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ABSTRACT A

A t r i a n g u l a r  f i n i t e  e le m e n t  m odel f o r  a n a l y s i s  o f  

n o n l i n e a r  p l a n e  s t r e s s  sy s te m s  i s  p r e s e n t e d  h e r e i n .  The 

g e n e r a l  e q u a t io n s  o f  t h e  d i s p l a c e m e n t  m ethod  have  b e en  

f o r m u la te d  from  a  d i f f e r e n t i a l  p o i n t  o f  v ie w , and y i e l d  a  

s e t  o f  s im u l t a n e o u s  n o n l i n e a r  f i r s t  o r d e r  o r d i n a r y  

d i f f e r e n t i a l  e q u a t i o n s .  The f o u r t h  o r d e r  R u n g e -K u tta  

i n t e g r a t i o n  scheme was u se d  to  s o l v e  t h e s e  e q u a t i o n s  w i t h  

p r o p o r t i o n a l  lo a d s  b e in g  a p p l i e d  t o  t h e  sy s te m .

N o n l in e a r  m a t e r i a l  p r o p e r t i e s  w ere  i n t r o d u c e d  i n t o  

t h e  e le m e n t  s t i f f n e s s e s  by  R ich a rd *  s e q u a t io n  f o r  s t r e s s -  

s t r a i n ,  and  P o i s s o n 1s r a t i o  was c o n s i d e r e d  a s  b e in g  a  

f u n c t i o n  o f  th e  d i s p l a c e m e n t s . A l th o u g h  o n ly  m a t e r i a l  

n o n l i n e a r i t i e s  w ere  c o n s i d e r e d  i n  t h e s e  e x a m p le s , t h e  

m ethod  c o u ld  be  e x te n d e d  to  i n c l u d e  g e o m e tr ic  n o n -  

l i n e a r i t i e s  .

S e v e r a l  exam p les  w ere  a n a ly z e d  to  d e m o n s t r a te  th e  

f e a s i b i l i t y  o f  t h e  m odel and  t h e  e n t i r e  a n a l y s i s  was 

c a r r i e d  o u t  on an  IBM 7072 d i g i t a l  c o m p u te r .

v i i



CHAPTER 1

INTRODUCTION

M ethods f o r  n o n l i n e a r  s t r e s s  a n a l y s i s  h av e  

r e c e i v e d  much a t t e n t i o n  i n  r e c e n t  y e a r s ,  and  a r e  p r e s e n t l y  

th e  s u b j e c t  o f  w id e s p r e a d  r e s e a r c h .  Much o f  t h i s  i n t e r e s t  

h a s  r e s u l t e d  from  t h e  r e q u i r e m e n t  f o r  f a s t e r  a i r c r a f t  and 

th e  demand o f  t h e  sp a c e  i n d u s t r y  f o r  g r e a t e r  p a y lo a d s .  ; I n  

c i v i l  e n g i n e e r i n g  s t r u c t u r e s  t h e  i n t e n s i f i e d  i n t e r e s t  i n  

l i g h t w e i g h t  sy s te m s  r e s u l t s  from  th e  demand t h a t  new 

m ethods be  d e v e lo p e d  f o r  a n a l y z i n g  s t r u c t u r e s  t h a t  a r e  

b a s i c a l l y  n o n l i n e a r .

Many o f  t h e  new m a t e r i a l s  w h ich  have  r e c e n t l y  b e e n  

d e v e lo p e d  and a r e  p r e s e n t l y  in  u se  hav e  m a t e r i a l  n o n -  

l i n e a r i t i e s  w h ich  m ust be  c o n s i d e r e d  i n  c e r t a i n  l i g h t w e i g h t  

s y s t e m s . I n h e r e n t  p r o p e r t i e s  su c h  a s  b r i t t l e n e s s  o f  some 

o f  t h e s e  new er m a t e r i a l s  a l s o  r e q u i r e  t h a t  t h e  s t r u c t u r e s  

be a n a ly z e d  to  a  h ig h  d e g re e  o f  a c c u r a c y .

The c l a s s i c a l  t h e o r y  o f  s t a t i c a l l y  i n d e t e r m i n a t e  

s t r u c t u r e s  i s  a  l i n e a r  t h e o r y  w h ich  assum es t h a t  t h e

s t r u c t u r e  t o  w h ich  t h i s  t h e o r y  i s  b e in g  a p p l i e d  c o m p r is e s
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o n ly  e le m e n ts  whose b e h a v io r  c a n  be  d e s c r i b e d  e n t i r e l y  by 

l i n e a r  l a w s . However, a  r i g o r o u s  n o n l i n e a r  a n a l y s i s  i s  

f a r  more com plex  th a n  th e  l i n e a r  a n a l y s i s  a n d ,  i n  g e n e r a l ,  

v e r y  d i f f i c u l t  t o  u s e . T h e r e f o r e , much o f  t h e  r e s e a r c h  i n  

n o n l i n e a r  a n a l y s i s  i s  p r e s e n t l y  b a s e d  upon c e r t a i n  num er­

i c a l  and  m a t r i x  a n a l y s i s  a p p r o a c h e s .

I d e a l i z a t i o n  o f  s t r u c t u r e s  i n t o  d i s c r e t e  e le m e n ts  

i s  a  m ethod  w h ich  h a s  a  b r o a d  a p p l i c a b i l i t y  t o  com plex  

s t r u c t u r e s . The s u i t a b i l i t y  o f  t h i s  m ethod  t o  a u to m a te d  

d i g i t a l  c o m p u te rs  h a s  l e d  to  i t s  g e n e r a l  a c c e p ta n c e  f o r  

a p p l i c a t i o n  w i t h  e i t h e r  t h e  f o r c e  m ethod o r  t h e  d i s p l a c e ­

m ent m ethod  a s  a  s a t i s f a c t o r y  p r o c e d u r e  f o r  m a t r i x  s t r u c ­

t u r a l  a n a l y s i s . Com puter p ro g ram s a r e  p r e s e n t l y  a v a i l a b l e  

f o r  u se  i n  p r e d i c t i n g  l i n e a r  s t r e s s e s  and  d i s p l a c e m e n t s  

th r o u g h o u t  r e a l ,  com plex  s t r u c t u r e s . The g e n e r a l l y  

a c c e p t e d  m a t r i x  m ethod  f o r  n o n l i n e a r  a n a l y s i s  i s  

e s s e n t i a l l y  th e  same a s  f o r  t h e  l i n e a r  a n a l y s i s  e x c e p t  

t h a t  a  d i f f e r e n t  t e c h n iq u e  i s  u t i l i z e d  i n  f o r m u l a t i n g  and 

s o l v i n g  t h e  s e t  o f  g o v e rn in g  e q u a t i o n s .

One a p p ro a c h  to  n o n l i n e a r  a n a l y s i s  i s  t h e  a d o p t io n  

o f  t h e  i n c r e m e n t a l  a p p ro a c h ,  i . e . ,  t h e  r e d u c t i o n  o f  a  

n o n l i n e a r  p ro b le m  to  a  p i e c e w is e  l i n e a r  p ro b le m . T u rn e r



e t . a l .  (1960) d e v e lo p e d  a  p r o c e d u r e  f o r  t h e  d i s p l a c e m e n t  

m ethod  w h i l e  Denke (1962a) and W arren  (1962) p r o v id e d  

s i m i l a r  p r o c e d u r e s  f o r  th e  f o r c e  m e th o d . A n o th e r  w e l l  

known t e c h n iq u e  u se d  to  a c c o u n t  f o r  t h e  n o n l i n e a r  b e h a v io r  

o f  th e  e le m e n ts  i s  t h e  P r a n d t l - R e u s s  p l a s t i c  f lo w  t h e o r y  

u se d  by  Denke (1962b) f o r  t h e  p l a s t i c  a n a l y s i s  o f  p l a n e  

s t r e s s  e l e m e n t s .

The p u rp o s e  o f  t h i s  t h e s i s  i s  to  p r e s e n t  a  new 

m odel w h ich  may be  u t i l i z e d  i n  f o r m u l a t i n g  arid s o l v i n g  th e  

s e t  o f  g o v e rn in g  e q u a t i o n s  c h a r a c t e r i s t i c  t o  n o n l i n e a r  

s t r u c t u r e s , and  to  p r e s e n t  some exam ples  w h ich  have  b e en  

s o lv e d  by  t h i s  m o d e l .  T r i a n g u l a r  f i n i t e  e l e m e n t s ,  

d e v e lo p e d  by  T u rn e r  (1 9 5 6 ) ,  have  b e e n  s e l e c t e d  a s  th e  

d i s c r e t e  e le m e n ts  f o r  u sa g e  i n  t h e  i d e a l i z a t i o n  o f  t h e s e  

e x a m p le s . The s t r e s s - s t r a i n  fo r m u la  d e v e lo p e d  by R ic h a r d  

(1961) was em ployed  to  r e p r e s e n t  t h e  n o n l i n e a r  s t r e s s -  

s t r a i n  r e l a t i o n s h i p . F o rm u la t io n  and  s o l u t i o n  o f  t h e  s e t  

o f  g o v e rn in g  e q u a t i o n s  i s  b a s e d  on a  d i f f e r e n t i a l  p o i n t  o f  

v iew  and  r e s u l t s  i n  an  i n i t i a l  v a lu e  p ro b le m . Only 

m a t e r i a l  n o n l i n e a r i t i e s  have  b e e n  c o n s i d e r e d  h e r e ;  h o w e v e r„ 

t h e  m ethod  d e v e lo p e d  h e r e i n  may be  e x te n d e d  to  i n c l u d e  

n o n l i n e a r i t i e s  r e s u l t i n g  from  c h a n g e s  i n  s t r u c t u r e  g e o m e try .



CHAPTER 2

DEVELOPMENT OF THE MODEL

G e n e ra l  D e s c r i p t i o n

N o n l in e a r  m ethods p r e s e n t l y  em ployed i n  s t r u c t u r a l  

a n a l y s i s  a r e  e s s e n t i a l l y  a  g e n e r a l i z a t i o n  o f  one  o f  t h e  

two d i s t i n c t  and  s e p a r a t e  m ethods w h ich  a r e  c u r r e n t l y  b e in g  

u se d  t o  a n a ly z e  s t a t i c a l l y  i n d e t e r m i n a t e  s t r u c t u r a l  

s y s t e m s . T hese  two m ethods a r e  t h e  f o r c e  m ethod  and  th e  

d i s p l a c e m e n t  m e th o d . I n  t h e  f o r c e  m ethod , t h e  r e d u n d a n t  

f o r c e s  a r e  t r e a t e d  a s  unknowns and  th e  e le m e n t  f o r c e s  a r e  

e x p r e s s e d  i n  te rm s  o f  t h e  e x t e r n a l  f o r c e s  and t h e  r e d u n ­

d a n t  s . E lem en t d i s p l a c e m e n t s  c a n  th e n  be e x p r e s s e d  i n  

te rm s  o f  e le m e n t  f o r c e s  by  u s i n g  t h e  s t r e s s - s t r a i n  

r e l a t i o n s h i p . By a p p ly i n g  c o m p a t i b i l i t y  c o n d i t i o n s  a  s e t  

o f  l i n e a r  s im u l t a n e o u s  e q u a t io n s  i s  o b t a i n e d  w h ich  can  be  

s o lv e d  f o r  t h e  r e d u n d a n t  f o r c e s . When t h i s  m ethod  i s  

a p p l i e d  to  n o n l i n e a r  s t r u c t u r e s , a  s e t  o f  n o n l i n e a r  

a l g e b r a i c  e q u a t i o n s  r e s u l t s  i n  t h e  unknown f o r c e s  w h ich  

w ere  c h o se n  a s  t h e  r e d u n d a n t s . I n  g e n e r a l ,  an  i t e r a t i v e  

t e c h n iq u e  m ust be  u se d  t o  s o l v e  t h e s e  e q u a t i o n s , and  f o r



l a r g e  sy s te m s  o f  e q u a t i o n s  t h e r e  g e n e r a l l y  i s  no a s s u r a n c e  

o f  c o n v e rg e n c e  to  a  s o l u t i o n , A n o th e r  m ethod  h a s  b een  

d e v e lo p e d  ( R ic h a r d  and  G o ld b e rg ,  1965) w h ich  t r e a t s  th e  

f o r c e  m ethod  from  a  d i f f e r e n t i a l  p o i n t  o f  v ie w  a n d ,  when 

e x te n d e d  to  a p p ly  to  n o n l i n e a r  s y s t e m s , r e s u l t s  i n  a  

sy s te m  o f  s im u l t a n e o u s  n o n l i n e a r  o r d i n a r y  d i f f e r e n t i a l  

e q u a t i o n s . For sy s te m s  o f  p r a c t i c a l  s i z e  and  i n t e r e s t  

o n ly  n u m e r i c a l  s o l u t i o n s  o f  t h e s e  e q u a t io n s  a r e  f e a s i b l e .

I n  t h e  d i s p l a c e m e n t  m e th o d , t h e  d i s p l a c e m e n t s  a r e  

c h o se n  a s  th e  unknow ns, and by  e n f o r c i n g  c o m p a t i b i l i t y  t h e  

i n t e r n a l  e le m e n t  d i s p l a c e m e n t s  c a n  be  fo u n d  i n  te rm s  o f  t h e  

node d i s p l a c e m e n t s . I n t e r n a l  e le m e n t  s t r e s s e s  c an  th e n  be  

o b t a i n e d  by  u s in g  th e  s t r e s s - s t r a i n  r e l a t i o n s h i p ,  and  th e  

e x t e r n a l  f o r c e s  n e c e s s a r y  t o  c a u s e  t h e s e  d i s p l a c e m e n t s  can  

be d e te rm in e d  by  a p p ly in g  th e  c o n d i t i o n s  o f  e q u i l i b r i u m  a t  

th e  node p o i n t s . I n  t h e  c a s e  o f  l i n e a r  sy s te m s  t h e  r e s u l t  

i s  a  s e t  o f  l i n e a r  s im u l t a n e o u s  a l g e b r a i c  e q u a t i o n s  w h ich  

c an  be s o lv e d  f o r  t h e  d i s p l a c e m e n t s  o f  t h e  s y s te m .  T h is  

m ethod  can  b e  u se d  f o r  n o n l i n e a r  s t r u c t u r a l  sy s te m s  a s  w e l l  

a s  f o r  l i n e a r  s y s t e m s . G o ld b e rg  and  R ic h a r d  (1963) 

e x te n d e d  th e  d i s p l a c e m e n t  m ethod  by  u s in g  a  d i f f e r e n t i a l  

p o i n t  o f  v iew  to  o b t a i n  a  s e t  o f  s im u l t a n e o u s  n o n l i n e a r
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o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  w h ich  c o u ld  be  s o lv e d  by 

n u m e r i c a l  i n t e g r a t i o n  p r o c e d u r e s .

E i t h e r  o f  t h e  above m eth ods  may be  u se d  t o  s o lv e  

l i n e a r  and  n o n l i n e a r  s y s te m s ,  b u t  a  s e v e r e  d raw back  i n  t h e  

f o r c e  m ethod  m ust be  s e e n  i n  t h e  f a c t  t h a t  c o n s i d e r a b l e  

s k i l l  i s  n e ed e d  i n  c h o o s in g  s u i t a b l e  r e d u n d a n t  f o r c e s .  

F o rc e s  c a u s in g  o n ly  l o c a l  e f f e c t s  w h ich  do n o t  d i f f u s e  

i n t o  t h e  sy s te m  a r e  c o n s i d e r e d  t o  be  b e s t  f o r  t h i s  m ethod , 

and c h o o s in g  t h e s e  o f t e n  becom es a  d i f f i c u l t  p ro b le m  i n  

r e a l ,  com plex  s y s te m s .  The d i s p l a c e m e n t  m ethod  d o es  n o t  

have  t h i s  p ro b le m  b e c a u s e  t h e  d i s p l a c e m e n t s  n e c e s s a r y  to  

d e s c r i b e  t h e  d i s p l a c e d  c o n f i g u r a t i o n  a r e  u s u a l l y  o b v i o u s „ 

T h e r e f o r e ,  t h e  m odel d e v e lo p e d  h e r e i n  w i l l  b e  u se d  w i th  

t h e  d i s p l a c e m e n t  m eth o d , s i n c e  t h i s  m ethod i s  more s u i t a b l e  

f o r  t h e  a n a l y s i s  o f  t h e  n o n l i n e a r  sy s te m s  t r e a t e d  i n  t h i s  

t h e s i s .

G e n e ra l  E q u a t io n s

I n  d e v e lo p in g  th e  g e n e r a l  e q u a t io n s  f o r  t h e  m odel 

p r e s e n t e d  h e r e  t h e  d i f f e r e n t i a l  f o r m u l a t i o n  o f  t h e  d i s ­

p la c e m e n t  m ethod  was u s e d .  The f o l l o w in g  c h a r a c t e r i s t i c  

e q u a t i o n s  a r e  d e r i v e d  from  th e  a l g e b r a i c  e q u a t i o n s  w h ich  

h av e  b e e n  f o r m u la te d  f o r  t h e  l i n e a r  d i s p l a c e m e n t  m ethod .

/
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F or c o m p le te n e s s  and c o n v e n ie n c e  b o th  th e  l i n e a r  and 

d i f f e r e n t i a l  sy s te m s  o f  e q u a t i o n s  a r e  p r e s e n t e d ,  and  th e  

e q u i l i b r i u m ,  s t r e s s - s t r a i n ,  and  c o m p a t i b i l i t y  e q u a t io n s  

a r e  e x p r e s s e d  i n  m a t r i x  fo rm .

In  th e  f o l l o w in g  l i n e a r  e q u a t i o n s  l e t  x  d e n o te  t h e  

colum n m a t r i x  o f  g e n e r a l i z e d  d i s p l a c e m e n t s  o f  t h e  s t r u c ­

t u r a l  s y s te m ,  u d e n o te  t h e  colum n m a t r i x  o f  t h e  e le m e n t  

b o u n d a ry  d i s p l a c e m e n t s  o f  t h e  s t r u c t u r a l  e l e m e n t s , and B 

r e p r e s e n t  t h e  r e c t a n g u l a r  m a t r i x  r e l a t i n g  th e  e le m e n t  

b o u n d a ry  d i s p l a c e m e n t s  to  t h e  g e n e r a l i z e d  d i s p l a c e m e n t s  

( c o m p a t i b i l i t y ) . L e t  A be  th e  r e c t a n g u l a r  m a t r i x  r e l a t i n g  

t h e  e le m e n t  b o u n d a ry  f o r c e s  t o  t h e  a p p l i e d  f o r c e s  a s s o ­

c i a t e d  w i t h  t h e  g e n e r a l i z e d  d i s p l a c e m e n t s  ( e q u i l i b r i u m ) ,

X be  th e  f a c t o r  r e l a t i n g  t h e  p r o p o r t i o n a l i t y  o f  th e  

a p p l i e d  f o r c e s ,  XP be t h e  colum n m a t r i x  o f  a p p l i e d  f o r c e s  

a s s o c i a t e d  w i t h  t h e  g e n e r a l i z e d  d i s p l a c e m e n t s  o f  t h e  

s y s te m ,  and  F d e n o te  t h e  colum n m a t r i x  o f  e le m e n t  b o u n d a ry  

f o r c e s  a s s o c i a t e d  w i t h  t h e  b o u n d a ry  d i s p l a c e m e n t s .

T hen , t h e  c o m p a t i b i l i t y  c o n d i t i o n s  a r e

u  = Bx (2 -1 )

and  th e  e q u i l i b r i u m  e q u a t i o n s  a r e

AP ~ AF ( 2 -2 )
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A p p ly in g  th e  p r i n c i p l e  o f  v i r t u a l  work u s in g  

v i r t u a l  d i s p l a c e m e n t s  th e  e q u a t io n  can  be w r i t t e n  a s

= Ptuy ( 2 - 3 )

w here  t h e  s u p e r s c r i p t  t  i n d i c a t e s  th e  t r a n s p o s e  o f  th e  

m a t r ix  and th e  s u b s c r i p t  v i n d i c a t e s  th e  v i r t u a l  d i s p l a c e ­

m e n ts .  T r a n s p o s in g  E q u a t io n  ( 2 -3 )  y i e l d s

x^ AP = u^ F (2 -4 )

S u b s t i t u t i n g  E q u a t io n s  (2 -2 )  and (2 -1 )  i n t o  E q u a t io n  

(2 -4 )  g i v e s

x£ AF = Bt F (2 -5 )

o r

x^ (A - Bt ) F = 0 (2 -6 )

s i n c e  th e  m a t r i x  p r o d u c t  i s  d i s t r i b u t i v e  and a s s o c i a t i v e .

S in c e  F i s  any a r b i t r a r y  s e t  o f  e le m e n t  b o u n d a ry  f o r c e s  

and Xy i s  any s e t  o f  v i r t u a l  e x t e r n a l  d i s p l a c e m e n t s ,  i t  

f o l lo w s  t h a t

(A - B*-) = 0 (2 -7 )

o r

A = B^ ( 2 - 8 )
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T h is  means t h a t  t h e  e q u i l i b r i u m  m a t r i x  i s  e q u a l  to  th e  

t r a n s p o s e  o f  th e  c o m p a t i b i l i t y  m a t r i x .  H ence, E q u a t io n  

( 2 - 2 ) c an  be r e w r i t t e n  a s

X P = Bt F (2 -9 )

Now l e t  k d e n o te  th e  s q u a re  m a t r i x  r e l a t i n g  th e  

e le m e n t  b o u n d a ry  d i s p l a c e m e n t s  t o  th e  e le m e n t  b o u n d a ry  

f o r c e s  and th e  s t r e s s - s t r a i n  ( f o r c e - d i s p l a c e m e n t )  r e l a t i o n ­

s h ip  i s  w r i t t e n  as

F = ku (2 -1 0 )

S u b s t i t u t i n g  E q u a t io n  (2 -1 )  i n t o  E q u a t io n  (2 -1 0 )  y i e l d s

F = kBx (2 -1 1 )

S u b s t i t u t i n g  E q u a t io n  (2 -1 1 )  i n t o  E q u a t io n  (2 - 9 )  g i v e s

X P = Bt kBx (2 -1 2 )

E q u a t io n  (2 -1 2 )  form s a sy s tem  o f  s im u l t a n e o u s  l i n e a r  

a l g e b r a i c  e q u a t i o n s . S in c e  th e  a p p l i e d  f o r c e s  XP a r e  

known, t h e s e  e q u a t i o n s  may be s o lv e d  f o r  th e  g e n e r a l i z e d  

d i s p l a c e m e n t s  x ,  w hich  in  t u r n  may be u se d  i n  E q u a t io n
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( 2 - 11 ) to  s o lv e  f o r  th e  b o u n d a ry  f o r c e s  o f  t h e  i n d i v i d u a l  

e l e m e n t s .

In  o r d e r  to  d e v e lo p  th e  d i f f e r e n t i a l  sy s te m  o f  

e q u a t io n s  c h a r a c t e r i s t i c  o f  s t r u c t u r e s  c o n t a i n i n g  n o n l i n e a r  

e l e m e n t s .  E q u a t io n s  ( 2 - 1 ) , ( 2 - 9 ) ,  and  (2 -1 0 )  a r e  d i f f e r ­

e n t i a t e d  w i t h  r e s p e c t  to  an a p p l i e d  lo a d  p a r a m e t e r , P.

T h a t  i s

du _ Bdx (2 -1 3 )
3P dP

d (  XP) _ Bt dF (2 -1 4 )
dP dP

and

dF = kdu (2 -1 5 )
dP dP

S in c e  th e  e le m e n ts  o f  th e  s t r e s s - s t r a i n  ( f o r c e - d i s p l a c e ­

m ent) m a t r i x  a r e  n o t  c o n s t a n t  b u t  a r e  f u n c t i o n s  o f  th e  

b o u n d a ry  d i s p l a c e m e n t s ,  k d e n o te s  th e  s q u a re  m a t r i x

r e l a t i n g  th e  d i f f e r e n t i a l  b o u n d a ry  d i s p l a c e m e n t s  to  th e

d i f f e r e n t i a l  b o u n d a ry  f o r c e s . Then a s  in  th e  l i n e a r  c a s e

d (  XP) = Bt kBdx (2 -1 6 )
dP dP

in  w hich
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d ( X P) = x = column m a t r i x  o f  c o n s t a n t s  
dP i n  t h e  c a s e  o f  p r o p o r t i o n a l

l o a d i n g .

E q u a t io n  (2 -1 6 )  may be w r i t t e n  a s

X = BCkBx (2 -1 7 )

w here  t h e  d o t  i n d i c a t e s  th e  d i f f e r e n t i a t i o n  w i th  r e s p e c t  

to  th e  a p p l i e d  l o a d ,  P.

In  t h e  p r e c e d i n g  f o r m u l a t i o n ,  th e  c o e f f i c i e n t s  o f  

th e  c o m p a t i b i l i t y  m a t r i x ,  B , and t h e r e f o r e  t h e  c o e f f i c i e n t s  

o f  , w ere  t r e a t e d  a s  b e in g  in d e p e n d e n t  o f  t h e  a p p l i e d  

l o a d i n g .  T h is  i s  t r u e  i f  t h e  c o n c e p t  o f  g e o m e t r i c a l  

l i n e a r i t y  i n h e r e n t  in  s m a l l  d e f l e c t i o n  t h e o r y  i s  u s e d ,  and 

in  m ost s t r u c t u r e s  i t  does  n o t  r e s u l t  in  a s i g n i f i c a n t  l o s s  

o f  a c c u ra c y  in  th e  s o l u t i o n s .  E q u a t io n  (2 -1 7 )  g e n e r a t e s  a  

s e t  o f  s im u l t a n e o u s  n o n l i n e a r  o r d i n a r y  d i f f e r e n t i a l  

e q u a t io n s  w h ic h ,  when i n t e g r a t e d , w i l l  y i e l d  t h e  d i s p l a c e ­

m ents  o f  th e  s t r u c t u r a l  sy s te m  f o r  any g iv e n  p r o p o r t i o n a l  

l o a d in g  and i n i t i a l  c o n d i t i o n s .

T h e re  a r e  many n u m e r ic a l  i n t e g r a t i o n  schem es a v a i l ­

a b l e  f o r  s o l v i n g  sy s te m s  o f  d i f f e r e n t i a l  e q u a t i o n s .  The 

f o u r t h  o r d e r  R u n g e -K u tta  m ethod o f  n u m e r ic a l  i n t e g r a t i o n
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was u se d  h e r e „ T h is  m ethod  i s  b a s e d  on th e  T a y lo r  s e r i e s  

s o l u t i o n  and i s  s e l f  s t a r t i n g ,  t h a t  i s , does  n o t  r e q u i r e  a  

p a s t  h i s t o r y  o f  f u n c t i o n  v a l u e s . The a p p ro x im a t io n  to  

f u n c t i o n s  b e in g  i n t e g r a t e d  i s  o b t a i n e d  th ro u g h  s e v e r a l  

e v a l u a t i o n s  o f  t h e  e x p r e s s i o n  f o r  th e  f i r s t  d e r i v a t i v e s . 

A l th o u g h  lo w er  o r d e r  R u n g e -K u tta  schem es a r e  w e l l  known, 

th e  f o u r t h  o r d e r  p r o c e s s  i s  p r o b a b ly  th e  one b e s t  known 

and m ost w id e ly  u s e d .  I t  i s  p r e s e n t e d  i n  d e t a i l  i n  s e v e r a l  

p u b l i c a t i o n s  on n u m e r i c a l  i n t e g r a t i o n  ( I n c e ,  1926; 

M cCracken, 1961) and  t h e r e f o r e  w i l l  n o t  be  d e v e lo p e d  h e r e .

S t r e s s - S t r a i n  R e l a t i o n s h i p

I n  n o n l i n e a r  sy s te m s  t h e  k m a t r i x  r e l a t i n g  th e  

e le m e n t  b o u n d a ry  d i s p l a c e m e n t s  t o  t h e  e le m e n t  b o u n d a ry  

f o r c e s  i s  n o t  a  c o n s t a n t ,  and  th e  n o n l i n e a r  s t r e s s - s t r a i n  

r e l a t i o n s h i p  m ust be  r e p r e s e n t e d  by  a  form  w h ich  cah  be 

e a s i l y  a p p l i e d  to  com p u te r  p ro g ram m in g . T h is  fo rm  s h o u ld  

be  r e a s o n a b l y  s im p le ,  y e t  one w h ich  w i l l  p r o v id e  a c c u r a t e  

a n a l y t i c a l  r e s u l t s . R i c h a r d ' s  fo rm u la  f o r  s t r e s s - s t r a i n  

( R ic h a r d ,  1 9 6 1 ) ,  a  t h r e e  p a r a m e te r  e x p r e s s i o n  w h ich  

r e p r e s e n t s  th e  s t r e s s - s t r a i n  r e l a t i o n s h i p ,  i s  u se d  h e r e .

I t  i s  w r i t t e n  i n  th e  f o l lo w in g  fo rm .



w here G d e n o te s  th e  s t r e s s ,  6 i s  th e  s t r a i n , £ d e s c r i b e s  

th e  i n i t i a l  l i n e a r  r e l a t i o n s h i p  be tw een  G and £ , G0 i s  

th e  maximum s t r e s s ,  and n i s  th e  p a ra m e te r  d e f i n i n g  th e  

g e n e r a l  n o n l i n e a r  r e l a t i o n s h i p  b e tw ee n  G and £ . T h is  

f u n c t i o n  i s  w e l l  a d a p te d  f o r  com pu ter  p rogram m ing , and  a s  

i t  c o n t a i n s  o n ly  t h r e e  p a r a m e te r s  i s  a r e l a t i v e l y  s im p le  

e x p r e s s i o n  to  u s e .  A n o th e r  a d v a n ta g e  o f  t h i s  fo rm u la  i s  

th e  f a c t  t h a t  i t  i s  s i n g l e  v a lu e d .

F ig u re  1 i s  a n o n d im e n s io n a l  r e p r e s e n t a t i o n  o f  th e  

f u n c t i o n  in  te rm s  o f  s t r e s s , Q , and a n o r m a l iz e d  s t r a i n ,

£ ; and shows th e  d i f f e r e n t  sh a p e s  o f  t h i s  f u n c t i o n  f o r  

s e v e r a l  v a lu e s  o f  t h e  p a ra m e te r  n . By c h o o s in g  an a p p r o ­

p r i a t e  v a lu e  f o r  t h e  p a ra m e te r  n ,  t h e  f u n c t i o n  can  be u sed  

to  r e p r e s e n t  a w ide r a n g e  o f  s t r e s s - s t r a i n  c u r v e s , and 

hence  th e  a c c u ra c y  o f  t h i s  f u n c t i o n  w i l l  depend  o n ly  on 

th e  s e l e c t i o n  o f  n .

For a u n i a x i a l  s t a t e  o f  s t r e s s  t h e  s t r e s s - s t r a i n  

r e l a t i o n s h i p  i s  g iv e n  by
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a, = E e (2 -1 9 )

w here  Oe i s  t h e  e l a s t i c  s t r e s s .  However f o r  t h e  b i a x i a l  

s t a t e  o f  s t r e s s  an e x p r e s s i o n  s i m i l a r  to  th e  von Mises* 

y i e l d  c r i t e r i o n

G"*2 -#■ -  Gx Gu 3
■;]

( 2 - 20 )

i s  u se d  a s  t h e  e f f e c t i v e  e l a s t i c  s t r e s s .  T h e r e f o r e  th e  

s t r e s s - s t r a i n  r e l a t i o n s h i p  f o r  p la n e  s t r e s s  i s

(7 - E e
U -

/ + <Te
G.

h

The t a n g e n t  m odulus can be e x p r e s s e d

( 2 - 21)

f o l lo w in g  fo rm ,

dG _ E

1 + <$■= n ” n + I 
h

Go

( 2 - 22 )

w here  d e n o te s  th e  t a n g e n t  m o d u lu s ,  dG i s  a  d i f f e r e n t i a l  

v a lu e  o f  s t r e s s ,  and d£ i s  a  d i f f e r e n t i a l  v a lu e  o f  s t r a i n .  

F ig u re  2 i s  a n o n d im e n s io n a l  r e p r e s e n t a t i o n  o f  t h e  t a n g e n t  

m odulus in  te rm s  o f  a n o rm a l iz e d  s t r a i n ,  £ .
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The e x p r e s s i o n  f o r  t h e  s e c a n t  m odulus i s

E .  = E h ”
/ + 6

Go

(2 -2 3 )

w here  Eg d e n o te s  th e  s e c a n t  m o d u lu s . T h is  f u n c t i o n  i s  a l s o  

d e p e n d e n t  on th e  v a lu e  n and h a s  t h e  p r o p e r t y  o f  b e in g  

s i n g l e  v a lu e d .  A n o n d im e n s io n a l  r e p r e s e n t a t i o n  o f  th e  

s e c a n t  m odulus f o r  s e v e r a l  v a lu e s  o f  n i s  shown in  F ig u re

3. T h is  f i g u r e  i n d i c a t e s  t h a t  when th e  n o r m a l iz e d  s t r a i n ,

£ , r e a c h e s  a v a lu e  o f  a p p r o x im a te ly  2 . 0 , t h e  s e c a n t  modu­

lu s  i s  a lm o s t  in d e p e n d e n t  o f  th e  v a lu e  o f  th e  p a ra m e te r  n 

and d e c r e a s e s  a t  a p p r o x im a te ly  th e  same r a t e  f o r  a l l  n ' s .  

T hese  f u n c t i o n s  a r e  shown in  F ig u r e  4 f o r  a g iv e n  v a lu e  o f  

s t r a i n ,  £ , on a t y p i c a l  n o n l i n e a r  s t r e s s - s t r a i n  c u r v e .

The p a ra m e te r  n w hich  was u se d  in  th e  f o r e g o in g  

f u n c t i o n s  i s  d e te rm in e d  from  th e  p r o p e r t i e s  o f  th e  s t r e s s -  

s t r a i n  c u rv e  f o r  any g iv e n  m a t e r i a l .  In  a r r i v i n g  a t  th e  

v a lu e  o f  n , an u p p e r  bound m ust be s e l e c t e d  su ch  t h a t  th e  

s t r e s s - s t r a i n  c u rv e  becomes a s y m p to t i c  to  t h i s  v a lu e  f o r  a 

g iv e n  s t r a i n .  By u s in g  Y o u n g 's  m odulus a v a lu e  o f  s t r a i n  

£0 a s s o c i a t e d  w i th  (J0 can  be f o u n d , and th e  s t r e s s  (T, 

can  th e n  be d e te rm in e d  from  th e  n o n l i n e a r  s t r e s s - s t r a i n  

c u rv e  o f  t h e  g iv e n  m a t e r i a l .  Now w i th  th e  r a t i o  o f  ^ i/(T 0
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e

FIGURE 4 STRESS - STRAIN RELATIONSHIPS

th e  p r o p e r  v a lu e  o f  n can  be d e te r m in e d  from  F ig u r e  5 . As 

t h i s  f i g u r e  i n d i c a t e s , n a p p ro a c h e s  i n f i n i t y  a s  th e  s t r e s s -  

s t r a i n  c u rv e  a p p ro a c h e s  th e  b i l i n e a r  c a s e .

E lem ent S t i f f n e s s

In  o r d e r  f o r  th e  f i n i t e  e le m e n t  i d e a l i z a t i o n  to  

r e p r e s e n t  more n e a r l y  t h e  co n tin u u m  w hich  i t  r e p l a c e s ,  i t  

i s  assum ed t h a t  e a c h  e le m e n t  d e fo rm s s i m i l a r l y  to  th e  

r e g i o n  i t  r e p l a c e s .  T h is  o b j e c t i v e  may be a c c o m p l is h e d  by 

a ssu m ing  a l i n e a r  d i s p l a c e m e n t  f i e l d ,  t h a t  i s ,  s t r a i g h t  

l i n e s  in  t h e  e le m e n t  re m a in  s t r a i g h t  in  t h e i r  d i s p l a c e d  

p o s i t i o n s .  W ith  t h i s  a s s u m p t io n  th e  b o u n d a ry  c o m p a t i b i l i t y  

be tw een  e le m e n ts  i s  a s s u r e d .
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The c o n s t a n t  s t r e s s  e le m e n t  p r o c e d u r e  d o es  n o t  

i n s u r e  e q u i l i b r i u m  o f  s t r e s s e s  a lo n g  th e  e le m e n t  b o u n d a ­

r i e s ,  w hich  means t h a t  a d j a c e n t  e l e m e n t s ,  in  g e n e r a l , w i l l  

n o t  have  t h e  same s t r e s s e s . E q u i l i b r iu m  w i l l  t h e r e f o r e  be 

a c h ie v e d  o n ly  by a p p ly in g  a r t i f i c i a l  f o r c e s  on th e  b o u n d a ­

r i e s  o f  t h e  e l e m e n t s . T hese  a r t i f i c i a l  lo a d s  a r e  l o c a l  

and s e l f  e q u i l i b r a t i n g ,  and th u s  g e n e r a l l y  w i l l  have l o c a l  

e f f e c t s  on th e  b e h a v io r  o f  th e  sy s te m .

A lth o u g h  th e  t r i a n g u l a r  e le m e n t  s t i f f n e s s  p r o ­

c e d u re  i s  w id e ly  known ( T u r n e r , 1956; W ilso n ,  1 9 6 3 ) ,  i t  

w i l l  be p r e s e n t e d  h e r e  f o r  c o n t i n u i t y .  In  i t s  d ev e lo p m en t  

a l i n e a r  d i s p l a c e m e n t  f i e l d  i s  assum ed and th e  s t r e s s e s  

w hich  a c t  on t h e  e d g es  o f  e a c h  e le m e n t  a r e  t h e r e f o r e  c o n ­

s t a n t ,  and a r e  r e p l a c e d  by s t r e s s  r e s u l t a n t s  w hich  a c t  a t  

t h e  node p o i n t s  o f  t h e  e l e m e n t s . Based  on t h e s e  a ssum p­

t i o n s  i t  i s  p o s s i b l e  to  f o r m u la te  th e  s t i f f n e s s  o f  a 

t r i a n g u l a r  e le m e n t  by u se  o f  n o d a l  d i s p l a c e m e n t s  and n o d a l  

f o r c e s .

E x p r e s s in g  th e  l i n e a r  d i s p la c e m e n t  f i e l d  in  te rm s  

o f  U(x, y) and V (x , y) i t  f o l lo w s  t h a t

U (x ,  y) = + C-ĵ  x  + C2 y (2 -2 4 )

V (x ,  y) = + C3 x + y (2 -2 5 )
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w here  i  i s  some p o i n t  in  t h e  s t r u c t u r e  and , and

a r e  c o n s t a n t s . U sing  th e  n o t a t i o n  shown i n  F ig u re  6 , 

th e  c o n s t a n t s  can  be d e v e lo p e d  in  te rm s  o f  th e  n o d a l  

d i s p l a c e m e n t s  and th e  g e o m e try  o f  th e  e le m e n t

(2 -2 6 )
z \

C1

c2
<

= 1
C3

C4
X y

0

yj-Xk 0 yk-yj.

y i - y j

0

x k ' xj 0  x i - x k  0

0

0

y i - y j

x j  ' x i

u i
v i

vi>
uk
v k

w here  D = (xj-Xj^) (y k - y i ) - ( x ^ x ^  ( y ^ - y ^  .

C o n s ta n t  s t r a i n s  w i t h i n  th e  e le m e n ts  can  be 

o b t a i n e d  from  th e  assum ed d i s p l a c e m e n t  f i e l d  u s in g  th e  

d e f i n i t i o n s  o f  t h e  s t r a i n s

£ x = — C (2 -2 7 )

and

(2 -2 8 )

*•} a y
d u  d v

d x
(2 -2 9 )



FIGURE 6 TRIANGULAR FINITE ELEMENT NOTATION
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Thus th e  e le m e n t  s t r a i n s ,  £ , a r e  e x p r e s s e d  in  te rm s  o f  

t h e  n o d a l  d i s p l a c e m e n t s ,  u ,  in  th e  f o l lo w in g  m a t r i x  

e q u a t io n
(2 -3 0 )

/ ' 
C, y j - y k 0 y k "y i  0 0 ' u i l

0 x k -Xj
v i

II
0

|H 0 0 x . - x .
<

j x k - xj  y j - y k x i - x k y k - y i  x j - x i y i - y j uk
- - v k

o r  in  th e  m a t r i x  n o t a t i o n

{£ )  = [ b ] { u )  (2 -3 1 )

The s t r e s s - s t r a i n  r e l a t i o n s h i p  f o r  an i s o t r o p i c  

l i n e a r  e l a s t i c  m a t e r i a l  in  t h e  s t a t e  o f  p l a n e  s t r e s s  i s  

shown in  m a t r i x  form

-

CTx 1 >* 0 f x
E

Q'jj >  | 0 < f y  1/ -  X  ^
o 0

k , _ k j

w here  E i s  t h e  i n i t i a l  l i n e a r  r e l a t i o n s h i p  b e tw een  s t r e s s  

and s t r a i n  and j *  i s  P o i s s o n ' s  r a t i o . For n o n l i n e a r  

m a t e r i a l s  th e  c o n s t a n t  e l a s t i c  m odulus E, i s  r e p l a c e d  by 

th e  s e c a n t  m odulus Eg , a s  f o r m u la te d  in  E q u a t io n  ( 2 - 2 3 ) .



I t  i s  known ( S h a n le y , 1957) t h a t  f o r  n o n l i n e a r  

m a t e r i a l s , P o i s s o n ' s  r a t i o  w i l l  v a r y  from  a p p ro x im a te ly  .3  

to  a maximum o f  .5  a s  t h e  m a t e r i a l  r e a c h e s  t h e  p l a s t i c  

r a n g e .  In  o r d e r  to  a c c o u n t  f o r  t h i s ,  i s  e x p r e s s e d  a s

> 5  = .5  - ( . 5 - . 3 )  | a  (2 -3 3 )

w here  r e p r e s e n t s  P o i s s o n 's  r a t i o  a s  a  f u n c t i o n  o f  th e  

s e c a n t  m o d u lu s ,  Eg. R e p la c in g  Eg w i th  th e  t a n g e n t  m od u lus ,  

Et:, P o i s s o n ' s  r a t i o  i s  w r i t t e n  a s

> t  = .5  - ( . 5 - . 3 )  | £  (2 -3 4 )

w here  yut  d e n o te s  P o i s s o n 's  r a t i o  a s  a f u n c t i o n  o f  th e  

t a n g e n t  m o d u lu s .  P l o t s  o f  t h e  f u n c t i o n s  j i s  and  j x t  a r e  

shown in  F ig u r e s  7 and 8 r e s p e c t f u l l y  f o r  s e v e r a l  v a lu e s  

o f  th e  p a ra m e te r  n . T hese  e x p r e s s i o n s  f o r  P o i s s o n ' s  r a t i o  

a r e , o f  c o u r s e , o n ly  a p p ro x im a te ,  and t h e i r  v a l i d i t y  i s  

l e f t  to  f u r t h e r  s t u d y .

U sing  th e  p r e v i o u s  n o n l i n e a r  e x p r e s s i o n s  t h e  

s t r e s s - s t r a i n  r e l a t i o n s h i p  c an  be w r i t t e n  a s
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o r  in  m a t r i x  n o t a t i o n

(2 -3 6 )

The u n ifo rm  s t r e s s e s  a lo n g  th e  e le m e n ts  a r e  now 

r e p l a c e d  by th e  s t r e s s  r e s u l t a n t s  a c t i n g  a t  t h e  node 

p o i n t s .  I n  c o n s i d e r i n g  an e le m e n t  o f  u n i t  t h i c k n e s s , 

F ig u r e  9 shows a s e t  o f  s t a t i c a l l y  e q u i v a l e n t  n o d a l  f o r c e s  

f o r  e a c h  o f  t h e  com ponen ts  o f  s t r e s s , a s  g iv e n  by W ilson  

(1 9 6 3 ) .  F o r m u la t in g  t h e  n o d a l  f o r c e s  in  te rm s  o f  t h e s e  

s t r e s s e s  g iv e s

N
y i

x j \
> 2

Yj
Xk

Yk
\

o r  in  m a t r ix  n o t a t i o n

{F } = H M

y j - y k
0

I—

x
P

1^
5

X

0 X k - X j
y j - y k

f  \

Q x

y k - y i
0

x i * x k <
G y

0
x i - x k X k - y i

y i - y j
0

x j - x i

^  y

0

x r x i y i ' y j

(2 -3 7 )

(2 -3 8 )

The e le m e n t  s t i f f n e s s  can  th e n  be e x p r e s s e d  i n  te rm s  o f  

th e  n o d a l  d i s p l a c e m e n t s  by s u b s t i t u t i n g  E q u a t io n  (2 -3 1 )  

i n t o  E q u a t io n  (2 -3 6 )  th u s
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FIGURE 9 ELEMENT STRESS RESULTANTS



M  = [ks ] [ b ] { u }

30

(2 -3 9 )

The s u b s t i t u t i o n  o f  E q u a t io n  (2 -3 9 )  i n t o  E q u a t io n  (2 -3 8 )  

g iv e s
( F} = H M M M (2 -4 0 )

From m a t r i c e s  and ^ b j  i t  i s  s e e n  t h a t  £ c j  i s  

th e  t r a n s p o s e  o f  £ b j  e x c e p t  f o r  a s c a l a r  q u a n t i t y .  By 

l e t t i n g  G r e p r e s e n t  th e  p r o d u c t  o f  th e  two s c a l a r  

q u a n t i t i e s ,  E q u a t io n  (2 -4 0 )  can  be w r i t t e n  a s

o r

{ f } =  G [ b t ] [ k s ] [ b ] { u }  

{ f }  = [ k ] { u }

(2 -4 1 )

(2 -4 2 )

where [ k ]  Is the 6x6 nonlinear stiffness matrix for the 

triangular element and is represented by

[ k] =  G [ b t ] [ k 8] [ b ] (2 -4 3 )

S u b s t i t u t i n g  t h e  d i f f e r e n t i a l  r e l a t i o n s h i p s  Et  and 

yut i n t o  E q u a t io n  (2 -3 5 )  f o r  Eg and y i e l d s  th e  d i f f e r ­

e n t i a l  s t r e s s - s t r a i n  r e l a t i o n s h i p

jd,,
/

0

0

/ ~ M X

d f .

d f 3

dI /

(2 -4 4 )



o r  in  m a t r i x  n o t a t i o n

{d Cj} = [ k J l j e J  (2-45)

Now u s in g  th e  d i f f e r e n t i a l  r e l a t i o n s h i p s  o f  E q u a t io n s  

(2 -3 1 )  and  ( 2 - 3 8 ) ,  E q u a t io n  (2 -4 1 )  g iv e s

|  dF J = G[b t ] [ k t]  [ b ] { d u } (2 -4 6 )

from  w hich  th e  d i f f e r e n t i a l  n o n l i n e a r  e le m e n t  s t i f f n e s s ,  

[ ic j  i s  d e n o te d  by

[ k] = c f b t j f k ^ b ]  (2 - 47 )

I t  s h o u ld  be o b s e rv e d  t h a t  th e  e le m e n t  s t i f f n e s s  

m a t r i x  c o u ld  have  been  d e r i v e d  by u s in g  e n e rg y  c o n s i d e r ­

a t i o n s  w hich  l e a d  to

M - /  MMM (2-48)
where th e  i n t e g r a l  i s  e v a l u a t e d  o v e r  t h e  volum e o f  th e  

t r i a n g l e . The p u rp o s e  o f  u s in g  th e  s t r e s s  r e s u l t a n t  

a p p ro a c h  was to  g iv e  t h e  s t i f f n e s s  m a t r i x  a  p h y s i c a l  

i n t e r p r e t a t i o n .
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Computer P rogram

The co m p u te r  p ro g ram  f o r  t h e  n o n l i n e a r  f i n i t e  

e le m e n t  a n a l y s i s  s t u d i e d  h e r e  c o n s i s t e d  o f  a p p r o x im a te ly  

400 F o r t r a n  s t a t e m e n t s , and  a p p ro x im a te ly  100 d a t a  c a r d s  

w ere  u se d  f o r  e a c h  ex am p le .  I t  was w r i t t e n  so t h a t  b o th  

th e  l i n e a r  and  n o n l i n e a r  s o l u t i o n s  c o u ld  be  o b t a i n e d  from  

th e  a n a l y s i s ,  and  a  copy o f  t h e  f lo w  d ia g ra m  may be  fo u nd  

in  A ppendix  A.

I n  o r d e r  to  r e d u c e  co m p u te r  s t o r a g e  a  r e i n d e x i n g  

p ro c e d u re  was u se d  t o  m in im iz e  t h e  s t o r a g e  r e q u i r e m e n t  o f  

t h e  sy s te m  s t i f f n e s s  m a t r i x .  T h is  r e i n d e x i n g  m ethod  was 

b a s e d  on t h e  f a c t  t h a t  t h e  sy s te m  s t i f f n e s s  m a t r i x  i s  

b an ded  and t h a t  t h e  band  w id th  c an  be  m in im iz e d  by 

c a r e f u l l y  n u m b er in g  t h e  node p o i n t s .  For th e  exam ples  

p r e s e n t e d  h e r e ,  t h i s  p r o c e d u r e  r e d u c e d  th e  n o rm a l  s t o r a g e  

r e q u i r e m e n t  by  a p p r o x im a te ly  one  h a l f .

E s s e n t i a l l y  t h i s  co m pu te r  p rog ram  c o n s i s t s  o f  a  

m ain  p rog ram  and  s i x  sub p ro g ram s a s  shown be low :

1) The s u b r o u t i n e  w hich  r e i n d e x e s  t h e  node 
p o i n t s

2) A m a t r i x  m u l t i p l y  subp ro g ram

3) The p rog ram  f o r  c a l c u l a t i n g  t h e  e le m e n t  
s t i f f n e s s
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f o l lo w s

4) The s u b r o u t i n e  f o r  s o l v i n g  th e  r e i n d e x e d  
s im u l t a n e o u s  e q u a t i o n s

5) The p ro g ram  f o r  c a l c u l a t i n g  th e  e le m e n t  
s t r e s s e s  from  known d i s p l a c e m e n t s

6 ) The p a c k in g  p r o c e d u r e  w h ich  g e n e r a t e s  th e  
sy s te m  s t i f f n e s s  m a t r i x  from  th e  e le m e n t  
s t i f f n e s s e s

The i n f o r m a t i o n  r e q u i r e d  f o r  e a c h  exam ple  was a s

1) The number o f  e le m e n ts

2) The number o f  node p o i n t s  i n  t h e  sy s te m

3) The number o f  l o a d s

4) The l o c a t i o n  o f  t h e  lo a d s

5) The lo a d  a t  e a c h  node p o i n t

6 ) The number o f  s u p p o r t s

7) The p o i n t s  o f  s u p p o r t

8 ) The number o f  l o a d i n g  i n t e r v a l s

9) The b and  w id th  o f  t h e  sy s te m  s t i f f n e s s
m a t r i x

10) The l o c a t i o n  o f  t h e  node p o i n t s  i n  r e f e r e n c e  
t o  t h e  c o o r d i n a t e  sy s te m  o f  t h e  s t r u c t u r e

11 The p r o p e r t i e s  o f  t h e  e le m e n ts
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O u tp u t  from  th e  p ro g ram  was d i s p l a c e m e n t s  o f  th e  

node p o i n t s ,  s t r a i n s  f o r  e ac h  f i n i t e  e le m e n t ,  and  s t r e s s e s  

w i t h i n  e a c h  e l e m e n t .  A l l  r e m a in in g  p a r t s  o f  t h e  p rog ram  

r e s u l t  from  g e n e r a l i z a t i o n s  o f  p ro g ram s f o r  t h e  w e l l  known 

d i s p l a c e m e n t  m ethod  and  w i l l  n o t  be  d i s c u s s e d  h e r e .



CHAPTER 3

EXAMPLES

D e s c r i p t i o n

The exam ples  s e l e c t e d  to  be a n a ly z e d  h e r e  a r e  

s t r e s s  c o n c e n t r a t i o n s  c a u s e d  by  d i s c o n t i n u i t i e s  i n  f l a t  

p l a t e s  lo a d e d  i n  t e n s i o n  w i t h  i n - p l a n e  a x i a l  f o r c e s  i n  th e  

p l a s t i c  r a n g e ,  and w ere  p r e v i o u s l y  s t u d i e d  e x p e r i m e n t a l l y  

by  H a r d r a th  and  Ohman (1 9 5 1 ) .  I n  a d d i t i o n  t o  p r o v i d i n g  

e x p e r i m e n t a l  d a t a  i n  w h ich  to  c h e c k  th e  r e s u l t s  o f  t h e  

a n a l y t i c a l  m o d e l ,  a n o th e r  r e a s o n  f o r  t h e  s e l e c t i o n  o f  

t h e s e  exam p les  was t h e i r  a d a p t a b i l i t y  t o  t h e  l i m i t e d  

com pu te r  s t o r a g e  a v a i l a b l e  f o r  t h i s  w ork . Many t h e o r e t i c a l  

s t u d i e s  have  b e e n  made o f  e l a s t i c  s t r e s s  c o n c e n t r a t i o n s  

(T im o shenk o , 1 9 3 4 ) ,  b u t  b e c a u s e  o f  t h e  a n a l y t i c a l  d i f f i ­

c u l t i e s  i n  t h e  p l a s t i c  r a n g e , t h e o r e t i c a l  w ork  i n  t h i s  

a r e a  h a s  b e e n  l i m i t e d .

I n  t h i s  p a p e r  th e  exam p les  d i s c u s s e d  c o n s i s t e d  o f  

t h r e e  n o tc h e d  p a n e l s , h e r e i n  d e s i g n a t e d  by N, and t h r e e  

f i l l e t e d  p a n e l s ,  d e s i g n a t e d  by  F . T hese  s i x  p a n e l s  w ere  

a l l  1 /8  in c h  t h i c k  and made o f  24S-T3 (2024) aluminum
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a l l o y . They w ere  d e s i g n a t e d  to  have  a  n o m in a l  e l a s t i c  

s t r e s s  c o n c e n t r a t i o n  o f  2 , o f  4 ,  and  o f  6 , w h ich  w i l l  

h e r e i n  be  d e s i g n a t e d  by  N2, N4, N6 , and  F2, F4, and  F6 .

The d im e n s io n s  o f  e a c h  p a n e l  a r e  shown i n  d e t a i l  i n  

F ig u r e s  10 and 11.

For c a l c u l a t i n g  th e  n o n l i n e a r  p a ra m e te r  n u se d  in  

t h e  s t r e s s - s t r a i n  r e l a t i o n s h i p ,  a  y i e l d  s t r e s s  o f  5 6 ,0 0 0  

p s i  was d e te rm in e d  from  th e  s t r e s s - s t r a i n  c u rv e  o f  th e  

aluminum a l l o y .  T h is  r e p r e s e n t s  t h e  s t r e s s  l e v e l  a t  w h ich  

th e  s t r e s s - s t r a i n  c u rv e  w i l l  become a s y m p t o t i c , and  u s in g  

a  v a lu e  o f  4 8 ,5 0 0  p s i  f o r  G, , t h e  n o n l i n e a r  p a r a m e te r  n 

i s  fo u n d  to  e q u a l  5 ,  a s  shown by F ig u r e  5 .

D evelopm ent o f  M odels

The d e v e lo p m e n t  o f  m odels  f o r  t h e  s i x  ex am ples  

s t u d i e d  h e r e i n  was r e s t r i c t e d  due to  l i m i t e d  s t o r a g e  

c a p a c i t y  o f  t h e  co m pu te r  u s e d .  I n  o r d e r  n o t  to  e x c e e d  th e  

c a p a c i t y  o f  th e  com pu te r  th e  number o f  node p o i n t s  was 

l i m i t e d  to  4 0 ,  w i t h  a  t o t a l  o f  two d e g r e e s  o f  f reedom  a t  

e a c h  node p o i n t .  T h is  a l lo w e d  80 d e g re e s  o f  f reedom  and 

a  maximum o f  60 f i n i t e  e l e m e n t s . The know ledge g a in e d  from  

one exam ple  was u se d  t o  im prove t h e  n e x t  m o d e l , w i t h  th e
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48

P a n e l R, i n .

N2 6 .7 5 0

N4 1.187

N6 .484

FIGURE 10 DIMENSIONS OF NOTCHED PANELS
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48

P a n e l R, i n .

F2 3 .7 0 3

F4 . 656

F6 .266

FIGURE 11 DIMENSIONS OF FILLETED PANELS
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o n ly  l i m i t a t i o n  b e in g  p l a c e d  on th e  number o f  node p o i n t s  

a v a i l a b l e .  V

I n  d e v e lo p in g  th e  s t i f f n e s s  m a t r i x  f o r  th e  

t r i a n g u l a r  e le m e n ts  i t  was assum ed t h a t  a  l i n e a r  d i s p l a c e ­

m ent f i e l d  e x i s t e d .  The f i n i t e  e le m e n ts  w ere  t h e n  c o n s t a n t  

s t r e s s  e l e m e n t s ,  and  s i n c e  t h e  e x a c t  s t r e s s  g r a d i e n t s  w ere  

unknown, t h e  b e s t  sh ap e  f o r  t h e  f i n i t e  e le m e n ts  was assum ed 

t o  be  e q u i l a t e r a l .  I t  h a s  b e e n  shown t h a t  t h e  f i n i t e  

e le m e n t  m ethod  i s  a  c o n v e rg in g  p r o c e s s  d e p e n d in g  on  th e  

s i z e  o f  th e  e le m e n ts  (W ilso n ,  1 9 6 3 ) .  T h e r e f o r e ,  i n  r e g i o n s  

o f  s t e e p  s t r e s s  g r a d i e n t s  t h e  d i s c r e t e  e le m e n ts  s h o u ld  be  

made a s  s m a l l  a s  p o s s i b l e .

B ecause  o f  t h e  symmetry o f  t h e  p a n e l s , t h e  m odels  

d e v e lo p e d  f o r  t h i s  co m pu te r  p rog ram  r e p r e s e n t e d  o n ly  a  

q u a r t e r  o f  th e  n o tc h e d  p a n e l s  and  one h a l f  o f  t h e  f i l l e t e d  

p a n e l s . The m odels  w ere  lo a d e d  a t  node p o i n t s  and  r o l l e r  

s u p p o r t s  w ere  p l a c e d  a t  node p o i n t s  a lo n g  th e  l i n e s  o f  

symmetry o f  t h e  p a n e l s . T hese  r o l l e r s  p r o v id e d  s u p p o r t  

n o rm a l  t o  t h e  edge o f  t h e  p a n e l s  and  th u s  t h e  s t r a i g h t  

l i n e s  o f  t h e  b o u n d a ry  re m a in e d  s t r a i g h t  a f t e r  n o d a l  

d i s p l a c e m e n t s .
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The f i r s t  exam ple  t o  be  a n a ly z e d  was t h e  N2 p a n e l ,  

and  th e  c u rv e d  b o u n d a ry  o f  t h i s  p a n e l  was r e p r e s e n t e d  by  a  

s e r i e s  o f  s t r a i g h t  l i n e s . I n  o r d e r  t o  keep  t h e  b o u n d a ry  

e le m e n ts  a lm o s t  e q u i l a t e r a l  and  n o t  e x c e e d  t h e  40 node 

p o i n t s , t h e  e le m e n ts  i n  t h e  r e g i o n s  o f  th e  s t e e p  s t r e s s  

g r a d i e n t s  had  to  b e  made l a r g e r  t h a n  d e s i r e d .  I t  i s  a l s o  

n o te d  t h a t  t h e  t r a n s i t i o n  from  t h e  s m a l l  e le m e n ts  to  l a r g e r  

e le m e n ts  c a u s e d  s e v e r a l  e le m e n ts  t o  be  i s o s c e l e s  i n  s h a p e .

A n a ly ze d  n e x t  was t h e  N4 p a n e l .  I t  was fo u n d  t h a t  

s i n c e  t h e  c u rv e d  b o u n d a ry  was much s h o r t e r  t h a n  t h a t  o f  

th e  N2 p a n e l  t h e  b o u n d a ry  e le m e n ts  c o u ld  be  made s m a l l e r  

th a n  b e f o r e .  T h is  f a c t  was v e r y  h e l p f u l  i n  t r y i n g  to  make 

t h e  e le m e n ts  i n  t h e  r e g i o n s  o f  t h e  s t e e p  s t r e s s  g r a d i e n t s  

a s  s m a l l  a s  p o s s i b l e . The p ro b le m  o f  some o f  t h e  e le m e n ts  

b e in g  i s o s c e l e s  i n  sh ap e  was h o t  a l l e v i a t e d  h o w e v e r , s i n c e  

t h e r e  w ere  o n ly  a  l i m i t e d  number o f  node p o i n t s  a v a i l a b l e .

A new p ro b lem  was p r e s e n t e d  when t h e  F2 p l a t e  was 

c o n s i d e r e d .  S in c e  t h i s  m odel r e p r e s e n t e d  one h a l f  o f  t h e  

a c t u a l  p a n e l  t h e  n e t  s e c t i o n  o f  t h e  m odel e x te n d e d  12 

in c h e s  p a s t  t h e  p o i n t  w here  t h e  n e t  s e c t i o n  was t a n g e n t  t o  

t h e  f i l l e t  r a d i u s . The r o l l e r  s u p p o r t s  w ere  p r e v i o u s l y  

p l a c e d  a lo n g  t h e  b o u n d a ry  a t  t h e  n e t  s e c t i o n  and  th e



t r a n s i t i o n  from  t h e  s m a l l  e le m e n ts  to  l a r g e r  e le m e n ts  was 

n o t  n e c e s s a r y  a t  t h i s  p o i n t . W ith  t h e  e x t e n s i o n  o f  th e  

n e t  s e c t i o n  f o r  t h e  f i l l e t e d  p a n e l s  t h i s  t r a n s i t i o n  became 

n e c e s s a r y ,  and  r e q u i r e d  t h a t  more node p o i n t s  be  u s e d .

T h is  i n  t u r n  c a u s e d  a l l  o f  t h e  e le m e n ts  i n  t h e  r e g i o n  o f  

s t e e p  s t r e s s  g r a d i e n t s  t o  be l a r g e r  t h a n  d e s i r e d .  The 

s m a l l  r a d i u s  u se d  on t h e  F4 p l a t e  a l l e v i a t e d  somewhat th e  

p ro b lem  p r e s e n t e d  by  t h e  sh ap e  o f  t h e  f i l l e t e d  p a n e l s , b u t  

t h e  l i m i t e d  number o f  node p o i n t s  s t i l l  a f f e c t e d  th e  

i d e a l i z a t i o n  o f  t h i s  f i l l e t e d  p a n e l .

L a s t  t o  b e  a n a ly z e d  w ere  t h e  N6 and  F6 p a n e l s .

The d i s c r e t e  e le m e n ts  w ere  made a s  s m a l l  a s  p o s s i b l e  a s  a  

r e s u l t  o f  t h e  e a r l i e r  exam p les  and  th e  f a c t  t h a t  an  

e x t r e m e ly  s t e e p  s t r e s s  g r a d i e n t  w ould  e x i s t  i n  t h e  n e i g h ­

b o rh o o d  o f  t h e  maximum s t r e s s . I n  o r d e r  t o  g e t  some 

a d d i t i o n a l  node p o i n t s , e le m e n ts  w ere  made l a r g e r  on p a r t  

o f  t h e  b o u n d a ry .  B ecau se  t h e  r a d i u s  u se d  on  t h e s e  p a n e l s  

was v e r y  s m a l l  t h e  e le m e n ts  on t h e  c u rv e d  b o u n d a ry  w ere  

s m a l l e r  t h a n  b e f o r e .  The r e q u i r e m e n t  t h a t  th e  e le m e n ts  

be  e q u i l a t e r a l  was r e l a x e d  a  s h o r t  d i s t a n c e  from  t h e  

h i g h l y  s t r e s s e d  r e g i o n  t o  a l lo w  f o r  t h e  t r a n s i t i o n  from



s m a l l  e le m e n ts  t o  l a r g e r  o n e s . (See  A ppendix  B f o r  th e  

d im e n s io n s  and  i d e a l i z a t i o n s  u se d  i n  e ac h  o f  t h e s e  

e x a m p le s . )

R e s u l t s

In  g e n e r a l ,  t h e  s t r e s s e s  from  t h e  f i n i t e  e le m e n t  

a n a l y s i s  w ere  n o t  i n  c o m p le te  a g re e m e n t  w i t h  t h e  a c t u a l  

s t r e s s e s .  One r e a s o n  f o r  t h i s  was t h a t  t h e  f i n i t e  e le m e n ts  

w ere  c o n s t a n t  s t r e s s  e le m e n ts  and  e a c h  e le m e n t  had  s e l f  

e q u i l i b r a t i n g  b o u n d a ry  s t r e s s e s  a c t i n g  on i t  i n  o r d e r  to  

m a i n t a i n  c o m p a t i b i l i t y .  Schemes have  b e en  d e v e lo p e d  f o r  

c a l c u l a t i n g  th e  s t r e s s e s  i n t e r n a l  to  t h e  sy s te m  su c h  as  

a v e r a g i n g  th e  s t r e s s  o f  a l l  t h e  e le m e n ts  w h ich  m ee t a t  one 

node p o i n t  t o  o b t a i n  t h a t  node p o i n t  s t r e s s .  T h is  p r o ­

c e d u re  g i v e s  good r e s u l t s  f o r  i n t e r i o r  p o i n t s  b u t  l e s s  

s a t i s f a c t o r y  r e s u l t s  a lo n g  th e  b o u n d a ry .  A n o th e r  m ethod 

h a s  b e e n  d e v e lo p e d  f o r  a p p l i c a t i o n  to  t h e  b o u n d a ry  w hich  

i s  a  " w e ig h in g  p r o c e d u r e 11, (W ilso n ,  1 9 6 3 ) ,  and  w i th  i t s  

u sa g e  node s t r e s s e s  on th e  b o u n d a ry  c an  be  fo u n d  w i t h  

good a c c u r a c y .

For t h e  exam p les  a n a ly z e d  h e r e  i t  h a s  b e e n  shown 

by  p h o t o - e l a s t i c  p r o c e d u r e s  t h a t  t h e  maximum s t r e s s  i n  th e
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l i n e a r  r a n g e  o c c u r s  a t  a  p o i n t  on th e  c u rv e d  b o u n d a ry  a b o u t  

10 d e g r e e s  from  th e  p o i n t  w here  th e  r a d i u s  i s  t a n g e n t  to  

t h e  n e t  s e c t i o n . I f  t h e  e le m e n ts  w h ich  m ee t a t  a  node 

p o i n t  i n  t h i s  r e g i o n  o f  t h e  p l a t e  w ere  t o  be  a v e r a g e d ,  t h e  

c a l c u l a t e d  maximum s t r e s s  c o n c e n t r a t i o n  o f  t h e  sy s te m  w ould  

be  r e d u c e d  som ew hat. I t  t h e r e f o r e  seems t h a t  a  good 

a s s u m p t io n  f o r  t h e  maximum s t r e s s  i n  th e  sy s te m  w ould  be

to  assum e t h a t  i t  i s  e q u a l  to  t h e  s t r e s s  o f  t h e  f i r s t

e le m e n t  on th e  c u rv e d  b o u n d a ry  n e a r  t h e  n e t  s e c t i o n .  I f  

t h i s  e le m e n t  i s  s m a l l  i n  t h e  r e g i o n  w here  t h e  s t r e s s  

g r a d i e n t  i s  s t e e p , i t  i s  a p p a r e n t  t h a t  t h e  v a lu e  o b t a i n e d

w ould  c o n t a i n  o n ly  a  s m a l l  amount o f  e r r o r . By u s in g  th e

above  c o n c e p ts  and  d e f i n i n g  th e  s t r e s s  c o n c e n t r a t i o n  f a c t o r  

a s  th e  maximum s t r e s s  d i v i d e d  by  t h e  n e t  s e c t i o n  s t r e s s , 

t h e  r e s u l t s  shown i n  F ig u r e s  12 and  13 a r e  o b t a i n e d .

From v a l u e s  e s t a b l i s h e d  f o r  t h e  N2 p l a t e  i n  th e  

l i n e a r  r a n g e , i t  i s  shown t h a t  i d e a l l y  t h e  e le m e n ts  s h o u ld  

h a v e ' b e en  s m a l l e r  n e a r  t h e  p o i n t  o f  maximum s t r e s s . As th e  

s t r u c t u r e  became n o n l i n e a r  and th e  maximum s t r e s s  i n  th e  

c r i t i c a l  e le m e n t  a p p ro a c h e d  th e  y i e l d  v a lu e  t h e  a n a l y t i c a l  

s t r e s s  c o n c e n t r a t i o n  f a c t o r  was i n  good a g re e m e n t  w i t h  t h e  

e x p e r i m e n t a l  r e s u l t s .
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E x a m in a t io n  o f  t h e  r e s u l t s  o f  t h e  N4 p l a t e  showed 

t h a t  t h e r e  was good c o m p a r iso n  b e tw ee n  th e  e x p e r i m e n t a l  

and  a n a l y t i c a l  r e s u l t s  o v e r  t h e  c o m p le te  r a n g e  o f  l o a d i n g .

As m e n t io n e d  b e f o r e ,  i f  t h e  l i n e a r  r e s u l t s  w ere  r e q u i r e d  

t o  be  more p r e c i s e ,  i t  w ould  have  b e e n  n e c e s s a r y  f o r  th e  

f i n i t e  e le m e n ts  i n  t h e  r e g i o n  o f  t h e  s t e e p  s t r e s s  g r a d i e n t s
I

t o  be  made s m a l l e r  u n t i l  t h e  e x a c t n e s s  r e q u i r e d  was 

o b t a i n e d .

The e le m e n ts  o f  t h e  m odel f o r  th e  N6 p l a t e  a p p e a re d  

a t  f i r s t  t o  b e  s m a l l  enough to  g iv e  good r e s u l t s  i n  th e  

l i n e a r  r a n g e . H ow ever, S in c e  t h e  s t r e s s  g r a d i e n t  was 

e x t r e m e ly  s t e e p  a t  t h e  b o u n d a ry ,  i t  was a p p a r e n t  t h a t  t h e  

e le m e n ts  u se d  w ere  n o t  s m a l l  enough t o  o b t a i n  t h e  maximum 

l i n e a r  s t r e s s . As th e  s t r u c t u r e  became n o n l i n e a r  th e  

r e s u l t s  from  th e  a n a l y s i s  w ere  i n  b e t t e r  a g re e m e n t  w i t h  

t h e  e x p e r i m e n t a l  r e s u l t s  a t  t h e  b o u n d a ry .

B o th  th e  F2 and  F4 p l a t e s  gave  s i m i l a r  r e s u l t s  to  

t h o s e  o f  t h e  N2 and  N4 p l a t e s  when com pared to  t h e  e x p e r i ­

m e n ta l  r e s u l t s . G e n e r a l l y  th e  same p ro b lem s  e x i s t e d  i n  t h e  

two f i l l e t e d  p l a t e s  a s  w ere  fo u n d  i n  t h e  two n o tc h e d  p l a t e s , 

and  i f  more co m pu te r  s t o r a g e  had  b e en  a v a i l a b l e  t h e  r e s u l t s  

c o u ld  have  b e e n  im p ro v e d .
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L a s t  t o  be  a n a ly z e d  was th e  F6 p l a t e ,  w here  th e  

d i s c r e t e  e le m e n ts  w ere  v e r y  s m a l l  and  a lm o s t  e q u i l a t e r a l  

on t h e  c u rv e d  b o u n d a ry .  The r e s u l t s  o b t a i n e d  i n  t h e  l i n e a r  

r a n g e  o f  l o a d i n g  w ere  fo u n d  t o  be  g r e a t e r  t h a n  t h e  e x p e r i ­

m e n ta l  r e s u l t s ,  how ever th e  m a g n i tu d e  o f  t h e  e r r o r  was 

s m a l l . As was shown i n  th e  p r e v i o u s  e x a m p le s ,  when t h e  

s t r u c t u r e  became n o n l i n e a r  t h e  r e s u l t s  o b t a i n e d  from  th e  

f i n i t e  e le m e n t  a n a l y s i s  w ere  i n  good a g re e m e n t  w i t h  t h e  

e x p e r i m e n t a l  r e s u l t s .

F ig u r e  14 shows th e  s t r e s s  d i s t r i b u t i o n  a c r o s s  th e  

n e t  s e c t i o n  a s  i t  was p l o t t e d  f o r  t h e  N4 p a n e l  i n  t h r e e  

d i m e n s i o n s . The e x p e r i m e n t a l  r e s u l t s  a r e  d e n o te d  by  th e  

d o t t e d  l i n e  and  th e  s o l i d  l i n e  r e p r e s e n t s  t h e  a n a l y t i c a l  

r e s u l t s . N et s e c t i o n  s t r e s s e s  w ere  c a l c u l a t e d  by  an 

e x t r a p o l a t i o n  p r o c e d u r e  a s  e x p l a i n e d  i n  A ppend ix  C. E qu a l 

i n c r e m e n t a l  lo a d s  w ere  a p p l i e d  so  t h a t  t h e  n e t  s e c t i o n  

s t r e s s  i n c r e a s e d  i n  5 k s i  i n t e r v a l s  up to  a  maximum o f  30 

k s i .  As c a n  be  s e e n  t h e r e  was c l o s e  a g re e m e n t  b e tw ee n  t h e  

a n a l y t i c a l  and  e x p e r i m e n t a l  r e s u l t s .

A t h r e e  d im e n s io n a l  p l o t  o f  t h e  s t r a i n  d i s t r i b u t i o n  

a c r o s s  t h e  n e t  s e c t i o n  o f  t h e  N4 p a n e l  i s  i l l u s t r a t e d  i n  

F ig u r e  15 . As b e f o r e ,  t h e  d o t t e d  l i n e  r e p r e s e n t s  t h e







e x p e r i m e n t a l  r e s u l t s  w h i l e  t h e  s o l i d  l i n e  i n d i c a t e s  th e  

a n a l y t i c a l  r e s u l t s . U sing  t h e  e x t r a p o l a t i o n  p r o c e d u r e ,  

t h e  s t r a i n s  w ere  p l o t t e d  f o r  th e  same in c r e m e n ts  o f  l o a d in g  

a s  w ere  u se d  i n  th e  s t r e s s  d i s t r i b u t i o n .  R e s u l t s  o b t a i n e d  

by t h i s  p r o c e d u r e  w ere  i n  a c c o r d  w i t h  t h e  e x p e r i m e n t a l  

r e s u l t s  e x c e p t  f o r  t h e  s m a l l  e r r o r  i n  t h e  r e g i o n  o f  t h e  

s t e e p  s t r e s s  g r a d i e n t .  A ga in  t h i s  e r r o r  a p p e a re d  to  be  

c a u s e d  by  t h e  u se  o f  c o n s t a n t  s t r e s s  e le m e n ts  w hich  w ere 

to o  l a r g e  f o r  t h e  s t r e s s  g r a d i e n t  w h ich  e x i s t e d  i n  t h e i r  

l o c a t i o n s .



SUMMARY AND CONCLUSION

A m odel f o r  n o n l i n e a r  s t r e s s  a n a l y s i s  h a s  b e en  

p r e s e n t e d  h e r e  u s in g  t r i a n g u l a r  p l a t e  e le m e n ts  f o r  r e p r e ­

s e n t a t i o n  o f  th e  c o n tin u u m . S in c e  a  n u m e r i c a l  a p p ro a c h  

was u se d  i t  was im p o s s ib l e  t o  d i s c u s s  t h i s  m odel i n  

m a t h e m a t i c a l ly  r i g o r o u s  t e r m s . T h e r e f o r e ,  t h e  a c c u ra c y  

o f  t h i s  m odel c a n  o n ly  be  d e te r m in e d  by  c o m p ar in g  i t s  

r e s u l t s  w i t h  known e x p e r i m e n t a l  o r  e x a c t  r e s u l t s . The 

l i m i t a t i o n s  o f  t h i s  d i s c u s s i o n  m ust be  r e a l i z e d  s i n c e  i t  

i s  b a s e d  on a  r e s t r i c t e d  amount o f  d a t a .

B ecause  t h e  m odel p r e s e n t e d  was b a s e d  on  a  d i f f e r ­

e n t i a l  p o i n t  o f  v ie w ,  t h e  r e s u l t i n g  s e t  o f  e q u a t i o n s  was 

e q u i v a l e n t  t o  a  s e t  o f  n o n l i n e a r  f i r s t  o r d e r  o r d i n a r y  

d i f f e r e n t i a l  e q u a t i o n s . M a t e r i a l  n o n l i n e a r i t i e s  w ere  

i n t r o d u c e d  by th e  n o n l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p  o f  

t h e  i n d i v i d u a l  s t r u c t u r a l  e l e m e n t s .  A lth o u g h  o n ly  m a t e r i a l  

n o n l i n e a r i t i e s  w ere  c o n s i d e r e d  h e r e , t h i s  m odel c o u ld  be  

e x te n d e d  t o  i n c l u d e  n o n l i n e a r i t i e s  r e s u l t i n g  from  c h a n g e s  

i n  t h e  s t r u c t u r e  g e o m e try .
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S o l u t i o n s  o f  t h e  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  

w ere  o b t a i n e d  by  u s in g  t h e  f o u r t h  o r d e r  R u n g e -K u tta  

i n t e g r a t i o n  sch em e . O th e r  m ethods f o r  s o l v i n g  n o n l i n e a r  

d i f f e r e n t i a l  e q u a t i o n s  a r e  a v a i l a b l e t and  t h e i r  u se  w i th  

t h i s  m odel s h o u ld  be  em ployed  and  a d d i t i o n a l  s t u d i e s  m ade .

I t  h a s  b e e n  shown th r o u g h  t h e  exam ples  p r e s e n t e d  

t h a t  th e  m odel y i e l d s  r e s u l t s  w h ich  a r e  w i t h i n  an  

e n g i n e e r i n g  t o l e r a n c e . A lso  d e m o n s t r a te d  was t h e  f a c t  

t h a t  i t  i s  a  r e l a t i v e l y  s im p le  m o d e l ,  and i s  b a s e d  on  a 

c o n v e n t io n a l  m ethod  p r e s e n t l y  b e in g  u se d  f o r  l i n e a r  

a n a l y s i s . The c o m p u ta t io n  t im e  was n o t  s t u d i e d  h e r e  and 

no c o m p a r iso n  to  o t h e r  f i n i t e  e le m e n t  m odels  was m ade, 

how ever e a c h  exam ple  was a n a ly z e d  i n  a p p ro x im a te ly  15 

m in u te s  on an  IBM 7072-1401  d i g i t a l  c o m p u te r .

B ased  on t h e  r e s u l t s  p r e s e n t e d  a b o v e , t h i s  n o n ­

l i n e a r  f i n i t e  e le m e n t  m odel i s  f e a s i b l e  f o r  t h e  a n a l y s i s  

o f  n o n l i n e a r  sy s te m s  and  s h o u ld  be s t u d i e d  f u r t h e r . One 

a r e a  o f  s tu d y  i n t o  w h ich  t h i s  m odel c o u ld  b e  e x te n d e d  i s  

t h a t  o f  s t r e s s  r e v e r s a l  in  n o n l i n e a r  s y s t e m s . O th e r  f i n i t e  

e le m e n t  i d e a l i z a t i o n s  t o  be  u se d  w i t h  t h i s  m odel o r  a  

c o m b in a t io n  o f  s e v e r a l  f i n i t e  e le m e n ts  c o u ld  a l s o  be
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s t u d i e d .  A m ethod  f o r  a n a l y z i n g  a n i s o t r o p i c  m a t e r i a l s  i s  

a l s o  a  p o s s i b l e  a r e a  f o r  a d d i t i o n a l  s t u d y .  Thus e x t e n s i v e  

r e s e a r c h  i n  n o n l i n e a r  a n a l y s i s  i s  j u s t  b e g in n i n g .
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APPENDIX A

FLOW DIAGRAM -  NONLINEAR F I N I T E  ELEMENT ANALYSIS

S u b r o u t i n e s

RBIND -  R e i n d e x  s t i f f n e s s  m a t r i x  e l e m e n t s  i n t o  c o m p a c t  
f o r m  t o  s a v e  s t o r a g e .

MATMU -  M a t r i x  m u l t i p l y . .

ELEMS -  F o rm  e l e m e n t  s t i f f n e s s  m a t r i x .

EQSOL -  S o l u t i o n  o f  t h e  r e i n d e x e d  b a n d  m a t r i x  b y  G a u s s -  
J o r d a n  l o w e r  t r i a n g u l a t i o n  f o l l o w e d  b y  b a c k  
s u b s t i t u t i o n .

STRES -  U s i n g  e l e m e n t  c o r n e r  d i s p l a c e m e n t s , s o l v e  f o r  
e l e m e n t  s t r e s s e s .

ASSEM -  A s s e m b l e  t h e  s y s t e m  s t i f f n e s s  m a t r i x  i n t o  t h e  
r e i n d e x e d  b a n d  m a t r i x .

M a i n  P r o g r a m

R e a d  S y s t e m  P r o p e r t i e s  
( N o .  o f  e l e m e n t s , l o a d s ,  s u p p o r t s , 

e l e m e n t  p r o p e r t i e s ,  e t c . )
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S t o p

N u m e r i c a l  I n t e g r a t i o n  P r o g r a m  
( I n c l u d e s  P r i n t - o u t )

I n i t i a l i z e  t h e  A r r a y s  a n d  s e t  u p  t h e  
I n d e x i n g  a r r a y s  f o r  t h e  b a n d i n g  p r o c e d u r e

N u m e r i c a l  I n t e g r a t i o n  P r o g r a m

S t a r t

I n i t i a l i z e  l o a d  m a t r i x ,  s e t  
s t i f f n e s s  m a t r i x  e l e m e n t s  t o  z e r o . 

S e t  NPASS = 1 
f o r  s t i f f n e s s  c o e f f i c i e n t  c a l c u l a t i o n

C a l l  ELEMS 
C a l l  ASSEM

r - t <D
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4J

H

O

End

C a l l  ELEMS 
C a l l  STRESS

Apply B oundary C o n d i t io n s  
C a l l  EQSOL. S e t  NPASS = 2

R ecord  S t r e s s e s  
and  D is p la c e m e n t s .  
C a l c u l a t e  E f f e c t i v e  

(von M ises)  S t r e s s e s .

C a l c u l a t e  and P r i n t  S t r e s s e s  
and D i s p la c e m e n t s .

(End o f  eac h  lo a d  i n t e r v a l )



APPENDIX B

IDEALIZATIONS

I d e a l i z a t i o n s  o f  t h e  s i x  ex am p les  s t u d i e d  a r e  

shown i n  th e  f o l l o w in g  F ig u r e s  16 th r o u g h  21 . T hese  

i d e a l i z a t i o n s  a r e  n o t  c o n s i d e r e d  to  be  th e  u l t i m a t e  r e p r e ­

s e n t a t i o n  f o r  t h e  d i f f e r e n t  exam p les  a s  t h e y  w ere  d e v e lo p e d  

w i t h o u t  p r e v i o u s  e x p e r i e n c e .  How ever, t h e i r  a p p l i c a t i o n  

i n  t h i s  s tu d y  was s a t i s f a c t o r y  f o r  t h e  p u r p o s e s  d e s i r e d .  _
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APPENDIX C

EXTRAPOLATION OF DATA

I n  d e te r m in in g  th e  s t r e s s e s  a c r o s s  t h e  n e t  s e c t i o n  

t h e  q u e s t i o n  a r o s e  a s  t o  w ha t s h o u ld  be  u se d  f o r  t h e  node 

p o i n t  s t r e s s e s .  S in c e  th e  f i n i t e  e le m e n ts  w ere  c o n s t a n t  

s t r e s s  e le m e n ts  t h e  s t r e s s e s  i n  two n e ig h b o r i n g  e le m e n ts  

o f t e n  d i f f e r e d  g r e a t l y .  The p r o c e d u r e  u se d  h e r e  t o  

c a l c u l a t e  th e  n e t  s e c t i o n  s t r e s s e s  c an  n o t  be  r i g o r o u s l y  

p ro v e d ,  b u t  i t  d i d  y i e l d  a c c e p t a b l e  r e s u l t s  when com pared  

to  th e  e x p e r i m e n t a l  d a t a .  For t h i s  r e a s o n  i t s  u se  h e r e  

seems j u s t i f i e d .

Net s e c t i o n  e le m e n ts  f o r  t h e  n o tc h e d  p l a t e s  w ere  

d e f i n e d  a s  t h e  e le m e n ts  a lo n g  th e  n e t  s e c t i o n  b o u n d a ry ,  

and  c o r r e s p o n d in g  e le m e n ts  w ere  assum ed a s  n e t  s e c t i o n  

e le m e n ts  f o r  t h e  f i l l e t e d  p l a t e s . The c o n s t a n t  s t r e s s  o f  

t h e  n e t  s e c t i o n  e le m e n ts  was p l o t t e d  a t  t h e  m id - p o i n t  o f  

t h e  b o u n d a ry  edge f o r  e a c h  o f  t h e s e  e l e m e n t s , and  th e  node 

p o i n t  s t r e s s  was assum ed t o  b e  t h e  a v e ra g e  s t r e s s  o f  a l l  

t h e  n e t  s e c t i o n  e le m e n ts  w h ich  m et a t  t h e  node p o i n t . An
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e x c e p t i o n  to  t h i s  g e n e r a l i z a t i o n  was made a t  t h e  node p o i n t  

w here  t h e  c u rv e d  b o u n d a ry  was t a n g e n t  to  t h e  n e t  s e c t i o n .  

For t h i s  p o i n t  t h e  v a lu e  o f  s t r e s s  u se d  was t h a t  o f  th e  

f i n i t e  e le m e n t  on th e  c u rv e d  b o u n d a ry  w hich  m et a t  th e  

node p o i n t . T h is  e x c e p t i o n  was made i n  o r d e r  t o  e l i m i n a t e  

t h e  a v e r a g in g  o f  t h e  maximum s t r e s s  i n  some unknown m a n n e r .

U s ing  t h e  above  p r o c e d u r e  a  sm ooth c u r v e  was drawn 

th r o u g h  t h e  p o i n t s  p l o t t e d ,  t h u s  a r r i v i n g  a t  t h e  n e t  

s e c t i o n  s t r e s s  d i s t r i b u t i o n  f o r  t h e  exam ples  a n a ly z e d .

T h ese  c u rv e s  a r e  shown i n  F i g u r e s  22 th r o u g h  27 f o r  

d i f f e r e n t  a v e r a g e  n e t  s e c t i o n  s t r e s s e s . Only th e  e x p e r i ­

m e n ta l  d a t a  f o r  t h e  l i n e a r  c a s e  was p l o t t e d  and  t h e  s o l i d  

l i n e s  a r e  t h e  a n a l y t i c a l  r e s u l t s .
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