetic anisotropy energy. The dipole-dipole coupling is represented

in the third sum, it is responsible for magnetic inhomogeneities. And the last term

is the Zeeman energy of the system. For each spin, the exact trajectory is described

using a classical phenomelogical equation of motion, known as the Landau-Lifshitz-

Gilbert equation. At an elevated temperature, the spin system is coupled to an

external system, there will be energy transfer between the heat bath and the spin

system until they reach to the equilibrium state. Introduced by adding a fluctuation

field, the magnetization dynamics equation of motion is given

dSi
dt

= − γ

(1 + λ2)µi

[
Si×Hi

eff + λSi×
(
Si×Hi

eff

)]
(3.5)

Here λ and γ are the Gilbert damping parameter and the gyromagnetic ratio re-

spectively. The effective field Hi
eff is then given by

Hi
eff = −∂Ĥi

∂Si
+ hi(t) (3.6)

where hi(t) represents a stochastic term, describes the coupling strength to the

external heat bath. The thermal fluctuation field is calculated by generating Gaus-

sian random numbers and multiplying by the strength of the noise process. The
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correlations of different components can be written as

〈hi(t)〉 = 0 (3.7)

〈hi,α(t)hj,β(t′)〉 = δijδαβδ (t− t′) 2λkBTµi
γ

(3.8)

where α, β are Cartesian components, kB is the Boltzmann constant and T is the

temperature of thermal heat bath. The Kronecker deltas state that the different

Cartesian components of hi are unrelated and that the random fields acting on

different magnetic moments i are independent. The Dirac delta states that the

correlation time of hi is much smaller than the rotational response of the system.

Then to extract the information of spin dynamics, averaging can be performed over

space, time, random number sequences in the Langevin equation or different initial

states. Space averaging of all atoms in the system gives the average magnetization,

while time averaging is used to get rid of random fluctuations, i.e., time averaging

may be performed over unlimited time in equilibrium.

Finally, we would like to make some comments on this approach. This approach

is extremely expensive in computational requirements. In the length scale point

of view, right now the largest computationally affordable systems in our days only

consist of hundred of atoms. Simulation sizes comparable to domain wall width are

not reachable for a large range of magnetic materials. Regarding the time scale, in

the atomistic modeling, the time step is defined by the exchange interaction and

is of the order of 0.1fs. While in micromagnetic simulations, the time-step has to

be at least two orders of magnitude less than the frequency of precession of the

magnetization. Therefore, integrating the equation of motion at atomistic level

would cost more computer time. We could say that atomistic simulations increase

the computational complexity, although this limitation is however gradually being

overcome by the availability of increasing computational power.

3.2.3 Landau-Lifshitz-Bloch equation

The famous Landau-Lifshitz equation [61], which is the basis of innumerable inves-

tigations of magnetically ordered materials, considers magnetization as a vector of
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fixed length and ignores its longitudinal relaxation. Such an approach is obviously

unsatisfactory at elevated temperatures since magnetization entering the LL equa-

tion is an average over some distribution function and its magnitude can change.

As an alternative way, the atomistic approach described in the previous section, is

prohibitively time-consuming in macroscopic systems. So it is necessary to develop

a macroscopic equation of motion for the magnetization of a ferromagnet at elevated

temperatures. This new equation should thus contain both transverse and longitu-

dinal relaxation terms and interpolate between the Landau–Lifshitz equation at low

temperatures and the Bloch equation [57] at high temperatures.

The derivation of Landau-Lifshitz-Bloch equation is based on the atomistic ap-

proach. In the case of a weak coupling with the thermal bath, the dynamics of

the vector S can be described with the help of the stochastic Landau-Lifshitz equa-

tion (3.5). The intrinsic coupling-to-the-bath parameter λ [60, 64] is defined by the

rate of spin flip. Several underlying quantum mechanisms are currently possible for

ultrafast demagnetization: the Elliott-Yafet (EY) electron scattering mediated by

phonons or impurities [65] or other electrons and electron-electron inelastic exchange

scattering [66]. Then the magnetization of the magnetic material is given by the

ensemble-averaged spin polarization: m = µ0 〈S〉. Garanin proposed the following

Landau-Lifshitz-Bloch equation [67]:

dm

dt
= −γm×HLLB − γαtr

m× (m×HLLB)

m2
+ γαl

(m ·HLLB)m

m2
(3.9)

where HLLB is the effective field, and αtr and αl are dimensionless transverse and

longitudinal damping parameters given by

αtr = λ
2T

3Tc
, αl = λ

[
1− T

3Tc

]
, T < Tc (3.10)

and Tc is the Curie temperature. For T > Tc, the damping parameters are equal

αtr = αl. The effective field is given by

HLLB = Hext + HA + Hd +


1

2χl

(
1− m2

m2
eq

)
m T < Tc

J
µ0

(
1− T

Tc
− 3m2

5

)
m T > Tc

(3.11)
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where meq is the zero-field equilibrium magnetization at a given temperature and

χl is the longitudinal susceptibility. Hext, HA and Hd are applied field, anisotropy

field and magnetostatic field respectively.

The LLB equation was shown to capture the complex physics revealed by the

atomistic model, i.e., the longitudinal and transverse relaxation times calculated

from the LLB equation also agree well with those calculated from the atomistic

model [68]. Kazantseva et al. [69] showed that for temperatures close to the Curie

temperature Tc, two reversal modes appear: an elliptical mode and a linear mode.

This linear reversal mode is believed to be responsible for the fast magnetization

switching at high temperatures.

Compared with the LLG equation, here are the new features of LLB equation,

the magnetization vector magnitude is not conserved, longitudinal magnetization

relaxation occurs neat the Curie temperature, the longitudinal relaxation time be-

comes very long at the Curie temperature (critical slowing down), and at the same

time the transverse relaxation time decreases. Therefor the LLB equation could be

a useful tool for a micromagnetic simulation at elevated temperatures. Particularly

interesting would be its application in the area of multi-scale simulations where

atomistic simulations of nanometer-size areas are linked to micromagnetic regions

to extend those calculations to macroscopic length scales.

3.3 Motivation

At high temperatures, due to the strong fluctuation of the magnetic momentum,

one needs to reduce the size of magnetic cells if one continues to use the LL equa-

tion to model the magnetization dynamics. When the cell size reduces to the ulti-

mate smallest size of magnetic atoms, the so-called atomistic model is used. While

the atomistic LL equation might qualitatively capture some of static and dynamic

properties near the Curie temperature [68, 70], we point out below that the above

atomistic LL equation has several fundamental problems.

First, the spin Si in ferromagnetic metals such as Ni, Co, Fe and their alloys is
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usually small. The replacement of the quantum spin by the classical vector severely

neglects the quantum nature of the spin fluctuation of atomic spins. More impor-

tantly, the atomistic LL equation, Eq. (3.5), has no microscopic origin and it is

fundamentally incompatible with quantum mechanics. For example, if one takes

the case for Si = 1/2 (e.g., Ni). The second (”damping”) term of Eq. (3.5) becomes

γα( i
2
Si ×H− 1

2
H) for a quantum spin and thus Eq. (3.5) becomes

dSi
dt

= −γ(1 + iα/2)Si ×H + γαH/2. (3.12)

This unphysical equation originates from the broken time-reversal symmetry inher-

ited on the atomistic LL equation.

The second difficulty is that the atomistic LL equation is not derivable from

an effective Hamiltonian, even at the phenomenological level. If the atomistic LL

equation has some validity, a microscopic or an effective Hamiltonian should exist.

For example, if we construct a spin Hamiltonian of the form H ′ ∝
∑

i Si · (H +

αSi × H), the equation of motion for Si would be dSi/dt = (1/ih̄)[Si, H
′] which

results in an additional term compared to Eq. (3.5) due to none-zero commutation

[Si, αSi×H] 6= 0. On the other hand, if one takes the phenomenological Hamiltonian

as H ′ ∝
∑

i Si · (H + αm×H) where m =< Si > (note that <> denotes ensemble

thermal averaging and thus m is a c-number), the result dynamics for Si would be

dSi
dt

=
1

ih̄
[Si, H

′] = −γSi ×H− γαSi × (m×H). (3.13)

The above equation is precisely the original LL equation after the thermal averaging.

Thus, the macroscopic LL equation is derivable from an effective Hamiltonian while

the atomistic LL equation is not.

In spite of above conceptual difficulties in the atomistic LL equation, it has

been shown that the result derived from the atomistic LL equation with stochastic

fields is in agreement with the Monte Carlo simulation [71]. We point out that this

agreement is not surprising: for equilibrium properties such as magnetic moment

and critical exponents, the calculated results are insensitive to the details of the

“damping”; for dynamic properties such as reversal time, the Monte Carlo steps are
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calibrated to fit the real time in the atomistic stochastic LL equation [72]. Therefore,

such agreement should not be interpreted as the proof of the validity of the atomistic

LL equation.

Next, we are going to propose an effective magnetization dynamic equation for

a wide range of temperatures without assuming the presence of the atomistic LL

equation for each atomic spin.

3.4 Effective dynamic equation for ferromagnets

We start with a density operator ρ̂ which may be written in the spinor form ρ̂ = ρ1 +

σ · ρ2 where ρ1 and ρ2 are spin-independent and spin-dependent density operators,

and σ is the Pauli matrix vector. Within the instantaneous local relaxation time

approximation, the density operator satisfies the quantum kinetic equation [56]

dρ̂

dt
=

1

ih̄
[ρ̂, Ĥ]− ρ1 − ρ̄1

τp
− σ · ρ2 − ρ̄2

τs
(3.14)

where ρ̄1 and ρ̄2 are the instantaneous local equilibrium (ILE) densities; they are

different from the static equilibrium values. In electron transport theories, these ILE

densities depend on the local chemical potential µ(r) or the local electric field E(r, t)

and they are in turn related to the densities themselves. For example, for spin depen-

dent electron transport, the inclusion of the spin relaxation (third term of Eq. 3.14)

leads to the well-known spin-diffusion equation for the spin dependent chemical po-

tential (or spin density) [73]. In the present case, these ILE densities are functions

of the local effective magnetic field. At a given time, the effective field consists of

the ferromagnetic exchange, anisotropy, external, and classical magnetostatic field;

we will discuss these fields in more details later. The two relaxation times τp and τs

represent the momentum and spin relaxation times; these two relaxation times con-

trol the electron charge diffusion (conductance) and spin diffusion (spin-dependent

transport). If we now consider an effective Hamiltonian Ĥ = Ĥ0−gµσ ·Ht(t) where

µ is the Bohr magneton, Ĥ0 is treated as an unperturbed Hamiltonian, we find

the self-consistent equation for the magnetization m ≡ gµTr(σρ̂) = gµTrρ2 readily
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Figure 3.1: Mean-field model of magnetization relaxation. The total magnetic field
Ht on the spin i consists of the exchange field Jm(t), which comes from the exchange
interaction with the nearest neighboring spins whose average moments are m(t), and
other fields Heff which include magnetostatics, anisotropy and external fields. At a
given time, the average of the spin Si tends to relax to its instantaneous equilibrium
meq determined by m(t) or Ht in addition to the precessional motion around Heff .
The rate of the relaxation is modeled by the paramagnetic Bloch term−(m−meq)/τs
[57].

from Eq. (3.14),
dm

dt
= −γm×Ht −

m−meq(Ht)

τs
. (3.15)

where the ILE magnetization meq = gµρ̄2 is identified as the thermal equilibrium

value for a given magnetic field Ht.

At the first sight, Eq. (3.15) is similar to the well known Bloch equation [57]

that has been widely used for understanding nuclear spin resonance experiments.

In the Bloch equation, the equilibrium magnetization meq is a known equilibrium

state which is related to the dynamic susceptibility χ(ω), i.e., meq = χHext and meq

is independent of m(t). In the present content, meq is not known a priori and meq

varies with time. At any time t, there is an instantaneous equilibrium magnetization

meq that depends on the total magnetic field Ht. To solve Eq. (3.15), one first needs

to model the instantaneous local field Ht and its relation to meq.

In the conventional LL equation, the effective field Heff consists of the external
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field, the anisotropy and the magnetostatic (dipole) fields. The exchange field which

comes from the ferromagnetic exchange interaction between neighboring spins is in-

cluded only when there is spatial variation in the magnetic domain structure. The

uniform exchange term, Jm, is unimportant since it is parallel to the magnetiza-

tion and it does not contribute to the LL dynamic equation. In the present case,

however, the exchange interaction is the largest and most important term in deter-

mining the instantaneous equilibrium magnetization meq. We thus model the total

instantaneous magnetic field Ht = Jm + Heff . It is noted that Heff depends on the

instantaneous magnetization m(t) as well (see Fig. 3.1).

Next, we should determine the value of the instantaneous equilibrium magneti-

zation meq. There are a number of approaches available.

3.4.1 Mean field theory of ferromagnetism

In a ferromagnet, interaction between neighboring spins due to a combination of

electrostatic interactions and the exclusion principle can bring about a phase tran-

sition between a state with no magnetization in the absence of a field and a state

which is spontaneously magnetized. Usually in the presence of an externally applied

field, the Hamiltonian is expressed by the Heisenburg form in the last Chapter, here

we simplify the interaction using the Ising model

Ĥ =
1

2

n∑
i,k

−2JSiSk − gµ0

n∑
i=1

H0Si (3.16)

This form leaves the essential exchange interaction and avoids the complications

introduced by the vector quantities. Although the problem has been solved exactly

for a two dimensional array of spins when H0 = 0, the three dimensional problem

is still very difficult to solve. So next we will introduce the simplest method of

approximation - Weiss molecular field approximation.

We focus on a particular atom i, which is called the central atom, the interactions

of this atom are described by

Hi = −gµH0Si − 2JSi

n∑
k=1

Sk (3.17)
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The last term represents the interaction of this central atom with its n nearest

neighbors. The basic idea of mean field approximation is that we replace the sum

over these neighbors by its mean value, which is

Hm =
2J

gµ
<

n∑
k=1

Sk > (3.18)

where Hm is a parameter defined so as to have the units of a magnetic field. It is

called the molecular or internal field and is to be determined in such a way that it

leads to a self-consistent solution of the statistical problem. The effect of neighboring

atoms has thus simply been replaced by an effective magnetic field Hm, it will act so

as to align neighboring magnetic moments. So the interaction for atom i becomes

Hi = −gµ (H0 +Hm)Si (3.19)

As we can see the problem is much simplified from a many body system to the

elementary one of a single atom in an external field H0 +Hm.

It is noted that there is nothing to distinguish the central atom from any of its

neighboring atoms. Hence any one of these neighboring atoms might be equally well

considered as the central atom and the internal field should be related to its mean

value Hm = 2Jn 〈Si〉 /gµ. From these, one can immediately calculate the mean

value of spin. The magnitude is shown below

< Si >= SBS [βgµ (H0 +Hm)] (3.20)

where S is the spin of the atom, β = (kBT )−1 is the inverse of temperature, BS(x) ≡
(1/S)[(S + 1/2) coth(S + 1/2)x− (1/2) coth(x/2)] is the Brillouin function. At low

temperature, the moment has a spontaneous magnetization even in the absence of

an external field. With the increase of temperature, thermal fluctuations begin to

progressively destroy the magnetization.

In our model, we are going to use this simplest approach (the molecular field ap-

proximation), where the equilibrium magnetization (both direction and magnitude)

can be explicitly expressed by [48]

meq ≡ gµ < Si >= gµSBS(βgµHt)Ĥt (3.21)
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where Ĥt is the unit vector in the direction of Ht, i.e., Ĥt = Ht/Ht. In the time-

independent case, m = meq and the above equation is the well-known mean-field

result that determines the ferromagnetic order parameter meq. In a non-equilibrium

situation where m depends on time, we interpret meq in Eq. (3.21), which is also

dependent on time, as the instantaneous local equilibrium magnetization at a given

(instantaneous) field Ht.

3.4.2 Other advanced approaches

The mean field theory is remarkably successful in exhibiting all the main features of

ferromagnetism. It gives the correct critical exponents in high enough space dimen-

sion (d ≥ 4). However, for lower dimensional systems, including three dimensions,

we will find that the spatial correlations in the magnetization gets very large near

the critical point, i.e., the fluctuations involve more and more spins. For example,

Above Tc in the mean field approximation, one finds that the specific heat cs(T ) = 0.

This is physically not satisfactory, since we expect some contribution to the specific

heat even at T > Tc. The reason for this un-physical result of the MFA lies in

the neglect of the short range correlations. It is completely reasonable to expect

that some short range order survives above the phase transition, i.e., the average〈
Szi S

z
i+δ

〉
for a small distance δ should not be identically zero in the paramagnetic

phase. In summary the major disadvantage of the mean-field theory is that the effect

of fluctuations is ignored, then it turns out to over estimate the Curie temperature.

To improve the agreement with experiment considerably, more refined approx-

imation methods should be used. Bethe and Peierls made improvements to the

self-consistent MFA by introducing the contribution of the short range static cor-

relations [74]. This method is called Bethe-Peierls-Weiss (BPW) approximation, in

which the partition function of a small cluster of spins are exactly calculated, and

the rest field is substituted by a self-consistent mean effect field [75, 76].

In the Weiss theory, attention is focused on a particular cluster of atoms in

the crystal. This cluster consists of a central atom (whose choice is arbitrary)

and its shell of 2n nearest neighbors. Let us take Ising model as an example, the



61

Hamiltonian for the cluster is assumed to have the form

Ĥ = −2JS0zS1z − gµBS0zH0 − gµBS1zH1 (3.22)

where J is the exchange interaction, S0z and S1z are the z-components of the spin

for the central atom and the combined first shell, respectively. H0 is the external

applied field, H1 is an effective field which acts on the shell atoms and includes the

effect of the interaction with atoms outside the cluster as well as the external field.

Both H0 and H1 are taken to be in the z-direction, and we have assumed that there

are no interactions within the first shell.

The partition function is given by

P =
1

x0

(
x1

y
+

y

x1

)2n

+ x0

(
yx1 +

1

yx1

)2n

(3.23)

where for convenience we set

x0 = exp−H0

2T
, x1 = exp−H1

2T
, y = exp

J

2T
(3.24)

The average magnetic moments of the central atom m0 and an atom in the first

shell m1, in the direction of H0 are, according to the rules of statistical mechanics,

m0 = µBx0
∂

∂x0

lnP ;m1 = µB
1

2n
x1

∂

∂x1

lnP (3.25)

Since the central atom and any one of the shell atoms are equivalent, we must have

m0 = m1. Then the Curie temperature, the specific heat and the susceptibility

could be calculated.

As a nature extension of mean field approach, the BPW approximation treats

the interaction of a given spin with its nearest neighbors somewhat more accurately.

Of the various lattice types considered, only those which are three-dimensional have

been found to display ferromagnetism. This is in agreement with rigorous results

of the spin-wave treatment. Moreover, this method gives some explanation of the

difference between the “paramagnetic” and ferromagnetic critical temperatures as

being due to the persistence of local order of the spins above the Curie Point, even

though the long-distance order is zero. Since the BPW approximation is simple but

captures some short range correlations, it could be a good candidate to model the

ferromagnetic magnetization near the Curie temperature.
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3.4.3 Comment on the dynamic equation

Before we examine some limiting cases, we comment on certain important approx-

imations leading to these equations. The instantaneous relaxation time approxi-

mation, Eq. (3.14), has been routinely applied to many quantum or semi-classical

systems for transport and magnetic properties. The accuracy of this approxima-

tion is hard to assess for the ferromagnetic systems. However, the instantaneous

relaxation time approximation has been very successfully applied in spin diffusion

of magnetic multi-layers where the semiclassical distribution function is assumed

to relax to the instantaneous chemical potential [73]. Furthermore, the relaxation

time approximation usually serves as a first step in a phenomenological theory since

it gives rise an analytically closed form. The most severe approximation is to re-

place meq by the mean field Brillouin function, Eq. (3.21). Such approximations are

known to produce inaccurate critical exponents and Curie temperatures. There are

several much improved approaches such as the renormalization group theory [77],

self-consistent random phase approximation [78], and Monte Carlo simulation [79].

While these approaches treat the fluctuation near the critical temperature better,

they are far more complicated and without an analytical form. On the other hand,

the mean field approximation is qualitatively correct and it allows a much simpler

description of magnetization dynamics in spite of underestimating the critical fluctu-

ation. For the purpose of establishing a phenomenological dynamic equation similar

to the LL equation, we believe that the choice of the mean field approximation

throughout this study is appropriate.

Similar to the LL equation, Eq. (3.15) contains a phenomenological parameter,

τs, representing the magnetic relaxation of paramagnetic spins. In transition metals,

τs is related to the spin-flip time. In fact, there are a number of theoretical and

experimental studies on the numerical values of τs in different materials [80, 81, 82].

For transition metals, the relaxation time ranges from sub-picoseconds to a few

picoseconds.
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3.5 Longitudinal and transverse magnetization dynamics

Before we proceed to solve Eq. (3.15) in a number of interesting examples, we

examine several limiting cases. First, by using the identity

Ht = m−2[(m ·Ht)m−m× (m×Ht)] (3.26)

we write Eq. (3.15) in terms of three mutually perpendicular vectors,

dm

dt
= −γm×Heff −

γαtr
m

m× (m×Heff)− γαl
m

(m ·Ht)m (3.27)

where we have introduced the transverse and longitudinal dimensionless damping

coefficients αtr and αl,

αtr =
meq

γτsmHt

(3.28)

and

αl =
1

γτs

[
m

m ·Ht

− meq

mHt

]
. (3.29)

At low temperatures, m is close to gµS and the exchange field Jm is much larger

than the other fields Heff . Thus, one immediately has αtr = (γτsJm)−1. In a typical

transition ferromagnet such as Co or Fe, J is of the order of the Curie temperature

(0.1-0.2 eV) and τs is a sub-picosecond, we find αtr is of the order of 10−3 − 10−1.

To estimate the low temperature longitudinal relaxation αl from Eq. (3.29),

we consider an initial m deviates from the equilibrium value of gµSBS and from

Eq. (3.29), αl would be about the same order of magnitude as αtr. However, the

longitudinal field Jm is much larger than Heff and thus the ratio of the longitudinal

(τl) to the transverse (τtr) relaxation times is about τl/τtr ≈ Heff/J . Even for a very

high anisotropy material and a large magnetic field, J is several orders of magnitude

larger than Heff ; this justifies that at the low temperature one can neglect the longi-

tudinal relaxation in the dynamic equation, i.e., the magnitude of the magnetization

is always in equilibrium.

When the temperature is much higher than the Curie temperature, Eq. (3.15)

represents the paramagnetic Bloch equation. In this case, the equilibrium magneti-

zation meq may be expressed via susceptibility χ, i.e., meq = χHeff . Such dynamic
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equations have been frequently used for understanding paramagnetic resonant phe-

nomena where the resonance width is determined by the relaxation time τs.

The most interesting case of Eq. (3.15) is for temperature close to Curie temper-

ature where transverse and longitudinal relaxation times could become comparable.

To see this, we consider the effective field is parallel to m(t) = m(t)ez and expand

BS(x) = (S + 1)x/3 − (1/90)(S + 1)(2S2 + 2S + 1)x3 up to the third order in the

small x where x = βgµHt. Then, Eq. (3.15) for temperature close to the Curie

temperature becomes

dm

dt
= − 1

Jτs

[(
1− Tc

T

)
Ht +

3

10J2

T 3
c

T 3

(
1

S2
+

1

(1 + S)2

)
H3
t −Heff

]
(3.30)

where Tc = S(S+1)J(gµ)2/3kB is the mean field Curie temperature. In the absence

of the magnetic field Heff = 0 and Ht = Jm, and we can immediately solve the above

equation,

m(t) = m(0)e−t/τl
[
1 +G(1− e−2t/τl)

]−1/2
(3.31)

where m(0) is the initial magnetization, G = 3T 3
cm

2(0)
10T 3

(
1
S2 + 1

(1+S)2

)
(1 − Tc/T )−1,

and

τl = τs

(
1− Tc

T

)−1

. (3.32)

Thus, the longitudinal relaxation time, |τl|, near Curie temperature, is associated

with the critical phenomenon. The relaxation time becomes very long when the

temperature approaches the Curie temperature. The dynamics slow-down at the

critical temperature is in fact a general property of critical phenomena [83]. In

the presence of the magnetic field, the phase transition becomes a smooth change

and the dynamic slow-down is no more critical. In Fig. 3.2, we show the longitudi-

nal relaxation as the function of the magnetic field and temperature. Clearly, the

magnetic field suppresses the longitudinal dynamic slowdown. It is noted that the

peak of the relaxation time in the presence of the magnetic field is shifted to higher

temperatures.
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and identify t = τl where the difference is reduced by the half. We have used τs = 1
ps and S = 1/2.

3.6 Numerical simulations

In order to gain more quantitative insight for the interplay between the transverse

and longitudinal relaxations, we consider several simple cases where the numerical

calculations can be readily performed. We assume that the magnetic particle is a

single domain so that there is no spatial dependence of the effective field and the

magnetization. Furthermore, the long-range magnetostatic field is also discarded.

In the first case, we compare the reversal times with and without the longitudi-

nal relaxation in a simplest case: an isotropic magnetic particle (zero magnetic

anisotropy) is initially magnetized at 5◦ from +z axis and a reversal magnetic field

in the direction of −z is applied at t > 0. Figure 3.3(a) shows the importance of the

longitudinal relaxation when the temperature approaches Curie temperature. We

compare the magnetization dynamics with and without the last term of Eq. (3.27).

If the temperature is considerably below the Curie temperature, e.g., T = 0.9Tc,
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the longitudinal relaxation term has a negligible effect, i.e., the result is essentially

same whether the last term of Eq. (3.27) is included. This is because the magnitude

of the magnetization is nearly time-independent at low temperature. When the

temperature is near the Curie temperature, the magnitude of the magnetization is

significantly reduced. More importantly, the magnitude is now a function of time

due to its dependence on the total effective field. In this case, there is a much differ-

ence if one includes the longitudinal relaxation. In Fig. 3.3(b), we show the ratio of

the reversal times calculated with and without the longitudinal relaxation. Clearly,

the reversal time from Eq. (3.15) is much faster than that of the LL equation if the

temperature is close to or higher than Curie temperature.

Next we apply our equation to a hypothetical HAMR process when the laser

heating and thermal diffusion produce a time-dependent temperature profile: the

temperature of the particle increases linearly T (t) = Trm + (t/theat)(Tp − Trm) from

the room temperature Trm to a peak value Tp for the period of 0 < t < theat of

lasing application. After the heating process is completed and the laser is removed,

the temperature decreases due to heat diffusion into surroundings. We assume the

temperature is T (t) = Trm + (Tp − Trm) exp[−(t − theat)/tcool] for t > theat. While

the precise temperature profile should be determined via heat transport equations

with proper boundary conditions, our hypothetical temperature is characterized

by three parameters: the peak temperature of the particle Tp, and the heating

and cooling rates 1/theat and 1/tcool. We choose the low-temperature magnetic

anisotropy field much larger than the external magnetic field so that the magnetic

reversal does not occur at the room temperatures. The temperature dependence of

the anisotropy energy Ea is modeled by Ea = Km2(T ) sin2 θ, where m(T ) is the

magnitude of the magnetization at temperature T and θ is the angle between the

magnetization vector and z-axis [84, 85]. By placing the above temperature profile

and effective magnetic fields into Eq. (3.15), we have numerically calculated the time

dependent magnetization shown in Fig. 3.4. As we expected, the magnetization

reversal requires a high peak temperature Tp to reduce the anisotropy. The rates

of heating and cooling are also important; they should be slow enough so that the
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T.
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magnetization has sufficient time to relax to the ground state via transverse and

longitudinal relaxations.

More quantitatively, we have made two comparisons in Fig. 3.4. First, we com-

pare our equation with a modified LL which allows the magnitude of the magneti-

zation varying with the time due to changing temperature in HAMR,

dm

dt
=
d(meqm̂)

dt
= −γm×Heff − γ

αtr
m

m× (m×Heff) +
dmeq

dT
· dT
dt

m̂ (3.33)

where the transverse damping parameter is given by Eq. (3.28). The above equa-

tion implies that the magnitude of the magnetization is always in equilibrium

with the instantaneous temperature, i.e., the longitudinal relaxation is infinite fast.

Fig. 3.4(a) shows that such approximation is quite accurate even for the temperature

Tp = 0.95Tc. However, the deviation begins to show up when the peak temperature

is higher than the Curie temperature. In Fig. 3.4(b), we further compare our results

with a constant damping parameter (i.e., taking αtr in Eq. (3.33) as a constant).

The deviation of this conventional LL with ours becomes more significant at high

temperatures. For example, even for Tp = 1.2Tc, the magnetization reversal is not

possible from the conventional LL equation, see Fig. 3.4(b).

3.7 Stochastic fields

Our proposed equation, Eq. (3.15), only describes the dynamics of the average mag-

netization at zero temperature. To address the dynamics at the finite temperature,

particularly at a high temperature, where fluctuation becomes important, one should

include stochastic fields in the macroscopic dynamic equation. The strength of these

fields are usually calculated based on the approach of deriving the corresponding

Fokker-Planck equation.

3.7.1 Fokker-Planck equation

The Fokker-Planck equation describes the time evolution of a non-equilibrium prob-

ability distribution. For the LLG and LL equation, the derivation of the Fokker-

Planck equation is presented as follows [86].
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First, let us start from the general form of the Langevin equation. It can be

written as
dy

dt
= Ai(y, t) +

∑
k

Bik(y, t)Lk(t) (3.34)

where the statistical average of Lk(t) (k represents x, y or z direction) is zero,

〈Lk(t)〉 = 0 (3.35)

The correlation function can be written as,

〈Lk(t)Ll(s)〉 = 2Dδklδ (t− s) (3.36)

In particular, the LLG equation can also be written in the form of a Langevin

equation by identifying the coefficients

Ai = γ
[
m×Heff −

α

m
m× (m×Heff)

]
i

(3.37)

Hik = γ

[∑
j

εijkmj +
α

m

(
m2δik−mimk

)]
(3.38)

The Fokker-Planck equation gives access to the dynamics of the probability func-

tion P (m, t), which is defined as the probability to find the average magnetic moment

at position m and time t. The time evolution of the general form, using Stratanovich

calculus is given by

∂P

∂t
= −

∑
i

∂

∂yi

[(
Ai +D

∑
jk

Hjk
∂Hik

∂yl
εijkmj

)
P

]
+
∑
ij

∂2

∂yi∂yj

[(
D
∑
k

HikHjk

)
P

]
(3.39)

For the LLG equation, we then arrive at the following Fokker-Plank equation for

the time evolution of the probability distribution,

∂P

∂t
= − ∂

∂m

[
γm×Heff − γ

α

m
m× (m×Heff) +

Dγ2

2
m×

(
m× ∂

∂m

)]
(3.40)

where P is the probability density and D is the random field correlation constant.

It is noted that the Fokker-Planck equation associated with the LLG or LL

equations must satisfy the correct thermal equilibrium properties. So in thermal

equilibrium P must have the form of the Boltzmann distribution,

P ∝ exp [−βm ·H] (3.41)
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For Stratanovich calculus, we can find a condition on D that makes the equations

fulfill the equilibrium requirement. we see that the temperature determines the

amplitude of the random field, and this is how temperature enters our simulations.

The amplitudes are finally given by

DLL = α
2kBT

γmV
(3.42)

DLLG =
α

1 + α2

2kBT

γmV
(3.43)

3.7.2 Stochastic fields in SCB equation

Similar to the method above [87] for the LL or LLG equation, we introduce the

stochastic fields h(t) as follows,

dm

dt
= −γm× (Heff + h)− m−meq

τs
. (3.44)

We point out that the stochastic field does not enter in the relaxation term although

the instantaneous equilibrium magnetization depends on the total field Ht. The

reason is as follows. The interaction between the random field and the magnetization

is −m · h(t). This interaction gives arise a random torque on the magnetization

−γm × h(t) that is added to the deterministic torque equation. As in the case of

the Brownian motion, the Langevin random field f(t) is only included in the particle

motion d2r/dt2 = −αv + F(t) + f(t) (where the friction force −αv and the external

driven force F(t) are not changed by the random force). To determine the magnitude

and the correlation of the stochastic fields, we follow the same procedure,

dmi

dt
=

[
−γm×Heff −

m−meq

τs

]
i

− γ
∑
jk

εijkmjhk. (3.45)

where εijk is the Levi-Civita symbol. The corresponding Fokker-Planck equation is

thus have the following form,

∂P

∂t
= −

∑
i

∂

∂mi

[(
−γm×Heff −

m−meq

τs

)
i

+Dγ2m×
(

m× ∂

∂m

)
i

]
P

(3.46)
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At the equilibrium, one may assume that the probability density takes a simple

Boltzmann distribution, i.e., P ∝ exp(−m · H). By placing this form of P into

Eq. (3.46), we find the desired correlation of the random field given below,

< hi(t)hj(0) >=
2kBTαtr
γmV

δijδ(t) (3.47)

It is noted that the correlation function of SCB equation is similar with the LL

equation. Here we want to point out that in LL equation, the magnetization m

has a fixed length, but in SCB equation, the magnetization m changes with the

temperature, the random field correlation is inverse proportional to the magnitude.

3.8 Conclusions

In this chapter, we have proposed a model of magnetization dynamics for an entire

range of temperature based on the quantum kinetic approach with the instanta-

neous local relaxation time approximation. The resulting equation generates a low

temperature magnetization dynamic same as the Landau-Lifshitz equation, namely,

the transverse magnetization is sufficient to describe dynamics. When the temper-

ature approaches or exceeds the Curie temperature, it is essential to include the

longitudinal magnetization relaxation. With our new dynamic equation, one can

model the entire heat-assisted magnetic recording processes when the temperature

are heated and cooled through the Curie temperature [55, 88, 89].
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CHAPTER 4

SELF-CONSISTENT BLOCH EQUATION AND LANDAU-LIFSHITS-BLOCH

EQUATION OF FERROMAGNETS: A COMPARISON

4.1 Introduction

The conventional Landau-Lifshitz (LL) or Landau-Lifshitz-Gilbert equation is a

grand master equation that provides quantitative predictions on magnetic struc-

ture and magnetization dynamics of ferromagnets at low temperatures. At high

temperatures, however, the LL equation fails to describe the longitudinal relaxation

and thus it is necessary to extend the LL equation. In particular, it is desirable

to obtain a similarly effective equation which is capable of quantitatively comput-

ing magnetization dynamics at high temperatures in real time. Such extension is

not only theoretically interesting, but also technologically relevant. For example,

the experiments on laser induced demagnetization(LID) [8, 15] and on heat assisted

magnetic recording (HAMR) [6, 90] involve the magnetization dynamics near Curie

temperatures. It would be crucial to develop a useful modeling tool for designing

optimal LID and HAMR devices.

Up until now, two effective equations for high temperature modeling are estab-

lished. One is called the Landau-Lifshitz-Bloch (LLB) [67] equation given below,

dm

dt
= −γm×HLLB − γαtr

m× (m×HLLB)

m2
+ γαl

(m ·HLLB)m

m2
(4.1)

where m = m(r, t) is the magnetization vector, m = |m| is its magnitude, γ is

the gyromagnetic ratio, HLLB is the effective field, and αtr and αl characterize the

transverse and longitudinal damping; the detailed forms of HLLB, αtr and αl will

be discussed later. The above LLB equation was obtained via a mean field approx-

imation from the equation where each atomic spin is assumed to satisfy the macro-

scopic stochastic LL equation (atomistic LL). Micromagnetic simulations based on
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Eq. (4.1) has been extensively applied to model magnetization dynamics near Curie

temperatures [55, 60, 68, 91, 92, 93].

Another effective equation was recently proposed by the authors [94]. Instead

of assuming the atomistic LL equation, we start from the equation of motion for

quantum spin density operator. Within the instantaneous relaxation time approx-

imation [56], the resulting equation, termed as the self-consistent Bloch equation

(SCB), is written as [94]

dm

dt
= −γm×HSCB −

m−meq(HSCB)

τs
. (4.2)

where the relaxation time τs represents the scattering life time of electron spins or

spin flip time, HSCB is the effective field, and meq is the instantaneous local equi-

librium magnetization. Equation (4.2) has a much compact form compared to the

LLB equation and it has a transparent physical meaning: the magnetization under-

goes a precessional motion driving by an effective field and relaxes to its equilibrium

determined by the instantaneous effective field which depends on the instantaneous

magnetization. Note that Eq. (4.2) is similar to the conventional Bloch equation

[57] except that the equilibrium magnetization meq in the relaxation term is an

unknown state to be determined self-consistently.

Both the LLB, Eq. (4.1) and the SCB, Eq. (4.2), are phenomenological equations

and contain a self-consistent effective field and a relaxation coefficient. However,

they are not equivalent. Fundamentally, they are derived from different physical

assumptions. Computationally, they are treated differently. In particular, the dy-

namics calculated by these two equations yields qualitatively different behavior near

the Curie temperature. In this chapter, we will compare the essential dynamic prop-

erties derived from the LLB and SCB. First, we specify the common features between

these two equations. Particularly, some further approximations would be made in

terms of explicitly modeling of the effective field. Then, we describe the quantitative

and qualitative differences between the two approaches. Finally we summarize our

results.
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4.2 Common features from LLB and SCB equations

4.2.1 Effective fields

Similar to the conventional LL equation, both LLB and SCB needs to specify an

effective field for a given system. While the LL equation is independent of the effec-

tive field in the direction parallel to the magnetization, the LLB and SCB equations

involve longitudinal dynamics and thus the longitudinal field is also important. For

the LLB equation, the effective field is explicitly modeled by adding a longitudinal

term in addition to the conventional LL field [67],

HLLB = Hext + HA + Hd +


1

2χl

(
1− m2

m2
eq

)
m T < Tc

J
µ0

(
1− T

Tc
− 3m2

5

)
m T > Tc

(4.3)

where Tc is the Curie temperature, meq is the zero-field equilibrium magnetization at

a given temperature and χl is the longitudinal susceptibility. The four terms on the

right side of the equation represent the external field, anisotropic field, magnetostatic

field, and the exchange field, respectively. Note that the exchange field is absent

in the LL equation since it is always parallel to the magnetization. We emphasize

that the exchange field has the distinct expressions for the temperatures below and

above the Curie temperature; this is because the susceptibility is different when the

temperature crosses the Curie temperature.

The SCB equation also requires to introduce a longitudinal effective field, but

the expression is much simpler,

HSCB = Hext + HA + Hd + Jm (4.4)

If one is to expand the above exchange field Jm at the Curie temperature and

keeps only linear terms, one would get the field same as Eq. (4.3), i.e., HSCB =

HLLB + Jmeq. We will show later that the SCB equation does not need to linearly

expand the exchange field near the Curie temperature; this eliminates the error due

to this approximation in the LLB.
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4.2.2 Longitudinal relaxation processes

Both LLB and SCB contains longitudinal damping processes. In Eq. (4.1), the

transverse and longitudinal damping coefficients are written as [67]αl = α 2T
3Tc

αtr = α
[
1− T

3Tc

]
T < Tc

αl = αtr = α 2T
3Tc

T > Tc

(4.5)

where Tc is the Curie temperature and α is a damping parameter. It is noted that

these damping coefficients were obtained via expanding the mean field solution of

the equilibrium magnetization near the Curie temperature and thus contained a

cusp at the Curie temperature, i.e., the relaxation parameters are discontinuous in

the temperature derivative at the Curie temperature; this would be invalid in the

presence of the magnetic field.

In the SCB approach, Eq. (4.2), a single relaxation parameter controls both

transverse and longitudinal relaxation processes. To see this, one recalls that the

instantaneous equilibrium meq is parallel to the effective field ĤSCB. By using the

vector identity,

HSCB = m−2[(m ·HSCB)m−m× (m×HSCB)], (4.6)

Eq. (4.2) may be rewritten in terms of three mutually perpendicular vectors,

dm

dt
= −γm×HSCB −

γαtr

m
m× (m×HSCB)− γαl

m
(m ·HSCB)m (4.7)

where the dimensionless transverse and longitudinal damping coefficients αtr and αl

are,

αtr =
meq

γτsmHt

(4.8)

and

αl =
1

γτs

[
m

m ·HSCB

− meq

mHSCB

]
. (4.9)

We point out that such decomposition of the relaxation processes into the transverse

and longitudinal ones does not provide any mathematical convenience in numerical

calculations. The original SCB of Eq. (4.2) is in fact easier to start with numerical



77

computations as long as the instantaneous equilibrium magnetization is constructed.

We will discuss below meq in the SCB equation and meq in the LLB equation.

4.2.3 Equilibrium and instantaneous equilibrium magnetization

Since magnetization dynamics to be modeled occurs in the vicinity of the Curie

temperature, determination of the equilibrium magnetization becomes essential. Up

till now, both LLB and SCB approaches have used the mean field approximation. In

SCB equation, the mean field approximation relates the instantaneous equilibrium

magnetization to the instantaneous effective magnetic field for any spin S, i.e.,

meq ≡ gµ < Si >= gµSBS(x)ĤSCB (4.10)

where g is the g-factor of the atom, µ is the Bohr magneton, x = βgµHSCB, β is the

inverse of temperature, BS(x) ≡ (1/S)[(S + 1/2) coth(S + 1/2)x− (1/2) coth(x/2)]

is the Brillouin function and ĤSCB is the unit vector in the direction of HSCB given

by Eq. (4.4). Note that HSCB depends on m and thus meq depends on m.

In LLB, the equilibrium magnetization meq introduced in Eq. (4.3) is simply a

well-known Langevin function for a classical exchange Hamiltonian. Although one

may also use the Brillouin function to represent meq to take into account the ac-

tual atomic spin, such choice would contradict with the original atomic LL equation

where the spin is treated classically. We should point out that meq in the LLB rep-

resents an equilibrium magnetization without the magnetic field since the effective

field, Eq. (4.3), was obtained via the expansion at H = 0.

While both LLB and SCB approaches utilize the mean field approximation for

the equilibrium magnetization meq, more sophisticated approximations can also be

made if desired. For example, one may replace meq of Eq. (4.10) by those derived

from the quantum Monte Carlo [79] or from the renormalization group theory [77]

for the Heisenberg Hamiltonian. However, since these more accurate approximation

does not have simple analytical forms, it would make the numerical and analytical

studies much harder for any practical systems. At this time, it is unclear whether the

improved approximations could lead to significantly better numerical results. Thus,
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we limit our discussions of the LLB and SCB on the mean field approximation.

4.2.4 Low and high temperature limits

The LLB of Eq. (4.1) and the SCB of Eq. (4.2) are in fact equivalent at temperatures

much lower than the Curie temperature. To see this from Eq. (4.1), we realize

that the longitudinal susceptibility is small in this case. Thus, if m starts with its

value deviated from me, the effective field in the direction of m, Eq. (4.3), becomes

very large so that m rapidly changes towards its final value until m · HLLB = 0.

The longitudinal relaxation time would scales with the longitudinal susceptibility.

Thus, one concludes that the LLB equation reduces to the conventional LLG at

the low temperature, i.e., the longitudinal dynamics is orders of magnitude faster

than the transverse dynamics and one can simply consider the magnitude of the

magnetization a constant within a picosecond time scale. Similarly for the SCB, the

longitudinal relaxation becomes unimportant at the low temperature. The reason

is that the exchange field, the last term of Eq. (4.4), is much larger than others and

thus meq is independent of the other fields, i.e., meq is nearly parallel to the effective

field so that one can discard the last term in Eq. (4.7).

If the temperature is much higher than the Curie temperature, the ferromagnet

becomes a paramagnet where the equilibrium magnetization would be meq = χlHext

and thus the SCB becomes the conventional Bloch equation of paramagnetic mate-

rials, i.e.,
dm

dt
= −γm×Hext −

m− χlHext

τs
. (4.11)

For the LLB equation, the transverse and longitudinal relaxation coefficients become

equal, see Eq. (4.5). In this case, the relaxation terms of Eq. (4.3) becomes simply

γαtrHLLB. Recall that the effective field of Eq. (4.3) was obtained through the

expansion of the equilibrium magnetization at the Curie temperature. By recovering

to the original form of the relaxation, one obtains the same result as Eq. (4.11), as

long as one identifies τs = (γαT 2/µ0Tc)
−1
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4.3 Quantitative and qualitative differences of the LLB and SCB equations

While there are common physics involved in deriving the LLB and SCB equations,

there are fundamental and quantitative differences. In this section, we discuss on

those differences.

4.3.1 Key approximations

The starting point of the LLB equation is the stochastic atomistic LL equation given

below
dSi
dt

= −γSi × (Heff + hi)− γαSi × (Si ×Heff) (4.12)

where Si represents a classical spin at the atomic site i and α is a damping parameter.

The above equation should be understood as a phenomenological equation rather

than a microscopically derivable equation. The damping parameter α is related to

certain spin loss mechanisms such as spin-orbit and spin-impurities scattering. The

LLB equation was obtained by averaging over the stochastic field hi(t) in Eq. (4.12).

Specifically, a partition function in the form of the mean field approximation was

used to carrying out the averaging of the ensemble spins. Since the temperature

dependence of α is unknown in the assumption of the atomistic effective equation,

the additional temperature dependence of the transverse and longitudinal damping

coefficients, see Eq. (4.5), introduced as a resulting of the statistical averaging, is

not useful.

In deriving SCB equation, the starting point is the quantum kinetic equation

of the spin density operator. The critical approximation is the instantaneous lo-

cal relaxation time approximation where the damping of the spin density is given

by the second term of the SCB equation, Eq. (4.2). The instantaneous relaxation

time approximation has been frequently used for spin-dependent phenomena. The

drawback of this approximation is that the relaxation time depends on microscopic

details of spin relaxation mechanisms such as electron-magnon scattering, spin-orbit

coupling, and spin-impurity interaction. At this moment, the SCB remains a phe-

nomenological equation where the temperature dependence of the relaxation time is
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Figure 4.1: The equilibrium magnetization meq for different spin S with a magnetic
field H=1T.

not specified, similar to the conventional LL equation. However, the SCB approach

is physically more transparent and is suitable to model quantum spins rather than

the classical spin in LLB equation. Further more, the simpler SCB equation allows

us to do numerical calculations without involving the non-analytic expressions of

the effective field and damping coefficients for the LLB equation.

4.3.2 Dynamics near Curie temperatures

Since the LLB and SCB equations are essentially identical far below and far above

the Curie temperature, the differences appear near the Curie temperature. We

carry out the numerical analysis for the simplest single domain case for quantitative

comparisons between two equations.

First, we compare the equilibrium magnetization derived from the classical spin

of the LLB and the quantum spin of SCB equation. In Fig. (4.1), we show the

equilibrium magnetization as a function of the temperature at a give magnetic field

for several S. The classical Heisenberg model is equivalent to S →∞. We have seen

clearly that the classical spin varies slower when approaching the Curie temperature.
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Next, we compare how fast the magnetization relaxes to its equilibrium value.

We consider a simple case where the total effective field is consisting of the exchange

field only so that there is no transverse dynamics. At the Curie temperature, by

expanding the Brillouin function to the third order in m, we find that both Eqs. (4.1)

and (4.2) reduce to
dm

dt
= −am3. (4.13)

For SCB equation a = 3[1 + S2/(1 + S)2]/10τs, while for LLB equation a =

6γαTc/5µ0. Thus, the longitudinal dynamics derived from the SCB and LLB would

be same as long as we choose the parameters such that a in Eq. (4.13) is the same.

In the presence of the magnetic field, however, the distinct relaxations appear. In

Fig. 4.2, we numerically integrate Eqs. (4.1) and (4.2) for the time-dependent mag-

netization at the Curie temperature. As expected, the magnetization dynamics

without the magnetic field calculated from the LLB and SCB is identical. Both

equations predict a slowing relaxation after an initial relaxation, known as critical

dynamic slowdown. In the presence of the magnetic field, however, the slowdown

is partially recovered. The SCB predicts faster relaxation than the LLB, see Fig.

4.2. In this comparison, we have placed the initial magnetization whose direction is

parallel to the magnetic field and whose magnitude is much larger than the equilib-

rium magnetization at this fixed temperature. Recall that the LLB has used a linear

expansion of the exchange field, see Eq. (4.10), such that the LLB underestimates

the effect of the external field. While for the SCB approach, no linear expansion is

made and thus the higher order terms are included. Also noted that the equilibrium

magnetization in SCB equation is larger than that in LLB equation.

It is also interesting to compare the reverse times in the vicinity of the Curie

temperature. Since the range of the temperature variation is small, we take the

relaxation time or the damping parameter a constant. We show in Fig. 4.3 the cal-

culated reversal times in two approaches. Two features are noteworthy: 1) the SCB

gives a faster relaxation process compared to the LLB, and 2) the LLB has a small

discontinuity across the Curie temperature caused by the error in the expansion of

the effective field.
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direction at t = 0. The other parameters are same as in Fig. 4.2.
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4.3.3 Random fields

Similar to the conventional LL equation, random fields must be introduced in order

to study the thermal fluctuation and thermal noise [87]. For the LLB equation,

adding the stochastic fields is not trivial; this is because the LLB was obtained

by the thermal averaging of the stochastic field already assumed in the atomistic

LL equation, see, Eq. (4.12). It seems that introducing a random field in the LLB

may lead to double counting. However, if one realizes that the stochastic field in

the atomistic equation has a time scale much faster than the random field to be

introduced in the LLB, one might remove such concern.

There are a number of ways to introduce a random field in the LLB equation. One

may add the random field only on the precession term, i.e., replacing HLLB by HLLB+

h(t) on the right hand side of Eq. (4.1). Alternatively, one may add the random

field to all terms including the random field for the longitudinal dynamics. Either

choice is mathematically acceptable as long as the probability of the magnetization

density reduces to the known Boltzman distribution at equilibrium [86]. Indeed, by

choosing a specific (white noise) correlation of the random field, it has been shown

that the corresponding Fokker-Planck equations for these choices have the Boltzman

solution at equilibrium [95, 96].

In the recently developed stochastic form of the LLB equation, besides the ran-

dom fields in the transverse direction, an additional random torque in the longitu-

dinal direction as an additive noise was introduced

dm

dt
= −γm×HLLB +γαl

(m ·HLLB)m

m2
−γαtr

m× [m× (HLLB + htr)]

m2
+hl (4.14)

Thus the perpendicular and longitudinal noise strength have the following proper-

ties:

〈hi〉 = 0,
〈
htri h

l
j

〉
= 0 (4.15)〈

htri (0)htrj (t)
〉

=
2kBT (αtr − αl)
γMSV α2

tr

δijδ(t) (4.16)〈
hli(0)hlj(t)

〉
=

2γkBTαl
MSV

δijδ(t) (4.17)
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Nevertheless, the choice of the random field is not arbitrary in terms of physical

origins. The fluctuation-dissipation relation indicates that the fluctuation and dissi-

pation describe the same physical phenomenon: the fluctuation leads to dissipation

and vice versa. Since the random field couples with the magnetization via the in-

teraction −m · h, the contribution of the random field to the equation of motion

would be an additional term from the thermal induced torque −γm× hi and there

is no other terms directly affected by this random field. It might be attempting to

include a random field in the dissipation term, but it would be secondary effect: the

dissipation or the relaxation terms, derived from certain statistic thermal averaging,

have already taken into account the fluctuation. In another word, introducing the

random field in the damping terms would count the effect of the random field twice.

To further convince that the random field does not apply to the damping terms, we

recall a simple case of 1-d particle motion in an external field E [97]

d2x

dt2
= −(E + h)x− η(E)

dx

dt
(4.18)

where η is the damping coefficient which may depend on the driving field E, and

h is the random field. If one were to add a random field in the damping term, the

resulting interpretation would be the “fluctuation of the damping” which would be

a second order in damping. Thus, the correct stochastic torque term is always

τ ran = −γm× h (4.19)

for all magnetization dynamic equations.

One recalls that the conventional LL equation whose damping term is −γα′m×
(m×Heff) and the LLG equation whose damping term is αm× (∂m/∂t) are equiv-

alent without the random field as long as one renormalizes the damping parameters

α′2). When the random field is introduced to these two equations, the controver-

sial has been raised on the fluctuation-dissipation relation in terms of determining

the correlation of the random field [98, 99]. Indeed, if one adds the above random

torque to the LL and LLG equations, they are no more equivalent because the LLG

can be mapped into the LL with a random field appearing in the damping term.
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This seemingly inconsistent result, namely, the LLG and LL equations are identical

without the random field but different with the random field of Eq. (4.19) added to

both equations, can be removed by choosing a different strength of the random field

for the original LL and LLG equations. In fact, it has been recently shown that the

random torque of Eq. (4.19) can be equivalently added to either the LL or the LLG

equation as long as the random fields are properly renormalized [86].

We thus propose the stochastic SCB equation given below,

dm

dt
= −γm× (HSCB + h)− m−meq(HSCB)

τs
, (4.20)

i.e., the effective field which determines meq in the relaxation terms does not include

the random field. The strength of the above random field can now be deduced from

the standard technique [87],

< hi(t)hj(t
′) >=

2kBT

γ2τsHSCBmV
δijδ(t− t′). (4.21)

Although the random field is uncorrelated (white noise), its strength varies with

time because the magnetization m and the total field HSCB depend on the time.

4.4 Conclusions

While both LLB and SCB are phenomenological equations and rigorous microscopic

justifications may not be possible, they are very useful and effective to qualitatively

model the high temperature magnetization dynamics. These two approaches share

many common approximations. However, we believe that the SCB equation has a

broader validity. Furthermore, the SCB equation is more numerically friendly since

it does not involve the non-analytic expressions of the field and damping coefficients

inherited in the LLB equation. Finally, the random field in the SCB equation is also

much simpler and physically transparent compared to that in the LLB equation.
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CHAPTER 5

DEMAGNETIZATION DYNAMICS OF MAGNETIC ALLOYS

5.1 Introduction

Fast magnetization dynamics across a wide range of temperature has been exten-

sively studied via pump-probe experiments where a pump laser beam excites the

electrons to high energy states and a probe laser with a controlled decay measures

the magnetization vectors. During the first few hundred femtoseconds after the

pump laser, the electronic states are considered in highly non-equilibrium states,

and thus the quantitative study on the details of the electronic and spin dynam-

ics is prohibitively complex. After several hundred femtoseconds, strong electronic

interactions relax the high energy states to low energy states and an effective tem-

perature becomes meaningful [8]. Indeed, the phenomenological models based on

the assumption of time-dependent effective temperatures have captured gross fea-

tures on the electronic and spin dynamics of simple magnetic film such as Ni on the

time scale less than 1 picosecond [9, 18, 19, 100].

Although the area of ultrafast laser-induced magnetization dynamics has expe-

rienced intense research interest, most of these studies have been devoted to single-

element metallic ferromagnets or multi-element dielectrics. Even if experiments were

performed on a multi-sublattice material, the spin dynamics in different sublattices

was assumed to be the same. Recently, pump-probe experiments have extended to

more complicated systems including ferromagnetic and ferrimagnetic alloys where

the element specific magnetic dynamics have been demonstrated [101, 102, 12, 103].

In such systems, it appeared that the time scale of magnetization dynamics becomes

dependent on the exchange interaction and the balance of the angular momentum

between the sublattices.

In this chapter, we will study the demagnetization dynamics of magnetic al-
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loys. First we present an experimental and theoretical review of element specific

magnetic dynamics. Then, we extend our developed Self-consistent Bloch (SCB)

equation to systems with multiple magnetic elements in ferromagnetic and ferri-

magnetic compounds, as well as magnetic multilayers. We show that the element

specific dynamics can be readily addressed with our approach. Next, we numerically

solve the equation for the ferromagnetic alloy NiFe, ferrimagnetic alloy GdFe. In

the calculation, we have assumed that the temperature instantaneously rises to a

much higher temperature before a substantial change of the initial magnetization

occurs. Finally, we conclude with a discussion on comparison of our results with

available experimental data.

5.2 Experimental and theoretical review

Mathias et al. [101] used extreme ultraviolet pulses from high harmonic generation

to probe element-specific demagnetization in a ferromagnetic alloy. They showed

that the dynamics of Ni and Fe are distinct on ultrafast timescales and moreover,

are determined by the strength of the exchange coupling. This result was also

verified in another experimental step by introducing non-magnetic Cu atoms into

the Permalloy. Then moving from alloys to multi-layer structures where Ni and Fe

magnetic moments are coupled in magnetic-nonmagnetic-magnetic trilayer [104], the

elements Ni and Fe do not react like elemental materials, but rather show a strong

dependence on the relative orientation (parallel vs. antiparallel). Eschenlohr et al.

explained this unexpected observation by means of a superdiffusive spin currents

[105].

Besides ferromagnetic materials, the ferrimagnetic rare-earth-transition metal

alloys GdFeCo is among the most interesting magnets for producing laser-induced

femtosecond magnetism. In the experiment, a novel mechanism of deterministic

magnetization reversal without the presence of a magnetic field was observed [102].

During the rapidly quenching of the magnetic moments, the FeCo sublattice re-

verses before that of Gd, thus a transient state characterized by a temporary parallel
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alignment of the net Gd and Fe moments emerges. This is a very unusual process

that actually happens against the very strong antiferromagnetic exchange interac-

tion. Recently, the X-ray laser diffraction measurement in GdFeCo [103] showed

that nanoscale chemical and magnetic inhomogeneities affect the spin dynamics.

In particular, they observed Gd spin reversal in Gd-rich nano-regions within the

first picosecond driven by the non-local transfer of angular momentum from adja-

cent Fe-rich nano-regions. Another feature of the ferrimagnetic materials is that

at some temperatures, called magnetization compensation temperature TM where

the macroscopic magnetization is zero, and angular momentum compensation tem-

perature TA where the total angular momentum is zero, the effective damping is

infinite. And this also stimulated investigations of the magnetization reversal over

these magnetic compensation points [106].

Theoretically, the underlying microscopic mechanism is under intense debate up

to now. Mentink et al. [13] proposed a theoretical framework for ultrafast spin

dynamics in multi-sublattice magnets, which contains the longitudinal relaxation of

both relativistic (spin-orbit) and exchange origin. The exchange origin relaxation

is the key new ingredient of their theory and is only present in magnets with more

than one sublattice. Because it conserves the total angular momentum but allows for

the transfer of angular momentum between sublattices, some new transition feature

between parallel and antiparallel alignment appears.

Landau-lifshitz-Bloch (LLB) equation for a two-component magnetic system was

also derived [107]. This two-component LLB equation contains the relaxation terms

responding to the exchange fields from the neighboring sublattices. They showed

that the sign of the longitudinal relaxation rate at high temperatures can change

depending on the dynamical magnetization value and polarization of one material

relative to another. As an extension of the microscopic three temperature model

(M3TM), Schellekens et al. [108] introduced a microscopic model based on a set

of simple scattering Hamiltonians. In this model, an exchange mechanism is taken

into account, as a result, both sublattices can exchange angular momentum with the

lattice by e-p scattering. The main difference between this derived model and LLB
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approach is that the coupling of the spin system to the electron and phonon baths

is derived from microscopic scattering Hamiltonians instead of a phenomenological

coupling constant.

To quantitatively understand magnetization dynamics, the numerical model

based on “atomistic Landau Lifshitz” (a-LL) equation is used. This model has gener-

ated many quantitative results that explain some of the dynamics features observed

in the experiments. For example, using this atomistic approach, the predictions for

the heat-driven reversal were confirmed, it was shown that the switchings occurs

without any applied field or even with the field up to 40T applied in the opposite

direction [12]

However, the a-LL is numerically expensive and only a small number of spins

can be reliably treated. Furthermore, there is no solid physical justification for

the validity of the model since a microscopic derivation of the model is currently

lacking. Recently, we have developed an alternative approach based on the quantum

kinetic equation within the instantaneous mean field approximation and obtained a

self-consistent Block equation [94, 109]

dm

dt
= −γm×Ht −

m−meq(Ht)

τs
(5.1)

where m = m(t) is the magnetization, γ is the gyromagnetic ratio, Ht is the total

effective field including the exchange field Jm with J being the exchange constant

of nearest spins and other fields such as anisotropy and the external field, τs is the

spin-relaxation time, and meq is the instantaneous equilibrium magnetization given

by the Brillouin function in the mean-field approximation,

meq = gµBSBs(x)Ĥt (5.2)

where x = gµBHt/kBT and Bs(x) is the Brillouin function. It is noted that both

the magnitude and the direction meq depend on m(t) and the self-consistent Bloch

equation of Eq. (5.1) determines the vector m. In our early study, we have shown

that Eq. (5.1) reproduces the correct results in limiting cases: it is identical to the

conventional Landau-Lifshitz equation at temperature far below the Curie tempera-

ture and it is equivalent to the conventional paramagnetic Bloch equation far above
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the Curie temperature. Next we apply the SCB Eq. (5.1) to study the element

specific magnetization dynamics of magnetic alloys.

5.3 Model for multi-component magnetic systems

For ferromagnetic materials consisting of different magnetic elements, one can extend

Eq. (5.1) to each magnetic element,

dmi

dt
= −γmi ×Hi

t −
mi −mi

eq(Hi
t)

τi
(5.3)

where mi, τi and Hi
t are magnetization, the relaxation time and the total mean

field of the magnetic element i, respectively. The total magnetic field Hi
t provides

coupling among different magnetic elements. We should explicitly write Hi
t for two

structures below.

For a binary alloy such as the ferromagnetic alloy Fex Ni1−x or the ferrimagnetic

alloy GdxFe1−x, we consider the nearest neighbor the exchange interaction among

the magnetic elements. The total fields for element 1 and 2 are,

H1
t = xJ11m1 + (1− x)J12m2 + H1

eff

H2
t = (1− x)J22m2 + xJ12m1 + H2

eff

(5.4)

where J11, J22 and J12 are the exchange constants. The other effective fields Hi
eff (i =

1, 2) are the single site anisotropy and the external field. If the exchange interaction

between two sublattice J12 > 0 (J12 < 0), the two sublattice are ferromagnetic

(antiferromagnetic) coupled.

Our proposed magnetization dynamic equation can also be used to model a

ferromagnetic multilayer such as Ni(N1)/Fe(N2) where Ni denotes the number of

monolayers. In this case, the dynamics for each monolayer will be different even for

the magnetic ion within the same layer. The monolayer resolved dynamic equation

would be same as Eq. (5.3) where mi represents the magnetization of ith monolayer

(i = 1, 2, N1 +N2). The total field is then,

Hi
t = NiiJimi + Ji,i+1mi+1 + Ji−1,1mi−1 + Hi

eff (5.5)
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where Nii and Ji are is the number of nearest magnetic ions and the exchange

constant within the plane of the layer, Ji,i+1 and Ji−1,i are the exchange constant to

left and right layers.

Two essential properties can be immediately obtained for the above SCB equa-

tions. First, in the absence of the effective field, Heff = 0, the Curie temperature

can be readily obtained by setting mi = meq = 0. The Curie temperature is unique

for a given structure, i.e., if one of mi = 0, the rest of the magnetization mj = 0

for all j. Mathematically, one can expand the Brilliouin function to the first order

in mi and the result will be all mi are linearly proportional, and thus all mj = 0 if

one of them is zero. For the dynamic processes, however, different magnetic element

approaches to the equilibrium states with a different time scale; this is in fact the

focus of this chapter. The second property is that the precessional term, the first

term on the right side of Eq. (5.3), conserves the total spin for the exchange interac-

tion among magnetic ions. This can be easily checked by summing up all equations

over i. The relaxation terms are responsible for the total angular momentum loss

in the dynamic process. The physical origins of the angular momentum could be

multiple such as spin-orbit coupling through various relaxation mechanisms. We

now proceed to solve the SCB equation by specifying the initial condition mi(t = 0)

to be the equilibrium value before the laser pumping.

5.4 Magnetization dynamics in multi-component magnetic system

Recent experimental advances in detecting ultrafast magnetization dynamics provide

unique opportunities for examining the validity of theoretical models. Particularly,

the element-specific magnetization dynamics contains far rich information than the

total magnetization dynamics. In this Section, we quantify the demagnetization

dynamics in the following systems: a ferromagnetic alloy, and a ferrimagnetic alloy.
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5.4.1 Element specific dynamics of ferromagnetic alloys

The ferromagnetic alloys are modeled with all positive values of the exchange cou-

pling constants, i.e., J11, J22, J12 > 0. We assume all the moments are parallel so

that the precession term in Eq. (5.3) can be discarded. We find that the dynamic

and static properties of the two magnetic elements can be summarize below.

Initial demagnetization rate (IDR). The IDR, dm/dt, right after the laser pump-

ing, is determined by the difference between the initial magnetization m and the

instantaneous equilibrium meq, see Eq. (5.3). Since the temperature change by the

laser pumping depends on the pumping fluence, we immediately find that the IDR

shows quite different characteristics for the low and high fluences. In the case of a

large fluence such that the temperature is raised to near or above the Curie temper-

ature, one may approximately set meq = 0 and thus the IDR is m = mi exp(−t/τi).
In another word, the IDR is solely determined by the single relaxation time, inde-

pendent of the exchange coupling constant and the alloy concentration. However,

we should point out that the relaxation time τi is a phenomenological parameter

since the microscopic determination of τi is likely involving many physical processes,

similar to the damping parameter in the conventional Landau-Lifshitz equation. In

our present theory, τi are served as only parameters in the SCB equation. Thus, the

“universal IDR” obtained here is simply stating that the high-fleunce quenches meq

to negligible value so that the initial dynamics would be simple.

In the case of a low-fluence of the laser pumping such that the temperature

remains well-below the Curie temperature, the IDR is again given by the initial

m−meq. Sincemeq is not small, the IDR depends on the initialm and other exchange

constants. We take Ni, Fe and their alloys as our examples. The instantaneous

equilibrium magnetization meq depends on the temperature and the total field which

is related to the exchange constants. In Fig. (5.1), we show the normalized IDR,

defined below, as a function of the temperature for Ni, Fe, and Ni50Fe50

RIDR =
τ

∆m
· dm
dt

(5.6)

where ∆m is the difference of magnetization at t = 0 and at t =∞. Interestingly, the
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Figure 5.1: The normalized initial demagnetization rate as a function of temperature
(up to their respective Curie temperature, Tc = 1043K, 631 K, and 910K for bulk
Fe, bulk Ni, and FeNi, respectively). The blue curves are for bulk Fe and bulk Ni,
while the red curves are for Ni and Fe in the Ni50Fe50 alloy where the inter-sublattice
exchange is chosen as JFe−Ni = (JFe−Fe + JNi−Ni)/2.

normalized initial demagnetization rate decreases with the increase of temperature.

The IDR of bulk Fe is faster than bulk Ni. Due to the strong exchange coupling

between Fe and Ni, the element specific decay are slower than bulk Fe, but faster

than bulk Ni.

Demagnetization to the equilibrium state. While the initial demagnetization rate

provides the quantitative time scale of demagnetization, the entire range of time

evolution of magnetization is also interesting. In general, the dynamics slows down

when the magnetization approaches its equilibrium. At the Curie temperature,

the critical slowdown occurs–this is a general phenomenon of critical dynamics [94].

Thus, the demagnetization can not be simply described by an exponential decay with

a single decay rate. For low-fluence laser pumping, the final temperature remains

much lower than the Curie temperature. In this case, the element specific dynamics

of the alloys are rather complicated due to large number of parameters involved in

determining the dynamics from Eq. (5.3) along with Eq. (5.4). In Fig. (5.2), we
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Figure 5.2: The time dependence of the normalized element-specific demagnetization
of ferromagnetic alloy FeNi, defined as [mi(t) − mi(∞)]/[mi(0) − mi(∞)]. The
parameters, such as temperature (controlled by the pump laser fluence), the spin S,
exchange constant J12, are labeled on the figures.

show the numerical solutions for various sets of parameters. As we clearly see that

many factors determine the relative demagnetization time scales of different ions.

In early studies, one has assumed that the demagnetization time is slower for larger

spin S [102]. We find that demagnetization time depends on the inter-ion exchange

J12 relative to J11 and J22, the relative spin S1 and S2, the temperature T , and the

alloy concentration x. The normalized element-specific demagnetization shown in

Fig. (5.2) represents various complications for different sets of parameters.
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5.4.2 Dynamics of ferrimagnetic alloys

The ferrimagnetic alloys such as FeGd are modeled with exchange coupling con-

stants, J11, J22 > 0, and J12 < 0. We analyze the dynamics of the ferrimagnetic

alloy by using the SBC equation, Eq. (5.3) and Eq. (5.4).

Longitudinal relaxation of the anti-parallel magnetic ions. Similar to the pre-

vious ferromagnetic alloy, we first consider the demagnetization dynamics for each

magnetic element Fe and Gd. The initial condition is set for Fe and Gd anti-

parallel aligned. Since the itinerant electrons are main sources of spin relaxation,

the localized magnetic moment of rare earth metal Gd could have significantly long

spin-relaxation time compared to that of Fe [110]. We take τGd = 10τFe in the

simulation. In Fig. (5.3), we show the demagnetization of Fe and Gd for two tem-

peratures: one above and one below the Neel temperature. The element-specific

dynamics has similar features compared to the ferromagnetic alloys: the initial de-

magnetization depends on multiple parameters. As expected, the moment of Fe

and Gd are always anti-parallel aligned at anytime–this seems contradicting with

experimental data where the moments of Fe and Gd were found parallel to each

other at certain “transient states” during demagnetization process [13]. Next, we

address this issue by including the transverse magnetization dynamics.

Magnetization switching of ferrimagnetic alloys. The anti-ferromagnetic ex-

change coupling between the two sublattice dictates that two sublattice cannot be

aligned parallel at anytime during the dynamic processes. This is because both the

energy E and entropy Se are unfavorable for ferromagnetic alignment which has a

higher energy and a lower entropy compared to disorder or paramagnetic states.

Thus the free energy F = E − TS would increase for the ferromagnetic state. The

law of thermodynamics (the direction of the motion is to reduce the free energy)

prevents the formation of a ferromagnetic state at anytime. We propose that the

observed “transient ferromagnetic states” are due to non-collinear magnetization

induced by the strong magnetic field of the pumping laser. In this case, we should

model the initial moments of Fe and Gd are not anti-parallel. In experiments, it
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Figure 5.3: The time dependence of magnetization dynamics of Fe and Gd in a ferri-
magnetic alloy Fe75Gd25 for temperatures 600K and 1000K. The magnetic moments
are initially anti-parallel. We take the relaxation times τFe = 0.1ps and τGd = 1.0ps.
The Neel temperature of this alloy is 800K, and inter-sublattice exchange constant
is chosen as JFe−Gd = 0.8JGd−Gd.

is quite possible that a finite angle is initiated by the strong laser field. Then,

the magnetization dynamics involve both longitudinal and transverse motion given

by the SCB equation, Eq. (5.3). For example, let’s assume Gd is initially aligned

parallel to −ẑ direction and Fe 450 off ẑ direction. Thus, the magnetic moments

of Fe and Gd begin to rotate around each other while they demagnetize. Clearly,

the projection of the magnetic moments of Fe and Gd on ẑ direction could be the

same sign, i.e., the transient ferromagnetic states, although the angle between the

antiferromagnetic coupled ions is monotonically increasing from 1350 to 1800, see

the insert of Fig. (5.4). We notice that the atomistic model also yield a similar

conclusion [102, 12], while the original atomistic model erroneously generated the

ferromagnetic states without involving the initial non-collinear configuration.
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Figure 5.4: The magnetization reversal of Fe and Gd in a ferrimagnetic alloy
Fe75Gd25 at a temperature T=1500K. We assume Gd is initially aligned parallel
to −ẑ direction and Fe 450 off ẑ direction. The insert shows the relative angle be-
tween Fe and Gd as a function of time. The other parameters are the same as in
Fig. 5.3.

5.5 Conclusions

We have studied the demagnetization dynamics by using the self-consistent Bloch

equation. We find this method is very efficient in modeling element-specific dynamics

in alloys. The dynamics is usually rather complex. The demagnetization dynamics

cannot be described by simple exponential decay with one time scale. The time

scales of individual magnetic element are not directly related to the magnetic mo-

mentum as previously reported, instead, it depends mainly on the relative exchange

coupling parameters among magnetic ions as well as equilibrium temperature and

alloy concentration. Finally, we propose that the experimentally observed switch-

ing of ferrimagnetic alloys is due to initial non-collinear configurations induced by

strong laser fields.
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APPENDIX A

ELECTRIC FIELD CONTROL OF INTERFACE MAGNETIC ANISOTROPY

A.1 Introduction

The low power manipulation of magnetization in nanoscale magnetic devices is an

important topic related to data storage and magnetic memory technology. Since

the theoretical prediction and experimental observation [111, 112], current-driven

magnetization control (by spin transfer torque) is considered as a promising can-

didate. It provides a site-specific switching of magnetic nanostructures by current

alone without magnetic field. However, this still requires much high energy, the

critical current density for usual spin torque switching remains stubbornly high

around 106 − 107Acm−2. Further reduction of switching energy should open up

a new paradigm of the use of non-volatile memories with high speed and high en-

durance. The control of magnetization direction by the application of electric field

E is attracting much attention as an alternative electrical means for magnetiza-

tion switching. This is not only because of possible device operation with much

reduced power consumption but also because of the compatibility of electric-field

effect devices with semiconductor integrated circuits [113].

The external electric field control of electronic and spin states was demonstrated

first in semiconductor heterostructures. For example, by applying a gate voltage,

the number of charge carriers as well as the spin-orbit coupling known as the Rashba

Hamiltonian [114] can be experimentally manipulated. The tunable Rashba spin-

orbit coupling (RSOC) is considered as one of the most critical components in

semiconductor spin electronics [115, 116].

Recently in metal based spintronic devices, it has been proved that the electric

field can substantially alter the interfacial magnetic anisotropy energy and even in-

duce magnetization reversal [113, 117, 118]. Nozaki et. al. found a linear shifting
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of the FMR peak frequencies in the electric field ranges from -150 to +250 mV/nm,

and concluded that the perpendicular magnetic anisotropy is linearly proportional

to the applied electric field [117]. Electric field effect on thickness dependent mag-

netic anisotropy of sputtered MgO/Co40Fe40B20/Ta structures was also investigated

[113]. Further W G Wang et. al. accomplished voltage-controlled magnetic tunnel

junction for which the high- and low-resistance states can be accessed reversibly

and repeatedly by voltage pulses associated with very low current density [119]. To

better understand the experimental observations and to manipulate the interaction,

we need to clarify the detailed physical origins.

It has been well established that the spin-orbit coupling in bulk transition metals

plays an important role in certain transport and magnetic properties. For example,

anomalous Hall effects (AHE) and crystalline magnetic anisotropy are originated

from the spin-orbit coupling. However, in metal-based spintronics, the spin-orbit

coupling is usually considered unimportant. The primary reason is that the spin

states of transport electrons are dominated by the exchange interaction between the

conduction electrons at the Fermi level and local magnetization of all electrons be-

low the Fermi level. As a first approximation, one assumes that the strong exchange

makes the conduction electron spins nearly parallel or antiparallel to the local mag-

netization and much weaker spin-orbit coupling is unable to alter the direction of

the carrier spin. Consequently, the transverse component of carrier spins is com-

pletely suppressed. Thus the important physics such as quantum spin decoherence

due to the spin-orbit coupling in semiconductor spintronics [116], become irrelevant

in metal-based spintronics. Another reason may attribute to the other sources of

spin-flip scattering, such as the magnetic impurities.

For the reasons above, it is generally assumed that the spin-orbit coupling plays

very limited roles in spin dependent electronic structures and transport of transition

metal ferromagnets. However, new spin transport phenomena [120] suggest that

there appears a strong interface spin-orbit coupling in magnetic tunnel junctions.

At present, the spin-orbit coupling is thoroughly investigated in semiconductors,

i.e., the origin of RSOC has been well understood and quantitative calculations of
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RSOC can be carried out via Kane’s k ·p model [121, 122]. But in metallic magnetic

multilayers, other than a few first principle calculations [123, 124, 125, 126], there is

little theoretical effort to address the spin-orbit coupling in metal-based spintronics.

It is less clear whether a similar RSOC plays an important role in magnetic and

spin transport properties.

To address this problem, in this chapter, we start from the introduction of spin-

orbit interaction. Then we show that the coupling between the interface electric

potential and the spin-dependent electric dipoles of the Bloch states may generate a

RSOC much stronger than the direct Pauli spin-orbit coupling. Finally, by using our

RSOC Hamiltonian along with the sd model of the ferromagnet, we calculate the

interface and surface magnetic energy induced by the RSOC, followed by explicit

calculation of the dependence of the surface magnetic anisotropy on the external

electric field.

A.2 Rashba spin-orbit coupling (RSOC)

Spin-orbit interaction is a well-known phenomenon that manifests itself in lifting the

degeneracy of one-electron energy levels in atoms, molecules, and solids. While a

more rigorous derivation of this relativistic correction of energy would start with the

Dirac equation, it can be illustrated in framework of the classical electrodynamics.

In a reference system that moves with velocity v relative to an electric field E, one

finds a magnetic field

B ∝− 1

c
v × E =− 1

mc
p× E (A.1)

In other words, the moving electron experiences a magnetic field in its rest frame

that arises from the Lorentz transformation of the static (external) electric field;

this field will affect the electron spin. The energy of the electron in this field , due

to its magnetic moment µ is

− µ·B = − ε

mc
s ·B =− ε

m2c2
s· (E× p) (A.2)

This additional energy term in the Hamiltonian is missing a factor of 2 com-

pared with derivation from Dirac equation. This is because we have not taken into
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Figure A.1: The influence of Rashba spin orbit coupling on 2D free electron gas.
The RSOC leads to a energy splitting.

account that changing the frame of reference also leads to a time transformation

and, consequently, the precession frequency of the electron spin in the magnetic

field changes. In case of centrally symmetric electrical fields, as e.g. the orbital

motion of an electron in the electric field of an atomic nucleus, one has

E =− 1

ε

r

r

dV

dr
(A.3)

then the spin orbital coupling can be written in the well-known form (s = h̄σ/2)

− ε

m2c2
s· (E× p) =− ε

2m2c2

1

r

dV

dr
s · l (A.4)

A particular interesting Hamiltonian is the spin orbit coupling in structure in-

version asymmetry systems known as the Rashba spin-orbit coupling,

HR = αr(ẑ× p) · s (A.5)

where ẑ is a unit vector perpendicular to the layer, p is the momentum of the

electron and s is the spin of the conduction electron. Note that the RSOC given

above is odd under the spatial inversion transformation, i.e., HR(r) = −HR(−r),

while the conventional spin orbit coupling Hso ∝ ∇V (r)×p is even under the same

inversion transformation for a symmetric potential [V (−r) = V (r)]. In the presence
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of RSOC, the energy bands will additionally be split, removing the degeneracy. This

is shown in Fig. A.1

In semiconductors, the Rashba coefficient αr is usually treated as a phenomeno-

logical or empirical constant for a given material and is intimately related to the

spin-orbit splitting ∆so of the valence p bands and the gap Eg between the s con-

duction and p valence bands [122]. The capability of tuning the Rashba coefficient

by a gate voltage makes RSOC particularly useful in manipulating spin states.

In metals, the RSOC is much less known. Due to the efficient electron screening

in metals, the Rashba coupling is limited within the length scale of the electron

screening from the location of broken symmetry. At a metal surface or interface,

the structure inversion symmetry is naturally broken. The symmetry consideration

would suggest the presence of the RSOC in the same form as Eq. (A.5) with a

key modification: unlike semiconductors where the Rashba coupling is present for

the entire quantum well, the RSOC in metal is localized within the screening length

from the interface. Since the screening length in metals is usually of the order of just

one angstrom, the effect of the Rashba Hamiltonian on the transport and magnetic

properties would be profound only for ultra-thin magnetic films.

A.3 Construction of RSOC

We start our construction of the RSOC by introducing a symmetry-broken potential

Vsb(r) in addition to the periodic potential Vp(r) that determines electronic bands.

If we treat Vsb(r) as a perturbation to the Bloch electrons, the energy of the Bloch

electron is then

εkσ = ε0kσ − e∇Vsb(r) · rkσ (A.6)

where ε0kσ is the energy of the Bloch state in the absence of Vsb(r). We have assumed

that the potential varies slowly in space and thus it is treated as a parameter rather

than a dynamic variable. One may also view∇Vsb(r) in Eq. (A.6) as a slowly varying

effective electric field interacting with a dipolar moment er. The expectation value of

the central position of the Bloch state is defined as rkσ =
∫
d3rψ∗kσ(r)rψkσ(r) where
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ψkσ(r) is the Bloch wave function. The Bloch states can be constructed from local

Wannier orbitals ψ0
k = N−1/2

∑
R e

ik·RWR(r) where the Wannier function WR(r) is

usually taken as a linear combination of the atomic orbital at lattice site R. The

atomic spin-orbit is conventionally modeled by Hso = (∆so/h̄
2)(r × p) · s where

∆so = h̄µB/mc
2 < dV/rdr > and V is the potential of the atomic orbital. Then,

one can explicitly include the spin orbit coupling Hso in the Bloch wave function by

treating the spin-orbit coupling as a perturbation,

ψkσ(r) = ψ0
kσ(r) +

∑
k′σ′

< ψ0
kσ|Hso|ψ0

k′σ′ >

ε0kσ − ε0k′σ′
ψ0
k′σ′(r). (A.7)

To the first order in the spin-orbit coupling, we have

rkσ =
2∆so

h̄2

∑
k′σ′

< ψ0
kσ|r|ψ0

k′σ′ >< ψ0
k′σ′ |r · (p× s)|ψ0

kσ >

ε0kσ − ε0k′σ′
(A.8)

where we have dropped the spin-independent zero-order term < ψ0
kσ|r|ψ0

kσ >. Let’s

further assume that the Wannier function is nearly spherical about the site R so

that the above equation is simplified to

rkσ = αso(h̄k× s) (A.9)

where

αso =
2∆so

3h̄2

∑
k′σ′

| < ψ0
kσ|r|ψ0

k′σ′ > |2

εkσ − εk′σ′
(A.10)

where we have used the isotropic assumption | < k|x|k′ > |2 ≈ | < k|y|k′ > |2 ≈ | <
k|z|k′ > |2. Equation (A.9) can be identified as a “side-jump” induced by the atomic

spin-orbit coupling [127]: a Bloch state with the momentum k shifts the center of

the wave package side way with respect to the center of the atom: the transverse

displacement is perpendicular to the momentum and the spin. If we take the spin

orbit energy ∆so of transition metals about several eV , we would find that the side-

jump is comparable to the Compton length λc = h/mc. By placing Eq. (A.9) into

Eq. (A.6), one may express the second term of Eq. (A.6) as

HR = −eαso(∇Vsb(r)× p) · s (A.11)



104

It is noted that the above RSOC coupling, Eq. (A.11), is several orders of

magnitude larger than the conventional Pauli spin-orbit coupling, Hpauli =

−(h̄µB/2mc
2)(∇Vsb(r) × p) · s [128]. A simplified picture of the Pauli spin-orbit

coupling is just a Zeeman energy: a moving electron in an electric field sees a mag-

netic field B = ∇Vsb × v/c which interacts with the spin moment of the electron

leading to HPauli. For the RSOC, the potential Vsb(r) does not directly provide a

spin-orbit coupling, rather it couples to the spin-dependent dipole moment (or side

jump) induced by the atomic spin-orbit coupling, Eq. (A.9).

The above model calculation can be made quantitative when we compare our

results with those obtained by first-principle calculations of the interface band struc-

tures. Similar to the tight-bind model parameters that can be semi-qualitatively de-

termined from fitting to the first principle data, the RSOC coefficient may be reliably

extracted when we compare the RSOC induced spin-orbit band splitting with the

electron structure of the interfaced determined from the first principle calculation.

For example, the spin-resolved electronic structure has been already calculated for

a hcp Co(0001) [129] and thus the RSOC coefficient can be quantitatively identified

from the advantage of the band shift between two spin bands.

A.4 RSOC at ferromagnetic metal and insulator interface

We now apply Eq. (A.11) to an interface between a ferromagnetic metal and an in-

sulator. Within the jellium electron model in metals, the free electron wave function

penetrates the insulator by a length κ−1 = h̄/
√

2meVb where Vb is the potential bar-

rier. The electron charges in the insulator and the depleted electron charges at the

metal side of the surface form an electric dipole layer [130, 131] which contributes to

the Work function of the metal, see Fig. A.2 (a) and (c). One may estimate the elec-

tric field generated by the dipole layer by averaging over the metal screening length

and the penetration length of the insulator, i.e., < e∇Vsb >≈ (W − χ)/(λ + κ−1)

where W is the work function of the metal and χ is the affinity of the insulator.

Since both the screening length λ and the penetration length κ−1 are small, one
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may approximate the electric field of the dipole layer by < e∇Vsb >≈ (W − χ)δ(z),

see Fig. 1 (e), and thus the interface RSOC reduces to

HR =
αr

h̄2 (ẑ× p) · sδ(z) (A.12)

where we have defined αr = h̄2αso(W − χ). It is noted that some interesting prop-

erties may be quantitatively different by keeping the finite width of the screening

potential instead of the simple δ-function [132].

The above argument qualitatively supports the existence of the Rashba coupling

as long as the atomic orbitals in the Bloch states have non-zero orbital momentum (p,

d or f bands). The quantitative determination of the Rashba coefficient is, however,

not an easy task even if one is able to accurately calculate the band structures with

the spin-orbit coupling included in the full Kohn-Sham potential. This is because

the Rashba coupling is a model Hamiltonian extracted from the microscopic spin-

orbit coupling by certain averaging procedures. Recently, there have been several

attempts [133, 134] to calculate the Rashba coefficient at interfaces via first principle

methods. The essential scheme in these works is to identify certain portions of band

structure derived from “ab-initio” calculation that can be matched by the model

calculation based on the Rashba Hamiltonian with fitting parameters.

The advantage of using the RSOC model Hamiltonian is that many interesting

and general spin-dependent phenomena can be explained and predicted without

involving detailed interface electronic structure calculations. One example is the

presence of the current-driven spin torque in a single ferromagnetic layer[135]; this

phenomenon has been predicted based on the existence of an interface RSOC [136]

and has recently been observed experimentally [137]. Another consequence might be

the influence of the interface RSOC on the Kondo states observed at ferromagnetic

surface at low temperature [138]. In the following, we relate the RSOC to the

perpendicular surface magnetic anisotropy. In particular, we show the external field

control of the perpendicular anisotropy via electric tuning of the RSOC.
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Figure A.2: Energy diagram of a metal-insulator junction for zero bias (left panels)
and for a forward bias (right panels). (a) and (b) depict the energy levels where W
is the work function of the metal and χ is the electron affinity of the insulator. (c)
illustrates the electrical dipoles, (d) is the net electrical charge induced by the bias,
(e) is the electric field profile at zero bias, and (f) is the induced electric field by the
bias.
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A.5 Perpendicular magnetic anisotropy

Consider a magnetic metal (z < 0) in contact with an insulator (z > 0) shown in

Fig. A.2. A simple model Hamiltonian without the external bias would be

H =

[
p2

2m
− Jσ · M̂

]
θ(−z) + Uθ(z)− αr

h̄2 s · (ẑ× p)δ(z) (A.13)

where M̂ is a unit vector representing the direction of magnetization, θ(z) is a step

function, and U = W −χ+Ef . The magnetic anisotropy of the above Hamiltonian

can be calculated by the following procedure. Consider the magnetization is in

the direction M̂ = ẑ cos θ + x̂ sin θ. The eigenfunction in the ferromagnetic metal

consists of reflected spin up and down waves for a spin-up incident wave,

ψk↑(r) =
[
χ↑(θ)(e

ik↑z + r↑e
−ik↑z) + χ↓(θ)r↓e

−ik↓z
]
eik||·ρ (A.14)

where k↑,↓ =
√

2m
h̄2 (ε± J)− k2

|| and the spin states are defined as χ↑ = (cos θ
2
, sin θ

2
)T

and χ↓ = (− sin θ
2
, cos θ

2
)T . The eigenstate for a spin-down incident wave can be

similarly written. The wave function exponentially decays in the insulator

ψins(r) = [χ↑(θ)t↑ + χ↓(θ)t↓] e
−κz+ik||·ρ. (A.15)

where κ =
√

2m
h̄2 (U − ε) + k2

||. The four coefficients, r↑, r↓, t↑, and t↓ can be de-

termined via the boundary conditions. The presence of the interface RSOC in

Eq. (A.13) causes spin mixing between spin up and spin down channels. As a result,

the transverse spin density and spin current appear due to interference between

the incident spin-up electron and the reflected spin-down electron. The total spin

current from the above wave function in the ferromagnetic metal,

js(z) =
h̄2

2m
ImTrσ

∫
dεd2k||ψ

∗σ∂zψ. (A.16)

The above spin current has a transverse component, i.e., perpendicular to M̂. The

spin torque τ is identified as the transverse part of the spin current at the interface

τ = j⊥s (−0) [139, 140]. If one defines an effective field from this torque, τ ≡
−M×Heff , one finds

Heff = Aα2
r cos θẑ (A.17)
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where the analytical expression of A can be explicitly obtained from Eqs. (A.15)-

(A.16), though it is cumbersome and it depends on the detailed parameters entering

the reflection and transmission coefficients in Eq. (A.14) such as the Fermi energy,

the barrier height, the effective mass, and the exchange coupling J or the polarization

of the ferromagnet.

The above RSOC induced field can also be cast into a perpendicular magnetic

anisotropy energy

Ea = −AMsα
2
rM̂

2
z ≡ −KaM̂

2
z (A.18)

where Ms is the saturation magnetization. The numerical calculation of Ea is

straightforward. In Fig.A.3, we show the perpendicular anisotropy as a function

of the spin polarization. Several general features are worthy of mentioning. First,

the anisotropy energy is positive for all parameters; this indicates that the inter-

face RSOC favors the perpendicular anisotropy, i.e., the energy is lower when the

magnetization is perpendicular to the plane of the layer. Second, the perpendicu-

lar anisotropy increases with the spin-polarization of the ferromagnet. Third, the

anisotropy increases with the increasing potential barrier and approximately scales

as Ea ∝ V 2
b ; this is because the reflection coefficients are weakly dependent on the

barrier height while the spin rotation of the reflected electrons increases with the

Rashba spin coupling HR ∝ Vb.

A.6 Voltage control of magnetic anisotropy

We next consider the influence of the external electric field on the perpendicu-

lar anisotropy. When one applies an electric potential Vext across the magnetic

metal/insulator bilayer, there will be a net accumulated (or depleted) charge at the

interface of the metal layer (See Fig. A.2 b, d and f). Since the electric field can

only penetrate into the metal up to the screening length λ, the voltage drop will

be entirely on the insulator, i.e., the electric field in the insulator is Eext = Vext/t0

where t0 is the thickness of the insulator layer. Since the screening for the magnetic

metal is spin-dependent, one finds that the screening electric field can be written in
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Figure A.3: Surface perpendicular anisotropy as a function of the spin polarization
for different barrier potentials. Here we chose the “side-jump” as the Compton
length λc and Ef = 4eV .

a spinor form

E(z) = εrEext(1 + ξσ · M̂)ez/λ (A.19)

where εr = ε/ε0 is the relative dielectric constant of the insulator, ξ is a modified

spin-polarization related to the difference in the density of states for spin up and

down [141]. The screening potential is added to the contact potential between the

metal and the insulator so that the RSOC coefficient becomes

αr(Eext) = αr

(
1 +

λεrEext
Vb

)
(A.20)

Thus, the electric field dependence of the perpendicular anisotropy is

Ea(Eext) = Ea

(
1 +

λεrEext
Vb

)2

(A.21)

where we have assumed that the electron reflection coefficients at the interface are

not affected by the small applied field.

The above simple expression can be used for understanding experimental data

on the electric field dependence of the anisotropy. For the forward bias Eext > 0,
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Figure A.4: Electric field dependence of surface perpendicular anisotropy. The
insert shows a linear dependence when the applied external electric field is very
small. In the calculation we also chose the “side-jump” as the Compton length λc
and Ef = 4eV .

i.e., the external electric field points from the metal to the insulator, the total

interface electric field increases and thus the perpendicular anisotropy enhances.

This general result is consistent with all known experimental data [113, 117] for

transitional metal-based ferromagnets. For a small electric field, Eq. (18) predicts

a linear dependence on Eext (see Fig. A.3). A more quantitative comparison with

experimental data can be done by considering the total magnetization anisotropy

energy of the film,

E = Ea − 2πM2
z tF −HeMztF (A.22)

where tF is the thickness of the ferromagnetic layer, the second and third terms

represent the demagnetization energy and the Zeeman energy. The RSOC in-

duced perpendicular anisotropy always competes with the in-plane demagnetization

anisotropy. Since the latter is proportional to tF , the perpendicular anisotropy is

only observed in a very thin ferromagnetic film, usually only for a few mono-layers.

When one chooses Ea at zero bias comparable to the demagnetization energy, the

external electric field can efficiently change Ea and thus control the magnetiza-
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tion direction from the in-plane to perpendicular anisotropy and vice versa. One

can readily estimate the percentage change of Ea to be about 10-20% if one takes

λ = 1Å, εr = 10, Vb = 3V , and the experimental value of Eext = 0.3V/nm for

Co/MgO bilayers. The estimated results are in excellent agreement with the exper-

imental data.

A.7 Conclusions

In summary, we have proposed a RSOC on the basis of the interaction between

a symmetry-broken electric potential and the spin-dependent dipoles of the Bloch

electrons. The RSOC at the magnetic metal/insulator interface generates a perpen-

dicular magnetic anisotropy. By using an applied electric field at the interface, the

magnetic anisotropy can be tuned. While first-principle calculations may quantita-

tively calculate the interface perpendicular anisotropy, the present model provides

a physical transparent picture on the origin of the electric field controlled magnetic

anisotropy and gives rise a semi-quantitative result. With the RSOC model, one can

readily address various interesting issues, e.g., a RSOC induced magnetic damping

at the interface.
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[32] G. P. Zhang and W. Hübner. Laser-induced ultrafast demagnetization in
ferromagnetic metals. Phys. Rev. Lett., 85(14):3025–3028, 2000.

[33] D. Steiauf and M. Fähnle. Elliott-yafet mechanism and the discussion of
femtosecond magnetization dynamics. Phys. Rev. B, 79(14):140401, 2009.
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