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ABSTRACT

A selected survey is presented of the developments that have
been made in the field of mathematical epidemiology.

This includes

both deterministic and stochastic models for the spread and cure of
contagious diseases.

Emphasis is placed on the different types of

models and not on a thorough development and analysis of all existing
models.

These models are evaluated for their worth as predictors of

epidemic phenomena and are classified as to the types of diseases to
which they apply.
disease control.

From prediction the discussion turns to contagious
The problem of what constitutes an optimal policy for

a total health service is discussed summarily.

The smaller problem of

optimal control of a single contagious disease is solved for three
specific cost models,

A theorem is proved for linear cost models that

limits the possible optimal decision values to two.

From this result

and comparison of individual solutions * inferences are made with regard
to the probable form of the optimal policy for the control of contagious
diseases,

vii

CHAPTER 1

INTRODUCTION AND GENERAL CONSIDERATIONS

From the time that men first joined together in tribes, and later
in cities and countries, he has been the victim of contagious disease.
There are vivid accounts of the ravages of bubonic plague throughout
Europe and England during the Middle Ages.

To this can be added the

suffering and devastation of human life that was brought to native popu
lations by the European explorers.
to be endless.

The stories of human suffering seem

Up until recent times, man has been helpless to thwart

the spread of contagious diseases.

It is only now that a future can be

envisioned when all contagious diseases will be controlled.

Introduction
It is the purpose of this presentation to consider the mathe
matical tools available for the description of the spread of contagious
disease, and to apply these tools to the problem of epidemic control.
In Chapter 2, deterministic models for epidemics are stated and
solved.

The general deterministic epidemic model is presented along

with several special cases.

These include the pure infection model,

epidemic model for no removals, and models with a constant number of
infectives cured per unit of time.

The assumptions that all of these

models are based on are discussed with emphasis on their limitations and
applicability.

Of particular interest and importance in the chapter is

the deterministic threshold theorem.
1

This theorem is a general statement
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of the result that will occur when infectives are introduced into a
population.

This chapter is a survey of the important work that has

been done in deterministic mathematical models.
Chapter 3 presents stochastic models of the spread of contagious
disease.

The first half of the chapter is devoted to the derivation of

stochastic models that are analogous to the deterministic models in
Chapter 2.

This includes a statement of the stochastic threshold theorem

and a discussion of its relationship to the deterministic threshold
theorem.

The last half of the chapter is a concise description of other

stochastic models that have been developed.
binomial, branching, and queueing models.

These include the chain
The chain binomial model is

important because it describes the case of a long latent period, followed
by a short period of infectiousness.

This class of diseases cannot be

modeled by the general stochastic model or any of its special cases.

The

objective of Chapter 3 is to survey the principal contributions to sto
chastic modeling of contagious diseases.
Chapter 4 is a discussion of epidemic control and how it can be
described mathematically.

This is the classic problem of how to allocate

scarce resources such that the maximum benefit is obtained.

The impli

cations of the problem of total disease control are discussed.

Specific

cases for the optimal control policy of a single disease are solved by
use of multi-stage optimization techniques.

From this, the generali

zation of an optimal control policy is considered.

This chapter may be

of special interest to the reader since little has been published with
regard to mathematical epidemic control.
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Chapter 5 consists of the author's recommendations for further
work and development that is needed in the field of mathematical epi
demiology .

General Considerations
There are four areas into which professional health activities
can be divided.

These are detection, cure, prevention, and research.

Detection and Cure
Detection and cure are primary objectives of any short range
health program.

It is not until one considers health as a long range

problem that.programs of prevention and research play an important role.
The material presented is principally oriented toward the short range
goals of detection and cure.

Prevention and research are not considered

in depth because of problems inherent in modeling these two areas.

A

large part of prevention is the education of the population with regard
to good health practices.

It would be difficult to measure the effects

of an education campaign.

The problem of measurement is also a part of

any model of research.
it is accomplished.

No one knows the end result of research before

Since prediction in these two areas is unreliable

at best, their roles will be discussed but no attempt will be made to
model them.
The detection effort for contagious diseases differs from the
normal process, where an infectives goes to a health care facility to
have his symptoms evaluated.

Detection of contagious diseases requires

that doctors report to a central authority all contagious disease cases,

and that the population be sampled for the presence of these diseases.
An effort of this magnitude may not be necessary for mild infectious
diseases such as the common cold and some types of flu.

Also, sampling

of the population may not be necessary for diseases with symptoms that
any member of the population can recognize.

But for diseases that have

mild or common symptoms„ that are highly contagious, or that have a long
period of infectiousness prior to the development of symptoms, a total
detection program is necessary if the disease is going to be contained.
The cure of contagious diseases differs little from the cure of
noninfectious diseases.

The same problems are confronted, e.g., normal

cure procedures may be ineffective.

In recent years it has been recog

nized that some contagious diseases have developed mutant strains that
are resistant to the usual medications.

These” problems must be taken

into, consideration whenever a contagious disease situation is modeled.
The four areas, detection, cure, prevention, and research, are
only one-half of the epidemic model.

These are all related to containing

the spread of diseases, and not with the manner in which a contagious
disease infects susceptibles.

The difficulties of modeling the spread of

a disease will be considered as the different mathematical models are
proposed.

Prediction and Control
Once a disease situation has been modeled the course of the
disease can be predicted.

The accuracy of the prediction depends on how

closely the model fits reality.

It is not necessarily true that the best

model is the one that approximates reality with the greatest precision.
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The best model is one that approximates reality to the desired degree,
and can be manipulated to yield the insight and answers required.
Once a contagious disease is detected within a population, one
confronts the question of what is to be done.

Assuming that the spread

of the disease should be stopped, it must be decided what level of
detection and cure should be employed.
level to maximum effort.

This could range from a minimum

This decision is made on the basis of the model

of the disease and a cost function.

The cost function is a mathematical

relationship between detection, cure and the loss associated with ah
infected individual in society.

All these quantities must be measured

in the same units as the cost function.

Monetary value has been chosen

as a matter of convenience, however this is not to say that it is
necessarily the best way of measuring detection, cure, and human disa
bility.

Depending on the form of the cost function and the disease

model, there will exist a unique optimum or possibly multiple optimal
solutions for the cure policy.

If an optimal solution can be determined,

then the most efficient method.has been found to handle the health
problem.

CHAPTER 2

DETERMINISTIC MODELS OF EPIDEMICS

The first noteworthy efforts,in mathematical epidemiology came
through the work of W. 0. Kermack and A. G . McKendrick, circa 1927.

These

men laid the foundation and developed the basic models from which the
present theory and applications have grown.. Most of their work was con
cerned with deterministic descriptions of epidemic processes.

In this

chapter, their work will be reviewed and enlarged upon to form the basis
for further and more recent developments.

Pure Infection Model
The simplest model of contagious disease is the pure infection
model.

This describes the spread of a disease through a population in

which no one is cured, dies, or is immune to the disease's effect.
Mathematically, this is represented by the following differential
equations:

fr'-SKy,

air= 6
The variable x is the number of susceptibles, y is the number of infectives, and 3 equals the contact rate of susceptibles with infect!ves.
Before exploring this model further, the assumptions on which it. is based
should be understood.

These assumptions are:
6

1.

The population is closed with respect to births, deaths,
immigration, and emigration, i.e., x + y = a constant = N.

2. Once a susceptible is infected, he remains an infective always,
and has the potential of transmitting the disease.
3.

The contact rate, 6, is a constant for a given disease and
environment.

4. The rate of infection is proportional to

the product of the

number of susceptibles and the number of infectives.
5.

Homogeneous mixing occurs within the population.

Thus, every

susceptible is equally likely to be the next new infective.
Detailed discussion of these assumptions will be withheld until the end
of the chapter.
Starting with the differential equations and the assumption of
a closed population, the model can be readily solved for y(t), the number
of infectives as a function of time.

at = 8 *yx + y = N.
By substituting the second equation into the first, the variables can be
separated.

TW -yy')y = 8 dtThe partial fraction expansion of this equation is

(N - y)y

= *jSl. + U
N - y
y

l

*
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where A and B can be solved by substituting the roots of the denominator
for y.

The resulting values for A and B are 1/N and 1/N respectively.

Thus, the equation is ,

which can be integrated directly.
N0t = - £n(N - y) + An(y) + C,
where C is the constant of integration.

y<» ■

This can be restated as,

•

which is valid for B and t greater than or equal to zero* and for y
greater than or equal to zero, but less than or equal to N.

The constant

of integration, C, is evaluated by setting t equal to zero, and the re
sulting equation equal to the initial condition, y(0).

This leads to the

solution of the pure infective process,

><» •

'

In Figure 1, y(t) is plotted for three different values of S on
a logarithmic time scale, where N equals one-hundred, and there are five
initial infectives.

The curves represent the model’s prediction of the

spread of a disease when no infectives are being removed from the popu
lation by cure, immunity, or death.

This would probably be a good

approximation to the initial phase of an epidemic, whose properties in
cluded a long infectious period and symptoms difficult to detect.
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Figure 1.

Number of Infectives as a Function of Time in the Pure
Infection Model

In Figure 2, the phase plane curve of this model is plotted for
the same three values of 3.

From this, it can be seen why this model is

employed to describe the spread of diseases.

If there is a small number

of infectives in a population, then the number of new infectives they
generate will also be small.

The maximum rate of increase of infectives

would be expected when approximately one-half of the population is in
fected.

At this time, every susceptible is equally likely to come in

contact with an infective as he is with another susceptible.

As the

number of infectives becomes greater than N/2, then an infective is more
likely to come in contact with another infective than with a susceptible.
Thus, the rate of increase of infectives decreases as y(t) approaches the
population size, N.

It is worthy of note, that 3 generates a family of

parabolas which always intersect the y(t) axis at zero and N.

These are

the phase plane plots for the pure infection processes.

General Deterministic Epidemic Model
An epidemic generally has the property that a portion of the
population is being removed due to death or induced immunity.

The

general deterministic epidemic model is an extension of the pure in
fection model that allows for removals.
Let y be the cure rate and 3 be

the contact rate, as before. Let

x(t) be the number of susceptibles at time t , y(t) the number of in
fectives, and z(t) the number of removals due to death or immunity.
the general epidemic model is described by the following differential
equations:

Then,
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Figure 2.

Phase Plot of the Pure Infection Model
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dz

a?= Y y
Here it should be noted that y is a combination of cure with subsequent
immunity and death caused by the disease.

If the cure does not give a

future immunity to reinfection, but the disease may cause death, then y
must be redefined.

Let

equal the cure rate, and y^ be the death rate

Then the equations describing this new process are:
dx

dt = 6 xy +

y .

gX- = g xy - (Y^ + Y2>y .
dz „
-at = v

-

There are other possible cases that can be described but will not be
considered here.

Natural births and deaths can be included, as can

immigration and emigration.

Additional terms would be required, but the

differential equations remain of the same form.

In order to facilitate

solution, it is desirable to maintain the sum of the differential
equations equal to a constant.

In the cases that will be considered

here, the sum will always equal zero.

This is equivalent to the as

sumption of a closed population of fixed size.
The general deterministic model is based on similar assumptions
to those of the pure infection model.

These assumptions are:

1.

The population is closed, i.e., x + y + z = N.

2.

There exists homogeneous mixing between all members of the
population.
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3.

The cure rate, contact rate, and mortality rate are constants
for a given disease and environment.

4.

The number of individuals infected per unit of time, is pro
portional to the product of the number of infectives and
susceptibles.

5.

The number of individuals cured per unit of time, is proportional
to the number of infectives in the population.

Discussion of the assumptions will be left until all the deterministic
models have been presented.
The solution to the general deterministic model is obtained by
the standard separation of variables technique.
then dx

= 3 dt.

Let p = y/B and

t

= 3t,

The differential equations that now describe the

general process are:

f r * - xy •

dT - *y - py
dz
dT = Py •

By equating the first and third equations, the following one is obtained;

dt -

is «

-xy

py

.

Multiplying through by y, it follows that,
dx _ dz
-x
p
This equation can be directly integrated and simiplified.
x = C1 exp (- z/p) ,
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where

is equal to the initial number of susceptibles in the population,

x(0).
dz

r py r p(N - x -

z), then

dz = p(N - x(0) exp(-z/p) - z)
Let

and

dx .

be the positive and negative roots respectively of

N - x(0) exp(- z/p)
Then, for z greater than or

- z =0.
equal tozero

but less than a^.

z
dw
N - x(0) exp(- w/p) - w
It should be noted that the integral diverges as z approaches a^.
Bailey (1957, p. 26) handles this situation by defining z(») = a^.

He

also shifts the time scale, such that the peak of the epidemic is at the
intersection of the curve and t = 0.

In doing this, the epidemic is

redefined from t = - 00t o t = 00, where z(- °°) = 0.
An integral equation can be derived in a similar manner for the
number of susceptibles in the population as a function of time.
x(0)

(

dv
- v[p £n(v/x(0)) - v + Nj

where x is less or equal to x(0) and greater than the largest positive
root of the denominator.

Note, here again the integral diverges.

Let

x(») equal this root and the problem can be avoided as before.
Constant cure and contact rates have been dealt with exclusively
in all the models that have been presented.

This has not been necessary,

15
As

is apparent, the

3 and

y

systemsofdifferential

equationscanbestated with

as suitable functionsofoneof the othervariables.

Thishas

not been done in view of the practical difficulties entailed in esti
mation.

In particular, the estimation of 6 as a constant tends to be

unreliable enough, that estimating it as a function would make it even
more so.

The basic problem is in ascertaining, in a given situation,

exactly what environmental and human variables 3 is a function of.

This

is one of the goals of medicine, but in general, it is not a reality
today.
There is one other case of the general model that deserves
consideration.

This is the case of a constant number of removals instead

of a percentage of the total number infected.

This model has application,

if the number of infectives is being held at a stationary level, or if
the cure facility is operating at full capacity.

The differential

equations describing such a process are:

#

= - G xy ,

52. = B xy - u ,

The constant u, is used in place of yy to represent the total number of
infectives cured per unit of time.

The solution to this system of

differential equations has not been determined.

If the same approach to

the solution is used, as was employed in the general case, the resulting
differential equation is

The constant c, is the number of removals in the population at time t = 0.
This differential equation is nonhomogeneous and presently insolvable.

Deterministic Threshold Phenomenon
One of the most important contributions that Kermack and
McKendrick made to mathematical epidemiology was their threshold theorem.
The theorem states that with respect to the general model,if p = ^ < x(0),
there will be an epidemic and that the total number infected will be
min {2v, N) , where v = x(0) - p.

If p > x(0), an epidemic will not

ensue, and the present number infected will decrease with time (Bailey
1957, p. 31).

The importance of this result cannot be overstated.

After

infectives have been introduced into a population, the theorem states
that only two out of the many possible outcomes will actually occur.

All

the knowledge that is required in order to predict the outcome, is the
value of p and the initial number of susceptibles.

With this the total

number infected can be estimated and thus the ultimate course of the
disease is known.
It should be noted that the threshold phenomenon is not restricted
to the general deterministic model.

The other models, with the exception

of the pure infection model, have a threshold value of p.

The results

concerning total number infected will not in general apply to these
models.
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Model for No Removals
The model of no removals is directly related to the general model,
It assumes that the disease does not induce immunity when the infective
is cured, and that the disease does not directly cause death.

This means

that instead of having three categories of individuals in the population,
there are now only two, susceptibles and infectives.
is cured he again becomes a susceptible.

When the infective

Thus, the differential

equations describing the process are,
dx
^ z - B x y

^

+ yy

,

= 3 xy - y y •

The solution to this model is obtained by separation of variables
and partial fraction expansion,
z.x _ p + NC exp(- g t(N - p))
1 + C exp(- 8 t(N -p ))
C is the constant of integration and is determined by the initial
conditions on x,
C -

p - x(o)
xT o T - n

*

This model has the interesting property that it has a steady
state solution other than y = 0.

If the differential equations are set

equal to zero, the steady state solution can beevaluated,

y(«) = N - ^ - = N - p

,

x(<») = p , if p < N .'
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If p is greater than N, the population size, the steady state solution
is,

y(®) = 0 ,
x(<*>) * N .
The threshold phenomenon can be seen in this model but in a
slightly different form.

If p is less than N, then there will be approxi

mately v infectives for all time.

If p is greater than N, then the

number of infectives will steadily decrease to zero.
If the cure facility is operating at maximumcapacity,

or if a

stationary cure effort is to be maintained, then the model for no re
movals would be described by the following equations:

— • = - 8 xy + u ,

^

= 6 xy - u .

The solution to this system of equations is given by:

z* x

N + (N2 - 4p)1/2 - (N - N2 - 4p)1/2) C exp(B t(N2 - 4p)1/2)

x v x ; ----------------------------------------- s

2 - 2 C exp(0 t(N
C

fTo

- 4p)

‘ •

)

isthe constant of integration and can be evaluated from

conditions on x.

p

the initial

C in general equals,

_ N + (N2 - 4p)1/2 - 2 x(0)
N - (N

- 4p)

-

2 x(0)

The value of p is essentially the same as has been used before; p = u/0.
This model also has an interesting steady state solution.

If the dif

ferential equations are set equal to zero, the steady state is found to

This is valid for (N

2

- 4p) greater than zero.

If 4p is

2

greater than N ,

then the steady state occurs when x = N and y = 0.
Since both of these models for no removals are special cases of
the general model, the assumptions that were stated for the general model
also hold for these models.

Phase Plane Plots
The phase plane plot can be a useful tool in the
application of epidemic models.

analysis and

This is a graph of the derivative of a

function versus the function as shown in Figure 2.

From phase plane

plots, the existence and value of the steady states can be determined,
as can the course of the epidemic.

If p and the initial number of

infectives are known, then the end result of the epidemic is known with
out having solved the system of equations.

The usefulness of this tool

is greatest if the system of descriptive equations cannot be solved, or
if insight is desired but precise answers are not necessary.

Assumptions
The general deterministic model and the two special cases of it,
the pure infection model and the model with'no removals, have been dealt
with in this chapter.

The assumptions that these models are built upon

have been stated as each model was discussed.

Now these assumptions and

their implications will be considered in greater depth.
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The first assumption is that the population size is constant,
i.e., x(t) + y(t) + z(t) = N.
out of necessity.

This is assumed for convenience and not

If the population size is allowed to change at a

predetermined rate, this can be incorporated into the model, but in
general, the solution is more difficult to determine.

One finds that if

N is large, the assumption of a constant sized population is a good
approximation with respect to the normal births and deaths that would
occur.

The smaller the time span that the model covers, the better this

approximation is.
The second assumption is that there is homogeneous mixing within
the population.

This would seem realistic for a small group such as a

family, but unlikely for large groups.

As an approximation to reality,

its quality depends on the size and social structure of the population
being dealt with.

Work has been done by Rushton and Mautner (1955) and

by Bailey (1957, pp. 32-35) to extend deterministic models to cases of
nonhomogeneous mixing.

Rushton and Mautner consider the case of a simple

epidemic in more than one community, where inhabitants can migrate
between the communities.

Bailey describes an infinite, uniformly dis

tributed, two dimensional population with a model that is similar to the
general model.

Both of these efforts are steps toward relaxing the

restrictive nature of the homogeneous mixing assumption.

It is evident

that more work in this area is needed, but it should be realized that as
the models come closer to reality, exact solutions become more difficult
if not impossible to find.

This raises the question of the value of the

results with respect to the effort expended to obtain them.
sion of this problem is beyond the scope of this paper.

The discus
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The third assumption is that the cure rate, contact rate, and
mortality rate are constant for a specified disease and environment.

The

fact that these are not allowed to be functions of the number of removals,
implies that the population is homogeneous with respect to physiological
characteristics.

Obviously, this is highly unlikely in any large group.

These parameters are assumed to be constant, not because the
assumption of a homogeneous population is desired, but due to the practi
cal problems that are created when they are dependent on the state of the
model.

These problems lie in two areas.

The first is that the solution

of the model becomes more complex and sometimes intractable when 3 and y
are functions of z.
discussed previously.

The second is the problem of estimation that was
If these difficulties can be overcome, the

precision of the models.can be increased without an associated loss in
usefulness.
The fourth assumption is that the number of susceptibles infected
per unit of time is proportional to the product of the number of sus
ceptibles and infect!ves.
intuitive arguments.

This assumption can be supported by two

The phase plane plot for the number of suscepti

bles in the population is what one might expect for the spread of a
contagious disease.
infection model.
listic.

This point was discussed i n .reference to the pure

The second argument that can be put forward is probabi

Under the homogeneous mixing assumption, the probability of a

susceptible having contact with an infective increases linearly with the
number of infectives in the population.

Then the expected number of new

infectives at any time is proportional to the number of susceptibles
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times the probability of contact, that is (x)(y/N)„
arguments are intuitively appealing.

Both of these

The problem is that little has been

done to validate this assumption through analysis of data in actual cases.
The fifth assumption is that the number of infectives cured per
unit of time is proportional to the number of infectives in the popu
lation.

This assumption is dependent on the disease, the methods of

detection employed, and the capabilities of the medical facilities.

The

assumption can only be validated in individual cases.
The models presented in this chapter are generally referred to
as continuous-infection models.

This name is derived from the assumption,

that from the time a susceptible becomes infected until he is removed or
cured, he can infect other susceptibles. This means that the latency
period, the time from infection to when he becomes infectious, has zero
length.

As an approximation to reality, these models would be well

suited to diseases with very short latency periods.

Bailey (1957, p.. 174)

sites as two examples the diseases diptheria and scarlet fever; there
have been no exact tests done to support this contention.

Conclusions
Deterministic models can provide meaningful and important infor
mation, but they must be used with caution and understanding.

Mathe

matical models can only approximate reality; they cannot reproduce it.
Hence, when these models are used, consideration must be given to the
quality of the approximation and its adequacy.

Deterministic models are

particularly suited to large populations with a high number of infectives.
In small groups, these models do not account for an important factor, the
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variability of disease spread from individual to individual.

However it

is in small groups that the assumption of homogeneous mixing is probably
true 9 but not in large populations.

These points must be evaluated with

respect to the actual environment in terms of their importance.

A second

important factor is the type of information that is desired from the
model.

In general, the more specific the information, the closer the

model must approximate reality.
This can mean the difference between using models that have
solutions available and having to derive and solve one independently.
Only when these two factors have been considered, the quality of the
models’ approximation to reality, and the type of information desired,
can these models be of value.

CHAPTER 3

STOCHASTIC MODELS OF EPIDEMICS

The principal deterministic models and their properties were
discussed in Chapter 2.

It was noted that deterministic models are best

suited for large populations with a high number of infectives.

They do

not take into account the variability in the cure and infection process
that exists from individual to individual.

This variability is not

particularly apparent in large populations, but is very noticeable in
small groups.

For this reason stochastic models are valuable to develop.

A time dependent probability is assigned to the infection of a susceptible
and to the cure of an infective.

Associated with the probability is a

variance that reflects the differences between individuals in the group.
Hence, stochastic processes provide better models of epidemic phenomena
in small groups.

Pure Infection Model
The stochastic pure infection model is of interest because it is
one of the few stochastic models that can be solved completely, and it
is the worst case with respect to the spread of any disease.
In the deterministic case, the differential equation describing
pure infection is

where x + y = N.

Derivation of stochastic differential equations,

requires that a discrete probability function be imbedded in continuous
time.

This can be done by taking the limit of the finite difference

equations as the increment of time approaches zero.

Inherent in the

limiting process is the assumption that during any increment of time,
not more than one susceptible can become an infective.
Let P^(t) be the probability that there are n infectives in the
population at time t.

Let A be a small increment of time such that no

more than one state transition can occur in time A when the process is
in any state n.

With these definitions, the probabilistic finite

difference equations can be stated,
P 1 (t) =

(1 - A0(N - 1)) P1(t + A)

P 2 (t) =

(1 - A 6 2(N - 2)) P2(t

P (t) =
n

(1 - A 6 n(N - n)) P (t +
n

x P .(t + A) ;
n-l

for

+

A) + A 8 (N - 1) P^(t

A) + A 8 (n - 1)(N - n + 1)

1 < n < N,
-

Note that all the coefficients are of the form
tive in the deterministic formulation.

+ A),

where

8

n = Y .

xy which is the deriva

This is to be expected since this

is nothing but the stochastic analogue of the deterministic model.
If in the previous system of equations, P^(t + A) is subtracted
from both sides of the equation and then the equations are divided by A,
the following is obtained:
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P (t) - P (t + A)
--------— ------- = -

6

n(N - n) P^(t + A) + B(n - 1)(N - n + 1)

x P .(t + A ) ;
n-±
The

for 1 < n < N .
-

termto the left of the equalsign is

derivative prior to

the definition of a

the taking of the limit, as A approaches zero.

taking this limit, the stochastic differential equations result.

Upon
These

are,
dP (t)
— — -= -

8 (N

dP-(t)
— ^ — = -

8

- 1) P1 (t) ,

2(N - 2) P 2 (t) + B(N - 1) P^(t) ,

dP (t)
— 2-— = - B n(M - n) P (t) +
at
n
for

8 (n

- 1)(N - n + 1) P ,(t) ;
n-l

1 < n < N .
It should be noted that state one is a transient state and that

state N is an absorbing state.

An absorbing state has the property that

once entered, it can never be exitted from.

Transient states always have

a probability greater than zero, that the process will go into another
state.
Let r = 0t ,• then dx = B dt.

Substituting into the system of

differential equations, the equations are simplified to the following
form,
dP (x)
dx

= - n(N - n) P (x) + (n - 1)(N - n + 1) P .(x) .
n
n-l
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If the Laplace transform is taken of both sides of the equation, the
differential equation in

t

will be transformed

into a polynomial in S.

The Laplace transform of P(x) is defined to be

P*(S) =

j” exp(- S t ) P(t ) dr .
0

Thus the system of equations is,
S P 1 *(S) - P1 (0) = - (N - 1)

,

S P 2 *(S) - P 2 (0) = - 2(N - 2) P 2 *(S) +

(N - 1) P^*(S) ,

S P *(S) - P (0) = - n(N - n) P *(S) +
n
n
n

(n - 1)(N - n + 1)

x P
*(S) ,
n-l

for

1

< n < N .
—
—

It will be assumed that the epidemic always starts with one infective.
Hence P^(0) = 1 and P 2 (0) = . . . = P^(0) = 0.
solved for as a function of S alone.

Now, P^*(S) can be

When put into closed form, Pn*(S)

equals,

Pn*(s) =

(S + K(N - K))"1 .

[r-ir!'iyr
K = 1

Note that the denominator has both single and multiple roots when n is
greater than ~ , for N even, or
the solution N will be assumed even.
different but simpler.

, for N odd.

During the remainder of

If N is odd, the solution is
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When n is greater than

, P *(S) can be written as.
N - n - 1

Pn*(S) = X

V

n }+

1

(S + K(N - K))

)!

-1

K = 1
N
2 - 1
(S + K(N - K ) ) ' 2 (S + |(N - |))

1

K = N- n
In order to find the probabilities P^Cr), the inverse Laplace transform
of P *(S) must be taken. Consider the case of n less than or equal to
n
N
— . If P *(S) is expanded in partial fractions of the form.

n
Pn*(S) = K Z

1

'nk
(S + K(N - K))

the inverse Laplace trcinsform is.

P„(x) =

n
N
I
Cnk exp(- k(N - K)t ), n 5 75K = 1

After a good deal of algebraic manipulation, C^k can be determined to
be.

"nk

_ (-l)K"1(n - 1)! N! (N - 2K)(N - K - n - 1)!
(K
1)1 (n - K)! (N - K - 1)1

For n greater than N/2, the form of the inverse Laplace transform
changes due to the multiplicity of roots,
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Pn <T ) =

N/2
I CriV exp(- K(N - K)
nK
K=1

t

)

N/2-1
+

. 1

K=N-n

^nk T

exp(- K(N - K)

t

) .

The coefficient C ^ is the same as previously for K less than N - n and
for K equal to N/2.

For all other values of K,

N !(n - 1)! (| - K)2(- l)N"n

1

V

"4

'1

^

1

(k - j)CN

- (K+j))

'nK

l-i
2

and

j-H-n. j #

(K * j X N 1- (K + j) +

_______ (- l ) ^ 11" 1 N 1 (n - 1 )1 ________________
„
D
nK " (K - 1)1 (N - K - l) ! (K - N + n) ! (n - K)! (N - n V i) f

Bailey (1957, pp. 39-41) gives the solution to a similar case of the pure
infection process.

The primary difference between the models is that he

allows zero infectives and this model does not.
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General Stochastic Epidemic Model
The general stochastic epidemic model is the probabilistic
analogue of the general deterministic model.

The general stochastic

model will not be derived here, but the interested reader is referred to
Bailey (1957, pp. 50-61) for discussion, and to Siskind (1965), Gani
(1965 and 1967), and Severe (1967) for its solution.

Stochastic Threshold Phenomenon
For the general deterministic model, Kermack and McKendrick
derived a threshold theorem which was summarized in Chapter 2. The
stochastic analogue
Whittle (1955).

of the threshold phenomenon was demonstrated by

A summary of his results is presented, but the

interested reader should consult his paper for the derivation.
Let

be the probability that not more than a proportion i of

the population will be attacked by the disease.
number of infectives.

Let A be the initial

Assume the population size N, is sufficiently

large that the approximations hold (Whittle, 1955).
Whittle shows the following three cases form the stochastic
analogue of the deterministic threshold theorem.

1.

p = X < Nd

- i) ,

2.

N(1 - i) < p < N, (£.)A < Q1 < 1 ;

3.

N < p ,

Qi = 1 .

(£)A < Qi <

These are,

ry)A ;
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This result is a more general statement of Kermack and McKendrick’s
theorem.

If p > N, then with a probability of one, the number of

infectives will decrease to zero.

Only if p < N, will there exist a non

zero probability of an epidemic spreading through the population.
Bailey (1957, pp. 58-60) makes an observation which is credited
to D. G. Kendall, that further demonstrates the stochastic threshold
effect.

In reference to Figure 3, Kendall observed that as p becomes

less than N, there is a gradual increase in the probability of a high
percentage of the population becoming infected.

A jump in the proba

bility does not occur as one might expect from the previous discussion.
N
It is interesting to note that not until p < y , can it be expected that
a large proportion of the population will be infected.
is the form of the probability curves in Figure 3.

Also noteworthy

All of these curves

are J-shaped or U-shaped, which implies that either a small or large
proportion of the population will become infected, but not some inter
mediate proportion.
All these observations are based on constant contact and
infection rates.

If instead,

8

and y were functions of the total number

of removals, one would expect the J-shaped curves to be smoothed out.
This would mean that the occurrence of medium sized epidemics would be
higher.

Stochastic Model for No Removals
The general deterministic epidemic model with no removals was
derived in Chapter 2.

The stochastic version of this is a special case

of the general stochastic epidemic model.

This special case has proven
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to be insolvable to date, but the model will be derived as completely as
is possible.
The deterministic model for no removals is described by the
following equations:
dx
.
^ = B xy + yy ,

^

where

= 6 xy - yy ,

x + y = N .

The steps in the solution of the stochastic analogue parallel the
solution of the stochastic pure infection model.

The probabilistic

finite difference equations are first written, and then the limit is
taken as the increment of timeapproaches zero. From
differential equations describing

this, the

theprocess areobtained,

which are,

dP (t)
= - B(N - 1) P ^ t ) + 2yP2 (t)

dP_(t )
dt

= [- Bn(N - n) - yn] P (t) +
L
+ y(n + 1) Pn+1(t) ;for

6 (n

1 < n <

- 1)(N - n + 1) P .(t)
/x
7 n-1
N ,

dPN (t)
- 3 t — = - YN PN (t) + B(N - 1) Pw_i(t)

Itshould

benoted that

n = N.In other

this model

words, all states

has reflecting barriers at n

= 1 and

are transient and there is never less

than one infective in the population.
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Let P(z,t) be defined to be the probability generating function
of P^(t), where P(z,t) =
P(z,t)

P^(t) zn .

If the partial derivation of

is taken with respect to t, then
3P(z,t)
9t

:
'Jo

dPn (t) n
dt

There are two other relationships that should be recognized; these are,

=

2£

l » Pn (t) z" ' 1
n=0

=
9z^

,

l n(n - 1) Pn (t) zn " 2 .
n= 0

These two relationships can be used to simplify the equation of the
partial derivative of P(z,t) with respect to time.

After terms are

collected, the following second order partial differential equation
results,

= Bz2(1 - z)
3t

—

+ [(BN - B)z2 - (BN + y - B)z + y3
9z

The explicit solution to this equation has so far been intractable.

It

may be possible that a solution can be found if the two theorems of
Severe (1967) are applied to this model.

The results of Severe allow one

to solve the stochastic pure infection and general models directly from
the finite difference equations, by employing interative techniques.
appears to the author that this would be a good approach to use on the
stochastic model for no removals.

It
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Assumptions
The assumptions behind the deterministic epidemic models were
dealt with extensively in Chapter 2.

Since the stochastic models are

only extensions of the deterministic ones, these same assumptions apply
to the models that have so far been developed in this chapter.

For the

sake of clarity, the following points should be noted with regard to
these assumptions:
1.

The contact and cure rates are constant, but the infection or
cure of an individual is now dependent on random variables whose
means are the respective rates.

2.

The expected

value of the random variable associated with

infection is

proportional to the product of the number os

susceptibles and infectives.
3. The expected

value of the random variable associated with cure

is proportional to the number of infectives.

Chain Binomial Models
The stochastic models that have been considered all assume that
the infective never passes through a latent period.

As was noted, there

are diseases for which this may be a realistic assumption.

However,

there are diseases that have long latent periods in comparison to the
time of infectiousness,
applicable.
developed.

For these diseases the previous models are not

In view of this limitation, the chain binomial models were
This class of models allows for a latent period and assumes

that the time of actual infectiousndss is short.

Only two types of
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Chain binomial models will be considered.

Both of these assume that the

length of the latent period is constant.
The first work that was done in this area appears to be from
I
L. J. Reed and W. H. Frost (Bailey, 1957, p. 75) around 1928.

They

principally worked with deterministic models that described this class of
diseases.

The deterministic model, will not be dealt with here, only the

stochastic model which bears their names.

Subsequent to the work of

Reed and Frost, M. Greenwood developed a similar model from a slightly
different motivation which resulted in a mathematically simpler formu
lation.
The chain binomial class of models is exactly what the name
implies.

It assumes that a chain of infections will occur where each

generation of infectives is separated from the previous one by a length
of time, approximately equal to a latent period.

At the end of this

time, a new group of infectives will be generated by the prior generation
of infectives who have just become infectious.

This process will

continue until at some generation there are no new infectives.

It also

assumed that the number of new infectives at any generation is binomially
distributed.
Both of the models to be discussed assume.that the initial
infectives in the population are infected simultaneously.

This as

sumption along with the assumption of a short infectious period, allow
these models to maintain distinct and separate generations of new
infectives.
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Reed-Frost Model
Let p = 1 - q be the probability of effective contact between an
infective and susceptible at any time t .

Let X(t) be the number of

susceptibles just prior to time t, and Y(t) be the number of infected
individuals before time t who will become infectious at time t .
signify the probability of an event occurring.

Let pr

The the conditional

probability of Y(t + 1), the number of infectives just prior to t + 1, is
pr(Y(t + 1)/X(t), Y(t))
X(t)!
X(t V 1)1 Y(t + l)!

Y(t)X(t + 1)

q

If the latent period is assumed to be one unit of time, and X(0), Y(0),
and p are given, then this equation completely describes a stochastic
process.

Greenwood Model
Greenwood assumes that the probability of infection is independent
of the number of infectious individuals that are in the population; he
lets p equal this probability.
bility of contact while

1

In the Reed-Frost model, p was the proba-

Y( t )
- q
was the probability of actual infection.

Making p the probability of infection and substituting into the ReedFrost model, results in the Greenwood model.

Hence, the probability of

Y(t + 1) is.
pY(t + l)qX(t + 1)
pr(Y(t + 1 )/Y(t), X(t)) = x(t + 1)! Y(t + 1)!
For a complete description of the process, the initial values of X, Y,
and the value of the parameter p must be specified.
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Bailey (1957, pp. 77-78) makes the observation that the Greenwood
model can be employed in two different ways.

Since this model is

computationally simpler than the Reed-Frost model, it can be used to
approximate the other model.

Bailey notes that for groups of two or

three individuals with a single initial infective, these two models are
indistinguishable.

For larger groups this is not true.

The second way

in which the Greenwood model may be used, is if the transmission of a
disease is dependent on physiological susceptibility and not on the
probability of contact.

In this case it would be inappropriate to use

the Reed-Frost model.

Assumptions
The general assumptions were discussed in the first part of
this section, but for clarity are stated together as follows:
1.

The latent period of the disease is long in comparison to the
time of infectiousness.

2.

The length of the latent and infectious periods is constant.

3.

One unit of time for the model is equal to the time of latency
for the disease.

4.

The parameter p is a constant for a given disease and environ
ment.

5.

The number of new infectives at each generation is assumed to
be binomially distributed.
The interested reader is referred to Bailey (1957, pp. 75-108)

for an extensive discussion of the chain binomial class of models.
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Branching Processes
The chain binomial model associates probabilities at each genera
tion of the disease with a gain of Y new infectives, Y = 0, 1, 2, ..., XThis is very similar-to a one type Galton-Watson branching process» if it
is assumed that the population of susceptibles is very large or infinite.
Thus 9 a branching model might be a good approximation to the chain
binomial model for large populations.
The motivation for considering this approach is two-fold.

The

mathematical theory that has been developed for branching processes is
considerably more sophisticated than that which exists for the chain
binomial.

Secondly, by using a multi-type Galton-Watson branching

process, nonhomogeneous mixing and nonhomogeneous populations can be
modeled.

Bartoszynski (1967) develops branching models for homo

geneously mixed and specially distributed populations.

He does not

consider the case of nonhomogeneous populations.
Validation of the branching models as approximations to the
chain binomial models or with respect to actual data, has not been done.
This is a necessary and potentially rewarding area for further research.

Queueing Processes
Another perspective that can be taken on epidemic phenomena is
the formulation of the spread and cure of a disease, as a queueing process.
This can be applied to both the general model and the special case of no
removals.

If it is assumed that an arrival constitutes a susceptible

becoming infected, then service is equivalent to the cure or removal of
an infective.

Since the population is finite, the queue can never exceed
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some fixed length.

On the basis of these assumptions, a queueing process

can be formulated with arrival rate Xn and service rate

where n is

the number in the system, i.e., the number of infectives.
Consider first the general epidemic model.
hence
6y(N

= yn.
- y - z).

The cure rate is yy,

The infection rate in the general model is gxy or
If the population is assumed to be large with respect to

the number of infectives and removals, then the infection rate is approxi
mately 0Ny.
An = BNn.

Using this assumption, the arrival rate for the queue is,
Note that both the arrival and service rates are proportional

to the number in the queue and service.

Hence, the general epidemic is

approximately a birth and death process with birth rate BN and death rate
y.

It should be noted that a high number of infectives or removals will

make this approximation invalid.
In the special case of no removals, this approximation is consis
tently better than it is for the general model.

The population of sus-

ceptibles in the special case is always close to N as long as the number
of infectives is not too large.

In the general model, the population of

susceptibles is always decreasing since after a person is cured, he is
removed.

xn
Let pn = ~

, then pn is the steady state proportion of time that

the server will be occupied (Saaty, 1961).

If pn is less than one, the

queue will have a finite expected length, but if p is greater than one,
the queue will grow without bound.

Using this knowledge from queueing

theory and substituting the approximation into the formula for p^, one
finds that the threshold phenomenon has been derived again.

This result is comparable to that of Kermack and McKendrick and parallels
the stochastic threshold effect.
epidemic will ensue.

If

In general, when

is less than one no

is greater than one, then the disease will

probably spread to epidemic proportions.
Queueing models will be discussed in no greater depth than has
already been done.

It is suggested that with particular reference to

the model for no removals, queueing theory can be used to approximate
solutions that are not presently available.

Carriers and Vectors
An important branch of epidemiology that has so far not been
mentioned, is the transmission of disease by carriers and vectors.
Carriers are humans who can infect others, but who do not have any of
the symptoms of the disease.

Vectors are animals or insects that can

transmit disease to humans, such as mosquitos that can carry and trans
mit malaria.
This branch of mathematical epidemiology will not be dealt with
here.

The interested reader should refer to the work of Bailey (1957),

Weiss (1965), and Downton (1968).

Simulation of Epidemics
The solutions to most of the stochastic models in this chapter
are tedious and some are unobtainable.

Besides the difficulties that are

encountered in finding a solution, there are rather restrictive

assumptions that must be made if the models are to be applied.

If one

desires to employ a more elegant model the difficulties multiply.

This

is when it is suggested that simulation may be used as a complement to
the analytical results.
Bailey (1967) and Bartlett (1961) have investigated some of the
results of simulation.

Bailey considered the spread of contagious

disease in spatially distributed populations, while Bartlett has applied
Monte Carlo methods to recurrent epidemics.

Their results support the

contention that significant results can be obtained from simulation of
epidemics that our analytical tools are not powerful enough to handle.
In particular, nonhomogeneous and spatially distributed populations need
to be investigated further, and simulation is one of the few methods by
which this can presently be done.

Conclusions
Stochastic models are more precise in their representation of
reality than the analogous deterministic models.

This can be surmised

from a consideration of the physical phenomena and the properties of
these two types of models.

Besides precision, stochastic models are

generally more tedious and difficult to solve.

The choice of one type

of model over the other depends on the value of accuracy and the time
available to obtain answers.

It also depends on the properties of the

population that is being modeled.

If the population is large and the

number of infectives is high, both types of models closely agree.

In

this case the preference would obviously be for the deterministic model
which is easier to solve.

For populations that are the size of a family.
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deterministic models give very misleading answers -

In this case the

stochastic model is a necessity.
The further investigation and solution of stochastic models is
needed.

Many possibilities have not been fully considered that deserve

attention.

The present level of modeling sophistication needs to be

significantly raised so that the rather restrictive assumptions can be
broadened.

These points have become apparent through the development

and discussion of stochastic epidemic models.

CHAPTER 4

EPIDEMIC CONTROL

In the past two chapters selected models of epidemics were pre
sented and solved.

All of these may have been very interesting, but the

development and solution of mathematical models in themselves is not the
purpose of this paper.

All of this work is not justified unless new

light is shed on the behavior epidemics, and this knowledge can aid man
in the detection, prediction, and control of contagious disease.
The mathematical models and the threshold theorems that have
been presented form a basis for prediction.

When the models are appropri

ately applied, the result of introducing infectives into a population can
be anticipated.

The principal concern shown in the discussion of these

models has been with regard to the model’s prediction.

From this point

onward it will be assumed that the models employed are reasonable approxi
mations to reality.
The topic of contagious disease control is the concern of this
chapter.

The basic problem is if given the responsibility for the health ,

of a population, how should the limited resources available be allocated
in order to achieve the bast results.

Due to the magnitude and complexjity

ofthis problem, only the. general form of the problem can be discussed. ;
The question of optimal control will be considered in depth with regard
to a single disease and. various objective functions, i.e., cost functions.
From the single disease situation, it may be possible to infer the form of
a more general optimal control policy.
44
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General Decision Process
The usual objective of a health control policy is to maintain
the highest level of health possible within the limitations of available
resources.

The first step in the decision process is the identification

of the variables that constitute the objective function.

For the purposes

of discussion, these variables will be grouped and each group will be
considered individually.

Variables: Group I
Group 1 variables describe the health of every individual in the
population.

This is a very complex and difficult quantity to measure.

It is proposed that health might be described by threee subgroups.
Subgroup I is the susceptibility of the individual to a disease.
Subgroup II is the types of diseases that are active within the
individual.
Subgroup III is the degree to which the diseases in Subgroup II
have afflicted the individual.
It should be noted that the description of health proposed is
with respect to diseases and in particular, contagious diseases.

There

may exist physiological problems that do not affect susceptibility of
disease, but do alter the general health of the individual.
be due to birth defect or the effects of age.

These could

If these do exist, they

are not described by Group I variables.
A basis of measurement must be specified if these variables are
to be compared.

It is proposed that this can be accomplished through

parametric representation of the subgroups.

Consider Subgroup I with
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respect to a single disease.

The individuals in the population may vary

from total immunity to the highest level of susceptibility.

If a proba

bility scale is used, all individuals in the population can be rated as
to the probability of a single contact resulting in infection.
individual is immune then he would have a rating of zero.

If an

If he is sus

ceptible, then his rating would be greater than zero but less than one.
This procedure can be applied to all contagious diseases as part of the
individual's total health level.
For Subgroup II variables, a value of one or zero can be assigned
depending on if a disease is active or not, respectively.
necessary to consider the degree of activity.

It is not

Subgroup III meas.ures the

degree of disability which is dependent on past and present disease ac
tivity.

The two subgroups together are an adequate description of activi

ty for this development.
Subgroup III variables measure the level of disability that an
active, or formerly active, disease causes.

There are two cases that

need to be considered; the disease may cause temporary disability or it
may lead to permanent physical damage.

This means that there must be two

variables for each disease per individual.

Let Subgroup III(i) be tempo

rary disability and Subgroup Ill(ii) be permanent disability.
scale on which to relate disabilities must be defined.

Now a

It is suggested

that a percent disability scale comparable to that used by the Veterans'
Administration would be applicable.

This scale delineates all disa

bilities and assigns.a.percentage to each one.

On this basis the

Veterans' Administration pays all disabled servicemen.

The same scale or
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type of scale is required here in order to assign parametric costs to the
infection, temporary disability, and permanent disability caused con
tagious diseases.
Group I variables measure the health of every individual in the
population with respect to contagious diseases.
this is a parametric representation.

As previously noted,

The variables defined have no units

and are actually coefficients for a set of parametric variables which
have monetary unitsi

The reason for parametric representation is that it

is difficult to place a value on human life and productivity.

This can

be avaoided if the health service policy is found to be independent of
the value of the parametric variable.

If it is not independent, then one

must consider what constitutes a realistic value or set of values for
this variable,.

Variables: Group II
Group II variables measure the amount of resources allocated to
the detection and cure of a disease.
ables is a cost coefficient.

Associated with each of the vari

This coefficient equals the cost of allo

cating one unit of the resource represented.by the variable.
Determination of the cost coefficients is simple if the retail
or whole prices are used.

Problems can arise when it is necessary to

determine exactly what resources were allocated for a specific detection
or cure.

The purpose of cost accounting is to determine this allocation.

In general, the identification and assignment of costs for a complete
health service system is difficult and complex.
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Variables: Group III
Group III variables measure the resources that are put into
research.

The variables have the same type of coefficients as those in

Group II.

The cost assignment problem for research is in general, more

complex than it is for detection and cure. The product of research is
f
:
knowledge which is exceedingly hard to quantify. If quantified, then
the assignment of costs to one unit of knowledge are probably as diffi
cult to determine as what one unit of knowledge is worth.

All of this

must be done if research is to be modeled as part of the general health
service system.

Variables: Group IV
Group IV variables measure the resources allocated to the pre
vention of contagious disease inception and spread.

For convenience, it ;

is assumed that the health prevention effort can be broken down into two
areas, active and passive prevention.

Active prevention includes pro

grams of vector irradication, immunization, and quarantine.

It is all

programs that directly guard against the spread of contagious disease.
Passive prevention is defined to be all nonactive preventive e f f o r t s . A n
example is the education of the public with regard to hygiene and the
symptoms of contagious diseases.
If a unit of prevention can be defined and the benefits derived
from a unit of prevention be evaluated, then it is possible to model
different prevention programs.

It should be clear that if only active

prevention is considered, then the difficulties of modeling are consider
ably less than if passive prevention is also included. ..It is suggested
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that if prevention is a part of a health program, only active prevention
be modeled.

This may be justified from the point of view that passive

prevention tends to be unreliable, and usually requires a long period of
_time before it shows results.

Optimization Problem
The definition of variables is just the first step in the
formulation of the optimization problem.

Next, the functional relation

ships within and between Groups I, II, III, and IV has to be derived.
This is not an easy problem.
are not independent.
health service policy.
health policy.

Consider two levels of optimization that

Level one is the large problem of finding the best
Level two is the problem of a single disease

In order to solve the level two problem, a model that

describes the infection, detection, cure, research, and prevention
processes, for a single disease must be defined.

In combination with the

model, a cost function has to be formulated that expresses the total
cost of the decision variables and the parametric cost of having infectives in the population.
The decision variables are exactly what the name implies.

The

assignment of a value to a decision variable.is identical to an allocation
of resources.

For the present purposes, an allocation of resources will

be considered comensurate with a payment of money. .This is not generally
true because the limitations on .available resources and money are usually
different.
Once the cost function and models are determined, then the single
disease solution is the set of decision values that minimizes total cost.
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For the level one problem, the total cost is also minimized but with
respect to a combined cost function and multiple disease model.
Consider for a moment what minimization of total cost implies.
If one assumes an economic interpretation, then the marginal return is
zero at the point of minimum total cost.

If any more is allocated beyond

this value, the marginal return on money invested becomes negative.

This

is an example of the law of diminishing returns and always holds if there
exists a unique global minimum for the cost function.

Constraints
Previous reference has been made to constraints on resources and
money.

In general, every resource will be available in a limited quanti

ty no matter how much money is offered for it.
be in limited supply.

Also, money will always

It is quite possible that the unconstrained

solution will not agree with the.constrained solution as to optimal
health service policy.

In this case, the constrained solution will not

be the global optimum but a local optimum or boundary value.

Cost Function
The cost function is the sum of the costs associated with the
decision variables and the parametric cost of individuals who are sick
or disabled.

The value of the decision variables are multiplied times

the cost per unit of time per unit of that variable and summed together.
The parametric costs are additive within Subgroup II, Subgroup III(i),
and Subgroup Ill(ii) of Group I.
the total cost results.

When these costs are summed over time
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Models
Models for the spread of contagious disease have been discussed
in previous chapters.

In the general epidemic models, detection and cure

are incorporated in two forms.

They are either a percentage of the

number of infectives or they are constant.

It would be valuable to in

vestigate models of detection and cure further, and find out for what
diseases these two simple models are valid approximations.

The problem

of modeling research and prevention have already been discussed.

For a

complete description of the health service for a single contagious
disease, all four areas have to be included in the contagious disease
model.
When the general picture of the total, health service for all
contagious disease is modeled, the interrelationships between diseases
may play an important role.

One would expect that when the four areas

of health service are applied to the removal of one disease, it will af
fect the state of other diseases in the population.

The interdependence

of diseases and the effect of health services on diseases is what makes
the general model very complex.

Formulation of the Optimization Problem
The general health service decision problem confronts every state
and nation and. is becoming more critical as time passes and populations
grow.

The solution is not possible without making a considerable number

of simplifying assumptions.

The difficulties entailed will become ap

parent as the solution to the single disease model is derived.
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The preliminary analysis to be presented is concerned with what
constitutes the optimal control of a single contagious disease.

The

contagious disease model that will be used is the deterministic model for
no removals.

Instead of the differential equation form of the model, the

analogous finite difference equations are employed.

In conjunction with

this model, two types of cost functions are investigated.
linear in Group I and Group II variables.

The first is

The second is linear in Group

I variables but nonlinear in Group II variables.

The purpose behind the

investigation is to see if any generalizations can be made about the
optimal control policy.
The optimization technique to be employed is dynamic programming
which was developed by Richard Bellman (1957).

The interested reader

should refer to Bellman (1957) for the theory behind this multistage
optimization technique.

Definition of Variables
The following variables and constants are defined to

be:

= The cost of having one person infected for oneunit of
time.
Cg = The cost of detection per unit of time.
Cg = The cost of curing one detected infective.
= The fixed costs of the health service instalation.
Y

= The number of infectives in the population.

0

= The contact rate of susceptibles with infectives.

Y

= The cure rate, which is the decision variable.
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bl = The smallest possible value that the decision variable
can take on.
bu = The largest possible value that the decision variable can
take on.
a

= The discount factor as used in economics, i.e.,
= Y ^ Y * where i is the discount rate.

t

= The

time in discrete units, t = 0,1,2,3,...,T.

T is the

number of time units that are being considered.
j

= T - t + 1 .

Fj(Y, y) = The Cost incurred for j time units, given Y is the
current state and y the current decision.
Fj(Y) = Minimum of F\(Y, y) with respect to y.
s

= The

probability all infectives will be detected and cured

in one unit of time.

Formulation
The purpose of the optimization is to minimize the value of
Fj(Y, y) with respect to y*

The mathematical formulation of the problem

is,

F (Y,

y)

G(C^,C2 , C g , Y ,

y

=

min {G(C ,C ,C ,Y, Y )+aF
bl^Y^bu
]

(Y+AY)} =

min
F (Y)
bl<Y<bu

) is the cost function and AY is the change in the

number of infectives in one unit of time.

It should be noted that the

function G is not a function of the fixed cost C^.

G is a function of

variable cost alone since this is all that can be affected by the opti
mization.

The only decision that can be made by the inclusion of

that
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differs from the present formulation, is whether or not it is profitable
to keep the health service in existence.

It is assumed that one does not

have the option to close down the health service facility,
AY is a function of the cure rate, the present number of
infectives, and the contact rate.

The finite difference formula for AY

is taken directly from the epidemic model that is being employed.
The initial condition on the optimization is that Fq (Y) = 0.

Limitations
Due to the method of computation employed, the following points
should be noted.
The state variable Y can assume only interger values between one
and one-hundred; it can never reach a state of zero infectives.

The

upper limit of Y is the population size N.
The calculation of AY yields noninterger values which are sub
sequently rounded down to the nearest interger.
two types of errors occur.

Due to the round-off,

The decision variable is always chosen such

that AY is greater than but close to an interger value.

This leads to

some small variations in the results that can be misleading.

The second

type of error that occurs is that some states are not reachable.

If the

contact rate is small, then it will be impossible to reach very small and
very large state values of Y.

This is because.the number of new in

fectives or number cured per unit of time is less than one.

Once some

states are reached, they cannot- be exitted from for the same reason.
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The decision variable y, assumes only discrete values between its
two limits.

This leads to small variations in results that would normally

not be present.
All of these limitations are part of the computational method
employed; they are not part of the model.

When the optimal solutions for

different models are presented, the difference between the results of
computation and the actual model's results must be kept in mind.

Linear Cost Model I
Let G(C , C2 , C3 , Y, y) = C Y + (C2 + Cg)yY and AY = 3Y(N - Y)
- yY.

Note that N is the population size and equals one-hundred.
This model is for the spread of contagious disease with no

removals.

It assigns linear costs to cure and detection, and to the

losses incurred by having infectives in the population.

If it can be

assumed that the cost of cure is relatively constant for all detected
infectives, then the cost function is applicable for the case of very
small detection costs.

It is also applicable if the cost of detecting

infectives is independent of the number of infectives in the population.

Assumptions
The assumptions that this control model are based on include the
following:
1.

and Cg are constant and independent of the number of
infectives in the population.

2.

A unit of time for the model is at least long enough that an
infective can be cured in one unit of time.
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3.

The assumptions stated for the deterministic model for no

*

removals hold, except that y is constant only over one unit
of time.

4.

It is assumed that AY is a good approximation to the value of
the integral of ~ ~ over one unit of time.

This implies that a

unit of time cannot be so long as to invalidate the approxi
mation.

Optimal Solution
Tables 1 and 2 list the optimal decision values for two cases of
the model.

These cases are identical except that the range of possible

decision values is greater in Case 2 than in Case 1.

Both cases employ

the same optimal policy of curing the infectives as fast as is possible.
The marked difference in total cost comes from the difference in upper
limits on the decision variable.
Consider Table 1.

In the left-hand column is the time scale.

This lists the number of units of units of time that have elapsed with
respect to the model.

In the center column is the number of infectives

in the population at the beginning of each unit of time.

In the right-

hand column is the cure rate that should be employed during that unit of
time in order to minimize the total cost.

Below the table is a list of

the parameter values, the possible decision values, and the total cost
incurred during twenty-five units of time.
There are several inconsistencies between the table and what has
previously been stated.

The first is that the cost of an infective in

the population is not parametric; it is fifty dollars per infective per

57

TABLE 1.

TIME
(t)

0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

Linear Cost Model I , Case 1

CURRENT STATE
(Y)

.

30
28
26
24
22
21
20
19
18
17
15
15
14
13
12
11
10
9
8
7
6
5 .
4
3
3

DECISION VALUE
<Y)

.18
.18
.19
.20
.16
.16
.16
.17
.17
.17
.17
.17
.18
.18
.18
.18
.18
.19
.19
.19
.19
.19
.20
.00
.00

Total cost s $249346.
C-l — $50.
C2 t C3 * $100.
Possible decision values9 (.00, .01, .02, . . . ,1119, .20).
Contact rate = $ = ,002.
Population size = N = 100.
Discount factor = o = 1.0.
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TABLE 2.

Linear Cost Model I , Case 2

TIME
(t)

CURRENT STATE
(Y)

DECISION VALUE
(y )

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

30
22
16
12
9
7
5
3
2

.38
.40
.36 .
.36
.30
.34
• .40
.20
.20
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00 .

z

Total cost = $9,986.
,
C"^.s.$50«
Cg t Cg — $100.
Possible decision values, (.00, .02, .04, . .
Contact rate = 6 = .002.
Population size = N = 100.
Discount factor = o = 1.0.

.38, .40).

59
unit of time.

A fixed value instead of a parametric value is used, other

wise the computational magnitude of the problem becomes too great.
was stated that the infectives are cured as fast as is possible.
not apparent from the decision values in the table.

It
This is

It will be remembered

that the formulation that is used allows only .interger state values and
truncates al l .fractions.

This causes a maximum integer number of in-

fectives to be cured which does not necessarily require maximum cure rate.
It will later be proved that if all rational state values between zero
and N are allowed, either the maximum cure rate or the minimum will be
employed at all times.

These two differences between the optimization

problem that was stated and the one programmed for computer solution
should be kept in mind with regard to all the solutions in this chapter.
In Table 2 the same model is optimized but the maximum possible
cure rate is greater.

In this case the infectives are cured as fast as

is possible down to one infective.

The last infective in the population

is not cured because the computer program only allows interger states
between one and one-hundred.

Even though there is one infective in the

population and the cure rate is zero, the number of infectives does hot
increase for t greater than ten.

This discrepancy is caused by trun

cation of state values and a low contact rate.
Comparing the solutions of Tables 1 and 2, the difference in
total cost is striking.

This can only be due to. the difference in maxi

mum cure rate between the cases.

It is worth while to note that doubling

the maximum cure level has more than halved the total cost.

This
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relationship between maximum cure rate and total cost is valuable know
ledge when expansion of health service facilities is being considered.

Linear Cost Model II
Let G(C^, C2 , Cg, Y, y) = C^Y t NCgY and AY = (1 - y) BY(N - Y)
- syY. Note that y equals either zero or one.
The model described by AY applies to a population that is either
totally screened for infectives or receives no health service whatsoever.
This model has application for isolated populations that have no perma
nent health service.

It can also be used to compare total screening to

limited detection efforts as described by the previous model.

Assumptions
The assumptions that this model are based on include the
following:
1.

and Cg are constant and independent of the number of
infectives in the population.

2. The cost of cure is assumed to be small enough with respect to
the cost of detection that it can be neglected.
3. A unit of time for the model is at least long enough that the
total population can be screened within one unit'of time.
4.

It is assumed that AY is an adequate approximation over one
unit of time.

5.

There exists a fixed probability s of detecting and curing all .
infectives in one screening of the population.
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So

Either the population is totally screened or the disease spreads
without controlo

No intermediate cure policy is available»

Optimal Solution
Tables 3, 4 9 59 and 6 list the optimal solutions for four cases
of the modelo

Cases 1 9 2 9 and 3 are identical except that each uses a

different value for the contact rate.

All three cases screen the popu

lation successively and then do no more«

Cases 2 and 4 are identical

except the cost of screening is ten times greater in Case 4 than in Case
2o

Due to the increased cost9 the population is never screened in Case

4 and the number of infectives increases,
Consider Table 3.
same as in Table 1*

The first three columns on the left are the

The fourth column is labeled Zero Decision Value„

This column lists the states for which a decision value of. zero is
optimal at the specified time t .
optimal decision value of one.

All other states at that time have an

This table can be used to decide the

appropriate decision for any initial number of infectives by hand calcu
lations o
Comparison of Cases 1 9 2 9 and 3 show them to be quite similar.
The total cost incurred over twenty-five time units is very nearly
equal in all cases.

The distinct difference is apparent when the zero

decision columns are compared.

As the contact rate becomes less* the

number of states with a zero decision value increases.

In order to

make the policy identical in all three cases 9 it would be necessary to
increase the total number of time units being optimized over as g
decreases.

This would not necessarily be possible if the discount factor

were less than one.
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TABLE 3.

TIME

Linear Cost Model II, Case 1

CURRENT STATE

DECISION VALUE

(t)

(Y)

<Y)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

30
15
7
3

1
1
1
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

1

1

1

1
1
1
1

Total Cost - $37,600.
C jl = $100,

C2N = $7,500.
Possible decision values, (0,1).
Contact rate - 6 - .01.
Population size = N = 100.
Discount factor ~ e = 1.0,
Cure and detection effectiveness - s = .50.

ZERO DECISION
RANGE
(Y)

1
1
1
1
1
1

1
1
1

1
1-2
1-4
1-8
1-24
1-100
1-100
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TABLE 4.

Linear Cost Model II, Case 2

TIME

DECISION

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

1
1
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0-RANGE (Y)

. 1-3
1-3
1— 3
1-3
1-3
1-3
1-3
1-3
1-3
1-3
1-3 .
1-3
. 1-3
1-3
: 1-3
1-4
1-6
■ 1-9
1-12
1-18
., 1-32
1-60 .
1-100
■1-100

Total qost = $34,300.

Ci — $100.
C2N = $7,500.
Y = possible decision'values = (0, 1) .
0 = .003.

H f 100.
p = (0, 167).

@ — 1 .0 .
s = .50.

STATE (Y)

30
15
7
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3

64

TABLE 5.

TIME

Linear Cost Model II, Case 3

DECISION

.1.
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

1
1
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

Total cost - $34,300.

cx = $100.
C2N = $7,500.
Y = (0,1).

3 = .001.
N = 100.
p " (0, 500).

a = 1.0.
s = *50.

0-RANGE (Y)

1-6
1-6 .
1-6
1-6
1-6
1—8
1-8
1-8
1-10
1-10
1-10
1-11
1-11
1-11
1-11
1-11
1-12
1-18
1-25
1-30
1-44
1-74
1-100
1-100

STATE (Y)

30
15
7
3
3
3
3.
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
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TABLE 6.

Linear Cost Model II, Case 4

TIME

DECISION

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

-

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

Total Cost s $201,400.
C^ = $100.
C2N = $75,000.

Y - (0,1).
g
N
p
a
s

=
=
=
”
-

.003.
100.
(0, 16).
1.0.
.50.

0-RANGE (Y)

1-3; 8-12; 16-100
1-3; 8-100
1-3; 8-100
1-4; 8-100
1-5; 8-100
1-6; 8-100

i-ido
1-100
1-100
1-100
1-100
1-100
1-100
1-100
1-100
1-100
1-100 .
i-ioo
:
1-100
1-100
1-100
1-100
1-100
1-100 .

STATE (Y)

30
36
42
. 49
56
63
69
75
80
84
88
91
93
94
95
96
97
97
97
97
97
97
97
97
97
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Comparison of Cases 2 and 4 show a similar result.
decision range increases as the cost of screening increases.

The zero
Here again,

if identical optimal policies are desired, the model in Case 4 must

■

optimize over a much longer period of time than the model in Case 2.
This generalization does not hold if the discount factor is not unitary.
If ct is less than one, then it is possible that no matter how many time
units are modeled, the policies will never be the same.

The number of

time units incorporated in the model is termed as the model's horizon.
Either the horizon is fixed as in the cases presented or it is infinite.
The length of the model's horizon has a definite effect on policy.

In

all four cases the policy is to do nothing no matter how many infectives
there are if the horizon is two time units long.

As the horizon is

extended, the number of infectives allowed to remain uncured becomes
smaller.
An optimal policy can be inferred from these four cases.

For an

infinite horizon with discount factor equal to one, all infectives should
be cured as fast as possible.

If the discount factor is less than one,

the policy will not always be "cure at maximum rate."

It may be "do

nothing" and let the disease spread.

Nonlinear Cost Model
Let G(C1 , C2 , C3 , Y, y) = C Y + C^/Y and AY = 6Y(N - Y) - yY.
This model;for no removals applies to cases in which detection
costs are inversely proportional to the number of infectives in the popu
lation.

The coefficient C^ is not the detection cost per infective

detected as used before.

It is a proportionality constant of the total
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detection cost with respect to the number of infectives.

The cure cost

is neglected by assuming it is small in comparison to detection costs.
This model has application to diseases and populations where infectives
are not treated unless someone goes out and finds them.

The nonlinear

detection cost implies that the more infectives there are, the easier
they are to find.
The assumptions that this model is based on include the following
1.

and Cg are constants.

2. Cg

is assumed to be small enough with respect to the cost of

detection that it can be neglected.
3.

A unit of time is at least long enough that an infective can be
detected and cured in one unit of time.

4.

The assumptions of the deterministic model for no removals hold
, except that y is constant for only one unit of time.

5. It

is assumed that AY is an adequate approximation over one

unit

of time.
6.

The total cost of detection per unit of time is independent of
the cure rate.

-

Optimal Solution
Table 7 lists the optimal solution for one case of this cost
model.
models,

The solution is considerably different from that of the linear
No longer is minimimum cost incurred when the number of in

fectives is close to zero.

In this case minimum cost is incurred when

twenty-two percent of the population is- infected.

In the infinite

horizong case with a equal to one, it would be expected that no matter
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TABLE 7.

TIME

Nonlinear Cost Models Case 1

DECISION

STATE

1

.38

2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

.12
.12
.12
.12
.12
.12
.12
.12
.12
.12
.12
,12
.12
.12
.12
.12
.12
.12
.12
.12
.12
.12
.12
.12

30
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22

'

Total Cost = $112,012.
C-l = $100.
C2 = $50,000.
y = possible decision values = ( 0, .02, .04, .06, . . .,
.38, .40).

8 = ,002.
a = 1.0.

N = 100.
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what the initial state, the final state will always be twenty-two«

This

steady state value is dependent on the coefficients in the cost equation.
It can be determined in general by differentiating G with respect to Y
and setting it equal to zero.
C

Let Y* be the steady state, then

l/2
1

Let G(CjV Cg, Cg, Y, y) -= C^Y + Cg/Y + C^yY with the same AY as
before.

In this cost equation, the cost of cure per person per unit of

time is included.

This will also go to a steady state in the infinite

horizon model with a equal to one.

Y* can be found by differentiating

the cost function with respect to Y and equating it to zero.

The steady

state i s ,

C
YS - < c - r v ^ >

1/2
•

/

Note that this is dependent on the, decision variable y.
rate that will maintain Y* infectives in the population.

y* is the cure
An interative

technique is suggested for finding the values of Y* and y*.
It should be remembered that discount factors that are less than
one and finite horizons will alter the optimal policy.

In these two

cases the steady state value of infectives may never be reached.
The solution to this cost structure is very interesting in that
it is probably never optimal to completely eliminate the disease from
the population.

This might not be expected, but it seems realistic that

the detection costs for many diseases would increase as the number of
infectives decreases.
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Generalizations on Cost Models
An effort is made to infer the general optimal policy for the
cost models from the specific solutions.

This approach can only extend

one’s knowledge to a very limited degree.

It would be valuable if the

form of the optimal policy could be proven or the range of decision could
be restricted in general.

This would lend insight to all control problems

of a specified form instead of just a few.
For the linear cost models, a theorem will
the possible decision values to two.

be proved that limits

This theorem was originally proved

by Jerry L. Sanders (1969) in a more restrictive case than that which is
presented here.
Theorem:

Let G(Y, y) be a cost function that is continuous with

respect to Y and y. Let G have positive

first partial derivatives over

0 5 Y < N and bl < y < bu, with negativeor vanishing second partial
derivatives.

Let <J»(Y) - yh(Y) be the next state function.

Let 4>(y) have

a positive first derivative over a given range of Y and a negative second
derivative.

Let h(Y) be a monotonically increasing function of Y with a

vanishing second derivative.

F. (Y) =

Then for a < 1 and

min
F.(Y, y) =
min {G(Y, y ) + aF. .C4>(Y)-yh(Y)]} ,
bl<y<bu ^
blsysbu

the decision variable y can take on only two possible values; y = bl or
y = bu .
Proof: It is sufficient to prove that the

second partial deri

vative of F.(Y,y ) with respect to y is always negative.
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Assume FQ(Y, y) = 0.
F1(Y> y ) = G(Y, y) + aFg[4(Y) - y h ( Y ) , y3 = G(Y, y)

aFl(Y’ Y)
9G(Y y )
2Y
=
dY~ ' > 0 by assumption.

32F (Y, y)
2
x
_ a...^ x
3 Y
3Y
F2(Y,

) = G(Y, Y ) +

y

3F2 (Y,
3Y

.
YJ s o by assumption.

y

) _ 3G(Y,
3Y

y

)

> o for M

aF^tCY) - y M Y ) , Y]

•

t „ 3F1(2, y) 3[*(Y)
3Z
3Y

- Yh(Y)]
'

I

> 0.

_ 32G(Y, y) + a 8 Fl*z ’

8 F2*Y *
3Y2

3Y2

3Z2

Fa[i|i(Y) L

h(Y)]

8Y

3F1 (Z, Y) 32[-t(Y) _ yh(Y)] 8 'F2(Y’ y) .
3Z
F3(Y,

y

3F3(Y,
3Y

3Y2

) = G(Y,

y

y

•

) + oFgC + CY) - Yh(Y), Y] •

) _ 3Q(Y ,
3
3Y

y

) . _ aF2(Z’ y) 9[*(Y) - Yh(Y)]
3Z
3Y

>ofor2Lt<n^yhsm>o.
2„
x
„
3 F3(Y, y) ^ d 2G(Y, y)
3Y2
.

3Y2

2
-2 . . ,
. .
9 F2^Z> y ^ '3[*(Y) - Yh(Y)]
3Y
3Z2

3F2(Z> y) 32[+(Y) - Yh(Y)]
*

aZ

3Y2

32 f 3 (Y > Y) _ 32g(Y( y )
32F 2( Z , y )
2
2
+ a
2
dy
3y
3Z^

+ a

3C*(Y)

- yh(Y)]
3Y

3F2(Z> y) 32[<t»(Y) - yh(Y)]
3Z
3y‘

9 F3(Y, y)
< 0

.

3y2
It has been shown that F^CY, y) has a positive first partial derivative
with respect to Y for

> 0 •

The second partial deriva

tives with respect to Y and y of Fg(Y, y ) are all negative.
Let n be any integer that is greater than or equal to 3.
F^CY, y) has the same properties as F^(Y, y).
hM

Then to prove Fvi_l1 (Y, y),
n+1

a negative second partial derivative with respect to y .
Fn>1(Y, y) = 6(Y, y) + a F ^ M Y ) - yh(Y), y] .

3\ + l ( Y ' Y)
3Y2

+ a

32G(Y,
*

y

) .

32Fn (Z’ Y)

3y 2

3Z2

3Fn (Z' y) 32[$(Y) - Yh(Y)]
32

3Y2

Assume

3[*(Y) - Yh(Y)]
3Y
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SinCe Fn+1(Y) = bX<;<bu Fn+1(Y’ y) and Fn+1(Y> y) is a concave
function of y , y must equal one of its boundary values; either y = bl or
y = bu.
The theorem applies directly to the linear cost models in this
chapter.

Consider the first linear cost model.
G(Y, y) = C]Y + (C2 + C3) yY and

(Y) - yh(Y) = (1 + 0N)Y

- BY2 - yY .
All the assumptions of the theorem hold.

It is only necessary to

determine the range of Y for which

This condition holds for
3[*(Y) - yh(Y)]
3Y

*

Yh(Y )l = (1 + BN - y) - 2BY > 0 .
dy

n,en

Y <

' 1 = 2i+ I"

26 •

This is not unreasonable to assume.

The maximum possible value of y is

one, which means in one unit of time all prior infectives are cured.
y = 1, then Y must be less than y or one-half the population size.
can beassumed that y is always

If

It

less thanone, hence the upper bound

is

N
greater than y .
The likelihood that over one-half of the population is infected
with any disease at one time is small.

Thus it is known that optimal
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control of a disease described by this model can only be obtained by
maximum cure effort or minimum cure effort.

It would now be valuable to

know in what Sequence these two decision values are applied.

From the

previous solutions, one would infer that either the minimum cure rate is
applied for all time, or the maximum cure rate is applied until all
infectives have been cured and then minimum cure rate is applied for all
time.

This seems to be intuitively valid but it has not yet been proven.

Conclusions
Insight into contagious disease control can be gained through
matematical models.

This has been demonstrated in the case of a single

contagious in a closed population.

It was shown that there are only two

applicable decision values when the cost, function is linear; either the
pure rate is a maximum or a minimum boundary value.

Effort has been

expended to obtain similar results for the nonlinear model but has not
yet been fruitful.
The next step up in sophistication is the case of multiple
disease control.

There is no difficulty in handling this case if the

diseases are assumed to act independently of each other.

The model

becomes a simple combination of single disease.models with a single
constrained decision variable.

The problem becomes difficult when

susceptibility to one disease depends on other diseases.

The complexity

of this problem obviously increases as the number and types of relation
ships increase.
The description-and determination of a total health service
policy is the larger goal behind the work presented.

The current

''
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attainment of this goal does not appear to be possible.

For this reason

the consideration of it has been limited to a discussion of its general
properties.

Through this discussion an appreciation should have been

acquired for the complexity of the modeling and analysis of a complete.
health service,

it should have placed the results obtained here in a

proper perspective to the requirements of the general problem.

CHAPTER 5

SUMMARY AND RECEOMMENDATIONS

Deterministic models, stochastic models, and contagious disease
control in the field of mathematical epidemiology are discussed and
analyzed in this text.
covered.

All the important topics within this field are

Particular emphasis is placed on those models that are of

interest to the author and that are employed in the discussion of epi
demic control.

The references to published works in mathematical

epidemiology form a selected list which is not complete.

The interested

reader should refer to Dietz (1967) and Bailey (1957) for complete
bibliographies in this field.

Summary
The general deterministic model and some of its special cases
are presented in Chapter 1.

These models are simpler to derive and

solve than the analogous stochastic models.

This makes them very useful

for rough approximations to the spread of contagious diseases.

Deter

ministic models are also applicable to populations that are large with
a high number of infectives.

Stochastic models tend to agree with the

results of deterministic models for this situation.
In Chapter 2 the general stochastic model and some of its special
cases are derived and solved.

These continuous infection models take

into account random fluctuations that occur in the spread of contagious
diseases in small populations.

As a descriptive tool, they are better
76
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than the associated deterministic models.

The problem in using

stochastic models arises in their solution and evaluation.

The time

varying probabilities are both difficult to solve for and to evaluate
exactly.
The chain binomial model describes diseases that have long
latent periods in comparison to the period of infectiousness.

This is

in direct contrast to the continuous infection models which assume that
the latent period does not exist.
Queueing and branching models are not discussed extensively in
the literature of mathematical epidemiology.
these stochastic
demic phenomena.

It appears that both of

processes could be used successfully to describe epi
An obvious advantage to the employment of .these models

is the availability of considerable formal theoretical work that has
already been done.
Simulation is a valuable tool for augmenting analysis when
formal mathematical methods are not sufficient.

The application of

simulation to such areas as heterogeneous and specially distributed
populations needs to be explored in greater depth.
Stochastic models are the most flexible models but to apply
them requires sophisticated mathematical tools.

The choice between

stochastic and deterministic models is generally based on the quality
of approximation desired and the time and tools available for analysis.
In Chapter 3 epidemic control is discussed for both the general
and single disease cases.
Determination of a general health service policy
dependent on thecomplex interaction of numerous variables.

is found to be
Even
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though these variables can be defined, the modeling of their relation
ships is beyond the present state of our abilities and understanding.
As a first step toward the formulation
control policy for a single contagious disease

of a general policy, the
is discussed.

different models are developed and solved for this case.

Three

It is proven

that for the linear cost models, the range of the decision variable can
be restricted to two values.
state is found to be nonzero.

For the nonlinear cost models, the steady
This steady state is not necessarily

reached unless the discount factor equals one and the horizon is infinite.
From these insights it may be possible

to infer some of the

properties of the multiple disease control problem.

When this is ac

complished, the next step will be the interfacing of this model and the
total health service.

The determination of what constitutes a better

total health service policy should be the end result of this effort.

Recommendations
There are three general areas in which the author believes more
effort should be applied for the advancement of the tools of mathematical
epidemiology.
1.

These are the following:

More highly sophisticated models should be developed and
simulation should be employed when analytical techniques are
not sufficient.

2.

Comparison of models to actual data needs to be accomplished.
Without this, the possible application of these models t o prediction and control is in question.
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3=

The total picture of a health service system needs to be
defined and described.

When this is accomplished, the question

of the best methods of providing for the health of a population
can be attacked.

This should be one of the primary aims of

current mathematical epidemiology.
The reader should also refer to the specific recommendations that
are made throughout the text which are not restated here.
The field of mathematical epidemiology is young and rapidly
growing.

The recommendations made are not meant to detract from the

valuable work that has been done.

The point to be emphasized is that

only the surface has been scratched in the application of mathematical
models to the understanding of health problems.
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