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ABSTRACT

The effects of a longitudinal magnetic field on the radial
inhomogeneity of the electron density in a discharge column have been
a subject of recent interest.
ing a helix is developed,

A microwave diagnostic tebhnique employ

A model is presented for the discharge which

emphasizes the radial electron density variation in the sheath region.
The discharge parameters are related to the change in stored energy
of the helix modes due to the presence of the plasma through a per
turbation theory.

Data on a low pressure mercury vapor discharge is

presented and is analyzed employing limited previous experimental and
theoretical results.

The experimental data is correlated with results

obtained numerically for various values of the discharge parameters.
Quantitative results are presented for the radial electron density
variation in the sheath region.

vi

CHAPTER I

INTRODUCTION

The isotropic positive column of a low-pressure laboratory dis
charge has been analyzed theoretically and examined experimentally with
a high degree of correlation shown in the results,

Parker

12

found that

the radial potential variation could be obtained from integrating an
assumed generation function in Poisson’s equation, and related this
potential to the electron density through a simple Boltzmann depen
dence,

Carlile and Swinford** have substantiated the parabolic shape

of the body of the discharge and the existence of a narrow region near
the dielectric wall in which the electron density drops rapidly, called
the sheath.

In addition, Akao and Ida*

have studied the parabolic

body shape, and Wassink and Estin^* have studied the sheath region of
an annular discharge.

All these contributions have built a large body

of knowledge of the processes of the isotropic plasma.
In recent years several investigators have expressed interest
in the anisotropic positive column, particularly with the D.C. magnetic
field aligned parallel to the tube axis

** *

Theoretical interest was

sparked in 1939 when Lewi Tonks*^ published a theory for the effects of
a magnetic field on the positive column.

This was in response to some

rather crude measurements taken on the positive column in transverse
and longitudinal fields, and is a definite contribution, though limited

to diffusion-limited discharges ® and the "plasma approximation" in
which the local electron and ion number densities are everywhere assum
ed equal0 Attempts at quantitative experimental verification of these
results by Cummings and Tonks8

were largely unsuccessful due to the

fact that very little was known of the behavior of probes in a magnetic
field.

The next development of note was the investigation by Bickerton

and von EngeT* in 1955.

By then the probe theory had developed sub

stantially, but experimental results were still only of a qualitative
,nature, and nothing was learned of the sheath.

In 1966 another step

forward in the theory of the column was taken by Forrest and Franklin.*®
However their attempt at correlation with experimental results lack
definition and are based in part on assumptions trying to relate local
glow-brightness to local electron density.

Recently Self*^has pub

lished the most sophisticated theoretical investigation to date.

Some

of the results are quite similar to those of Forrest and Franklin, but
the development is more complete, based on the first two moments of the
Boltzmann equation for the electrons and a scalar pressure.

The severe

limitation of all the theoretical work, the plasma approximation, still
remains, and as a result nothing is known of the sheath.

It is the

purpose of this paper to begin with verified results for the isotropic
column and add experimental information about the behavior of the
sheath region at relatively low field strengths which has so far been
lacking.

The Plasma-Loaded Helical Waveguide System
This paper describes the use of a well-known type of waveguide,
the helix*^ for investigating the effects of a longitudinal D.C. mag
netic field on the radial variation in electron density in the positive
column of a low-pressure mercury-vapor discharge.
The waves supported by such a system are characterized by large
energy densities nearest the helix itself and diminishing quite rapidly
with radial distance; consequently their propagation tends to be more
sensitive to the electrons nearer the glass boundary of the discharge,
A schematic view of the plasma-loaded helix system is shown in figure 1
• The anisotropic, inhomogeneous plasma is located at the center
of the system.

It is contained by a quartz tube upon which the helix

is wound, This system is completely enclosed in a copper waveguide
and immersed in a magnetic field generated by the uniform solenoid.
In this investigation the dielectric regions, copper waveguide and
helix are assumed lossless.

Also the D.C, magnetic field is assumed

to be azimuthally and radially constant in the plasma region.
At most there can exist the helix modes, surface wave modes,
and a coaxial TEM mode within the waveguide.

The system is operated

at frequencies above those at which the surface wave modes will pro
pagate .

Properties of the Helix
The helix has been well explored both experimentally and theo
retically.*^ In this investigation the so-called sheath helix approximation is used to obtain the dispersion characteristics of the waves
without the discharge.

As the solutions to Maxwell"s Equation for

\jji}n///j//n///////7//nr

Figure 1

Schematic View of Helical Plasma Waveguide System

this case show, the waves have a radial variation of a Bessel-function
nature.

Thus the greatest field strengths and therefore sensitivity

to any perturbations, such as the electrons in the sheath region of
the discharge, are nearest the helix and extend for short range inside
the glass boundary.

In addition as the wave number, 0, is increased

the energy of the waves becomes more and more concentrated near the
sheath region; that is, the fields draw up near the helix itself.

As

a result, measurements for properly chosen combinations of frequency
and wavenuniber should be expected to yield information about the sheath
region,
A perturbation scheme, first applied by Wassink and Estin^ to
an isotropic annular discharge, is employed to correlate the effects
of the plasma on the waves with some judiciously chosen model of the
discharge.

In particular, it is used to relate the stored energy to

the phase shift of the waves along the helix due to the presence of
the plasma.

The finite longitudinal D.C, magnetic field is expected

to affect the electrons through the Lorentz force, and any change
made in the radial number density distribution of the electrons is
designed to show up in the measurements.
This paper will describe the investigation outlined above and
will relate experimental data to the effects of the field on the dis
charge,

In Chapter II a model for the cold inhomogeneous anisotropic ■

column is presented and the necessary relationships for an experi
mental investigation are developed.

In Chapter III the experimental

method is outlined and in Chapter IV results are presented.

Chapter V

is concerned with discussing these results in connection with other work
done in this particular area, as well as describing what conclusions may
be reached and what further study may be suggested.

CHAPTER II

THE INHOMOGENEOUS ANISOTROPIC POSITIVE COLUMN

The Positive Column in a Magnetic Field
A common type of laboratory plasma was used in this investigation,
consisting of a long cylindrical dielectric tube with anode and cathode
at opposing ends and containing the particular vapor to be ionized.

All

the experimental work to be presented was performed on a mercury vapor
hot cathode D.C, discharge at a pressure of about one micron, the vapor
pressure of mercury at room temperature.

In addition, all interest

was confined to the positive column portion of the discharge to free
the results from the effects caused by the finite length of the disr
charge as well as the presence of the anode and cathode.
Without the longitudinal D.C, magnetic field it may be assumed
in the low-pressure discharge that the electrons are created at rest
in the body of the discharge and "fall" toward the wall under the
effects of a static potential which is always produced at the time the
discharge is initiated.

As an example of generation assumptions,

electrons are sometimes assumed created proportional to their own
local density, or proportional to the square of their own local density.
The velocities of the electrons are generally assumed to be distributed
in a Maxwellian fashion.

It is a straightforward calculation then to

obtain the solution to Poisson’s equation and thereby find the potential variation inside the discharge.

12

The usual procedure is to

assume a Boltzmann dependence;

n^Cr) = n@ (o)exp{eV(r)/kT>

11,1

which yields the electron density distribution when the potential is
found.
However, when there is an externally applied magnetic field, it
is no longer proper to assume this simple Boltzmann dependence.*® From
a physical viewpoint, an external magnetic field acting on a moving
charged particle will exert a force on the particle if its motion has
any velocity component non-parallel to the field.

As the magnetic field

increases, the particle will be forced to spiral more tightly about the
field lines.

In the particular situation of interest, electrons travel

ing toward the wall in the discharge will tend to spiral about the
longitudinal magnetic field lines, traversing a longer path to the wall.
However, the electron must still have a velocity component in the radial
direction large enough
reach the wall.

to overcome the sheath potential if it is to

As a result one would expect only electrons of higher

kinetic energy than in the isotropic case to reach the wall, and as the
field strength is increased, the energy requirement for reaching the
wall increases, and one would expect fewer electrons in the sheath
region.

As a representative figure, the radius of gyration of a

10,000°K electron in a field of 40 gauss is on the order of 0,75 centi
meters , about the radius of the discharge used in this experimental
investigation.

At field strengths higher than this some of the elec

trons must reach the wall by diffusion and some sort of measurable

change would be expected in the shape of the electron number density
profile, particularly in the sheath region where the potential gradient
is large.

The Plasma Model
The experimental method employed requires that the plasma be
characterized in a form which allows energy storage calculations con
sistent with Maxwell8s equations applied to the helix,

A common method

of modeling the plasma suitable to this purpose is to cast the effects
of the charged particles into a dielectric constant^ which in general
leads to a complicated mathematical expression.

The result is that

the plasma may be considered a lossy, anisotropic, inhomogeneous dielec
tric.
Since a laboratory plasma is in general quite involved, many
simplifying assumptions are usually made to maximize the knowledge
gained from a minimum of mathematical complexity.

Thevmodel used in

this investigation is known as the cold plasma approximation.

As the

dielectric analogy implies, the electrons are treated as being asso
ciated with the ions to form a group of electric dipoles.

Further,

the individual dipoles are assumed stationary in the absence of
external disturbing fields, which is equivalent to assigning to the
electrons and ions a zero kinetic temperature, Any effects of external
fields on the ions are neglected due to the wide mass difference be
tween them and the electrons.

Any collision-type interactions are

ignored, based on the low density of the particles of concern,

The concept of plasma frequency is easily brought into the dis
cussion of considering a plasma of dipoles with fixed ions.
assumes an electric field

IT acts

If one

for a time fit upon a group of n

electrons of mass m which are located close to immobile ions, an amount
of charge -ne will be displaced a distance fix as a result.

When the

external field is removed, a net dipole field will remain:

II.2

This constitutes a sort of restoring force, and may be considered in
terms of Newton’s second law:

II.3

Substitution yields

II.4
dt

fit

And combination of terms gives

II.5

This describes simple harmonic motion at a frequency
defined as the plasma frequency.

n =

II.6

\ me0
The equivalent dielectric constant is derived from the equation
of momentum transfer^
this chapter.

employing all the assumptions listed so far in

The result is a simple statment of Newton’s second

11
law:
dv

m -j^L. * -e (E + v x B)

II. 7

Assume E is a steady-state sinusoid of frequency w and *B « Z B0 ,
a D.C, magnetic field in the Z direction.

The equation may then be

written in the form:

V,
y

-jwm

= -e

W

V,
y

X

♦

E
y

B^\
o
CO

X

i
<

IE

zv

X

1

k)

II.8

0

0

i

Solving for velocity in terms of electric field determines a
mobility:
/V

1

1

0 \

-j2

0)

-J

j a

GJm(l-ft2)

7

Vz/

V

0

1

(A)
0

Ex^

1-

II.9

n:
SZ)

where Q= ££ o
m
The current density

T may

be written in terms of mobility or

conductivity:
J * O * TT * -ne u * TT
The time harmonic form of one

11,10

of the Maxwell equations is

V x TT * 7 -jweF

11.11

Which leads to the following delectric tensor characterization
of the plasma
V x TT * a • T? -jwcT’T =

11,12

12
Where

n n 2/iD2

.

0

u) l-02/w2
1

Il2/u)2
l-#2/w2

0

• EO

11.13

0

Model for the Electron Density
Since the plasma has now been characterized by a dielectric
tensor it is possible to model the electron density variation by allow
ing the plasma frequency to become a function of radial coordinate:

11.14

In the isotropic case, Self*^ and Parker^have determined functions for n(r) and Swinford

18

has substantiated the shape of the body

of the discharge as well as the concept of the narrow sheath adjacent
to the wall.

The results of these investigations are summarized in

Figure 2.
Since the shape of the sheath is of interest in this investi
gation, a model was chosen which fits Parker's result in the sheath
region and utilizes Swinford's parabolic approximation in the main
body of the discharge.

Mathematically, the model used is stated as

follows:

2

<T

(Swinford: a*.775, T-.95)

rwall
n(r)-nQ A
\a(1-

JL
rwall

)Y , T

<JE

< 1.0 (Parker: A-156, a-2.2)

rwall

This function is depicted in Figure 3.

11.15

1.0

0.8

0.6
a-T Model
n/n(o)
0.4
Parker* s Theoretical Result

0.2

0

0.4

Figure 2

r/a

a-T Model for the Isotropic Column Radial Electron Density Variation

0.8 ^

0 . 6 ..

n/n(o) ..

a-T Section

Sheath Section

0.6

Figure 3

Complete Model for the Radial Electron Density Variation

The parameters «„ Tg As

and y are left in their particular form

for reasons to be discussed in

the next chapter. As a preview it may

be said here that they are not

all independent of each other due to

constraints such as average plasma
at the location T,

frequency andrequiring they match

CHAPTER III

PERTURBATION THEORY FOR THE PLASMA-LOADED HELIX

Development of the Perturbed Energy
The ideas applied to the experimental system in this section are
derived from considerations similar to those published by Wassink and
Estin,

21

In looking for plasma diagnostic tools for obtaining local

information in a discharge less than two centimeters in diameter, re
searchers are generally led to probes, slow-wave microwave structures,
or more recently lasers.

In Chapter I it was established that probe

techniques have been quite unsuccessful in gaining information in the
sheath region.

Lasers have only been successful in discharges of much

greater electron density than the one under investigation in this ex
periment.

Surface wave methods have given difficulty in obtaining

large wavenumbers necessary for a detailed sheath study.

The helix

structure described here will propagate waves with an energy density
profile much like the surface waves described eIfewheref.'20*11
also yield reliable data at much shorter wavelength.

#111

The result, of

this is that the energy is more closely bound to the helix and there
fore concentrated in the sheath region of the discharge.
One way of relating helix data to the plasma parameters would
be to solve the complete set of Maxwell equations in the presence of
the anisotropic dielectric and obtain dispersion relations for the
structure. These dispersion relations could be measured and the pa
rameters of the discharge varied theoretically until a match has been
16

obtained.

However, when trying to obtain solutions the equations are

found to be coupled due to the presence of the off-diagonal terms in the
permittivity tensor.

A much simpler method of relating the discharge

parameters to experimental data may be obtained by considering the
stored energy of the structure without the plasma present, and finding
any change in this stored energy due to the presence of the plasma.

If

the change is small it may be considered a perturbation, in which case
the following argument applies.
theorem:

It is based on an electromagnetic

22

‘

"The time-average power flow in the pass bands of a periodic
structure is equal to the stored energy per unit length times the
group velocity."
P = Wv

g

III.l

Now consider a small perturbation in the energy where the power
is restored to the previous level:

P * W'Vg' = (W+AW)(Vg+AVg)

III.2

Keeping only first order small terms and subtracting from III.l,
III.3

III.4

In the frequency regions for which the sheath-helix model is
valid, the dispersion relation for slow waves may be approximated by^
u) = Bcsinip

I II.5

The product of the phase and group velocities is therefore a
constant:

18
Writing in terms of a small- perturbation:
VgV* - (vg+Avg)(v^+Av^)

Expanding and recognizing that

m

Vg

m . i v*

III.7

= —

,

66

v/--

Substitution into 111*4 yields the following, where the phase
shift A<f> along the helix of length L due tOv the plasma is A<j> * LAB:
A<t> « L3

HI.9
W

which is the basic result to be applied to the experimental
system.

Measurements on the system will give A<J> and 8 for any partic

ular frequency.

Theoretical calculations will then give W and AW re

lated to the discharge parameters.

Whenever theoretical and experimental

results coincide a possible set of discharge parameters has been found.
All that remains to be calculated are the expressions for energy
stored in the system and energy perturbation due to the plasma.

The

stored energy per unit length for an electromagnetic wave propagating
in a complex medium may be expressed as

oo ,2t\
I

| jj*(r,4),z)e|w (ti)e,) el,(r,<t>,z)*p0 |H(r,((),z) | Jrdtfrdr

III.10

For no plasma, e-*-e0 and the expression for W reduces to:

W = 7re0

|E|2rdr
.

t

III.11

o

Recalling the expression already developed for the permittivity
tensor of the anisotropic homogeneous plasma, differentiation in the

19
stored energy expression yields:

1 0
0
0

fi+n 2/a )
2 jia/ui

0
w2 (r)/ui2

1 0
0

1

( i - n 2/ u 2)2

l+cf/uf

- i £W
0

0

III.12

(i- 2y):
ur

This expression has been separated to show which portion con
tributes to AW when equation III.9 is subtracted from equation III.8 .
The unperturbed energy is just that which results from equation III.8
when II (r)=*0 in equation III. 10 .

The perturbation in energy is the

remaining amount, in which the radial electron density variation appears
explicitly in the expression for AW.

l+fi2/(i>2

ra

AW

j2-

(jl)
n

n/2w2

if Cr)r •

-j2~

U)

(i-n2A)2)2

1+ - T

'TT rdr

III.13

Interdependence of the Plasma Model Parameters
Further development of the n(r) function (Equation II.15) is
necessary at this time.

Substituting from equation 11.14 into equation

III.13 shows that the electron density at the center of the discharge
appears explicitly in front of the AW expression, and therefore A<f> will

2

be directly proportional to II (o).

Measurements of the average plasma

frequency in the discharge have been performed by Johnson** and Akao and

20
Ida

2

and discussed by Carlile.

6

The relation between average plasma

frequency and the plasma frequency at the center of the discharge is
as follows:
ra

r2iT

<n2> - 2J £1

rd^dr

ira'

III,14

no

o
In the isotropic case equation III.12 was integrated using
12
j
Parker* s theoretical results and measurements of <11 > made on the dis
charge tube.

The resulting center plasma frequency was then used as a

reference value for Bo=0.

Extending to the case of a finite longitu

dinal magnetic field, it was found that the plasma frequency must be
re-normalized for two reasons:
n(r)
file, the — —
no

first, the shape of the density pro-

function, may change with magnetic field; second, the

average plasma frequency is a function of magnetic field.

To account

for these two variations, separate sets of results are employed.
the case of the

JlHZX

In

function, the body of the discharge is assumed

to behave as Self-5 has predicted.

His results indicate that the shape

of the body of the discharge is relatively unchanged for field strengths
of interest in this investigation.
Figure 4.

These results are summarized in

In terms of the model, this means that the parameter a is

n(Ta)
adjusted so that —
is a constant, independent of magnetic field
no
and determined by its value for Bo=0.
Carlile* has shown that the average plasma frequency of the
positive column is a slowly varying function of magnetic field
strength.

These results are summarized in Figure 5,

In terms of the

model, this meant that the average plasma frequency used for

21

n/n(o) **

0.4--

Self*s Results for Limits of
Fields Used in This Investigation

II: Bn=150 Gauss

0 .2-

0.6
T “

Figure 4

Theoretical Effect of Axial Field on
Electron Density Variation in Body of
Discharge
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Discharge
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II 0.6
III 0.9

Results for 3
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Amp
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<ir(o)>
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Figure 5

Variation of <1T> With Magnetic Field

100

23
normalization was chosen as a function of magnetic field strength, and
results in a different center plasma frequency for each value of B0 ,
Results from the experiment were to be cast in the following
form:
AW(Bo*0)-AW(Bo^0)
6 (%) = 100 x ------------------

III.15

AW(Bo»0)
which proved convenient in final1analysis when results for several fre
quencies were to be included for parameter determination at each field
strength.
All theoretical calculations were carried out on a high-speed
J
digital computer which generated Bessel functions conveniently and
performed the required integrations for energy calculations to a high
degree of precision.

The complete development of the field equations

used in this system is presented in the Appendix.

CHAPTER IV

EXPERIMENTAL INVESTIGATION

The Experimental System
The experimental system used in this investigation has been in
troduced in Chapter I,

Technically, it consisted of a helix of fine

copper wire wound onto the outside of the quartz tube containing a hot
cathode mercury-vapor discharge.

The discharge tube itself was about

63 centimeters in length with inside and outside diameters of 1,58
centimeters and 1,79 centimeters respectively.

The helix was 10

centimeters in extent along the tube, wound with number 26 copper wire
with a pitch angle of ^ = 2°,

The discharge tube-helix combination

was located inside a cylindrical copper waveguide and the entire
system placed within a uniformly-wound solenoid which provided the
longitudinal D,C, magnetic field.

The cathode of the discharge was

not within the uniform magnetic field, although the positive column
portion upon which the helix was wound was located well within a uni
form field region.

Any transverse fields, including the earth's

magnetic field, were eliminated by an arrangement of Helmholtz coils
which kept these field values well below 0,1 gauss.
Electrical contact to the helix was made by soldering the center
L ~ ..

conductors of small coaxial cable to the copper wire.

Reflections from

the ends of the helix were eliminated when necessary by using tri
angular pieces of resistance card around each end, much like an ordi
nary termination in a conventional waveguide,
24
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,

To provide a reference point for the accuracy of the experimental
arrangements, measurements were first made of the dispersion character
istics of the helix with no magnetic field present and the discharge
completely off.

The Brillouin diagram for the helix under these con

ditions was obtained theoretically and is plotted in Figure 6, along
with experimental points.

This experimental reference data was obtained

by placing a metal ring around one end of the helix, providing a re
flecting plane for the helix modes.

A probe was moved along the helix,

sampling the standing wave pattern as it moved.

The distance between

the nulls in this configuration is a half-wavelength along the helix,
and varying the frequency of the input signal to the helix enabled
measurement of the dispersion characterisitic in the frequency range
of interest.

This particular experimental configuration is shown

schematically in Figure 7,
Agreement of dispersion characterisitic with theory verified
the accuracy of the sheath-helix model in the frequency range of
interest and enabled work to proceed to measuring phase shifts along
the helix.
Phase shift measurements were made by feeding a reference signal
and the signal which had passed through the helix into opposing ends
of a slotted line.

The shift of the null, as discharge current or

magnetic field was varied, was monitored and is directly related to
the delay or phase shift along the helix.

The details of this con

figuration in the experimental investigation are outlined in schematic
form in Figure 8.
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Brillouin Diagram for the Unloaded Helix
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At this point in the investigation it was necessary to justify
the use of the perturbation scheme for analyzing the plasma.

Since the

results for zero longitudinal field are well verified, it only really
requires one measurement of

to correlate results with the theory.

However a series of data points for A<f> at several frequencies was
collected.

The parameters a, T, A, and y were selected to fit Parker*s

results and a series of theoretical points was calculated.

It has

2
already been pointed out that A<j> is directly proportional to IT (o),
4

Carlile

7

has published a method of measuring <R^> and particular re

sults are employed as measured on the tube used in this experiment.
Application of equation III.14 yields an axial plasma frequency of
2.98GHz at a discharge current of 535mA.

Values of propagation con

stant for particular frequencies were obtained from the measured
o)-3 results presented in Figure 6.
Experimental phase shift data and theoretical results for Bo*0
are presented in Figure 9,

As would be expected from a method employ

ing a perturbation requirement, the best correlation is obtained at
highest frequencies where field penetration into the plasma is minimized
and therefore field perturbation is smallest.

The frequencies where

convergence is met were chosen for investigating the effects of the
finite longitudinal magnetic field, and these results are presented in
the following section.
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Experimental Results
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11.15)
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The Experimental Results
The final results of this paper are obtained by matching the
percentage change in phase shift due to the magnetic field with theo
retically predicted changes calculated from various combinations of all
the parameters in the electron density profile model discussed in
Chapter II.

To make it entirely clear what the unknowns are, a summary

is presented here;
1)

A<p depends on

(o) and the electron density profile,

2)

The profile model contains the parameters.a, T 0 A* and y,

3)

It is assumed every one of these parameters is known for
Bq=0 from comparison with Parker's theoretical results
and consistency with experimental results,

4)

The restrictions (holonomic constraints) are as follows;
(a) From Self, l-aT^=constant, independent of B0 ,
(b) The plasma model must be continuous; the two functions
(Eq„ 11,15) must meet at T.
(c) From Carlile <11 > is known as a function of B0#

giving

H2 (o) directly,
5)

The five parameters with three independent constraints leave
two parameters to pick independently.

These are chosen as

T, the "boundary” between the body of the discharge!

and the

sheath, and y, the rate of increase of the function in the sheath,
Results from the experiments for six magnetic field values of 20,
40, 60, 80, 100 and 120 gauss are presented in Figures 10 through 15,
along with representative theoretical results.

These figures clearly

indicate small ranges of T and y which provide a best fit.

Those
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theoretical results which lead to the best matches on the comparison
curves are projected back to the model and the shape of the sheath re
gion is presented in Figure 16 as a function of magnetic field,

A

qualitative summary would be to say that the sheath profile is behaving
as predicted in the physical arguments presented in Chapter II,
It must be pointed out that extreme sensitivity to either para
meter, T or y « was not exhibited in the results.

As a consequence the

exact profile cannot be said to be known within very narrow tolerances.
However, many T-y pairs may definitely be ruled out on grounds that they
do not even closely approach the experimental results.
sult for Bo=0 was
line will

T=,95, y=2,2,

not fit the

Recall the re

In all caseswith magnetic field this

data, and as the field is increased, it diverges

more widely.
Several factors contribute directly to the phase shift measure
ments, and therefore to possible sources of experimental uncertainty.
The results for <JI> as a function of Bo are claimed^ to be good to
about ±3%,

Additionally, the microwave cavity perturbation which led

to <H> without a longitudinal field for the tube used in the experiment
have been

studied and

verified to within 4%;*fortunately this un

certainty

divides out

when equation III,15 isapplied.

Finally, the

parameters for the body of the discharge, a and T, are shown
uncertainties of ±7% and ±3% respectively.

IS '
to have

The apparently large vari

ation in a is of little consequence in these results.

First, the

assumed for this experiment agrees well with two independent .theoreti'15 12
cal investigations. ®. In addition, the helix fields have become very
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small at distances beyond the sheath and any very slight differences in
AW caused by varying a are insignificant.
In view of the uncertainties in <H> versus B0 aiid in T, extensive
theoretical data was obtained for the three cases shown in Figure 16,
For each field strength all results were plotted similarly to those in
Figures 10-15, and all combinations of y and T which yielded results
within ±6% of the nominal experimental curve were tabulated.

From these

results sheath profiles were generated which gave upper and lower bounds
on the shape of the sheath within expected experimental uncertainty.
For B0=l20 .gauss., T ranged from .936 to ,944 with corresponding y values
of 2.2 and 3.4; for Bo=60 gauss, T ranged from ,938 to ,951 with cor
responding y values of 1.8 and 3,4; for Bo=0 gauss, T ranged from ,945
to .958 with corresponding y values of 1,8 and 3,0,

All of. these re

sults are summarized in Figure 17 and an analysis of the results
appears in Chapter V,
In summary, it may be stated that the experimental results have
shown a definite change in electron density profile dependent upon the
longitudinal magnetic field.

This change is characterized by an in

crease in the rate parameter y at lower fields, and accompanied by a
decrease in the thickness parameter T at higher fields.

While the

parameter T only decreased 2% from zero to 120 gauss, the actual sheath
width, 1-T, increased nearly 30%.

This change in sheath width would

serve to dramatically change propagation characteristics of the sur
face waves used by Carlile**^ and others*®* * * ^ for diagnosing the
positive column.

0.4 n/n(o)

0.3

0.2

--

0.1

0

1

------------------------- —

.925

Figure 17

Sheath Profil

CHAPTER V

CONCLUSION

Discussion of Results
This paper has presented a measuring technique and results for
gas plasma discharge parameters in a magnetic field.

The helix has

proved itself to be easily adapted to this purpose through the pertur
bation scheme outlined and by allowing measurements at short enough
wavelength, to make sheath diagnostics feasible.

The discharge is shown

to behave qualitatively as expected from physical arguments, and quan
titatively as a significant increase in sheath width as longitudinal
magnetic field is increased from zero to a hundred gauss.

As no one

has previously reported on the behavior of the sheath in small longi
tudinal fields, this investigation has been an important first step in
this area, and hopefully will lead to further understanding of the
physics of ionized gases.

Suggestions for Further Study
Since the results of this investigation are only semi-quantitative, much remains to be learned of the behavior of the sheath.
First this method should be extended to provide the highest accuracy
possible.

The helix should be exploited thoroughly using other sets

of frequencies, perhaps higher-order modes of propagation, and pos
sibly employing a numerical solution of Maxwell's equations for dis
persion relations with the plasma present, From these results,
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variational techniques may lead to the most complete determination of
the electron density profile possible.

Study of behavior in a magnetic

field will then lead to greater understanding of the origins of the
numerous instabilities which so far have frustrated confinement tech
niques in the thermonuclear energy conversion effort.
Perhaps the most limiting factor on this entire experiment is
the geometry of the system.

The results in all cases of this study have

indicated that T is of the order of ,94 and thus the sheath thickness
is only 6% of the entire radius of the column.

For the tube under con

sideration, this distance is less than 0,5 mm.

Contrast this to the

thickness of the glass tube which is 0,95 mm and consider that the
exponentially-decreasing form of the helix fields tends to concentrate
the energy nearer the wire as the frequency is increased.

Thus as the

perturbation theory becomes more accurate, less energy is concentrated
in the sheath and therefore less information may be gleaned from the
experimental phase-shift data.

The result is a trade-off between the

ease of constructing the helix outside the discharge and the requirement
that the helix be adjacent to the sheath for most precise measurements.
In terms of the data presented and the nature of the error
encountered, the dependence of A<j> on an integral of the density function
has lead to a situation where several pairs of y and T produce the same
A<j> within acceptable limits.

These pairs have led to several density

profiles, exhibiting very similar area integrals, which cross at some
point in the sheath region, This explains the nature of the error
spread shown in Figure 17,

For the geometry of the experimental system.
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therefore, this thesis may be considered to have presented as much real
information about the sheath shape as possible.

APPENDIX

CALCULATION OF THE SHEATH-HELIX FIELDS IN THE BOUNDED 3-REGION SYSTEM

The time-harmonic source-free wave equation in cylindrical co
ordinates is:

2

2

(!_ + _ !
9r 2
r

3r

♦ J L i—
r2

-B 2 + U)2D 0 E) E

= 0

(A. 1 )

Solutions for |0 1» |u)2iJ0e | and which are <j)- independent are
sought.

•

Then equation A,1 becomes

(i-_
3r

+- L i L -B2) E„ - 0
r 3r

(A.2)

Substitution of ^ » 0r gives the modified Bessel equation:

2 ^

-1

2^6.

- E. = 0

(A.3)

From whence

E z (Br) = AIo (3r)*BKo (0r)

The equation for the magnetic field develops in the same fashion,
giving
Hz (0r)

« CIo (0r) + DKo (0r)

(A.4)

From the z-components, the remaining field components are
readily obtained using Maxwell’s equations and become:
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Thus the complete set of field equations becomes:
Region I: (0<r<a)

Er = j A x Ii(Br)

Mr - j C; Ii( 8 r)

E. . - i a i C j IjCBr)

H. -

6

IjCSr)
B

Ez " A 1 lo(Br)

Hz - Cj I0 (Br)

Regions II and III: (a<r<b and b<r<c)

Er = j A 2 (3 I1 (Br)-B2 i3 K 1 (er)

E$

C 2 t3 I 1 (Br)-D2 j3 K 1 (Br)

E z * A 2 ,3 Io(Br)*B 2 >3K0 (Br)

Hr = j

(Br)-D2 ^jKj(Br)

A j ^ I j (Br)-B2 (3 K 1 (Br)

Hz = C 2 f3 I0 (Br)+D 2 >3 Ko (Br)

Die appropriate boundary conditions at the helix are that the
E-field along the wire is zero and the H-field along the wire is con
tinuous.

At the copper waveguide wall the <p and z components of

electric field are zero, and at the air-dielectric inner boundary,
the z and <J> components of electric and magnetic field are continuous.
Application of these boundary conditions leads to nine independent
equations in ten unknowns and thus all the constants may be determined
in terms of Aj.

The fields may then be substituted into the energy

relations given in the text.

When A<f> is found from

, the arbitrary
W

field magnitude cancels, showing that A<f> is independent of field
magnitude.
The dispersion relation iseasily

obtained byapplication of

tenth equation, that is at the helix the E-fieldperpendicular
wire is continuous.

0)2 . DE-AB
DF-AC
A * A2Io (0b)+B2 Ko (3b)*»-C2I1(0b)tan2

ip

C3Io (0b>D3Ko (Bb) tan2 \p

C =

f^o

(Be)2

K^Bb)

K0(Bc)

D ■ IQ (Bb) -

,
I,°..(1C2 K0 (3b)4.
Kq (Be)

E » C2l0 (8b)tan2 ip

F - f2/fc

(Be)2
Where

to the

The result is an expression for w in terms of 8,

which may be solved for frequency explicitly:

B =

a

A2I1(Bb)-B2K1(Bb)

C3I1(Bb)-D3K1(6b)

tan2 *
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I0 (6a)
B7 =

{1 - A,}
K0 (3a)
A Io (6b)>B2Ko (0b)

C2

*

Il(3b)
Ko (Bb)

(Be)

V2- B
)
-c
K,(Bb)
■1

Ii(Bb)-I1(Bc)
K, (Be)

Ij(Bc)
d3 * —

:—

K,(Be)

c3
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