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PREFACE

In his race to conquer space, man must not over
look every opportunity to conquer waste that is often 
inherent in projects of such great magnitude. Each 
dollar that can be salvaged from one program can be 
reallocated to subsequent programs, and the race toward 
the ultimate goal can proceed at an ever-accelerating 
pace.

For example, if the lifetime of satellites con
taining scientific payloads could be extended so that 
additional data could be obtained from hardware already 
in orbit, it is possible that requirements for similar 
data from future launches could yield to new experiments 
and eliminate duplication.

This thesis investigates the feasibility of 
extending satellite lifetime by determining the altitude 
at which a satellite should be placed in orbit to 
maximize lifetime under the influence of atmospheric 
drag and a sustaining propulsion system to counteract 
drag.
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ABSTRACT

This thesis investigates factors involved in the 
launch-to-orbit sequence of events required to orbit a 
thrusting satellite and determines those modes of opera
tion that will maximize the satellite*s lifetime subject 
to operational and design constraints. This sequence is 
utilized to write an analytical expression for orbital 
lifetime in terms of physical constants and design 
parameters with orbital altitude as the independent vari
able.

The existence of an optimum altitude for maximum 
lifetime and the effect of vehicle parameters on this 
altitude are investigated by varying the parameters 
within realistic limits and plotting the results on 
satellite lifetime versus orbital altitude coordinates. 
Only circular orbits are considered.

For a chemical rocket sustaining system, maximum 
lifetime is achieved when the satellite is placed as 
high as possible. For an ion propulsion sustaining 
device, a maximum value of total lifetime results when 
the satellite is placed in orbit in the neighborhood of 
10 nautical miles below the maximum altitude attainable.

xi



This maximum value is of the order of only one percent 
greater than the value of total lifetime that results 
when the satellite is placed as high as possible. For 
both sustaining systems, a significant increase in total 
lifetime at lower altitudes can be achieved.



CHAPTER 1

INTRODUCTION

An available booster rocket can be used to place a 
satellite into a given orbit or to place a relatively 
heavier satellite into an orbit at a lower altitude where 
atmospheric drag forces are greater. For a given desired 
payload mass, any additional mass placed in the lower 
orbit can be used for propellant mass of a propulsion sys
tem used to overcome the effects of drag. Since total 
lifetime of a satellite with a propulsion system is a 
function of both the orbital altitude and the burning 
time of the propellant available to counteract drag, one 
would suspect that for a given booster and payload there 
exists some altitude at which total orbital lifetime is 
a maximum and that this optimum altitude would be a 
function of satellite design parameters.

Determination of this altitude could have impor
tant practical applications. For example, if a partic
ular mission dictates that the satellite's payload be 
placed at a specified altitude, then to achieve maximum 
utilization of the payload and the boost vehicle’s
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capability, the criterion for design of the satellite 
would be the use of those parameters that optimize life
time at the mission altitude.

This thesis investigates the factors involved in 
the launch-to-orbit sequence of events and determines 
those modes of operation which will maximize a thrusting 
satellite8s lifetime subject to operational and design 
constraints. Utilizing this optimum sequence, an analyti 
cal expression for orbital lifetime is written in terms 
of physical constants and design parameters with orbital 
altitude as the independent variable. The existence of 
an optimum altitude for maximum lifetime and the effect 
of the parameters on this altitude are then investigated 
by varying the parameters within realistic limits and 
plotting the results on total satellite lifetime versus 
orbital altitude coordinates.

In the analysis, the following assumptions are
made:

1. The earth can be considered to be a non
rotating sphere with an inverse square gravi
tational field. '

2. The orbital analysis can be treated as a two 
body problem.

3. The payload is to be placed in a circular 
orbit.
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Additional assumptions are introduced and justi

fied throughout the text as they are required by the 
analysis.

All parameters are kept in general form, that is, 
without resort to specific numerical values, so that the 
results of the analysis can be applied with facility to 
a number of different systems by introduction of the spec
ific parameters as defined by any particular configuration.



CHAPTER 2

THE EQUATIONS OF POWERED ASCENT

The initial phase of the operation of placing a 
satellite in orbit is concerned with overcoming the 
effects of the earth*s gravitational field and atmosphere. 
For this phase, large booster rockets, usually consisting 
of two or more stages, are required to provide the thrust 
force necessary to accelerate the vehicle to orbit veloc
ity at an altitude at which atmospheric drag with atten
dant aerodynamic and structural loads is reduced to an 
acceptable level.

Analysis of this phase is treated as a problem in 
rigid body dynamics with motion restricted to the plane 
defined by the radius vector from the center of the earth 
to the launch point and the initial direction of the 
flight path. The vertical and horizontal directions at 
launch are used as the inertial frame of reference for 
which the equations of motion are written. Only trans
lational motion is considered, and all forces are assumed 
to act through the center of mass of the rocket.

The translational equations of motion for the 
center of mass are derived from Newton*s Second Law



which states that the product of the vehicle's instantane
ous mass and acceleration is equal to the sum of the 
external forces acting on the vehicle and that the direc
tion of the acceleration is the same as that of the resul
tant force.

= ma (2.1)

The forces acting on the vehicle are thrust, aero
dynamic forces, and gravitational forces or weight.

2.1 Thrust
The thrust force provided by the rocket propulsion 

system is given by

Ft = -mve + Ae(pe-P) (2.2)

where -mve is called the momentum thrust, and Ae(pe-p) is 
the pressure thrust. Since the mass of the system 
decreases with time, m is negative, and the product of -m 
and the average exhaust velocity, ve, is positive.

The pressure thrust is the product of exhaust exit 
cross sectional area, AQ, and the difference between 
exhaust pressure in the exit plane and local ambient pres
sure. It can be shown that when pe equals p, the thrust 
is maximum. When pe»p, the flow is under-expanded and 
ve is less than when pe = p so that there is a degrada
tion in momentum thrust. When pe«= p, the flow is over



expanded, and v0 is greater than when pQ = p, but pressure 
thrust is negative. In each case, the gains in one term 
only partially compensate for losses in the other.

For a rocket engine with a fixed configuration 
nozzle, pe is a constant. Since p is a function of alti
tude, it follows that for optimum, operation, a rocket 
engine must be designed for a specific altitude. For 
example, a nozzle correctly expanded at sea level gives 
about six percent less thrust at 40,000 feet than one 
correctly designed for that altitude. However, for both 
nozzles, thrust will increase with altitude because of 
the decrease in ambient pressure (Seifert and Brown 1961,
P» 19).

The time integral of the thrust over its dura
tion is the total impulse. A useful parameter in the 
determination of vehicle performance is specific impulse, 
which is the total impulse derived per pound of propel
lant or the thrust per pound of propellant burned per 
second:

Isp “ Frp/-mg0 (2.3 )

so that, alternatively, thrust can be expressed as

FT ” '■Isp®S'o (2.4)

Thrust is assumed to act along the vehicle’s longitudinal 
axis.



2o 2 Aerodynamic Forces
Aerodynamic forces are dependent on the vehicle9s 

shape, the atmospheric density, the velocity of the air 
relative to the vehicle (or equivalently, the vehicle’s 
velocity relative to the air), and a reference area related
to the size of the vehicle* The aerodynamic forces are
expressed in terms of dynamic pressure, which is definedt

q m 4? v2 (2.5)

Since forces are vector quantities, they can be 
resolved into components along any convenient set of axes. 
When the aerodynamic forces are resolved along and per
pendicular to the relative velocity vector, the compon
ents are drag and lift, respectively. Drag and lift 
forces are expressed as t

D = CD qA (2.6)

L = CL qA (2.7)

Lift and drag forces are assumed to act through 
the aerodynamic center, a fictitious point about which the 
aerodynamic moments are independent of angle of attack.
In this analysis, the aerodynamic center is assumed to 
coincide with the vehicle’s center of mass.

Cp and are nondimensional coefficients that 
must be determined experimentally for the particular



vehicle configuration under consideration. and are
functions of Mach number and vary strongly with angle of 
attack. Both coefficients rise sharply and reach maximum 
values in the vicinity of Mach one for angles of attack 
less than ten degrees.

2.3 Gravitational Force or Weight
The weight of the vehicle is the gravitational 

force exerted by the earth on the vehicle. Since, for 
powered ascent, thrust must be greater than the vehicle's 
instantaneous weight, the total vehicle weight largely 
determines the thrust requirement of the propulsion sys
tem, and the ratio of initial thrust to lift-off weight 
is an important parameter in flight performance calcula
tions.

Both the vehicle's mass and the acceleration of 
gravity vary with position on the powered trajectory and 
hence are functions of time either explicitly or implic
itly through the variation of altitude with time. The 
vehicle's mass decreases continuously due to propellant 
consumption, and the instantaneous mass is given byi

m “ mo + mft-tg) (2.8)

The variation of gravitational acceleration with 
altitude is in accordance with Newton's law of gravita
tion which is given by t



To express g as a function of time, h must be 
specified as a function of time.

g(t) = (M/ [ rQ + h(t)] 2 (2.10)

Then the instantaneous vehicle weight or gravita
tional force with respect to the local acceleration of 
gravity is:

W = m(t)g(t) (2.11)

where ra(t) and g(t) are given by equations (2.8) and (2.10).
However, if instantaneous weight and the time rate 

of change of vehicle weight due to propellant consumption 
are expressed with reference to the acceleration of grav
ity at lift-off, instantaneous weight is given by:

mg0 = m0g0 + mg0(t - t0) (2.12a)
or

W - W0 + W(t - tQ) (2.12b)

2.4 Equations of Motion
Substitution of these forces into equation (2.1)

yields
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A vector diagram of the forces acting on the vehicle 

is shown in Figure 1.
Resolution of equation (2.13) into components normal 

and tangent to the flight path is ,a convenient choice for a 
two-dimensional trajectory analysis and results in a clear 
illustration of the role of important parameters.

The vehicle9s velocity expressed in this rotating 
coordinate system is t

and the acceleration described with respect to the inertial 
reference is given by t

Unit vectors in the tangent and normal directions are

between the local vertical and launch vertical„ and d is 
the angle between the local vertical and the local tangent 
to the flight path.

Referring to Figure 1, the equations of motion 
in the tangential and normal directions are:

v = v t (2.14)

a = v t -f v( + £ ) n (2.15)

given by t and n respectively. is the angular deviation

mv =* FrpCosoc - D - mg cos & (2.16)

(2.17)
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Fig. 1 Vector Diagram of Forces Acting on Vehicle DuringVector
Powered Ascent



12
where the substitution

V . -p i n .;g (2.18)
(r0 + h)

has been made.
It is assumed that a vehicle thrusting in the atmos

phere will have a pitch program that follows a gravity turn. 
In this type of trajectory, the vehicle climbs vertically 
through the atmosphere as rapidly as possible with zero 
angle of attack. This period is called the vertical rise 
time, the length of which is arbitrary but is usually 
related to the initial thrust-to-weight ratio.

After the most dense layers of the atmosphere are 
behind, the vehicle is given an artificial e9kick angle," 
an instantaneous rotation of the vehicle® s centerline and 
velocity vector, to initiate the gravity turn. The kick 
angle is an artifice used in preliminary trajectory cal
culations to represent the pitch-over period before the 
gravity turn. The gravity deflected trajectory or grav
ity turn is then followed until the velocity vector is 
properly oriented for injection into orbit or until aero
dynamic loads have been reduced sufficiently to permit 
greater flexibility in choice of trajectory angle.

The gravity turn has the advantage that the thrust 
acts in the direction of the velocity vector, and as the 
velocity vector approaches horizontal, the gravity
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component along the velocity vector approaches zero thus 
minimizing gravitational losses.

In the initial boost phase of the ascent trajec
tory, during which the vehicle passes through the dense 
layers of the atmosphere, aerodynamic loads impose con
straints upon the trajectory shape, A rotation of the 
vehicle to deflect the flight path during this phase 
results in an apparent angle of attack that in turn 
results in severe bending moments on the vehicle’s struc
ture. Designing for such loads results in weight penal
ties and an accompanying loss in performance. The advan
tage of the gravity turn during periods of high aero
dynamic pressure is apparent since it represents a zero 
lift or zero angle of attack flight path thus eliminating 
such loads.

Referring to equations (2,16) and (2.17)» the 
equations of motion of a vehicle thrusting in the earth’s 
atmosphere are

o
mv == Ppp cosoc - D - mg cos 5 (2*16)

2
mv0= Pm sin^ — L + nig sin. 5 — 5XL,-?® (2® 17)

1 (r0+ h )

where g = g0(r0/r0 -f h)2 (2.20)

The assumption of a gravity turn implies

L = 0 (2.21)
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^  = 0 (2,22)

so that under this assumption, equations (2,16) and (2.17)
become

mv = F - D - mg (r /r + h)^ cos 6 (2.23)
«■ 1 O O O

mve = mg (r /r + h)^ sine - SY—gin e (2.24)o o o (ro+ h)

Equations (2,2) and (2,4) are combined to give

F_ - ™mv + A (p -p) « -I mg (2.25a)T e e re r sp too

Applying this equation to sea level and vacuum con
ditions yields

FT=t = -”Te + Ae(pe-pSL) " *Iap "«o - (2-25b)SL SL

and Ft = -” e + Ae(Pe-PVAC) “ ^sp ™S0 <2-25°)
VAC VAC

where p - 0 (2.26)
VAC

The ratio of equation (2.25b) to equation (2.25c)
is

IspqT™g0 -mve + Ae(pe-pSL) — --  ~   (2.27)
Isp ™8o + Aep.VAC
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With the definition

X = spSL (2.28)
spVAC

equation (2.27) becomes

X = 1 ” AepSL
-™ve+ Aepe

1 ” AepSL
L?AC

(2.29)

Reference to equations (2.25a) and (2.25c) indicates
that

(2.30)

Solving equation (2.29) for Aq and substituting 
into equation (2.30) yields

VAC
-£—  (i - X )
PSL (2.31)

Since D = C^|^ v A, equation (2.23) can be written

V  = Fm - F, 
VAC
m

TTT#n (1 - CD* R v A . g0rG cos 5

(2.32)
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By using the following equations

FT ” ‘Isp ^ o  VAC VAC

m = mo 4- m(t-t0)

T.P. /Z = 1/XVAC SPSL
in equation (2.32), it can be rewritten

F
a Aoro Cos

V = -Is, L /YVX ( r0* k ) xJ
(2.33)

Equation (2.33) along with equation (2.24) rewritten 
in the form

6oro
(r 4- h) % < V sine (2.34)

and the auxiliary relation

h * v cos e (2.35)

provide the set of differential equations that can be 
solved simultaneously to give v, ^ , and h as functions of 
time.
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The equations are integrated from launch, (v = 0

h = 0 @ t = 0), to the altitude h^ where the kick angle is 
introduced. This is the vertical rise time, and during 
this period & = 0.

At t = t̂ , the appropriate new set of initial con
ditions (hk_ = \+> tk_ * tk+, = d k) is introduced, and 
the integration proceeds until the specified set of final 
boundary conditions is attained (9 = 9^, h = h^) subject
to the constraint that-mtx» ** rn where m is the availableI — P n
propellant mass. Additional intermediate boundary condi
tions must also be included if staging is considered.
This solution is obtained most expeditiously with the aid 
of an analog computer.

can be gained by inspection of the tangential equation. 
Considering the flight path from launch to burn-out, and 
neglecting the discontinuity of the flight path tangent 
at the end of the vertical rise time, equation (2.33) can 
be written in integral form

Insight into the roles of the various parameters

Io JLv - -
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where the substitution t̂  = 0 has been made. The assump
tion is made that all propellant will be burned so that 
burn-out conditions are synonymous with those at cut-off.

The first two terms may be integrated in closed 
form to give

Ft.
Ve.= C p VL ̂ v ft

- o

Go'S e 
(fo M 1'

J&-

(2.37)

The "ideal velocity," i.e., the burn-out velocity 
with no losses, is

VIdeal IsPVACg°
(2.38)

The velocity losses due to thrust-atmospheric 
effects, drag, and gravity are respectively given by the 
following integrals :

So Ft
zw Fr

I -
I, (2.39)
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AVVOS3,D cp'/1 ̂ vlA
/WA V-

. ^ . r .

(2.40)

AV,Lo VS coi e
(. T. * k ") (2.41)

Therefore, the burn-out velocity of a vehicle 
operating in the earth’s gravitational field and atmos
phere is

VB0 ” VIdeal ~ A vLoss, “ AVLoss, D “ ̂ vLoss, g
(2.42)

The powered ascent trajectory that minimizes 
velocity losses is the one that will permit orbiting of 
the largest payload. Examination of equations (2.39), 
(2.40), and (2.41) indicates desirable trajectory and 
vehicle parameters that will minimize these velocity 
losses.

Losses due to thrust-atmospheric effects arise 
because the calculations make reference to vacuum condi
tions for the entire flight, and operation at near sea 
level conditions during early portions of the flight 
represents less than optimum performance.
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Equation (2.39) indicates that the major portion of 

these losses occurs early in the flight when the ratio
p/p is near unity and relatively large. It is also appar-bL
ent that thrust-atmospheric losses will be minimized when
the vehicle*s initial thrust-to-weight ratio, Fm /m.g.,

SL ° ° .
is small and burn time is short. A value of X near unity 
and a large sea level specific impulse are desirable. For 
a fixed m0, a small thrust-to-weight ratio and large Igp 
implies that a small m is required.

Equation (2.40) indicates the desirability of 
keeping the drag force small which means that the vehicle 
should ascend slowly (implying a low initial thrust-to- 
weight ratio) and in a vertical direction in order to 
escape the more dense layers of the atmosphere as rapidly 
as possible at the low velocity. Examination of the 
denominator explicitly illustrates the desirability of a 
low thrust-to-weight ratio, and again a short burn time 
is indicated.

Equation (2.41) shows that gravitational losses 
will be a minimum when burning time is short and the 
trajectory angle rapidly approaches tangency to the local 
horizon. However, gravitational losses also decrease with 
increase in altitude. For structural reasons trajectory 
angles more nearly approach the local vertical, and it is 
evident that a high thrust-to-weight ratio is desirable
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for rapid attainment of altitude. Also, since gravita
tional losses are incurred because the kinetic energy 
expended to increase the potential energy of the propel
lant as it is raised to greater altitude is lost when the 
propellant is burned, a large value of m is desirable to 
minimize gravitational losses.

Thus the requirements for reducing gravitational 
losses on the one hand and thrust-atmospheric and drag 
losses on the other are mutually contradictory. In prac
tice, the conflict is not very pronounced since for large 
rocket vehicles initial accelerations must be small for 
structural reasons, and gravitational losses predominate. 

The one factor common to reduce all losses is 
minimization of bum time, but this is not practical 
since for low specified accelerations bum time is dic
tated by mission velocity requirements.

The velocity loss terms integrated over a finite 
bum time include velocity losses due to the increase in 
potential energy of both the vehicle structure and the 
propellant which is ultimately consumed. Impulsive 
burning (tgQ = 0) implies that V j ^ g ^  g = 0, but after 
burnout a velocity loss can take place due to a further 
increase in the potential of the empty vehicle as it rises 
to greater altitude. Drag losses may also be incurred 
after burnout,



22
It is important to note that the loss terms of 

equations (2.39)» (2.40), and (2.41) apply only to the 
losses incurred during the powered portion of the ascent 
trajectory. Additional losses may be incurred during the 
free flight portion of a trajectory.

Impulsive thrust is an artifice used to approxi
mate loss-free operation during powered flight since it 
implies

VB0(Loss Free) VIdeal (2.43)



CHAPTER 3

THE FREE-FLIGHT TRAJECTORY AND TOTAL MISSION 
VELOCITY REQUIREMENTS

Equation (2.37) expresses the burn-out velocity 
attainable in terms of flight path and vehicle parameters 
The total mission velocity requirement must now be inves
tigated.

The sequence of events is assumed to bet
1. Powered flight from launch to the first injec 

tion point or booster burnout
2. Coasting via an elliptical transfer orbit to 

the second injection point
3. Impulsive firing of the rocket to effect 

injection into the final orbit
The geometry of the problem is illustrated in 

Figure 2 where the subscripts 1 and 2 refer to the first 
and second injection points respectively.

The burn-out velocity that must be attained dur
ing the powered ascent trajectory is a function of the 
injection altitude and the flight path angle at first 
injection, and the required flight path angle and alti
tude at the point where injection into the final orbit 
takes place.

23
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Fig. 2 Geometry of the Free-Flight Trajectory

The dynamics relations involved for motion of the 
vehicle coasting from point 1 to point 2 in a central 
force field are

v12 - V22 = 2 GM ( ^  • ^) (3.1)

and *rlvlsin5l “ r2V2Sin02 (3.2)

Equation (3.1) is derived by equating the sum of 
kinetic and potential energy at points 1 and 2; equation 
(3.2) follows from the conservation of angular momentum.

The burn-out velocity required for injection into 
the transfer orbit in terms of the mission parameters at 
the second injection is obtained by solving equations 
(3.1) and (3.2) simultaneously. The desired relation is

GM
vi = / ^7

2(r2 - r^) r2 sin202
p 2 9 pi_ r̂  sin a g - sin j

(3.3)



For injection into a circular orbit at point 1, the 
flight path angle at burnout must be at 90® with the local 
vertical:

Substitution into the quantity in brackets and 
elimination of the common factor r^ - r^ leads to

which is the expression for circular velocity at radius r̂ o 
That 9^ == ©2 and r^ = r^ follows from the fact 

that for direct injection into the circular orbit no final 
impulse is required, and the conditions at points 1 and 2 
are identical»

ascent via an elliptical transfer is usually necessary. 
Equation (3.3) gives the velocity requirement for injection 
into the transfer ellipse. Here rg is the radius vector to 
the apogee point and ©g ” 90®. Thus equation (3=3) reduces

But rg equals r^ so that the expression reduces to

(3 = 4)

For attainment of a high altitude circular orbit
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From equation (3.2), the velocity at apogee is

given by
t. = *1 vising (3.6)

r2
The difference v^ - Vg is the free-flight gravita

tional loss referenced in the preceding section.
For a circular orbit at radius rg the velocity must

be

V=ir,2 " J ~ ? [  (3'7>

The total velocity requirement for the entire 
flight from launch to injection into the final circular 
orbit is the sum of the initial injection velocity (which 
is equal to Vq q) and the increment to be gained at apogee. 
Drag losses during the free-flight portion of the trajec
tory are assumed to be negligible. Therefore, the total 
mission velocity requirement is

vTotal " vIdeal " ̂ Losses + vCir,2 ' v2 <3-8>

where vLOSSes includes only losses incurred during powered 
flight to the first injection point, and v%deal “ AVLosses
=  V f .

Equation (3.8) is equivalent to

vTotal " vl(1 - ^  Slnei) + vClr,2 l3'9)
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which expands to

^Total
2GM (r -r ) (r /r - sin @ )2 1 2 1

rlr2^r2^rl sin ®]_)1 2'"2' 1

Inspection of equation (3,10) reveals that for a
minimum v,Total s i n - 90*. This follows from the fact
that sin 90° yields a maximum value for the denominator 
and a minimum numerator. It may be concluded that for an 
elliptical transfer between concentric circular orbits, a 
90® flight path angle at the first injection is considered 
optimum.



CHAPTER 4

DEFINITION OF THE ASCENT TRAJECTORY

The objective of the ascent trajectory is to place 
the satellite vehicle in circular orbit at an altitude that 
will maximize the satellite®s lifetime under the influence 
of atmospheric drag and sustained thrust to counteract drag. 

From among the many possible trajectories, the one 
that maximizes performance or minimizes losses is to be 
selected. The optimization procedure considers the rela
tionships between the most efficient sequence of transfer 
maneuvers, vehicle sizing, and actual launch constraints„

One measure of the merit of an ascent trajectory 
is the total velocity requirement, Other factors being 
equal, the trajectory that requires the least total 
velocity will enable delivery of the largest payload into 
final orbit.

Examination of the expressions for velocity losses 
during powered ascent indicates that gravitational losses 
are strongly dependent on flight path angle, and that a 
trajectory rapidly approaching a flight path angle of 90® 
is desirable to minimize these losses. This consideration 
suggests the technique of attainment of an intermediate

28
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low altitude circular parking orbit in the ascent trajec
tory, The parking orbit is one in which a circular coast
ing interval of from zero to several revolutions is 
employed between powered stages.

In choosing the altitude of the parking orbit, the 
lowest possible altitude provides the greatest payload 
capability. The minimum altitude depends on atmospheric 
density that imposes vehicle engineering constraints such 
as aerodynamic heating and structural loading, and guidance 
constraints, such as minimum elevation angle. The practi
cal minimum parking orbit altitude is in the vicinity of 
100 to 110 nautical miles (Wolverton 1963, p. 2-524).

The intermediate low altitude parking orbit tech
nique suggests two alternatives for attainment of the 
additional velocity increment necessary to depart from the 
parking orbit.

The first method is to utilize the booster to 
place a payload consisting of the satellite and a two- 
impulse transfer vehicle in the 100 nautical mile parking 
orbit. The optimization problem is then one of proportion
ing this gross payload weight between the satellite and 
transfer vehicle to attain the altitude for maximum satel
lite lifetime.

The second method is to continuously burn the 
booster beyond the reference parking orbit until the



velocity required to coast to the higher altitude is 
attained. If the velocity increment beyond circular 
velocity is assumed to be loss free, the two methods dif
fer only in the time at which burning of the transfer stage 
is initiated. However, in the second case the velocity 
increment to be provided by the single-impulse transfer 
stage will be less than that of the first method, and the 
stage size will be different. The assumption of zero 
velocity loss beyond the circular velocity reference is 
justified because atmospheric losses can be neglected for 
the short burn times at this altitude, and the flight path 
angle is nearly horizontal.

The second method, however, possesses certain dis
advantages for "comparison purposes. The analysis is 
predicated on utilization of existing boosters that are 
not tailor made for the particular job. Since the booster 
configuration is fixed, more propellant cannot be added to 
accommodate the extended burn time. Therefore, for a 
greater burn-out velocity, the mass ratio must be increased 
by making the payload smaller. This is easily seen from 
the relation

tB0 = goIsp ln < V mBO) (4-1)

where m^/m^Q is the mass ratio.
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The result is that for each altitude a different 

initial thrust-to-weight ratio is required (thrust is con
stant and payload is less). A different thrust-to-weight 
ratio implies a different acceleration and a different 
flight path as a function of time and hence different 
losses in the attainment of each distinct altitude. To 
simplify analysis of results, it is desirable that losses 
be independent of the altitude of the final orbit.

Since the two methods are equally attainable from 
a practical point of view, and since the first method has 
the advantage that velocity losses are the same for all 
missions (because each mission begins with the same pay
load weight placed in the 100 nautical mile parking 
orbit), the first method is chosen for this analysis.

The first method may take advantage of weight- 
in-orbit capability figures published for space boosters 
as a convenient starting point for computation of sus
tained satellite lifetimes attainable with representative 
boosters without resort to first computing velocity losses 
for the specific mission.

Once the low-altitude circular parking orbit has 
been attained, the velocity requirement starting from 
this orbit provides a basis for comparing trajectories.

In Chapter 3 it was shown that the minimum 
velocity increment for a coplanar transfer maneuver results
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when the increment is applied at perigee or apogee, that 
is, when sin & = 90°, This is the condition for the Hohman 
transfer ellipse (see Appendix A),

The establishment of an elliptic orbit of given 
geometry by means of impulsive injection at apogee or 
perigee can be done in a number of ways, i.e., at a number 
of apogees and perigees, each of which requires a differ
ent amount of energy. As a consequence, there is a def
inite transfer maneuver or sequence of maneuvers that is 
the most economical of energy expenditure.

The energy requirements for bi-elliptic and dir
ect Hohman transfers from a given circular parking orbit 
to another coplanar orbit, either circular or elliptical, 
have been investigated by Wo1verton (1963, pp. 3-9 to 3-15)° 
The flight sequence considered, as shown in Fig. 3» con
sisted of powered flight from the earth9s surface to 
injection into a circular orbit at b, of radius r̂ . The 
velocity requirements for this part of the flight were 
not considered. At b, an impulsive velocity increment 
placed the vehicle in an elliptic orbit of apogee radius 
ra and perigee radius r̂ . At a, an impulsive velocity 
increment placed the vehicle in a new elliptic orbit of 
apogee radius rc and perigee radius ra (or perigee r / 
and apogee ra*by interchanging perigee and apogee in the 
figure). This latter case would apply if the sequence of
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i n t e r m e d i a t e
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Fig. 3 Geometry of the Transfer Maneuver from an
Initially Circular Orbit to a Final Circular 
Orbit

maneuvers were from r̂  to and then to rc' where > r̂ , 
(dashed lines in Fig. 3).

Analytical expressions for the transfer maneuvers 
were obtained and plotted for total impulsive velocity 
increments, nondimensionalized with respect to circular 
orbit velocity at radius r̂ , versus ra/rb with rc /rb as a 
parameter.

For circular final orbits, the following conclu
sions were reached where 00 = r /r, and (3 = r̂ /r, .a b C D
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"For the case of circular orbits, in all cases the 
minima for (1 -= 15.6 occur at either e>c — 1, o r oc=C5, 
which means that for this range of (3 , the most 
efficient maneuver is the direct transfer, that is, 
it is more efficient to transfer directly to the 
final orbit and circularize, than to transfer to an 
intermediate orbit lower than the final circular 
orbit and transfer again from there to the final 
circular orbit. The minima for (3 = 15.6 occur at 
some value of = O , which means that in these 
cases it is more efficient to inject the vehicle 
into an elliptic orbit whose apogee is greater 
than the final circular orbit altitude, and then 
having reached apogee, add an incremental velocity 
which would raise the perigee to the final circu
lar orbit altitude, and then upon reaching peri
gee, decelerate to circularize."
Ehricke (1962, pp. 310-322), in a more precise 

analytical treatment of the same problem, considers the 
limiting case of the parabola in bi-elliptic transfers.
He points out that transfer to a circular orbit which is 
more than 3.4 times as distant from the center of attrac
tion as the original circular orbit requires more energy 
than parabolic departure from the original orbit. One 
may leave r^ at parabolic velocity and return to rc at 
parabolic velocity and then circularize the orbit. A plot 
of the total velocity required for this maneuver shows 
that its value drops below that of the Hohman transfer at 
@ = 11.94 where the bi-elliptic transfer is equivalent 

to the Hohman transfer for r^ = 00 .
Ehricke concludes that for @ = 15.582, any bi- 

elliptic transfer with an intermediate apogee ra *> rc 
requires less energy than a direct Hohman transfer.
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Between 15.582 and 11.94» the value of r*a required for 
improved economy increases rapidly until at = 11,94, 
ra Yet even in this extreme case, the energy savings 
are small9 approaching about ten percent for very large 
distances ra, while the transfer period becomes enormously 
large. Since error sensitivity also becomes large for 
large rasi he discredits this type of bi-elliptic transfer 
from a practical viewpoint and essentially agrees with 
Wolverton,

For a value of r^ = 3540 nautical miles, a direct 
transfer is unquestionably the most economical for a 
final circular orbit with altitude ^ 4226? nautical miles. 
Since the range of this analysis falls well within this 
interval, a direct transfer will be utilized for the 
attainment of all final orbits.

Accordingly, the ascent trajectory will be defined 
as follows:

1. Powered flight from launch to circular park
ing orbit at an altitude of 100 nautical 
miles.

2. Booster staging (separation of booster from 
transfer vehicle).

3. Direct transfer to circular orbit at the final 
altitude via a Hohman transfer ellipse.



CHAPTER 5

DEPENDENCE OF SATELLITE WEIGHT ON TRANSITION 
STAGE VELOCITY REQUIREMENTS

After booster staging at the parking orbit, the 
transfer vehicle must supply the necessary velocity incre
ments to, transfer the satellite to the final orbital 
altitude and circularize the orbit.

The total ideal velocity to be supplied by the 
transfer stage is given by Avrp, where Av-p is a function of 
the final orbital altitude determined by the equations for 
the Hohman transfer derived in Appendix A.

The loss-free velocity capability of the transfer
stage is

A vt = Ispg0 InR (5.1)

where R is the mass ratio of the transfer stage;

, R = W0/WBo = W0/(Wo-Wp) (5.2)

Since WQ is fixed for a particular booster config
uration, Avip is a function of Wqq only. (Igp is assumed 
to be independent of altitude above 100 nautical miles). 
Therefore, the stage parameters included in Wqq must be
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such that the velocity capability of the stage is equal 
or greater than the velocity requirement for the transfer.

The assumptions are made that structure weight
(less propellant tank weight) is proportional to gross
stage weight, and propellant tank weight is proportional 
to propellant weight.

Then
% - WP1 + *g + (1 + Kp)wp + KSW0 (5.3)

where W-g = engine weight
Kp = pounds of propellant tank weight per pound of 

propellant
Kg = pounds of structure (less tanks) per pound of 

gross weight.
Solving for from equation (5-2), gives

W -  W (1 - 1/R) (5.4)P o

and equation (5.3) becomes

WpL - W0 1 - Kg - (1 + Kp)(l - 1/R) Wg (5.5)

It has been assumed that the velocity increments 
for the transfer have been added impulsively at apogee and 
perigee. According to White (1963# pp. 2-21), the assump
tion of instantaneous addition of velocity at either apogee 
or perigee is a realistic approximation for accelerations 
greater than ig.
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With this minimum value of acceleration for which 

the approximation is valid and which, in turn, results in 
the smallest engine weight, Newtongs Second Law gives the 
thrust required to impart this acceleration.

ft = (W0/g0)(ig0) 

or Ft = (5.6)

The weight of the engine can be expressed in terms 
of an engine thrust-weight ratio. Kg:

ft/we = ke

so that WE = Frp/Kg (5.7)

Combining equations (5.6) and (5.7) gives

Wg = W0/2Kg (5.8)

which, when substituted into equation (5-5) yields

Wpg - W0 1 - Kg - (1 + Kp) (1 - 1/R) ~ 1/2% (5.9)

Since WpE of the transfer stage is the gross weight 
of the satellite, satellite gross weight is a function of 
orbital altitude through the parameter R (R is a function 
of h through the Av̂ , required for the transfer) (see equa
tion 5«1).



CHAPTER 6

PROPULSION REQUIREMENTS FOR COUNTERACTING THE 
EFFECT OF DRAG IN ORBIT

For a given satellite payload, the sustaining pro
pellant available will be a function of orbital altitude 
and vehicle parameters„ To maximize sustained lifetime, 
the most efficient program for propellant consumption must 
be utilized. This section investigates and compares var
ious propulsive programs for counteracting the effect of 
atmospheric drag. Propulsion methods for low altitude 
orbit keeping may be divided into (1) a thrust device 
that operates continuously with thrust just equal to 
drag, and (2) a thrust device that provides the required 
velocity addition during time or altitude increments to 
return the satellite to its original orbit.

6.1 Continuous Thrust Sustaining Method
The requirement placed on the thrust program for

the continuous thrust sustaining system is that thrust be
sufficient to exactly counter the drag force at each
instant. Under these conditions, the satellite continues
in its orbit until the available propellant is exhausted.
The total time over which the propellant is expended
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constitutes the sustained lifetime of a satellite utilizing 
this system. Remaining at its initial altitude, the satel
lite encounters a constant drag force (under the assumption 
that atmospheric density at a given altitude is constant 
with time) and a constant thrust, hence a constant mass 
flow of propellant is required to sustain the orbit.

For the circular-velocity satellite with constant 
cross sectional area at a constant altitude, a change in 
weight due to propellant consumption has no effect of 
thrust requirements because under these conditions drag 
is a function of velocity only, and circular orbit velocity 
is independent of satellite weight.

Some means must be available within the satellite 
to maintain the orientation of the thrust vector along 
the velocity vector in the orbital plane for the duration 
of the sustaining period. It is tacitly assumed that 
such a method of thrust vector control exists, and it is 
further assumed that the method does not require utiliza
tion of propellant.

The thrust force is given by

= -̂ -sp̂ p (6.1)
o

where -¥ = W /T = constant (6.2)P P s
and Ts is the sustained lifetime.
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The drag force is given by

D — CD i^v2A (6.3a)

= qCDA (6.3b)

For thrust equal to drag

or

I s p V ^ s  = qCDA

Ts = wpIap/,3CDA

(6.4)

(6.5)

At a given altitude, the dynamic pressure, q, can
be determined since the density, and the circular orbit 
velocity for that particular altitude are known. Thus for 
a given altitude and vehicle, with hj_, CgA, and ISp speci
fied, the sustained lifetime is a linear function of the 
satellite’s propellant availability.

6.2 Discrete Velocity Addition Sustaining Method

one in which the satellite is allowed to decay some incre
ment in altitude or for some increment of time at which 
point an impulsive velocity addition is imparted to the 
satellite by the sustaining device. The magnitude of this 
velocity must be such that a Hohman transfer back to the 
initial altitude occurs. Upon reaching the apogee of this 
transfer orbit, a second velocity increment is added to

A second sustaining method to be considered is
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circularize the orbit. The manner in which these correc
tive maneuvers are to be spaced throughout the orbital 
sustaining period must be determined.

Two spacing possibilities are: (1) the applica
tion of the corrective maneuvers after the satellite orbit 
has decayed a specified increment in altitude, and (2) the 
application of the maneuvers at equal time intervals during 
the orbit sustaining period.

The case where the corrective maneuvers are applied 
after the satellite orbit has decayed some specified incre
ment in altitude is considered first. Since only the most 
efficient method of sustaining the orbit is desired, a 
qualitative argument will be used to show that the con
tinuous thrust method is the most economical of propellant 
consumption.

The total energy of the satellite in orbit is dissi
pated by drag force by an amount equal to the drag force 
multiplied by the distance through which it acts in the 
course of the orbit. It is the purpose of the sustain
ing propulsion system to supply the energy required to 
offset these drag losses.

It is intuitively obvious that the propulsion sys
tem must supply less energy per unit time when the energy 
dissipation per unit time is a minimum. Since drag is a 
function of atmospheric density and orbital velocity, and 
since both density and orbital velocity increase with



decrease in altitude, it is obvious that energy dissipation 
due to drag is a minimum per time interval when the orbit 
is continuously maintained at its initial altitude. This 
is the condition for continuous thrust equal to drag, so 
that the continuous thrust method is best.

The same conclusion has been reached by Wolverton 
(1963, pp. 5-138 to 5-156) in a lengthy analytical study 
of the propulsion requirements to sustain an orbit after 
decay of equal altitude increments. He has shown that as 
the magnitude of the decay increment Ah decreases, the 
method becomes more economical, and, in the limit as 
Ah— 0̂  the equal altitude increment decay program and the 
continuous thrust program are equivalent.

Considering the case where the corrective man
euvers are applied after equal time intervals, resort is 
again made to an intuitive argument.

Some time after the establishment of the initial 
orbit, the satellite will have lost a certain amount of 
its altitude. Assuming that proper velocity corrections 
are then made and that the satellite is re-established in 
the initial orbit, the decay process begins again. The 
propellant used for the first corrective maneuver has 
decreased the initial ballistic coefficient, W^/C^A, and 
since the rate of orbital decay is inversely proportional 
to this coefficient (see Chapter 8), the increment in alti
tude lost in each successive equal time interval will be



greatero But maximum sustained lifetime for propellant 
consumption is realized when Ah = 0, It is reasoned that 
for the equal time criterion, Tg is a maximum when Ah is 
a minimum, i,e., when At is minimum, or that Tg is a maxi
mum when At = 0o

Again it is concluded that the longest sustained 
lifetime per pound of propellant is obtained from the con
tinuous thrust sustaining method.



CHAPTER 7

DETERMINATION OF SUSTAINING PROPELLANT RATIO AS 
A FUNCTION OF ORBITAL ALTITUDE

Given gross satellite weight as a function of final 
orbital altitude, this weight must be realistically pro
portioned among the vehicle parameters so that the sus
taining propellant term can be determined for substitution 
into the expression for sustained lifetime.

Proceeding in a manner analogous to that of 
Chapter 5$ gross satellite weight is expressed by

WQ = WpL + WE + (1 + Kp)Wp + KSW0 (7.1)

where all quantities refer to satellite parameters» The 
distinction between similar parameters of the individual 
analyses will be made when the expressions are combined.

It has been shown in Chapter 6 that the most effi
cient method of orbit keeping is continuous thrust with 
thrust equal to drag. Therefore, from equation (5.7)» 
engine weight is given by

WE = FT/KE = D/Ke (7.2)

Substitution of equation (7.2) into equation (7.1)
gives
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, w„(l - Ks) - WPL - D/KE (7-3)

P (1 + Kp)

where WQ and D, and hence Wp# are functions of altitude.



CHAPTER 8

UNSUSTAINED SATELLITE LIFETIME

Unsustained satellite lifetime, Tu, is the time it 
takes the satellite's orbit under the influence of atmos
pheric drag to decay from its initial altitude to impact.
The expression for unsustained lifetime is derived by 
considering the dissipation of the satellite's total orbi
tal energy by drag forces.

The total energy of a satellite of mass m in a 
circular orbit at an altitude h is

E = i>mvc^r - CMm/(r0 + h) (8.1)

= -i?GMm/(r0 + h)
2

where vcir = ®V(r0 + h) (8.2)

The change in E with altitude is

dE = |GMm/(r0 + h)2 dh (8.3)

A drag force, D, acting on the satellite will dissi
pate its energy by an amount equal to the vector dot product 
of the drag force and the directed distance through which 
this force acts.

47



48
dE = D « v dt

” -iCD ? vcirA dt (8.4)

where the minus sign arises because D and v are oppositely 
directed.

The variation of atmospheric density with altitude 
(see Appendix B) is given by

- Oh
 ̂= ^oe (8.5)

The combination of equations (8.3) and (8.4) with 
the introduction of equations (8.2) and (8.5) yields

dt - -W/CPA eah dh (3.6,
8ofc V 1 + h/r0

Integration of equation (8.6) between correspond
ing limits gives

..  fATu dt - ~w/cda rhf e<>h Hh
Jo go , -f ____________

<0x/ m ^ J hl y  1 + h/r0

For h«e <« r0 this expression can be integrated dir
ectly to give

AT,, = W/CPA ( e 9111 - e 0 h f ) (8.8)
^ So ̂ o J ®4r0

A numerical integration (with Ah of 50 miles) of 
equation (8.7) was performed and compared with the results



of equation (8.8). The error introduced by use of equation
(8.8) was of the order of one percent at 100 nautical miles 
and thirteen percent at 1000 nautical miles. These results 
are plotted in Fig. 4=

ific ranges of altitude, equation (8.7) or (8.8) must be 
evaluated in increments with h^ and hf corresponding to 
the end points of the interval to whibh the particular 
values of (J and ̂ >0 apply (note that is not sea level 
density; see Appendix B). The total unsustained lifetime 
is the sum of the individual increments:

lifetime occurs after the sustaining propellant has been 
expended, the term ¥ in equations (8.7) and (8.8) is 
equal to W0 - Wp=

Since different values of (i and ̂ >o apply to spec-

(8.9)

Since the unsustained portion of the satellite's
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i

Fig. 4 Unsustained Lifetime for Circular 
Orbits Versus Orbital Altitude
Numerical Integration of eqn. (8. 
Approximation by eqn. (8.8)
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CHAPTER 9

COMPUTATION OF TOTAL SATELLITE LIFETIME 
AS A FUNCTION OF ORBITAL ALTITUDE

Total satellite lifetime is the sum of sustained 
and unsustained lifetimesi

T = Ts + Tu (9.1)

The equations required to express total satellite 
lifetime as a function of orbital altitude are extracted 
from the individual analyses and repeated here for con
venience, The original equation numbers are retained for 
easy reference to the derivations,

The asterisk (*) identifies transfer vehicle 
parametersl other similar parameters refer to those of 
the satellite vehicle,

<6 -5)



/Xv.

A v 2 =

q “ I f v2

? = ?oe Oh

,2 _ GM

R = e

(rQ + h)

AV'p/lgpJ.jgo

GM
ro + hl

GM
rQ + h

AVip = Avj + Avg

2 (rQ + h) 
(2r0 + hx + h )

2 (̂ *o )
(2ro + hi + h)

AT.u •(WQ- WD>/CPA
So?o J<"ro

Tu = ^ A T U

Ohe dh
Jl + h/rQ
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(2,5)

(B,l)

(3.7)

(5.1) 

(A.3) 

(A.l)

(A.2)

(8.9)

(8.7)

hl

In the computation of satellite lifetime, the 
following values for physical constants and fixed vehicle 
parameters were used.

CM 1.407645 x 1016 ft3/sec2
g0 32.09 ft/sec2
r0 3 443 nautical miles (1 n. mi.= 6076.103 ft)
hn 100 n. mi.



*
Ks 0.15 lb/lb

K*P 0.15 lb/lb

4 100 lb thrust/lb

430 sec

K
8500 lb

Ks 0.15 lb/lb

kp 0.15 lb/lb

CD . 2.0
0
A 20 ft2
Values of ̂  Q and 0 with corresponding altitude

increments are given in Table I of Appendix B.
* *Values for Kg and I correspond to those for a

liquid hydrogen-liquid oxygen rocket engine; a value of
8500 pounds for W* corresponds roughly to the capability
of an Atlas D - Centaur boost vehicle. (Missiles and
Rockets, July 27# 1964)=

A constant value of cross sectional area. A, was
used. Additional fuel storage capacity was assumed to be
gained through extension of the longitudinal dimension
leaving cross sectional area constant. The value of 20 
oft corresponds to a satellite diameter of approximately 

five feet„
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It was reasoned that the satellite®s payload weight 

and sustaining system would have the most effect on life
time calculations. Also, the design engineer would have 
more latitude in the choice of these parameters than in 
the others that are fixed within relatively narrow limits 
and thus are essentially constants for the type of vehicles 
under consideration.

To investigate the effect of satellite payload 
weight and sustaining system on satellite lifetime, pay
load weights of 1000 to 6000 pounds in 100 pound incre
ments were considered. Two methods of counteracting the 
effect of atmospheric drag were considered! a chemical 
rocket with an Igp of 300 seconds and a Kg of 10 pounds 
of thrust per pound of engine weight, and an ion rocket 
with an ISp of 1.5 x 10^ seconds and a Kg of 10“^ pounds 
per pound (Koelle 1961, p. 17-27 and Sutton 1963$ pp.
31# 423)o Altitudes from 100 to 1000 nautical miles 
were considered.

Calculations were performed with the assistance of 
the IBM 7072 digital computer of the Numerical Analysis 
Laboratory of the Systems Engineering Department of The 
University of Arizona.

The reduced data are plotted in Figs. 5, 6, and 7.
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CHAPTER 10

DISCUSSION OF RESULTS

Figure 5 illustrates the following results for a 
chemical rocket sustaining system.

For the lighter payloads, sustained lifetime is 
greater than unsustained lifetime, and Tg and Tu are 
nearly parallel at all altitudes within the range of 
investigation. As the payload weight increases, TQ and 
Tu converge and cross. As payload weight increases, the 
intersection point occurs at progressively lower alti
tudes . For the 3000 pound payload, the cross-over 
occurs in the neighborhood of 350 miles| for 4000 pounds, 
near 150 miles. For payloads above 5000 pounds, this 
cross-over occurs somewhere below 100 nautical miles.

As the heavier payloads force the satellite to 
be placed in orbit at progressively lower altitudes, Tg 
decreases rapidly, and Tu closely approaches the total 
lifetime curve. For a given payload, the altitude where 
sustaining propellant weight goes to zero is finally 
reached, Tu equals T, and the satellite is at the maximum 
altitude attainable for that payload.
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Since Ts has dropped off drastically and is con

siderably less than Tu at this point, no discernible maximum 
for total lifetime is observed. Longer lifetime is gained 
by placing the satellite at higher altitudes at the 
expense of sustaining propellant, and an absolute maximum 
lifetime is attained when Ts equals zero. For the sus- 
tainer thrust-to-weight ratio considered, and for the 
altitudes where Tg equals zero, drag and hence sustainer 
engine weight is negligible so that no significant further 
increase in lifetime is attainable by trading engine 
weight for additional altitude, A typical curve showing 
this behavior is plotted in Fig. 7«

For the ion propulsion sustaining system, sus
tained lifetime is essentially equal to total lifetime 
for the lighter payloads, and Ts and Tu are nearly parallel 
at all altitudes within the range of investigation.

As payload weight is increased, a decrease in sus
taining propellant results, and Ts becomes progressively 
less at any given altitude. Again, as in the case of the 
chemical rocket, Tu simultaneously increases at any given 
altitude as Wp decreases, and the Tg and Tu curves 
converge and intersect. However, in all cases, the cross
over occurs near the point where Tg is a maximum. Since 
Tg drops rapidly to zero beyond its maximum value while 
Tu increases monotonically, a local maximum for total



lifetime occurs. This maximum value for total lifetime 
is of the order of one percent greater than that achieved 
by going to the maximum altitude attainable with the 
given payload. The maximum is relatively well defined and 
occurs approximately 10 miles below the maximum altitude 
attainable. Figure 7 illustrates these facts,



CHAPTER 11

CONCLUSIONS

The cases of practical interest occur for pay
loads placed at relatively low altitudes where drag 
effects are greatest.

For a chemical rocket sustaining system, maximum 
lifetime is achieved when the satellite is placed as high 
as possible, i.e., without a sustainer.

For the ion propulsion sustaining system, a maxi
mum value of total lifetime results when the satellite 
is placed in the neighborhood of 10 nautical miles below 
the maximum altitude attainable. This maximum value is 
of the order of only one percent greater than.the value 
of total lifetime that results when the satellite is 
placed as high as possible.

For both systems, a significant increase in total 
lifetime can be achieved with.sustaining at the lower 
altitudes for all payloads.

The low thrust-to-weight ratio of the ion 
engine makes this scheme prohibitively heavy to counter
act drag at the lower altitudes. For the lower altitude 
extremes, this method is not even possible for heavy 
payloads because the combined payload and propulsion
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system weight exceeds the capability of the boost vehicle. 
For satellites with large cross sectional area, the thrust 
required to overcome drag at low altitudes may exceed the 
speculated range of thrust of the ion engine. Thus for 
orbits in the neighborhood of 100 to 200 nautical miles, 
the chemical propulsion sustaining system is superior.

Reference to Figs. 5 and 6 shows that, in general, 
the ion system increases the maximum lifetime by a factor 
of 50 times that for the chemical system for any given 
payload and altitude.

Since the maximum lifetime for both sustaining 
systems occurs at or very near the maximum altitude 
attainable, the payload is the predominant weight frac
tion of the satellite, and the weight of the sustaining 
engine and propellant tanks is relatively small. From 
a design point of view, this is desirable since the 
object is to orbit a payload, not a propulsion system!

It may be generally concluded that the only cir
cumstances under which maximum total lifetime does not 
occur at the maximum altitude attainable for a given pay
load and boost vehicle combination is for a satellite with 
a sustaining propulsion system that is capable of deliver
ing very high values of specific impulse. Whether or not 
the very slight increase of total lifetime gained by such



a system justifies the complexity and expense of the sus
taining system must, of course, be carefully evaluated in 
any practical application.



APPENDIX A

THE HOHMAN TRANSFER

For the Hohman transfer maneuver, an impulsive 
incremental velocity, AV]_, is added tangentially while 
in the circular parking orbit. The point of execution 
corresponds to the perigee of the transfer ellipse. The 
magnitude of Av^ is such that the vehicle will coast via 
the transfer ellipse to an apogee altitude corresponding 
to the desired final orbital altitude.

At apogee a second impulsive velocity increment, 
Avg, of sufficient magnitude to circularize the orbit is 
added.

Drag losses are neglected during the transfer, 
and the effects of finite burning times are assumed to be 
negligible since all powered flight occurs at flight path 
angles very nearly equal to 90°.

Figure 8 illustrates the geometry of the Hohman 
transfer.

Avj is the difference between the velocity at 
perigee of the transfer ellipse and the velocity in the 
circular parking orbit.
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Av-i = 'GM (V V GM

GM
V  hi

2(r0+ h) 
(2rQ-!-h1+h )

(r0+ h1)

(A.l)

Avg is the difference between circular orbit 
velocity at final orbital altitude and that at apogee of 
the transfer ellipse.

AVr GM 
r + h

CM
r + h o

GM 2— , ------2_____
(r0+ h ) (2r0+ h-,+ h)
2(r0-f hi) 
(2r0-i- h^+ h)

(A.2)

The total impulsive velocity increment that must 
be supplied by the transfer propulsion system is the sum 
of the individual increments I

Av^ = Avj + Avg (A.3)



APPENDIX B

ATMOSPHERIC DENSITY AS A FUNCTION OF ALTITUDE

In the actual upper atmosphere, there exist vari
ations in air density caused principally by variations in 

' solar radiation with time (the 24-hour day-night cycle, 
seasonal variations, etc.). Variable model atmospheres 
that consider solar radiation effects have been developed 
by Jacchia, Priester, and Paetzold (Wolverton 1963, pp. 
2-336 to 2-359).

For preliminary analysis of space vehicles, it is 
advantageous to consider an average standard set of atmos
pheric properties that is independent of time. The ARDC 
1959 Model Atmosphere has been selected for use in this 
thesis. This fixed model atmosphere has the advantage of 
being explicitly independent of periodic variations in 
atmospheric properties and can be analytically expressed 
more simply than models that take these variations into 
account.

The ARDC 1959 Model Atmosphere does not pretend 
to represent actual conditions at any one time because 
of the numerous dynamical factors present. Its values 
are based on experimental data and various quantities
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consistent for static conditions. The data represented 
in this model consist of density measurements by rockets 
in the 65 to 150 nautical mile region and densities 
inferred from the change in period of orbits of satellites 
having perigee altitudes of 100 to 400 nautical miles. 
Figure 9 illustrates this variation of density with 
altitude.

The density-altitude curve can be approximated for 
computational purposes by the relation

- Oh
? = ? o0 (B.l)

0>is an empirical factor and is the reciprocal of 
scale height which is the altitude increment necessary to 
reduce density by a factor of l/e=l/2.718. $ is assumed 
to be constant for a particular range of altitude so that 
the density can be represented on semi-logarithmic paper 
by a straight line segment for that altitude increment.

is the reference value of density intercepted 
by the straight line approximation extrapolated to h •= 0. 
There is a particular value of that corresponds to 
each value of 0 . Table I lists the values of o and >̂0 
with the altitude intervals to which they apply.

This straight line approximation for the density- 
altitude relation is called the ,8exponential atmosphere.98
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TABLE I

COEFFICIENTS FOR THE EXPONENTIAL ATMOSPHERE

Altitude Interval 0* ^
(Nautical Miles) l/ft. slugs/ft
0 — 50 4.490 X 10-5 2.700 X 10*5
50 - 60 5.780 X 10" 5 1.370 X K T 1
60 70 3.439 X 10*5 2.706 X 10*5
70 =” 80 1.914 X 10" 5 4.125 X 10"8
80 - 90 1.302 X 10"5 2.103 X 10"9
90 - 100 8.407 X 10~6 1.687 X 10-10
100 — 200 5.917 X 10"6 3.716 X 10"11
200 - 300 4.224 X 10“6 4.749 X 10-12

300 - 400 3.187 X 10*6 7.173 X 10-13
400 500 3.170 X 10"6 6.900 X 10"13
500 1000 2.841 X 10"6 • 2.600 X 10*13
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