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ABSTRACT

The main goal of this dissertation was to study the bifurcation structure underlying families of low dimensional dynamical systems that model cellular excitability. One of the
main contributions of this work is a mathematical characterization of profiles of electrophysiological activity in excitable cells of the same identified type, and across cell types,
as a function of the relative levels of expression of ion channels coded by specific genes.
In doing so, a generic formulation for transmembrane transport was derived from first
principles in two different ways, expanding previous work by other researchers.
The relationship between the expression of specific membrane proteins mediating
transmembrane transport and the electrophysiological profile of excitable cells is well reproduced by electrodiffusion models of membrane potential involving as few as 2 state
variables and as little as 2 transmembrane currents. Different forms of the generic electrodiffusion model presented here can be used to study the geometry underlying different
forms of excitability in cardiocytes, neurons, and other excitable cells, and to simulate
different patterns of response to constant, time-dependent, and (stochastic) time- and
voltage-dependent stimuli. In all cases, an initial analysis performed on a deterministic,
autonoumous version of the system of interest is presented to develop basic intuition that
can be used to guide analyses of non-autonomous or stochastic versions of the model.
Modifications of the biophysical models presented here can be used to study complex
physiological systems involving single cells with specific membrane proteins, possibly
linking different levels of biological organization and spatio-temporal scales.
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Foreword
Excitable systems are important for many reasons, including their ubiquitous presence in nature. In physiology, the study of excitability is crucial to understand how cells
and tissues send, receive, and process signals from other parts of the organism where
they are located. The work presented here stems primarily out of a question naively
asked by the author in his first formal encounter with neurobiology, during a graduate
class for which he had no prerrequisites: how is it that the Hodgkin and Huxley model
describes the generation of action potentials in a neuron given that transmembrane currents are electrodiffusive, but the currents in the model only take electrical drift into account? The question was asked out of pure desperation, drawing ideas from mathematics and physics in an attempt to understand, moments after Prof. Raffi Gruener showed
a slide showing the Hodgkin and Huxley equations next to a schematic of an equivalent
circuit for a membrane, with resistances, capacitance, and a battery. Before showing the
equivalent circuit, Professor Gruener had just mentioned that when ion channels open,
ions diffuse across their electrochemical gradient, causing a great deal of distress for the
author and unknowingly, providing a great deal of motivation.
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Chapter 1

Preliminary concepts and literature review

The study of excitable systems has been historically linked to mathematical modeling,
which has unravelled mechanisms underlying experimentally observable phenomena.
Conversely, new problems of mathematical interest motivated by the study of excitability
have resulted in the development of new tools in different areas of mathematics. In what
is arguably one of the most important contributions to physiology, Hodgkin and Huxley
(1952) proposed a 4-dimensional system of non-linear differential equations in which
they describe the mechanisms of generation of non-linear, pulsed fluctuations in the
electrochemical potential across the cell membrane called action potentials (AP). The
Hodgkin and Huxley model expressed in generic form is also known as the conductancebased model, and has been used to describe and study electrical signalling in many
different kinds of excitable cells (Chay and Keizer, 1983; DiFrancesco and Noble, 1985;
Morris and Lecar, 1981; Noble, 1962a,b). Geometrical analysis involving phase planes
and local stability of fixed points was later used by Fitz-Hugh (1966a) and others (Rinzel,
1985) to illustrate the use of geometrical notions to study excitability. The combination
of the biophysical formulations, experimental approaches, and new mathematical and
computational techniques to simulate and analyze models of cellular excitability has enabled discoveries that are useful to understand many phenomena occurring in excitable
systems in general.
The following paragraphs contain a quick review of relevant literature and an overview
of important characteristics of existing and well established models of membrane potential. Special attention is paid to a 2-dimensional reduction of the Hodgkin and Huxley
model and the properties that the reduction retains from the original model. This is
done to establish the notion that the main properties of the membrane dynamics of an
excitable cell can be modeled using a 2-dimensional model. The end of the chapter
contains a brief revision of the Fitz-Hugh model. The ideas contained in this chapter
will be revisited while constructing a core model of excitability and establishing explicit
relationships between the bifurcation structures in low-dimensional models of excitable
cells and their electrophysiological profiles.
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1.1

Cellular excitability

1.1.1

Membranes, ionic gradients, and transport

All animal and plant cells have membranes that mediate the flux of molecules between
different compartments, namely, extracellular, intracellular, inside organelles, etc. The
permeability of the membrane in most cells is such that the concentrations of different
molecules across a cellular membranes are different. The main reason for this is that
the shape, size, molecular weight, and charge of different molecules present in the intra
and extracellular environments limit their movement across the membrane. Roughly
speaking, the most permeable ions are potassium (K+ ), sodium (Na+ ), and calcium
(Ca2+ ), and to somewhat more limited extents, chloride (Cl− ) and magnessium (Mg2+ )
(Johnston et al., 1995). There are larger molecules, such as proteins inside the cell,
that also have a net charge, typically negative, but they do not cross the membrane
unless they are mechanically translocated by means of a transporter protein. The offset
in charge is equilibrated mostly by K+ ions that readily cross the membrane. At steady
state, the K+ concentration inside cells is larger than outside. The concentration gradient
is the opposite for Na+ , Ca2+ , Cl− , and Mg2+ .
In general, transmembrane molecular transport can be passive (through pores), or
facilitated by membrane spanning proteins (Gadsby, 2009; Hille, 1992). The electrochemical driving force for ions across the membrane is a consequence, in essence,
of the difference in ionic permeabilities across the membrane. Ionic transport typically
involves specific ionic families when mediated by membrane-spanning proteins. There
are essentially two kinds of transport-mediating proteins, called ion channels and pumps
(Gadsby, 2009; Hille, 1992). Channels are typically highly selective for one or two ionic
species and mediate fast, electrodiffusive ionic transport (movement along an ion’s electrochemical gradient). On the other hand, pumps mediate a slower form of transport that
moves at least one ionic species against its electrochemical gradient, which requires energy from ATP or from the driving force of other ion(s) moving along their electrochemical
gradient.
1.1.2

Electrical signaling and action potentials

Cells in physiological systems interact through signals produced by molecular events
that, in turn, trigger molecular cascades that also serve for signalling purposes. Of par-
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ticular importance, electrical signalling is generated by transmembrane ionic transport.
Biophysical models of membrane potential are usually based on a conservation
equation for the difference between the inner and outer electrochemical potential,

v = vin − vout , called membrane potential,
0 = C∂t v + IT ,

(1.1)

where C and IT represent, respectively, the membrane capacitance and total transmembrane current. The transmembrane current is the sum of all the different transmembrane
currents in the system.
In some cells, perturbations for v caused by transmembrane ionic transport may
cause the opening of ion channels that selectively, and sequentially, carry different ions
across the membrane, producing currents that, in turn, cause fluctuations in v . These
fluctuations can be graded, sinusoidal in shape (e.g. smooth muscle), or all-or-none
pulses called action potentials, or more colloquially, spikes because of their shape. Cells
capable of producing action potentials are called excitable and mediate different kinds of
fast communication at the organ and whole-system levels. For instance, some excitable
tissues contain cells that fire APs that coordinate functions like respiration and cardiac
pacemaking by producing sustained, on average periodic, trains of APs. Such cells are
called pacemakers.
An AP can be thought of as made of two main phases. An initial fast and large change
that in animal cells increases v , followed by a second, recovery stroke typically slower
and in opposite direction to the upstroke. In non-pacemaker cells, the typical resting
value of v is around -60 mV. Biophysically, most common APs start with an initial upstroke
mediated by so called inward currents, whose effect is to increase v . These currents
can be produced by either cations moving in, or anions moving out of the cell. Inward
currents are typically carried by Na+ or Ca2+ ions, thereby increasing v . Inward currents
result in an increase v because they are are negative and all currents that contribute to
change v are preceeded by a negative sign after solving for ∂t v in Eqn. (1.1). The initial
upstroke is followed by a recovery phase mainly mediated by so called outward currents,
which decrease the membrane potential and are typically produced by cations moving
out of the cell, anions moving in, or both. These currents are positive, typically carried
by K+ or Cl− ions, thereby changing v back to its initial values. It is worth emphasizing
that the above inward-outward current scheme is not the only way to produce APs, as
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exemplified in the membranes of some plants in which inward currents increase before
the outward currents do, producing inverted action potentials (Izhikevich, 2007).
It will be argued in later chapters that the basic electrophysiological profile of an
excitable cell is mediated by a core complement of channels, with other channels serving
redundant but unnecessary functions, at least in regard to generation of APs.
To place the contributions contained in this dissertation in context, the following paragraphs contain a brief summary of the considerable amount of work and progress that
has been made by many scientists to theoretically understand cellular excitability. Apologies are offered in advance, for the number of articles and people working on this area is
large, so citations for many of the contributors to this line of research are almost surely
missing. A general dynamical systems framework that will be used to construct generic,
biophysical models of membrane excitability will be layed out next.

1.2

Dynamical systems describing excitability

If at rest, the time dependent change in v for any given excitable cell is typically less than
1 mV/ms. However, during an AP, the v undergoes a nonlinear, transient increase that
may occur at rates of 1-100’s of millivolts per millisecond (mV/ms).
The evolution of a dynamical systems modeling the membrane potential of an excitable cell can be written in terms of an autonomous system of equations of the form:

∂t v = rv f (v, w; p)

(1.2)

∂t w = rw g(v, w; p)

(1.3)

where v ∈ R, w ∈ Rn , and p ∈ Rn . The variable v represents the cell’s membrane
potential. Each component of the vector w represents a variable typically slower than v
(rw << rv ). At least one of the w-components provides negative feedback to v . The
parameters of the system are represented by the vector p. To describe realistic membrane dynamics in a continuous fashion the function f must be nonlinear (see Izhikevich,
2003, for a sample of discontinuous phenomenological models). For instance, f (v, w; p)
could be a sum of Na+ , K+ , and leak current and w may represent the activation of the
potassium channels in a cell. The characteristic time scale of v in such cases is typically
an order of magnitude smaller than the time scale for w. In this case, the functions f
and g have, respectively, cubic and sigmoidal shapes as functions of v , as illustrated
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by the v - and w-nullclines in Fig. 1.1). In more complicated models, currents carried
by Ca2+ , Cl− and other ions could be there too, with variables related to channel and
ion-concentration represented as entries in the variable w.

Figure 1.1:

Phase portrait of the
system (1.2)-(1.3) for parameters that
result in pacemaker dynamics. The inset shows one cycle described by v as
a function of time. The numbers indicate the different phases of the action
potential.

Steady states and stability.

Recall that, in 2D systems like (1.2)-(1.3), the type and

stability of the fixed point (v∗ , w∗ ) depend on the eigenvalues λ1 and λ2 of the Jacobian
matrix of the system evaluated at (v∗ , w∗ ). If the eigenvalues are real and have the same
sign (λ1 λ2 > 0), the fixed point is called a node, whereas if λ1 and λ2 have different signs
(λ1 λ2 < 0), then the fixed point is called a saddle. In case the eigenvalues have nonzero
imaginary parts, the associated fixed point is called a focus. Two dimensional continuous
systems like (1.2)-(1.3) can also have another kind of steady state set called limit cycle;
it is also possible that more complex situations take place.
The real parts of λi (v∗ , w∗ ), i = 1, 2, determine the stability of the fixed point. If

R(λi ) < 0, i = 1, 2, then all trajectories starting near (v∗ , w∗ ) converge to the fixed point
and the fixed point is called asymptotically stable; in this case the fixed point (v∗ , w∗ )
would be called an attractor too. If R(λi ) > 0, for either i = 1 or i = 2, the point is
unstable. Note this means that saddle points are unstable, as the flow points away from
the fixed point because of the eigenvector associated with the positive eigenvalue. If
both R(λi ) > 0, i = 1, 2, then all trajectories starting near (v∗ , w∗ ) will diverge locally,
in which case the fixed point can be thought of as a repelling point. Another way to think
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about the behaviors of the trajectories around fixed points is to consider the eigenvectors
of J , which define manifolds in which trajectories starting nearby either converge to, or
diverge from the fixed point. Like fixed points, limit cycles can also be asymptotically
stable or unstable.
Systems like (1.2)-(1.3) have at least one asymptotically stable attractor set that
could be a limit cycle or a point, and at least one fixed point u∗ = (v∗ , w∗ ) satisfying

∂t v = 0 = ∂t w (Fig. 1.1). Different choices of parameters for Eqs. (1.2)-(1.3) yield different phase portraits. For instance, the system may have more than one attractor set. In
particular, a common occurrence is that of a bistable system in which a fixed point and a
limit cycle attractor coexist and are stable. In this configuration, if the fixed point is stable,
there is a third, unstable, limit cycle surrounding the stable fixed point. The unstable limit
cycle serves as a boundary between the basins of attraction of the fixed point and the
limit cycle.

Figure 1.2: Phase portrait of the
system (1.2)-(1.3) showing a bistable
regime. The basin of attraction of
the fixed point is shown in gray, surrounded by an asymptotically stable
limit cycle (solid black). Example from
Av-Ron et al. (1993). Model parameters: lm =3, lw =4, gN a =120, gK =36
and gL =0.3, all in mS/cm2 ; vN a =55,
vK =-72, vL =-50, vm =-31 and vw =-46
all in mV; am = 0.065, aw = 0.055, r =
0.04 ms−1 , Cm = 1 nF/cm2 and I = 0.

When u∗ is asymptotically stable (Jordan and Smith, 1999), the voltage that corresponds to this equilibrium is commonly called the resting potential. In systems like
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(1.2)-(1.3) having a u∗ as unique attractor fixed point, if the initial condition u0 is far
enough from u∗ , then the system is still likely to evolve toward u∗ , but the trajectory may
be, in comparison to the previous case, very long, and possibly have very fast portions.
The trajectories that describe single APs that go back to rest belong to this last category.
Depending on the parameters, the system could also be such that u∗ is unstable, and
all trajectories may converge to a limit cycle. That is, the system may display sustained
oscillations that correspond to repetitive spiking (Fig. 1.1).
An action potential has different phases that illustrate a distinctive property of an
excitable system, namely, the difference in the characteristic time scales for v and w. As
shown in Fig. 1.1, phases 1 and 3 describe large changes in v for almost constant w,
whereas phases 2 and 4 describe large changes in w for relatively small changes in v .
For analysis purposes, the separation of time scales allows the system to be studied in
parts, by separating the fast and slow components (Rubin and Terman, 2002).

1.3

Historical overview of modeling membrane potential

In the late 1930’s, Goldman (see Goldman, 1943) was already aware of a biophysically meaningful, mathematical description for the transmembrane currents mediated by
channels. In a report published in 1943, Goldman expressed K+ currents as a sum of
exponential functions having nearly symmetrical arguments (close to a hyperbolic sine).
Goldman seemed to have barely missed the general description for the membrane potential in his report. In parallel, interrupted by the second world war, Hodgkin and Huxley
did an amazing job in building a system of differential equations describing the generation of action potentials in the squid’s axon. However, Hodgkin and Huxley seemed
to have missed important considerations from first principles that Goldman already had
taken into account. Nevertheless, their modeling work shed light on many different questions regarding electrical signaling in cells, suggested experimentally testable hypotheses, and made many predictions that could not be tested at the time, but were corroborated many years later. For this work Hodgkin and Huxley shared the 1963 Nobel price
in Medicine with Sir. John Eccles, also a neurophysiologist.
As mentioned by Herrera-Valdez and Lega (2011), the seminal work of Hodgkin and
Huxley (HH, 1952) gave rise to theoretical studies of cellular excitability that mainly follow two different trends. One direction consists in establishing simplified models, such
as the generic 2-dimensional models obtained by Fitz-Hugh (1961) and Nagumo et al.
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(1962); the Morris-Lecar model (Morris and Lecar, 1981), which contains two ionic currents (potassium and calcium); the minimal model of excitability of Av-Ron et al. (1991);
the modified FitzHugh-Nagumo model developed by Aliev and Panfilov (1996); the threedimensional model by Fenton and Karma (1998) in which gating functions were replaced
by step functions. This approach was pushed even further by Barkley (1991) using
piece-wise linear model, or in the Izhikevich model (Izhikevich, 2003), in which the typical sigmoidal and cubic nullclines from the FitzHugh-Nagumo or Morris-Lecar 2D models
are replaced, respectively, by a line, a parabola, and an artificial reset when the membrane potential exceeds a threshold value. Another direction consists in developing highdimensional models which give as accurate a description of a cell as possible. There are
many examples of such detailed models in neuroscience. One of the best examples is
the work on retinal ganglion cells done by Connor and Stevens (1971) and Fohlmeister and Miller (1997). Examples in cardiac physiology include the work on human atrial
cells by Nygren et al. (1998) and Courtemanche et al. (1998), and models of human
ventricular cells by Priebe and Beuckelmann (1998), or by Ten Tusscher et al. (2004). Of
particular interest, the work of Rasmusson et al. (1990b,c) is a quite unique example of
how to combine experimental physiology and mathematical theory to produce a detailed
model of membrane dynamics. In pancreatic physiology, Chay and Keizer (1983), and
then Sherman et al. (1988) and Sherman and Rinzel (1991) pioneered work unraveling
possible biophysical mechanisms of pancreatic β cell bursting.
It seems natural to look for models that somewhat mediate between these two directions. For instance, reductions of the Priebe and Beuckelmann model, and of the
Ten Tusscher et al. model to respectively 6 (Bernus et al., 2002) and 9 variables
(Ten Tusscher and Panfilov, 2006) are already available in the literature. Our goal is
to push this approach further by seeking models of even lower dimensionality. In view
of the fact that the geometry of the vector field in phase space reflects the qualitative
behavior of the model, lower dimensional models should maintain the general geometric properties of the original system, and should also be generic and simple enough
to be computationally inexpensive. In contrast with phenomenological formulations like
those of the FitzHugh-Nagumo, Barkley or Izhikevich models, the model should also be
biophysical, in the sense that all of its terms should be directly related to biophysical
processes. As pointed out by FitzHugh (Fitz-Hugh, 1961), and others (Izhikevich, 2007;
Rinzel and Ermentrout, 1998; Rubin and Terman, 2002), cellular excitability can be captured by using continuous two dimensional systems with a fast amplifying variable and
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a slower recovery variable. It should be the case then that the dynamics of pacemaking
can be captured by only two dynamical variables. One challenge of particular importance is then to write low dimensional models that remain close to the physiology of cells
within a network of interest (e.g. the sinoatrial node, the whole heart, a section of the
mammalian hippocampus) with biophysical parameters close to those measured experimentally, and use them to build heterogeneous, anatomically realistic networks to study
the properties of the system across levels of biological organization.
To introduce some key ideas, the following paragraphs contain a brief overview of two
historically important models of membrane excitability, the Hodgkin and Huxley (1952)
model, and the Fitz-Hugh model.
1.3.1

The Hodgkin and Huxley model.

The ordinary differential equations proposed by Hodgkin and Huxley in their 1952 seminal paper are

C∂t v = I − IN a (v, m, h) − IK (v, n) − IL (v)
∂t w = αw (v)(1 − w) − βw (v)w,

w ∈ {h, m, n},

(1.4)
(1.5)

where ∂t is the differential operator with respect to t. The variables v , h, m, and n
are the membrane potential, inactivation and activation of Na+ channels, and activation
of K+ channels, respectively. The membrane capacitance is represented by C and I
represents an external stimulus. The different currents are written in conductance-based
form as

Ip = gp (v − vp ) ,
gN a = ḡN a m3 h,

p ∈ {N a, K, L}

gK = ḡN a n,

gL = ḡL

(1.6)
(1.7)

The terms vp and gp , with p ∈ {N a, K, L} represent the reversal potentials and conductances associated to the Na+ , K+ , and leak currents, respectively. The variables h, m,
and n take values between 0 and 1 and follow first order dynamics for fixed v . Activation
and inactivation of Na+ channels are represented by m and h, respectively, and activation of K+ channels is represented by n. Each of the gating variables can be thought
of as the proportion of channels with open activation or inactivation gates. Values close
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to 1 mean most channels have open gates, and values close to 0 mean most channels
have closed gates. The functions αw and βw , w ∈ {h, m, n} (Fig. 1.3A) representing, respectively, the forward and backward rates of the opening reaction for each of the gates,
are given by:


v − v1
,
αh (v) = 0.07 exp −
20
0.1(v − v3 )
,
αm (v) =
1 − exp[−0.1(v − v3 )]
0.01(v − v4 )
αn (v) =
,
1 − exp[−0.1(v − v4 )]


1
,
1 + exp [−0.1(v − v2 )]


v − v1
βm (v) = 4 exp −
,
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v − v1
βn (v) = 0.125 exp −
.
80
βh (v) =

(1.8)
(1.9)
(1.10)

where vi , i = 1, 2, 3, 4 are reference potentials (see Table 1.1). The powers in the gating
variables m and n were included by Hodgkin and Huxley so that the time course of the
gating variables matches an initial slow change present in the data.

Figure 1.3: Steady states (left) and dynamics (right) of the Hodgkin and Huxley model
starting at (v0 , h0 , m0 , n0 ) = (−60, 0.01, 0.01, 0.01), with I =0.
To analyze of the v -dependence of the auxiliary functions αw and βw for w ∈
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{h, m, n}, it is convenient to write Eq. (1.5) as
∂t w =

w∞ (v) − w
,
τw (v)

(1.11)

where

τw−1 (v) = αw (v) + βw (v)

(1.12)

w∞ (v) = αw (v)τw−1 (v).

(1.13)

represent, respectively, the time constant and steady state for w ∈ {h, m, n} (Fig. 1.3BC). For fixed v , the solution to Eq. (1.11) is given by

w(t) = w∞ (v) −

w∞ (v) − w0
,
exp [t/τw (v)]

(1.14)

That is, w converges to w∞ (v) with time constant τw (v). The v dependence of w∞ (v)
can be thought of as a mechanism that moves the steady state w∞ (v), and changes the
rate of convergence τw (v). For instance, during an action potential, w∞ (v) increases
and then decreases, while the time constant τw (v) changes from large (slow convergence), to small (faster convergence), to large again.
The time constant τm (v) is at least one order of magnitude smaller than its counter
parts τh (v) and τn (v) for all v , which means that the dynamics of m are faster than those
of h and n, and comparable, if not faster than those of v (Fig. 1.3B).
The Hodgkin and Huxley model produces action potentials for appropriately selected
initial conditions (Fig. 1.3D), and in the absence of current injection. The currents IN a ,

IK , and IL contribute in different amounts and at different times to the generation of an
action potential (Fig. 1.3E). As noted before, the dynamics of m are fast enough to follow
m∞ , but that is not the case for h and n (Fig. 1.3F).
Analysis and simple dimensional reduction of the Hodgkin and Huxley model
To start analyzing the Hodgkin and Huxley model, notice that the steady states of all the
gating variables are functions of v . The steady state current

I∞ (v) = IN a (v, m∞ (v), h∞ (v)) + IK (v, n∞ (v)) + IL (v)

(1.15)
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Table 1.1: Parameters for the Hodgkin and Huxley model (Hodgkin and Huxley, 1952)
Parameter
Value Units
Description

C=1
ḡN a
ḡK
ḡL
vN a
vK
vL
v1
v2
v3
v4
I

1
120
36
0.3
55
-72
-49
-60
-30
-35
-50
0, 6.2, 155

µF/cm2
µS/cm2
µS/cm2
µS/cm2
mV
mV
mV
mV
mV
mV
mV
µ A/cm2

Membrane capacitance
Maximum Na+ conductance
Maximum K+ conductance
Maximum leak conductance
Nernst Potential for Na+
Nernst Potential for K+
Leak reversal potential
Reference voltage
Reference voltage
Reference voltage
Reference voltage
External current

can thus be used to obtain the values of v that correspond to steady states of the system.
This can be done by finding the zero crossings of the curve I − I∞ (v) (Fig. 1.4), which
is monotonic as a function of v . Therefore, the system has only one fixed point (∂t v = 0)
for all different currents.
When examined as a function of increasing I , the Hodgkin and Huxley model displays qualitative changes in its behavior. Roughly, for small values of I approximately
less than 6.2 µA/cm2 the model has a resting potential vr that is reached either after a
small deflection in v , or after an action potential (Fig. 1.5A). For larger values of I less
than 155 µ A/cm2 , the model displays sustained oscillations. For values of I > 155 µ
A/cm2 or larger, the sustained oscillations are replaced by a high, resting potential that
in experiments is called depolarization block. Importantly, the time-course of the gating
variables shows that m(t) ≈ m∞ (v(t)) (Fig. 1.5C).
The behavior of the gating variables h, m, and n relative to v (Fig. 1.5B) suggests
some symmetry between h and n. Further investigation shows that there is a linear
relationship between n and h where h ≈ κ − µn with (κ, µ) ≈ (0.9, 1.1) (Fig. 1.5D).
Notice that µ/κ ≈ 1.2, so it is close to 1.
Taken together, the above observations can be used to propose a reduction of the
original system (1.4)-(1.10) by performing a quasi-steady state reduction setting m =
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Figure 1.4: I − I∞ (v) for the Hodgkin and Huxley model
.

m∞ , and setting h = κ − µn. Therefore, the Na+ current can be rewritten as
IN a (v, n) =

 ḡ

Na

κ




µ 
m3∞ (v) 1 − n (v − vN a ).
κ

(1.16)

and the system transforms into

C∂t v = I − IN a (v, n) − IK (v, n) − IL (v)
∂t n = αn (v)(1 − n) − βn (v)n

(1.17)
(1.18)

Notice that h < 0 if n > κ/µ, but the original model never reaches such high values for

n.
A more elegant formulation for a relationship between h and n was proposed by
Rinzel (1985), and can be found in Av-Ron et al. (1991). For interest, another elegant an
clever reduction scheme based on a change of variables and perturbation analysis was
proposed by Kepler et al. (1992)
The system (1.17)-(1.18) has very similar steady states as the Hodgkin and Huxley
model (gray and black traces in Fig 1.6A and Table 1.2). The 2D reduction seems to be
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Figure 1.5: A. Dynamics and phase plane behavior of the Hodgkin and Huxley
model for I =0, starting at (v0 , h0 , m0 , n0 ) = (−40.0, 0.01, 0.01, 0.01) (black) and
(−40.0, 0.6, 0.6, 0.6) (gray), respectively, and for I =6.2 (green) and 152 (red), both
starting at (−40.0, 0.01, 0.01, 0.01). B. Trajectories of pairs (h, v) (black), (m, v) (solid
green), (m3 , v) (dotted green) (n, v) (solid red), (n4 , v) (dotted red). C. Dynamics of h,
m, n and their steady states h∞ , m∞ , n∞ , for I = 6.2 µA/cm2 . D. Joint trajectories
(n, h) (solid black) and (n4 , h) (dotted black).
slightly less excitable than in the original model, but as will be shown in later chapters, the
maximal conductances in this kind of reductions can be adjusted so that the dynamics
become qualitatively similar. Although quantitatively different, both models also display
sustained oscillations as I increases (Fig 1.6A, blue traces). The trajectories in the (n, v)
plane are also qualitatively similar (Fig 1.6B).
It is therefore arguable that the dynamics originally reported by Hodgkin and Huxley
should have been two dimensional, as suggested by the similarity in the dynamics of
the two dimensional reduction and the original model. By combining the above observations with biophysical models of membrane potential and geometrical analysis, it will
be argued in later chapters that excitability in non-bursting cells (see periodic bursting,
(Av-Ron et al., 1993)) is, in essence, a 2-dimensional phenomenon.
A general analysis of the properties of the Hodgkin and Huxley model was worked
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Figure 1.6: Dynamics (A) and phase plane behavior (B) of the Hodgkin and Huxley
model (in the n-v plane) and its 2D reduction for I = 0 (black and gray traces) with
initial conditions (-51.0, 0.8, 0.8,0.2) and (-51.0, 0.2), respectively, and for I = 7 with
trajectories started near the limit cycle.
Table 1.2: Steady states of the Hodgkin and Huxley model and the 2D reduction from
Eqs. (1.17)-(1.18) for I = 0.
Hodgkin and Huxley

(v∗ , h∗ , m∗ , n∗ )

2D reduction

(v∗ , n∗ )

≈ (−59.898, 0.593, 0.054, 0.319)
≈ (−59.977, 0.318)

out by Fitz-Hugh (Fitz-Hugh, 1955, 1960). From his analysis, Fitz-Hugh constructed dimensionally reduced mathematical abstractions of the Hodgkin and Huxley model (FitzHugh, 1961). The main ideas behind the Fitz-Hugh model are presented in the following
section with the idea of introducing some terminology and to provide a general overview
of concepts that will be encountered in later chapters.
1.3.2

The Fitz-Hugh model.

Some properties of the Fitz-Hugh model will be discussed in this section to introduce
some key concepts. The Fitz-Hugh system is very important because it allows analytical calculations that unravel mechanisms that explain different dynamical properties of
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excitable systems. The equations of the Fitz-Hugh system can be written as:

∂t v = f (v) − w

(1.19)

∂t w = bc (g(v) − w)

(1.20)

where

v3
+I
3
v+a
g(v) =
b

f (v) = v −

(1.21)
(1.22)

An important characteristic of the Hodgkin and Huxley system in Eqs. (1.4)-(1.10) is that
the v - and w-nullclines of the system (w ∈ {h, m, n}) generally have cubic and sigmoidal
shapes as functions of v , respectively. Similarly, the nullclines of the Fitz-Hugh model
are cubic and linear functions of v , respectively.

v-null: w = f (v),

w-null: w = g(v).

(1.23)

As a consequence, the fixed points satisfy the equation



a
1
v3
−I =v 1−
− ,
b
b
3

(1.24)

which can be solved by radicals,

v∗

vs
u
u
3
t

(−Ib + a)2 (−b + 1.0)3
−Ib + a
= −
2.25
+
+ 1.5
2
3
b
b
b
−b + 1.0
+ rq
2
3
3
b
2.25 (−Ib+a)
+ (−b+1.0)
+ 1.5 −Ib+a
b2
b3
b

(1.25)

Notice that c changes the rate of change for w without affecting the location of the
fixed point. That is, changes in c are likely to affect the trajectories in the phase plane,
but do not affect the nullclines of the system. The parameter c has a similar influence on
the system as changes in temperature induced in biophysical models. From (1.24), the
system (1.19)-(1.20) has, a priori, up to three fixed points.
In their simplest behavior, the membranes of real excitable cells can be regarded
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as dynamical systems. For this reason, the local stability and attractors for the system
(1.19)-(1.20) has been significantly useful for the study of excitability. The v -coordinate
of asymptotically stable fixed points of (1.19)-(1.20) corresponds to situations in which
the membrane has a resting potential, or in extreme situations, a depolarization block
(eg. over excited cells in epilepsy or during a heart attack). On the other hand, asymptotically stable limit cycles correspond to sustained spiking regimes. The existence, or
even coexistence of these two kinds of attractors and transitions between them are often
observed in real cells in different physiological conditions. The mechanisms underlying such transitions were first understood through local stability analysis of membrane
models.
A.

B.

Figure 1.7: Dynamics (left panels) and trajectories in phase plane (right panels) for
the FitzHugh system (1.19)-(1.20) with a = b = 1, c = 0.5, I ∈ {0, 1} (A and B,
respectively). The nullclines of the system are shown in gray.
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Local stability analysis. The Jacobian of the system (1.19)-(1.20) is

J(v, w) =

1 − v 2 −1
c
−bc

!
.

(1.26)

For a fixed point (v∗ , w∗ ), the eigenvalues of the matrix J∗ = J(v∗ , w∗ ) are

λ=

τ±

√

τ 2 − 4δ
,
2

(1.27)

where τ∗ = Tr(J∗ ) = 1 − v∗2 − bc and δ∗ = det(J∗ ) = c − bc(1 − v∗2 ). The discriminant
inside the square root in (1.27) is therefore,

∆∗ = (1 − bc − v∗2 )2 + 4bc(1 − v∗2 ) − 4c.
For instance, if (a, b, c) = (1, 1, 1/2), then Eq. (1.24) gives

v∗ = (3I − 3)1/3 ,

w∗ = (3I − 3)1/3 + 1

(1.28)

which implies

1
τ∗ = (3I − 3)2/3 +
2

2
h
i
1
2/3
+ 2 1 − (3I − 3)2/3 − 2
∆∗ = (3I − 3) +
2

(1.29)

In the particular case where I = 0, the fixed point becomes

(v∗ , w∗ ) = (−31/3 , 1 − 31/3 ) ≈ (−1.44, −0.44)
with

τ∗ =

1
− 32/3 ≈ −1.58
2

and



2/3

∆ = (−3)

1
+
2

2

− 2 (−3)2/3 ≈ −1.66

(1.30)

(1.31)

which means (v∗ , w∗ ) is an asymptotically stable focus point (Fig. 1.7A and 1.8) in the
absence of current. Note that other choices of the parameters can be made so that,
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Figure 1.8: Trace (τ∗ ) and discriminant (∆∗ ) for the Jacobian matrix of the system (1.19)(1.20) with a = b = 1, c = 0.5, I ∈ {0, 1}.
in the absence of current, the fixed points are nodes instead of foccus points. This is
important, as the difference between spiral and non-spiral dynamics represent different
computational properties in neurons. For instance, if synaptic input is being received,
and the system has a fixed point attractor with local spiral dynamics (a focus), inhibitory
synaptic input can, in principle, trigger action potentials; this is not the case when the
fixed point is a stable node.
The system can be configured so that increasing current causes a saddle-node bifurcation. In this case the system has a saddle point prior to the bifurcation with a stable
manifold that serves as a threshold curve. Perturbations that place the system above
the curve in the v - and w-direction will cause action potentials to occur. In this case the
integration of incoming input can be thought of as an aggregation process that results
in action potentials every time the threshold curve is crossed. This is the typical textbook idea of action potentials generated by “supra-threshold” stimuli and can be found
in (Ermentrout and Terman, 2010; Izhikevich, 2007).
As a function of the input current I , the FitzHugh system undergoes Hopf bifurcations
that generate sustained oscillations (Fig. 1.7 B). This can be explained by analyzing the
behavior of τ and ∆ as functions of I (Fig. 1.8), which shows that the system undergoes
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Hopf bifurcations for values around I = 1, assuming a = b = 1 and c = 0.5. In fact,
there is a sequence of bifurcations where the fixed point becomes unstable through a
Hopf bifurcation (I ≈ 0.89), leaving a limit cycle as the only attractor until the focus point
becomes asymptotically stable again via a Hopf bifurcation (I ≈ 1.12). Remarkably,
the fixed point also changes from being an unstable focus to an unstable node within a
small range of I values around 1). In fact, for I = 1, the fixed point is at (v∗ , w∗ ) =

(0, 1), with (τ, ∆) = (0.5, 0.25) and eigenvalues (λ1 , λ2 ) = (1, 0). In this rare case
in which the fixed point for I = 1 is not hyperbolic, the trajectory of the system still
converges to a limit cycle attractor (Fig. 1.7 B). It is worth mentioning at this point that
it is possible to observe canards in two-dimensional relaxation oscillators similar to the
one in Eqs. (1.19)-(1.20). Canards are periodic orbits for which the trajectory follows
both the attracting and repelling parts of a slow manifold. In this case, a canard would
be expected to occur as an abrupt increase in the amplitude of a limit cycle created
by a Hopf bifurcation. Canards emerge as a parameter crosses a very small critical
interval, resulting in always stable large amplitude, relaxation-type limit cycles. The small
amplitude limit cycles are stable when the Hopf bifurcation is supercritical, and unstable
if the bifurcation is subcritical.
The geometrical analysis of dynamical systems by Fitz-Hugh and others has allowed
a much deeper understanding of the dynamics of excitability, and unravelled mechanisms impossible to observe experimentally at the time of their report. Remarkably, the
mathematical analysis of models of excitable cells have contributed to tear down some
well established dogmas in biology. One notable example is the notion of the threshold
for action potential as a voltage larger than rest beyond which an excitable cell would
fire an action potential (Fitz-Hugh, 1955, 1960, 1966b). In 2-dimensional autonomous
models of excitability, such a threshold is actually a separatrix curve that exists only for
some parameter choices (see also Fitz-Hugh, 1966a; Rinzel and Baer, 1988).
Sequences of bifurcations like those described above will be studied in detail in the
biophysical models presented in later chapters. Of particular interest, emphasis will be
put on distinguishing focus-node bifurcations, as neuronal dynamics around nodes and
focus points are very different, and result in different integrating properties of synaptic, or other external input. This, as discussed in later chapters, will lead to the idea
of considering two systems (modeling excitable cells) as equivalent only if their phase
spaces are diffeomorphic. Note this is in contrast to the classical definition of topological
equivalence based on homeomorphisms.
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1.3.3

After FitzHugh... Noble, DiFrancesco, Rinzel, Morris & Lecar, AvRon, Ermentrout,
Terman, Endresen, and many more

Since the early works of Hodgkin and Huxley and Fitz-Hugh, the contributions from researchers like Morris and Lecar (1981), Rinzel (1985), and Av-Ron et al. (1991), among
others, have elucidated many important properties of dynamical systems using geometrical analysis. Notable advances in modeling membrane excitability, have been made in
parallel, taking a biophysical perspective almost independent of the dynamical systems
approach (Destexhe et al., 1994a,b; Rall, 1959; Rall and Rinzel, 1973). Of particular importance, the heart has been one of the most studied model systems (DiFrancesco and
Noble, 1985; Noble, 1962b). In fact, one of the frontiers in biophysical modeling of cellular excitability is currently being explored in cardiac tissue models where the dynamics
of excitability are coupled with tissue mechanics (Cherubini et al., 2008; Kuijpers et al.,
2012; Nash et al., 2004).
It is also worth to mention that interesting phenomenological models of membrane
excitability have also been developed in parallel. Among the most notable, is the work of
Izhikevich (2000). However, such models have a particular weakness in that they cannot
be used to ask mechanistic questions about excitability that can be interpreted and used
to shed light on the role played by multi-level biological organization on excitable tissues.
For instance, it is not possible to ask questions about the role of specific currents or ion
channels in producing specific electrophysiological profiles with such models.
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Chapter 2

Transmembrane transport and transmembrane currents

This chapter contains an introduction to some of the biophysical terminology and concepts that will be used throughout the rest of the document. The main goal is to define
simple, biophysical descriptions of how molecules move across cellular membranes and
affect the membrane potential. The main idea is to derive a unifying formulation for
transmembrane transport, which occurs when the number of particles moving in one
direction is larger than the number moving in the opposite direction. Expressions to describe such fluxes from a macroscopic perspective (whole membrane, or whole patch of
membrane) will be derived from first principles by taking into account diffusion, drift, and
the changes in free energy that occur. Formulations for pump- and channel-mediated
transport with a common, general functional form are derived. The chapter begins with
some basic biophysical notions used in the derivations such as diffusion and electrical
drift, and ends with a brief description of how to fit data from voltage-clamp recordings
to obtain parameters for the kinetics of a channel.
Electrical signaling is one of the many functions performed by excitable cells, enabling fast, and in some cases, long-range coordination between different networks of
cells. In turn, the electrical properties of cells depend on ionic transport. When ionic
transport occurs across the membrane, it is mediated by proteins that either facilitate
diffusion, or mechanically translocate ions against the electrochemical gradient that acts
upon them. Transmembrane transport has been included in many models of membrane
potential. However, the fluxes involved have been expressed in many functional forms
not always including the same elements (eg. membrane potential, ionic concentrations
of ions across the membrane, temperature, and other factors).
Transmembrane transport mediated by channels and pumps is macroscopically similar (Gadsby, 2009). In fact, it is shown in later sections that the same rationale used to
derive the transport formula for current could be applied to open channels by adjusting
the basal rate at which ions cross the membrane. This generic, macroscopic view of
transport is argued here from a mathematical perspective, and it is also supported by
biological data (Gadsby, 2009).
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2.1

Diffusion, generalized drift and the Einstein relation

Consider a system consisting of molecules from a solvent and a solute, s that is isothermal and subject to uniform pressure. Let the concentration of the molecules in the solute
be denoted by S = S(~
x, t), and expressed in units of moles. The thermal kinetic energy
of the molecules causes collisions with particles in the medium and as a consequence,
the movement of molecules in solution is random. In turn, the collisions cause a net
flux of particles down their concentration gradient called diffusion. The dynamics of this
random motion can be described by the empirical law of Fick (1855).

~ R = −Ds ∇S
φ

(2.1)

~ R is the ionic flux (mols/m2 /sec), Ds is the diffusion coefficient (m2 /sec). The
where φ
term ∇S is a vector representing the rate of change of concentration with respect to
space.
Drift can be caused by a force f (in N/mole) in combination with collisions due to
thermal kinetic energy. Assume f = −∇U where U represents some potential function
and assume that the molar density S is given by the Boltzmann distribution


−U (x)
.
S = exp
RT


(2.2)

where R is the molar gas constant1 (R=8.314 J mole−1 K−1 ), and T is the absolute
temperature in K. That is, molecules move from a state of high free energy, toward
states of low free energy. This means that the change in potential with respect to space,
now expressed in terms of moles is given by

∇U = −RT

∇S
S

(2.3)

Then, if the solute particles move with an average velocity proportional to f with proportionality constant us , the resulting flux is then

~ f = S~ν = Sus f
φ
= us RT ∇S.
1

(2.4)
(2.5)

R=kNA , where NA = 6.022x1023 /mole is Avogadro’s number, kB =1.381x10−23 J K−1 is Boltzmann’s

constant.
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The constant us is called the molar mechanical mobility of s (m mole s−1 N−1 ).
Einstein (1905) described diffusion as a random walk process, and noted that the
mobility can be related to the diffusion constant. To see this, note first that the drift and
diffusion fluxes are additive:

~f + φ
~ R = (us RT − Ds )∇S
φ

(2.6)

In the particular case in which the system is at thermal equilibrium, there should be no
net flux, which means

(us RT − Ds )∇S = 0,

(2.7)

so that the diffusion coefficient is

Ds = us RT.

(2.8)

This is called the Einstein relation.
The concepts defined in the following paragraphs will be used to derive expressions
describing macroscopic membrane currents using electrodiffusion.

2.2

Electrodiffusion, electrical drift, and the Nernst-Planck Equation

Flux of molecules in solution is determined by several factors that include temperature,
hydrostatic pressure, electrical potentials, and concentration gradients. A macroscopic
electrochemical description of the motion of molecules across the membrane can be
obtained by taking into account the electrodiffusive flow, obtained by coupling random
motion of molecules along chemical gradients with electrical drift.
Consider a charged molecule s and the force f generated by an electric field with
intensity −∇U , where U = U (~
x, t) is an electrical potential. In this case the electrical
force on a mole of s-particles is f = −zs F ∇U where zs is the valence of s and F is
Faraday’s constant2 (9.648 x 104 C/mol). If the flux due to electrical drift is assumed to
be the product of the ionic density and the average velocity of the particles, S~
ν , and that

~ν is proportional to the force in the field, then
~ drif t = −S (us zs F ∇U ) .
φ
2

F = NA q where qe =1.602x10−19 C is the elementary charge. Note that R =

(2.9)
kB F
qe

.
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Eq. (2.9) is the empirical law of Ohm (1927).
2.2.1

The Nernst-Plank equation

The instantaneous velocity of each particle in solution results from drift and diffusion.
The net flux of particles is the sum of drift and diffusion fluxes (Eqs. (2.1), (2.8), and
(2.9)):

~ s = −us (RT ∇S + zs F S ∇U )
φ
= −us F S ∇ (vT log S + zs U )
~ s is the ionic flux (moles/cm2 ) and vT =
where φ

kB T
qe

(2.10)

is a thermal potential (mV) also

o

called Boltzmann’s potential. At 37 C, vT = 26.7 mV (Fig. 2.1).
The flux can also be expressed in terms of current density (A/cm2 ). To do so, it is

~ s by zs F :
necessary to multiply φ
J~s = −us zs F 2 S ∇ (vT log S + zs U ) .

(2.11)

Eq. (2.11) is the Nernst-Plank equation (NPE).
2.2.2

The Nernst equilibrium

The fluxes across the membrane that will be considered in future derivations can be
thought of as one-dimensional. As a consequence, the potential U and density S will
be assumed to depend on a 1-dimensional variable x and t from here on. The potential
at which there is no net flow of s (Ũ = 0) is called the Nernst equilibrium, or Nernst
potential3 of s. From Eq. (2.10), no flux means that

∂x U = −

vT ∂x S
zs S

3

Alternatively, the Nernst equation can be derived in a more general way by considering the Boltzmann
factor (1868). Briefly, let pj be the probability that an ion is in compartment j , for j = 0, 1. The two compartments can be thought of as outside and inside the membrane. At equilibrium, the relative probability
that s is in either one of two compartments is



S1
z(U1 − U0 )
p1
=
= exp −
p0
S0
vT
Solving equation (2.12) for U1 − U0 gives the Nernst equation.

(2.12)
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Therefore integrating between two points x0 and x1 (eg. outside and inside the membrane)

vT
vs = U1 − U0 = − log
zs



S1
S0


.

(2.13)

The term vS can be though of as the membrane potential for which the net transmembrane flux of S -ions is zero. Table 2.2.2 shows the Nernst potentials for Na+ , K+ , and
Cl− at 37o C.
Table 2.1: Intracellular and extracellular concentrations of the common monovalent ions
in a typical mammalian cell and their Nernst potentials

2.3

Ion

Intracellular (mM)

Extracellular (mM)

Na+
K+
Ca2+
Cl−

10
140
2
6

145
5

10−4
106

Nernst potential (mV)

71.4715
-89.0592
132.3444
-76.7509

Transport, membrane proteins, and free energy

The transmembrane flux of solutes is typically mediated by membrane-spanning proteins that facilitate diffusion or move ions and other molecules across the membrane.
Channels are permeable to a few specific ions and facilitate ionic diffusion. There are
other membrane-spanning proteins called transporters that facilitate the translocation of
molecules across the membrane. Transporters mediate the movement of ions and noncharged molecules by using energy stored in the electrochemical gradient of at least
one of the transported molecules, or through hydrolysis of ATP molecules. That energy
is used to produce conformational changes in the transporter that result in the translocation of molecules across the membrane. If after each transport reaction the net transported charge is nonzero, the transport is called electrogenic. Note the nomenclature
can be misleading, as both channels and transporters mediate transmembrane trans-
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Figure 2.1: Boltzmann potentials
as a function of temperature in o C.
The black dot represents the point
(37.0, 26.7) that corresponds to
human body temperatures.

port. Both channels and transporters depend on conformational changes that ultimately
result in the net flux of specific molecules across the membrane.
Ion channels are typically formed by different subunits, each having several transmembrane domains. The subunits contain charged residues that move during the opening or closing of a channel. These two processes are generically called channel gating.
Since the gating process involves a conformational change that leads to the movement
of charged residues in the channel, gating (understood here as the transition between
two states, closed and open) changes the free energy of the system. As a consequence,
it is possible to describe the kinetics of gating in terms of the free energy of the system.
Transport that requires the energy from ATP or another source different from the
electrochemical force of any of the transporter molecules is called primary active transport. Proteins carrying molecules across the membrane using ATP are called ATPases.
Secondary active transport occurs when the energy for transport comes from the transmembrane electrochemical gradient of one of the transported molecules. Examples
of membrane proteins mediating secondary active transport include ion exchangers and
ion co-transporters. For instance, there are transporters called sodium-calcium exchangers (NaCaX) that move extracellular sodium in exchange for calcium. NaCaXs typically
move three Na+ ions along their electrochemical gradient in exchange for one Ca2+ ion
(DiFrancesco and Noble, 1985; Sanders et al., 2006). However, there are situations in
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which the driving forces of Na+ and Ca2+ reverse, and Ca2+ becomes the “driver” of
the translocation mechanism. There are other transporter proteins called symporters or
cotransporters that transport molecules in the same direction (outside to inside or vice
versa). For instance, sodium-glucose cotransporters use the driving force of sodium to
transport glucose into cells in the same direction as Na+ (Hille, 1992).
2.3.1

General formalism to describe changes in membrane protein conformation

It is possible to derive a general functional form that unifies the description of current
mediated by either electrogenic transporters or ion channels. Doing so requires taking
into account the involvement of energy and conformational changes mentioned above.
The parameters involved can usually be obtained from experimental data, and differential
equations describing the associated kinetics can be written.
Consider a reversible kinetic reaction
α

*
A−
)
− B.
β

(2.14)

At equilibrium, the free energy of the reaction satisfies:



∆G
α
= exp −
,
β
kB T

(2.15)

where ∆G is the change in free energy of the reaction at steady state. The ratio β / α
can be thought of as the time spent on the forward reaction relative to the time spent
in the backward reaction. The expressions (2.14) and (2.15) may be used in different
situations, for example, the open → close conformational change in a protein, or an
exchange of molecules across the membrane mediated by a transporter. The rates α
and β in (2.15) can be written as:





∆G
∆G
and β = r exp (1 − σ)
,
α = r exp −σ
kB T
kB T

(2.16)

where r can be thought of as a basal rate and σ (possibly between 0 and 1) controls the
symmetry of the time constant of the reaction (Blaustein et al., 2004; Endresen et al.,
2000; Willms et al., 1999).
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2.3.2

Flux mediated by transporters

“The sodium-potassium ATPase is the most important protein in the world... ”
Prof. Steve Wright, Department of Physiology, University of Arizona.

Primary active transport

Membrane proteins that mediate the transport of

molecule(s) exclusively against the(ir) electrochemical gradient are called pumps. In
this case, transport requires an external source of energy such as ATP. Pumps that
use ATP as a source of energy are also called ATPases. Transmembrane molecular
transport mediated by pumps is regarded as one of the main factors that contribute to
setting and restoring transmembrane concentrations of different molecules necessary
for cellular function. This also includes concentrations across the membrane of different
intracellular compartments.
The function of transporter proteins (exchangers and symporters) that are not pumps
depends to a great extent on the function of ATPases (Hille, 1992). For this reason,
transport mediated by pumps is also called primary active transport. In particular, normal cellular function in many cell types from animals and plants necessitates transport
mediated by exchangers and symporter proteins, and most exchangers and symporters
can be shown experimentally to depend directly or indirectly on the activity of Na+ -K+
ATPases. As a consequence, normal physiological function on our planet is believed by
many to be heavily dependent on Na+ -K+ ATPases.
A pump may transport one or more molecules at a time. For instance, there are
calcium and hydrogen pumps that take these ions out of the intracellular compartment,
either to the extracellular space, or in the case of calcium pumps, into organelles such
as the endoplasmic reticulum.
Consider two transmembrane compartments labeled 0 and 1, respectively. The
membrane between the compartments may be the plasma membrane, or the membrane
of an organelle. In general, if the membrane is the plasma membrane the compartment 0
will be regarded as the extracellular compartment. The transmembrane flux of molecules

S1 ,...,Sm transported by an ATPase can be thought of in terms of the kinetic reaction
α

−
*
n1 S1,i1 + ... + nm Sm,im + ATP )
− n1 S1,j1 + ... + nm Sm,jm + ADP− + P+
β

(2.17)

with ik , jk ∈ Z2 with jk ≡ ik + 1 mod 2 ∈ {0, 1} representing the compartments
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at which the molecules are located, and translocated to, respectively (Blaustein et al.,
2004).
Although the assumptions of mass-action kinetics are not strictly correct to model
transporter kinetics, the time course of the reaction is fast enough to allow reasonable
macroscopic estimations (Blaustein et al., 2004; Hille, 1992). The most important assumption for the modeling proposed here is that the electrochemical gradients of the
molecules are the main determinants for the transmembrane ionic transport.
The change in free energy ∆G produced by the conformational change that translocates the molecules can be written as:

∆G = ∆G1 + ... + ∆Gm + ∆GATP ,

(2.18)

where ∆Gk denotes the change in free energy caused by the k th molecule, k = 1, ..., m.
Therefore, the equilibrium state (2.15) can be expressed as



 m

∆GATP Y
∆Gk
α
= exp −
exp −
.
β
kB T
kB T
k=1

(2.19)

with α and β as in Eqs. (2.16)

 m


∆GATP Y
∆Gk
α = r exp −σ
exp −σ
,
kB T
kB T
k=1


 m

∆GATP Y
∆Gk
β = r exp (1 − σ)
exp (1 − σ)
.
kB T
kB T
k=1


(2.20)

(2.21)

Using a modification of the Arrhenius relationship for reversible reactions (Weiss, 1996a),
it is possible to write an expression for the basal rate r so that it includes the concentrations of the ions involved in the transport (Endresen et al., 2000; Mullins, 1981):
m
m
Y
κkB Y
nk (1−σk )
n (1−σk )
nk σk
r(T ) = T
[Sk ]ik [Sk ]jk
= T κBP
[Sk ]inkk σk [Sk ]jkk
hP k=1
k=1

(2.22)

where σk = ik σ + jk (1 − σ), hP is Planck’s constant (6.626 × 10−9 s−1 ) and σk For
the purposes of fitting experimental data and modeling temperature-dependent kinetics, the constant κBP can be estimated using an absolute temperature available from
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experiments, say T0 , and a rate is r0 that could be determined empirically:

r0
.
κBP = Qm
σ
nk
( k=1 [Sk ]o [Sk ]n1 k ) k T0

(2.23)

For instance at 37o C for a rate of r of 1 per millisecond, σ = 1/2, then κBP ≈ 0.0032
(ms·K)−1 . Instead, at 22o C, κBP ≈ 0.0034 (ms·K)−1 .
The change in free energy produced by the conversion of ATP is

∆GATP = qe vATP ,

(2.24)

where vATP ≈ −450 mV (Endresen et al., 2000). Note ∆GATP < 0. Therefore, the
reaction ATP → ADP− +P+ can be thought of as a release in energy.
The change in free energy produced by the translocation of an ion is

∆Gk = qe zk nk (v − vk ) (jk − ik ) ,

k = 1, ..., m,

(2.25)

where vk and zk are the Nernst potential and the valence for the k th ion, respectively.
Therefore,

"
∆G = qe vATP +

m
X

#
(jk − ik ) nk zk (v − vk )

(2.26)

k=1

The forward rate of the multi-ion transport in Eq. (2.17) can be written explicitly using
Eq. (2.16):

"

!#
m
X
σ
α = r exp −
vATP +
(jk − ik ) nk zk (v − vk )
vT
k=1
"
!#
m
X
(1 − σ)
vATP +
(jk − ik ) nk zk (v − vk )
β = r exp
vT
k=1

(2.27)

(2.28)

Notice the transporter may reverse depending on the concentrations and the membrane
potential, as it occurs with Na+ -Ca2+ transporters in the heart (Mullins, 1981).
Whole-cell current by a transporter
As mentioned above, the net movement of charge across the membrane can be nonzero;
in these cases the transport is called electrogenic. The total number of charges moved
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per unit time by the transporter is given by

i = qe (α − β),

(2.29)

with α and β as in Eqs. (2.27)-(2.28). Then if there are N transporters in the wholemembrane, the macroscopic current can be written as

(

"

!#
m
X
σ
I = N qe r exp −
vATP +
(jk − ik ) nk zk (v − vk )
vT
k=1
!#)
"
m
X
(1 − σ)
vATP +
(jk − ik ) nk zk (v − vk )
− exp
vT
k=1

(2.30)

In the special case when σ = 1/2, Eq. (2.30) transforms into

"

1
I = 2N rqe sinh −
2vT

vATP +

m
X

!#
(jk − ik ) nk zk (v − vk )

.

(2.31)

k=1

Example of single-ion ATPase: The calcium pump. The kinetic reaction for the CaATPase is
α

*
Ca1 + ATP −
)
− Ca0 + ADP− + P+ .
β

(2.32)

As before, the subscripts 0 and 1 indicate extra- and intracellular compartments. Since
the pump moves one Ca2+ ion each time the reaction occurs, the pump is electrogenic,
generating an outward current (positive current) that could contribute to decrease the
membrane potential. The change in free energy caused by the movement of calcium
across the membrane and the conversion of ATP is given by

∆GCa = −2qe (v − vCa ) ,

(2.33)

The negative sign is because iCa =1 and jCa =0, so jCa − iCa = −1. As a consequence,
if v < vCa , then ∆GCa > 0, which means that the movement of Ca2+ against its electrochemical gradient increases the energy in the system. The total energy change involved
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in the transport is therefore,

∆GCaAT P = qe [vATP − 2 (v − vCa )] .

(2.34)

From Eqs. (2.16),



αCaATP
βCaATP


σ
= rCaATP exp
(2v − 2vCa − vATP ) ,
vT


(1 − σ)
= rCaATP exp
(2v − 2vCa − vATP ) ,
vT

(2.35)
(2.36)

for some number σ between 0 and 1. Therefore, assuming σ = 1/2, the current generated by the CaATP is



ICaATP


(2v − 2vCa − vATP )
= 2NCaATP rCaATP qe sinh
.
2vT

(2.37)

Example: Na+ -K+ ATPase The transport reaction for the Na+ -K+ ATPase can be
written as
α

−
*
3Na1 + 2K0 + ATP )
− 3Na0 + 2K1 + ADP− + P+ .
β

(2.38)

with the extra- and intracellular compartments labeled as 0 and 1, respectively. The
ionic changes in free energy produced by the Na+ -K+ ATPase Na+ moves from the
intracellular to the extracellular compartment, so iNa =1, jNa =0, iK =0, jK =1, and

∆GNa = −3qe (v − vNa )
∆GK = 2qe (v − vK )

(2.39)
(2.40)

If v ∈ (vK , vNa ), then ∆GNa and ∆GK are both positive, which means that moving Na+
and K+ from inside to outside of the cell increases the energy stored in the system.
However, the total energy change in the transport reaction is

∆GNaK = qe (vATP + 3vNa − 2vK − v) ,

(2.41)
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which means that, in physiological conditions, energy is released during the activity of a
Na+ -K+ ATPase. Assuming σ =1/2, the current produced by the transporter is



INaK


1
= 2NNaK qe rNaK sinh
(v − 3vNa + 2vK − vATP ) .
2vT

(2.42)

Generalization for secondary and tertiary active transporters. The expression in
Eq. (2.17) can also be used for transporters that do not require ATP. In those cases, the
change in free energy caused by the conversion of ATP is not considered, resulting in
expressions like Eq. (2.30) or (2.31) without the ATP potential.
Secondary active transport occurs when a transporter moves a molecule across
the membrane using the energy provided by an electrochemical gradient of another
molecule. For instance, the Na+ -Ca2+ exchanger (NaCaX) uses the energy stored in
the Na+ electrochemical gradient to transport intracellular free Ca2+ to the extracellular
compartment. Therefore, the kinetic scheme is represented by
α

2+ −
2+
*
3Na+
− 3Na+
0 + Ca1 )
1 + Ca0 .
β

(2.43)

The kinetics of the NaCaX involves three Na+ molecules (zNa =1, nNa =3, and iNa =0), typically, but not always, from outside to inside the cell. The transport of Ca2+ involves typically, but not always, the translocation of one Ca2+ ion against its electrochemical gradient, from the intracellular to the extracellular compartment (zCa =2, nCa =1, and iCa =1,
Hille, 1992). The transporter may reverse depending on the concentrations and the
membrane potential. As a consequence,

∆GNa = 3qe (v − vNa ) ,

(2.44)

∆GCa = −2qe (v − vCa ) ,

(2.45)

∆GNaCa = qe (v − 3vNa + 2vCa ).

(2.46)

so
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Then, the rates α and β from Eqs. (2.16) can be written as



αNaCa
βNaCa


−σ
= rNaCa exp
(v − 3vNa + 2vCa ) ,
vT


(1 − σ)
(v − 3vNa + 2vCa ) ,
= rNaCa exp
vT

(2.47)
(2.48)

for some number σ between 0 and 1.
Assuming σ = 1/2, the net current mediated by the NaCaX is



INaCa


v − 3vNa + 2vCa
= −2NNaCa qe rNaCa sinh
.
2vT

Non-electrogenic two-ion exchange of Na+ and H+ (NaHX transporter).

(2.49)

An im-

portant example of secondary active transport, in this case non-electrogenic, is the exchange of Na+ and H+ . In normal conditions, NaHX takes a sodium molecule from
outside to inside in exchange for a hydrogen molecule from inside to outside of the cell.
As mentioned before, the transporter can also invert its kinetics depending on the concentrations of the ions involved. In normal conditions, the electrochemical driving force
of sodium is believed to provide the energy necessary for the transport of hydrogen. The
function of this transporter is to extrude hydrogen from the cell, thus helping to control
the intracellular pH.
Using the notation from Eq. (2.17), the kinetic reaction mediated by NaHX can be
written as
α

+ −
+
*
Na+
− Na+
0 + H1 )
1 + H0 .
β

(2.50)

From the kinetic reaction Eq. (2.50). As a consequence,

∆GNa = qe (v − vNa ) ,

(2.51)

∆GH = −qe (v − vH ) ,

(2.52)

∆GNaH = qe (vH − vNa ).

(2.53)

so
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Therefore, Eqs. (2.16) give


σ
(vNa − vH ) ,
= rNaH exp
vT


(1 − σ)
= rNaH exp
(vNa − vH ) ,
vT


αNaH
βNaH

(2.54)
(2.55)

for some σ between 0 and 1. Using the Nernst equation (2.13), Eqs. (2.54) and (2.55)
can be rewritten as


αNaH = rNaH

βNaH = rNaH

[Na]0 [H]1
[Na]1 [H]0

σ

[Na]0 [H]1
[Na]1 [H]0

1−σ

,

(2.56)

.

(2.57)

In general, Eqs. (2.56) and (2.57) illustrate a general property for non-electrogenic transporters, which is that the total flow can be written only in terms of the concentrations of
the molecules involved:

φNaH = NNaH (α − β)
"
σ 
1−σ #
[Na]0 [H]1
[Na]0 [H]1
−
= N rNaH
[Na]1 [H]0
[Na]1 [H]0

(2.58)
(2.59)

Assuming σ =1/2, Eq. (2.57) can also be written as:


φNaH = 2NNaH rNaH sinh
Generalization for non-electrogenic transport

vH − vNa
2vT



Assume that ions Sk , k = 1, ..., m,

undergo transmembrane transport represented by a reaction of the form
α

*
n1 S1,i1 + ... + nm Sm,im −
)
− n1 S1,j1 + ... + nm Sm,jm
β

(2.60)
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A useful expression for the ratio α/β can be obtained by separating the terms corresponding to v and vk from Eq. (2.60) by writing ∆G = A1 + A2 where

A 1 = qe v

m
X

A2 = −qe

(jk − ik ) nk zk

k=1
m
X

(2.61)

(jk − ik ) nk zk vk .

(2.62)

k=1

Since nk zk is an integer for each k , it is possible for the net charge transported across
the membrane to be zero. In this case, A1 = 0, and the total change in free energy, ∆G
would depend only on the concentration gradients and the number and direction of the
transported molecules, but not on the electric field across the membrane. Therefore, A1
from Eq. (2.61) drops out from the calculation for ∆G. By extension, this also applies
to the forward and backward rates from Eqs. (2.16). In other words, the reaction can be
thought of only in terms of the chemical potentials of the transported molecules.
It is possible to express the ratio of α and β (see Eq. 2.19) as a function of the
transmembrane concentrations of the ions under consideration and how many molecules
move across the membrane as follows:


exp −

∆G
kB T



"

m
1 X
= exp
nk zk vk (jk − ik )
vT k=1
n (j −i )
m 
Y
[Sk ]0 k k k
=
.
[S
k ]1
k=1

#

(2.63)

As a consequence,

α =

n (j −i )
m 
Y
[Sk ]0 k k k
k=1

β =

(2.64)

[Sk ]1

n (j −i )
m 
Y
[Sk ]0 k k k
k=1

!σ

!1−σ
(2.65)

[Sk ]1

The whole cell transport is given by

J = Nr

n (j −i )
m 
Y
[Sk ]0 k k k
k=1

[Sk ]1

.

(2.66)
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which reduces to

"

m
1 X
J = 2N r sinh
nk zk vk (jk − ik )
2vT k=1

#
(2.67)

when σ = 1/2.

2.4

Membrane Channels

Channels are membrane spanning proteins with pores that open to both the intracellular
and the extracellular compartments, and typically more permeable to some molecules
than others (Hille, 1992). For instance, there are channels that have a high permeability
for calcium, but not so much for potassium; others are highly permeable for potassium,
but not sodium, and yet, others allow both sodium and potassium to freely diffuse across
the membrane.
The flow of any ionic species through the pores of ion channels depends on factors
like the electrical field across the membrane, the identity and physical properties of the
ion (eg. valence, molecular weight, size), and the amino-acid residues lining the pore
region of a channel. The gating results from conformational changes induced by (i)
fluctuations in the membrane potential, (ii) by the binding of one or more molecules onto
intra- or extracellular portions of the channel, or both. Another way to regulate gating is
mediated by phosphorilation or other modulatory influences that typically depend on a
protein kinase-dependent cascade. In turn, such cascades depend on cyclic nucleotides
like cyclic adenosine monophosphate (cAMP).
Gating can be represented by the product of two or more variables, each taking
values between 0 and 1 and representing a single gating mechanism. For instance, the
gating of some Na+ channels involve two macroscopically-defined gating mechanisms.
Such channels activate and subsequently inactivate with further increases in v . These
channels de-inactivate and de-activate when v decreases to basal levels. Modeling
of these two mechanisms involves two variables, one quickly reaching a steady state
increases as a function of v (activation), and a second, slower variable having a steady
state that decreases as a function of v (inactivation). Each gating mechanism can be
written as a function of v , the concentration of one or more molecules relevant to the
system, or combinations of the above. Examples of ligand-gated channels can be found

49
in synapses. For instance, some Cl− channels open upon binding gamma-amino-butiric
acid (GABA). In this case, gating is typically written as a function of the concentration
of the neurotransmitter. In contrast, opeing of NMDA receptors requires increases in

v in addition to the binding of glutamate. In this case the probability of opening can
be written as the product of a voltage-dependent variable, and a ligand-gated (NMDA)
variable. Another important class of ligand- and voltage-dependent gating is present
in BK (“big conductance”) calcium dependent potassium channels which can be found
in many excitable cells. The mathematical expression of the open-probability for these
channels is similar to that of NMDA receptors.
Unlike the classical Hodgkin-Huxley formalism in which the membrane is represented
by an electrical circuit, the expressions for membrane currents carried by channels considered here will take diffusion through the pore into account (Barr, 1965; Endresen
et al., 2000; Goldman, 1943). General expressions for whole-membrane, as well as
single-channel currents for any given type of ion channel will be derived in the following
sections. The first formulation is based on electrodiffusion considerations. It was first
published by Endresen et al. (2000). A similar formulation was independently worked
out by the author (unpublished). The main assumption for such a derivation is that ions
electrodiffuse through channel pores according to the Nernst-Planck equation (2.10). A
second, equivalent formulation based on considering the translocation event in which an
ion crosses a membrane is also derived. The second derivation can be used to model
transport mediated by channels and by pumps.
We start with a derivation of a generic expression for the current through open channels thought of as ”holes in the wall” (Eisenberg, 1998), and then consider the equivalent
derivations based on the translocation event as described above. Gating is considered
in latter sections. Ionic flux through the open channels is described first, followed by a
description of different gating mechanisms and their associated mathematical formulations.
Derivation of electrodiffusion expressions for transmembrane currents. Consider
a region in space that resembles one transmembrane pore within a channel together
with the immediate intra and extracellular regions. Assume that any ionic species s with
valence zs has an electrical mobility µs , and a smoothly varying concentration profile

Cs . Assume further that ions in this region are influenced by an also smoothly varying
electric field U . The flux of s-ions across the open channel is the sum of the fluxes
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caused by diffusion and electrical drift, described by the Nernst-Planck equation (NPE)
(Weiss, 1996a,b):

J~s = −µs (kB T ∇Cs + qe zs Cs ∇U ) ,

(2.68)

As in earlier sections, kB , qe , and T in Eq. (2.68) are, respectively, the electrical potential,
Boltzmann’s constant (mJ/K), the elementary charge, and absolute temperature (K).
The diffusion of ions inside an open channel can be assumed to occur along one of
three spatial dimensions (Eisenberg, 1998, 1999; Hille and Schwarz, 1978; Nonner and
Eisenberg, 1998). As a consequence, the motion of ions in the other two dimensions
is assumed from here on to be negligible. Using the integrating factor exp ( zs U/vT ), a
one-dimensional version of Eq. (2.68) can then be written as:

Js






zs U
zs U d
Cs exp
,
= −µs kB T exp −
vT
dx
vT

(2.69)

where x is a one-dimensional variable between 0 and L representing the length of the
channel pore across the membrane. The values 0 and L represent the extracellular
and intracellular ends of the channel, respectively. Taking a macroscopic perspective,
assume the current flow through the open pore is a constant i (Endresen et al., 2000).
The idea is to use Eqs. (2.69) to write the total current in the open channel as a function
of the membrane potential v = Ui − Ue . The current density between 0 and L is then

i
= qe zs Js (x),
A(x)

(2.70)

where A is the cross sectional area of the channel, assumed to be a smooth and slowly
varying function on the interval [0,L]. This macroscopic description of the flux across the
channel is reasonable at least for channels permeable to K+ , Na+ , and Ca2+ , (Almers
and McCleskey, 1984; Hille and Schwarz, 1978). Combining Eqs. (2.69) and (2.70) gives

i
exp
A(x)



zs U
vT






d
zs U
Cs exp
= −zs µs qe kB T
,
dx
vT

(2.71)

For notation purposes, let Ui = U (0), Ue = U (L), Si = Cs (0), and Se = Cs (L).
Eq. (2.71) can be integrated between 0 and L to obtain expressions in terms of the
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intra and extracellular electrical potentials






µs zs qe kB T
zs Ui
zs Ue
 
i = RL
Si exp
− Se exp
1
zs U
vT
vT
exp
dx
vT
0 A(x)

(2.72)

The integral in the denominator of the right hand side of Eq. (2.72) describes the
dependence of the current on the shape of the channel.
Next, rewrite Eq. (2.72) as a function of the membrane potential. In normal resting
conditions, the membrane potential of a cell is v = Ui − Ue < 0, so Ui < Ue . Assuming
the electric field is continuous between 0 and L, there is a point xm along the length of
the pore such that the corresponding voltage Um = U (xm ) satisfies

Ui − Um = (1 − m)v,

Um − Ue = mv,

m ∈ (0, 1)

(2.73)

Introducing Um into the exponential terms of Eq. (2.72) by multiplying and dividing by

exp (−zs Um /vT ), and factoring out the square roots of Se and Si , the current is rewritten
as




zs (Ue − Um )
zs (Ui − Um )
− Se exp
,
i = ãs T Si exp
vT
vT





zs (1 − m)v
−zs mv
= ãs T Si exp
− Se exp
,
vT
vT




(2.74)

with ãs representing a maximum whole-membrane current amplitude of the form



µs zs qk exp zsvUTm
  .
ãs = R L
1
exp zvsTU dx
0 A(x)

(2.75)

The integral in the denominator of Eq. (2.75) can be approximated by a constant (Nonner
and Eisenberg, 1998). If the absolute temperature and the transmembrane concentrations of S can be assumed to be constant, then ãs T

√

Se Si can be replaced by a constant

representing the maximum amplitude of the current through a single open channel.
The expression in the right hand side Eq. (2.74) can be simplified to give a convenient functional form in terms of the Nernst potential vs . To do so, substitute the Nernst
potential from Eq. (2.13) into Eq. (2.74), the current through the open channel can be
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rewritten as








zs (1 − m)v
−zs mv
m −m
exp
− Se Si exp
,
i =
vT
vT





zs (1 − m)(v − vs )
zs m(v − vs )
1−m m
= ãs Se Si T exp
− exp −
(2.76)
vT
vT
ãs Se1−m Sim T

Sem−1 Si1−m

which can be simplified for m=1/2 into

i = 2ãs T

p


zs (v − vs )
.
Se Si sinh
2vT


(2.77)

Equation (2.77) was derived by Endresen et al. (2000). Note the current chages sign
at v = vs . Eq. (2.77) can be regarded as a macroscopic description of transmembrane
current driven by electric drift and diffusion through an open channel that will be herein
referred to as a DD current.
2.4.1

Transport mediated by channels from a kinetic perspective

Channel-mediated transport can be described phenomenologically as a reversible reaction involving m ions simultaneously translocated across the membrane as follows:
α

−
*
msi )
− mse .
β

(2.78)

It is possible to obtain an expression equivalent to the generalized functional form for
the transmembrane current through an open channel permeable to the ionic species s
based on the reaction 2.78. As before, the free energy of the reaction is

∆Gs = mzs qe (v − vs )(js − is )

(2.79)

The steady state ratio of the forward and backward rates is given by



∆G
α
= exp −
β
kB T

(2.80)

53
which has a particular solutions of the form




zs qe
α =
exp mσ
(js − is )(v − vs ) ,
2kB T


zs qe
m(1−σ) mσ
(v − vs )(js − is ) .
si exp m(1 − σ)
β = rT se
2kB T
rT sm(1−σ)
smσ
e
i

(2.81)
(2.82)

where r is a basal rate for the reaction (v = 0) and σ can be thought of as a bias toward
the forward or the backward reaction. The current by N translocating proteins is thus
given by qe N (α − β ). In the case where σ = 1/2, substitution of α and β gives

I˜s = 2rqe T N zs (si se )

m/2


mzs (js − is )
sinh
(v − vs )
2vT


(2.83)

Therefore, Eqs. (2.77) and (2.83) are related (consider the case m=1). Importantly,
Eq. (2.83) works for transport mediated by pumps, which means that the channelmediated electrodiffusion current and the pump-mediated thermodynamic can be the
same!... at least mechanistically. In fact, the requirement for m = 1 can be interpreted
as saying that electrodiffusion through a channel as described by the Nernst-Planck
equation can be thought of as equivalent to ionic translocation across the membrane,
one ion at a time. Further, the electrodiffusive motion of ions through open channels can
be described with an expression that is equivalent to that obtained for the description
of pump-mediated transport, lending theoretical support to the hypothesis proposed by
Gadsby (2009) and other researchers, that channel and pump-mediated transport are
macroscopically equivalent.
2.4.2

Whole membrane currents and channel gating

The formulation in Eq. (2.77) can be extended for a membrane containing several hundreds or thousands of channels. Assuming that there are Ns channels in the membrane
and representing channel gating by a number ps between 0 and 1, the gated whole
membrane current can be written as:



p
zs (v − vs )
.
I = Ns ps ãs T Se Si sinh
2vT

(2.84)

If the transmembrane concentrations and the absolute temperature are constant,

√
ãs Ns T Se Si can be thought of as a constant āS representing the maximum current
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through the membrane. Furthermore, since the amplitude term āS is a multiple of the
number of channels in the membrane, the term can be regarded as an indicator of channel expression.
Loosely speaking, the quantity Ns ps can be thought of as the average number of
open channels permeable to S -ions (see Aldrich et al. (1983) for an interesting perspective in this regard). The proportion ps depends on the gating mechanism of the channel,
which in turn may depend on voltage, or the concentration of a ligand, or both. Different
expressions for ps will be discussed in the following paragraphs.
Channel gating
As mentioned before, ion channels may be gated, meaning that their opening is conditional. Here we consider voltage- and ligand-gated channels. Some channels are both
voltage- and ligand-gated (e.g. NMDA receptors (Popescu and Auerbach, 2004), BK
channels (Salkoff et al., 2006)), but are not considered here.
Let u be a gating variable taking values between 0 and 1. The dynamics of u describe
a conformational change in which part of the channel, generally called a “gate”, opens.
The conformational change can be thought of as a reversible reaction of the form
α

*
Closed −
)
− Open
β

with dynamics satisfying the equation

du
= (1 − u)α − uβ,
dt

(2.85)

with α and β representing the forward and backward rates of the opening conformational
change, respectively. If the gate is voltage-dependent, then the rates depend on v . In
ligand-dependent gating the functions α and β will also depend on the concentration of
the ligand. Another way to define the dynamics of u is to rewrite Eq. (2.85) as:

du
u∞ − u
=
,
dt
τu
−1

where τu = (α + β)

(2.86)

is a time constant and u∞ = α/ (α + β) is the steady state for u.
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Voltage-dependent gating. To determine the steady state probability of opening u∞
and time constant τu (or, alternatively, the rates α and β ) for a voltage-dependent gate,
consider the ratio between the steady state probabilities of opening and closing, as given
by the Boltzmann distribution (Boltzmann, 1868),

u∞
= exp
1 − u∞



−∆G
kB T


,

(2.87)

where ∆G is the change in free energy caused by the opening or closing of the gate,
defined explicitly as

∆G = ∆Gopen − ∆Gclosed = ηu qe (vu − v) ,

(2.88)

where ηu qe is the gating charge of the close→open reaction (Bean and Rios, 1989;
Chanda et al., 2005; Jiang et al., 2003), qe v is the change in potential energy caused by
redistribution of charges, and qe vu is the difference in mechanical conformational energy
between the closed and open states.
The steady state probability of opening can then be written using Eqs. (2.87) and
(2.88), as a sigmoidal function of the membrane potential:



−1
ηu
u∞ (v) =
1 + exp
(vu − v)
.
vT

(2.89)

It can be seen from here that vu is the voltage at which the steady state probability of
opening is 1/2; vu is also called the half-activation, or half-inactivation, potential depending on whether the sigmoid is increasing or decreasing as a function of v . The parameter

ηu controls the slope of the sigmoid. For larger ηu , the gating charge of the reaction is
larger, and the slope of the sigmoid around vu is steeper. Since the Boltzmann potential
vT is proportional to the absolute temperature T , Eq. (2.89) predicts that the change in
u∞ around the half-activation as a function of v is slower for higher temperatures and
steeper for lower temperatures.
Since τu = u∞ /α, if u∞ is known, then either α, or τu would be sufficient to specify
the dynamics of u. The relationship

α
u∞
=
,
β
1 − u∞

(2.90)
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also known as the principle of detailed balance (Onsager, 1931), can be combined with
Eq. 2.87 to describe the ratio between α and β in terms of the parameters vu and ηu :

α
u∞
=
= exp
β
1 − u∞



−∆G
kB T






ηu
= exp
(v − vu ) .
vT

(2.91)

From here, α and β can be written as




ηu
α(v) = ru (TC ) exp σu (v − vu ) ,
vT


ηu
β(v) = ru (TC ) exp (σu − 1) (v − vu ) ,
vT

(2.92)
(2.93)

for some temperature dependent function ru (TC ) representing the rate of the gating
reaction at which the gate may open or close with equal probability. A typical functional
form for ru is
(T −T0 )/10

ru (TC ) = r̄u Q10C

,

Q10 ≈ 3

(2.94)

where r̄u is the baseline rate of the close→open reaction, Q10 is a multiplier for the
reaction rates given an increase in 10o C, TC is the temperature in o C, and T0 is a baseline
temperature (Av-Ron et al., 1991). For the squid giant axon recordings by Hodgkin
and Huxley (1952), Q10 ≈ 3 and T0 =6.3o C. These values have been assumed in other
studies (Av-Ron et al., 1991; Ermentrout and Terman, 2010). However, we will use
the representation for r given by the Arrhenius relationship for chemical reactions from
Eq. (2.22) (Weiss, 1996a)

r(T ) = T

κkB
= T κBP
hP

The parameter σu is between 0 and 1 and determines the symmetry of the time
constant (Borg-Graham, 1991; Destexhe and Huguenard, 2000; Willms et al., 1999),
which can be written explicitly as a function of v

τu−1 (v)






(1 − σu )ηu
σu ηu
= ru exp
(v − vu ) + exp
(vu − v)
vT
vT

(2.95)

The parameter σu can be used to fit channel currents recorded under voltage clamp
without the need of including powers for u (Fig. 2.2). In the simulations presented here,

T is fixed to 22o C, and ru will be assumed to be a constant adjusted to match the
maximum of the voltage-dependent time constant of the delayed-rectifier activation gate.
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For notation purposes, let




ηu
Bu (v) = B(v; vu , ηu ) = exp
(v − vu ) ,
vT

(2.96)

Therefore, the dynamics of u can be written as

τ̄u

du
= (1 − u)Buσu (v) − uBu1−σu (v)
dt

(2.97)

where τ̄u = 1/r̄u is the maximum of the time constant for u when written as a function
of v :


τu = τ̄u Buσu (v) + Buσu −1 (v)

−1

(2.98)

An assumption that simplifies computation could be to take σu = 1/2. As a consequence, the time constant τu becomes a symmetrical function:

τu−1 (v)




ηu
= ru cosh
(v − vu ) .
2vT

(2.99)

Importantly, the simplification where σu = 1/2 has significant effects on the time course
of u, and may potentially change the membrane potential dynamics when coupled to v .
Ligand-dependent gating. If u represents a ligand-dependent gating mechanism
(e.g. acetylcholine receptor), then the dynamics of u can be written as a function of
the concentration of the ligand, CL . More specifically, the forward rate can be written as
a function of the concentration of the ligand, and the backward rate can be assumed to
be constant (Destexhe et al., 1994a). The dynamics of u are as described by Eq. (2.86)
with α = α0 CL (t). The rates α0 and β are assumed to be constant in the absence of further considerations, but they may be functions of some other variable when necessary.
In this case, the time constant and steady state are given by

τu−1 = α0 CL (t) + β and u∞ = α0 CL (t)τu

(2.100)

The time course of CL (t) depends on the events that raise the concentration of the ligand
(Clements, 1996). In the case of synaptic input, the concentration of the neurotransmitter
can be assumed to start increasing after each action potential in the presynaptic neuron, with a decay dependent on factors like the neurotransmitter binding to its receptor,
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enzymatic degradation, and recycling by glia (Henn and Hamberger, 1971; Newman,
2003) and other cells surrounding the synaptic cleft (Kleinle et al., 1996; Mathews and
Diamond, 2003).

Figure 2.2: Fitting of voltage clamp data from Shab channels. Data digitized from Fig. 4
of Tsunoda and Salkoff (1995). Sample data set with currents recorded in voltage-clamp (black
dots) and model based on steady state measurements for activation with (ru , σu ) adjusted to fit
the time course. The steady state activation was calculated from the tail currents (black dots) and
averaged over several recordings. The gating parameters are (vu , ηu , ru , σu ) = (1, 2, 0.1, 0.6).

2.4.3

Fitting gating parameters

If the genetic background of the channels mediating a current is known, the biophysical
parameters describing the current can be associated directly to the gene(s) involved and
interpretations can be made in terms of gene expression and splice variants. Specifically,
if a whole membrane current under consideration is mediated by a particular channel,
say, a K+ delayed rectifier encoded by the Shab gene from Drosophila (or any of its
vertebrate homologs from the Kv superfamily of channels), the maximum amplitude of
the channel can be thought of as a multiple of the number of Shab channels in the
membrane, and therefore, interpreted as an indicator of Shab expression.
To find parameters for gating variables using experimental data, it is necessary to
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have an estimation of the steady state probability of opening of the gating mechanism
under consideration and time constant for gating as a function of voltage. Alternatively,
it is enough to have the current traces from voltage-clamp recordings. According to
Eq. (2.89), fitting data from the steady state probability of opening yields two of the four
necessary parameters needed to specify the gating dynamics, namely, the gating charge
and the half activation (or inactivation) potential. One way to approximate parameters
directly from the recordings, is to build a graph of voltage vs the steady state tail current.
From there, averaging over data sets for well isolated currents typically yields a sigmoidal
function of voltage. The rate ru and symmetry σu can be obtained from the relationship
between voltage and time constant of gating. Alternatively, it is possible to obtain all the
parameters for u directly from current traces obtained under voltage clamp. This can be
done by first finding the v dependence of the steady state for u, from which vu and ηu
can be estimated. Secondly, the currents can be simulated for fixed voltage values using
the solution to the equation for u, and varying the parameters ru and σu to match the
time course of the clamp. An example of a fit obtained this way is shown in Fig. 2.2.
2.4.4

Tables with representative parameters

For illustration, tables 2.2, 2.3, 2.4, and 2.5, contain parameters for the formulations
presented above that are representative of different currents used in different models
already resported in the literature.
On how to determine the initial slow change for some currents recorded in voltageclamp mode
While fitting currents recorded using voltage-clamp mode, Hodgkin and Huxley noted
that for some of the voltage command values, especially the lower ones, the time course
of the current had a slow-changing interval followed by a faster change that converged
exponentially toward a steady state. The solutions to the linear dynamics that they used
to describe gating do not display such behavior, but they solved the issue using integer
powers of the gating variables (Hodgkin and Huxley, 1952). For an alternative approach,
note that the slow change occurring only for the smaller voltage commands resembles
the behavior of the solutions to the logistic equation. Should currents obtained in voltage clamp experiments behave as those recorded by Hodgkin and Huxley, it would be
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Table 2.2: Gating parameters whole-compartment persistent K-currents. The labels a
corresponds to the activation gating variable.

Description

ηa

va (mV)

τ̄a (ms)

σa

TC (o C )

Shab current from Drosophila neurons (Tsunoda
and Salkoff, 1995)
Medial vestibular neurons (Av-Ron and Vidal, 1999)
A-type
B-type
Retinal Ganglion Cells (Fohlmeister and Miller,
1997)
Nucleus Reticularis Thalami (Wallenstein, 1994)
Subthalamic Nucleus (Bevan and Wilson, 1999; Bevan et al., 2000; Terman et al., 2002)
Globus Pallidus Externum (Surmeier et al., 1994;
Terman et al., 2002)
CA1 Pyramidal Neurons (Hoffman et al., 1997)

2

-1

10

0.7

22.0

2.79
2.79
1.29

-40.0
-35.0
-27.14

5
5
3.7

0.5
0.5
0.5

22.0
22.0
22.0

4.73
3.32

-40.95
-32.0

16.6
66.0

0.5
0.5

35.0
35.0

1.9

-50.0

500

0.5

35.0

2.06

-30.00

25

0.5

24.0

reasonable to describe the dynamics of u using general logistic-like equation of the form

∂t u = uk

u∞ (v) − u
,
τu (v)

k∈Z

(2.101)

with u∞ and τu as previously described, could also be used, giving solutions that closely
resemble the behavior displayed by the voltage-dependent activation (or inactivation) of
currents in voltage-clamp mode. As can be readily seen, the solution of Eq. (2.101) for
fixed v and k > 0 includes an initial period of slow change after which the asymptotic
approach to the steady state takes place. This can be checked analytically by calculating
the solution for k = 1 for fixed v (the logistic equation). Note this new formulation adds
a new steady state at u = 0, which could be interpreted as a non-activated state. If u is
a population of channels, this non-activated state would only be possible if all channels
are blocked or otherwise unable to activate. In fact, for k = 1, u = 0 is an unstable
fixed point for the dynamical system specified by Eq. (2.101) once v and the parameters
for u∞ and τu are fixed. Therefore, u = 0 is a very unlikely value, but the formality of
adding uk adds dynamics to the behavior of u that better fit the experimental records
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Table 2.3: Gating parameters for whole-cell inactivating A-type K-currents. The labels a
and b correspond, respectively, to the activation and inactivation gating variables.

Description

ηa

va

ra

σa

ηb

vb

rb

σb

T

Medial vestibular neurons
(Av-Ron and Vidal, 1999)
Retinal
Ganglion
Cells
(Fohlmeister and Miller,
1997)
Nucleus Reticularis Thalami
(Wallenstein, 1994)
Kind I
Kind II
CA1 Pyramidal Neurons
(Hoffman et al., 1997)

2.54

-40.0

∼ 2.0

0.5

-5.0

-70.0

0.2

0.5

22.0

2.96

-29.01

0.28

0.5

-3.60

-67.50

0.33

0.5

22.0

3.12
1.33

-60.0
-36.0

0.20
0.32

0.5
0.5

-4.43
-4.43

-78.0
-78.0

0.007
0.005

0.5
0.5

35.0
35.0

1.22
0.73

-34.40
-21.30

0.18
0.33

0.5
0.5

-3.12
-3.12

-58.0
-58.0

0.07
0.07

0.5
0.5

24.0
24.0

IKA = ḡKA a4 b · (v − vK )
Distal
Proximal

(Herrera-Valdez, 2013).

2.5

Summary and conclusions

The formulations for flux derived from the changes in free energy induced by the translocation of the ion and the formulation for the transmembrane flux assuming electrodiffusion are, in essence, very similar and in some cases, the same. This generic, macroscopic view of transport in which channel-mediated currents are equivalent to pumpmediated currents is also supported by biological data (Gadsby, 2009).
The parameters in tables 2.2, 2.3, 2.4, and 2.5 show that there is great variability
among the different currents. One of the reasons is that currents are mediated by different channels, possibly including different subtypes or splice variants (see for instance Lin
et al., 2009; Shipston, 2001). It is worth taking into consideration that, when recorded at
a whole cell or whole-patch level, the currents are typically a sum of currents mediated
by channels of possibly different types. At best, a patch current is a weighted sum of
different variations of currents mediated by the same general type of channel, and dif-
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Table 2.4: Gating parameters for whole-cell inactivating Na-currents. The labels a and b
correspond, respectively, to the activation and inactivation gating variables.

Description
Medial vestibular neurons
(Av-Ron and Vidal, 1999)
A-type
B-type
Retinal
Ganglion
Cells
(Fohlmeister and Miller,
1997)
Nucleus Reticularis Thalami
(Wallenstein, 1994)
Subthalamic Nucleus (Bevan
and Wilson, 1999; Bevan
et al., 2000; Terman et al.,
2002)
Globus Pallidus Externum
(Surmeier et al., 1994; Terman et al., 2002)
CA1 Pyramidal Neurons
(Hoffman et al., 1997)

ηa

va

ra

σa

ηb

vb

rb

σb

T

2.93
2.93
2.83

-33.0
-33.0
-31.31

∼2
∼2
5.11

0.5
0.5
0.5

-2.93
-2.93
-3.79

-40.0
-35.0
-47.50

0.2
0.4
0.33

0.5
0.5
0.5

22.0
22.0
22.0

5.35

-39.92

0.32

0.5

-3.03

-67.37

0.036

0.5

35.0

1.77

-30.0

∼2

0.5

-8.57

-39.0

0.003

0.5

35.0

2.66

-37.0

∼2

0.5

-2.21

-40.0

0.3125

0.5

35.0

17.33

-28.82

0.27

0.5

-5.12

-58.0

0.001

0.5

24.0

ferent patches of membrane from different cells are likely to display different behaviors.
Naturally, the associated parameters for gating are likely to be different.
The formulations presented in this chapter will be used in the following chapters to
construct models of membrane potential. The perspective taken in the following chapters
is that of a whole-cell; more specifically, in regard to cardiac pacemaking and neuronal
excitability. The approach is to formulate and analyze differential equations with the
same functional form, but possibly different parameters. The equations can be derived
from first principles, assuming macroscopic spatial scales ( >1µm).
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Table 2.5: Parameters for persistent Ca-channels. The label a represents the activation
gating variable.

Description
Medial vestibular neurons Av-Ron and Vidal (1999)
(only voltage-dependent component)
A-type
B-type
Retinal Ganglion Cells Fohlmeister and Miller (1997)
Subthalamic Nucleus Bevan and Wilson (1999); Bevan et al. (2000); Terman et al. (2002)
Globus Pallidus Externum Surmeier et al. (1994); Terman et al. (2002)

ηa

va

ra

σa

T

4.07
4.07
3.21
3.32

-30.0
-30.0
-41.93
-39.0

0.4
0.2
0.486
∼2

0.5
0.5
0.5
0.5

22.0
22.0
22.0
35.0

13.28

-35.0

∼2

0.5

35.0
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Chapter 3

Reduced biophysical models for cardiac pacemaking

Biophysical models of membrane excitability often include several state variables. However, action potentials produced by excitable cells display two distinguishable time
scales. During an action potential, the change in transmembrane voltage, ∂t v , during the
upstroke and downstroke is faster (by at least one order of magnitude) than at the peaks
and valleys. As a consequence, it should be possible to capture the dynamics of the
membrane during action potentials using only two variables with different characteristic
time scales, the fast one corresponding to v and the slower one corresponding to a recovery variable that in biophysical models is typically representing a population of channels
that tend to restore the membrane potential after a sudden increase. Such is the case of
cardiocyte excitability, suggesting that it should be possible to reduce the dimensionality
of biophysical models of more than two variables to only two, while keeping the ranges
for the pacemaking period, diastolic potentials, peak amplitudes, etc relatively intact.
Importantly, it should be possible to perform such a reduction while retaining the main
functional forms of the expressions in the right hand side of the equations that define the
model. Herrera-Valdez and Lega (original article included in Appendix A Herrera-Valdez
and Lega, 2011) showed that this is the case for a conductance-based, 14-dimensional
model of cardiac pacemaking in the bullfrog sinus venosus constructed by Rasmusson
et al.. The reduction of the model involves quasi-steady state approximations of fast
variables, substitution of variables with small-range fluctuations by averaging, grouping
of small currents, and formulation of linear relationships between variables whose dynamics display a nearly linear relationship in a significant portion of the limit cycle (i.e.
while pacemaking).
The original model by Rasmusson et al. is first reduced to 3 dimensions, with
state variables involving the membrane potential, the activation of delayed rectifier K+ channels, and the inactivation of L-type Ca2+ channels. After an analysis of the pacemaking displayed by the model, a new, still 3-dimensional version of the model is constructed by grouping the small currents into a leak current. At this point, the membrane
potential of the reduced model depends on only two large currents and a small leak cur-
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rent in the model that proved useful to tune the pacemaking frequency in the model. The
resulting 3D model is further reduced by noticing that the activation of delayed rectifier
K+ -channels is almost linearly related to the inactivation of the L-type Ca2+ current. The
linear relationship is captured by two parameters, one that represents the proportion
of inactivated Ca2+ channels relative to the proportion of activated K+ open channels,
and another that represents the basal proportion of Ca2+ channels that are inactivated.
The variables in the resulting 2-dimensional model retain their main properties and the
functional forms that define their dynamics. By varying the parameters that define the
relationship between Ca2+ -channel inactivation and K+ -channel activation, it is shown
that the 2-dimensional reduction is capable of producing the various shapes of cardiac
action potentials documented in the vertebrate literature.
Overall, the results from the article by Herrera-Valdez and Lega demonstrate an important theoretical principle: the core mechanisms underlying pacemaking dynamics in
the heart, and by extension, any excitable cell, involve at a minimum, two currents that
will be responsible for the upstroke and downstroke of the membrane potential, respectively. A core model constructed this way should be able to reproduce the dynamics
displayed by the cell of interest, so long as bursting or spike frequency adaptation are
not required. Further, with enough knowledge of the patterns of gene expression in the
cell of interest, it should be possible to define the kinetics of channel gating in such
a core model. Two dimensional core models like those mentioned above can always
be extended to include biophysical variables that may be important to address specific
questions, while keeping the dimensionality of the model to a minimum.
The above ideas about the minimality of biophysical models of excitability in combination with technological developments in computers have the potential impact of enabling large-scale modeling at the level of whole-organs and possibly multi-systemic
approaches.
The rest of this dissertation will address the following important points: (i) The result of using biophysical expressions derived from first principles such as those from
Chapter 2 and (ii) the relationship between the bifurcation structure and the electrophysiological profiles produced by a core model like the one mentioned above. It turns out, as
will be seen in later chapters, that such a relationship unravels an explicit link between
patterns of channel expression and electrophysiological phenotypes in excitable cells.
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Chapter 4

Electrodiffusion model of membrane potential: autonomous pacemaking dynamics

The expressions for transmembrane transport derived in Chapter 2 are used in this chapter to construct a generic, two dimensional model of membrane potential capable of reproducing the dynamics of different kinds of excitable cells (cardiocytes, neurons, muscle
fibers, etc). The model has the advantage of using a unifying scheme to express all the
currents relevant, whether they are mediated by transporters or channels.
A general system of equations is first constructed to highlight different elements important from the biophysical and physiological perspectives. A particular family of dynamical systems defined by considering a small subspace of the parameter space is
used to construct a core model of cardiac pacemaking to perform bifurcation analysis
linking the relative presence of ion channels in the model to the electrophysiological
profiles displayed by the model. The channel kinetics in the model are defined by considering specific types of ion-channels known to display significant levels of expression
in sinoatrial node cells of the rabbit heart. As a consequence, the bifurcations and
dynamics around them define the relationship between gene expression and electrophysiological phenotypes distinguished as differentiable equivalence classes. It is worth
noticing that such a relationship is valid for one type of K+ channel and one type of Ca2+
channel, say, Kv 2.1 and CaLv 1.3, up to channel splice variants. Of particular interest, the
sequences of bifurcations that result from increasing the relative expression of Ca2+ to
K+ channels is used to relate patterns of channel expression to shapes of action potential
in the vertebrate heart.
A neuronal version of the same generic model will be used in later chapters to
demonstrate interesting phenomena relating neuronal dynamics with relative levels of
expression of transient Na+ channels relative to the expression of K+ channels.

4.1

Introduction

The expressions to describe the transmembrane ionic electrodiffusion considered in
Chapter 2 can be combined to construct a generic model of membrane potential sat-
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isfying

∂t v = F (t, x, y, v; kF , kG , kH )

(4.1)

∂t x = G(x, v; kG )

(4.2)

∂t y = H(t, y, v; kH )

(4.3)

where (v, x, y) ∈ R × Rm × Rn are state variables and ki with i ∈ {F, G, H} are
real-valued parameter vectors. The membrane potential is represented by v , having
a physiological range that can be assumed well contained in the interval (−200, 200)
millivolts (mV). The dynamics of x depend on x, v and kG , whereas the dynamics of y
depend on t, y , v , and kH (e.g. circadian modulation with deterministic fluctuations, or
synaptic input with stochastic opening depending on an external renewal process).
The functions F , G, and H are assumed to have continuous derivatives with respect
to all the variables and the parameters. The functions G and H can be linear or logistic
with respect to x and y respectively, and can be used to define the gating dynamics, or
fluctuations in the concentration of ions or molecules of interest. In general, the right
hand side of ∂t v can be thought of as the total transmembrane current normalized by
the membrane capacitance Im /C .

F can be split into three parts as
F (t, v, x, y; kF , kG , kH ) = F0 (t) − FG (x, v; kG ) − FH (t, y, v; kH )

(4.4)

with F0 representing external inputs such as the local field potential and external currents
from an injecting electrode. The functions FG and FH are, respectively, sums of currents
that do not depend explicitly on t (voltage-dependent currents) and those that do (eg.
currents with coefficients that depend on circadian variations or synaptic input). Both FG
and FH have the generic form:

Fi (v, z; ki ) =

X
j



v − vj
,
Aij (v, z; ki ) sinh aj
vT

i ∈ {G, H},

(4.5)

where vT , vj , and aj are, respectively, the thermal potential1 , the reversal potential for
the current, and a constant that depends on the valences and the kinetics of the ions that
1

Recall vT = kB T /qe where T is the absolute temperature (K) also called Boltzmann potential kB ≈
1.380658 × 10−19 mJ/K, and qe ≈ 1.602177 × 10−20 Coulombs.
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mediate the current. The variable z in Eq. (4.5) represents either x or (t, y). The index j
distinguishes different currents that make up Fi . Notice Aij is in Amperes/Farads.
To demonstrate the basic properties of the system (4.1)-(4.3) in its autonomous form,
a model of cardiac cells from the mammalian pacemaker is constructed in the following
section. The model explain patterns of activity in the pacemaking region of the mammalian heart and provides explicit links between different cell types. As a consequence,
the cells can be classified in terms of their electrophysiological profiles, and specific patterns of relative ion channel expression. In addition, the model is capable of displaying
action potentials of different shapes that can be mapped to the shapes of action cardiocyte potentials documented in physiology textbooks (Mohrman and Heller, 2002).
An example in which the system Eqs. (4.1)-(4.3) has been used to model neuronal
dynamics with (stochastic) synaptic input can be found in Appendix B. Links between the
bifurcation structure in an autonomous version of the system and different electrophysiological profiles in an identified motor neuron can be found in Appendix C.
The following paragraphs contain a quick overview of cellular cardiophysiology highlighting issues of relevance for the analysis that will be performed in the model (4.6)(4.10).

4.2

Cardiac pacemaking

Cardiac cells express a variety of voltage-dependent ion channels and transporters in
a pattern that correlates with physiological properties across the heart (Mangoni et al.,
2006a; Marionneau et al., 2005; Schram et al., 2002). Such a pattern of expression
is correlated with normal and pathological function (Gaborit et al., 2005; Ludwig et al.,
1999). The various patterns of ion channel expression reported in excitable cardiocytes
have in common the presence of two main populations of voltage-gated Ca2+ , K+ , and
Na+ channels necessary for the electrophysiological phenotypes of different regions of
the heart. In particular, the majority of cardiocytes display two “core” populations of Ca2+
and K+ channels of types that may vary for different regions of the heart across different
species (Brahmajothi et al., 1996; Kodama et al., 1997). In general, the two “core” types
of ion channel found in the vertebrate heart can be assumed to include, on one hand,
L-type Ca2+ channels (Hagiwara et al., 1988; Lipscombe et al., 2004; Mangoni et al.,
2003; Plotnikov et al., 2003) and channels whose dynamics are similar, in general, to
slowly inactivating or non-inactivating delayed rectifier K+ channels (Endresen et al.,
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2000; Sakmann and Trube, 1984; Shibasaki, 1987; Snyders, 1999).
Many issues of interest in the cardiac literature circle around the question of what
currents are necessary in the generation of pacemaking activity. Among other reasons,
this is important because virtually all excitable cardiocytes display pacemaking activity,
and because the currents can be potentially linked to specific genes coding for channels or pumps that mediate them, opening the possibility of epigenetic understanding of
normal and pathological function. The evidence suggesting the necessity of particular
families of channels or transporters for pacemaking remains controversial (DiFrancesco,
1993, 2006; DiFrancesco et al., 2001; Mangoni et al., 2003; Mangoni and Nargeot, 2008;
Rasmusson et al., 1990a; Stieber et al., 2004). Of particular interest, Na+ channels and
several types of pumps have been debated in different circles as being necessary for
the production of pacemaking activity in cardiocytes. In fact, Na+ channels were initially
not considered to be part of the ion channel repertoire of some cardiocytes, especially
in the atrium (Balser, 2001; Boron and Boulpaep, 2003; Colatsky and Tsien, 1979; Levi
and DeFelice, 1986), and later as possible determinants of pacemaking function (Maier
et al., 2003). It is now known that Na+ channels fulfill different roles in the cardiac production of pulsed activity that include modulation of the speed of conduction in the heart
and of the maximum upstroke velocity of cardiac action potentials (Cohen et al., 1984;
Ludwig et al., 1999; Sheets et al., 1988); cardiocytes with larger Na+ currents display
larger maximum rate of rise during the upstroke of the action potential. For these reasons, it is important to construct a model of cardiac pacemaking that incorporates a
minimum of currents and test whether it is possible that experimentally observable behaviors in the pacemaking activity are mediated by specific combinations of ion channel
and transporter proteins present in cardiocytes.
4.2.1

Ion channel expression underlying differences in the electrophysiological profiles
of central and peripheral sinoatrial node cells explained by geometrical analysis

Cycles of cardiac pacemaking activity in vertebrates hearts are initiated in a specialized
region of the right atrium called sinoatrial node (SAN) in mammals, or sinus venosus
(SV) in amphibians and reptiles. This atrial pacemaker zone is relatively small in comparison to the atrium and it receives direct innervation from the vagal nerve. However,
the nervous input is not necessary for the generation of pacemaker activity in vertebrates
(Pokrovskii, 2003, 2005, 2006).
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The mammalian SAN is a heterogeneous structure in which cells display different
morphologies and electrophysiological profiles with no apparent correlation (Boyett et al.,
2000). However, there is evidence of a central to peripheral SAN gradient of electrophysiological profiles that correlates with cell capacitance (Zhang et al., 2000). Briefly, there
are at least three physiologically distinguishable subsets of cells in the mammalian SAN
(Bleeker et al., 1980; Boyett et al., 1999, 2000; Kodama and Boyett, 1985; Kodama
et al., 1997), roughly distinguished by their anatomical location at the center, or at the
periphery (Honjo et al., 1996; Zhang et al., 2000). It is therefore interesting to ask if
there is a relationship between the electrophysiological profiles of SAN cells and the differential contributions of different transmembrane currents. The core model of cardiac
pacemaking constructed in the following paragraphs can be used to test conjectures
about necessity and sufficiency of particular families of ion channels in the generation
and modulation of specific properties related to pacemaking, such as cycle duration,
maximum diastolic potential, maximum upstroke velocity, action potential shape, etc.
The different properties of the action potentials of different cardiac cells can be explained by, among other reasons, differences in the expression of membrane-spanning
proteins that mediate ionic transport across the membrane (Hille, 1992; Marionneau
et al., 2005). Is it possible to explain the different excitability profiles of cells in the
SAN by considering different patterns of genetic variation and the resulting biophysical
properties of the membrane? Theoretically, such issues involve the combination of different sources of knowledge, which leads to complex formulations and computational
approaches. Nevertheless, as noted earlier, visual inspection of the action potentials
produced by vertebrate cardiac cells suggest that the dynamics of pacemaking in the
heart are, at least macroscopically, a low-dimensional phenomenon. This means that
a core model could be used to produce pacemaker oscillations with action potentials
of different shapes. In such a minimal model, the rules dictating the variation in action
potential shape can be studied geometrically and numerically without ambiguity. A conjecture verified here is that simple pacemaker action potentials can be reproduced by
considering ratios of the relative expression of K+ to Ca2+ channels.
The following section contains a description of the model, followed by an analysis of
its bifurcation and dynamics. Special attention will be paid to the ratios of parameters that
indicate variations in gene expression. This parameter allows us to study the different
excitability profiles resulting from changes in the expression of ion channels relative to a
reference channel population (Herrera-Valdez, 2012; Herrera-Valdez et al., 2013).

71
Core model of cardiac pacemaking
A core model of cardiac pacemaking is constructed in this section by considering the
above remarks and the findings about the general dynamics and action potential shapes
reported by Herrera-Valdez and Lega (2011) using reduced models. The construction
assumes the membrane potential depends on only two currents mediated by Kv2 delayed
rectifier K+ and L-type Cav1.3 Ca2+ channels, respectively. No leak current, pumping or
other small amplitude currents, or changes in the concentrations of any ions are considered at this point. To do so, consider Eq. (4.4) and let F0 ≡ 0 ≡ F2 and

∂t v = FG (v, x; kG ) = −IK (x, v; kG ) − ICa (x, v; kG )

(4.6)

where


v − vK
,
IK (x, v) = āK x sinh zK
2vT


āCa (1 − x)
v − vCa
h
i sinh zCa
,
ICa (x, v) =
2vT
1 + exp zvmT (vm − v)


(4.7)
(4.8)

represent voltage-gated transmembrane currents mediated by K+ and Ca2+ channels,
respectively. The maximal current amplitudes and the reversal potentials for each of the
currents are

ãς p
[ς]o [ς]i T, ς ∈ {K, Ca} ,
C


vT
[ς]o
=
log
, ς ∈ {K, Ca} ,
zς
[ς]i

āς =
vς

(4.9)
(4.10)

in nA with zς , [ς]i and [ς]o being the valence, intra and extracellular concentrations of an
ion ς , respectively. The parameter ãς is the product of the number of ς -channels in the
membrane with a function that depends on the valence of ς , Boltzmann’s constant kB
and the shape of the channel, and the membrane capacitance C .
The gating (activation) process for K+ channels is represented by x, assumed to
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follow first order kinetics (for fixed v ) given by forward and backward activation rates


szx
(v − vx )
α(v) = rT exp
vT


(s − 1)zx
β(v) = rT exp
(v − vx ) .
vT


(4.11)
(4.12)

These functions depend on parameters zx , vx , τ , and s, where zx is the gating charge
of the opening reaction, vx is the half-activation potential, τ = (rT )−1 is the maximum
time constant (inverse of basal rate) of the gate-opening reaction, and s controls the
symmetry of the time constant for x as a function of v . The time constant for x is thus

τx (v) = [α(v) + β(v)]−1 and the steady state is x∞ (v) = α(v)τx (v). The dynamics of
x can then be written as
∂t x =

x∞ (v) − x
τx (v)

(4.13)

as previously discussed (see Ch. 2, Eq. (2.86)). In particular, when s = 1/2, the time
constant for x is a symmetric function of v with center at v = vx :




zx
τx (v) = τ / cosh
(vx − v)
vT

(4.14)

The steady state x∞ is a sigmoidal function of v given by



−1
zx
x∞ (v) = 1 + exp
(vx − v)
.
vT

(4.15)

Eqs. (4.6)-(4.15) are derived from first principles as shown in Ch. 2 and will be used to
study the differences in electrophysiological profiles beetween central SAN (cSAN) and
peripheral SAN (pSAN). The channel biophysics are assumed to be the basic building
blocks for both cell types, so the different behaviors displayed by cSAN and pSAN cells
are regarded as phenotypes given by different patterns of gene expression. The analysis
of the model relies on the assumption that the biophysical properties of the ion channels
in the membrane are the same for both cSAN and pSAN. As a consequence, models for
cSAN and pSAN should differ only in the membrane capacitance and their relative levels
of channel expression, represented by the quotient aK = āK /āCa .
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Table 4.1: Parameter values common to both cSAN and pSAN models. See Fig. 6 from
Zhang et al. (2000) for comparison.
Parameter

Tc
[K]i
[K]o
[Ca]i
[Ca]o
vx

Value

Units

Description

oC

Temperature in Celsius
Intracellular K+
Extracellular K+ (Zhang et al., 2000)
Intracellular Ca2+ (Zhang et al., 2000)
Intracellular Ca2+ concentration (Zhang et al., 2000)
Half activation potential for K+ channels (Endresen et al.,
2000)
Half activation potential for CaLv 1.3 channels (Endresen et al.,
2000)
Gating charge for K+ channels (Endresen et al., 2000)
Gating charge for CaLv 1.3 channels (Endresen et al., 2000)
Symmetry for the time constant of K+ channel activation
Basal rate of the gating reaction for K+ channels

37
140
5
0.0001
2
-25

mM
mM
mM
mM
mV

vm

-25

mV

zx
zm
s
r

4
4
0.5
0.00001

4.3

–
–
–
kHz/K

Dynamics of the core pacemaker model: preliminary analysis

It is possible to obtain cSAN and pSAN-like dynamics with the same relative presence
of voltage-gated K+ and Ca2+ in the membrane. As a consequence, one of the main
differences between the cSAN and pSAN models is in their membrane capacitance.
The dynamics of the cSAN model are obtained first by setting the membrane capacitance to 20 pF and the ratio of current densities, āK /āCa to approximately 137.35.
Then, to obtain dynamics similar to those of the pSAN, the membrane capacitance was
increased to 65 pF and the normalized maximum current amplitudes for K+ and Ca2+
were both increased, so that the maximum rate of change for v during the upstroke
is approximately 25 V/s, similar to what has been reported experimentally (Zhang et al.,
2000). As a consequence, the actual values of the two amplitudes that make up aK were
larger in the pSAN, implying an overall increase in the number of channels by a factor of
20, approximately. Recall that aK is the quotient of āK and āCa . No other parameters
were changed. This can be thought of as a proportional increase in the numbers of all
channels in the membrane. Note that the difference in the current amplitudes between
the cSAN and pSAN models is larger than the difference in their membrane capacitance.
The solutions of the system (4.6)-(4.15) with parameters in Tables 4.1-4.2 reproduce
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Figure 4.1: Pacemaker dynamics obtained from the system (4.6)-(4.15) to model cSAN
cells (top) and pSAN (bottom). The periodic trajectories of v (black) and the inverse of
x∞ (v) (v −1 (w) gray) are shown in the left column, the trajectories of pairs (∂t v(t), v(t))
(black), (ICa (t), v(t)) (blue), and (IK (t), v(t)) (red) are shown in center column, and
the dynamics of ICa (t) (blue), IK (t) (red), and the total membrane current Im (t) =
ICa (t)+IK (t) (black) are shown in the right column. The two models differ mainly in their
action potentials amplitudes, their maximum ∂t v , and their pacemaking frequencies. See
Tables 4.1-4.2 for details.
many of the main properties of pacemaker oscillations observed in cSAN and pSAN
cells (see Fig. 6 in Zhang et al., 2000) in the rabbit and other mammalian species. For
instance, pacemaker oscillations in the cSAN are longer, with smaller amplitudes and
smaller maximum rates of change for v in comparison to pSAN cells (Fig. 4.1, top vs
lower row). The gray traces illustrate, indirectly, the slower dynamics of the variable x
relative to v . This is evidenced by the reduced v -range and slower time course of the
inverse of x∞ (v) applied to the numerical solution for x (Kepler et al., 1992):

vx∞

vT
log
= vx −
zx




1
−1 ,
x

(4.16)

(see Fig. 4.1 left panels, gray traces). To further illustrate this, recall that x follows
first order dynamics with time constant and steady state that depend on v . During the
pacemaker oscillations, x follows its steady state, which is monotonically increasing as a
function of v . This means that x∞ (v) increases during the upstroke of an action potential,
and decreases during the downstroke. The speed with which x follows the bar depends

75
on the time constant τx (v), which also changes during an action potential. The slowest
convergence of x toward its steady state occurs at v such that τx (v) is a maximum.
During an action potential, x increases toward its steady state until the peak is reached,
then v decreases, causing x∞ (v) to decrease, eventually becoming smaller than x. At
such point, x starts decreasing, following x∞ (v) from above. The range spanned by

vx∞ increases if the speed of convergence of x toward its steady state is faster, which
requires the time constant τx to decrease.
Table 4.2: Parameter values for central and peripheral SAN models.
Parameter Units
Central Peripheral
C pF
20
65
ãK pA/mM
0.01
0.2
ãCa pA/mM
0.2
4.0
āK pA
82.06
1641.16
āCa pA
0.88
17.54
ãK /ãCa –
0.05
0.05
aK = āK /āCa –
93.54
93.54
Period ms
251.34
168.13
Min v mV
-64.92
-80.38
Max v mV
3.47
15.65
AP Amplitude mV
68.39
96.03
Max ∂t v V/s
4.12
27.22
Max IK /C A/F
3.34
17.66
Max ICa /C A/F
-4.35
-27.52
The rate of change of v and the current densities unravel important aspects of the
pacemaker mechanism (Fig. 4.1, central column). For instance, IK (red) is significantly
larger than ICa (blue) during the last part of the downstroke. After reaching the maximum
diastolic potential (diastolic depolarization), IK decreases to near zero values and then
starts to slowly increase again. Meanwhile, ICa displays a fast rate of increase as it
moves toward its maximum (near ∂t v =0 for the lowest values of v ).
The dynamics for each of the currents reveal a double activation of the Ca2+ current during each action potential (Fig. 4.1, central and right column). The first activation
occurs during the upstroke of the action potential. The maximum value for the Ca2+ current corresponds to the maximum ∂t v . The second activation of the Ca2+ current occurs
shortly after the initial downstroke and underlies the shoulder of the action potential. In
contrast, the K+ current is activated only once and as a consequence, the sum of the
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two currents shows multiple peaks, one negative peak that corresponds to the maximum
Ca2+ current and that signals the point of maximal rate of change in v , and two positive peaks that follow the initial peak and occur near the points where the Ca2+ current
reaches a minimum.
The amplitudes of the action potentials of the cSAN cell model were smaller than
those of the pSAN model, with maximum diastolic depolarizations that differ by approximately 15.5 mV. The cycle lengths were also in agreement with experimentally reported
ranges, at 251.34 and 168.13 ms for cSAN and pSAN model cells, respectively (Table 4.2).

4.4

Local stability analysis

A bifurcation analysis is performed to obtain some insight about the influence of some of
the parameters on the behavior of the system. The analysis focuses on the local trajectories around fixed points and the mechanisms by which limit cycles (repetitive spiking)
emerge. The phase portraits of the system are analyzed by considering the trajectories,
the number and types of fixed points, as well as emergence or disappearance of limit
cycles as a function of the parameters. In particular, the analysis will focus on the parameters aK = a¯K /a¯Ca and C as main indicators of the differences between cSAN and
pSAN cells. The analysis concerning the other parameters of the system is shown in the
following sections.
For simplicity, change variables and group parameters according to the following:

y =

v
,
vT

rx = rT,
(
ki =
aK =

vs
, s ∈ {K, Ca} ,
vT
p
qe ãCa [Ca]i [Ca]o
āCa
ry =
=
,
vT C
kB C
ys =

zi if i ∈ {m, x},
zi /2 if i ∈ {Ca, K},

āK
.
āCa

(4.17)
(4.18)
(4.19)
(4.20)
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Note zCa = 2, so kCa = 1 and zK = 1, so kK = 1/2. Also, define the generic functions

Si (y) = sinh [ki (y − yi )] ,

i ∈ {K, Ca}

i ∈ {K, Ca}
1
,
Ej (y) = ekx (y−yj ) , Bj (y) =
k
1 + e j (y−yj )
1
Fj (y) = 1 − Bj (y) =
.
k
1 + e j (yj −y)

(4.21)

Ci (y) = cosh [ki (y − yi )] ,

(4.22)

j ∈ {m, x}

(4.23)
(4.24)

Let px = (rx , vx , kx ) and py = (ry , km , ym , yCa , yK ) be vectors of parameters and
denote the parameter space by P = Px × Py .
After changing variables by setting y = v/vT , Eqs. (4.6)-(4.13) transform into

∂t x = f (x, y; px )

(4.25)

∂t y = g(x, y; py )

(4.26)

where


f (x, y; px ) = rx (1 − x)Exs (y) − xExs−1 (y)

(4.27)

g(x, y; py ) = −ry [aK xSK (y) + (1 − x)Fm (y)SCa (y) + aL SL (y)] .

(4.28)

Note that after the change in variables, x is the only variable in the system that depends
on temperature (rx = T r0 ).
The steady state for x is a function of y given by

x∞ (y) = Fx (y).

(4.29)

As a consequence, the steady states of the system (4.25)-(4.26) satisfy,

J∞ (y) = aK Fx (y)SK (y) + Bx (y)Fm (y)SCa (y) + aL SL (y).

(4.30)

More specifically, the zeros of Eqn. (4.30) are the y -values of the fixed points for the
system (4.27)-(4.28). Setting J∞ = 0 also allows all the parameters, except rx , s, and

ry to be expressed as functions of y (see Eqs. (4.32)-(4.38) below), and it also allows
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the y -nullcline to be written explicitly as a function of y .

x=

Fm (y)SCa (y) + aL SL (y)
,
Fm (y)SCa (y) − aK xSK (y)

(4.31)

a task impossible to complete in most biophysical models of membrane potential. This
is because of the lack of exponents in the gating terms.
The parameters from (4.27)-(4.28) can be expressed as functions of y as follows:
K+ current:
Bx (y)Fm (y)SCa (y) + aL SL (y)
Fx (y)SK (y)


1
−1 Bx (y)Fm (y)SCa (y) + aL SL (y)
= y−
sinh
kK
aK Fx (y)


1
aK SK (y) − Fm (y)SCa (y)
= y+
log
−1
kx
Fm (y)SCa (y) + aL SL (y)


aK SK (y) − Fm (y)SCa (y)
1
=
log
−1
yx − y
Fm (y)SCa (y) + aL SL (y)

aK = −

(4.32)

yK

(4.33)

yx
kx

(4.34)
(4.35)

Ca2+ current:
yCa
km
ym



1
−1 aK Fx (y)SK (y) + aL SL (y)
= y−
sinh
kCa
Fm (y)Bx (y)


1
Bx (y)SCa (y)
log
−1
=
ym − y
aK Fx (y)SK (y) + aL SL (y)


1
Bx (y)SCa (y)
= y+
log
−1
km
aK Fx (y)SK (y) + aL SL (y)

Local behaviour around fixed points.

(4.36)
(4.37)
(4.38)

To study the local behavior of the system

(4.25)-(4.28) for a given (px , py ), around a fixed point (x∗ , y∗ ), we study solutions to
the linear approximation

f (x, y; px ) ≈ ∂x f (x∗ , y∗ ; px )(x − x∗ ) + ∂y f (x∗ , y∗ ; px )(y − y∗ )

(4.39)

g(x, y; px ) ≈ ∂x g(x∗ , y∗ ; py )(x − x∗ ) + ∂y g(x∗ , y∗ ; py )(y − y∗ )

(4.40)
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starting at points in a small neighborhood of (x∗ , y∗ ). The solutions to the linearized
system (4.39)-(4.40) depend on the eigenvalues of the Jacobian matrix

J(x, y; px , py ) =

∂x f ∂ y f
∂x g ∂y g

!
.

(4.41)

The eigenvalues have the form

λ=

i
√
1h
τ ± τ 2 − 4∆
2

(4.42)

where

τ = ∂x f + ∂y g

(4.43)

∆ = ∂x f ∂y g − ∂y f ∂x g
are, respectively, the trace and determinant of J .

(4.44)

The trace and determinant in

Eqs. (4.43)-(4.44) can be used to study sequences of bifurcations that emerge as the
relative levels of channel expression change.
Bifurcations
Consider two parameter vectors pi = (pxi , pyi ), i = 1, 2, a curve γ in joining p1 and p2 ,
and the associated dynamical systems with phase spaces S1 and S2 . The trajectories in
the two systems are then specified by f (x, y; pxi ) and g(x, y; pyi ), i = 1, 2, respectively.
Throughout this text, the spaces S1 and S2 are considered to be equivalent if they are
diffeomorphic2 . A bifurcation occurs along γ if the spaces S1 and S2 are not diffeomorphic. If the curve lies along one dimension of P , then the bifurcation is said to occur in
codimension 1.
Based on the above, bifurcations can be thought of as qualitative changes in the behavior of the system. The bifurcations considered in the paragraphs below include those
involving a change in the number or type of fixed points as a function of the parameters.
The main reason is that it is difficult to detect bifurcations only involving limit cycles. This
2

Note the classical definition of equivalence is actually topological which only requires a homeomorphism (continuous map with continuous inverse) between S1 and S2 . However, it is of crucial relevance
to distinguish spiral and non-spiral trajectories around fixed points in the case of excitable cells, hence the
requirement for diffeomorphism (continuous and smooth map with a continuous and smooth inverse).
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includes saddle-node and Andronov-Hopf (AH) bifurcations, which involve limit cycles,
but also involve fixed points. One bifurcation that is of interest, especially for the purposes of understanding mechanisms of integration of incoming signals, occurs when the
system (4.6)-(4.13) has a unique fixed point for aK in an interval (a, b) and the type of
the fixed point changes from being an asymptotically stable node to be an asymptotically
stable focus.
The following section contains a geometrical study of the change in the electrophysiological profiles of the pacemaker cSAN and pSAN models as a function of the relative
expression of K+ channels with respect to the expression of Ca2+ channels. Explicitly,
the fixed points were identified, the local behavior around them was characterized in
terms of the types and stability of the fixed points (Strogatz, 1994). The analysis that
follows is performed using the equations associated to the system (4.25)-(4.26), but the
graphs, results, and discussion, will be based on the original parameters and variables.

Figure 4.2: cSAN model. Left: bifurcation diagram for the system (4.6)-(4.13) with respect to
aK . Node points are represented in blue, focus points in black. Asymptotically stable points
and unstable points are solid and empty circles respectively. Right: Corresponding trajectories in
the (τ, ∆) and the (τ, τ 2 − 4∆) planes. The (τ, ∆) trajectory is represented by circles and the
(τ, τ 2 − 4∆) trajectory is shown as a solid gray curve.
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Figure 4.3: pSAN Model. Left: Bifurcation diagram for the system (4.6)-(4.13) with respect to
aK . Node points are represented in blue, focus points in black. Asymptotically stable points
and unstable points are solid and empty circles respectively. Right: Corresponding trajectories in
the (τ, ∆) and the (τ, τ 2 − 4∆) planes. The (τ, ∆) trajectory is represented by circles and the
(τ, τ 2 − 4∆) trajectory is shown as a solid gray curve.

4.4.1

Bifurcations with respect to aK

The fixed point profiles for cSAN and pSAN were determined by fixing the membrane
capacitance to 20 pF and 65 pF, respectively, and varying aK systematically while all
other parameters were fixed.
In the absence of changes in other parameters, both cSAN and pSAN models have
a unique fixed point for a large range of values of the ratio aK (Figs. 4.2, 4.3, left panels).
Consistent with the increase in the maximum amplitude for the K current implied by an
increase in aK , the v -coordinate of the fixed point decreases as aK increases.
The type and stability of the fixed points also change with aK , giving rise to a sequence of bifurcations. In general, the fixed point type alternates stereotypically between node and focus as aK increases (Figs. 4.2, 4.3, left panels: transitions between
solid and empty in the black circles). For instance, the cSAN model starts with asymptotically stable focus, then nodes, then focus points again, all asymptotically stable until
an AH bifurcation occurs (see upper branch of black-filled circles in the right panel of
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Fig. 4.2 and 4.3). The pacemaking regime starts near these AH bifurcations (white circles to the right and turning down and left). Within the pacemaking regime the changes
between focus and node points are repeated reversely. Unstable foci become unstable
nodes, that in turn become unstable foci again. As aK increases further, another AH bifurcation occurs ending the pacemaking regime as yet another sequence begins where
asymptotically stable foci that eventually become nodes.
As already mentioned, both models display pacemaker oscillations emerging or disappearing near Hopf bifurcations. The cSAN model produces pacemaker oscillations for
a significantly smaller range of aK in comparison to the pSAN model, suggesting that
the patterns of relative expression of K+ to Ca2+ channels that result in pacemaking in
the cSAN are more restricted than those in the pSAN (see also Discussion).

τ and ∆ as indicators for behavioral transitions for changing aK
The dependence of τ , ∆, and τ − 4∆ on aK can be used as indicators for possible
behavioral changes in the model, such as the emergence of limit cycles. Recall that
asymptotic stability is lost when τ becomes positive. Also, changes between node and
focus points occur when ∆ becomes negative (right panels in Figs. 4.2 and 4.3). The
effects of an increase in the expression in K+ channels relative to the Ca2+ channels
within the pacemaking regime are reflected as a monotonic decrease in v∗ , and in ∆
(Figs. 4.2 and 4.3, right panels). For large enough aK (near 500 for the cSAN model and
near 1000 for the pSAN model), there is an AH bifurcation near which the pacemaking
oscillations stop. At that point, the vector field switches from spiraling away from the fixed
point toward the limit cycle (the only attractor of the system), to spirals that converge
toward the fixed point. The biological interpretation of this behavior is that increasing the
relative expression of K+ channels relative to the Ca2+ channels will result in a decrease
in the amplitude and duration of action potentials.
The discriminant τ 2 − 4∆ . One of the most significant differences between the bifurcation profiles of the cSAN and pSAN models is the emergence of the unstable node
points flanked by unstable focus points within the pacemaking regime (compare gray
curves in the right panels in Figs. 4.2-4.3, for the cSAN the discriminant never becomes
positive during the pacemaking regime, but the discriminant for pSAN does). The emergence of the unstable nodes can be clearly appreciated in the profile of the discriminant
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τ 2 − 4∆ as a function of v∗ , as the change between focus and node points implies a
change from negative (focus points) to positive (nodes) discriminant. The discriminants
in both models have a local maximum as a function of τ within the pacemaking regime,
but the local maximum occurs as τ 2 > 4∆ for the cSAN model, whereas τ 2 < 4∆ for
the local maximum of the discriminant in the pSAN model.
Recall that both models were obtained using the same relative channel contributions
and different capacitance. This means that there are three parameters in the model
that change between the cSAN and the pSAN model. Two of these parameters are the
current amplitudes āK and āCa , which change proportionally and have an effect on the
location and type of the fixed points. The other parameter is the membrane capacitance,
which would not affect the location of fixed points, but can potentially change their type
and the trajectories around the fixed point.
cSAN

Figure 4.4: Limit cycles displayed by the cSAN model for 3 increasing values of aK (top
left), associated dynamics (top right), and phase portraits (bottom row).

The parameter aK induces changes in the shape and size of action potentials and
pacemaking rate
To further investigate the local change in the distance traveled per unit time near fixed
points and the size of the limit cycles of the system, as a function of aK , representa-
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tive limit cycle trajectories of the cSAN and pSAN were simulated, and their size was
examined in the phase plane (Figs. 4.4 and 4.5).
pSAN

Figure 4.5: Limit cycles displayed by the pSAN model for 3 increasing values of aK (top
left), associated dynamics (top right), and phase portraits (bottom).
As can be readily seen from the amplitude and the maximum change in the membrane potential and the recovery variable x, the increase in aK yields trajectories of
smaller size and a decrease in the period of oscillations (Figs. 4.4-4.5). That is, increasing aK results in both a decrease in the limit cycle length with a non-proportional and
larger increase in the cycle period. In other words, the maximum speed of the action
potentials decreases more than the cycle length. The shape of the action potentials also
changes, increasing the duration of the diastolic depolarization (near the minimum of the
oscillation for v ) relative to the duration of the remaining portion of the action potential.
One way to understand how the change occurs is to view the limit cycle as a union of
four paths that start and end where the limit cycle intersects with the nullclines of the
system (Table 4.3 and Fig. 1.1). Increasing aK shortens the path length of phases 1
and 2 (upstroke and initial downstroke of the action potential), and increases the path
length of phases 3 and 0 (repolarization and diastolic potential). The increase in phases
3 and 0 is larger with respect to the change in phases 1 and 2. This notion is consistent
with the fact that phases 1 and 2 correspond to times when the K+ current activation is
increasing.
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Shoulders. For a working definition, an action potential has a shoulder if there are at
least two inflection points for v for which ∂t v < 0 (between the peak and the minimum of
the action potential). The first of the two inflection points determine the start of the final
downstroke from the shoulder (phase 3). The last such point marks a local minimum
for ∂t2 v at the lower end of the action potential that can be used to calculate the width
of the action potential. In the absence of a shoulder, the last inflection point before the
minimum v serves the same purpose.
The formation of a shoulder can be observed by taking a closer look at the trajectories
in the phase plane. Shoulders emerge when the local maximum of the v nullcline is close
to the point where the limit cycle reaches the maximum value for w (bottom left panel in
Figs. 4.4 and 4.5). The initial downstroke of the action potential occurs while w increases.
The shoulder emerges when the limit cycle trajectory is close to the v -nullcline. In these
conditions, the vector field in the immediate neighborhood of the v nullcline tends to grow
mostly in the w direction, which means the change in v would be small relative to the
change in w. The portions of the limit cycles during the diastolic repolarization are also
slowly varying for the same reason. In this case, the limit cycle is near the lower portion
of the v -nullcline as seen in the vector fields of Figs. 4.4-4.5.
Detection of action potential phases from recordings. The starting and ending
points of the action potential phases described above (Table 4.3) are useful to establish comparisons between recordings. However, the start of phase 3 and the end of
phase 0 correspond to points in the trajectory where ∂t w = 0, which are impossible to
obtain from recordings.
The action potentials and limit cycles in Figs. 4.4- 4.5 suggest that it is possible to
make up for the fact that the w-trajectory is not available by finding inflection points in
the v -traces. This means that the starting points for the upstroke and final downstroke
of the action potential can be determined, respectively, by finding the inflection points
for v occurring immediately after the local extrema for v . The remark about the extrema
is for cases in which there is a shoulder after the peak for v , there will be two inflection
points between the extrema of the action potential, but there is no change in the sign of
the time derivative for v . In other words, once phase 3 has started, ∂t w 6= 0, ∂t w < 0,
and ∂t v < 0, but if there is a shoulder, then there is one inflection point for v for which

∂t w 6= 0 before the local minimum for v . Only the first inflection point after the peak is
such that ∂t w = 0. Therefore, only the first inflection point after the maximum should be
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regarded as the start of phase 3. The second inflection point after the peak and before
the minimum should be used to calculate the width (in time) of the action potential.
Similar considerations may apply to cases in which there are shoulders in the action
potentials during the upstroke.

4.5

Discussion

The bifurcation analysis performed on the system (4.6)-(4.15) enabled the identification
of parameter ranges in which the pacemaking oscillations occured, and further, unravelled a relationship between action potential amplitudes and the relative level of expression of Ca2+ channels. The dynamics of cSAN and pSAN were obtained from Eqs. (4.6)(4.15) assuming channel populations in the same proportions, but importantly, with more
channels in the pSAN in comparison to the cSAN. Also, pacemaking oscillations occur
in the cSAN model for aK within a smaller range relative to the pSAN model. Taken
together, these two modeling scenarios suggest that the core populations of Ca2+ and
K+ channels necessary for pacemaking are less numerous in the cSAN in comparison
to the pSAN (see Zhang et al., 2000).
The model system (4.6)-(4.15) and the 2D-reduced model by Herrera-Valdez and
Lega (2011) are very similar in that the two models display a wide range of behaviors
and action potential shapes, and only depend on a core complement of currents. The
leak current in the reduced model by Herrera-Valdez and Lega proved useful to adjust the
period of pacemaking oscillations. In contrast, the different dynamics, oscillation periods,
and shapes of action potentials were obtained from the model (4.6)-(4.15) without a leak
current (aL = 0), which means that neither an h-current, nor cation background, or Na+ Ca2+ exchanger currents are necessary to produce pacemaker oscillations (Harzheim
et al., 2008; Verkerk et al., 2009). The cSAN and pSAN dynamics were obtained only
by changing the expression levels in the ion channels and the membrane capacitance.
Further, it is possible to obtain wide range of behaviors and action potential shapes from
(4.6)-(4.15) assuming a constant membrane capacitance.
The upstroke velocity of the model (4.6)-(4.15) is scaled by changing the rate

ry = āCa /(vT C) (Eqn. (4.17)). In particular, the faster upstroke velocity of the pSAN
cells was achieved by increasing ry . In the absence of changes in the membrane capacitance or the thermal potential vT , an increase in the upstroke velocity in the model
can be achieved by increasing āCa , which depends on the number of Ca2+ channels in
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the membrane. Recall the membrane capacitance (C ) of cells in the SAN increases,
in general, along the central-peripheral axis. This is an indication of the smaller membrane area of cSAN cells relative to pSAN cells. To achieve a faster upstroke velocity
with an increase in C in the model, āCa was increased (at a constant temperature).
As mentioned earlier, there is experimental evidence about the role played by the Na+
channel population in modulating the maximum upstroke velocity (Cohen et al., 1984).
As a consequence, the increase in the upstroke velocity could have been obtained by
adding sodium channels to the model. It should be noted though, that the sodium currents are virtually absent in the cSAN and more prominent in the pSAN (Maier et al.,
2003; Schram et al., 2002; Zhang et al., 2003). This is a potentially important issue that
is currently under scrutiny using extensions of the model (4.6)-(4.15).
The above results highlight the theoretical necessity and sufficiency of a core set
of two currents to produce excitability in the SAN. In the SAN, the two currents are (i) a
large enough current that tends to increase the membrane potential, as is the case for the
current mediated by L-type Ca2+ channels predominantly of type Cav 1.3 (Mangoni et al.
(2006a,b); Marionneau et al. (2005)), and (ii) another current that brings the membrane
potential back to its diastolic values, like that mediated by Kv 2 delayed rectifiers. The two
populations of ion channels used to model the cSAN and pSAN were chosen based on
reports existing in the literature (see for instance Mangoni et al., 2003; Shibasaki, 1987).
The minimality requirement used in the construction of the model (4.6)-(4.15) could be
tested using different, specific complements of currents such as (CavL 1.3, Kv 2.1) or
(CavL 1.2, Kv 2.1). Most excitable cells express many different kinds of ion channels and
electrogenic transporters. The existence of a core set of currents does not imply that
the currents that are not part of the core set are not important. Instead, the presence
of a core complement of channels implies specific, but possibly redundant regulatory
roles for other channels and pumps. Redundancy in nature allows the availability of
multiple mechanisms to fulfill a function. The work presented here constitutes one more
step toward the identification of redundant and non-redundant components in a natural
system; an important distinction to understand of the mechanisms underlying function
and possible pathologies.
The model presented here in the context of the SAN can easily be extended to include different transmembrane transport mechanisms, always involving the same general functional form. Such modifications or extensions can be useful to explore combinations of core channels as candidate core sets for different kinds of excitable cells
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(Herrera-Valdez, 2012; Herrera-Valdez et al., 2013). In general, the simulations and
geometrical analysis contained in the above paragraphs show that, in theory, only two
voltage-gated ion channels are necessary and sufficient to produce excitability profiles
like those observed in the mammalian SAN, and by extension, in excitable cells. The
modeling scheme presented in previous paragraphs thus provides a unifying framework
for modeling excitability that improves existing models.
As will be discussed in later chapters (see Ch. 5 and Appendix B) for instance, the
model presented here also explains phenomena related to spike thresholds and upstroke velocity that the original conductance based models failed to reproduce. The
use of first principles to derive the expressions for currents (Ch. 2) in combination with
specific kinetic schemes from specific gene products (see Ch. 6 and Appendix C) is a
promising and powerful combination that can be used to construct multicellular models
to test specific hypotheses about channel function and biophysical correlates of disease.

4.6

Appendix: Calculations used throughout the text

Recall that Eqs. (4.25)-(4.25) have the form:



∂t x = f (x, y, p) = rx (1 − x)Exs (y) − xExs−1 (y) ,
∂t y = g(x, y, p) = −ry [aK xSK (y) + (1 − x)Fm (y)SCa (y) + aL SL (y)] .
The graphs of the functions Fj and Bj = 1 − Fj for j ∈ {m, x} have forward and
backward sigmoidal shapes, respectively. Their rates of change with respect to y are:

lim Bj (y) = 0 j ∈ {m, w},

(4.45)

y↑∞

lim Bj (y) = 1,

y↓−∞

j ∈ {m, w},

(4.46)

∂y Ej (y) = kj Ej (y),

(4.47)

∂y Fj (y) = kj Fj (y) (1 − Fj (y)) ,
∂y Si (y) = ki Ci (y),

j ∈ {m, x},

i ∈ {K, Ca}.

(4.48)
(4.49)
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The partial derivatives for the linearization around (x∗ , y∗ ) are
∂x f
∂y f



= −rx Exs + Exs−1 ,


= rx kx xsExs + (1 − x) (s − 1) Exs−1 ,


= rx kx sf − (1 − x)Exs−1 ,

∂x g = −ry [aK SK − Fm SCa ] ,

aK
∂y g = ry −
xCK − (1 − x)Fm CCa
2

+km (1 − x)Fm [1 − Fm ] SCa .

(4.50)
(4.51)

(4.52)

(4.53)

Note ∂y f 6= 0 for all y . Also, note that SK (y) > 0 and SCa < 0 for all yK < y < yCa .
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Table 4.3: Phases of the action potential (see also Fig. 1.1)

Phase

Limits

Functional significance

0

Diastolic repolarization: From the maximum diastolic potential (local minimum for
v in the cycle) to the point where the K+
channels reach minimal activation and start
opening again.

From the intersection of the limit cycle with
the v -nullcline in the lower portion of the
phase plane, ending at the intersection with
the x-nullcline in the left portion of the
phase plane. Conditions for detection of
end points from recordings: (i) Start at
∂t v = 0, ∂t2 v > 0 (at this point ∂t x < 0);
(ii) End at ∂t v > 0, ∂t2 v = 0 (at this point
∂t x = 0).

1

Upstroke: From the point of minimal activation to the peak of the action potential.

Starting at the end of 0 and ending at the
intersection with the v -nullcline at the top of
the phase plane. Conditions for detection
of end points from recordings: (i) Start at
∂t v > 0, ∂t2 v = 0 (at this point ∂t x = 0);
(ii) End at ∂t v = 0, ∂t2 v < 0 (at this point
∂t x > 0).

2

Initial downstroke (and possibly shoulder):
From the peak of the action potential to the
point where K+ channels are maximally activated.

Starting at the end of 1, ending at the intersection with the x-nullcline. Conditions
for detection of end points from recordings:
(i) Start at ∂t v = 0, ∂t2 v < 0 (at this point
∂t x > 0); (ii) End at ∂t v < 0, ∂t2 v = 0 (at
this point ∂t x = 0).

3

Final repolarization: From the peak K+
channel activation to the maximum diastolic
potential at the start of the diastolic depolarization.

From the end of 2 until the intersection of
the limit cycle with the x-nullcline at the
right portion of the phase plane. Conditions
for detection of end points from recordings:
(i) Start at ∂t v > 0, ∂t2 v = 0 (at this point
∂t x = 0); (ii) End at ∂t v = 0, ∂t2 v < 0 (at
this point ∂t x > 0).
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Table 4.4: Criteria for extraction measures from recorded action potentials based on the
analysis of 2D dynamics.

Measure

Units

vm

mV

vM
tAP
wAP

mV
ms
ms

ddd

ms

Description

Minimum v for an action potential. Point where ∂t v = 0 and ∂t v < 0. This is
called maximum diastolic potential in the cardiac literature. In neuroscience it
is called valley as well. Can be used to calculate cycle lengths in pacemaking
oscillations.
Maximum v for an action potential. Point where ∂t v = 0 and ∂t v < 0.
Start of an action potential (upstroke) from the first inflection point after vm .
Action potential width. From the last inflection point before the peak to the
last inflection point before the minimum.
Duration of the diastolic depolarization (only for cardiac pacemaking) from the
time at which v(t) = vm to the time at which the first inflection point occurs,
which should be tAP in the absence of shoulders during the upstroke.
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Chapter 5

Electrodiffusive neuronal dynamics: Beyond the conductance based model

The core model of excitability presented in Chapter 4 is analyzed in the context of neuronal dynamics (with Na+ , K+ , leak, and stimulus currents). An original publication that
presents all the results discussed in this chapter (Herrera-Valdez, 2012) is included in
Appendix B.
The properties of the electrodiffusion (ED) model are contrasted with those of a physiologically equivalent conductance-based (CB) model with the same general structure,
but with currents written with conductance-based expressions. The equivalent CB and
ED membranes are constructed by using a change in variables similar to that shown in
Eqs. (4.6)-(4.13). The equivalence between the two models is called physiological because the two systems of equations represent membranes with the same populations of
channels with identical kinetics, expressed at the same relative levels. The two models
differ in that CB currents in the open pore are linear approximations of the ED currents.
The models are constructed using Eqs. (4.1)-(4.3) and electrodiffusion expressions developed in Chapter 2 for the case of neuronal dynamics. The membrane includes, (i)
a K+ delayed-rectifier current mediated by channels with biophysical properties similar
to those of Kv 2.1 channels or its homologous channel Shab from Drosophila, (ii) a Na+
current through channels with biophysics similar to Nav 1.6 or its Drosophila homolog
DmNav 1 or 29, (iii) a leak current that is used to fit the membrane resistance given by the
leak conductance in the conductance based model, and (iv) a stimulus current IS that is
either constant (autonomous system), time-dependent, or time- and voltage-dependent
with activations depending on the occurrence of spikes from neurons that provide fastexcitatory input to the model neuron. These different versions of the stimulus current allow an initial evaluation of the predictions made from standard geometrical analysis in the
autonomous version of the model (constant IS ), when applied to the non-autonomous
(IS : R → R; t 7→ IS (t)) and stochastic (IS : Ω × R × R → R; (ω, t, v)) 7→ IS (ω, t, v))
extensions of the model.
The advantages of ED formulations over their CB counterparts are notorious at the
single current level: ED currents display rectification, which is observable in single chan-
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nel recordings but impossible to obtain from CB formulations. The differences in the two
models are also important at the whole membrane level, but they are harder to make at a
glance. For instance, the families of fixed point curves1 that correspond to the two models seem topologically equivalent from a macroscopic perspective. However, detailed
observations show that the two membrane models are not topologically equivalent. The
consequences of the non-equivalence from a topological perspective are shown qualitatively and quantitatively contrasting the dynamics of the model with well established
observations from experiments. The comparison between the CB and ED models also
unravels different limitations and possible interpretation issues that could emerge from
multicellular studies based on CB models. For instance, the fast transition between rest
and the upstroke of an action potential that occurs in real neurons can be obtained with
the ED model but not with its CB version. Similarly, the depolarization range for excitation
in the ED model matches the experimentally observed range. In contrast, the depolarization required to produce an action potential in the CB model is significantly larger
and almost unrealistic from an experimental perspective. At the network level, the differences in excitability displayed by the two models also yield very different predictions.
For instance, the number of fast, excitatory synaptic activations (somatically recorded
single-synapse post excitatory synaptic currents) that are required to trigger a sustained
train of action potentials in the receiving cell for the ED model are similar to those made
in detailed spatial models constructed from anatomical and electrophysiological observations, and almost half of those are predicted by the equivalent conductance-based
model.
The specificity in the biophysical properties of the currents in the model combined
with the representations in terms of relative contributions from channels defined in Chapter 4 opens the possibility of relating relative levels of channels expression to electrophysiological phenotypes for excitable cells of the same type using the bifurcation structure of the models. These ideas are visited in Chapter 6 and Appendix C.

1

Each curve obtained by varying the external input. Different curves are then obtained by varing a
second parameter.

94
Chapter 6

Bifurcation structure and electrophysiological profiles

In the work shown previously it was established that, among other results, (i) an electrodiffusive model of membrane potential derived entirely from first principles can be
constructed, (ii) that low dimensional, core versions of the model reproduces key characteristics observable in the dynamics of cardiocytes and neurons such as sustained
spiking, different spike shapes linked to different cell types, responses to synaptic input,
etcetera; and (iii) that such models can be subject to geometrical analysis to extract
useful mechanisms and rules to analyze real data.
One key aspect of the analysis mentioned above is the expression of the right hand
side of the equations for the membrane potential in terms of quotients that represent
patterns of gene expression relative to one or more of the channels in the membrane.
The importance of this approach is mainly that it enables to explicitly study the influence
of ion channel expression on the electrophysiological profiles in cells. This important
issue is tackled in a study by Herrera-Valdez et al. (2013) (included as Appendix C)
using a 2-dimensional model of neuronal excitability (Chapter 5 and Appendix B). Geometrical analysis is used to explain how neurons of the same identified type, the adult
Drosophila motor neuron MN5, produce responses to current stimulation that belong
to non-equivalent phase spaces (from topological and differentiable perspectives). The
article by Herrera-Valdez et al. starts by describing observable patterns of electrophysiological responses recorded in MN5, making the argument that the dynamics of membrane models producing such activities are likely to be non-equivalent from topological,
and differentiability points of view. For instance, two of the recordings shown in the paper display convergence to a steady state that is either oscillatory, or non-oscillatory, as
it happens toward focus or node points, respectively. Next, the argument is made that
the different patterns of activity can be explained by using the same model with different
parameter choices; by fact breaking apart from the accepted idea of “one dynamical system, one cell type”. The hypothesis that the non-equivalent responses are due to genetic
variability is adopted, as it is one of the most parsimonious explanations, it is well accepted among physiologists, but also, it becomes one of the most obscure explanations
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when subject to scrutiny in terms of the explicit mechanisms involved. This is the case
with many questions involving phenotype-genotype relationships.
The core version of the neuronal model of this thesis discussed in (Herrera-Valdez,
2012) is capable of reproducing all kinds of basic excitable responses known to the
author (basic here means non-adaptive, non-bursting behaviors). Importantly, its low
dimensionality and explicit biophysical formulation makes it possible for studies of bifurcation structure placing an emphasis on the relative expression of K+ to Na+ channels.
The model explains all the patterns of activity shown in the MN5 recordings considered in
the paper as a well defined family of fixed points in codimension 2 (with external stimulus
and relative ion channel expression as parameters). Importantly, the model also explains
other patterns published by different groups recording different types of neurons (see for
instance Peng and Wu, 2007), and unveils redundant classifications made “by eye” (see
for instance Duch et al., 2008), or by brute force statistical algorithms reported by different investigators (see a very interesting critique in Nowotny et al., 2007, and examples
of such brute force approaches in cited literature therein).
A well established view of the relationship between dynamical systems and excitable
cell dynamics is that each cell type is related to one dynamical system in a one to one
fashion (Izhikevich, 2007). The dynamical system of choice is a representative of a topologically equivalence class. In this view, variability in cellular dynamics is explained by
finding dynamical systems that are also members of the same topological equivalence
class. However, many cells of the same type are capable of producing different kinds
of activity depending on their stage of development, or on the conditions of their microenvironment, which, in turn, may reflect circadian rhythms, or important events in the
surroundings of the animal in which they live. Some of the changes that lead to qualitative shifts in the activity displayed by an excitable cell occur over developmental time,
with end results that may not be noticeable at the tissue, or whole organism levels. Excitable cells of the same type, as identified by form, location, generic synaptic patterns,
and function, may not produce the same kinds of activity at the individual level. It is therefore logical to conceive the possibility that the membrane dynamics of an excitable cell,
thought of as trajectories that satisfy equations like (4.1)-(4.2), may change over time,
without necessarily resulting in anomalous function. Such changes can be realized, in
theory, as very slow changes in one or more of the parameters in the model. One of
such parameters is the relative level of expression of proteins mediating transmembrane
ionic transport; slow is meant here as relative to the lifetime of the cell and perhaps the
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whole organism.
Two membranes from the same identified neuron can develop under different circumstances, such that, at any point in developmental time, their ion channel expression
profiles are different. Models representing two such membranes could, a priori, be represented by the same generic system of equations with different parameters. In other
words, the temporal dynamics of the membranes of two representative cells of the same
type could be associated to two different phase spaces, corresponding to two different
dynamical systems. The two spaces may not be topologically equivalent at all, and in
fact, since the difference between oscillatory and non-oscillatory behavior toward rest is
important for synaptic integration, two neurons of the same type displaying these two behaviors would correspond to instances of two non-equivalent dynamical systems from a
differentiability stand point. Therefore, the one to one correspondence between cell-type
(by function) and one dynamical system should be set aside and rephrased. Perhaps
one more appropriate scheme is the one proposed here, where one cell type is associated to a family of not necessarily equivalent dynamical systems with governing equations of the same generic functional form, with parameters in some open subset of Rn .
Importantly, the approach taken here also suggests that the model should be biophysical in nature, and the domain for the parameters should be constrained by biophysical
considerations. This is perhaps the most important point made in this dissertation.
This work ends with a conclusion chapter that follows, and a series of appendices that
include peer-reviewed articles by the author containing the bulk of information supporting
the claims made in this dissertation.
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Chapter 7

Conclusions

In very general terms, the work done here aims to contribute to the development of
a unifying, mechanistic, mathematical framework for the study of systems physiology.
The general idea is to eventually be able to take a complex adaptive systems approach:
the parts of the system should give rise to emergent phenomena by means of their
intrinsic properties and relationships. In turn, the properties and relationships between
the elements of the system should be formulated in line with anatomical, biochemical,
and physiological constrains. Moreover, the properties of, and relationships among, the
elements of the system are thought of as being plastic. That is, capable of changing
based on interactions with respect to the “interior” and “exterior” of the system.
Biological systems usually involve several processes that occur in temporal and spatial scales spanning several orders of magnitude and different levels of organization. For
instance, at the tissue level, the components can be thought of as cells. One level of
organization down, the components can be thought of as molecules, which could be
proteins, single amino acids, or ions. The different processes are, in turn, mediated by
different components, each having its own physical properties. Biological function and
other properties of a biological system of interest, can thus be thought of as the result of
complex, adaptive interactions between the components forming the system. The complexity may result from the number of elements, their properties, the timing or spatial
range of the interactions, a combination of the above, etc. Adaptability is usually defined
as observable changes that result from the interactions between elements (e.g. changes
in synaptic efficacy following neuron-neuron communication), or caused by the influence
of elements external to the system (e.g. the neuromodulation from the vagus nerve on
cells in the heart).
The interplay between the biophysical formulations, the geometrical analysis, and
a conceptual framework that includes the possibility of biochemical or, as shown here,
genetic considerations, has the potential of enabling a systematic study based on first
principles, of the complexity implicit in the effects of cellular activity subject to different
influences occurring at different temporal and spatial scales, and at different levels of
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organization. Conversely, the effects of systemic phenomena on cellular activity can
also be formulated with models like the one described in this work. Models like the one
proposed here allow to hierarchically explore the links between different autonomous,
non-autonomous, and stochastic generalizations of the same system.
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The reduced models capture normal pacemaking dynamics with a small complement of ionic currents.
The two-dimensional model bears some similarities with the Morris–Lecar model [Morris, C., Lecar,
H., 1981. Biophysical Journal, 35, 193–213]. Because they were reduced from a biophysical model, both
models depend on parameters that were obtained from experimental data. Even though the
correspondence with the original model is not exact, parameters may be adjusted to tune the
reductions to ﬁt experimental traces. As a consequence, unlike other generic low-dimensional models,
the models introduced here provide a means to relate physiologically relevant characteristics of
pacemaker potentials such as diastolic depolarization, plateau, and action potential frequency, to
biophysical variables such as the relative abundance of membrane channels and channel kinetic rates.
In particular, these models can lead to an explicit description of how the shape of cardiac action
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physiologically derived and computationally efﬁcient, the models presented in this article are useful
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1. Introduction
Excitable cells mediate different kinds of communication at
the organ and whole-system levels. Some excitable tissues
contain cells that ﬁre action potentials (APs) continuously to
sustain functions like respiration and cardiac activity. Excitable
cells that spontaneously produce rhythmical APs are called
pacemakers. The goal of this article is to introduce two simple,
generic models for pacemaker activity, which are both physiologically relevant and computationally inexpensive.
Theoretical studies of cellular excitability have followed mainly
two different trends after the seminal work of Hodgkin and Huxley
(1952). One direction consists in establishing simpliﬁed models,
such as the generic two-dimensional model obtained by Fitzhugh
(1961) and Nagumo et al. (1962); the model by Morris and Lecar
(1981), which contains two ionic currents (potassium and calcium);
the minimal model of excitability of Av-Ron et al. (1991); the twodimensional model proposed by Karma (1993, 1994), a special case
of which was studied by Mitchell and Schaeffer (2003); the modiﬁed
FitzHugh–Nagumo model developed by Aliev and Panﬁlov (1996);
or the three-dimensional model by Fenton and Karma (1998) in
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which gating functions were replaced by step functions. This
approach was pushed even further by Barkley (1991) who used a
piece-wise linear model, or by Izhikevich (2003), who replaced the
typical sigmoid and cubic nullclines from the FitzHugh–Nagumo or
Morris–Lecar 2D models, respectively, by a straight line and a
parabola, together with an artiﬁcial reset when the membrane
potential exceeds a threshold value. Another direction consists in
developing high-dimensional models which give as accurate a
description of a cell as possible. Examples of such detailed models
include the work on human atrial cells by Nygren et al. (1998) and
Courtemanche et al. (1998), and models of human ventricular cells
by Priebe and Beuckelmann (1998), or by Ten Tusscher et al. (2004).
It seems natural to look for models that somewhat mediate
between these two directions. For instance, reductions of the Priebe
and Beuckelmann model (15 variables) and of the Ten Tusscher et al.
(2004) model (19 variables) to, respectively, 6 (Bernus et al., 2002)
and 9 variables (Ten Tusscher and Panﬁlov, 2006) are already
available in the literature. Our goal is to further build on this
approach by seeking models of minimal dimensionality.
As pointed out by FitzHugh (Fitzhugh, 1961) and others
(Izhikevich, 2006; Rinzel and Ermentrout, 1998; Rubin and Terman,
2002), cellular excitability can be captured by using continuous twodimensional systems with a fast amplifying variable and a slower
recovery variable. The challenge is thus to write low-dimensional
models that remain close to the physiology of pacemaking, with
biophysical parameters close to those measured experimentally.
What criteria should be satisﬁed by such models? First, since the
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geometry of the vector ﬁeld in phase space dictates the qualitative
behavior of the system, the lower dimensional models should
be faithful to the general geometric properties of the original
system. Second, they should be generic and simple enough
to be computationally inexpensive. Third, in contrast with
phenomenological formulations like those of the FitzHugh–Nagumo,
Barkley or Izhikevich models, they should, as much as possible, allow
the researcher to ask questions about cells and tissues in terms of
cellular components or their function (e.g. channels). Therefore, ideal
low-dimensional models should also be biophysical, in the sense that
all of their terms should be directly related to biophysical processes.
In this article, we derive a three-dimensional and a twodimensional system with three voltage-dependent ionic currents
(potassium, calcium, and leak) obtained by means of a systematic
dimensional reduction of the 14-dimensional (14D) model for
pacemaker cells of the bullfrog sinus venosus (analog of the
sinoatrial node in mammals), developed by Rasmusson et al.
(1990b). This model was chosen as a starting point because it was
constructed from voltage-clamp data collected by a single research
group on a single organism. We believe that the understanding
gained by Rasmusson et al. in combining theoretical and
experimental approaches gives particularly strong validation to
this work. We hypothesize that the dynamics of this model of the
sinus venosus, and by extension, those of biological systems
established using biophysical measures, may often be reduced to a
minimal system that reproduces the main physiological properties
displayed by the original model. In the present case, a speciﬁc
form of this hypothesis is that the minimal collection of currents
that makes up the cardiac pacemaking dynamics in the sinus
venosus consists of an inward current mediated by L-type Ca2 +
channels and an outward current mediated by delayed rectiﬁer K +
channels. The pacemaking frequency may then be modulated by
other currents represented by a non-speciﬁc inward current which
can be thought of as regulated by vagal input. The above
statements should hold, after appropriate generalizations, for
cells in atrial nodes of other vertebrate hearts as well. Once such a
model is constructed, additional channels may be added to capture
speciﬁc phenomena related to a speciﬁc cell type.
This manuscript is organized as follows. We ﬁrst describe the
general methodology, review the components of the dynamical
system described by Rasmusson et al. (1990b), and analyze the
properties of this model. Then, we introduce approximations
that allow a dimensional reduction from 14 to 3, and then to 2
dimensions. This is done using standard methodologies, some of
which are similar to those discussed by Morris and Lecar (1981),
Vinet and Roberge (1990), Bernus et al. (2002), and Ten Tusscher and
Panﬁlov (2006). Importantly, the result is in both cases a reduced
model in which equations and parameters retain their original
biophysical attributes and remain directly linked to experimentally
measurable quantities. We then present numerical simulations that
show that the two-dimensional model is able to display a variety of
action potential shapes and could therefore be used as a generic
model for cardiac cells. Finally, the results are summarized and put
into perspective in the last section of the article.

where Cm is the membrane capacitance (typically in nS), v
represents the membrane potential (typically in mV), and Ix
represents the whole membrane current (WMC) mediated by a
membrane protein labeled as x. The label x (e.g. Na + , K + ,
Ca2 + ,Na + /Ca2 + , etc) typically indicates the ion(s) carrying the
current and possibly a distinctive feature of the kinetics of
the carrier protein. Channels are assumed to be permeable to only
one ion. The probability of opening of each channel is determined
by the product of up to two variables, each representing the
probability of opening of a gate dictated by Eq. (2), where ap and
bp are the opening and closing rates of the gate. A channel is open
only when all of its gates are open. Eq. (2) can be rearranged so
that the evolution of p is related to its time constant, tp , and the
asymptotic probability of gate opening, p1 ,
dp
p1 ðvÞp
¼
,
dt
tp ðvÞ

The general model of membrane potential used in this article is
a standard, nonlinear, autonomous, ﬁrst order system of differential equations of the form
X
dv
Cm
¼  Ix ðv,pÞ,
dt
x

ð1Þ

dp
¼ ap ðvÞð1pÞbp ðvÞp,
dt

ð2Þ

ð3Þ

where

t1
p ¼ ap ðvÞ þ bp ðvÞ,

ð4Þ

p1 ðvÞ ¼ ap ðvÞtp ðvÞ:

ð5Þ

2.1. Numerical solvers
Numerical simulations shown in this manuscript were performed using the solver integrate.odeint (lsoda from the
FORTRAN library odepack) available from the Python module
scipy (Python Software Foundation, http://www.python.org/). In
addition, ordinary differential equation solvers ode15s and
ode45 from MATLAB (The MathWorks, versions R2007b and
R2008a) were used in combination to check the results for a
typical situation leading to pacemaker oscillations. The accuracy
of the simulation was also tested and it was concluded that the
default optional parameter values of ode15s give accurate results
in an optimal amount of simulation time.
2.2. Description of the initial high-dimensional system
The work of Rasmusson et al. (1990b) for the bullfrog sinus
venosus provides a state-of-the-art example of how to obtain a
reasonably faithful description of relevant channel dynamics and
cellular processes by ﬁtting parameters to experimental data. The
resulting model consists of the following 14 ordinary differential
equations1:
Cm

dv
¼ IKd ICaL INaK INaCa INaB ICaP ICaB ,
dt

da
a1 a
¼
,
dt
ta

a A fn,f ,dg,

d½xc
½x ½xc
Ix
¼ b
þ
,
dt
tx
zx FV c
d½xi
Ix
¼
,
dt
zx FV i
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ð6Þ

ð7Þ

x A fNa,K,Cag,

x A fNa,Kg,

ð8Þ

ð9Þ

d½Ca2 þ i
2INaCa ICaL ICaP ICaB 1 dOB
¼
,

Vi dt
dt
2FV i

ð10Þ

dOC
¼ 100½Ca2 þ i ð1OC Þ0:238OC ,
dt

ð11Þ

1
Some of the signs were off in Rasmusson et al. (1990b) but have been
corrected, in agreement with Rasmusson et al. (1990a).
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dOTC
¼ 39½Ca2 þ i ð1OTC Þ0:196OTC ,
dt

ð12Þ

dOTMgC
¼ 100½Ca2 þ i ð1OTMgC OTMgM Þ0:0033OTMgC ,
dt

ð13Þ

dOTMgM
¼ 0:1½Mg2 þ i ð1OTMgC OTMgM Þ0:333OTMgM ,
dt

ð14Þ

2.3. Membrane currents

with dOB/dt in Eq. (10) given by
dOTMgC
dOB
dOC
dOTC
¼ 0:000045
þ 0:0000842
þ0:0001684
:
dt
dt
dt
dt

(resp. [A]c), and the concentration of A in the bulk is denoted by
[A]b. The buffering of intracellular calcium concentration is
described in terms of the occupancy of the calcium-binding
proteins calmodulin (OC), troponin-Ca2 + (OTC), and troponin-Mg.

ð15Þ

In Equations (8) and (9), Ix refers to IK, INa, or ICa deﬁned as follows:
IK ¼ IKd 2INaK ,

The ionic currents of the model by Rasmusson et al. are described
in the following paragraphs. A detailed discussion of the main
currents, namely the (voltage-dependent) Ca2 + and K + delayed
rectiﬁer currents, is presented ﬁrst; the remaining currents are
deﬁned afterward.

INa ¼ INaB þ3INaK 3INaCa ,

2.3.1. Delayed-rectiﬁer potassium current
The whole-membrane delayed-rectiﬁer K + current (IKd) is written
by Rasmusson et al. as

ICa ¼ ICaL 2INaCa þ ICaP þICaB

IKd ¼ n2 IK ¼ n2  0:0115½vðvK þvR Þ,

Eq. (6) describes the dynamics of the membrane potential, v (mV),
which depend on currents carried by delayed rectiﬁer K + channels,
voltage-dependent Ca2 + and voltage-independent Na + channels,
Na + /K + ATPases, Na + /Ca2 + exchangers and calcium pumps. Note
that, contrary to models of non-nodal atrial or ventricular cells, there
is no voltage-dependent Na + current. The membrane currents of the
system during the pacemaking activity will be discussed in the next
section. The variable a in Eq. (7) represents any of the gating
functions d, f, or n, which appear in the expressions for IKd and ICa .
The remaining Eqs. (8)–(15), describe changes in the concentrations
of Na + , K + , Ca2 + across the cell membrane and across the capillary
(Eqs. (8)–(10)), as well as the intracellular concentrations of other
molecules involved in Ca2 + buffering and the contractile machinery
in cardiac muscles (Eqs. (11)–(15)).
In the above equations, time is in milliseconds, and the
membrane capacitance, Cm, is in nano Farads, F is Faraday’s
constant, Vi is the volume of a cell, Vc the volume of the
extracellular (cleft) space, and tp is the time constant for
the diffusion of chemicals between the bulk and cleft space
regions. Currents are in nA, time constants and time in general are
given in milliseconds, concentrations in millimolars (mM) and
volumes in nanoliters (nL). The concentration of a chemical A
inside (resp. in the cleft outside) the cell is denoted by [A]i

ð16Þ
+

where vK is the Nernst potential for K ions and
vR ¼ 95½1 þ expððvvK 78Þ=25Þ1

ð17Þ

is a rectifying term which, as reported by Giles and Shibata (1985),
becomes noticeable for v-values larger than or equal to  30 mV. The
gating functions, an and bn used by Rasmusson et al. are given by

an ¼

0:0000144ðv þ 26:5Þ
,
1expð0:128ðvþ 26:5ÞÞ

bn ¼ 0:000286expð0:0381ðv þ 26:5ÞÞ:

ð18Þ
ð19Þ

Fig. 1 illustrates different aspects of the K-current in the model.
Panel A (top-left) shows the kinetic rates an and bn as functions of the
membrane potential v. The quantities tn and n1 , which can be
compared with the experimental measurements shown in Fig. 8 of
Rasmusson et al. (1990b), are plotted in panels B and C. Finally, panel
D of Fig. 1 shows the current IKd assuming gating at steady state.
2.3.2. Voltage-dependent calcium current
The whole-membrane Ca2 + current in Rasmusson et al. (1990b)
is written as
ICaL ¼ df ICa ,

ð20Þ

Fig. 1. K-channel gating and time constants for the Rasmusson et al. model. (A) Activation rates a and b. (B) Time constant. (C) Steady state gating. (D) Steady state current.
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where d and f satisfy a differential equation like Eq. (7). The
corresponding functions d1 , td , f1 , and tf are given by
d1 ¼ ½1 þexpððv þ10Þ=6:24Þ1 ,

ð21Þ

td ¼

d1 ½1expððvþ 10Þ=6:24Þ
,
0:035ðv þ10Þ

ð22Þ

f1 ¼

1
0:8
þ
,
1 þ expððv þ 35:06Þ=8:6Þ 1 þ expðð50vÞ=20Þ

ð23Þ

tf ¼ ½0:0197expð½0:0337ðvþ 10Þ2 Þ þ 0:021 :

ð24Þ

It is worth noticing that the inactivation variable f1 , given by
Eq. (23), departs from Eq. (5) since it involves two contributions,
each of which has the form of a Boltzmann function with sigmoidal
shape of the form Af1 þexp½aðvv0 Þg1 , for some constant A. The
second term in Eq. (23) is explained by Rasmusson et al. (1990b) as
a partial re-opening of the inactivation gate, but could also be
reinterpreted as the opening of another type of Ca2 + channel.
The expression for ICa given in Rasmusson et al. (1990b)
corresponds to the Goldman constant ﬁeld approximation. It
reads
ICa ¼ 0:0274v

½Ca2 þ i expð0:078vÞ½Ca2 þ c
:
expð0:078vÞ1

Indeed, at 24 3 C
zCa q
2  1:602174  1019  103
C
C 0:0781,
kT
1:38065  1023 ð273:15 þ 24Þ
and the expression for ICa can thus be re-written as
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qz

v ½Ca2 þ i ½Ca2 þ c
Ca


ðvvCa Þ ,
ICa ¼ gCa
sinh
Ca
2kT
sinh qz
v
2kT

ð25Þ

where gCa ¼0.0274 mS=mM is the maximum whole-membrane
conductance per millimolar. Eq. (25) may be derived from basic
biophysical principles (Endresen et al., 2000), assuming that the
electric potential inside a channel is a linear function of the
distance along the channel pore, and that the pore has constant
cross-sectional area. As discussed in Endresen et al. (2000) and
Nonner and Eisenberg (1998), a constant approximation to the
amplitude
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v ½Ca2 þ i ½Ca2 þ c


ACa ¼ gCa
ð26Þ
Ca
sinh qz
v
2kT
may also be assumed while still providing a reasonably accurate
description of the whole membrane current. Fig. 2 illustrates the
behavior of the quantities appearing in (20)–(25) as functions of v.
The thin curves represent the steady state case, and the thick ones
illustrate the dynamics during pacemaker oscillations.
The rest of the currents are listed below:
1. Sodium–potassium pump current:

2 
3
½K þ c
½Na þ i
v þ150
INaK ¼ 0:145
:
þ
þ
½K c þ 0:621
½Na i þ 5:46 vþ 200

ð27Þ

2. Sodium background current:
INaB ¼ 0:00015ðvvNa Þ:

ð28Þ

ICaP ¼ 0:00675

½Ca2 þ i
2þ

½Ca

i þ 0:001

:

ð30Þ

5. Calcium background current:
ICaB ¼ 0:0000003ðvvCa Þ:

ð31Þ

These expressions are then coupled to equations for the
intracellular, extracellular (cleft) and bulk concentrations of K + ,
Na + and Ca2 + , as shown in Eqs. (6)–(10).

3. Results
This section is devoted to the derivation of two models for the
dynamics of cardiac cells, obtained as reductions of the model
established in Rasmusson et al. (1990b). The ﬁrst model is threedimensional (3D). The second model is a two-dimensional (2D)
simpliﬁcation of the 3D model.The properties of the 2D model are
later studied from a more general point of view.
Fig. 3 shows the steady state dynamics of the system (6)–(15),
in a numerical simulation with initial conditions:
vð0Þ ¼ 75 mV,

dð0Þ ¼ 0,

OTC ¼ 0:1,

f ð0Þ ¼ 1,

OTMgC ¼ 0:9,

nð0Þ ¼ 0:05,
OTMgM ¼ 0:04

:

½K þ c ¼ 2:6 mM,

½Na þ c ¼ 111 mM,

½Ca2 þ c ¼ 2:25 mM,

ð29Þ

½K þ i ¼ 130 mM,

½Na þ i ¼ 7:5 mM,

½Ca2 þ i ¼ 0:0005 mM,

½Na þ 3i ½Ca2 þ c expð0:0195vÞ½Na þ 3c ½Ca2 þ i expð0:0195vÞ
1þ 0:0001ð½Na þ 3i ½Ca2 þ c þ ½Na þ 3c ½Ca2 þ i Þ

4. Calcium pump current:

OC ¼ 0:2,

3. Sodium–calcium exchanger current:
INaCa ¼ 0:000004

Fig. 2. Gating and orbit described by the Ca2 + -current. (A) Gating variables at
steady state (solid black) and their trajectories during the pacemaking cycle (gray).
(B) Ca2 + -current at steady state (solid black) and its trajectory (gray).
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internal calcium concentration by its average value only
signiﬁcantly affects the period of pacemaking oscillations,
which in turn can be restored by adjusting (increasing)
parameters like the Nernst potential for calcium or the
maximum amplitude of the leak current. A constant internal
calcium concentration would also yield constant values for the
concentrations of OC, OTC, OTMgC, OTMgM, and OTC, potentially
further reducing the system (6)–(15) to only include three
equations for the variables v, n, f.
3. The currents in the model can be separated into two groups
depending on their size (Fig. 4):
Itot ¼ Ilarge þ Ismall

ð32Þ

where
Ilarge ¼ IKd þ ICaL

ð33Þ

Ismall ¼ INaK þINaCa þ INaB þ ICaP þ ICaB :

ð34Þ

The small currents are all written as functions of the ionic
concentrations and of v. When the concentrations of the
different ions are constant, the Na + /Ca2 + exchanger current
has a linear behavior for v in the vicinity of a constant value,
and all of the other small currents become constant or linear
functions of v. As a consequence, the corresponding division
into large and small currents in the three-dimensional (3D)
approximation suggested above would cause Ismall to become
an almost-linear function of v. This observation strongly
suggests that Ismall could be regarded as a leak current, with
reversal potential and conductance determined mostly by the
average ionic concentrations.

Fig. 3. Dynamics of the 14D pacemaker model. Note: For illustration purposes, the
origin of time is chosen at the maximum diastolic potential after running the
simulation for 1000 seconds. (A) Membrane potential v (Eq. (6)). (B) Gating
variables n (dots), d (solid), and f (dashed) from Eq. (7). (C) Ionic concentrations
(Eqs. (8)–(10)): ½Kc (solid black), ½Ki (dashed black), ½Na þ c (dash-dot, black),
½Na þ i (dots, black), ½Ca2 þ c (dashed, gray), all in mM. The inset shows ½Ca2 þ i
(dashed, gray). (D) Concentrations OC (solid), OTC (dashed), OTMgC (dots), and OTMgM
(dot-dash) from Eqs. (11)–(15).

In what follows, we apply the above considerations to formulate
the reduced models.

and parameters
Cm ¼ 0:075 nF,

Vi ¼ 0:0025 nL,

F ¼ 96485:30929 C=mol,
½K þ b ¼ 2:5 mM,

Vc ¼ 0:0004 nL,

tp ¼ 10 s, ½Mg2 þ i ¼ 2:5 mM

½Na þ b ¼ 111 mM,

½Ca2 þ b ¼ 2:25 mM:

These parameters and initial conditions are the same as in Rasmusson
et al. (1990b). The resulting dynamics tend towards (periodic)
pacemaker oscillations of the membrane potential (Fig. 3A).
3.1. Analysis of pacemaker dynamics
The following observations will be used in the derivation of the
reduced models:
1. The orbit of d (Fig. 2A, solid, thick, gray trace) overlaps with the
steady state d1 (Fig. 2A, thin, solid, black trace). It is thus
reasonable to assume that d  d1 ðvÞ for all v, and reduce the
system to 13 equations, resulting in almost identical dynamics
to those of the original 14D system.
2. As oscillations become more regular, all ionic concentrations,
except the internal calcium concentration, remain relatively
close to constant values (Fig. 3C). This suggests that the
dimension of the model may be signiﬁcantly reduced by
assuming that these concentrations remain constant and equal
to their average values. We will see later that replacing the

Fig. 4. Whole membrane currents grouped by the size of their maximal amplitude.
(A) Large, small, and total currents, Ilarge (thick, gray), Ismall (thick, dashed, gray),
and Itotal (thin, solid, black). (B) Large currents. Ilarge (thick, gray), ICa (thin, solid,
black) and IK (thin, dashed, black). (C) Small currents: Ismall (thick, dashed, gray),
and INaK (solid, thin, gray), INaCa (solid, thin, black), ICaP (dots, thin, black), ICaB
(dashed-dot, black), INaB (dashed, thick, black).
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3.2. Derivation of the reduced models
We now show that the above 14-dimensional system may be
reduced ﬁrst to a three-dimensional and then to a two-dimensional system. The resulting reduced systems are the main
contribution of the work presented in this manuscript. We argue
that the models thus derived may be used as generic models for
cardiac and other excitable cells, especially in situations where
the use of higher-dimensional models would be too expensive
from a computational point of view, and in lieu of less realistic
models using parameters that bear no biophysical meaning and
that therefore cannot be measured experimentally.
3.2.1. Reduction from 14 to 3 dimensions
A ﬁrst approximation consists in setting d  d1 , thereby
reducing the system to 13 equations with almost identical
dynamics compared to those of the original system (not shown).
This is often systematically done each time the corresponding
gating dynamics is fast. For instance, a similar approach was
followed by Vinet and Roberge (1990) in the reduction of the
six-dimensional modiﬁed Beeler–Reuter model (Beeler and Reuter,
1977; Drouhard and Roberge, 1987) to a three-dimensional model.
A second approximation is to set all the molecular concentrations in the model equal to their (constant) average values. After
allowing the full model to run for 1000 s, the averages of the
potassium, sodium, and calcium concentrations calculated over a
time interval of 20 s are
½K þ c ¼ 2:5 mM,

½Na þ c ¼ 111 mM,

½K þ i ¼ 129:16 mM,

½Ca2 þ c ¼ 2:25 mM,

½Na þ i ¼ 8:32 mM,

Fig. 5. Dynamics of the 3D pacemaker. (A) Membrane potential v. (B) Gating
variables n (dots), d1 (solid), and f (dashed).

ð35Þ

½Ca2 þ i ¼ 0:0026 mM:
ð36Þ

A similar assumption was also made by Bernus et al. and Ten
Tusscher and Panﬁlov. It is known that, under normal conditions,
action potentials are not associated with signiﬁcant changes in
the transmembrane concentrations of potassium and sodium, as
well as in the extracellular calcium concentration (Johnston et al.,
1995), even though these concentrations participate in pacemaker
generation. On the other hand, the internal free calcium concentration changes, sometimes by at least one order of magnitude
(Rasmusson et al., 1990b). However, we will see in Fig. 7 that
replacing the internal calcium concentration by its average value
does not signiﬁcantly change the voltage dependence of the
calcium currents. More precisely, the maximum amplitude of
the calcium currents decreases slightly, thereby reducing the
amplitude of the action potential, and in consequence reducing
the period of the pacemaker oscillations.
Once these approximations are made, the resulting system has
only three dynamical variables, v, n, and f, and is given by
Eqs. (6)–(7) with
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qz

v ½Ca2 þ i ½Ca2 þ c
Ca
qz 
ICa ¼ d1 ðvÞfg Ca
ðvv
sinh
Þ
ð37Þ
Ca
Ca
2kT
sinh 2kT
v
and the other currents as before. Fig. 5 shows a numerical
simulation of this 3D model. The output is in good qualitative
agreement with the predictions of the full model. However, the
frequency of oscillations is faster than in the original model. As
noted before, the quasi-steady state approximation d  d1 ðvÞ only
causes a negligible change in the dynamics. Therefore, the
observed changes can be attributed to approximating ionic
concentrations by constants.
At ﬁrst glance, the behavior of the currents in the 3D model is
similar to that of the 14D model (see Fig. 6 and compare with
Fig. 4). As before, the time course of the large, small, and total

Fig. 6. Whole membrane currents as functions of time in the 3D model. The plots
show, respectively, (A) Ilarge (thick, gray), Ismall (thick, dashed, gray), and Itotal (thin,
solid, black). (B) Large currents. Ilarge (thick, gray), ICa (thin, solid, black) and IK
(thin, dashed, black). (C) Small currents: Ismall (thick, dashed, gray), and INaK (solid,
thin, gray), INaCa (solid, thin, black), ICaP (dots, thin, black), ICaB (dashed-dot, black),
INaB (dashed, thick, black).

currents, Ilarge, Ismall, and Itotal, is shown in panel A, whereas
currents contributing to Ilarge and Ismall are plotted in panels B
and C.
The constant approximation for the ionic concentrations
(made in the reduction from 14D to 3D) however, has a strong
effect on the shape of the small currents (Fig. 6C). The maximum
amplitude of the inward portion of Ismall increased slightly,
whereas the peak amplitude of the outward current decreased
slightly. However, the range spanned between both peaks is
similar between the 14D and the 3D models (see Table 1, row 1).
Also, the similarity between the time courses of the small currents
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and the membrane potential oscillations is a reﬂection of the
almost-linear dependence of these currents on v.
3.2.2. Orbits described by the currents
As mentioned before, the sum of the small currents, Ismall, is
expected to behave as a linear function of v in the 3D
approximation. However, the orbits described by these currents
still reﬂect some degree of nonlinearity due to the contribution of
the Na + /Ca2 + exchanger to Ismall and the overall nonlinear
behavior of the system. To further assess the effect of replacing
the ionic concentrations by their (average) constant values
(Fig. 7), we examined the relationship between the membrane
potential and the currents Ilarge and Ismall in the 3D approximation.
The ranges of Ilarge and Itotal are more narrow in the 14D model
than in the 3D model (see Table 1, rows 2 and 3). Nevertheless,
the total and large currents in the 3D model do not seem to be
very different from those of the full model (Fig. 7, rows 1 and 2).
Therefore, as mentioned before, the main differences can be found
in the small currents, as these currents depend directly on the
different transmembrane concentrations of Na + , K + , and Ca2 + .
3.2.3. Internal calcium concentration and pacemaking frequency
The global dynamics of the 3D model (Figs. 5 and 6) are also
sensitive to changes in the small currents caused by changes in
the chosen values of the constant ionic concentrations. For
instance, decreasing the intracellular concentration of Ca2 +
leads to pacemaking oscillations of lower frequencies (Fig. 8).
A brief analysis of these properties is presented in the next
paragraphs.
The internal calcium concentration in the 14D model, ½Ca2 þ i ,
displays oscillations that change over an order of magnitude
ð1210 mMÞ. The maximum and minimum of ½Ca2 þ i are reached,
respectively, during the plateau and the diastolic depolarization
portions of the action potential (not shown). As a consequence, the
minimum (resp. maximum) Ca2 + Nernst potential during pacemaking occurs when ½Ca2 þ i is at its maximum (resp. minimum).
Therefore, decreasing ½Ca2 þ i results in action potentials with
larger amplitudes and slightly wider proﬁles, smaller pacemaking
frequencies, and smaller INaCa current, resulting in smaller Ismall
(Fig. 8). The decrease in frequency can also be explained in part by
the fact that lower intracellular concentrations lead to a decrease in

the inward current mediated by the Na + /Ca2 + exchanger.
A decrease in ½Ca2 þ i decreases the amplitudes of the Ca2 + -pump
as well, but this contribution to the membrane potential is at least
one order of magnitude smaller than that of the Na + /Ca2 +
exchanger.
Taken together, the above considerations and Fig. 8 illustrate
how simulations with the 3D model may be used to analyze the
role of ½Ca2 þ i in regulating pacemaking activity. They also
suggest a possible extension of the 2D model (developed below)
by adding ½Ca2 þ i as a third variable, thereby allowing the study of
speciﬁc phenomena related to the role of calcium oscillations. For
instance, one could use this model to explore how the release of
Ca2 + from internal stores may regulate cellular rhythmicity.

3.2.4. Approximating the small currents
The almost-linear behavior of Ismall as a function of v allows
one more approximation, in this case by means of a linear
function
Ismall  Ileak ¼ gL ðvvL Þ:

ð38Þ

with maximal conductance gL ¼ 0:00045 mS (slope) and reversal
potential vL ¼  9.4 mV, calculated directly from Ismall by anchoring a straight line to the point at which the current is zero
(reversal point), and using the local slope for gL. The choice of
these two parameters has different effects on pacemaker
frequencies. As a general rule, steeper slopes yield oscillations
with faster frequencies and larger amplitudes. If the reversal
potential is increased, the frequency also increases.
Table 1
Comparison of current amplitudes in the 14D model and its 3D approximation.
Current

Model

Peak inward

Peak outward

Difference

Ismall

14D
3D

 0.03
 0.032

0.02
0.015

0.05
0.047

Ilarge

14D
3D

 0.196
 0.223

0.05
0.046

0.246
0.27

Itotal

14D
3D

 0.188
 0.221

0.023
0.03

0.21
0.251

Currents are in nA.

Fig. 7. Comparison of whole membrane currents as a function of time between the 14D and 3D models. (A1–A3) 14D model. (B1–B3) 3D model. The plots show,
respectively, (A1,B1) Ilarge (thick, gray), Ismall (thick, dashed, gray), and Itotal (thin, solid, black). (A2,B2) Large currents. Ilarge (thick, gray), ICa (thin, solid, black) and IK
(thin, dashed, black). (A3,B3) Small currents: Ismall (thick, dashed, gray), and INaK (solid, thin, gray), INaCa (solid, thin, black), ICaP (dots, thin, black), ICaB (dashed-dot, black),
INaB (dashed, thick, black). (A) 14D Pacemaker. (B) 3D Pacemaker.
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Fig. 8. Comparison of pacemaker frequencies in the 3D model for different concentrations of ½Ca2 þ i . The concentrations are 0.0025 (dots), 0.0012 (dashed), and
0.0006 (solid) mM.

Fig. 9. Comparison of the dynamics in the 3D model with Ismall unchanged (gray) and with Ismall replaced by Ileak  gL ðvvL Þ (black). Parameters are gL ¼ 0:00045 mS and
vL ¼  9.4 mV. (A) Ismall (gray) vs. Ileak. (B) Dynamics of v with Ismall (gray), and with Ileak (black).

The dynamics of the 3D model with the leak current in (38) are
displayed in Fig. 9. The current–voltage relationship in the 3D
model is shown in the left panel, with Ileak as a solid black trace,
and Ismall as a gray trace. The right panel of Fig. 9 shows the
corresponding dynamics for v as a function of time. As can be
observed, the pacemaker frequency decreased slightly with the
chosen approximation.
In conclusion, it appears reasonable to replace all of the small
currents by a leak current. Moreover, the amplitude and
frequency of the observed pacemaker oscillations may be tuned
by changing gL.

3.3. Further reduction to 2 dimensions
As Av-Ron et al. (1991) pointed out based on observations
previously made by Fitzhugh (1961) and Rinzel (1985), a minimal
biophysical model of excitability can be written using only two
variables, by considering that an increase in the activation of K +
channels acts in the same direction as a decrease in

the inactivation of Ca2 + channels, assuming the time scales of
the two variables are comparable. The idea is to then replace the
two variables by a common variable w, which plays the role of a
recovery variable, but captures the dynamics of both n and f. Such
an analysis was based on the Hodgkin and Huxley system where
the cycles formed by n and f are relatively narrow and the
relationship between n and 1  f could be approximated by a
straight line through the origin. A similar approach was used in
Vinet and Roberge (1990), in which a slow variable z ¼ n + (1 f)
was introduced. However, in the present case, such assumptions
do not hold because the graph of f as a function of n during
pacemaker oscillations is nearly linear only during the
depolarization stage of the pacemaker cycle (Fig. 10A and inset).
As a consequence, the recovery variable w mentioned above
cannot be obtained as suggested by Av-Ron et al. (1991). We now
test the hypothesis that the linear relationship between n and f
during diastolic depolarization may be used as an approximation
for the dynamics of both in the entire cycle. To this end, we deﬁne
fn ¼ m  n þ b

ð39Þ

172

M.A. Herrera-Valdez, J. Lega / Journal of Theoretical Biology 270 (2011) 164–176

with m  1:1 and b  0:5 calculated to ﬁt the linear portion of
the (n, f) loop, as shown in Fig. 10A and inset, and replace the
inactivation variable f by fn, thereby reducing the 3D model with
leak current to the following 2D system
Cm

dv
¼ IKd ðv,nÞICaL ðv,nÞIleak ðvÞ
dt

dn
¼ aðvÞð1nÞbðvÞn
dt

ð40Þ

ð41Þ

with
ICaL ¼ d1 ðvÞfn ICa ðvÞ:
Therefore, the change in membrane potential in Eq. (40) depends
only on a complement of calcium and potassium currents, and a
leak current. In turn, the leak current is essentially the sum of
sodium and calcium background currents plus the current
generated by sodium/calcium exchangers, and sodium/
potassium and calcium ATPases.
The slope m may be thought of as the ratio of Ca2 + -inactivated
channels to activated K-channels, and the parameter b could be
construed as representing the proportion of non-inactivated Ca2 + channels, in the absence of any K-channel openings. A simulation
of this model is shown in Fig. 10; all parameters are the same as
those in the 3D model with the leak current shown in Fig. 9. The
agreement between the shapes of the action potentials for the two
models is noticeable. The main difference is that the period of
pacemaker oscillations of the 2D model is slightly longer than that
of the 3D model, due to a longer diastolic depolarization phase in
the 2D model. In other words, the linear approximation leads to a
decrease in the frequency of oscillations.
In summary, the 2D model described by Eqs. (40)–(41)
qualitatively reproduces the membrane potential dynamics of the
14D model. Note the leak current approximates the amplitude of the
small currents closely (Fig. 11) and the peak amplitude of the inward
component of Ilarge is smaller than in the 14D model. This happens
because the amplitude the calcium current in the 2D model is
slightly smaller than in the 3D and 14D models, especially at the
beginning of the action potential, but it retains its qualitative
behavior. Quantitative agreement, especially in terms of the period
of oscillations, may be achieved by tuning the leak conductance.
Moreover, as we now describe, changes in the parameters m and n
directly affect the shape of the action potential.
3.3.1. Different pacemaker frequencies
The small currents are not necessary to produce pacemaker
oscillations. In fact, there are several combinations of parameters
in which gL ¼ 0, and such that pacemaking still occurs. In the
absence of a leak current, the three-dimensional model produces
oscillations at a frequency (1/Period) o3D C 0:013 Hz and the two-

dimensional model at an average frequency o2D C 0:007 Hz, as
shown in Fig. 12A. The frequency of pacemaker oscillations
increases as a function of gL, as shown in (Fig. 12B) for the 2D
model. Since the maximal conductance of the leak current
represents the maximal contribution of the small currents, the
increase in pacemaking frequency observed for increasing values of
gL can be regarded as a modulatory inﬂuence of the small currents.
3.3.2. Different action potential proﬁles
We performed a series of numerical simulations to explore the
behavior of the model when the parameters b and m are varied. In
general, several combinations of the two parameters yield
sustained oscillations. At least from a numerical perspective, the
model shows robust pacemaking behavior for slopes close to
those obtained based on the diastolic depolarization, which is
close to  1. That is, the best behavior observed in the model in

Fig. 11. Whole membrane currents for the 2D model. (A) Ilarge (thick, gray), Ileak
(thick, dashed, gray), and Itotal (thin, solid, black). (B) Large currents. Ilarge (thick,
gray), ICa (thin, solid, black) and IK (thin, dashed, black). (C) Small currents: Ismall
(thick, solid, gray), and Ileak (thick, dashed, gray).

Fig. 10. Orbits and phase of the gating variables n and f, and comparison between the 3D and 2D models. (A) (n, f) orbits from the 3D model with leak (gray) and the linear
approximation from Eq. (39) (black). (B) Corresponding membrane dynamics. Note: The black trace in Fig. 9 is identical to the gray trace here.
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terms of the f n linear relationship is captured by setting fn close
to b  n. Fig. 13 shows the dynamics of the 2D model with leak for
different choices of b (thin black traces with different markers),
and compares such dynamics to those of the original 14D model
(thick, gray trace). Fig. 13A shows the relationship between n and
f, and Fig. 13B shows the dynamics of v as a function of time. As a
ﬁrst observation, note that the line segments in Fig. 13A increase
in length as b increases, reﬂecting the increased probability of
opening in the Ca2 + -inactivation gate. One way to interpret this
result from a physiological perspective is that more Ca2 + channels are expected to open if b is larger and, in turn, the
probability of K-channel opening is increased. This observation is
reﬂected by the spiking dynamics (Fig. 13), which show longer
spike time courses for larger basal opening probabilities of the
Ca2 + -inactivation gate (larger b). Another important feature of the
simulations shown in Fig. 13, is that different shapes of action
potentials, stereotypical of the different action potentials
documented in regions of the vertebrate heart, are captured by
the model just by varying b. As a general rule, spiking frequency
increases as a function of b. However, neither too small, nor too
large values of b will result in sustained oscillations using system
(40)–(41). In fact, an interesting observation that also explains
this phenomenon is that too large or too small values of b
eventually push the dynamics of f, expressed as a function of n, to
leave the interval [0,1] (dynamics not shown). The fact that values
of f not in [0,1] are not physiologically meaningful makes this
observation even more interesting, as non-physiological values of
f tend to cause the system (40)–(41) to display non-physiological
behaviors.
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4. Discussion
The models introduced in this article are simple three- and twodimensional systems of ﬁrst order differential equations describing
observable dynamics of cardiac cells in many animals. Both models
were derived from a 14D system of equations for the membrane
dynamics of the bullfrog sinus venosus. Importantly, all but two
(Ileak and fn) of the functions used to deﬁne the dynamics in the lowdimensional systems presented here are deﬁned using the same
functional forms, parameters, and variables as given in the original
formulation by Rasmusson et al. (1990b).

4.1. Rationale of the reduction process
The 3D and 2D models were obtained through a series of
approximations, as described in the Section entitled ‘‘Analysis of
pacemaker dynamics’’. They involved (i) replacing a fast gating
variable by its steady-state voltage-dependent behavior, as for
instance done by Vinet and Roberge (1990); (ii) replacing
oscillatory concentrations of internal and external potassium,
sodium, and calcium ions by their average values, similar to the
assumptions made for instance by Bernus et al. (2002) and Ten
Tusscher and Panﬁlov (2006); (iii) introducing a functional
relationship between two of the fast gating variables, as for
instance done by Vinet and Roberge (1990) and by Av-Ron et al.
(1991). A similar series of steps could be systematically applied
to other large-dimensional biophysical models of cardiac cells.
Importantly, the models obtained here are also generic, in

Fig. 12. The small currents are not necessary to obtain pacemaker oscillations but the leak current modulates pacemaking frequency. (A) Simulations showing pacemaker
oscillations in the 2D (thin black) and 3D (thick gray) models with gL ¼ 0. (B) Pacemaking frequency in the 2D model as a function of gL. The value of the frequency for the
14D model is shown as a straight line (labeled PM14) for comparison.

Fig. 13. 2D model for different choices of f ¼ m  nþ b. The different markers correspond to the different values of b, respectively, 0.33 (solid), 0.4 (dashed), 0.55 (dots), 0.7
(dot-dashed), and 0.9 (solid). All traces are for m ¼  1.1. Other parameters are as in the previous ﬁgures. (A) Relationship between n and f. (B) Dynamics of v as a function
of time.
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the sense that they can describe not only the electrophysiological behavior of vertebrate cardiac myocytes, but also other
excitable cells not displaying bursting or spike-frequency
adaption (e.g. Av-Ron et al., 1993).
The main idea behind the derivation of the low-dimensional
models presented here is that the qualitative properties of a
system displaying pacemaking dynamics like those in the
recordings by Rasmusson et al. (and many others) are in essence
the result of nonlinear interactions between only two variables,
namely, an excitation variable v, and at least one recovery
variable, n, slower than v (Izhikevich, 2006, Chapter 1). Since
biophysical models representing cardiac membrane dynamics
typically involve more than two variables, it is natural to ask
whether the dimensionality of these models may be reduced
without losing all of the physiological information they contain.
Answering this question amounts to ﬁnding a minimal
complement of currents responsible for the cell dynamics. Other
currents can then be thought of as expanding or modulating the
functional repertoire of the cell, but are not necessary to produce
pacemaking (Campbell et al., 1992; Herrera-Valdez et al., 2010;
Sanders et al., 2006). Importantly, such a minimal complement of
currents does not have to include the currents used here. A
particular example is the non-speciﬁc cation ‘‘pacemaker
current’’, If, believed to be responsible for the initiation of the
diastolic depolarization in the mammalian sino-atrial node
(Baruscotti et al., 2010, and references therein). This current is
carried at least by sodium, calcium, and potassium ions, gated by
voltage, modulated by at least cAMP, and displays reversal
potentials between 20 and 10 mV when recorded in isolated
mammalian sinoatrial node cells (Verkerk et al., 2007). Although
very different from If in its gating properties, the leak current IL in
our reduced models has functional properties similar to those of If
and, in particular, serves to regulate the rate of diastolic
depolarization.

modulation of the pacemaker frequency, but is not necessary for
pacemaking activity in the 2D and 3D models (Fig. 12A). Further,
In the absence of Ileak (gL ¼0), there are several other ways of
adjusting the parameters of the model to increase the frequency
of pacemaking oscillations (not shown). For instance, our
preliminary analysis of the two-dimensional model indicates
that increasing gCa, decreasing the half-maximum voltage of the
steady state activation of the calcium channel, vm, or increasing
the half-maximum voltage of the steady-state activation of the
potassium channel, vn can result in faster pacemaking oscillations,
suggesting possible compensation mechanisms that could be
present in a cell to overcome dysfunction or loss related to leak
channels. The analysis that corresponds to such a claim is beyond
the scope of this paper and will be presented elsewhere (HerreraValdez and Lega, in preparation). One could thus reproduce the
effect of the leak current by, say, increasing gCa in a model with
only two currents.
As a consequence, one may consider that the minimum
complement of currents necessary to produce pacemaking only
consists of an ‘‘up’’ and a ‘‘down’’ current, for instance, a Ca2 + and
a K + current, respectively. This resonates with recent publications
that support a view in which Ca2 + -dependent cAMP-dependent
protein kinase A phosphorylation of voltage-gated channels
underlies pacemaking (Vinogradova and Lakatta, 2009). For
these reasons, it is reasonable to think of Ileak, and by extension
any of the small currents that make up Ileak, as fulﬁlling a generic
role in modulating, but not necessarily generating pacemaking
currents, a function that has been proposed and debated for
different currents in different publications over the last four
decades (Accili et al., 2002; Baruscotti and DiFrancesco, 2004;
DiFrancesco, 1993; Henderson et al., 2004).

4.2. Small currents and leak approximation

The reduction process proposed here yields 2D and 3D models
that capture all relevant features associated with pacemaker
oscillations of the bullfrog sinus venosus. As could be expected,
the reduction does not exactly match pacemaker frequency,
action potential amplitude, and other characteristics of the 14D
model. However, as shown in Fig. 14 both 2D and 3D models can
be tuned by slightly changing some of the parameters to obtain
action potentials of similar shape occurring with same frequency as
in the 14D model. Fig. 14 was obtained by performing the following
changes. First, the intracellular calcium concentration was slightly
increased to decrease the Ca2 + -Nernst potential and obtain action
potentials with smaller amplitude. Second, the ratios of the maximal
conductances gCa and gK were changed so that the general shape of
the action potential was matched. Third, gL was adjusted to obtain
the right pacemaker frequency. As a rule of thumb, the ratios gCa/Cm,
gK /gCa, and gL /gCa, must be, respectively, around 0.4, 0.258, and in
the interval [0.0033, 0.258]. These ratios can be used to tune the
model after gCa is factored out in Eq. (40). This factorization allows
the rescaling of the maximum dv/dt to ﬁt the data, and determines
gCa if the membrane capacitance is known. If the channel kinetics
are ﬁxed, the ratios gK /gCa and gL /gCa are the only free parameters.
This ﬁtting procedure can be thought of as changing the levels of
expression of the channels that mediate the membrane currents to
match cellular behavior (Schram et al., 2002), and has been
described elsewhere by Herrera-Valdez et al. (2010).
The 2D model also reproduces different action potential shapes
that resemble those typical of atrial, sinoatrial node, atrioventricular node, Purkinje network, and ventricular cells in the
mammalian heart (Fig. 13 and Boron and Boulpaep, 2003). In
consideration of the diversity of electrogenic membrane proteins

We ﬁrst reduced the model to 3 dimensions, and then
observed that the small currents, Ismall, displayed a behavior close
to linear when viewed as a function of v. This observation is
important, since Ismall is the sum of small amplitude currents that
include many candidates debated in the literature as being
responsible for the modulation and generation of diastolic
depolarizations in cardiac cells (DiFrancesco, 1993).
Approximating Ismall by a leak current, Ileak with reversal
potential equal to the reversal potential of Ismall resulted in a
simpler model with only three currents (calcium, potassium, and
leak) that retained the qualitative aspects of the pacemaking in
the model (Figs. 9–11). The amplitudes of Ismall and Ileak remain
very close throughout each pacemaking oscillation and only
differ slightly during the peak and the initial repolarization
phases of the action potential. The leak current is the result of
combining small currents that include the Na + /Ca2 + exchanger
and other currents contributing to diastolic depolarizations
(Verkerk et al., 2007). In particular, the leak current in our 2D
and 3D models plays a role similar to that of the
hyperpolarization-activated cation current, If. Indeed, increasing
the conductance for this current increases the pacemaking
frequency and the reversal potential of this current is close to
0 mV (Verkerk et al., 2007). However, it should be noted that the
kinetics of If currents are nonlinear and voltage-dependent,
whereas Ileak is a linear function of v.
The leak current, Ileak, is inward during diastolic depolarizations and may be tuned to adjust the pacemaking frequency
(Fig. 12B) to physiological ranges. However, Ileak is important for

4.3. Relative proportions of channels, pacemaking frequencies, and
action potential shapes
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Fig. 14. Tuning the 3D and 2D models to match the frequency of pacemaker oscillations of the 14D model. The membrane dynamics of the 14D model are shown in gray.
Parameters for both models: gK ¼ 0:0075 mS, gca ¼ 0.0274 mS/mM, vL ¼ 9:4 mV. (A) Membrane potential of the 3D model with gL ¼ 0:0000715 mS. (B) Membrane potential
of the 2D model with gL ¼ 0:000091 mS, b¼ 0.65, m¼  1.1.

expressed in cardiac cells, it is remarkable that action potentials
with shapes and time courses observed experimentally can be
reproduced by changing parameters associated with the leak
current, which ultimately is related to the small currents carried
by transport- and channel-mediated currents of small amplitude.

4.4. Possible extensions and modiﬁcations of the model
All the parameters of the 3D system shown above are the same
as in the original 14D system. The same is true for the 2D system,
except for the parameters b and m that deﬁne the f n relationship. Therefore, these low-dimensional systems present the
advantage of being relatively simple and of having terms that
retain the same physiological signiﬁcance as those of the original
model. Because the 3D and 2D models were derived from a
realistic but more complex description of a cardiac pacemaker,
they can be viewed as containing the ingredients essential for the
appearance of pacemaker oscillations in cardiac myocytes.
The original model was, however, developed for the bullfrog’s
sinus venosus. As a consequence, conclusions made on the basis of
the 2D reduction cannot be drawn without pointing out differences
between, say, mammalian cardiac electrophysiology and the
bullfrog’s case. But because the model contains expressions that
are generic, it may be adapted to other situations, by changing the
types of currents used in the model, and possibly adding a limited
number of elements (such as additional currents or one or more
time-dependent variables), appropriate for another system of
interest. For instance, the calcium current could be replaced, or
complemented by a sodium current with instantaneous activation
to justify the study of cardiac oscillations in cells that have a high
permeability for sodium (such as ventricular cells). Alternatively,
one may include the internal calcium concentration as an additional
variable in the 2D system, to study speciﬁc effects linked to calcium
oscillations during the pacemaking activity. Since the reduction from
3 to 2 dimensions could have been done without replacing the small
currents, system Eqs. (40)–(41) with Ileak(v) replaced by Ismall could
be used as a model to study the effect of changing any of the small
currents on the pacemaking dynamics. Further simpliﬁcations
include setting the leak current to zero and modifying the delayed
rectiﬁcation of the potassium channel so that, instead of having the
term vR in the driving force of the potassium current, the half
activation potential is shifted to the right.
The 2D model may also be used to develop insight into certain
mechanisms underlying either pacemaking during normal function under special circumstances involving neuromodulation, or
pathologies. For instance, shifting the half-activation potential vn

to the left, or increasing the basal rate of activation of potassium
channels, rn, progressively leads to a reduction of the duration and
amplitude of action potentials, together with an increase in the
pacemaking frequency. Both situations have been linked to
changes in the structure of potassium channels that underlie
different pathologies (Babij et al., 1998; Schroeder et al., 2000).
The reduction to 2D could also be used to reproduce abnormal
automaticity by introducing a time dependent change in the
parameters. For instance, LQT3-like abnormal automaticities
associated with da-inactivation of inward currents can be made
explicit by changing the conductance of the inward currents in a
2D model, as done by Av-Ron et al. (1993).
In all of the cases mentioned above, the resulting system is
low-dimensional and contains enough parameters to encompass a
wide range of behaviors. Such systematic studies however go
beyond the scope of this manuscript.
4.5. Final remarks
From a more general point of view, the reduced 2D model
derived in this paper may be used as a simple and generic means
of describing normal cardiac dynamics, since its parameters may
be adjusted to reproduce action potential shapes experimentally
observed in a variety of cells.
There are of course inherent limitations to this model. In
particular, dynamical behaviors that require three dimensions,
such as for instance skipped-beat runs (Guevara and Jongsma,
1992), could only be studied with the two-dimensional model by
making the system non-autonomous or by increasing the number
of dependent variables, and therefore its dimension.
Nevertheless, the low dimensionality of the 2D model
introduced here is particularly advantageous. Its dynamics can
indeed be characterized by means of geometric and analytic
considerations, such as phase plane analysis and bifurcation
diagrams. Furthermore, the model provides a convenient tool to
describe normal pacemaking dynamics at the tissue level (i.e. in
terms of partial differential equations) while keeping physiologically relevant descriptions of currents.

Acknowledgements
M.A.H.V. thank Erin McKiernan, Martin Strube, Jose Ek, and
Janis Burt for continued encouragement, discussions, and constructive criticism. The authors are also grateful to two anonymous reviewers whose comments have helped us to signiﬁcantly
improve this manuscript.

176

M.A. Herrera-Valdez, J. Lega / Journal of Theoretical Biology 270 (2011) 164–176

References
Accili, E., Proenza, C., Baruscotti, M., DiFrancesco, D., 2002. News in Physiological
Sciences 17, 32–37.
Aliev, R., Panﬁlov, A., 1996. Chaos, Solitons and Fractals 7 (3), 293–301.
Av-Ron, E., Parnas, H., Segel, L., 1991. Biological Cybernetics 65 (6), 487–500.
Av-Ron, E., Parnas, H., Segel, L., 1993. Biological Cybernetics 69 (1), 87–95.
Babij, P., Askew, G., Nieuwenhuijsen, B., Su, C., Bridal, T., Jow, B., Argentieri, T., Kulik,
J., DeGennaro, L., Spinelli, W., et al., 1998. Circulation Research 83 (6), 668.
Barkley, D., 1991. Physica D 49 (1–2), 61–70.
Baruscotti, M., Barbuti, A., Bucchi, A., 2010. Journal of Molecular and Cellular
Cardiology 48 (1), 55–64.
Baruscotti, M., DiFrancesco, D., 2004. Cardiac engineering: from genes and cells to
structure and function. Annals of the New York Academy of Sciences 1015,
111–121.
Beeler, G., Reuter, H., 1977. Journal of Physiology (London) 268, 177–210.
Bernus, O., Wilders, R., Zemlin, C., Verschelde, H., Panﬁlov, A., 2002. American
Journal of Physiology—Heart and Circulatory Physiology 282 (6), 2296–2308.
Boron, W., Boulpaep, E., 2003. Medical Physiology: A Cellular and Molecular
Approach, Saunders.
Campbell, D.L., Rasmusson, R.L., Strauss, H.C., 1992. Annual Reviews in Physiology
54, 279–302.
Courtemanche, M., Ramirez, R., Nattel, S., 1998. American Journal of
Physiology—Heart and Circulatory Physiology 275 (1), H301.
DiFrancesco, D., 1993. Annual Review of Physiology 55 (1), 455–472.
Drouhard, J., Roberge, F., 1987. Computers and Biomedical Research 20, 333–350.
Endresen, L.P., Hall, K., Hoye, J.S., Myrheim, J., 2000. European Journal of Biophysics
29, 90–103.
Fenton, F., Karma, A., 1998. Chaos: An Interdisciplinary Journal of Nonlinear
Science 8, 20.
Fitzhugh, R., 1961. Biophysical Journal 1 (6), 445–466.
Giles, W., Shibata, E., 1985. Journal of Physiology 368, 265–292.
Guevara, M., Jongsma, H., 1992. American Journal of Physiology 262,
H1268–H1286.
Henderson, S., Goldhaber, J., So, J., Han, T., Motter, C., Ngo, A., Chantawansri, C.,
Ritter, M., Friedlander, M., Nicoll, D., et al., 2004. Circulation Research 95 (6), 604.
Herrera-Valdez, M., Berger, S., Duch, C., Crook, S., 2010. Differential contribution
of voltage-dependent potassium currents to neuronal excitability, BMC
Neuroscience 11 (Suppl. 1), 159.

Herrera-Valdez, M.A., Lega, J., in preparation.
Hodgkin, A., Huxley, A., 1952. Journal of Physiology 117, 500–544.
Izhikevich, E., 2003. IEEE Transactions on Neural Networks 14 (6), 1569–1572.
Izhikevich, E., 2006. Dynamical Systems in Neuroscience: The Geometry of
Excitability and Bursting. The MIT Press.
Johnston, D., Wu, S., Gray, R., 1995. Foundations of Cellular Neurophysiology. MIT
press, Cambridge, MA.
Karma, A., 1993. Physical Review Letters 71 (7), 1103–1106.
Karma, A., 1994. Chaos 4 (3), 461–472.
Mitchell, C., Schaeffer, D., 2003. Bulletin of Mathematical Biology 65, 767–793.
Morris, C., Lecar, H., 1981. Biophysical Journal 35, 193–213.
Nagumo, J., Arimoto, S., Yoshizawa, S., 1962. Proceedings of the IRE 50 (10),
2061–2070.
Nonner, W., Eisenberg, B., 1998. Biophysical Journal 75, 1287–1305.
Nygren, A., Fiset, C., Firek, L., Clark, J., Lindblad, D., Clark, R., Giles, W., 1998.
Circulation Research 82 (1), 63.
Priebe, L., Beuckelmann, D., 1998. Circulation Research 82 (11), 1206.
Rasmusson, R., Clark, J., Giles, W., Robinson, K., Clark, R., Shibata, E., Campbell, D.,
1990a. American Journal of Physiology 259, H370–H389.
Rasmusson, R., Clark, J., Giles, W., Shibata, E., Campbell, D., 1990b. American
Journal of Physiology 259, H352–H369.
Rinzel, J., 1985. Federation Proceedings 44, 2944.
Rinzel, J., Ermentrout, G., 1998. Methods in Neuronal Modeling 2, 251–292.
Rubin, J., Terman, D., 2002. Handbook of Dynamical Systems 2, 93–146.
Sanders, L., Rakovic, S., Lowe, M., Mattick, P., Terrar, D., 2006. The Journal of
Physiology 571 (3), 639.
Schram, G., Pourrier, M., Melnyk, P., Nattel, S., 2002. Circulation Research 90 (9),
939.
Schroeder, B., Waldegger, S., Fehr, S., Bleich, M., Warth, R., Greger, R., Jentsch, T.,
2000. Nature 403 (6766), 196–199.
Ten Tusscher, K., Noble, D., Noble, P., Panﬁlov, A., 2004. American Journal of
Physiology—Heart and Circulatory Physiology 286 (4), H1573.
Ten Tusscher, K., Panﬁlov, A., 2006. Physics in Medicine and Biology 51 (23),
6141–6156.
Verkerk, A., Wilders, R., van Borren, M., Peters, R., Broekhuis, E., Lam, K., Coronel, R.,
de Bakker, J., Tan, H., 2007. European Heart Journal 28 (20), 2472.
Vinet, A., Roberge, F., 1990. Journal of Theoretical Biology 147, 377–412.
Vinogradova, T., Lakatta, E., 2009. Journal of Molecular and Cellular Cardiology 47
(4), 456–474.

114
Appendix B

Article: Membranes with same channels but different excitabilities

Membranes with the Same Ion Channel Populations but
Different Excitabilities
Marco Arieli Herrera-Valdez1,2,3,4*
1 Department of Mathematics, University of Arizona, Tucson, Arizona, United States of America, 2 Evelyn F. McKnight Brain Institute, University of Arizona, Tucson, Arizona,
United States of America, 3 Department of Mathematics and Physics, University of Puerto Rico in Cayey, Cayey, Puerto Rico, 4 Institute for Interdisciplinary Research,
University of Puerto Rico in Cayey, Cayey, Puerto Rico

Abstract
Electrical signaling allows communication within and between different tissues and is necessary for the survival of
multicellular organisms. The ionic transport that underlies transmembrane currents in cells is mediated by transporters and
channels. Fast ionic transport through channels is typically modeled with a conductance-based formulation that describes
current in terms of electrical drift without diffusion. In contrast, currents written in terms of drift and diffusion are not as
widely used in the literature in spite of being more realistic and capable of displaying experimentally observable
phenomena that conductance-based models cannot reproduce (e.g. rectification). The two formulations are mathematically
related: conductance-based currents are linear approximations of drift-diffusion currents. However, conductance-based
models of membrane potential are not first-order approximations of drift-diffusion models. Bifurcation analysis and
numerical simulations show that the two approaches predict qualitatively and quantitatively different behaviors in the
dynamics of membrane potential. For instance, two neuronal membrane models with identical populations of ion channels,
one written with conductance-based currents, the other with drift-diffusion currents, undergo transitions into and out of
repetitive oscillations through different mechanisms and for different levels of stimulation. These differences in excitability
are observed in response to excitatory synaptic input, and across different levels of ion channel expression. In general, the
electrophysiological profiles of membranes modeled with drift-diffusion and conductance-based models having identical
ion channel populations are different, potentially causing the input-output and computational properties of networks
constructed with these models to be different as well. The drift-diffusion formulation is thus proposed as a theoretical
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Expressions for transmembrane ionic flux that take diffusion
into account can be derived using the Nernst- Planck equation
[10], and used to describe transmembrane currents as already
done by Goldman [11] and others [12–15]. These currents will be
herein called drift-diffusion (DD) and models of membrane potential
constructed using CB, or alternatively, using DD currents will be
referred to as CB or DD models. CB models are generally
regarded as good descriptions of membrane potential, have been
studied extensively [16–20], and are thus very popular and used
along with experiments to study cellular excitability [2,3,21–25].
On the other hand, DD models are more realistic [11,26] but are
not widely used in the literature. For instance, DD currents
capture important nonlinear phenomena like rectification; a
property that CB models cannot reproduce. In fact, as shown in
the following paragraphs, the CB formulation for current is a linear
approximation of its DD counterpart around the reversal potential of
the current ( Fig. 1 a). DD and CB models reproduce basic features
of the behavior of excitable cells [13,19]. However, the
nonlinearities contributed by DD formulations may result in very
different dynamics in comparison to CB models. It is therefore

Introduction
Electrical signaling allows fast transfer of information within and
between cells. Electrical signals are produced by ionic transport
within tissues, and in particular, across the membranes of cells.
Most transmembrane ionic transport is mediated by membranespanning proteins that may either mechanically translocate ions
across the membrane (transporters), or facilitate ionic diffusion by
forming pores [1]. The dynamics of membrane potential can be
modeled from a macroscopic perspective by assuming that the
membrane, its channels and transporters, and the permeable ions
on both sides of the membrane are equivalent to an electrical
circuit [2,3]. In this description, the total current through the
membrane is the sum of the currents mediated by channels and
transporters. Currents mediated by ion channels are typically
modeled as the product of a conductance and a linear function of
membrane potential [4–7]. This approach will be referred to
herein as conductance-based (CB). However, ionic transport through
channels is driven by electrical drift, as assumed in CB models, but
also by diffusion [8,9] which is not included in CB formulations.
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Figure 1. DD and CB currents and convergence to steady state. (a) DD and CB currents in gray ( Eq. 1 ) and black ( Eq. 2 ) respectively. (b)
Convergence to steady state in a model of membrane potential ( Eq. 14 ) with dynamics as in Eqs. 15–16.
doi:10.1371/journal.pone.0034636.g001

important to ask to what extent the two approaches lead to
qualitatively and quantitatively similar behaviors, everything else
being equal. In other words, are CB and DD formulations
computationally equivalent? If so, to what extent?
Models of excitable cells are used to understand the role of ionic
currents on cellular signaling, make testable quantitative predictions, and interpret experimental results. Therefore, it is crucial to
understand more about how the dynamics of the membrane
change with the DD or CB formulation. To start addressing this
question, two low-dimensional versions of the same model of
membrane potential, CB and DD respectively, are constructed.
The two models are assumed to have identical ion channel
populations mediating a leak current and two voltage-gated
currents, namely, a transient sodium (Naz ) current and a delayed
rectifier potassium (Kz ) current [19,27,28]. The comparison is
done by examining the bifurcation structure and behaviour of the
two models in response to constant and time-dependent current
stimulation, and synaptic input. In each case, different patterns of
ion channel expression were taken into account. The qualitative
features of the dynamics in the two models having identical ion
channel populations are different, as predicted by their nontopologically equivalent phase spaces and bifurcation structures.
For constant stimulation, the smallest sustained current amplitude
that causes a transition between rest and repetitive oscillations in
the membrane potential, or Icyc for short, is shown to differ in the
two models. In a more dynamical setting, the recruiting current,
defined as the smallest amplitude in an up-going ramp stimulus
that results in action potentials, is shown to be significantly smaller
than Icyc for both models, and smaller in the DD model than in the
CB model. The excitatory synaptic current that causes repetitive
spiking is also shown to be smaller than Icyc , and repetitive spiking
in response to synaptic input requires a smaller number of
synapses in the DD model in comparison to the CB model. In
sum, repetitive spiking occurs for smaller stimulus currents, and
within a smaller range in the DD model in comparison to the CB
model. The results presented here can be modified and extended
for the study of other excitable membranes.

PLoS ONE | www.plosone.org

Methods
Electrodiffusion currents and membrane potential
The formulation for transmembrane currents driven by drift
and diffusion used here is a generalization of a derivation based on
first principles of thermodynamics and electrochemistry previously
reported in [13] and expanded in [29]. The derivation starts by
considering the ionic flux through open pores across the
membrane written as the sum of electrical drift and diffusion with
the Nernst-Planck equation (see Text S1 and [9,12]). In brief, the
cross-sectional area of the pore region inside an ion channel and
the electric field across the membrane are assumed to be smoothly
varying functions of distance along the pore. Assuming the flow of
charge is stationary and integrating the equation between the
intra- and extra-cellular domains along the pore axis allows writing
an expression for the transmembrane current as a function of the
membrane potential v. As a result, the current carried by ions of
type S as they electrodiffuse through an open pore can be written
as
i~~as T



pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
zs (v{vs )
:
Se Si sinh
2vB

ð1Þ

where v is the membrane potential, vs , zS , Se , and Si are the
Nernst potential, valence, extracellular and intracellular concentrations of the ion S [13]. The term ~a is a constant approximation
to a function that depends on the properties of the pore, the
electric field across the membrane, the mobility of S, and other
factors [30]. The Goldman constant field approximation [11] can
be obtained as a particular case of Eq. 1 if it is assumed that the
electric potential inside a channel is a linear function of the
distance along the channel pore, and that the pore has constant
cross-sectional area [13,27]. The potential vB is the quotient
kT=qe where k is Boltzmann’s constant, qe is the elementary
charge, and T the absolute temperature. The current in Eq. 1 can
be regarded as a macroscopic description of the transmembrane
current produced by ions of type S as they diffuse through an open
channel and will be herein referred to as a DD current. For
contrast, the CB current through an open channel permeable to S
is a linear function of v (Fig. 1 a) given by
2
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iCB ~
g(v{vs )

Table 1. Functional forms of the different transmembrane
currents.

ð2Þ

where g represents the maximal conductance of the current
carried by S-ions. For Kz and Naz ions, but not for Ca2z , the
concentrations Se and Si can be regarded as constants [4,27].

Current

Whole-membrane currents

IK

IL

The formulation in Eq. 1 can be extended to consider the
current mediated by several hundreds or thousands of gated
channels. Let channel gating be represented by a number ps
between 0 and 1 that depends on the gating mechanism of the
channel. The gated whole-membrane current can be written as:
I~Ns ps ~as T



pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
zs ðv{vs Þ
:
Se Si sinh
2vB

IN
IS

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Se Si

ð4Þ

Membrane potential
The comparison between the DD and CB models is done with a
two-dimensional dynamical system defined in terms of a core set of
currents: a leak current, two voltage-gated currents carried by
Naz and Kz , and a stimulus current representing either
stimulation through an electrode, or fast excitatory synaptic input.
Importantly, all the currents are written using the same gating
functions and therefore, the only differences between the two
models are in the driving force portion of the currents. An implicit
assumption in this construction is that additional membrane
channels and transporters fulfill a complementary, but not
necessary, role in producing rest-to-spiking transitions, as explicitly
illustrated, for instance in [27].
The membrane potential is represented by the variable v with
dynamics defined by:

tw

dv
~IS {IN {IK {IL ,
dt

ð5Þ





dw
g
g
~(1{w) exp sw w ðv{vw Þ {w exp (sw {1) w ðv{vw Þ ð6Þ
dt
vB
vB

dsn
~an (1{sn )Cn (t){bn sn ,
dt

gK wðv{vK Þ
gN m? (v)(1{w)ðv{vN Þ
2k
gS

PNE

n~1 sn (t)ðv{vn Þ

n~1,:::,NE ,

ð7Þ

where Cn is the concentration of neurotransmitter for each of the k
synapses activated by the nth presynaptic neuron at times t0 ,t1 ,:::
(see [32] and Fig. S2 and Table 3). The time-course of
neurotransmitter concentration in the cleft is given by

where C is the membrane capacitance and IS , IN , IK , and IL
represent, respectively, current from an external stimulus, voltagegated Naz and Kz currents, and a non-gated leak current (see
Table 1). The variable w represents the dynamics of the Kz
PLoS ONE | www.plosone.org



v{vN
2vB


PNE
v{vS
{k
aS n~1 sn (t) sinh
2vB

aN m? (v)(1{w) sinh

gL ðv{vL Þ

channel activation. The gating charge and half-activation potential
of w are, respectively, gw qe and vw . The basal rate of the gating
reaction, 1=tw , is a function of temperature [7]. Since all the
simulations presented here are assumed to occur at 22o C, tw
becomes a constant. The peak and symmetry of the time constant
as functions of v are controlled by tw and sw , respectively
[29,33,34]. Naz channel inactivation and Kz channel activation
are linearly coupled [18,19,27]. Steady state activation for Naz
channels is given by m? (v)~f1z exp½gm (vm {v)=vB g{3 . Parameters for the simulations can be found in Table 2.
The stimulus current is either a constant (used as a bifurcation
parameter), a time-dependent function representing external
stimulation, or a time- and voltage-dependent function representing synaptic input. The smallest IS necessary to cause a transition
between rest and sustained oscillations with a square pulse will be
referred to as Icyc . The time-dependent stimulation will consist of 5
epochs: (1) bottom, with stimulus amplitude 0 nA, (2) ramp up
(Up), (3) constant stimulation with amplitude equal to the
maximum reached by the ramp (Top), (4) ramp down (Down),
and (5) bottom again. This stimulation protocol will be referred to
as up-top-down (UTD). Unless otherwise specified, Up, Top, and
Down epochs have the same duration with IS being continuous as a
function of time. For IS with a ramping stimulation, the minimum
current amplitude required to start sustained oscillations during Up
or Top will be called recruitment current, and the stimulus amplitude
during Down at which a transition between sustained oscillations
and rest occurs will be called de-recruitment current.
Synaptic input. The activity of the presynaptic cells is simulated by
generating NE independent spike trains with gamma-distributed
interspike intervals, each with a mean rate rE [34,35]. For
simplification purposes, it is assumed that an action potential in
each of the input neurons activates, on average, k synapses after a
presynaptic action potential [35,36], each synapse having a
maximum postsynaptic current amplitude aS . Each synapse made
by the nth presynaptic cell is gated with a time-dependent
probability of opening sn (t) with dynamics defined by

can be thought of as a constant representing the maximum current
through the membrane.
Voltage-dependent gating is described from a macroscopic
perspective as a first-order process with steady states written
explicitly in terms of the change in free energy caused by the
conformational changes that underlie channel gating. Ligandgated channels are modeled following previous work by Destexhe
et al. [32].

C

CB



v{vL

aL sinh
2vB


v{vK

aK w sinh
2vB

Gating is the same in both formulations.
doi:10.1371/journal.pone.0034636.t001

ð3Þ

where NS is the number of channels in the membrane. Loosely
speaking, the quantity Ns ps can be thought of as the average
number of open channels permeable to S (see [31] for an
interesting perspective in this regard). If the absolute temperature
and the transmembrane concentrations of Naz and Kz are
assumed to be constant [4,27], then
aS ~~as Ns T

DD

3
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Table 2. Parameters and Constants.

Name

Value

Units

Description

q

1.60217733|10{19

C

Elementary charge

k

1.3806582|10{20

mJ/K

Boltzmann’s constant

22

o

C

Room Temperature o C

T

273.15+TC

o

K

Absolute temperature

vB ~kT=q

25.43

mV

Boltzmann’s potential

vN

70

mV

Reversal potential for Naz

vK

290

mV

Reversal potential for Kz

vL

260

mV

Reversal potential for membrane leak z

Rm

100.0

MV

Membrane resistance

C

0.1

nF

Membrane capacitance in adult
Drosophila MN5 [84]

vm

229

mV

Half-activation

gm

2.0

Physical constants

Membrane properties
TC

Channel kinetics
Transient Na from Adult Drosophila DmNav1 [42]

Gating charge of activation

K-delayed rectifier from Drosophila Shab [38]
vw

21

gw

2.0

tw

10

ms

Max. activation time constant

sw

0.6

-

Symmetry of activation time constant

mV

Half-activation
Gating charge of activation

Maximum current amplitudes and conductances

aN

10.0

nA

NaT maximum current amplitude


aK

25

nA

Kd maximum current amplitude


aL

0.5

nA

Leak maximum current amplitude

gN

0.2

mS

NaT maximum conductance

gK

0.5

mS

Kd maximum conductance

gL

0.01

mS

Leak maximum conductance

j~
aK =C

100

nA/nF

20.4 Scaling factor for physiologically
relevant dv=dt

Normalized model

Q~
gK =(2vB Cm )

1.96

mS/nF

aK ~gK

2.5

nA

Maximal current amplitude for
potassium relative to 
aN .

aN ~gN

1

nA

Normalized maximal current amplitude
for Kd

aL ~gL

0.05

nA

Normalized maximal current amplitude
for Kd

doi:10.1371/journal.pone.0034636.t002

Cn (t)~cn

NE 
X

t
tn n~1




ti {t
Ifti vtg ,
exp
tn

Therefore, for any given potential, the DD model (Eq. 5) cannot
be written as a CB model by simply replacing the DD currents
by their CB approximations. However, it is still possible to
investigate whether the dynamics from the DD model are
qualitatively different to those of the CB model by rewriting Eq.
5 so that the relative contributions of the channels to the change
in membrane potential are the same. To do so, start by
multiplying the right hand side of the DD model by a
normalization current a, and divide each of the currents by a;
do the same for the CB model using a normalization
conductance g. As a consequence,

ð8Þ

where cn represents the maximum neurotransmitter concentration
at synapses from the nth presynaptic contact. The indicator
function Iftwti g is equal to 1 if twti and zero otherwise [5,7].

Reparametrization in terms of relative channel contributions
Recall that the CB approximation to the DD current is valid
only for voltages near the reversal potential of the current.
PLoS ONE | www.plosone.org
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ratios aN , aK , and aL in the right hand side of Eq. 9 can be
thought of as amplitudes relative to the number of Naz channels
in the membrane. Then, as indicated by Eq. 4,

Table 3. Parameters for simulations with time-dependent
stimulation or synaptic input.

Name

Value

Units

Description

aK ~

nAChRs from adult Drosophila central synapses [44]

an

10

nA

Maximum mEPSC
amplitude

gn

0.2

mS

Maximum
conductance of
mEPSCs

an ~gn

0.4

-

Normalized mEPSC
amplitude relative
to aK

vE

0

mV

Reversal potential

aE

1

mM/ms

Forward rate of
postsynaptic
activation

bE

0.2

1/ms

Backward rate of
postsynaptic
activation

kE

10

-

Average number of
activated synapses
per spike

ME

[0,104 ]

rE

7

Parameters and fits to experimental data
The channel kinetics used here are based on the biophysical
properties of delayed-rectifier Kz channels expressed in somatodendritic compartments encoded by the Shab gene in central
neurons of adult Drosophila [37–39], or one of its vertebrate
homologs (e.g. Kv2.1 [40]). The Naz channels can be thought of
as one of the protein products of the para/DmNav gene also present
in adult Drosophila [41,42] or one of its vertebrate homologs (e.g.
Nav1.1–1.9 in vertebrates [43]). Synaptic currents are assumed to
be excitatory and mediated by fast cholinergic receptors, one of
the main mechanisms of excitation in invertebrate central synapses
[44] also present in the central, peripheral, and enteric nervous
systems of vertebrates [45–47]. In all the simulations presented
here, each of the input axons is assumed to have an average firing
rate of 7 Hz with gamma-distributed interspike intervals. Each
action potential from an input cell is assumed to activate (on
average) 10 synapses from its collateral terminals, each producing
an excitatory post-synaptic current [35]. Data for the channel
parameters was obtained by fitting digitized current traces
recorded under voltage clamp mode and reported in [39] and
[42]. Digitalization was done with custom code (Fig. S1 and
Table 2). Once the parameters for the channels are fixed, the only
free parameters left in both CB and DD models are the maximum
amplitudes and conductances, respectively. The differential
contribution of the channels to the excitability of the membrane
can then be directly assessed by considering the ratios of the
maximum amplitudes (DD) or conductances (CB) of the different
currents in the model. The parameters aL can be determined by
using the input resistance as illustrated in later paragraphs. C and
the maximum dv=dt are found directly from recordings.

Input rate of each
excitatory axon

doi:10.1371/journal.pone.0034636.t003

dv a
~ ðJS {JN {JK {JL Þ,
dt C

ð9Þ

with Jx ~Ix =
a, for x[fN,K,L,Sg. The remaining coefficients
leading each of the currents can then be set to be equal in both
versions of the model:
aN
g aK
g
aL
g
~aN ~gN ~ N ,
~aK ~gK ~ K ,
~aL ~gL ~ L ,ð10Þ
a
a
g a
g
g
with 
a~2
gvB . If JS represents synaptic input, the amplitudes for
the currents corresponding to each of the input axons can also be
set as

a~an ~gn ~
gn =
g,
an =

Initial choices of parameters
The normalizing amplitude a can be found using y and Q, with
C to fit the maximum rate of change in the model to the one
obtained in recordings. This means one more parameter can be
fixed if a is either aN or aK . A particularly convenient choice used
here is a~aN , because the magnitude of y~aN =Cm matches the
magnitude of the desired maximum dv=dt. The combined
parameters y~a=C and Q~y=(2vB ) from Eq. 9 can then be
used to constrain the model to represent different cell types
because they control the maximum dv=dt, which can be
determined from recordings. As a rule of thumb, the maximum
dv=dt should be less than 50 mV/ms for cardiac myocytes [48–50]
and pancreatic beta cells [51]. In neurons, the maximum dv=dt
may reach *300 mV/ms (see for instance, [52]). For instance, for
the model presented here, y can be set to about 100 nA/nF (with
Q~100=(2vB )). If the membrane capacitance is 0.1, then
aN = 10 nA. A starting value of aK = 3 (as rule of thumb between
2 and 10) leaves aK = 30 nA. Notice that if a~aK , the rule of
thumb can be applied by algebraically rearranging the terms,

k~1,:::,NE :

The normalization term for the DD model could be aN , aK , aL ,
aN z
aK z
aL , or any other convenient current; the same applies
for g in CB models. The choice a allows, however, different
interpretations for the model. For instance, a could be the sum of
all the amplitudes for DD and similarly for g, in which case the
coefficients in front of each current can be thought of as weighted
by a maximum total current (or conductance). Recall that the
maximum amplitude of each of the DD currents (alternatively,
maximum conductance for CB) can be thought of as multiple of
the number of channels mediating the current, so these
normalizations allow interpretations in terms of relative expression
of ion channels. For instance, if all the currents in the DD model
are divided by the maximum amplitude of the Naz channel (and
aN and the
their CB counterparts are divided by gN ), then a~
PLoS ONE | www.plosone.org

ð11Þ

where MK and MN are the numbers of Kz and Naz channels
and P is a constant. Therefore, aK is proportional to the ratio of
Kz to Naz channels. In other words, aK can be thought of as an
indicator of the relative expression of Kz delayed rectifier channels in
the membrane with respect to the expression of Naz channels.

Number of
excitatory synaptic
axons
Hz

MK
P
MN
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K =CM = 300 nA/nF (because aK =CM ~3aN =CM )
which yields a
and aN = 0.33.
The comparisons between DD and CB models shown
subsequently are made assuming a~aN with maximum potassium
current amplitudes between 1 and 5 times larger than the maximal
amplitude of the sodium current, corresponding to relative level of
expression in the Kz channels aK ~aK =aN within the interval
½1,5. The range was determined by a global exploration of the
bifurcation structure of the models in codimension 1 using IS as
the bifurcation parameter. The analysis of the model will be
focused on the transitions into and out of repetitive spiking as
dictated by varying the relative contributions of the different
currents to the change in membrane potential.

Andronov-Hopf (AH) bifurcations occur when a focus point
changes in stability. Subcritical and supercritical AH bifurcations
are associated to bistable and monostable systems, respectively.
Systems like Eqs. 5–6 that undergo a subcritical AH bifurcation,
typically loose or gain an unstable limit cycle. In the former case,
the membrane is typically bistable, with a limit cycle and a stable
fixed point separated by an unstable cycle. At the bifurcation the
unstable cycle closes into the fixed point and dissappears, leaving
an unstable focus and the limit cycle around it. Prior to the
bifurcation the system could go to rest or into repetitive spiking
depending on its initial conditions. After the bifurcation, the
system is monostable and its only asymptotic behavior is the
sustained oscillation (repetitive spiking). In Saddle-node (SN)
bifurcations the number of fixed points changes between 3 and
1 (or viceversa) and are associated with non-monotonic I? (v)
curve. Repetitive spiking may emerge through a SN bifurcation if,
for example, the remaining point is unstable and a limit cycle
remains as the only attractor of the system. A fold limit-cycle (FLC)
bifurcation is such that two cycles appear or disappear (similar to
SN). One cycle is unstable and surrounds the stable fixed point.
The other cycle is stable and surrounds the unstable cycle. The
unstable cycle delimits the basins of attraction of the fixed point
and the limit cycle. FLC bifurcations occur near subcritical
Andronov-Hopf bifurcations.
The values used in the simulations presented here can be found
in Table 2. Deviations from the parameter set used in the tables
are noted in the figures.

Bifurcation analysis and associated membrane potential
behaviors
The steady state currents are obtained after excluding IS from Eq. 5
and
replacing
w
by
its
steady
state
w? (v)~
f1z exp½gw (vw {v)=vB g{1 in the voltage-gated currents. The
resulting curve, called I? herein, is used to calculate the fixed
points (v ,w ) of the system. If (v(t),w(t))~(v ,w ), then neither v,
nor w change. Trajectories that pass through focus points are
spirals, which means the membrane potential oscillates when the
system is near a focus point. In contrast, the membrane potential
does not oscillate when the (v,w) is near nodes. Trajectories near
saddle node points initially move toward the saddle-node and
eventually diverge from it, which means that if (v,w) is near a
saddle-node, v will eventually move away from the v -value of the
saddle-node. The cycles of the system represent sustained
oscillations in the membrane potential. Limit cycles are asymptotically stable attractors. This means that the membrane potential
will go into sustained oscillations if the (v,w) is within the basin of
attraction of a limit cycle. Sustained oscillations are regarded as
repetitive spiking if their amplitude is w30 mV and their
maximum dv=dtw10 V/s. The system is bistable if it has two
attractors (e.g. a fixed point and a limit cycle).
The system in Eqs. 5–6 has at least one asymptotically stable
attractor for parameters within the physiologically meaningful
range. In other words, there should be either a fixed point or a
limit cycle (sustained oscillation) that the system goes back to. If all
the fixed points are unstable, there is no resting membrane
potential and sustained oscillations are expected to occur (a limit
cycle is expected to exist [6,7,53]). The v-value of an asymptotically stable fixed point can be regarded as a resting potential
(especially if near 260 mV). Asymptotically stable focus points are
such that the membrane potential oscillates toward the resting
value. In contrast, the membrane potential converges to
asymptotically stable node points monotonically (without oscillating). Recall that a bifurcation occurs when either the number, the
type, or the stability of the fixed points or cycles of the system
change [54]. That is, a bifurcation indicates a qualitative change in
the behavior of the system; for instance, a transition between rest
and sustained spiking. Note therefore, that the analysis presented
here links patterns of relative ion channel expression with
bifurcation structure.

Numerical solvers
Numerical simulations shown in this manuscript were performed using the solver integrate.odeint (lsoda from the FORTRAN library odepack) available from the Python module scipy
(Python Software Foundation, http://www.python.org).

Results
Conductance-based currents are first-order local
approximations of electrodiffusion currents
The CB and DD formulations are mathematically related. To
see it, consider the Taylor series of the hyperbolic sine around 0
truncated to first-order: sinh (bx)~ sinh (0)zbx cosh (0)&bx.
This means that Eq. 1 can be approximated around vs as follows:

I&

ð12Þ

The quotient in front of the voltage difference in Eq. 12 is a
conductance (mS), which can be rewritten as

g~

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~as T Se Si zs
:
2vB

ð13Þ

The CB expression for current from Eq. 2 is thus a first-order
approximation of the DD current near the reversal potential vS (see
Fig. 1 (a) and green trace for IL in Fig. 2 ). If the membrane input
resistance (Rin ) is known, the relationship between the maximum
conductance and the maximum current in Eq. 13 allows
calculation of aL . To do so, assume gL &1=Rin and calculate the
amplitude of the leak current as aL &2vB gL ~2vB =Rin using the
relationship between the DD and CB currents described in Eq. 13.
To obtain some intuition about the role of the leak current, and
in particular aL (or gL ), in shaping the asymptotic behavior of v, it
is useful to consider a reduced version of Eq. 5 that only includes

Bifurcations
The points shown in bifurcation diagrams are color-coded
based on the characteristics of the eigenvalues of each fixed point.
Asymptotically stable fixed points are represented with small solid
dots. Unstable fixed points are represented with circles. (IS ,v ) pairs
corresponding to focus points are shown in black. The pairs (IS ,v )
corresponding to node points are shown in blue. (IS ,v ) from saddlenode points are shown in green.
PLoS ONE | www.plosone.org
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Figure 2. Bifurcation diagrams and trajectories. DD (solid) and CB (dashed). Panels (a) and (b) show the fixed points (by type) as a function IS ,
for relative expressions of Kz channels aK = 1,2,2.5,3,4,5. The fixed point curve for aK = 2.5 is shown in cyan. (c,d,e) Steady state currents, action
potential, and its underlying currents, respectively, with (aN ,aK ,aL ) = (1,2.5,0.05). IK , IN , IL , and Itot ~IK zIN zIL are shown, respectively, in red, blue,
green, and black. The time course of an action potential after a 35 mV shift from rest and its underlying currents are shown in (d) and (e), respectively.
The black dot and the surrounding circle mark the resting potentials for the DD and CB models are illustrated.
doi:10.1371/journal.pone.0034636.g002

the leak current:

Different behaviors for the same ion channel expression



dv
v{vL
& {
gL ðv{vL Þ,
C ~{aL sinh
dt
2vB

As noted earlier, direct substitution of the DD or CB
formulations into Eq. 5 may result in different excitability profiles.
These differences can be examined from a macroscopic perspective using bifurcation analysis for different choices of the relative
contribution of the Kz current with respect to Naz , aK ~aK =aN
(with fixed aL ). To do so, aK is fixed and the fixed points of the
system and their types are found as a function of the external
current IS (Fig. 2 a–b). In general, as aK increases, the shape of the
fixed point curve as a function of v changes from non-monotonic
to monotonic in both models, but monotonicity emerges in CB
models for smaller aK . The two models display, however,
important differences in regard to the number and type of their
fixed points depending on the relative levels of ion channel
expression.
If the relative contribution of Kz and Naz channels is the same
(aK ~1, first curve from left to right in Fig. 2 a–b), both DD and
CB models have three fixed points when IS = 0. In the DD model,
the two fixed points with lowest and highest v-values correspond to
asymptotically stable focus points, the remaining one corresponds
to a saddle point. The system is thus bistable: the smallest v-value
corresponds to the resting membrane potential and the largest vvalue corresponds to a depolarization block potential. In an
experiment, this would mean that the membrane potential could
be block-depolarized from its resting value by a brief but large
enough pulse of current, or taken back to rest by down-shifting v
with a negative short pulse of current. The number of fixed points

ð14Þ

where C is the membrane capacitance ( Fig. 1 b). Assuming v0 as
an initial condition, the first equality in Eq. 14 (DD) gives a
membrane potential of the form

v(t)~vL z2vB ln



1z expðc{btÞ
,
1{ expðc{btÞ

ð15Þ

where c~ lnftanh½(v0 {vL )=(4vB )g and b~aL =(2vB C). The
solution corresponding to the CB approximation on the right of
Eq. 14 is
v(t)&vL z(v0 {vL ) exp {

gL
t :
C

ð16Þ

It can be readily seen in both cases ( Fig. 1 b) that aL (or gL )
modulates the time constant that governs the return of v in Eq. 14
to its resting value, vL . This explains why a larger leak current
would lead to faster return to the resting potential. Larger values of
aL yield smaller membrane time constants, which results in faster
convergence toward rest (see [55–58]). Note the convergence to vL
is slightly different for the two models.
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curves in Fig. 2 a–b, and Fig. 2 c–e). As a consequence, the
dynamical behaviors of the two models are qualitatively different
as well. For this reason, a more detailed comparison between DD
and CB models is carried out from herein with aK = 2.5.
First, note that gating causes the divergence between the steady
state I{V relationships of the CB and DD formulations to be
more noticeable for Kz currents than for Naz currents [14,61].
To compare the dynamics in the two models, it is useful to
consider the trajectory described by the system when an action
potential occurs (Fig. 2 d). If the membrane potential is
depolarized 35 mV from rest the action potentials in the two
models are comparable in amplitude and duration, and they both
go back to very similar resting potentials. However, the
nonlinearities from the DD formulation can be observed in faster
upstroke and initial downstroke, relative to the CB model. A closer
inspection of the Naz and Kz currents shows an earlier activation
in the DD model relative to the CB model ( Fig. 2 e). This time
delay in the activation of the voltage-gated currents is accentuated
for larger values of aK , especially for the Naz current (see Fig. S5).

decreases from 3 to 1 for larger stimulus amplitudes (SN
bifurcation); the fixed point that remains is stable. Experimentally,
this is a case in which square pulses of current injection would
depolarize the membrane, perhaps generating a pulse that would
end at a depolarized membrane potential. In this case no stimulus
would result in repetitive spiking (see for instance Fig. 1 in [59] and
Fig. S2). In contrast, in the CB model has only one stable fixed
point for IS = 0. The only stable fixed point disappears in a SN
bifurcation as IS increases, leaving behind an unstable point and a
limit cycle (not shown). As a consequence, the CB model predicts
sustained spiking for large enough IS if aK ~1.
If the maximum Kz current amplitude is twice as large as the
maximum Naz current amplitude (aK = 2), the DD model has
three fixed points at IS = 0 and the CB model has only one (second
curve from left to right in Fig. 2 a–b and Fig. S3). In this case, the
fixed point curves of the two models are non-monotonic as a
function of v. Importantly, the transition into repetitive spiking
with square pulses of current will occur in this case near a saddle
node bifurcation in the DD model, and through a FLC bifurcation
in the CB model (see inset in Fig. 2 b inset, Fig. S4, and Text S1).
If the expression of potassium channels is higher, say aK w3
( Fig. 2 a–b, lower 3 curves), then both models have only one fixed
point for all IS considered here (the fixed point curves are
monotonic as functions of v). In all of these cases there are
sustained oscillations that emerge through a FLC bifurcation (near
Hopf points). These dynamics are like those observed in
experiments where an up-going ramp current stimulus produces
small subthreshold oscillations before repetitive spiking starts [60].
A similar phenomenon occurs if a large enough stimulus
amplitudes, when repetitive spiking disappears with an oscillation
toward a depolarization block.
The DD and CB models also exhibit different sequences of fixed
point bifurcations as IS increases for each of the aK ’s under
consideration. For instance, for aK = 4 (second curve from right to
left in Fig. 2 a–b), the sequence of fixed points in the DD model
includes stable nodes (ca. IS = 0), then stable foci that become
unstable and later turn into unstable nodes, then turn into unstable
foci again that become stable (ca. IS = 11), etc. In contrast, the CB
model has stable nodes first (IS = 0), then stable foci that become
unstable and then stable again without turning into nodes (ca.
IS = 13), etc.
In sum, unstable nodes and foci appear earlier in the DD model
(with respect toCB) as IS increases (Fig. 2 a–b) and the minimal
current stimulus that evokes repetitive spiking, Icyc , is smaller for
the DD model in comparison to the CB model, for aK w1:1. The
range of IS for which repetititive spiking occurs is also smaller for
DD models than for CB models for any given aK w1:1.
Experimentally, this means that the CB model requires larger
depolarizations from rest in comparison with the DD model in
order to show an action potential (see Figs. S4 and S5). In
addition, the above observations highlight potentially different
mechanisms underlying transitions into or out of repetitive spiking
as a function of the relative expression of ion channels. Taken
together, past paragraphs show that, in general, the dynamical
systems that result from using DD and CB formulations in Eqs. 5–
6 are non-topologically equivalent despite having identical populations
of voltage-gated channels. In other words, the DD and CB models
yield membranes with different electrophysiological signatures despite of
having identical channel expression.

Different behaviors for the same stimulus current
Qualitatively different behaviours can be observed in the CB
and DD models as a function of IS . For instance, IS = 383 pA
yields a bistable DD model (Fig. 3b), but its CB counterpart is
monostable (Fig. 3d). In contrast, IS = 675 pA yields monostability
in the form of repetitive spiking for the DD model (Fig. 3c), but
bistability for CB (Fig. 3e). Both models display repetitive spiking
for large enough values of IS and both models block-depolarize at
some point. However, these sustained oscillations emerge and stop
through different mechanisms in the two models for a given IS .

Ramp stimulation
Ramp stimulation (see UTD protocol and Fig. 4a) has the
advantage of not causing the artificial one-dimensional v-shift
caused by square pulse stimulation, allowing the study of rest-tospiking transitions while all the state variables of the system are
changing. Importantly, the recruitment current in these conditions
may be smaller than the Icyc predicted for constant IS (this is called
slow passage through Hopf [62], Fig. 4b–c). Further, the mechanisms
by which repetitive spiking starts when IS is a constant (i.e. square
pulse stimulation) are different in comparison to those predicted
for ramp currents. For illustration, consider a case where a Top
stimulus slightly larger than the recruitment current in the CB
model (Fig. 4b–c, Icyc &383 pA for DD and 608 pA for CB, Top
amplitude = 705 pA). In this case, repetitive spiking starts after a
relatively long delay in the CB model. The reason is that the ramp
allows both variables of the system to change, thereby moving the
system toward one of its attractors. At the start of the ramp, the
system moves toward its nearest stable fixed point, which is a
focus. Shortly before the Top amplitude is reached, the fixed point
undergoes an AH bifurcation in which the focus becomes unstable,
leaving a limit cycle as the only attractor of the system (see also Fig.
S6). As a consequence, when the AH bifurcation occurs, the
system starts oscillating away from the fixed point and toward the
limit cycle. Note that repetitive spiking does not start through the
FLC bifurcation as for constant IS (compare to Fig. 3a,e) because
the system stays close to the stable fixed point during the ramp.
When the bistability regime starts (FLC), the system remains
within the basin of attraction of the fixed point. Sometimes the
current during the up-ramp becomes large enough to induce a
depolarization block, but decreasing IS from there during Down
may induce repetitive spiking. The amplitudes that result in block
with a ramp current can also be different from the depolarization
block stimulus predicted by the analysis in which IS is constant.

Rest-to-spiking transitions
The choice of aK = 2.5 results in DD and CB models that are
readily seen as not topologically equivalent because their I? (v)
curves are non-monotonic and monotonic, respectively (cyan
PLoS ONE | www.plosone.org
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Figure 3. Bifurcation structure and dynamics of DD and CB models for aK ~2:5. a. Bifurcation profiles. b–e. Dynamics of the DD (b,c) and
CB model (d,e) for different initial conditions, for two values of IS (vertical lines gray lines in a). The initial conditions are shown as empty dots near
the left axis and the fixed points are shown on the right portion of each diagram.
doi:10.1371/journal.pone.0034636.g003

activity, were assumed to be the same for the DD and CB models.
On the postsynaptic end, the maximum amplitude, reversal
potential, activation and inactivation constants, average number of
active synapses, and the relative contributions of all channels,
including the ones mediating synaptic input, are all identical in
both models. The same excitatory synaptic input given to both
models (Fig. 6) produces similar fluctuations in their membrane
potential (Fig. 6a) with nearly identical synaptic currents except
those around spike times (Fig. 6b). Nevertheless, in agreement with
the earlier recruitment of the DD model shown in the previous
analysis, the DD model in the example illustrated in Fig. 6 fires
more action potentials than the CB model for the same number of
input synapses.
To generate examples of the response profiles for the two
models as a function of increasing excitatory input, the dynamics
of the DD and CB membrane potentials were simulated for
different numbers of excitatory axons (Fig. 7) assuming aK = 2.5.
Regular spiking responses (with relatively constant inter-spike
intervals) occur when approximately 250 inputs excite the DD
model. In contrast, the CB model starts producing regular spiking
with approximately 450 inputs. In other words, the smallest
number of activated excitatory synapses necessary to trigger
sustained spiking in the DD model under consideration is smaller
(by a factor close to 2) than the number of synapses needed to elicit
repetitive spiking in the CB neuron. Therefore, the same synaptic
input produced very different responses in these two model neurons
having the same populations of ion channels (Fig. 7).
The difference in the number of inputs required to recruit DD
or CB neurons could have an important impact on the output
properties and computations performed by small networks with a
few thousand neurons.

From comparing the response profiles to UTD stimulation with
different maximal amplitudes and while keeping the same ramp
durations (Fig. 5a–b), it is possible to generalize the observation
that sustained spiking in the DD model starts for smaller maximal
current amplitudes in comparison to the CB model. The two
models show two kinds of hysteresis: (1) with respect to the
recruitment and de-recruitment current amplitudes, and (2) with
respect to the recruitment and de-recruitment firing rates. As a
rule of thumb for slow ramps, the recruitment current is more
likely to be smaller than the de-recruitment current with a larger
recruitment firing rate larger in comparison to the de-recruitment
rate (see Fig. 5 and also Fig. S6c,f); the trend reverses for steep
ramps (compare traces with low and high Top amplitudes in
Fig. 5a–b). Also, the current at which spiking ceases during Up can
be different than the current for which spiking starts during Down
(upper traces of Fig. 5a).
There is thus some qualitative agreement in the predictions of
the behavior of the DD and CB models for constant IS and ramp
stimulation. As predicted for constant IS , the recruitment current
for the DD model is smaller relative to that of the CB model and
within a smaller range (Fig. 4b–c and Fig. 5a–b).

Different responses to the same synaptic input
The general differences in excitability described previously
should also hold when IS represents synaptic input. Two questions
of particular importance for the study of motor neuron behavior,
and for network models in general, are whether recruitment with
excitatory synaptic input occurs for smaller synaptic drive in the
DD model in comparison to the CB model.
To compare the response profiles of the two models, simulations
were performed assuming IS represents fast excitatory synaptic
input ( Eqs. 7 and 8, and Table 1). The effects of synaptic drive on
the two models are compared by increasing the number of
synaptic contacts. The input axons, and hence their spiking
PLoS ONE | www.plosone.org
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Figure 4. Dynamics of the model with DD currents and UTD stimulation. Panels a–c show, respectively, the current stimulus, membrane
potentials of DD, and CB models as a function of time. Epochs last 250 milliseconds each (slope *2.82 nA/ms), aK ~2:5, maximum stimulus
amplitude 705 pA, and all other parameters as in Table 2.
doi:10.1371/journal.pone.0034636.g004

Figure 5. Response profiles of DD and CB models to UTD stimulation. Panels a and b show, respectively, the responses displayed by the DD
and CB versions of the system Eqs. 5 and 6. All simulations with aK = 2.5 with epochs lasting 250 ms and maximum stimulus amplitudes between 0.2
and 8 nA in increments of 0.5 nA.
doi:10.1371/journal.pone.0034636.g005
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Figure 6. DD and CB action potentials in response to fast excitatory synaptic input. (a) Membrane potential for the DD (black) and CB
(blue) models, and presynaptic spike times (vertical dashed lines). (b) Post-synaptic current. Parameters: NE = 150, kE = 10.
doi:10.1371/journal.pone.0034636.g006

Figure 7. Profiles of DD and CB responses to excitatory synaptic input. All simulations with aK = 2.5 with increasing numbers of excitatory
synapses assuming the average number of activated synapses per input axon k = 10.
doi:10.1371/journal.pone.0034636.g007
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In consideration of the more realistic representation of transmembrane current provided by the DD approach, the author
hypothesizes that the DD model would yield more accurate
predictions.

Discussion
Advantages of the drift-diffusion model
The formulation of currents based on DD from Eq. 3 represents
a theoretical improvement over CB models. One consequence of
taking diffusion into account is that currents in the DD model
display rectification and other properties that cannot be observed
in CB formulations without increasing the dimensionality of the
system. Therefore, in comparison to CB models, DD formulations
give more realistic representations of excitable membranes that do
not require a large increase in computation. DD models could thus
advance our current understanding of dynamical behavior in
single cells and networks. For instance, the formulations shown
here can be used to infer patterns of synaptic connectivity from
knowledge about the input-output properties in cells or specific
information about correlation patterns in their activity as done in
[35]. In addition, the normalizations used in this article allow
estimations of relative patterns of channel expression.
As pointed out in the seminal work by Goldman [11], by
researchers in cardiophysiology (see for instance see Naz , and Kz
currents in [63]) and neurophysiology [14,15,64], the constant
field approximation describes the voltage-dependence of currents
better than the CB approach. Recall the Goldman constant field
approximation is a particular case of the DD formulation used
here. Evidence indicating that the DD approach is better in
general can be found in several reports containing IV relationships
with tails of hyperbolic sine shape. To mention a few instances, see
recordings from photoreceptors [65], calcium channels [66],
sodium channels [67] in Drosophila, snail neurons [68], in the
mammalian cortex [69], and even in glial cell recordings as
reported in [70]. The DD models have the advantage that
measurements can be made directly from the currents recorded
without extra calculations of maximal conductances. Such
conductances are obtained as slopes of the current-voltage
relationship, assuming current is the product of a conductance
and a voltage difference (electrical drift only). When using the DD
formulation, the maximal currents from voltage-clamp experiments can be directly fit with the model because the leading
coefficients in the DD formulation are already in units of current
and no extra calculations are needed. This ‘‘out of the box’’
behavior is reassuring because it enables the direct translation
from recordings to computational models.
A complementary comparison between the DD and CB models
should be done, however, against experimental measurements.
One way in which it would be possible to decide whether to use
DD or CB models would be to compare the response profiles of a
cell membrane having blocked as many currents as possible,
except the transient Naz and delayed-rectifier Kz currents.
Preparations like the squid giant axon might be ideal in this regard
[14,15]. An alternative approach could be to use an exogenous
expression system to construct an excitable cell and test the two
models there. The idea in general is that the basic input-output
properties of the recordings should be fit with the two models
along with spike shapes and firing rates. The channel kinetics
should be determined from voltage-clamp experiments. To
determine the relative contribution of the channels, aN can be
estimated from the maximum dv=dt and C. The relative
contribution of the Kz current aK can then be found by matching
the shape of the total steady state current. The resulting
bifurcation profile (e.g. a fixed point curve like those from Fig. 2
a–b) would then be assigned to the recording. Once the bifurcation
profile that matches the data has been determined, the stimulus
currents giving repetitive spiking with both square pulses and with
ramps should be better predicted by either the DD or CB model.
PLoS ONE | www.plosone.org

Mathematical relationship between the DD and CB
models
The whole-membrane behavior of the DD model shares many
of the properties of CB models in that it contains parameters that
can be found experimentally and displays dynamics observable in
excitable cells. As shown in previous paragraphs, the two models
are mathematically related: the CB formulation for current is a
linear approximation of the DD formulation around the reversal
potential for the current. In agreement with previous reports
[14,15], the divergence between the CB and DD currents near
typical resting potentials can be further decreased when channel
gating is taken into account. As a result, the DD and CB versions
of the system Eqs. 5–6 display some qualitatively similar behaviors
when observed macroscopically, but over different ranges of
parameters. However, the two models with identical ion channel
populations display qualitatively and quantitatively different
transitions in their behaviors (i.e. the CB and DD models are not
topologically equivalent).

Similar but not same excitabilities with the same channel
populations
The DD and CB models are compared by setting the relative
contributions of the channels to be identical in both models. One
of the most obvious differences between the DD and CB models is
their range for repetitive oscillations. In general, if the ratio
between the maximum Kz and Naz current amplitudes is larger
than *1.2, then the DD model responds with action potentials for
smaller external input currents found within a smaller range
compared with the CB model. The number of input axons that
causes sustained spiking is smaller, and within a narrower range in
the DD model in comparison to the CB model. The DD
membrane is thus more excitable, and responds within a smaller
input range, than the CB membrane. Further, if the excitability
type is defined as the kind of rest-to-spiking transition observed
while the external current increases smoothly (e.g. ramp), the DD
and CB models represent membranes with the same populations
of channels and different types of excitability (see for instance
Figs. 3 and 4).
Interestingly, both models display two different hysteresisrelated behaviors with ramping inputs. In very general terms,
the recruitment current is larger than the de-recruitment current if
the steepness of the ramps is shallow. In contrast, the recruitment
current is smaller than the de-recruitment current when the ramps
are very steep. For particular interest, the two models display what
has been reported as a slow passage through Hopf [71] in which a
ramp current triggers sustained oscillations for current amplitudes
smaller than Icyc , which can be predicted by bifurcation analysis
using the stimulus current as the bifurcation parameter. A
modified version of the slow passage through Hopf was also
observed in simulations of excitatory synaptic input, as the total
synaptic current that triggered spiking was also considerably
smaller than the Icyc of the system.
An important remark related to firing rate hysteresis
relevant for motor control. Note the only persistent current in

the model is the delayed rectifier Kz current. Therefore, the firing
rate hysteresis and bistability regimes observed in the CB and DD
models presented here are not the result of having persistent Naz
or Ca2z currents (see [72,73]), thus highlighting the importance of
12
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explicitly distinguishing firing rate hysteresis and bistability
behaviors from the presence of persistent inward currents in a
membrane.

membrane determines, to a large extent, what we could refer to as
the electrophysiological profile of a cell [27,81–83]. This theoretical
principle was used here to compare and contrast responses to
current injection and synaptic input of two membranes expressing
identified ion channel genes with known biophysical properties.
The non-topological equivalence between the DD and CB models
predicts qualitatively different behaviors for the same patterns of
channel expression. As shown here, the nonlinearities in the DD
formulation for transmembrane currents can fundamentally
change the spike-generating mechanisms and sensitivity to
external stimulation in the whole DD model. Of particular
importance, the two models generally display different spikegenerating mechanisms as a function of the input current, synaptic
or applied. As a consequence, the input and output firing rates of
DD and CB cells within network models will be very different on
any given architecture, potentially giving rise to very different
results and interpretations. These differences are important
because the intrinsic properties of neurons (and excitable cells in
general) shape the activity of cellular networks to which they
belong. Conversely, the network also influences the electrophysiological profile of single cells through the population of channels
that mediate synaptic input and also through other modulatory
influences. This is a subject that warrants a further and more
careful examination currently underway.
The results presented here highlight the importance of
exploring the different responses produced by two kinds of
extensions of the DD models presented here: spatially detailed
models and networks. These two extensions (and others) are likely
to yield very different results and predictions in comparison to
those from existing CB models, potentially prompting a reevaluation and possibly, a re-interpretation of accepted theories
originated from network models of nervous function.

Model specificity and extensions
The models are constructed based on Drosophila data. The
choice of the specific channels and animal model is based on the
large availability of whole-cell patch clamp recordings, which
provide measurements that can be directly used as model
parameters. In addition, the use of Drosophila data allows
interpretations in terms of specific channel genes. Since the
parameters used here are representative of central neurons in
Drosophila the post-synaptic currents are assumed to be mediated
by fast cholinergic receptors [44]. It should be noted, however,
that the biophysical properties of homologous channels in
vertebrates have also been characterized (for sodium channels
see [74]; potassium channels [37,40,75,76]; cholinergic neurotransmission [77]; central synapses mediated with glutamate
receptors [32,78,79]). Therefore, the approach taken here can
easily extended to represent other channels so the formulations of
membrane potential can be adjusted to model other systems.

Data fitting and modeling techniques
For theoretical interest, writing the model in terms of ratios
using the normalizing amplitude a~aN allows fixing one of the
maximal current amplitudes in the model while fitting the
maximum dv=dt to data. This way, the whole-membrane behavior
can be tuned in terms of the relative contributions of the different
channels guided by bifurcation theory, thus providing an
alternative to brute-force fitting algorithms and other statistical
approaches [80]. Furthermore, the conceptual improvement in the
formulation for single channels is extended to facilitate quantitative agreement at the whole-membrane level.
The analysis and fitting procedures presented here can guide
studies geared toward understanding cellular responses recorded
in the laboratory under genetic and pharmacological manipulations. In this respect, it is worth remarking that this is one of only a
few modeling efforts that incorporates data from an identified
neuron in a single model system in which both the ion channel
genes and their biophysics are known. Importantly, the results
shown here in regard to the differences between the DD and CB
models also hold if the models are adjusted to match the cellular
dynamics in other model organisms. For instance, if the
parameters are adjusted so that the membrane has the input
resistance and capacitance measured from a vertebrate cell of
interest, with fast-transient Naz and Kz delayed rectifier
channels (e.g. Nav1.2 and Kv2.1) and fast AMPA synapses, the
DD and CB models will display the same general qualitative
differences in excitability presented here. If the specific genes are
not known, the phenotypical behavior of currents can still be
associated with specific families of proteins grouped by function
(say, mediating fast-transient Naz currents), which can be
modeled with the approach shown in this article. Another
extension of this work could be made to incorporate neuronal
structure and address issues related to the targeting of channels to
specific submembrane domains. One further extension would
involve the construction of networks formed with different cell
types having realistic synaptic interactions to study the role played
by synaptic efficacy, number of input synapses, and other variables
on the input-output properties of networks.

Supporting Information
Figure S1 Fitting of voltage clamp data from Shab
channels [39]. The data (black dots) were digitized from the
original publication and fitting was done with a python script. The
blue
curves
are
fits
to
the
data
parameters
(vu ,gu ,ru ,su )~(1,2,0:1,0:6). Middle, steady state activation from
the tail currents shown in the top panel (black dots), and average
from all recordings (white dots). The lower panel shows the time
constant fit.
(TIF)
Figure S2

Figure S3 Steady state currents for the DD and CB
models for aK [f1,2,3,4,5g. The top curve in each panel of
corresponds to aK ~1, the bottom curve corresponds to aK ~5,
and the vertical gray line indicates the total current is zero.
(TIF)
Figure S4 Trajectories of membrane potential with
different levels of depolarization from rest (vr ). DD (solid)
and CB (dashed) for aK [f1,2,3,4,5g shown from left to right. The
upper panels show the membrane potential and fixed points for
the two models (DD solid lines and dots, CB dashed lines and
circles). The lower panels show the corresponding currents (IK , IN ,
IL , Itot in red, blue, green, and black, respectively, and IS ~0). (a)
v shifted 26 mV. (b) v shifted 34 mV.
(TIF)

Final remarks

Figure S5 Profile of responses to square pulses of
different amplitude. The pulses lasted 200 milliseconds with

The construction of the membrane models in this article rests on
the hypothesis that the relative presence of channels in the
PLoS ONE | www.plosone.org

Cholinergic Synaptic input.

(TIF)
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aK = 2. The minumum pulse amplitude was 0.025 nA, the steps
where 0.5 nA.
(TIF)

Text S1 Overview of the derivation of the expressions for
current driven by electrodiffusive transport and notes about
bifurcation analysis.
(TEX)

Comparison of phase trajectories and instantaneous firing rate during UTD stimulation. Panels a and
c show, respectively, DD and CB trajectories in the phase plane
(w,v). The solid gray curves in panels represent the v and wnullclines in the absence of stimulation. The dashed gray line
represents the v-nullcline during Top. b and d Graphs of (dv=dt,v)
for DD and CB models, respectively. The horizontal line illustrates
the v-location of the fixed point. c and f Instantaneous firing rates
as a function of time. The horizontal lines illustrate the
recruitment and de-recruitment firing rates (blue and black,
respectively).
(TIF)
Figure S6
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changes in Shab channel expression in the model can
reproduce activity resembling the main firing patterns
observed in MN5 recordings. We use bifurcation analysis to describe the different transitions between rest
and spiking states that result from variations in Shab
channel expression, exposing a connection between ion
channel expression, bifurcation structure, and firing
patterns in models of membrane potential dynamics.

Abstract Neurons show diverse firing patterns. Even
neurons belonging to a single chemical or morphological class, or the same identified neuron, can display different types of electrical activity. For example,
motor neuron MN5, which innervates a flight muscle
of adult Drosophila, can show distinct firing patterns
under the same recording conditions. We developed
a two-dimensional biophysical model and show that a
core complement of just two voltage-gated channels
is sufficient to generate firing pattern diversity. We
propose Shab and DmNav to be two candidate genes
that could encode these core currents, and find that
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The brain contains a variety of neurons displaying different types of electrical activity (Connors and Gutnick
1990; Tan et al. 2007). Even within neuronal classes,
firing patterns are variable. For example, cortical neu-
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rons are often classified based on their electrophysiological profiles, which include regular spiking (RS) and
fast spiking (FS) (Connors and Gutnick 1990; Steriade
2001). Many FS neurons express γ -aminobutyric acid
(GABA) and show a non-pyramidal morphology, while
most RS neurons are glutamatergic pyramidal or spiny
stellate cells, supporting the idea that neurons of a
chemical or morphological class can also be distinguished by their activity (Connors and Gutnick 1990;
Steriade 2001). However, under certain stimulation
conditions, the same recorded neuron can transition
between RS and FS profiles (Steriade et al. 1998).
Variability is also seen in recordings from invertebrate neurons. For example, cultured Drosophila embryonic neurons respond to current stimulation with
graded peaks, single action potentials (APs), or multiple APs (Peng and Wu 2007; Saito and Wu 1991).
Multiple AP firing patterns are further divided into
adaptive, tonic, delayed, and damping firing (Peng and
Wu 2007). Recordings from flight motor neuron 5
(MN5) in adult Drosophila show at least four distinct
responses to current stimulation, including single APs,
tonic, and delayed firing (Duch et al. 2008). How can
the same identified neuron produce such diverse electrical activity?
Neuronal activity is primarily mediated by channels
that facilitate transmembrane movement of ions, such
as sodium (Na+ ) and potassium (K+ ) (Hille 2001).
Ion channels, particularly those permeable to K+ , are
diverse (Coetzee et al. 1999; Jan and Jan 1990; Salkoff
et al. 1992). Functional pore-forming (α) subunits of
voltage-gated K+ (Kv) channels are encoded by 4 gene
subfamilies: Kv1 (Shaker), Kv2 (Shab), Kv3 (Shaw),
and Kv4 (Shal) (Jan and Jan 1997; Salkoff et al. 1992).
Kv genes encode channels with distinct voltage sensitivities and kinetics (Coetzee et al. 1999; Salkoff et al.
1992). Diversity is increased by splice variants (Baro
et al. 2001; Timpe et al. 1988), heteromultimeric channels (Isacoff et al. 1990), and modulatory beta subunits
(Heinemann et al. 1996). Consequently, determining
the contribution of a specific ion channel gene to
neuronal excitability is rarely clear-cut experimentally
(Trimmer and Rhodes 2004).
Modeling provides a unique opportunity to explore
the contribution of specific ionic currents to the variety of firing patterns neurons can display (Günay
et al. 2008; Prinz et al. 2003). We developed a twodimensional biophysical model to simulate membrane
potential dynamics of Drosophila MN5. The model
includes voltage-gated Na+ and K+ currents and a
leak current. The parameters for the Na+ and K+
currents were chosen to represent channels encoded
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by the DmNav (Lin et al. 2009; O’Donnell Olson
et al. 2008) and Shab (Tsunoda and Salkoff 1995b)
genes, respectively. Elimination of Shab currents prevents repetitive firing in Drosophila neurons, showing
it is a major player in the regulation of neural activity patterns (Peng and Wu 2007). Using the model,
we studied the range of firing behaviors produced by
varying Shab channel expression. We find that small
changes in Shab expression produce the primary firing
patterns recorded from MN5, including delayed firing
which is thought to require the presence of a transient
(A-type) K+ current encoded by the Shal gene (Choi
et al. 2004; Ping et al. 2011; Schaefer et al. 2010).
Thus, we show that a core complement of just two ion
currents is sufficient to produce a wide range of firing
behaviors, and further identify two candidate genes,
Shab and DmNav , that may encode these core currents.
We use bifurcation analysis to describe the qualitatively
different transitions between rest and spiking states
underlying distinct firing profiles, thereby linking ion
channel expression, bifurcation structure, and diversity
of firing patterns in a minimal model of an identified
motor neuron.

2 Methods
2.1 Electrophysiology
Adult Drosophila melanogaster were dissected, as described previously (Duch et al. 2008; Ryglewski and
Duch 2009). Recordings were made either from flies
with targeted expression of GFP in a subset of motor
neurons (C380-GAL4; UAS-mCD8-GFP; Cha-GAL80
(Sanyal et al. 2003), or from control flies (strain w1118).
No systematic differences were found between flies
with or without GFP expression. Preparations were
mounted onto a Zeiss fluorescence microscope (Axioscope 2FS) and perfused with standard solution (Jan
and Jan 1976) composed of (in mM): 128 NaCl, 2
KCl, 1.8 CaCl2, 4 MgCl2, 5 HEPES, and ∼35 sucrose adjusted as necessary to a final osmolality of 295
mOsm/kg. pH was adjusted with 1 M NaOH to 7.2. Access to MN5 was achieved by removing the ganglionic
sheath surrounding the cell with a 0.5 M-resistance
patch pipette filled with 2 % protease diluted in buffer.
All chemicals were obtained from Sigma-Aldrich (St.
Louis, MO).
MN5 could be identified unambiguously either following expression of UAS-GFP under the control of
the motor neuron driver C380-GAL4 (Ryglewski et al.
2012; Sanyal et al. 2003), or by Dye I injection into the
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target muscle fiber of MN5 12 hours before dissection
to allow enough time for retrograde dye diffusion into
MN5 somata (for w1118 flies without GFP expression).
The Dye I injection technique is described in Ryglewski
and Duch (2012).
After cells were exposed and the area washed,
MN5 was recorded with a 5.8–6.5 M-resistance patch
pipette pulled from borosilicate glass (1.5 mmOD/1
mm ID no filament, World Precision Instruments) with
a Narishige vertical puller. Pipettes were filled with
internal solution consisting of (in mM): 140 Kgluconate,
2 MgCl2, 11 EGTA, 10 HEPES, 2 MgATP. As needed,
pH was adjusted to 7.2 with 1M KOH and osmolality adjusted to 300 mOsm/kg with glucose. Electrical
activity of MN5 was recorded in situ using somatic
patch clamp, as described previously (Duch et al. 2008;
Ryglewski and Duch 2009; Ryglewski et al. 2012).
Briefly, a gigaseal was first obtained and then negative pressure was applied to enter the whole-cell
configuration. Recordings were made at room temperature (∼22 ◦ C), amplified with an Axopatch 200B,
digitized at 20 kHz with a Digidata 1322A, and stored
and analyzed with pCLAMP 10.2 software (all from
Molecular Devices). Whole-cell capacitance was 127
± 16 pF and membrane input resistance was 97 ± 31
M. MN5 was stimulated with square pulse injections
of current between 100 pA and 2 nA.

2.2 Neuron model
2.2.1 General expressions for currents
Channel-mediated currents are the result of electrical drift and diffusion. Since the commonly used
conductance-based (CB) model does not incorporate
diffusion, we use the electrodiffusion (ED) model formulation derived by Endresen et al. (2000) and later
expanded by Herrera-Valdez (2012). The CB model
is a linear approximation of the ED formulation, the
latter having several advantages over the former, as
discussed in detail in Herrera-Valdez (2012). Briefly,
experimental data from a variety of neurons show
current-voltage (I–V) relationships best fit by a hyperbolic sine (Baranauskas and Martina 2006; Hardie and
Minke 1994; Neher 1971), in agreement with the ED
derivation. Furthermore, data from current recordings
can be directly incorporated into the model without
additional calculations of conductance as required by
the CB model (Herrera-Valdez 2012).
The whole-cell membrane current carried by a channel permeable to ion s has the form

zs
Is = ās p sinh
(v − vs ) .
2v B


(1)

Table 1 Parameters and constants
Name

Value

Units

Description

q
k
T
v B = kT
q
R In
Cm
v Na
vK
vL
ā Na
ā K
ā L
a Na = āā Na
Na
K
a K = āāNa
L
a L = āāNa
ā Na
ξ = Cm
vm
vw
ηm
ηw
τ̄w
σw

1.60217733 × 10−19
1.38065812 × 10−20
273.15 + 22
25.43
100
130
70
−90
−60
13
[13, 65]
0.5
1
[1, 5]
0.04
100
−28
−1
2
2
5 or 10
0.3 or 0.7

C
mJ/K
K
mV
M
pF
mV
mV
mV
nA
nA
nA

Elementary charge
Boltzmann’s constant
Absolute temperature (corresponds to room temperature at 22 ◦ C)
Boltzmann’s potential
Input resistance
Membrane capacitance
Reversal potential for Na+
Reversal potential for K+
Reversal potential for leak
Maximal amplitude for DmNav current
Maximal amplitude for Shab current
Constant amplitude for leak current
Normalized amplitude for DmNav current
Normalized amplitude for Shab current
Normalized amplitude for leak current
Scaling factor for physiologically relevant dv/dt
Half-activation for DmNav (Lin et al. 2009; O’Donnell Olson et al. 2008)
Half-activation for Shab (Tsunoda and Salkoff 1995b)
Gating charge of activation for DmNav (estimated from Lin et al. 2009)
Gating charge of activation for Shab (Tsunoda and Salkoff 1995b)
Maximum time constant for Shab (estimated from Tsunoda and Salkoff 1995b)
Symmetry of time constant for Shab (estimated from Tsunoda and Salkoff 1995b)

nA/nF
mV
mV

ms
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The parameter ās represents the maximum amplitude
of the current through the open channel (Endresen
et al. 2000; Herrera-Valdez 2012) and is a multiple of
the number of channels in the membrane. Therefore, ās
can be regarded as an indicator of channel expression.
The proportion of open channels is represented by p,
typically written as a product of gating variables, each
taking values between zero and one (Ermentrout and
Terman 2010; Izhikevich 2007). A full list of parameters
and constants can be found in Table 1.

is a function that describes the steady-state balance
between opening and closing rates in the gating mechanism (Endresen et al. 2000). Of note, σw specifies
the symmetry of the voltage-dependence of the time
constant (Herrera-Valdez 2012; Willms et al. 1999) and
can be used to control the delay in gating for any change
in v. The steady state of the gate is a function of v
given by

2.2.2 Membrane potential and specif ic currents

Values for the parameters vw and ηw were taken directly from data in Tsunoda and Salkoff (1995b), while
σw was found by modeling the voltage clamp and fitting
it to recordings in Tsunoda and Salkoff (1995b) (Online
Resource 1). Shab channels inactivate very slowly, so
the inactivation variable is assumed to be equal to one
(Av-Ron et al. 1993; Connor and Stevens 1971). Activation of Na+ (DmNav ) channels m is fast and assumed
to be at steady state (Av-Ron et al. 1991; Rinzel 1985),
given by an equation of the same form as Eq. (8). The
time courses of Na+ channel inactivation and delayed
rectifier K+ channel activation follow an almost linear
relationship (Av-Ron et al. 1991; Rinzel 1985). As a
consequence, the inactivation of DmNav channels is
approximated by (1 − w) (Av-Ron et al. 1991; Rinzel
1985). Therefore, the state variables of the model are v
and w, as given by Eqs. (2) and (6), respectively. The
parameter values used to model each current can be
found in Table 1.

The dynamics of the membrane potential can be written as
Cm

dv
= IS − I N − IK − IL ,
dt

(2)

where I S , I N , I K , and I L represent, respectively, an
externally applied stimulus current, Na+ , K+ , and
leak currents. Na+ channels are modeled after those
encoded by the DmNav (para) gene expressed in
Drosophila neurons (Lin et al. 2009; O’Donnell Olson
et al. 2008). K+ channels are based on those encoded by
the Shab gene, the primary contributor to the delayed
rectifier current in Drosophila muscle and neurons
(Tsunoda and Salkoff 1995b). I L represents currents
mediated by electrogenic pumps and channels with relatively small contributions to the change in membrane
potential (Chay and Kang 1988; Herrera-Valdez and
Lega 2011; Hodgkin and Huxley 1952b; Sonders and
Amara 1996).
The currents in the model are:


v − vK
I K = ā K w sinh
,
(3)
2v B


v − vN
3
I N = ā N m∞ (v)(1 − w) sinh
,
(4)
2v B


v − vL
I L = ā L sinh
.
(5)
2v B
The terms ā K , ā N , and ā L represent the maximal wholemembrane amplitudes of the Shab, DmNav , and leak
currents, respectively. Activation of K+ (Shab) channels is represented by the gating variable w as given by:
τ̄w

dw
= w Bσww (v) − (1 − w)Bσww −1 (v),
dt

(6)

where



ηw
Bw (v) = B(v; vw , ηw ) = exp
(v − vw )
vB

(7)

w∞ (v) = {1 + 1/Bw (v)}−1 .

(8)

2.2.3 Rescaling and parameter estimation
Rescaling of the model and parameter estimation was
described in detail previously (Herrera-Valdez 2012).
Briefly, all maximum current amplitudes were divided
by a normalizing amplitude ā, thereby expressing the
amplitudes as ratios of the form as = ās /ā. The choice
ā = ā N yields
a N = 1,

aK =

ā K
,
ā N

aL =

ā L
,
ā N

(9)

and allows investigation, in particular, of the effects of
changing the number of K+ (Shab) channels relative
to the number of Na+ (DmNav ) channels. As a rule
of thumb obtained from analysis herein and previous
analyses of the model (Herrera-Valdez 2012), the ratio
a K = ā K /ā N should be between 1 and 5 when modeling
neurons with similar Cm as MN5 and K+ channels with
gating properties similar to those of the Shab channel.
Values of a K < 1 typically produce only depolarization
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block in response to current injection, while a K > 5
tends to produce spiking only with non-physiological
levels of injected current and at a frequency exceeding
that observed in recordings.
If we let ξ = ā N /Cm , Eq. (2) can be written as:
dv
= ξ [J S − J N − J K − J L ] ,
dt

(10)

where J = Is /ā N . The constant ξ thus acts as a scaling factor to ensure the model produces APs with a
dv/dt similar to MN5 recordings. Note that ξ can be
adjusted to match experimentally measured dv/dt in
other neurons. The value of ξ was set to the average
maximum dv/dt from 52 MN5 recordings (∼ 100). The
average Cm was also taken directly from recordings.
Thus, ā N = ξ ∗ Cm .
The maximum amplitude of the leak current, ā L , was
estimated by taking into account the input resistance,
R In , as obtained from MN5 recordings, and calculating
ā L ≈ 2v B /R In (Herrera-Valdez 2012). Importantly, although the maximum dv/dt, Cm , and R In did vary some
across recordings, our focus was to explore the effects
of varying ion channel expression, rather than a change
in these parameters. Therefore, a single value, close to
the average of each of these measurements as obtained
from recordings, was chosen as representative and used
for all simulations (see Table 1).

ranges that overlap with measures from biophysical experiments, the system Eqs. (2)–(8) is expected to have
at least one asymptotically stable attractor (Ermentrout
and Terman 2010; Izhikevich 2007; Rinzel and Ermentrout 1989). For instance, if all the fixed points are
unstable, there is no resting membrane potential and
a limit cycle is expected to exist. Since the system is
meant to represent a neuron, we set thresholds of 30
mV for the amplitude of oscillations and 10 mV/ms
for the maximum dv/dt to detect repetitive spiking.
The term rheobase is often used in the neuroscience
literature to refer to the smallest current required to
elicit as few as a single spike with a long (typically
100 s of milliseconds, but theoretically infinite) stimulus
of constant amplitude (Fleshman et al. 1981). In our
analysis, we are interested in finding the minimum constant stimulus amplitude that triggers repetitive spiking
(stable limit cycles). Therefore, we will not use the term
rheobase and will instead refer to such a minimum
stimulation as cycle trigger current, or Icyc in short.
Note that using ever-smaller current steps or pulses of
longer duration reveals that rheobase is rarely defined
as a single unique value (Izhikevich 2007). To address
this issue, and keeping in mind a practical connection
with experiments, the values of Icyc are reported with
a resolution of 1 pA pulse amplitude and 400 ms pulse
duration.

2.2.4 Steady-state current and bifurcation analysis

2.3 Simulations

To assess some of the main computational properties of
a model neuron like the one specified in Eqs. (2)–(8),
the gating variable w can be replaced by its steady state
(i.e. setting dw/dt = 0) to obtain the total steady-state
current as a function of v:

All numerical simulations were obtained using Python
2.7 on Lenovo T400 laptops with Intel(R) Core(TM)2
Duo T9600 CPUs at 2.8 GHz running Linux Kubuntu
11. Simulations were performed using the solver odeint
contained in the Python module scipy.integrate (Jones
et al. 2001), which uses lsoda from the Fortran library
odepack. Depending on the numerics of the simulation,
the solver uses Adams’ method for nonstiff problems,
or a method based on backward differentiation formulas for stiff problems. In addition, odeint allows timestep control to test numerical schemes and precision
(simulations not shown). The accuracy of the simulations was tested using different time steps and relative tolerances, and it was concluded that the default
parameter values for integration give accurate results
in an optimal amount of simulation time. The default
time step chosen for the time axis of the simulations
was 0.025 ms. Figures were produced with the Python
module matplotlib (Hunter et al. 2008), except for bifurcation diagrams showing the stable and unstable periodic branches, which were generated using XPPAUT
(Ermentrout 2006).

I∞ (v) = I Na,∞ (v) + I K,∞ (v) + I L (v).

(11)

The system is at steady state if I∞ (v) subtracted from
the stimulation current I S equals zero. The set of vvalues that correspond to the fixed points of the system
is the set of zeros of I S − I∞ (v), that is V∗ = {v∗ : I S −
I∞ (v) = 0}. The monotonicity, or lack thereof, in the
curve I∞ (v) is an indicator of some of the steady-state
bifurcations that can be observed as a function of I S .
Note that I S − I∞ (v) gives the number, but not the
type, of fixed points of the system, and it does not help
to determine if there are limit cycles.
To study bifurcations due to changes in the type or
stability of fixed points, we calculated the two eigenvalues corresponding to each fixed point for different values of I S . In these kinds of models, and for parameter
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MN5 innervates the dorsal longitudinal flight muscle
of adult Drosophila (Fernandes and Keshishian 1998;
Ikeda and Koenig 1988). We recorded from a total
of 52 MN5s, 48 (92 %) of which fired in response
to current injection. However, not all neurons showed
the same firing pattern under the same recording conditions (Fig. 1). Different firing patterns had distinct
incidences, and contained features which are consistent
with model behaviors that indicate the type of bifurcation producing the transition into or out of spiking.
In response to low-level current injection, 20 of 52
(38 %) MN5s fired a single AP followed by sustained
depolarization (Fig. 1(A), black trace). The return to
a resting, though depolarized, state is in agreement
with a dynamical system that has at least one stable
fixed point while current is being injected. This fixed
point is probably a node, since the convergence toward
rest is not oscillatory (Guckenheimer and Holmes 1990;
Izhikevich 2007). The lack of subthreshold oscillations,
both transitioning into and out of spiking, is characteristic of a model neuron whose membrane potential is

near a saddle-node (SN), rather than an Adronov-Hopf
(AH), bifurcation (Guckenheimer and Holmes 1990;
Izhikevich 2007). With increasing current, MN5s that
previously fired a single AP also fired additional APs
with spike frequency adaptation (Fig. 1(A), red trace).
Subthreshold oscillations occur prior to the second and
third spikes, which is characteristic of systems near an
AH bifurcation. However, the initially low firing rate is
still suggestive of a SN bifurcation.
In response to low levels of current, 2 of 52 (4 %)
of MN5s exhibited repetitive firing, but only after a
delay of tens to hundreds of milliseconds (Fig. 1(B),
black trace). Although few neurons showed delayed
firing, it is interesting to note the presence of this firing
pattern in adult motor neurons, since it is one of the
prominent patterns in larval motor neurons (Choi et al.
2004; Schaefer et al. 2010). Long delays to first spike
are typically observed when the membrane potential of
a model neuron is near a SN bifurcation. However, the
small and slow oscillation of increasing amplitude prior
to the first spike indicates a system that may instead
be near an AH bifurcation (Guckenheimer and Holmes
1990; Izhikevich 2007). Alternatively, the subthreshold
oscillation could be the result of noise. With larger
current, the firing frequency increased and there was
no delay to first spike (Fig. 1(B), red trace). These

Fig. 1 Different electrophysiological profiles recorded from
Drosophila MN5. Intracellular recordings were made in wholecell patch configuration from MN5 in wild-type adult Drosophila.
At least four different firing behaviors can be observed in response to a 500 ms square-pulse current injection of 0.4 nA
(black traces) or 0.8 nA (red traces). (A) Low-amplitude current
stimulation elicits a single action potential (black trace), while
increased stimulation elicits repetitive spiking that adapts in
frequency (red trace). (B) Repetitive firing is elicited by lowamplitude stimulation, but commences only after a delay (black

trace). Increasing the current amplitude eliminates the delay and
increases the firing frequency (red trace). (C) Repetitive firing
without a significant delay is induced even by low-amplitude
current injection (black trace), while increasing the amplitude
increases the firing frequency (red trace). (D) Low-amplitude
stimulation produces a large initial spike, followed by triangularshaped spikes which diminish in amplitude and broaden as stimulation continues (black trace). Larger stimulation amplitudes
induce dampening oscillations that end in depolarization block
(red trace)

3.1 MN5 shows distinct firing patterns indicative
of different bifurcations of the steady state
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behaviors do not distinguish between a system transitioning into spiking through either an AH or SN
bifurcation, as they could occur in both cases.
Even at low levels of current injection, 22 of 52
(42 %) of MN5s transitioned into spiking very quickly
and without a long delay to first spike (Fig. 1(C), black
trace). The lack of delay is consistent with a model
system that is not near a SN bifurcation (Izhikevich
2007), but this cannot be ruled out since fast spiking
can also occur in systems that transition through SN but
are stimulated beyond the bifurcation point. A larger
current pulse produced faster firing with a negligible
decrease in the latency to first spike (Fig. 1(C), red
trace), again not leading to a clear prediction about the
representative dynamical system.
Finally, 4 of 52 (4 %) showed repetitive firing in
response to low current, but with APs that decreased in amplitude and broadened during stimulation (Fig. 1(D), black trace). With more current, the
response reduced to a single AP followed by dampening oscillations that ended in depolarization block
(Fig. 1(D), red trace). These behaviors correspond to a
model membrane whose potential is spiraling towards
a stable focus point and thus transitioning out of spiking through an AH bifurcation (Guckenheimer and
Holmes 1990; Izhikevich 2007).
The differences in the electrophysiological profiles
described above indicate topological non-equivalence
between the underlying dynamical systems (Izhikevich
2007), and could be due to differences in the levels of
ion channel expression. Specifically, we hypothesized
that many of the firing profiles observed in MN5 could
be generated by changes in the expression of Shab K+
channels. We focused on Shab channels since they are
the primary carrier of delayed rectifier K+ currents in
Drosophila neurons (Tsunoda and Salkoff 1995b) and
strongly influence repetitive firing (Peng and Wu 2007).
3.2 Shab channel expression is a determinant
of the steady-state current-voltage relationship
Shab channel expression is represented in the model by
the parameter a K , which specifies the maximal amplitude of the Shab current relative to the Na+ (DmNav )
current. We examined the steady-state current-voltage
relationship, I∞ (v) in Eq. (11), for a K between 1 (equal
maximum current amplitudes) and 5 (Shab current amplitude 5 times larger than the DmNav current amplitude). The value of a K influences both the shape of the
steady-state curve as a function of v and the number of
zero crossings (Fig. 2). Recall that the zero crossings of
I∞ (v) occur at the v-values of the fixed points of the
system in the absence of stimulation (vertical dotted
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Fig. 2 Steady-state curves resulting from variation in Shab channel expression. The steady-state current I∞ (v) was calculated
according to Eq. (11) for different maximum amplitudes of the
Shab current relative to the DmNav current (a K ). The value of a K
was varied between 1 and 5, as indicated above the corresponding
curve

line). The curves are non-monotonic with 3 zero crossings for a K = 1, 2 and monotonic with a unique zero
crossing for a K = 3, 4, 5. In other words, the number
of fixed points decreases from 3 to 1 as the expression
of Shab increases, thereby producing topologically nonequivalent membranes with potentially different spikegenerating mechanisms.
If current is injected (I S > 0), the fixed points are
found by examining the crossings at the injected current
value (i.e. moving the vertical dotted line in Fig. 2 to the
specified I S ). Membranes with different Shab expression levels may be topologically equivalent with respect
to the number of fixed points, yet the fixed points may
be found at different v values. Thus, two membranes
could display dif ferent transitions into repetitive spiking for I S close to that which produces repetitive firing
(Icyc ), or similar spiking behavior for I S larger than
their respective Icyc .
3.3 Shab channel expression is a determinant
of the type and stability of fixed points
We analyzed the type and local stability of the fixed
points as a function of I S for a K in {1, 2, 3, 4, 5} (Fig. 3).
Each curve corresponding to a single a K contains
several types of fixed points, indicating that increasing I S induces sequences of qualitative changes in the
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Fig. 3 Bifurcation diagrams
for different levels of Shab
channel expression. Curves
are comprised of the v-values
of the fixed points (v∗ ) as a
function of the current
stimulation amplitude (I S ).
Note that the shapes of these
curves are identical to the
shapes of the I∞ (v) curves
(Fig. 2), since the curve of
v-values is obtained by
calculating the zero crossings
of I S − I∞ (v) using different
values of I S . Dashed line
marks where I S = 0, for ease
of identifying the fixed points
in the absence of stimulation.
Shab channel expression (a K )
was varied between 1 and 5
(as indicated) in steps of 1.0
(A), or between 1 and 3 in
steps of 0.2 (B). Open circles
represent unstable fixed
points, while f illed circles
represent asymptotically
stable fixed points. Black,
blue, and green circles
represent, respectively, foci,
nodes, and saddles.
Parameters: vw = −1, ηw = 2,
σw = 0.7, τ̄w = 10 ms

behavior of the system. Furthermore, these sequences
can differ depending on the value of a K , even between
membranes with the same number of fixed points.
For example, when a K = 1 and I S is small, the lower
branch of the curve up to the knee point includes only
stable nodes, while the middle and upper branches contain saddles and unstable foci, respectively (Fig. 3(A),
(B), left-most curves). As I S increases, the number
of fixed points decreases from 3 to 1 through a SN
bifurcation, leaving an unstable focus as the only fixed
point for small I S and a stable focus for larger I S . In
contrast, when a K = 1.4 or 1.6, the system also has 3
fixed points for small I S , but the stable nodes in the
lower branch become stable foci prior to the SN bifurcation (Fig. 3(B), third and fourth curves from left).

Increasing a K to between 1.8 and 2.4 (Fig. 3(B), fifth
through eighth curves from left) causes the stable foci
in the lower branch to become unstable, indicating that
an AH bifurcation will occur before the SN bifurcation.
A neuron with a non-monotonic I S -v∗ relationship may
therefore have an Icyc that does not correspond to the
SN bifurcation. This means that I∞ (v) cannot always be
used as a predictor of the type of transition between rest
and repetitive spiking (Izhikevich 2007). Furthermore,
although the membranes for a K between 1 and 2.4 are
topologically equivalent, the spike generating mechanisms for select membranes could be different due to
the distinct bifurcation sequences.
For a K ≥ 2.6, the curves are all monotonic and have
the same sequence of changes in the type and stability

J Comput Neurosci (2013) 34:211–229

of the fixed points (Fig. 3(B), last three curves from
right). Therefore, these membranes are expected to
transition into spiking through the same mechanism.
However, the v-value at which these bifurcations occur
is clearly different, with membranes characterized by
larger a K ’s requiring, for example, more current to
produce the transition from stable to unstable foci (i.e.
AH bifurcation) in the lower branch. Importantly, as
seen previously, an AH bifurcation also occurs for some
membranes characterized by a non-monotonic I − V
relationship. Therefore, topologically non-equivalent
membranes could transition into spiking through the
same mechanism.
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We characterized the transitions from rest to repetitive
spiking for a K between 1 and 3. The model membrane
was stimulated by two 400 ms square pulses, the first

1 pA below Icyc and the second at Icyc . This difference
in amplitudes is not meant to reproduce experimental
current steps, which often differ by hundreds of pA.
Rather, we use this small change in amplitude to see
what happens as the membrane moves through the
bifurcation. In this reduced system spiking is generated
in one of two main ways, depending on the value of a K .
Interestingly, we expected spiking would be generated
by either a SN or AH bifurcation, but instead observed
that spiking is produced by either a SN or a fold limit
cycle (FLC) bifurcation.
For membranes characterized by a K ≥ 1.6, even if
topologically non-equivalent, the transition into spiking
is through a FLC bifurcation. To illustrate, when a K =
2.0 or 3.0, the membrane responds to current stimulation below Icyc with a single spike early in the pulse
(Fig. 4(A1), (B1), black traces). Phase plane analysis
shows that for a K = 3.0, the membrane has one fixed
point (Fig. 4(A2)), while for a K = 2.0 the membrane
has three (Fig. 4(B2)), in the absence of stimulation.
In both cases, the fixed point characterizing the rest-

Fig. 4 Transitions from rest to repetitive spiking for different
levels of Shab channel expression. Membrane potential dynamics, nullclines, and trajectories in phase space for a K = 3.0 (A1–
A4), 2.0 (B1–B4), 1.4 (C1–C4)), or 1.2 (D1–D4). A1, B1, C1, D1:
Responses to two 400 ms square pulses of current, the first at 1 pA
below Icyc (black traces) and the second at Icyc (gray traces). A2,
B2, C2, D2: Nullclines for v (dashed) and w (solid) are plotted in
phase space in the absence of stimulation (I S = 0). Intersections
of the nullclines are marked with circles to indicate stable (f illed)
or unstable (open) fixed points. Nodes are blue, saddle points are

green, and foci are black. If there is more the one fixed point,
the one located at the lowest membrane potential has the larger
marker size. A3, B3, C3, D3: Nullclines and trajectories (solid
black) of the system in phase space corresponding to the response
to current stimulation 1 pA below Icyc . Nullclines and fixed points
are plotted as described above. A4, B4, C4, D4: Nullclines and
trajectories of the system in phase space corresponding to the
response to current stimulation at Icyc . Parameters: σw = 0.7,
τ̄w = 10 ms, with initial conditions (w0 , v0 ) = (0.025, −65). See
Table 1 for all other parameters

3.4 Transitions into repetitive spiking vary with Shab
channel expression
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ing membrane potential is a stable node. Stimulation
converts the node to a focus (Fig. 4(A3), (B3)), but
it remains stable, causing the membrane to oscillate
back toward a resting (yet depolarized) state for the
remainder of the stimulus. As I S increases to Icyc , repetitive spiking is induced (Fig. 4(A1), (B1), gray traces),
but the number and stability of fixed points does not
change for either membrane (Fig. 4(A4), (B4)). Repetitive spiking begins when both systems are pushed
towards the basin of attraction of a stable limit cycle,
which emerges within an I S window, thus indicating
the presence of a bistable regime. (A bifurcation diagram showing the stable and unstable periodic solution
branches for the example of a K = 2.0 can be seen in
Online Resource 2.) The emergence (or disappearance)
of limit cycles in this way constitutes a FLC bifurcation,
and is characteristic of systems near AH bifurcations
(Izhikevich 2007). Indeed, for a K = 2.0 or 3.0, an AH
bifurcation occurs when I S increases beyond Icyc , as
seen in the fixed point curves when the focus points in
the lower branch lose stability (Fig. 3(B)), but it does
not cause the transition into repetitive spiking under
this parameter regime.
Repetitive spiking is instead generated by a SN bifurcation in membranes with a K ≤ 1.4. For example, when
a K = 1.2 or 1.4, current stimulation below Icyc elicits
a sustained depolarization of the membrane potential,
but no spiking (Fig. 4(C1), (D1), black traces). Both
systems have 3 fixed points in the absence of stimulation (Fig. 4(C2), (D2)). Stimulation just below Icyc
brings the stable fixed point characterizing the resting
potential very close to the saddle point, but three fixed
points still remain (Fig. 4(C3)). When I S increases to
Icyc , the two converging points annihilate each other,
leaving a single fixed point (Fig. 4(C4)). Thus, both
membranes transition into repetitive spiking through a
SN bifurcation, producing a long delay to first spike and
a subsequently low firing frequency (Fig. 4(C1), gray
trace). Note that although only one spike is produced
during the 400 ms stimulation period when a K = 1.2,
Table 2 Effects of varying a K
on transition into repetitive
spiking, (τ̄w , σw ) = (10, 0.7)

the neuron can be seen to be repetitively spiking if
longer current pulses are used (not shown).
The effects of varying a K within the interval [1,3]
on the steady state I − V curve, the bifurcation type,
Icyc , delay to first spike, and interspike interval (ISI)
associated with the transition into repetitive spiking,
are summarized in Table 2.
3.5 Spiking behaviors vary for different combinations
of Shab channel expression and current stimulation
To map firing patterns in the model to those seen in
MN5, the model membrane was again stimulated with
two 400 ms square pulses of current. In these simulations, current amplitudes were sometimes beyond Icyc
and differed by 100 pA to be of the same order of
magnitude as current steps used in MN5 recordings.
Overall, the results show that certain firing patterns can
only be observed for a small range of a K , while other
patterns can be produced over a larger range.
For instance, to observe a profile like that seen
in Fig. 1(A), in which small current stimulation produces a single early spike while larger amplitudes elicit
repetitive firing, the transition into spiking for this
system must be through a FLC bifurcation. The single
spike (Fig. 5(A), black trace) is produced when the
membrane is pushed away from a stable node, but
spirals back towards a stable focus point. Increasing
the current by 100 pA pushes the membrane into the
basin of attraction for the stable limit cycle and now
the neuron spikes repetitively (Fig. 5(A), gray trace).
This profile is only observed when a K ≥ 1.8. Values
below this either cause the membrane to go directly
from a graded response (no AP) to repetitive spiking
(a K = 1.6; not shown), or to transition through a SN
bifurcation, producing late spiking.
One feature of the firing in Fig. 1(A) that we could
not reproduce well was spike frequency adaptation.
Stimulating single-spiking model neurons with small
steps of current just below Icyc produced what is re-

aK

I∞ (v) curve

Bifurcation

Icyc (pA)

delay (ms)

ISI (ms)

1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0

Non-monotonic
Non-monotonic
Non-monotonic
Non-monotonic
Non-monotonic
Non-monotonic
Non-monotonic
Non-monotonic
Monotonic
Monotonic
Monotonic

Saddle-node
Saddle-node
Saddle-node
Fold limit cycle
Fold limit cycle
Fold limit cycle
Fold limit cycle
Fold limit cycle
Fold limit cycle
Fold limit cycle
Fold limit cycle

112
155
205
259
312
365
418
472
527
583
640

>300
>200
>100
<50
<50
<25
<25
<25
<25
<25
<10

>300
>200
>100
<100
<50
<50
<50
<50
<50
<50
<25
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Fig. 5 Firing behaviors produced by different combinations of
Shab channel expression and stimulation amplitude. (A) Stimulating the membrane just below Icyc when a K = 2.0 causes a
single spike followed by a depolarization that is sustained for the
duration of the current pulse (black trace). Increasing the current
amplitude by 100 pA elicits relatively high-frequency repetitive
spiking (gray trace). Compare these responses to those of MN5
in Fig. 1(A). (B) Stimulating at Icyc when a K = 1.4 produces
low-frequency repetitive firing with a long delay to first spike
(black trace). Increasing the current by 100 pA abolishes the
long delay and elicits higher-frequency repetitive firing (gray
trace). Compare to MN5 recordings in Fig. 1(B). (C) Stimulating

with an amplitude beyond Icyc when a K = 1.4 induces repetitive
firing that commences shortly after stimulus onset. Increasing the
current by 100 pA decreases the already short spike latency and
increases the firing frequency. Compare to MN5 responses in
Fig. 1(C). (D) Stimulating with a current well beyond Icyc when
a K = 1.2 produces fast-onset repetitive spiking, but APs diminish
slightly in amplitude after the first spike and have a triangular
shape. Increasing the current by 100 pA produces an initial
spike, but subsequent oscillations decrease in amplitude until full
depolarization block is reached. Compare to MN5 responses in
Fig. 1(D). Parameters same as in Fig. 4

ferred to as an adapting or accommodating profile (Mo
et al. 2002), in which more than one spike is elicited,
but spiking stops prior to the end of the current pulse
(Online Resource 3). In some cases, a small decrease in
the firing frequency was observed as spiking progressed
(e.g. a K = 1.8; Online Resource 3, C1). However,
this process was not reproducible for experimentallyrealistic current steps and was not due to true adaptation, since adaptation requires at least 3 variables
(Guckenheimer et al. 1997).
Reproducing the profile seen in Fig. 1(B), characterized by a long delay (≥∼ 100 ms) to first spike at

low current amplitudes and tonic firing with no delay at
higher amplitudes, requires that the system go through
a SN bifurcation. The long delay (Fig. 5(B), black trace)
is produced as the trajectory of the system passes close
to the region where fixed points were lost in the bifurcation (Izhikevich 2007). When stimulation increases
by 100 pA, the delay is no longer present and the
firing rate increases (Fig. 5(B), gray trace) as the system
traverses a trajectory farther from the aforementioned
region. For the parameter regime examined here, the
membrane transitions through a SN bifurcation when
a K is between 1.0 and 1.4 (inclusive). Thus, delayed
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firing is produced only for a small range of a K . The
delayed firing for this regime also differs from that
in MN5 in that the firing rate following the delay is
arbitrarily low and the ISI is similar in duration to the
delay. Delayed firing with an ISI shorter than the delay

is achievable with the model, and is addressed in detail
in Section 3.6.
The firing profile seen in Fig. 1(C), in which tonic
firing commences just after stimulus onset, even in
response to low levels of current, can be observed in the

Fig. 6 Elevated potentials and delayed firing profiles produced
by variation in Shab channel activation and expression. Slower
Shab channel activation results in the production of elevated
potentials on which spikes ride for each a K . Several different delayed firing profiles are also produced by varying a K . Stimulating
the membrane a little beyond Icyc when a K = 2.0 elicits repetitive
spiking with a delay to first spike and a subsequent ISI of similar duration (black trace). Increasing the current amplitude by
100 pA decreases the spike latency and elicits higher-frequency
spiking (gray trace). Spike shape is similar to MN5 spikes. (B)
Stimulating beyond Icyc when a K = 1.4 produces a delay to first

spike longer than the subsequent ISI (black trace). Increasing the
current by 100 pA abolishes the long delay and elicits higherfrequency repetitive firing (gray trace). Note similarity to delayed
firing profile of MN5 in Fig. 1(B). However, spikes in this case
have different concavity to those recorded from MN5. (C) Stimulating the membrane just above Icyc when a K = 1.2 produces
a much longer delay to first spike than the ISI (black trace).
Increasing the current amplitude eliminates the long delay and
increases the firing frequency (gray trace). Again, this profile is
similar to that in Fig. 1(B). However, the spike shape is worse
than that seen when a K = 1.4. Parameters: σw = 0.3, τ̄w = 5 ms
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model for a large range of a K . For values of a K ≥ 1.6,
fast-onset tonic firing is produced at Icyc (i.e. at the
FLC bifurcation). If a K is between 1.0 and 1.4, however,
current amplitudes larger than Icyc must be used to push
the trajectory away from the region where fixed points
were lost during the SN bifurcation (Fig. 5(C)).
The firing profile in Fig. 1(D), in which current stimulation produces broadening spikes and depolarization
block at larger amplitudes, can also be seen over a
large range of a K . All values of a K used herein produce
similar triangular-like spikes in response to current
stimulation well beyond Icyc (Fig. 5(D), black trace),
progressing with dampening oscillations towards depolarization block for larger stimulus amplitudes
(Fig. 5(D), gray trace). This transition out of spiking
is produced as the membrane oscillates back toward a
stable focus point.
3.6 Altering channel activation kinetics produces
elevated potentials on which spikes ride
Variation in a K generates the main firing profiles of
MN5, but does not reproduce other detailed features of
the electrical activity. For example, repetitive spiking
in MN5 is characterized by spikes which ride on elevated membrane potentials during current stimulation.
Although this feature may result from morphological
properties of MN5, such as the structure of the dendritic
tree, we were interested in how we could reproduce this
aspect of firing in our isopotential model. We predicted
that such potentials would be produced by right-shifting
the peak of the voltage dependence and adjusting the
maximum time constant of Shab activation. This is
done by varying the parameters σw and τ̄w , respectively.
To stay within the range of experimentally observed
variation in Shab current activation (Ryan et al. 2008),
we set σw = 0.3, which causes a right-shift in the peak
of τw relative to vw (Willms et al. 1999). To adjust the
width of the APs to be ∼2.5 ms, we also decreased τ̄w to
5 ms. As discussed previously, the model configuration
is such that changing the time course of Shab activation also alters DmNav inactivation. Therefore, effects
observed under this parameter regime potentially result from changes in the kinetics of both voltage-gated
currents.
Simulations and bifurcation analysis were done for
a K between 1 and 5. Under the new parameter regime,
the type and stability, but not the location, of the
fixed points is changed relative to the previous regime
(Online Resource 4). As expected, the altered time
course of channel activation produces an elevated
membrane potential of ∼10–20 mV that persists for
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the duration of the pulse and on which spikes ride
(Fig. 6). Elevated potentials are observed for all a K in
the explored range. Additionally, the spikes are smaller
in amplitude and the firing frequency is often higher
under this regime (compare to Fig. 5).
We also noticed a type of delayed firing not seen
in the previous parameter regime. When a K = 1.2 or
1.4, repetitive spiking is characterized by an ISI smaller
than the delay to first spike (Fig. 6(B), (C), black
traces). Increasing the current by 100 pA eliminates
the long delay and increases the firing frequency (gray
traces). Overall, these membrane responses appear
more similar to the delayed firing profile observed in
MN5 (compare to Fig. 1(B)). The responses differ from
MN5 recordings, however, with respect to spike shape.
When a K = 1.2, the spikes are concave up during the
slow depolarization phase and concave down during
the upstroke and repolarization (Fig. 6(C), black trace).
This is in contrast to the spikes in the previous parameter regime, which look more like MN5 spikes (compare
to Fig. 5). When a K = 1.4, the spike shape improves,
but the difference between the delay and the ISI is
smaller (Fig. 6(B), black trace). As a K increases to 2.0,
a spike shape resembling that of MN5 is recovered,
but there is no long delay to first spike, and the spike
latency and ISI are approximately equal in duration
(Fig. 6(A), black trace). Thus, changes in a K in this
regime reveal a trade-off between spike shape and
delayed firing.

4 Discussion
One of the current challenges in neurophysiology is to
determine what electrical properties are conferred by
the wide array of ion channels expressed in neurons.
How much redundancy is present? Which currents are
necessary or sufficient for producing distinct types of
firing? Our results demonstrate that a core complement
of just two ion channels may be sufficient to generate
the diversity of firing patterns observed in recordings.
Since this diversity depends in part on the kinetics of
the channels, we further propose that there are a few
combinations of channels that are suitable to produce
the basic electrophysiological properties of a cell. For
MN5, we propose that the core complement of channels
could be those encoded by the Shab and DmNav genes.
Furthermore, in our model, the relative maximal amplitudes of the core currents for which the different firing
patterns are produced vary no more than one order
of magnitude. As a consequence, the model predicts
that the range of relative expression between Shab and
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DmNav is constrained to a well-defined, and not very
large, interval.
4.1 Changes in Shab channel expression produce
diverse firing patterns
For this reduced model, small variations in Shab channel expression have profound effects on the transition
from rest to repetitive spiking. When Shab channel
activation is fast and the density is low, the membrane transitions into spiking through a SN bifurcation,
producing long delays to first spike and low initial
firing frequencies. In contrast, for the same activation
kinetics, increasing Shab channel expression leads to
the emergence of a stable limit cycle through a FLC
bifurcation, producing a bistable membrane. Current
stimulation of sufficient amplitude pushes the membrane into the basin of attraction for the limit cycle,
producing repetitive spiking with little to no delay to
first spike and fast firing frequencies.
Although experiments to date have not indicated
the existence of bistability in MN5, many recorded
neurons may not appear to be bistable, even though
their membrane is characterized by two stable attractors. The basin of attraction for one of the attractors
could be very small, and thus revealing its presence
would require a specific combination of initial conditions and small current steps. Furthermore, the fact that
hitting upon these conditions is unlikely could cause
experimenters occasionally observing this bistability to
discard these neurons as ’unhealthy’, just as some researchers did historically when finding neurons which
fire only a single spike (Hodgkin 1948).
It is of particular interest that the model can generate
long delays to first spike without a fast inactivating (Atype) current, contrary to the idea that A-type currents,
specifically those encoded by Shal, are necessary to
produce delayed firing in Drosophila motor neurons
(Choi et al. 2004; Ping et al. 2011; Schaefer et al. 2010).
Instead, long delays were produced in the model by
setting Shab channel expression low so that the neuron
transitions into spiking through a SN bifurcation. Our
results do not dispute the involvement of Shal/Kv4mediated currents in generating delays to first spike;
experimental evidence that they play a role in both
Drosophila and mammalian (Kim et al. 2005; Shibata
et al. 2000) neurons is strong. Rather, we propose that
low Shab channel expression is another way in which
neurons can produce long delays, potentially compensating for decreased or absent Shal/Kv4-mediated currents. We are not aware of any studies which have
demonstrated such a relationship between Shab and
Shal expression, but this prediction is testable by ma-
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nipulating currents encoded by each gene using a combination of genetic and pharmacological techniques
and recording the resulting firing patterns.
4.2 How do variable firing responses in our model
relate to MN5 firing patterns as observed during
behavior?
MN5 innervates the dorsal longitudinal flight muscle
(DLM), which is predominantly used in flight and male
courtship song. The DLM is a stretch-activated asynchronous flight muscle, where MN AP are not synchronized with each muscle contraction (Machin and
Pringle 1959). Instead, during flight MNs fire single AP
at tonic frequencies of 8 to 20 Hz at approximately
every 10th to 20th wing beat to fuel the muscle with
intracellular Ca2+ (Dickinson and Tu 1997). During
sustained flight MN1- 5 all fire tonically; they do not
show doublets or triplets of spikes and they never fire
simultaneously. However, the firing frequencies of all
five MNs are modulated simultaneously (Levine and
Wyman 1973). The conclusion has been that all flight
MNs receive common excitatory drive that is translated into tonic firing at set frequencies (Harcombe
and Wyman 1977), which are changed simultaneously
in MN1-5 when the power output of the muscle is
changed, as during lift (Gordon and Dickinson 2006).
Sustained flight thus requires constant tonic MN firing
with low spike time precision and slow modulations in
firing frequency, depending on power output demands.
In contrast, DLM MNs show different firing patterns
during male courtship song. Courtship song is characterized by an initial tone burst with muscle contractions
at 160Hz (sine song) during which MNs fire at much
lower tonic frequencies than during flight, and some
DLM units remain silent (Ewing 1977). Sine song is
followed by pulse song, which consists of muscle contraction pulses of 3 ms duration that are separated
by interpulse intervals of highly accurate and speciesspecific durations (34 ms in Drosophila melanogaster).
Pulse song is characterized by accurately timed MN
firing patterns. Consequently, MN5 shows very different firing patterns during flight (tonic firing) and
male courtship song (pulse firing). Since both behaviors
are thought to share largely similar pre-motor circuitry,
MN5 intrinsic properties may contribute to both firing
patterns. In fact, ion channel mutations alter pulse song
characteristics in Drosophila (Schilcher 1976), though it
remains unclear whether this is a result of altered MN
excitability or of effects elsewhere in the circuit.
Our reduced two-dimensional model indicates that
small changes in MN current amplitude and activation
kinetics produce qualitatively different transitions be-
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tween rest and spiking. One possibility may be that during behavior such small changes result from different
modulatory states. At least for Drosophila flight, it is
known that biogenic amines like octopamine and tyramine have significant effects on take-off likelihood and
flight maintenance (Brembs et al. 2007). An important
future challenge will be to test whether different transitions from rest to spiking may result from modulatory
input as occurring during normal behaviors such as
flight and courtship song.
4.3 Is Shab channel expression a unique solution
for producing diverse firing patterns?
Just because our model predicts that changes in Shab
channel expression can produce an array of firing patterns does not mean that this is the way that MN5 (or
any other neuron) produces these patterns. Changes in
the expression of other ion channels could potentially
also do the job. Indeed, experimental work has shown
that neurons can generate the same firing pattern with
disparate channel expression profiles, demonstrating
that there exist functionally equivalent combinations
(Schulz et al. 2006).
However, several lines of evidence indicate that
changes in Shab channel expression might be a preferred strategy for diversifying firing patterns, as opposed to changes in the expression of other K+ channels. In Drosophila, voltage-gated K+ channels are encoded primarily by four genes: Shaker, Shal, Shaw, and
Shab (Salkoff et al. 1992; Tsunoda and Salkoff 1995a).
Shaw, thought to encode delayed rectifier K+ currents
based on studies in oocytes, was shown in cultured
Drosophila neurons to instead encode a leak current.
Shaw channels have short opening times and very low
voltage-sensitivity (Tsunoda and Salkoff 1995b). Thus,
Shaw would likely make a poor candidate for regulating
firing patterns.
Shaker and Shal encode voltage-dependent currents,
which activate and inactivate rapidly (Ryglewski and
Duch 2009; Salkoff et al. 1992). Although they have distinct voltage sensitivities, transient potassium channels
encoded by both these genes are maximally active in
a voltage range left-shifted relative to Shab channels
(Covarrubias et al. 1991; Tsunoda and Salkoff 1995b).
Their hyperpolarized voltage sensitivity, in combination with their short open times, mean that Shaker and
Shal channels are less likely to be open in the relevant
voltage range for generating repetitive firing than Shab
channels. It is possible that modeling changes in the
expression of Shaker and Shal channels could produce
diverse firing patterns, but this would likely require
current injection outside the physiological range.
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In contrast, variation of Shab expression in the
model reproduces MN5 firing patterns for values of
injected current in agreement with those used in experiments. Experimental work also supports the idea that
changes in Shab expression can have profound effects
on the ability of neurons to produce certain types of
repetitive firing (Peng and Wu 2007). Of course, it
might be that some of the specific transitions predicted
by the model will not be observed, even if the neuron
expresses the ’right’ number of Shab channels. To observe some of these transitions would require that the
state of the neuron be very close to the bifurcation point
associated with Icyc , and then that the precise amount of
current was injected when the neuron was in this state.
However, in general, we predict that, neurons expressing low levels of Shab would be more likely to display
long delays to first spike and low firing frequencies than
neurons expressing higher levels of Shab.
4.4 Natural variation in channel expression is observed
in many types of neurons
In our model, a maximum of a 3 fold change in Shab
channel expression reproduced the diversity of MN5
firing behaviors, but is such variation realistic? Research, especially within the last 5–10 years, has demonstrated that neurons show considerable variability in
ion channel expression. In MNs of the crustacean stomatogastric (STG) nervous system, Shab mRNA can vary
2–4 fold (Schulz et al. 2006, 2007). In particular, gastric
mill neurons show a 4 fold variation in Shab mRNA,
yet remarkably low levels of para (DmNav ) expression
(Schulz et al. 2007), indicating that the ratio of Shab to
DmNav channels (a K ) could reach 3 or larger. Variation
in channel expression is also seen in other parts of the
crustacean nervous system. Large cell MNs within the
cardiac ganglion show a more than 3–9 fold variation
in mRNA for a variety of ion channels genes, including
Shab, and as much as a 56 fold variation in para mRNA
(Tobin et al. 2009).
Similar variation in ion channel expression is observed in mammalian systems. In rats, hippocampal
pyramidal cells display a 10 fold variation in the ratio
of K+ to Ca2+ mRNA (Eberwine et al. 1992). In mice,
dopaminergic neurons within the substantia nigra show
a 5–10 fold variation in mRNA encoding for a transient
(A-type) potassium channel, and an 8 fold variation
in A-type charge density (pC/pF) (Liss et al. 2001).
Purkinje neurons in the mouse cerebellum show a 5
fold variation in Na+ or Ca2+ current density (pA/pF)
(Swensen and Bean 2005).
Although we are not aware of studies which have
measured cell-to-cell variability of Shab expression in
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Drosophila MN5, previous work gives us an estimate
of the extent to which other K+ currents vary in this
neuron. Recordings from 57 adult Drosophila show
that total peak transient K+ current in MN5 can vary
nearly 4 fold (Ryglewski and Duch 2009). Furthermore,
measures of current densities in embryonic neurons
can give us a rough estimate of the ratio of Shab to
para/DmNav channels (a K ) in the Drosophila nervous
system. Embryonic MNs show a Shab-encoded current
density of 60 pA/pF, while para-encoded currents are
around 30 pA/pF (Baines et al. 2001). Therefore, the
estimated a K is 2, supporting the use in our model of
a K ≥ 1.
4.5 Changes in Shab activation produce spikes riding
on elevated potentials
Altering the rate of Shab current activation by changing the maximum time constant and right-shifting its
voltage dependence caused the minimum membrane
potential during repetitive spiking to shift up by tens
of mVs. Variable activation times have been demonstrated for splice variants of several ion channels
(Murbartián et al. 2004; Pan et al. 2001; Saito et al.
1997), and for RNA-edited forms of the Shab channel
(Ryan et al. 2008). The rate of K+ channel activation
can also vary due to post-translational mechanisms such
as phosphorylation (Schulz et al. 2008), glycosylation
(Watanabe et al. 2003), or association with accessory
(β) channel subunits (Heinemann et al. 1996; Pongs and
Schwarz 2010).
As mentioned previously, it is important to recognize
that the formulation of the 2-dimensional model means
that a change in the activation kinetics of Shab also
changes the inactivation kinetics of DmNav . Thus, the
differences in electrical responses between the two examined parameter regimes could result from a change
in the kinetics of both voltage-gated currents. To tease
out their relative contributions, future work could include expanding the model to 3 dimensions, where the
inactivation of DmNav channels is a separate variable.
In addition, expansions of the model could include
incorporating multiple compartments that would allow
us to test how the morphological structure of MN5
contributes to the production of elevated potentials.
4.6 Advantages of the model
A number of minimal models of membrane potential
have been proposed previously, but many of these
models are not ideal for studying the contribution
of ion channel expression to the diversity of firing
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patterns. For example, the FitzHugh-Nagumo model
(Fitz-Hugh 1961; Nagumo et al. 1962), which is a simplification of the classical Hodgkin-Huxley formalism
(Hodgkin and Huxley 1952a), is a phenomenological
model with equations that do not include terms for
channels or channel conductances. The same is true
of the later Hindmarsh-Rose model (Hindmarsh and
Rose 1984). Although these models are capable of
generating different firing patterns, and even bursting
in the case of Hindmarsh-Rose, their formulations do
not allow one to ask questions about the physiological
mechanisms, including differences in ion channel expression, that may produce distinct firing.
Integrate-and-fire models and related formulations
using artificial membrane potential resets are computationally inexpensive and can reproduce an impressive
diversity of firing patterns seen in cortical neurons
(Izhikevich 2003). However, artificial resets at best
only capture the dynamics of excitability, but fail to
provide biophysical explanations. In contrast, all the
parameters in our model can be measured directly from
neurons because they have a biophysical correlate. Furthermore, our results relate a measurable parameter,
the maximal amplitude of a ionic current encoded by
a specific gene, to different firing patterns, thereby
offering a biophysical explanation for firing pattern diversity and leading to a number of testable predictions.
Conductance-based (CB) models, based on the standard Hodgkin-Huxley formalism (Hodgkin and Huxley
1952a), are more realistic than the models mentioned
above, since they do not include artificial resets, include
a number of experimentally measurable parameters,
and include channel conductances that can be varied
to investigate the role of specific currents. CB models have been used to explore diverse electrical activity in neurons (Arhem and Blomberg 2007; Golomb
et al. 2007; Prescott et al. 2008). Arhem and Blomberg
(2007) used such a model to relate changes in Na+ and
K+ channel density to different patterns of repetitive
firing, including distinct frequencies and long delays to
first spike. Our model is mathematically related to the
CB/HH formulation, but incorporates electrodiffusion,
which constitutes a theoretical improvement in describing ion movement across the membrane (Endresen
et al. 2000; Herrera-Valdez 2012). In addition, while
the Arhem and Blomberg model had 4 dimensions,
ours was able to reproduce diverse firing behaviors
with just 2 dimensions, making it both biophysical and
computationally inexpensive.
A 2-dimensional CB/HH model that can reproduce
all three of Hodgkin’s excitability classes (Hodgkin
1948) was presented by Prescott et al. (2008). Their
results showed that varying the half-activation poten-

J Comput Neurosci (2013) 34:211–229

tial of the slow K+ current was sufficient to convert
neuronal firing behavior between the three excitability
classes. However, the authors admit that this variation
in half-activation is more “drastic” than would likely
be seen in a single type of channel. They split the
slow current into two separate currents with distinct
voltage sensitivities, and hypothesize that these are
differentially expressed by neurons displaying different
excitability classes. In our model, it was not necessary
to vary half-activation or move to 3 dimensions by
incorporating additional populations of currents. The
slow current in our model was formulated to represent
one type of K+ current encoded by a single gene (Shab),
and differential expression of Shab was sufficient to
produce a wide range of firing behaviors.
Importantly, the construction of our model allows
extensions to study neurons in other parts of the
Drosophila nervous system or different developmental
stages, as well as neurons in other animals, provided
the parameters and core complement of membrane
channels are adjusted according to available data from
the neurons of interest.
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