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ABSTRACT 

Rather than measuring aberrations at several locations across the field to quantify the 

alignment of an optical system, we show how a simple measurement of the pupil 

mapping can be used to measure the off-axis performance of the system. This method 

uses the Abbe sine condition to relate the mapping between the entrance and the exit 

pupils, where the violations of the generalized sine condition are used to determine the 

pupil mapping error. From this pupil mapping, the linearly field-dependent aberrations 

can be calculated. One of the advantages to this method is that all of the test equipment 

can be aligned to the center of the field while making measurements of the off-axis 

performance, which reduces the uncertainty of the measurement. This advantage is 

particularly evident with systems or sub-systems that have large inherent aberrations 

where off-axis alignment tolerances are very tight. Additionally, in the Sine Condition 

Test (SCTest), the test equipment can be designed to compensate for the native Siedel 

coma in the system. This makes it more straightforward to measure the linearly field 

dependence of the aberrations. By reducing or removing coma, the measurement 

uncertainty is further reduced. 

This work begins by explaining the background of the Abbe sine condition, derivation of 

the pupil mapping error, and an overview of linearly field-dependent astigmatism that 

arises from misalignment. Next, the general method of implementation is discussed, and 

expanded further by exploring the two different source options: a point source with a 

grating or a flat-panel display. Experimental results from proof of concept systems are 

shown for both cases. Next, this dissertation explains how the SCTest can be 

implemented on more complex systems. Last, this dissertation shows how the linear 

aberrations, along with constant field-dependent aberrations, can be used to align a 

system. Here, the application of the alignment version of the SCTest on a three mirror 

anastigmat (TMA) is discussed. Using simulation, this dissertation then investigates the 

behavior of the alignment SCTest for various levels of mirror misalignment, mirror 
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fabrication errors, and misalignment of the test equipment. All of these tests show that the 

alignment SCTest can successfully align an optical system.  
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1. INTRODUCTION 

The sine condition has long been used as a tool for designing optical systems. Originally 

derived by R. Clausius and then by H. Helmholtz, the sine condition was rediscovered by 

E. Abbe who recognized the significance of the relationship [1]. When the sine condition 

is employed on a system that is well corrected on-axis, the system can be designed such 

that it has coma-free imaging for small fields [2,3]. Abbe called such a system 

“aplanatic” [4]. The classic Abbe sine condition states that 

 
sin 1

sin

i

o m




  (1) 

for a finite conjugate system where θo is the angle of a ray from the object point O in Fig. 

1a toward the entrance pupil with respect to the optical axis. θi is the angle of the 

corresponding ray with respect to the optical axis after it exits the exit pupil and travels 

toward I. Additionally, m is the magnification of the system. For a system where the 

object is at infinity as shown in Fig. 1b, the sine condition becomes 

 
sin

o

i

h
f


    (2) 

where ho is the ray height at the entrance pupil and f is the focal length [5]. If the 

conditions in Eq. (1) or Eq. (2) are satisfied, the optical system will be free of linearly 

field-dependent aberrations. 
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Fig. 1. Illustration of the classic Abbe sine condition. a) Finite conjugates, b) Object at 

infinity, finite image conjugate, ho : ray height 

Since Abbe first introduced the concept, there have been several expansions of the sine 

condition. For example, Shibuya [6]- [7] derives the sine condition in the presence of 

spherical aberration, and Zhao and Burge [8] have developed additional conditions that 

allow for the correction of quadratic field-dependent aberrations in addition to the 

correction of the linearly field-dependent aberrations provided by the sine condition. 

Also, Braat  [9] uses the sine condition and the Herschel condition to derive the imaging 

conditions need to maximize the volume of image space where spherical aberration and 

coma are low. 

The purpose of this work is to expand on the idea originally proposed by Burge [10] that 

the sine condition can be used to control linearly field-dependent aberrations that are due 

to misalignment. Other alignment methods have been proposed. These methods use 

measurements at several field points to align optical systems. For example, the 

collimation method developed by McLeod [11], and then expanded on by Noethe [12], 

measures the field at different points and derives the misalignments of the optical 
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elements. Blanco [13] proposed an alteration of the collimation method to fix the pointing 

error of the system and then fix the aberrations of the system. Also, Nodal Aberration 

Theory, developed by Thompson et al [14], uses many measurements across the field to 

calculated the locations of the nodes of the aberrations in an optical system. Additionally, 

Tessieres used measurements at several field points to determine the state of 

alignment [15]. 

One of the advantages of using the SCTest is that all of the test equipment can be aligned 

to the center of the field while making measurements of the off-axis performance, which 

reduces the uncertainty of the measurement. This advantage is particularly evident with 

systems or sub-systems that have large inherent aberrations where off-axis alignment 

tolerances are very tight. Additionally, in the SCTest, the test equipment can be designed 

to compensate for the native Siedel coma in the system. This makes it more 

straightforward to measure linearly field dependence of the aberrations due to 

misalignment. By reducing or removing coma, the measurement uncertainty is further 

reduced. 

This dissertation begins by explaining the derivation of the pupil mapping error. To help 

visualize the pupil mapping error, the mapping error seen when Siedel coma is present is 

used as an example [Section 2.1]. Section 2.2 discusses the linearly field-dependent 

astigmatism. This aberration along with linearly field-dependent power arises only when 

the rotational symmetry of an optical system is broken, making it a useful metric of the 

alignment of an optical system.  
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After providing these background materials, Section 2.3 discusses the general method of 

implementing the SCTest. Specifically, for the general method of implementation of the 

test, gratings are placed at the entrance and exit pupils of the optical system. The optical 

system images the grating in entrance pupil onto the grating in the exit pupil, and a Moiré 

pattern is formed. This Moiré pattern directly corresponds to the mapping error between 

the two pupils. Next, the methods of implementation are expanded further by exploring 

the two different source options: a point source with a grating or a flat-panel display. 

Here Section 2.4 explains the coherent approach which uses a coherent point source with 

a grating to measure the pupil mapping error. After providing general results from a proof 

of concept experimental system, Section 2.4.2 discusses why the use of an extended 

source is unnecessary and provides experimental validation. Next, the use of a flat-panel 

display to measure mapping error is discussed in Section 2.5. Again, general results from 

a proof of concept experimental system are provided. To wrap up the discussion of the 

two source types, Section 2.6 compares the advantages and disadvantages of the two 

approaches. 

The rest of this work deals with the application of the SCTest. Section 2.7 explains how 

the SCTest can be implemented on more complex systems, specifically a three-mirror 

anastigmat (TMA) and a double Gauss lens system. By exploring the design space, we 

provide more design options for selecting the SCTest source, increasing the flexibility 

and utility of the SCTest. Last, Section 2.8 shows how the linear aberrations, along with 

aberrations that have constant field, can be used to align a system. As the number of 

degrees of freedom (DOF) is greater than the number of measurements, degeneracy 
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occurs, making it impossible to return the optical system elements to their nominal, 

design position. To overcome this problem, we use the method detailed in Chapman and 

Sweeney [16] to select a subset of the DOF. Then, using an iteration process of 

measurement and adjustment, these DOF are used to compensate for the aberrations in 

the system until the design requirements are met and the system aligned. 

Section 2.7.1 gives an overview of the alignment SCTest process on a generic optical 

system, and discusses how to select the subset of DOF and the hardware needed to 

implement the alignment SCTest. Then, an overview of a nominal TMA design is 

provided, followed by a discussion of the design of the alignment SCTest equipment for 

the TMA [Section 2.7.2-2.7.3]. Last, Sections 2.7.4 and 2.7.5 detail the Monte Carlo 

simulation used to evaluate the performance of the alignment SCTest. This simulation 

was used in three case studies to: 1) evaluate how misalignments of the TMA mirrors 

impacts the alignment, 2) investigate how misalignment of the test hardware affects the 

alignment, and 3) examine the effect mirror fabrication errors have on the alignment. 

Table 1 summarizes the conclusions of the three case studies. While it is not 

straightforward to directly extrapolate the results of this simulation to a generic optical 

system, the results of TMA alignment simulation are very promising. For example, in the 

first case study, the TMA mirrors are perturbed to simulate the rough alignment of the 

mirrors, and then the alignment SCTest was used to do fine alignment. For the set of 

trials with the loosest rough alignment tolerances, the mean RMS spot size across the 

field ranged up to 100 μm for 95% of the systems. After alignment with SCTest, 95% of 
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the trials had a mean RMS spot size within 4.5 μm of the nominal mean RMS spot size of 

2.6 μm, which is approximately a 90% improvement.  

Table 1. Summary of case study conclusions 

Section Case Study 

Demonstrated Results:  

All RMS spot sizes refer to the mean RMS spot 

size across the field of the nominal TMA. 

2.7.5.2 
1. Perturbation of 

TMA mirrors 

1.a) For loosest tolerances simulated, the 

starting RMS spot size can range up to 100 μm. 

The RMS spot size after alignment was within 

4.5 μm of the nominal RMS spot size of 2.6 μm 

for 95% of the systems simulated. 

1.b) Mirror perturbations that result in higher 

RMS spot size before alignment have larger 

RMS spot size after alignment. 

1.c) Improvement of RMS spot size is  

proportional to starting RMS spot size. 

2.7.5.3 
2. Perturbation of 

SCTest equipment 

2.a) Misalignment of SCTest equipment results 

in aligned RMS spot size a few microns larger 

than an alignment without test equipment 

perturbation. 

2.b) Misalignment of TMA mirrors has a larger 

effect on alignment performance than 

misalignment of test equipment. 

2.7.5.3 

3. Perturbation of 

TMA mirror 

fabrication parameters 

3.a) Mirror fabrication errors do not have a 

large effect on alignment performance. 

3.b) For commercial mirror fabrication 

tolerances, 95% of systems have an aligned 

RMS spot size within 1.5 μm of nominal RMS 

spot size. Starting RMS spot sizes ranged up to 

60 μm. 

 

 

Note: This dissertation is based on work from the papers found in Appendices B - E. The 

Present Study section which follows provides the work and the conclusions from the 

papers organized in a continuous, coherent manner.  
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2. PRESENT STUDY 

 

This section provides an overview of the work and conclusions of the papers found in 

Appendices B - E. 
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2.1 Sine condition derivation 

A number of other sources have provided explanations and derivations of the sine 

condition [1,17–19]. For this work we will provide a general derivation of the sine 

condition that emphasizes how it can be used to find the mapping between the entrance 

and exit pupils. This pupil mapping can then be used to evaluate the system alignment. 

Fig. 2(a) shows the geometry of the optical system for this derivation. The object point O 

is the reference point for the measurement with its conjugate point I in image space. It is 

assumed that there is low wavefront error at O and I. Point B is a point on the entrance 

pupil (EP) located at (xEP,yEP) which is imaged on to the exit pupil (XP) at the point C at 

(xXP,yXP). It is assumed that all of the rays that enter the EP at B will exit the XP at C, and 

the EP and XP are at the paraxial image locations of the aperture stop. Additionally, εo is 

an off-axis object point a small distance from O with a conjugate point εi.      
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Fig. 2. a) General illustration of an axisymmetric optical system with finite conjugates. 

Annotations are - O: object point, I: conjugate image point, B: point on entrance pupil 

(EP), C: point on exit pupil (XP) conjugate to B, εo: off-axis object point, εi: conjugate 

off-axis image point, Ŝo : unit vector pointing from O to B, θo: angle of Ŝo with respect to 

the axis, Ŝi : unit vector from I to C, θi: angle of Ŝ
i
with respect to the axis. b) Close up of 

object space. ΔD : exact scalar path difference between O and εo at B, Δd: approximate 

scalar path difference.        

 

The wavefront phase difference at the EP, Wo(xEP,yEP) is the difference between the on-

axis point O and the off-axis point εo which is the scalar path difference between those 

two points, 

        , , , ,W x y OB x y B x y D x y
o EP EP EP EP o EP EP EP EP

     (3) 

This difference ΔD is shown in Fig. 2(a), where εo is small with respect to the distance to 

EP such that ΔD ≈ Δd. Equation (3) then reduces to  

  , ˆ
o EP EPW x y d   o oS ε  (4) 
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where εo is the vector from point O to point εo. The unit vector Ŝo can be expressed in 

terms of the direction cosines.  

The wavefront phase difference, Wo, between point O and point εo at B is 

 ˆ
oW  o oS ε   (5) 

for small εo. A similar relationship between I and εi holds in image space, where the 

image wavefront phase difference, WI, between I and εi is  

 ˆ
IW  i iS ε   (6) 

Through Fermat's principle, it is known that the phase between B and its image on the 

XP, C, must be stationary. Thus, the wavefront due to the pupil mapping error, WPME is 

 oPME IWW W    (7) 

and substituting (5) and (6), 

 ˆ ˆ
PMEW  o o i iS ε S ε  (8) 

For further development of the generalized sine condition, see  [20]. It is easy to see that 

when there is no pupil mapping error, Eq. (8) reduces to the classic form of the sine 

condition. To help visualize the pupil mapping error, Fig. 3 shows how to use Eq. (8). 

The pupil mapping error shown in Step 1 is for an axisymmetric system that has coma, 

where the tail of the arrow is the location on the XP where a ray would have exited had 

the sine condition been strictly satisfied. The head of the arrow is the true location of the 
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ray. In order to find the linearly field-dependent aberrations present, the projection of the 

pupil mapping on to the observation vector, εi, is found. In this example ˆiε y . This 

projection is represented in the quiver plot shown in Step 2, which has a cubic 

dependency in the tangential plane and a value of zero in the sagittal plane. When this is 

fitted with Zernike polynomials, the result is the amount of coma at the field point 

associated with the observation vector. 

 

Fig. 3. Illustration of how the pupil mapping error found using Eq. (8) can be used to find 

the linearly field-dependent aberrations of an optical system. 

 

In general coma can be written as 

 8 7( )Coma x yW C H Z H Z 
 (9) 

where C is a constant, Hx and Hy are the x and y field positions. Here Z7 and Z8 are the 

Zernike standard coefficients for 90
o
 coma and 0

o
 coma, respectively, defined as 
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 (10) 

where ρ and θ are the polar coordinates for the normalized pupil coordinate (xp, yp), as 

shown in Fig. 4. 

 

Fig. 4. Normalized pupil coordinates for Zernike standard polynomials 

 

Fig. 5 shows the field and pupil dependencies of coma. The top row of the figure 

emphasizes the linear dependence of the coma when Hy and then Hx are set to zero, as 

well as general field dependence of WComa. The bottom row shows the pupil dependence 

for Z7 and Z8. 
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Fig. 5. Top row) Field dependence of WComa, Bottom row) Pupil dependence of WComa 

and general image coma 

 

Additionally, it was assumed earlier that all of the rays that entered the EP at a specific 

point B would exit at a conjugate point C [See Fig. 2], which means that the point εo is a 

point close to point O. As a result, the pupil mapping error found through Eq. (8) is only 

sensitive to aberrations that have linear field dependence. Because of this, in the perfectly 

aligned, axisymmetric system the SCTest would only be sensitive to coma. However, 

when a system is misaligned, the field dependence of the astigmatism of the system gains 

a linear component in addition to the native quadratic field dependence [10,11,21]. For 

simplicity, linearly field-dependent astigmatism will be referred to as linear astigmatism. 

By relating the pupil distortion to this linear astigmatism, the alignment of the optical 

system can be measured using the SCTest. 
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2.2 Linearly Field-dependent Astigmatism 

The pupil mapping error can be used to quantify the alignment of the optical system. In 

general, alignment errors will cause aberrations with varying degrees of field 

dependence. The dominant errors introduce aberrations that are constant with field and 

are measureable with a wavefront sensor. The next order of aberrations introduced will 

have a linear field dependence, which can be determined by measuring the sine condition 

violations. One of the most common aberrations of this type is astigmatism with linear 

field dependence. Linear astigmatism was first discussed by Shack and Thompson [21] as 

the linear component of binodal astigmatism, which exists when linear astigmatism from 

misalignments, such as tilt and decenter, combines with the native quadratic field 

astigmatism. Because the SCTest is only sensitive to the linearly field-dependent 

aberrations, the discussion will be limited to linear astigmatism. For a nominally 

rotationally symmetric system, linear astigmatism is only present when there is an error 

in the system, making linear astigmatism a useful metric for quantifying misalignment. 

For an off-axis system, the deviation from the expected linear astigmatism can be used to 

quantify the alignment state.  

In general misalignments produce 0
o
 astigmatism and power in the direction of the 

misalignment, and 45
o
 astigmatism orthogonal to the misalignment direction, all of which 

increase linearly with field. To illustrate how the linear astigmatism varies with field and 

through focus, Fig. 6 shows the full field spot diagrams of a system with a misalignment 

in the x-direction. The linear astigmatism present in Fig. 6 can be defined in terms of 

Zernike standard polynomials, specifically, 
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 6 5( )LA x yW C H Z H Z 
 (11) 

where C is a constant, Hx and Hy are the field positions in the x and y directions, Z5 and 

Z6 are Zernike standard coefficients for 45
o
 astigmatism and 0

o
 astigmatism, respectively 

[See Eq. (12) and Fig. 4]. There is also a linear focus term that appears along with linear 

astigmatism, which is simply a focal plane tilt. 

 

2
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2

6

sin 2

cos 2    

Z

Z

 

 



  (12) 

Fig. 6 shows the full field spot diagrams of linear astigmatism to help illustrate how Eq. 

(11) varies across the field and through focus. This type of plot for linear astigmatism is 

sometimes called “dreamcatcher” astigmatism [22]. Along the dotted Line A, where Hx 

varies and Hy = 0, WLA only consists of 0
o
 astigmatism and linear focus. Along Line B, 

WLA is only dependent on Hy in field, and so only consists of 45
o
 astigmatism. As the field 

progresses from Line A to Line B, WLA is the superposition of 0
o
 and 45

o
 astigmatism, so 

that along Line C, WLA is an equal mix of the two forms of astigmatism. These 

dependences along the cross sections A, B, and C are the same for plots (a) – (c). Also, as 

the plots move through focus from plot (a) – (c), the orientation of the spots for a given 

field rotates 90
o
. To emphasize that WLA has a linear field dependence, Fig. 6(d) shows a 

close up the spots from Fig. 6(b) as the field increases, where the black line shows how 

the size of the spots linearly increases. 
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Fig. 6. Full field spot diagram of the linear astigmatism and power created by a 

misalignment in the horizontal direction. a) – c) Full field spot diagram at three different 

positions of the image plane, plots without annotations originally seen in [10]. d) Close 

up of fields with a gray background in (b) to illustrate how the astigmatism increases 

linearly with field.  

 

Fig. 7 shows the field and pupil dependence of linear astigmatism, similar to Fig. 5. It can 

be seen from these two figures that while the pupil dependence of coma and linear 

astigmatism differ, both have a linear field dependence that the SCTest is sensitive to. 
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Fig. 7 Top row) Field dependence of WLA, Bottom row) Pupil dependence of WLA 

 

Tying linear astigmatism back to the pupil mapping provided by the SCTest, Fig. 8 shows 

the form of the pupil mapping error created by linear astigmatism. Similar to Fig. 3, Fig. 

8 shows how to use Eq. (8). When the pupil mapping error in Step 1 is projected onto the 

observation vector, ˆiε x , the complicated form of the pupil mapping reduces to the 

simpler quiver plot representation shown in Step 2. When fitted with Zernike 

polynomials, the result is the amount of 0
o
 astigmatism at the field point associated with 

observation vector. Conversely, when the pupil mapping is projected onto ˆiε y , the 

result is represented by the quiver plot in Step 2, and when fitted with Zernike 

polynomials, the result is the amount of 45
o
 astigmatism. 
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Fig. 8 Illustration of Eq. (8). Step 1) Quiver plot representation of the form of pupil 

mapping error from linear astigmatism. Step 2) Projection of pupil mapping error onto 

the observation vectors and the resulting form of astigmatisms. 

 

When the linear astigmatism shown in Fig. 6 is added to the native quadratic astigmatism, 

the result is binodal astigmatism. A number of methods exist to use binodal astigmatism 

as a way to quantify the misalignment of a system [23]. In systems that have little coma, 

the binodal astigmatism can be measured relatively easily because there are no other 

linearly field-dependent aberrations to hinder the measurement of the linear component 

of the astigmatism. On the other hand, in systems with coma, it is difficult to measure the 

linear field dependence of the astigmatism on top of the coma with low uncertainty  [21]. 
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However, as will be seen in Section 2.4, the components of the SCTest can be used to 

mask the coma and provide a low uncertainty measurement of the system misalignment. 

2.3 General measurement 

The first step in the SCTest is to use the sine condition to find the mapping between the 

entrance and exit pupils, and then the departure from the ideal pupil mapping will be used 

to quantify the alignment of the optical system. The illustrations here show a real EP and 

XP at accessible locations. Systems with less convenient geometry are discussed in 

Section 2.6. 

To measure the pupil mapping, the test must define or measure the direction cosines ˆ
oS

and ˆ
iS . This can be done by converting the angular mapping of ˆ

oS and ˆ
iS  into a spatial 

mapping, as shown in Fig. 9. This figure shows the Unit Under Test (UUT) where the 

object point and image point are the design conjugates and the entrance pupil (EP) and 

exit pupil (XP) are the pupils of the UUT. To implement the SCTest, a projection target is 

placed at the EP of the UUT. In the context of the geometry of Fig. 2a, the object point of 

the UUT is the reference point of the SCTest, and the normal of the projection target 

defined the reference axis. With this in mind, the location of the point source, the angle of 

the projection target, and features on the projection target define the direction cosine ˆ
oS  

in object space. The UUT then images the features of the projection target in its EP to its 

XP. Here an analyzer target is placed to aid in the measurement of the pupil mapping. 

The image point of the UUT and the normal of the analyzer target define the reference 

geometry in image space. This geometry along with features on the analyzer target 



35 

 

provides references for the measurement of ˆ
iS . Because flat gratings are used at the 

location of the curved pupil surfaces, there will some anomalous distortion in the 

mapping of one pupil to the other. The curve of the pupil surface is proportional to the f/# 

of the system. Therefore, the anomalous distortion will be proportional to the f/#, where 

the smaller the f/#, the lower the anomalous distortion in the pupil mapping. 

 

Fig. 9. Illustration of the general implementation of the SCTest to convert the angular 

mapping of Ŝo and Ŝ
i
into a spatial mapping. 

 

In practice, the mapping can be measured easily and to high accuracy by using gratings as 

the patterns on the two targets. The optical system images the regularly spaced lines of 

the projection grating onto the lines of the analyzer grating. This forms a Moiré pattern 

which is used to determine the distortion in the image of the projection grating, where the 

distortion is created by the pupil mapping error.  

This process is illustrated in Fig. 10. Here Fig. 10 (1) shows the straight lines of the 

projection grating at the EP. For this demonstration the spatial frequency of the two 
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gratings were reduced so that the individual lines would be visible. Fig. 10 (2) shows the 

image of the projection grating at the XP, where the straight lines of the projection 

grating have been curved by the aberrations of the UUT. In this example power and 

astigmatism were added. Also, an aperture at the intermediate image of the UUT lowpass 

filtered the image. Additional information about the aperture will be given in Section 2.4. 

Next, Fig. 10 (3) shows the straight lines of the analyzer grating at the XP. Last, Fig. 10 

(4) shows the image of the XP at the detector of the imaging system. Here the image of 

the projection grating at the XP and the image of the analyzer grating have formed a 

Moiré pattern, showing the difference between the aberrations in (2) and the image of the 

analyzer grating. For reference the aberrations added to (1) by the UUT are shown in Fig. 

10 (5). For more information on using Moiré patterns in optical testing, see [24].  
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Fig. 10. Illustration of image transfer and Moiré pattern formation in SCTest. Top: 

General illustration of the imaging in SCTest. Bottom: Location of imaged locations. 
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In order to collect the data for the pupil mapping measurement, one of the gratings is 

phase shifted. In general, phase shifting uses multiple interferograms to determine the 

optical path difference of a wavefront, which results in high measurement accuracy 

(better than 1/1000 of a fringe)  [25]. Here the same principles can be used to determine 

the mapping error. The general method is shown in Fig. 11. Fig. 11a shows five images 

of the fringes of the Moiré pattern. For each image, one of the gratings has been 

translated in the y-direction such that there is a 90
o
 phase shift between each image. Next, 

Fig. 11b shows how the irradiance changes as the grating is phase shifted for the three 

different pixels chosen in Fig. 11a. For all the pixels, the irradiance follows a cosine 

dependency as the grating is phase shifted. Pixel A is located in a bright fringe at the start 

of the phase shifting sequence, pixel B is between the bright and dark fringe, and pixel C 

is located in a dark fringe. For pixel A, the nominalized irradiance starts out at 1, drops as 

the grating is phase shifted, going to 0 when the grating has been shifted 180
o
, and returns 

to 1 after the grating has been shifted 360
o
. For pixel B the irradiance starts out below 1, 

then increases and decreases with a cosine dependence. Pixel C, which is 180
o
 out of 

phase with respect to pixel A starts at 0, increases to 1 when the grating is phase shifted 

180
o
, and decreases back to 0. As shown in Fig. 11b, the phase difference of pixel B or C, 

φB or φC, can be found and is proportional to the mapping error at pixel B or C. For this 

work, the Schwider-Hariharan algorithm [24] was used to calculate φ(x,y), as 

 
1 2 4

3 5 1

2( ( , ) ( , ))
( , ) tan

2 ( , ) ( , ) ( , )

I x y I x y
x y

I x y I x y I x y
   

  
  

  (13) 
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where I1(x,y), I2(x,y), I3(x,y), I4(x,y), and I5(x,y) are the irradiances for the pixel (x,y) in 

each of the five phase shifted images.  

 

Fig. 11. Illustration of phase shifting technique. (a) Five fringe images with 90o phase 

shift between each. (b) Change in normalized irradiance for three pixels in fringe image 

as grating is phase shifted. 

 

The use of Moiré patterns to determine the pupil mapping error is the basis of the display 

approach, one of the two approaches for implementing the SCTest outlined in this work. 
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In the display approach, a flat-panel display, such as a computer monitor or flat screen 

television, is used as a projection target to display a regular pattern and will be discussed 

in more detail in Section 2.5.  

Additionally, when the projection grating is illuminated by a point source, multiple orders 

of light are diffracted. In the next section, we will discuss how additional information can 

be gathered when different orders are selectively interfered. 

2.3.1 Coherent Approach 

In previous sections we have explained the SCTest from a geometrical optics perspective. 

In this section, we will expand on the idea of implementing the SCTest with gratings by 

explaining the test in terms of wave optics. By explaining the SCTest using wave optics, 

we highlight the fact that while the SCTest uses test components positioned on-axis, it 

measures the off-axis performance.  

The simple system shown in Fig. 12a will be used for the wave optics explanation. In Fig. 12b 

the light from the point source at infinity illuminates the projection grating and is 

diffracted into different orders which are used to measure the off-axis performance where 

each order corresponds to a measurement at a different point in the field. For this 

explanation only the +/- 1 orders are shown. As the +/- 1 orders travel through the UUT, 

each beam is aberrated by the section of the optical system that it passes through.  The 

behavior of the +/- 1 orders is analogous to the two beams of an interferometer. The 

analyzer then diffracts one order from both of the +1 and -1 orders back along the axis. 

When these wavefronts interfere, they produce a high contrast fringes that shows the 
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difference between the two orders. Again, this is similar to the resulting interferogram 

from an interferometer.  

For the aberrations that have linear field dependence such as coma, the amount of 

aberrations added to the two beams shown in Fig. 12(b) is equal and opposite, so when 

the two beams interfere at the analyzer, the linear aberrations add. For the aberrations 

with quadratic field dependence such as astigmatism, the amount of aberration that the 

two beams acquire is equal and cancels in the interference pattern. However, when the 

UUT is tilted with respect to the point source and projection grating as shown in Fig. 

12(c), the amount of astigmatism in the two beams is no longer equal. This results in 

residual astigmatism in the interferogram, where the amount of residual astigmatism 

increases linearly with field. Decentering the UUT test would also result in linear 

astigmatism. 

The amount of Seidel coma, however, in the interferogram does not change with the 

misalignment of the optical system. This can cause practical problems when analyzing 

the amount of aberrations in the interferogram. Because the SCTest can be used to 

measure systems that do not meet the sine condition, the optical system may have a non-

negligible amount of coma, which can be the case when measuring a subsystem.. When 

this happens, it is difficult to measure a small amount of astigmatism in the presence of a 

large amount of coma. To counteract this, one of the gratings can be fabricated as a 

computer generated hologram (CGH). The CGH would both diffract the light from the 
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point source and add coma to one of the sets of orders that is opposite to the amount that 

would be acquired as the beams propagate.  

 

Fig. 12. SCTest on simple, doublet UUT. a) Nominal design of UUT to highlight the 

locations of the test equipment in b) and c), b) Implementation of SCTest on aligned 

UUT, c) SCTest on misaligned UUT. 

 

In order to fully implement the SCTest, illumination and imaging subsystems are added 

as shown in Fig. 13. When setting up the coherent approach, the point source and 

projection grating are the two critical decisions, as they define the reference point and 
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reference direction, respectively. The placement of the other elements derives from these 

decisions. For any optical system, the location of the object point and the stop are critical 

to establishing the aberrations of the system. To test the UUT as it was designed, the 

SCTest point source and projection grating must be placed conjugate to the object point 

and stop of the UUT, respectively. Any departure from this condition would change the 

measurement results. However, useful data are always obtained as long as the positions 

of the source and gratings are well known. 

 

Fig. 13. Coherent approach: A grating is used to diffract the light from a coherent point 

source which propagates though the UUT and interferes at the analyzer plane. 

 

2.3.2 Coherent Approach Experimental results 

This section explains the implementation of the SCTest on a physical system. 

Additionally, Fig. 14 shows a picture of the experimental setup of the test on a single lens 

with the following components. 

Component list for coherent experiments: 
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1. Point source and collimating lens – The point sources is the reference point 

for the test. The collimating lens collimates the light, placing the reference 

point at infinity. (λ = 632.8 nm) 

2. Projection grating – The projection grating diffracts the beam into different 

orders. For this test a Ronchi Ruling with 10 lp/mm was used. 

3. UUT – A doublet (focal length = 200 mm) was used as the UUT, which 

focuses the collimated beams to an intermediate image plane at the order 

selection aperture. The doublet also images the projection grating onto the 

analyzer grating. 

4. Order selection aperture – This aperture selects the orders that will be 

interfered. 

5. Analyzer grating – This grating diffracts the selected orders back along the 

optical axis. A Ronchi Ruling with 10 lp/mm was also used for this grating. 

Either the analyzer grating or the projection grating can be moved for phase 

shifting.  

6. Field lens, second aperture plane, image lens and CCD – These elements 

image the analyzer onto the CCD. The second aperture plane only passes the 

orders that were diffracted back along the optical axis by the analyzer grating. 
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Fig. 14. Picture of experimental system illustrated in Fig. 13. Order selection aperture not 

pictured. 

 

For this proof of concept experiment and for experiments later in the work, we used the 

Schwider-Hariharan, or 5-bucket algorithm to calculate the phase [24]. For this 

algorithm, five sets of data are taken with a 90
o
 phase shift between them and processed 

to find the phase and modulation for each detector pixel. 

The order selection aperture was set so that only the 1
st
 orders were passed. Next, the 

position of the analyzer grating was set to minimize tilt fringes in the interferogram. Last, 

the analyzer was translated to create a phase shift of the fringes. Five images were 

recorded with a 90
o
 phase shift between them. The order selection aperture was then reset 

two more times to pass the 3
rd

 and then the 5
th

 orders to measure the aberrations in those 

orders. Fig. 15 shows one of the interference patterns for each of sets of the 

measurements. Using the wave optics approach, each measurement is the difference of 

the wavefront from two points in the field. Thus, in order to measure the linear 

component of astigmatism in one direction, only one measurement is necessary. For this 
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experiment, Zemax™ lens design software [26] was used to model the system. Then, the 

1
st
 order measurements were used to set the alignment of the optical elements in the 

model of the system, and the 3
rd

 and 5
th

 order measurements were used to evaluate how 

well the model matched the experiment. Details of the model can be found later in this 

section. 

 

Fig. 15. Images of interferogram; Interference of: a) 1
st
 orders, b) 3

rd
 orders, c) 5

th
 orders 

 

In the data there is an obvious increase in tilt fringes as the order of the interfered beams 

increases. For the 1
st
 order interferogram, the two lobes of coma without tilt can be seen, 

and for the 3
rd

 order interferogram the S-shape of coma with tilt is visible. For the 5
th

 

order interferogram the fringes are curved, but the additional tilt fringes makes the coma 

less obvious. The additional tilt fringes are a byproduct of the distortion of the UUT 

Specifically, the intermediate image height at the order selection aperture, the distance 

from the optical system to the analyzer, and the frequency of the analyzer grating 

determine the diffracted angle of the light after the analyzer grating. If the lens has 
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distortion, the intermediate image heights will not be ideal, which alters the diffracted 

angle of the light and causes tilt fringes in the interferogram. It is possible to set the 

spacing of the analyzer from the optical system such that the interferogram for a set of 

orders has no tilt fringes. However, the number of tilt fringes will be higher for the other 

orders. 

To verify these results, the system layout shown in Fig. 13 was modeled in Zemax™. To 

create a more complete model, the spherical aberration of the lens was measured and 

included. The UUT and the analyzer were then tilted independently in the model until the 

astigmatism and power for the first order interferogram in the model matched the 

measured result. The spacing between the UUT and the analyzer in the model was also 

varied until the tilt of the first order interferogram matched the measured results. In order 

to match the misalignments in the experimental system, the UUT and the analyzer were 

tilted in the simulation by 0.09
o
 and 1.14

o
. The comparison between the measured and 

predicted results can be found in Table 2. No adjustments were made in the model to 

match the predicted coma values to the experimental coma values. 
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Table 2. Measured and predicted data in pairs of orders as a function 

of Zernike standard polynomials. 

Aberration Orders Measured 

(nm RMS) 

Predicted   

(nm RMS) 

Difference     

(nm RMS) 

Percent 

Error 

Coma 1st 0.120 0.114 0.006 4.7% 

3rd 0.360 0.340 0.020 5.5% 

5th 0.669 0.554 0.115 17.2% 

       

Astigmatism 1st 0.066 Used for fitting 

3rd 0.194 0.202 -0.008 -3.9% 

5th 0.355 0.348 0.007 1.9% 

       

Power 1st -0.051 Used for fitting 

3rd -0.150 -0.156 0.006 -3.9% 

5th -0.271 -0.269 -0.002 0.6% 

       

Tilt 1st 0.300 Used for fitting 

3rd 0.925 0.820 0.105 11.3% 

5th 4.150 4.081 0.069 1.7% 

 

As can be seen from Table 2, the measured results match the predicted results well. 

Another thing to note is that in all of the measured data, the aberrations in the third order 

beams are almost exactly three times the aberrations in the first order beams.  The 

aberrations in the fifth order beams depart slightly from what one would expect if the 

field dependence were perfectly linear.  Since there is small higher order dependence and 

higher order data is more likely to have noise, this error is not surprising. Also, it is worth 

explicitly stating that while the test optical system is a single lens, it is possible to have 

linear astigmatism if the axis of the beam entering the projection grating is not coincident 

with the axis of the lens. 
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2.3.3 Extended source 

The point source for the coherent system could be replaced by an small, extended source. 

The extended source is sometimes used in applications like interferometry to reduce the 

coherent noise created by speckle that degrades the measurement of higher order 

aberrations [27]. However, the current implementation of the SCTest measures only 

lower order aberrations that are caused by misalignment, specifically linear astigmatism 

and power. Therefore, for the SCTest, there is no advantage to controlling speckle and 

coherent artifacts with an extended source. To experimentally demonstrate that the 

coherent noise does not couple into the lower order aberration measurements, we created 

an extended source in the system shown in Fig. 16 by moving the point source in the 

table top experiment to different locations and systematically averaging the 

measurements [28].  

 

Fig. 16. Experimental setup of extended source measurements 
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The system shown in Fig. 16 uses the same optical components as the proof of concept 

experiment shown in Fig. 14; however, the optical components were remounted to 

provide additional degrees of freedom and to mount the analyzer grating on a computer 

controlled stage. The same 5-bucket algorithm was used to calculate the phase and 

modulation of the experiment. Additionally, in the following sections the “first position 

of the analyzer grating” corresponds to the starting position of the analyzer grating. 

For this experiment, the point source was moved in a ring of 16 off-axis measurement 

locations, where the ring of locations was 0.2 mm in diameter and centered on the optical 

axis. Additional measurements were taken on-axis for comparison. The procedure below 

was followed at each location. 

1. Move source to desired location, 

2. Collect images at the five analyzer grating locations to be used to calculate the 

phase with 5-bucket algorithm, 

3. Repeat step 2 four more times so that a total of five sets of measurements were 

taken at each location, 

4. Changed source position, repeat. 

Fig. 17 illustrates the reduction of coherent noise. Fig. 17a shows the average of the 

images taken at the first position of the analyzer when the source was on-axis. The rings 

in the data image are a result of coherent noise. Fig. 17b shows the average of all of the 

images taken at the first analyzer position for all of the measurement locations, which 

synthesized an extended source. For visual comparison, Fig. 17c shows a close up of a 
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section of Fig. 17a, while Fig. 17d shows a close up of the same section in Fig. 17b. 

When comparing Fig. 17c to Fig. 17d, it is clear that the coherent noise has been 

noticeably reduced by moving the source. The same grayscale mapping was used for all 

four images. 

Next, the full extended source data was processed. To do this, the average was taken of 

all the images captured when the analyzer was in its first phase shifted position across all 

the point source locations. This created the first bucket of the 5-bucket algorithm. This 

process was repeated for the rest of the analyzer positions to calculate the other four 

buckets. Then, the five buckets were processed to find the phase, the phase data was 

unwrapped, and the data was fit with Zernike standard polynomials. 

 

 

Fig. 17. Comparison between on-axis images and extended source images to show 

removal of coherent artifacts. Same grayscale mapping used for all images. (a) Average 

of on-axis measurements taken when the source was on-axis at the first position of the 

analyzer grating during phase shifting, (b) Average of all measurements taken at the first 
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position of the analyzer grating to synthesize a coherent source to remove coherent noise, 

(c) Close up of coherent noise in (a), (d) Close-up of same section in (b) to show the 

reduction in coherent noise.  

 

The resulting phase can be seen in Fig. 18b. Additionally, the images taken on-axis were 

processed in the same way, where all the images taken at a given analyzer position were 

averaged, and the phase was calculated (See Fig. 18a). Fig. 18c shows the difference 

between the extended source phase and the on-axis phase, where the rings in the data 

clearly show the coherent artifacts that were removed by using an extended source. Fig. 

18d-f shows the same close up section of Fig. 18a-c.  

Last, the repeatability of the measurements was calculated to give a frame of reference to 

compare the two measurement results. During the experiment, 20 measurements were 

made at the on-axis point source location. The standard deviation, σ, of the power and 

astigmatism measurements were all less than 0.2 nm RMS. Comparing the extended 

source and point source measurements, the difference between the power and 

astigmatism for the two measurement sets were less than 2σ. Two conclusions can be 

drawn from these results. First, it is clear that for the SCTest, the coherent noise does not 

couple into the SCTest measurement of the lower order aberrations, and so there is no 

reason to use an extended source for this test. Second, the low standard deviation of the 

power and astigmatism highlights the generally low noise of the SCTest. 
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Fig. 18. Comparison between extended source phase and point source phase. (a) Phase 

measured with on-axis point source, (b) Phase measured with extended source, where the 

extended source was created by averaging images taken at different point source 

locations in object space, (c) Difference between the extended source phase measurement 

and the on-axis phase measurement. The rings in the data are a result of the coherent 

noise that was reduced by using an extended source. (d) – (f) Close up of the same 

section in (a) – (c).  

2.4 Display approach  

For the display approach, an electronic display replaces the source-projection grating 

combination of the coherent approach to act as an incoherent, extended source, shown in 

Fig. 19b. The display shows the lines of the projection grating, which are imaged by the 

UUT to the analyzer, creating a Moiré pattern between the image of the display and the 

analyzer grating. There is also a physical test aperture which limits the beam of light that 

passes through the system. The imaging subsystem then images the Moiré pattern to the 

detector. The imaging system aperture in the imaging sub-system low-pass filters the 

image to remove the high frequency structure of the analyzer grating. To perform the 
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phase shifting for this approach, the analyzer grating can be physically translated or the 

lines on the display can be electronically translated. 

 

Fig. 19. Display approach: SCTest on simple, doublet UUT. a) Nominal design of UUT 

to highlight the locations of the test equipment in b), b) Implementation of SCTest using 

an electronic display. 

 

When laying out the display approach, similar considerations apply as the coherent 

approach. With the display approach placement of the electronic display and the test 

aperture are the two critical decisions, as the display normal defines the reference 

direction and the test aperture defines the reference point. Here the test aperture defines a 

specific set of rays that pass through the system, and a specific chief ray, which defines a 

source location in object space. Like the coherent approach, if the test aperture is not 
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placed conjugate to the designed object of the UUT, the aberrations will change. Again, 

the SCTest will still work; the results will simply be scaled from the results that would 

have been found if the UUT had been tested at its design conjugates. 

The alignment of the test aperture and the imaging system aperture is particularly 

important to the measurement of linear astigmatism. Because the two apertures are 

conjugate with the UUT source, the apertures determine the reference point of the SCTest 

[see Fig. 20a]. Specifically, when the test aperture is imaged onto the imaging system 

aperture, the centroid of the beam footprint that is passed determines the reference point 

of the test [see Fig. 20b]. If one aperture vignettes part of the beam, the centroid of the 

beam footprint will shift, causing the reference point of the SCTest to change [see Fig. 

20c]. This changes the amount of astigmatism that is measured, similar to the change 

seen in the coherent approach when the point source is decentered. The amount of change 

in astigmatism is dependent on the amount of decenter of the two apertures and their 

relative sizes. 
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Fig. 20 a) Abridged layout of display approach showing the planes conjugate to the 

source. See Fig. 19b for complete annotations. b) Beam footprint at imaging system 

aperture plane when imaging system aperture and test aperture foot print are aligned. 

Centroid of beam located at ideal reference point. c) Beam footprint passed when 

apertures are misaligned. Centroid of beam decentered from ideal reference point. 

 

There are a few ways to mitigate the risk of adding astigmatism to measurements through 

misalignment of the imaging system aperture with respect to the test aperture. One way 

would be to place a diffuser after the analyzer grating, which effectively separates the 

optical test into two subsystems. The trade-off is that the diffuser reduces the amount of 

light collected by the detector. Another solution is to remove the imaging system aperture 

and post process the data to filter out the high frequency fringes introduced by the 

analyzer grating. Additionally, depending on the aberrations of the UUT and imaging 

system, it is possible that only the imaging system aperture would be necessary. In this 
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case, the footprint of the test aperture at the plane of the imaging system aperture is larger 

than the imaging system aperture itself, making the test aperture unnecessary. 

2.4.1 Display approach experimental results 

To demonstrate the use of an electronic display in the SCTest, we integrated a display 

into the proof of concept experiment for the coherent approach, which was discussed in 

Section 2.4. For this experiment, shown in Fig. 21, an electronic display was used to 

measure the tilt sensitivity of the UUT, while a computer simulation of the system was 

used to predict the tilt sensitivity. As shown at the end of this section, the experimental 

results matched the prediction. 

 

Fig. 21. Picture of SCTest experimental setup used to measure sensitivity of UUT 

alongside illustration of model from Fig. 19b. 

 

The following steps were performed to experimental demonstrate the use of a display in 

the SCTest. While these steps illustrate how the tilt sensitivity of the UUT was measured, 
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the information is relevant for a general SCTest measurement to verify alignment of a 

system. 

1. Calculation of the display pattern cutoff frequency 

Zemax™ was used to model the imaging of the display onto the analyzer grating 

by the UUT. Then the test aperture size was changed while monitoring the MTF 

of the system to calculate the cutoff frequency. For this system, the cutoff 

frequency was 16.6 lp/mm.  

2. Selection of grating and display pattern 

For this proof of concept experiment, a micro-display and analyzer grating that 

were on-hand were used, where the micro-display had a 15 μm pixels and the 

analyzer was an off-the-shelf, 10 lp/mm Ronchi ruling. To produce a grating-like 

pattern with similar frequency to the analyzer grating, straight lines with a width 

of 3 bright pixels/3 dark pixels were displayed, creating a pattern with a nominal 

frequency of 11.11 lp/mm when imaged onto the analyzer grating. Because of the 

0.11 mismatch between the frequency of the display and the analyzer, it was 

estimated that there would be approximately 3.5 waves RMS of tilt fringes across 

the image. 

3. Data collection  

After integration with the experimental setup used for the coherent experiment in 

Section 2.4, the tilt sensitivity of the UUT was measured. First, the lines of the 

display pattern were set to measure the aberrations in the vertical direction, the 

analyzer was phase shifted, and the images of the Moiré pattern were collected 
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while the UUT was rotated about its horizontal axis. Next, the lines of the display 

pattern and the analyzer were rotated 90
o
, and the UUT was systematically rotated 

about its vertical axis while data was collected to measure the horizontal 

sensitivity. Sample images of the Moiré patterns formed from horizontal and 

vertical orientations of the lines on the display are shown in Fig. 22. The 

experimental display was rectangular. Fig. 22 shows the data after a circular mask 

was applied for processing. 

While the images are dominated by tilt fringes as predicted, it is possible to see a 

slight curving of the tilt fringes as a result of the pupil aberrations.   

 

Fig. 22. Images of the Moiré pattern formed when the display was imaged onto the 

analyzer grating by the UUT. (a) Moiré pattern formed when display lines and analyzer 

are in horizontal orientation to measures the linearly field dependence in the vertical 

direction. At analyzer plane, the image of display consists of 105.8 line pairs across 

height of display, versus the 95.3 line pairs across the same section of the analyzer 

grating. (b) Display lines and analyzer in vertical orientations. The image of the display 

consists of 141.1 line pairs across the width of the image, while the analyzer has 126.9 

line pairs over that same distance. 

 

To calculate the pupil mapping error as a function of pupil coordinate, the phase 

shifted images were processed for each tilted position of the UUT using the 5-
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bucket algorithm and phase unwrapping used in Section 2.4. As this system was 

relatively slow (~ f/7.8), the sag of the exit pupil surface was only 0.4 mm at the 

edge of the pupil. Because the sag is small, the curved exit pupil can be 

approximated as a flat surface, and the mapping error measured at the analyzer 

grating is a direct measurement of the pupil mapping error. As such, the 

unwrapped data was fit with Zernike polynomials to measure the amount of 

astigmatism and power. The resulting measurements can be found in Fig. 23. 

4. Validation of UUT tilt sensitivities 

Separately, the system was modeled in Zemax™ as shown in Fig. 19b. To 

account for spacing alignment errors, the distance between the display and the 

UUT, and the distance between the UUT to the image were varied while 

optimizing the UUT tilt sensitivity. To match the experimental data, the distances 

before and after the UUT were changed 25 μm and 347 μm from their nominal, 

measured values of 378 mm and 208 mm. These changes are within the expected 

tolerances for off the shelf mounting equipment and coarse alignment with a ruler. 

Fig. 23 shows the measured linear astigmatism from the experiment (data points) 

and the linear astigmatism from the Zemax™ model (solid line). While there are 

some non-linearities in the experimental data, the Zemax™ model is a good fit for 

the data, and shows that the experimental results match the predicted values.  
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Fig. 23. Tilt sensitivities of the UUT shown in Fig. 21. Blue measurement points are 

experimental data shown with +/- 2σ error bars. Solid red lines are the tilt sensitivity of 

the Zemax™ model shown in Fig. 19. (a) Linear astigmatism in vertical direction, (b) 

Linear astigmatism in horizontal direction. 

2.5 General pros/con of two approaches 

To help illustrate the advantages and disadvantages of the two approaches, Fig. 24 shows 

the two implementations of the SCTest on the same UUT. One of the primary advantages 

of the display approach is that it can be used to verify the alignment of an optical system 

with a large entrance pupil (EP). While the illumination optics and projection grating 

present practical problems when implementing the coherent approach on a system with a 

large EP, a large, commercially available flat-panel display can be used as a test target. 

An additional advantage to the display approach is that the display can be dynamically 

changed. This allows the lines of the display pattern to be translated to perform the phase 

shifting, eliminating the need for the analyzer to be mechanical translated, and 

simplifying the opto-mechanics of the system. 
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In contrast, the coherent approach has the potential for more accurate measurements. The 

higher the frequency of the projection grating or display pattern, the higher the sensitivity 

of the test and the lower the uncertainty in the measurement. In the coherent approach, as 

long as the diffracted orders of interest are not vignetted by the UUT, a grating with a 

high spatial frequency can be used. In this way, the full field of the UUT can be used for 

testing, yielding high test sensitivity. However, in the display approach, the modulation 

of the Moiré pattern relies on the MTF of the imaging between the pupils. This imposes 

an upper limit on the frequency of the lines for the display approach, as the modulation of 

the lines must be high enough for measuring. Additionally, the pixel size of the electronic 

display limits the selection of the frequency of the test target to certain discreet 

frequencies, while a custom grating for the coherent approach can be manufactured for a 

larger range of frequencies. 
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Fig. 24. Illustration of the two approaches to implementing the SCTest. (a) Coherent 

approach: A grating is used to diffract the light from a coherent point source which 

propagates though the UUT and interferes at the analyzer plane. (b) Display approach: 

An electronic display is imaged onto the analyzer grating, creating a Moiré pattern with 

the grating. The example ray bundles shown represent the imaging of the SCTest and are 

examples of only a few of the many rays present in the real system. 

2.6 Applications of SCTest 

This section completes the discussion of the design choices by expanding on the 

description of test equipment placement given in Sections 2.4 and 2.5. For both 

approaches the optimal placement of the projection grating/display and the analyzer 

grating is at the pupils, and both approaches require the placement of hardware at an 

intermediate image or at the image plane of the UUT. Because of these requirements, 

optical systems can be divided into two basic classes: systems where the pupils and 

images are easily accessible to place hardware, and systems where this not the case. In 
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this section an afocal Three Mirror Anastigmat (TMA) is used to illustrate the case where 

the pupils are easy to access, and a double Gauss lens system is used to show how to 

design the SCTest for system where the necessary planes are not accessible. 

2.6.1 Afocal Three Mirror Anastigmat 

A TMA is a system which typically uses three conic mirrors to correct for spherical 

aberration, coma and astigmatism. Because of its complexity, it is a difficult system to 

align. However, the SCTest provides the means to verify the alignment of this complex 

system, as shown Fig. 25 which illustrates how the SCTest is used to verify the alignment 

of the off-axis, afocal TMA. This design is based off designs suggested in a patent by 

Offner [29] and Ralph Orr’s masters thesis [30]. Because the stop is before M1 and the 

exit pupil is after M3, the choice of locations for the test equipment is relatively 

straightforward. The projection grating or display can be placed at the stop location of the 

TMA, and the analyzer can be place at the XP. Additionally, there is an intermediate 

image between M2 and M3 that can be used to block the orders or in the display 

approach, place the test aperture. While the locations for the equipment are 

straightforward, it is still necessary to align the test equipment well to have a low test 

uncertainty. 
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Fig. 25. Layout of the implementation of the SCTest to verify the alignment of an afocal 

Three-Mirror Anastigmat (TMA). For the display approach, a flat-panel is placed at the 

entrance pupil and the order selection aperture is replaced by the test aperture.  

2.6.2 SCTest on systems with inaccessible pupils 

For systems where the optimal locations are not easily accessible, additionally steps must 

be taken in the design and implementation of the test. Fig. 26a shows the double Gauss 

lens system (Zemax™ stock design, 28
o
 field) that will be used to demonstrate this 

concept. In the double Gauss design the stop is located between the first and second 

group of elements to give symmetry to the system to reduce aberrations. Because of the 

location of the stop, the EP and XP are both located inside the optical system (see Fig. 

26a). In order to implement the SCTest on a system with inaccessible pupils, one of two 

approaches can be taken. First, the stop could be shifted so that the pupils are more 

accessible (See Subsection 2.7.2.1). Second, auxiliary optics could be added to image the 

pupils to more accessible locations (See Subsection 2.7.2.2). 
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2.6.2.1 Double Gauss: stop shift 

Fig. 26b shows how a limiting aperture can be placed in front of the double Gauss, 

shifting the stop location to that plane. While no additional optics are required, the stop 

shift results in a change of the aberrations in the lens. Nonetheless, the test results can be 

compared with a computer model of the system with the stop shift to determine the 

departure from the nominal system. 

 

Fig. 26. (a) Layout model of generic double Gauss, 28
o
 field showing the EP and XP 

locations inside the system. (b) Implementing the SCTest by shifting the stop outside the 

double Gauss system. For the display approach, a flat-panel is placed at the entrance 

pupil and the order selection aperture is replaced by a test aperture. 

2.6.2.2 Double Gauss: re-image pupils 

Another way to implement the test on a system with inaccessible pupils is to use auxiliary 

optics to re-image the pupils, as shown in Fig. 27a-c. As shown in Fig. 27a, L2 images 

the projection grating to the EP of the double Gauss, and L3 images the XP onto the 

analyzer [see Fig. 27b]. Fig. 27c shows the full implementation of the test. In order to use 
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the test at the same conjugate as the original double Gauss, L1 was added so that 

collimated light entered the UUT. It would also be possible to combine the projection 

grating with a Fresnel zone plate during fabrication to remove L1. Additionally, a display 

could be placed at the location of the projection grating which would further simplify the 

design. While the use of auxiliary optics does allow the UUT to be tested in the same 

manner it is to be used, the addition of auxiliary optics increases the uncertainty of the 

measurement as a misalignment of L1, L2, or L3 will add linear astigmatism. This risk 

can be mitigated by using the SCTest to verify the alignment of the auxiliary optics. Fig. 

27d shows how the auxiliary optics can form their own optical system. For this 

subsystem, it is possible that the same projection grating could be used; however, the 

frequency and location of the analyzer grating would change. An additionally test would 

be need to verify the spacing between the optics. 
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Fig. 27. Implementing the SCTest on double Gauss optical system by re-imaging the 

pupils outside the system. See parts (c) and (d) for labels.  (a) Illustration of the system 

from Projection grating to Entrance Pupil, (b) Illustration of the system from Exit Pupil to 

Analyzer Grating, (c) Full implementation of SCTest on double Gauss system, (d) Model 

showing how the SCTest can be used to verify the alignment of auxiliary optics before 

testing the alignment of the double Gauss. 

 

2.7 Alignment of TMA using the sine condition 

The last section of this work describes how the SCTest can be used to align a TMA. As 

mentioned in the Introduction section, the constant aberrations at the center of the field 

and the linear aberrations measured by the SCTest can be used to align an optical system. 

This section first describes the alignment SCTest process on a generic optical system, 
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discussing how to select the subset of DOF and the hardware needed to implement the 

alignment SCTest. Next, this section provides an overview of the nominal TMA design, 

followed by a discussion of the design of the alignment SCTest equipment for the TMA. 

The last part of the section details the Monte Carlo simulation used to evaluate the 

performance of the alignment SCTest. This simulation was used in three case studies to: 

1) evaluate how misalignments of the TMA mirrors impacts the alignment, 2) investigate 

how misalignment of the test hardware affects the alignment, and 3) examine the effect 

mirror fabrication errors have on the alignment. Table 1 summarizes the conclusions of 

the three case studies. 

2.7.1 Overview of general alignment SCTest 

2.7.1.1 General hardware of alignment SCTest 

To make the iterative alignment process more efficient, the measurement of the constant 

and linear aberrations must be made with a minimal amount of movement or adjustment 

between measurements. To help illustrate this process, Fig. 28 shows a box diagram of 

the alignment SCTest on a generic UUT.  

 

Fig. 28. Block diagram of the alignment SCTest applied to a generic UUT. 
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1. Coherent illumination system – For the alignment SCTest, it is necessary to use 

coherent illumination, as the 0
th

 order of the projection grating is needed for the 

measurement of the constant aberrations. 

2. Projection grating – The nominal pattern on the projection grating consists of the grid 

pattern shown in Fig. 29a. The horizontal lines diffract the light in vertical direction 

to measure the linear field dependence of the aberrations in the y-direction, and the 

vertical lines diffract the light in the horizontal direction to measure the x-direction 

linear aberrations. The 0
th

 order of the grating is located at the center of the field and 

is used to measure the constant aberrations.  

 

 

Fig. 29. (a) Small sample of projection grating pattern, (b) Locations of orders at 

intermediate image plane. 

 

3. UUT/Aperture – Either within the UUT or near it, there is an intermediate image 

plane where the aperture of the SCTest is placed. The location of the diffracted orders 

of light at this plane is shown in Fig. 29b. For high contrast fringes for the linear 

aberration measurement, the aperture is set such that only the +/- 1 orders are passed. 

After the linear measurement, the aperture is altered to allow the 0
th

 order through for 
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the constant aberration measurement. If logistical problems restrict changes to the 

aperture, a circular aperture could be used to allow the 0
th

 and +/- 1 orders through, 

although this will reduce the contrast of the fringes. 

4. Analyzer grating – Next, the analyzer grating has a corresponding grid pattern to the 

projection grating, forming a Moiré pattern with the image of the projection grating. 

To collect data for the linear aberration measurement, either the projection or the 

analyzer grating is translated to phaseshift the fringes of the Moiré pattern.  

5. Beamsplitter – Last, the beamsplitter sends some of the light towards a wavefront 

sensor to measure the constant aberrations and passes the rest toward the imaging 

system to measure the linear aberrations, allowing for simultaneous measurement of 

on-axis and off-axis performance. The beamsplitter can also be placed before the 

analyzer grating. 

2.7.1.2 Selection of compensator DOF 

Generally speaking, the process detailed by Chapman and Sweeney [16] identifies the 

most linearly independent set of DOF of a system. These DOF are then used as 

compensators to align the optical system and meet the design requirements. The process 

of identifying these compensators and their use in the alignment SCTest is outlined 

below. For a more detailed explanation of the compensator identification process and 

other relevant background material, see [16,31,32]. 
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1) Find sensitivity matrix 

The sensitivity matrix, Jo, consists of the change in a measurement per unit 

perturbation for each individual DOF, where the elements of Jo are defined as 

 
,

i
o ij

j

z
J

x




  (14) 

where δzi is the change in the ith aberration measurement and δxj is the change in the 

jth DOF. In the case of the SCTest, the aberration measurements, z(x), are the Zernike 

terms for the constant aberrations at the center of the field and the linear field 

dependence of the aberrations. Which aberrations are included in z(x) depends on the 

sensitivities of the optical system to be tested. For example, in the TMA described 

later, the linear field dependence of the Siedel coma was not sensitive to 

misalignment of the TMA and was not included in z(x). Additionally, it is important 

that δxj is large enough to be discernible above the noise of the aberration 

measurements, but not so large that the perturbation becomes non-linear. 

2) Find the singular value decomposition (SVD) of Jo 

Next, the SVD of the matrix Jo is found, such that 

 = T

oJ UWV  (15) 

In general, the SVD of the sensitivity matrix provides useful information about how 

misalignments impact the aberrations of the system. U is a matrix of the aberration 

singular vectors. If Jo is orientated such that the rows and columns are the 

measurements and the DOF, respectively, then the rows of U correspond to the 
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aberration measurements and the columns correspond to the aberration modes of the 

system with the more dominate modes listed first. The diagonal of W is the singular 

values of Jo, which corresponds to the sensitivity of the system to a given aberration 

mode. Last, V is a matrix of configuration singular vectors. Here the columns of V 

are the aberration modes and the rows correspond to the changes in the DOF of the 

system that produce that aberration mode. Specifically, 

 
o i i iJ V = S U  (16) 

such that the ith aberration mode (ith column of U) has a strength Si, and is produced 

by the ith configuration of the DOF of the system (ith column of V). 

3) Select compensators 

The next step is to regularize Jo and identify the best set of compensators. To do this, 

the configuration vector with the smallest singular value is determined. Within that 

configuration vector, the element with the largest absolute value is found. This 

corresponds to the least important DOF as it is the most easily corrected for. After 

this DOF is identified, its column of Jo is set to zero, and this process is repeated on 

the new Jo until the desired number of DOF is reached. Here we define the final 

sensitivity matrix as Jcomp. 

4) Using Jcomp in alignment process 

Within the alignment process, the pseudo-inverse of Jcomp is used to calculate the 

change in compensator DOF, δx. Specifically, 
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where z(x) is the current measurement of the aberrations of the system. After the 

changes δx are made, z(x) is re-measured, and δx is calculated again. This iterative 

process is continued until the desired z(x) is reached. Note that the units of δx are the 

unit perturbation originally used to calculate Jo.    

2.7.2 Nominal TMA design  

The TMA design for this demonstration was chosen as a representative system of 

common TMA designs. As a starting place, this design was based off of the second 

embodiment in Cook [33], where the curvatures and conics of the TMA were optimized 

using Zemax™. The prescription for the nominal TMA can be found in Appendix A. 

The side view of the layout of the nominal design can be seen in Fig. 30a. In this TMA 

design, the stop is out in front of the primary mirror (M1), where M1 and M2 focus light 

from infinity to the intermediate image plane, and M3 reimages the intermediate image to 

the final image plane. The EP of the system is located at the stop in front of M1, and XP 

of the system is located in image space after M3. The fields of the system in the y-

direction are only 0.5°, while the field of view (FOV) along the x-direction is 10°, 

resulting in a long, narrow FOV and image plane, as shown in Fig. 30b-d. 
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Fig. 30. Nominal design of TMA. (a) Side view of layout, (b) and (c) Rotated views of 

layout, (d) Close up of intermediate image and image plane. 
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Next, Fig. 31 shows the performance of the nominal TMA design along the x-direction 

[See Fig. 30]. As noted in other references, alignment using only aberrations at the center 

of the field is not enough to ensure acceptable performance  [34,35]. To illustrate the 

need for an off-axis test, Fig. 31 also shows the overall performance across the field when 

the mirrors are misaligned [See Fig. 31b] and then when the position of M3 was adjusted 

to have good performance at the center of the field [See Fig. 31c]. As can be seen when 

comparing Fig. 31b and Fig. 31c, the performance of the TMA across the field is 

worsened when the adjustments for the center of the field test are made. Only by also 

measuring the performance away from the center of the field, such as in the SCTest, can 

good performance be achieved. Additional relevant design specifications can be found in 

Table 3. 

Table 3. TMA design specifications 

Specifications Value 

Operational Wavelength (μm) 4 

Test wavelength (μm) 0.6328 

FOV (degrees) 10 x 0.5 

Focal length (mm) -97.3 

f/# 4.33 
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Fig. 31. Spot diagrams of TMA system at its operational wavelength of 4 μm. Sections 

have different scales. a) Nominal design performance – scale 100 μm, b) Performance of 

misaligned TMA – scale 400 μm, c) Performance of misaligned TMA after M3 position 

was adjusted to correct center of the field performance – scale 400 μm. 

 

2.7.3 SCTest Design 

This section discusses the design steps for the alignment SCTest on the TMA. For 

reference, Fig. 32 and Fig. 33 show the hardware of the alignment SCTest on the TMA. 

While a single set of hardware is used for all measurements, Fig. 32 shows the y orders 

and Fig. 33 shows the x orders separately for better visualization. 
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2.7.3.1 Projection Grating 

One of the design steps is the selection of the spatial frequency of the projection grating, 

where a higher frequency results in a larger diffraction angle, which corresponds to larger 

field points and a higher test sensitivity. In theory, the diffracted angle of the orders can 

be as large as the field of view. In practice, the larger diffraction angles from the 

projection grating, the larger the angle of the light entering the XP. This makes the design 

of the analyzer grating more difficult, especially if the light incident on the analyzer is 

converging or diverging. For this system, the spatial frequency was chosen such that the 

+/- 1 orders correspond to +/- 0.25
o
 in both directions. While the angle of the +/- 1 orders 

does not need to be the same in the x and y directions, making them the same simplified 

the design.  
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Fig. 32. (a) Side view of alignment SCTest with 0 and +/- 1 orders in y-direction, (b) 

Rotated view of (a) and close up of intermediate image and aperture plane. 
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Fig. 33. (a) Side view of alignment SCTest with 0 and +/- 1 orders in x-direction, (b) 

Rotated view of (a) and close up of intermediate image and aperture plane. 
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2.7.3.2 Analyzer Grating 

For the analyzer grating, the choice of the spatial frequency should be such that the +/- 1 

orders are diffracted back toward the center of the field, reducing the number of tilt 

fringes in the measurement. This is also important to decrease the test uncertainty of the 

imaging lens. As the +/- 1 orders travel through the lens, they pick up additional 

aberrations. When the two orders are common path, they pick up the same amount of 

aberrations, which cancel when they interfere at the detector. 

2.7.3.3 Imaging system and Constant aberration measurement system 

Next, for the imaging lens, the imaging properties were chosen so that the analyzer 

grating is imaged onto the detector. A beam splitter and wavefront sensor are used to 

measure the constant aberration. As this measurement is well known [24], they were not 

directly modeled. 

2.7.3.4 Selection of compensator DOF for TMA alignment 

Last, the procedure in Section 2.7.1.2 was followed to find the sensitivity matrix to use 

for alignment (Jcomp), which is calculated from the sensitivity matrix of the TMA with the 

test equipment, Jo,test. The DOF included in Jo,test were the decenter, tilt, and clocking of 

the mirrors as well as the spacing before M1, between the mirrors, and after M3. Each of 

these was perturbed by either 0.1 mm or 0.1
o
 depending on the type of DOF, and the 

aberrations with constant and linear field dependence were measured in software. The 

aberrations were represented by Zernike polynomials. 
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Because the addition of the analyzer grating and the imaging lens alters the amount of 

aberrations measured when the test equipment is in place, not all aberrations should be 

included in Jo,test. In the context of the SCTest, adding a diffraction grating in a 

converging or diverging beam adds astigmatism, power, and coma. Additionally, the 

imaging lens will add different amounts of aberrations to the different orders if the light 

is not common path when it travels through the lens. To determine which aberrations 

should be included, the sensitivity matrix for the TMA without the test equipment, 

Jo,nominal, was found. To do this, the 0
o
 and +/- 0.25

o
 fields were used. Generally speaking, 

for a given aberration, the closer its sensitivity in Jo,test  is to its sensitivity in Jo,nominal, the 

more useful the aberration is to the alignment process. Here the constant aberrations were 

measured with the 0
th

 order of the gratings. Note, the portion of the beam used for 

measurement does not pass through the imaging lens. As a result, the sensitivities of the 

constant aberrations in Jo,test were very close to the sensitivities in Jo,nominal. Because the 

grating changes the aberrations of the non-zero orders, the linear aberrations of Jo,test and 

Jo,nominal were not the same. For the linear astigmatism, the magnitude of the sensitivities 

in Jo,test was larger than Jo,nominal, but the sign of the sensitivities was the same for almost 

all of the sensitivities. Therefore, while the linear astigmatism sensitivities are not exactly 

the same between Jo,test and Jo,nominal, they followed the same trend and were included in 

the final Jo,test. The linear power sensitivities in Jo,test  did not follow the same trends as 

the Jo,nominal sensitivities and were not included. Additionally, the linear coma was not 

sensitive to misalignment in either Jo,test  or Jo,nominal  and was not included. Thus, the final 

aberrations used in the alignment were: linear astigmatism in x, linear astigmatism in y, 
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power at the center of the field, 0
o
 astigmatism at the center of the field, 45

o
 astigmatism 

at the center of the field, 0
o
 coma at the center of the field, 90

o
 coma at the center of the 

field, and spherical aberration. 

Once the aberrations of interest were determined, the sensitivity matrix for alignment 

Jcomp was calculated as discuss in Section 2.7.1.2. The SVD of Jo,test  was found and 

regularized to find the set of DOF that was the most linearly independent. (Steps 2 – 3 in 

Section 2.7.1.2) The resulting Jcomp consisted of the following DOF: M1 decenter x and y, 

M2 tilt about y, M3 decenter x, M3 tilt about x, the spacing between M1 and M2, and the 

spacing after M3. 

2.7.4 Simulation of alignment SCTest 

After the hardware and analysis mathematics were designed, the alignment process was 

simulated using a combination of Matlab and Zemax™. This section discusses the details 

of the simulation. For reference Fig. 34 shows an overview of the simulation process. 

 

Fig. 34. Flow diagram of the alignment simulation process. 
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1. Perturb Hardware – All six DOF of the three mirrors were perturbed. Also, the 

radius of curvature and the conic constant of the mirrors were perturbed to 

simulate fabrication tolerances.  Additionally, the six DOF of each piece of test 

hardware, including both gratings, the imaging lens, and the detector, were 

perturbed.  Last, the angle of the light incident on the projection grating was 

perturbed to simulate alignment errors in the illumination system. The 

perturbations of a given DOF or parameter followed a Gaussian distribution about 

the nominal value. Throughout this paper the tolerance values given are the 

standard deviation of the distributions. 

2. Measure select aberrations – Using the methods detailed in previous sections, the 

measurement of select aberrations z(x) was performed in the simulation. 

3. Calculation of compensator change, δx – Using the aberration measurements and 

the abridged sensitivity matrix, Jcomp, the change of select mirror DOF was 

calculated using Eq. (17). Depending on the linearity of the sensitivities, the 

amount of allowable change may need to be limited. For example, if δxi is too 

large, the movement may be beyond the linear region of that DOF. For this 

simulation, the largest δxi was found. If this value was twice the unit perturbation 

of the DOF, all of the elements of δx were scaled such that the maximum δxi was 

equal to 0.2. If δxi maximum was less than 0.2, δx are unchanged.   

4. Change position of mirrors – The position of the mirrors was changed. Keep in 

mind that after Step 4, δx has units of unit perturbation, which needs to be 

converted to accurately move the mirrors.  
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5. Measure select aberrations – The aberration measurement was repeated. 

In practice, steps 3 – 5 are repeated until the system is aligned. Depending on the 

complexity of the system, thresholding a few of the measurements may be sufficient to 

determine if the system is well aligned. Alternatively, multivariate analysis could be used 

to determine if the system meets its design requirements [36]. For this simulation, all trials 

had the same number of iterations to investigate the behavior of the alignment process. 

Last, truth data was acquired to verify the performance of the alignment process. In the 

absence of test equipment or perturbations of the incident light, the RMS spot sizes 

across the field were measured for the initial condition of the mirrors after the initial 

perturbation of their position, radius of curvature, and/or conic. Then the RMS spot size 

was measured after each change of mirror position during the alignment phase. Last, the 

mean RMS spot size across the field was found and used as the metric for the 

performance of the TMA. All RMS spot sizes reported in this paper are the mean across 

the field. 

2.7.5 Results 

This section explores the performance of the alignment SCTest through a series of case 

studies. In the first case study, the positions of the three mirrors were perturbed and then 

aligned for several sets of tolerance levels. Case study 2 shows the effect of the test 

equipment misalignment on the alignment of the TMA mirrors. Here three of the trials 

from Case Study 1 were chosen. The mirrors were perturbed to their starting locations for 

those trials. Then the test hardware was perturbed and the mirrors were aligned. In the 
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third case study, the mirrors radius of curvature and conic constant were perturbed, and 

the alignment was performed to investigate the effect of mirror fabrication errors.  

2.7.5.1 General Example 

However, before these case studies are discussed, an example set of data is used to 

illustrate the characteristic behavior of the alignment and to show how the statistics in the 

case studies are calculated. This set of data is from the example in Section 2.7.5.2. The 

tolerances for the mirror decenter, tilt, and spacing, are 0.1 mm, 0.1
o
, and 0.1 mm, 

respectively. First, Fig. 36 shows the distribution of the mean RMS spot size after the 

mirrors were perturbed, as well as the final RMS spot size after alignment. On the x-axis 

is the mean RMS spot size across the field of the nominal TMA, and the y-axis is the 

fraction of trials, where 425 trials were performed for this simulation. As can be seen 

from Fig. 36, the RMS spot size was significantly improved through alignment.  
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Fig. 35. Distribtution of the mean RMS spot size across field for the starting mirror 

configuration and the aligned system. Area under curve normalized to one. 

 

Next, cumulative distribution function was used to calculate the fraction of the data less 

than or equal to a given RMS spot size. Fig. 36a shows the cumulative distribution 

function of the RMS spot size after alignment. For example, 50% of the data has a RMS 

spot size less than 3.07 μm. To further illustrate the characteristic alignment behavior, 

Fig. 36b shows the distribution of the aligned RMS spot size along with the thresholds 

from Fig. 36a. Additionally, a Gamma fit was used to estimate the peak value for the 

aligned RMS spot size. 
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Fig. 36. (a) Cumulative distribution function of the aligned RMS spot size, showing the 

percent of data equal to or less than a given RMS spot size. (b) Distribution of the mean 

RMS spot size across field for the aligned system, as well as the gamma fit to estimate 

the peak RMS spot size, as well as the thresholds shown in (a). Area under curve 

normalized to one. 
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Next, Fig. 37 illustrates how individual trials improve. The x-axis is the mean RMS spot 

size across the field of the nominal TMA before alignment. The y-axis is the 

improvement of the trial performance through alignment, specifically, the difference 

between the starting and the aligned RMS spot sizes for an individual trial. As can be 

seen, the improvement of a trial is proportional to the starting value, such that trials with 

large starting RMS spot sizes have a large amount of improvement. Additionally, Fig. 37 

shows that none of the trials were made worse by the alignment process. 

 

Fig. 37. Improvement of RMS spot size through alignment with respect to the starting 

RMS spot size. 

 

Looking at the aberrations in the nominal design after the mirror positions have been 

changed, there is a residual amount of constant and linear aberrations. This is not 

surprising as the linear aberration sensitivities for the TMA mirrors was different in the 
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test design versus the nominal design, as discussed in Section 2.7.3.4. Additionally, 

Chapman and Sweeney show that the amount of aberration correction is proportional to 

the number of DOF used for compensation, where the more DOF used, the better the 

aberration compensation [16]. Thus, if all DOF are not used, not all of the aberration 

content of interest will be corrected. 

Last, Fig. 38 shows several sample trials to illustrate how the performance of an 

individual trial improves over the alignment iterations. The x-axis is the iteration number, 

where 0 is the starting state of the trial, and the y-axis is the mean RMS spot size across 

the field. The sample trials show various starting and ending RMS spot sizes. As can be 

seen from most of the trials, the largest improvements happen in the first few iterations. 

This is typical of most of the trials. Because the constant aberrations are the dominant 

aberrations when the system is misaligned, most of the improvement that occurs in the 

first iteration is a reduction in the constant aberrations. Additionally, Fig. 38 shows that 

the RMS spot size has converged by iteration 5. To reduce the processing time, all trials 

were allowed to align for five iterations. 
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Fig. 38. Change in RMS spot size during alignment for six sample trials. 

 

2.7.5.2 Case study 1: Perturbation of TMA mirrors 

For the first set of results, the mirrors of the TMA were perturbed for eight different 

levels of tolerances. For each tolerance set, 425 Monte Carlo trials were run. The 

tolerances and some of the resulting statistics can be found in Table 4. The first tolerance 

set was included to investigate how very small perturbations affect alignment. Also, for 

the larger tolerance sets, some of the perturbations of the mirrors were large enough that 

the light was vignetted by the imaging lens. These trials were not aligned and were not 

included in the total number of trials. 
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Table 4. TMA mirror perturbation sets 

   Starting RMS spot 

size 

Aligned RMS spot 

size 

Tolerance 

set 

number 

Decenter and 

spacing 

tolerances (mm) 

Tilt 

tolerance 

(degrees) 

Peak  

(μm) 

Standard 

deviation  

(μm) 

Peak  

(μm) 

Standard 

deviation  

(μm) 

1 0.001 0.001 2.85 9.53E-05 2.91 6.73E-06 

2 0.02 0.02 4.98 2.94 2.93 0.12 

3 0.04 0.04 8.19 6.56 2.90 0.25 

4 0.06 0.06 11.08 9.64 2.97 0.33 

5 0.08 0.08 14.78 12.88 3.06 0.46 

6 0.1 0.1 17.84 16.33 3.18 0.61 

7 0.12 0.12 21.75 17.49 3.27 1.25 

8 0.14 0.14 25.60 22.13 3.46 1.07 

9 0.16 0.16 28.80 27.44 3.26 4.28 

 

Fig. 39a shows the starting and aligned RMS spot size distributions for the eight sets of 

data. In this figure, the blue lines with square data points represent the starting RMS spot 

size after the initial mirror perturbations, and the red lines with the circle data points 

show the performance of the system after alignment. For reference, the decenter tolerance 

was included on the x-axis. Additionally, the black “x” at a decenter tolerance of zero 

shows the nominal RMS spot size of the TMA in the absence of mirror perturbations. The 

different types of lines show the different percentages of the data that are less than or 

equal to a given RMS spot size as described earlier. Fig. 39b shows only the aligned 

RMS spot size. From Fig. 39, it can be seen how the starting state of the TMA mirrors 

affects the alignment performance. As the starting mean RMS spot size increases, the 

final aligned value increases. However, for even the loosest tolerance set, the aligned 

RMS spot size is still within 4.5 μm of the nominal RMS spot size. 
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Using Fig. 39, a designer could choose the tolerance of the mirror rough alignment given 

a required performance. For example, the Airy radius of the nominal TMA at its 

operational wavelength is 21.1 μm. Using the Airy radius as a pass/fail threshold, for this 

system, most of the tolerance sets do not guarantee that the TMA will perform well with 

just rough alignment. For mid-range tolerances such as tolerance set #4 where the 

decenter tolerance is 0.1 mm, only half of trials would pass with only rough alignment. 

However, after using the alignment SCTest, all of the trials now have acceptable 

performance. 
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Fig. 39. Improvement of TMA performance after perturbation of TMA mirrors for the 

tolerances in Table 4. a) Starting RMS spot size shown in blue with square data points 

and aligned RMS spot size shown in red with circular data points, b) Aligned RMS spot 

size. 
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2.7.5.3 Case Study 2: Test equipment misalignments 

For this case study, three of the trials from tolerance set #6 of the previous case study 

were chosen as starting perturbations for the TMA mirrors to illustrate the effects of test 

equipment misalignment. Table 5 shows the examples’ starting and aligned RMS spot 

sizes in the absence of test equipment misalignment. These trials were chosen to 

investigate the effect of the starting mirror misalignment on the alignment procedure, as 

well as to compare the test misalignment effect on the final RMS spot size. 

Table 5. Starting and aligned RMS spot size for test 

equipment misalignment example 

 

Example 

1 

Example 

2 

Example 

3 

Mean RMS spot size 

across field (μm):    

Starting 53.45 28.56 15.32 

Aligned – no test 

equipment 

misalignment 

3.16 3.32 4.73 

 

For a given example in Table 5, the TMA mirrors were misaligned to their starting, 

perturbed positions. Then the test hardware was misaligned, and the alignment procedure 

outlined in Section 2.7.4 steps 2 – 5 was followed. This was repeated for each example 

configuration in Table 5. To investigate how the magnitude of the test hardware 

misalignment affects the alignment process, four sets of simulations were done with four 

different levels of test equipment tolerances as shown in Table 6 along with some of the 

summary statistics. 400 trials per tolerance set were performed. 
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Table 6: Test equipment set 

   

Example 1 : Aligned RMS 

spot size 

Tolerance 

set number 

Decenter and spacing 

tolerances (mm) 

Tilt tolerance 

(deg) 

Peak  

(um) 

Standard 

Deviation  (um) 

1 0.03 0.03 3.23 0.20 

2 0.06 0.06 3.18 0.39 

3 0.09 0.09 3.31 0.55 

4 0.12 0.12 3.31 1.42 

          

 
Example 2 : Aligned RMS spot size 

Example 3 : Aligned RMS 

spot size 

Tolerance 

set number 
Peak  (um) 

Standard 

Deviation  (um) 

Peak  

(um) 

Standard 

Deviation  (um) 

1 3.33 0.15 4.65 0.24 

2 3.37 0.32 4.71 0.68 

3 3.38 0.50 4.86 1.55 

4 3.45 1.14 4.92 1.64 

 

Fig. 40 shows the distribution of results for the three examples. In this figure the lines 

shown are the different percentages of the data that are less than or equal to a given RMS 

spot size for the aligned systems. The black “o” at decenter tolerance equal to 0 is the 

aligned spot without perturbations of the test equipment, and the black “x” shows the 

nominal RMS spot size. As can be seen from Fig. 40, the example trials’ performance 

starts at the aligned RMS spot size in the absence of test equipment misalignment and 

increases as the test equipment was more misaligned. However, judging from these three 

examples, the misalignment of the test equipment only caused the aligned RMS spot size 

to be a few microns larger than it would have been in the absence of test equipment 
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misalignment. Even for the larger tolerance levels, the alignment SCTest is still able to 

improve the performance of the TMA from its starting value. 

 

Fig. 40. Performance of alignment in the presence of the test equipment perturbations for 

three examples given in Table 5. 

 

2.7.5.4 Case Study 3: Mirror fabrication errors 

For this simulation, the mirror radius of curvature and conic were perturbed to investigate 

the effect of mirror fabrication errors on the alignment process. Tolerance set numbers 2 

– 4 correspond to high precision, precision, and commercial tolerances [37]. Tolerance set 
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numbers 1 and 5 were included to see the effect of very small and very large 

perturbations of the mirror parameters [See Table 7]. Each set of data contains 400 trials. 

The results of the simulation can be seen in Fig. 41 and Table 7.  

Table 7. TMA fabrication perturbation sets 

   

Starting RMS spot 

size 

Aligned RMS spot 

size 

Tolerance 

set 

number 

Radius 

tolerance 

(%) 

Conic 

tolerance 

(%) 

Peak  

(μm) 

Standard 

deviation  

(μm) 

Peak  

(μm) 

Standard 

deviation  

(μm) 

1 0.001 0.001 2.858 4.17E-05 2.9046 3.64E-05 

2 0.05 0.05 4.98 4.03 2.86 0.12 

3 0.1 0.1 6.73 8.10 2.90 0.21 

4 0.2 0.2 11.23 16.62 2.99 0.40 

5 0.5 0.5 24.25 39.78 2.74 7.43 

 

For all the trials, the larger starting RMS spot size was reduced. Similar to Fig. 39, the 

blue lines with the square data points are the starting RMS spot size after the initial 

mirror perturbations, the red lines with the circle data points show the performance of the 

system after alignment, and the black “x” at a decenter tolerance of zero shows the 

nominal RMS spot size of the TMA in the absence of mirror perturbations. The different 

types of lines show the different percentages of the data that are less than or equal to a 

given RMS spot size that was described earlier. In general, the aligned RMS spot size 

was within a few microns of the nominal RMS spot of 2.6 μm, meaning that fabrication 

errors for standard fabrication tolerances do not hinder the alignment process. Even the 

largest tolerance level improved the mean RMS spot size over the starting performance. 
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Fig. 41. Improvement of TMA performance after perturbation of mirror fabrication 

parameters for the tolerances in Table 7. a) Starting RMS spot size shown in blue with 

square data points and aligned RMS spot size shown in red with circular data points, b) 

Aligned RMS spot size. 
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3. CONCLUDING REMARKS 

Through the course of this work, it has been shown how the linearly field-dependent 

aberrations can be measured using the violations of the sine condition and how those 

aberrations can be used to test and align optical systems. First, this work presented a 

description of the sine condition and how it can be used to find the pupil mapping to 

quantify system misalignment. Then, to illustrate the implementation of this test, this 

work provided an explanation of the test in terms of geometric optics, as well as an 

explanation of the measurement in terms of wave optics. Next, the design choices when 

implementing the SCTest were discussed. First, the use of a coherent point source and a 

grating to measure the pupil mapping error was discussed. Then the use of an electronic 

display for a source was explained. Both of these approaches were experimentally 

verified. The next section dealt with the application of the SCTest to more complex 

systems. First, the general application to two common systems was described. Then, an 

in-depth analysis of the alignment of a TMA using a modified version of the SCTest, the 

alignment SCTest, was described. In this analysis, it was shown that the linear aberration 

measurements from the SCTest can be used along with the constant aberrations to align 

an optical system. To complete this example, three case studies were performed to 

illustrate how the alignment process works and how the alignment SCTest improves the 

performance of the TMA. 

There are a number of interesting avenues for further expansion of the SCTest. The first 

direction for further work could be to experimentally verify the alignment SCTest using a 

bench top experimental setup. Another interesting direction would be to further develop 
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the application of the test for systems with inaccessible pupils. While the ideas presented 

in this work would be useful for implementing the SCTest on these systems, showing an 

in-depth analysis of the process, and identifying and exploring potential problem areas 

would be useful. 

  



102 

 

 REFERENCES 

1.  M. Born and E. Wolf, Principles of Optics: Electromagnetic Theory of Propagation, 

Interference and Diffraction of Light, 7th ed. (Cambridge University Press, 1999). 

2.  L. Mertz, "Geometrical design for aspheric reflecting systems," Appl. Opt. 18, 

4182–4186 (1979). 

3.  J. H. Burge and Angel, Roger P., "Wide-field telescope using spherical mirrors," in 

Proc. SPIE 5174 (2003), p. 83. 

4.  R. Kingslake, Lens Design Fundamentals, 2nd ed (Academic, 2010). 

5.  M. J. Kidger, Fundamental Optical Design (SPIE Press, 2002). 

6.  M. Shibuya, "Exact sine condition in the presence of spherical aberration," Appl. 

Opt. 31, 2206–2210 (1992). 

7.  M. Shibuya, "The relation between offence against the sine condition in the 

presence of spherical aberration and lateral aberration," Opt. Commun. 70, 12–15 

(1989). 

8.  C. Zhao and J. H. Burge, "Criteria for correction of quadratic field-dependent 

aberrations," J. Opt. Soc. Am. 19, 2313–2321 (2002). 

9.  J. J. M. Braat, "Abbe sine condition and related imaging conditions in geometrical 

optics," in Proceedings of SPIE (1997), pp. 59–64. 

10.  J. H. Burge, C. Zhao, and S. H. Lu, "Use of the Abbe sine condition to quantify 

alignment aberrations in optical imaging systems," in Proc. SPIE 7652 (2010), p. 

765219. 

11.  B. McLeod, "Collimation of fast wide-field telescopes," Publ. Astron. Soc. Pac. 108, 

217–219 (1996). 

12.  L. Noethe, "Final alignment of the VLT," in Proc. of SPIE 4003 (2000), pp. 382–

390. 

13.  D. R. Blanco, "Near-perfect Collimation of Wide-Field Cassegrain Telescopes," 

Publ. Astron. Soc. Pac. 124, 36–41 (2012). 

14.  K. P. Thompson, "Multinodal fifth-order optical aberrations of optical systems 

without rotational symmetry: the astigmatic aberrations," J. Opt. Soc. Am. 28, 821–

836 (2011). 

15.  R. Tessieres, "Analysis for Alignment of Optical Systems," University of Arizona 

(2003). 

16.  H. N. Chapman and D. W. Sweeney, "Rigorous method for compensation selection 

and alignment of microlithographic optical systems," in Proc. SPIE 3331, Emerging 

Lithographic Technologies II (1998), Vol. 3331, pp. 102–113. 

17.  M. Mansuripur, Classical Optics and Its Applications, 1st ed. (Cambridge 

University Press, 2002). 

18.  R. K. Luneburg, Mathematical Theory of Optics, 1st ed. (University of California 

Press, 1964). 

19.  H. A. Buchdahl, An Introduction to Hamiltonian Optics (Cambridge University 

Press, 1970). 



103 

 

20.  T. T. Elazhary, C. Zhao, P. Zhou, and J. H. Burge, "The generalized sine condition," 

JOSA – (to be submitted). 

21.  R. V. Shack and K. Thompson, "Influence of alignment errors of a telescope system 

on its aberration field," Opt. Alignment 251, 146–151 (1980). 

22.  P. L. Schechter and R. S. Levinson, "Generic Misalignment Aberration Patterns in 

Wide-Field Telescopes," Publ. Astron. Soc. Pac. 123, 812–832 (2011). 

23.  T. Schmid, K. P. Thompson, and J. P. Rolland, "Misalignment-induced nodal 

aberration fields in two-mirror astronomical telescopes," Appl. Opt. 49, D131–D144 

(2010). 

24.  D. Malacara, ed., Optical Shop Testing, 3rd ed. (Wiley-Interscience, 2007). 

25.  E. P. Goodwin, J. C. Wyant, and Society of Photo-optical Instrumentation 

Engineers, Field Guide to Interferometric Optical Testing (SPIE, 2006). 

26.  "Radiant Zemax, LLC," http://radiantzemax.com/. 

27.  J. W. Goodman, Speckle Phenomena in Optics: Theory and Applications (Roberts 

and Company Publishers, 2007). 

28.  S. Morel, M. Dubin, J. Schiefman, and J. H. Burge, "Application of a Synthetic 

Extended Source for Interferometry," Appl. Opt. (to be submitted). 

29.  A. Offner, "Catoptric Anastigmatic Afocal Optical System," U.S. patent 3674334 

(July 1972). 

30.  R. Orr, "Alignment of a three mirror anastigmat," University of Arizona (2011). 

31.  A. M. Hvisc and J. H. Burge, "Alignment analysis of four-mirror spherical 

aberration correctors," in Proc. SPIE 7018, Advanced Optical and Mechanical 

Technologies in Telescopes and Instrumentation (2008), Vol. 7018, pp. 701819–

701819–12. 

32.  T. Agócs, L. Venema, V. Korkiakoski, and G. Kroes, "Optimizing optical systems 

with active components," in Proc. SPIE 8450, Modern Technologies in Space- and 

Ground-based Telescopes and Instrumentation II (2012), Vol. 8450, p. 84505F–

84505F–13. 

33.  L. G. Cook, "Three mirror anastigmatic optical system," U.S. patent US4265510 A 

(May 5, 1981). 

34.  R. K. Bhatia, "Telescope alignment: is the zero-coma condition sufficient?," in 

Proc. SPIE 2479, Telescope Control Systems (1995), Vol. 2479, pp. 354–363. 

35.  K. P. Thompson, T. Schmid, and J. P. Rolland, "The misalignment induced 

aberrations of TMA telescopes," Opt. Express 16, 20345–20353 (2008). 

36.  A. Hoecker, P. Speckmayer, J. Stelzer, J. Therhaag, E. von Toerne, H. Voss, M. 

Backes, T. Carli, O. Cohen, A. Christov, D. Dannheim, K. Danielowski, S. Henrot-

Versille, M. Jachowski, K. Kraszewski, A. Krasznahorkay Jr., M. Kruk, Y. 

Mahalalel, R. Ospanov, X. Prudent, A. Robert, D. Schouten, F. Tegenfeldt, A. 

Voigt, K. Voss, M. Wolter, and A. Zemla, TMVA - Toolkit for Multivariate Data 

Analysis (2007), p. 62. 

37.  "Manufacturing Tolerance Chart," http://www.optimaxsi.com/innovation/optical-

manufacturing-tolerance-chart/. 

 



104 

 

 

APPENDIX A – TMA PRESCRIPTION 

The prescription for the nominal TMA can be found in Table A2, and the field of view 

was defined by the fields in Table A1. The TMA was designed using Zemax™ lens 

design software. The convention for the coordinate break surfaces (“COORDBRK”) was 

decenter in Y first and then tilt about X. The X angle and Y angle of the center of the 

field was 0
o
 and -2.5

o
, respectively. 

 

Table A1. Corners of field of 

view 

X angle 

(degrees) 

Y angle 

(degrees) 

-5 -2.25 

-5 -2.75 

5 -2.25 

5 -2.75 
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Rather than measuring aberrations across the field to quantify the alignment of an optical system, we
show how a single, on-axis measurement of the pupil mapping can be used to measure the off-axis per-
formance of the system and determine the state of alignment. In this paper we show how the Abbe sine
condition can be used to relate the mapping between the entrance and exit pupils to image aberrations
that have linear field dependence. This mapping error then can be used to measure the linear astigma-
tism caused by the misalignment. Additionally, we present experimental results from the sine condition
test on a simple system. © 2011 Optical Society of America
OCIS codes: 220.1010, 220.1140, 220.4840.

1. Introduction

Originally proposed in 1873 by Abbe [1], the sine con-
dition has long been used as a tool for designing op-
tical systems. When the sine condition is employed
on a system that is well corrected on-axis, the system
can be designed such that it has coma-free imaging
for small fields [2,3]. Abbe called such a system “apla-
natic” [4]. Since Abbe first introduced the concept,
there have been several expansions of the sine con-
dition. For example, Shibuya [5] derives the exact
sine condition in the presence of spherical aberra-
tion, and Zhao and Burge [6] have developed addi-
tional conditions that allow for the correction of
quadratic-field-dependent aberrations in addition
to the correction of the linearly field dependent aber-
rations provided by the sine condition.

The purpose of this paper is to expand on the
idea originally proposed by Burge et al. [7] that the
sine condition can be used to control linearly field-
dependent aberrations that are due to misalignment.
Other methods that use measurements at several
field points to align optical systems have been pro-
posed. For example, the collimation method first

proposed by McLeod [8], and then expanded on by
Noethe [9] and Lee [10], measures the field at
different points and derives the misalignments of
the optical elements. Additionally, Tessieres used
measurements at several field points to determine
the state of alignment [11].

One of the advantages of the sine condition test
(SCTest) over other tests is that all of the test equip-
ment can be aligned to the center of the field while
making measurements of the off-axis performance,
which reduces the uncertainty of the measurement.
The uncertainty is further reduced in systems with
coma by using the test equipment to counteract the
coma. In this paper, we will show how the sine condi-
tion can be used to align optical systems by providing
a brief explanation of the sine condition and then giv-
ing a description of how the measurements of the pu-
pil mapping can be made. The pupil mapping is then
used to measure the linear astigmatism to quantify
the effects of the misalignments, which include both
tilts and decenters of the optical elements. Last, we
will show experimental results taken with this mea-
surement concept on a simple system.

2. Sine Condition Derivation

A number of other sources have provided explana-
tions and derivations of the sine condition [12–15].

0003-6935/11/346391-08$15.00/0
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For this paper we will provide a general derivation of
the sine condition that emphasizes how it can be
used to find the mapping between the entrance (EP)
and exit pupils (XP). This pupil mapping can then be
used to evaluate the system alignment.

Figure 1(a) shows the geometry of the optical sys-
tem for this derivation. The object point O is the re-
ference point for the measurement with its conjugate
point I in image space. It is assumed that there is low
wavefront error at O and I. Point B is a point on the
EP located at (xEP; yEP) that is imaged onto the XP at
point C at (xXP; yXP). It is assumed that all of the rays
that enter the EP at B will exit the XP at C and the
EP and XP are at the paraxial image locations of the
aperture stop. Additionally, εo is an off-axis object
point a small distance from O with a conjugate
point εi.

The wavefront phase difference at the EP,
WoðxEP; yEPÞ, is the difference between the on-axis
point O and the off-axis point εo, which is the scalar
path difference between those two points:

WoðxEP; yEPÞ ¼ OBðxEP; yEPÞ − εoBðxEP; yEPÞ
¼ ΔDðxEP; yEPÞ: ð1Þ

This difference ΔD is shown in Fig. 1(b), where εo is
small with respect to the distance to the EP, such
that ΔD ≈ Δd. Equation (1) then reduces to

WoðxEP; yEPÞ ≈ Δd ¼ Ŝo • εo ¼ εo;x
xEP
Ro

þ εo;y
yEP
Ro

; ð2Þ

where εo is the vector from point O to point εo. The
unit vector Ŝo can be expressed in terms of the direc-
tion cosines. In this derivation it is useful to express
Ŝo both as ðxEP=RO; yEP=ROÞ, where Ro is the object
wavefront radius of curvature at the EP from εo,
and later as ðjŜo;xj sin θo;x; jŜo;yj sin θo;yÞ.

We then define the mapping between the coordi-
nates (xEP; yEP) in the EP and (xXP; yXP) in the XP as

xEP ¼ mxxXP þ f xðxXP; yXPÞ;
yEP ¼ myyXP þ f yðxXP; yXPÞ; ð3Þ

where f xðxXP; yXPÞ is the x component of the func-
tional form of the pupil mapping error at the XP
coordinate (xXP; yXP), and f yðxXP; yXPÞ is the y compo-
nent. While the exact point-to-point mapping from
the EP and the XP is determined by the optical sys-
tem, through Fermat’s principle we know that the op-
tical path length between a given point (xEP; yEP) on
the EP to its conjugate point (xXP; yXP) on the XP is
stationary, and therefore the wavefront phase differ-
ence is constant. Thus, WoðxEP; yEPÞ ¼ WIðxXP; yXPÞ,
and Eq. (3) can be substituted into Eq. (2), yielding

WoðxEP; yEPÞ ¼ WIðxXP; yXPÞ;
εo;x

xEP
Ro

þ εo;y
yEP
Ro

¼ εo;x
Ro

½mxxXP þ f xðxXP; yXPÞ�

þ εo;y
Ro

½myyXP þ f yðxXP; yXPÞ�: ð4Þ

Next, the magnification between εo and εi, as well as
the magnification between the object wavefront ra-
dius of curvature and the image wavefront radius
of curvature are used to rewrite Eq. (4) as

εo;x
xEP
Ro

þ εo;y
yEP
Ro

¼ 1
m

�
εi;x

xXP
Ri

þ εi;y
yXP
Ri

�

þ 1
Ro

½εo;xf xðxXP; yXPÞ

þ εo;yf yðxXP; yXPÞ�: ð5Þ

In Eq. (5), terms one and two are the ideal object and
ideal wavefront phase difference and term three is
the pupil mapping error, WPME. Remembering that

xEP
Ro

¼ jŜo;xj sin θo;x;
yEP
Ro

¼ jŜo;yj sin θo;y; ð6Þ

and solving for WPME, Eq. (5) can be rewritten as

WPME ¼ ðεo;x sin θo;x þ εo;y sin θo;yÞ

−

1
m

ðεi;x sin θi;x þ εi;y sin θi;yÞ: ð7Þ

This can be stated directly in vector form as

WPME ¼ Ŝo • εo −
1
m

Ŝi • εi: ð8Þ

It is easy to see that when there is no pupil mapping
error, Eq. (7) reduces to the classic form of the sine
condition. To help visualize the pupil mapping error,
Fig. 2 shows how to use Eq. (8). The pupil mapping
error shown in Step 1 is for an axisymmetric system
that has coma, where the tail of the arrow is the loca-
tion on the XP where a ray would have exited had the
sine condition been strictly satisfied. The head of the

Fig. 1. (a) General illustration of an axisymmetric optical system
with finite conjugates: O, object point; I, conjugate image point; B,
point on entrance pupil (EP); C, point on exit pupil (XP) conjugate
to B; εo, off-axis object point; εi, conjugate off-axis image point; Ŝo,
unit vector pointing from O to B; θo, angle of Ŝo with respect to the
axis; Ŝi, unit vector from I to C; θi, angle of Ŝi with respect to the
axis. (b) Close-up of object space: ΔD, exact scalar path difference
between O and εo; Δd, approximate scalar path difference.
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arrow is the true location of the ray. In order to find
the linearly field-dependent aberrations present, the
projection of the pupil mapping onto the observation
vector, εi, is found. In this example εi ¼ ŷ. This pro-
jection is represented in the quiver plot shown in
Step 2, which has a cubic dependency in the tangen-
tial plane and a value of zero in the sagittal plane.
When this is fitted with Zernike polynomials, the
result is the amount of coma at the field point asso-
ciated with the observation vector.

In general, coma can be written as

WComa ¼ CðHxZ8 þHyZ7Þ; ð9Þ

where C is a constant,Hx andHy are the x and y field
positions, Z7 is 90° coma, and Z8 is 0° coma [see
Eq. (10)]:

Z7 ¼ ð3ρ3 − 2ρÞ sin θ; Z8 ¼ ð3ρ3 − 2ρÞ cos θ: ð10Þ

Figure 3 shows the field and pupil dependencies of
coma. The top row of the figure emphasizes the linear
dependence of the coma whenHy and thenHx are set
to zero, as well as the general field dependence of
WComa. The bottom row shows the pupil dependence
for Z7 and Z8.

Additionally, it was assumed earlier that all of the
rays that entered the EP at a specific point B would

exit at a conjugate point C [see Fig. 1], which places
a practical restraint on the size of εo. As a result,
the pupil mapping error found through Eq. (8) is only
sensitive to aberrations that have linear field depen-
dence. Because of this, in the perfectly aligned,
axisymmetric system the SCTest would only be sen-
sitive to coma.However, when a system ismisaligned,
the field dependence of the astigmatism of the system
gains a linear component in addition to the native
quadratic field dependence [7,8,16]. For simplicity,
linearly field dependent astigmatism will be referred
to as linear astigmatism. By relating the pupil distor-
tion to this linear astigmatism, the alignment of the
optical system can be measured using the SCTest.

3. Linear Astigmatism Explanation

Linear astigmatism was first discussed by Shack and
Thompson [16] as the linear component of binodal as-
tigmatism, which exists when linear astigmatism
from misalignments, such as tilt and decenter, com-
bines with the native quadratic field astigmatism.
Because the SCTest is only sensitive to the linearly
field-dependent aberrations, we will limit our discus-
sion to linear astigmatism. Note, for an axisymmetric
system, linear astigmatism is only present when
there is an error in the optical system, so it is a useful
indicator of the state of alignment. The general form
of linear astigmatism, WLA, can be defined in terms
of Zernike standard polynomials [see Eq. (11)]:

Fig. 2. (Color online) Illustration of how the pupil mapping error found using Eq. (8) can be used to find the linearly field dependent
aberrations of an optical system.

Fig. 3. (Color online) Field dependence of WComa (top row) and pupil dependence of WComa (bottom row).
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WLA ¼ CðHxZ6 þHyZ5Þ; ð11Þ

where C is a constant, Hx and Hy are the field posi-
tions in the x and y directions, Z5 is 45° astigmatism,
and Z6 is 0° astigmatism [see Eq. (12)]. There is also
a linear focus term that appears along with linear as-
tigmatism, which is simply a focal plane tilt:

Z5 ¼ ρ2 sin 2θ; Z6 ¼ ρ2 cos 2θ: ð12Þ

Figure 4 shows the full field spot diagrams of linear
astigmatism to help illustrate how Eq. (11) varies
across the field and through focus. This type of plot
for linear astigmatism is sometimes called “dream-
catcher” astigmatism [17]. Along solid line A, where
Hx varies and Hy ¼ 0, WLA only consists of 0° astig-
matism and linear focus. Along line B, WLA is only
dependent on Hy in the field, and so it only consists
of 45° astigmatism. As the field progresses from line
A to line B, WLA is the superposition of 0° and
45° astigmatism, so that along line C, WLA is an
equal mix of the two forms of astigmatism. These de-
pendences along cross sections A, B, and C are the
same for plots (a)–(c). Also, as the plots move through
focus from plot (a)–(c), the orientation of the spots for
a given field rotates 90°. To emphasize that WLA has

a linear field dependence, Fig. 4(d) shows a close-up
of the spots from Fig. 4(b) as the field increases,
where the black line shows how the size of the spots
linearly increases.

Figure 5 shows the field and pupil dependence of
linear astigmatism, similar to Fig. 3. It can be seen
from these two figures that while the pupil depen-
dence of coma and linear astigmatism differ, both
have a linear field dependence that the SCTest is
sensitive to.

Tying linear astigmatism back to the pupil map-
ping provided by the SCTest, Fig. 6 shows the form
of the pupil mapping error created by linear astigma-
tism. Similar to Fig. 2, Fig. 6 shows how to use
Eq. (8). When the pupil mapping error in Step 1 is
projected onto the observation vector, εi ¼ x̂, the com-
plicated form of the pupil mapping reduces to the
simpler quiver plot representation shown in Step
2. When fitted with Zernike polynomials, the result
is the amount of 0° astigmatism at the field point as-
sociated with observation vector. Conversely, when
the pupil mapping is projected onto εi ¼ ŷ, the result
is represented by the quiver plot in Step 2, and when
fitted with Zernike polynomials, the result is the
amount of 45° astigmatism.

When the linear astigmatism shown in Fig. 4 is
added to the native quadratic astigmatism, the re-
sult is binodal astigmatism. A number of methods ex-
ist to use binodal astigmatism as a way to quantify
the misalignment of a system [18]. In systems that
have little coma, binodal astigmatism can be mea-
sured relatively easily because there are no other
linearly field-dependent aberrations to hinder the
measurement of the linear component of the astig-
matism. On the other hand, in systems with coma,
it is difficult to measure the linear field dependence
of the astigmatism on top of the coma with low un-
certainty [16]. However, as will be seen in Section 5,
the components of the SCTest can be used to mask
the coma and provide a low uncertainty measure-
ment of the system misalignment.

4. General Measurement

The first step in the SCTest is to use the sine condi-
tion to find the mapping between the entrance and

Fig. 4. (Color online) (a)–(c) Full field spot diagrams of linear
astigmatism shown through focus, plots without annotations ori-
ginally seen in [7]. (d) Close-up of the spots from plot (b) to show
the linear nature of the field dependence.

Fig. 5. (Color online) Field dependence of WLA (top row) and pupil dependence of WLA (bottom row).
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exit pupils, and then the departure from the ideal
pupil mapping will be used to quantify the alignment
of the optical system. Thus, the test needs tomeasure
the mapping between angles θo and θi in Fig. 1. This
is achieved by converting angular mapping to spatial
mapping.

The angle θo can be defined by placing a test target
consisting of an array of dots in the EP. An analyzer
target would then be placed at the XP and would con-
sist of an array of cross hairs. The cross hairs and the
imaging point I would then be used to define θi, and
the pupil mapping could be found. However, the EP
and XP are not always at convenient locations to
place targets, nor is it necessary to place the targets
at the EP and XP. As long as θo and θi are defined in
the object and image space, the targets do not have to
be at the EPand XP. The setup in Fig. 7 shows a point
source and test target in object space, which are used
to define θo entering the EP. The image of the point
source and an analyzer target define θi exiting the
exit pupil, and the pupil mapping can be determined
using Eq. (8). The analyzer target does not need to be
at a conjugate image location to the test target. How-
ever, if the analyzer is not conjugate to the test grat-
ing, the image of the test target at the analyzer would
be defocused, which could increase the uncertainty in
the measurement of θi, increasing the uncertainty in
the pupil mapping measurement.

Also, it is important to note that when the test
target consists of an array of dots, the accuracy of
the test is dependent on the placement of the point
source and two targets, as well as the placement of
the points on the test and analyzer targets. For ex-
ample, if the point source is not in the correct location
with respect to the optical system, different aberra-
tions will be found in the pupil mapping than would
be expected from the optical design.

The mapping can also be measured easily and to
high accuracy by using gratings as the two patterns
and using themoiré effect created when the test grat-
ing is imaged onto the analyzer grating to measure
the deviation of the pupil mapping. Additionally,
when the test grating is illuminated by a point
source, multiple orders of light are diffracted. In
the next section, we will discuss how additional infor-
mation can be gathered when different orders are
selectively interfered.

5. Alternative, Wave Optics Explanation

In previous sections we have explained the SCTest
from a geometrical optics perspective. In this section,
we will expand on the idea of implementing the
SCTest with gratings by explaining the test in terms
of wave optics. By explaining the SCTest using wave
optics, we highlight the fact that while the SCTest
uses test components positioned on-axis, it measures
the off-axis performance. In Fig. 8 the light from
the point source illuminates the test grating and is
diffracted into different orders, which are used to
measure the off-axis performance where each order
corresponds to a measurement at a different point
in the field. For this explanation only the �1 orders
are shown. As the �1 orders travel through the
optical system under test, each beam is aberrated
by the section of the optical system that it passes
through. The behavior of the �1 orders is analogous

Fig. 6. (Color online) Illustration of Eq. (8). Step 1, quiver plot representation of the form of pupil mapping error from linear astigmatism.
Step 2, projection of pupil mapping error onto the observation vectors and the resulting form of astigmatisms.

Fig. 7. Sketch of the general measurement approach to convert
the angular mapping of θo and θi into a spatial mapping.

1 December 2011 / Vol. 50, No. 34 / APPLIED OPTICS 6395

111



to the two beams of an interferometer. The analyzer
then diffracts one order from both of the þ1 and −1
orders back along the axis. When these wavefronts
interfere, they produce a fringe pattern that shows
the difference between the two orders. Again, this
is similar to the resulting interferogram from an in-
terferometer. In order to image this interferogram, a
second aperture that only passes the orders from the
analyzer that are along the optical axis is placed be-
fore the camera. This aperture is not shown in Fig. 8.
See Fig. 9 in Section 6 for details of the experimen-
tal setup.

For the aberrations that have linear field depen-
dence such as coma, the amount of aberrations added
to the two beams shown in Fig. 8(a) is equal and op-
posite, so when the two beams interfere at the anal-
yzer, the linear aberrations add. For aberrations with
quadratic field dependence, such as astigmatism, the
amount of aberration that the two beams acquire
is equal and cancels in the interference pattern.
However, when the optical system under test
is tilted with respect to the point source and test

grating, as shown in Fig. 8(b), the amount of astigma-
tism in the two beams is no longer equal. This results
in residual astigmatism in the interferogram, where
the amount of residual astigmatism increases line-
arly with field. Decentering the optical system under
test would also result in linear astigmatism.

The amount of coma, however, in the inter-
ferogram does not change with the misalignment
of the optical system. This can cause practical pro-
blems when analyzing the amount of aberrations
in the interferogram. Because the SCTest can be
used to measure systems that do not meet the sine
condition, the optical system may have a nonnegligi-
ble amount of coma. When this happens, it is difficult
to measure a small amount of astigmatism in the
presence of a large amount of coma. To counteract
this, one of the gratings can be fabricated as a com-
puter-generated hologram (CGH). The CGH would
both diffract the light from the point source and
add coma to one of the sets of orders that is opposite
to the amount that would be acquired as the beams
propagate.

Fig. 8. (Color online) Diagram of the alternative measurement explanation, which uses a grating to create two beams that act as the two
test beams used in interferometry. (a) The optical system under the test axis is aligned to the point source and test grating. (b) The optical
system under test is tilted with respect to the point source and test grating Close-up of object space showing θo from Fig. 7 (object space
inset) and close-up of image space showing θi from Fig. 7 (image space inset).

Fig. 9. (Color online) Illustration of the SCTest experimental setup on a single lens as well as the layout of the ZEMAX model of the
experimental system.
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6. Experimental Results

This section explains the implementation of the
SCTest on a physical system. Figure 9 is an illustra-
tion of the test on a single lens with the following
components. Additionally, Fig. 10 shows a picture
of the experimental setup.

1. Point source and collimating lens—the point
source is the reference point for the test. The colli-
mating lens collimates the light, placing the refer-
ence point at infinity (λ ¼ 632:8nm).

2. Test grating—the test grating diffracts the
beam into different orders. For this test, a Ronchi
ruling with 10 lp=mm was used.

3. Optical system under test—a doublet
(focal length ¼ 200mm) was used as the optical sys-
tem under test, which focuses the collimated beams
to an intermediate image plane at the order selection
aperture. The doublet also images the test grating
onto the analyzer grating.

4. Order selection aperture—this aperture
selects the orders that will be interfered.

5. Analyzer grating—this grating diffracts the
selected orders back along the optical axis. A Ronchi
ruling with 10 lp=mm was also used for this grating.
Either the analyzer grating or the test grating can be
moved for phase shifting.

6. Field lens, second aperture plane, image lens,
and CCD—these elements image the analyzer onto
the CCD. The second aperture plane only passes
the orders that were diffracted back along the optical
axis by the analyzer grating.

For this experiment, the order selection aperture
was set so that only the first orders were passed.
Next, the position of the analyzer grating was set to
minimize tilt fringes in the interferogram. Last, the
analyzer was translated to create a phase shift of the
fringes. Five images were recorded with a 90° phase
shift between them. The order selection aperture was
then reset two more times to pass the third and then
the fifth orders to measure the aberrations in those
orders. Figure 11 shows one of the interference pat-
terns for each of the sets of measurements. Note,
each measurement is the difference of the wavefront
from two points in the field. In order to measure the
linear component of astigmatism, only one measure-
ment is necessary. For this experiment, the first-
order measurements were used to set the alignment
of the optical elements in the ZEMAX model of the
system, and the third- and fifth-order measurements
were used to evaluate how well the model matched
the experiment. Details of the model can be found
later in this section.

In the data, there is an obvious increase in tilt
fringes as the order of the interfered beams increases.
For the first-order interferogram, the two lobes of
coma without tilt can be seen, and for the third-order
interferogram the S-shape of coma with tilt is visible.
For the fifth-order interferogram, the fringes are
curved, but the additional tilt fringesmakes the coma
less obvious. The additional tilt fringes are a bypro-
duct of the distortion of the optical system under test.
Specifically, the intermediate image height at the or-
der selection aperture, the distance from the optical

Fig. 10. (Color online) Picture of experimental system illustrated in Fig. 9. The order selection aperture is not pictured.

Fig. 11. Images of interferogram. Interference of (a) first orders, (b) third orders, (c) fifth orders.
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system to the analyzer, and the frequency of the anal-
yzer grating determine the diffracted angle of the
light after the analyzer grating. If the lens has distor-
tion, the intermediate image heights will not be ideal,
which alters the diffracted angle of the light and
causes tilt fringes in the interferogram. It is possible
to set the spacing of the analyzer from the optical sys-
tem such that the interferogram for a set of orders has
no tilt fringes. However, the number of tilt fringeswill
be higher for the other orders.

To verify these results, the system layout shown in
Fig. 9 was modeled in ZEMAX. To create a more com-
plete model, the spherical aberration of the lens was
measured and included. The optical system under
test and the analyzer were then tilted independently
in the model until the astigmatism and power for the
first-order interferogram in the model matched the
measured result. The spacing between the optical
system under test and the analyzer in the model
was also varied until the tilt of the first-order inter-
ferogram matched the measured results. In order to
match the misalignments in the experimental sys-
tem, the optical system under test and the analyzer
were tilted in ZEMAX by 0:09° and 1:14°. The com-
parison between the measured and predicted results
can be found in Table 1. No adjustments were made
in the model to match the predicted coma values to
the experimental coma values.

As can be seen from Table 1, the measured results
match the predicted results well. Another thing to
note is that in all of the measured data, the aberra-
tions in the third-order beams are almost exactly
three times the aberrations in the first-order beams.
The aberrations in the fifth-order beams depart
slightly fromwhat onewould expect if the field depen-
dence were perfectly linear. Because there is small
higher order dependence and higher order data is
more likely to have noise, this error is not surprising.

Also, it is worth explicitly stating that while the test
optical system is a single lens, it is possible to have
linear astigmatism if the axis of the beam entering
the test grating is not coincident with the axis of
the lens.

7. Conclusion

In this paper we have presented a description of the
sine condition and how it can be used to find the pupil
mapping to quantify system misalignment. To illus-
trate the implementation of this test, we provided an
explanation in terms of geometric optics, as well as
an explanation of the measurement in terms of wave
optics. Finally, we presented results of our experi-
mental system that match the model well.
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Table 1. Measured and Predicted Data in Pairs of Orders as a Function of
Zernike Standard Polynomials

Aberration Orders
Measured
(nm rms)

Predicted
(nm rms)

Difference
(nm rms)

Percent
Error

Coma first 0.120 0.114 0.006 4.7%
third 0.360 0.340 0.020 5.5%
fifth 0.669 0.554 0.115 17.2%

Astigmatism first 0.066 used for fitting
third 0.194 0.202 −0:008 −3:9%
fifth 0.355 0.348 0.007 1.9%

Power first −0:051 used for fitting
third −0:150 −0:156 0.006 −3:9%
fifth −0:271 −0:269 −0:002 0.6%

Tilt first 0.300 used for fitting
third 0.925 0.820 0.105 11.3%
fifth 4.150 4.081 0.069 1.7%

6398 APPLIED OPTICS / Vol. 50, No. 34 / 1 December 2011

114



115 

 

APPENDIX C - DESIGN AND OPTIMIZATION OF THE SINE CONDITION TEST FOR 

MEASURING MISALIGNED OPTICAL SYSTEMS 

 
Sara Lampen, Matthew Dubin, and James H. Burge 

Published in Applied Optics, October 2013 

 

Copyright Transfer Agreement 

pubscopyright <copyright@osa.org> Tue, Sep 24, 2013 at 2:36 PM 

To: "Sara (Landau) Lampen" <sara.m.lampen@gmail.com> 

Dear Ms. Lampen,  

Thank you for contacting The Optical Society.  

Because you are the author of the source paper from which you wish to reproduce material, OSA 

considers your requested use of its copyrighted materials to be permissible within the author rights 

granted in the Copyright Transfer Agreement submitted by the requester on acceptance for publication 

of his/her manuscript.  It is requested that a complete citation of the original material be included in 

any publication. This permission assumes that the material was not reproduced from another source 

when published in the original publication. 

 Please let me know if you have any questions. 

 Kind Regards, 

 Susannah Lehman 

   

Susannah Lehman 

September 24, 2013 

Authorized Agent, The Optical Society 

 

 

  



Design and optimization of the sine condition test for
measuring misaligned optical systems

Sara Lampen,* Matthew Dubin, and James H. Burge
College of Optical Sciences, University of Arizona, Tucson, Arizona 85721, USA

*Corresponding author: sara.m.lampen@gmail.com

Received 25 April 2013; revised 30 August 2013; accepted 11 September 2013;
posted 12 September 2013 (Doc. ID 189389); published 3 October 2013

By taking a new look at an old concept, we have shown in our previous work how the Abbe sine condition
can be used to measure linearly field-dependent aberrations in order to verify the alignment of optical
systems. In this paper, we expand on this method and discuss the design choices involved in implement-
ing the sine condition test (SCTest). Specifically, we discuss the two illumination options for the test:
point source with a grating or flat-panel display, and we discuss the tradeoffs of the two approaches.
Additionally, experimental results are shown using a flat-panel display to measure linearly field-
dependent aberrations. Last, we elaborate on how to implement the SCTest on more complex optical
systems, such as a three-mirror anastigmat and a double Gauss imaging lens system. © 2013 Optical
Society of America
OCIS codes: (120.4800) Optical standards and testing; (120.4820) Optical systems; (220.1140)

Alignment; (220.4840) Testing.
http://dx.doi.org/10.1364/AO.52.007099

1. Introduction

The sine condition proposed by Abbe in 1873 pro-
vides a relationship between the ray angles in object
and image space for a well-corrected imaging system.
This relationship has been used to design systems
free of linearly field-dependent aberrations [1–3].
As we showed in our previous works [4,5], the sine
condition violations can be used to measure all lin-
early field-dependent aberrations, including those
due to misalignment. By using a simple set of gra-
tings placed on-axis, along with illumination and
imaging subsystems, we showed how to verify the
alignment of an optical system. Other comparable
methods have been proposed that test the alignment
of a full system by measuring the aberrations at
multiple points in the field [6–9].

One of the main advantages of the sine condition
test (SCTest) is that it measures off-axis aberrations
using on-axis test equipment. By being able to place

all the test equipment on-axis, the measurement
uncertainty is reduced, especially with respect to
other methods that rely on off-axis alignment of
equipment. This advantage is particularly evident
with systems or subsystems that have large inherent
aberrations where off-axis alignment tolerances
are very tight. Additionally, in the SCTest, the test
equipment can be designed to compensate for the
native coma in the system. This makes it more
straightforward to measure linear astigmatism,
which is used to quantify the level of misalignment.
By reducing or removing coma, the measurement
uncertainty is further reduced.

In this paper, we expand on the theory and proof of
concept experiment shown in [5] by discussing some
of the design choices involved in implementing the
SCTest. When implementing the SCTest, there are
two main design choices: what source to use, and
the locations of the test equipment. After a review
of the background of the SCTest, we discuss the
first major design choice: selection of the source.
Specifically, our implementation SCTest uses either
a point source with a grating or a flat-panel display.

1559-128X/13/297099-10$15.00/0
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Additionally, to expand on the use of a display in
the SCTest, we show measurements taken using a
micro-display. Last, we discuss the second major
design choice: placement of the test equipment.
Specifically, we show how to implement the SCTest
on more complex optical systems, such as a three-
mirror anastigmat (TMA) and a double Gauss lens
system.

2. Background

A. Theoretical Background of SCTest

The classic form of the sine condition has been used
by lens designers to design optical systems that are
free from linearly field-dependent aberrations, such
as coma. In the SCTest, this relationship is used to
determine the linearly field-dependent aberrations
by measuring the pupil mapping error. For more
detailed explanations of the derivation to calculate
the pupil mapping error and linear astigmatism dis-
cussed in the next section, please see [5]. To start the
derivation, the object point O of the unit under test
(UUT) is chosen as the reference point of the SCTest
[see Fig. 1(a)]. Additionally, the entrance pupil (EP)
of the UUT is defined as a spherical surface centered
on the O and is located at the paraxial image of the
stop in object space. Also, εo is an off-axis point at a
small distance from O, and εo is the vector from O to
εo, where the direction of the vector εo defines the
direction of the reference axis in object space. In
image space, the exit pupil (XP) is defined as a
spherical surface centered on the nominal image
point I and located at the paraxial image of the stop
in object space. εi is the evaluation point in image
space, nominally located at the image of εo, and εi
is the vector from I to εi.

A given ray leaves theO and enters the EP at point
B�xEP; yEP�, where the wavefront phase difference,
Wo�xEP; yEP�, between O and εo is defined by the
scalar path difference, Δd, between OB and Oεo
[see Fig. 1(b)]. For small perturbations,

Wo�xEP; yEP� ≈ Δd � Ŝo · εo; (1)

B is then nominally imaged on to the XP at point
C�xXP; yXP�. Applying Fermat’s principle, the optical
path length between B and Cmust be stationary. The
wavefront phase error due to pupil mapping error,
WPME, is

WPME � Wo�xEP; yEP� −Wi�xXP; yXP�

� Ŝo · εo −
1
m

Ŝi · εi; (2)

where m is the magnification of the system. As
Ŝo equals �jŜo;xj sin θo;x; jŜo;yj sin θo;y� and Ŝi equals
�jŜi;xj sin θi;x; jŜi;yj sin θi;y�, Eq. (2) can be reduced to
the classic Abbe sine-condition relationship.

There are two additional points to consider. First,
while some examples in this paper and in previous
works have shown rotationally symmetric systems,
the SCTest can be used to verify the alignment of
both rotationally and nonrotationally symmetric
systems. Second, when implementing the test, the
selection of the test geometry defines the pupil map-
ping. In Fig. 1, the object point O is the reference
point, and the reference direction is defined orthogo-
nal to εo. If a different reference point or reference
direction were chosen, the measured pupil mapping
would be different but would correctly represent the
linearly field-dependent aberrations evaluated in the
new coordinate frame.

B. Linearly Field-Dependent Astigmatism

Once the pupil mapping has been found, it is used to
quantify the alignment of the optical system. In gen-
eral, alignment errors will cause aberrations with
varying degrees of field dependence. The dominant
errors introduce aberrations that are constant with
field and are measurable with a wavefront sensor.
The next order of aberrations introduced will have
a linear field dependence, which can be determined
by measuring the sine-condition violations. One of
the most common aberrations of this type is astigma-
tism with linear field dependence, as discussed in [5].
For a nominally rotationally symmetric system,

Fig. 1. General illustration of an optical systemwith finite conjugates. O, object point; I, conjugate image point; B, point on EP; C, point on
XP conjugate to B; εo, off-axis object point; εi, conjugate off-axis image point; Ŝo, unit vector pointing fromO to B; θo, angle of Ŝo with respect
to the axis; Ŝi, unit vector from I to C; θi, angle of Ŝi with respect to the axis. Text and image from [5].
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linear astigmatism is only present when there is an
error in the system, making linear astigmatism a
useful metric for quantifying misalignment. For an
off-axis system, the deviation from the expected
linear astigmatism can be used to quantify the
alignment state.

C. General Implementation of SCTest

As shown in [5], the mapping can be measured
easily and to high accuracy by using two gratings
as the patterns on the two targets, placed at the EP
and XP. The optical system images the regularly
spaced lines of the projection grating located at
the EP onto the lines of the analyzer grating placed
at the XP. This forms a Moiré pattern, which is
used to determine the distortion in the image of
the projection grating, where the distortion is cre-
ated by the pupil mapping error. For more informa-
tion on using Moiré patterns in optical testing,
see [10].

The use of Moiré patterns to determine the pupil
mapping error is the basis of the display approach,
one of the two approaches for implementing the
SCTest outlined in this paper. In the display ap-
proach, a flat-panel display, such as a computer mon-
itor or flat-screen television, is used as a projection
grating to display a regular pattern and will be
discussed in more detail in Section 3. The other
method of implementing the SCTest is the coherent
approach, which was detailed in [5] and will be
reviewed in the next section.

3. Source Selection

A. General Description

This section outlines the major design choices of
source selection of the display approach and the
coherent approach to implementing the SCTest. This
section shows how both of these approaches can be
implemented as well as some of the pros and cons
of the two methods. Additionally, this section demon-
strates that a small extended source is not needed to
control coherent artifacts in the SCTest.

B. Coherent Approach Setup

In general, the coherent approach uses a point source
for illumination and a grating, such as a Ronchi rul-
ing, as the projection grating, which is imaged onto
the analyzer grating by the UUT (see Fig. 2). Here
the orders diffracted from the projection grating cor-
respond to points in the field, and an order selection
aperture is used to select which orders are interfered
at the analyzer grating. By selecting two orders that
are symmetric about the reference point, the high-
contrast fringes that are created when the two orders
are interfered are used to measure the linear field
dependence of the aberrations centered at the refer-
ence point. The analyzer diffracts the orders back
along the axis thus removing the high-frequency
tilt fringes. Finally, an imaging system images the
analyzer plane onto a detector, where the imaging
system aperture blocks the unwanted orders dif-
fracted by the analyzer grating. In this approach,
either the test or the analyzer gratings can be

Fig. 2. Illustration of the two approaches to implementing the SCTest. (a) Coherent approach: a grating is used to diffract the light from a
coherent point source that propagates though the UUTand interferes at the analyzer plane [5]. (b) Display approach: an electronic display
is imaged onto the analyzer grating, creating a Moiré pattern with the grating. The example ray bundles shown represent the imaging of
the SCTest and are examples of only a few of the many rays present in the real system. Similar to [11].
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translated to collect phase-shifted images tomeasure
the phase difference between the two orders.

When setting up the coherent approach, the point
source and projection grating are the two critical
decisions, as they define the reference point and
reference direction, respectively. The placement of
the other elements derives from these decisions.
For any optical system, the location of the object
point and the stop are critical to establishing the
aberrations of the system. To test the UUT as it
was designed, the SCTest point source and projection
grating must be placed conjugate to the object point
and stop of the UUT, respectively. Any departure
from this condition would change the measurement
results. However, useful data is always obtained as
long as the positions of the source and gratings
are well known.

C. Display Approach Setup

For the display approach, an electronic display repla-
ces the point source and projection grating of the
coherent approach to create an incoherent, extended
source, as shown in Fig. 2(b). The display shows the
lines of the projection grating, which are imaged by
the UUT to the analyzer, creating a Moiré pattern
between the image of the display and the analyzer
grating. There is also a physical test aperture, which
limits the beam of light that passes through the sys-
tem. The imaging subsystem then images the Moiré
pattern to the detector. The imaging-system aperture
in the imaging subsystem low-pass filters the image
to remove the high-frequency structure of the ana-
lyzer grating. To perform the phase shifting for this
approach, the analyzer grating can be physically

translated or the lines on the display can be elec-
tronically translated.

When laying out the display approach, similar con-
siderations apply as the coherent approach. With the
display approach placement of the electronic display
and the test aperture being the two critical decisions,
the display normal defines the reference direction,
and the test aperture defines the reference point.
Here the test aperture defines a specific set of rays
that pass through the system, and a specific chief
ray, which defines a source location in the object
space. Like the coherent approach, if the test aper-
ture is not placed conjugate to the designed object
of the UUT, the aberrations will change. Again,
the SCTest will still work; the results will simply
be scaled from the results that would have been
found if the UUT had been tested at its design
conjugates.

The alignment of the test aperture and the
imaging-system aperture is particularly important
to the measurement of linear astigmatism. Because
the two apertures are conjugate with the UUT
source, the apertures determine the reference point
of the SCTest [see Fig. 3(a)]. Specifically, when the
test aperture is imaged onto the imaging system
aperture, the centroid of the beam footprint that is
passed determines the reference point of the test
[see Fig. 3(b)]. If one aperture vignettes part of the
beam, the centroid of the beam footprint will shift,
causing the reference point of the SCTest to change
[see Fig. 3(c)]. This changes the amount of astigma-
tism that is measured, similar to the change seen in
the coherent approach when the point source is
decentered. The amount of change in astigmatism

Fig. 3. (a) Abridged layout of display approach showing the planes conjugate to the source. See Fig. 2 for complete annotations. (b) Beam
footprint at imaging-system aperture plane when imaging-system aperture and test aperture footprint are aligned. Centroid of beam
located at ideal reference point. (c) Beam footprint passed when apertures are misaligned. Centroid of beam decentered from ideal refer-
ence point.
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is dependent on the amount of decenter of the two
apertures and their relative sizes.

There are a few ways to mitigate the risk of adding
astigmatism to measurements through misalign-
ment of the imaging-system aperture with respect
to the test aperture. One way would be to place a dif-
fuser after the analyzer grating, which effectively
separates the optical test into two subsystems. The
trade-off is that the diffuser reduces the amount of
light collected by the detector. Another solution is
to remove the imaging-system aperture and post-
process the data to filter out the high-frequency
fringes introduced by the analyzer grating. Addition-
ally, depending on the aberrations of the UUT and
imaging system, it is possible that only the imag-
ing-system aperture would be necessary. In this case,
the footprint of the test aperture at the plane of the
imaging-system aperture is larger than the imaging-
system aperture itself, making the test aperture
unnecessary.

D. General Pros/Cons of Two Approaches

One of the primary advantages of the display ap-
proach is that it can be used to verify the alignment
of an optical system with a large EP. While the illu-
mination optics and projection grating present prac-
tical problems when implementing the coherent
approach on a system with a large EP, a large, com-
mercially available flat-panel display can be used as
a test target. An additional advantage to the display
approach is that the display can be dynamically
changed. This allows the lines of the display pattern
to be translated to perform the phase shifting, elimi-
nating the need for the analyzer to be mechanical
translated, and simplifying the opto-mechanics of
the system.

In contrast, the coherent approach has the poten-
tial for more accurate measurements. The higher the
frequency of the projection grating or display pat-
tern, the higher the sensitivity of the test and the
lower the uncertainty in the measurement. In the
coherent approach, as long as the diffracted orders
of interest are not vignetted by the UUT, a grating
with a high spatial frequency can be used. In this
way, the full field of the UUT can be used for testing,
yielding high test sensitivity. However, in the display
approach, the modulation of the Moiré pattern relies
on the MTF of the imaging between the pupils. This
imposes an upper limit on the frequency of the lines
for the display approach, as the modulation of the
lines must be high enough for measuring. Addition-
ally, the pixel size of the electronic display limits the
selection of the frequency of the test target to certain
discreet frequencies, while a custom grating for the
coherent approach can be manufactured for a larger
range of frequencies.

E. Extended Source

The point source for the coherent system could be
replaced by a small, extended source. The extended
source is sometimes used in applications such as

interferometry to reduce the coherent noise created
by speckle that degrades the measurement of higher-
order aberrations [12]. However, when using the
SCTest, only lower-order aberrations that are caused
by misalignment are of interest, specifically linear
astigmatism and power. Therefore, for the SCTest,
there is no advantage controlling speckle and coher-
ent artifacts with an extended source. To experimen-
tally demonstrate that the coherent noise does not
couple into the lower-order aberration measure-
ments, we created an extended source in the system
shown in Fig. 2(a) by moving the point source in the
table-top experiment to different locations and
systematically averaging the measurements.

For the extended-source experiment and for ex-
periments later in the paper, we used the Hariharan,
or five-bucket algorithm, to calculate the phase [10].
For this algorithm, five sets of data are taken with a
90° phase shift between them and processed to find
the phase and modulation for each detector pixel.
To stay consistent for all the experiments in this
paper, the analyzer grating was translated with a
computer-controlled stage to acquire the phase-
shifted images. In the following sections, the “first
position of the analyzer grating” corresponds to the
starting position of the analyzer grating.

For this experiment, the point source was moved in
a ring of 16 off-axis measurement locations, where
the ring of locations was 0.2 mm in diameter and cen-
tered on the optical axis. Additional measurements
were taken on-axis for comparison. The procedure
below was followed at each location.

(1) Move source to desired location.
(2) Collect images at the five-analyzer grating

locations to be used to calculate the phase with
the five-bucket algorithm.

(3) Repeat step (2) four more times so that a total
of five sets of measurements were taken at each
location.

(4) Changed source position, repeat.

Figure 4 illustrates the reduction coherent noise.
Figure 4(a) shows the average of the images taken
at the first position of the analyzer when the source
was on-axis. The rings in the data image are a result
of coherent noise. Figure 4(b) shows the average of
all of the images taken at the first analyzer position
for all of the measurement locations, which syn-
thesized an extended source. For visual comparison,
Fig. 4(c) shows a close-up of a section of Fig. 4(a),
while Fig. 4(d) shows a close-up of the same section
in Fig. 4(b). When comparing Fig. 4(c) with Fig. 4(d),
it is clear that the coherent noise has been noticeably
reduced by moving the source. The same gray-scale
mapping was used for all four images.

Next, the full extended source data were proc-
essed. To do this, the average was taken of all the
images captured when the analyzer was in its first
phase-shifted position across all the point source
locations. This created the first bucket of the five-
bucket algorithm. This process was repeated for
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the rest of the analyzer positions to calculate the
other four buckets. Then the five buckets were
processed to find the phase, the phase data were
unwrapped, and the data were fit with Zernike stan-
dard polynomials.

The resulting phase can be seen in Fig. 5(b). Addi-
tionally, the images taken on-axis were processed in
the same way, where all the images taken at a given
analyzer position were averaged, and the phase

was calculated [see Fig. 5(a)]. Figure 5(c) shows
the difference between the extended-source phase
and the on-axis phase, where the rings in the
data clearly show the coherent artifacts that were re-
moved by using an extended source. Figures 5(d)–5(f)
show the same close-up section of Figs. 5(a)–5(c).

Last, the repeatability of the measurements was
calculated to give a frame of reference to compare
the two measurement results. During the experi-
ment, 20 measurements were made at the on-axis
point source location. The standard deviation, σ, of
the power and astigmatism measurements were all
less than 0.2 nm RMS. Comparing the extended
source and point source measurements, the differ-
ence between the power and astigmatism for the
twomeasurement sets were less than 2σ. Two conclu-
sions can be drawn from these results. First, it is
clear that for the SCTest, the coherent noise does
not couple into the SCTest measurement of the
lower-order aberrations, and so there is no reason
to use an extended source for this test. Second, the
low standard deviation of the power and astigmatism
highlights the generally low noise of the SCTest.

4. Display Approach Experimental Results

To demonstrate the use of an electronic display in the
SCTest, we integrated a display into the proof-of-
concept experiment for the coherent approach, which
was discussed in our previous paper. For this experi-
ment, shown in Fig. 6, an electronic display was
used to measure the tilt sensitivity of the UUT, while
a Zemax model of the system was used to predict the
tilt sensitivity. As shown at the end of this section,
the experimental results matched the prediction.

The following steps were performed to experimen-
tally demonstrate the use of a display in the SCTest.
While these steps illustrate how the tilt sensitivity
of the UUT was measured, the information is

Fig. 4. Comparison between on-axis images and extended-source
images to show removal of coherent artifacts. Same gray-scale
mapping used for all images. (a) Average of on-axis measurements
taken when the source was on-axis at the first position of the
analyzer grating during phase shifting. (b) Average of all mea-
surements taken at the first position of the analyzer grating
to synthesize a coherent source to remove coherent noise.
(c) Close-up of coherent noise in (a). (d) Close-up of same section
in (b) to show the reduction in coherent noise.

Fig. 5. Comparison between extended source phase and point source phase. (a) Phase measured with on-axis point source. (b) Phase
measured with extended source, where the extended source was created by averaging images taken at different point source locations
in object space. (c) Difference between the extended-source phase measurement and the on-axis phase measurement. The rings in the data
are a result of the coherent noise that was reduced by using an extended source. (d)–(f) Close-up of the same section in (a)–(c).

7104 APPLIED OPTICS / Vol. 52, No. 29 / 10 October 2013

121



relevant for a general SCTest measurement to verify
alignment of a system.

(1) Calculation of the display pattern cutoff
frequency

Zemax was used to model the imaging of the
display onto the analyzer grating by the UUT. Then
the test aperture size was changed while monitoring
the MTF of the system to calculate the cutoff
frequency. For this system, the largest frequency
was 16.6 lp∕mm.

(2) Selection of grating and display pattern
For this proof-of-concept experiment, a micro-dis-

play and analyzer grating that were on-hand were
used, where the micro-display had 15 μm pixels,
and the analyzer was an off-the-shelf, 10 lp∕mm
Ronchi ruling. To produce a grating-like pattern with
similar frequency to the analyzer grating, straight
lines with a width of 3 bright pixels/3 dark pixels
were displayed, creating a pattern with a nominal
frequency of 11.11 lp∕mm when imaged onto the
analyzer grating. Because of the 0.11 mismatch
between the frequency of the display and the ana-
lyzer, it was estimated that there would be approxi-
mately 3.5 waves RMS of tilt fringes across
the image.

(3) Data collection
After integration with the experimental setup

used for the coherent experiment in Section 3.5,
the tilt sensitivity of the UUT was measured.
First, the lines of the display pattern were set to
measure the aberrations in the vertical direction,
the analyzer was phase shifted, and the images of
the Moiré pattern were collected while the UUT
was rotated about its horizontal axis. Next the lines
of the display pattern and the analyzer were rotated
90°, and the UUT was systematically rotated about
its vertical axis while data were collected to measure
the horizontal sensitivity. Sample images of theMoiré
patterns formed from horizontal and vertical orienta-
tions of the lines on the display are shown in Fig. 7.
While the images are dominated by tilt fringes as
predicted, it is possible to see a slight curving of
the tilt fringes as a result of the pupil aberrations.

To calculate the pupil mapping error as a function
of pupil coordinate, phase-shifted images were proc-
essed of each tilted position of the UUT using the
five-bucket algorithm and phase unwrapping used
in Section 3.5. A sample of the processed data is
shown in Fig. 7(c) where the piston and tilt were re-
moved. As this system was relatively slow (∼f∕7.8),
the sag of the EP surface was only 0.4 mm at the
edge of the pupil. Because the sag is small, the
curved EP can be approximated as a flat surface,
and the mapping error measured at the analyzer
grating is a direct measurement of the pupil map-
ping error. As such, the unwrapped data were fit
with Zernike polynomials to measure the amount of

Fig. 6. Picture of SCTest experimental setup used to mea-
sure sensitivity of UUT alongside illustration of model from
Fig. 2(b) [11].

Fig. 7. Images of the Moiré pattern formed when the display was
imaged onto the analyzer grating by the UUT. (a) Moiré pattern
formed when display lines and analyzer are in horizontal orienta-
tion to measures the linearly field dependence in the vertical
direction. At the analyzer plane, the image of the display consists
of 105.8 line pairs across the height of the display, versus the
95.3 line pairs across the same section of the analyzer grating.
(b) Display lines and analyzer in vertical orientations. The image
of the display consists of 141.1 line pairs across the width of the
image, while the analyzer has 126.9 line pairs over that same dis-
tance. (c) Sample of map after unwrapping, composite of Z4-Z22.
The scale of the map is the same as (a) and (b). The circular mask
was applied to fit the Zernike standard polynomials.
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astigmatism. The resulting measurements can be
found in Fig. 8.

(4) Validation of UUT tilt sensitivities
Separately, the system was modeled in Zemax as

shown in Fig. 2(b). To account for spacing alignment
errors, the distance between the display and the
UUT, and the distance between the UUT to the
image were varied while optimizing the UUT tilt
sensitivity. To match the experimental data, the
distances before and after the UUT were changed
25 and 347 μm from their nominal, measured values
of 378 and 208 mm. These changes are within the
expected tolerances for off-the-shelf mounting equip-
ment and coarse alignment with a ruler. Figure 8
shows the measured linear astigmatism from the
experiment (data points) and the linear astigmatism
from the Zemax model (solid line). While there are
some nonlinearities in the experimental data as a
result of higher-order aberrations, the Zemax model
is a good fit for the data and shows that the experi-
mental results match the predicted values.

5. Applications of SCTest

This section completes the discussion of the design
choices by expanding on the description of test
equipment placement given in Section 3. For both
approaches, the optimal placement of the projection
grating/display and the analyzer grating is at the
pupils, and both approaches require the placement
of hardware at an intermediate image or at the
image plane of the UUT. Because of these require-
ments, optical systems can be divided into two basic
classes: systems where the pupils and images are
easily accessible to place hardware and systems
where this not the case. In this section, an afocal
TMA is used to illustrate the case where the pupils
are easy to access, and a double Gauss lens system is
used to show how to design the SCTest for system
where the necessary planes are not accessible.

A. Afocal Three Mirror Anastigmat

A TMA is a system that typically uses three conic
mirrors to correct for spherical aberration, coma,

and astigmatism. Because of its complexity, it is a dif-
ficult system to align. However, the SCTest provides
the means to verify the alignment of this complex
system, as shown in Fig. 9, which illustrates how
the SCTest is used to verify the alignment of the
off-axis, afocal TMA. This design is based off designs
suggested in a patent by Offner [13] and Ralph Orr’s
masters thesis [14]. Because the stop is before M1
and the EP is after M3, the choice of locations for
the test equipment is relatively straightforward.
The projection grating or display can be placed
at the stop location of the TMA, and the analyzer
can be place at the XP. Additionally, there is an inter-
mediate image between M2 and M3 that can be used
to block the orders or, in the display approach, to
place the test aperture. While the locations for the
equipment are straightforward, it is still necessary
to align the test equipment well to have a low test
uncertainty.

B. SCTest on Systems with Inaccessible Pupils

For systems where the optimal locations are not
easily accessible, additional steps must be taken
in the design and implementation of the test.
Figure 10(a) shows the double Gauss lens system

Fig. 8. Tilt sensitivities of the UUT shown in Fig. 6. Blue measurement points are experimental data shown with �2σ error bars. Solid
red lines are the tilt sensitivity of the Zemax model shown in Fig. 2. (a) Linear astigmatism in vertical direction. (b) Linear astigmatism in
horizontal direction [11].

Fig. 9. Layout of the implementation of the SCTest to verify the
alignment of an afocal TMA. For the display approach, a flat-panel
is placed at the EP, and the order selection aperture is replaced by
the test aperture. [11].
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(Zemax stock design, 28° field) that will be used
to demonstrate this concept. In the double Gauss
design, the stop is located between the first and
second group of elements to give symmetry to the
system to reduce aberrations. Because of the location
of the stop, the EP and XP are both located inside the
optical system [see Fig. 10(a)]. In order to implement
the SCTest on a system with inaccessible pupils, one
of two approaches can be taken. First, the stop could
be shifted so that the pupils are more accessible (see
Subsection 5.B.1). Second, auxiliary optics could be

added to image the pupils to more accessible loca-
tions (see Subsection 5.B.2).

1. Double Gauss: Stop Shift
Figure 10(b) shows how a limiting aperture can be
placed in front of the double Gauss, shifting the stop
location to that plane. While no additional optics are
required, the stop shift results in a change of the
aberrations in the lens. Nonetheless, the test results
can be compared with a computer model of the

Fig. 10. (a) Layout model of generic double Gauss, 28° field showing the EP and XP locations inside the system. (b) Implementing the
SCTest by shifting the stop outside the double Gauss system. For the display approach, a flat-panel is placed at the EP, and the order
selection aperture is replaced by a test aperture. Similar to [11].

Fig. 11. Implementing the SCTest on double Gauss optical system by re-imaging the pupils outside the system. See parts (c) and (d) for
labels. (a) Illustration of the system from the projection grating to EP. (b) Illustration of the system from the EP to analyzer grating. (c) Full
implementation of SCTest on double Gauss system. (d) Model showing how the SCTest can be used to verify the alignment of auxiliary
optics before testing the alignment of the double Gauss. Similar to [11].
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system with the stop shift to determine the depar-
ture from the nominal system.

2. Double Gauss: Re-image Pupils
Another way to implement the test on a system with
inaccessible pupils is to use auxiliary optics to re-
image the pupils, as shown in Figs. 11(a)–11(c). As
shown in Fig. 11(a), L2 images the projection grating
to the EP of the double Gauss and L3 images the XP
onto the analyzer [see Fig. 11(b)]. Figure 11(c) shows
the full implementation of the test. In order to use
the test at the same conjugate as the original double
Gauss, L1 was added so that collimated light entered
the UUT. The disadvantage of this implementation
approach is that it adds complexity to a simple test,
as a misalignment of L1, L2, or L3 will add linear
astigmatism. However, as long as the alignment
sensitivity of the auxiliary optics is less than the
alignment sensitivity of the UUT elements, this
implementation of the SCTest is still feasible. Addi-
tionally, there are a few ways the alignment of the
auxiliary optics can be made easier. For example,
it would also be possible to combine the projection
grating with a Fresnel zone plate during fabrication
to remove L1. Additionally, a display could be placed
at the location of the projection grating, which would
further simplify the design. Also, the SCTest could be
used to verify the alignment of the auxiliary optics.
Figure 11(d) shows how the auxiliary optics can form
their own optical system. For this subsystem, it is
possible that the same projection grating could be
used; however, the frequency and location of the ana-
lyzer grating would change. An additional test would
be needed to verify the spacing between the optics. It
is also important to point out that, while the equip-
ment of this approach is more complex than the
nominal SCTest, the execution of the measurements
is still an important advantage of all of the imple-
mentation approaches discussed. As mentioned
before, the measurement collection is achieved by
either phase shifting a grating or a pattern on an
electronic display, both of which can be done in a con-
trolled manner. This eliminates the need to move the

source, tilt mirrors, etc. that may be required to
collect data in other alignment approaches.

6. Conclusion

In the course of this paper, we have explained the two
major design choices when implementing the SCTest
and the design considerations that need to be made
when making these choices. First, we discussed the
selection of the source: point source or flat-panel dis-
play. Additionally, we experimentally demonstrated
the use of the flat-panel display with the SCTest.
Last, we illustrated how to use the SCTest with more
complex systems.
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There is one error in [1] that is corrected here. In the
simplification of Eq. (4) to Eq. (5), it was incorrectly
assumed that the object wavefront radius of curva-
ture could be related to the image wavefront radius
of curvature through the magnification, m. As the
derivation progressed, this led Eq. (8),

WPME � Ŝo · εo −
1
m

Ŝi · εi; (1)

to have an extraneous 1∕m. A more straightforward
derivation starts with Eq. (2) in [1] where the object
wavefront phase difference at O is defined as

Wo � Ŝo · εo: (2)

The same relationship holds for the image wavefront
phase difference at I, WI, where

WI � Ŝi · εi: (3)

Using Fermat’s principle again, it is known that the
phase between point B and point C must be station-
ary. Therefore, the pupil mapping error WPME is

WPME � Wo −WI: (4)

After substituting Eqs. (2) and (3), the correct rela-
tionship for WPME is

WPME � Ŝo · εo − Ŝi · εi: (5)

The incorrect form of WPME also appeared in the
summary of the background material in [2].
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Continuing to develop the Sine Condition Test (SCTest), we show how violations of the generalized 

sine condition can be used to align a three mirror anastigmat (TMA). In this paper we show how the 

linear aberrations measured using the sine condition, along with aberrations that have constant field 

dependence, can be used to align a system. We start by discussing the design of the test hardware 

needed to align a TMA and the procedure for alignment. Using simulation, we investigate the behavior 

of the alignment SCTest for various levels of mirror misalignment, mirror fabrication errors, and 

misalignment of the test equipment. All of these tests show that the alignment SCTest can successfully 

align an optical system. 

 

1. Introduction 

The Abbe sine condition is a useful relationship that allows designers to create systems that are free from linearly field-

dependent aberrations and to measure the linear field dependence of the aberrations of an optical system [1–4]. In our previous 

papers  [2–4], we show how a simple set of test equipment can be used to measure the sine condition violations and calculate 

the mapping between the entrance pupil and the exit pupil. This pupil mapping is then used to determine the linearly field-

dependent aberrations, which can be used to verify the alignment of optical systems. Other methods have been proposed to 

verify the alignment, although all of these methods rely on the multiple measurements taken across the field of view  [5–8]. In 

contrast, the Sine Condition Test (SCTest) measures the off-axis performance of a system using equipment placed on-axis, 

simplifying the alignment of the test equipment and reducing the measurement uncertainty. Even in the case of off-axis systems 

which do not have an axis of rotational symmetry, the alignment of the SCTest equipment is simple, and the alignment state of 

the optical system can be fully characterized in two, orthogonal measurements.  

Building on this, the alignment test outlined in this paper uses the constant aberrations at the center of the field and the linear 

aberrations measured by the SCTest to align an optical system. As the number of degrees of freedom (DOF) is greater than the 

number of measurements, degeneracy occurs, making it impossible to return the optical system elements to their nominal, 

design position. To overcome this problem, we use the method detailed in Chapman and Sweeney [9] to select a subset of the 

DOF. Then, using an iteration process of measurement and adjustment, these DOF are used to compensate for the aberrations in 

the system until the design requirements are met and the system aligned.  

In this paper, we start by discussing the background of the SCTest. Next, we give an overview of the alignment SCTest 

process on a generic optical system, discussing how to select the subset of DOF and the hardware needed to implement the 

alignment SCTest. Then we provide an overview of the nominal TMA design, followed by a discussion of the design of the 

alignment SCTest equipment for the TMA. Last, we detail the Monte Carlo simulation used to evaluate the performance of the 

alignment SCTest. This simulation was used in three case studies to: 1) evaluate how misalignments of the TMA mirrors 

impacts the alignment, 2) investigate how misalignment of the test hardware affects the alignment, and 3) examine the effect 

mirror fabrication errors have on the alignment. Table 1 summarizes the conclusions of the three case studies. While it is not 

straightforward to directly extrapolate the results of this simulation to a generic optical system, the results of TMA alignment 

simulation are very promising. For example, in the first case study, the TMA mirrors are perturbed to simulate the rough 

alignment of the mirrors, and then the alignment SCTest was used to do fine alignment. For the set of trials with the loosest 

rough alignment tolerances, the mean RMS spot size across the field ranged up to 100 μm for 95% of the systems. After 

alignment with SCTest, 95% of the trials had a mean RMS spot size within 4.5 μm of the nominal mean RMS spot size of 2.6 

μm, which is approximately a 90% improvement. 

 

Table 1. Summary of case study conclusions 

Section Case Study 

Demonstrated Results:  

All RMS spot sizes refer to the mean RMS spot size across the field of 

the nominal TMA. 
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7 B 1. Perturbation of TMA mirrors 

1.a) For loosest tolerances simulated, the starting RMS spot size can 

range up to 100 μm. The RMS spot size after alignment was within 4.5 

μm of the nominal RMS spot size of 2.6 μm for 95% of the systems 

simulated. 

1.b) Mirror perturbations that result in higher RMS spot size before 

alignment have larger RMS spot size after alignment. 

1.c) Improvement of RMS spot size is  proportional to starting RMS spot 

size. 

7 C 
2. Perturbation of SCTest 

equipment 

2.a) Misalignment of SCTest equipment results in aligned RMS spot size 

a few microns larger than an alignment without test equipment 

perturbation. 

2.b) Misalignment of TMA mirrors has a larger effect on alignment 

performance than misalignment of test equipment. 

7 D 
3. Perturbation of TMA mirror 

fabrication parameters 

3.a) Mirror fabrication errors do not have a large effect on alignment 

performance. 

3.b) For commercial mirror fabrication tolerances, 95% of systems have 

an aligned RMS spot size within 1.5 μm of nominal RMS spot size. 

Starting RMS spot sizes ranged up to 60 μm. 

 

2. Background 

In general, the sine condition is used to design systems that are free from linearly field-dependent aberrations [10–12]. 

However, the sine condition can also be used to relate the pupil mapping error to the linear field dependent aberrations. Fig. 1 

shows a generic optical system to help illustrate the measurement of the pupil mapping error. While the system shown is 

rotationally symmetric, the SCTest can be performed on non-rotationally symmetric systems, as shown later in this paper. The 

basic parts of the system are the object point O and its conjugate image point I, along with the curved entrance pupil (EP) and 

exit pupil (XP).  

 

Fig. 1. General illustration of an optical system with finite conjugates. Annotations are - O: object point, I: conjugate image point, B: point on entrance pupil 

(EP), C: point on exit pupil (XP) conjugate to B, εo: off-axis object point, εi: conjugate off-axis image point, Ŝo : unit vector pointing from O to B, θo: angle 

of Ŝo  with respect to the axis, Ŝ
i

: unit vector from I to C, θi: angle of Ŝ
i

 with respect to the axis. Text and image similar to [3]. 

 

Also, εo is an off-axis object point a small distance from O and εo is the vector from O to εo, where εi is the conjugate off-axis 

image point a small distance from I, where εi is the vector from O to εi. Additionally, the unit vector ˆ
oS , originating at O, 

defines a point B(xEP,yEP) on the EP. The point B is then imaged onto the XP at point C(xXP,yXP). ˆ
iS  is defined as the direction 

from I to C.  

The wavefront phase difference, Wo, between point O and point εo at B is 
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 ˆ
oW  o oS ε   (1) 

for small εo. A similar relationship between I and εi holds in image space, where the image wavefront phase difference, WI, 

between I and εi is  

 ˆ
IW  i iS ε   (2) 

Through Fermat's principle, it is known that the phase between B and its image on the XP, C, must be stationary. Thus, the 

pupil mapping error, WPME, is 

 
oPME IWW W    (3) 

and substituting (1) and (2), 

 ˆ ˆ
PMEW  o o i iS ε S ε  (4) 

For further development of the generalized sine condition, see [13]. To physically measure WPME, gratings are placed at the 

EP and XP to define and measure the vectors in Eq. (4). This measurement is at the heart of the display approach, detailed 

in [4], which uses fringes created with an electronic display at the EP of the system to measure WPME. 

The other method of implementing the SCTest uses a point source and grating [3], which is the method of implementation 

that will be demonstrated in this paper. In this method, a grating is placed at the EP of the Unit Under Test (UUT). When light 

from a coherent point source illuminates the grating, multiple orders are diffracted. For this example the +/- 1 orders are used. 

These orders propagate through the UUT and interfere at the XP, where a second grating is placed to diffract the +/- 1 orders 

back in the original direction of the incident light for data collection. If the UUT is aligned, the amount of quadratically field-

dependent aberrations that are acquired up by the two orders is equal and cancels at the analyzer grating. If the UUT is 

misaligned, the amount of quadratically field-dependent aberrations acquired by the two orders is no longer equal. When the 

two orders interfere, the quadratically field-dependent aberrations no longer cancel, leaving a residual amount of astigmatism 

and power that increases linearly with field.  

 

3. Alignment SCTest 

A. General hardware of alignment SCTest 

To make the iterative alignment process more efficient, the measurement of the constant and linear aberrations must be made 

with a minimal amount of movement or adjustment between measurements. To help illustrate this process, Fig. 2 shows a box 

diagram of the alignment SCTest on a generic UUT.  

 

 

Fig. 2. Block diagram of the alignment SCTest applied to a generic UUT. 

 

1) Coherent illumination system – For the alignment SCTest, it is necessary to use coherent illumination, as the 0
th

 order of 

the projection grating is needed for the measurement of the constant aberrations. 

2) Projection grating – The nominal pattern on the projection grating consists of the grid pattern shown in Fig. 3a. The 

horizontal lines diffract the light in vertical direction to measure the linear field dependence of the aberrations in the y-
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direction, and the vertical lines diffract the light in the horizontal direction to measure the x-direction linear aberrations. 

The 0
th

 order of the grating is located at the center of the field and is used to measure the constant aberrations.  

 

 

Fig. 3. (a) Small sample of projection grating pattern, (b) Locations of orders at intermediate image plane. 

 

3) UUT/Aperture – Either within the UUT or near it, there is an intermediate image plane where the aperture of the SCTest is 

placed. The location of the diffracted orders of light at this plane is shown in Fig. 3b. For high contrast fringes for the 

linear aberration measurement, the aperture is set such that only the +/- 1 orders are passed. After the linear measurement, 

the aperture is altered to allow the 0
th

 order through for the constant aberration measurement. If logistical problems restrict 

changes to the aperture, a circular aperture could be used to allow the 0
th

 and +/- 1 orders through, although this will reduce 

the contrast of the fringes. 

4) Analyzer grating – Next, the analyzer grating has a corresponding grid pattern to the projection grating, forming a Moiré 

pattern with the image of the projection grating. To collect data for the linear aberration measurement, either the projection 

or the analyzer grating is translated to phaseshift the fringes of the Moiré pattern.  

5) Beamsplitter – Last, the beamsplitter sends some of the light towards a wavefront sensor to measure the constant 

aberrations and passes the rest toward the imaging system to measure the linear aberrations, allowing for simultaneous 

measurement of on-axis and off-axis performance. The beamsplitter can also be placed before the analyzer grating. 

 

B. Selection of compensator DOF 

Generally speaking, the process detailed by Chapman and Sweeney [9] identifies the most linearly independent set of DOF of a 

system. These DOF are then used as compensators to align the optical system and meet the design requirements. The process of 

identifying these compensators and their use in the alignment SCTest is outlined below. For a more detailed explanation of the 

compensator identification process and other relevant background material, see [9,14,15]. 

1) Find sensitivity matrix 

The sensitivity matrix, Jo, consists of the change in a measurement per unit perturbation for each individual DOF, where 

the elements of Jo are defined as 

 ,
i

o ij

j

z
J

x




  (5) 

where δzi is the change in the ith aberration measurement and δxj is the change in the jth DOF. In the case of the SCTest, 

the aberration measurements, z(x), are the Zernike terms for the constant aberrations at the center of the field and the linear 

field dependence of the aberrations. Which aberrations are included in z(x) depends on the sensitivities of the optical 

system to be tested. For example, in the TMA described later, the linear field dependence of the Siedel coma was not 

sensitive to misalignment of the TMA and was not included in z(x). Additionally, it is important that δxj is large enough to 

be discernible above the noise of the aberration measurements, but not so large that the perturbation becomes non-linear. 

2) Find the singular value decomposition (SVD) of Jo 

Next, the SVD of the matrix Jo is found, such that 
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 = T

oJ UWV  (6) 

In general, the SVD of the sensitivity matrix provides useful information about how misalignments impact the aberrations 

of the system. U is a matrix of the aberration singular vectors. If Jo is orientated such that the rows and columns are the 

measurements and the DOF, respectively, then the rows of U correspond to the aberration measurements and the columns 

correspond to the aberration modes of the system with the more dominate modes listed first. The diagonal of W is the 

singular values of Jo, which corresponds to the sensitivity of the system to a given aberration mode. Last, V is a matrix of 

configuration singular vectors. Here the columns of V are the aberration modes and the rows correspond to the changes in 

the DOF of the system that produce that aberration mode. Specifically, 

 
o i i iJ V = S U  (7) 

such that the ith aberration mode (ith column of U) has a strength Si, and is produced by the ith configuration of the DOF 

of the system (ith column of V). 

3) Select compensators 

The next step is to regularize Jo and identify the best set of compensators. To do this, the configuration vector with the 

smallest singular value is determined. Within that configuration vector, the element with the largest absolute value is 

found. This corresponds to the least important DOF as it is the most easily corrected for. After this DOF is identified, its 

column of Jo is set to zero, and this process is repeated on the new Jo until the desired number of DOF is reached. Here we 

define the final sensitivity matrix as Jcomp. 

4) Using Jcomp in alignment process 

Within the alignment process, the pseudo-inverse of Jcomp is used to calculate the change in compensator DOF, δx. 

Specifically, 

 
1

( )T

comp comp

comp

x = -V U z x
W

 (8) 

where z(x) is the current measurement of the aberrations of the system. After the changes δx are made, z(x) is re-measured, 

and δx is calculated again. This iterative process is continued until the desired z(x) is reached. Note that the units of δx are 

the unit perturbation originally used to calculate Jo.    

4. Nominal TMA design  

The TMA design for this demonstration was chosen as a representative system of common TMA designs. As a starting place, 

this design was based off of the second embodiment in Cook [16], where the curvatures and conics of the TMA were optimized 

using Zemax™ lens design software [17]. The prescription for the nominal TMA can be found in Appendix A. 

The side view of the layout of the nominal design can be seen in Fig. 4a. In this TMA design, the stop is out in front of the 

primary mirror (M1), where M1 and M2 focus light from infinity to the intermediate image plane, and M3 reimages the 

intermediate image to the final image plane. The EP of the system is located at the stop in front of M1, and XP of the system is 

located in image space after M3. The fields of the system in the y-direction are only 0.5°, while the field of view (FOV) along 

the x-direction is 10°, resulting in a long, narrow FOV and image plane, as shown in Fig. 4b-d. 
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Fig. 4. Nominal design of TMA. (a) Side view of layout, (b) and (c) Rotated views of layout, (d) Close up of intermediate image and image plane. 

 

Next, Fig. 5 shows the performance of the nominal TMA design along the x-direction [See Fig. 4]. As noted in other 

references, alignment using only aberrations at the center of the field is not enough to ensure acceptable performance  [18,19]. 

To illustrate the need for an off-axis test, Fig. 5 also shows the overall performance across the field when the mirrors are 

misaligned [See Fig. 5b] and then when the position of M3 was adjusted to have good performance at the center of the field 

[See Fig. 5c]. As can be seen when comparing Fig. 5b and Fig. 5c, the performance of the TMA across the field is worsened 

when the adjustments for the center of the field test are made. Only by also measuring the performance away from the center of 

the field, such as in the SCTest, can good performance be achieved. Additional relevant design specifications can be found in 

Table 2. 
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Fig. 5. Spot diagrams of TMA system at its operational wavelength of 4 μm. Sections have different scales. a) Nominal design performance – scale 100 μm, b) 
Performance of misaligned TMA – scale 400 μm, c) Performance of misaligned TMA after M3 position was adjusted to correct center of the field performance 

– scale 400 μm. 

 

Table 2. TMA design specifications 

Specifications Value 

Operational Wavelength (μm) 4 

Test wavelength (μm) 0.6328 

FOV (degrees) 10 x 0.5 

Focal length (mm) -97.3 

f/# 4.33 

 

5. SCTest Design 

This section discusses the design steps for the alignment SCTest on the TMA. For reference, Fig. 6 and Fig. 7 show the 

hardware of the alignment SCTest on the TMA. While a single set of hardware is used for all measurements, Fig. 6 shows the y 

orders and Fig. 7 shows the x orders separately for better visualization. 

A. Projection Grating 

One of the design steps is the selection of the spatial frequency of the projection grating, where a higher frequency results in a 

larger diffraction angle, which corresponds to larger field points and a higher test sensitivity. In theory, the diffracted angle of 

the orders can be as large as the field of view. In practice, the larger diffraction angles from the projection grating, the larger the 

angle of the light entering the XP. This makes the design of the analyzer grating more difficult, especially if the light incident 
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on the analyzer is converging or diverging. For this system, the spatial frequency was chosen such that the +/- 1 orders 

correspond to +/- 0.25
o
 in both directions. While the angle of the +/- 1 orders does not need to be the same in the x and y 

directions, making them the same simplified the design.  

 

Fig. 6. (a) Side view of alignment SCTest with 0 and +/- 1 orders in y-direction, (b) Rotated view of (a) and close up of intermediate image and aperture plane. 
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Fig. 7. (a) Side view of alignment SCTest with 0 and +/- 1 orders in x-direction, (b) Rotated view of (a) and close up of intermediate image and aperture plane. 

B. Analyzer Grating 

For the analyzer grating, the choice of the spatial frequency should be such that the +/- 1 orders are diffracted back toward the 

center of the field, reducing the number of tilt fringes in the measurement. This is also important to decrease the test uncertainty 

of the imaging lens. As the +/- 1 orders travel through the lens, they pick up additional aberrations. When the two orders are 

common path, they pick up the same amount of aberrations, which cancel when they interfere at the detector. 

C. Imaging system and Constant aberration measurement system 

Next, for the imaging lens, the imaging properties were chosen so that the analyzer grating is imaged onto the detector. A beam 

splitter and wavefront sensor are used to measure the constant aberration. As this measurement is well known [20], they were 

not directly modeled. 

D. Selection of compensator DOF 
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Last, the procedure in Section 3 was followed to find the sensitivity matrix to use for alignment (Jcomp), which is calculated 

from the sensitivity matrix of the TMA with the test equipment, Jo,test. The DOF included in Jo,test were the decenter, tilt, and 

clocking of the mirrors as well as the spacing before M1, between the mirrors, and after M3. Each of these was perturbed by 

either 0.1 mm or 0.1
o
 depending on the type of DOF, and the aberrations with constant and linear field dependence were 

measured in software. The aberrations were represented by Zernike polynomials. 

Because the addition of the analyzer grating and the imaging lens alters the amount of aberrations measured when the test 

equipment is in place, not all aberrations should be included in Jo,test. In the context of the SCTest, adding a diffraction grating 

in a converging or diverging beam adds astigmatism, power, and coma. Additionally, the imaging lens will add different 

amounts of aberrations to the different orders if the light is not common path when it travels through the lens. To determine 

which aberrations should be included, the sensitivity matrix for the TMA without the test equipment, Jo,nominal, was found. To do 

this, the 0
o
 and +/- 0.25

o
 fields were used. Generally speaking, for a given aberration, the closer its sensitivity in Jo,test  is to its 

sensitivity in Jo,nominal, the more useful the aberration is to the alignment process. Here the constant aberrations were measured 

with the 0
th

 order of the gratings. Note, the portion of the beam used for measurement does not pass through the imaging lens. 

As a result, the sensitivities of the constant aberrations in Jo,test were very close to the sensitivities in Jo,nominal. Because the 

grating changes the aberrations of the non-zero orders, the linear aberrations of Jo,test and Jo,nominal were not the same. For the 

linear astigmatism, the magnitude of the sensitivities in Jo,test was larger than Jo,nominal, but the sign of the sensitivities was the 

same for almost all of the sensitivities. Therefore, while the linear astigmatism sensitivities are not exactly the same between 

Jo,test and Jo,nominal, they followed the same trend and were included in the final Jo,test. The linear power sensitivities in Jo,test  did 

not follow the same trends as the Jo,nominal sensitivities and were not included. Additionally, the linear coma was not sensitive to 

misalignment in either Jo,test  or Jo,nominal  and was not included. Thus, the final aberrations used in the alignment were: linear 

astigmatism in x, linear astigmatism in y, power at the center of the field, 0
o
 astigmatism at the center of the field, 45

o
 

astigmatism at the center of the field, 0
o
 coma at the center of the field, 90

o
 coma at the center of the field, and spherical 

aberration. 

Once the aberrations of interest were determined, the sensitivity matrix for alignment Jcomp was calculated as discuss in 

Section 3. The SVD of Jo,test  was found and regularized to find the set of DOF that was the most linearly independent. (Steps 2 

– 3 in Section 3) The resulting Jcomp consisted of the following DOF: M1 decenter x and y, M2 tilt about y, M3 decenter x, M3 

tilt about x, the spacing between M1 and M2, and the spacing after M3. 

 

6. Simulation of alignment SCTest 

After the hardware and analysis mathematics were designed, the alignment process was simulated using a combination of 

Matlab and Zemax™. This section discusses the details of the simulation. For reference Fig. 8 shows an overview of the 

simulation process. 

 

Fig. 8. Flow diagram of the alignment simulation process. 

1. Perturb Hardware – All six DOF of the three mirrors were perturbed. Also, the radius of curvature and the conic 

constant of the mirrors were perturbed to simulate fabrication tolerances.  Additionally, the six DOF of each piece of 

test hardware, including both gratings, the imaging lens, and the detector, were perturbed.  Last, the angle of the light 

incident on the projection grating was perturbed to simulate alignment errors in the illumination system. The 

perturbations of a given DOF or parameter followed a Gaussian distribution about the nominal value. Throughout this 

paper the tolerance values given are the standard deviation of the distributions. 
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2. Measurement of select aberrations – Using the methods detailed in previous sections, the measurement of select 

aberrations z(x) was performed in the simulation. 

3. Calculation of compensator change, δx – Using the aberration measurements and the abridged sensitivity matrix, Jcomp, 

the change of select mirror DOF was calculated using (8). Depending on the linearity of the sensitivities, the amount 

of allowable change may need to be limited. For example, if δxi is too large, the movement may be beyond the linear 

region of that DOF. For this simulation, the largest δxi was found. If this value was twice the unit perturbation of the 

DOF, all δx were scaled such that the maximum δxi was equal to 0.2. If δxi maximum was less than 0.2, δx are 

unchanged.   

4. Change position of mirrors – The position of the mirrors was changed. Keep in mind that after Step 4, δx has units of 

unit perturbation, which needs to be converted to accurately move the mirrors.  

5. Measurement of select aberrations – The aberration measurement was repeated. 

In practice, steps 3 – 5 are repeated until the system is aligned. Depending on the complexity of the system, thresholding a 

few of the measurements may be sufficient to determine if the system is well aligned. Alternatively, multivariate analysis could 

be used to determine if the system meets its design requirements [21]. For this simulation, all trials had the same number of 

iterations to investigate the behavior of the alignment process. 

Last, truth data was acquired to verify the performance of the alignment process. In the absence of test equipment or 

perturbations of the incident light, the RMS spot sizes across the field were measured for the initial condition of the mirrors 

after the initial perturbation of their position, radius of curvature, and/or conic. Then the RMS spot size was measured after 

each change of mirror position during the alignment phase. Last, the mean RMS spot size across the field was found and used 

as the metric for the performance of the TMA. All RMS spot sizes reported in this paper are the mean across the field. 

 

7. Results 

This section explores the performance of the alignment SCTest through a series of case studies. In the first case study, the 

positions of the three mirrors were perturbed and then aligned for several sets of tolerance levels. Case study 2 shows the effect 

of the test equipment misalignment on the alignment of the TMA mirrors. Here three of the trials from Case Study 1 were 

chosen. The mirrors were perturbed to their starting locations for those trials. Then the test hardware was perturbed and the 

mirrors were aligned. In the third case study, the mirrors radius of curvature and conic constant were perturbed, and the 

alignment was performed to investigate the effect of mirror fabrication errors.  

 

A. General Example 

However, before these case studies are discussed, an example set of data is used to illustrate the characteristic behavior of the 

alignment and to show how the statistics in the case studies are calculated. This set of data is from the example in Section 7B. 

The tolerances for the mirror decenter, tilt, and spacing, are 0.1 mm, 0.1
o
, and 0.1 mm, respectively. First, Fig. 10 shows the 

distribution of the mean RMS spot size after the mirrors were perturbed, as well as the final RMS spot size after alignment. On 

the x-axis is the mean RMS spot size across the field of the nominal TMA, and the y-axis is the fraction of trials, where 425 

trials were performed for this simulation. As can be seen from Fig. 10, the RMS spot size was significantly improved through 

alignment.  
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Fig. 9. Distribtution of the mean RMS spot size across field for the starting mirror configuration and the aligned system. Area under curve normalized to one. 

Next, cumulative distribution function was used to calculate the fraction of the data less than or equal to a given RMS spot 

size. Fig. 10a shows the cumulative distribution function of the RMS spot size after alignment. For example, 50% of the data 

has a RMS spot size less than 3.07 μm. To further illustrate the characteristic alignment behavior, Fig. 10b shows the 

distribution of the aligned RMS spot size along with the thresholds from Fig. 10a. Additionally, a Gamma fit was used to 

estimate the peak value for the aligned RMS spot size. 
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Fig. 10. (a) Cumulative distribution function of the aligned RMS spot size, showing the percent of data equal to or less than a given RMS spot size. (b) 
Distribution of the mean RMS spot size across field for the aligned system, as well as the gamma fit to estimate the peak RMS spot size, as well as the 

thresholds shown in (a). Area under curve normalized to one. 

Next, Fig. 11 illustrates how individual trials improve. The x-axis is the mean RMS spot size across the field of the nominal 

TMA before alignment. The y-axis is the improvement of the trial performance through alignment, specifically, the difference 

between the starting and the aligned RMS spot sizes for an individual trial. As can be seen, the improvement of a trial is 

proportional to the starting value, such that trials with large starting RMS spot sizes have a large amount of improvement. 

Additionally, Fig. 11 shows that none of the trials were made worse by the alignment process. 
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Fig. 11. Improvement of RMS spot size through alignment with respect to the starting RMS spot size. 

Looking at the aberrations in the nominal design after the mirror positions have been changed, there is a residual amount of 

constant and linear aberrations. This is not surprising as the linear aberration sensitivities for the TMA mirrors was different in 

the test design versus the nominal design, as discussed in Section 5D. Additionally, Chapman and Sweeney show that the 

amount of aberration correction is proportional to the number of DOF used for compensation, where the more DOF used, the 

better the aberration compensation [9]. Thus, if all DOF are not used, not all of the aberration content of interest will be 

corrected. 

Last, Fig. 12 shows several sample trials to illustrate how the performance of an individual trial improves over the alignment 

iterations. The x-axis is the iteration number, where 0 is the starting state of the trial, and the y-axis is the mean RMS spot size 

across the field. The sample trials show various starting and ending RMS spot sizes. As can be seen from most of the trials, the 

largest improvements happen in the first few iterations. This is typical of most of the trials. Because the constant aberrations are 

the dominant aberrations when the system is misaligned, most of the improvement that occurs in the first iteration is a reduction 

in the constant aberrations. Additionally, Fig. 12 shows that the RMS spot size has converged by iteration 5. To reduce the 

processing time, all trials were allowed to align for five iterations. 
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Fig. 12. Change in RMS spot size during alignment for six sample trials. 

B. Case study 1: Perturbation of TMA mirrors 

For the first set of results, the mirrors of the TMA were perturbed for eight different levels of tolerances. For each tolerance set, 

425 Monte Carlo trials were run. The tolerances and some of the resulting statistics can be found in Table 3. The first tolerance 

set was included to investigate how very small perturbations affect alignment. Also, for the larger tolerance sets, some of the 

perturbations of the mirrors were large enough that the light was vignetted by the imaging lens. These trials were not aligned 

and were not included in the total number of trials. 

 

Table 3. TMA mirror perturbation sets 

   

Starting RMS spot size Aligned RMS spot size 

Tolerance 

set 

number 

Decenter 

and spacing 

tolerances 

(mm) 

Tilt 

tolerance 

(degrees) 

Peak  

(μm) 

Standard 

deviation  

(μm) 

Peak  

(μm) 

Standard 

deviation  

(μm) 

1 0.001 0.001 2.85 9.53E-05 2.91 6.73E-06 

2 0.02 0.02 4.98 2.94 2.93 0.12 

3 0.04 0.04 8.19 6.56 2.90 0.25 

4 0.06 0.06 11.08 9.64 2.97 0.33 

5 0.08 0.08 14.78 12.88 3.06 0.46 

6 0.1 0.1 17.84 16.33 3.18 0.61 

7 0.12 0.12 21.75 17.49 3.27 1.25 

8 0.14 0.14 25.60 22.13 3.46 1.07 

9 0.16 0.16 28.80 27.44 3.26 4.28 

 

 

Fig. 13a shows the starting and aligned RMS spot size distributions for the eight sets of data. In this figure, the blue lines with 

square data points represent the starting RMS spot size after the initial mirror perturbations, and the red lines with the circle 

data points show the performance of the system after alignment. For reference, the decenter tolerance was included on the x-

axis. Additionally, the black “x” at a decenter tolerance of zero shows the nominal RMS spot size of the TMA in the absence of 

mirror perturbations. The different types of lines show the different percentages of the data that are less than or equal to a given 

RMS spot size as described earlier. Fig. 13b shows only the aligned RMS spot size. From Fig. 13, it can be seen how the 

starting state of the TMA mirrors affects the alignment performance. As the starting mean RMS spot size increases, the final 

aligned value increases. However, for even the loosest tolerance set, the aligned RMS spot size is still within 4.5 μm of the 

nominal RMS spot size. 

Using Fig. 13, a designer could choose the tolerance of the mirror rough alignment given a required performance. For 

example, the Airy radius of the nominal TMA at its operational wavelength is 21.1 μm. Using the Airy radius as a pass/fail 

threshold, for this system, most of the tolerance sets do not guarantee that the TMA will perform well with just rough 

alignment. For mid-range tolerances such as tolerance set #4 where the decenter tolerance is 0.1 mm, only half of trials would 

pass with only rough alignment. However, after using the alignment SCTest, all of the trials now have acceptable performance. 
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Fig. 13. Improvement of TMA performance after perturbation of TMA mirrors for the tolerances in Table 3. a) Starting RMS spot size shown in blue with 

square data points and aligned RMS spot size shown in red with circular data points, b) Aligned RMS spot size. 

C. Case Study 2: Test equipment misalignments 
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For this case study, three of the trials from tolerance set #6 of the previous case study were chosen as starting perturbations for 

the TMA mirrors to illustrate the effects of test equipment misalignment. Table 4 shows the examples’ starting and aligned 

RMS spot sizes in the absence of test equipment misalignment. These trials were chosen to investigate the effect of the starting 

mirror misalignment on the alignment procedure, as well as to compare the test misalignment effect on the final RMS spot size. 

 

Table 4. Starting and aligned RMS spot size for test equipment 

misalignment example 

 

Example 

1 

Example 

2 

Example 

3 

Mean RMS spot size 

across field (μm): 

   
Starting 53.45 28.56 15.32 

Aligned – no test 

equipment misalignment 3.16 3.32 4.73 

 

 

For a given example in Table 4, the TMA mirrors were misaligned to their starting, perturbed positions. Then the test 

hardware was misaligned, and the alignment procedure outlined in Section 6 steps 2 – 5 was followed. This was repeated for 

each example configuration in Table 4. To investigate how the magnitude of the test hardware misalignment affects the 

alignment process, four sets of simulations were done with four different levels of test equipment tolerances as shown in Table 

5 along with some of the summary statistics. 400 trials per tolerance set were performed. 

 

Table 5. Test equipment perturbation sets 

   

Example 1 : Aligned 

RMS spot size 

Example 2 : Aligned 

RMS spot size 

Example 3 : Aligned 

RMS spot size 

Tolerance 

set 

number 

Decenter 

and spacing 

tolerances 

(mm) 

Tilt 

tolerance 

(degrees) 

Peak  

(μm) 

Standard 

deviation  

(μm) 

Peak  

(μm) 

Standard 

deviation  

(μm) 

Peak  

(μm) 

Standard 

deviation  

(μm) 

1 0.03 0.03 3.23 0.20 3.33 0.15 4.65 0.24 

2 0.06 0.06 3.18 0.39 3.37 0.32 4.71 0.68 

3 0.09 0.09 3.31 0.55 3.38 0.50 4.86 1.55 

4 0.12 0.12 3.31 1.42 3.45 1.14 4.92 1.64 

 

 

Fig. 14 shows the distribution of results for the three examples. In this figure the lines shown are the different percentages of 

the data that are less than or equal to a given RMS spot size for the aligned systems. The black “o” at decenter tolerance equal 

to 0 is the aligned spot without perturbations of the test equipment, and the black “x” shows the nominal RMS spot size. As can 

be seen from Fig. 14, the example trials’ performance starts at the aligned RMS spot size in the absence of test equipment 

misalignment and increases as the test equipment was more misaligned. However, judging from these three examples, the 

misalignment of the test equipment only caused the aligned RMS spot size to be a few microns larger than it would have been 

in the absence of test equipment misalignment. Even for the larger tolerance levels, the alignment SCTest is still able to 

improve the performance of the TMA from its starting value. 
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Fig. 14. Performance of alignment in the presence of the test equipment perturbations for three examples given in Table 4Table 5. 

D. Case Study 3: Mirror fabrication errors 

For this simulation, the mirror radius of curvature and conic were perturbed to investigate the effect of mirror fabrication errors 

on the alignment process. Tolerance set numbers 2 – 4 correspond to high precision, precision, and commercial tolerances [22]. 

Tolerance set numbers 1 and 5 were included to see the effect of very small and very large perturbations of the mirror 

parameters [See Table 6]. Each set of data contains 400 trials. The results of the simulation can be seen in Fig. 15 and Table 6.  

 

Table 6. TMA fabrication perturbation sets 

   

Starting RMS spot size Aligned RMS spot size 

Tolerance 

set number 

Radius 

tolerance (%) 

Conic 

tolerance (%) 

Peak  

(μm) 

Standard 

deviation  

(μm) 

Peak  

(μm) 

Standard 

deviation  

(μm) 

1 0.001 0.001 2.858 4.17E-05 2.9046 3.64E-05 

2 0.05 0.05 4.98 4.03 2.86 0.12 

3 0.1 0.1 6.73 8.10 2.90 0.21 

4 0.2 0.2 11.23 16.62 2.99 0.40 

5 0.5 0.5 24.25 39.78 2.74 7.43 

 

 

For all the trials, the larger starting RMS spot size was reduced. Similar to Fig. 13, the blue lines with the square data points 

are the starting RMS spot size after the initial mirror perturbations, the red lines with the circle data points show the 

performance of the system after alignment, and the black “x” at a decenter tolerance of zero shows the nominal RMS spot size 

of the TMA in the absence of mirror perturbations. The different types of lines show the different percentages of the data that 
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are less than or equal to a given RMS spot size that was described earlier. In general, the aligned RMS spot size was within a 

few microns of the nominal RMS spot of 2.6 μm, meaning that fabrication errors for standard fabrication tolerances do not 

hinder the alignment process. Even the largest tolerance level improved the mean RMS spot size over the starting performance. 

 

Fig. 15. Improvement of TMA performance after perturbation of mirror fabrication parameters for the tolerances in Table 6. a) Starting RMS spot size shown in 
blue with square data points and aligned RMS spot size shown in red with circular data points, b) Aligned RMS spot size. 
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8. Conclusion 

Throughout this paper, we have shown how the linear aberration measurements from the SCTest can be used along with the 

constant aberrations to align an optical system. First, we showed a general overview describing how to apply the technique to a 

generic system, and then how to apply the test to align a TMA. Last, we performed three case studies to illustrate how the 

alignment process works and how the alignment SCTest improves the performance of the TMA. 
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10. Appendix A 

The prescription for the nominal TMA can be found in Table 7, and the field of view was defined by the fields in Table 8. The 

TMA was designed using Zemax lens design software [17]. The convention for the coordinate break surfaces (“COORDBRK”) 

was decenter in Y first and then tilt about X. The X angle and Y angle of the center of the field was 0
o
 and -2.5

o
, respectively. 

 

Table 7. TMA prescription 
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Surface 

number 
Type Comment 

Radius 

(mm) 

Thickness 

(mm) 
Glass Conic 

Decenter 

Y (mm) 

Tilt about 

X 

(degrees) 

0 STANDARD 

  

Infinity 

    1 STANDARD Stop 

 

80.1900 

    2 COORDBRK Decenter stop         31.6000   

3 STANDARD M1 

-

112.5800 -49.2220 MIRROR -0.7713     

4 COORDBRK M2 coordbrk a         0.9486 -3.0981 

5 STANDARD M2 -33.5740   MIRROR -3.3835     

6 COORDBRK M2 coordbrk b   58.6000     -0.9486 3.0981 

7 COORDBRK M3 coordbrk a         2.5803 -2.8897 

8 STANDARD M3 -46.4020   MIRROR -0.1837     

9 COORDBRK M3 coordbrk b   -46.7100     -2.5803 2.8897 

10 COORDBRK 

Image plane 

tilt           -2.3315 

11 COORDBRK 

Image plane 

dec         4.1600   

12 

 

Image plane 

       

 

Table 8. Corners of field of view 

X angle 

(degrees) 

Y angle 

(degrees) 

-5 -2.25 

-5 -2.75 

5 -2.25 

5 -2.75 
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