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ABSTRACT

State variable feedback design methods are used to synthesize a 

control system for a linearized model of a point reactor with a coupled 

two-temperature region feedback effect and a quadratic controller. The 

design objective is a reactor system which has essentially second order 

dynamics with a 0.707 damping ratio and a zero velocity error response 

to a ramp power demand' input signal. These specifications are met 

through the exact realization of a desired overall system transfer func

tion. Analog simulation of the synthesized system shows that the design 

objectives are realized exactly. Further, simulation study of the non

linear reactor utilizing the control scheme derived for the linearized 

model shows that the system response coincides exactly with the desired 

response for step demands in power up to 15% from the design equilibrium 

level. In fact, the system response is well behaved for perturbations 

in power as great as 30% of the design level. The step response becomes 

more oscillatory as the equilibrium power level is increased above the 

design value and becomes more damped as the equilibrium power level is 

decreased below the design value. The effect of parameter variations on 

the dynamic response is also considered.



INTRODUCTION

The object of this study is to determine the applicability of 

state variable feedback control to the design of a control system for a

coupled two-temperature region one delayed neutron group point reactor

model. This model is indicative of a reactor wherein the fuel and moder 

ator, or coolant, are at different temperatures. The differential equa

tions describing the system are as follows:

n = (^p) n + Ac , (1)

c = j n - Ac , (2)

n - (T1 + B ^ )  , (3)

T2 = K2 n - a2 (B21T1 + T2) , (4)

p = pe - V l  - a2T2 ’ (5)

where

n = power or neutron density; 

c = delayed neutron precursor concentration;

T^ = temperature in region 1;

T^ = temperature in region 2;

p = total reactivity;

Pe = externally applied reactivity;

3 = total delayed neutron fraction;

X = effective delayed neutron precursor decay constant;

A = neutron generation time;
1
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= temperature coefficient of reactivity for region 1;

- temperature coefficient of reactivity for region 2;

= proportionality constant between power and temperature 
of region 1;

I< 2  = proportionality constant between power and temperature 
of region 2;

a^ = heat removal coefficient of region 1;

~ heat removal coefficient of region 2;

^12 ~ temperature coupling coefficient from region 1 to 2;

B2 2  = temperature coupling coefficient from region 2 to 1;

variable.

In order to apply the state variable feedback control design 

concept, the system equations must first be linearized.

LINEARIZED EQUATIONS

Linearization of the two-temperature region reactor model de

fined by Eqs. 1 to 5 is accomplished by assuming small perturbations 

about a steady-state operating point. Under this assumption, Eqs. 1 

to 5 become

and a dotted variable (h) indicates the time derivative (4“) of thatdt

6n = (-----   ) (nQ + 6n) + X (c^ + 6c) ,

6c (nQ + 6n) - X (cq + 6c) ,

Po+6p-B (6)

(7)

6T1 = K1 (no + 6n) - a^ [T1Q + 6T^ + B21 (T20+6T2)], (8)

6T2 = K2 (no + 6n) - a2 [B12 (^q+6^) + T2Q + 6T2], (9)
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where the subscript o denotes the steady state value of the variable 

and 6 signifies a small perturbation about the steady-state level. In 

the steady state, Eqs. 1 to 5 become

po-B
(— ) no + A co = 0 , (11)

peo “ al T10 “ a2 T20 = ° '

A "o *  ̂ =o = 0 '

K1 no " al T̂10 + B21 T20^ = 0 *

K2 no " a2 (fi12 T10 + T 2(P = 0 * (35)

Using Eq. 11 and neglecting second order terms, Eq. 6 reduces to
6pn OJC

6n = — - ——  + A 6 c (16)

and, in the same manner, using Eqs. 12 - 15, Eqs. 7 - 1 0  become

6c = 6n - A 6 c , (17)

6T1 = ^  6 n - ax (6^ + ^21^ 2) , (18)

6T2 = K2 6 n - a2 (B^26T^ + 6T2) , (19)

6p = 6pe - 6 - a2 6 T2 . (20)

Equations 16 - 20 represent the linearized two-temperature 

region point reactor model. The next step in the design of the reactor 

control system is to determine the dynamics of the controller.

CONTROLLER DYNAMICS

The reactivity, p is supplied by the controller which is com

posed of a control rod drive mechanism and associated signal and power



amplifiers. For the problem at hand it is assumed that the transfer 

function for the controller is

where s is the Laplace transform variable and u is the control. This 

controller transfer function is a good approximation to controllers used 

in practice.

Writing Eq. 21 in differential equation form gives

6 P + 8 6 p + 326 p = 32u . (22)e e e

This equation can be written as two first order differential equations 

by making the substitution

6pe “ x6 • (23)

Eq. 22 then becomes

= -8x^ - 326 pe + 32u . (24)

To put the system equations in a form that will be used in discussing 

state variable feedback control, let

6n = x, ST. = x„ 6p = xc1 1 3  e 5
Sc = x2 ST2 = x^

Combining Eqs. 16 and 20, the two-temperature region point reactor 

model with quadratic controller is represented by the following equations
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(26)

(27)

(28)

x5 x6 (29)

x6 -32xc - 8x, + 32u 
d o (30)

STATE VARIABLE FEEDBACK CONTROL 1

In this section, state variable feedback design of linear control

To apply the state variable approach to the design of linear con

ic is an n-dimensional state vector; 

u is the control, a scalar;

A is an n by n system matrix;

Jd is an n-dimensional control vector;

is the output vector; 

y is the output;

and the superscript T denotes the transpose of 
the column vector.

systems will be discussed and the desired dynamic characteristics of the

controlled reactor system will be outlined.

trol systems, the system is first represented by a set of vector-matrix

differential equations of the form

(31)

Ty = c. x (32)
where
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A basic result of modern control theory is that to obtain an 

optimum linear control system relative to minimizing an integral quad

ratic performance index, all the system or state variables, x^’s, must
2be fed back through constant gain frequency independent elements, h^'s. 

The control law is thus given by the equation

u = r + _hTx (33)

where r is the input variable and h is an n-dimensional feedback 

vector.

In this study the values of the h^’s are determined such that 

a desired overall system transfer function is realized. The values of 

the feedback coefficients are determined as follows.

Taking the Laplace transform Eqs. 31 - 33 become

s)c(s) = Ax(s) 4- br(s) + bh^x(s) (34)

y(s) = c^x(s) . (35)

Rearranging Eq. 34 gives

(sI-A-bhT)x(s) = br(s)

or

_x(s) = (sI-A-bhT) "^br(s) (36)

where I is the identity matrix and the superscript -1 indicates the

inverse of the matrix. Substituting Eq. 36 into Eq. 35 and dividing by

r(s) leads to



which is the system transfer function relating the input r(t) to the 

output y(t).

The significance of the feedback coefficients can be illus

trated by making the substitution

(sI-A-bh1) = F ,

letting F^j be the cofactors of the elements f of the matrix F, and 

letting the determinate of F be det F. From the definition of the matrix 

inversion, Eq. 37 becomes

Z M  = ~  [F1.1] -  (38)
r(s) det F

It is noted that the denominator of Eq. 38 is an n ^  order poly

nomial in s. The roots of this polynomial are the poles of the system 

transfer function, which completely determine the form of the system 

response. If all the parameters of the system are specified, with the 

exception of the feedback constants, h^'s, the system dynamics will 

depend on the values assigned to the constants. Further, it can be 

shown that the numerator of the system transfer function defined by 

Eq. 38 is not a function of h^ and that the coefficients of the denom

inator polynomial are linear in h^.

The state variable feedback design method consists essentially 

of determining Eq. 37 with the feedback constants unspecified, choosing 

a desired system transfer function and calculating the feedback



constants which will give this desired transfer function. The values 

of the h^'s are obtained by solving a set of simultaneous linear alge

braic equations in h^ that are formed by equating coefficients of 

powers of s of the denominator of Eq. 37 to the coefficients of like 

powers of s of the desired system transfer function.

STATE VARIABLE FEEDBACK DESIGN OF REACTOR CONTROL SYSTEMS

This section demonstrates state variable feedback design of a 

linear two-temperature region reactor.

It can be seen that the reactor system equations-Eqs. 25 through 

30-are in the form of Eq. 34 where

A =

3 \
no no no 0A A “alA" - a 2 ~ A

6/A -X 0 0 0 0

K1 0 “al -aiB21 0 0
(39)

K2 0 "a2Bl2 - a2 0 0

0 0 0 0 0 1

_ 0 0 0 0 -32 -8_

I 0 _ 0 0 0 0 32 , . (40)

Assuming that incremental power is the output variable of interest, it 

follows that

where
c = | 1 0 0 0 0 0 i

(41)

(42)



To apply the state variable feedback control technique, consider 
a system having the following parameters:

n = 1 0  watts; o
3 = 0.0064;

A 

X

° i =
ou =

-310 seconds;
-10.1 seconds ;

-2 -1 a^ = 10 seconds ;
-2 -1 = 5 x 10 seconds ;

= 2 x 10 degrees/watt-second;

K- = 10  ̂ degrees/watt-second;

A =

2 = 10 ^

per

per

degree;

degree;
B12 " 

B21 =

-0.2;

-1.0 •

values of system parameters, Eq. 39 becomes

-6. 4 0.1 105 - i o 4 i o 8 0

6.4 -0.1 0 0 0 0

2x10”5 0 io " 2 10“2 0 0

io ~ 5 0 i o ” 2 -5xl0”2 0 0

0 0 0 0 0 1

0 0 0 0 -32 —8

. 40, 42 , and 43, it is seen that

r-
(s+6. 4) -0.1 i o 5 i o 4 -10

(sI-A-bh )=F=

(43)

-6.4 (s+.l) 0 0 0 0
2xl0"5 0 (s+10™2) -io™2 0 0
-10™ 5 0 -io™2 (s+5x!0 2) 0 0

0 0 0 0 s -1
-32h1 -32h2 -32h3 - 3 2 \ -32h (s+8-32h6)

(44)
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and that Eq. 38 becomes

( \ 32F-.
rff} = ditF- = G(s) (45)

which is the transfer function of the linearized two—temperature reactor 

model with quadratic controller. It is again pointed out that the 

numerator of G(s) is not a function of the feedback coefficient while 

the denominator is a sixth order polynomial in s which is a function of 

the six unspecified coefficients.

The next task consists of choosing a desirable response within 

the limitations of the design method. The chief limitation of this 

method is that the pole-zero excess of the desired system cannot be less 

than that of the uncontrolled system. In this case there are initially 

six poles and three zeroes so any synthesized transfer function must 

have a pole-zero excess of at least three. Another limitation of this 

method is that the numerator of Q(s) can be changed only by choosing a 

denominator polynomial which will have roots that cancel the undesirable 

zeroes.

With these limitations in mind, it was determined that the 

desired transfer function should have the following characteristics.

a) Essentially second order dynamics with a 0.707 damping 
ratio and a reasonably fast response. This is provided by a 
pair of complex conjugate poles at s = -10 + jlO. A damping 
ratio of 0.707 provides a step response with little overshoot 
and a very short settling time.

b) Zero velocity error. A system with zero velocity error 
is one whose response to a ramp input follows the ramp exactly 
in the steady state with no time lag. This criterion is met if 
the poles and zeroes of the overall system transfer function 
satisfy the equation



where ][ indicates summation;

Z_̂  denotes the system zeroes,

Pj denotes the system poles.

For the case in point, it can be seen that, to meet this criterion, at

least one of the system zeroes must be retained.

A digital computer program has been developed to perform the
3necessary calculations for this design method. The numerator of G(s) 

in Eq. 45 was evaluated and the result is

32F = 3.2 x 109 (s+4.87 x 10~3)(s+5.83 x 10"2)(s+9.685 x 10"2)
(47)

It was decided to cancel the two smaller roots of Eq. 47 retain

ing one root to achieve zero velocity error. Therefore the denominator 

of the desired system transfer function is

detF = (s+4.87 x l(f3)(s+5.83 x 10"2)(s2+20s+200)(s+200)(s+d)

(48)

where one root was chosen at s = -200 since it will have little effect 

on system dynamics. The pole at -200 is necessary to maintain at least 

the same pole-zero excess as the uncontrolled system. The root at 

s = -d will be chosen such that Eq. 46 is satisfied. The desired system 

transfer function is therefore
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32F Q _0

G(s) - = -3..2.X10 (s + 9.685 k 10-2) _ (4g)
(s + 200) (s + 20s + 200) (s + d)

Evaluating Eq. 46 for this transfer function it is found that

1 + TrTT —i~l~ n + TrTrTirT +  T  (50)9.685 x 10"2 200 1 0 + j l 0  10-jlO d

and that d = 0.101742. The desired svstem transfer function becomes

( U s ) --------- 3 ^ ^ .(5 + 0,09685)---------- . (51)
(s + 200)(s + 20s + 200)(s + 0.101742)

Due to the relative location of the poles and zero of Eq. 51, the system 

dynamics are determined by the dominant complex poles given by the quad

ratic factor.

The calculated values of h^’s which will give the desired 

transfer function are:

h^ = -6.744 x 10 ^; h^ = -4.006 x 10 ^;

h2 = -9.172 x 10"8; ty = -87.52;

h3 = 9.311 x 10~2 ; h6 = -6.425

Using these constants, the control law given by Eq. 33 becomes

u = r-6.744 x 10~6x.-9.172 x 10™8xo+9.311 x 10“2xo-4.006 x 10"3x.1 2 3 4

- 87.52x 5-6.425x 6 . (52)
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This control law can be easily realized by measuring each of the state 

variables, multiplying each by the appropriate gain constant, summing 

these and feeding all back to the input of the controller.

The basic simplicity of this design method is its greatest 

asset. In many cases, however, the state variables are not all avail

able for measurement. In this case, some means of generating these 

state variables must be found.

In the design example above, the state variable x^ = 6c, the 

delayed neutron precursor concentration, is certainly not readily 

available for measurement. As is always the case, however, a mathe

matical relationship exists between it and the other state variables. 

This relationship, given by Eq. 26, can be written in the frequency 

domain as

x1 A(s+X) '

The state variable, x^, can be generated by feeding x^ through the lag 

network given by Eq. 53.

To this point, it has been assumed that the incremental power, 

x^, is the output quantity of interest from the reactor. However, the 

response of any state variable or any linear combination of state var

iables, to the input r(t) can be determined by suitably adjusting the 

components of the output vector _c. This has been done for the following 

state variables.
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^2 = ic = _________ 2, 048xlQ1Q(s4-7.64xlO'"3) (s+5. 24x10 2)____________ ^
r r (s+200)(s2+20s-f200)(s+.101742)(s+4.87xl0-3)(s+5.83xl0-2)

= f l l  = _____________________ 6 . 4 x 1 0 3 (s +. 1) (s+.055)__________________________ (55)
r r ( s + 2 0 0 )( s 2+ 2 0 s + 2 0 0 ) ( s+ . 101742)(s+4.87xl0"3)(s+5.83x1O”2)

_ f l 2  _ _________________________3 ._2x 1 03(_s+ .l)(s+.Q3)___________________ -(56)
r r (s+200)(s2+20s+200)(s + . 101742)(s+4.87xl0~3)(s+5.83xl0-2)

^5 = i£e ^ ____________ 32(s+6.47) (s+. 0565) (s2+. 043s+. 14)___________ (5?)
r r (s+200)(s2+20s+200)(s+.101742)(s+4.87xl0~3)(s+5.83xl0-2)

An analog computer study of this system was performed. The 

dynamic behavior of the system power due to a step input is shown in 

Figure 1. As can readily be seen, the response curve for x^ corresponds 

exactly to that expected from the desired system transfer function. 

Figure 1 also shows the response of x^ to a step input while Figure 2 

shows the behavior of the two temperatures due to a step demand in 

power.

In addition, simulation studies have determined that the system 

follows a ramp input extremely well. The output ramp lags the input 

ramp by less than 0.03 seconds.

A study was made of the sensitivity of the system response to 

variations in some parameters. It was learned that varying the feedback 

constants h^ and h^, corresponding to ^T^ and Sp^ respectively, had 

virtually no effect on system response. Feedback constants h^ and ĥ ^



T I M E  (seconds)

Fig. 1 Response of Linear System to a Step Demand of Power
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corresponding to 6n and 6c respectively, can be varied by as much as 

25% with little change in system response. System response is very 

highly sensitive to changes in the feedback constants h^ and h^ which 

correspond to 61^ and 6p^ because h^ is positive feedback and h<. is very 

large. The effective precursor decay constant, A, can be varied between 

the values 0.06 to 0.4 with no discernible change in system response.

A characteristic of any linearized reactor model is that the 

system transfer function is dependent on the equilibrium power level, 

n^. The dependence can be seen in Eq. 39. The equilibrium power level 

becomes, effectively, a system parameter. The sensitivity of the system 

response to variations in n^ was studied. The results showed that 

decreasing n^ resulted in a more heavily damped system response. In

creases in n^ decreased the damping of the system response and the system

becomes unstable for values of n in excess of 5 x 10^ watts.o
Finally, a root-locus plot as a function of controller gain was 

obtained for this system. This plot is given in Figure 3. It is noted 

in Figure 3 that all poles remain in the left half plane and thus no 

value of controller gain will cause the system to go unstable. Further, 

the loci of all roots with finite termination points are near their 

termination zeroes for the design gain of 32. Consequently increases 

in gain above 32 will have no effect on the system response.

THE NONLINEAR PROBLEM

In this section, the control system derived for the linearized

two-temperature region reactor is applied directly to the non-linear 
two-temperature region reactor model.
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Combining the two-temperature region reactor model given by 

Eqs. 1 to 5 with the quadratic controller and the control law derived 

earlier leads to the following equations:

( x - a x - o x )
X1 “ ------ it-------  X1 - A X1 + *x2 (58)

*2 = A X1 ~ Xx2 (59)

X3 = Klxl " aix3 " aLB21x4 (60)

X4 = K2X1 " a2B12x3 " a2X4 (61)

x5 = x6 (62)

Xg = -32x^ - 8x^ + 32u (63)

u = r-6.744xl0"6x1-9.172xl0"8x2+9.311xl0_2x3-4.006x10”3x 4

•87.52x 5-6.425x 6 (64)

where all symbols are as previously defined except that

X1 = n x4 ” T2

X 0 = C Xr = PI 5 e

x3 = T1

The system defined by Eqs. 58 to 64 was studied with the aid of 

the analog computer and the system behavior for varying steady state 

conditions was obtained.
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The first steady state power examined is that which the control 

system was derived for, namely 105 watts. The steady state value of 

the system variables were evaluated as follows from Eqs. 58 to 64.

0 = (x5o"aix3o“a2x40) ~T~ T  X10 + Xx20 (65)

0 = -  - Xx^Q (66)

0 K1X10 aix30 “ alB21X40

0 = K2x1() - a2B12x30 a2x4o (68)

,° = "32x50 " 8x60 + 32uo (70)

u - r - 6.744x10 6xin - 9.172x10 8x._ 4- 9.311xl0_2xon o o 1U 20 30

- 4.006x10 3x 40 - 87.52x 5() - 6 . 4 2 5 x ^  (71)

From Eq. 66 it is seen that

X 20 " "/VA x10 ^ x 10^ = 6.4 x 10 . (72)

Using this value of x 2q , Eq. 65 reduces to

x 50 “ alX30 a2X40 = ° ‘ (73)

Dividing Eq. 67 by Eq. 68 gives



which reduces to

alK2 ~ a2KlB12 
X40 = \ - a ^ B  / x30

Using this value for , Eq. 68 becomes

K2x10 = a2^B12x30 + 11 X30^

Inserting the given parameter values gives

x30 = 278

x40 = 75 '

Substituting these values into Eq. 73 results in

X50 = alx30 + a2x40 = 0,278 + 0*0075

Combining Eqs. 69 and 70 shows that

X50 " Uo '

Finally substituting all these values into Eq. 7

r = 88.52x,n+4.006xl0~3x/n-9.311x10 2x0 o 50 40 3

4- 6.744x10"6x 10 = 0.9514 .

JL
11 X30 *

= 0.2855

. gives 

+9.172x10
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Summarizing, the steady state values for equilibrium operation 

at 10^ watts are

105 x = 0.2855

6.4x10^ x = 0oU

278 r = 0.9514o

75

Using these initial conditions, the system of Eqs. 58 to 64 was 

subjected to step inputs of power demand and the results are given in 

Figure 4. Small steps of power have exactly the same transient response 

as the linear system, which is expected. For step input demands of power 

as large as 15% of equilibrium value, the systems still retain the desired 

characteristics. Larger steps deviated from the desired response, but as 

can be seen from Figure 4, the deviation is slight for steps of power 

demand as large as 30% of equilibrium power level. Other details noted 

in this study are that the step response for negative inputs appear to 

be more heavily damped than the corresponding responses for positive 

inputs. The final magnitude of the power steps are again linear func

tions of the driving function. Figure 5 shows the response of the system 

to successive step inputs. It again illustrates how closely this system 

approaches to the response characteristic of the linear system.

The next steady state studied was that of the zero power level.

Eqs. 58 to 64 show that all state variables are zero magnitude when this

X20 = 

X30 = 

X40 =



3.0 (seconds)2.00.5

0.9

0.8
Fig. 4 Response of Two-Temperature Region Reactor to Step 

Demands of Power (n = 10^ watts)

0.7



_n_
no

30 (seconds)

0.8 -

Fig. 5 Response of Two-Temperature Region Reactor to Several Steps (n = 10"* watts)
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condition exists. Figure 6 shows the response of the variable x^ to 

step inputs of r(t). Increasing steps of r(t) result in power responses 

that are less damped. It is also noted that the final value of the 

power response to a step input is a linear function of the magnitude of 

the input step. Figure 7 shows the response of reactor power to a ramp 

input of power demand. The power ramp lags the input by approximately 

10 seconds.

System response was also determined for an equilibrium level of 

3 x 10~* watts. The steady state values of the state variables are

x10 = 3 x 105 x Q = 0.8565

% 2 o = 1*92 x 107 Xg0 = 0

x_n = 834 r = 2.854230 o

*40 = 225 •

The system was again subjected to various step inputs and the 

results obtained are shown in figure 8. The power responses are now 

more oscillatory and tend to drift back toward the steady state level. 

This is consistent with the results obtained in simulation of the linear

ized system.

Finally, system behavior about an equilibrium level of 3 x 10^ 

watts was examined. The steady state values of the state variables are

x ^q = 3 x 10^ X|.q = 0.08565

*20 = 1>92 * 1q6 *60 = 0

x_n = 83.4 r = 0.28542ju o

X 4 0  = 2 2 .5
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The power response to various step inputs of power demand is 

given in figure 9. The power response is now more heavily damped and 

tends to diverge from the equilibrium power level. This is again con

sistent with the results obtained for the linearized system.
The sensitivity of the system response to parameter variations 

was examined at each of the non-zero steady state condition studies.

The results were essentially identical with those reported for the 

linearized system.

CONCLUSIONS

It has been shown that an effective and simple control system 

can be synthesized for a two-temperature region reactor model by using

the state variable feedback design method.

The complete generality of the state variable feedback design 

method for linear systems has been illustrated. The possibility of 

achieving any desired dynamic characteristic has been illustrated as 

well as the fact that certain conventional control specifications, such 

as zero-velocity error, can be achieved without compensation networks. 

Also demonstrated was the simplicity of implementing the synthesized 

control in the physical system as well as determining the dynamic re

sponse of all the system variables.

It has been established that the control law derived from the 

linearized reactor model is applicable to the.non-linear two-temperature 

region reactor and that the consequences of varying the steady state

power level are not serious as long as the design power level is not
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exceeded by more than a factor of three. It has been shown that accurate 

knowledge of the value of X, the effective precursor decay constant, is 

not essential.

Finally, it can be concluded that the power level chosen as a 

basis for design of a reactor control system should be the highest oper

ating level specified for the reactor, if no overshoot is permitted in 

the power response.
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