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ABSTRACT

An equation is developed for the acoustic trans
mission loss of sudden enlargements in rigid cylindrical 
pipes. The detailed boundary conditions at the junctures 
of the enlargement with the inlet and outlet pipes are 
satisfied by considering the higher order wave modes in 
the vicinity of the junctures, the effects of which are 
attributed to attached masses at the junctures. This 
equation is compared with the equation for transmission 
loss usually seen in the literature which is derived 
using plane wave theory and which does not satisfy these 
detailed boundary conditions. Experimental values of 
transmission loss for various sizes of air filled pipes 
and enlargements are compared with the theoretical val
ues given by the two equations.

It is concluded that the attached mass effects 
are significant only for large pipe sizes and high fre
quencies .
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CHAPTER 1

BACKGROUND THEORY

1.1 Introduction
The attenuation of fluidborne noise in piping sys

tems may be accomplished by the insertion of acoustic fil
ters into the system. These filters are categorized into 
two general types: dissipative, in which a portion of the 
acoustic energy is absorbed in the filter, and reactive, 
in which a portion of the incident acoustic energy is 
reflected due to a large change in the characteristic 
acoustic impedance. This study is concerned with one type 
of reactive filter, the sudden enlargement, in which the 
change in characteristic acoustic impedance is obtained by 
an abrupt change in the cross-sectional area of the pipe.

In this chapter, solutions for the general wave 
equation in a rigid cylindrical pipe are given, and cri
teria for judging the performance of acoustic filters in 
piping systems are presented and discussed.

1.2 Theory of Acoustic Wave Propagation in Cylindrical 
Pipes

The propagation of acoustic waves through a fluid



medium may be described under certain assumptions by the 
general wave equation

2 2 ,C v4 $ - — ? (1-1)
<n

where $ is the velocity potential of the fluid medium
defined by the equation

t
$ (r,/?,x,t) dt +

and implying the relation v^ = - ^  = -- —  and v^  ---—

and where c is the velocity of sound in the free medium

The simplifying assumptions which are made in 
deriving this equation are listed below (Ref. 1).

1. The medium is assumed to be inviscid.
2. The mean pressure and density of the medium are 

assumed to be constant.
3. Steady and fluctuating spatial forces such as 

gravity, magnetic, and electrical forces are neglected.
The external forces are assumed to affect the medium only 
at its boundaryo

4. The steady velocity components and their gra
dients are assumed to be small.



5. The oscillatory velocity components and their 
gradients are also assumed to be small.

6. . The motion is assumed to be eddyless (potential).
7» Only small deformations of the medium are assumed

to occur, and stresses are assumed to be directly propor
tional.

S. It is assumed that the wave is propagated in a 
uniform medium, and that there is no change of phase (state 
of matter) during the wave motion.

Despite the large number of assumptions, it has 
been verified that equation (1.1) gives a good description 
of the main properties of acoustic waves. This indicates 
that the stated assumptions are valid within fairly wide 
limits.

For the purposes of this investigation, the waves 
may be assumed to be simple harmonic in nature. Although 
most sounds are not simple harmonic, in the steady state a 
periodic complex wave may be represented, through Fourier 
Analysis, as a superposition of simple harmonic waves, 
each of which is a solution of the wave equation. Because 
of the linearity, of the wave equation, these solutions can 
be superimposed to give the complete solution for the com
plex wave.

With the assumption of simple harmonic waves, the 
velocity potential § may be put into the form
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$ (r)yd,x) elvt

and equation (1.1) becomes

V 2~q/ + k2\y = 0. (1.2)

Expanding equation (1.2) in terms of the cylindrical co
ordinates (r,^,x) where r is the radial distance, ^  the 
azimuthal angle, and x the distance along the axis of the 
pipe,

l1-31

Separating the variables by Fourier's method, solutions of 
equation (1.3) are found in the form (Ref. 1)

V rq(r '/9>x) = [A4 Jq (vr) + Bq Nq (vr)} '

cos q/9 + B” sin q/srj

I e-i V k 2- y2 X + B„, ei fijk2- y2 x
Aq (1.4)

where and are Bessel and Neumann functions of order 
q and argument V r , and V is an eigen value called the wave 
number, defined by the boundary conditions on the side 
walls (r = rQ ) of the pipe. For TJT to be finite on the 
axis of the pipe must equal zero (since N^(0) =-«*>).



For to be single-valued,cos q/? and sin must be
of period 2 v , and thereforeq must be integral 
(q = 0, 1, 2, 3, ..... ).

If the fluid in the pipe is a low density fluid
such as air, there is negligible energy transfer between 
the fluid and the pipe walls and the pipe walls can be 
assumed to be infinitely rigid. This gives the boundary 
condition of zero radial velocity at the surface of the 
pipe walls

from which the eigen values V are obtained. For each q 
in equation (1.5) there will be an infinity of roots; 
therefore, the eigen values obtained from equation (1.5) 
require a double subscript (q,n) where q = 0, 1, 2, 
and n = 0, 1, 2, ... . The natural frequencies of oscil
lations in the direction transverse to the axis of the pipe 
are defined in terms of the roots of equation (1.5)(Ref. 1)

v. 0r d r r = ro

which leads to the equation

(1.5)



Introducing these conditions into equation (1.4), 
combining constants, and re-introducing ela>t, solutions of 
the general wave equation (1.1) in a rigid circular pipe 
are obtained in the form (Ref. 1)

lqn (r,^,x,t)

= Jq < V r) Cq C°S (q,e " ^

+ Biv ei(ut + V k2 " x) qn ^

Aiv i(«t V n x)qn ^

B”
where = aJ(A”)2 + (B»)2 and /9q = tan"1 A„ .

The quantity cos (q/9 - /ŝ ) shows that there are 
q azimuthal angles /a which define q diametral planes on 
which j) = 0 and hence on which the acoustic pressure and
axial velocity (v ) are zero.

From plots of the functions J^(Vr) and J^(Vr) it 
can be seen that for every n root of equation (1.5) there 
is an n root in the same interval of the equation,

Jq(y) = 0 (1.7)

each of which defines an internal cylindrical surface (of 
radius r r^) on which v^ = 0.

Each pair of numbers (q, n) defines a certain wave
mode. If k is greater than V qn then the wave number



V r~2 2k - Vqn (which defines the wavelength along the axis

of the pipe) is real and the mode can propagate along the 
entire length of the tube without variation. If k is less
than Vqn > the wave number is imaginary and the

mode is exponentially damped with increasing distance from
the source and hence is limited to local oscillations in
the vicinity of the source (Ref„ 1).

In light of the preceding discussion, the cut-off'
frequency for each mode (f ) may be defined by the rela-

qnC0
tion

f q n c o  -  4 ^  -  2 ^ -  Y q n '  ^

For frequencies above f the mode may be propagated and
qnCG

for frequencies below f the mode is limited to localqncc
oscillations in the vicinity of the source.

The complete solution of the general wave equation 
(1.1) in a circular pipe can be represented in the form of 
a sum of partial solutions of the type (1.6) (Ref. 1)



where the constants Cq> /^qi and are determined from

known or assumed velocity potentials in the initial and 
terminal sections. Since for the (0,0) mode Vqq = 0, equa

tion (1.9) rnay be put into the form

$ = Aq 0 + B*o ei(«vt+kx)

+ Z i  J q ^ V 1 cq cos (q^ ' ^ q 1

Aiv eifc,t.^k2' - Vq2 x) + Biv ei(«t+y k2 - Vq^ x) (1-9a)

where Aq0 = Cq cos (-P q ) A ^  and = Cq cos (- /3Q )

Expressions for the acoustic pressure (p) and the particle 
velocities (v^, v 9 and vx ) at any point can be obtained from

equations (1.9) or (1.9a) using the relations p

<3$ _ 3$ , _ <)$
vr ~ ~ d r ’ v " ' 5^ and vx ™ " J3E-

The first and second terms on the right hand side 
of equation (1.9a) are known to represent a forward trav
eling plane wave and a backward traveling plane wave, respec
tively. Since from equation (1.2), fnn = 0, it follows

that for a frequency range of 0 to the cut-off frequency of



the first possible higher order mode,̂  the propagation of 
acoustic waves along a circular pipe may be completely 
described by plane waves except, as will be shown in Chap
ter 2, at discontinuities where local oscillations of the 
higher modes will be set up to satisfy detailed boundary 
conditions.

If the velocity potential is symmetrical about the 
pipe axis, only the (0,n) modes are excited and equation 
(1.9a) simplifies to

$ = A*0 + ^  ei(»t+kx) + ^  Jo(V()nr) (1.9b)

A*n ei U 't -Vk"2- Vto x) + B*n ei(wt+V k2- V0n x)

and plane wave theory is valid for frequencies to For

a hard-surfaced, rigid-walled pipe, even in the case of 
asymmetrical excitation, f ^  may be taken as the upper limit

of plane wave validity since the (q,0) modes are very weak 
except at resonant (cut-off) frequencies due to the sharp 
resonance of a hard-surfaced, rigid-walled pipe (Ref. 1).

1. In this paper, all references to ’’higher order 
modes” will mean the (q.n) (q=l,2,3,...; n=l,2,3,...) modes 
shown in equation (1.9a) which are excited at the funda
mental angular frequencyw, not overtones or harmonics of 
frequencies so) (s-1, 2,3 • • • 5 •



1.3 Acoustic Filter Performance Criteria (Ref. 3)
Figure 1.1 shows a simplified acoustical circuit 

consisting of a source, a filter and a load. The elements 
composing this circuit may be either lumped acoustic ele
ments or portions of an acoustic transmission line. In the 
latter case the portions of the line connecting the compon
ents may be considered part of the components. The source 
may be represented by a volume velocity (Vg) and an inter
nal admittance (Yg) in parallel or equivalently a pressure

source (pg) with an internal impedance (Zg) in series where

Vg = Pg Yg and Zg = The load may be represented by an

admittance (Y^q ) and the filter by a section of non-uniform

acoustic transmission line (see Appendix). If the load 
admittance is known it can be combined with the known or 
calculated filter admittance to form Y^ as shown in Figure 
1.1b. The pressure at point A is given by

PA = =o 1 b 1 2 + 1
s

and the sound power delivered to the load (W^q ) is
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bourcc A

Passive, Lossless 
Filter

Load on Filter

V, ©
- B»

LO

(a) Circuit representation of sound source and a 
loaded reactive filter.

S

(b) Circuit representation of 
loaded acoustic source.

Figure 1.1 Acoustic Circuit Representations of a Simple 
Source, Filter-Load, System (From Ref. 5).



It is seen that this quantity depends on the characteris
tics of the source and the load as well as those of the 
filter, and the filter performance is dependent upon the 
system in which it operates.

It is assumed that all lines and filters are loss
less to simplify the calculation of filter performance 
parameters although these parameters are in general appli
cable to dissipative systems. For the lossless case, the 
power delivered into point A must equal the power deliv
ered to the load admittance Y-̂ q ,

Equation (1.12) is called the output-input pressure ratio 
and is dependent on the system characteristics as well as 
filter characteristics. A similar parameter is the output- 
source sound pressure ratio given by

which is obtained by substituting equation (1.10) for p^ in 
equation (1.12).

The most useful parameter for judging the effective
ness of a filter in an actual system is the insertion loss

(1.12)

Pb I = 1 RefYp £
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(I.L.) which gives the ratio of the pressure at a point in 
the system without the filter installed to the pressure at

I.L. —

with the filter ins tailed.

|Pbn f
~Re(Y. T  

NF
1 %

Re(Y. )
F

(1.14)

where the subscripts NF and F refer to system characteris
tics calculated without the filter installed and with the 
filter installed, respectively. Equation (1.14) is obtained 
by calculating equation (1.13) for both cases and taking the 
ratio. The usual point of reference for measuring inser
tion loss is taken at the filter outlet.

All of the parameters for judging filter effective
ness which have been calculated thus far are dependent on 
source and load characteristics as well as filter charac
teristics. It is desirable to have a parameter with which 
to judge filter effectiveness independent of the system in 
which it operates.

The transmission loss (T.L.) is a relationship 
between the energy in the incident wave at the filter inlet 
and the energy in the transmitted wave at the filter outlet 
and is given by

T.L. (db) = 10 log10
PA+ 2

X i]
PB+ 2 = 20 log10

Pa+
Y
°1

PB+ _Y°2_
(1.15)



where Y„ and Y„ are the characteristic acoustic admittanceso o

S of the filter inlet and outlet pipes, respectively. The
Z’c
pressure p^ is the sum of the incident and reflected wave 

pressures: pA = pA+ + pA_. Similarly, pB = pB+ + PB_.

These relations may be written in the form:

and
Pa  = Pa+ 1+k j

p b = p b+ | 1+k b

(1.16)

(1.17)

where the reflection coefficients K. and Kg are given by (see 
Appendix) V!i

a _ \ - - i
K . = (1.13)

and
Kr, =

V h o

Y°24Yl0
(1.19)

Substituting equations (1.16) and (1.17) in equation (1.12)

±_ 1+Kb 'Re(fLo)“
pb+i 1+Ka (1.20)

and from equations (1.15), (1.18), and (1.19),
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1+ r c2"YL0

T.L. = 20 log^Q Re(YLC)

(1.21)

The transmission loss depends on the load character
istics but not on the source characteristics; therefore, for 
the case of a non-reffective acoustic termination, Y^q = Y q

and Kg = 0, and the transmission loss gives a measure of

filter effectiveness by which filters can be compared with
out considering the systems in which they are used. For 
this case and assuming equal inlet and outlet pipes 
(Y = Y ), equation (1.21) reduces toO-i ________________________

which depends only on the characteristics of the filter 
(which are contained in Y^) and the (equal) characteristic

1
2

(1.22)

impedances of the inlet and outlet pipes (Y )



CHAPTER 2

SUDDEN ENLARGEMENT FILTER THEORY

2.1 Introduction
The sudden enlargement filter has been treated 

extensively in the literature (Refs. 2, 3> 5, and 6) by 
plane wave theory. The transmission loss for a sudden 
enlargement filter in a rigid pipe is calculated using this 
theory in section 2.2 of this chapter and it is seen that 
this theory does, not satisfy the detailed boundary condition 
at the discontinuities, (i.e., junctures of the filter with 
the inlet and outlet pipes). In subsequent sections it is 
shown that these boundary conditions are satisfied by con
sidering the higher order modes shown in equation (1.9a) 
generated at the discontinuities. The transmission loss 
for a sudden enlargement filter in a rigid circular pipe 
is calculated taking into account the effects of these 
higher order modes.

2.2 Transmission Loss for Sudden Enlargement Filters 
(Plane Wave Theory)

The techniques employed in this section are essen
tially the same as those employed in Refs. (2 and 6).

16
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Figure (2.1) shows a schematic diagram of a sudden 

enlargement filter of cross-sectional flow area with

equal size inlet and outlet pipes of area . It is assumed

that there is no bulk-flow motion of the fluid medium, that 
the filter dimensions and frequency are such that the higher 
order modes in equation (1.9a) are not freely propagated and 
therefore only plane waves need be considered, and finally, 
that the pipe and filter walls are infinitely rigid so that 
the system is lossless and the speed of sound is constant 
and equal to the speed of sound in the free medium. The 
outlet pipe is assumed to be terminated in its character
istic impedance (acoustically infinite) so there are no 
reflected waves in the outlet pipe. Assuming plane waves, 
the incident and reflected velocity and pressure waves can 
be written:

iR = i w A  ei(ut-kx) pR = i V cA e^t-kx)

p, - t y c B  (2al

where £ is the particle displacement along the pipe axis 
and where / = vx for the case of plane waves only. For

purposes of clarity, only the displacement amplitudes and 
distance-dependent phase angle are shown in the schematic 
diagram. The incident waves are assumed to originate at
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1
A-
B:

x=0

k x

A.
b !

A„e'i U f
B2e:Lk/{f

A. Jl

II

Figure 2.1 Schematic Diagram of a Single Sudden 
Enlargement Filter
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the left and the subscripts R and L refer to right and left 
running waves, respectively. The subscripts 1, 2 and 3 
refer to waves in the inlet pipe, filter, and outlet pipe, 
respectively. Referring to Figure (2.1), Ag is the portion

of the incident wave which is transmitted from the inlet

pipe to the filter at junction I plus the amount of

which is reflected into the filter at junction I, A^ is the

portion of Ag which is transmitted from the filter to the

outlet pipe at junction II, is the portion of A^ which

is reflected at junction II and is the amount of A^

which is reflected at junction I plus the amount of B2

which is transmitted from the filter to the inlet pipe at 
junction I .

The two boundary conditions which must be satisfied 
at the discontinuities I and II are (1) continuity of pres
sure and (2) continuity of volume displacement or volume 
velocity. Condition 1 results from the fact that fluid 
pressure is a continuous, single-valued, scalar function 
and condition 2 is equivalent to the statement that the 
fluid medium is considered to be a continuum. The detailed 
boundary condition of zero normal velocity at the surface 
of the solid portion of the juncture is not satisfied in
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this analysis (Ref. 3). Writing the two boundary condi
tions at I,

PlI = PZj or PrX-,- + PlIj = PR2I + PL2I (2.2)

and S1 = S2 / 2  ̂ or - / Lli) = S2 ^  R2-J. ~ ^L2I*

(2.3)
and at II,

P2II = P3 n  °r PR2II + PL2II = PR3ll (2-4)
and

S2 4 ; ;  = S3 h zlor S2 ^ R 2 XI - 4 2ii) = S3 / R3ii.

(2.5)
Substituting the values of | and p from equation (2.1) and 
letting x = 0 at I, then at I

i uy?cA-̂  e^u,t + iwy>cB^ e ^ ^  = i^cA^ +' e ^ ^

(2.6)
and

S1(i-jA1 eiut - ia,B1 eie,t) = SgfiwAg ei<ut - i*>B2 e^^) (2 .7)

and at II, where in this case = S^,

i«y>cA2 gi^t-k^) + iâ cB2 ei(<vt+k/f) = lû cÂ e^ t

(2.8)



S2 (i<uA2 ei(<"t-k '?f ) - iwB2 iu;^ ei“t

(2.9)
where Jt̂  is the filter length. Simplifying and cancelling 

common terms at I,

(2 .6a)

and S^(A-^—B-̂ ) — ^2 ̂ '̂‘2 ""̂ 2 ̂

or A1”B1 = m(A2-B2 ) (2.7a)

S2where m = and is called the area ratio. 
bl

At II,
A2 e"lk^f + B2 elk^f = A3 (2.8a)

and n(A2 e”^k f _ B2 ekk/̂ f) = A^ . (2.9a)

Solving equations (2.6a) (2.?a) (2.8a) and (2.9a)
•̂ 1simultaneously for the ratio 7—
3
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and

cos2kjf + (ii(rn+^) sin kj?^)2

i+ifm i ) 2 sin2 kjf (2.11)

From equation (1.15) the transmission loss is

T.L.(db.) = 2 0  log10
IPR1
|pR3

= 20 log10
A.
A.

= 20 log-^Q |jL+i(m - %)2 sin2 ki4 m f

10 log10 Fl+^Cm - ^)2 sin2 k^f (2.12)

Equation (2.12) was programmed on a digital computer 
and plots of transmission loss vs. the dimensionless param
eter kjp£ are shown in Figure (2.2). Similar curves are

shown in many of the references (for example, Refs. 3, 5 
and 6). Due to the sin kj?̂  term in equation (2.12) the

curves are cyclic in nature, repeating themselves at fre
quency intervals determined by the filter length 8̂ , and

the velocity of sound in the fluid (c). The maximum trans-
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Figure 2.2 Theoretical Transmission Loss Curves (Plane Wave Theory)
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mission loss is a function of the area ratio (m), being 
larger for larger area ratios.

2.3 Attached Mass Effects at Plane Discontinuities in a 
Rigid Cylindrical Pipe

abrupt change in cross-sectional area of a circular pipe 
as shown in Figures (2.3a and 2.3b). It is assumed that 
the walls of the pipe are infinitely rigid and the frequency 
and dimensions of the pipe are such that only the plane 
wave (0,0) mode can be freely propagated in either section. 
It is also assumed that there is no bulk-flow motion of 
the fluid medium. The velocity potential for wave propa
gation in a rigid cylindrical pipe is that given by equa
tion (1.9a)

from which expressions for the pressure (p) and the axial 
velocity (v^) can be obtained as explained in section 1.2.

Equation (1.9a) satisfies the boundary condition of zero

Consider the plane discontinuity formed by the

<]) “ Aoo ex(ait-kx) , i(wt+kx)
+ ti00 6

(1.9a)
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x=0

D=2R ^ d=2r  » °

(a) Sudden Contraction

x=0

r 2ro 1 D=2Ro

(b) Sudden Expansion

Z ZAM Z

Poo. Poo,

(c) Acoustic Transmission Line Analogy

Figure 2.3 Plane Discontinuities in a 
Cylindrical Pipe
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normal velocity at the pipe walls v^ = 0 and

' o
vr |r=R = 0. On mathematical grounds it is necessary that 

' o
the higher order modes ((q,n) where q = 1 ,2 ,3 , . . . ,

n = 1,2,3,...) be excited at the discontinuity, even though
they may not be freely propagated for long distances, in
order to satisfy the boundary condition of zero normal
velocity at the solid portions of the juncture v = 0

x x=0
for r ^r^R (Refs. 7>S) . Since it is assumed that the fre

quency is below the "cut-off" frequencies (f ) of all the
qnC0

higher order modes, these modes are exponentially attenua
ted (see section 1.2) and can be considered to be confined 
within a small distance A  J? (where A  j? is of the order of the

largest value of ---   times the wavelength in the free

medium (a ) (Ref. 7 )) on either side of the discontinuity.
From a consideration of equation (1.9a), near the 

discontinuity

P = P0o + PH V V00 + VH 
where Pqq and Vqq are the pressure and volume velocity due

to the plane wave mode and p^ and are the pressure and

volume velocity due to the higher order modes. It can be
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shown from the distribution of all the higher order modes 
that their contribution to the volume velocity through the 
discontinuity is zero (Ref. 8); therefore,

VH = 0 or V = V00
and the condition of continuity of volume velocity at the 
discontinuity (x=0) gives the expression

V00. = V00,
x=0

(2.13)
x=0

From the continuity of pressure at the discontinuity

p00- + Ph

or p001

X=0

x=0

1 Poo.

Poo.
X=0

x-0

+ PIL

= PH,

x=0

x=0

(2.14)

- PH-

x=0

x=0
(2.14a)

If the pipe sections are considered as portions of an acous
tic transmission line, the pressure drop given by the right 
hand side of equation (2.14a) can be accounted for by 
assigning it to a lumped impedance of value

H, - PH. Poo
X=0 x=0 1 poo.

x=0 x=0
'AM V00 V

x=0 00 x=0

" 1 LAI.l (2.15)
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where is a lumped acoustic inertance in series with the

line at the discontinuity (Refs. 7,8). The equivalent cir
cuit is shown in Figure (2.3c).

By assuming a cylindrically symmetrical velocity 
potential (i.e. $ = $Qn )> substituting the appropriate

expressions for p and v^ obtained from equation (1.9a) on 
each side of the discontinuity, requiring these expressions 
to satisfy the boundary conditions

pi x=0

x=0

p2 x=0

X,

0 < r  <i

0 <^r <^ro
x=0

and vx. = 0 r r<^R (sudden enlargement)
x=0

or v^ = 0  ro<^ r < R o (sudden contraction)
x=0

across the common boundary, and solving for the unknown 
constants, Karal (Ref. 8) has obtained numerical results 
for in the form

= -2^—  HOx) + higher order terms]
3>rr0 L J

e/°
3rr2r,

H(«)

(2.16)



where °< = ^  ^ and where
o

J,2) R<X)o ̂  <r 1 On o - 
H H )  = 2 5  Z> --------------------- • (2.17)

11=1 (V0nRo)3 V H n V

It is of interest to consider the same problem from
a physical point of view. Only modes with real propagation
constants (i.e., modes for which f 'N f or equivalently

qnC0
2 2k Vqn ) can transport energy; however, the attenuation of

the non-prcpagated modes does not involve dissipation of 
energy, since the pressure and velocity are 90° out of 
phase and, therefore, these attenuated modes must store 
energy (Ref. 7) • This stored energy (K.E.^) represents a

kinetic energy stored in the motion of the medium due to 
the non-propagated modes which is additional to the energy 
carried in the propagated (in this case, plane wave) modes 
(Refs. 1,7) and may be calculated from the equation (Ref. 1)
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where the limits of integration include the entire infinite 
region. However, since these higher order modes are largely- 
concentrated in the small distancea I on either side of the 
discontinuity, if we are not interested in the behavior of 
the medium at the discontinuity, this energy can be assumed 
to be lumped at the discontinuity and this lumped energy 
can be ascribed to a certain fictitious inertance (acous
tic mass) that moves with the effective volume velocity

Vqq through the discontinuity such that (Ref. 1)

K,E,AM = 2 LAM V0 0 e (2.19)

If the mean effective velocity ( ^ through the area

of the discontinuity is known, equation (2.19) may be writ
ten as

1 c 2K.E.^u = 5 E (2.20)

pwhere has the dimensions of mass and is called

the attached mass associated with area 5^ at the discontin

uity (Ref. 1). The energy stored by the non-propagated 
modes (K.E.^,) may thus be thought of as the energy which

must be expended to set this fictitious mass (M^) in motion 

with the mean effective velocity (<fm s ) through the area S^.
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If the velocities at all points in the infinite 

field of the non-propagated modes are known, the kinetic 
energy of the field may be calculated from equation (2.18) 
and if the volume velocity through the aperture of the dis
continuity is known, the inertance ( )  due to the higher

order modes at the discontinuities can be calculated from 
equation (2.19). This inertance is equivalent to the iner
tance given in equation (2.13). Rschevkin (Ref. 1) has 
calculated the inertance (L^J associated with the abrupt

change in area of a rigid cylindrical pipe by this method, 
assuming a uniform velocity distribution over the aperture 
of the discontinuity, obtaining

16 yP
M  3Tr2d^(cx) * (2.21)L

Rschevkin makes an approximation by writing

Lah = <2,22)

which is within 10% of the above value. By comparison with

equation (2.16) , J6(«*) = HT*T"

Rschevkin (Ref. 1) reports that Fok has calculated 
ÂIT for this problem by assuming normal flow through the

aperture of the discontinuity and using an analogy to the
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distribution of electricity on a charged-plate obtaining

'AM (2.23)

w h e r e (o<) = 1 + a ^  + a^^ + and where a^, a^,

are constants calculated by Fok. Plots of ̂ (°<) and ̂ (o<) 
are given in Figure (2.4).

Present experimental accuracies are not sufficient 
to determine which of the functions ̂ ( e<-) or ££(<*•) gives the 
more accurate value of (Ref. 1).

Using RschevkinTs (Ref. 1) assumption of uniform 
velocity distribution, the continuity of volume velocity 
(equation 2.13) may be written

1 t x-0
(2.24)

x=0

Rearranging equation (2.14) and using equations (2.15) and 
(2.22), the continuity of pressure may be written

poo. p00.
X=0

+ xuLm  S2 12
x=0 x=0 Poo,

+ i

x=0

(2.25)
x=0

It should be noted that the value of is the same

for a sudden enlargement or a sudden contraction and is 
always associated with the smaller pipe.
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4.0

3.0

2.0

1.0

Figure 2.4 Values of U,(«) and ĵ (e<) Functions (From 
Ref. 1)
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2.4 Transmission Loss for Sudden Enlargement Filters

(Attached Mass Theory)
Figure (2.5) shows a schematic diagram of a sudden 

enlargement filter of the same dimensions as the filter in 
Figure (2.1) and subject to the same assumptions except in 
this case the speed of sound in the filter (c^) may be dif

ferent from that in the inlet and outlet pipes (c^). It was

shown in the previous section that the detailed boundary 
condition of zero normal velocity at the solid part of the 
juncture, which was left unsatisfied in the plane wave 
analysis of section 2.2, is satisfied by higher order wave 
modes excited in the vicinity of the juncture, the effects 
of which are accounted for by attributing them to lumped 
series inertances L ATT and L._ located at each juncture.Arlj- II

Since S( &St it can be assumed that the higher

modes excited at one discontinuity will be attenuated before 
reaching the other discontinuity and, therefore, will have 
no effect on the behavior there (Ref. £). Assuming uniform 
velocity distribution through the aperture of the discon
tinuity and noting that in this case -£ * Âli ^Ah

= and is given by equation (2.22). The boundary condi

tions at the discontinuities I and II are obtained from



a. Sudden Enlargement Filter

LAI-'XI

p00-, p00. p00, p00. 
•II XI

b . Acoustic Transmission Line Analogy

Figure 2.5 Sudden Enlargement Filter and Trans
mission Line Analogy
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equations (2.24) and (2.25): at I

• *

p00n, + p00Tn = P00DO + P00T^ + S2 ^ R 2 t ~ >L2T ^Rlj. "L1I R2I L2-J-

(2.26)
and - /L1_̂) = S2 (2.2?)

and at II, assuming a non-reflective termination,

P00R2II + P°0L2II = P°0R3II + P00L3lI + ^  33 ^ R3II
(2.28)

and S2 (f%2^^ - = S3 ^ (2.29)

Substituting the complex exponential values of £ and Pqq

from equation (2.1) into equations (2.26 through 2.29), 
simplifying and cancelling common terms, at I

Z50! (Aq-HSq) = />c2 Â2+B2̂  + ^^All ^2 Â2*"B2̂  (2.30)

and S^fAi-Bi) = SgXAg-Bg) (2.31)

and at II, noting that in this case = S^,

y c 2 (A2 e'ik,f + B2 e^k f ) = f c ^  + iuL^, (2.32)

and S2 U 2 elkj,r - B2 e^k& )  = . (2.33)

Solving equations (2.30 through 2.33) simultaneously for the 
A1ratio -r— ,
3
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A-

P cz \f (Snc-,+Sn c0 ) 4 iSo0)L2 1 1 2 2 AI■lSl]

Z>c2 [ /? Ŝ2C1'*S1C2^ + lS2^LAI-!Sl J
-ik/f

[/) Ŝ2C1+S1C2^ + lS2ajL.\IISl3 6 ^  " |/,̂ S2C1'"S1C2̂

"L32uLAI.lSl 3  e lv^f I (^^kAI432 + /  V ClC2S2 e

Substituting the value of = 2'u^loCf equa

tion (2.22) and letting = m, and —
1

S2 fl 
1 c2

= m T

A-
f.

cu
co: k A  - z ^ T y . —  sin f

+ i
g

2c^v^cos kjf 

1S2

¥ n ' + i W

w 25,S

8clc2d2
sin kff

From equation (2.34)
A.
yv is calculated as

(2.34)
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h 2 /

A3
1 + ki2 si2 

, ,2,2

k, S, . k9 S„ k,2 k„ S,2 S„
k a y r  t™' + Err) - 2 U ^ -  - ^ 3 ------- I sin 2k9f2*f

I 1 (m' _ 1 ) 2  + % - % -  - 1 2 Si "2' 4 m 4d2̂ 2 4d26^ 64d‘+̂

+ &r) 2 i l  ^ sin2 k9J?
8d 2 £ (2.35)

and from equation (1.15) the transmission loss i:

T.L. = 10 log10 1 + h 2 si2 
 ̂ 2 4 d ^

kl S1 , , . 1 , k2 S2 kl k2 sl s;
- a y  (m + ett) - 2 d y  - 3 ^ 3 sin 2 k2 $P

k  ̂ q ^ k 2 3 ^ k ^ k ^ S ^ 3 ^ 
+ , l(n' _ 4 ) 2  + + 1 2 Si ^2

‘ 4- m 1 4 d % 2
O O4 d y  6 4 d y

8 d ^
;in2k9/2<f (2.36)

For ̂6 = °̂  (equivalent to setting = 0)

and = Cg, equation (2.36) reduces to
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T.L. = 10 log10 [l + i (n - i)2 sin2kJ?fl

which agrees with the transmission loss calculated by plane 
wave theory, equation (2.12). Although equation (2.36) is 
strictly valid only for the case of rigid walls, the change 
in the velocity of sound between the pipe and the filter 
due to non-rigidity may be taken into account by substitu
ting the proper values of c^ and c^.

The transmission loss derived by plane wave theory 
was a function of only four variables, speed of sound in the 
fluid medium, frequency, filter length and filter area ratio. 
Equation (2.36), however, also depends on the diamter of 
the pipe in which the filter is inserted. Equation (2.36) 
was programmed for a digital computer, using the values of^  

from Figure 2.4 and assuming c-̂  = c^ = c ̂ and results

obtained are plotted in Figures 2.6 through 2.10 as trans
mission loss vs. frequency. The first three figures (2.6 
through 2.8) show the effect of pipe diameter on the T.L. 
of filters of constant area ratio, and Figures 2.9 through 
2.10 show the attached mass effects at higher frequencies 
on the T.L. of filters of constant area ratio and constant
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pipe d i a m e t e r . I t  is seen from these figures that the 
transmission loss apparently is not strictly cyclic as in 
the plane wave case. Although the transmission loss returns 
to zero repeatedly, the shape of the curve and the period do 
not remain the same. An increase in frequency has the 
effect of increasing the effective area ratio and decreasing 
the effective length, (increasing the period), although the 
decrease of effective length is more pronounced at low fre
quencies and remains fairly constant as frequency increases. 
An increase in pipe diameter keeping the actual area ratio 
constant also tends to increase the effective area ratio. 
These attached mass effects are relatively small for low 
frequencies and small pipes and may safely be neglected.
For high frequencies and large pipes, however, the attached 
mass effects become large and should be taken into account, 
as they substantially alter filter characteristics, as 
indicated in Figures 2.6 through 2.10.

1. It is to be noted that in Figures 2.9 and 2.10, 
selected frequency intervals, each of which contains an 
entire period of the curve, were selected rather than the 
complete frequency range so the effects could be illustra
ted while keeping the size of the graphs within reasonable 
limits.

It is also to be noted that the theoretical 
T.L. curves are not plotted for frequencies above the cut
off frequencies frn in the filters since the assumptionUJ-co
of plane wave propagation in the filters is not valid above
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CHAPTER 3

PROBLEMS OF PERFORMANCE AND MEASUREMENT 
IN AN ACOUSTIC SYSTEM

3.1 Introduction
It was shown in section 1.3 that the performance of 

acoustic filters in an actual system depends not only on 
the characteristics of the filters but also on the charac
teristics of the system, such as source and load impedance. 
The transmission loss was proposed as a criterion for eval
uating the effectiveness of filters independent of the sys
tem since it is independent of the source characteristics 
and the effects of the load characteristics may be elimin
ated by assuming a non-reflecting acoustic termination. In 
an actual experimental system, the condition of a non
reflecting termination may be approximated very closely for 
gas filled pipes but is difficult to obtain for liquid 
filled pipes. Also, even if a non-reflecting termination 
is obtained, standing waves are still set up in the inlet 
pipe due to reflections from the filter.' Since transmission 
loss is calculated in terms of the incident waves in the 
inlet and outlet pipes and a microphone will not differen-

46
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tiate between forward and backward waves but will measure 
their sum (or equivalently the standing wave pressure at 
the particular point), a means of accounting for the effects 
of the reflected waves on transmission loss measurement must 
be found. In this chapter, methods are given to account 
for these effects, and the effects of a reflecting termina
tion on the measurement of transmission loss are discussed.

3.2 Measured Transmission Loss for the Case of a Non- 
Reflecting; Acoustic Termination

In sections 2.2 and 2.4, the transmission loss is 
calculated for a sudden enlargement filter with the assump
tion of an infinitely-long outlet pipe. In each case it is 
assumed that there is, in the inlet pipe, an incident plane 
pressure wave

PR1 = i‘r cAl e'L(a>t”l'X)
and a reflected plane pressure wave

PL1 = i r cBlolt"t+kX)
which is composed of reflections from both ends of the fil
ter. Due to the assumption of an infinitely-long termina
tion, in the cutlet pipe there is only a forward progres
sive wave

pR3 -
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The transmission loss was calculated from the ratio of

or equivalently
A1 A microphone in the outletlpRll

lpid
pipe will measure the instantaneous pressure Re (Pp^) or

the rms pressure PR3 directly. A microphone in the
ran

inlet pipe, however, will measure the total pressure due to 
the summation of the incident and reflected waves which is 
given by

x
p1 (x,t) = Re (pR1 + pL1 ) 

with an rms value given by
(tope) 1 r

pRlx + PL1X rms ^̂ 2 \

+ B- cos (©L1 + kx)J 2 + 

sin (©L1 + kxjl2

A-

cos (9,^ - kx)

sin ( -kx)

which depends on the position of the microphone in the pipe.
If the position of the microphone in the inlet pipe 

is variable and it is moved to a point (x=x) where the pres
sure is a maximum, at which point the incident and reflec
ted waves are in phase (i.e., 0.,^-kx = 9^^4-kx) , the magni

tude of the rms pressure at this point is simply the sum of
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the magnitude of the m s  pressures of the forward and back
ward waves

PR1- + PL1- = PR1- + PL1- .
X X m s X m s X m s

The measured transmission loss (T.L.M.) is defined from the 
ratio of the energy at a point of maximum pressure in the 
inlet pipe to the energy in the outlet pipe and is given by

2

.L.M. = 10 log10 PR1x + PL1x
pR3

2

= 10 log10
B_1
L3

(3.D

B1For the plane wave analysis in section 2.2, j—
3

is found from the simultaneous solution of equations (2.6a 
through 2.9a) as

B
Aj ™ " i I  (nl " m 1 sin k41 (3.2)

and
B1
A. = I f  (n - m )2 sin4 k4

Substituting the values of
3

and 1

(2.11 and 3.3) into equation (3.1),

(3.3)

from equations
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T.L.M. = 10 log;L0 [l + | (m - |)2 sin2kJ,J 

+ "" sin k^£  ̂1 + ^  (m - i )2 sin2k ^ J

f

(3.4)

The same procedure may be applied to the analysis 
in section 2.4 and an expression obtained for the measured 
transmission loss which includes the effects of attached 
mass. However, these expressions for measured transmission 
loss, especially in the latter case, become quite compli
cated and each time the filter is changed a new expression 
must be calculated. Furthermore, for each frequency at 
which experimental data are taken, the difference between 
T.L.F. and T.L. must be calculated and applied to the data 
as a correction factor. This process becomes very tedious 
and time-consuming when a large number of filters must be 
tested over a wide frequency range, so the following less 
exact but much simpler method of correcting for the effect 
of the reflected wave in the inlet pipe has been developed 
in reference (6).

If it is assumed that all reflection takes place at 
a single point and that the magnitude of the incident sound 
pressure wave is unity, then the magnitude of the reflected 
wave is given by K and the magnitude of the transmitted wave 
is given by 1-K where K is the reflection coefficient.
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The approximate transmission loss (T.L.A.) is given by

T.L.A. = 20 logpQ 1 (3.5)1-K

and the approximate measured transmission loss (T.L.M.A.)> 
defined for the case when the inlet pipe microphone is 
located at a pressure maximum, is given by

Table 3 «1 gives the values of these equations along with 
the correction factor, which is the difference between 
TcL.M.A. and T.L.A., for various values of K. Figure 3.1 
shows a plot of the measured transmission loss vs. the 
correction factor obtained from the values in Table 3.1.

and (3.6) may be used with any filter. Figure 3.2 shows 
the amount of error between the exact transmission loss 
(equation (2.12)) and the approximate transmission loss 
obtained by applying the approximate correction factor 
from Figure 3.1 to the measured transmission loss (equation 
(3.4)), for a representative filter. It is seen that the 
error is quite small for the higher values of attenuation.

20 log10 |_ 1-R (3.6)

The correction factor obtained from equations (3.5)



TABLE 3.1
CALCULATED CORRECTIONS TO MEASURED TRANSMISSION 

LOSS VALUES (FROM REF. 6)

Percent 
'Reflection
= K<102

Correction
(db)

T.L.A.
(db)

T.L.M.A.
(db)

5 0.42 0.45 0.8?
10 0.63 0.92 1.74
20 1.56 1.94 3.52
30 2.28 3.10 5.38
40 2.92 4.24 7.16
50 3.52 6.02 9.54
60 4.08 7.96 12.04
70 4.61 10.46 15.07
SO 5.11 13.98 19.09

- S5 5.34 16.48 21.82
90 5.58 20.00 25.58
95 5.80 26.03 31.83
97 5.90 30.46 36.35
99 5.98 40.00 45.98
99.5 6.00 46.02 52.02
99.9 6.02 60.00 66.02

100 6.02
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3.3 Effect of Pipe Termination Reflection on Measured

Transmission Loss
In order to obtain a parameter which gives an eval

uation of filter effectiveness independent of the system, 
the filter outlet pipe has been assumed to be terminated in 
its characteristic acoustic impedance, giving a reflection- 
free termination. In actual experimental systems for meas
uring transmission loss, this condition is.sometimes diffi
cult to obtain, especially in the case of liquid filled 
systems.

An approximate method for correcting for termina
tion reflections, so that measured values may be compared 
with the transmission loss equations derived assuming an 
infinite termination, is given in reference (4). Figure
3.3 shows a schematic diagram of a system which consists 
of a source which feeds an amount of sound energy S into 
the system, a filter which reflects F percent of the sound 
energy incident upon it, and a termination which reflects 
T percent of the sound energy incident upon it. For sim
plification the source impedance is assumed equal to the 
characteristic acoustic impedance of the inlet pipe, since 
a reflective source would only increase the value of the 
energy incident upon the filter from the source direction 
and would have no net effect on transmission loss. With
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Reflected at 
Filter

T = % Energy 
Reflected at 
Termination

FS

(1-F)2ST

(l-F)S (l-F)ST

(l-F)STF

(1-F)ST2F

(1-F)2ST2F (1-F)3T2F2

(X-I')23'Pf 2

(i -f )s t3f 2

(1-F)ST3F3

(1-F)3T4F3

(1-F)2St S ’3

The general terms are:

(l-F)2STnFn'"1 (1-F) 3Tn"’‘LFrL”'L
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Figure 3.3 Energy Distribution in Pipe with 
Filter (From Ref. 4)
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this assumption and assuming negligible dissipation in the 
system, the sound energy will build up on each side of the 
filter in the manner shown in Figure 3.3. The sound energy 
S from the source will travel to the filter where an amount 
FS will be reflected back to the source (where it is 
absorbed); an amount (l-F)S will pass through the filter to 
the termination where an amount (l-F)ST will be reflected, 
and the remainder of the sound energy will pass out of the 
system. The energy (l-F)ST from the termination passes 
back to the filter where an amount (i-F)GTF is reflected, 
and the remainder (1-F) ST travels back to the source 
where it is absorbed. This process will be repeated, and 
the general expression for the reflection at the pipe 
termination and at the filter will be (l-F)STnFri ^ and 
(l-F)3Tn*’1Fn~1, respectively. The n + 1 expression for 
the energy passing back to the source is (l-F)^STnFn \

The total energy on the downstream side of the fil
ter is

(1-F)S

= (l-F)S

(3.7)
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The total energy on the upstream side of the filter is

S + FS +

or S + FS + (l-F)fcST

(1-F)2S Z 1 i’nFn”1

n=l (TF)n_1 = S + FS + -(3-6)

When the microphones at both the inlet and outlet pipes are 
moved to the positions of maximum sound pressure, the meas
ured transmission loss is given by

10 lo£io
1 + F + (1-F)2T

1-TF
(1-F) T -i- 1 

1-TF

10 log10 1 + F H l  - TF
1 - F + 1

(l-F)T 
T + 1 (3.9)

The true transmission loss is given from the defin
ition of transmission loss (equation (1.15)) as

T.L. = 10 log10 (3.10)

A plot of the measured transmission loss vs. true 
transmission loss is shown for various values of T in Fig
ure (3.4). It is seen from this figure that this method is 
not applicable for the case of total reflection (T=l) and 
to obtain sufficient accuracy, T should be less than about 
.9. In the general case, T would not be known mathemati
cally and would have to be determined experimentally for
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each frequency at which measurements were to be taken 
(since in the general case the termination impedance is 
partially reactive and, therefore, a function of fre
quency) . .



CHAPTER 4

EXPERIMENTAL VERIFICATION

4.1 Introduction
The experimental apparatus available for this 

study limited experimental checks of the theory in air to 
the case of low frequencies (less than .1200 cps) in small 
diameter pipes (less than 2 in.). It may be seen from 
Figures 2.6 through 2.10 that the difference between the 
theoretical values of transmission loss for plane wave 
theory and attached mass theory for these conditions is 
too small to be checked accurately so that the data 
obtained are essentially a check of the general plane 
wave theory and the experimental techniques rather than 
an experimental basis for comparison of the two theories. 
However, Davis, Stokes, Moore and Stevens (Ref. 6) have 
obtained, by essentially the same experimental methods, 
comprehensive data for sudden enlargements in 3 in. dia. 
pipes, where the effects of attached mass are more notice
able, and some data for 12 in. dia. pipes where the 
attached mass effects are quite large. The pertinent 
data from their report are included in this chapter.

61
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An experimental apparatus was constructed to 

check the theory for water filled pipes, but due to dif
ficulties which are discussed in this chapter, no usable 
data were obtained.

4.2 Test Apparatus and Experimental Procedure (Air)
The experimental methods used for'the experiments 

with air as the acoustic medium were essentially the same 
as those used by Davis, Stokes, Moore, and Stevens (Ref.
6). Six sudden enlargements, constructed of l/l6 in. 
thick brass with inlet' and outlet couplings for standard
1.25 in. I.D. copper water tubing, were available from 
previous experiments so that the test system was designed 
to incorporate them. The dimensions of these sudden 
enlargements are given in Table 4.1.

Figure 4.1 shows a schematic diagram of the test 
apparatus. The movable inlet pipe microphone was obtained 
by sliding a length of 1.25 in. I.D. copper tubing, with 
a microphone mounted, within two 3.$5 ft. sections of
1.25 in. standard copper pipe. This gave a total movable 
range for the microphone of 3.75 ft., which meant it was 
only possible to obtain with certainty the maximum pres
sure reading in the pipe for frequencies above 150 cps, 
for which 3.75 ft. is one-half the wavelength. The per
centage change in area due to the two different size
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TABLE 4.1 

EXPERIMENTAL FILTER DIMENSIONS

Filter No. Length
(ft.)

Pipe I.D. 
(ft.)

Filter I.D. 
(ft.)

Area Ratio 
(m)

1 .490 .104 .406 15.179
2 .979 .104 .406 15.179
3 .490 .104 .323 9.585
4 .990 .104 .323 9.585
5 .490 .104 .198 3.595
6 1.000 .104 .198 3.595

pipes was only about 4% and was assumed to have no effect 
on the system performance. The plane wave source was pro
vided by a Lansing model LE10A 10 inch loudspeaker which 
was joined to the inlet pipe by a conical connector con
structed of l/S in. aluminum. The speaker was driven by 
a Hewlett Packard model 202A low frequency function gener
ator through a Heathkit model AA-40 stereo amplifier.

An acoustically infinite termination was approxi
mated by packing a length of 1.25 in. I.D. copper tubing 
with cotton. The optimum packing was achieved by trial 
and error, evaluating each trial by checking the differ
ence between the maximum and minimum pressure readings in
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I1 igure 4.1 Schematic Diagram of Experimental Apparatus for Transmission Loss Measurement (Air)



the inlet pipe, with a straight pipe in place of the fil
ter, for various representative frequencies within the 
proposed test range. The best results were obtained by- 
packing loosely at the source end and gradually heavier 
toward the termination. The final outlet pipe which was 
used for all the tests was 72 in. in length and showed a 
maximum node, antimode pressure difference of about 4 db. 
with an average difference of about 2 db. The termina
tion was in general more efficient at the higher frequen
cies as was to be expected. The microphone position in 
the outlet pipe was stationary and approximately 1 foot 
from the filter. The microphones used were Massa Labor
atories model MK-103 and were mounted in rubber washers 
on slightly flattened sections of the pipe such that they 
protruded slightly into the pipe (to avoid errors caused 
by possible boundary layer effects on the plane wave at 
the wall). Each microphone was connected to a Massa 
model M-114B pre-amp and a Massa model M-185 amplifier 
and pre-amp power supply. A switch was provided so that 
the output of either amplifier could be fed to a 
Ballantine Laboratories model 643 voltmeter or a Textronix 
type 5^4 storage oscilloscope.

A calibration of the microphones had shown that 
the upstream microphone read approximately 1 db. higher
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than the downstream microphone for the same pressure 
level. This was compensated for by adjusting the atten
uation on the.amplifier of the upstream microphone. The 
pipe system was insulated from its supports by a plastic 
foam material to prevent the transfer of structural 
vibrations.

The experimental procedure was as follows: the
function generator was adjusted to provide a sine wave 
input and the desired frequency was set; the gain on the 
input amplifier was adjusted so that the signal from the 
outlet pipe microphone was at least 30 db. above the 
background noise level to insure that the background 
noise was not contributing significantly to the microphone 
output; the position of the inlet pipe microphone was 
adjusted to the point where the reading was a maximum 
while the oscilloscope was monitored to insure that the 
signal obtained was free from distortion (caused by har
monics or structural vibrations); the reading of the out
let pipe microphone was subtracted from the reading of 
the inlet pipe microphone to obtain the measured trans
mission loss; a correction factor was obtained from Fig
ure 3.1 and the measured transmission loss thus was cor
rected for filter reflections to give the actual trans
mission loss; the process was repeated at frequency
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intervals of 50 cps for a range from 100 ops to 1200 ops 
(which was the maximum frequency of the function genera
tor) for each filter. The experimental procedure was 
quite time consuming due to the large number of readings 
required and the necessity of adjusting the inlet pipe 
microphone position for each reading.

4.3 Experimental Results and Discussion (Air)
The experimental results for the six enlarge

ments whose dimensions are given in Table 4.1 are pre
sented in Figures 4*2 through 4.7. The theoretical 
transmission loss curves for both plane wave and attached 
mass theory are given for each filter and since the 
experimental points have been corrected for reflections 
from the filter they may be compared directly with the 
theoretical curves.

The possible error in microphone readings due to 
termination reflections was a maximum of about + 2 db. 
There is also a small error due to the approximate method 
of correction for filter reflections as shown in Figure 
3.2. Due to these and other sources of error inherent in 
the electrical and acoustical systems, it is obvious that 
these tests could not give a check on the accuracy of the 
attached mass analysis compared with the plane wave analy
sis since the maximum effect due to attached mass in the
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frequency range tested is only in the order of 1 db. The 
results, however, compare very well with the general plane 
wave theory curves, the great majority of points falling 
within 1-g db. of the curves. This seems to indicate that 
the general plane wave theory and the experimental meth
ods are valid. The few points which do not fall within 
this range may possibly be due to a combination of the 
above-mentioned errors or perhaps acoustic or structural 
resonance effects. The latter explanation is more prob
able since it is seen that for each of the 6 in. length 
filters, the experimental points at 1255, 3140 and 3770 
rads./sec. are high and similarly for the 1 ft. length 
filters the point at 2200 rads./sec. is low, suggesting 
resonance effects at these frequencies.

4.4 Experimental Results from Reference (6)
In this section, results are presented from 

tests made in reference (6) on seven sudden enlargement, 
filters with air as the acoustic medium. The dimensions 
of the enlargements are given in Table 4.2. The experi
mental methods used were essentially the same as those 
outlined in section 4.2 with the exception that termina
tion pipe reflections were checked for by taking measure
ments at three unevenly spaced stationary measuring 
stations in the outlet pipe. For the termination used
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TABLE 4.2 

DIMENSIONS OF EXPERIMENTAL FILTERS 
FROM REFERENCE (6)

Filter
No.

Length
(ft.)

Pipe I.D. 
(ft.)

Filter I.D. 
(ft.)

Area Ratio 
(m)

1R 2.000 0.250 .500 4.000
2R 2.000 0.250 1.000 16.000
3R 2.000 0.250 1.500 36.000
4R 2.000 0.250 2.000 64.000
5R 0.500 0.250 1.000 16.000
6R 1.000 0.250 1.000 16.000

75R 2.000 1.000 3.000 9.000

in the tests in 3 in. dia. pipe, the maximum variation 
between measuring stations was about + li db. for fre
quencies between 250 and 755 rads./sec. and about + 3/4 
db. for frequencies between 755 and 4400 rads./sec. 
(which was the maximum test frequency). The termination 
for the 12 in. dia. pipe was slightly less effective. 
Figures 4.S through 4.13 give the experimental results 
(from Ref. 6) for the six filters with 3 in. dia. inlet 
and outlet pipes and Figure 4.14 gives the experimental 
results for a filter with 12 in. dia. inlet and outlet
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pipes. These results have been corrected for filter 
reflections by the method used in section 4.2 and are 
directly comparable to the theoretical transmission loss 
curves which are shown in the figures. It is seen that 
the effect of attached mass is still quite small in the 
theoretical curve for the 3 in. dia. pipe but the experi
mental data seem to show a larger effect especially in 
Figures 4.8 and 4.11. Similarly, for the 12 in. pipe 
filter shown in Figure 4.14, where the theoretical ■ 
attached mass effect is quite large, the experimental 
data follow the form of the theoretical curve very closely 
but the effect is larger.

These data are not accurate nor sufficient to pro
vide an accurate check of the attached mass theory devel
oped in section 2.4 but the preliminary results seem to 
indicate that equation (2.36) gives an accurate prediction 
of the direction of the effect of attached mass but that 
the quantitative values of attached mass used in calcula
ting the curves for the various filters perhaps are not 
large enough.

The cut-off frequency for plane wave validity 
shown in Figure 4.14 was calculated from equation (1,8) 
assuming the (0,1) mode to be the first excited mode.



4.5 Difficulties in Constructing a Suitable Test Appar
atus for Water

It was desired to test sudden enlargement filters 
in water filled pipes for several reasons.

I., All of the assumptions used to derive the 
theoretical transmission loss equations for plane wave 
theory should be valid for water with the possible excep
tion of the neglect of viscosity effects and the non
rigidity of the pipe walls. The only change in attached 
mass theory should be a change in the value of the 
attached mass due to the fact that the normal velocity is 
no longer exactly zero at the walls and the solid part of 
the juncture but has a finite value due to the non
rigidity of these surfaces in water. However, it is pos
sible that additional effects due to the high density and 
small compressibility of water may have been neglected.

2. Sudden enlargements should be more effective 
in water filled systems because (a) the much larger value 
of the propagation velocity of the plane wave mode in 
water results in proportionally higher cut-off frequencies 
for the validity of plane wave theory therefore making the 
filters effective over a much wider frequency range and 
(b) the reduction in the sound velocity in the filter due 
to the non-rigidity of the walls will give a higher
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effective area ratio (m?)> making a filter of given area 
ratio more effective in water than in air where the sound 
velocity is constant.

3. No meaningful data for the effectiveness of 
sudden enlargement filters in liquid filled systems could 
be found in any of the literature which was searched.

Although it was highly desirable to obtain data 
for liquid filled systems, the attainment of a satisfac
tory system for performing these tests proved to be much 
more difficult than had been anticipated.

Since the filters used in the air tests were 
available, a system was designed to incorporate them.
The basic system was quite similar to the system used for 
air except (a) the inlet pipe sliding section was made 
longer using 10 ft. sections of copper pipe and a 20 ft. 
section of copper tubing giving a total sliding range of 
10 ft.; this was done because of the much longer wave
lengths in water; rubber 0 rings were installed between 
the pipes and tubing to prevent leakage, (b) the loud
speaker was replaced by a University model MM-2FUW under
water loudspeaker, (c) to prevent the trapping of air 
bubbles within the system, the entire system was given 
an inclination of about 15° from the horizontal; a means 
of filling the system from the bottom was provided, and
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air bleeds were installed in the filters and speaker con
nector .

The major problem which had to be overcome in 
order to obtain any useful data was that of termination 
reflections. The approximate method given in section 3.3 
for accounting for the termination reflections was rejec
ted because (a) the termination coefficient would have to 
be measured experimentally for each test frequency and 
would have to be less than .9, (b) these measurements plus 
the necessity of adjusting both sliding inlet and outlet 
pipe microphone positions for each measurement would 
require two operators and extremely large amounts of time 
to obtain even limited data, (c) sufficient laboratory 
space was not available to accommodate a system of the 
length that the addition of a sliding outlet pipe would 
require.

The most desirable solution was to obtain an acous
tically infinite termination. Several possible methods for 
achieving an infinite termination such as packing the out
let pipe with brass wool and providing a number of bends 
(Ref. 4) and a submerged bellmouth termination (Ref. 9) 
had been tried by other researchers and found ineffective 
and were therefore rejected. Another method employing 
tuned branch pipes to cancel termination reflections was



rejected because the tuning is extremely sharp requiring 
large amounts of time and a method, such as a sliding 
outlet pipe microphone or a number of stationary positions, 
to check the effectiveness of the termination at each test 
frequency. The branches would also have to be very long 
(about 18 feet) to accommodate the required frequency 
range. The method also requires that the pipe termina
tion impedance have a resistive component which is not 
always the case.

Two possible methods for achieving an acousti
cally infinite termination were investigated experimen
tally. It was thought that a 6 ft. length of 1.25 O.D. 
soft latex tubing attached to the 1.25 I.D. copper outlet 
pipe would act as a pressure release wall and dissipate 
the incident acoustic energy in the outlet pipe thereby 
eliminating reflections. This was experimentally checked 
by replacing the filter with a straight length of pipe 
and checking the maximum and minimum pressure readings in 
the pipe with the latex tube installed at the termination. 
It was found that very large reflections still existed 
and the tube was not acting as an infinite termination.
A large amount of this reflection was probably due to the 
large change in characteristic acoustic impedance between 
the copper pipe and the latex tube due to their large 
difference in rigidity.
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Another possible solution was that of placing a 

speaker or oscillating piston at the termination end 
which would oscillate with the same amplitude and in 
phase with the incident wave in the outlet pipe at that 
point thereby acting as an infinite termination. This 
method has been verified theoretically (Ref. 10), and 
experimentally (Ref. 11), for the simplified case of a 
straight tube with an oscillating piston in each end. 
However, experimental attempts to achieve an infinite 
termination in the actual system using both air and 
water did not achieve any positive results. Part of the 
difficulty was that the phase of the incident wave at 
the termination could not be theoretically predicted 
which necessitated a trial-and-error adjustment of the 
two variables, ..phase and amplitude, at the termination 
speaker. An alternate method of picking up the inci
dent wave with a microphone at a fixed distance from 
the termination and feeding this signal (after phase 
adjustment to correct for the distance of the microphone 
to the speaker) to the speaker was plagued by feedback 
problems.

Another major problem which became apparent dur
ing these various experimental checks with the water 
filled system was the large amount of pipe wall vibra
tions due to energy transfer from the water to the thin



walled copper tubing. These vibrations were probably due 
to the excitation of the transverse beam modes of the 
system and had a large effect on microphone readings as 
was evident by the large distortion of the microphone 
signal when viewed on the oscilloscope. This condition 
was aggravated by the fact that since the microphones 
used contained water soluble crystals, they had to be 
covered with a thin rubber membrane which caused a large 
decrease in their sensitivity and required large power 
inputs to the system to obtain usable readings. Also, 
the plastic foam material used to insulate the system 
from its supports could not fully insulate these vibra
tions from the support system resulting in structural 
resonances.

Due to a lack of time to solve these various 
problems and with no immediate solution to the problem 
of obtaining an infinite termination in sight, the 
tests for water were suspended and no usable experimen
tal data were obtained.



CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS

5.1 Conclusions
The purpose of this investigation was to evalu

ate the effectivness of sudden enlargements as fluid- 
borne noise filters in piping systems. Transmission loss 
was chosen as the criterion for evaluating filter effec
tiveness since, under the assumption of an acoustically 
infinite termination, it is purely a function of filter 
characteristics and independent of the test system.

Theoretical equations for transmission loss 
derived from plane wave theory show T.L. to be cyclic 
with frequency and dependent only on the frequency, the 
velocity of sound in the fluid, the filter length, and 
the area ratio. The maximum attenuation for a given 
filter is dependent on the area ratio, being greater for 
larger area ratios. Theoretical equations were derived 
in this study for predicting the effect of the attached 
mass, due to the effects of the higher order modes at 
the discontinuities, on transmission loss. These equa
tions show that the attached mass has the effect of 
increasing the effective area ratio and decreasing the

90



effective filter length. The decrease in effective 
length is approximately dependent only on the pipe size 
while the increase in effective area ratio is dependent 
on pipe size and frequency, being greater at higher fre
quencies and for larger pipe sizes. For the case of air 
filled pipes the attached-mass effects in small diameter 
pipes (less than about 3 in. dia.) and at low frequen
cies (below about 1000 cps) are very small and may be 
considered negligible. However, for larger pipes and 
higher frequencies the attached mass has a large effect 
on filter performance.

Experimental data obtained in this investigation 
and from reference (6) verify that theoretical trans
mission loss equations derived from plane wave theory 
give a good prediction of the performance of sudden 
enlargement filters in air for the range of frequencies 
and pipe sizes tested. Limited data from reference (6) 
also show that the theoretical equations including the 
effects of attached mass on transmission loss seem to 
give a good qualitative.prediction of the effects of the 
attached mass. The data were neither sufficient nor 
accurate enough to verify whether these equations give a 
good quantitative representation of these effects although 
the limited data obtained seems to indicate that the
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values of attached mass used in calculating the theoret
ical curves for the experimental filters were somewhat 
small.

It is concluded that sudden enlargements can 
give very good results as low frequency filters in piping 
systems, providing fairly high attenuation over a vari
able (i.e., dependent on j^) frequency range, and possess 
the added advantages of being very easy to build and 
maintain. Some disadvantages of sudden enlargements are 
the bands of zero and small attenuation due to filter 
resonance, which make a single filter unsuitable for 
broad band noise, and the relatively large physical size 
of filters required to produce high attenuation. It 
must also be remembered that the performance of sudden 
enlargement filters in an actual system may be quite 
different from that predicted by the transmission loss, 
due to the effects of other elements in the system.

5.2 Recommendations
It is recommended that the following further 

studies in this area be made.
1. Further experimental studies in air should be 

carried out, especially for large diameter pipes and 
higher frequencies, to obtain sufficiently complete and 
accurate data to determine the accuracy of equation (2.36)
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in predicting the effects of attached mass on trans
mission loss and to determine, if possible, which of the • 
functions in Figure 2 . if either, gives a more accur
ate quantitative value of the attached mass.

2. A workable system should be constructed to 
check the accuracy of the theoretical equations in pre
dicting the performance of sudden enlargements in water- 
filled piping system with special emphasis on obtaining 
an acoustically infinite termination for water filled 
pipes. Some suggestions in this regard are as follows:
(a) The system should be constructed of large diameter, 
very stiff walled pipe to minimize energy transfer 
between the fluid and the pipe walls and to allow measure
ments to be taken with hydrophones mounted on probes 
within the pipe to eliminate the need for the sliding 
system; also a more efficient method of isolating the 
pipe from its supports should be used, (b) the dynamic 
end (or in phase piston) method of obtaining an infinite 
termination should be investigated further.

3. The attached mass effects should be calcu
lated at a plane discontinuity in a circular pipe taking 
into account the non-rigidity of the pipe and solid por
tion of the discontinuity, and corresponding experimental 
checks should be devised if the effects seem significant.



APPENDIX

ACOUSTICAL TERMINOLOGY AND ANALOGIES

The specific acoustic impedance (z) at a point is
defined as the complex ratio of acoustic pressure at the

ppoint to the particle velocity at the point z = — . For a 
forward traveling progressive plane wave, this ratio is 
given by the real numberyoc and for a backward traveling 
progressive plane wave it is given by -yO c . The quan
tity yo c is a characteristic of the medium and is called 
the characteristic acoustic impedance (or resistance) of 
the medium.

The volume velocity (V) due to the sound wave is 
defined as the rate of flow of the medium normally 
through an area S and is given by V = ^v* n dS where n 
is a unit vector normal to the plane of S;for a progres
sive plane wave V = £ S .

The acoustic impedance (Z) at a surface of area 
S is defined as the complex ratio of the acoustic pres
sure averaged over the surface to the volume velocity

pthrough the surface Z = y * The acoustic impedance may be 
separated into its real and imaginary parts Z = R + iX 
where the real part R is called the acoustic resistance
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and the imaginary part X is called the acoustic reactance. 
The acoustic admittance (Y) is defined as the reciprocal 
of acoustic impedance Y = ^ = ~.

If Z is calculated for a progressive plane wave
fi cin a uniform pipe of area S, the resultant is a real

constant assuming f> and c are constant. In this case

= Zq is called the characteristic acoustic impedance 
of the pipe.

Acoustic inertance (L) is a quantity associated
with a mass (M) of an acoustic medium accelerated by a
net force which acts to displace it without appreciably
compressing it. The acoustic impedance associated with

Mthe inertance is given by Z^ = iwL where L = S is

the area over which the force acts and M is the mass of 
the medium affected.

Acoustic compliance (C) is a quantity associated 
with a volume of an acoustic medium which is compressed 
by a net force without an appreciable average displace
ment of the center of gravity of the volume. The acous
tic impedance associated with the compliance is given by 

iZq = - where C = , and where G is a proportional
ity constant and S is the area over which the force 
acts.
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Acoustic resistance (R) is a quantity associated 

with the dissipative losses occurring from the vicious 
movement of the medium with its boundaries. The acoustic 
impedance associated with resistance is given by = R.

If the wavelengths are long, compared with the 
longest dimensions of these acoustic elements, they may 
be considered to be lumped elements and treated analog
ously to lumped elements in an electrical circuit with 
pressure being analogous to voltage and volume velocity 
being analogous to current.

If the wavelengths are not large, compared with 
the largest dimensions of the elements, they must be 
treated as distributed elements in an acoustic trans
mission line. It has been shown (Ref. 5,7) that the 
equations governing wave propagation in a uniform, rigid 
walled, dissipationless pipe are analogous to the equa
tions governing the propagation of waves in dissipation- 
less electric transmission lines where each mode requires 
a separate analogous transmission line. For the plane 
wave mode, the pipe may be considered an acoustic trans
mission line with distributed series inertance and par
allel compliance and having a characteristic impedance 
Zlo The reflection coefficient (which gives the

ratio of the reflected wave to the incident wave), at
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any point (j) in the pipe is given by

V Zo Yo-*j
Zj+Z0 V Yj

where Z . and Y . are the impedance and admittance at the

point j . The impedance and admittance of a uniform 
lossless line of length H are given by

l+Ke-i2^ \

and

Zj = Zo I 1.Ke-i2k«

1+Ke
The acoustic intensity (I) is defined as the 

average rate at which sound energy is transmitted through 
a unit area perpendicular to the specified direction at 
the point measured and is given by

|P |2 
1 “ Re(z)‘

The total sound energy transfer rate or acoustic power 
(W) is given by

2
W “ 13 -
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Intensities and pressures of sounds are usually- 

measured on a logarithmic scale with respect to fixed 
reference levels I0 and p . The acoustic intensity

level (Q) is given by IL = 10 log-^Q The equivalent

relation in terms of pressure is called the sound pres-
Psure level (SPL). SPL = 20 log^g — The logarithmic

unit of measurement in these relations is known as the 
decibel (db). The standard reference pressure for 
measurements in air is-p = .0002 dynes/cm .
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