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abstract

Numerical solutions to the equation for advection 
under conditions that permit analytic solutions are calcu
lated using various finite-difference approximations in one 
and two dimensions. It is shown that simple upstream dif
ferencing introduces a diffusive effect and yields a solu
tion that is inconsistent with the differential equation. 
Instability and inaccuracy are present in the solution 
obtained with any centered-difference approximation when the 
grid-spacing is too large to follow very closely the vari
ations of the quantity being advected.

x



CHAPTER 1

INTRODUCTION

The integration of the basic equations of fluid 
motion by numerical methods has become very common in meteor
ological problems. Analytic methods have not yet been devel
oped to solve these partial differential equations primarily 
because they contain non-linear terms, but these terms which 
represent advection have also proved extremely difficult to 
handle numerically. Consequently many finite-difference 
approximations have been used to model advection. The pur
pose of this study is to examine the numerical solution to 
the equation for pure advection. of any quantity under the 
assumption that the velocity field is steady (i, e., not 
changing in time). Then the equation becomes linear and an 
analytic solution is possible. For particular problems the 
results of numerical integrations by the most frequently 
used finite-difference approximations will be compared to 
the analytically correct solution. If a difference scheme 
is to have any possibility at all of being useful in the non
linear case, it must give accurate results for steady-state 
advection.

This study is the result of an unsuccessful attempt 
to apply the difference scheme derived by Arakawa (1966) to



the Orville (1964) model of mountain upslope winds. The 
original intent was to examine the effects of turbulent dif
fusion on the development of thermal convection, and it will 
be shown that the use of upstream differencing for the ad
vent ion terms in the equations of the model leads to a 
diffusion-like effect that is larger than the diffusion due 
to turbulence. A particular feature of this model that 
tends to produce instability in the numerical solution is 
the rapid fluctuation of the gradients of the quantities be
ing advected. But the limitations of speed and memory stor
age space by the computer makes it impractical to increase 
the number of grid points sufficiently, even over a limited 
region, to eliminate all large fluctuations. Therefore the 
hope is to find a finite-difference scheme that remains 
stable even for rapidly varying functions, but the scheme is 
also required to produce a result that agrees with the ana
lytic solution in the linear trial case. It is possible that 
a consistent numerical solution can only be found by in
creasing the density of the grid points.

1.1 Advection Equation and Analytic Solution in One Dimen- 
s ion

For any conservative property of a fluid the only 
process that can produce a local change with time is advec
tion. In one dimension



where A is the value of the property being advected, t is 
time, x is position, and u is the velocity of the fluid in 
the positive x direction. Generally the velocity can be a 
function of position and time, but in this study the fluid 
flow is assumed steady and incompressible so that u is a 
constant. The problem is to determine A(x,t) from some 
known initial distribution, A (x). It is also necessary to 
use a boundary condition for A(X,t), where X is the upstream 
limit of x. In all the examples considered here A(X,t) is a 
constant, A^. The analytic solution to equation 1.1 is

A(x, t) = A0(x-ut>; (1.2)
the initial distribution is just displaced downstream a dis
tance ut with no change of shape. If x-ut 5 X, A(x,t) = A^. 
In the figures the value of A at the point x is plotted at 
the point x-ut, and the error introduced by finite-differen- 
cing is simply the change in shape of the initial profile.

1.2 Advection Equation and Analytic Solution in Two Dimen
sions

In two dimensions the equation describing pure ad- 
vection is

H  “ " U '-H " w (1-3)
where z is the vertical position coordinate and w is the 
vertical velocity. Again the problem is to determine the



distribution, A(x,z,t), that evolves from a specified ini
tial distribution, A0(x,z). For a fluid of finite extent, 
appropriate conditions must also be applied at the bound
aries, But now the velocity components can vary with posi
tion and still satisfy the mass continuity equation for 
steady incompressible flow. Therefore an analytic solution 
is not generally possible, but for the specific case when 
the motion of the fluid is a rotation about an axis perpen
dicular to the x-z plane with constant angular velocity,
equation 1.3 reduces to an equivalent linear problem in 
cylindrical coordinates,

; I K -  , <i.4)
where 8 is the angular coordinate and 0. is the constant an
gular velocity. The analytic solution with r the radial 
distance from the axis of rotation is

A(r, 8, t) = A 0(r,e-fit); (1.5)
the result is again a pure displacement of the initial dis
tribution. In plotting the results of the numerical inte
grations the advection is eliminated by a rotation of the 
coordinate axes through an angle -fit, and the errors due to 
the finite-difference approximations are the deviations from 
the initial distribution.

For an incompressible fluid

+ = °> . a-*)
and a streamfuncfion, ij/(x,z), can be defined such that



Then the equation for advection can be written in the form.

where J is the two-dimensional Jacobian operator. Vorticity, 
r|, about an axis normal to the plane of motion can be de
fined by

this study can not apply directly to the advection of vor
ticity. Nevertheless any finite-difference method that is 
inaccurate for steady-state motion is certainly undepend
able for application to the advection of vorticity as well 
as.any other quantity in a non-steady situation.

H  = - j O M ) ,

(1.8)
2 -and it follows that rj = v i|r. For steady motion i is not a 

function of time, and therefore = 0. The discussion in



CHAPTER 2

FINITE-DIFFERENCE SCHEMES IN ONE DIMENSION

The finite-difference approximations to equation 1.1 
that are considered are primarily those that have been used 
with apparent success in previous numerical models. The 
following notation is used; A? is the value of the property 
being advected at the grid point j and at time n. If Ax is 
the distance between adjacent grid points and At is the time 
increment, x equals j a x , and t equals nAt.

If the finite-difference approximation is expanded in 
a Taylor series in At and Ax and equation 1.1 is used, the 
truncation error for the scheme is proportional to At^1"̂" or 
A x w h e r e  p+1 is the power of the first term in the expan
sion that has a non-zero coefficient. The approximation has 
accuracy of order p.

2.1 Simple Centered-Difference Approximation

This scheme has first-order accuracy but is unstable (see

The most simple approximation to equation 1.1 is

(2.1)
where

(2.2)

next chapter) and therefore is not used in the examples
6



2„2 Upstream-Difference Approximations
Upstream differencing has already been mentioned and 

is given by the following equations;

Aj+1 = Aj " 14 (Aj " Aj-l) for >  > 0 (2.3a)

Aj = AJ **  ̂(Aj+l ” ;Aj^ f°r 4 <CK (2.4)
This approximation has been used by Orville (1964, 1965a, 
1965b), Ogura (1962, 1963), and Fisher (1961) in two- 
dimensional small-scale circulation models. The frequent use 
of this scheme is due to the fact that it is stable for 
| d| s l„ in practice the calculation usually sweeps from 
smaller to larger values of j at each time, n, so that if no 
special precautions are taken equation 2.3a is used in the 
form ' ' ; '

Aj+1 = Aj ' ^ (Aj - Ajtl) £or ^ & 0, (2.3b)
while equation 2.4 remains unchanged. There are significant 
differences between these two approximations. The scheme 
consisting of equations 2.3a and 2.4 has first-order accuracy 
and will be called "Upstream N," that consisting of 2.3b and
2.4 will be designated "Upstream N+l." The latter has an 
error of order At.

2.3 Leap-Frog Approximation
The finite-difference approximation that has probably 

been used most frequently is given the name "Leap-frog" by 
Richtmyer (1963). In small-scale circulation problems it has



8
been used by Lilly (1962), who calls it the mid-point rule, 
and by Malkus and Witt (1959), The Leap-frog scheme, which 
has. second-order accuracy, is given by

A»+1 = A""1 - „ ( A ^  - A".,). (2.5)

2.4 Lax-Wendroff Approximation
A method proposed by Lax and Wendroff (1960) has 

been used in certain shock-wave problems. In this study it 
is used in the form

Al+1 = Aj " 7 (Aj-H " Aj-l) + % (Aj+1 " 2 Aj + Aj-l)» <2-6) 
which is the appropriate simplification of the two-step 
approximation when u is a constant. This approximation has 
second-order accuracy for the space difference, but only 
first-order accuracy in the time increment. Higher order 
schemes of this type have been devised by Lax and Wendroff, 
but these have not been tried in small-scale circulation 
problems and are not considered here.

2.5 Robe rts-We is s Approximation
Roberts and Weiss (1966) have developed an approx

imation that has fourth-order accuracy in the grid interval 
and second-order accuracy in the time increment. This 
method is free of numerical dissipation as will be discussed 
in the next section. The value of A at even-numbered grid 
points is evaluated only at half-integral times, while that



at odd-numbered points is calculated only for integral times 
The Roberts-Weiss scheme is given by

AJ+1 = A"- " A>14) - M (AJ+2 - A?-2) j.
~~2

(2.7)
where

1 - %M = ---— — . (2.8)
6 (1 4- %)

Thus the values of A at even- and odd-numbered grid points 
are not independent. But all previous grid points must now 
have odd numbers, or the value of A is not known at the same 
time for all these points. Therefore, in the Roberts-Weiss 
scheme the grid interval is made one-half of its previous 
value, and the number of grid points is doubled. The time 
increment is not changed, so for this scheme p is twice as 
large as in the other, approximations. The greater density 
of grid points should improve the accuracy of this scheme, 
but it will also double the computer time required to make 
the calculations.

2.6 Polynomial Approximation
The final, method that is examined in one dimension 

is■one designed to match the physical process of moving the 
initial distribution ahead a distance uAt. In this method 
the function A is evaluated at the location j-p, with p < 1,



A polynomial of order Q is fit to the distribution of A so 
that

Q ' .
An [(j+Y)An] = C" V", (2.9)

m=0
where y x̂ is a continuous variable measuring distance from
the grid point j„ The constants, Cm, are determined for
each j from the values of at grid points centered
about j ; therefore y' is an interger. Using these values
of the C^'s at each grid point the value of each A1?"1*̂ is ■ , m j
determined from

AT L = .. Cm (-' )*' (2-10)
m=0

This scheme for Q = 2 reduces to the Lax-Wendroff scheme 
given previously. For a fourth-order polynomial y* has the 
values 0, 1, 2 and the C^'s becomelD



CHAPTER 3

AMPLIFICATION FACTORS

A great deal can be learned about the nature of a 
finite-difference scheme in the linear problem from the - 
amplification factor. It is possible to express A as a 
Fourier series,

A(x,t) - ^ B(k,t) eikx. • (3.1)
k

When this expression for A is substituted in equation 1.1, 
it is found that B must satisfy

- - ikuB, (3.2)

so that
B(k,t) = B(k,0) e~ikut. (3.3)

The amplification factor. A, is defined by
B(k,t+At) - x(k) B(k,t), (3.4)

or in finite-difference notation by

Bn+1(k) = X(k) Bn(k). (3.5)
The amplification factor for the differential equation 1.1 is

' X =  e-iku6t, (3.6) .
and has a magnitude of 1. Therefore each Fourier component
of A has a magnitude that does not change with time, and 
each component has a change of phase -kuAt, Which is just

11



12
what is required to move the profile ahead a distance u At. 
This conclusion agrees with the previous result that the 
distribution of A is moved forward at a velocity u with no 
change of shape. If the magnitude of X is greater than 1 
for any Fourier component, the solution contains at least 
one increasing component and is unstable. This agrees with 
the von Neumann requirement for stability which Richtmyer 
(1957) has shown is jXj < 1 -f 0( At). When |\| < 1, the 
Fourier components have their amplitude reduced at each time
step; the solution is dissipative and therefore inaccurate.
When |X| depends on k, each Fourier component has a differ
ent amplification factor, and the shape of the profile is 
altered. Changes of relative phase also distort the orig-t 
inal distribution.

3.1 Simple Centered Approximation
The amplification factor for the scheme given by 

equation 2.1 is calculated by substituting for A? one of its 
Fourier components, Bn ^  Then

An+1 Bn+l(k) eikj tx _ x(k) Bn(k) eikj /« (3.7)

The simple centered approximation has
X = 1 - i|i sin a, (3.8)

where a = k Ax. . In a finite grid -— y s a -e tt, where J is the
total number of grid points. Fourier components with k > ~  

can not be recognized by the grid but are interpreted as con
tributions to components of smaller wave numbers; the grid



' 13
is too coarse to adequately represent the distribution of A. 
From equation 3.8

ft f2 - 1 +■ tu2 sin2 a, (3.9) •
which is greater than 1 when p is non-zero, and the scheme 
is unstable.

3.2 Upstream N Approximation
The amplification factor for the Upstream N approx

imation is

X = 1 - p -f h e~^a for p & 0 (3.10a)

X = 1 4- p - p. eia for u < 0. (3.10b)
Changing the sign of the p terms in 3.10b and letting ,, > 0 
leads to an identical expression for the magnitude of X in 
both cases,

|X| = 1 - 2^(1 - p)(l - cos a) with p a 0. (3.11)
This scheme is.stable as long as 0 s p s 1. Included in fig
ure 1 is a plot of | x |  as a function of a for the Upstream N 
scheme with p =0.3, the value used in most of the numerical 
examples, and with d =  0.5, the value for maximum damping.
Since all Fourier components, primarily the short wavelength
components, are reduced the Upstream N approximation pro
duces a numerically diffused solution. Only the very long 
wavelength Fourier components have jxj near 1. The short 
wavelength components are considerably reduced in amplitude, 
and as a result any sharp irregularities in the field are
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Figure 1. Magnitude of the Amplification Factor vs. Angle for Upstream-
Difference Schemes. Solid line is for Upstream N+l Scheme with
m = +0.3, dot-dashed line is for Upstream N with p = 0.3, and
dashed line is for Upstream N with M = 0.5. m



quickly eliminated. The examples will show this effect and 
the inaccuracy of the result produced by this approximation.

3.3 Upstream N+l Approximation
The Upstream N+l approximation has an amplification

factor
oA =1 - p (1 + cos a) + |a cos a - ip (1 - p) sin a,

(3.12)
and

| ̂  12 _ 1 - 2 p( 1+cos a) + 2 p (1+2 cos a) - 2 p (1+coscx) + p̂
1 - 4 p cos a + 2p (l+2cos a) - 4 h c o s  a + m

(3.13)
- - 2for p > 0. If p s 0, A is given by equation 3.10b and | X |

by equation 3*11. This scheme is stable for | h | < 1. The
value of | X| for p = + 0.3 is plotted in figure 1. For long
wavelength Fourier components the damping is greater for the
Upstream N+l scheme than for the Upstream N approximation.
Since the length of these waves extends over several grid
points, the overall effect should be a greater diffusion in
the solution. This is true even when very short wavelength
components are included, since these components still have a
large damping factor. Therefore the Upstream N+l scheme,
which is more frequently used, is even less accurate than
the already inaccurate Upstream N approximation.



3.4 Lax-Wendroff Approximation
For the Lax-Wendroff scheme the amplification factor

is
2X = 1 - ^ (1 - cos a) iM- sin a, (3.14)

and

|X|2 - 1 - U2 ( l  - u2).(l - cos a)2. (3.15)
The magnitude of the amplification factor is less than 1 when 
the magnitude of 4 is less than 1; this method is stable and 
should also show the effects of dissipation. A plot of |X] 
is included in figure 2 for 14 = 0.3 and for W2 = 0.5, when 
attenuation is a maximum. This approximation, although still 
producing attenuation of the Fourier components of A, par
ticularly at short wavelengths, has considerably less damping 
than the upstream approximations. Only for wavelengths less 
than about 3 Ax is the attenuation greater than 10 percent 
when A4 = 0.3, but after 20 time iterations even this com
ponent is reduced by about 84 percent of its initial value. 
Nevertheless the improvement will be apparent in the examples.

3.5 Fourth-Order Polynomial Approximation
A plot of the magnitude of the amplification factor 

for the fourth-order polynomial approximation is also in
cluded in figure 2. This plot is very similar to that for 
the Lax-Wendroff approximation, slightly closer to 1 for long 
wavelength components and introducing slightly more damping 
of the short wavelength components.
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Figure 2. Magnitude of the Amplification Factor vs. Angle for Centered-
Difference Schemes. The dot-dashed line is for the Lax-Kendrof| 
scheme with M = 0.3, the dashed line is for Lax-Wendroff with  ̂ =0.5,
and the solid line is for Fourth-Order Polynomial scheme with M = 0.3. m
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3.6 Leap-Frog Approximation

The Leap-frog scheme has an amplification factor,

1 = ± / 1 - ^  sinZ a - iW sin a, (3.16)
which gives | X j =» 1, but Lilly (1965) has shown that in some 
cases this method becomes unstable. It should be free of 
the effects of numerical damping.

3.7 Roberts-Weiss Approximation
The Roberts-Weiss approximation was specifically de

signed with the requirement that | X | = 1. Therefore this 
scheme should be stable and free of the effects of numerical 
damping.

In practice a finite-difference approximation uses 
the value of the function only at the grid points• in real
ity the quantity being advected has a value at every point 
in space. If the real value of the function varies signif
icantly between adjacent grid points, Fourier components of 
wavelength shorter than Ax are present. But in an effort to 
conserve computer time and memory storage space, the grid 
spacing is made large and these variations are not modelled. 
It is easy to see that such a situation can lead to inaccu
racy. In the next chapter it is shown that, when large 
changes in the gradients of the functions being advected are 
present, the finite-difference solutions become unstable for 
all the centered-difference schemes.



CHAPTER 4

NUMERICAL SOLUTIONS IN ONE DIMENSION FOR A
DISCONTINUOUS INITIAL DISTRIBUTION

In order to illustrate the effects of numerical dif
fusion. and the instability associated with small wavelength 
Fourier components, each of the finite-difference approxi
mations is used to find a solution to equation 1.1 from a 
given initial distribution. Unless otherwise noted the value 
of U is 0.3, and the motion of the fluid is in the positive 
x direction. A sufficient number of grid points is used so 
that holding A constant at the upstream boundary does not 
noticeably affect the results.

wavelength components, the initial distribution chosen is

grid is much too coarse for the region j near L, but this 
type of situation exists in some models that have been inte-

lustrating these results the total number of iterations, N, 
is 20, so that for U =0.3 the distance moved by each parcel

To bring out the instability associated with small

In most of the examples L was taken as 30 and J as 100. The

grated and, in fact) has led to the use of upstream differ
encing to maintain numerical stability. In the figures il-
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of fluid is 6 a x . As explained earlier, the value A- is' - ' J
plotted at the grid point j-6, so that the solution at N 
would coincide with the initial distribution, A0(j), if the 
solution is accurate.

4.1 Upstream-Difference Schemes
Figures 3 and 4 show the numerical solutions to 

equation 1.1 that result from the use of the Upstream N and 
the Upstream N+l approximations with various values of n, 
but with Np = 6. The smearing effect of numerical diffusion 
is obvious; the numerical solution bears little resemblance 
to the correct solution. It is interesting to note that a 
more accurate result is obtained with the Upstream N approx
imation as p is increased towards 1. When  ̂= 1 the numer
ical solution is exactly correct. In this limit the magni
tude of X is 1, but this situation results primarily because 
the value of the quantity being advected does not need to be 
interpolated between grid points. For the Upstream N+l 
scheme an increase of q produces a less accurate result. In
the limit n = 1, the first time iteration sets all the A

Ĵ
equal to the value of A at the upstream boundary. This con
clusion follows from equation 3.13; the magnitude of x is 0 
when m is 1, except if a is 0. All Fourier components are 
eliminated from the distribution of A except that component 
with infinite wavelength, the straight line. These extreme 
examples illustrate the difference between the two upstream
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Figure 3. A Profile Using Upstream N Approximation in One Dimension for a
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approximations, but neither one produces a satisfactory 
numerical solution.

The magnitude of the effects of numerical diffusion 
can be more fully realized by comparing figures 3 and 4 with 
a plot Of the analytic solution to the diffusion equation 
in one dimension,

- v — 2j (4.2)
■ ?ar

for various values of the diffusion coefficient, v. The
boundary condition is A(0,t) = 1, and the initial condition
is A(x,0) = 0 for x >0. The comparison is made by assuming

-  1that ax = 100 m, At =? 30 sec, and u = 1 m sec- , typical 
values in small-scale circulation problems. The plot of the 
solution to equation 4.2 is shown in figure 5. The numerical 
solutions to the advection equation are significantly differ
ent from the solution, to the diffusion equation reflecting 
the fact that numerical diffusion is not the same as molecu
lar or turbulent diffusion, but there is enough similarity 
to make an estimate of an effective diffusion coefficient
for numerical diffusion. The Upstream N approximation has2 -Ian effective diffusion coefficient of 20 - 50 m sec- , and
the Upstream N-t-1 scheme has a coefficient of 200 - 500 m
, ■ _ 1 ■ 'sec when M = 0.3. Comparison of the diffusion curves with 
the advected A field at other times yields the same range of 
values for the effective diffusion coefficients. The value 
for turbulent viscosity used in most of the numerical models
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Figure 5. Solution to the One-Dimensional Diffusion Equation for a Discontin
uous Initial Distribution with Various Values of the Diffusion Co
efficient.
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o iof thermal convection have ranged from 0 - 40 m sec . The 

diffusion introduced by upstream differencing is at least as 
large as turbulent diffusion in these models. Ogura1s

O -j(1963) observation that the results with v = 4 m sec" ex
hibited no appreciable difference from the result with no 
diffusion is explained by the fact that numerical diffusion 
produces a greater effect than turbulent diffusion.

4.2 Centered-Difference Approximations
The numerical solutions after 20 iterations using 

the Leap-frog, Lax-Wendroff, Roberts-Weiss, and Fourth- 
Order Polynomial approximations are shown in figures 6, 7,
8, and 9 respectively. The first time increment in the Leap
frog method and the first half-integral time increment in the 
Roberts-Weiss scheme were accomplished using Upstream N dif
ferencing. In a real model it might be more desirable and 
just as easy to begin the integration with these initial 
steps already completed as part of the initial conditions.
All these numerical solutions retain a steep slope at the 
discontinuity but with slight smoothing, especially for the 
Lax-Wendroff scheme. An irregular oscillation, which is 
most noticeable upstream from the discontinuity, is intro
duced into the A field. With time this oscillation spreads 
upstream and has a slowly increasing amplitude. In many 
numerical models spatial derivatives of A are required; in 
these cases this oscillation can lead to inaccuracy and
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Figure 6. A Profile Using Leap-frog Approximation in One 
Dimension for a Discontinuous Initial Distri
bution After 20 Iterations.
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Figure 7. A Profile Using Lax-Wendroff Approximation in 
One Dimension for a discontinuous Initial Dis
tribution After 20 Iterations.
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Figure 8. A Profile Using Roberts-Weiss Approximation in 
One Dimension for a Discontinuous Initial Dis
tribution After 20 Iterations.
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A Profile Using Fourth-Order Polynomial Approx
imation in One Dimension for a Discontinuous 
Initial Distribution After 20 Iterations.



28
numerical instability. Such a situation does exist in ther-* 
mal convection, where the motion is driven by the horizontal 
variations in the advected temperature field. It should al
so be noted that the schemes with a higher order of accuracy 
have smaller upstream oscillations. Nevertheless, none of 
these schemes can model a discontinuous variation with suf
ficient accuracy; the grid is just too coarse.



CHAPTER 5

NUMERICAL SOLUTIONS IN ONE DIMENSION .FOR A 
SMOOTH INITIAL DISTRIBUTION

Since the initial distribution of A in the previous 
chapter is not very realistic, results for a numerical inte
gration of a smoothly varying initial A field are presented 
here. The distribution chosen is

1 for j <: L

AQ (j) = { y + 7 cos[ Trjj- for L < j < L -f 10
0 for j & L 4 10,

(5.1)
where L represents a particular grid point away from the 
boundary. The velocity of the fluid is still constant and 
P =0.3, except for the Roberts-Weiss scheme which requires 
the modified grid spacing. As in the previous chapter, each 
finite-difference approximation is used to determine a nu
merical Solution to equation 1.1, but now 40 time iterations 
are completed.

5.1 Upstream-Difference Schemes
The results for the Upstream N and the Upstream N-M 

approximations are shown in figures 10 and 11. The effects 
of numerical diffusion are again evident in the smoothing of

29 , '
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Figure 10. A Profile Using Upstream N Approximation in One Dimension for a
Smooth Initial Distribution.
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Figure 11. A Profile Using Upstream N+l Approximation in One Dimension for a
Smooth Initial Distribution.
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the curve. The diffusion equation, 4.2, was solved for var
ious values of the diffusion coefficient using numerical 
methods well-known to be accurate. The initial distribution 
is that described above with L = 1, and the boundary condi
tions are A(l,t) = 1 and A(J,t) = 0. The solution is shown 
in figure 12, where the units of v apply when Ax = 100 m and 
At = 30 sec, with y = 0.3. The Upstream N4-1 scheme again
has an effective diffusion coefficient of the order of 200- 2 "L500 m sec" , while that for the Upstream N approximation is 
still an order of magnitude smaller. The effects of numer
ical diffusion introduced by upstream differencing lead to 
inaccurate results even for a smooth initial distribution.

The solution generated by the Upstream N+l. approx
imation for an initially humped profile shows that the peak 
is moved with a velocity greater than u. The size of the 
hump decreases in magnitude and increases in extent due to 
the effects of numerical diffusion. Use of the Upstream N 
scheme does not produce a displaced peak, but the shape of 
the hump is altered by the diffusive effects of the differ
encing scheme. These results' again point out the difference 
between these two schemes and lead to the conclusion that 
upstieam differencing is not accurate.

5.2 Centered-Difference Schemes
The solution obtained after 40 iterations using the 

Lax-Wendroff approximation is shown in figure 13. Similar,
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Figure 12. Solution to the One-Dimensional Diffusion Equation for a Smooth 
Initial Distribution with Various Values of the Diffusion Co
efficient .
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but slightly more accurate solutions are produced using the 
Leap-frog, Roberts-WeisS, and Fourth-Order Polynomial ap
proximations „ Some comparative data is contained in table
1. In the region upstream from the slope in the profile all 
these methods lead to a solution with a small, slowly grow
ing oscillation about the correct value. There is also some 
evidence that the numerical methods move the profile at a 
velocity slightly less than u , leading to an apparent lag in 
the numerical solution. This property is also apparent in 
the solution for the humped profile. For the Roberts-Weiss 
approximation, the apparent motion of the slope ahead of its 
correct position is attributed to the first time iteration 
where upstream differencing was used. This slight leading 
appears in the first plot of A, after only 4 iterations, and 
it maintains a constant magnitude at all later times. In 
general, all four schemes give fairly accurate results. The 
conclusion is that, as long as the vatiation of A is reason
ably smooth over the region of several neighboring grid 
points and the velocity is constant, these numerical solu
tions are consistent with the correct solution to the differ' 
ential equation.



TABLE 1

COMPARISON OF LAG AND DISTORTION OF NUMERICAL SOLUTIONS 
IN ONE DIMENSION WITH L = 0.3 AND N =40

Difference
Scheme

Lax-Wendroff

Max imu m Va lue 
of Oscillation

0.033

Apparent Lag 
for Sloped 

Distribution
0.2 ax

Apparent Lag 
for Humped 

Distribution
0.2 Ax

Maximum Value 
at the Hump

0.996

Leap-frog 

Roberts-Weiss

0.011

0.003

0.1 Ax

-0.15 Ax

0.05 Ax

-0.05 Ax

0.998

0.996

Fourth-Order 
Polynomial 0.006 0
Upstream N-fl 0 -4,5 Ax 0.646



CHAPTER 6

FINITE-DIPFERENCE SCHEMES IN TWO DIMENSIONS

Most of the numerical models that have been integra
ted are two-dimensional. Problems in three dimensions still 
require too much computer time and memory storage space to 
be economically completed. The appropriate equation de
scribing advection in two dimensions and an analytic solu
tion for a particular motion of the fluid were presented in 
chapter 1.

Seven, finite-difference approximations are used to 
obtain numerical solutions to the two-dimensional advection 
equation with the flow described earlier, and the results 
are compared with each other and with the analytic solution. 
Most of the schemes are just the two-dimensional generali
zations of the methods used in the one-dimensional examples. 
The polynomial-fit method is not examined in two dimensions 
because it has no simple, unique generalized form and be
cause it does not have any specific advantages oyer the 
other centered-difference methods. An additional subscript, 
k, is used to specify the vertical coordinate of the grid 
point so that z equals k£z. In all cases the grid spacing 
in the vertical is equal to the grid spacing in the hor
izontal. The velocity components in two dimensions can

37
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vary with position and still satisfy the mass continuity 
equation for compressible flow; therefore subscripts j and k 
are affixed to u and w to designate the location at which 
the velocity components are evaluated. The motion of the 
fluid is still assumed constant with time so that no super
script is required on the velocity components.

6.1 Upstream-Difference Approximations
In two dimensions the Upstream N scheme becomes

Ajk1' = Ajk - (Hjk + V?k> At- (S-D
where

Hj k = {
and

v? k -  {

ujk(Ajk " A j - l k ^ 4* £or ujk 5 0 (6.2a)

ujk<Aj+lk " Aj k ) / ^  for ujk < 0  (G'Zb)

wjk(Ajk " Ajk-l)/42 £or wjk 3 0 (6-3a)

wjk(Ajk+i “ Ajk)/to for »jk < 0. (6.3b)
The normal procedure when integrating these equations is to 
evaluate the 'Ajj^'s starting at grid point j = 1, k = 1 and 
working up the grid sweeping through all values of j at each 
level, k. If no special provision is made, whenever a j-1 
or k-1 subscript appears that A will have already been 
changed to its value at time n-H so that 6.2a is changed to

.n+1Hjk * ujk(Ajk ' Ajlxk)/® "jk 3 0 (6-4)
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and 6.3a is changed to

vjk " "jk(Ajk - Ajk-l>/te £°r wjk 2 0. (6.5)
As in the one-dimensional case, the approximation composed 
of equations 6.1, 6.2b, 6.3b, 6.4, and 6.5 is the Upstream 
N+l scheme, and it produces substantially different results 
from the Upstream N approximation.

6.2 Leap-Frog Approximation
The two-dimensional Leap-frog scheme is

^ k 1 >  Ajk1 ” |ajk<Aj+lk ' Aj-lk) ' Cjk(Ajk-H ' Ajk-l)'
(6.6)

where

, ■ = U.ik AI: K,. At
jk  Ax and Cjk  -  .

(6.7) .
This scheme requires twice as much memory storage space as 
the Upstream N+l scheme because the values of all the Aj^1s 
must be known at two different times.

6.3 Lax-Wendroff Approximation
The Lax-Wendroff approximation in two dimensions, 

taken from Richtmyer (1963), is a two-step process,

Aj ^  " l (Aj+lk + Aj-lk:* Ajk+l + AJk-l> '

- -i^<A5+ik ■ Aj-lk) - "i^(AJk+l ' Ajk-l)
(6.8)



In this scheme the value for A ae all grid points is calcuw 
lated for both integral and half-integral time steps. For 
two-dimensional incompressible flow the equation for advec- 
tion can be written in the flux form,

' <6.10)
The Lax-Wendroff scheme has also been applied to the equation 
in this form by replacing A in 6.8 and 6.9 with uA or wA and 
letting p = and ( = — This approximation is not used 
as an example in this study because Orville (1965b) tried 
this method in his model and the solution was unstable.

6.4 Roberts-Weiss Approximation
A smaller grid spacing is required to interpret the 

results when the Roberts-Weiss scheme is applied because 
adjacent grid points are evaluated at different times. If 
the original set of grid points are the ones labelled D in 
figure 14 and are evaluated at integral times, it is neces
sary to insert the points E between each adjacent pair of 
the original grid points in the horizontal and the points F 
between each pair in the vertical and evaluate A at points 
E and F at half-integral times. But to do this A must also 
be known at integral times at the points labelled G. For 
the Roberts-Weiss scheme then the grid spacing is made
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one-half as large as it is for the other approximations. 
Then

Aj k1 = (Mjk + S + T)/P, . (6.11)

where

P ” 1 " TT&F u i-t-lk - T 7 &  ^.,4.1, (6.12)

P  •L 1 2 Av U i-1k ” 17  N7. W ik-1 ’ (6.13)

Y F M  j-flk TTW , j k-f 1s
At _ At

TZ3E j - Ik T27& . wjk-l’

s = - uj+ik<8A?:ik - *3«k)
+ 5[(uj-lk*2 - “j - l k - a X A ^  - ^Ll>
' (“j+lk+2 ' uj+lk-2^Aj+ik+2 ' A”+fk-2^j},

(6.14) :

T ~ T T F z {wjk-l(8Ajk-l.* Aj & )  wjk-j-l(8Ajk-fl ' Ajk+2̂
+ ^[(wj4-2k-l " wj-2k-l) (Aji2k-l " A}-2k-l)
‘ ŵj+2k+l ‘ wj-2k+l) (Aj+2k+l " ^-Ik+l^j}.

(6.15)
Only one value need be stored for each point, since the 
values of A required in the expressions above are just those 
values most recently calculated. Because there are four 
times as many points and because the scheme requires many
more operations to evaluate each Ajk , it is estimated that
the Roberts-Weiss scheme will use about 25 times as much 
computer time per iteration as the Leap-frog scheme.



6*5 Arakawa Approximations. . '
Using the Jacobian formulation of the advection

problem*for incompressible flow in two dimensions, Arakawa
(.1966) has devised a finite-difference scheme that con-

2serves in time the mean value of A, A , and A ̂ over any re
gion. of integration with no flow across the boundaries. 
Therefore the solution is bounded, and instability associated 
with the space differencing should not occur. This scheme, 
which does not have a one-dimensional equivalent, has been 
used in a modified form by Lilly (1964) in a two-dimensional 
model of thermal convection; it is also being used in some 
general circulation models. The Jacobian, J($,A), is 
written, with A = Ax =; Az,

Jjk = 57  {*j+lk (Ajk+l + Aj+lk+l ' Aj k-1 " Aj+lk-l)
+ ^j-lk (Aj-lk-l + Ajk-1 - Aj-lk+l - Ajk+l)
+ k+l (Aj-lk + Aj-lk+l ~ Aj+lk "" ̂j+lkfl)

+ ^jk-i (Aj+lk + Aj+Ik-1 - Aj-Ik - Aj-ik-i)

^ '̂j-lk-l (Ajk-1 ~ Aj+lk) + (Aj-lk ' Ajk+P

+ ĵ-f-lk+l (Ajk+l " Aj+ik^;+ ^j+lk-l (Aj-flk ' Ajk-l)}.
(6.16)

The approximation to equation 1.3V is
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when an Euler time increment is used. Lilly (1965) has 
shown that 6.17 can become unstable and that increased sta
bility is obtained by using the time-differencing method of 
Adams and Bashforth. Then the approximation to equation 
1.31 becomes

^ k 1"” Ajk " '(% Jjk " 7 Jjk1)At- (6.18)
Solutions obtained by both of these methods are presented 
in the next chapter, where approximation 6.17 is referred 
to as the "Arakawa-Euler" scheme and equation 6.18 as the 
"Arakawa-Adams-Bashforth" scheme.



CHAPTER 7

NUMERICAL SOLUTIONS IN TWO DIMENSIONS

» The accuracy of each of the finite-difference 
approximations to the advection equation is examined by 
comparison of numerical solutions for a particular flow 
pattern and intiial distribution with the corresponding 
analytic solution. When the motion of the fluid is a pure 
rotation about an axis normal to the plane of the grid 
points with a constant angular velocity, .0, the two-dimen
sional streamfunction is

where -

r ' 2 = (x - x ' )  ̂-f (z - z1)2, (7.2)
with the axis of rotation intersecting the plane of the grid 
points at x 1, z 1. The analytic solution to the equation for 
advection was given in chapter 1. The initial distribution 
of A is chosen as

r 1 - 4 r" for r" < 4  ,A0(x,z) = { A 4 } (7.3)0 for r"  ̂̂

where



with x", z" the location of the maximum value of A. This 
peak is placed away from the boundaries and the axis of 
rotation of the fluid. This particular distribution was 
chosen because it has a sharp change of gradient that tends 
to exhibit instabilities in the approximations and yet it 
is typical of the distributions that are often encountered 
in real models„ Some reduction of the peak and a slight 
spreading of the region of non-zero A can be expected, but 
if the approximation is accurate the contours of A for 
values from 0.2 to 0.8 should be advected without distor
tion. The value of A along the boundaries of the grid is 
held at zero in all the numerical integrations. Although 
the streamfunction defined by equation 7.1 does allow flow 
across these boundaries, it can be seen from the analytic 
solution and the initial distribution that there should be 
no advection of the property A out of the grid region. The 
effect of not allowing advection across the boundaries 
should not alter the results significantly and should in
crease stability. In all the figures the number of time 
iterations is 40 and fiAt equals -0.03 radians.

7.1 Upstream-Difference Solutions
The numerical solutions for the Upstream N+l and 

Upstream N approximations are shown in figures 15 and 16. 
The effects of numerical diffusion are very striking; the 
maximum value of A is only 31 percent of its initial value



47

A
< >

Figure 15. Solution to the Advection Equation in Two Dimen
sions Using the Upstream N+l Approximation. The 
dashed curves represent the 0.2, 0.5, and 0.8 
isolines for the correctly advected A field with 
the maximum at the center. The streamlines are 
concentric circles about the point marked on the 
right axis with motion in a clockwise sense.



48

A

Figure 16. Solution to the Advection Equation in Two Dimen
sions Using the Upstream N Approximation. The

* dashed curves represent the 0.2, 0.5, and 0.8
isolines for the correctly advected A field with 
the maximum at the center. The streamlines are 
concentric circles about the point marked on the 
right axis with motion in a clockwise sense.



for the Upstream N4-1 scheme and only 41 percent of ifs ini
tial value for the Upstream N approximation. Both figures 
show that the peak is moved radially inward, but the dif
ference between the two schemes is also evident in that the 
apparent velocity of the peak is greater than [fij for the 
Upstream N+l scheme and less than |fi| for the Upstream N
approximation. Another indication of numerical diffusion is
the increase in area of the region where A is positive, par
ticularly for the Upstream N4-1 scheme. The distortion Of 
the isolines.-.-of A indicates that numerical diffusion has an 
effective diffusion coefficient that depends on the mag
nitude and direction of the velocity. The advantages of 
upstream differencing are also apparent in these examples; 
negative values of A, indicative of instability, do not 
occur, and the computation time is relatively small. But 
the inaccuracy of these solutions shows that upstream- 
difference approximations to the equation for advection are 
undependable.

7.2 Centered-Difference Solutions
The Leap-frog scheme is used with two different 

grids. One grid, having 25 rows and 25 columns of points, 
is the same as that used for the upstream-difference approx
imations. The other has twice as many points in each direc
tion, but A is defined for alternate points at integral or 
half-integral times, a procedure similar to the one used for



the Roberts-Weiss approximation. It can be seen from fig
ures 17 and 18 that the more dense grid, as expected, pro
duces a more accurate result. But with both of these grids 
the property A is advected with a velocity less than |fij.
The isolines of A are somewhat distorted showing an inaccu
racy in the numerical, solution initiated by the disconti
nuity in the gradient of A. An. irregular oscillation about 
zero, introduced by the differencing scheme, occurs over the 
entire grid region with maximum amplitude just upstream from 
the region where A was initially non-zero.

The solution obtained using the other centered- 
difference approximations are presented in figures 19-22.
In addition, tables 2 and 3 contain a summary of several 
important features of the results. The maximum interpolated 
value of A is located at the center of and determined from 
the area enclosed by the 0.8 isoline of A. The angular and 
radial displacements of the peak from its proper location 
calculated analytically are measured in units of A, the 
distance between adjacent grid points on the 25 x 25 grid.
A characteristic feature of the numerical solutions to the 
centered space-difference equations is the presence of 
alternately positive and negative values of A upstream from 
the initial maximum. The area affected by and the intensity 
of these oscillations generally increases slowly with time. 
An indication of the relative magnitude of this effect is
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Figure 17. Solution to the Advection Equation in Two Dimen
sions Using the Leap-frog Approximation with a 
25 x 25 Grid. The solid lines are the numerically advected 0.2, 0.4, 0.6, and 0.8 isolines of A 
with maximum at the center. The dashed lines 
represent the 0.2, 0.5, and 0.8 isolines of the 
correctly advected A field. The streamlines are 
concentric circles about the point on the right 
axis with motion in a clockwise sense. The grid 
interval is a.
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Figure 18. Solution to the Advection Equation in Two Dimen
sions Using the Leap-frog Approximation with a 
50 x 50 Grid. The solid lines are the numerical
ly advected 0.2, 0.4, 0.6, and 0.8 isolines of A 
with maximum at the center. The dashed lines 
represent the 0.2, 0.5, and 0.8 isolines of the 
correctly advected A field. The streamlines are 
concentric circles about the point on the right 
axis with motion in a clockwise sense. The grid 
interval is A/2.
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Figure 19. Solution to the Advection Equation in Two Dimen
sions Using the Lax-Wendroff Approximation. The
solid lines are the numerically advected 0.2,
0.4, 0.6, and 0.8 isolines of A with maximum at 
the center. The dashed lines represent the 0.2, 
0.5, and 0.8 isolines of the correctly advected 
A field. The streamlines are concentric circles 
about the point on the right axis with motion in 
a clockwise sense. The grid interval is A.
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Figure 20. Solution to the Advection Equation in Two Dimen
sions Using the Arakawa-Euler Approximation.
The solid lines are the numerically advected 
0.2, 0.4, 0.6, and 0.8 isolines of A with maxi
mum at the center. The dashes lines represent 
the 0.2, 0.5, and 0.8 isolines of the correctly 
advected A field. The streamlines are concentric 
circles about the point on the right axis with 
motion in a clockwise sense. The grid interval is a.
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Figure 21. Solution to the Advection Equation in Two Dimen
sions Using the Arakawa-Adams-Bashforth Approximation. The solid lines are the numerically 
advected 0.2, 0.4, 0.6, and 0.8 isolines of A 
with maximum at the center. The dashed lines 
represent the 0.2, 0.5, and 0.8 isolines of the 
correctly advected A field. The streamlines are 
concentric circles about the point on the right 
axis with motion in a clockwise sense. The grid 
interval is A.
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Figure 22. Solution to the Advection Equation in Two Dimensions Using the Roberts-Weiss Approximation. The
solid lines are the numerically advected 0.2, 0.4,0.6, and 0.8 isolines of A with maximum at the 
center. The dashed lines represent the 0.2, 0.5, 
and 0.8 isolines of the correctly advected A field. 
The streamlines are concentric circles about the 
point on the right axis with motion in a clockwise 
sense. The grid interval is f/2.



TABLE 2

MAXIMA, MINIMA, AND LAG IN TWO DIMENSIONS 
AFTER 20 ITERATIONS

Type

Upstream N+l

Upstream N

Leap-frog
(25x25)

Leap-frog
(50x50)

Lax-Wen.dr o f f

Arakawa-Euler

Arakawa-Adams- 
Bashforth
Roberts-Weiss

Maximum Maximum
at a Grid Interpo- 

Point la ted

0.467 0.51

0.581 0.58

0.855 0.95

0.896 0.97

0.839 0.92

0.858 0.93

0.878 0.97

0.894 0.97

Angular Radial 
Displace- Displace 

ment ment

+0.4 -0.2

-0.3 -0.1

-0.3 0

- 0.1 - 0.1

-0.7 -0.2
-0.3 0

-0.3 0

0 0

Minimum 
at a Grid 

Point

0 
.0 

-0.084 

-0.044 

-0.097 

-0.073 

-0.074 

-0.018



TABLE 3

MAXIMA, MINIMA, LAG, AND COMPUTATION TIME 
IN TWO DIMENSIONS AFTER 40 ITERATIONS

Maximum Maximum Angular Radial Minimum RelativeType

Upstream N+l

Upstream N

Leap-frog
(25x25)

Leap-frog 
. (50x50)
Lax-Wendroff

Arakawa-Euler

Arakawa-Adams- 
Bashforth
Roberts-Weiss

at a Grid Interpo-
Point lated

0.307 0.31

0.401 0.41

0.861 0.94

0.838 0.93

0.749 0.85

0.858 0.91

0.878 0.95

0.896 0.96

Displace- Displace
ment ment

+1.3 -0.6

-0.4 -0.4

-0.7 0
-0.4 0
- 1.8 - 0.2

-0.9 -0.1
- 1.0 0

+0.1 0

t a Grid Computation 
Point Time

0 1.0

0 1.0

-0.107 0.7

-0.052 2.5

-0.183 1.8
-0.128 1.5

-0.130 • - 1.6
-0.018 45.0
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given by the minimum value of A occuring at a grid point.
An accurate approximation must minimize this effect because 
gradients in the A field are normally important in a real 
model, and these oscillations produce anomalous gradients 
that can lead to.inaccuracy and instability.

The last column of table 3 gives the relative com
putation time taken to complete one time iteration. With 
the exception of the Leap-frog 50 x 50 and the Roberts-Weiss 
schemes, the differences in time reflect the differences in 
the number of machine operations required to evaluate each 
Ajk^V The Leap-frog 50 x 50 and the Roberts-Weiss approxi
mations both use four times as many grid points as the other 
schemes and hence are expected to take about four times as 
much computer time. The extremely long computation time for 
the Roberts-Weiss scheme reflects the fact that many more 
operations are required to evaluate each A?^. With a more 
efficient program this time could be cut in half, but this 
is still much more time than the other schemes require.

The Lax-Wendroff approximation produces a solution 
that is less accurate and has more intense oscillations than 
any of the other.centered-dlfference' schemes. The two 
approximations using Arakawa’s space-difference scheme do 
not differ significantly from each other in this e x a m p l e  .v 
Both lead to solutions with a displaced maximum and relative 
ly large upstream oscillations. Calculations afterO, 20*

2and 40 time iterations indicate that the mean value of A, A
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and Af over the entire grid region are constant with time. 
The two solutions obtained using the more dense grid are 
significantly more accurate, The Leap-frog solution still 
has the maximum displaced and an anomalous oscillation with 
a maximum intensity of about 5 percent of the maximum value 
of Aq . Only the Roberts-Weiss method leads to a solution 
with a correctly advected A field. This scheme also has an 
oscillation with an intensity of about 2 percent of the peak 
value of Aq, but this intensity does not increase with time. 
(The minimum value of A after the first time iteration is 
-0.019.) Even this slight oscillation may be too large for 
many models. Then it would be necessary to find an even 
more accurate finite-difference approximation or use a 
smaller grid interval. Both of these alternatives have the 
undesirable, but apparently necessary, consequence of re
quiring much more computer time and memory storage space.

\



CHAPTER 8

CONCLUSIONS

By comparing numerical solutions of the advection 
equation with known analytic solutions for certain velocity 
fields, several characteristics of the finite-difference 
approximations have been demonstrated. Simple upstream- 
difference methods introduce a diffusive effect that leads 
to a large error and makes correct modelling of turbulent 
diffusion impossible. In those cases where the value of the 
property being advected varies rapidly in the space of a few 
grid intervals, variations which seem to be typical in many 
models, all the centered-difference techniques introduce an 
anomalous oscillation into the distribution of the quantity 
being advected. Although these schemes are stable, these 
oscillations grow steadily with time and can easily intro
duce instability into a numerical model. Of the schemes in
vestigated in two dimensions only the very time-consuming 
Roberts-Weiss approximation moves the advected field cor
rectly. The indication is that the grid interval must be 
chosen small to provide for a very accurate representation 
of the variations in the quantities being advected, and that 
only the Roberts-Weiss scheme produces a solution consistent
with the differential equations. Following this procedure
- ■



would greatly increase the amount of computer time and core 
storage required, but all other attempts to find a consis
tent solution with simpler approximations, even for steady 
flow, led to inaccurate results which contain little reli
able quantitative information.
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