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ABSTRACT

Modern, time-domain methods are used to discuss 
the control of linear, constant-coefficient systems with 
unconstrained control effort. Two rather general Per
formance Indices are used to define two related problems, 
the Regulator Problem and the Servomechanism Problem.

The Regulator Problem uses the Performance Index

Jr = X  x ' Qxd t .
o

The solution to the Regulator Problem requires a control 
structure which contains an inner loop for each of the 
state variables in the problem formulation. It is shown 
that this structure permits control over the closed-loop 
poles of the optimal system and cancellation of unwanted 
zeroes, but no new zeroes can be added. Three methods are 
given for computing explicit optimal control systems for 
specific examples, the parameter optimization problem is 
reviewed and discussed in relation to the Regulator Problem, 
and a method is given for introducing zeroes into the 
Regulator Problem.

The Servomechanism Problem uses the Performance
Index

Js “ [(r - c'-X)2 + u2 ]dt.
o

The solution to this problem consists of two parts, the 
‘prefilter and the regulator. The prefilter shapes the 
reference input signal before that signal is applied to 
the regulator portion of the optimal system. The 
regulator is found by solving the Regulator Problem.

vi



CHAPTER I

INTRODUCTION

The most familiar problem in automatic control 

is the control of linear, constant-coefficient systems 

with unconstrained control effort. The conventional 

approach to this problem utilizes Laplace transform 

techniques to convert the differential equations of the 

system into algebraic equations. The resulting trans

formed equations are often displayed pictorially in 

block diagram form, and the most widely studied block 

diagram is the single-loop, unity-ratio configuration. 

Methods based upon use of the Laplace transform are 

generally referred to as frequency-domain techniques.

This thesis uses modern, time-domain methods 

to discuss the familiar linear control problem mentioned 

above. The time-domain approach requires a system 

description in terms of first-order differential equa

tions obtained directly from the differential equations 

describing the system. In keeping with conventional 

methods the results of a time-domain design may also



ultimately be described in terms of a block diagram.

The design results in a configuration differing markedly 

from that resulting from the use of frequency-domain 

techniques.

Design specifications for use with frequency- 

domain methods of design are quite diverse; e.g., 

bandwidth, per cent overshoot in response to a step 

input, and velocity error constant. In any given prob

lem, specifications may be given in both the time domain 

and the frequency domain. In the time-domain approach 

to system design all performance requirements must be 

embodied in a single specification called the Performance 

Index. Two rather general integral Performance Indices 

are used in this thesis to define two related problems, 

the Regulator Problem and the Servomechanism Problem.

The Regulator Problem uses the Performance Index

o

The solution to the Regulator Problem requires that the 

uncompensated system be given an input which is a linear 

combination of the state variables of the system. This 

result specifies the structure of the optimal control
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system as one with an inner loop for each of the state 

variables in the problem formulation. Utilizing this 

structure, it is possible to show that the use of state 

variable feedback allows the designer to control the 

locations of the poles of the system and to cancel 

unwanted zeroes, but no new zeroes can be added. Three 

methods are given for computing explicit optimal control 

systems for specific examples, and the limitations of 

each method are discussed. The parameter optimization 

is defined and the relationship between this problem and 

the Regulator Problem is explained. An attempt is made 

to relate the Regulator Problem to conventional frequency- 

domain design, by showing how zeroes can be introduced 

into the Regulator Problem.

The Servomechanism Problem uses the Performance

Index

The solution to the Servomechanism Problem is closely 

related to that of the Regulator Problem. It consists 

of two parts, the prefilter and the regulator. The task 

of the prefilter is to shape the reference input signal

o
dt ( 1- 2 )



before the signal is applied to the regulator portion of 

the optimal system. The regulator is found by solving 

the Regulator Problem, and as a result of this obvious 

connection between the two problems, results obtained 

for either problem apply, in part, to the remaining one.

Throughout the thesis, a variety of techniques 

for obtaining explicit numerical solutions is presented. 

In the interests of both clarity and brevity, full use 

is made of examples.



CHAPTER II

SYSTEM DESCRIPTION AND DESIGN OBJECTIVES

In this chapter notation and system representation 

are discussed, controllability and observability are de

fined, and the design of linear systems is cast into 

the framework of the modern state variable approach to 

optimal control theory.

The physical systems considered here are those 

which can be adequately characterized by a set of ordinary 

linear differential equations with constant coefficients. 

Systems having no input, or forcing function, (autonomous 

systems) as well as those having a scalar input (non- 

autonomous systems) are studied. It is assumed that 

these differential equations have already been written.

In the state variable approach to the design of 

linear systems, the differential equations of the systems 

are replaced by a set of first-order differential 

equations of the form



where x is an n-vector, the state of the system

A is an n by n matrix of constants, the system matrix 

jb is an n-vector of constants, the control vector 

u is a scalar, the control function 

^  is a p-vector, the output of the system 

C is an n by p matrix of constants

Frequently the output ^  will be a scalar instead 

of a vector; in this case, the matrix C is replaced by 

the vector jc and y becomes a linear combination of the 

state variables,

y = c 1x (2-2)

The notation indicated above is used throughout. 

Underlined lower-case letters refer to vectors, and the 

elements of the vector are denoted by single subscripts. 

Lower-case letters that are not underlined indicate 

scalars or constants. Upper-case letters refer to 

matrices, and the elements of the matrix are denoted by 

the corresponding lower-case letter with double subscripts. 

If F is an arbitrary matrix, then F* is its transpose; 

if F is square and nonsingular F"* denotes its inverse.

The square matrix F is called symmetric if F* = F, and 

positive definite ^positive semidefinite? if x/Fx is



a positive definite ^positive semidefinitej function 

of x; i.e., one which is always positive ^non-negative^ 

except at x = 0, where it is zero.

The concepts of "controllability" and 

"observability" introduced by Kalman (1963) are needed 

for a reasonably general discussion of linear systems. 

Although of fundamental importance from a mathematical 

viewpoint, these concepts are sufficiently general that 

they are usually not a major concern for physical systems. 

Thus it is sufficient to give brief definitions and ex

plicit criteria for determining whether the system of 

equations (2-1) represents a completely controllable and 

completely observable system.

A system is completely controllable if all state 

variables in the representation (2-1) can be affected 

by some suitable choice of the control function u(t).

An equivalent mathematical statement is

rank (b , A b , . . . , An“ ^b) = n (2-3)

The expression in parentheses in (2-3) is an n by n 

matrix whose columns are the vectors b, Ab, . . . , An ^b.

A system is completely observable if all the state variables 

of the system contribute to the output of the system during
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a finite time interval. An equivalent mathematical 

statement is

rank (C, A ’C ........... (A')n_1C) = n (2-4)

If the matrix C in (2-1) is replaced by the 

vector c, then the resulting system is completely con

trollable and completely observable if and only if the 

numerator and the denominator of the transfer function 

£ 1(si - A)“ ^b have no common cancellable factors (Leake 

1964, p. 10). The transfer function given above is 

merely the overall transfer function y(s)/u(s). This 

can be verified as follows. Taking the Laplace transform 

of (2-1) under the assumption of zero initial conditions 

gives

sx(s) * Ax(s) + bu(s)
(2-5)

y(s) = £'x(s)

Solving the first equation of (2-5) gives

x(s) * (si - A)’ ^bu(s) (2-6)

Substituting (2-6) into the equation for y(s) and forming 

the ratio y(s)/u(s) gives the desired result; namely, 

y(s)/u(s) = _c’ (si -A)

In order to put the design of control systems 

on an analytical basis, a criterion of performance or



Performance Index is introduced. The Performance Index 

is usually an integral selected by the designer as the 

best single means of judging the behavior of the system. 

Once the selection of a Performance Index has been made, 

the problem is converted to one of applied mathematics, 

with the object being to minimize the value of the chosen 

integral.

For example, a possible choice for a Performance 

Index is the familiar integral of the squared error,

By integrating the square of the difference between the 

desired output r(t) and the system output c(t), the 

Performance Index attempts to characterize the accuracy 

of the control system. The best system is the one which 

causes the Performance Index to be minimized; referring 

to (2-7)^the best system is the one whose output is as 

nearly equal to the desired output as design freedom 

permits.

are those of finding control functions u which give the 

minimum values of one of two particular types of

(2-7)

The two basic problems considered in this thesis
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Performance Indices. The designer is presented with the 

set of equations (2-1) and is asked to find the control 

function u that minimizes one of the following two 

Performance Indices:

Jr * J (xfQx + u )dt (2-8)
o

oo
X  |~(r " £*2S)^ +
o

dt (2-9)

These two problems, known as the Regulator Problem and 

the Servomechanism Problem are defined more precisely 

and considered in detail in the ensuing chapters.



CHAPTER III 

THE REGULATOR PROBLEM

In this chapter the first of the two problems 

introduced at the close of the previous chapter is de

fined, its general solution is studied in terms of the 

structure of the optimal system, and three methods are 

presented for obtaining specific solutions to the design 

problem. The relationship between the Regulator Problem 

and the parameter optimization problem is discussed and 

a method for introducing zeroes is described.

The following statement of the Regulator Problem 

is adapted from that of R. J. Leake (1964, pp. 4-5):

Regulator Problem For the system (2-1) where 

2^(0 ) represents a set of nonzero values of the 

state variables at t = 0, find a continuous 

control function u such that the system is 

transferred from its initial state x(0) to 

the origin of the state space in such a way 

that the Performance Index

(3-1)
o

11



12

is minimized. The matrix Q is symmetric and 

positive definite or semidefinite.

A pictorial interpretation of the Regulator Problem

is shown in Fig. 1. The figure shows a block labelled 

"controller” having as its inputs the state variables 

and an as yet unspecified vector function jr(t). These 

two vectors are combined to produce the scalar control 

function u which transfers the state of the system to the 

origin while minimizing (3-1).

The central theorem relating to the Regulator 

Problem, proved in Kalman (1964), is presented below. 

Theorem I Assume that (2-1) represents the 

equations of motion of a completely controllable 

system and define a Performance Index

where the matrix Q is symmetric and positive 

definite or semidefinite. Let P(t) = IT(t;T,0) 

be the unique n by n symmetric matrix solution 

(where the parameters T and 0 correspond to 

the upper and lower limits in (3-2)) of the 

matrix Ricatti differential equation

(3-2)
o
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Cx

controller

Fig. 1 Pictorial Interpretation 
of the Regulator Problem



satisfying the boundary conditions

P(T) = TT (T;T,0) = 0. (3-4)

Then the optimal control function for the Regulator 

Problem exists, is unique, and is given by

u° = - x ’Pnb = -k'x (3-5)

where

P0 = lim TT(0;T,0) (3-6)
T — » oo

and

k = P^b (3-7)

In addition, the minimum value of Jr is given by 

» x '(O)PqX(O) (3-8)

Furthermore, if the system is completely 

observable as well as completely controllable 

and if the matrix Q in (3-1) and (3-2) is re

placed by CC*, PQ is positive definite and 

the resulting optimal system is asymptotically 

stable.

Theorem I states that complete controllability

is a sufficient condition for the existence of a solution

to design problems which use Performance Indices of the 

form (3-1). For systems which are also completely
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observable, the theorem assures the designer that he will 

wind up with a compensated system which is stable.

The theorem also shows why an output equation 

(jy = C'x) is included in the system equations. The output 

equation arises as a result of writing the matrix Q as

Q = CC1 (3-9)

In the usual design procedure the designer decides on 

a positive definite or semidefinite matrix Q; and as an 

aid to his intuition the resulting quadratic form can 

be written as

x'Qx = (x’C) (C'x) = 2 'I = \\l\\ 2 (3-10)

so that Jr becomes

Jr = f (|| y|| 2 + u2)dt (3-11)
O

The equation (3-4), where the elements of k are 

referred to as the "feedback coefficients," expresses 

the fact that the optimum control function for the 

Regulator Problem is a linear combination of the state 

variables. This is a highly important result, as it 

specifies the form of the optimum system. To illustrate 

this consider the following example:

Example 1

It is desired to compensate a system having the 

following uncompensated overall transfer function
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21*1 10(s + 2) _
u(s) (s 4- 4) (s + 3) (s) 

where y(s) is the Laplace transformed output and u(s) 

is the control function. A block diagram for the un

compensated system is shown in Fig. 2(a). Note that the 

system is non-autonomous, since it has an input u. If 

the design were carried out by using a Performance Index 

of the form (3-1) and the state variables shown on the 

figure, then the compensated system would have the 

appearance of Fig. 2(b). In Fig. 2(b) an input r has 

been added to keep the system non-autonomous.

The numerical values of the feedback coefficients 

for Example 1 are as yet unspecified since no procedures 

for calculating the k^ (feedback coefficients) have yet 

been given. However, the overall transfer function for 

the compensated system is easily seen to be

i.Ls2 ___________,---iOls +._2)------- ,-----
r(s) (k3 + l)s-> + (5kg -f 10k 2 + 7)sz +

-f (6k 3 + 2 Ok2 + lOk]^ + 1 2 )s + 20k^ 

so that by proper choices for k^, kg, and kg any three 

desired pole locations can be obtained, but the zeroes 

remain unchanged. This complete control of the pole 

locations and lack of control of the zero locations is
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r

10 y =

a) Uncompensated System

r + //—-% u s + 2
s + 4

b) Compensated System

Fig. 2 Compensation Using State 
Variable Feedback
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a general consequence of compensation by state variable 

feedback (Brockett 1965).

That the first part of the previous statement is 

true may be seen by considering a more general system with 

the overall transfer function

y(s) cn sn" * + c isn"^ + . . . + c
u(s) sn + an sn~ * + .

(3-12)
. + a^

Representing the system in phase variables the equations 

of motion become

x =

1
o 1 0 . . .

Io 0

0 0 1 . . . 0 0

. . . x 4- •

0 0 0 . . . 1 0

-ai "a2 “a3 • • • “an 1

u

(3-13)
c ̂ c 2 c ̂ * . • °n , 2S

The assumptions of controllability and observability 

assure that any single input, single output system has 

this unique phase variable representation; see Kalman 

(1963).

Suppose that the characteristic equation associated 

with the desired pole configuration is sn 4- rnsn" * + . . .+ r^
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If the control function u is set equal to -k'x with the 

defined by
(3-14)

kt = ri - ai, k 2 - r2 - a 2 , ....kn - rn ‘ an

then in the autonomous system each -a^ in the system matrix 

will be replaced by -a^ - ( r^ - a^) or -r^, and the over

all transfer function will have the desired pole configuration. 

Thus the use of state variable feedback gives the designer 

both complete control over the pole locations of the system 

and the means by which unwanted zeroes can be cancelled.

In the above system representation it is clear 

that no new zeroes can be added by using state variable 

feedback. Brockett (1965) shows that this is always the 

case; namely, for a completely controllable and observable 

system using state variable feedback, no new zeroes can 

be added.

In one sense it is unfortunate that no zeroes 

can be added since the most common forms of linear com

pensation (lead, lag, and lead-lag) require at least one 

zero in the compensator. In another sense, however, zeroes 

are not necessary because for a given Performance Index 

of the form (2-6) Theorem I guarantees that the designer 

can always get the best design by feeding back all the 

state variables. However, if a zero is included in the
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forward transfer function, as with a lead or a lag 

network, then the pole of the lead or lag compensator 

will cause an increase in the order of the system. It 

is entirely possible, indeed probable, that the value of 

the Performance Index for the optimized n + 1-order system 

may be less than that for the optimal n th order system.

A means for introducing zeroes into the Regulator Problem 

is given later on in this chapter.

There are three methods for finding the elements 

of k, the coefficients of the state variables in the 

expression for the optimal control function in the 

Regulator Problem.

Method I Solution of the Ricatti Equation

Method II Kalman’s Equation 

Method III Bode Diagram Design

Method I Solution of the Ricatti Equation

The first method for calculating the feedback 

coefficients requires the solution of (3-3) in Theorem I

for the unknown symmetric matrix P. Once P is known, PQ

is found by calculating the limit in (3-6) and then the 

feedback coefficients are obtained from (3-7). The 

difficult step in this procedure for finding k is in
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obtaining a solution to the nonlinear Ricatti differential 

equation. Even for second-order systems the matrix dif

ferential equation is difficult to solve (Leake 1964), 

and so numerical techniques must be used, although 

numerical solutions are not shown here.

An algebraic matrix equation which can be used to 

find PQ is also available. By (3-6) PQ is an equilibrium 

state of the Ricatti equation; accordingly, by setting

= 0 in (3-3)

PqA + A'P0 - P0bb'P0 + Q = 0 (3-15)

Hand solution of (3-15) is tractable for second-order 

and even third-order systems. The equation is difficult 

to solve by numerical techniques because it is a set of 

nonlinear equations and thus the solutions are not unique. 

Kalman (1964) shows that (3-15) has a unique solution 

which is identical to the solution of the Ricatti dif

ferential equation if the system is completely observable 

and PQ is positive definite.

Example 2

Consider the design of the first-order system 

x = -x -f u



22

through the use of the Performance Index

J = (x2 4- u2 )dt.
o

The Ricatti differential equation is
HP

-  = PA + A'P - Pbb'P + Q

which in this first-order case is the scalar equation 

- (-i)p + (-i)p - p(i)d)p + 1

= - 2p - p2 -f 1

along with the boundary condition

p(T) - TT (T;T,0) - 0

Using the technique described by Leake (1964) the

analytical solution to the above equation is

p(t ) = exp(-/2(t-T)) - exp(42(t-T))______________
(V2+l)exp(-V2(t-T)) + (V2 - l)exp( V2(C-T))

Taking the limit prescribed in (3-6)

p0 = lim  exp(A/2T) - exp(-VYT)________
T-»oo (V? 4- l)exp(V7T) 4- (V% - l)exp(-V?T)

- sfY - I

From (3-7)

k * pQb 

= sjl - 1
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Using the algebraic Ricatti equation for this example leads 

to a quick solution. The equation (3-15) becomes 

-2p0 - P02 + 1 = 0  

and the unique positive definite solution is 

Po " - 1

Method II Kalman's Equation

Kalman (1964) has found an algebraic equation 

which can be solved directly for the feedback coefficients, 

without first finding the matrix P0 . This equation offers 

some computational advantages over the algebraic Ricatti 

equation; moreover, it is a frequency-domain equation 

and thus provides a link between conventional and modern 

control theory.

The derivation of Kalman's Equation starts with 

the algebraic Ricatti Equation (3-15), rewritten as

-PQA - A'P0 = CC' - Pobb'PQ. (3-16)

Adding and subtracting sP0 gives

P0 (sl - A) + (-si - A')P0 = CC' - P(>b b 'P0 . (3-17)

Letting

<|>(s) - (si - A)"1 (3-18)

and multiplying (3-17) from the left by b'^'(-s) and 

from the right by di(s)b gives
(3-19)

b'^'(-s)Pob - b'^(s)Pob - b'^'(-s) [c C  - P\bb'P̂ , ] (|l(s)b.



k =

From Theorem I,

(3-20) 

so that (3-19) becomes
(3-21)

b'(|)'(-s)k - b ’<j)(s)k = b'(j)(-s)CC’(()(s)b - b'(|)'(-s)kk'(|)(s)b 

Transposing the second term on the right-hand side of 

(3-21) and adding 1 to both sides gives

|l + k'^(-s)b] [l + k'(j)(s)b] - 1 + b'^'(-s)CC'^(s)b
(3-22)

or

1 + k'<|>(j v))b | 2 - 1 + ||c'<(i(jvJ )b|| 2 (3-23)

This is Kalman's Equation. The matrix (j)(s) is called the 

resolvent of A and is equal to the Laplace Transform of 

the state transition matrix.

Example 3

Compensate the system shown in Fig. 3(a) by using

the Performance Index
co

J =
o
f (xi2 + u2 )dt

The equations of motion are

-1 1 0
X = x +

0 0 10

c = . 1 0 i 2S

u

Using (3-18) the resolvent of A is
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u 10 x2 1
s + 1s

a) Uncompensated System

.358

.640

10

b) Compensated System

Fig. 3 Block Diagram for Example 3
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giving
^ i / i nm, _ 2_ oni, \ . 2 , i nm, 2l + k *(|)(j vO)b ^ == u0+( 100k2 -20k^+l)vJ +100k^ -4-200k^k2+100k2^

U)1 + u)2

and

1 + £'(|)( j u) )b 2 = u)4 + od 2 + IQO 
td 4 + a) 2

For (3-23) to hold for all u) the following equations must 

hold:

100k22 - 20k1 = 0

100k]2 + aOOk^. + 100k- = 100

Solving the above two equations yields the numerical 

values for the feedback coefficients, 

k^ = .640, k2 = .360 

The compensated system is shown in Fig. 3(b).

Method III Bode Diagram Design

This third method for calculating the feedback

coefficients makes use of a special case of Kalman’s

Equation; namely, the case in which the matrix C in

(3-23) is replaced by the vector £, so that the Performance

Index becomes 
co

J = f  (x1 ££' x t u2 )dt (3-24)
o

T  [(c lx i + c 2x2 + cnxn ^  + dt (3-25)
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Besides the assumption that Jr is of the form given in 

(3-25) it will also be necessary to assume that the fixed 

plant contains at least one pure integration.*

The block diagram of Fig. 4 is useful for discussing 

Method III. From the diagram u = r0 - k'x. With this 

substitution in (2-1) the system equations become 

x = Ax + b(r - k'x)

“ + brD (3-26)

y = c ’x (3-27)

where = A - b k '. The input to the block labelled 

G(s) is u(s), while the output is £'x(s), giving

G(s) = c'*(s) 
u(s)

= £'([)( s )bu( s ) 
u(s)

= £'(f)(s)b (3-28)

Similarly, the transfer function H(s) is given by

H(s) = k'x(s)
n w  (3-29)

and the negative loop gain, A(s), is given by the product

of (3-28) and (3-29),

1. This is more restrictive than need be; in more 
precise terms, it is necessary to assume that G(s) has 
high gain at low frequencies and low gain at high 
frequencies.
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k 1 x

Fig. 4 An Aid in Understanding Method III
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A(s) = G(s)H(s)

= c'<b(s)b . js’is(s) 
c'x(s)

= c'6(s)b . k'$(s)bu(s)
£  1 (() ( s )bu ( s )

= k ' (J) ( s ) b (3-30)

The overall transfer function y(s)/r (s), designated 

M-^(s), is found from (3-26) to be

Mi(s) = c'^^(s)b (3-31)

where ((^(s) = (si - A^) 1.

Substituting (3-28) and (3-30) into Kalman's 

Equation (3-23), gives

|l + A(ju0)| 2 = 1 + | G( ju) ) | 2 (3-32)

as the equation which determines the values of the elements

of k .

In the design procedure using Method III three

properties of (3-32) are used. These properties hold when

G(s) has at least one integration.

a) for small w), |l + GH(jw))| = G(jvP)

b) for large u) , | 1 + GH(j vJ ) | = 1

c) when G(jw*) = 1 ,  |l4- GH(ji*))j = V ?

The design procedure consists of using the Bode diagram 

of G(jvA) and the three properties above to obtain a
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good approximation to 1 + GH(jv)), and then finding k.

The steps are

Step 1 Sketch the Bode diagram of G(j vJ),

Step 2 For values of u) less than the unity 

crossover frequency of G(j^d) , 

match the Bode diagram of 1 + GH(j a) ) 

with that of G( j a) ) .

Step 3 For values of u) greater than the unity 

crossover frequency of G(j ,

make the Bode diagram of 1 4- G(ju) ) 

be constant at the value 1; this can 

be accomplished by using a Butterworth 

polynomial of the same order as the 

magnitude of the slope of the Bode
2diagram of G(j a)) at crossover.

Step 4 By using the results of the previous three 

steps form an approximate expression for 

1 + GH(s) and equate it to the true 

analytical expression to evaluate k.

This procedure is illustrated in the following example.

2. Choosing the characteristic frequency of the 
Butterworth polynomial as the crossover frequency assures 
that at crossover the Butterworth polynomial has a magnitude 
of jfT, so that property (c) will be satisfied.



Example 4

Consider the uncompensated system

G(s) = 1438
s(s + 3.25 + 3.56)

whose phase variable representation is

0 1 0 0

X  = 0 0 1 x + 0

0 -3.56 -3.2 1 _

u

y = 1438x|

The Performance Index according to (3-25) is

Jr - 00 [(1438x1)2 + u2] dt
o

To carry out Step 1 write

G(s) =
3.46

The Bode diagram appears in Fig. 5. Following Step 2 

the low frequency part of 1 + GH(s) is given by
1438__________

s(s + 3.2s + 3.56)

For frequencies greater than the crossover frequency

Step 3 requires that | 1 + G( j vO)H( j u) ) be 1; therefore

a third-order Butterworth polynomial is chosen, namely
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1000100

Fig. 5 Bode Diagrams For Finding the
Feedback Coefficients of Example 4
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The quantity 1 + G(s)H(s) is then approximated by 
(3-33) 

1438 1 3 2 2 3 
• vJ 3 ( s + 2 ()) c s + 2 w c s + v)c ) 

s(s2 + 3.2s + 3.56) c 

It is now clear that jl + G(j w )H(j w) j .. {2 when 

s = j we, since the first factor in (3-33) has a magnitude 

of 1 at crossover and the second factor (the Butterworth 

polynomial) has the magnitude~ thus property (c) is 

satisfied. 

The analytical expression for 1 + GH(s) is found 

after forming H(s) through the use of (3-29), 

H(s) = k1x1(s) + k2x2(s) + k3x3 (s) 

1438xl(s) 

.. k3s2 + k2s + k1 
1438 

Thus 

(3-34) 

1 + G(s)H(s) .. s3 + (3.2 + k3)s2 + (3.56 + k2)s + k 1 

s3 + 3.2s2 + 3.56s 

Step 4 is carried out by finding the values of k1, k2 , k3 

and w which cause (3-33) and (3-34) to be equal. Those c 

values are 

we = ;.jl438 = 11.3 

kl = 1438, k2 = 252, k3 = 19.3 

By comparison, a digital computer solution of the Ricatti 

differential equation yields k1 = 1437.93, k2 = 251.8, k3 = 19.47. 
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In Example 4 phase variables are used and as a 

result the designer has no opportunity to choose the 

Performance Index - he has to accept as the output of the 

system a linear combination of the derivatives of x in 

which the weighting factors for the derivatives are de

termined by the zeroes of G(s). A more serious objection 

to the use of phase variables is that these variables 

represent successive derivatives of x^ and for systems 

whose order exceeds two are not physically available for 

use as inputs to the linear amplifiers in the inner 

feedback loops of the compensated system.

Method III can be applied to some systems which 

are expressed in terms of variables which do not represent 

successive derivatives. The essential requirement for 

the successful application of the method is that the approxi

mate expression for 1 4- GH(s) have the same form as the 

true analytical expression. The presence of zeroes in 

G(s) makes it impossible to match the approximate expression 

with the analytical expression, unless phase variables are 

used. When there are no zeroes present the method will be 

successful for some choices of the Performance Index; this 

is shown in the following example.
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Example 5

Consider the same system that was used in Example 3, 

in which phase variables were not used. The uncompensated 

transfer function is

/ x 10C(s) = (s )(s 4 1) 

and using (3-29), H(s) is found to be

H(s) - ^ -2. ^

so that

GH(s) = 10(k2S + k l + k 2 ) 
s(s + 1)

The Bode diagram for G(jou) is shown in Fig. 6. From 

the diagram the low-frequency part of 1 + GH(s) is given 

by G(s), and a second-order Butterworth polynomial is 

needed for the proper high-frequency behavior. Thus the 

approximate expression for 1 + GH(s) is

1 + CH(s) = 10^  . ^  + + W c2
«Oc (s)(s + 1)

The analytical expression for 1 -f GH(s) is

1 + GH(s) = s^ + (lOkg + l)s + 10(k^ + k )
(s )(s +1)

Making both expressions identical requires 

c = 3.16, k t = .652, k 2 = .348
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Fig. 6 Bode Diagrams For Finding the
Feedback Coefficients of Example 5
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These values of the feedback coefficients compare

favorably with the more accurate values given in Example 3.

In the preceding example we were able to apply

Method III, despite the fact that phase variables were

not used. The Performance Index was

J = /  (X]2 + u2 )dto
However, if the Performance Index is

z -  OO

J " q [(%! + + u^j (3-35)
then the method cannot be applied because matching the

analytical expression and the approximate expressions for

1 4- GH(s) requires

s3 + 2s2 + (10k2 + l)s + 10k^ „ 10 . s2 + VToOcs + uUc2
( s ) ( s + I)2 w 2  ( s ) ( s + 1)

This is not possible, as the systems are of different order.

For a further discussion of Method III see Leake (1965).

The Regulator Problem has been discussed in some 

detail; next, this design problem will be related to the 

parameter optimization problem. The reduced Ricatti

equation, (3-15), was used in the development of Method II. 

It is also the starting point for demonstrating the con

nection between the Regulator Problem and the design of 

linear systems using quadratic Performance Indices of 

the form
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r°o

J = x'Dxdt (3-36)

where D is a positive definite or semidefinite matrix 

(Kalman 1964). Before the connection is presented, it

is necessary to discuss the time-domain procedure for 

solving the problem associated with (3-36), frequently 

called the parameter optimization problem.

The procedure for solving the parameter optimization 

problem consists of two parts: first, the evaluation of

(3-36) in terms of the elements of D and the system 

matrix of (2-1); second, the selection of those values 

of the adjustable parameters (as specified in the system 

matrix) that give the minimum value of the Performance 

Index.

To carry out the first part the integrand in 

(3-36) is set equal to a positive definite function of x,

-V = x ' E>x (3-37 )

Then the integral becomes

r 00 •J  =  J  -V (x )d t = -V(x) 
o

(3-38)
X(<» )

= -V(x(oo)) + V(x(0))
x(0)

But for an asymptotically stable system, x(0) = 0 and the 

value of J becomes

J - V(x(0)) (3-39)
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V must itself be a positive definite function; 

that is, V can be represented by

V = x 1Pq X (3-40) 

where the matrix PQ is positive definite and symmetric. 

Taking the time derivative of (3-40) and comparing the 

result with the integrand of (3-36) gives

A *P0 + P0A = -D (3-41)

After solving this set of linear algebraic equations for 

the elements of the matrix P0 , (3-39) is used to write 

the expression for J in terms of the adjustable parameters

and the initial values for the state vector x.

The second part of the design procedure for the 

parameter optimization problem consists of setting the 

partial derivatives of J with respect to the adjustable 

parameters equal to zero, and solving the resulting 

nonlinear equations for the optimum values of the adjustable 

parameters.

Theorem I of this chapter guarantees that the 

optimal control function for the Regulator Problem is a 

linear combination of the state variables,

u = -k*x (3-42)

where the elements of k are as yet unspecified. If (3-42)

is substituted into Jr , it becomes
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o

= (jS* %  x 1 k k 1 x ) d t
o

= /  x ’(Q + kk*)xdt (3-43)
o

Note that (3-43) and (3-36) are of the same form. 

Substituting (3-42) into the system equations (2-1) gives 

x = Ax + bu

so that the feedback coefficients can be considered as 

adjustable parameters in the parameter optimization 

problem defined by (3-43) and (3-44). For this parameter 

optimization problem the equation corresponding to (3-41) is

The above equation can be made the same as the 

reduced Ricatti equation by the following steps. First, 

expanding the left-hand side, there results

A*P0 - k b ,P0 + PQA - P^bk' = -Q - kk'

Utilizing the substitution given in Theorem I,

= (A - b k ')x (3-44)

(A - b k 1)'PQ + Pq (A - b k 1) = -Q -kk (3-45)

gives

A'Pn - k k 1 -f P A - P^bb'P = -Q - kku -- O u-- O --
or

P0A + A'P0 Pokb'P



which is the reduced Ricatti equation. Therefore, 

considering the Regulator Problem as a parameter 

optimization problem leads to the same set of equations 

as given in Theorem I.

There is another link between the Regulator Problem 

and the parameter optimization problem. In the latter, the 

system being designed has a fixed form with adjustable 

gains and time constants. To write the expression for 

the Performance Index, (3-36), it is necessary to choose 

a set of initial values for the state vector x. The initial 

conditions usually chosen are those which make the response 

of the autonomous system to these initial conditions iden

tical to the error response of that same system to a 

step input (Gibson 1963).

Now if the fixed form of the system were that of 

the Regulator Problem - with all state variables being fed 

back through linear amplifiers - then the values of the 

adjustable parameters (the feedback coefficients) would 

be independent of the choice of initial conditions. This 

suggests that for both the Regulator Problem and the 

parameter optimization problem the form of the optimum 

system is the same.
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Engineers familiar with conventional, frequency- 

domain compensation may object to the form of the optimum 

system discussed above because no new zeroes can be added 

by using state variable feedback, while even the simplest 

lead and lag compensators introduce new zeroes. This 

objection cannot be fully refuted although there is a 

way of introducing adjustable zeroes into the Regulator 

Problem.

Adjustable zeroes can be included in the Regulator 

Problem by putting in tandem with the fixed plant a 

compensator of the form

n - 5 + 2  (3-46)
Gc s + p

In (3-46) the numerator represents the adjustable zero and 

the denominator a term included to make Gc realizable. If 

the uncompensated system is of order n, the compensated 

system has order n + 1. In the compensated system there 

are n + 1 state variables, n + 1 feedback coefficients, 

and, in addition, an adjustable zero and an adjustable 

pole. The best compensated system is the one which yields 

the lowest value of some chosen Regulator Performance Index; 

the best compensated system is specified by k p  k^, ...,k^, 

z, and p.
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The computational problems posed by this method of 

introducing zeroes are formidable, since the addition of 

the compensator pole and zero causes the plant (the matrix 

A in (2-1)) to be incompletely specified. The only feas- 

able way of treating this problem seems to be to use a 

digital computer to perform a two-dimensional search, look

ing for the values of z and p that cause some given 

Regulator Performance Index to take on its minimum value.

To solve the Regulator Problem for any given values of 

z and p, any of the three methods discussed previously 

could conceivably be used, but only Method I lends itself 

to computer solution.

Although a rather lengthy discussion of the 

Regulator Problem has been given, there are many questions 

still unanswered. Some of these questions are raised in 

Chapter V.



CHAPTER IV

THE SERVOMECHANISM PROBLEM

The second of the two problems introduced in 

Chapter II is defined precisely below. This definition 

of the Servomechanism Problem is again adapted from that 

of R. J. Leake (1964, p. 14).

Servomechanism Problem Consider the completely 

controllable system (2-1) together with the 

Performance Index

where the function r(t), the reference or desired

output, is specified to be one such that for some

continuous control function u, Js is bounded.

Assuming arbitrary initial conditions, find

a continuous control function u that minimizes J .s
A pictorial interpretation of the Servomechanism

Problem is shown in Fig. 7(a). It differs from the Regulator 

Problem in that the quadratic form x'Qx in the integrand 

of (3-1) is replaced by the square of the difference

(4-1)
o

44
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controller

a) Problem Interpretation

-c z = - A' z+ 
k b 1z-cr(t)

x=Ax-4-bu — y

k'b

I prefilter *+* regulator

b) Solution

Fig. 7 The Servomechanism Problem
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between the given reference output, r(t), and the actual 

output, y(t).

The solution to the Servomechanism Problem, 

presented in Leake (1964), is repeated here without proof. 

Theorem II Let r(t) be of the form
(4-2)

r(t) = r1(t)exp(- ^ t )+. . .+rm (t)exp(- > m t )

where •••» > m are complex numbers

with positive real parts and r,(t), ..., r (t)i m
are polynomials in t. Let jz denote the particular 

solution of the differential equation

z = -(A - _bk' ) ' z - cr(t) (4-3)

where the elements of k are the feedback 

coefficients of the corresponding Regulator 

Problem. Then z exists and is unique, and the 

optimal control function for the Servomechanism 

Problem for an r(t) of the form (4-2) is given by

u = rQ (t) - k ’x (4-4)

where

r0 (t) = b'z(t) (4-5)

The structure of the optimal servomechanism, as 

deduced from Theorem II and Fig. 7(b), consists of two

parts: the prefilter and the regulator. The form of the
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prefilter depends on the reference signal r(t), so that 

to calculate ^(t) it is necessary to know r(t) in the 

interval (0, 00 ). The regulator is found by solving the 

associated Regulator Problem; this is an important ob

servation because it implies that results obtained for 

either problem (Servomechanism or Regulator) will apply, 

in part, to the remaining problem.

Utilizing Theorem II and Kalmanfs Equation, 

frequency-domain equations can be derived for the two 

parts of the optimal servomechanism. For this purpose let 

the symbol £ J denote an extraction of the multiplicative 

factor containing the left half plane poles and zeroes and 

let the symbol C 1 + denote the sum of those terms in the 

partial fraction expansion of the enclosed quantity which 

contain the LHP poles.

Recall that for a completely observable system the 

regulator portion of the compensated system is stable. 

Using the model shown in Fig. 4 of Chapter III the poles 

and zeroes of 1 4- GH(s) in the equation

■ Tf&i - "!<-) (4"6’

must lie in the left half plane. Now writing Kalman's 

Equation as
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[ 1 + GH(s) 1 fl + GH(-s)] = 1 -f G(s)G(-s)
+ (4-7)

= + G(s )G(- s + G(s)G(-s)J
it is apparent that

1 + GH(s) = (l + G(s)G(-s)}

Substituting (4-7) into (4-6) gives
„ , x _______G(s)________  (regulator) (4-8)
M 1(S) " (1 + G(s)G(-s)} +

This is the frequency-domain expression for the regulator

portion of the optimal Servomechanism. Using (4-3) and

the fact that z is the particular solution of that

equation, an expression of the prefilter can be derived

(Leake 1964). The result is

M2(s) = r (s) [^M]_(-s)r(s)J (prefilter) (4-9)

Equations (4-8) and (4-9) present a relatively new 

solution to an old problem. The Servomechanism Problem 

was first solved by using Parseval's Theorem (Chang 1961);

Chang derives an expression for M^(s)M^(s), the overall 

transfer function. This older treatment, however, is not 

able to distinguish between the regulator and the prefilter 

portions of the system; furthermore, the older results are 

valid only for zero initial conditions. On the other hand, 

Theorem II shows clearly that the optimal control system
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consists of a prefilter, whose output is the filtered 

reference signal, and a regulator, which utilizes feed

back from all the state variables. The feedback coeffi

cients are independent of the reference signal and the 

system is optimal for arbitrary initial values of the 

state variables.

For higher order systems the spectral factorization 

required in (4-8) is an obstacle in the design procedure, 

unless graphical techniques are used. It is necessary to 

find the LHP factors of

1 + G(s)G(-s) = 0 (4-10)

This is a root locus problem, and as such is familiar to 

engineers acquainted with conventional control theory. 

Starting with the poles and zeroes of G(s)G(-s) the locus 

of the roots of (4-10) are sketched, and the LHP factors 

are obtained. It is then a simple matter to compare the 

expression for M^(s) calculated from (4-8) with the 

expression

G(s)
1 + GH(s)

in order to evaluate the feedback coefficients.

The following example illustrates the two-part 

structure of the optimal system and the use of root locus 

techniques.
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Example 6

Consider the uncompensated system of Example 3,

Chapter III, where

_  x _ 10 
G(s) " (s)(s + 1)

Let the output be x^, so that H(s) is given by

» k lx l<s) + k 2x2(s>
Xl(8)

= 4- k2(s + 1)

and Performance Index is given by

Js = /  [(r - x l>2 + u2 ] dt
o

The Root Locus Plot of 1 + G(s)G(-s) is shown in Fig. 8. 

From the plot,

{l + G(s)G(-s)J + = (s + 2.3 + j2.2)(s + 2.3 - J2.2) 

Substituting into (4-8) gives
10

G(s)_________  ,  (sJls + ,1)___________
(1 + G(s)G(-sH + (s + 2.3 + j2.2)(s + 2.3 - J2.2)

(s)(s + 1)
10

s + 4.6s + 10

The above expression for M-^(s) is to be compared with the 

expression obtained by using (4-6), namely

G =  10____________________
1 + GH = s + (10k2 + 1)s 4- 10(k1 + k 2)
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I X x (2) f

Fig. 8 Root Locus Plot
for Example 5
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Equality of the two expressions for M^(s) requires 

•k^ = .64 and k^ = .36. These values of the feedback 

coefficients are the same as those found in Example 3.

To complete this example the prefilter portion of 

the optimal system will now be calculated. Let the 

reference output r(t) be

r(t) = 1 - exp(-t)

so that

,  v  1 ____ 1________ 1
r ^S ' S S 4- 1 (s)(s + 1)

Using (4-9)

M 2(s ) = (s) (s + 1)

= (s)(s 4- 1)

10
(s^ - 4.65 4- 10)(s)(s 4- 1)

4-

.64
S 4- 1

= s 4- .36

The overall transfer function is given by M^(s)M2 (s):

y(s) = 10(s 4- .36)
r0 (s) s^ + 4.65 4- 10

The compensated system is shown in Fig. 9(a). If 

the older method of solution in the frequency domain were 

applied to this example, then the same overall transfer 

function would have been found. But then the designer 

would have had no aid in determining the best way of
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10

.36

.64

a) Optimal Realization of the 
Compensated System

(s)(s + 1) s + .36--> s% 4- 4.6s + 10 (s)(s + 1)

b) Alternate Realization

Fig. 9 The Compensated Systems
of Example 5
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implementing that overall transfer function. If he chose 

to realize the optimal system as Fig. 9(b), for example, 

then his design would be optimal only for zero initial 

conditions, whereas Fig. 9(a) is optimal for any initial 

conditions on the state variables and X2 .

It is well to note that the procedure for calculating

the regulator portion of the optimal servomechanism can be 

applied to the Regulator Problem when the Performance 

Index Jr has the form

Thus the expression for M^(s) given in (4-8) can be used 

along with the root locus techniques to find a completely 

determined expression for the overall transfer function of 

the Regulator Problem; this expression can then be com

pared with the one obtained from the knowledge of the 

structure of the optimal system and the feedback coeffi

cients can be evaluated. This sequence of steps for 

calculating the feedback coefficients is very similar to 

Method III and has already been illustrated in Example 6.

Some insight into the relation between the Regulator

Problem and the Servomechanism Problem can be obtained by 

finding the prefilter for a fixed plant with at least one

-r (4-11)
o
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pure integration and a step-function reference input 

(Leake 1964). With an integration in G(s), (4-6) yields 

the result

M 1(0) = 1 (4-12)

Using (4-12) and (4-9), with r(s) ■ 1/s, it follows that

M 2(s) = _!—  f r(s)M- (-s)l + 
r(s) L 1 -i

1
" 8 * s 
= 1

so that the overall transfer function of the compensated 

system becomes

M(s) - M 1(s)M2(s)

= M^(s) (4-13)

From (4-13) it can be concluded that the regulator portion 

of the optimal Servomechanism is by itself the complete 

optimal solution when the reference input is a step function 

and the fixed plant has at least one pure integration. This 

is an important practical result.

While the treatment of the Servomechanism Problem 

has been less complete than that of the Regulator Problem 

the two are so closely related that this manner of 

presentation is justified.



CHAPTER V 

CONCLUSIONS

Based on the research reported in Chapter III, it 

appears that the Regulator Problem has been studied 

thoroughly. The effect of feeding back all the state 

variables on the poles and zeroes of the system is known, 

and several methods are available for calculating the feed

back coefficients for a given design problem; the relation 

between the parameter optimization problem and the Regulator 

Problem is clear.

However, the discussion of the Regulator Problem 

is incomplete for several reasons. First, there is no 

good way of picking the matrix Q in the expression for the 

Regulator Performance Index. Second, the limitations of 

state-variable feedback are not fully known; e.g., can the 

designer be sure that he will always get a satisfactory 

design by feeding back all the state variables? Third, 

the connections with conventional, frequency-domain 

design techniques have not been established. It should 

be noted that these three comments have been frequently 

made in discussions of the relative merits of state 

variable techniques and conventional techniques.

56
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The rebuttal to the first criticism has usually 

made use of the concept of modeling. In brief, the model 

is the form that the compensated system would have to 

assume in order to achieve the lowest possible value of 

the chosen Performance Index. Frequently, design con

straints permit only enough freedom to achieve a value 

which is greater than the lowest possible value. Modeling 

is useful when the choice of the model specifies the 

Performance Index, since then the designer has a means 

of selecting the Performance Index. For the Regulator 

Problem very little attention has been given to develop

ment of models, perhaps because the integrand of Jr in 

(3-1) becomes quite complicated when the substitution 

u “ k*x is made. Some work has been done for the case 

where the integrand is y# x'QZS + u^; as — » co the 

poles of the optimal system approach a Butterworth 

configuration (Kalman 1964, p. 58).

The second criticism - that of the lack of knowledge 

of the limitations of state variable feedback - has been 

partly clarified by showing that the use of state variable 

feedback allows complete control over the poles of the 

system but does not affect zeroes. What remains to be 

given is a more complete treatment of the techniques
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for including zeroes in a meaningful way in the Regulator 

Problem.

The third criticism is of particular importance

for the Regulator Problem because the form of the optimal 

system is known. This structure could serve as a start

ing point for applying, for example, the minor loop design 

techniques to the Regulator Problem. The subjects of 

sensitivity and steady-state error constants also remain 

to be considered.

The Servomechanism Problem was given a briefer 

treatment than the Regulator Problem because once the 

latter is understood, the former is easily grasped. All 

of the comments given above apply equally well to the 

Servomechanism Problem. In one sense the Servomechanism 

Problem has a closer appeal to automatic control engineers 

since the reference input is an explicit part of the 

problem. Note, however, that these engineers usually use 

the response of the system to a step input as a reliable 

guide to the merit of the design; for this particular 

reference input the Servomechanism Problem reduces to the 

Regulator Problem, as was shown in Chapter IV.

In conclusion, the two basic problems considered 

in the thesis have been carefully defined and an attempt



has been made to treat each one as an individual problem 

to relate each one to the other, to relate both to other 

design techniques, and to point out the areas where 

further investigation is required.
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