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ABSTRACT

In this study9 we develop a method to determine the 

conductance of integrated circuit resistors. This method 

is based on a geometrical model of the resistor which 

accounts for the three-dimensionality of the current flow. 

The effects of the non-homogeneous distribution of impuri

ties 9 resulting in diffused resistors^ are also treated.

The analysis consists of the solution of the 

boundary value problem for the potential function whose 

gradient is used to evaluate the total current flowing for 

a given applied voltage.

The boundary value problem is solved for special 

cases 9 which gradually evolve into the general three- 

dimensional resistor with inhomogeneous conductivity.

The boundary conditions on the top surface of the 

resistor are forced by insulating and perfectly conducting 

bounding material9 therefore they are mixed. This makes 

necessary a numerical method to match the conditions on 

this surface.



CHAPTER 1

INTRODUCTION

1 o1 Statement of the Problem

In integrated-circuit (IC) resistors, current never 

flows unidirectionally; indeed, for most IC resistors three 

spatial coordinates are needed to specify the direction of 

the flow lines at any point in the resistor, The funda

mental reasons for this are that electrical contacts are 

made on the top, rather than on the ends, of the resistor 

and that typically the contacts do not extend all the way 

to the bounding surfaces of the resistor. Fig* 1*1 

illustrates these geometrical aspects of an IC resistor.

To compute the resistance of such a structure, one must 

either directly account for three-dimensional flow or make 

approximations that reduce the problem to one involving 

two-dimensional or one-dimensional flow• As we shall see, 

such approximations prove useful only in certain special 

cases o In general, accurate computation of the resistance 

requires that one account for the three-dimensional flow.

This study presents methods for computing the 

resistance of any IC resistor of the type shown in Fig. 1*1* 

As this figure implies, the methods hold only for resistors 

with rectangular geometry. They apply, however, both for



contact strips

VA
2

body of the resistor

Fig. 1.1 Resistor with three-dimensional current flow

to

J i m ,__



homogeneous material«, and for material with a Gaussian 
distribution of impurities <, From a practical viewpoint 9 
these limitations are not seriously restrictive« For many 
resistors in present-day integrated circuits, rectangular 
geometry serves as an adequate approximation as does either 
homogeneous or Gaussian impurity distributions «> depending 
on the processes used in fabricating the resistor,**”

1,2 Previous Related Work
Previous treatments of IC resistors fall into two 

2 3classese First, Irvin and Busen have described methods 
for calculating the so-called sheet resistance of material 
having a Gaussian distribution of impurities. These treat
ments of inhomogeneous material apply, however, in effect 
only for a one-dimensional geometry— that is, only for a 
resistor having contact on the ends, rather than on the top
surface, as is illustrated in Fig, 1,2, Second, a method

4involving use of the Schwarz-Christoffel transformation,
/ <-can be applied to IC resistors provided the material is

homogeneous and provided the two-dimensional geometry shown
in Fig, 1,3 adequately approximates the actual geometry of

5 6the resistor, Wolfe and Castro have applied this method
7to integrated-circuit capacitors, and Richer has applied 

it to field-effect transistors; however, no direct applica
tion of the method to IC resistors has as yet appeared in 
the open literature,^



contact strips
Fig. 1.2 Resistor with one-dimensional current flow

Fig. 1.3 Resistor with two-dimensional current flow
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In summary, related work has limited consideration 

to inhomogeneous material with one-dimensional geometry and * 

indirectly, to homogeneous material with the special case 

of two-dimensional geometry shown in Fig. 1.3« The present 

study gives the first analysis of three-dimensional effects, 

in homogeneous or inhomogeneous material=

1»3 The Boundary Value Problem

The boundary value problems that arise in this ,

study involve mixed (Dirichiet-Neumann) boundary condi- 
otions, but of an unusual type. What poses a special 

difficulty is that the conditions are mixed on a single 

coordinate surface, specifically, on the top surface of our 

resistor. As examination of Fig. 1.1 will show, this occurs 

because the potential on the electrical contacts must be 

constant while the normal derivative of the potential must 

be zero elsewhere on the top surface.

To satisfy these mixed conditions, we construct a 

lattice or mesh of points on the top plane and force the 

general solution to meet the required boundary condition at 

each of these points. This method yields an approximate 

solution for the potential in the form of a finite series; 

in principle, one can make the approximation as accurate as 

is required by choosing more and more points in lattice.

From the solution for the potential, as will be seen, we 

can calculate the resistance of the IC resistor.



6
1•4 Engineering Importance

The results obtained in this study apply directly 

to the design of IC resistors - Special care is taken in 

the chapters that follow to formulate the boundary-value 

problems in terms of parameters the designer can control-- 

for example, in terms of diffusion parameters such as 

surface concentration and junction depth, and in terms of 

geometrical parameters such as dimensions and location of 

the contacts.

1 e5 Order of Presentation

In the presentation to follow, rather than attack

ing directly the three-dimensional resistor with inhomoge- 

neous material, we build up to this problem by treating a 

sequence of increasingly more complex special cases* The 

special cases have importance of their own, and by treating 

them individually we show methods for solving these simpler 

problems directly, methods that avoid the tedious solution 

of the.most general problem*

In Chapter 2, we solve the boundary-value problem 

for a homogeneous resistor with two-dimensional geometry * 

Chapter 3 describes an approximate solution of this same 

resistor by conformal mapping * In Chapter 4, building upon 

the experience gained in Chapter 2, we treat the homoge

neous resistor with three-dimensional geometry« Chapter 5 

deals with the general problem: the inhomogeneous resistor



with three-dimensional geometry. Chapter 6 presents 

sample computations and discusses and summarizes the 

results«

7
some



CHAPTER 2

THE TWO-DIMENSIONAL HOMOGENEOUS RESISTOR:
GENERAL TREATMENT

2.1 Introduction

In this chapter we study a resistor that requires 

only two spatial coordinates in its mathematical descrip

tion. Moreover <> we assume the resistor consists of material 

having homogeneous resistivity.

The study of this two-dimensional resistor will 

serve several purposes. First the solutions obtained will 

apply directly to IC resistors made of homogeneous material 

that have essentially two-dimensional geometries; thin-film 

resistors are an example."*" Second, the analysis will 

provide valuable experience for the more difficult three- 

dimensional resistor. Finally, the comparison of the 

solutions of the two- and three-dimensional geometries will 

indicate the importance of three-dimensional effects in a 

broad class of IC resistors.

The problem is to evaluate the resistance of the 

two-dimensional structure shown in Fig. 2.1. To do this we 

first solve the boundary value problem to obtain the 

potential function; then, from the gradient of the poten

tial function, we obtain the current density which we 

integrate over an equipotential surface to calculate the



9

A

Fig. 2.1 Side and top view of the two-dimensional resistor
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total current. We then evaluate the quotient of the total 
current and the total applied voltage to get the 
conductance.

2 . 2 The Boundary Value Problem
The resistive material forming this resistor is 

assumed homogeneous; therefore the potential has to satisfy 
LaPlace’s equation which for two coordinates is

d4 ^ 4  = o (2.i)
d x 2 2>z2

Also the potential function must equal the applied voltage 
at the contacts. Therefore

V n
V = ——  for —  x —  and z = t (2.2)d tL —  —  lL

V J
V = - for - 77 <1 x ^  and z = t (2.3)

On the other hand, since the rest of the boundaries are 
insulating surfaces, no current can flow normal to them; 
therefore the gradient normal to these surfaces must be 
zero:

= 0 when z = 0 (2.4)

= 0 when z = t and - (2 .5 )

V V  _   /:= 0 when |x| = —  (2 .6 )
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Equations (2.1) through (2.6) are the mathematical formula
tion of the boundary value problem.

2.3 Solution of the Boundary Value Problem
LaPlace*s partial differential equation separates 

into two ordinary differential equations if one assumes a 
product solution of the form

Vk (x,z) = Xk (x)Zk (z) (2.7)

We thus obtain*^

2\_
+ k “X  = 0  (2.8)d ” X k  . . 2

dx2

d Z
 ^  - k Z, = 0  (2.9)
dz" k

The general solution of (2.8) is

= Ak sin kx + cos kx (2 .10)

By inspection of Fig. 2.1, we find that the potential must
have odd symmetry about the z-axis; therefore

XjJx) = - Xk (-x) (2.11)

and to satisfy this requirement

B^ = 0 (2.12)
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Moreover, to satisfy boundary condition of (2 .6 ), the 
electric field normal to the insulating surfaces must be 
zero; thus

dx xl = = kAk cos ki = 0 (2.13)

From this we get the eigenvalues of k :

k = jr cos ^0 = — Tl n = 0 ,1,2 (2.14)

Therefore the eigenfunctions in x are:

X = A 1 sin ( Tlx) n = 0,1,2 . . .
n n cC (2.15)

For each eigenvalue of k, the general solution of (2.9) is

= A" cosh kz + B M sinh kz (2.16)

This solution has to satisfy boundary condition (2.4) for 
the normal current to be zero at the bottom surface; thus

dZ,
dz = kB" = 0 (2.17)z=0

This fixes B" as zero and the eigenfunction in z is

Z = A" cosh ( — 7lz) n = 0,1,2 . . .n n (2.18)

From the definition of and Z^ in (2.7) we can find an nti? 
eigenfunction for V(x,z):
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V^(x,z) = sin (•— -7lx) cosh (--X~ rTl'z) (2 .19)

Since the most general solution is the superposition of all 
possible solutions, we have that

oo
V(x,z) = A^ sin (— — — Tlx) cosh (-— ^-Tiz) (2.20)

n=0

The set of coefficients A is to be chosen to satisfy then
boundary conditions on the top face of the structure.
These boundary conditions are given by equations (2.2), 
(2.3)i and (2 .5 )• Determination of the A^'s in this way 
completes the solution because (2.20) already satisfies the 
rest of the boundary conditions.

2.4 Evaluation of the Coefficients
The conventional procedure to evaluate the coeffi

cients A ^ , is by means of the orthogonality of the trigono
metric functions. This method can be used conveniently if 
the voltage distribution or the normal current density are 
known everywhere on the top surface of the resistor. If 
the voltage on the top surface were known as V^(x) then the 
equation

VA (x) = V(x, t ) = y/ A^ sin (1^— -Tlx) cosh (—-p-—Tt) (2.21)
n=0 " ^
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would be satisfied for a set of coefficients A . To solven
for , we multiply both sides of (2.21) by sin ( —~  ̂ Tlx) , 
integrate and use the orthogonality property. This

• i , 10yields
L2

2 r Z X / 2n+lA = (x ) sin(—j — Tlx) dx (2 .22)
£
2

A similar expression for A can bo derived when the normaln
current is known everywhere in the top surface. However, 
our case is neither of these because the boundary condi
tions are mixed on this surface.

qSince a solution exists, any method that yields 
the coefficients that satisfy the conditions on the top 
surface will produce a solution. The method we shall use 
to determine the coefficients is numerical and requires the 
use of a computer to obtain accurate results. This method 
is based on the assumption that the infinite series of 
equation (2.20) can be truncated to a number N of terms and 
that the error involved can be made arbitrarily small for 
sufficiently large N. This assumption holds of course if 
the series converges. To determine the coefficients we 
select a number (N+l) of points along the top surface and 
then match the known conditions at each point with the 
corresponding expansion of the truncated series at that 
point. The result will be a system of (N+l) simultaneous
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equations in (N+l) unknowns, the coefficients. We then 
solve these equations for the coefficient and thus find an 
Nu> order approximation of V(x,z).

To illustrate the method outlined above, let us 
define the (N+l) points as those given by the coordinates 
(x_,t) where

Xi = f  i = 0,1,2 . . . N (2.23)

These points are shown on Fig. 2.2. Note that they are
contained only on the first quadrant. Since the odd 
symmetry is already built into the eigenfunctions and 
therefore into the potential function, we need only to 
match the series in the first quadrant to obtain a solution 
valid in the whole plane.

The expansions of the truncated series for the 
potential and the normal gradient on the point (x^,t), are

N
V(x± , t ) = ^  sin cosh (2.24)

n=0

and

H ( Xi,t) = (SE^in) sin iin^lHilll^ ainh (fcgint) An
n=0

(2 .25)

From these equations we generate N+l simultaneous equations 
by setting



i=0
i = 1

Fig. 2.2 The points on the line z=t are used
match the solution
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—  (x..t) = O for O Z  i Z (N+2) — - 1 (2.26)

and

V(x.,t) = for (N+2) —  - 1 < i ^  N
1  ^  rL —  —

(2.27)

unknown coefficients , forcing the series to match the 
gradient requirements on the insulating surface. Equation

coefficients, forcing the series to match the potential
requirement at the contact surface. The solution of the
(N+l) simultaneous equations will yield the set of
coefficients A .n

2 . 5 Evaluation of Conductance
To an Nib order series for the potential corresponds 

an Nib order value of conductance .
Having evaluated the coefficients by the procedure 

described in the preceding section, we can proceed to 
evaluate . To do this we evaluate the total current 
through the equipotential surface at zero potential, that 
is, through the plane, x = 0. If J is the current density 
normal to this surface, then

(2.27) generates N - (N+2) ~  + 1 equations in the same

I = j J • dS 
S

(2.28)
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Since the material is uniformly resistive and the electric 
field is equal to the negative of the gradient, we find 
that

J = - O'V V (2.29)

and, therefore, from (2 .28)

W dz (2 .30)
x=0

Using the series of equation (2.20) truncated to N terms 
and performing the integrations, we find that

N
IN =(T W /  An Sinh (2.31)

n=0

where W is the width of the resistor. The conductance is 
the ratio of the total current to the applied voltage ; 
therefore

N
GN =<rw > 2̂. Sinh (2"^1nt) (2.32)

A ^

can be evaluated for successively increasing values of 
N until convergence within desired tolerance is obtained.



CHAPTER 3

THE TWO-DIMENSIONAL HOMOGENEOUS RESISTOR: APPROXIMATE 
ANALYSIS BY CONFORMAL MAPPING

3•1 Introduction
The two-dimensional homogeneous resistor yields to 

analysis by conformal mapping provided we introduce an 
alteration in its geometry, which though seemingly drastic, 
will lead to useful results. This alteration consists in 
assuming that the resistor extends to _+ oo on the x-axis as 
shown in Fig. 3•1• This approximation gives accurate
results if the length L of the resistor greatly exceeds its 
thickness t because then the electric field is small in 
regions beyond the contacts and therefore the distance 
between a contact and a bounding end negligibly affects the 
resistance. The inequality L t usually holds for 
integrated-circuit resistors.

In this analysis, by means of two transformations, 
we will map the resistor of Fig. 3*1 into the two- 
dimensional resistor with parallel contact plates shown in 
Fig. 3*3; from the geometry of Fig. 3*3? we can calculate 
the resistance directly.

19
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d >1*----  g ‘ — ^

z = x + iy 4-0 

"C—  -- >[■<' d —
. r , 1--;----1 '-g— x

Fig. 3.1 Two-dimensional resistor

Fig. 3.2 First mapping of the two-dimensional resistor
iv

Fig. 3.3 Second mapping of the two-dimensional resistor
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3•2 Outline of the Analysis
The first step in the analysis is to map the 

resistor in Fig. 3•1 into the resistor in Fig. 3•2 by the 
Schwarz-Christoffel transformation

zi = - it tanh M  (3-1)

Equation (3*1), which is derived in Appendix A, maps the 
shaded area on the Z-plane of Fig. 3*1 into the upper half 
of the -plane as is shown in Fig. 3*2.

We next map the upper half Z^-plane into the 
rectangle in Fig. 3•3 by applying the inverse Schwarz-
Christoffel transformation 

Z

- f

dZ
(3.2)V o o o o(oT-zp (p“-zp

which is also derived in Appendix A. We thus obtain a 
resistor, shown in Fig. 3•3» whose resistance, equal to
that of the original resistor, can be calculated from

R = w f  (3-3)

In this expression, $ and 3) are determined by the geometry 
and the transformations; ^  is the resistivity of the 
material and W is the width of the resistor. We obtain 
the ratio of $/j using the coordinates of the points into 
which the ends of the contacts map. From the transforma
tions (3 *1 ) and (3 .2) we find that
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j - m n

which is derived in Appendix A. In this expression K(k) is 
the complete elliptic integral of the first kind with 
modulus k ,

k ' = V l  - (3-5)

and

. vJlL tanh^r
k = " -nd to.. (3,6)tanh + W )

from (3 •3) and (3*4), we find that

H = (3-7)

With (3*7) and the aid of a table of elliptic integrals, 
the resistance of any resistor described by Fig. 3•1 can 
be obtained.

3.3 Approximations of the Elliptic Integrals
In integrated circuits resistors, usually the 

thickness of the resistor t is several times smaller than 
the length between the contacts L . Thus the modulus k 
approaches unity, and from the limiting values of elliptic 
integrals, we will find a useful approximation of (3•7)•

The limiting properties of the elliptic integrals 
we will use are that
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Limit x Limit 4 1 K(k) = ln k (3.8)

and

Substitution of (3*8) and (3*9) into (3*7) gives

R = m  ln (F r)

(3.9)

(3 -10)

A useful expression for k 1 is obtained if we approximate 
the square of the hyperbolic tangent by

-29tanh^Q = 1 - 4e ; 9 > > 1 (3.11)

The error (3 .11) introduces is less than 0.1% for 9 > 3•
We substitute (3.11) in (3*5) and (3 .6 ) and obtain

that

k 1 = 2e
HL
¥t 1 - e

71 d 
t

■ z TIL Tld x|_1 - 4 exp (- - — )J (3-12)

since L )>)> t, and if d > t ,

In k ' = In 2 - TiL
ft (3.13)

because the quantity in the square brackets in (3.12) is 
close to unity.

Substitution of (3.13) in (3 • 10) gives the desired 
approximation:
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(3.14)

Equation (3*1^)? despite its simplicity, often gives the 
resistance of two-dimensional resistors with surprising 
accuracy.

3.4 Previous Related Work

the same geometry. We can compare his results with 
equations (3*7) and (3*1^) by using the analogy between 
dielectric and conducting media^:

Wolfe states that his result, which is analogous to (3.13), 
is accurate within 1% for L > 2t and d > t .

analogy quoted above in determining resistance and obtained 
equation (3*1^)• The treatment presented here, however, is 
more detailed than that given by either Richer or Lindholm; 
moreover, Richer1s analysis applied for field-effect 
transistors, not directly for IC resistors.

Wolfe^ has derived expressions for capacitance for

Richer 7 oand Lindholm used Wolfe's result and the



CHAPTER 4

THREE-DIMENSIONAL RESISTOR WITH HOMOGENEOUS MATERIAL

k .1 Introduction
The resistor analyzed in this chapter has three- 

dimensional geometry and therefore represents a case more 
general than the two-dimensional resistor.

The geometry of this resistor, shown in Fig. 4.1,
and the boundary conditions are identical with those of the 
diffused resistor discussed in the next chapter. Therefore, 
in this solution we will obtain information useful in the 
analysis of the diffused resistor. Moreover comparison 
between the two cases will show the effect of the non- 
homogeneous material in the diffused resistor.

The purpose of this analysis is to evaluate the 
conductance of the resistor by a procedure which takes into 
account all the variables describing the resistor. To 
accomplish this we solve the boundary value problem for 
the potential function. From the gradient of the potential 
we get the current density which we integrate over a 
potential surface to obtain the total current. The quo
tient of this and the applied voltage yields the conduc
tance .

25
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z
V

t
1

Fig. 4 .1 Top and side views of the geometry of the
three-dimensional resistor
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4.2 Symmetry

The voltage distribution in the resistor of Fig.
4.1 has to satisfy some symmetry requirements. To determine 
these, let us consider the points (x,y,z) and (x ,-y,z ) on 
Fig. 4.2. By inspection we see that for each differential

vA
source dx1dy 1 at potential tj—  and distance D from a point 
(x,y,z) in the resistive material, there exists a dif-

vA
ferontial source dxMdy11 at the same potential 75—  and at 
the same distance D from the image point (x,-y,z). From 
this we conclude that

V(x,y,z)=V(x,-y,z) (4.1)

or that the potential has even symmetry about the y = 0 
plane.

Let us consider now the points (x,y,z) and (-x,y ,z)
in Fig. 4.2. In this case, for each differential source

vA
dx' dy1 at potential 75-— and distance D from a point (x,y,z),
there exists a dx"'dyM 1 differential source at the same
distance from the image point (-x,y ,z ) but at a potential 

V
- 75-—. Therefore

V(x,y,z) = - V(-x,y,z) (4.2)

or the potential has odd symmetry about the x = 0 plane.
From equation (4.2) we can further say that

V(0,y ,z ) = - V(-0,y ,z ) = 0 (4.3)

or that the x = 0 plane is at ground potential.
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(-x,y,z)

dxudy

dx 1dy'dx"*dy

>- x
(x,-y,z)(-x,y ,z )

Fig. 4.2 Symmetry considerations in the 
three-dimensional resistor



em4.3 The Three-Dimensional Boundary Value Frobl
As stated in Chapter 2, when the resistive material 

is homogeneous, the potential has to satisfy LaPlace*s 
equation, which for 3 Cartesian coordinates is:

^ 2v + dfv ; d f v  = 0

d x 2 dy' 5 Z2
(4.4)

Moreover, the value of the potential is forced at the 
contacts, therefore

V (x ,y ,t ) = for ; (4.5)

V( x , y , t ) = - for -I
-x Z. x -x_L —  — Z
-yjL < y < yi

(4.6)

The rest of the boundaries of the resistor are insulating 
surfaces. No current can flow normal to these surfaces, 
therefore the normal gradient of the potential must be zero 
at these surfaces. This requires that

= 0 for x = + x_ C>x —  3

3 v—  = 0 for y = + y2

&V
c?z — 0 for z = 0

(4.7)

(4.8)

(4.9)
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XI < X1 any y
& vand = 0 for z = t and -j <  y any x (4.10)

x_ x2 < x _ x3 any y

The boundary value problem is now completely specified by 
equations (4.4) through (4.10).

4.4 Solution of the Boundary Value Problem
LaPlace's partial differential equation separates^ 

into three ordinary differential equations if we assume a 
product solution of the form

Vn,m (x’y ’z) = Xn (x) Ym (y) Zn,m(z) (4-11)

X has to satisfy n J

d2X
 ^  + k X = 0  (4.12)
dx n n

the boundary conditions of equation (4.7) and the symmetry 
requirement of equation (4.2). This situation is identical 
to that of X^ in equation (2 .8 ), therefore

X^ = An sin (̂ ^ ) n = 0 ,1 ,2 , . . . (4.13)

Y (y) has to satisfy 

d2Y
- T T  * kmYm = 0 (4-14)dy
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because of symmetry requirement in equation (4.1) the 
solution of (4.14) is

Y = B cos k y (4.15)m m m

and boundary condition in equation (4.8) requires its 
eigenvalue to be

k = -fo*71 m = 0 ,1 ,2 , . . . (4. l6 )m W

The equation for Z isn ,m

d2Z
- P 2 Z = 0  (4.1?)dz2 n ,m n,m

P is fixed by the eigenvalues in x and y, andn,m  ̂ o j

P 2 = k 2 + k 2 = ( ^ L L tt)2 + (g^Tt)2 (4.18)n,m n m ^ W

Moreover, the solution of (4.17) must satisfy the condition 
in equation (4.9), therefore

Z = E cosh P z (4.19)n , m n , m n , m

The eigenfunction ^ (x ,y ,z ) is the product of (4.19),
(4.15)) and (4.13) and the general solution of (4.4) is 
the superposition of all possible solutions, therefore

oQ go
V(x,y,z) = C sin (-— r-̂ Tlx) cos (~^7ty) cosh P zn,m jQ W n ,m

n=0 m=0
(4.20)
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The solution is completed if one selects the coefficients 

m 1s such that the boundary conditions at the top surface 
are satisfied. These coefficients are determined by 
matching V(x,y,z) given in equation (4.20) to the known 
conditions on the surface z = t. The resulting equations 
have as unknowns the numbers Cn , m

4.5 Comparison with Simpler Boundary Conditions
To provide insight before we plunge into the 

details of matching the actual boundary conditions at the 
top surface, let us consider two different types of 
boundary conditions that can be more easily solved than 
those in the problem under study.

Suppose V^(x, y ) is given as the voltage distribution 
over the entire top surface. To obtain the coefficients 
satisfying this boundary condition one writes

(x,y ) = V(x,y,t) (4.21)

Where V(x,y ,t ) is given by equation (4.20). Equation
(4.21) is solved for the C 's if one multiplies it byn , m r J

2s + l_r 2r_sin — —— Tlx cos r̂-7ly

integrates it over the top surface and applies the 
orthogonality of the sinusoidal f u n c t i o n s . T h e  end 
result is:
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4cn ,m “ X W cosh P t ^n,m o
V^(x,y) sin (2n+l

0

cos (~2-7Iy) dy dx (4.21)

On the other hand, suppose the normal derivative is known 
as a function (x,y ) over the entire top surface. Then, 
following steps similar to those leading to equation
(4.21); one finds that

By (4.21) or (4.22) each of the coefficients of the 
infinite series is specified. However either of the two 
expressions require that the voltage or the normal gradient 
be known over the entire top surface; this is not the case 
in the problem under study, thus neither (4.21) or (4.22) 
applies. To determine the coefficients we shall use the 
numerical method outlined in the next section.

4 .6 Numerical Determination of the Coefficients
The method described in this section is an extension 

of that used in the two-dimensional problem of Chapter 2. 
Since a solution exists,^ the double sum in equation (4.20) 
converges. Therefore we can assume that a double sum

Cn,m T l T r

cos (y—Tty) dx dy (4.22)
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truncated to N and M, approximates the infinite sum if the 
finite numbers N and M are large enough. Let this finite 
sum for the potential be

N M_
VN,M(x’y ’z) = ^  Cn ,m sin (5X ^ Hx) COS (WEny)

n=0 m=0

cosh V n,mZ (4.23)

We further assume that the gradient of ^(x,y,z) is also 
an accurate fit to the gradient of V(x,y,z). The next 
step is to select a number Q = (N+l)(M+l) of points on the
surface z - t . On each of these points we either expand

dV vVNM^X,y ’̂  or ^ 2 (x,y,t) and set it equal to -g— or zero,
depending on the boundary condition specified at the given
point. To illustrate this idea let the selected points be
defined by (x^,y^,t), where

Xi = M i  I  1 = O '1 -2 • • • N (4.24)

yj = M+r i  j = 0 ,1,2 . . .  M (4.25)

The voltage and the gradient in each of these points are

s V N M
NM z X T  (2n+l) (i + 1 )

S i r  <xi'yj't) = 2 .  2 . ^ , ^  ■■■■2(^2)
n=0 m=0

mcos (r7̂-Tt) sinh p t C (4.26)M+l 1 n,m n,m
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VNM(xi»yj’t) = 2  Cn,m sin 'n=0 ni-0

cos ( B L ti) = ° = h r nimt (4.27)

If we take each point on the contact and expand equation 
(4.27) for each point ( , y^,t ) on the contacts so that

VNW(xi ’yj ’t) = 2^  (4.28)

and for each point (x^,y^.,t) exterior to the contact 
expand equation (4.26) so that

dV
-j—  (x. ,yj,t) = 0 (4.29)

we will obtain Q equations, since there are Q points, where
the only unknowns arc the C 's. This system of simulta-J n ,m
neous equations is then solved to determine the coefficients

4.7 Determination of Conductance
To obtain a conductance in terms of the C 1s wen , m

calculate the total current I flowing for the applied 
voltage VA and divide it by . The conductance is then

G = —  \ -V V.dS (4.30)
A S

where (J" is the conductivity and S is the plane x = 0. We 
can rewrite (4.30) as
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dy dz (4.31)
x=0

We now substitute the finite double sum for the potential 
in (4.31) and interchange summation and integration to find 
that

5  ^  (̂ T n) f cos dy
n=0 m=0 ^ W

2

j cosh PJ n ’ zdz (4.32)
0

The first integral in equation (4.32) is zero for any 
m / 0 ; therefore the sum over m vanishes except for m = 0 . 
Thus the final expression for conductance becomes

N C
G = W ■ P>° sinh (4 .33)

A J‘

To obtain a meaningful approximation a sizeable number of
terms must be used; this requires the use of a computer to
obtain the C 's. It is a simple matter to add provisions n , m
in the program to compute equation (4.33)•



CHAPTER 5

THE DIFFUSED RESISTOR

5 o1 Introduction' : ]
If an integraled-circuit resistor is made by 

diffusion of impurities in a material having background 

concentration the impurity concentration varies as a

function of depth into the material and thus the conduc

tivity is inhomogeneouso

This chapter describes a method for computing the 

resistance of a diffused resistor having a Gaussian 

distribution of impurities« We assume that the geometry 

for the diffused resistor is the same as that for the three 

dimensional homogeneous resistor shown in Fig. 4.1.

The treatment follows the same sequence as in the 

previous chapters* We first solve the boundary value 

problem * Then 9 from the gradient of the potential? we 

obtain the current density and from this the total current 

and hence the conductance*

Because the material is inhomogeneous the describ

ing differential equation is not LaPlace*s equation * From 

the divergence of the current density in steady state and 

Ohm's microscopic law? we find in Appendix B that the 

differential equation for the potential is

37
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V 2V = - ( V ln(T)' V v (5 .1 )

Equation (5.1) contains the information about the inhomoge
neity of the material. It holds for any distribution of 
impurities. In the rest of the chapter we limit considera
tion to a distribution that follows a Gaussian function, a 
distribution that commonly arises in monolithic integrated 
circuits.

The two-dimensional resistor, with Gaussian dis
tribution of impurities, i^ a special case of the following 
analysis. The simplifications that result from assuming 
two-dimensional geometry will be pointed out in this 
chapter.

5.2 Conductivity as a Function of Position
In the diffused resistor, the impurity concentra

tion varies only with depth, which is in the z direction in 
Fig. 4.1. The net impurity density is the difference 
between the Gaussian distribution and the background 
concentration . We assume that the concentration of the
diffused impurity greatly exceeds throughout almost the
entire depth of the resistor. We note that the thin layer 
near the junction where this assumption does not hold has a 
lower conductivity than that given by the Gaussian dis
tribution alone, and that the contribution of this layer to 
the conductance of the resistor is negligible.
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Thus we take the diffused impurity distribution as

N = N expo k ( z -1 ) 2J (5 .2)

The impurity density at each point determines the conduc
tivity at that point. Therefore to obtain the conductivity 
as a function of position we must know it as a function of 
the impurity density. In this respect, for comparison, we 
take two approaches. In the first we assume an average 
constant mobility, and in the second we take into considera-

4tion Irvin's data for conductivity as a function of 
impurity density.

5*2.1 Constant Mobility: If we assume constant mobility
the conductivity is proportional to the impurity concentra
tion. The equation

CT- V-n e P  + ^een (5-3)

reduces in our case to

CT = ê LN (5*4)

and from this and equation 5 *2 , we can write

(T(z) = (T01 exp [- k (z-t)^j (5 *5)

Rather than obtaining the equivalent surface conductivity 
(J'01 by finding the mobility, we solve for it in terms of 
the sheet resistivity, the surface and background



concentrations and the junction depth. These are parameters 
that the designer can measure directly.

If is the sheet resistivity, then using equation 
(5 *5 ) we find that

~- = f (J01 exp [- k (z-t)j dz (5 •6 )
Js JQ

Under our assumptions, we can move the lower limit of this 
integral to -go; thus we solve equation ($.6 ) for and
obtain

The k in this expression is obtained from the fact that the 
Gaussian goes down to Nnr at the junction, therefore, from 5

'o
DC

N.
In

k = ---^  (5 .8 )

5.2.2 Mobility Dependent on Impurity Density: We allow
for non constant mobility by using Irvin's approximation 
for conductivity as a function of impurity density, which 
is

(f(N) = BN00 (5-9)

This approximation is obtained by fitting straight line 
segments to the log-log plot of conductivity versus
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impurity density. The numbers B and a can be obtained for 
the range of interest >  N >  and are furnished in
Irvin's paper.

In this expression, (Tq 2 l̂s actual surface conductivity,
if we neglect surface effects; it is given by

The constant k in (5•10) is the same as that in equation 
(5 .6 ) and therefore is given by (5 .8 ).

In both cases we have found a Gaussian distribution 
of conductivity, and so we take

(T(z) = (T exp - ^ (z-t) ̂  (5 .12)u L e 

as the general form representing the two results.

5.3 Solution of the Boundary Value Problem
The boundary value problem is specified by the 

differential equation (5 *1 ) and the boundary conditions in 
equations (4.5) to (4.10). Since the conductivity varies 
in the z direction only, the symmetry studied in section
4 .2 also holds.

Using (5*9) and (5*2), we find that

(5.10)

(5-11)
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We first proceed to reduce equation (5•1) to the 
special case where the conductivity varies only in the z 
direction, and obtain:

V 2v -

We assume a solution of the form

Vn,m(x’y ’z) = Xn (x) Ym (y) Zn,m(z) (5-1'l)

as in Chapter 4, and (5*13) separates into three ordinary 
linear equations. The equations in x and in y (for the 
three-dimensional case) are identical with equations (4.12) 
and (4.14), and satisfy the same boundary and symmetry 
conditions; therefore their eigensolutions are identical.

The differential equation for Z (z) turns out ton ,m
be

f i  ♦ <r S  - r",,/ =0 <5-i5>dz N ’

where V is defined in equation (4.l8 ) for three' n ,m
dimensions. This equation holds for all impurity profiles. 
Using (5 • 12), we find that

1 dV(z) = _ ^ (z_t ) (5 .16)(T( z ) dz

Therefore, for a Gaussian distribution, the equation for Z 
becomes

A  - - r I z - 0 (5 .i7 )
dz 7
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To solve (5-1?)t we assume a series solution of the

form

Z„, • Z  if?"'-1 <!•»>
i=0

and find a recursion relationship (see Appendix C) for the
coefficients ^ ’111. These coefficients, hence the function
Z , are necessarily functions of £ , t and P . They aren ,m 7 J J 7 n,m J

given by
2 '

/ ■ ’m = - W i l T  (5.19)

j*"’”1 = 1 (5 .20)

“ ’m = 0 (5 .21)

Equation ($.21) makes ^ satisfy the boundary conditions
at z = 0 . For convenience we have set the first coeffi
cient equal to one.

As a check on this recursion relationship for Z ,n , m
we show in Appendix C that it becomes the series for the 
hyperbolic cosine when ^ = 0 , thereby showing that the 
homogeneous resistor is a special case of the inhomogeneous 
resistor.

The (n ,m ) tti eigensolution for the potential is given 
by the product of the functions we have obtained. The
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general solution, taken as the superposition of all 
possible solutions is:

00 OQ
V(x,y,z) Cn)m sin(^iTlx) cos (pny) Zn>m('f,t,z)

11=0 m=° (5.22)
If the resistor has two dimensional geometry, that is, if 
the contacts extend completely to the sides of the resistor, 
equation (5 .22) takes a simpler form as

Qq
V(x,y,z) = sin (^ ^ -̂-Tlx) Z ̂ ^ , t , z ) (5*23)

n=0

Note that, since the use of a computer is unavoidable if 
accurate results are to be obtained, it is convenient to 
set up the computation of ^ t ,z ) as a subroutine in 
the overall program.

The solution of the boundary value problem is 
completed if we find a set of coefficients that makes the 
potential function satisfy the boundary conditions at the 
top surface.

If we compare the solutions for the boundary value
problem for the homogeneous and inhomogeneous cases, we
will find that they differ only in that instead of
cosh P z we get Z (’E , t , z ) . The hyperbolic cosine is n , m n , m 7
computed by a subroutine. The Z also can be computed byn , m
a subroutine. Therefore the procedure proposed for the
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computation of the C 1s in Chapters 2 and 4 can ben,m r
applied directly in the present case. The solution 
obtained this way is a truncated double sum whose accuracy 
is determined by the number of terms taken.

5.4 Computation of Conductance
To obtain the conductance G, we use the ratio of 

the total current I to the applied voltage V . We obtain 
I integrating the current density over the equipotential 
surface x = 0. As in the previous chapters

In this expression we find that the conductivity is a 
function of a variable of integration.

We now insert the sum representing the potential, 
and exchange integration with summation to obtain

The integral with respect to y vanishes for any value of m 
except m = 0; this reduces ($.2$) to a single sum. There
fore we can write

W
t

I dy dz (5-24)
0 x=0

2

W

I (2n+l) Ti

2

Z dz (5 .25)
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t
W (2n+l)% J* (T (z) Zn 0 (f,t,z) dz (5.26) 

0

Had we started with a two dimensional resistor, the
expression for the conductance would have been exactly
equation (5 •26) except that the subscript indicating that
m is fixed at zero would not appear. Moreover, in this
expression generality about the conductivity profile and
the corresponding solutions for Z is preserved.n ,m

To complete equation (5•26) for the case of a 
Gaussian distribution, we proceed to evaluate the integral 
in this equation using equations (5 *12) and (5 .18) through
(5 .21) which define (fC z ) and Z^ ^ (z ). It turns out that 
this integral is given by an infinite sum:

t

i=0 0
1z exp

0
(5.27)

If we define the function g^(f) as

exp
0

then

0
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and (T) is computed by the following recursion formulae 
obtained in Appendix D :

which is the expression we have sought for the conductance. 
As in earlier chapters, we use finite summations to 
approximate (5*33)• Use of a computer gives the value of 
G, to any desired accuracy, in terms of the parameters of 
the physical make-up of the resistor.

# "  erf ( D (5-30)

(f) = - ?  + Tr exP (-7"1') + f Sq ) (5 .31)

(5 .32)

Finally we can write

G
Au=0 i =0

(5 .33)



CHAPTER 6

SAMPLE COMPUTATIONS AND DISCUSSION

We present sample computations for two reasons. 
First, the computations show that the methods described in 
the foregoing chapters yield satisfactory results. Second, 
we use the computations to show that one can construct a 
design chart that graphically displays how the resistance 
depends on the parameters of the physical make-up of the 
IC resistor.

6.1 The Two-Dimensional Resistor

6.1.1 Cases Computed: The geometry of the resistor is
shown in Fig. 2.1. The overall length L + 2d, the width W
and the conductivity were fixed at unity. The quantities 
that were varied are the thickness t and length between the 
contacts L ; d is the width of the contact strips.

The purpose of this was to obtain the conductance 
per unit conductivity and per unit width as a function of 
t/(L + 2d) and L/(L + 2d), that is:
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In integrated-circuit terminology9 the reciprocal of the 

right side of equation (6 .1 ) is called 11 the effective 

number of squares.n

6 .1.2 The Program: The program used consists of two

sections. In the first 9 the computer is instructed to set 

up and solve the simultaneous equations for the coefficients 

of the sine series for the potential function9 according to 

the procedure outlined in section 2.4. In the second 

section^ the computer is instructed to carry out the series 

for the conductance given in equation (2 .32).

It was found that 40 terms in the sine series were 

sufficient to obtain reasonable accuracy. Moreover 9 it was 

found convenient to instruct the computer to print out the 

coefficients for this series. These were later used to 

sample the sine series to verify that it actually satisfied 

the boundary conditions.

6.1.3 Results and Comparison with Conformal Mapping 

Approximation: The results are plotted in Fig. 6.1 with

solid curves. Using this graph9 the conductance of a 

resistor with dimensions within the range computed9 can be 

calculated.

In Fig o 6.1 we have also plotted 9 with broken 

curves the approximation obtained from conformal mapping 9 

given by equation (3 »l4) as 2
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Fig. 6.1 Conductance of the two-dimensional resistor
by three methods
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^  = ( 6 - 2 )

For obvious reasons, this equation is called "the .88 
approximation." In consistency with Wolfe 1s^ work, the .88 
approximation is within 1% of the computer results for d 
smaller than t and coincides for t = 0 .05.

For d smaller than t, the area of the contact 
becomes increasingly smaller than the section of the 
resistor. This causes the current flow lines to crowd at 
the contacts, which results in a sizeable potential drop 
near the contacts. The .88 approximation does not account 
for this crowding of the flow lines. This is so because it 
was assumed that d > t for this approximation. This 
explains why this method of approximation overestimates G 
for d < t .

In this graph we have also plotted with dotted 
curves, the one-dimensional flow approximation. This is:

h m r  (6-3)

6.2 The Three-Dimensional Homogeneous Resistor

6.2.1 Cases Computed: For the three-dimensional resistor
only one variable was varied. The geometry of the case 
computed is given in Fig. 4.1. The width of the contact
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strips and the separation of these from the edges of the 

resistor were fixed at 0.25 mils. The thickness was taken 

as 0.1 mil. The separation of the contact was varied from 

19 to 3 mils.

6.2.2 The Programs The program followed the outline 

suggested in Chapter 4, except that it was found helpful to 

concentrate more points about the discontinuities (i.e.* 

the contact edges) rather than to space them evenly.

If one examines the geometry of the cases computed, 

it is apparent that a few harmonics in the y direction will 

acceptably fit the boundary conditions on the top surface. 

On the other hand, the order of harmonics in the x direc

tion increases with the separation of the contacts. This 

was verified when the program was run.

6.2-3 Results: The results of this problem are plotted in

Fig. 6.2 against the reciprocal of L. The smallest L tried 

was 3 mils. This is 30 times larger than t . This explains 

the concurrence of the computer results with the one

dimensional approximation in equation (6 .3 )° However, for 

the smaller values of L this approximation is already over

estimating the conductance. This is emphasized in Fig. 6.2 

by plotting G against reciprocal L.
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Fig.
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6.2 Conductance of a three-dimensional resistor 
plotted against the reciprocal of L
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6 •3 Discussion

The principal contribution of this study is two

fold o First, the presentation of methods for calculating 

the resistance of homogeneous IC resistors having either 

two- or three-dimensional geometry« Second, the presenta

tion of methods for calculating the resistance of IC 

resistors having a Gaussian distribution of impurities and 

either two- or three-dimensional geometry„ Means have thus 

been provided for developing design chart for either thin- 

film or diffused resistors*

Several secondary contributions have also resulted* 

Application of the calculation methods has involved finding 

the distribution of the electrostatic potential within the 

body of the resistor; knowledge of the potential distribu

tion may prove useful in design* Moreover, we have 

described a technique for matching the mixed boundary 

conditions on the top surface; such boundary conditions 

occur whenever ohmic contacts of a device are made on the 

top surface, and thus the technique will apply to many of 

the boundary value problems that arise in the study of 

devices and integrated circuits*

In this study, we have restricted consideration to 

resistors having rectangular geometry* Additionally, in 

studying diffused resistors, we have assumed a Gaussian 

distribution that depends on only one coordinate, the 

distance from the top surface* Actual diffusion processing



produces a distribution that varies three-dimensionally9 

but the one-dimensional approximation we have used serves 

adequately for a resistor whose width greatly exceeds its 

thickness. The approximation is adequate for most IC 

resistors. The final approximation made in this study 

involved use of Irvin’s data to approximate the dependence 

of mobility on impurity density. Aside from the approxima

tions named above, the validity of our results rests only 

on fundamentals— Maxwell’s equations and the expression for 

drift flow in semiconductors.

We have given main emphasis here to methods, not to 

results; we have provided only enough sample computations 

to show that the methods presented actually do work. For 

design work, of course, one would construct a set of design 

charts, similar to the design chart given in this chapter, 

to show graphically how the value of an IC resistor depends 

on the parameters of its physical make-up.



APPENDIX A

This appendix contains a brief, general description 
of the Schwarz-Christoffel Transformation. This is then 
used to develop the two successive mappings, described in 
(3.1) and (3.2), that we used in Chapter 3 to map the two 
dimensional resistor into a plane in which one could easily 
calculate the resistance.

The Schwarz-Christoffel Transformation is, in 
general, expressed as

s . c  * ’ . u - ,  11
dZ 1 2 n (A.l)

This transformation maps into a polygon in the W-plane (see
Fig. A.l) the real axis of the Z-plane. In (A.l), C is
determined by the geometries; a^ are the points on the real
axis of the Z-plane, that correspond to the vertices A ^ ;
OU is the internal angle of the poligon associated with
vert ex A . .1

If < a2 ^ a3 ' " * <f an > then the A^ make a
positive (counterclockwise) circuit in the W-plane as i 
goes from 1 to n .

The transformation is expressed in differential 
form; to apply it to specific problems, (A.l) has to be
integrated.

56
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jv

jy

x=a x=a x=a

= % + jy

x=an

Fig. A .1 The Schwarz-Christoffel transformation maps the 
polygon in the W-plane on the 

real axis of the Z-plane
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To derive the transformation of equation (3 .1), we 

consider the geometry of the resistor in Fig. 3 •1 to be a 
polygon with two vertices at infinity with angles of zero. 
Therefore we can map the perimeter of the resistor in the 
Z-plane on the real axis of the -plane in Fig. 3•2 using

§r = (zi + a i )' 1 (zi - a 2 r l  ( A -2)

Letting a^ = a^ = a and integrating from 0 to Z^, we find 
that

1 Z -a
z = 2^ ln z - ^  + c (A-3)

gives implicitely the transform we seek. The only remain
ing steps are to evaluate a and c, and to solve for Z^.
If Z = 0 is to be mapped to Z^ = 0 and Z = -it to Z^ = 00, 
the numbers a and c are fixed. The mapping of these points 
yields two simultaneous equations for a and c which give:

a = (A.4)

* = - • £  (A-5)

We substitute these values in (A.3) and solve for Z^ to get

zi = - it tanh #  (A-6)

The edges of the contact map on +_ (X and _+ 3 and using (A. 6) 
we get
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a - Yt tanh (A.7)

P = 2 '̂ tanh (-q—  + 7̂ 7) (A.8 )

Therefore the contacts map on the line segments OC <. ^  P
and -a >  -p on the real axis of the Z^-plane.

We look now for an inverse Schwarz-Christoffel
transformation to map the upper half plane into a
rectangle with the contacts on the ends, see Fig. 3 0 ;
(A.9 ) gives such a transformation:

_ 1 1 1 1
= (Z1+P) 2 (z^a) 2 (z1-a) 2 (Z1-p) 2 (A.9 )

and the integral of (A.9) directly gives us 
Zr

w = r 1 dZ1
(A.10)

0 V(z^-a2)(z^-P2)

To evaluate the resistance, the dimensions of the 
resulting rectangle are necessary and they are given by the 
coordinates (-ĵ, i])) of the point on which Z^ = p maps.
Using (A.10) we find that

dZ
  -------- (A.11)

0 -\/(z2 -a2 ) (z2 -P2)
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If we take the path of integration for (A.11), as the real 
axis, we find that the integrand is real for 0 ^  < a,
and imaginary for Ot c. x^ <. (3 ; therefore we obtain

o -y(x^-a2)(x^-P2) a -yj(x^-a2) (p2-x̂ )
(A.12)

Both members of equation (A.12) are separated into 
real and imaginary parts, and we take advantage of this to 
get the values of and separately. The half length of 
the equivalent resistor, ~  ̂  is found from (A.12):

1 A dXl= -- (A.13)

This is an elliptic integral, and to get it into a form in 
which it is tabulated, we make the change of variables:

x^ = at (A.l4a)

k = ^  (A.l4b)

This yields

1 ..  —  dt (A.15)
0 -t/(l-t2 )(l-k2t"')
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This integral is the complete elliptic integral with 
modulus k, K(k), and is found tabulated in mathematical 
tables .

The imaginary part of (A.12), gives us the width of 
the equivalent resistor

v - f
dx
  ------- (A.16)

This is also an elliptic integral. To get this integral 
into its tabulated form, we make the substitutions

^ = p ■v/l-t2 (l-k2) (A. l?a)

= Vl-k2 (A.l?b)

and find that

=
dt (A.18)

0 V(l-t2)(l-k'2t2 )

The ratio j/y needed in the text, is then 

/ 2K(k)
7  = k H P T (A.19)

where k, from equations (A .14b), (A.7) and (A.8), is found
to be

, TtL tanh 7—
k = — — pur— m T <A.20)

tanh (Tt + 2t)



APPENDIX B

The differential equation for the potential in an 
inhomogeneous medium is derived from fundamentals. We 
assume only that steady state conditions prevail.

The basic principles used are Ohm's microscopic 
law and the divergence of the current density. These 
equations are, respectively:

J  = or e (B.i)

"V* J = (B . 2 )

The symbols are conventional:
q- is the conductivity of the medium
E is the electric vector field
J is the current density vector
P is the electric charge density

In steady state the charge density will not change with 
time; therefore equation (B .2) simplifies to

9'd = 0 (B.3)

We substitute (B.l) in (B.3) to obtain:

V*( dE) = 0 (B.4)

This vector equation separates, and becomes:
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Finally we use the gradient of the potential to represent 
the electric field and obtain

V 2V = - -  (V(T )* V V (D.6)(T
or

V 2V = - ( 7 ln<T ) ‘ V V (B.7)



APPENDIX C

In the diffused resistort the partial differential 
equation separates into three ordinary differential equa
tions . The equation in the z variable, Equation (5 • 17)» 
has a special form, and its series solution is derived in 
this appendix.

Equation (5•17) mentioned above is

T T  ' f (z-t) H  - V  n,m 2 = 0 (C-1)dz

where for Convenience, in this appendix, we will call

P 2 = r (C.2)* n,m

We assume that (C.l) has a solution in the form of a 
converging series given as

Oo
Z

i=0
= ] >  tc.3)

This series will be determined by the coefficients; 
to get a recursion relationship for these, we will sub
stitute (C. 3) into (C.l), but first we will express

d^zand --^ in a convenient form:
dz oo

= (i+1) jfi+1 z1 (CA)dZ 
dz

i=0
64
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(x + 2 ) (i + 1 ) ^ z1 (C . 5)

dz“ 1=0

We substitute equations (C . 2) through (C . 5) to obtain:

0> CX3>
^  (i + 2 ) (i + 1 ) jfi + 2 Z1 (z-t) (i + 1) ̂ i + 1 Z1
i =0 i=0

OO

- r (]\ Z3" = 0 (C.6)
i=0

The second term of this sum is rearranged to be:

<X> Go
- ^(z-t) (i + 1) ^ i + 1 z1 = - f 1 z1

i =0 i =0

OO
+ f t ^  (i+1) ^ i+1 z1 (C.7)

i =0

We use (C.7) to rearrange (C.6), which simplifies to:

^  <i+2) (i+1) j i + 2 - f i ^  + f t(i+l) X i+1 - r$± z1 = 0
1=0 (C.8)

If this series is to be zero, then all the coeffi
cients of the powers of z must be zero:

(i + 2) (i + 1) f̂i + 2 - 'f î f± + ^ t(i + l) / i + 1 - rj^ = 0  (C.9)
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This equation is solved for x+2 t0 Set:

(i+2)(
r + (C .10)

Introducing a new subscript j = i+2 , we transform (C.10) 
into the equation

gives the coefficient of the series in equation (C .3)» 
in terms of the previous two coefficients. Thus, if the 
first two coefficients are fixed, an infinite sequence of 
coefficients is defined by (C.ll).

As a check on the recursion relationship (C.ll), 
we can develop it for the homogeneous case, that is, when 
% = 0. In this special case, (C.ll) becomes:

(C.ll)

This equation is the recursion relationship that

(C.12)

Suppose and are some constants determined by some 
boundary conditions. From (C.12) it is readily shown that

0,2,4,6 . . (C.14)

and

(C.15)
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If one uses (C.l4) and (C . 15) in (C . 3) and rearranges, the 
solution of (C.l), when ^ = 0, becomes

i even i odd

Equation (C.l6 ) has a closed form:

Z = ^  cosh ( V"r" z) + sinh ( ~̂ ~r z) (C.l?)

This solution would have been obtained for (C.l) in this 
special case, had more conventional methods been used.



APPENDIX D

In Chapter 5* when the current density is inte
grated, a special integral is needed. We derive the recur
sion solution of this integral in this appendix.

The integral is defined in Equation (5 .18) as a 
function of its upper limit and a subscript:

T"
g^ (tT) - j exp I - (u-T) du (D.l)

0

We use integration by parts:

wdv = wv - ^  vdw (D .2)

In the integral of (D.l) we apply (D.2) defining 

i-1w = u (D.3)

du (D .4)

and, after applying limits, we obtain

dv = u exp (u-T/)2

g± (t) = - + -̂rr- J F (u-T)u^ 2 du
0 (D.5 )

In (D.5 ) we have used the function F(x) which is defined 
for convenience as
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F (x ) =
J

69

x
e y dy (D .6)

O

2 -y

The integral in (D.5) is now integrated by parts; 
this time we choose:

w = F(u-T) (D.7)

dv = u1 “ du (D .8)

From this we obtain

fr
I U1 2 F (u-T) du = - -.-j;-- g^_^(T) (D.9)
0

Finally from equations (D.9 ) and (D.9 ) we get

gi(n = - I t 1'1 + si_2 (t) + r s i_1<̂ ) (d.io

Since g^(T) and g^(T) are tabulated functions, the sequence 
of functions g^(T) can be built with (D.IO) as the defining 
recursion relationship.
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