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ABSTRACT

In this thesis a closed-loop, sub-optimal control 
method is presented• The control law is specified in form, 
so that optimization consists of choosing a set of 
parameters to be used in the particular configuration so 
that a performance index is minimized« This optimization 
technique is used on several example problems, and the 
results are seen to compare well with those obtained when 
the actual optimal control is u sed»

A technique similar to that described above is 
applied to the estimation problem. In this case, a filter 
which is used to estimate the state of a noisy dynamical 
system is chosen to be of a fixed form» A set of parameters 
is chosen for the filter such that an error criterion is 
minimized, and the filter gives a good estimate of the true 
state of the system» In certain cases, the technique seems 
to be useful.

The motivation in designing for sub-optimal perform
ance is of a practical nature. The designer wants to 
achieve near optimal performance using a structure that is 
easily implemented. The results of optimizing systems 
using a fixed configuration indicate that this is a 
feasible approach to the problem.



CHAPTER 1

INTRODUCTION AND PROBLEM FORMULATION

1.1 Introduction
It is well known that a direct application of the 

maximum principle to most optimal control problems yields 
an open-loop control, u(t). This is almost always of a 
complicated form, difficult to implement. In addition to 
this difficulty, the advantages of feedback control are 
lacking.

A control that is an easily realizable function of 
the available physical state variables is desirable for a 
practical system. The form or configuration of the control 
law would be the result of a compromise. The compromise 
involves picking a control law which is sufficiently 
effective with respect to minimizing a performance index 
but is also easy to implement.

When the form of the controller is picked, its 
performance depends on certain constants. These constants 
should be chosen so that the performance index is minimized. 
The problem of choosing these constants given a fixed 
configuration for the control has been called the specific 
optimal control problem by Sridhar and Agarwal (1966) and

1



Sage and Eisenberg (1966) . This thesis is, in part, an 
investigation of the solution of this problem.

Another problem which is to be investigated might 
be termed the specific optimal estimation problem by 
analogy with the above. Here the idea is to design a 
filter of fixed configuration whose performance would be 
contingent upon the proper choice of certain parameters.

The optimal filter for linear systems disturbed by 
white gaussian noise has been determined by Kalman (i960). 
In the linear case, the advantage of a sub-optimal filter 
of fixed form would again be that of a simple structure, 
easy to implement. For a nonlinear system, the same 
advantage is present, together with the additional motiva
tion that the actual optimal filter might be unknown.

1.2 Problem Formulation
In this thesis, the technique of optimizing a fixed 

configuration system is applied to both deterministic and 
stochastic cases. The problems of deterministic control, 
estimation, and stochastic control using fixed configura
tion are given a mathematical formulation in this section.

1.2.1 Deterministic Control
The specific optimal control problem as applied to 

a deterministic system is defined formally here. For 
convenience, and because it is the only type of problem 
considered in this thesis, the formulation is restricted to



the scalar input case, although the method is general 
enough to include problems with vector inputs.

The dynamics of a plant are given by the relation
ship

x = ir(x,u) (i . i )

The vector x is the state vector of the system, and u is 
the control to be applied so that the system responds in 
the desired way. This control u is of a fixed configura
tion

u = h (2;, b ) (1.2)

Here 2 is the measurable output of the system and is a 
known function of the state variables.

2  - S.(x) (1.3)

The vector Id is a vector of constants to be determined such
that the system responds in an optimal way. That is, the
vector Id is to be chosen such that a given performance 
index is a minimum. Consider a performance index of the 
form

1
= J i (x ,u_  )dt (1.4)

0

Using Equations (1.2) and (1 .3)? it is clear that the plant 
given by Equation (1.1) and the performance index of Equa
tion (1.4) may be rewritten to show explicit dependence
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on by For clarity, the substitutions are carried out 
below.

x = _f (x , h (_y, b_) ) = £( x , h (j£(x) , t)) ) = F_( x , _b )

Thus a new relationship is obtained.

x = F_( x ,_b ) (1.5)

Similarly the substitutions are carried out for the 
performance index.

T T T
J = j '  ̂ /(x,h(y_,b) ) dt = J* ^/(x,h(^(x) ,t̂ ) ) dt = ^L(x,b^)dt 

0 0 0

The new form of the performance index is

T
J = J ” L(x,b)dt (1.6)

0

The problem then is to find a vector _b which 
minimizes the performance index of Equation (1 .6) , while 
satisfying the constraints given by Equation (1.5)• Find
ing the vector is not a particularly simple task, and 
must be done with the digital computer using some 
moderately complicated computational schemes.

1.2.2 Estimation
The specific optimal estimation problem also 

requires some clarification. Consider a plant with a 
single noise input w, and a single control input, u.
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Again, a scalar input to the system is not a necessary 
restriction. The physical relationship is

X = -f ( X , W , U ) (1 .7 )

The measured output is also disturbed by noise, v • The 
output is

(1 .8)

The filter is picked to be of a specific form.

z = h ( ss u , b ) (1 .9 )

Here is an estimate of the state of the system. A 
performance index is defined and minimized.

(1 .10)

That is, the expected value of a function of two error 
terms is to be a minimum. Usually the vector e^ is an 
observation error, while e^ a dynamical error.

±1 = X-£(2.,0)

®2 =

It should be noted that it is not always advantageous to 
include the term je2 ? and it is sometimes necessary to 
redefine the term e^, so there is some degree of flexi
bility in the definition of the error terms. The per
formance index may be written alternatively as
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L(z,x,v.vr,u,b)dtJ = E

This performance index is minimized by choosing the correct 
b> vector x in the specific optimal estimation problem.

1.2.3 Stochastic Control
The stochastic control problem is another problem 

of interest. It is different from those problems already 
described since the control and filter must both be 
designed for the noisy system by choosing parameters such 
that a performance index which involves only the state of 
the system and the control is to be a minimum. Therefore 
the output of the filter does not necessarily have to be a 
best estimate of the state of the system in this case.

The plant is again described by Equation (1.7)» the 
measured output by Equation (1.8), and the filter is of the 
form given in Equation (l.9)« The performance index is 
different than the one used in the estimation problem, 
however. For this type of problem, the performance index 
may be expressed as

L(x,u)dt

and this expected value is to be minimized by proper selec 
tion of b.
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1.3 Relationships Between Problems

While each of the three problems which have been 
formulated has its distinctive features, it should not be 
implied that they have nothing in common. For example, 
consider the problem of stochastic control. There are two 
approaches to this problem. One approach is to separate 
the problem into a control problem and an estimation 
problem. If this is done, then one part of the problem is 
treated as if it were a deterministic control problem to 
which the specific optimal control technique is applied.
The remaining part of the problem then becomes a specific 
optimal estimation problem.

The other approach to the stochastic control problem 
is to optimize the noisy system in one step. It is 
interesting to note that the structure of the entire 
stochastic system and the performance index to be minimized 
are very similar to those in the specific optimal control 
case where a dynamical control law is used in a determinis
tic system to reduce sensitivity of optimal parameters to 
changes in initial conditions.

Thus there are differences in the problems treated, 
but there are also inter-relationships.

1 .k Outline of Contents
The results of applying specific optimal control 

to several deterministic systems are presented in Chapter



2. Examples are shown which give evidence that this 
optimization scheme is indeed feasible and results in only 
a slight degradation in performance. Some of the 
inadequacies which occur when this method is used are also 
demonstrated.

In Chapter 3 > a dynamical control law is applied 
to a deterministic system in hopes of reducing the erratic 
behavior of the optimal parameters when initial conditions 
are changed. Chapter 4 introduces the application to 
problems in stochastic control and estimation, while in 
Chapter 5 the results are summarized, and some areas for 
possible future research are introduced.

The main purpose of this thesis is to demonstrate 
the feasibility of certain approaches using fixed configura
tion in optimization. In the specific optimal control 
sections, some of the results are duplications of results 
which have already been obtained by others (Sridhar and 
Agarwal 1965 > Sage and Eisenberg 1966), but many are also 
new, for example those obtained by using a dynamical control 
law. In the area of stochastic control and estimation, all 
of the results are original. Throughout the work, it is 
the results that are emphasized, rather than the computa
tional procedures which are used to obtain the desired 
parameters. There are two computational methods used, 
quasi-linearization and a random search routine. Computa
tion and system simulation is all digital.



CHAPTER 2

SPECIFIC OPTIMAL CONTROL

2.1 Subject Description '
In this chapter, the specific optimal control 

technique is demonstrated by applying it to some deter
ministic systems, and in most of the examples, comparing 
the results obtained to the actual optimal results. In 
the examples of this chapter, all of the parameters for the 
fixed configuration control laws were obtained by formulat
ing the problem as a two-point-boundary-value-problem which 
was solved by using quasi-linearization.

2.2 A First-Order Linear Example
The first problem considered is a simple first- 

order linear system. Only one parameter is available for 
optimization, and in this case it is possible to find a 
condition which this parameter must satisfy if it is 
optimal. Once satisfied that the parameter is the best, 
the specific optimal control is then compared with the 
optimal control. Since the problem serves as an introduc
tion to the method's application, the steps are carried out 
in some detail.

9



10
The equation describing the example is

x = -x + u (2.1)

where x is the state and u is the control which is picked 
so that the performance index

1
J = 7- ; (x^ + U 2 ) dt (2.2)2

is a minimum. The control law is chosen to be of the form 
u = b x . This control law is substituted in the constraint 
Equation (2.1), and in the performance index given in 
Equation (2.2). Since b is a constant, the equation b = 0 
can be joined to Equation (2.1). The Pontryagin function 
is

2 . 2 2
H = y- + ■■2-X—  + A 1 (-x + bx) + AgfO)

Then the Lagrange multiplier equations are obtained.

A 2 = - §7 = -(x + b2x - )

^ 2  = = -(x2b + A xx)

The problem is to find the solution to this two-point 
boundary-value-problem with the conditions

x(0) = 10.0 
A 1 (i) = 0.0
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A 2(0) = 0.0 

A 2(l) = 0.0

The initial condition x (0) = 10.0 is arbitrarily chosen,
and in this example has no effect on the value obtained for
b. The terminal state of the system is free.

The optimal value of this parameter is found to be
b = -.334. A check on this parameter is obtained by
carrying out the integration of the performance index and 
setting 3 ̂ ^  = 0 to get a necessary condition on the value
of b. What is done below is equivalent to this. The 
substitution a = b - 1 is made so that the trajectory is 
given by

x(t) = 10ea  ̂

and the performance index is

4 = 50  ̂ e^a^(a^ + 2a + 2)dt 
0

After integration, the performance index may be written as

J = — (a + 2a + 2)(e — 1)a

Setting ̂  ^ a  ̂ = 0 results in the following necessary condi-c? a
t ion.

e2a = --------------------  2------- (2.3)2a((a+l) + (a +2a+2)) - (a +2a+2)
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If the value a = b - 1 = -1.334 is substituted in

Equation (2.3)t the equation is satisfied to a reasonable 
degree of accuracy indicating that the correct value for b 
has been obtained. To show the effect of choosing b on the 
performance index, a plot is made of' the performance index 
as b is varied. The results are shown in F ig. 2.1.

formulated so that a comparison of specific optimal control 
with actual optimal control can be made. The Pontryagin 
function is

The optimal solution to this same problem is

2 2
H u)

Setting ——  = 0 shows that the optimal Pontryagin function a u.
is

Ho

The canonic equations are obtained from Ho

x ~x “ A

- X  +

The solution can be shown to be

u (t ) (1
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Fig. 2.1. Performance Index as a Function of the Control 
Parameter
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Here and are chosen to satisfy the boundary condi
tions. For the conditions x (0) = 10.0, /^(1) = 0.0, the 
values of the coefficients are

K1 = .1004

k2 = 9.8996

Using the optimal control determined above, the 
value of the performance index is J = 19*322. If the sub- 
optimal control, u = -.33^x > is used the performance index 
is only slightly higher and has a value of 19•4l7• The 
optimal and specific optimal trajectories are shown in 
F i g . 2.2, and the two controls are shown in F i g . 2.3*
While the controls are noticeably different over the time 
interval, the trajectories are almost indistinguishable, 
and certainly the performance index for the specific 
optimal control compares reasonably well with the true 
optimal performance index. Specific optimal control seems 
to be a good way to control this first-order linear system.

2.3 Second-Order Linear Examples
The next problem to be considered is a second- 

order linear system. This problem has been investigated 
by Sridhar and Agarwal (1965) in some detail, so that some 
of the results are merely verifications of what had already 
been done. The dynamics of the plant are
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10

x( t )

2 ■

.6 .8.4 t 1.0. 2

Fig. 2.2. Trajectory for Problem, x = -x + u

  optimal
----- sub-optimal

- 3'-

u

.6.4 .8 1.0t. 2

Fig. 2.3• Control for Problem, x = -x + u



The performance index to be minimized is 

1
J = J (x^ + Xg + u 2 )dt 

0

Two linear forms of control are chosen:

(X) u = b lXl + b 2x 2

(2) U = b1Xl

The initial state of the system is

x = col(2.0,2.0)

When the first form of the control is selected, the 
resulting values of and b^ are found to be b^ = -.056 
and b^ = -.226. If the second form of control is picked 
the optimal value of b^ is b^ = -.023. For the same 
system, the open-loop optimal control can be shown to be

u(t) = -.122e^5 1 .915e~ ^  t+.456et

If the optimal open-loop control is used on the 
system, the performance index is 5 .118. When both state 
variables are used to control the system, i.e., case (1 ) 
the performance index is 5 .121, and when only one state
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variable is fed back, i . e , , case (2) , the result is a value 
of 5 o l60 - In Figs - 2 . 4, 2 <, 5 ̂ and 2.6 the trajectories and 
controls that were used on the system are shown.

Using the first configuration of specific optimal 
control, very good results are obtained. In this case, the 
optimal trajectories and sub-optimal trajectories are so 
close that it is not possible to detect any difference 
without enlarging the scale of the graph considerably.
When the second configuration is used, there is only a 
small difference in trajectories still, however it can be 
seen that this control differs from the optimal control 
considerably more than the first form which was tried.
Even though the performance of this system is worse when 
only the output is fed back, the percentage change in 
performance index might not be too significant when 
measured against the advantage of only having to feed back 
one state variable in a particular physical situation.

Another problem similar to that which has just been 
considered, but with different system parameters, is 
examined to see if comparable results are obtained. Only 
the plant equation makes this problem different from the 
last one. The performance index, initial conditions, and 
control law configurations are the same. The system 
equations are
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2 .00

1.75

1.50
.4 .6 .8 t 1.0. 2
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For this system, the optimal control is

u(t) = - . 605e ’ ^sin ( . 8^11 ) + . 697e * ̂ ^ c o s  ( . 84lt)

+ l.^^Ge * ̂ ^^^sin( . 84lt) - .l85.e * ̂ ^ c o s  ( . 84l t )

The performance index obtained when this law is 
used is J = 6.515* When a control u(x) = b^x^ + b^x^ is 
used, the optimal values are b^ = -.062 and b^ = -.451*
The performance index which results from this law is 
J = 6 .523* If only the output is fed back so that u = b^x^, 
then the best value of b^ is b^ = -.110 and this results in 
a performance index J = 6 .67* The control and trajectories 
which result from the use of the different controls are ' 
shown in Figs. 2.7? 2 .8 , and 2.9*

The result of applying a specific optimal control 
to this plant is a performance similar to that of the 
system described in Equation (2.4). But as one would 
expect, different optimal parameters are found since the 
system parameters themselves are different.

In both problems, a linear combination of the state 
variables is a control which provides near optimal results. 
This seems reasonable for the linear case, since with an 
infinite upper limit on the performance index, the optimal 
control would then be a linear combination of the state
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variables. The variation of optimal parameters with 
changing initial conditions for the plant given in Equation 
(2.4) is considered in the following chapter.

2.4 Undesirably Features
The examination of the following system is presented 

in order to illustrate some of the inadequacies which occur 
when the method of specific optimal control is used.

In general, the optimal parameters which are 
obtained depend on initial conditions, the upper limit on 
the performance index, and the system parameters. Also the 
type of performance which results depends on the config
uration picked for the control as is expected. The system 
considered is

x = -x~ + u (2.6)
The performance index is

T
J = ~ J  (x^ + u^) dt 

0
The forms of the controls to be used are

(1) u = bx
(2) u = bx^

Two upper limits, two initial conditions, and two forms of 
control are used. The results are given in Table 1.

Comparing experiments 1 and 2, it is seen that the 
nonlinear control results in a larger performance index



Table 1. Experimental Results of Optimization In a Nonlinear Control System

Experiment
Number

Control
Law

Upp e r 
Limi t , T

Initial 
Condition, x(0)

Optimal 
Value of b

Performanc e 
Index, J

1 1 1 10 -.103 4.499
o 2 1 10 - .012 4.522
3 1 1 5 -.156
4 2 1 3 -.041
5 1 • 5 10 - .078 '

6 2 • 3 10 - .010
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than is obtained when the linear control is used, and 
therefore has no apparent advantage. If experiments 1 and 
3 or 2 and k are compared, it is seen that the optimal 
value of b is certainly dependent on initial conditions. 
Also if experiments 1 and 5 or 2 and 6 are compared, the 
dependence of b on the upper limit of the performance index 
is revealed.

In some applications, the fact that the optimal 
parameters are sensitive to these factors may be of no 
important consequence. " This would in general be true for a 
system that was to be used only once, or for a system that 
was to be used many times in an identical situation.

However in most applications where the system is 
expected to respond well if started from a number of 
initial conditions, and for various periods of time, this 
sensitivity is certainly an undesirable feature. An 
approach to the solution of this problem is investigated 
in the next chapter.

If the configuration for a control law is not 
restricted by circumstances to be of a simple form, then 
the following question occurs. Of all the possible 
configurations to be considered, which one is the best?
One might speculate and say that the control should be 
chosen to be similar to the system in form. However this 
example demonstrated that if the nonlinear control had 
been selected instead of the linear for this nonlinear
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plant, the resulting performance would be inferior• Thus 
the question regarding which control configuration is the 
best presently seems to be one which can be resolved only 
by trying the possible alternatives and picking the one 
which gives the best results.

The examples of this chapter are intended to 
illustrate the good results which can be achieved when 
specific optimal control is used, and also some of the 
undesirable features of the method. The last nonlinear 
example had previously been investigated in part by Sage 
and Eisenberg (1966).



CHAPTER 3

DYNAMICAL CONTROL

3 .1 The General Concept '
In this chapter, a dynamical control law is chosen 

to control the plant. The effectiveness of this control is 
examined with particular attention given to the possibility 
of reducing sensitivity of the optimal parameters to 
changes in initial conditions. The idea is first presented 
in general terms and then tested on a particular system. 

Consider a system of the form

x = _f (x , u ) ( 3 • 1)

with an output

x  =
Pick u, the control to be of a given configuration 

u - h ( z,, _b )

where is the state of a dynamical system similar to the 
original plant and is described by

56 = _f (_Z , U ) + A J3 ; 55 (0) = c_

Here je is an error term

X  = X -

25
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Motivation for using this particular configuration 

is obtained from observing the structure of the Kalman 
filter which is discussed in Chapter 4. It may be that 
there are other configurations which if used, would provide 
better results. There does not appear to be any way of 
determining the best dynamical structure however, and the 
one that has been selected does not seem unreasonable.

The solution of the problem in terms of the plant 
and control described above is to choose the constants Â,
_b, and ĉ, such that the performance index

T
J = I L(x,u)dt 

0

is a minimum.

3.2 A Particular Example
Consider the system described in Equation (2.4) and 

repeated here for convenience.

* 2  = - 2 x l ' 3 x 2 + U

If the control is of the configuration

u  =  b 1 x 1  +  b g X g  ( 3 . 2 )

and the ratio of initial conditions is varied, the optimal 
values obtained for b^ and b^ are seen to behave in a
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highly erratic manner within the region considered. It 
should be noted that this region of n, n = x^CO/x^tO)) is 
chosen because the sensitivity of optimal parameters is 
most apparent over this range. This feature is shown in 
Figs. 3.1 and 3*2. These graphs are taken directly from 
the results of Sridhar and Agarwal (1966). The variation 
of parameters outside of the region shown is small.

It would be of interest to see what sort of 
sensitivity b^ would have if b^ were constrained to be 0, 
and the initial conditions were varied. This has not been 
done, but it is suspected that even a greater variation 
would be observed. Strictly as a conjecture, one might say 
that the more parameters that are available for optimiza
tion, the less sensitive each parameter is to variation in 
initial conditions.

From Figs. 3*1 and 3-2 it can be seen that even a 
small change in initial conditions might bring about a 
relatively large change in the optimal values for the 
parameters. Such sensitivity is obviously undesirable.
A set of parameters that would be less dependent on the 
initial conditions, so that small perturbations in initial 
conditions would have only a minor effect on the parameter 
values is desired. A dynamical controller of the type 
already described is implemented and investigated to see 
whether the optimal parameters found using this configura
tion are less sensitive. The dynamical control law is
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u (3-3)

where z has dynamics given by

z1 z2

z 2  = - 2 z jl - 3 % 2  +  u  +  a 2 l ^ x l " z l ^

and initial conditions

z1 (0) = c^

z2 (0) = c2

Note that all of the elements of except a ^  have been 
constrained to be 0 in this example for increased simplicity

minimize the performance index

J -  J (x^ + x2 + u2)dt 
0

Thus five parameters are to be evaluated instead of two. 
These five parameters are shown in Figs. 3•3 through 3•7 as
the ratio of initial conditions is varied. The previous 
behavior of b^ and b^ is also shown in Figs. 3•3 and 3•^
for comparison. A percentage change is shown, based on
optimal parameters chosen for the case where n = -.4. In
Fig. 3•8 the performance index value using the control
given in Equation (3*2) is compared with that obtained

of solution. The values of _b, c_, and a^^ are chosen to
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using the dynamical law, Equation (3•3)• The value of 
x^tO) is held constant at unity while x^(0) takes on 
different values.

The dynamical control is seen to result in a 
performance index that is less than or equal to the 
performance index which results from using the other form 
of control over the entire range of interest. While the 
five parameters vary considerably as the ratio of initial 
conditions changes, the variation is far less erratic than 
that of the parameters shown in Figs. 3•1 and 3•2. Thus 
small perturbations in the initial conditions would make a 
less significant difference in the parameter values which 
should be used. The result is that a small change in 
initial conditions, without any change in the parameters 
gives a performance which is almost as good as if the 
parameters had been changed also to their optimal values.

3•3 Evaluation
It xs a matter of judgment with respect to the 

particular application considered whether a dynamical 
control should be used instead of a control which is just 
a function of the state variables of the system to be 
controlled. In some circumstances, the reduction in 
sensitivity and slightly smaller performance index might 
warrant the additional complexity of a dynamical controller.
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The fact that parameters used in a fixed configura

tion control system are dependent on initial conditions and 
terminal time should not in itself be considered as a 
reason why the method of specific optimal control is less 
desirable than actual optimal control, since open-loop 
optimal control is also subject to this difficulty.

The values of the five parameters used in the 
dynamical controller were obtained using a random search 
technique. This method provides answers less accurate than 
those obtained using quasi-linearization, but sometimes 
gives an answer when quasi-linearization has failed to 
converge. Additional discussion regarding this computa
tional method is given in Chapter k.

The results of this chapter indicate that using a 
configuration similar in structure to that of the Kalman 
filter for a dynamic al control, has some merit in that it 
reduces sensitivity of optimal parameters to initial 
conditions. In/the next chapter the same type of structure 
is used for the purposes of filtering.



CHAPTER 4

SPECIFIC OPTIMAL ESTIMATION AND STOCHASTIC CONTROL

k .1 Problem Statement
This chapter is concerned with the use of fixed 

configuration in estimation and stochastic control. The 
specific optimal estimation problem has been outlined 
briefly in Chapter 1. The problem is restated in words 
here and illustrated in Fig. 4.1. Given a system with a 
noisy input and a noisy measurement of the output, and a 
filter of fixed configuration, find the optimal parameters 
for this filter such that the best estimate of the true 
state of the system is obtained in some sense.

4.. 2 Discussion of the Performance Index
A performance index, even for a deterministic 

system, is often chosen in a somewhat arbitrary manner.
The validity of a performance index as a criterion of 
goodness depends to a large extent on engineering judgment. 
For example, how much should one spend on control in order 
to minimize a given error, and which error is the most 
critical? Eventually decisions are made regarding these 
questions, the numbers are chosen, and the problem is then 
well defined mathematically. But once the mathematical 
problem has been solved, it should be remembered that the

36
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answers are only as good as the performance index chosen 
originally•

In the estimation problem also, the performance 
index must be put in some mathematical form before the 
problem can be solved, and if the solution is to provide 
desirable results, then certainly some thought must be 
given to the. choice of performance index. These ideas 
regarding performance index are stressed here so that 
proper interpretation may be given to the numerical results 
presented in this chapter, and in order to provide some 
justification for using various performance indices as is 
done .

4.3 Introduction of the Kalman Filter
It is useful to present some results of Kalman 

. filtering here, since in so doing, some basic aspects of 
the estimation problem become evident„ Also the estimate 
of the Kalman filter may be compared with the estimate 
obtained using a fixed configuration filter in the linear 
case■ Given a linear system disturbed by white, gaussian 
noise with zero mean and known variance, the Kalman filter 
estimate, ẑ( t) , is a minimum variance unbiased estimate of 
the true state of the system. That is, the estimate of the 

Q Kalman filter has the properties



(2) E | e_ a_ e_ j is a minimum

where x(t) is the true state of the system, = x - sc is 
an error vector, and j* is a positive semi-definite weight
ing matrix.

The Kalman filter equation for a system

x = Ax + B̂( u + w)

with output

X  = + X
is given by

A = —— + + t - Cz) (4.1)

where jz is the estimate of the state,

K (t ) = R(t) CT P"1

and R (t ) is the solution to the matrix Riccati differential 
equation

R = AR + RAT - RCTP”1CR + BQBT (4.2)

The noise is characterised by

E ( w( t ) w(7")T ) = Q(t)6(t-T)

E (y (t ) v (T)T ) = P (t ) 6 (t-T')

The situation is illustrated by Fig. 4.2.
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Basically, the Kalman filter is a simulation of 

the plant to be controlled, and the input to the filter is 
a linear combination of the difference between the measured 
output of the plant and the estimated output of the filter. 
If the optimization takes place over a finite time interval, 
the coefficients of this linear combination are time 
varying and proportional to the solution of the matrix 
Riccati differential equation. It is clear that for a 
higher order system, the actual implementation of the 
Kalman filter would be a difficult task. For an ntb order 
case, not only the model of the system, but also the 2*^ ̂ 
variables of the nonlinear matrix Riccati equation must be 
implemented. Such a filtering scheme would often be quite 
unacceptable from a hardware viewpoint due to its com
plexity, while a relatively uncomplicated fixed configura
tion filter might provide a practical solution.

Applying Kalman's results to a simple scalar 
example provides a helpful basis for discussing some of the 
details involved, and some of the important aspects of 
estimation. The plant equation of the control system is

x = -x + u + w (4.3)

with measured output 

y = x + v
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where the noise is characterised by 

E (v ) = E(w) = 0

E(v2) = E(w2) = .5

The system is shown in Fig. 4.3» along with the filter.
For the case being considered, the filter Equation (4.1) 
becomes

z = -z + u + 2R(t )(x + v - z) (4.4)

and the Riccati Equation (4.2) is

R = -2R - 2R2 + .5

The initial condition for the estimate is

z(0) = E (x(0) ) = 

and for the variable R is

R(0) = E( (x(0) - |l)2 )

In a practical situation, it may happen that
there is no way of knowing what the mean of the initial
state is, or for that matter what the variance is. If 
nothing is known about the initial state of the system, it
seems a reasonable choice to make z (0) = 0. Plots of R(t)
with different initial conditions are shown in Fig. 4.4.
It is seen that R (t) converges rapidly to a steady state 
value from all the initial conditions. If R(0) is made 
large, then the initial slope is very steep, but it soon
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becomes flat as R(t) levels off at its small steady state 
value. If a wide variation is expected in x(0) or if 
nothing is known about it, then R(0) should be high and 
xpositive. Then if the difference between the initial state 
of the system and the initial state of the filter is great, 
this difference is effectively multiplied by the large 
initial Value of R(t) and used to drive the filter to the 
same state as the system. After a short period of time, 
R(t) is small so that measurement noise has little effect.

4«4 The Fixed Configuration Filter, A Linear Example
From examining the Kalman filter as applied to 

this example, some desirable features become evident. The 
estimator should make use of the initial noisy measurements 
to get close to the true state of the system in a small 
amount of time. After this the response of the filter 
should be little effected by the measurement noise. These 
results are achieved by using a time varying gain in the 
Kalman filter. In the fixed configuration filter, this 
time varying gain is to be replaced by a constant, so 
obviously some compromise is called for. The constant is 
to be optimal in some sense, which means that it is chosen 
to minimize a performance index that is to some extent 
arbitrary, as has been mentioned earlier.

Consider again the system of Equation (4.3)» 
disturbed by noise with the same characteristics. This
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time the filter is to be of fixed configuration, as shown 
in Fig. 4.5. The filter is described by

z = - z + u + m ( x + v - z )  (4.6)

where m is the constant to be chosen optimally. If the 
parameter m could be optimized over a large number of runs 
with x(0) a random variable, and the optimal value of m 
were considered to be the one which provided a minimum 
variance, unbiased estimate of the true state, subject to 
the constraint that the filter is of this fixed form, then 
the results would be most meaningful. This is true at 
least in the sense that the estimate of the fixed config
uration filter could be compared with the estimate of the 
Kalman filter for many different initial conditions on the 
system state.

The actual optimization of the parameter was done 
using the random search computer program which has been 
mentioned previously. In order to get a value for m as 
described above, it would be necessary to t̂ se the scheme in 
a manner that would require much computational time on even 
a sophisticated computer. This point needs some clarifica
tion by discussion of the computer technique.

The random search program evaluates the perform
ance index using a particular value of the parameter which 
is being optimized, then changes the value of the parameter 
and reevaluates the performance index. This process is



Fig. 4.5* Fixed Configuration Filter for Noisy System: x = - x + u + w ;  y = x + v
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repeated many times, and the parameter which gives the 
minimum value of the performance index is considered to be 
the best. If more than one parameter is being optimized, 
the program does essentially the same thing except that in 
this case each of the parameters is changed a normalized 
amount before the performance index is reevaluated.

In order to optimize the parameter m in the way 
proposed it would be necessary to integrate the variables 
over the time interval many times in the presence of noise, 
with the initial state of the system a random variable of 
prescribed mean and variance, and then change the value of 
m, and repeat the process. The value of m which would give 
the minimum ensemble average of the error criterion would 
be considered optimal.

Another method was used and basically it involves 
taking a time average rather than an ensemble average. On 
every iteration, which consists of integrating once over 
the interval in the presence of noise, the parameter m has 
a different value, and the sequence of the random noise is 
different, but x(0), the initial state of the system, is 
always the same. The accuracy of this method is increased 
as the time interval is increased, and as the variance of 
the initial condition is decreased. If the time interval 
is short, then one must take care in defining the perform
ance index, and should not necessarily assume that a 
performance index of the form



where e = x - z, will give the desired performance. This 
point is illustrated by some of the results.

Before presenting any numerical answers obtained by 
using the random search optimization scheme it is interest
ing to observe the results of using two arbitrarily chosen 
values of m in the fixed configuration filter with the 
initial estimate at 0. In Fig. k.6 the true state of the 
system is shown along with the estimates of the fixed 
configuration filter having different values of m . In 
Fig. 4.7, these estimates are again shown along with the
noisy observation. It can be seen that as the value of m, 
or really the input gain, is increased, the estimate gets 
close to the true state more quickly. However the dis
advantage is that the measurement noise has an increased 
effect on the output of the filter as the gain is increased. 
During the initial response of the filter, this fault is not 
apparent since the difference between the true state and 
the estimate is large compared with the magnitude of the 
noise, but after a short time this fault becomes evident. 
Thus if a smooth response is desired toward the end of the 
time interval, the value of the input gain should be low, 
and if only the initial response is important, the gain
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should be high. This weighting might be shown in a 
performance index of the form

T
J = J  (Kv  + K2t)e2dt 

0

where and are appropriately weighted constants.
In Fig. 4.8, the true state and state estimate are 

shown for the case where m = 23*13? a value determined from 
the random search routine with = 1 and ~ 200 in the 
performance index, and for m = 72.4 the value obtained when 

= 1 and = 0. In Fig. 4.9 the optimal estimate of the 
Kalman filter is shown for comparison. Two widely differ
ent initial conditions on R (t ) are used to illustrate the 
benefit that results when R (0) is made large and the 
iriitial estimate of the filter is far away from the true 
state of the system.

So far results have been presented for the case 
where the initial estimate of the filter is 0, and the 
initial condition on the state of the system is x (0) = 10.0,
that is with a very bad estimate at first. Now the same 
linear system with the same fixed configuration filter is 
considered from a somewhat different viewpoint. The 
initial condition of the system is again 10.0, but the 
initial condition of the estimate is obtained using the 
random search routine, just as the value for the gain m is 
determined.
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The performance index to be minimized is

1
J ( +  e^)dt (4.7)

0

The first term needs little explaining since it merely 
indicates that the true state and the estimate of the state 
are to be as nearly the same as possible. The second term 
needs some clarification. If Equations (4.3) and (4.6) are

seen that when the state and state estimate are nearly 
equal, then this error term requires mv to be as much like 
the noise input to the plant, w, as is possible. When both 
input noise and measurement noise have zero mean, the term 
is not important and would in fact have an adverse effect 
if the initial estimate were much different from the state 
so that for the first portion of the interval, it would be 
necessary for their respective derivatives to have very 
different values so that eventually the estimate would get 
close to the state.

the initial state, then the second error term might become 
important. In the case being considered, the term actually 
is of little consequence, but its possible application is 
of interest.

The values of m and z (0) as determined from the 
random search routine are m = .248 and z (0) = 10.07* When

2 . . 2substituted into the error term e^ = (x - z) , it can be

With a non-zero mean and initial estimate very near
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these values are used, the performance index of Equation
(4.7) is J = .06l. If the expected value of x(0) is 10.0 
and the variance is 0, then the Riccati Equation (4.5) has 
an initial condition of 0, and the average value of k(t) or 
2R(t) over the interval considered is .266. The fact that 
the gain m is reasonably close to the average value of the 
time varying gain is appealing.

The estimating capabilities of the sub-optimal fixed 
configuration filter are such that it is not possible to 
see any difference between the true state and the estimate 
on a normal plot. The same is true for the estimate of the 
corresponding Kalman filter. These estimates are good 
because there is good knowledge of the initial state of the 
system.

Much has been learned, it is felt, from the 
investigation of fixed configuration filtering and Kalman 
filtering used on the plant described by Equation (4.3). 
Certain trends can be seen, and qualitative statements can 
be made regarding the feasibility of using a fixed con
figuration filter, Since the optimal parameter used in the 
filter is a constant gain replacing the time varying gain 
k(t) of the Kalman filter it seems that the best results 
should be possible when m replaces a k(t) that is almost 
constant. This occurs when the variation in x(0) is small. 
Also, although it has not been demonstrated by an example, 
the performance of the fixed configuration filter should be
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better if the interval over which the optimization takes 
place is increased. Thus if the interval of optimization 
is large, or if the variation in the initial state of the 
system is small, the prospects of using a fixed configura
tion filter seem to be good.

4.5 A Nonlinear Fixed Configuration Filter
The next example to be considered illustrates the 

use of a fixed configuration filter in a nonlinear case. 
The philosophy in choosing the structure of the filter is 
an extension of the ideas used in the design of the filter 
for the linear case. That is, the structure is similar to 
the Kalman structure in that the filter is a model of the 
system, and the filter input is again a constant multiply
ing the difference between the measured output of the plant 
and that of the filter. This is not to be interpreted as 
the best configuration to use necessarily, however this 
same type of structure with a time varying coefficient 
instead of a constant has been given some mathematical 
justification by Sridhar and Detchmendy (1966).

The plant considered is

2X  = - X  +  u  +  w

where w is normally distributed input noise with a mean of 
0, and a variance of .5• The structure of the fixed 
configuration filter is then chosen to be
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z = - z  + u + m ( x + v -  z)

where v is the measurement noise, again with a mean of 0 
and a variance of .5• The control is u (z ) = -.lO^z. The
system then is a closed loop stochastic control system, 
and the fixed configuration control law has been picked to 
minimize the performance index

just as if the estimate of the state, z, were actually the 
true state in the absence of noise. The value of -.103 for 
the coefficient was determined in Chapter 2. With this 
control and an initial condition of x (0) = 10.0, the
optimal values are then determined for m and z (0) using the 
random search computer program. Numerical results are 
shown in Table 2 and a plot of the noisy measurement, true 
state, and estimated state are seen in Fig. 4.10, for an 
input gain to the filter of m = 23•l4.

be used to provide an estimate of the true state of this 
noisy nonlinear system, although no optimal results are 
available for comparison. The example indicates that a 
fixed configuration filter of structure similar to the 
original system might be a good method of filter design

1
J

0

It is seen that this fixed configuration filter can



Table 2. Estimation Results for a Nonlinear System.

Performance 
Index Used

Optimal 
Value of m

Initial 
Estimate,= (o) Comment

• 353 10.03 Excellent
Estimate

i^  (1 + 200t)e“dt 23.14 0 Shown in 
Fig. 4.10

Q1 e2dt 62 .10 0 Lets in 
Much Noise

VIo
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when no optimal filter is known, even when ease of imple
mentation is no consideration.

4.6 Stochastic Control
The last problem considered in this chapter con

cerns the separation of estimation and control in a 
stochastic control system using fixed configuration. The 
plant is the linear system which has been considered many 
times already, and which is described by Equation (4.3) and 
repeated here for convenience

X  - - X  + w  + u

The performance index to be minimized is

J ~ J " (x^ + u^)dt (4.8)
0

and two techniques of minimization are attempted. First 
the problem is cast as two separate problems, a determinis
tic control problem and an estimation problem. The control 
problem has been solved in Chapter 2, giving a control law, 
u (x ) = - . 3 .  But x is not directly available for 
measurement and must be estimated using the filter

z = -z + u + m (x + v - z )

With an initial value for x (0) of 10.0, the estimation 
problem is to find values for m and z (0) such that the 
performance index given in Equation (4.7)



is a minimum. The values obtained are m = .248 and 
z(0) = 10.0?.

The problem may also be treated as just one 
optimization problem, with no concern given explicitly to 
the estimated state, which might now just as well be con
sidered a dynamical control variable. Let u = az; the 
problem is to pick values for a, m, and z(0) such that the 
performance index given in Equation (4.8) is a minimum.
The question is then whether the values obtained for these 
parameters would be the same as those obtained when system 
optimization was done in two steps. The answer to this 
question is no. This conclusion is not unreasonable since 
there is no reason why the separation theorem for a linear 
system should hold for fixed configuration optimization, 
and the question as to whether it would or not was purely 
of a speculative nature. Optimization in one step results 
in the following values for m , a, and z(0):

m = .4?1
a = — . 20 2
z(0) = 19.08

The controls and state trajectories resulting from 
the two methods of optimization are plotted in Figs. 4.11 
and 4.12. Since the sets of parameters are not the same,
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one might suspect that optimization all in one step would 
give a better answer. This is true. The value of the 
performance index resulting is J = 19•57» while when 
separation of control and estimation is used, the perform
ance index is J = 19•66.

It is interesting to observe the large value of 
z(0) obtained by optimizing in one step. It appears that 
measurement noise should have a smaller effect on the 
dynamical control portion, with this big initial condition, 
so that the control would be slightly smoother than with a 
smaller initial condition.

4.7 Conclusions
While only a few scalar cases have been examined in 

this chapter, results indicate that the technique of 
specific optimal estimation is definitely a feasible 
approach to both linear and nonlinear filtering. As a 
first step in researching this area the results are 
encouraging.



CHAPTER 5 

SUMMARY AND CONCLUSION

5•1 Summary
It has been shown that optimization using a fixed 

configuration and then picking a set of parameters such 
that a given performance index is a minimum can be done in 
both control and estimation. The computational problems 
involved are difficult, but not unsurmountable. There are 
disadvantages to using this technique, it is true, for 
example the sensitivity of optimal parameters to initial 
conditions, but it should be remembered that true optimal 
control is also dependent on initial conditions. The 
method of using a dynamical control was tested and found 
to reduce this sensitivity to some extent.

Using a fixed configuration has significant 
advantages also. In the specific optimal control case, 
the advantage of closed-loop instead of open-loop control 
is evident, along with the desirable feature of being a 
simple structure, relatively easy to implement. In many 
situations, these attributes would more than compensate 
for the degradation in performance which must be accepted, 
and which is often very slight.
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The results of using specific optimal control and 

estimation in a few examples are promising. For the 
estimation problem, it has been seen that computational 
difficulties are such that it is necessary to use an 
approximating scheme for optimization instead of the desired 
method which was discussed in Chapter 4. And it is diffi
cult to interpret in a quantitative sense the meaning of 
the results, where in the control portion it is often 
possible to compare numerically the sub-optimal value of 
the performance index with the actual optimal value. 
Therefore the appeal of the method is probably more evident 
in the area of control.

5.2 Areas for Future Research
There is a wide range of possibilities for future 

research of which only -a few are mentioned. In Chapter 3 
the application of a dynamical control was investigated and 
found to have certain advantages. The dynamics of the 
controller were similar to the original system, and the 
input to the controller was a constant multiplying the 
difference between the output state of the controller and 
that of the plant. It might prove to be advantageous to 
drive the controller with a linear combination of the dif
ference between all the states of the plant and the 
controller, as was suggested for the general case, but not 
actually cafried out in the example.



6?
Sensitivity of optimal parameters to small changes 

in the specification of the performance index is another 
area which should be investigated, since the performance 
index itself cannot be called exact usually in the sense 
that it is the best. Investigation of this sensitivity 
would give some idea of a system tolerance with respect to 
the validity of the performance index.

A number of things could be done in the field of 
specific optimal estimation. For example, if instead of a 
constant input gain for the filter, the gain consisted of 
a rapidly decaying exponential and a constant, then 
advantages similar to those obtained when a Kalman filter 
is used should be observed. Possibly for a higher order 
system, the structure could be made similar to the Kalman 
structure but all of the filter inputs might be multiplied 
by the same decaying exponential. In a physical system 
such an arrangement might result in large hardware savings.

The above ideas are not meant to constitute an 
exhaustive list of ideas for future research. Certainly it 
can be said that results obtained so far indicate that 
future research in this area is needed and should bring 
results deserving of the effort.

Previous results have been duplicated, new results 
have been obtained, and new questions have been raised.
It is thought that the investigation has been successful.



SELECTED BIBLIOGRAPHY

Agarwal, G . C . and R. Sridhar, "Design of Specific Optimal 
Control Systems," IEEE Region Six Conference 
Record, Vol. 2 (1966), 717-726.

Detchmendy, D. M. and R. Sridhar, "Sequential Estimation of 
States and Parameters in Noisy Nonlinear Dynamical 
Systems," JAC (1965), 56-63. .

Eisenberg, B. R. and A. P. Sage, "Closed Loop Optimization 
of Fixed Configuration Systems," International 
Journal of Control, Vol. 3, No. 2 (1966), l83-19^«

Kalman, R. E ., "A New Approach to Linear Filtering and
Prediction Problems," Trans, of ASME, J. of Basic 
Engr. (March i960) , 35-45 *

Kalman, R. E. and R. S. Bucy, "New Results in Linear
Filtering and Prediction Theory," Trans, of ASME,
J. of Basic Engr. (March 1961), 95-107-

Lee, Robert, Optimal Estimation, Identification, and
Control. Cambridge, Mass.: M.I.T. Press, 1964.

C l

Ohap, R, F. and A. R. Stubberud, "A Technique for Esti
mating the State of a Nonlinear System," IEEE 
Trans, on Automatic Control, Vol. AC-10, No. 2 
(April 1965), 150-155.

Schultz, D . G . and J. L . Melsa, State Functions in Linear 
Control Systems. New York: McGraw-Hill Book 
Company, 1967.

68


