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ABSTRACT

The question of whether the vertical distribution
of Ozone c¢an be determined utilizing measurements taken
from balloons or satellites is investigated. A numerical
method for solving the equation of radiative transfer is
verified for a plane parallel, horizontally homogeneous,
conservative Rayleigh atmosphere (without polarization)
to within ¢.006 units per units intensity for an incident
flux of = units}per unit normal area. A method is
presented which provides a stable, but smoothed, solution
to the problem of determining the vertical distribution of
ozone. Results of several methods for solutions of the
linear system produced byvquadrature are presented

graphically to: show the usefulness of the methods.
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CHAPTER 1
. INTRODUCTION

Research in the atmospheric sciences during fhe
past 15 years has uncovered a host of important and
intriguing problems involving the structure and dynamics
of the atmosphere. Research efforts directed tbward'
treating these problems require knéwledge of_the funda-
mental physical processés affecting'the atmospheré. Ozone:
is significantly involved, both'directly and indirectly,
in such processes. Thus, a broad program to inérease '

knowiedge of the physical properties and disttibution 6f
atmospheric ozone is of utmost impbrtance.if fﬁndamental
problems of the atmosphere are to be solved (1). |

This thesis investigates a method for determining
the vertical distribution of czone with measurements iaken
from either balloons or satellites. Thevatmoépherié.modei
used is‘plane‘-stratified9 with scattering of radiant energy
according to Rayleigh's law;-aléo ?eferréd to:as_mdiecular'
.scatter., Radiative energy of the frequency considered is -
absorbed énly by ozone., The model is further simplified'
by diéregarding polariiationw With the restrictions'of
the abové model, a numericaliapproach i@‘the.determinagign
of the Vertical distributi@n‘df ozone is investigated-ta ' 3
determine whether useful é@iUtion can be @bxained;' .

1



The thesis is divided into three major parts.
Chapter 2 is devoted to the description of a computer
program for the numerical solution to the integral equation
of radiative transfer as written by Chandrasekhar (2).
The numerical scheme of Herman and Browning ( 5) has been
simplified to disregard polarization. Thus, the scalar
form of Rayleigh's phase function is used rather than the
more complex vector form. Accuracy of the calculated
emergent beams of radiation produced by the computer program
(see Appendix A) is verfied by the comparison with published
tables (3).

Chapter 3 shows that the integral equation of

radiative transfer

£, (v, 0))w (1) dr=g(, 0)+e (u) 8) (1.1)

corresponds to the Fredholm integral equation of the first

kind
PRy, X E(y) dy=g(x)+e (x). (1.2)

The solution in Chapter 2 is concerned with finding
intensities of radiation, g(u,¢), when the ozone distribution
is known, Chapter 3 is concerned with the inverse problem
where the solution is the ozone distribution, w(t), and

the intensities of radiation are now known., Numerical
solutions to Eq. 1.2 have been found, by the inversion

of the linear system produced by quadrature, using



minimization techniques of Phillips (8 ) and Twomey (9 ).
These minimization techniques are applied to Eq. 1.1 to
determine whether useful solutions can be developed to
determine the vertical distribution of ozone. Several
solutions calculated by a computer program (Appendix B)
are presented along with an example of con?ergence of the
numerical scheme.

In the final chapter, conclusions are presented as
~to the validity and usefulness of the results obtained.
Extensions of the research are also suggested which might

further improve the accuracy of the results.



CHAPTER 2
SOLUTIONS TO THE EQUATION OF RADIATIVE TRANSFER

2,1, Introduction.

Solutions to the equation of radiative transfer
through a non»absorbipg Rayleigh atmosphere have been fully
described in a paper by Herman and Browning (5). 1In this
chapter the work presented by the above authors has been
simplified to consider a mathematical model which produces
emergent intensities at each of n-levels for the non-
polarizing case, A numerical scheme for actual computations
is provided along with the criterion for convergence of the
scheme. As a check of the computational accuracy of the
cbmputer‘program, the calculated emergent intensities'are
compared with values published in an extensive set of tables

by Coulsen, Dave and Sekera (3).

2.2. Model of the System.,

A full discussion of the mathematical model for the
case in which polarization is considered has been provided
in a paper by Herman and Browning (5). For the case in
which polarization is neglected, if one considexs a plane-
parallel, horizontally homogeneous atmosphere, illuminated
at the top by plane-parallel radiation of intensity Es the

formal solution to the transfer equation for the intensities
4
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of radiation, I, at optical depth r, may be written as ( 6)
T ' ' 1ydr’
I(Tru")-IOJ(T .u.¢)eXP['(T'T )/U]“’(T )T
$IIP(uyug, 4,8 )F(T)expl-(r-1") /ulu(x ), (2.1)
0 u’MO’ Yo P u ‘ *

Here u=cos® where & is the angle between the local zenith
and the direction of propagation of the scattered radiation,
considered positive in the direction of increasing r,¢

is the azimuthal angle measured from some arbitrarly chosen
x-axis, Vo and ¢, are the polar and azimuthal angles of

incident solar flux (see Fig. 1). The term F(r') represents

Z

Q TCu', ")

FIGURE 1

The scattering angle Y between the incident beam, I(n',¢')
and the scattered beam, I(u,¢).



the contribution from the solar flux at level n, and is
related to the incident radiation at the top of the

atmosphere through the expression

F(x')=F (u_,0.)e " /Yo, (2.2)

The term w(t'), called the albedo for single scattering is
the ratio of the radiation scattered by molecules to input
incident energy within ', For the purposes of this
chapter, since no absorption is assumed, w(t')=1.0. The
term J(tr,u,¢), called the source function for the inten-
sities of radiation, denotes the contribution, at any

level t, to the beam in the direction (u,¢) arising from
scattering into this direction from beams incident from all

directions (u',4'). It is given by
TGt u, ) 8T 1P ity e, )Tt ut e )dutde! . (2.3)

The function P is the Rayleigh phase function, P(cos¥Y)=3/4
(1+coszv), given by Chandrasekhar (2 ), where ¥, a function
of u,¢, is the angle between the incident and scattered
beams. The term I(t',u',¢') represents the average intensity
over t' of incident beams.

Initially, only the inward directed intensities
at the top and the bottom of the atmosphere are known.
The outward directed intensities at the top and bottom are
unknown and are the desired emergent intensities of

radiation. Thus, the problem is a boundary value problem



where a straightforward numerical integration is not

possible (5).

2,3, Method of Calculation,

The numerical solution for the transmitted (u>0)
intensities of radiation, In' in terms of quantities at

the n-1 and the n-2 level is

I (u,e)=1__,(u,e)e 227/0

+(1-e7227/M) 1 p PcosMII__ (u',e')au'se'  (2.4)
A‘.Au' n

*(l-e.ZAT/u)P(COS‘I’O)Fn-l(uo,Qo) ’ n=1,...,m.

The first term on the right represents the part of the beam
in the (u,¢) direction that is not scattered in the interval
n-2 to n, The second term represents the contributions in
the (u,¢) direction resulting from the scattering of all
beams in the interval n-2 to n. The third term represents
the contribution in the (u,¢) direction from the scattering
of the solar flux in the interval n-2 to n.

The numerical procedure is started by solving for
the intensities of radiation at level n=1, in terms of each
of the intensities at the top of the atmosphere (n=0,
t=0) except for FO which is assumed equal to Fl/Z' Thus,
Eq. 2.4 writtenin forward difference form for the first

computing equation, becomes



I (u, )= (1-e727/¥) 1 5 PlcosvIT (u',4")au"se"
8¢'su’

+(1-e"4/MPcost ) o (ug00,), (2.5)

where the first term on the right of Eq. 2.4 is set equal
to zero by virtue of the boundary condition (solar flux Fo
is the only input energy at the top). Thus, on the first
downward pass only the third term evaluated at n=1/2
contributes to the calculation of the transmitted inten-
sities of radiation at n=1, Subsequent intensitites of
radiation, In, with u>0, are found progressing toward the
bottom using a central difference form, Once all of the
transmitted intensities have been computed, an analogous
set of equations may be derived utilizing the boundary
condition at the bottom of the atmosphere, Im(-u,o)-o

for reflected intensities (u<0). Using the equations so
obtained, reflected intensities of radiation are computed
starting with the first level at the bottom and progressing
upward until the emergent intensities at the top of the
atmosphere are computed.

If the Gauss-Seidel iterative technique (see for
example, Hildebrand (7)) is used, it is possible to
converge to within some arbitrary criterion. For the
purposes of this problem, where no absorption is assumed,
the criterion selected was the law of conservation of

energy where input energy is equal to output energy



(normalized incident solar flux is equal to normalized
output solar flux plus the normalized sum of emergent
intensities at both the top and bottom of the atmosphere).
It was found that the first iteration resulted in
values too small for the emergent flux. With successive
passes, the flux increased to a value slightly less than

.00006 of the normalized incident flux.

2.4. Results.

Calculations of emergent intensities for non-
absorbing Rayleigh atmospheres have been published in an
extensive set of tables by Coulson, Dave and Sekera (3)
utilizing the solution by Chandrasekhar (2) for this problem.
Comparing these values with values computed‘from the
mathematical model of this chapter, it is possibfe to
determine the accuracy of the computer program for the
non-polarized case. For the comparison of results,
increments of atr=.01, 4¢=30°, and twenty increments of u
were selected, for a ten layer atmosphere, to provide a
direct comparison for at least six values of u in both
u>0 and u<0 directions. Some of the results using these
incremental values for an incident unpolarized solar flux
of » units per unit normal area and for uo-0.92, and
¢0-0° are shown in Figs. 2, 3. In these figures, the solid
curves are drawn from the data of Coulson, Dave and

Sekera (3), while the encircled points are the values
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Total r=.1 uo-.92 oo-O°

.15]
Total F = units per unit
Intensity normal area
.l‘f' ¢-00
05+
0 <+ + + 4 -+ —- -+ + ~+ +
6 .17 .2 .3 .4 .5 .0 ,7 .8 .91.0
u
FIGURE 2

Downward Radiat

ion Emergent from Bottom of the Atmosphere.

525‘
<21
[ - a()®
15 Total t=.1 vo .92 4 0
F =x units per unit
Total
Intensity normal area.
.lﬂ' ¢-0°
o S
0 |
o .1 .2 .3 .4 .5 .6 .,7 .8 .91.0
u
FIGURE 3

Upward Radiation Emergent from Top of the Atmosphere.
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computed in the present work. Examination of these figures
reveal that the maximum-deviation of the encircled values,
from the solid curve is ébout 0.006 unit or approximately
2% error for the emergent intensities. Results for other
azimuthal angles (not shown) indicate similar magnitudes
of the deviations, in all cases within the maximum
deviation computed above. Thus, it is now possible to
deteﬁmines within the resultant accuracy of the computer
program, intensities of radiation at each level of the
atmosphere, These values are required for the quadrature

formulation of Chapter 3.



CHAPTER 3
THE NUMERICAL SOLUTION TO INTEGRAL EQUATIONS
OF THE FIRST KIND

3.1, Introduction,.

The numerical solution of Fredholm integral equa-
tions of the first kind by the inversion of the linear
system produced by quadrature is discussed in a paper by
Twomey (9). In this chapter, the integral equation (2.1)
is expressed as a quadrature, for the non-conservative case
(0<w(t')<l). Twomey's numerical scheme for the solution
of integral equations of the first kind is applied to the
resultant quadrature form of Eq. 3.1 in an attempt to
determine useful solutions to the present problem. Two
theoretical distributions of albedos for single scatter are
presented as true solutions, in order to determine the
feasibility of the scheme as a numerical method for computing
the solution vectors. The results include first, second,
third, and fourth difference techniques which are applied
over a range of y for each of the two test distributions
and a test of convergence for the iterative method of

numerical computation,
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3.2. Mathematical Model,

The numerical scheme of Herman and Browning (5)
was used to solve the integral Eq. 2.1. The integral

equation is of the form
b
s K(y,x) £(y)dy=g(x)+e(x), (3.1)

where e¢(x) always exists since g(x) is a measured quantity.

If the equation is written as a quadrature, it becomes
Af=g+e, (3.2)

where the matrix A consists of quadrature coefficients for

the tabular points Y1:Y2000 s ¥p and X19Xgse0asX and

n*
E11€ps+00y€, aTE the corresponding errors in measurement (9).
If Eq. 2.1 is to become a quadrature, it is first
necessary to describe the mathematical system for a singlé
beam of emergent radiation, any arbitrary (-u,¢) direction,
at the top of the atmosphere, as a function of the
contribution at each of n-1 lower layers. In order to
describe the system, the following assumptions will be made.
In Chapter 2, the numerical scheme computed intensities of
radiation at the top, bottom, and at each of n-1 intermediate
levels of the atmosphere. For the purposes of this problem
midpoint values (those intensities between adjacent levels
for the same (u,¢) direction) are the required values, since
the elements of the solution vector w are assumed to be the

average value over each level. These midpoint values will
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be the mean values between adjacent levels (linear inter-
polation). Thus, a single beam of emergent radiation, for
any arbitrary (-u,¢) direction, at the top of a ten layer

atmosphere becomes

Il('u’¢).12('U)¢)e-2At/|uI*‘l’lalp (3.3)

and subsequent lower layer intensities become

L Cu, =I5 Cuy0)e 200/ Iuhey o)

*

-2t/ | vl

Ig('”r‘)grlo('Uv¢)e ‘wgag

110('U;¢)-W10310s

where the first term on the right for 110(-v,¢) is set equal
to zero by virtue of the lower boundary condition. Thus,
Eq. 3.3 written in terms of the contribution at each lower

layer is
I (-u,8)=w 8" jvwya’ )+ itwgal g, (3.48)

where w, Tepresents the albedos for single scatter at each
midpoint of the n layers, and a'n represents sum of the
midpoint contributions of the scattering of beams incident
from all directions (u',¢'), and the scattering of the
solar flux, where prime denotes attenuation by
exp[-(n-1)ax/|u]]. In order to describe the quadrature

formulation, for the case where ten layers are assumed
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and ten equations are required, ten beams of emergent
radiation are selected in different (-u,¢) directions as

the measured emergent intensities Il(-u,o).

3.3. Computational Scheme,

A paper by Phillips (8) demonstrates well, the
results when the exact solution of integral equations in
the form of Eq. 3.2 is attempted with ¢ set equal to zero.
The result is almost always poor in the sense that the
solution oscillates or displays some other feature which
conflicts with a prior:i knowledge. In the present case
using values computed in the last section when the direct
inversion of Eq. 3.2 was attempted the matrix A was
discovered to be singular (computationally singular) with
rank seven. Therefore Twomey's method of finding numerical
solutions to integral equations of the first kind was
applied in order to determine the feasibility of this method
to produce numerical solutions to the present problem.

Twomey (9) describes his method as follows; find
an acceptable solution, in the sense of minimizing the second

n
difference expression ifl(fi°2fi*1*fi+2)z where fk-O,

for all k<1, k>n, with the auxiliary conditions Af=g+c

n
and ‘Zlci-constant. The quantity to be minimized was then
1.
RO IR T FUURY JUUR LICAL B P (3.5)

where vy is a weighting factor (v defined >0) and the sum
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of squares of the errgrs is the computed error as vy is varied.
Thus, the value for y is selected by varying y and computing
the corresponding sum of squares of the errors until a
value of y has been found which makes the computed sum of
squares of the errors of the same magnitude as the constant
value for error specified in the auxiliary conditions (8).

If expression (3.5) is differentiated with respect

to fi there results

n
.1 -
where aij is an element of A. This equation written in

matrix form becomes
T— -
A c+yHf=0, (3.7)

where the matrix H for the second difference scheme is

represented by

1 -2 1 0 0 0 0 0 0
-2 5 -4 1 0 0 0 0 0 0
1 -4 6 -4 1 0 0 0 0 0
0 1 -4 6 -4 1 0 0 0 0
0 0 1 -4 6 -4 1 0 0 0
0 0 0 1 -4 6 -4 1 0 0
0 0 0 0 1 -4 6 -4 1 0
0 0 0 0 0 1 -4 6 -4 1
0 0 0 0 0 0 1 -4 S5 -2
0 0 0 0 0 0 o -1 -2 1

The elimination of ¢ between Eq. 3.2 and 3.7 gives the

solution in the form
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f= (ATAeyH) “1aTg, (3.8)
which does not require the matrix A to be square. The
advantage of the non-square matrix will be shown in Chapter
4 where over-constrained systems will be discussed.
For the general solution of the present problem,
the solution vector f represents w which is the vector of
albedos for single scatter. The vector g represents the
ten selected emergent intensities Il(-u,o). The matrix A
is composed of the coefficients a'n discussed in section
3.2. The error vector ¢ for the auxiliary conditions is
assumed to be the error in the measurement of the vector
g at the top of the atmosphere. Once the constant value for
the auxiliary sum of square of errors (.?lci-constant)
im
has been specified, the value for y can be selected by
varying y and computing the corresponding sum of squares of
errors until a value of y has been found that makes the

computed sum of squares of errors of the same magnitude as

the constant. Rewriting Eq. 3.8 yields

o= (ATAey) " 1T (3.9)

The purpose of the investigation of Twomey's method
is to determine whether his numerical solution of integral
equations of the first kind can be applied to the mathematical
model of the present problem. Thus, it is necessary to
determine a specific y and difference scheme, for the

following formulation of H:



a)

b)
c)

d)

first difference form for H

1 -1 0 0 0
-1 2 -1. 0 o0

0 -1 2 -1 0

0 o0 0 0 -1

0 0 0 0 0o -
0 o 0 0

o O O

-1

o O O

second difference form for H (see above).

third difference form for H

1 -3 3 -1 o .0
-3 10 -12 6 -1 0
3 -12 19 -15 6 -1
-1 6 -15 20 -15 6
0 -1 6 -15 20 -15
0 0 -1 6 -15 20
0 0 0 -1 6 -15
0 0 0 0 -1 6
0 0 0 0 0 -1
0 0 0 0 0 0

fourth difference form for H

=15
20
-15

-0 O O O

-15
19
-12

~ O O O O O

-12
10

18

W W -~ O O O © O O

[




[
O

1 -4 6 -4 1 0 0 0 0 0
-4 17 -28 22 -8 1 0 0 0 0
6 -28 53 -52 28 -8 1 0 0 0
-4 22 -52 69 -56 28 -8 1 0 0
1 -8 28 -56 69 -56 28 -8 1 0
0 1 -8 28 -56 69 -56 28 -8 1
0 0 1 -8 28 -56 69 -52 22 -4
0 0 0 1 -8 28 -52 53 -28 6
0 0 0 0 1 -8 22 -28 17 4
0 0 0 0 0 1 -4 6 -4 1

which can be used to determine the solution vector « for any

distribution of the vector elements.

3.4, Test Problems,

This investigation considers two general types of
distributions., The first class of distributions, where the
values of the albedos for single scatter are defined as
w's yield a single maximum peak of partial pressure of
ozone over the range of atmospheric pressure (see solid
curve Fig. 4). The second class of distributions are
similarly defined; however, double prime denotes the second
case where the albedos w"i yield two peak values of partial
pressure over the range of atmospheric pressure (see solid
curve Fig, 5).

I1f, for the two test distributions selected, a

value for y and a difference scheme which gives an acceptable

sum of squares of errors can be determined, then Twomey's
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method will be considered a feasible numerical scheme for
determining the distribution of the elements of the solution
vector w for the general case.

3.4.1., Test Situation.

The numerical procedure is started,
utilizing the first distribution w' and the computer program
of Chapter 2, to calculate emergent intensities of radiation.
From the set of emergent intensities of radiation at the
top, ten beams in different (-u,¢) directions are selected
as the correspondingly measured values for g'.

A trial vector %: is assumed and intensities
of radiation at each.of the ten levels of the atmosphere are
computed. These intensities are averaged between adjacent
levels, in corresponding (-u,¢) directions, to yield mid-
point intensities required in the computation of the
matrix A (see section 3.2). Thus, the necessary terms
required for the solution of Eq. 3.2 are now available,
but where &' is now the unknown solution vector. The
equation is solved for w, new intensities are computed and
the process is repeated until no significant change in w
occur.

In order to determine the best range of vy
and difference technique required when using Twomey's method,
it was decided to use the correct solution vector w as the
first guess vector w. The matrix A was then computed as

before. The constant for the auxiliary condition,
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? cf-constant, is assumed equal to zero since the calculated
i=1

values for g contain no errors in measurement but only those
due to numerical computation. Thus, with the calculated
values for g, it is now possible to vary <y over the same
range for each of the four difference schemes, The
advantage that is gained by using this set of calculated
values for g is that of selecting the value for y that will
yield the smallest computed sum of squares of the errors

for each of the four difference schemes,

The computational scheme is applied to both
test distributions to yield a corresponding best y and matrix
H. 1f the same y and matrix H yield acceptable solutions,
in the sense of minimizing expression (3.5), for both test
cases without excessive smoothing of the solution vector
(allowing the first term of expression (3.5) to become
dominant) then Twomey's numerical scheme will be considered.

a feasible scheme for solutions of the general case,

3.4.2. Test Results.

The results show that the minimum computed

sum of squares of errors occurred in the 13-1x10'6 to

y5-1x10‘4 range with the magnitude of errors approximately
equal to 1x10"7 for the first, second and third difference

schemes for the matrix H (see Fig. 6).
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The constant for the test distribution in
the first case was assumed equal to zero. The corresponding
computed sum of squares of errors for the smallest non-
oscillating solution vector, for second differences was
1.23432x10° 7. Following the same procedure for the second
test distribution, the constant was again assumed equal to
zero. Similarly the corresponding smallest computed sum
of squares of errors was 1.15806x10-7. Thus, the value
for y-1x10'6 is selected, since in neither case is there a
computed sum of squares of errors sufficiently small to be
of the same magnitude as the above assumed constants.

In order to determine which difference scheme
would provide a feasible range of solutions each element of
the computed solution vectors, for y-1x10-6, was surveyed
to determine whether elements of the vectors were within
the a priori range O<w(r')<l. Table 1 shows that the
solution vectors for the first and second difference schemes
for H satisfy the above constraint. Thus, both first and
second difference schemes are determined feasible schemes
for the matrix H. In Figs., 7 and 8 the solid curve is the
desired true solution, the curve which passes through the
encircled values represents the computed solution using
first differences, and the curve which passes through the

crossed values represents the computed solution using

second differences. In order to reduce the number of
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Table 1a

Test Distribution .l
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o'y 1st Diff. 2d Diff. 3rd Diff. ath Diff.
1 .30382  .30806 .30848 .33457 -1.15530
2 .30523  .29115 ©29720 126554 3.08720
3 .35325 "35861 ©34855 131375 2.04380
4 .45228  .49640 147849 146041 -0.09266
5§  .50035 165732 165249 166172 -2.80780
6  .77466 "80009 "81552 " 85844 -1.28350
7 .88380 89687 92415 199599 1.68980
8 ..93174 134070 196002 1.03140 5.07470
9 .95560 194374 94043 194702 4.75200
0  .96708 193635 .89595 73715 -3.17430
Sum of -7 -7 -7 -6
squares of 1.53604x10 1.23432x10 ° 1.11563x10 2.30931x10
errors
Table 1b
Test Distribution II
W'y 1st Diff. 2d Diff. 3rd Diff. 4th Diff.
1 .28587 28265 .28369 .30588 -1.18880
2 .29314 30028 .30641 28038 3.11340
3 .36661 139163 38055 ©34952 2.07880
4 .50576 153516 51630 129356 -0.90893
5 .74859 68886 68401 .68905 -2.80080
6  .75717 181719 83311 .87020 -1.78420
7 .79946 © 89400 192362 98944 1.69690
8 .88363  .91779 04168 1.01010 5.08220
9 .93140 ©90592 190388 191262 4.74180
10° .95551 . 88998 . 84294 169418 -3.23600
Sum of -7 -7 -7 -6
squares of 1.33058x10° 1.15806x10771.01027x10"7 2.22665x10

€ETrToTsS
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possible combinations which can be tested, only the second
‘difference scheme for the matrix H is used ihroughaut the

rest of the chapter.

,3.453*; Test for Convergence, ‘

The results of the previous section revealed
that a beét y and matrix H could bé selected which would
~yield accéptable results, in the sense of miniﬁizing
expreésion (SAS), for the two test distributions. These
results were extended to include the case where an arbitrary
_first guess or trial solution is used. In order to deter-
mine convergence in this case one of several criteria could
be selected. Since_the albedos for single scatter were
knoWﬁjfor the two test cases, it was felt that the best
critefion for convergence would be when there was no
significant improvement in the elements of the computed
solution vector. Thé results of the iterative scheme using'
:an;arbitrary first guess vector, shown as the curve which
passes thyough the crosses of Fig. 9, produced after four
iterations the curve which passes through the encircled
' values of the same figure. With the results for convergence
for othey arbitrary first guess vectors'(nbt shown) along
wifh convergence of the above scheme, it isvreasonable

to assume convergence for the general case.
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3;5. Results,

The results of this chaptervindicate that Twohey's
numerical method for solution of integral equations of the
first_kind is an appropriate method for detérmining solutions
to the integral equation which describes the present
prébleme The most encouraging results presented in this
chaptef are probably those derived from the convergence of
the numerical scheme. Other results showed that the
resultant solution vector for the test distribution in the
first situation appeared to be a very gbod approximation
- of the true solution. The results for the second test
distribution gives a good resultant sum of squares of
erroers; howéver; the curve does not closely follow the true
solution for thellower layers of thefafmosphere._ In fact
neither solution cloéely represents the.true‘solution well
for the last.two 1éyers@ Since no real improvement is
made by iteration when using the true solution as fhe first
trial solutioﬁ it is apparent thét more constraints should
be included for better vesults. Alrange of possible
constraints is briefly discussed in the fpllowing chapter.
Some resuits of preliminary work are also provided along

with recommendations for possible extension.



CHAPTER. 4
-EXTENSIONS, RECOMMENDATIONS, CONCLUSIONS

4,1, Intyoduction,

The' philosophy underlying the developmeht of the
mathematical model of Chapter 3 was one of combining the
work of Herman and Browning (5) with that of Phillips (8)
and Twomey (9) to determine the feasibility of these
combined methods in determining the distributibn of ozone
within the atmosphere. The results of Chapter 3 indicate
that the overall computational scheme has merit in the
sense that the iterativelscheme was convergent and the
resultant éolution did provide an approximate solution
without oscillations. The fact that the computed solution
for the second distriﬁutian did not yield the lower peak
values does not indicate that the computational method was
not feasible for this distribution. It does, however,
indicate that further information was required for better
resolution of solution vectors. In this chapter several
possible modifications which include other constraints are

presented as extensions to the work previously presented.

4,2, Extensions.

From the multitude of possible extensions that exist
for the present problem oﬁly two general areas are considered.

32
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These are as follows: 1) modification of the numerical

scheme of computation, and 2) introduction of a priori

conditions to the system of equations prior to the inver-

sion of the system.

Within the general area of modification of the

numerical scheme for computation the following are considered

of prime importance:

a)

b)

The expansion of the system of equaﬁions in
Chépter 3 to consider more equationsrand more
unknowns for the same optical depth could yield
solutions with finer resolution to approximate
the»actuéi solution, For example, the number

of layers could be doubled over the same total
optical depth, The resultaﬁt system woﬁld
consist of twenty equationé with twenty uhknowns.
Thus, the use of finer increments would yield

more values to determine a solution., No attempt

'was made to expand the preSent computational

scheme of ten equations and ten unknowns, since

operational computer time and the increase in

-storage capacity on the present computer system

was not available.
The adaption of higher precision for the numerical
computations of the inverse matrix would have

allowed the use of a widef range for the value of vy.
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d)
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The resultant advantage would have been such
that fewer computationally singular matrices
would have beéh calculated when the ill-conditioned
matrix was inverted. Thus, the use.of higher -
precision in the in#eision of the matrix could
and probably would haVelgiVén better computed

solutions since smaller values for vy could have -

_been used.

The computation of the intensities of radiation
in Chapter 2 was degigned to yield intensities
at>the‘top, bottom, and each of nine intermediate
levels of the atmosphere. If the numerical scheme
were modified to yield intensities at the midpoint
of the layers then no error in interpolation would
have resulted. The consistency of computatioﬁs
for solutions between the humerical scheme forv
intensities and the numerical séheme for Solutions
to the inverse probiem may lead to finer resolution
@f the solution vectors,

The value for vy chosen-in Chapter 3 was a scalar
quantity. Twomey (9) indicates that y need not

be a écalar but could and should be, for many
problems, a vector quantity which would add

weights to the matrix H. An example of where

’such weighted constraints could be applied is

shown in Figs. 7 and 8. 1In each figure, it can
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be seen that there are small oscillations about
the true solution for last few, lower layer,
elements of the computed solution. If the corres-
ponding last few rows of the matrix H are weighted,
the resultant solution vector will be smoothed
such that these small oscillations could be
eliminated.

Several modifications resulting from the intro-
duction of a priori conditions to the system of equations
before solution of the inverse problem are considered, but
are not limited to the following areas:

a) The system of equations could be increased to
include the additional information that the
n

I w;=constant, since the sum of the values for
i=1

albedos of single scatter is constant and can be
determined experimentally for any distribution (4).
The resultant increase in the number of equations
is allowed, since there was no requirement in
section 3.3 that the matrix A be square.

b) Several changes to the formulation of the matrix H
are possible since much is known about the distribu-
tion of the albedos of single scatter at both the
top and bottom of the atmosphere. As an example, one
might assume W mwy rather than assuming wo-O as
in Chapter 3. The resultant formulation of the

matrix H for second differences would be:
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2 -3 1 0 0 0 0 0 0 0
3 6 -4 1 0 0 0 0 0 0
1 -4 6 -4 1 0 0 0 0 0
0 1 -4 6 -4 1 0 0 0 0
0 0 1 -4 6 -4 1 0 0 0
0 0 0 1 -4 6 -4 1 0 0
0 0 0 0 1 -4 6 -4 1 0
0 0 0 0 0 1 -4 6 -4 1
0 0 0 0 0 0 1 -4 5 -2
0 0 0 0 0 0 0 1 -2 1

where the first two rows of the matrix H now
Eontain larger coefficients. A similar result can be
obtained by allowing wygT¥yy where the weighted
coefficients now appear in the last two rows.
Finally, both woRwy and Wyp=¥y1 could be used to
weight the top and bottom of the matrix H. The
possible result in the computed solutions using
these forms for the matrix H could be finer
resolution plus the smoothing effect at either

the top or bottom, or both, of the solution vector.
One other possible modification to the formulation
of the matrix H, could be the assumption ”10'1‘
With this assumption, the quadrature form for the
inversion will consist of a system of ten equations
with nine unknowns, This result is accomplished

by subtracting the now known quantities from the
right side of Eq. 3.2 prior to inversion of the

system.
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~4.3. Recommendations,

0f the many modifications listed in the previous

section, there are several that show promise of producing
potehtially superior solution vectors. All of the
modifications iisted under the numerical scheme of
computation are highly recommended where cémputer systems
are available for implementation. Of thé many modifications
possible, listed under the introduction of a priori
conditions,»each mbdification‘listed should be evalugted
separately, then combined to determine whether any

improvement in the resolution of solutions can be achieved.

4.4, Conclusions.

It has been shown that the numerical methods
described can provide an aﬁproximate.solution. to the
problem of determining vertical ozone distributions in the
i'atm65phere from measurements of emergent radiation at the
top of the atmosphere, There is strong evidence that
better approximations can’be obtained by use of aaditional
a priori information and by utilizing greater precision"
in the computer programs. Whether the solutions are, or
will be; of sufficient accuracy to meet the'requi?ements
of'thé atmospheric physicists will have to be determined
aftey further investigation and application to actual

problems.



APPENDIX A
COMPUTER PROGRAM FOR SOLUTIONS TO THE EQUATION
OF RADIATIVE TRANSFER
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START

INITIALIZE

STORAGE

!

(' READ
INPUT DATA

L

COMPUTE AND!
DEFINE
CONSTANTS

v

COMPUTE
INCREMENTAL
VALUES FOR
u AND ¢

L

COMPUTE
ATTENUATION
FACTORS

O—=

COMPUTE
SOLAR FLUX
CONTRIBUTION

THIS A
DOWNWARD
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COMPUTE COMPUTE
2d SCATTER 2d SCATTER
ICONTRIBUTION ICONTRIBUTION

OMPU COMPUTE
1s¥O¥er TR 1st SCATTER
CONTRIBUTION ICONTRIBUTION

COMPUTE BEAMS
OF RADIATION

FOR THIS
LEVEL

COMPUTE BEAMS
OF RADIATION
FOR THIS
LEVEL

AST
DOWNWARD
LEVEL

UPWARD
LEVEL
,

YES

PRINT
EMERGENT
RADIATION:

UPWARD

PRINT
EMERGENT
RADIATION
DOWNWA

SUBROUTINE
CHECK COMPUTES
NORMALIZED
INTENSITIES




*

COMPILF FORTRANSZEXECUTE FORTRAN,DUMP

SHBROUTINE CHECK
¥R®COMPUTES MORMALIZED INTENSITILS*%=
DIMENSION AMU(20) s0MII{2N) s SCATI (127,20
COMMON FOWAMUSDF T s SCATT sDMUSDFT sDTAULSNLEVSSsFMUQWIP,
11087
TEN=NLFVS
FOQUT=FOREXPFF(-TEN ®#DTAUZABSF (FMUCY ) *EMUD
PRINT 1sFQCUT
1 FARMAT (//54528HFO CUT AT ROTTCM OF ATMOSPHERE (M)
141PE16L7/)
DN I =O|O
DO 2 U=11920
DO 2 I=1P,1CST
2 DNI=ONI+SCATI(TsJYRAMY (J)*DFI¥DMU(I)
PPINT 134DNI
2 FORMAT [B8X+38HSUM OF DOWNWARD TINTENSITIES NCRMALIZED
151PF1E47/)
UPI:”."
DA 4 J=1,.10
DO & 1=1+12
4 UPI=YPI+SCATI(1+J)2AMU (J)¥DFIXDMU(I)
PRINT S.UPRPI
5 FORMYAT (5X+3BHSUM OF UPWARD INTEMSITIES NORMALIZED
1s1PF14,77)
SUMI=ARBSF (FOOUT+DNI1)+UPI
PRINT Q,SUMI
9 FORMAT (5X+38H3UM OF ALL INTENSITIES NCORMALIZED
141PF1A,7/)
RETURN
FMD

#ERMAIN PROGRAN #®# ¥
*ERINITIALIZE STORAGE *#%

DIMENSION  XMU(21)s0MEG(22) ,SFI{12),AMUI2N)sANUI2C),

1EFCI23),ESCH2920)2ESCM1(2+20)+SCATI(12C920)+DMULIDP0)

COMMON FC2AMUSDF I s SCATI +DMUZDF T sDTAUSNLEVESFMUOSTP,

11Cs7
#AEREAD INPUT DATA*®2

READ 1oNTTRINMUINLEVSINFIoPHIoDTAUWFOFMUCHFIO

READ 24 (XMUCT) s I=19sNML)

LEVPI=NLEVS+]

READ 25 (OMEG(I)sl=1sLFVP])
1 FAPMAT(AL4]IR+5F10.0)
2 FOAPMATIRFINGO)
FEXCOMPUTE AND DEFINE CONSTANTS*%*®

ITR=1

CST=3./(160*301415927)

DFI=PHI/5T4295779

MFIMI=NFI~1

NSFI2=NFIM]1%2

40



C

C

C

#RECOMPUTF INCREMENTAL VALUES FCR MU AND PHI¥%®
DN 17 I=14NSFI2
Xi=1-1
10 €FI(])=XT*DF
NMUMY =NVU-=1
DO 12 1=1.NMUM]
AMUCT )= 5% [ XMULT)+XMUCTI+1 )
ANUCT ) =SQRTF (1a=AMU(] ) *%2)
12 DM T ) =yM (1) =XMU(T+1)
#¥RRCOMPUTE ATTENUATION FACTORS* x+
EFO{1)=EXPEF(=DTAU/ (2, *¥ARSF (FMUO) )
DN 14 ¥K=2sNLEVS
XK =¥ ~]
16 EFENKY=FYPFF(=XK*NTAU/AASF {Falin))
MLEV2=NLEVS¥?2
LEVP2aNLEVS+?2
EFO(LEVPIIZEXPEF(=({24%XK)+1Y%DTAU/(2%ABSFIFMUQ) )]
DC 15 L=LLEVP1+NLEV?
IL=NLEV2-L+1
EEC(L+1)Y=EFOLIL)
15 OMEG(L+1)=0MEC(IL)
DO 1€ 1=1.2
Fx=1
OO 16 J=1NMUM]
ERC(1+J)=EXPEF(=FXXDTAZARCE (AMI(JY))
16 FSCMI( T4 )= e=FSCLT )
LEV=1
[CST=NLEVS®#NSFI2
19 LEVMl=LFV-1
LFVYM2={ FV=-2
IFILEV=NLEVS120+20,21
20 11=1
I11=NFI
JJ=11
JJJ=NMEM)
6N TO 22
21 I1=1
I11=NF1
JJ=1
JJJ=10
22 DO 29 I=11,111
DO 20 U=JJSsJJIJ
STHET=2,0
THET =0.0Q
*XRCOMPUTE SCLAR FLUX CONTRIBUTION®®=*
THETO= (ANU(J)I#SARTE (] 4 =FMUGH* %2 ) *COSF(SFI(I)I=FIC)+
TAMU(J) #EMUO ) %% 2
FTHET=( 1.4+ THETOI*FO*FFCILEV)
#RETE THIS THE LAST NDOWMNWARD PASSG¥*#»
IFtJJ=1)24424423
27 IF({ITR=1151,5045%)
50 SENSE LIGHT 2
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aNaNe!

51
25

IFILFV=2125927+55
ITEMP=]
NLFV=T

¥*HCOMPUTE SECOND SCATTER CONTRIGUTICN®#»
*RRCOMPUTE FIRST SCATTER CONTRIBUTICNu#¥x
FERCOMPUTE BEAME OF RADIATION FOR THIS LEVEL ¥«

26

37

27

&3

26

6]

£0

72

31

IFISENSFE LIGHT 2136937
PTHET=(STHET+FTHET ) *ESCMI ([ TEMD S ¥ QT
SCATTINLEVsJ)Y=PTHET®*OMEGLILIV)

GO T T4

SENSE LIGHT 1,

GO TO S5

1TEMD=)

SENSE LIGHY 3

DO 28 XK=1sNSF12

Drls= SFI(KY=S5FI (1)

IFISENSE LIGHT 1160463

T EV=LFVYMDOANSFI2+¥

Lt=11

LrLe=20

0N 26 L=LL.llL
THET=(ANU(J)I*ANUIL)YRCOSFIDFTS) RAMUC Y RAMIILL) ) %22
STHET =STHET+{ie+ THETI*NDMULLI¥DF I *SCLTI(TLS Val)
FFISENSF LIGHT 2)614062

SFMNSF LIGHT 2

GO TO 292

ILEV=K

SENGE LIGHT 1

Gr IC 65

ILFY={_FYMI&NSF] 24K

LL=1

LLe=1¢%

DO 3D L=l Ll
THET=(ANUITJ)EANU(L)I*COSFIDFISI+ANMU( JY#AMU (L) ) *#)D
STHET=STHET+(la*THET)*DMU(L)*DFI*SCAYI(ILEV}L)
CONTINUE

PTHET = (STHE T+FTHET ) #OSCMI (I TEMP 3 JI¥ ST
[FISEFNSE LIGHT 117072 '

NLEV=]

SCATIINLEV«J)=PTHET*OMEG(LE V)

GO TC 74

MLEV=LFYM]IXRNSFIZ2+]

[FISEMSFE LIGHT 3132,.27

LLEV=N[FY-MSF]2%2

SCATIUNLEVy ) =SCAT T LLEV Y RESC(ITIMP V4P THET *

1OMFGILEY )

TFOSENSE LIGHT 2)V74474

EXRCOMPUTE SECOND SCATTER CONTRIBUTICGN®**
*¥RRCOMPUTE FIRST SCATTER CONTRIBUTIOM*#x
*¥RXCOMPUTE REAMS OF KRANIATION FOR THIS LEYFL &

24

[sX
[o R3S

IFILEV-LEVP2)18U+82+89
ITEMP=]
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FENCE LTGHTY 2
GO TO By
82 1TFMp=p
SENSF LIGHT 1
Gy TN Ay
89 IF(LEV-NLEVZ2)R4L»82,873
B3 SENSE LIGHT 4
B4 DC 4 ¥=] NSFI?
DEIS=SFI(KI-SFI(])}
IF{SENSFE LLIGHT 3185s8¢
85 JLEV=ICST+K=-NSFI2
SENEF LIGHT 3
cn TC Ry
BA TLEV=ICST-{LEVMI-NLEVI)®NST 24K
LL=1
LLi=1¢
OC 49 pL=Li st
TUET=(ANUCIYYANJIL )Y RCCSFINDT TSI SAMUCIY*AMU (L) ) * ¥
49 STHET=STHETH+ (1 +THETI#*DMUILI®DFI*SCATI(ILEVSL)
ILCV=ICST—(LFV-NLEVS)*NSF 124X
81 LL=11
LLL=NY v
DO 21 L{=LLsLLL
THET=(ANU(JYRANC(IL Y XCOSF(DFIS)+AMUCJ I ¥AMULL ) ) ¥ %2
3] STHET=CTHETH (L THET)*DMU(L I *DETI*SCATI{TILEVSL)
48 CONTINUE
OTHET = (CTHETHFTHFT) *ESOMIL I TEMP 4 U * ST
IF{SENSE LIAKT 3)Q90,92
S0 NLFV=ICST-NSFI2+]
2] SCATTINLEVs NV =PTHET*OMFGILIY)
GN T2 74
92 NLFV=ICST—(LEV-NLEYVS)®NSFI24]
JTFLSFENSF LIGHT 1191496
96 LLEV=NLEV+NSF12%*2
CCATIUNLEVeJ)=SCATI(LLEVsJ)I*ESCIITEMP,J)+PTHET*
10VEGILFV)
TH GO TOU20437C 3707 7e78479429),1
7% [R=NLFV+1C
GN TOH AO
76 IR=MNLEV+R
GO TC 69
77 IR=NLEV+6 »
6O TC AY ’
78 IP=NLEV+4
GO TO €9
T9 IR=NLEV+?
69 SCATI{IRJ)=SCATI(INLEVJ)
29 CONTINUE
*E¥| AST COWNWARD LEVEL***
IFLLFV~NLEVS)IG93+34,+G3
X%¥PRINT FMERGFENT INTENSITIES DOWNWARD¥®* ¥
34 PRINT 7451TR

43
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7 FORMATY (S5Xs9HITERATIONsI3s10Xs20HINTENSITIES DOWNWACD

1+7)
DRINT &

5 FORMAT ({1X,9HPH] = Us LaXeZH30 ¢ 14X 2160014 X+2HI0913X

23HI20+13X
13H150,12X s 2H1BC 10Xy 3HAMU)
[P=1CST-NSF24]
1PP=TCST-NSFI24NF 1
DA A& J=211,NMUM]
35 PRINT 64 (SCATI(IsJ)sl= 1P2IPP)AMU(Y)
6 FORMAT (1PTE164740PF843)
GO TO 101
*%%_AST UPWARD LEVEL*##
92 IF(SENSF LIGHT 419445101
#%*PRINT EMERGENT INTENSITIES UPWARD*#%
94 OPINT &8
8 FORMAT (//28Xs1EHINTENSITIES UPWARD,/
PRINT 5
NO 65 J=1410
95 PRINT A3 (SCATT{1+J)sT=1oNFI) 4AMU()
XERSURROUT THE CHFCK COMPUTES NNRMALTZED
CALL CHFCK
R AST ITERATIDN*%*»
IFLITR=NITR)I1C251035103
102 1TP=1TR+1
LEV=1
PRINT 100
100 FARMAT (1H1)
GO TO 19
101 LEV=LEV+]
GN T0 19
102 sTOP
EMD

INTENSTTIFCu =Y



APPENDIX B
COMPUTER PROGRAM FOR THE NUMERICAL SOLUTION
TO INTEGRAL EQUATIONS OF THE FIRST KIND
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7

READ SUBROUT INE
MATRIX COMPUTES
INVERSE OF
STORAGE ¢
INTENSITIES OMPUTEI
SUBROUTINE (A A+yH) "
NBR DESIRE T
READ ATMOSP A AT=B
INPUT DATA ITERATIONS
AND NBR ITER v
DEFINED ON
: s NTERPOLATIO, COMPUTE
INTENSITIES SUBROUTINE MPU
FOR MIDPOINT Bg=uw
INTENSITIES
COMPUTE AND I
. DEFINE °
ATMOSP MATRIX A COMPUTE SUM
CONSTANTS SgBﬁgUTINE OF SQUARE
! Y T RN OF ERRORS
COMPUTE ¢
ATTENUATION PRINT
FACTORS SUBROUTINE
MATﬁlx OMEGA FOR
SOLUTION
} OUTPUT
' READ &i
MEASURED
INTENSITIES COMPUTE
TRANSPOSE OF
{, MATﬁlx SQUARE OF
READ TRIAL ERRORS
SOLUTION ¢
M
{ COMPUTE
T
READ OZONE A" Asvil
ATA AND NBR
TER DESIRED
ON &%
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C

47

COMPILE FORTRANSEXECUTE FORTPAN,DUMP IF [RROR

SUBRCUTINE QMAGAIDTAULALPHA ,3ETAY ITERSCGALLAST »OMEG)
EXESURAROUTINE PRCDUCES SOLUTICN OUTPUT e
TIMENSION OMEGE22)190GA(22)sPR(2C)sP3 120}
PRINT 22
22 FIORMAT (364 DETERMINATION OF O2ONE DISTPIPUTION/Z /)
PN‘-‘OQU
DMGTL=0,0
DRIMT 22y DTAULALFPHASRFTASZTITER
2ACFNRMAT (11H DFELTA TAU=IFT7444,fH ALPHA=Z1FA49TH RETA=
11FINRs2¥¢11H [TERATICN 13/)

PEINT 40

4G FORMAT( 381 FIRST PBAR AND P3IRAR PCINT DETFRMINES |
PRINT A0

60 FORMAT(27H CONSTANT MIXING RATIO LINE )
PRINT 61

61 FCRMAT(&3H REMAINDER OF POINTS ARE PPESSURE MIDPOINTS)
PPINT 24

260FNRMAT (22X»BBH SINGLE SCATTERING ALREDO Q70ONF
1PPFSSURE AVERAGT CZONE PARTIAL)
pRINT 28

25 FORMAT(31Xs1CH (OMEGA D)YICXOHINCREMENTI13X
11CH INCREMENTUXEHPRESSURESXBHPRESSUPE )
PRINT 26
2EIOFORMAT (24X T7H 1 DTAUSBXsTH 2 DTAUS3X11H (M=ATM-CM)
118X4(VMB)IXGH(MBY X 1OH{MICRO MB)
NNN=LAST +]
CMEGINNN)=CGAILAST)
OMEGI1)=nGAL(L)
DO A5 J=2.LAST
45 OMEGEN)I = tOGATU=1)+0GA (L))", 5
DN 41 1=14LAST
NOAMEG=NTA!I)* (1 4~-CGAIT 1)) /ALPHA
DIYFG=10C0,, 2DOMEG
ODELP=0GA(1)¥DTAURDL980665/BETA
IF(I~-1) 42942943
42 PBAR=DELFP
PAZ=DIMEG/0.T9
PN=DELP
PNB4u=DN
GO TG %99
43 PRAP=(2#DPNBL4+DELP)Y /2,
PM=DN+DFIP
IF(PNY 747,48
A TR (PNR4Y 74749
2 PPP=PN/PNPY
PMNRG4=PN
IF{TI=1) 1799417
G0 PARAR=PA?
Gn TO 7
17 P3IpAR=55%01MEG/  LOGF(PPP)



60

12

13

OMGTL=OMGT L +D1IMEG

FRINT 52471 s0CA(T)sOMFCII) P IMEGDELP,PBARP,PIRAR
FCRMAT 16X 133X 1PE11,890XF1l.4,2%F1le48X3F13,4)
PRIY=PRAR

P2(1)=P3BAR

CONTINUE

PRINT 53, OMEGINNN)

FORMAT(37X1IPEL1T144)

PRINT 62,s0OMGTL

FORMAT (14H TOTAL CZCNE =E1]1e349H M-ATM-(M)
5=0,0

DO 12 I=1.LAST

S=5+40GA(01)

PRINT 1245

FORMAT(1TH SUY OF OMFGA'S =,4,F10,6)

PETION

END

SUBROUTINE IMVEFR{BINEQAINV)

¥x¥CUDROUT INE TANVERSE COMPUTES INVERSE MATRIX®*#

15

17

18

(28
O

[aC IS
Ny —

23

24

DIMENSION A{L7s10M) »B(10s17y s AINVIIT10)s ICHGI1ID)
DO171=14NEC
DO18J=1.NEQ
Ally)=81{1,4.)
AINVI]IJ)=0
ATNVIT T)=1a
Icrgtrd)=1
NET=1.,
NEQD I =NEQ
DOROL =1 4N

X=1

DO241=1sNEG
N1=ICHGI(T1)

GO TOU18s241) N1
G TN (19420) K
C=ARSF({A(]ls11))
19=1

1C=1]

DO =1WNER

NY=TCHE(D)

6N TOI21+23) N1
1€(C-ATSF(ATJs1)1122,2%,23
C=pARSFIA(LUs1))

IR=

ic=1

CONTINUF

K=2

CONT I NUF

ICHGIC)Y=2
DO2RI=12NEQP]
C=ALRVIIR,.I)
AINVETIR 3 TI=AINVIC D)

48



33

31

26

27

28

2%
30

C *

49

AINVIIC,1)=C

Cz=A(TR, 1)
A(IRLII=A(TCs1)
A{lCs1)=C

C=A(1CHIC)

IF {IR-1C) 25,34,435

DET ==-0DET

DFT =DET*C
IF(PFT)I?TY,32,2)

COANMT INUIF

JId=L-1

PRINT 233, JJJ
FORMAT(1ICX e 25HMATRIX 15 SINGULAR, RANK= 13 }
FETUPN

CONT YTNUFE

DO261=1,NEQP1
ATNVIICs T I=AINVI(ICs1)/C
A(ICsI¥=ALICHIN/C
D231z ,NFOQ
[E{I=1C)27+29427
C=A(1s1C)

Dr2a =1 4 NEOP]
AINVIToII=AINVILIsJ)~CRAINVIIC D)
AlTvJI=A(T4J)Y~CH*A(IC,y))
CONT LNUE

CONTINUF

RETURN

ENC

SUBRCOUTINE AVEI]
¥XINTERPOLATION SURROUTINE FOR MIDPOINT INTENSITIES**%
CIMENSION  XMU(21)9OMFGI22) 3SFTLI2)Y yAMUI{20) o ANUIPOD ),
JEFOUDPR) GFESC{7420) JFSCMYI(2920 ) SCATI {120 s20)NPHT(T10),
ZETCIMINYN 2 ACI001D) 0 ATIIOGIN) W HIINL1D) GH(ING1NY},
TAX (TN IN) o T30 101V sDMUI20) +CG{10+10) ,ATAGIH(10+10)
CCVNMON CSTsDFTsDTAUSFIOWFMUCYFOLICSTHIPLIVPLI,LEVPZ,
INLEVS s NMUMY G NSF T2 0 A0 AMUSANUWAT s ATAGHSAY 3 BsDMULEFC,
2CGoCGHaHWNPHT s OMEGeSCAT I s SFT o XMUSNFIANLEVZ2oFST»ESCML
3EFC1

CO 1 K=149

IK=MSFI2¥(K-1)+1

VX =NSFT2%[K=-1)+NSF 12

DO 1 I=1Ks1KK

DO Y J=) 410

SCATIIT 9 J)=e5%(SCATI(T o MI+SCATTILTI+12,U))

IK=1KK+]

[YK=IKX4+NSF ]2

DO 2 I=1Ks»iKK

DO 2 J=1,10

SCATI(1+J)=e®?(SCATI(14J))

DO 3 K=]40

IK=1CST-(K%ENSFI2)+41



»

~

RS

86

4s

a1

50

IXK=TCST-IK*NSFI2)+1?2

LO 3 1=TKs1KK

N3 J=114+20

CCATI Lo )= *(SCATIU] o J)+SCATILI-12,J))
NN A J=1,MCF12

DO & J=11429

SCATI (IS )=eB%{SCATI(T,4J))

RFETURN

END

SUBPQUTINE MATRX
**CURROUT INF COMPUTES ELEMEMTS FOR MATRIX Axxs
DIMENS]ON XMUT21YsOMEGI22) 3SFT 12 4AMU20)ANIII20)
JEFQU223) g ESCU2s2019ESCMI(2920)Y 3 SCATII1204320) NPHTI(I0)
2AYLIC I} ZRI1IC,INIaDMIII20) 3 C{IN 1) JAT2AMIIO, 1) MU I
INGIER RN

COMNVON CSTsOF T sDRTAUSFTOFMUDQFCWICST»IPLLFVPI,LFEVP2,
INLEVS o NMUMY sNESF T2 A0 AMU AN AT o ATACHE s AX 4B 4OMULEFC
2GrGHeHINPHT yOMEGsSCAT I o SFT o XMUSNFT o MLEVZ WESCoESCHL
3EFQY JMU

CO 1 J=) +sNLEVS

MMy J)

[=NPHITI L J)

DN 1 LEV=LEVP1,NLEVZ

IF(LEV=L.EVP11324243

SENSE LIGHT 23

G0 TO 4

IF{SENSE LIGHT 3)a44

LFurlsLFv-1

STHET=0,0

THET =2,0
THETO={ANUIM) *SORTF (] ¢~FMUO*¥2 ) *COSFISFII]I)~-FI101+
IAMU(M)ﬂl‘CVUO)#iR

LE=NLEVZ-LEV+]

FIRET=(1«+THETOI®FO¥EFO>(LE)

DO 48 v=1«NSF12

YFI6=SFIUIK)=SF]t])

IF{SENSE LIGHT 31858+86

JLEV=ICST4+¥=NSF 12

SEMSE LIGHT 3

GO TO 83y

ILEV=ICST-(LEVMI~-NLEVS)®NSF12+K

LiL=1

Libk=10

DO 49 L=LLsLLL
THET=(ANUIMIRANUCL ) *COSF(DFIS) $AMUMY*AMUIL) ) X%
STHET=STHETH+ () 4+ THET Y HDMU{L) *DF I*SCATI(ILEV.L)
ILEV=!CST-{ILEV=-NLEYS) *MGF 124K

LL=11

LiL=NMUM]

B0 21 L=LLsLLL

THET=CANIHM )Y RANU(L ) RCOSFIDFISI+AMUM)XAM L) ) 2 %D



51

31 STHET=STHET+(Le+THET ) #DMU(L ) *DF I *SCATI(TLEVSL)
48 CONTINUE
NA=NLEVZ2-LEV+]
1 ACJINAY = (STHETHFTHET I *ESCMI (1 oMY ¥CST*ESC( 1 oMY #% (LE=])
RETURN
END

SUBPOUTINE CHECK
R CURROUT INE COMPUTES NORMALIZED INTENSITIfFSH»»
DIMENSICN  XMUTZ21)1+eOMEGI22)YsSFTI12) JAMUIZD Y SANU(20)
VTEFQ{23) 3 FSCHU292C) yESCMI(2920) o SCATI(1IZ2C420)sNPHTI(1C)
PEFECI 1IN A CICITI0) s AT (101N 417310V ,,B3H11041T ) '
SAXET V10 sP UL 10 sDMUI20)sG{1Cs1T) JATAGHI1IS+1C) o
COMMGN CSTeDF I sDTAUSFICSsFMUOSFOLICSTWIPWLEVPLyLEVP2,
INLEVE s NMUMY aNSF T2 0 A9 AMUSANU G AT s ATACH 3 AX o B3 DMUSZEF Do
2GoeOHIHINPHT v OMEGsSCAT T o SFT o XMUSNFISNLEV2 9 ESCHESTMY
AEFD]
TEN=NLEVS
FOOUT=FOREXPEF(-TEN %DTAU/ASSF(FMUQ) Y xFMUD
PRINT 1,5Q0UT
1 FORMAT (//5X+3EHFO QUT AT POTTOM OF ATMOSPHERE (%)
191PF1AL7/)
DNI=0,N
NH 2 J=11420
0N 2 I=1P,1CS7
D DNI=DNT+SCATI (T s JYRAMY ()Y EDFIXDOMUL YD)
PRINT 3,ONI
3 FORMAT (SX+3BHSUM OF DOWNWARD INTEMNSITIES MNORMALIZED
1+1PE16LT7/)
Upi=0.0
DO 4 J=1.10
OO 4 1=1912
4 UPT=UIPTI+SCATI(T s J)RAM () ENF DM U
PRIMNT 8,UP1
S FORMAT (5X+38HSUNM OF UPWARD [NTENSITIES NORMALIZED
121PE1A,7 /)
SUMT=ABSF (FOQUT+DNT Y +UP!
PRINT 04,8UM]
9 FORMAT (5X+38HSUM OF ALL INTENSITIES NORMALIZED
1e1PE1GST/)
RETURN
END

SUBROUTINE INT (NITR}

*RESUAROYT INE COMPUTES INTENSTITIES REQCD FOR MATRIY p#xx
DIMENSTION XMUIZ21)oOMFGI22) 4SFTIL)2) «AMUI(DD Y ANUII2D)
1EF (22 oESCI2020) 4FSCHMI(292N) o SCATIL1I2D,20)«NPHTITTINY,

CEFOLAEINDYIsATL1O01UNWATIIN10) «HI1IGS1D)4GHIICeID) o

BAX(IN 1D )Y 9B UL1E 10 DMUC20) 3 G(1I0 10 JATAGH(1G,10)
CONMMOE, 7 ST eDF T o DTAUSFIOsFMUDWFOLICST s IPLLEVPLILLEVP2,
INLEVS sNMUMLT s NSFI29AsAMUSANLU JAT s ATAGRIAX 9B HsDMULEFO
2GsCHoaHINPHT o OMEGC s SCATT 9 SFI o XMUGNFI o NLEV23sESCoESCMT oMU



3EFC]
[TE=]
LEv=1
DO 17 L=LEVPIWNLEV2
IL=NLFV?2-L 41
17 DMEG(L+Y)=0MEG(TL)
19 LEVMI=LFV=-]
LFVM2=LEV-?
TFILEV=NLEVS) 20420421
20 11=1
ITl=NFI
JJ=11
JJJ=NMUM]
GNH TO 22
21 11=)
F'TT=NF1
JJ=1
JJdd=10
22 DO 29 1=114111
DN 20 U=JdeJdJJd
STHET=D,0
THET =0,0
THETC=(ANU(J)RSQRTIF () ~FMUO#®2 ) *COSF(SFI(T)I=FTIO)+
AMU(J) ¥FMUD) *# %2
FTHET=(] o+ THETO)I*FO®FEFO(LEY)
IFLJJ=-11244+24423
23 IF(ITP~1)514+50.51
50 SENSE LIGHT 2
S1 IF(LFV=2125+27455
75 1TFMP=)
NLEv=1
IF(SENSE LICGHT 21364537
36 PTHET=(STHET+r THET)Y *#ESCMLI(ITEMP s ) * (ST
SCATI(NLEV» JI1=PTHET#OMEG(LE V)
GO 1O 74
37 SENSE LICHT 1
GN TO 8%
27 ITEMDP=?
SENSE LIGHT 2
58 DC 28 K=]eNSFI2
DFIS=  SFIMKY=SFILD)
IFIOFMEF LIGHT 116N447
63 TLEV=LEVMZ¥NSF]2+K
Lt =11
LLbL=2C
DO 2A L=lislLL
YHFT=(ANU(J)*ANU(L)*COSr(DFIS)+AMU(J)“AMU!L)Yf*z
26 STHET=CTHET+ (1 4+THRETI*DMUILY*DFIXSCATI(ILEY L)
TFISEMSE LIGHT 2161+62
61 SENSE LIGHT 2
GO TC 28
€3G TLFV=K

Pt

P

52



SENCE LIGHT 1
GO TO 65
67 1LEV=LEVMIXNSFI2+K
65 LL=1
Ltl=10
ODC 30 L=LLsLLL
THET= (ARU I XANUCLY*COSFIDFISIAAMULJY*ANU(L) ) # %2
30 ETHET=STHET+H{1la+THET)I®DMU(L)¥*DFI*SCATI(TILEVLL )
28 CONTIMUE
PTHET=(STHETHFTHET ) #ESCMI(TTFMP ,JI*¥CST
TFISEFNSF LIGHT 117072
7C MUEY=T1
32 SCATIHINLEV s J)=PTHET*OMEG(LEV)
GO TO T4
T2 NLEV=LEVYMLI#MSF] 2+
IF{SENSE LTIGHT 3132433
33 LLEV=NLEV-NSFI2%?
SCATITIMLEVs ) =SCATIILLEVsJI*ESCUITEMP, L) +PTHET*
1oMEGILLEV)
IF(SENSF LIGHT 2)74,74
24 1F{LEV-LEVP2)BUsBZ489
QN 1TEMD=
SENSE LIGHT 3
GO TH Ra
1TFMP =2
SFENSE LIGHT )
GO T0O 84
89 IF(LEV-NLEVZ2)IB4+83,87
83 SENSE LIGHT 4
RO DO 48 X =]14NSFI2
DFEIS=SFI(K}=-SFI(1)
IF{SENSFE LIGHT 3185,86
B85 TLEV=ICST+K-NSFI2
SENSE LIGHT 3
GO TC 8]
86 1LFY=1CST-(LFVM]I=-MNLEVS)I®NSFT2+K
LL=1
LiL=10
D0 49 L=LLsLLL
THET=(ANUIJ)®ANU(L)®COSFIDFISY+AMUCIIRAMU (L) ) #%2
49 STHET=STHET+{le+THETIRDMUOI ) ¥DF [ #*SCATI(TLEY L)
ILEV=ICST=(LEV-NLEVS)®¥NSFI24+K
8 LL=11
LLL =NMUM]
DO 21 L=LL.LLL
THET=(ANU(J) *ANUL) *COSF(DFISH)+AMUL ) *¥AMU(L) ) %%
31 STHET=0THET+{1e+THETI*DMUCL ) *DFI*SCATI(TLEVsL)
48 CONMTINUF
PTHET = (STHETH+FTHET I ¥*ESCMICTI TEMP v J) #CST
IFLSENSE LIGHT 31904972
90 NLFV=ICST-NGFI24]
91 SCATI(INLEVsJ)=PTHET®OMEG(LEV)

D
NS
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GO TG 74
72 NLEV=ICAT-(LEV-NLEVS)®*NSF 241
IF(SENSE LIGHT 11914956
96 LLEV=NLEV+NSFI2%2
SCATII(NLEVsJY=SCATI(LLEVsJ)RESC(ITEMPy J)+PTHET ®
1OMEGILEV)
T GO TOU20 475 3769774788 7529 o1
75 IR=NLFV+]1D
G YO 69
76 IR=NLEV+8
GO TC AS
77 IR=NLEV+6S
G TO A9
78 F=NLEV+4
GO TO 69
79 IR=MLEV+?
69 SCATI{IRsJI=SCATI(NLEVLJ)
29 CONTINUF
IFILEV-NLEVS)33434+972
34 PRIMT 7,17TR
7 FORMAT (SXaOHTTERATIONGI331NX 4 27HINTFNSITIFS DOWNWARPR
le/)
PRINT 5
S FORMAT (1Xs9YHPH] = D 18X e ?2HI3T 3 i4X e Z2HED 914X +s?2HIC 13X
297412091 2X
13HISO 31 AX 318U 10X s 3HAMU)
IP=1CST-NSFI2+1
IPP=JCST-NESFI2+NF 1
D0 28 J=11NMUML
26 POINT A3 (SCATI(Ted)sl= 1D,1PP)JAMU( )
& FARMAT (1P7716,7,0PFR2)
G TO 1M
93 1F{SENSFE LIGHT 4)94,101
G4 PRINT g
& FORMAT 1 /7/28Xs1BHINTENSITIFS UPWARD./ )
PRINT 5
DO 2% J=1,10
G5 PRINMT £+ (SCATI([sJd)s1l=z] NFI) AMULU)
CALL CHECK
IF(ITR-NTITRII024+103,1013
102 1TR=1T1T04)]
LEV=]
PRIMT 100
100 FARMAT (1HY)
Go 1O 197
IC1L LFEv=LRV+1
GO TO 19
103 RETURN
ENG

EEXMAIN PROGRAM® X %
#ERINITIALIZFE STORAGE #%#¥

54



C

C

]

C

S5

DIMENSTINN  XMULZ21 ) sDMEG{22) 4SFT112) JAMU 20 )3 ANU(2D),
TEFCI231 9 5ESC (29201 9FSCMI(2927) o CCATIIYIZ2Q92N W NPHTILIN)
ZEEOYILICYSALLIGI0Y g AT I 1) H{ 1T o1 Y 4GHITNe1NY
’AX(lx.IO),8(17,1()oCVA(I“»I\),f?(l").””G(??)o*U(IQ)'
LDMUL2 195010910 sATAGHI10s1 )

COMMON CSTWDFIOTAUSFID«FMUD, FO.ICST.XP.chplyLFVPZ,
INLEVS sNMUMY s NSF 120 As AMUSANU G AT s ATAGH JAX 9 R 9DMULEFQ
ZG.GH.HoNPHl'ONEG’SCATI,SFI.XMU.MU.NFI,NLFVZ’ESCoESCMl
3.FFO)

¥RAEQEAD ATMCS DATA-NRR OF ITER REGQD FO2 INTENSITIES#*»

READL LaNITRsNMUSNLEVSWNFLIsPRIZDTAUGFGFMUOSFIO

READ 2, (XMUCT) s I=1sNMY)

LFYPl=NLEVYSH+]

1 FORMATIL4 TS ,85F10,0)
2 FNARUAT(RF10.0)
X*RRCOMPUITE AND CEFINE COMNSTANTSH*®X

CST=%./(]6.*3.]Q]6QP7)

DEI=PNI/B7.255T77%

NF [MlaNFT-]

NSFI2=NFIM]*2

CN 10 [=1eNSFI2

Xl=1-1

1C SFI(1)=x1%CF I

MuIM] =N -

nNn 12 =) o NAMUMY

AVII{T )= (B® (XMUCT)+XM(T+Y))

ANUETY=CARTF (1 4=AMII{ T ¥#%D)

12 DM DY =xMUL D) =XMU( T+ 1)
XK*ECOMPUTE ATTENUATION FACTOR G¥%#

EFQUI ) =FXPEF(-DTAU/ (2. ¥A3SF (FMUOY )Y

DO Y14 k=22 NLEVS

XK=K=~1]

14 EFQ(K)=FXPEF{~XK¥DTAI/ARSF(FMUNY)

NLFV2sMLEVSH?

LEVP2=NLEVS+Z

EEOILFVPLISEXPEF(~({2e¥XK) 41 ) XDTAU/ (2 ¥ARSF(TMID)))

DO 19 L=LEVRPIWNLEV?

TL=NLFV2 =L

1% EFOLL+Y)=FFC(IL+1)

DA 1k 1212

Ex=1

DO 16 J=1NMUM]

ESCLE o V=EXPEF(—EX*¥DTAU/ARSE(AMUILIY )Y

16 ESCMI{ Lo J)=]la=ESCHT )
1CST=MNLEVSANSFIZ

¥ERDREAD VALUFS CF MEASURED INTENS]TY*#¥%
PEAD 3, (MUIL)ei=leNLEVS)
READ 24 INPHI(T)sl=1oNLEVS)

3 FORMAT(3T11C)

READ 24 (G(1 o)) sd=1eNLFVS)

DA 104 T=14NLFVYS

K=NPHI(])



[

)

104 G Y=Gtle])
DO 105 I=1eNLEV2,?2
I€E=1/241
105 EFQLUIE)=EFC{] ) #*]
*#xXPEAD TRIAL SOLUTION VECTUOR®®*
READ 2, (OMEG(L)sl=1sL FVP1)
ITER=C
LO=NLFVS
#REERECAN OZONT DATA-NAR ITER RFQD ON SOLUTION VECTOR**x
READ 11ANITERLALPHA RFTA,GAM
116 FOARMATIT1IDNH2F10,0)
AXEPFAD MATORIX s
0N 108 2=1,.9
FEAD 24 {HlJel)el=190L9)
DO 1CR T=14L35
19K CH{S 1) =GAVEH (U]
*EEINTENSITIES SUBROUTIMNE W/NRR OITER REQD**x
122 CALL INT({M]ITR)
AREINTIRPOLATICN SUBRJUTINE FOR MIDPT INTENSITIES=%«
CALL AVFI
#ARCYMPOITINE COMPUTES (CQOFFFICIENTS FOP MATRIX A#¥xx
CALL MATRX
BARDORIMNT VATRIX A¥#*
PRINT 4
4 FOPMATIIHLs&X,BHA MATRIX/)
DC 1N4 UJ=1410
PUNCH 103s1Al eI )s!I=1,10)
106 PRINT 10T7s{AtUsl)sl=1,410)
103 FORMAT (5E£15.8)
107 FORMATIIXW1PEE1E4T/1TXsEF1A,7/)
OMEGLI =0
DC 27 I=14NLEVS
V=MNPHT(T])
20 GMALY » 1) =G{Ks1)1=A(T,41D)*OMFGI
*eRCOMPUTE T2ANSPOSF OF MATRIY Aaxas
DG 118 I=1,.19
DO 118 J=1.KLEVS
118 AT(IsJ)=A0ts])
121 DO 109 K=1.L9
DO 109 J=1.L9
ATENMP=C
o 110 T=1eNLEVS
110 ATEMP=ATEMPAAT (U I) XA (] X))
2 RBCOMPUTFE MATRIX TGO BE INVERPTED®®#
109 ATARH(JZK)=ATFMP+GH(J,XK)
#¥2xURROUTINE COMPUTFS [NVERSE CF MATRIX ATAGHT*®
CALL INVER(ATAGHL 79 AX)
DN 111 X=14NLEVS
DC 111 UJ=1,4L6
ATEMP =0
DA 112 T=14L9
112 ATEMP=AX{(Jy [IXATIT+K)+ATEMP



4]

#RRCOMPUTE A (ATA+(GAMMAIH)IEXP (=1 )AT*%%
111 BlJsy¥)=ATEMP
DC 113 J=1,.L¢
ATEMP =0
DO 114 1=1,NLEVS
K=NPHI(T1)
114 ATEMP=R(UJs1 )1 *GMA(KS I)+ATEMP
#ARCOMPUTE SCLUTION VECTOR OMFGA®*%
113 OMG ( Jy=ATEMP
S5ER=0
O 124 1=1,L9
K=NPHI(])
EP{I)==-GMAL{Xy])
DO 125 J=1,L9
125% ERIII=FR(II+A(TJ)%0MG (J)
*RRCCMPUTE SUM OF SQUARES OF ERRORS*xx
124 SSEFR=SSFER4FRIT)#22
ITFRe=1TFR+]
#ARXSUBROUTINE FOR SOLUTION VECTOR QUTPUT *»«

CALL CMAGA{DTAUYALPHALRETA, ITERWOMG 4NLEVE,OMEG)

*ERPRINT GAMMA AND SUM OF SQUARES CF ERRORS#%%
PRINT B54GAMSSER

8 FORMAT (1XeTHGAMMA =4F10.,8

13X 25HSUM CF SQUARES OF ERRQORS = 1PE164777)

XL ACT JTERATICOMN ON SOLUTION VECTQR#®®
IFLITER-NITER)122+,1204120

120 STop

END
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